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ABSTRACT. In this article we solve the problem of binary regression when the
class conditional probability is a multivariate function of bounded variation.
We study the consistency of binary regression under a nonparametric sampling
framework. Sufficient conditions are established for the convergence of the bi-
nary regression estimator, and quantitative error estimates are obtained. We
further strengthen the analysis by introducing the assumption that the feature
vectors possess a point density measure of bounded variation. Under this geo-
metric regularity assumption, the expectation-based error estimate is replaced
by a deterministic estimate, yielding deterministic convergence in the L? norm
and, consequently, almost sure convergence. The analysis demonstrates that
the geometric distribution of the sampling points plays a fundamental role in
the approximation properties of the estimator. Although the analysis is carried
out on the torus T, the results extend to arbitrary bounded Lipschitz do-
mains after affine scaling, embedding into T™, and zero extension. The point
density measure framework provides a deterministic geometric perspective on
binary regression and establishes a connection between sampling geometry,
bounded variation, and convergence theory.
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Chapter 1

Introduction

Binary Regression is a statistical method that estimates a relationship between
a set of independent random variables and a dependent binary random variable.
The dependency is defined as class conditional probability function. The k-nearest
neighbour method solves the problem when the class conditional probability func-
tion belongs to the class of Lipschitz functions[3] and kernel based methods solve
the problem when the class conditional probability belongs to the kernel space[7].In
this article we give a solution when the class conditional probability belongs to a
wider class of BV functions(in the Vitali sense). In chapter 2 we define a convex
functional, in chapter 3 we define a convex random functional and in chapter 3 we
give solution for binary regression problem.
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Chapter 2

Convex functional

0.1. Definitions. Let H*((2) denote the Sobolev Hilbert space of the functions
defined on the set €2, T™ denote the m - dimensional Torus. Defining a function
on a torus T means the function is defined over (0,1)™ and it is periodic with a
period T'= (1,1...1) € {1}". Let Z™ denote the set containing all the m-tuples
of integers.

Definition 2.1. We define the k-gradient as
8kf 8kf 8kf

e e
Oxy’ dxs’  Oxk,

(2.1) VEf = ( ).

We define the functional C as

)\2 n
== (@) = @) + MV T2y + 1122z,

i1
where k,m € Nk > 2 A e Rt and f € TP,.

The minimization problem is minimizing the functional defined in Equation
over the space TP, .

(2.2) Ca(f)

n

It can be shown that the functional in Equation is convex and has a unique
minimizer in the space C°(T™) N H*(T™), the proof of which is given in Appendix
A of [1]. The space TP, is a linear subspace of C°(T™) N H*(T™) and hence it
follows that the functional has a unique minimizer in the space T'P,,, the space of
trigonometric polynomials of degree less than or equal to w.
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Chapter 3

Convex Random functional

A random functional could be

e an ensemble of maps acting from a function space to reals.
e a map acting from a space of random processes to reals.

e an ensemble of maps acting from a space of random processes to reals.

For a convex random functional, over a given space of functions, the convexity is
defined on its expected value. The expected value of the functional should satisfy
the Jensen’s inequality. The minimizer is unique, and the minimizer minimizes the
expected value (follows from definition). Here the minimizer is a random process.

Define g, to be binary random variables such that P(q;, = 1) = #; and P(q; =
0) = 1 — n;. Now the functional defined in Equation is a random functional.
We now prove that it is a convex random functional.

Theorem 3.1. The random functional Cx(f) is convex and has a unique minimizer
in the space TP,,.

Proof.
(3.1)

2 n
BICA(N] = B S (7(p2) — @)+ ABIIT* 2] + Bl o)

=1

A P
. Z(f(l’i) - 1)27% + . Z f(pi)2(1 —ni) + /\||ka|\%2(%) + ”fHQL?(Tm)

2 n
; Z — i)+ (1 =) + )\”kaHL%Tm + £ 122 oy

the final expression for E{C\(f)} in Equation is convex and has a unique
minimizer in C°(T™) N H*(T™) using theorem in Appendix A of [1] and also due
ton; >0and 1—n; >0 for i =1,2,...n. Hence E{C)(f)} has unique minimizer in
TP, as TP, is a linear subspace of C°(T™) N H*(T™). So the random functional
Cy(f) has a unique minimizer in the space T'P,,. O
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To find that we need to derive the Euler Lagrange equation. Given in section
3.1 of [1] is the derivation of E-L equation and we get the random PDE given below

(3.2)

A (q; — u(py))o(p;) + )\/ VEg(z) - VFu(z)d™x + (x)u(z)d™x =0
i=1 Tm Tm

Vo € TP,

The PDE is random as q; are random variables. This PDE can be solved in a
similar way as in case of deterministic case as done in Appendix B of [I] to get the
following solution.

n

o

(3:3) Palm) =) ~ws(x —p,),
i=1
where
(3.4) wx(z) = Pugr(z)
1
(3.5) ga(@) =Y ————cos (2l - ).
lezm 1 + >\||l||2k
¢ =[c1,c,...cy]T is given as
1 1

3.6 =(=Wh+=I)"'L
(3.6) ¢ (n AT g )L,
where the matrix W), is given as
(3.7) Wi = [ (MNlnxn, i (A) = wa(p; — p;)

and
L=[q,q,. ..q.]"

The minimizer f) is a random process as L is a binary random vector.
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Chapter 4

Binary Regression

Let X be a random variable uniformly distributed over (0,1)™. Let Y be a binary
random variable such that P(Y = 1/X = z) = n(z) and P(Y = 0/X = z) =
1 —n(z). Let n samples of X are drawn which are denoted as p1, p2, ...pn.Let the
random variable y; such that the probability P(y; = 1) = n(p;) and P(y; = 0) =
1—n(pi). n:(0,1)™ = R, n(x) > 0Vx € (0,1)™ is called the class conditional
probability. In this article we consider 1 to be the class of BV functions in the
Vitali sense.

1. The problem of binary regression

Given n randomly drawn samples p; Estimate 7, such that

lim [ E{(fa(z) - n(x))*} d"z =0
n—oo
’H‘m,
By this estimation, as given in [3] we get closer to the Baye’s classifier and hence
achieve Baye’s error as data grows.

Definition 4.1. Lets define the functional

(4.1) D3(u) =~ > () = 4:)* + AV ulZ2(pmy + [ullZz(rm),

i=1

where k,m € Nk > 2 A e RT and u € TP,

As we vary the number of data points n and also w in our analysis in this section,
we therefore, the functional DY (u) is denoted as DY (u) and the minimizer uy is
denoted as uy ,. Note that the suffix n is not a power, but only a notation that the
parameter is associated with the functional defined over the set of n data points.

Define denote discrepancy measure ¢, of the point set E, = {p;,py...p,,} in
the domain (0,1)™ as

(4.2) G = Dy ({P1, P2--Pn})
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The definition of star discrepancy D7 is assumed to be as defined in the book [6].
As points grow dense as n — oo, from [6], we have the asymptotic

(Inn)™

n

Cn = O( )

Theorem 4.2. Considering the definitions in[4.1], If we vary the parameter \ with
the number of data points n as A\ = (%, where 8> 0 and vary w = (W1, ws . . . W)
as w; = K, %1 =1,2...m, where k; are a positive constants, and additionally if
the following conditions are assumed

(4.3) 0<a<

then

(4.4) Jim Ef[u} o, = nllz2em] = lim O((?) =0

Proof. As uj , is the minimizer of the functional DY} ,(f) in T'F,, we have
(4.5) E[DY o (u}w)] < B[DX , (Pun)]

Then using the expression for the functional as in Equation we have

2 n
%E[Z(Uﬁ,u(m) —4,)?] + AE[IV Ul 172 (pmy] + Ell[u} o172 ()] <
(4.6) = 2
E[-— Z(Pwn(pi) —4:)?1 + AIVEPan| 22 omy + | Pontl|72¢my
(4.7)
E[Z(U’i,w(pi) — )% = Z E[(u} ,(pi) — 1)*In(p:) + Z E[u} ,(p)*)(1 = n(p:))

= E[(u ,(p) — n(P,))*] + n(p,) (1 — n(p,))
=1
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n

E[Z(Pw(pi) - yz)Q]

i=1

(4.8) = Z(Pwn(pi) —1)%n(p,) + Y _ Pun(p,)*(1 = n(p,))

i=1

= Pun(p)® +n(p,)(1 — 2Pun(p;))
=1

As all terms in the LHS of the inequality [£.6] are positive we have

(4.9)
(4.10)
N AQ n
AE[|VFu} yll72mm) < E[— > (Pun(p;) = ¥:)*] + MVEPunll 22 pmy + [1Putil| 72 (pmy
=1
(4.11)

N ) — 1
E[||V*u} ,lI72pm)) < - > Pun(p)® +n(p:) (1 = 2Pun(p;) + V* Punll72om) + XHPwnllisz
=1

Using the Koksma-Hlawka inequality [6] for the convergence of the Riemann inte-
gral, as n grows, we have the asymptotic

(4.12)
23 Pun(pa)? + (o) (1~ 2Pun(py) - / Pun(@)? +n(@)(1 - 2Pun(@))d" 2|
i=1 Tm

< G Vim (Pun® +n(1 — 2P,n))

Which implies the following equations

> Pon(p:)® + n(p)(1 = 2Pun(p;))

(4.13) =
< / Pon(@)? +n(z)(1 - 2Pon())da + ¢ Ven (Pu® + n(1 — 2Pun))and
i
> Pun(p:)® +n(p:)(1 = 2Pun(p;))
(4.14) =

> [ Punfa)? + n(@)(1 ~ 2Pun(@))de — G Van (Par + (1 - 2Pu)
’]I‘m
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Again as all the terms in the Equation [4.6] are positive, we have

1
72 u)\w pz yz)Q] <

3

(4.15) .
1 1
EZ Wi (Pi) = :)?] + XIIV’“Pwnllimrm)+pHPw”||iZmrm>

Again using the Koksma-Hlawka inequality [6] for the convergence of the Rie-
mann integral, as n grows, we have
(4.16)

| Z E[(u} o (P;) — n(p:))*] + 1(p:) (1 = 1(p;)) — /M(E[(UK,M(HJ) —n(@))*] + () (1 — n(x)))d"z|
< CnVTm (E[(ug,w - 77)2] + 77(1 - 77))

which implies the following equations
(4.17)

ZE b (P;) = 1(P:))?] + 1(p;) (1 = n(p;)) < /m(E[(qu(w) = n(@))?] + n(x)(1 = n(x)))d"z
Vo (E[(uf o, — 0)?] +n(1 = 1)

and
(4.18)

Z E[(u} o (p:) = n(p:))*] + n(p:) (1 = 0(p;)) > /m(E[(UR’,w(w) = n(®))*] + (@)1 - n(x)))d"z

— (Vi (E[(u} o, —n)* +n(1 —n)

(4.19)

Using Equations [.14] [£.18] and [£.15]

(4.20)

[ (BI08 o@) ~ @)+ @)1~ @) — [ (Ronta)? + n(a) 1~ 2Pan(a))de

Tm
< G Vam (Pon® + n(1 = 2Pyn) + G Vom (E[(u} o, — 1)°] + n(1 — 1))

1
+X||Vkpw77||%2(mrm) + p||Pw77||2L2(Tm)

Simplifying LHS we get
(4.21)
(E[(u} o (x) —n(z))*)d"z + / (2n(x) Pun(z) — Pon(x)? —n(z)?)d"

m

Tm

Now consider Vpm (E[(uf ,, — n)?] +n(1 — 7)) and writing the expression for the
total variation as an intergral of the absolute of the distributional derivative, we
have
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(4.22)
Vim (Bl(u} o, — )% +1(1 —n)) = / ID{E[(uf o, (z) — n(x))?] +n(z)(1 - n(@))}|d"z

m

< | EfuX o (@) = n(@)|[|(Vug o, (®) — Dn(z)l|o]d™z

-
+ | Dln@)(1 = n(@)ll2}d"e

= / Bl @) —n(@))d™ | E(ll(Ve} (@) - Dn(x)|2)d"
- D{n(z)(1 —n(z))}d™ (x)

<. E[|U§,u($)|]+|U($)|dmm/TmE[H(Vuxw(m)”]Jr||Dn(m)”2]dmw

+ | D)~ n@))ja” @)

= (EllluX ol ] + Elllnll o m DB VX ol am] + B[ Dnl 1 zm)])

(Note that,for the function ¢ € BV (T™), D1 is the distributional /weak derivative).
As uy , is a minimizer in T'P,, there exists a positive constant K4 independent of
uy ,, such that

(4.23) EfJu} ollprm] < KaE[[|[uX o[l (xm))]

Similarly as Vuj , is smooth, there exists a positive constant K5 independent of
uy ,, such that

E[|IVux ollLram)]

4.24
(4.24) < KBV o || e (o)

Using Morrey’s inequality [4], there exists a positive constant Kg independent of
uy , such that

(4.25) E[lJu [l oo (rm)] < K6E[|[V*U} [l 2 (rm)]

Using Friedrich’s inequality [8] (a generalization of Poincaré-Wirtinger inequality
[4]), there exists a positive constant K7 independent of u} , such that

(4.26) E[|Vu} wllz2m)] < K7 E[[[VFul ]l z2(0m)]
Combining Equations we obtain

(4.27) E[||u} ol 1 rm)] < KaK6E[|[VFul |22 m)]
and Combining Equations [£:24] [1.26] we obtain

(4.28) E[|Vu} v < KsK7E[||V*ul |l L2 ()]
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Using Equations [£.22] [£.28] and [£-27] we get
(4.29)

Vi (E[(u} o, — n)*] +1(1 — 1))

< (K4KGE[||V*u} || 12 (rm)]

+E[|nll 21 om))) (Ks K7 B[V uR || 20 + E[| Dl 22 (rem)])

+ /. D{n(x)(1 —n(x))}d™(x)

< K B[V} lI72 omy) + (Kollnll L2 (omy + K10l Vall L om)) B VFuR o[l 22 ()]

+lnll oy 1 D0l L1 (rm)

+ | D)~ n@))ja” @)

where Kg = [(4[(5[((;[(77 Kg = K5K7 and K10 = K4K5. Subbtltutlng A= C,;ﬁ in
Equation [1.20] we get

(4.30) [ @@ Pante) - Ponf@)? — n(a)a"e

< G Vom (Puon® + (1 = 2Pn) + G Vo (B[(u} o, — 1)%] + (1 — 1))
+CNVFPunl|F2pmy + G2l Puonll7z om)

As w grows, and 7 is a function of bounded variation, we have the asymptotic
@s [ Ca@)Rae) - Pun(e)? ~ n(@))d"e = O/l
Substituting ||wll2 = (, ¢ we get

(432 [ @@ Pun(a) - Pan(e)? - n(e)?)d"e = 0(G3)
From the definition of total variation, and Fourier analysis we have the asymptotic
(4.33) Vi (Pun? +n(1 = 2Pun)) = ©(1)

Using derivative as a Fourier multiplier operator and using Plancheral theorem |,
we have the asymptotic

IV P22y = O(lw]3*)

4.34
(4.34) = O(¢; *CR=D)( after substituting ||w]|s = ¢, %)

As 7 is a BV function, we have the asymptotic

(4.35) [PonllZzpmy = O(1)



1. The problem of binary regression 13

Using Equations . 10J4.11] and later using Equations [.31], [£.33] [£.34] and [£.35]

(4.36)

B{IV 63w lamy) £ A [ Pon@)? + (@)1~ 2Pun(@))d™e + X, Von (Por + 11~ 2Pur)
Tm

1
HIVE Pl Zecrm) + S IPwt | (om)
= 20(G) + A + 01" ) + 0(1)

O~ 6) +0(¢ 6) +0(¢, a(2k— 1)) + O(CB) after substituting A = ¢, B
= O(¢])) where v = min(a — 8,1 — 8, —a(2k — 1), 8)

Using Equations [£.29] and [£.36]

(4.37) CaVm (Bl(u} o = 0)?] +0(1 = 1)) = CaO(E[|VFu} 1) + ¢.O(1)
=0(G))

where

(4.38) 1=7+1 :min(lJFOé*ﬂ,z*ﬂ,l704(2k71)71+/3,1)

Equation [1.34] implies the asymptotic

(4.39)

CNVFPutp|l72(pmy = CJO(C > D)
—O( B—a(2k— 1))

Equation [1.35 implies the asymptotic

(4.40)

GNP [I72(omy = O(G)

Using Equations [£.30] [4.37] {.33] [£.39] and [4.40] we get

(4.41)

where

[ Bl ul@) - (@)?)d"e -

[ en@)Pune) - Pwn(w)2 ()"

= 0(Ga) +0(GE ™) + O(¢) + O(¢)

— [ (Bl - n@)hame = 0;) + 0(&)
0G)

— Bl (@)~ n@)?)d"a] = 0c)

ro = min(1,7 + 1,4 — a(2k - 1),28,a)

Making rg > 0 and also noting the previous assumptions, a > 0, 3 > 0 and k > 7,
and after simplification we get the final conditions on «, 3, k that are required for
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convergence as below

(4.42) 0<a<

Under these conditions,

(4.43) tim B [ ((0(@) - n(a)/)d"a] = lm O(G;7) =0

n—o0 n—oo

O

Theorem 4.3 (Deterministic error estimate under a BV point density measure).
Assume the hypotheses of Theorem[/.3 In addition, suppose that the feature vectors

Pn :{plu”wpn} cT
possess a point density measure
tn, € BV(T™),

whose mesh norm is
¢n = sup inf |z —p|.

z€Tm PEP,
Let
A=¢7, w; = KiGy %,
where
a > 1, B>a+ }.
2 2

Then there exists a constant C > 0, independent of n, such that

[uxw = nllzrm) < CC°,
where

.1 1
ro—mm{2,5—a—2}>0.

In particular, the approximation error is deterministic and depends only on the
geometric distribution of the feature vectors through the mesh norm (.

Proof. The proof follows the proof of Theorem [{.2] up to the point where the
expectation is estimated.

Under the additional hypothesis that the feature vectors admit a point density
measure of bounded variation, the stochastic averaging argument is replaced by the
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deterministic BV approximation estimate established in Section 3. This yields the
deterministic bound

el
uy e = nllp2erm) < Ci¢Y? + C’QCnﬁ e

. 1 1
ro—mln{2,5—a—2},

the two terms are bounded by

Since

G,
for a suitable constant C' > 0, completing the proof. (]

Theorem 4.4 (Deterministic convergence). Assume the hypotheses of Theorem.
In addition, suppose that the feature vectors

Pn:{pla-~-7pn}CTm

possess a point density measure

pin € BV(T™),

whose mesh norm satisfies

Cn — 0, n — 0.

Let
)‘:CTTB7 wizﬁiggav

with

> L B>a+ !

a> o, ats.

Then there exists a constant C > 0, independent of n, such that

luy o = nllz2(rmy < CC,°,

where
— min - 8 = >0
ro = min| z, a-3 .
Consequently,
Jim g o, = 7ll 22 (0my = 0.
Hence

uy , —n  deterministically in L*(T™).

Proof. By Theorem [1.2]
[uX o —nllzz < CG°,
where C' is independent of n.
Since the point density measure belongs to
BV(T™),
the approximation theorem for BV point density measures implies
¢ — 0.

Because
ro > 0,
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it follows immediately that

c¢ye — 0.
Therefore
[} w = nll2 = 0,
which proves deterministic convergence. O

Corollary 4.5 (Almost sure convergence). Assume the hypotheses of Theorem 4.4
Then

Uy =1 almost surely in L?(T™),
that is,

i 4 - m) — — 1.
P( lim [|ufl,, = llz2erey =0) =1
Proof. By Theorem [£.4]
i 4 - m) — U.
Jim flufy, = nllezem) =0
This convergence is deterministic, i.e., it holds for every realization of the data

satisfying the assumptions. Hence it holds on the entire underlying probability
space, and therefore also on a set of probability one. Consequently,

P(Jg@ e, = 0l = o) —1,
which is precisely almost sure convergence. O

Remark 4.6. Although the analysis has been presented on the torus T™, the
results extend immediately to any bounded Lipschitz domain 2 C R™.

Indeed, after an affine scaling, {2 may be regarded as a Lipschitz subdomain of
the unit cube (0, 1)™, which is identified with the torus T™. The functions and the
point density measure are then extended by zero to the complement T™ \ Q. Since
the extension preserves the required regularity on 2, all estimates established on T
apply to the zero-extended functions. Restricting the resulting estimates back to
Q yields the same approximation, stability, and convergence results. Consequently,
every theorem in this paper remains valid for arbitrary bounded Lipschitz domains
after this scaling and zero-extension procedure.

2. Computational Fill Distance

Let X be a random variable with values in a closed compact 2 C (0,1)™. Assume
Q has a Lipschitz boundary. Let p(z) be the probability density function of X and
assume p(z) > 0 Vo € Q. Now we draw two independent sets of n iid copies of X.
We denote them A, = {p1,p2...pn} and B, = {q1,42---qn}-

Definition 4.7. Define &, as the computational fill distance of the data (4,, By),
which is given as

¢n = max (d(z, An)) = max Join lz —yll2

The rate of convergence of the computational fill distance as the data become dense
in a domain is derived here [5] and is given as

(4.44) €0 = Op(n~ V™ /™ n)
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In Theorem inequalities and are valid if we replace star discrepancy
¢ with computational fill distance £, as the rate of convergence of computational
fill distance is slower than that of star discrepancy. Hence Theorem [£.2] holds if we
replace star discrepancy with computational fill distance.

3. Conclusion

In this paper, we studied the binary regression problem and established convergence
results for the proposed estimator under suitable assumptions on the sampling
points and the regression function. Error estimates and convergence results were
obtained, providing a theoretical justification for the method and clarifying the role
of the sampling density in the approximation process.

We further showed that when the feature vectors possess a point density mea-
sure of bounded variation [2], the convergence theory can be strengthened from an
expectation-based formulation to deterministic error estimates, yielding determin-
istic convergence and, consequently, almost sure convergence. This demonstrates
that geometric regularity of the sampling points provides a natural framework for
obtaining stronger convergence guarantees.

Although the analysis was presented on the torus T™, the results extend to
arbitrary bounded Lipschitz domains after an affine scaling, embedding into T™,
and zero extension. Thus, the theory is applicable to a broad class of practical data
domains.

The results presented here provide a rigorous mathematical foundation for bi-
nary regression based on geometric sampling principles. Future work includes ex-
tending the analysis to multi-class classification, adaptive sampling strategies, and
more general nonparametric learning problems.
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