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abstract

We establish nearly minimax bounds for missing-at-random means, treatment
effects, and expected conditional covariances under rough random design. For two
nuisance functions with average Hölder smoothness s in dimension d, the minimax
root-mean-square error is n−2s/d+o(1) when s < d/4 and of order n−1/2 when
s ≥ d/4. The first rate confirms the rough-design exponent suggested by higher-
order influence function theory. In the generic model with an unknown bounded
density weight, our upper and lower bounds differ by only polylogarithmic factors

and identify a leading correction e−κ
√

log n when s < d/4, with κ explicit in terms
of s/d and the weight bounds. For the expected conditional covariance, the same
exponent and the same constant κ were obtained independently and concurrently
by S. Park (arXiv:2610.05006). For models with separately bounded density and
propensity, we identify the same polynomial exponent and the explicit leading
correction, with an o(

√
log n) remainder in the logarithm of the risk.
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section 1

Introduction

1.1 Background

Missing-data means, average treatment effects, and expected conditional covariances un-
der random design are averages over the covariate distribution of functions of regressions
given the covariates. Their estimation rates depend on what is known about both the
regressions and the covariate distribution. In missing-response problems, Robins and
Ritov [50] showed that attainable rates depend on what is known about the nuisance
functions. We study rough design, in which the covariate density is unknown and subject
only to fixed upper and lower bounds, while the regressions are assumed smooth. We
show that below the root-n threshold, rough design reduces the minimax polynomial
exponent from 4s/(4s + d) for a known or sufficiently smooth density to 2s/d, where s is
the average smoothness of the two nuisance functions and d is the covariate dimension.
The threshold s = d/4 itself is unchanged.

For a missing-data mean, let α and β be the Hölder smoothness indices of the inverse
observation probability and of the outcome regression. For the average product of two
conditional means, which underlies the expected conditional covariance, let them be the
indices of the two means. Let s = (α + β)/2. Estimators of these parameters impose
assumptions on a density weight g, which is the covariate density or its product with the
observation probability, depending on the parameter. When g is known or belongs to a
Hölder class of smoothness γ > 0 such that γ/(2γ + d) > {max(α, β)/d}(d − 4s)/(d +

4s), higher-order influence function (HOIF) estimators attain root-mean-square error of
order

n−1/2 ∨ n−4s/(4s+d), (1.1)

where x ∨ y = max(x, y). This condition and the upper bound are from [52, Section 3.1],
the corrected version of [53], which treats the missing-data mean there and indicates the
extension to other doubly robust functionals in [52, Section 11.3]. Below the threshold, the
rate (1.1) cannot be improved even when g is known, as shown in [49]; see [52, Section 3.1].
Rates of this form are classical for quadratic functionals of a density [5, 6]. For the average
product of two conditional means, McGrath and Mukherjee [44, Corollaries 1 and 16]
obtain this rate for a uniform or sufficiently smooth known density, and below s = d/4
their results also cover an unknown density that is sufficiently smooth.

1



1 Introduction 1.2 Main results 2

The rough-design question arises in the HOIF literature [36, 48, 49, 52]. Immediately
after their equation (1.3), Robins et al. [48, p. 338] conjecture that the rate given there is
minimax, up to logarithmic factors, when the nuisance functions are equally smooth and
the density smoothness γ is too small for their condition (1.2), which for equal indices is
the condition stated before (1.1). They note that, as γ → 0, this rate tends to n−2s/d log n,
which agrees up to the logarithmic factor with the minimax rate n−2s/d for a constant
conditional variance under an equally spaced fixed design [9, 71]. This limit suggests
that the exponent under rough design is 2s/d.

Robins et al. [52, Section 3.1] also state that heuristic arguments indicate a rate slower
than (1.1) for smaller γ. Kennedy, Balakrishnan, and Wasserman [26, Section 4] describe
the minimax problem with an unknown density as open. They suggest that the rate with
an unknown covariate density might interpolate between the known-density rate and the
fixed-design rate n−2s/d, which would suggest agreement between rough random design
and fixed design at the nonsmooth extreme. For a counterfactual mean, Liu, Mukherjee,
and Robins [38, Section 4] describe an empirical HOIF estimator, based on [37], that
attains n−2s/d up to logarithmic factors without complexity assumptions on the covariate
density. McClean et al. [43, Section 4.2 and Theorem 1] construct an estimator of the
expected conditional covariance with a convergence rate in probability of n−2s/d, up to a
polylogarithmic factor, when s < d/4, and they leave open whether this rate is minimax
under rough design.

1.2 Main results

Our main result, Theorem 2.3, gives minimax bounds in a nonparametric model in which
the weight g is unknown and satisfies only fixed bounds 0 < g− ≤ g ≤ g+ < ∞ with
g− < g+. It covers a class of doubly robust functionals [48, Section 3.1] that includes
missing-data means and expected conditional covariances (Section 2.1). Under interior
and nondegeneracy conditions stated in Section 2.2, the minimax root-mean-square error
rn satisfies

log rn =


−2s

d
log n − 2

d

√
2s(d − 4s) log n log

√
g+ +

√
g−√

g+ −√
g−

+ O(log log n), s < d/4,

−1
2 log n + O(1), s ≥ d/4.

(1.2)
Below s = d/4, (1.2) identifies the leading correction to the polynomial rate, a factor

e−κ
√

log n with the explicit constant κ of (2.9). In this regime the upper and lower bounds
differ by a polylogarithmic factor, which is (log n)1/4 when both smoothness indices are
at most one (Remark 2.4). The lower bounds hold even on the subclass in which the
functions w, a, b of (2.2) stay within an arbitrary fixed distance of constant baseline values
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(Section 2.2). In particular, they apply directly to models with additional overlap or range
restrictions. They also persist if the density must be C∞, as long as the model imposes no
fixed bound on its derivatives (Remark 2.5). Section 3 applies the theorem to the targets
in Table 3.1.

By Theorem 2.3, the exponent 2s/d is minimax below the threshold, and our estima-
tor attains it in root-mean-square error, uniformly over fixed Hölder classes, for every
functional in the class of Theorem 2.3, whether or not the two smoothness indices are
equal. For equal indices, 2s/d is the exponent suggested by the limit γ → 0 of the rate
that Robins et al. conjecture to be minimax. By (1.2), however, the minimax risk is smaller

than n−2s/d by a factor e−κ
√

log n+O(log log n), which tends to zero faster than every power
of 1/ log n. The limit n−2s/d log n of their rate exceeds the minimax risk under rough
design by more than any polylogarithmic factor. For the expected conditional covariance,
Park [46] has obtained closely related bounds independently and concurrently, with the
same threshold, polynomial exponent, and constant κ; we compare the two works in
Section 1.4.

1.3 Ideas of the proofs

We pair moment-matching priors with polynomial approximation, as in minimax esti-
mation of nonsmooth functionals [8, 23, 33, 73, 74]. For an interval I = [x−, x+] with
0 < x− < x+, let cI = (x+ + x−)/2 and dI = (x+ − x−)/2. Then, for real t,

1
cI + dI cos t

=
1√

x−x+

{
1 + 2 ∑

k≥1
(−ρI)

k cos(kt)
}

, ρI =

√
x+ −√

x−√
x+ +

√
x−

(1.3)

(Lemma 4.1). Since cos(kt) is a polynomial of degree k in cI + dI cos t, the partial sums
of this series are polynomials that approximate the reciprocal on I, with error O(ρm

I ) at
order m. For I = [g−, g+], ρI is the ρ of (2.7).

Upper bound. Recall that ψ(P) = EPW + λ
∫

abg, with a, b, g as in (2.2). We project
a and b in L2(g) onto piecewise polynomials on nested dyadic partitions. With K cells,
the projection error of

∫
abg is the inner product of the two projection errors, as for

the truncation bias of HOIF estimators [48, Theorem 3.8], and it is of order K−θ, where
θ = 2s/d. By reciprocal approximation, we replace each projection increment by a
polynomial in observable cell moments, with error O(K−θ(m + 1)νρm) at truncation
order m, where ν is defined in (2.8) (Lemma 4.3). We estimate these polynomials from
the n observations without bias by their lift, which replaces each monomial by a U-
statistic [17, 19]; Lemma 4.4 expresses the covariance of the lifts exactly through centered
derivatives. We then choose the degrees across resolutions by the variance bounds of
Lemma 4.5, without an estimate of g. Polynomial approximations of bilinear forms in
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the inverse of a Gram matrix, with U-statistic estimates of their terms, were used before
in [10, 28] (Section 1.4).

Lower bound. We compare two priors by the method of two fuzzy hypotheses, and
we follow the strategy of the lower bound of Aronow and Lopatto [3] for a constant
conditional variance, with a random covariate density, a Poissonized sample, and a
matching order M of order

√
log n (Section 1.4; see also Section 5). Here the matching

comes from a random phase. On the bump supports of the two blocks of a pair, the
density equals r0 ± hn cos Θ, with a uniform phase Θ. The conditional law of the response
is perturbed by u, v and is affine in (u, v); the perturbations are bumps of heights Au, Av

divided by the density, with signs correlated through ± cos(MΘ) under the two priors,
for an even integer M. In the generic model, they shift a and b by u/w and v/w, or both
by (u + v)/w when the response functions U and V of Section 2.1 coincide (Section 7.1).
Each likelihood coefficient that differs between the priors contains an odd number of
factors of each perturbation. The signs contribute cos(MΘ), and apart from their signs
the products pu and pv do not depend on Θ. Conditional on the other phase parameters,
j additional density factors form a trigonometric polynomial of degree at most j in Θ.
We conclude that every such coefficient vanishes for j < M, including those with higher
powers of the perturbations (Lemma 5.2). The target means separate by a multiple of
Au Av times the Mth Fourier coefficient of the reciprocal density, which is of order ρM

by (1.3). With block-constant phases, the case J = 0 of Lemma 6.2, we obtain rn ≥ c an

(Proposition 5.3), where an is defined in (2.9). In the lattice refinement, we let the phase
vary across the R fine cells of each block. For M ≤ j < M +

√
M, a coefficient then

survives only where the binary digits of most of its points nearly agree, which gives the
factor R1−M; a cruder bound suffices for larger j. We use a random gate to keep the
Hölder norms bounded while the bump heights gain a factor m ≍ M (Lemma 6.2), and
the lower bound gains the factor m2 ≍ log n.

The common balance. Let 0 < θ < 1/2, L = log n, and ∆ = 1 − 2θ, and let τ, κ and
ν be as in (2.7)–(2.9). In both bounds, let x be the logarithm of the number of cells per
observation, up to a shift of order log L. The degree in the upper bound and the frequency
M in the lower bound are then about ∆L/x. This keeps the variance at n−2θ , up to factors
eO(

√
L), in the upper bound, and it makes the coefficients with j ≥ M negligible in the

lower bound. Relative to n−θ, the cells cost e−θx and the reciprocal approximation costs
ρ∆L/x. With x∗ =

√
τ∆L/θ, the leading exponential cost satisfies

θx +
τ∆L

x
= κ

√
L +

θ(x − x∗)2

x
.

In the lower bound, M is the nearest even integer to M∗ = ∆L/x∗. Since θ∆L/M + τM −
κ
√

L = τ(M − M∗)2/M, the rounding costs a factor eO(1/M). A balance between a loss
exponential in the matching order and a loss exponential in log n divided by that order
also underlies the lower bound of [3]. In the upper bound, the positive shifted values of
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x on the capped resolutions are O(
√

L) and pairwise separated by at least log 2, so only
O(L1/4) resolutions contribute comparable errors (Lemma 4.6). In both bounds, the shift
of x contributes Lθ/2. The lattice gain contributes a factor of order L to the lower bound,
and the factor (m + 1)ν, with truncation order m = O(

√
L), contributes Lν/2 to the upper

bound. We obtain anL and anLν/2+1/4, which leaves the factor L1/4 when ν = 2.

1.4 Related work

Higher-order influence functions and rough design. The HOIF estimators of Robins et al. [48]
are built from projection kernels, which they write through inverse Gram matrices [48,
p. 357], and the truncation bias of the projected functional is the integral of the product
of two projection residuals [48, Theorems 3.7–3.8]. When g is unknown, these estimators
start from an initial estimate of g and add U-statistic terms of increasing order, which
form a Neumann-type expansion of the inverse of a Gram matrix about its value under
that estimate [48, Theorems 3.14–3.15]. Robins et al. [48, p. 381] conjecture that, for
s < d/4, such estimators attain the rate n−2s/d in probability, up to a power of log n. The
conjecture assumes an initial estimate of g that is consistent in supremum norm at a rate
1/r(n), an order at least a multiple of log n/ log r(n), and a number of basis functions
chosen according to the order. In their Remark 4.1, which concerns the mean of the
square of a regression function, they observe that the empirical Gram matrix of more
than n basis functions is singular. They give this as the reason why the minimax rate is
slower than n−4s/(4s+d) without restrictions on the covariate density [48, Remark 4.1]. In
their Remark 4.2, they refer to n−2s/d, for s < d/4, as their conjectured minimax rate for
the variance-weighted average treatment effect when the covariate density is not assumed
smooth and the treatment effect is not assumed constant [48, Remark 4.2]. This effect
is the overlap-weighted effect of Table 3.1, and we compare our result for it with their
conjecture in Appendix D.2.

Our estimator has a form similar to the estimators in the conjecture on p. 381 of [48]:
it is a sum of polynomials in cell moments, estimated without bias by U-statistics, with
orders up to a multiple of log n at coarse resolutions. It differs from them in two respects.
It approximates the inverses of the local Gram matrices of g by their Chebyshev series
about the known interval [g−, g+], and not about an initial estimate (Section 4.1). Further,
its order decreases as the resolution increases. Keeping high orders only at coarse
resolutions resembles the truncation of the higher-order kernels in [52, Section 9, (9.6)]
(Section 4.4). Since our estimator has root-mean-square error o(n−2s/d) uniformly over
the class, it attains the rate of that conjecture, although it is not one of the estimators to
which the conjecture refers. The empirical HOIF estimators of [37] avoid estimating g by
using the inverse of a sample Gram matrix of k = o(n) basis functions.

Polynomial approximation of a bilinear form in the inverse of a Gram matrix,
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with each term estimated by a U-statistic, was used by Kong and Valiant [28, Sec-
tion 2.2]. In high-dimensional linear regression with unknown covariance Σ, they esti-
mate E[YX⊤]Σ−1E[XY] through unbiased estimates of E[YX⊤]ΣjE[XY]. Chen, Liu, and
Mukherjee [10, Section 3.2] use Chebyshev polynomials in Σ for this purpose when the
dimension exceeds the sample size. We apply this strategy to the local Gram matrices
of g in a nonparametric model, approximate inverses and reciprocals of determinants
jointly by a series about [g−, g+], and choose the degrees across resolutions to obtain the
rates of Theorem 2.3.

Estimators that do not use density smoothness. In dimension one, the difference-based
estimator of Robins et al. [48, p. 380], which follows Wang et al. [71], has bias O(n−2s)

and variance O(n−1) for the expected conditional covariance. Their bias bound combines
the Hölder continuity of the two regressions with the theory of spacings and uses no
smoothness of the density; it applies when both smoothness indices are at most one.
With these bounds, the estimator attains the root-mean-square rate n−1/2 ∨ n−2s, that
is, the exponent min{2s, 1/2} of Theorem 2.3 when d = 1 and both indices are at most
one, with root-n risk at s = 1/4. As mentioned above, McClean et al. [43, Section 4.2
and Theorem 1] construct an estimator of the expected conditional covariance whose rate
in probability is n−2s/d, up to a polylogarithmic factor, when s < d/4. Their estimator
applies in every dimension and requires only bounds on the covariate density and no
knowledge of the nuisance smoothness. The lower bound of Corollary 3.2 on Pbil(α, β),
which also holds in probability, shows that the polynomial exponent of this rate is
minimax (Section 3.2). Unlike the estimator of McClean et al., ours uses α, β, the bounds
g−, g+, and the remaining class parameters; it attains the exponent in root-mean-square
error and the correction in (1.2) up to a polylogarithmic factor.

Above the threshold, root-n estimation without density smoothness was already
known for some of these functionals. Double cross-fitting [45] and empirical HOIF
estimators [37] attain semiparametric efficiency under their respective approximation
and nuisance conditions, and the bounds of [48, p. 380] recalled above give root-n risk at
s = d/4 in dimension one. McClean et al. [43, Section 4.2 and Theorem 1] obtain root-n
consistency of their estimator of the expected conditional covariance when s > d/4, with
only bounds on the covariate density. Our estimator has root-n risk for s ≥ d/4 in every
dimension, for all smoothness indices, and for every functional in the class of Theorem 2.3.
In his setting, Park [46, Theorem 1] also obtains root-n risk for s ≥ d/4, including s = d/4.
Stabilized higher-order estimators of bilinear functionals without sample splitting were
recently developed in [41], and higher-order estimators of treatment parameters defined
implicitly by estimating equations in [76].

Structure-agnostic models. In the structure-agnostic models of Balakrishnan et al. [4], in
which only convergence rates are imposed on black-box nuisance estimators, first-order
estimators are minimax optimal for the expected conditional covariance and, when the
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squared pilot-error radius is at least of order n−1, for the two quadratic functionals
studied there. Jin and Syrgkanis [24] prove the corresponding optimality for the average
treatment effect, weighted average treatment effects, and the average treatment effect
on the treated. Their subsequent generalization treats linear functionals of generalized
regressions and includes a structure-agnostic lower bound for the expected conditional
covariance even under a partially linear outcome restriction [25, Theorems 6.1–6.2 and 7.5].
Bonvini et al. [7] study classes that add smoothness constraints to structure-agnostic
ones. The Hölder smoothness that we assume is what allows higher-order estimators
to improve on first-order ones in the minimax rate. Minimax-rate optimality does not
imply admissibility: in the structure-agnostic model, Liu, Mukherjee, and Robins [40,
Theorems 0–2] show, under their other stated conditions and when the squared pilot-error
radius is at least a constant multiple of n−1/2, that second-order estimators asymptotically
dominate first-order ones for two quadratic functionals. For the expected conditional
covariance, neither estimator asymptotically dominates the other.

Moment matching and polynomial approximation. Recall that, as in minimax estimation
of nonsmooth functionals [8, 23, 33, 73, 74], we pair moment-matching priors with
polynomial approximation, with the reciprocal in place of the nonsmooth function. To
estimate the support size of a discrete distribution, Wu and Yang [74] use best polynomial
approximation of the reciprocal on an interval bounded away from zero. Our priors use
the framework of the lower bounds of Robins et al. [49, Theorem 2.1 and Sections 3–4] for
these functionals: independent, randomly signed smooth bumps on the cells of a partition,
with cell masses that do not depend on the prior parameters, and finite response spaces.
Our lower bound follows the strategy of the lower bound of Aronow and Lopatto [3]
for a constant conditional variance under rough design. There, the covariate density is
random under both priors, approximate moment matching makes the local laws of the
data under the two priors close simultaneously for every number k ≤ M of observations

in a local region, the sample is Poissonized, and M ≍
√

log n gives a factor e−C
√

log n in
the lower bound, for some constant C. Relative to [3], what is new here is the random
phase of the density, under which the two priors differ only at frequency M, and the
separation through the Mth Fourier coefficient of the reciprocal density. This identifies
the constant κ in (1.2), which the lower bound of [46] also identifies for the expected
conditional covariance, and the lattice phases of Section 6 gain a further factor log n. We
compare the two constructions in more detail at the start of Section 5.

Variance estimation. In the semiparametric model Var(Y | X) = σ2, the variance can
be estimated faster under a random design without density smoothness than under an
equally spaced fixed design [9, 71] when 0 < s ≤ 1 and s < d/4. This was sketched in [48,
Section 4] for s < min{1, d/4} and proved in [3, 59]. For s > 1 and d > 4s, Aronow
and Lopatto [3] identify the minimax exponent 2(s + 1)/(d + 4), and Dobriban et al. [14]
give a two-scale estimator that attains it and whose analysis uses only upper and lower
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bounds on the design density. We discuss these results in Section 3.2; they do not apply
to the nonparametric models of this paper.

Discrete covariates. In a discrete analogue, Zeng et al. [75] give nearly matching mini-
max bounds for the average treatment effect with high-dimensional discrete covariates.
Their lower bound [75, Section 3.2] uses priors on the covariate probabilities, propensities,
and regressions of the categories that match moments up to order log n, through the
duality between moment matching and best polynomial approximation. They also show
that the expected conditional covariance and a variance-weighted average treatment effect
can be estimated faster when the covariate distribution is known, but that this knowledge
may not help for the average treatment effect [75, Section 5].

Concurrent work. Park [46] studies the expected conditional covariance E[Cov(A, Y |
X)] for responses bounded by one in absolute value, covariates in [0, 1]d with a density
between known bounds 0 < g− < 1 < g+, and conditional means E[A | X] and
E[Y | X] in Hölder classes of orders α and β. With U = A and V = Y, these are
the response and density conditions of Pbil(α, β) in Section 3.2, but the Hölder norms
differ: Park requires extensions to a fixed open neighborhood of [0, 1]d and sums the
supremum norms of the derivatives, whereas we take their maximum on the closed
cube. The present paper, in an unpublished version dated 2 October 2026, and [46],
submitted to arXiv on 4 October 2026, were developed independently and concurrently.
Park states his bounds for the mean squared error. His exponent (α + β)/d and his
constant log{(√g+ +

√
g−)/(

√
g+ −√

g−)} are our θ and τ, and his dimension of the
polynomials of degree at most ⌈t⌉ − 1 in d variables is our qt. In this notation, for
0 < θ < 1/2, Park [46, Theorem 1] bounds the minimax mean squared error below and
above by constant multiples of

n−2θ(log n)θe−4
√

τθ(1−2θ) log n and n−2θ(log n)θ+qα+qβ+1/2e−4
√

τθ(1−2θ) log n,

and he obtains the order n−1 when θ ≥ 1/2, including θ = 1/2. Park presents these
bounds as a resolution of the conjecture in [48, Remark 4.2]. That remark concerns
the variance-weighted average treatment effect, a ratio whose numerator is the expected
conditional covariance [48, Example 1c]; the conjecture after their equation (1.3), which we
recall in Section 1.1, is a different passage. Since 2

√
τθ(1 − 2θ) is the constant κ of (2.9),

the threshold, the polynomial exponent, and the constant in the stretched-exponential
factor agree with those of Theorem 2.3. In root-mean-square error, Park’s upper bound is
C an(log n)ν/2+1/4, which is our upper bound, and his lower bound is c an, which is the
bound that our priors with block-constant phases give (Remark 2.4). Our lower bound
c an log n is larger by the factor log n that the lattice refinement of Section 6 gains, and
we deduce that it also holds on Park’s class. Since his class is contained in Pbil(α, β) for
a suitable radius, our upper bound holds on it as well. The hard laws that we use for
this target (Appendix C) have Rademacher responses with conditional means u and v,
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and C∞ densities with values in [g−, g+]. The functions u, v are C∞ and vanish outside
a fixed cube in the interior of [0, 1]d. Their extensions by zero satisfy Park’s Hölder
conditions once the constant ϵ of Proposition 7.1 is small enough, so these laws lie in his
class, and Proposition 7.1 gives the lower bound c an log n there. The unresolved factor
in root-mean-square error is (log n)ν/2−3/4 here and (log n)ν/2+1/4 in [46], and neither
work determines the power of log n in the minimax rate.

The two proofs share their main ingredients. Both use polynomial approximation of
the reciprocal on [g−, g+], for the bias of the estimator and for the separation in the lower
bound. Both upper bounds write a projection error as a telescoping sum of increments
over nested partitions, remove the local Taylor polynomials of the two regressions from
each increment, approximate inverses of local Gram matrices by matrix polynomials,
estimate the resulting polynomials without bias by products over distinct observations,
and lower the degree as the partition is refined. Park refines cubes into 2d children
and subtracts his corrections from a double cross-fit local polynomial estimator; the
result is clipped to [−1, 1]. We bisect one coordinate at a time and approximate

∫
abg

directly by polynomials in cell moments, without regression fits. Both lower bounds
randomize the density while keeping the masses of fixed regions constant, which are
cubes in [46] and pairs of blocks here, and both choose the priors so that regions holding
few observations do not distinguish them. The main text of [46] does not describe the
lower-bound construction in more detail.

Park also shows that a double cross-fit local polynomial estimator whose degree
depends only on d attains the exponent without knowledge of α and β [46, Corollary 1].
Further, his paper states the lower bound also for conditional covariances that are smooth
and bounded away from zero and, when α = β, for the average conditional variance of
a binary response. It treats the normalized covariance E[Cov(A, Y | X)]/E[Var(Y | X)],
and it extends the bounds to responses that satisfy moment conditions in place of
boundedness. By a data-driven selection, Park attains the known-density rate at each
fixed density that is piecewise constant on a dyadic partition. He also reports an estimator
that attains his upper bound up to a larger power of log n when (α, β) is unknown but
lies in a known compact subset of {α + β < d/2}. The paper also contains simulations
and an analysis of diamond price data. The present paper treats the general class of
Theorem 2.3 and the applications in Table 3.1, of which the expected conditional variance
and the overlap-weighted effect have counterparts in [46], refines the lower bound by the
factor log n, and gives lower bounds on the local classes (2.6) and for smooth densities
(Remark 2.5). The proofs of [46] are in a supplement that is not part of the arXiv posting,
and we could not locate the supplement online as of 7 October 2026. Our comparison is
based on the main text of arXiv:2610.05006v1.
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1.5 Organization

Sections 2 and 3 state the model, Theorem 2.3, and its applications. Section 4 proves
the upper bounds. Section 5 gives the two-point lemma for the root-n lower bound and
reduces the bound below the threshold to two estimates on priors constructed in Section 6
and embedded in the model in Section 7.1. Section 7.2 completes the proof. Section 8
discusses open problems, and the appendices prove the applications.



section 2

Setting and main result

2.1 Functionals and examples

We observe n independent copies of O = (X, Z) with unknown law P. Here X ∈ [0, 1]d is
a covariate with unknown Lebesgue density p and Z is a response in a fixed measurable
space. We let D = D(Z), U = U(Z), V = V(Z), and W = W(Z) be known bounded
functions such that 0 ≤ D ≤ M0 and |U|, |V| ≤ M0. We fix a known λ ̸= 0 and assume
that EP[D | X] is bounded away from zero. The parameter of interest is

ψ(P) = EPW + λEP

[
EP[U | X]EP[V | X]

EP[D | X]

]
. (2.1)

Examples 2.1 and 2.2 give the choices of (D, U, V, W, λ) for missing-data means, average
treatment effects, and conditional covariances and variances. We write

w = EP[D | X], a =
EP[U | X]

w
, b =

EP[V | X]

w
, g = wp. (2.2)

Then ψ(P) = EPW + λ
∫
[0,1]d abg. We impose Hölder restrictions on a and b and upper

and lower bounds on g.
The functional ψ belongs to the doubly robust class of Robins et al. [48, Section 3.1] and

to the mixed-bias class of Rotnitzky, Smucler, and Robins [55]. For bounded candidate
functions ã, b̃, the moment EP[W + λ{Ub̃(X) + Vã(X)− Dã(X)b̃(X)}] differs from ψ(P)
by −λ

∫
(ã − a)(b̃ − b)g. This bias vanishes when either candidate function is correct and

otherwise depends on the product of their errors. For missing-data means, the augmented
inverse-probability-weighted estimating function is a special case of the construction of
Robins, Rotnitzky, and Zhao [51, equation (9), p. 849, and Section 8]. The score of the
average treatment effect in double/debiased machine learning has the same product-bias
property [12, Section 9.4, equations (9.4.4)–(9.4.5)]. The upper bound uses the same
product structure for projection errors.

Example 2.1 (Missing-data means and average treatment effects). We consider a full-data
distribution P̄ on (X, R, Y) such that R is binary and Y ∈ [0, 1]. Let P be the law of the
coarsened observation O = (X, (R, RY)). If we take (D, U, V) = (R, 1, RY), W = 0, and
λ = 1, then we have

w = P(R = 1 | X), a = 1/w, b = EP[Y | R = 1, X], g = wp, ψ(P) = EP[b(X)].

11



2 Setting and main result 2.2 Model and nondegeneracy 12

Under the missing-at-random (MAR) condition R ⊥ Y | X [56], this equals the full-
data mean EP̄Y. For treatment observations (X, A, Y) such that A is binary, we
write bj = EP[Y | A = j, X] for j = 0, 1. If we take R = 1{A=j}, then we have
ψ(P) = EP[bj(X)]. Under consistency, conditional exchangeability, and positivity [18],
the difference EP[b1(X)− b0(X)] is the average treatment effect (ATE).

Example 2.2 (Conditional covariance and variance). We take D = 1 with |U|, |V| ≤ 1,
and we write mU = EP[U | X] and mV = EP[V | X]. Then w = 1 and g = p. If we take
W = UV and λ = −1, then we have

ψ(P) = EP[UV]− EP[mU(X)mV(X)] = EP[CovP(U, V | X)].

If we take U = V = Y and f = EP[Y | X], then we have

ψ(P) = EP[Y2]− EP[ f (X)2] = EP[VarP(Y | X)].

This is the smallest mean squared error achievable by predicting Y from X. Taking
W = 0 and λ = 1 instead gives ψ(P) = EP[ f (X)2]. Subtracting (EPY)2, we obtain the
explained variance VarP( f (X)). When VarP(Y) > 0, the ratio VarP( f (X))/ VarP(Y) is the
population R2. In a randomized trial with P(A = 1 | X) = 1/2 and outcome Yobs ∈ [0, 1],
we take Y = (2A − 1)(2Yobs − 1). Then f is the conditional average treatment effect
(CATE), so that VarP( f (X)) measures the heterogeneity of treatment effects [34].

The response in the trial of Example 2.2 is obtained by centering the outcome at 1/2 in
the modified-outcome construction discussed by Tian et al. [63, Section 2.1], who attribute
it to Signorovitch’s thesis. Its conditional mean under balanced randomization is the
CATE.

Functionals of the form (2.1) also include some instrumental-variable parameters, and
we obtain further treatment-effect parameters from them through ratios and differences
(Corollary 3.2).

2.2 Model and nondegeneracy

For t > 0, we write k = ⌈t⌉ − 1 and ϑ = t − k ∈ (0, 1]. For any f : [0, 1]d → R with
continuous partial derivatives of order at most k, we define the Hölder norm

∥ f ∥Ct([0,1]d) = max
|j|≤k

∥Dj f ∥∞ + max
|j|=k

sup
x ̸=y∈[0,1]d

|Dj f (x)− Dj f (y)|
∥x − y∥ϑ

2
.

Here Dj is the partial derivative with multi-index j, of total order |j|. We set ∥ f ∥Ct([0,1]d) =

+∞ if these derivatives do not exist or are not continuous, and we define the Hölder ball
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by Ht(H) = { f : ∥ f ∥Ct([0,1]d) ≤ H}. In particular, for integer t the functions in this ball
have Lipschitz partial derivatives of order t − 1.

We fix d ≥ 1, α, β, H, δ > 0, and 0 < g− < g+ < ∞. Let P(α, β) be the class of all laws
on the stated observation space such that

w ≥ δ, a ∈ Hα(H), b ∈ Hβ(H), g− ≤ g ≤ g+ almost everywhere. (2.3)

These are the only restrictions on the conditional response law and the covariate density;
we impose no smoothness bound on g or semiparametric shape restrictions. Since
δ ≤ w ≤ M0, the covariate density satisfies g−/M0 ≤ p ≤ g+/δ. The functions that
define the target, the smoothness indices, the radii, and the bounds are all fixed as n
grows.

For a real-valued parameter T on a class P of observation laws, we define the minimax
root-mean-square error (RMSE) by

rn(T,P) = inf
T̂

sup
P∈P

{EP[(T̂ − T(P))2]}1/2.

The infimum is over all measurable estimators based on the n observations, including
randomized ones. For the parameter (2.1) on P(α, β), we write rn = rn(ψ,P(α, β)). The
constants in ≲ and ≍ never depend on n. In statements about P(α, β), they may depend
on d, α, β, H, δ, g−, g+, M0, on the response functions D, U, V, W, and on λ. In lower
bounds, they may also depend on the baseline law π0 and the radius r that we introduce
below; in a lemma, they may also depend on the lemma’s fixed inputs.

For the lower bound, we need a law at which every constraint in (2.3) holds strictly
and perturbations of the conditional law of Z within the model move a and b. For
example, if U = D, then ψ(P) = EP[W + λV] is an observable mean, which can be
estimated at rate n−1/2. We let π0 be a probability law for Z with finite support, and we
write

w0 = Eπ0 D, a0 =
Eπ0U

w0
, b0 =

Eπ0V
w0

. (2.4)

If we take X uniform on [0, 1]d and independent of Z ∼ π0, we obtain a joint law P0

under which w = g = w0, a = a0, and b = b0 are constant. For the lower bound, we
assume the interior and nondegeneracy condition

max{δ, g−} < w0 < g+, |a0| < H, |b0| < H,

and either Covπ0

(
U − a0D
V − b0D

)
is positive definite

or U = V, α = β, Varπ0(U − a0D) > 0.

(2.5)

The first line states that P0 satisfies (2.3) strictly, since a constant has Hölder norm
equal to its absolute value. The residuals U − a0D and V − b0D have mean zero under
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π0; a positive definite covariance allows us to shift their means, and hence a and b,
independently. The second alternative covers the square of one conditional mean, for
which this covariance is singular. For U = D, the first residual vanishes and neither
alternative holds.

For r > 0, we define the neighborhood

Pr(π0) =
{

P ∈ P(α, β) : |w − w0| ≤ r, |a − a0| ≤ r, |b − b0| ≤ r

almost everywhere on [0, 1]d
}

.
(2.6)

Under (2.5), this class contains P0, and a lower bound on it holds on every larger class.
For example, suppose that (2.3) is supplemented by bounds w− ≤ w ≤ w+, a− ≤ a ≤ a+,
and b− ≤ b ≤ b+ with w− < w0 < w+, a− < a0 < a+, and b− < b0 < b+, such as
an overlap condition for missing-data means. If r is smaller than the six differences
w0 − w−, w+ − w0, a0 − a−, a+ − a0, b0 − b−, b+ − b0, then the resulting class contains
Pr(π0) and is contained in P(α, β).

2.3 Main theorem

The rates depend on the smoothness and on the bounds g−, g+ through

s =
α + β

2
, θ =

2s
d

, ρ =

√
g+ −√

g−√
g+ +

√
g−

, τ = − log ρ. (2.7)

The number ρ is the geometric rate of the reciprocal series of Lemma 4.1 on [g−, g+], and τ

determines the correction to the polynomial rate. Since ρ = (
√

g+/g− − 1)/(
√

g+/g− +

1), it is also the rate in the classical convergence bound for the conjugate gradient method
applied to a linear system with a symmetric positive definite matrix of condition number
g+/g− [65, Lecture 38]. The upper bound also depends on

qt =

(
d + ⌈t⌉ − 1

d

)
(t > 0), ν = qα + qβ. (2.8)

The dimension qt counts the coefficients of a polynomial of degree ⌈t⌉ − 1 in d variables.
We have qt = 1 if and only if 0 < t ≤ 1, so that ν = 2 if and only if 0 < α, β ≤ 1. For
0 < θ < 1/2 and τ > 0, we define

κ = 2
√

θ(1 − 2θ)τ, an = an(θ, τ) = n−θ(log n)θ/2e−κ
√

log n. (2.9)

We call θ = 1/2, that is, s = d/4, the threshold.

Theorem 2.3 (Minimax bounds). Consider the parameter (2.1) on the class (2.3).
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(a) There are C > 0 and an integer n0 ≥ 3, depending only on d, α, β, H, δ, g−, g+, M0, |λ|, and
∥W∥∞, such that, if P(α, β) is nonempty, then for every integer n ≥ n0

rn ≤ Cn−1/2 if θ ≥ 1/2, rn ≤ C an(log n)ν/2+1/4 if 0 < θ < 1/2. (2.10)

(b) Suppose that a law π0 for Z with finite support satisfies (2.5), and fix r > 0. There are
c > 0 and an integer n0 ≥ 3, depending only on d, α, β, H, δ, g−, g+, M0, the response
functions D, U, V, W, λ, π0, and r, such that the following holds for every class P ′ with
Pr(π0) ⊆ P ′ ⊆ P(α, β) and every integer n ≥ n0. If θ ≥ 1/2, then rn(ψ,P ′) ≥ cn−1/2.
If 0 < θ < 1/2, then rn(ψ,P ′) ≥ c an log n and

inf
ψ̂

sup
P∈P ′

PP
{
|ψ̂ − ψ(P)| ≥ 2c an log n

}
≥ 1

4
. (2.11)

In particular, if such a π0 exists, then for all n ≥ n0, with n0 the larger of the two thresholds,

cn−1/2 ≤ rn ≤ Cn−1/2 (θ ≥ 1/2), (2.12)

c an log n ≤ rn ≤ C an(log n)ν/2+1/4 (0 < θ < 1/2), (2.13)

and the same bounds hold for rn(ψ,P ′) for every class P ′ as in (b).

Remark 2.4 (Logarithmic form and the remaining gap). Taking logarithms in (2.13), we
obtain

log rn = −θ log n − 2
√

θ(1 − 2θ)τ log n + O(log log n), (2.14)

which is (1.2). The priors of Lemma 6.2 with J = 0, whose phases are constant on
each block, give rn ≥ c an by the proof of Proposition 7.1, and with the upper bound
this implies (2.14). The lattice phases, with J ≍ log log n, gain the factor log n, so that
rn/an → ∞, and an is not the minimax rate up to fixed constants. The bounds leave the
factor (log n)ν/2−3/4 unresolved, which is (log n)1/4 when 0 < α, β ≤ 1. The constants
may grow as θ ↑ 1/2 or as the residual covariance in (2.5) approaches singularity.

Remark 2.5 (Smooth and nearly uniform densities). Every density in the lower-bound
constructions of this paper is C∞, but its derivatives are not bounded uniformly in n.
All lower bounds therefore persist if we require that p be C∞, provided that no uniform
bound on its derivatives is imposed. When D = 1, as in Example 2.2, we have w = 1
and g = p. Applying Theorem 2.3 with g± = 1 ± ω and δ < 1, we find that, under
the remaining conditions of (2.5), even the bounds 1 − ω ≤ p ≤ 1 + ω, for any fixed
0 < ω < 1, give the exponent 2s/d below the threshold. The same holds, with p± = 1±ω,
for the rows of Table 3.1 with the interval [p−, p+]. The width of the interval changes
only the correction in (2.14).



section 3

Applications

Corollary 3.2 and Table 3.1 collect the applications of Theorem 2.3, with proofs in Appen-
dices A to D.

For an interval I = [i−, i+] with 0 < i− < i+ < ∞, we write ρI and τI for the values of
ρ and τ in (2.7) computed from [g−, g+] = I. For θ, τ > 0 and ν ≥ 2, we define

an(θ, τ) = an(θ, τ) log n, an(θ, τ, ν) = an(θ, τ)(log n)ν/2+1/4 (3.1)

if θ < 1/2, with an(θ, τ) as in (2.9), and an(θ, τ) = an(θ, τ, ν) = n−1/2 if θ ≥ 1/2.

Definition 3.1. Let T be a real parameter on a class P of observation laws, let θ > 0,
ν ≥ 2, and let I be an interval as above. We say that (T,P) satisfies the lower bracket (θ, I)
if there are c > 0 and an integer n0 ≥ 3 such that, for every integer n ≥ n0, we have
rn(T,P) ≥ c an(θ, τI) and, if θ < 1/2,

inf
T̂

sup
P∈P

PP
{
|T̂ − T(P)| ≥ 2c an(θ, τI)

}
≥ 1

4
. (3.2)

We say that (T,P) satisfies the upper bracket (θ, I, ν) if there are C > 0 and n0 ≥ 3 such
that rn(T,P) ≤ C an(θ, τI , ν) for every integer n ≥ n0. It satisfies the bracket (θ, I, ν) if it
satisfies both.

The targets and classes in Table 3.1 are defined below. Most of these classes bound
the covariate density by

0 < p− < 1 < p+ < ∞, p− ≤ p ≤ p+. (3.3)

We write τp = τ[p−,p+], we set κp(θ) = 2
√

θ(1 − 2θ)τp for 0 < θ < 1/2, and we write
Iζ = [(1 − ζ)p−, (1 + ζ)p+] for ζ ∈ (0, 1).

Corollary 3.2 (Applications). Fix d ∈ N and the parameters of the classes in Table 3.1. Each
pair (T,P) of a target and a class in the table satisfies the bracket (2s/d, I, ν) of its row, with the
following qualification and addition.

(a) On Msep and T sep, the lower bracket holds with I = [p−, p+], and the upper bracket holds
with Iζ in place of I, for every fixed ζ ∈ (0, 1). In particular, if s < d/4, then

log rn(T,P) = −2s
d

log n − κp(2s/d)
√

log n + o(
√

log n). (3.4)

16
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(b) Let f0 be a fixed known measurable predictor with B0 = ∥ f0∥∞ < ∞. On Pquad(s), the
excess loss EP[( f (X)− f0(X))2] satisfies the bracket (2s/d, [p−, p+], 2qs) of σ̄2.

The constants c, C, n0 depend only on the fixed quantities that define T and P , and also on ζ

in (a); in (b), they depend on f0 only through B0.

Table 3.1. The applications in Corollary 3.2. Here β∗ is min(β0, β1) for the ATE, β0 for the ATT,
and β1 for the ATU. The last column names the source of the lower bound: Theorem 2.3(b), or the
families of laws and the Markov kernels constructed in Appendices B to D.

Target Class s I ν Lower bound from

MAR mean Mη
α+β

2 [η, η−1] qα + qβ Theorem 2.3(b)

ATE, ATT, ATU Tη
α+β∗

2 [η, η−1] qα + qβ∗ MAR family, kernel

MAR mean Msep α+β
2 [p−, p+] qα + qβ MAR family

ATE, ATT, ATU T sep α+β∗
2 [p−, p+] qα + qβ∗ MAR family, kernel

E[Cov(U, V | X)],
E[mUmV ]

Pbil(α, β) α+β
2 [p−, p+] qα + qβ Theorem 2.3(b)

E[Var(Y | X)], E[ f 2] Pquad(s) s [p−, p+] 2qs Theorem 2.3(b)

Var( f (X)) Pquad(s) s [p−, p+] 2qs Rademacher family

R2 Pquad(s; vmin) s [p−, p+] 2qs Rademacher family

E[ f 2], Var( f (X)) in
a trial

Ptrial(s) s [p−, p+] 2qs kernel from Pquad(s)

Wald ratio Iη,cW
α+β

2 [η, η−1] qα + qβ ATE, kernel

Average conditional
Wald ratio

Jη
α+β

2 [η, η−1] qα + qβ MAR mean, kernel

Overlap-weighted
effect

POW(α, β) min{ α+β
2 , α} [p−, p+] qα + qmin(α,β) two families

In every row, rn(T,P) = n−min{1/2,2s/d}+o(1), and ν = 2 when all smoothness indices
relevant to the row are at most one. When s < d/4, the lower bound rules out, even up
to factors no(1), the exponent 4s/(4s + d) that higher-order influence function estimators
attain when the density weight g is known or sufficiently smooth [52, Section 3.1 and
Corollary 9.1]. Every density in the lower-bound constructions is C∞, so that, as in
Remark 2.5, all these lower bounds persist if p must be C∞ with no uniform bound on its
derivatives.
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3.1 Missing-data means and treatment effects

We use the missing-data observations O = (X, (R, RY)) of Example 2.1, with
(D, U, V, W, λ) = (R, 1, RY, 0, 1), so that w = P(R = 1 | X), a = 1/w,
b = EP[Y | R = 1, X], and the target is the MAR mean EP[b(X)]. We fix 0 < η < 1/4
and H > 2, and we let Mη(α, β, H) consist of all laws of these observations such that
Y ∈ [0, 1] and

1/w ∈ Hα(H), b ∈ Hβ(H), η ≤ w ≤ 1 − η, η ≤ wp ≤ η−1.

This is the class P(α, β) with M0 = 1, δ = η, and [g−, g+] = [η, η−1], so that ρ =

(1 − η)/(1 + η), together with the overlap condition w ≤ 1 − η.
For treatment effects, we observe O = (X, A, Y) with A ∈ {0, 1} and Y ∈ [0, 1], and

we write

w(x) = P(A = 1 | X = x), w1 = w, w0 = 1 − w,

aj = 1/wj, gj = wj p, bj(x) = EP[Y | A = j, X = x] (j = 0, 1).

Here the subscripts index the treatment arms; w0 and a0 are not the baseline constants of
Section 2. We let Tη(α, β0, β1, H) consist of all laws of O such that

η ≤ w ≤ 1 − η, a0, a1 ∈ Hα(H), η ≤ g0, g1 ≤ η−1, bj ∈ Hβ j(H) (j = 0, 1).
(3.5)

These restrictions imply 2η ≤ p ≤ 2η−1. We write µj = EP[bj(X)] and consider

TATE = µ1 − µ0,

TATT = EP[b1(X)− b0(X) | A = 1], TATU = EP[b1(X)− b0(X) | A = 0].
(3.6)

Under consistency, conditional exchangeability, and positivity [18], these are the average
effects in the population, among treated units, and among untreated units. Their effective
smoothness indices are

sATE =
α + min(β0, β1)

2
, sATT =

α + β0

2
, sATU =

α + β1

2
. (3.7)

To bound the difference from below, we vary one arm regression and keep the other
constant (Appendix B).

If we bound the covariate density and the propensity separately, the correction is
determined by the density interval rather than by the range of wp. We fix H0 > 1 and
0 < ϵ < 1/2. We let Msep consist of the laws of the missing-data observations such that
Y ∈ [0, 1], p satisfies (3.3), w ∈ Hα(H0), ϵ ≤ w ≤ 1 − ϵ, and b ∈ Hβ(H0). We let T sep

consist of the laws of (X, A, Y) such that Y ∈ [0, 1], p satisfies (3.3), w = P(A = 1 | X)

satisfies the same conditions, and bj ∈ Hβ j(H0) for j = 0, 1. Here α is the smoothness of
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w itself, equivalently of 1/w up to the Hölder radius, since ϵ ≤ w ≤ 1 − ϵ. In all four
classes, the conditional law of the response is otherwise unrestricted, and no smoothness
of p is assumed.

For the upper bounds on Msep and T sep, we divide R and RY by a smooth pilot
estimate ŵ of w computed from half of the sample. This preserves the target and replaces
the weight wp by wp/ŵ, which lies within a factor 1 ± ζ of p except on an event of
exponentially small probability (Appendix B.2). For µj, we apply this construction with
R = 1{A=j} and observation probability wj as in Example 2.1; the arm-0 pilot estimates
1 − w. The correction computed from Iζ tends to κp(2s/d) as ζ → 0, which gives (3.4).

3.2 Conditional covariances and variances

We take D = 1 as in Example 2.2, so that g = p, and we fix H0 > 1 and the density
bounds (3.3). Let Pbil(α, β) consist of all laws of (X, U, V) that satisfy (3.3), |U|, |V| ≤ 1,
mU ∈ Hα(H0), and mV ∈ Hβ(H0), where mU = EP[U | X] and mV = EP[V | X]. For
U = V = Y, let Pquad(s) consist of all laws of (X, Y) that satisfy (3.3), |Y| ≤ 1, and
f ∈ Hs(H0), where f = EP[Y | X]. We write

Q2 = EP[ f (X)2], σ̄2 = EP[VarP(Y | X)], E∗ = VarP( f (X)) = Q2 − (EPY)2.

For fixed vmin ∈ (0, 1), we let Pquad(s; vmin) be the subclass of Pquad(s) on which
VarP(Y) ≥ vmin, and on it we define the population coefficient of determination R2

∗ =

E∗/ VarP(Y). In a randomized trial we observe (X, A, Yobs), and we let Ptrial(s) consist of
the laws such that A ∈ {0, 1}, Yobs ∈ [0, 1], P(A = 1 | X) = 1/2, p satisfies (3.3), and the
conditional average treatment effect (CATE) f = EP[Yobs | A = 1, X]−EP[Yobs | A = 0, X]

lies in Hs(H0). All these classes leave the conditional law of the response otherwise unre-
stricted.

For E∗ and R2
∗, the upper bounds combine the estimator of Q2 with sample means

of Y and Y2, and the lower bounds use hard laws on which VarP(Y) → 1. In Gaussian
linear regression, the same relations through observable moments imply that the signal
strength, the noise variance, and the proportion of explained variance are equally hard
to estimate, up to a parametric loss [69, Section 1.1]. In the trial, the ATE EP[ f (X)] is
an observable mean, whereas VarP( f (X)) is as hard to estimate as E∗; only f needs to
be smooth. Confidence intervals for this variance in experiments, which remain valid
when it is zero, are constructed in [57]. In Corollary 3.2(b), the loss EP[(Y − f0(X))2] is
an observable mean, but the excess loss is as hard to estimate as σ̄2.

For the expected conditional covariance, the probability bound (3.2) on Pbil(α, β)

shows that the polynomial exponent in McClean et al.’s [43] upper bound in probability
is minimax optimal. Evans and Jones [15, Section 1(a) and Section 2] studied nearest-
neighbor estimators of residual moments and covariance under Lipschitz regression,
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regularity conditions on the design density, and additive errors independent of the
covariates; Williamson et al. [72, Section 2.3, Example 1, and Section 3, Theorems 1–2]
studied R2 inference under convergence conditions on estimated regressions. Variance
estimation has also been studied in the semiparametric model Var(Y | X) = σ2 [48, 59].
There, when 0 < s ≤ 1 and s < d/4, a rough random design permits faster estimation
than an equally spaced fixed design [9, 71]. This was sketched in [48, Section 4, pp. 382–
383] for s < min{1, d/4}, proved in [59] for errors independent of X, and proved in [3,
Theorem 1.3] for a model in which the law of the error may depend on X. For s > 1,
Aronow and Lopatto [3] resolved the uniform minimax formulation of an open question
of Robins, recorded by Richardson and Rotnitzky [47, Section 6]. For s > 1 and d > 4s,
the two-scale estimator of Dobriban et al. [14, Section 3.3, Proposition 3.4] has root-mean-
square error O(n−2(s+1)/(d+4)), the rate of the upper bound in [3, Theorem 1.1]. The
proof for this estimator uses only upper and lower bounds on the covariate density [14,
Appendix A.5]. Corollary 3.2 concerns the fully nonparametric model, to which these
faster rates do not apply.

3.3 Wald ratios and the overlap-weighted effect

We observe (X, Z, A, Y) with a binary instrument Z, a binary treatment A, and Y ∈ [0, 1].
We write wz(x) = P(Z = z | X = x), mY,z(x) = EP[Y | Z = z, X = x], mA,z(x) =

EP[A | Z = z, X = x], ∆Y = mY,1 − mY,0, and ∆A = mA,1 − mA,0. When EP[∆A(X)] > 0,
the Wald ratio is TW = EP[∆Y(X)]/EP[∆A(X)]. If P(Z = 1 | X) = 1/2, A ≤ Z, and
q = P(A = 1 | Z = 1, X) is bounded away from zero, then ∆A = q, and the average
conditional Wald ratio is TCW = EP[b(X)] with b = ∆Y/q. We fix α, β > 0, H > 2,
0 < η < 1/4, and 0 < cW ≤ 1. We let Iη,cW (α, β, H) consist of the laws such that, for
z = 0, 1,

η ≤ wz ≤ 1 − η, 1/wz ∈ Hα(H), η ≤ wz p ≤ η−1,

mY,z, mA,z ∈ Hβ(H), EP[∆A(X)] ≥ cW ,

and we let Jη(α, β, H) consist of the laws such that P(Z = 1 | X) = 1/2, A ≤ Z, and

1/q ∈ Hα(H), b ∈ Hβ(H), η ≤ q ≤ 1 − η, η ≤ qp ≤ η−1.

For observations (X, A, Y) with a binary treatment, Y ∈ [0, 1], propensity w = P(A =

1 | X), and regression m = EP[Y | X], the overlap-weighted effect is

γOW =
EP[CovP(A, Y | X)]

EP[VarP(A | X)]
=

EP[w(1 − w)(b1 − b0)(X)]

EP[w(1 − w)(X)]
, (3.8)

with ba = EP[Y | A = a, X]. It is the coefficient of A in the least-squares projection of Y
onto functions γA + h(X). The first expression in (3.8) is the population version of the
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partialing-out construction of Robinson [54] for the partially linear model, which we do
not assume to hold. We let POW(α, β) consist of the laws that satisfy (3.3), w ∈ Hα(H0),
m ∈ Hβ(H0), and ϵ ≤ w ≤ 1 − ϵ, with H0 > 1 and 0 < ϵ < 1/2. In all three classes, the
conditional law of the response is otherwise unrestricted. Appendix D recalls the causal
interpretations of the three targets. The numerator of γOW has effective smoothness
(α + β)/2; its denominator depends only on the propensity and has effective smoothness
α. The ratio has sOW = min{(α + β)/2, α}, as in Table 3.1.



section 4

Upper bounds

We prove Theorem 2.3(a) by approximating
∫

abg by polynomials in expectations of
known functions of one observation. These have unbiased estimators, so we never
estimate g. Our estimator is a sum of U-statistics of growing order, like the HOIF
estimators of [48, 52], which correct an initial estimate by U-statistics of increasing order.
Our estimator uses no initial estimate of g (Section 1.4). For linear models, Kong and
Valiant [28] developed a method that approximates a quadratic form in the inverse of
an unknown covariance matrix by polynomials, whose terms are estimated without bias
by averages over distinct observations. Chen, Liu, and Mukherjee [10, Section 3.2] use
Chebyshev polynomials of the reciprocal in this way. We apply this idea cell by cell, to the
local Gram matrices of g. We use reciprocal series to approximate projection increments
over nested partitions, bound the variance of their unbiased estimators, and choose the
resolution and polynomial degrees.

We first reduce to W = 0 and λ = 1, so that ψ =
∫

abg. For an estimator T̂ of
T(P) =

∫
abg, by the triangle inequality, we have∥∥∥∥∥λT̂ +

1
n

n

∑
i=1

W(Oi)− ψ(P)

∥∥∥∥∥
L2(Pn)

≤ |λ| ∥T̂ − T(P)∥L2(Pn) + ∥W∥∞n−1/2,

and the last term is at most a fixed multiple of both upper rates. We may also assume
that α ≤ β, since exchanging (a, U, α) with (b, V, β) changes neither

∫
abg nor the class

P(α, β), and the rates are symmetric in (α, β). We set ℓ = ⌈β⌉− 1, the cellwise polynomial
degree of the estimator, and s0 = min(α, β). For h ≤ 1, hs0 bounds both hα and hβ. Recall
from (2.7) that θ = (α + β)/d and τ = − log ρ, and that ν is given by (2.8).

In this section, constants depend only on d, α, β, H, δ, g−, g+, M0, and, for the general
target, on |λ| and ∥W∥∞. The estimator uses these known parameters and the values
of D, U, V, W at the observations. The arguments use only the bounds 0 ≤ D ≤ M0,
|U|, |V| ≤ M0, and ∥W∥∞, with no property of the response space or baseline law π0.

4.1 The reciprocal series

Reciprocals enter both bounds. In the upper bound, we approximate products of recip-
rocals of cell moments of g by polynomials in those moments. In the lower bound, the
separation between the target means of two priors is a Fourier coefficient of the reciprocal

22
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of an oscillating density. In Lemma 4.1, we record the Chebyshev series of 1/x on a
positive interval I, with geometric rate ρI ; the parameter ρ−1

I is that of the Bernstein
ellipse through the pole at x = 0, as in the classical theory of Chebyshev approxima-
tion of analytic functions [64, Chapter 8]. The Chebyshev coefficients of 1/(z − x) are
recorded explicitly in [42, Lemma 1, equation (10), p. 598]. For I = [g−, g+], or any
positive multiple of it, ρI equals the ρ of (2.7).

Lemma 4.1 (Reciprocal expansion). Fix an interval I = [x−, x+] with 0 < x− < x+, and set

cI =
x+ + x−

2
, dI =

x+ − x−
2

, ḡI =
√

x−x+, ρI =

√
x+ −√

x−√
x+ +

√
x−

.

Let Tk be the Chebyshev polynomial determined by Tk(cos t) = cos(kt). For x ∈ I and |z| < ρ−1
I ,

we define
KI(z; x) = 1 + 2 ∑

k≥1
(−ρI)

kTk((x − cI)/dI)zk.

Then

KI(z; x) =
1 − ρ2

I z2

1 + 2ρIz(x − cI)/dI + ρ2
I z2

. (4.1)

In particular, KI(1; x) = ḡI/x; equivalently, writing x = cI + dI cos t,

1
cI + dI cos t

=
1
ḡI

{
1 + 2 ∑

k≥1
(−ρI)

k cos(kt)

}
. (4.2)

Proof. We write x = cI + dI cos t with t real and q = −ρIz, so that Tk((x − cI)/dI) =

cos(kt) and |q| < 1. Summing two absolutely convergent geometric series, we obtain the
Poisson-kernel identity [61, Chapter 2]

1 + ∑
k≥1

qk(eikt + e−ikt) =
1

1 − qeit +
1

1 − qe−it − 1 =
1 − q2

1 − 2q cos t + q2 ,

which is (4.1). At z = 1, the identities 1 + ρ2
I = 2ρIcI/dI and (1 − ρ2

I )dI/(2ρI) = ḡI give
(4.2).

For I = [g−, g+], the rate ρI = ρ determines the constant κ of the upper bound through
τ = − log ρ. The Neumann series 1/x = c−1

I ∑k≥0(1 − x/cI)
k, the most direct expansion

of a reciprocal, converges on I only at the rate dI/cI = 2ρI/(1 + ρ2
I ), which exceeds ρI . If

we replaced (4.2) by the Neumann series in the argument of this section, we would obtain
the correction with − log{2ρ/(1 + ρ2)} < τ in place of τ, and the upper bound would
no longer match the lower bound. No other choice of polynomials improves on ρI : by a
classical result of Chebyshev, the error of the best uniform approximation of 1/x on I by
polynomials of degree m is a constant multiple of ρm

I [29, Theorem 2.1 and Corollary 2.2].
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The HOIF estimators of Robins et al. with an estimated density expand the inverse of a
Gram matrix about its value at an initial estimate [48, Theorems 3.14–3.15]. At resolutions
with order n cells, each cell contains only order-one observations on average, so the
normalized cell moments of g need not be uniformly consistently estimable under the
stated assumptions, and we expand about the known interval [g−, g+] instead.

In the upper bound we use these series only on the interval [g−, g+], but with matrix
arguments. We set cg = (g− + g+)/2, dg = (g+ − g−)/2, and ḡ =

√
g−g+, the values of

cI , dI , ḡI for this interval, for which ρI = ρ. From now on I denotes an identity matrix,
and we regard scalars as 1 × 1 matrices. For a complex square matrix M, we define
AM = (M − cg I)/dg and

Q(z; M) = I + 2ρzAM + ρ2z2 I,

K(z; M) = (1 − ρ2z2)Q(z; M)−1 = I + 2 ∑
k≥1

(−ρ)kTk(AM)zk. (4.3)

The last identity holds as a power series at z = 0: by the recurrence Tk+1(A) = 2ATk(A)−
Tk−1(A), with T0(A) = I and T1(A) = A, the product of Q(z; M) and the series on the
right is (1 − ρ2z2)I, and Q(0; M) = I. The coefficient of zk is a polynomial of degree
at most k in the entries of M. For real symmetric M with spectrum in [g−, g+], AM
has spectrum in [−1, 1], so that ∥Tk(AM)∥op ≤ 1. By orthogonal diagonalization and
Lemma 4.1, we obtain absolute convergence of (4.3) for |z| < ρ−1, with K(1; M) = ḡM−1.

We expand all reciprocal factors in the same variable z and truncate their combined
index to keep the degree at m. The next lemma bounds the approximation error and,
for Lemma 4.5, the derivatives uniformly in the degree. For a function f on Cp, a
point t0, and directions v1, . . . , vr ∈ Rp, we write Dr f (t0)[v1, . . . , vr] for the derivative
∂s1 · · · ∂sr f (t0 + s1v1 + · · ·+ srvr) at s = 0.

Lemma 4.2 (Reciprocal truncations and derivative bounds). (a) Fix integers N ≥ 0, p0 ≥
1, and p1, . . . , pN ≥ 0, and set ν′ = p1 + · · · + pN. For real symmetric matrices
M0, . . . , MN of dimensions p0, . . . , pN and every integer m ≥ 0, we define Gk and Sm

by the expansion in powers of z

K(z; M0)
N

∏
i=1

detK(z; Mi) = ∑
k≥0

Gkzk, Sm(M0, . . . , MN) = ḡ−(ν′+1)
m

∑
k=0

Gk, (4.4)

where a determinant of dimension zero equals one. Then Sm is a matrix polynomial of total
degree at most m in the entries of M0, . . . , MN . If the spectra of M0, . . . , MN lie in [g−, g+],
then ∥∥∥∥∥ M−1

0
det M1 · · ·det MN

− Sm(M0, . . . , MN)

∥∥∥∥∥
op

≤ C(m + 1)ν′ρm,

C = 2ν′+1 ḡ−(ν′+1) ∑
k≥0

(k + 1)ν′ρk.
(4.5)
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(b) Let V ⊂ Rp be bounded, and let M1(t), . . . , MN(t) be fixed affine maps from Cp into
complex square matrices that are real symmetric with spectra in [g−, g+] for t ∈ V . Let
S(z; t) = ∑k≥0 Sk(t)zk be formed by fixed finite sums and products of entries of the kernels
K(z; Mi(t)), 1 ≤ i ≤ N, and of fixed polynomials in t. Then there are ε ∈ (0, 1] and C such
that |∑m

k=0 Sk(t)| ≤ C for every m ≥ 0 and every t ∈ Cp with ∥t − t0∥∞ < ε for some
t0 ∈ V . The constants depend only on g±, the maps Mi, the expression defining S , and the
bound on V .

(c) Let f be a polynomial on Cp, let t0 ∈ Rp and ε > 0, and suppose that | f (t)| ≤ A whenever
∥t − t0∥∞ < ε. Then, for all r ≥ 1 and v1, . . . , vr ∈ Rp,

|Dr f (t0)[v1, . . . , vr]| ≤ A r! (e/ε)r
r

∏
i=1

∥vi∥∞.

Proof. (a) The coefficient of zk in K(z; M) has degree at most k in the entries of M. Since
a determinant is a sum of products of entries, the coefficient of zk in detK(z; Mi) also has
total degree at most k. The same holds for Gk, and Sm has degree at most m. For spectra
in [g−, g+], diagonalizing Mi, we have detK(z; Mi) = ∏

pi
l=1 K(z; λil) for |z| < ρ−1, where

the λil are the eigenvalues of Mi. The left side of (4.4) is therefore a product of ν′ + 1
absolutely convergent series, and in each of them the coefficient of zk has norm at most
2ρk. There are (k+ν′

ν′ ) ≤ (k+ 1)ν′ ways to distribute an index k among ν′+ 1 factors, so that
∥Gk∥op ≤ 2ν′+1(k + 1)ν′ρk. In particular, ∑k Gk converges absolutely, and since K(1; M) =

ḡM−1 and det(ḡM−1
i ) = ḡpi / det Mi, its sum is ḡν′+1M−1

0 /(det M1 · · ·det MN). Writing
k = m + j with j ≥ 1 and using m + j + 1 ≤ (m + 1)(j + 1), we bound the left side of (4.5)
by

ḡ−(ν′+1) ∑
k>m

∥Gk∥op ≤ 2ν′+1 ḡ−(ν′+1)(m + 1)ν′ρm ∑
j≥1

(j + 1)ν′ρj,

which is at most the right side of (4.5).
(b) Let r∗ = ρ−1/2 and b = (1−√

ρ)2. If M is real symmetric with spectrum in [g−, g+],
then Q(z; M) is diagonal in an orthonormal eigenbasis of M, with diagonal entries
(1 + ρzeiϕ)(1 + ρze−iϕ) for real ϕ, and these have absolute value at least (1 − ρr∗)2 = b
for |z| ≤ r∗. Thus ∥Q(z; M)−1∥op ≤ b−1 for |z| ≤ r∗. Let Λ ≥ 1 be such that ∥Mi(t)−
Mi(t0)∥op ≤ Λ∥t − t0∥∞ for all i and all complex t, t0, and let ε = min{1, dgb/(4Λ)}. If
t0 ∈ V and ∥t − t0∥∞ < ε, then

∥Q(z; Mi(t))− Q(z; Mi(t0))∥op ≤ 2ρr∗Λε/dg ≤ b/2, |z| ≤ r∗,

and the Neumann series shows that ∥Q(z; Mi(t))−1∥op ≤ 2/b and ∥K(z; Mi(t))∥op ≤
2(1 + ρ)/b there. Since the inequality ∥t − t0∥∞ < ε is strict, the kernels are holomorphic
on a neighborhood of |z| ≤ r∗. The fixed polynomials are bounded on the bounded
set of such t, and we conclude that S(·; t) is holomorphic and bounded by a uniform
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A on |z| ≤ r∗. Its Taylor coefficients are Sk(t) by (4.3); by Cauchy’s inequality, we have
|Sk(t)| ≤ Ar−k

∗ . Summing over k ≤ m, we obtain the bound A/(1 −√
ρ).

(c) By multilinearity we may assume that ∥vi∥∞ = 1 for each i. The polynomial
φ(w1, . . . , wr) = f (t0 + ∑i wivi) on Cr is bounded by A when maxi |wi| < ε/r, and

Dr f (t0)[v1, . . . , vr] = ∂w1 · · · ∂wr φ(0).

By Cauchy’s formula on the torus |w1| = · · · = |wr| = ε′ with ε′ < ε/r, this derivative
is at most Aε′−r in absolute value. Letting ε′ ↑ ε/r and using rr ≤ err!, we obtain the
claim.

4.2 Projection increments and their polynomial approximations

We bisect [0, 1]d successively in coordinates 1, . . . , d, and we repeat this cycle. At level j,
the partition Cj has 2j equal-volume rectangles, each of aspect ratio at most two, and each
cell has two children at the next level. Let Vj be the space of functions whose restriction
to each cell of Cj is a polynomial of total degree at most ℓ, and let Πj be the orthogonal
projection onto Vj in L2(g). These spaces are nested. In dimension one, they are the
spaces of piecewise polynomials on dyadic intervals that underlie the multiwavelet bases
of Alpert [1, Section 1.1]. Haar projections of this kind were combined with U-statistics
to estimate integral functionals of a density in [27]. We define ψj = ⟨Πja, Πjb⟩g, where
⟨ f1, f2⟩g =

∫
f1 f2g. By orthogonality,

ψ − ψj = ⟨a − Πja, b − Πjb⟩g, |ψ − ψj| ≤ C2−jθ. (4.6)

Indeed, the cellwise Taylor polynomials of degrees ⌈α⌉ − 1 and ⌈β⌉ − 1 belong to Vj and
have supremum errors C2−jα/d and C2−jβ/d. The orthogonal projection minimizes the
L2(g) error, and the Cauchy–Schwarz inequality bounds the inner product by g+ times
the product of the two supremum errors. We note that the identity in (4.6) has the form
of the truncation bias of the HOIF estimators, which is the expectation of a product of
two projection residuals [48, Theorems 3.7–3.8].

The decomposition ψJ = ψ0 + ∑J
j=1(ψj − ψj−1) allows us to use different approxima-

tion orders at different resolutions. Each increment is a sum over parent cells of terms in
integrals of g, ag, and bg against polynomials, since the projections act cell by cell.

Lemma 4.3 (Polynomials for projection increments). Fix a level j ≥ 1, and set K = 2j−1

and h = K−1/d. For each parent cell C ∈ Cj−1 there are a known observable vector ZC(O), its
moment vector mC = EPZC(O), and a function FC such that

ψj − ψj−1 = K−1 ∑
C∈Cj−1

FC(mC), |FC(mC)| ≤ C0hα+β,
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and
∥ZC(O)∥2 ≤ C0K1C(X), P(X ∈ C) ≤ C0/K. (4.7)

For every integer m ≥ 0, there is a polynomial FC,m in these moments of total degree at most
m + ν + 2 such that

|FC(mC)− FC,m(mC)| ≤ C0hα+β(m + 1)νρm. (4.8)

At every population moment vector, that is, at mC = mC(P) for every P ∈ P(α, β), it satisfies

|FC,m(t)| ≤ C0 for complex t with ∥t − mC∥∞ < 1/C0, (4.9)

∥∇FC,m(mC)∥2 ≤ C0hs0 . (4.10)

The functions ZC and the coefficients of FC,m depend only on the class parameters, the cell, and m.
The dimension of ZC and the constant C0 ≥ 1 do not depend on j, m, C, or P. For the base term
there are a known observable vector Z0(O) and, for every m ≥ 0, a polynomial F0,m of degree at
most m + 2 in m0 = EPZ0(O) with |ψ0 − F0,m(m0)| ≤ C0ρm, for which (4.7), (4.9), and (4.10)
hold with K = h = 1.

Proof. Bases. For an increment, let C ∈ Cj−1 be a parent cell, of volume 1/K and diameter
at most 2

√
d h. Its child space consists of the functions on C whose restriction to each

child is a polynomial of total degree at most ℓ. For η = a, b, its η-parent space consists of
the polynomials on C of total degree at most ⌈α⌉ − 1 for η = a and ℓ for η = b, and has
dimension pa = qα and pb = qβ, respectively. Since α ≤ β, the a-parent space is contained
in the b-parent space, which is contained in the child space. For the base term, we let
C = [0, 1]d and K = h = 1, we let the child space consist of the polynomials of total
degree at most ℓ, and we let both parent spaces be {0}, so that pa = pb = 0.

Let zC be a basis of the child space that is orthonormal for K dx on C, and for η = a, b,
let L⊤

η zC be an orthonormal basis of the η-parent space for K dx on C. Then Lη has pη

columns, L⊤
η Lη = I, and the column space of La is contained in that of Lb. Each parent

cell is the image of one of the d reference rectangles [0, 1
2 ]

r × [0, 1]d−r, 0 ≤ r < d, under a
dilation followed by a translation, and it is split in coordinate r + 1. We fix the bases on
the reference rectangles and on [0, 1]d, and we transport them by these affine maps. The
maps preserve polynomial degrees and the normalized Lebesgue measures on the cell
and on its children. In particular, the functions in zC are bounded uniformly over levels
and cells, and La, Lb take finitely many values.

Moments. Suppressing the cell index, we define

Ω = KEP[1C(X)DzC(X)zC(X)⊤], Γη = L⊤
η ΩLη,

u = KEP[1C(X)UzC(X)], v = KEP[1C(X)VzC(X)].
(4.11)
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They equal K
∫

C gzCz⊤C , K
∫

C agzC, and K
∫

C bgzC. Since zC is orthonormal for K dx on C
and g− ≤ g ≤ g+, we have g− I ⪯ Ω ⪯ g+ I, and since L⊤

η Lη = I, the same bounds hold
for Γη if pη ≥ 1. By Bessel’s inequality, for every bounded function f on C,∥∥∥K

∫
C

f gzC

∥∥∥
2
≤

(
K
∫

C
f 2g2

)1/2
≤ g+ sup

C
| f |. (4.12)

With f = a, b, this gives ∥u∥2, ∥v∥2 ≤ Hg+. Let mC collect the upper-triangular entries
of Ω and the entries of u and v. Then mC = EPZC(O), where ZC(O) collects the corre-
sponding entries of K1C(X)DzC(X)zC(X)⊤, K1C(X)UzC(X), and K1C(X)VzC(X). Since
the bases and the responses are bounded, ∥ZC(O)∥2 ≤ C0K1C(X), and p = g/w ≤ g+/δ

gives P(X ∈ C) ≤ C0/K.
The increment. We set Bη = LηΓ−1

η L⊤
η and Nη = Ω−1 − Bη, with Bη = 0 and det Γη = 1

if the η-parent space is {0}. For the inner product ⟨ f1, f2⟩g,C = K
∫

C f1 f2g, the Gram
matrices of the bases zC and L⊤

η zC are Ω and Γη, and the inner products of zC with a
and b are u and v. By the normal equations, the projections of a onto the child space and
onto the η-parent space therefore have the coefficient vectors Ω−1u and Bηu in the basis
zC. Thus Nηu represents Eηa, where Eη projects orthogonally onto the complement of the
η-parent space in the child space for ⟨·, ·⟩g,C, and similarly for b with v. Since the ranges
of Πj and Πj−1 on C are the child space and the b-parent space, K times the contribution
of C to ψj − ψj−1 is

FC = u⊤Ω−1v − u⊤Bbv = u⊤Nbv.

For the base term, the same formula gives FC = u⊤Ω−1v = ψ0. As in the projection
kernels of the HOIF estimators [48, p. 357], we represent a projection through the inverse
of a Gram matrix; here the Gram matrices are local, one for each parent cell.

Two small polynomial factors. Both terms of FC are of order one. For the inner product
x⊤Ωy on coefficient vectors, BηΩ is the orthogonal projection onto the column space of
Lη, and NηΩ = I − BηΩ is the complementary projection. Since the column space of La

is contained in that of Lb, we have (NaΩ)(NbΩ) = NbΩ, that is, NaΩNb = Nb. We define

Rη = (det Γη)I − ΩLη adj(Γη)L⊤
η = (det Γη)ΩNη,

where adj(Γη) = (det Γη)Γ−1
η is the adjugate matrix, with Rη = I if the η-parent space is

{0}, and

ra = Rau, rb = Rbv, S =
Ω−1

det Γa det Γb
. (4.13)

Since Na and Ω are symmetric, R⊤
a SRb = NaΩΩ−1ΩNb = Nb, and therefore FC = r⊤a Srb.

Since det Γη and the entries of adj(Γη) are polynomials of degrees pη and pη − 1 in the
entries of Ω, the vectors ra and rb are polynomials in mC of degrees at most pa + 1 and
pb + 1.
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To see that ra is small, let ã be the Taylor polynomial of a of degree ⌈α⌉ − 1 at a point
of C, so that |a − ã| ≤ Chα on C; for the base term, we let ã = 0, and then |a − ã| ≤ H.
Since ã lies in the a-parent space, Ea ã = 0. We write ∥x∥2

Ω = x⊤Ωx. Since Ω2 ⪯ g+Ω, we
have ∥Ωx∥2 ≤ g1/2

+ ∥x∥Ω, and since det Γa ≤ gpa
+ and Ea is a contraction,

∥ra∥2 ≤ gpa+1/2
+ ∥Nau∥Ω = gpa+1/2

+ ∥Ea(a − ã)∥g,C ≤ gpa+1
+ sup

C
|a − ã| ≤ Chα,

where ∥ f ∥2
g,C = ⟨ f , f ⟩g,C. In the same way, with β and the b-parent space, ∥rb∥2 ≤ Chβ.

Since ∥S∥op ≤ g−(pa+pb+1)
− , we conclude that |FC| ≤ Chα+β. Since we use the a-parent

space, S contains 1/ det Γa in place of a second copy of 1/ det Γb, and this keeps the
power of m + 1 below at ν = qα + qβ.

Polynomial approximation. We apply Lemma 4.2(a) with N = 2 and (M0, M1, M2) =

(Ω, Γa, Γb), so that ν′ = pa + pb, and we define

FC,m(mC) = r⊤a Sm(Ω, L⊤
a ΩLa, L⊤

b ΩLb)rb. (4.14)

The substitutions Γη = L⊤
η ΩLη are linear, and the total degree of FC,m is therefore at most

m + pa + pb + 2. Since FC − FC,m = r⊤a (S − Sm)rb, the bounds on ra, rb and (4.5) imply
that |FC − FC,m| ≤ Chα+β(m + 1)pa+pb ρm. For an increment, pa + pb = ν, which proves
(4.8); for the base term, pa = pb = 0, which gives the degree m + 2 and the error Cρm.

The complex bound and the gradient. For each of the finitely many choices of (La, Lb),
and for the base term, let V = {t : g− I ⪯ Ω ⪯ g+ I, ∥u∥2, ∥v∥2 ≤ Hg+}, where Ω, u, v are
read off from t as from mC. This bounded set contains mC(P) for every level, cell, and
P ∈ P(α, β), and the affine maps Ω, L⊤

a ΩLa, and L⊤
b ΩLb are real symmetric with spectra

in [g−, g+] on it. By (4.4), FC,m and the entries of Sm are the truncations at order m in z of

ḡ−(ν′+1)r⊤a K(z; Ω)rb detK(z; L⊤
a ΩLa)detK(z; L⊤

b ΩLb)

and of the entries of the corresponding matrix, in which each determinant is a fixed sum
of products of kernel entries, or one, and the entries of ra, rb are fixed polynomials in t.
By finitely many applications of Lemma 4.2(b), there exist ε ∈ (0, 1] and C, uniform over
levels and cells, such that FC,m and the entries of Sm are bounded by C on the complex
ε-neighborhood of V for every m. This proves (4.9). By Lemma 4.2(c) with r = 1, the
entries of Sm have bounded gradients on V , and so do the fixed polynomials ra, rb. By
the product rule, at mC(P) we therefore have

∥∇FC,m∥2 ≤ C
(
∥ra∥2 + ∥rb∥2 + ∥ra∥2∥rb∥2

)
≤ Chs0 ,

which is (4.10). Let C0 ≥ 1 be at least as large as all constants above and the inverses of
the radii of the complex neighborhoods.
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For 0 < α, β ≤ 1, each projection is a g-weighted cell mean. Let C1, C2 be the
children of C, and let xi = 2K

∫
Ci

g, ui = 2K
∫

Ci
ag, vi = 2K

∫
Ci

bg, and x̄ = (x1 + x2)/2.

With zC = (
√

2 1C1 ,
√

2 1C2)
⊤ and La = Lb = (1, 1)⊤/

√
2, we have Ω = diag(x1, x2),

u = (u1, u2)
⊤/

√
2, Γa = Γb = x̄, and ra = AC(1,−1)⊤/(2

√
2), so that

FC =
ACBC

4x1x2x̄
, AC = x2u1 − x1u2, BC = x2v1 − x1v2. (4.15)

The contrasts AC = x1x2(u1/x1 − u2/x2) and BC multiply the two normalized masses by
the differences of the g-weighted child means of a and b, respectively.

4.3 Unbiased estimation and variance

Let O1, . . . , On be the observations, let Z be a bounded measurable map from the
observation space to Rp, and let m = EPZ(O). A real polynomial F on Rp of de-
gree at most R satisfies F(m) = ∑R

q=0 DqF(0)[m, . . . , m]/q!. For 0 ≤ q ≤ n, we set
(n)q = n(n − 1) · · · (n − q + 1), with (n)0 = 1. If R ≤ n, we define the lift of F by

F̂ =
R

∑
q=0

1
q! (n)q

∑ ̸=

i1,...,iq≤n
DqF(0)[Z(Oi1), . . . , Z(Oiq)], (4.16)

where ∑ ̸= runs over ordered q-tuples of pairwise distinct indices in {1, . . . , n}, and the
term q = 0 is F(0). The lift replaces each monomial by a U-statistic [17, 19], is linear in F,
and uses only its coefficients, Z, and the observations.

Lemma 4.4 (Mean and covariance of the lift). Let F1, F2 be real polynomials on Rp of degree
at most n, and let Yl = Z(O′

l)− m, where O′
1, O′

2, . . . are i.i.d. with law P. Then EF̂1 = F1(m)

and
Cov(F̂1, F̂2) = ∑

r≥1

1
r! (n)r

E
[

DrF1(m)[Y1, . . . , Yr] DrF2(m)[Y1, . . . , Yr]
]
,

where the sum stops at the smaller degree.

Proof. Let Yi = Z(Oi) − m, and let F be F1 or F2. We substitute Z(Oi) = m + Yi
in every argument in (4.16) and expand by multilinearity. An ordered r-tuple
(k1, . . . , kr) of pairwise distinct indices then arises from (q

r)(n − r)q−r terms of order
q, and by the symmetry of DqF(0), each of them equals DqF(0)[Yk1 , . . . , Ykr , m, . . . , m].
Since (q

r)(n − r)q−r/{q!(n)q} = 1/{r!(q − r)!(n)r}, and since DrF(m)[y1, . . . , yr] =

∑q≥r DqF(0)[y1, . . . , yr, m, . . . , m]/(q − r)! by Taylor’s formula, we obtain

F̂ = F(m) +
deg F

∑
r=1

1
r! (n)r

∑ ̸=

k1,...,kr≤n
DrF(m)[Yk1 , . . . , Ykr ].
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The Yi are independent with mean zero, and each kernel is linear in each of its arguments.
If an index appears in one of two tuples but not in the other, then integrating first
over that observation shows that the product of the two corresponding terms has mean
zero. In particular, every term with r ≥ 1 has mean zero, so that EF̂1 = F1(m). The
surviving pairs have the same index set and length r, and there are (n)r r! such pairs. By
symmetry, each contributes E[DrF1(m)[Y1, . . . , Yr]DrF2(m)[Y1, . . . , Yr]]/{r!(n)r}2, which
gives the covariance identity.

The expansion in this proof is the Hoeffding decomposition of the U-statistics in
(4.16) into degenerate U-statistics; see [67, Sections 11.4 and 12.3] and [58, Section 5.1.5,
Lemma A]. Hoeffding [19, Sections 5–6] derived exact variance and covariance formulas
by grouping pairs of index sets according to their overlap. A covariance identity of
the same form as that of Lemma 4.4, for linear combinations of complete U-statistics
estimating trace polynomials, appears in [60, Theorem 6.2].

For a multilinear form H, the kernel H[Y1, . . . , Yr] is obtained from
H[Z(O′

1), . . . , Z(O′
r)] by centering each argument, that is, by applying ∏r

l=1(I − El),
where El integrates the lth observation against P. These commuting orthogonal
projections in L2(P⊗r) have an orthogonal projection as their product, which implies that

E|H[Y1, . . . , Yr]|2 ≤ E|H[Z(O′
1), . . . , Z(O′

r)]|2. (4.17)

This allows us to bound the variance using the cell support of Z; the centered vari-
ables ZC(O) − mC themselves are not supported in the cell C. The centered kernel
H[Y1, . . . , Yr] is the component of highest order in the Hoeffding decomposition of
H[Z(O′

1), . . . , Z(O′
r)] [67, Section 11.4], and (4.17) is the corresponding contraction prop-

erty of that decomposition.

Lemma 4.5 (Variance of a polynomial in cell moments). Fix integers n, K, R ≥ 1 with
2R ≤ n, a number h ∈ (0, 1], and a partition of [0, 1]d into K cells. For every cell C, let ZC be
a bounded observable vector with mC = EPZC(O), and let FC be a real polynomial of degree at
most R. Let T̂ be the lift of T = K−1 ∑C FC(mC), regarded as a polynomial in the moment vector
(mC)C with Z = (ZC)C. Suppose that, for some C0 ≥ 1, s0 > 0, and every cell,

∥ZC(O)∥2 ≤ C0K1C(X), P(X ∈ C) ≤ C0/K,

that |FC(t)| ≤ C0 for complex t with ∥t − mC∥∞ < 1/C0, and that ∥∇FC(mC)∥2 ≤ C0hs0 .
Then, with Cv = 2e2C7

0 ,

Var T̂ ≤ Cvh2s0

n
+

1
n

R

∑
r=2

Cr
v r!

(
K
n

)r−1

. (4.18)

If moreover CvRK/n ≤ 1/2, then

Var T̂ ≤ Cvh2s0

n
+

4C2
vK

n2 . (4.19)
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Proof. We write m = (mC)C and Hr = DrT(m)[Z(O′
1), . . . , Z(O′

r)]. By Lemma 4.4 and
(4.17), the term of order r in the variance of T̂ is at most E|Hr|2/{r!(n)r}, and the terms
with r > R vanish. For observations ol = (xl, ζl), we have

DrT(m)[Z(o1), . . . , Z(or)] = K−1 ∑
C

DrFC(mC)[ZC(o1), . . . , ZC(or)].

Since the cells are disjoint and ZC is supported on C, the summand for C vanishes unless
x1, . . . , xr ∈ C, and at most one summand is nonzero. Thus

|DrT(m)[Z(o1), . . . , Z(or)]|2 = K−2 ∑
C
|DrFC(mC)[ZC(o1), . . . , ZC(or)]|2.

For r ≥ 2, by Lemma 4.2(c) with ε = 1/C0 and A = C0, together with ∥ZC∥∞ ≤
∥ZC∥2 ≤ C0K, the summand for C is at most C2

0(r!)2(eC0)
2r(C0K)2r on the event that

X′
1, . . . , X′

r ∈ C, which has probability at most (C0/K)r. Summing over the K cells, we
obtain

E|Hr|2 ≤ C2
0(r!)2(e2C5

0)
rKr−1 ≤ (r!)2(e2C7

0)
rKr−1.

For r = 1, by the gradient bound, we have |∇FC(mC) · ZC(o)|2 ≤ C4
0h2s0K21C(x), and

since the cells partition [0, 1]d, we obtain E|H1|2 ≤ C4
0h2s0 ≤ Cvh2s0 . Since 2R ≤ n, we

have (n)r ≥ (n/2)r for r ≤ R, and these bounds imply (4.18). In (4.18), the ratio of the
(r + 1)st to the rth term is Cv(r + 1)K/n ≤ CvRK/n for r + 1 ≤ R. If this is at most 1/2,
the sum over r ≥ 2 is at most twice its first term 2C2

vK/n2, which proves (4.19).

For a fixed order r, variances of order n−1 max{1, (K/n)r−1}, with K the number of
basis functions, were obtained for the terms of the HOIF estimators in [48, Theorems 3.20–
3.21]. In (4.18), we keep the dependence on the order explicit, including the factorial,
since our orders grow with n.

4.4 Choice of the degrees

For a level j ≥ 1 and an order m ≥ 0, we set Kj = 2j−1, the number of parent cells,
and hj = K−1/d

j , and we let Tj,m(P) = K−1
j ∑C∈Cj−1

FC,m(mC) be the order-m polynomial
approximation of ψj −ψj−1. For the base term, we let K0 = h0 = 1 and T0,m(P) = F0,m(m0).
In particular, K0 = K1 = 1. We write T̂j,m for the lift of Tj,m and Cv = 2e2C7

0 , with C0 from
Lemma 4.3. By that lemma, if R = m + ν + 2 satisfies 2R ≤ n, then the hypotheses of
Lemma 4.5 hold for Tj,m with K = Kj, h = hj, and this R, including the base term. Since
r! ≤ Rr−1 for 2 ≤ r ≤ R, the bound (4.18) then implies

Var T̂j,m ≤ Cv

n

(
h2s0

j +
R−1

∑
r=1

yr
)

, y =
CvRKj

n
. (4.20)
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For a terminal level J and orders m0, . . . , mJ with mj + ν + 2 ≤ n/2, the estimator
of T(P) =

∫
abg is T̂ = ∑J

j=0 T̂j,mj , the lift of ∑J
j=0 Tj,mj . Its mean is ∑J

j=0 Tj,mj(P) by
Lemma 4.4. By the telescoping decomposition of ψJ , (4.6), (4.8), the base-term bound,
and hα+β

j = K−θ
j , we obtain

|ET̂ − T(P)| ≤ C2−Jθ + C0

J

∑
j=0

f j(mj), f j(m) = K−θ
j (m + 1)νρm. (4.21)

By the L2 triangle inequality, the standard deviation of T̂ is at most the sum of the
standard deviations of the T̂j,mj .

We choose the order on each level as the smaller of two values. The first, a bias rule,
makes the approximation errors decrease geometrically from the terminal level toward
the coarse levels. The second, a variance rule, is needed only below the threshold. We
keep high orders only at coarse resolutions, and in this respect our estimator resembles
that of Robins et al. [52, Section 9, (9.6)]. Their kernel of each order three or higher is a
sum over the contiguous pairs of projection kernels in its product; in each summand, that
pair is truncated below a hyperbola in the indices of the basis functions, and all other
kernels are truncated at n basis functions.

On a level with K parent cells and degree R, the bound (4.20) is at most about n−2θ

if yR ≤ n1−2θ. If x = log y > 0, this limits the degree to about (1 − 2θ) log n/x. Since
K = nex/(CvR), the level error K−θρm at this degree is about n−θ(CvR)θ exp{−θx −
τ(1 − 2θ) log n/x}. The minimum of θx + τ(1 − 2θ) log n/x over x > 0 is κ

√
log n, and

the relevant levels have R of order
√

log n. The three factors of (log n)θ/2+ν/2+1/4 in

an(log n)ν/2+1/4/(n−θe−κ
√

log n) come from (CvR)θ, which reflects the factorials in the
variance, from the factor (m + 1)ν in (4.8), and from the sum over levels. The next lemma
bounds this sum. It is the only source of the factor (log n)1/4 in the upper bound.

Lemma 4.6 (Window sum). Let θ, τ, B, X̄ > 0, and let S ⊂ (0, X̄] be a finite set whose points
are pairwise at distance at least log 2. Then

∑
x∈S

exp
(
−θx − τB

x

)
≤

(
2 +

(πX̄/θ)1/2

log 2

)
e−2

√
θτB.

Proof. Let ξ =
√

τB/θ. Completing the square, we obtain

θx +
τB
x

= 2
√

θτB +
θ(x − ξ)2

x
≥ 2

√
θτB +

θ(x − ξ)2

X̄
, 0 < x ≤ X̄.

We list the points of S in [ξ, ∞) in increasing order and those in (0, ξ) in decreasing
order. The kth point of either list, counted from k = 0, satisfies |x − ξ| ≥ k log 2. With
c = θ(log 2)2/X̄, the sum is therefore at most 2e−2

√
θτB ∑k≥0 e−ck2

, and ∑k≥0 e−ck2 ≤
1 +

∫ ∞
0 e−cu2

du = 1 + 1
2(π/c)1/2.
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The construction below also gives estimators satisfying, for every integer n ≥ 3,

sup
P∈P(α,β)

∥ψ̂n − ψ(P)∥L2(Pn) ≤ C{n−1/2 + n−θ}. (4.22)

Moreover, fix 0 ≤ MW < ∞ and a compact set G ⊂ {(x, y) : 0 < x < y < ∞}. With
the remaining class parameters fixed, the bounds hold with one constant C for all
(g−, g+) ∈ G and all admissible observables with ∥W∥∞ ≤ MW , using each pair’s own
ρ, τ, κ and an where applicable. The tuning constants can be chosen common. The same
assertions hold when the observables depend on X.

Proof of Theorem 2.3(a). We write L = log n, and we let r̄n = n−1/2 if θ ≥ 1/2 and r̄n =

anLν/2+1/4 = n−θ Lθ/2+ν/2+1/4e−κ
√

L if 0 < θ < 1/2. In both cases n−1/2 ≤ Cr̄n; in
the second, n−1/2/r̄n ≤ e−(1/2−θ)L+κ

√
L is bounded. By the reduction at the start of

this section, it therefore suffices to construct estimators T̂ of T(P) =
∫

abg such that
E(T̂ − T(P))2 ≤ Cr̄2

n for every P ∈ P(α, β). Below, n1 ≥ 3 is an integer, depending only
on the parameters listed in Theorem 2.3(a), that is large enough for every condition that
we impose for n ≥ n1. For 3 ≤ n < n1 we use the estimator 0, whose error |T(P)| ≤ H2g+
is at most a constant multiple of r̄n. Let n ≥ n1.

The two rules. We fix A > 0 such that τA ≥ θ log 2 + 1. We write K∗ = 2J for the
terminal resolution and lj = J − j + 1 for 0 ≤ j ≤ J. Then Kj = K∗2−lj for j ≥ 1 and
K0 = 1 = 2K∗2−l0 , so that K∗2−lj ≤ Kj ≤ 2K∗2−lj for every j. The bias rule is the order
⌈Alj⌉. Since (⌈Alj⌉+ 1)ν ≤ (Alj + 2)ν and ρ⌈Alj⌉ ≤ e−τAlj , we have

J

∑
j=0

f j(⌈Alj⌉) ≤ K−θ
∗ ∑

l≥1
(Al + 2)νe−l = CAK−θ

∗ , (4.23)

because the lj are distinct positive integers and τA − θ log 2 ≥ 1. In each case below, the
order at level j is mj = min{⌈Alj⌉, Mj} for a variance rule Mj ∈ {0, 1, 2, . . .} ∪ {∞}, and
we call level j capped if Mj < ⌈Alj⌉. Then (4.21), (4.23), and 2−Jθ = K−θ

∗ imply that

|ET̂ − T(P)| ≤ CK−θ
∗ + C ∑

j capped
f j(Mj). (4.24)

The degree Rj = mj + ν + 2 satisfies Rj ≤ Alj + ν + 3. In both cases below J ≤ CL, so
that Rj ≤ CL ≤ n/2, and (4.20) applies to level j with y = yj = CvRjKj/n.

The case θ ≥ 1/2. Let cK ∈ (0, 1] satisfy cK ≤ {4Cv supl≥1(Al + ν + 3)2−l}−1, let
J = ⌊log2(cKn)⌋ ≥ 0, and let Mj = ∞ for all j. Since K∗ ≤ cKn, we have CvRjKj/n ≤
2CvcK(Alj + ν + 3)2−lj ≤ 1/2, and (4.19) gives Var T̂j,mj ≤ Cvh2s0

j /n + 4C2
vKj/n2. Since

∑j≥0 hs0
j ≤ 1 + ∑i≥0 2−is0/d and ∑J

j=0 K1/2
j ≤ CK1/2

∗ ≤ Cn1/2, the standard deviation of

T̂ is at most Cn−1/2. Since no level is capped, (4.24) implies that the bias is at most
CK−θ

∗ ≤ C(cKn/2)−θ ≤ Cn−1/2.
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The case 0 < θ < 1/2. Let ∆ = 1 − 2θ, so that κ = 2
√

θ∆τ. We take

J =
⌈

log2 n +
κ
√

L
θ log 2

⌉
, so that K−θ

∗ ≤ n−θe−κ
√

L ≤ r̄n, log
K∗
n

≤ κ

θ

√
L + log 2.

We call level j high if Kj > n/L2, and low otherwise. The levels 0 and 1 are low. On a high
level, 2lj = K∗/Kj < K∗L2/n, so that

Rj ≤ R̄ = A log2(K∗L2/n) + ν + 3 ≤ C
√

L,

and there are at most log2(K∗L2/n) ≤ C
√

L high levels. We set cL = log(CvR̄), so that
0 < cL ≤ 1

2 log L + C, and

B = ∆L − 2κ
√

L, xj = log
Kj

n
+ cL, X̄ = log

K∗
n

+ cL ≤ C
√

L.

We define the variance rule by

Mj = ⌊B/xj⌋ − ν − 2 if xj > 0, Mj = ∞ if xj ≤ 0.

If xj > 0, then Kj > n/(CvR̄) ≥ n/L2, so that level j is high, and 0 < xj ≤ X̄. Since
B ≥ ∆L/2 and B/X̄ ≥ ν + 3, we then have Mj ≥ 1.

Bias. By (4.24) and K−θ
∗ ≤ r̄n, it remains to bound f j(Mj) on the capped levels. Since

a capped level has Mj < ∞, it is high and has xj > 0, and we have Mj + 1 ≤ ⌈Alj⌉ ≤ R̄,
so that (Mj + 1)ν ≤ CLν/2. Moreover ρMj ≤ eτ(ν+3)e−τB/xj and K−θ

j = n−θeθcL e−θxj ≤
Cn−θ Lθ/2e−θxj , since eθcL = (CvR̄)θ ≤ CLθ/2. Combining these bounds, we find

f j(Mj) ≤ Cn−θ Lθ/2+ν/2 exp
(
−θxj −

τB
xj

)
.

The points xj of distinct capped levels lie in (0, X̄] and differ by nonzero multi-
ples of log 2. By Lemma 4.6 and X̄ ≤ C

√
L, the sum of these bounds is at most

Cn−θ Lθ/2+ν/2+1/4e−2
√

θτB. Finally,

κ
√

L − 2
√

θτB =
2
√

θτ (∆L − B)√
∆L +

√
B

≤ 4κ
√

θτ√
∆

= 8θτ,

so that the bias is at most Cr̄n.
Variance. Since hj ≤ 1, (4.20) implies that Var T̂j,mj ≤ CvRjn−1 max{1, yj}Rj−1. On a low

level, we have Rj ≤ CL and Kj ≤ n/L2, so that yj ≤ CL−1 ≤ 1, and the variance is at most
CL/n. There are at most J + 1 ≤ CL low levels, and their standard deviations sum to at
most CL3/2n−1/2. On a high level, we have Rj ≤ R̄, so that yj ≤ CvR̄Kj/n = exj . If xj ≤ 0,

then yj ≤ 1. If xj > 0, then Rj ≤ Mj + ν + 2 ≤ B/xj, and therefore y
Rj−1
j ≤ eRjxj ≤ eB.
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Since eB ≥ 1, in both cases the variance is at most CvR̄n−1eB = CvR̄n−2θe−2κ
√

L, and the
standard deviations of the at most C

√
L high levels sum to at most CL3/4n−θe−κ

√
L. Since

ν ≥ 2, this is at most Cr̄n, and so is CL3/2n−1/2, since L3/2e−∆L/2+κ
√

L is bounded.
With λ and the observable mean restored as at the start of the section, this proves

Theorem 2.3(a), and (4.22) follows because Lθ/2+ν/2+1/4e−κ
√

L is bounded below the
threshold. All constants depend only on the parameters listed in Theorem 2.3(a). The
estimator is an explicit function of the covariates Xi and the values of D, U, V, W at the
observations, and it involves no baseline law.

It remains to prove the uniformity assertions. For compact G, g− and dg are bounded
below, g+ is bounded above, and ρ lies in a compact subinterval of (0, 1). The approxi-
mation constants, the radii of the complex neighborhoods, and the polynomial bounds
in Lemmas 4.2 and 4.3 can therefore be chosen uniformly, which gives common C0 and
Cv. We take A with A infG τ ≥ θ log 2 + 1, and then we choose cK uniformly. Below the
threshold, ∆ > 0 is fixed, and τ and κ have positive lower and finite upper bounds on
G, so that R̄ ≤ C

√
L and X̄ ≤ C

√
L uniformly. Then every large-sample condition, rate

comparison, and finite-sample enlargement above holds beyond one common n1 and
with one constant C. The reduction at the start of the section costs at most MWn−1/2.
Dependence of the observables on X changes none of the moment identities or observable
bounds; equivalently, we may regard (X, Z) as the response.



section 5

Lower bounds

We prove Theorem 2.3(b) in this section and the next two. The root-n bound follows from
a two-point argument (Section 5.1). Below the threshold, we use two fuzzy hypotheses [66,
Section 2.7.4]: the prior mixtures are close in total variation, while their target means
differ by more than the prior fluctuations. In a finite-response model, we bound the
Hellinger distance between Poissonized mixtures (Lemma 5.2) and reduce the lower
bound to coefficient and separation estimates (Proposition 5.3). Section 6 constructs
priors giving c an with block-constant phases and c an log n with lattice phases. Section 7.1
embeds them in the generic model; Section 7.2 establishes localization and completes the
proof.

For the construction below the threshold, we follow the strategy of the lower bound
of Aronow and Lopatto [3, Section 1.2] for estimating a constant conditional variance
under rough design. There, the covariate density is random under both priors, approx-
imate moment matching makes the local laws of the data under the two priors close
simultaneously for every number k ≤ M of observations in the same local region, and
the sample is Poissonized, with a reweighting of the priors that cancels the exponential
likelihood factor arising from the random total mass of the perturbed density. A matching
order M ≍

√
log n, balanced against regions that hold about e−C(log n)/M observations

on average, gives a factor e−C
√

log n. Here, too, a random density hides the difference
between the priors from every configuration with fewer than about M observations in a
pair of blocks, and we Poissonize the sample and take M ≍

√
log n to balance the two

losses. Relative to [3], the hiding and the separation take a new form. Our priors share
the law of a random phase Θ of the density and differ only through sign correlations
at frequency M in this phase. The two blocks of each pair oscillate with opposite signs,
so that the mass of each pair is fixed and no reweighting is needed. The target sees
the difference between the priors through the Mth Fourier coefficient of the reciprocal
density, which identifies the constant κ. The lattice phases of Section 6 gain a further
factor log n.

37
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5.1 Divergences and a two-point bound

For probability laws P, Q, we write

TV(P, Q) = sup
E

|P(E)− Q(E)|, d2
H(P, Q) =

∫
(
√

dP −
√

dQ)2.

Any test between P and Q has error probabilities that sum to at least 1 − TV(P, Q). We
use the inequality TV ≤ dH and the fact that the affinity 1 − d2

H/2 is multiplicative over
product laws [66, Section 2.4 and Lemma 2.3]. Since ∏i(1 − xi) ≥ 1 − ∑i xi for xi ∈ [0, 1],
the squared Hellinger distance between two product laws is at most the sum of the
squared Hellinger distances between their factors. The next lemma applies the two-point
method [66, Sections 2.3 and 2.4.2] along a one-parameter path.

Lemma 5.1 (A one-dimensional testing bound). Suppose a class P contains probability laws
Pt for t in an open interval J, with

dPt

dP∗
= f0 + t f1, f0 + t f1 ≥ c f > 0, | f1| ≤ C f P∗-almost surely,

where P∗ is a probability law and c f , C f are independent of t ∈ J. If t 7→ T(Pt) is differentiable at
an interior point t0 and its derivative there is nonzero, then rn(T,P) ≥ cn−1/2 for all sufficiently
large n. The constant c > 0 is independent of n.

Proof. Let ft = f0 + t f1. Since (
√

ft −
√

fs)2 = (t − s)2 f 2
1 /(

√
ft +

√
fs)2 and ft, fs ≥ c f ,

we have d2
H(Pt, Ps) ≤ C2

f (t − s)2/(4c f ). Let t± = t0 ± a/
√

n, where a > 0 is fixed
and small enough that C f a/√c f ≤ 1/2; for all large n, these points lie in J. By the
subadditivity of d2

H over products, we have d2
H(P⊗n

t+ , P⊗n
t− ) ≤ C2

f a2/c f ≤ 1/4, so that the
total variation distance between the product laws is at most 1/2. Since the derivative of
the target at t0 is nonzero, the separation Dn = |T(Pt+)− T(Pt−)| is at least c′n−1/2 for a
constant c′ > 0 and all sufficiently large n. We threshold any estimator at the midpoint of
the two target values. The two error probabilities of the resulting test sum to at least 1/2.
At one of the laws, the estimator therefore has probability at least 1/4 of an estimation
error of at least Dn/2, and its RMSE is at least Dn/4.

5.2 Phase priors and the Poisson comparison

Throughout the lower-bound constructions, we fix d ≥ 1, α, β > 0 and 0 < r− < 1 <

r+ < ∞, and we write

a∗ = α/d, b∗ = β/d, θ = a∗ + b∗ < 1
2 ,

ρ =

√
r+ −√

r−√
r+ +

√
r−

, τ = − log ρ, δn = (log n)−2.
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Here r−, r+ are the endpoints of the density range, and ρ, τ are as in (2.7) for the interval
[r−, r+]. The constructions produce densities with the margin r− + δn ≤ p ≤ r+ − δn.
This margin is small enough that shrinking the density range by O(δn) changes ρM only
by a factor 1 + o(1) when M = O(

√
log n). It is large enough to absorb the change of

EP[D | X] caused by the perturbations (Section 7.2). Let E be a finite response space,
with conditional probabilities, for z ∈ E ,

Qz(u, v) = qz0 + uqzu + vqzv, qz0 > 0, ∑
z

qz0 = 1, ∑
z

qzu = ∑
z

qzv = 0. (5.1)

Here u = u(x) and v = v(x) are the perturbations. We call su(z) = qzu/qz0 and sv(z) =
qzv/qz0 the score functions of u and v; they may coincide. Let F be C4 near (0, 0) with
Fuv(0, 0) ̸= 0, and assume that the target is a parameter that equals T(P) =

∫
pF(u, v)

on the laws that we construct. We state the lower bounds in terms of an = an(θ, τ) from
(2.9), with these θ and τ.

We next describe the priors. We fix a cube Q in the interior of [0, 1]d, of volume v0,
and we partition it into B congruent subcubes, the blocks, where B is the dth power of an
even integer. We group the blocks into B/2 pairs of adjacent blocks, and we label the two
blocks of each pair by ℓ ∈ {1, 2}. In each block we use rescaled coordinates in U = [0, 1]d,
and we identify a pair with U × {1, 2}, which carries the product of Lebesgue measure
and counting measure. Let M ≥ 2 be an integer, C0 > 0, and Au, Av > 0. We call two
laws, the + and − priors, of random functions (p, u, v) on [0, 1]d admissible with frequency
M if the following hold under both of them.

(A1) The parameters of distinct pairs are independent.
(A2) The function p is a smooth probability density with values in [r−, r+], it equals a

fixed constant p0 outside Q, and its mass on a pair is the same for every pair and in
every realization.

(A3) We have u = v = 0 outside Q, |u| ≤ C0Au, and |v| ≤ C0Av.
(A4) The parameters of a pair are (Θ, H, σu, σv), where (Θ, H) has the same law under

both priors, Θ is uniform on [0, 2π) and independent of H, and σu, σv ∈ {−1, 1}.
There are functions pc, p1, p2, hu, hv on the pair, which depend on H but neither on
Θ nor on the prior, such that, in block coordinates,

p = pc + p1 cos Θ + p2 sin Θ, pu = Auσuhu, pv = Avσvhv.

(A5) Conditional on (Θ, H), the signs satisfy

P±{σu = s, σv = t | Θ, H} = 1
4{1 ± st cos(MΘ)} (s, t ∈ {−1, 1}).

We write E± for expectation under the ± prior, and E for expectation over the parameters
(Θ, H) of one pair. Given a realization, the law of one observation is that of O = (X, Z),
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where X has density p and P(Z = z | X = x) = Qz(u(x), v(x)). In [49, Theorem 2.1 and
Sections 3–4], Robins et al. used priors with independent parameters on disjoint cells
whose masses do not depend on the parameters, with a finite response space, to prove
lower bounds for the missing-data mean and the expected conditional covariance. There
the perturbations are bumps with independent random signs, and in the missing-data
case the covariate density changes with the parameters without changing the mass of any
cell.

By (A4), the unsigned products pu and pv do not depend on Θ; by (A5), only the sign
correlation differs between the priors. Summing over the four sign values, for integers
ku, kv ≥ 0 and every bounded function f of (Θ, H), we obtain

(E+ − E−)
[
σku

u σkv
v f (Θ, H)

]
= 2 1{ku,kv odd} E

[
cos(MΘ) f (Θ, H)

]
. (5.2)

In particular, each prior is invariant under (σu, σv) 7→ (−σu,−σv), which maps (p, u, v)
to (p,−u,−v), and the − prior is the image of the + prior under σv 7→ −σv, which maps
(p, u, v) to (p, u,−v).

As in [3, 23, 73], we Poissonize the sample: we compare the priors through the
marked Poisson process on [0, 1]d × E whose intensity, with respect to dx times counting
measure, is 2np(x)Qz(u(x), v(x)). Given the parameters, its restrictions to distinct pairs
are independent. By (A2) and since

∫
p = 1, the mean value of p over a pair in block

coordinates is p̄ = {1 − p0(1 − v0)}/v0 in every realization. Let Λ = 2nv0/B. As
reference law on a pair we use the marked Poisson process with intensity measure
µ(dx, z) = Λ p̄ qz0 dx on Y = (U × {1, 2})× E . In block coordinates, the process on the
pair has intensity Λp(x)Qz(u(x), v(x)), whose density with respect to µ is 1 + φ, where

φ(x, z) = e0(x) + eu(x)su(z) + ev(x)sv(z), e0 =
p
p̄
− 1, eu =

pu
p̄

, ev =
pv
p̄

. (5.3)

Since ∑z qzu = ∑z qzv = 0 and the pair has mass 2p̄ in block coordinates, we have∫
φ dµ = 0 in every realization.

The next lemma is in the spirit of the affinity bound of Robins et al. [49, Theorem 2.1]
for two mixtures of product laws under a product prior over the cells of a partition. We
use the Poisson process in place of the sample, and we expand in the factors that the
points carry.

Lemma 5.2 (Comparison of the Poisson mixtures). Let two priors be admissible with frequency
M. Assume B ≥ n, Au, Av ≤ 1, and supx,z(|u(x)qzu|+ |v(x)qzv|)/qz0 ≤ 1/2. Let PPoi

B,± be
the mixtures, under the ± prior, of the laws of the marked Poisson process restricted to Q. For
j ≥ 0, define on (U × {1, 2})j+2, in the block coordinates of a given pair,

Γj(x, y, ζ1, . . . , ζ j) = (E+ − E−)
[
(pu)(x)(pv)(y)

j

∏
i=1

{p(ζi)− p̄}
]
,
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and let Γ̄2
j be the maximum over the pairs of ∥Γj∥2

2 = ∥Γj∥2
L2((U×{1,2})j+2)

. Then Γj = 0 for
j < M, and

d2
H(P

Poi
B,+, PPoi

B,−) ≤ CBΛ2 ∑
j≥M

(CΛ)j

j!
Γ̄2

j

+ CBΛ4A2
u A2

v(A2
u + A2

v)
2 (CΛ)M

M!
.

(5.4)

Here C ≥ 1 depends only on r±, v0, C0, and the probabilities qz0, qzu, qzv. In particular, it is
independent of n, B, M, Au, and Av.

Proof. By (A1), each mixture is a product of mixtures over the pairs, and the squared
Hellinger distance is at most the sum of the distances for the pairs. We fix a pair.
Recall that a Poisson process with finite intensity measure consists of a Poisson number
of independent points [30, Propositions 3.2 and 3.5]. Conditioning on the number of
points and using

∫
φ dµ = 0, we find that the likelihood ratio of the process on the pair

with respect to the reference process, given the parameters, is ∏y∈η{1 + φ(y)}, where
η is the configuration of marked points. The mixture likelihood ratios are therefore
f±(η) = E± ∏y∈η{1 + φ(y)}. By the amplitude assumption and p/ p̄ ≥ r−/r+, we have
1 + φ ≥ cφ, where cφ = r−/(2r+), so that f± ≥ cN

φ for a configuration with N points.
Since (

√
f −√

g)2 = ( f − g)2/(
√

f +
√

g)2, we obtain

d2
H ≤ 1

4 ER

[
c−N

φ ( f+ − f−)2], (5.5)

where ER is the expectation under the reference process.
We compute the right side exactly. Let ν = Π+ − Π− be the difference of the laws

of the parameters of the pair under the two priors, and let φω be the point factor
at the parameters ω. Conditioning on the number of points gives ER ∏y∈η h(y) =

exp{
∫
(h − 1)dµ} for bounded h; for 0 ≤ h ≤ 1, this is the formula for the probability

generating functional of a Poisson process [30, Section 3.3 and Exercise 3.6]. With
h = c−1

φ (1 + φω)(1 + φω′) and
∫

φω dµ =
∫

φω′ dµ = 0, this gives

ER

[
c−N

φ ( f+ − f−)2] = e|µ|(1/cφ−1)
∫∫

exp
{

c−1
φ ⟨φω, φω′⟩L2(µ)

}
dν(ω)dν(ω′).

We expand the exponential and use ⟨φω, φω′⟩k
L2(µ)

= ⟨φ⊗k
ω , φ⊗k

ω′ ⟩L2(µk). Since ν has total
mass zero, the term k = 0 vanishes, and we obtain the exact identity

ER

[
c−N

φ ( f+ − f−)2] = e|µ|(1/cφ−1) ∑
k≥1

c−k
φ

k!
∥Gk∥2

L2(µk)
, Gk = (E+ − E−)φ⊗k. (5.6)

The interchanges are justified because the point factors are bounded and ν has finite total
variation. The prefactor is bounded, since |µ| = 2Λ p̄ ≤ 4v0r+ when B ≥ n. We note
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that c−N
φ is, up to the factor e|µ|(1/cφ−1), the density of the Poisson process with intensity

measure µ/cφ relative to the reference process, and that the kernels of ∏y∈η{1 + φω(y)}
under that process are the tensor powers φ⊗k

ω . Thus (5.6) is also a special case of the
Fock-space representation of Poisson functionals [31, Theorem 1.1].

For a labeling ω ∈ {0, u, v}k, let ku and kv be the numbers of labels u and v, let
j = k − ku − kv, and let Γω(x1, . . . , xk) = (E+ − E−)∏k

i=1 eωi(xi). Then Gk = ∑ω sωΓω,
where sω(z1, . . . , zk) is the product of sωi(zi) over the i with ωi ̸= 0. Let s̄ ≥ 1 bound |su|
and |sv|. By the Cauchy–Schwarz inequality over the 3k labelings, and since ∑z qz0 = 1,

∥Gk∥2
L2(µk)

≤ (3s̄2Λ p̄)k ∑
ω

∥Γω∥2
L2((U×{1,2})k)

. (5.7)

Only few labelings contribute. By (A4), we have eu = Auσuhu/ p̄ and ev = Avσvhv/ p̄,
and all other factors are functions of (Θ, H). By (5.2), Γω = 0 unless ku and kv are
both odd, and then Γω is 2Aku

u Akv
v p̄−k times the expectation over (Θ, H) of the product

of cos(MΘ), of the ku + kv factors hu(xi) and hv(xi), and of the j factors p(xi) − p̄.
Conditional on H, the factors hu, hv do not depend on Θ, and the product of the j density
factors is a trigonometric polynomial of degree at most j in Θ. Since Θ is uniform and
independent of H, we conclude that Γω = 0 when j < M, whatever the value of ku + kv.

If ku = kv = 1, then Γω equals p̄−kΓj with permuted arguments; in particular,
Γj = 0 for j < M. There are k(k − 1) such labelings, and k(k − 1)/k! = 1/j!. Since
p̄ ≥ r−, (5.5)–(5.7) imply that their contribution to the distance for the pair is at most
C ∑j≥M(C2Λ)j+2∥Γj∥2

2/j!, where C2 = 3s̄2r+/(cφr2
−). Summing over the B/2 pairs gives

the first term of (5.4).
For the remaining labelings, q = ku + kv ≥ 4 and j ≥ M. Since |e0| ≤ r+/r−, |eu| ≤

C0r+Au/r−, |ev| ≤ C0r+Av/r−, and (U × {1, 2})k has measure 2k, we have ∥Γω∥2
2 ≤

4Ck
3 A2ku

u A2kv
v with C3 = 2 max(1, C0)

2(r+/r−)2. Let A = A2
u + A2

v ≤ 2. Since ( q
ku
) ≤

q(q − 1)( q−2
ku−1) for 1 ≤ ku ≤ q − 1, we have

q−1

∑
ku=1

(
q
ku

)
A2ku

u A2(q−ku)
v ≤ q(q − 1)A2

u A2
vAq−2.

There are (j+q
q ) choices of the points labeled u or v, and (j+q

q )/(j + q)! = 1/(j! q!). With
z = C2C3r2

−Λ, these labelings therefore contribute at most

CA2
u A2

v

(
∑

j≥M

zj

j!

)(
∑
q≥4

zqAq−2

(q − 2)!

)
≤ CA2

u A2
vA2 zM+4

M!
ez(1+A)

to the distance for the pair, where we used (M + i)! ≥ M! i! and (i + 2)! ≥ i!. Since
Λ ≤ 2v0, the exponential factor is bounded, and summing over the pairs gives the second
term of (5.4).
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5.3 Reduction to two estimates

The priors of Section 6 divide each block into R ≥ 1 fine cells and multiply the amplitudes
(BR)−a∗ and (BR)−b∗ by m ≥ 1; block-constant phases have R = m = 1. In (5.8), R1−M

records overlap after integration over the fine cells, R(j−M)
√

M allows a cost R
√

M per
additional density factor, and eCE M collects the remaining losses.

Proposition 5.3 (Reduction to two estimates). Under the standing assumptions of Section 5.2,
let L = log n and ∆θ = 1 − 2θ, let M be the nearest even integer to

√
θ∆θ L/τ, and let ρn be the

parameter ρ of (2.7) computed for [r− + δn, r+ − δn]. Let R = Rn ≥ 1 and m = mn ≥ 1 satisfy

m ≤ c∗M, m ≤ min(Ra∗ , Rb∗), log R = O(log M)

for a constant c∗ > 0, and fix ϵu, ϵv ∈ (0, 1]. Suppose that there are constants C0, CΓ ≥ 1,
CE ≥ 0, and c2 > 0 such that the following holds for all large n and every B ≥ n that is the dth
power of an even integer. There are two priors that are admissible with frequency M, with the
constant C0 and the amplitudes

Au = ϵu(BR)−a∗m, Av = ϵv(BR)−b∗m,

such that, for every pair and every j ≥ 0,

∥Γj∥2
2 ≤ Cj+1

Γ A2
u A2

veCE MR1−M+(j−M)
√

M1j≥M, (5.8)

and ∣∣∣(E+ − E−)
∫

puv
∣∣∣ ≥ c2Au AvρM

n . (5.9)

Then, for all large n, there is such a B with B ≥ n, for which Au ≤ ϵuB−a∗ and Av ≤ ϵvB−b∗ ,
with the following property. Let P be any class that contains the law of one observation for every
realization of either prior with this B, and let T be a parameter on P with T(P) =

∫
pF(u, v) on

these laws. Then there is c1 > 0 such that, for all large n,

inf
T̂

sup
P∈P

P{|T̂ − T(P)| ≥ c1m2an} ≥ 3
8

. (5.10)

The infimum includes randomized estimators. Writing Bn for this choice of B, we also have
Bn/{n(log n)q} → ∞ for every fixed q > 0. The constant c1 depends only on the fixed quantities,
on ϵuϵv, F, the response law, and the constants of the hypotheses.

Proof. Scales. Let C ≥ 1 be the constant of Lemma 5.2 for the constant C0, let C1 = 2v0CCΓ,
and fix c0 > 1 + log C1 + CE. We define

tn =
∆θ L
M

− log M + c0,
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we let B be the dth power of the smallest even integer k with kdR ≥ netn , and we set
x = BR/n. Since M is within one of M∗ =

√
θ∆θ L/τ and ∆θ L = (τ/θ)M2

∗, we have
∆θ L/M = (τ/θ)M + O(1), so that tn = (τ/θ)M + O(log M). As log R = O(log M), the
number k∗ = (netn /R)1/d tends to infinity, and k∗ ≤ k < k∗ + 2 yields 1 ≤ xe−tn ≤
(1 + 2/k∗)d → 1. In particular, x ≥ etn , and

log x = tn + o(1), log(B/n) =
τ

θ
M + O(log M), log Λ = −τ

θ
M + O(log M),

(5.11)
where we used log(B/n) = log x − log R and Λ = 2v0n/B. In particular, B ≥ n for all
large n, and since M ≍

√
L, we have B/{n(log n)q} → ∞ for every fixed q > 0. Since

m ≤ Ra∗ , we have Au ≤ ϵuB−a∗ ≤ n−a∗ , and similarly Av ≤ ϵvB−b∗ ≤ n−b∗ . Since
|u| ≤ C0Au and |v| ≤ C0Av, the amplitude assumptions of Lemma 5.2 hold for all large
n.

Indistinguishability. Let y = CCΓΛ = C1n/B. Since log y = −(τ/θ)M + O(log M) by
(5.11), and

√
M log R = O(

√
M log M) = o(M), we have yR

√
M ≤ 1/2 for all large n. By

(5.8), the first term of (5.4) is at most

CCΓBΛ2A2
u A2

veCE MR1−M ∑
j≥M

yjR(j−M)
√

M

j!
≤ 2CCΓIn, In = BΛ2A2

u A2
vR1−MeCE M yM

M!
,

where we wrote j = M + i and used M!/(M + i)! ≤ 1 and yR
√

M ≤ 1/2. Since BΛ2 =

4v2
0nR/x, (BR)−2θ = (nx)−2θ, and R1−MyM = R(C1/x)M, we have

In = 4v2
0(ϵuϵv)

2n∆θ R2m4eCE M CM
1

M! xM+1+2θ
.

Using x ≥ etn , Mtn = ∆θ L − M log M + c0M, and log M! ≥ M log M − M, we obtain

log In ≤ log(4v2
0) + 2 log R + 4 log m − (1 + 2θ)tn − (c0 − 1 − log C1 − CE)M.

The terms 2 log R and 4 log m are O(log M), since m ≤ c∗M, and tn > 0 for all large n. By
the choice of c0, we conclude that In → 0. Let s∗ = min(a∗, b∗). The second term of (5.4),
divided by In, equals

CΛ2(A2
u + A2

v)
2RM−1e−CE MC−M

Γ ≤ Cn−4s∗eO(M log M),

since Λ ≤ 2v0, A2
u + A2

v ≤ 2n−2s∗ , and log R = O(log M). This tends to zero, since
M log M = o(L). It follows that dH(P

Poi
B,+, PPoi

B,−) → 0.
Separation. Let Dn = |E+T − E−T|, and let Foo(u, v) = 1

4{F(u, v) − F(−u, v) −
F(u,−v) + F(−u,−v)} be the part of F that is odd in each argument. By the two
symmetries that follow from (A5), we have

E+T − E−T = E+

∫
p{F(u, v)− F(u,−v)} = 2E+

∫
pFoo(u, v),
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and in the same way (E+ − E−)
∫

puv = 2E+

∫
puv. Moreover, 4Foo(u, v) =∫ u

−u

∫ v
−v Fuv(s, t)dt ds for small u, v. The linear Taylor terms of Fuv at (0, 0) integrate to

zero over this symmetric rectangle, and since F ∈ C4 the remainder is at most C(s2 + t2).
This gives

Foo(u, v) = Fuv(0, 0)uv + O{|uv|(u2 + v2)}.

Since |u| ≤ C0Au, |v| ≤ C0Av, and
∫

p = 1, it follows from (5.9) that

Dn ≥ |Fuv(0, 0)|c2Au AvρM
n − CAu Av(A2

u + A2
v).

Since A2
u + A2

v ≤ 2n−2s∗ , while ρ−M
n = eO(

√
L), the second term is at most half the first for

all large n. Since log ρn − log ρ = O(δn) and Mδn → 0, we also have ρM
n ≥ ρM/2 for all

large n. With f (z) = θ∆θ L/z + τz, we have

f (M)− f (M∗) =
τ(M − M∗)2

M
= O(M−1), f (M∗) = 2

√
θ∆θτL = κ

√
L,

with κ as in (2.9). By (5.11), we have log(BR) = L + tn + o(1), and θtn + τM = f (M)−
θ log M + θc0. Then

log(Au AvρM) = log(ϵuϵvm2)− θL − f (M) + θ log M − θc0 + o(1) = log(m2an) + O(1),

where we used θ log M = (θ/2) log L + O(1). Thus Dn ≥ c3m2an for a constant c3 > 0
and all large n.

Testing. The target T is a constant plus a sum of independent contributions of the pairs,
each bounded by C/B, since F is bounded near the origin. Then Var± T ≤ C/B, and since
B ≥ n, m ≥ 1, and θ < 1/2, we have BD2

n ≥ c2
3na2

n = c2
3n1−2θ Lθe−2κ

√
L → ∞. Outside

Q the Poisson process has the same law in every realization, and it is independent of
the process on Q. Given the parameters, the number N of points has law Poisson(2n),
and given N the points are independent observations from the law P. We order the
points randomly, keep the first n when N ≥ n, and return a fixed sample otherwise.
This defines a kernel that does not depend on the parameters. Its output mixtures
are (1 − πn)Q

(n)
± + πnδ∗, where Q

(n)
± are the mixtures of the laws of n observations, δ∗

is the law of the fixed sample, and πn = P{Poisson(2n) < n} ≤ e−(1−log 2)n. Since
a kernel does not increase total variation and TV ≤ dH, we obtain TV(Q

(n)
+ , Q

(n)
− ) ≤

dH(P
Poi
B,+, PPoi

B,−)/(1 − πn) = o(1).
Given an estimator T̂, we decide for the prior whose mean E±T is closer to T̂. Under

the ± prior, the decision is correct when |T − E±T| < Dn/4 and |T̂ − T(P)| < Dn/4, and
by Chebyshev’s inequality the first event fails with prior probability at most 16 Var± T/D2

n.
Since the two testing errors sum to at least 1 − TV(Q

(n)
+ , Q

(n)
− ), we obtain

sup
P∈P

P{|T̂−T(P)| ≥ Dn/4} ≥ 1
2

{
1−TV(Q

(n)
+ , Q

(n)
− )− 16(Var+ T + Var− T)

D2
n

}
=

1
2
− o(1).
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Since Dn/4 ≥ c1m2an with c1 = c3/4, this proves (5.10) for all large n. This argument
is the total-variation version of the method of two fuzzy hypotheses [66, Theorem 2.15],
and we control the prior concentration by Chebyshev’s inequality. Since an independent
random seed appended to the observations does not change the total variation distance,
the same argument applies to randomized estimators.



section 6

Lattice priors

We construct priors satisfying Proposition 5.3 (Lemma 6.2). In each pair, the density
on the bump supports is r0 ± hn cos(Θ + ϕ(x)), where Θ is uniform and ϕ is a random
block function. The perturbations are bumps divided by the density, multiplied by a gate
S ∈ [0, 1], with sign correlation ± cos(MΘ). The phase ϕ sums independent coefficients
ξa,q times smoothed binary digits over levels a = 1, . . . , J and coordinates q = 1, . . . , d.
For J = 0, we have ϕ = 0 and S = 1, and the bound is c an; for J ≥ 1, three properties
gain the factor log n.

(i) Outside a set of small measure, ϕ ∈ (2π/M)Z, so the Mth Fourier coefficient of 1/p
in Θ retains the separation factor ρM

n of block-constant phases.
(ii) The gated characteristic functions of ξa,q vanish outside

⋃
l∈Z[lM − Ka, lM + Ka]. For

a likelihood term with one factor each of u, v and j density factors, averaging over Θ
gives zero for j < M. For M ≤ j < M +

√
M, the band restriction implies the digit

mismatch bounds (6.21), whose integrals yield R1−MeCE M, where R counts fine cells.
For larger j, a crude bound suffices.

(iii) The gate controls weighted coefficient powers: S times the change of ϕ across a fine
cell is O(1/m), with m ≍ M. Dividing a bump by the density costs a factor 1/m of a
fine-scale derivative, allowing amplitudes m(BR)−a∗ and m(BR)−b∗ .

6.1 Lattice laws with compact Fourier support

Throughout this section we fix the integer Q = ⌈max(α, β)⌉+ 2, and we define

Π(y) = c−1
Q

(sin y
y

)2Q
, cQ =

∫
R

(sin y
y

)2Q
dy,

where sin y/y takes its continuous value one at y = 0. For Y ∼ Π we write µ2 = EY2,
which is finite because Π(y) ≤ c−1

Q min(1, |y|−2Q), and we write f̂ (w) =
∫

R
f (x)eiwx dx.

Lemma 6.1 (Gated lattice laws). Let η > 0 and λ ≥ 1, let M ≥ 2 be an integer, and let
hM = 2π/M, πη(x) = η−1Π(x/η), and K = 6Q/η. We define

G(x) =
(sin(x/(λη))

x/(λη)

)2Q
(x ∈ R), G(0) = 1.

47
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If 4K ≤ M, then the numbers hMπη(x), x ∈ hMZ, sum to one. If ξ has the law P{ξ = x} =

hMπη(x) on hMZ, then

0 ≤ G ≤ 1, 1 − EG(ξ) ≤ Qµ2

3λ2 , G(x)|x|r ≤ (λη)r (x ∈ R, 0 ≤ r ≤ 2Q − 2).
(6.1)

Moreover, the function Ξ̂(w) = E[G(ξ)2eiwξ ] of w ∈ R satisfies |Ξ̂| ≤ 1, and Ξ̂(w) = 0 unless
|w − lM| ≤ K for some l ∈ Z.

Proof. The identity sin y/y = 1
2

∫ 1
−1 eiωy dω shows that (sin y/y)2Q is the Fourier trans-

form of the 2Q-fold convolution of 1
21[−1,1], which is supported in [−2Q, 2Q]. By Fourier

inversion, π̂η and Ĝ are supported in [−2Q/η, 2Q/η] and [−2Q/(λη), 2Q/(λη)], respec-
tively. Since multiplication convolves Fourier transforms and adds their supports, and

since λ ≥ 1, Ĝkπη is supported in [−K, K] for k = 0, 1, 2.
Let f = Gkπη with k ∈ {0, 1, 2}, and let w ∈ R. Since 0 ≤ f (x) ≤ Cη(1 + |x|)−2Q,

the hM-periodic function y 7→ ∑x∈hMZ f (y + x)eiw(y+x) is continuous, and its Fourier
coefficients are h−1

M f̂ (w − lM), l ∈ Z. Since only finitely many of them are nonzero, the
function is a trigonometric polynomial and equals its Fourier series everywhere. At y = 0
we obtain an instance of the Poisson summation formula [61, Chapter 5, Section 3],

hM ∑
x∈hMZ

f (x)eiwx = ∑
l∈Z

f̂ (w + lM). (6.2)

At w = 0 only the term l = 0 remains, since K < M. With k = 0, the numbers hMπη(x)
sum to π̂η(0) = 1, and with k = 1 we obtain EG(ξ) =

∫
Gπη. With k = 2, (6.2) gives

Ξ̂(w) = ∑l f̂ (w + lM). Since f̂ vanishes outside [−K, K] and 2K < M, at most one term
is nonzero, and it vanishes unless |w + lM| ≤ K; moreover |Ξ̂| ≤ EG(ξ)2 ≤ 1.

The bound | sin z/z| ≤ min(1, |z|−1) implies that 0 ≤ G ≤ 1 and G(x)|x|r ≤ (λη)r for
0 ≤ r ≤ 2Q. For independent U, V uniform on [−1, 1], we have (sin z/z)2 = E cos(z(U +

V)) ≥ 1 − z2E(U + V)2/2 = 1 − z2/3. Then 1 − (sin z/z)2Q ≤ Q{1 − (sin z/z)2} ≤
Qz2/3. Since

∫
Gπη = E(sin(Y/λ)/(Y/λ))2Q for Y ∼ Π, we obtain 1 − EG(ξ) ≤

Qµ2/(3λ2).

Lattice laws obtained in this way, by sampling a probability density whose Fourier
transform has compact support, are constructed in [68, Section V, Proposition 5 and
Corollary 6]. There, the sampled masses are normalized by the same formula, the
characteristic function is the sum of the translated copies of the Fourier transform, and
Example 1 uses powers of sin y/y.

6.2 Construction of the priors

We use the cube Q of volume v0, its blocks and pairs, and the block coordinates x ∈ U =

[0, 1]d of Section 5.2. We fix smooth functions ιin, ιout : U → [0, 1] with compact supports
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in the interior of U , such that ιin is not identically zero and ιout = 1 on the support of ιin.
We extend them by zero to Rd, and we write ῑ =

∫
U ιout and Iin =

∫
U ι2in > 0. We set

r0 =
r− + r+

2
, hn =

r+ − r−
2

− δn, p0 =
1 − v0 ῑr0

1 − v0 ῑ
,

and we choose v0 so small that p0 lies in a fixed interior subinterval of (r−, r+). Through-
out this section, n is large enough that

0 < δn ≤ 1
2 min{r0 − r−, p0 − r−, r+ − p0}.

We write s0 = min(α, β) and α0 = min(s0, 1)/2; we use only 0 < α0 < 1 and α0 < s0.
Let J ≥ 0 be an integer, and let R = 2Jd and m = 2Js0 . The fine cells of a block are its R
dyadic subcubes of side 2−J . Sums over an empty set of levels are zero, and products
over it are one.

Digit selectors. For y ∈ R and a ≥ 1 we write ea(y) = ⌊2ay⌋ mod 2. If x is uniform on
U , the digits ea(xq), 1 ≤ a ≤ J, 1 ≤ q ≤ d, are independent and uniform on {0, 1}, and
the string of these dJ digits determines the fine cell of x. To smooth the digits, we fix a
nondecreasing C∞ function Υ with Υ = 0 on (−∞,−1], Υ = 1 on [1, ∞), and Υ(0) = 1/2.
For 0 < γ ≤ 1/4 and y ∈ R we let z be a nearest integer to y, and we define

ϖγ(y) = Υ
(
(−1)z+1(y − z)/γ

)
.

At distance at least γ from the integers, ϖγ(y) equals ⌊y⌋ mod 2; in particular it is locally
constant near the half-integers, where the two choices of z agree. This implies that ϖγ is
C∞, with values in [0, 1] and |ϖ(N)

γ | ≤ CNγ−N for N ≥ 1. If ⌊y⌋ is odd, then either z = ⌊y⌋
and y − z ≥ 0, or z = ⌊y⌋+ 1 is even and z − y > 0; in both cases ϖγ(y) ≥ Υ(0) = 1/2.
In the same way ϖγ(y) ≤ 1/2 if ⌊y⌋ is even. Therefore

|ϖγ(y)− e| ≥ 1
2 if e ∈ {0, 1} and e ̸= ⌊y⌋ mod 2. (6.3)

Scales. For a level 1 ≤ a ≤ J, we write b = J − a and define

γa =
γ∗

(b + 1)2 , λa = λ∗(b + 1), ηa =
γa2bα0

λam
, Ka =

6Q
ηa

,

where γ∗ = min{1/4, Iin/(16d)} and λ∗ = max{1,
√

8Qdµ2/3}. Thus λaηa = γa2bα0/m,
so that coarse levels carry larger coefficients, and Ka = K(b)m with K(b) = 6Qλ∗(b +
1)32−bα0/γ∗. We set K = supb≥0 K(b) and c∗ = 1/(4K), and we require that m ≤ c∗M, so
that

4Ka ≤ M (1 ≤ a ≤ J). (6.4)

All these constants depend only on d, α, β and ιin, and they are fixed before M is chosen.
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The phase and the gate. Let M ≥ 2 be even with m ≤ c∗M, and let hM = 2π/M. In
each pair, let ξa,q, for 1 ≤ a ≤ J and 1 ≤ q ≤ d, be independent, with the law of ξ in
Lemma 6.1 for η = ηa and λ = λa; by (6.4), the lemma applies. We write Ga and Ξ̂a for
the corresponding functions G and Ξ̂, and we define

S = ∏
a,q

Ga(ξa,q), sa,q(x) = ϖγa(2
axq), ϕ(x) =

J

∑
a=1

d

∑
q=1

ξa,qsa,q(x)

for x ∈ Rd. By independence, (6.1), and the inequality ∏i(1 − ti) ≥ 1 − ∑i ti for ti ∈ [0, 1],
we have

ES ≥ 1 − Qdµ2

3λ2
∗

∑
b≥0

(b + 1)−2 ≥ 3
4

, ES2 ≥ (ES)2 ≥ 9
16

,

where we used ∑b≥0(b + 1)−2 < 2 and the choice of λ∗. Since S ≤ Ga(ξa,q) for every
(a, q) and 0 ≤ Ga ≤ 1, the last bound in (6.1) implies that, for distinct pairs (ai, qi) and
integers ri ≥ 1 with ∑i ri ≤ 2Q − 2,

S ∏
i
|ξai,qi |

ri ≤ ∏
i
(λai ηai)

ri . (6.5)

Let U ◦ be the set of x ∈ U such that 2axq has distance at least γa from the integers for
all a and q. On U ◦ we have sa,q(x) = ea(xq) ∈ {0, 1}, so that ϕ(x) is a sum of elements of
hMZ, and therefore

cos(Mϕ(x)) = 1 (x ∈ U ◦). (6.6)

For each a and q, the set of x ∈ U for which 2axq has distance less than γa from the
integers has measure 2γa. Since ∑a γa < 2γ∗, a union bound gives

|U \ U ◦| < 4dγ∗ ≤ Iin/4. (6.7)

The priors. In each pair, let Θ be uniform on [0, 2π) and independent of ξ = (ξa,q)a,q.
We call (Θ, ξ) the density parameters of the pair; both blocks of the pair use them, and
their law is the same under both priors. On the block of the pair with label ℓ, in block
coordinates, we define

r(x) = r0 + (−1)ℓ−1hn cos(Θ + ϕ(x)), p = p0 + ιout(r − p0),

and p = p0 outside Q. Every realization of ϕ is C∞, since it is a finite sum with finite
coefficients. Since both blocks of a pair use the same function ϕ in block coordinates, the
oscillations of the two blocks cancel in

∫
p, and the mass of p on each pair is 2(v0/B) p̄ in

every realization, where
p̄ = p0 + ῑ(r0 − p0)

is the mean value of p over a pair. The total mass is therefore p0(1 − v0) + v0 p̄ =

p0 + v0 ῑ(r0 − p0) = 1. Since ιout vanishes near the block boundaries, p is a C∞ probability
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density. On the support of ιout it is a convex combination of p0 and r ∈ [r− + δn, r+ − δn],
so that r− + δn ≤ p ≤ r+ − δn.

Conditional on the density parameters, the signs σu, σv ∈ {−1, 1} of a pair have the
law

P±{σu = s, σv = t | Θ, ξ} = 1
4{1 ± st cos(MΘ)} (s, t ∈ {−1, 1})

under the ± prior, as in (A5) with H = ξ. As in Section 5.2, E averages the density
parameters of one pair. Let ϵu, ϵv ∈ (0, 1]. With the amplitudes

Au = ϵu(BR)−a∗m, Av = ϵv(BR)−b∗m, (6.8)

we define
u = AuσuSιin/p, v = AvσvSιin/p (6.9)

on both blocks of each pair, and u = v = 0 outside Q. The parameters of distinct pairs are
independent. Without the gate S and the division by p, these are smooth bumps on the
blocks with random signs. Classical lower-bound constructions use such localized bumps
with binary coefficients [62, Section 2, p. 1045] or random signs [22, Section 3.5.2], [49,
Sections 3–4]; here the signs are correlated with the phase of the density.

Lemma 6.2 (Lattice priors). Let J ≥ 0, let M ≥ 2 be even with m ≤ c∗M, and let B be the
dth power of an even integer. There are constants C, CΓ ≥ 1 and CE ≥ 0, which depend only on
d, α, β, r± and the fixed choices of the construction, and not on n, B, J, M, ϵu, ϵv, such that the two
priors above have the following properties.

(a) They are admissible with frequency M, with C0 = 1/r− and the amplitudes (6.8). Every
realization of p is a C∞ probability density with

r− + δn ≤ p ≤ r+ − δn, (6.10)

and the functions u and v vanish outside Q.
(b) In every realization, u and v are C∞, and

∥u∥Cα ≤ Cϵu, ∥v∥Cβ ≤ Cϵv, ∥u∥∞ ≤ Au/r−, ∥v∥∞ ≤ Av/r−. (6.11)

Let K be smooth on a neighborhood N of (0, 0). If Au + Av is below a threshold that depends
on K, then

K(0, v) = 0 on N =⇒ ∥K(u, v)∥Cα ≤ CKϵu,

K(u, 0) = 0 on N =⇒ ∥K(u, v)∥Cβ ≤ CKϵv,
(6.12)

where CK depends only on K and on the quantities on which C depends.
(c) For every pair and every j ≥ 0, the coefficients Γj of Lemma 5.2 satisfy (5.8), that is,

∥Γj∥2
2 ≤ Cj+1

Γ A2
u A2

veCE MR1−M+(j−M)
√

M1j≥M,

where the norm is that of L2((U × {1, 2})j+2).
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(d) With ρn as in Proposition 5.3, we have

(E+ − E−)
∫
[0,1]d

puv ≥ c2Au AvρM
n , c2 =

9v0 Iin

16r0
.

Block-constant phases. For J = 0, we have ϕ = 0, S = 1, R = m = 1, and U ◦ = U , with
Θ the only density parameter. On the bump supports, p = r0 ± hn cos Θ, pu = Auσuιin,
and pv = Avσvιin. After removing their signs, these products do not depend on Θ.
The Mth Fourier coefficient of 1/p is of order ρM

n by (4.2). The scale conditions of
Proposition 5.3 reduce to 1 ≤ c∗M, which holds for all large n. That proposition, applied
with Lemma 6.2(a), (c), and (d), yields, for every class P and target T as in the proposition,
a constant c1 > 0 such that, for all large n,

inf
T̂

sup
P∈P

P{|T̂ − T(P)| ≥ c1m2an} ≥ 3
8

(6.13)

with m = 1. The proof of Proposition 7.1 uses the largest J with m ≤ c∗M, for which
m2 ≍ log n.

6.3 Proof of Lemma 6.2

We use the Hölder norm ∥ · ∥Ct of the model class on [0, 1]d, and we write ∥ · ∥Ct(U ) for
the norm defined in the same way on U , in block coordinates.

Proof of Lemma 6.2(a). We showed above that p is a C∞ probability density that satisfies
(6.10), equals p0 outside Q, and has the same mass on every pair in every realization,
which is (A2). By construction, the parameters of distinct pairs are independent, u and v
vanish outside Q, and the signs have the law in (A5). Since p ≥ r− and 0 ≤ S, ιin ≤ 1, we
have |u| ≤ Au/r− and |v| ≤ Av/r−, which gives (A3) with C0 = 1/r−. In (A4), we have
H = ξ, pu = AuσuSιin, pv = AvσvSιin, and, on the block with label ℓ,

pc = p0 + ιout(r0 − p0), p1 = (−1)ℓ−1hnιout cos ϕ, p2 = −(−1)ℓ−1hnιout sin ϕ,

and hu = hv = Sιin. These functions depend on ξ but neither on Θ nor on the prior.

Proof of Lemma 6.2(b). We work in block coordinates on a block with label ℓ, and we set
kmax = ⌈max(α, β)⌉ = Q − 2 and

f (y) =
1

r0 + (−1)ℓ−1hn cos(Θ + y)
, H = Sιin f (ϕ).

Since p = r on the support of ιin, we have H = Sιin/p and |H| ≤ 1/r−. The derivatives
of f through order kmax + 1 are bounded by constants that depend only on r± and kmax,
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since its denominator lies in [r−, r+]. Below, constants may depend on d, α, β, r±, ιin, Υ
and the fixed constants of the construction, but not on n, B, J, M, ϵu, ϵv, or the realization.

Compositions. Let κ be a C∞ function on [−1/r−, 1/r−] with κ(0) = 0, and let s0 ≤ t ≤
max(α, β). We claim that

∥κ(H)∥Ct(U ) ≤ Cκ(1 + 2Jt/m), (6.14)

where Cκ depends on κ only through bounds on its derivatives of order at most ⌈t⌉+ 1.
We define

wa = λaηa =
γa2(J−a)α0

m
, La =

2a

γa
, ϕa =

a

∑
c=1

d

∑
q=1

ξc,qsc,q (0 ≤ a ≤ J).

Since γa ≤ 1/4 and 2(J−a)α0 ≤ 2Js0 = m, we have wa ≤ 1 and La ≥ 1. Since sa,q depends

only on xq, we also have |Djsa,q| ≤ CL|j|
a for every multi-index j, including j = 0. For

an integer 1 ≤ k ≤ ⌈t⌉ and b = J − a, we have wa−iLk
a−i/(waLk

a) = {(b + i + 1)/(b +
1)}2(k−1)2−i(k−α0) for 0 ≤ i < a, and hence

a

∑
c=1

d

∑
q=1

wcLk
c ≤ dwaLk

a ∑
i≥0

(i + 1)2(k−1)2−i(k−α0) ≤ CwaLk
a, (6.15)

where the series converges because k ≥ 1 > α0.
Let Fa = κ(Sιin f (ϕa)), Va = Fa − Fa−1, and Wa = ϕa − ϕa−1 for 1 ≤ a ≤ J. By the

fundamental theorem of calculus,

Va = SιinWa

∫ 1

0
f ′(za,u)κ

′(Sιin f (za,u)
)

du, za,u = ϕa−1 + uWa,

and the arguments of κ lie in [0, 1/r−]. Let 0 ≤ |j| ≤ ⌈t⌉. By the chain and product rules,
DjVa is a sum, with a number of terms that depends only on |j| and d, of products of
a power Sϱ with ϱ ≥ 1, of derivatives of ιin, f , and κ of order at most |j|+ 1, of Dj0Wa,
and of Djl za,u for 1 ≤ l ≤ r, where |jl| ≥ 1 for l ≥ 1 and |j0|+ ∑l |jl| ≤ |j|. In particular
r ≤ |j|. We expand Wa and za,u over levels and coordinates. The coefficients then enter
through products

ξa,q0 Dj0sa,q0

r

∏
l=1

ξcl ,ql D
jl scl ,ql (cl ≤ a),

with at most |j|+ 1 ≤ kmax + 1 = Q − 1 ≤ 2Q − 2 coefficients, counted with multiplicity.
Since Sϱ ≤ S, we group repeated coefficients and apply (6.5), which bounds Sϱ times
such a product by CwaL|j0|

a ∏l wcl L
|jl |
cl . Summing over q0, and over the levels cl ≤ a and

the coordinates ql by (6.15), and using wa ≤ 1 and La ≥ 1, we obtain

∥DjVa∥∞ ≤ CκwaL|j|
a (0 ≤ |j| ≤ ⌈t⌉).
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With N = ⌈t⌉ − 1 and ϑ = t − N ∈ (0, 1], we find from the mean value theorem and this
bound that, for |j| = N,

|DjVa(x)− DjVa(y)| ≤ CκwaLN
a min{1, La|x − y|} ≤ CκwaLt

a|x − y|ϑ,

where we used min(1, z) ≤ zϑ for z ≥ 0. Since La ≥ 1, the derivative suprema in the norm
are also at most CκwaLt

a, and therefore ∥Va∥Ct(U ) ≤ CκwaLt
a. The function F0 = κ(Sιin f (0))

has norm at most Cκ, since S f (0) ∈ [0, 1/r−] is a number. Since κ(H) = FJ = F0 +∑J
a=1 Va,

we obtain

∥κ(H)∥Ct(U ) ≤ Cκ

{
1 +

2Jt

m
γ1−t
∗ ∑

b≥0
(b + 1)2(t−1)2−b(t−α0)

}
≤ Cκ(1 + 2Jt/m),

where the series is bounded uniformly in s0 ≤ t ≤ max(α, β) because s0 > α0. For J = 0
the sum over a is empty. This proves (6.14).

Conclusion. On a block, we have u = AuσuH and v = AvσvH in block coordinates,
which gives the sup-norm bounds. Let g be a C∞ function on [0, 1]d that vanishes outside
Q and, on each block, equals gk in block coordinates, where every gk vanishes near ∂U .
The blocks have side ℓB = (v0/B)1/d ≤ 1. Rescaling multiplies a derivative of order
|j| ≤ t by ℓ

−|j|
B ≤ ℓ−t

B and a seminorm of order ϑ of a derivative of order ⌈t⌉ − 1 by ℓ−t
B .

If x and y do not lie in the same block, the segment from x to y meets the boundary of
the block of x at a point x′ and the boundary of the block of y at a point y′, where all
derivatives of g vanish; the same holds if one of the points lies outside Q. It follows that
a difference quotient of order ϑ ≤ 1 between x and y is at most twice the largest such
quotient within one block. Since the norm adds the derivative suprema and the Hölder
seminorm, whose maxima may occur in different blocks, we obtain

∥g∥Ct([0,1]d) ≤ 3(B/v0)
t/d max

k
∥gk∥Ct(U ). (6.16)

We apply (6.14) with κ(z) = z and t = α, and (6.16). Since 2Jα = Ra∗ , AuBa∗ = ϵuR−a∗m,
and m = 2Js0 ≤ Ra∗ , we obtain

∥u∥Cα ≤ CAuBa∗(1 + Ra∗/m) = Cϵu(mR−a∗ + 1) ≤ 2Cϵu.

The bound for v is the same with β, b∗, and ϵv.
Let K be smooth on a neighborhood of (0, 0) with K(0, v) = 0 there, and fix a closed

ball N′ of radius at most one around (0, 0) inside this neighborhood. On N′ we write
K(u, v) = uK̃(u, v) with K̃(u, v) =

∫ 1
0 ∂uK(su, v)ds. If (Au + Av)/r− is at most the

radius of N′, then on each block K(u, v) = Auσuκ(H) with κ(z) = zK̃(Auσuz, Avσvz),
and K(u, v) = 0 outside the blocks. The derivatives of κ of order at most kmax + 1
on [−1/r−, 1/r−] are bounded by a constant that depends only on K and N′, because
Au ≤ ϵuB−a∗ ≤ 1 and Av ≤ ϵvB−b∗ ≤ 1. The argument above, with this κ and t = α,
yields ∥K(u, v)∥Cα ≤ CKϵu. The case K(u, 0) = 0 is symmetric, with β and ϵv.
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Proof of Lemma 6.2(c). We fix a pair. Since pu = AuσuSιin and pv = AvσvSιin, (5.2) gives

Γj(x, y, ζ1, . . . , ζ j) = 2Au Avιin(x)ιin(y)E
[
S2 cos(MΘ)

j

∏
i=1

{p(ζi)− p̄}
]
.

Since p and p̄ lie in [r−, r+], we have |p − p̄| ≤ r+, so that ∥Γj∥∞ ≤ 2Au Avrj
+. Since

∥Γj∥2
2 ≤ ∥Γj∥∞∥Γj∥1, it suffices to prove that

∥Γj∥1 ≤ 8Au Av(6er+)jeCE MR1−M+(j−M)
√

M1j≥M, (6.17)

where e = exp(1); then (c) holds with CΓ = 16(1+ 6er2
+). As (U × {1, 2})j+2 has measure

2j+2, we have
∥Γj∥1 ≤ 8Au Av(2r+)j. (6.18)

If j ≥ M +
√

M, then (j − M)
√

M ≥ M, so that (6.18) implies (6.17).
We expand each factor in Fourier modes in Θ. On the block with label ℓ,

p(ζ)− p̄ = c(ζ) + w(ζ) ∑
o=±1

eio(Θ+ϕ(ζ)),

c = (ιout − ῑ)(r0 − p0), w = (−1)ℓ−1ιouthn/2,

and |c| ≤ r+ and |w| ≤ r+/2. We write cos(MΘ) = 1
2 ∑ε=±1 eiεMΘ, and we fix ε

and a mode oi ∈ {−1, 0, 1} for each i ∈ {1, . . . , j}. We denote the corresponding
term of Γj by Fε,o; it is Au Avιin(x)ιin(y)∏oi=0 c(ζi)∏oi ̸=0 w(ζi) times the expectation
of S2eiεMΘ ∏oi ̸=0 eioi(Θ+ϕ(ζi)). Since S2ei ∑i oiϕ(ζi) = ∏a,q Ga(ξa,q)2eiξa,qΦa,q , integrating over
the uniform angle and the independent coefficients, we find that this expectation equals

1
{
∑

i
oi = −εM

}
∏
a,q

Ξ̂a(Φa,q), Φa,q = ∑
i:oi ̸=0

oisa,q(ζi). (6.19)

Since |∑i oi| ≤ j, it follows that Γj = 0 for j < M.
Now let M ≤ j < M +

√
M. Since there are 2 · 3j terms Fε,o, (6.17) follows from the

bound
∥Fε,o∥1 ≤ 4Au Av(2er+)jR1−MeCE M, (6.20)

which we prove for a fixed pattern with ∑i oi = −εM. Let I− = {i : oi = −ε} and
I+ = {i : oi = ε}, and let k = |I+|. Then |I−| = M + k, and since |I−|+ |I+| ≤ j, we
have 2k ≤ j − M <

√
M ≤ M. For a digit string e∗ = (e∗a,q) ∈ {0, 1}J×d and i ∈ I− ∪ I+,

we define the target digits ti,a,q = e∗a,q if i ∈ I− and ti,a,q = 1 − e∗a,q if i ∈ I+, and we let
χi,a,q = |sa,q(ζi)− ti,a,q|. We claim that if the product in (6.19) does not vanish, then there
is a string e∗ such that

∑
i∈I−∪I+

χi,a,q ≤ k + Ka for all a, q. (6.21)
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Indeed, we fix a and q, and we let X = −εΦa,q = ∑I− sa,q(ζi) − ∑I+ sa,q(ζi). Since
0 ≤ sa,q ≤ 1, we have −k ≤ X ≤ M + k, so that −M/2 < X < 3M/2. Since Ξ̂a(Φa,q) ̸= 0,
Lemma 6.1 implies that there exists an integer l′ with |Φa,q − l′M| ≤ Ka. With l = −εl′,
we have |X − lM| ≤ Ka ≤ M/4 by (6.4), and hence l ∈ {0, 1}. We set e∗a,q = l. Since
|I−| = M + k and |I+| = k, the sum in (6.21) equals X + k if l = 0 and M + k − X if
l = 1. In both cases it is at most k + Ka, which proves the claim. By (6.3), we also have
χi,a,q ≥ 1

21{ea(ζi,q) ̸= ti,a,q}, where ζi,q is the qth block coordinate of ζi.
Since the product in (6.19) has modulus at most one, its modulus is at most the sum,

over the R strings e∗, of the indicator that the dJ inequalities (6.21) hold. We define
Ωa = 2 log d + 4 log(J − a + 2) for 1 ≤ a ≤ J and Ω = d ∑a Ωa. We bound the indicator of
each inequality X′ ≤ c′ by eΩa(c′−X′) and multiply over a and q. The indicator for a given
e∗ is therefore at most

eΩk exp
{

d ∑
a

ΩaKa

}
∏

i∈I−∪I+

exp
{
−∑

a,q
Ωaχi,a,q

}
.

With b = J − a, we have ΩaKa = {2 log d + 4 log(b + 2)}K(b)m, and since K(b) decays
geometrically in b, we obtain d ∑a ΩaKa ≤ Cgatem with Cgate = d ∑b≥0{2 log d + 4 log(b +
2)}K(b) < ∞. Moreover, Ω ≤ dJ{2 log d + 4 log(J + 1)} and m = 2Js0 , so that Ω ≤ D

√
m

with D = supJ′≥1 dJ′{2 log d + 4 log(J′ + 1)}2−J′s0/2 < ∞. Since K ≥ K(0) = 6Qλ∗/γ∗ >

1, we have c∗ < 1 and m ≤ M. With 2k <
√

M, we obtain Ωk + d ∑a ΩaKa ≤ CEM, where
CE = Cgate + D. For i ∈ I− ∪ I+, by the lower bound on χi,a,q, the independence of the
digits under Lebesgue measure, and de−Ωa/2 = (b + 2)−2, we have∫

U×{1,2}
|w(ζi)|e−∑a,q Ωaχi,a,q dζi ≤ r+ ∏

a,q

1 + e−Ωa/2

2
≤ r+

R
exp

{
∑
b≥0

1
(b + 2)2

}
≤ er+

R
.

Each i with oi = 0 contributes at most 2r+, and each of x and y at most 2. Summing over
the R strings e∗, we obtain

∥Fε,o∥1 ≤ 4Au AvR eCE M
(er+

R

)M+2k
(2r+)j−M−2k ≤ 4Au Av(2er+)jR1−MeCE M,

which proves (6.20).

Proof of Lemma 6.2(d). Let I = [r− + δn, r+ − δn], so that ρI = ρn in the notation of

Lemma 4.1, with cI = r0, dI = hn, and ḡI =
√

r2
0 − h2

n ≤ r0. On the block with la-

bel ℓ, we have puv = Au AvσuσvS2ι2in/r and r = cI + dI cos(Θ + ϕ + (ℓ− 1)π). Since the
series (4.2) converges absolutely, multiplying it by cos(MΘ) and averaging over Θ with ξ

fixed keeps only its term of order M. We write EΘ for this average. Since M is even, we
obtain on both blocks

EΘ
cos(MΘ)

r
=

ρM
n cos(Mϕ)

ḡI
.
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By (5.2), and since Θ is independent of ξ, each of the B blocks has volume v0/B, and the
density parameters of all pairs have the same law, we obtain

(E+ − E−)
∫
[0,1]d

puv =
2v0Au AvρM

n
ḡI

E
[
S2

∫
U

ι2in cos(Mϕ)
]
.

By (6.6), cos(Mϕ) = 1 on U ◦. Since 0 ≤ ιin ≤ 1, (6.7) implies that the integral is at
least Iin − 2|U \ U ◦| ≥ Iin/2 in every realization. The expectation is therefore at least
(Iin/2)ES2 ≥ 9Iin/32, although S and ϕ are dependent. With ḡI ≤ r0, this gives (d) with
c2 = 9v0 Iin/(16r0).



section 7

Embedding and proof of the lower bounds

7.1 Embedding the priors in the generic model

We perturb π0 along scores that shift a, b by u/w, v/w (both by (u + v)/w in the diagonal
case). We apply Proposition 5.3 to the resulting finite affine law. The applications use
Proposition 7.1 with arbitrary density intervals and scores. As in the lower bounds of [49,
Sections 3–4], where the responses are binary, we use a finite response space whose
conditional laws are perturbed through the nuisance functions.

We write a finite-support law for Z as π0 = ∑m0
k=1 π0,kδzk , with every π0,k > 0, we let

w0, a0, b0 be as in (2.4), with w0 > 0, and we define r = (U − a0D, V − b0D)⊤, which has
mean zero under π0. We call bounded functions su, sv on the support of π0 scores for π0

if Eπ0su = Eπ0sv = 0 and either

Eπ0 [r(su, sv)] = Id, or U = V, su = sv, Eπ0 [(U − a0D)su] = 1, (7.1)

where Id is the 2 × 2 identity matrix. We call the second alternative the diagonal case; in
it we set rd = U − a0D, and we call the common score sd a diagonal score. If the residual
covariance Σ = Eπ0 [rr⊤] is positive definite, then (su, sv)⊤ = Σ−1r are scores. If U = V
and Eπ0r2

d > 0, then sd = rd/Eπ0r2
d is a diagonal score. Given scores, we define

πu,v({zk}) = π0,k{1 + usu(zk) + vsv(zk)}. (7.2)

These probabilities sum to one because the scores have mean zero, and, since the support
is finite, they are at least π0,k/2 when |u|+ |v| is below a fixed threshold. In the notation
of (5.1), we have qzk0 = π0,k, qzku = π0,ksu(zk), and qzkv = π0,ksv(zk).

Let (ℓa, ℓb) = (u, v), and (ℓa, ℓb) = (u + v, u + v) in the diagonal case, and let du =

Eπ0 [Dsu] and dv = Eπ0 [Dsv]. For every f , we have Eπu,v f = Eπ0 f + uEπ0 [ f su] + vEπ0 [ f sv].
By Eπ0r = 0 and (7.1), we obtain Eπu,vr = (ℓa, ℓb)

⊤; in the diagonal case, a0 = b0 and both
entries of r equal rd. As U = r1 + a0D and V = r2 + b0D, we find

w(u, v) = w0 + duu + dvv, Eπu,vU = a0w(u, v) + ℓa, Eπu,vV = b0w(u, v) + ℓb,
(7.3)

where w(u, v) = Eπu,v D. The regression ratios are therefore

a(u, v) = a0 +
ℓa

w(u, v)
, b(u, v) = b0 +

ℓb
w(u, v)

. (7.4)

58
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Suppose that X has density p and the response law at x is πu(x),v(x). With mU = Eπu,vU,
mV = Eπu,vV, and w = w(u, v), we have the identity

mUmV

w
= a0mV + b0mU − a0b0w +

(mU − a0w)(mV − b0w)

w
.

By (2.1) and (7.3), this identity implies that ψ(P) =
∫

pF(u, v), where

F(u, v) = Eπu,vW̃ + λ
ℓaℓb

w(u, v)
, W̃ = W + λ(a0V + b0U − a0b0D). (7.5)

The first term is affine in (u, v), and F is smooth on a fixed neighborhood of the origin
on which w(u, v) ≥ w0/2. Since ℓaℓb vanishes to second order at the origin, we have
Fuv(0, 0) = λ ∂u∂v(ℓaℓb)/w0, which is λ/w0 or 2λ/w0 in the diagonal case, and is nonzero.

Proposition 7.1 (Local lower bounds). Fix d, α, β with θ = (α + β)/d, a finite-support law
π0 for Z with w0 > 0, the functions D, U, V, W, and λ ̸= 0. Suppose that su, sv are scores for
π0, with α = β in the diagonal case, and let πu,v and F be as above. Fix 0 < r− < 1 < r+ and
ϵ > 0, and let τ be computed from [r−, r+] as in Section 5.2.

(a) Suppose that θ < 1/2. For all sufficiently large n there are two priors on laws P of
O = (X, Z), under which X has a C∞ density p and Z given X = x has law πu(x),v(x),
such that every realization satisfies (6.10), ∥u∥∞ ≤ Cn−α/d, ∥v∥∞ ≤ Cn−β/d (so that
∥u∥∞ + ∥v∥∞ = o(δn)), and, for every fixed smooth function K on a neighborhood N of
(0, 0), for all sufficiently large n depending on K,

K(0, v) = 0 on N =⇒ ∥K(u, v)∥Cα ≤ CKϵ,

K(u, 0) = 0 on N =⇒ ∥K(u, v)∥Cβ ≤ CKϵ,
(7.6)

where CK does not depend on ϵ or n. We call the laws under these priors the hard laws, and
we write Ph

n for their set. On these laws ψ(P) =
∫

pF(u, v). If P is a class that contains
Ph

n and T is a parameter with T(P) = ψ(P) + t∗ on Ph
n for a constant t∗, then there is

c > 0 such that, for all sufficiently large n,

inf
T̂

sup
P∈P

P{|T̂ − T(P)| ≥ c an log n} ≥ 3
8

, rn(T,P) ≥
√

3/8 c an log n,

with an = an(θ, τ). The infimum includes randomized estimators.
(b) For every u∗ in a neighborhood of zero, the laws Pt = Unif([0, 1]d)⊗ πu∗,t, for t near zero,

have ψ(Pt) = F(u∗, t). For every sufficiently small u∗ ̸= 0 there is c > 0, depending also on
u∗, such that, on every class P that contains Pt for all t in an interval about zero, a parameter
T with T(Pt) = ψ(Pt) + t∗ for a constant t∗ satisfies rn(T,P) ≥ cn−1/2 for all sufficiently
large n.

The constants may depend on the fixed quantities above and on ϵ.
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Proof. For (a), we apply Proposition 5.3 to the response law (7.2), which has the form
(5.1), with the integrand F and the interval [r−, r+]. Let M be as in that proposition, let
c∗ be the constant of Section 6.2, and let s0 = min(α, β). For all large n we have c∗M ≥ 1,
and we set

J =
⌊ log2(c∗M)

s0

⌋
≥ 0, m = 2Js0 , R = 2Jd,

so that 2−s0c∗M < m ≤ c∗M. Since s0 ≤ α, β, we have m = Rs0/d ≤ min(Ra∗ , Rb∗), and
log R = (d/s0) log m = O(log M). Let ϵu = ϵv = min(ϵ, 1). By Lemma 6.2(a), (c), and (d),
for all large n and every B ≥ n that is the dth power of an even integer, the priors of
Section 6 with these M, J, B, ϵu, and ϵv satisfy the hypotheses of Proposition 5.3, with
constants that do not depend on n or B. By Proposition 5.3, there exists such a B with
Au ≤ ϵuB−a∗ ≤ n−α/d and Av ≤ ϵvB−b∗ ≤ n−β/d, and the hard laws are the laws of
one observation under the realizations of the two priors for this B. By Lemma 6.2(a)
and (b), every realization satisfies (6.10), ∥u∥∞ ≤ Au/r−, and ∥v∥∞ ≤ Av/r−. Since
Au + Av → 0, the response probabilities are positive for all large n, and (6.12) implies
(7.6) for all large n depending on K, since ϵu, ϵv ≤ ϵ. Since n−min(α,β)/d(log n)2 → 0, we
have ∥u∥∞ + ∥v∥∞ = o(δn).

By (7.5), ψ(P) =
∫

pF(u, v) on the hard laws. We apply Proposition 5.3 to T − t∗,
whose estimation errors equal those of T, and this yields the threshold c1m2an in (5.10).
Since m > 2−s0c∗M and M ≥

√
θ(1 − 2θ) log n/τ − 1, we have

m2 ≥ 2−2s0−2c2
∗

θ(1 − 2θ)

τ
log n

for all large n, which gives the testing bound with the threshold c an log n for c =

2−2s0−2c2
∗θ(1 − 2θ)c1/τ. The mean squared error is at least the squared threshold times

the error probability, which gives the RMSE bound. With J = 0 in place of this choice, so
that m = R = 1, these bounds hold with an in place of an log n, by the same argument.

For (b), the constant perturbations u = u∗ and v = t, with p = 1, give the law Pt,
so that ψ(Pt) = F(u∗, t). Let φ(u) = Fv(u, 0). Since φ′(0) = Fuv(0, 0) ̸= 0, we have
φ(u∗) ̸= 0 for every sufficiently small u∗ ̸= 0, by continuity if φ(0) ̸= 0, and since
φ(u) = u{φ′(0) + o(1)} otherwise. Relative to P∗ = Unif([0, 1]d)⊗ π0, the law Pt has
the density 1 + u∗su(Z) + tsv(Z), which is at least 1/2 when |u∗|+ |t| is below a fixed
threshold and has the bounded slope sv(Z) in t. On an open interval about zero on which
Pt ∈ P , the map t 7→ T(Pt) = F(u∗, t) + t∗ has the derivative φ(u∗) ̸= 0 at t = 0. The
bound now follows from Lemma 5.1.

7.2 Localization

Every conditional moment of a hard law is affine in (u, v): EP[ f (Z) | X] = Eπ0 f +
uEπ0 [ f su] + vEπ0 [ f sv]. Every conditional-response nuisance used below, such as a condi-
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tional mean, a ratio of conditional means whose denominator is positive at the baseline,
a propensity, or its reciprocal, is therefore of the form KP(x) = K(u(x), v(x)) for a C∞

function K near the origin.

Lemma 7.2 (Localization and membership). Adopt the setting of Proposition 7.1. Let K be
a C∞ function on a neighborhood of (0, 0), let k0 = K(0, 0), and for a law P with perturbations
u, v let KP(x) = K(u(x), v(x)). Let γK = α if K(0, v) = k0 for all small v, let γK = β if
K(u, 0) = k0 for all small u, and let γK = min(α, β) otherwise. If both identities hold, either
value may be used. There is CK, independent of n and ϵ, such that, for all sufficiently large n,
every hard law P satisfies

∥KP − k0∥∞ ≤ CK(∥u∥∞ + ∥v∥∞) = o(δn), ∥KP − k0∥Ct ≤ CKϵ (0 < t ≤ γK),

and, if k0 > 0, also r−k0 ≤ pKP ≤ r+k0. For the laws Pt of Proposition 7.1(b), KPt is the constant
K(u∗, t), which tends to k0 as (u∗, t) → 0.

Consider finitely many conditions on (p, u, v) of the following three types, each with its own
C∞ function K and k0 = K(0, 0):

(H) ∥KP∥Ct ≤ H′, with 0 < t ≤ γK and |k0| < H′;
(I) k− ≤ KP ≤ k+, with k− < k0 < k+;

(W) g′− ≤ pKP ≤ g′+, with k0 > 0, g′− ≤ r−k0, and r+k0 ≤ g′+.

If ϵ is small enough, depending only on these conditions, then for all large n every hard law
satisfies all of them. Moreover, for every sufficiently small u∗, the laws Pt, which have p = 1,
satisfy all of them for t in an interval about zero; this assertion does not use θ < 1/2.

Proof. Shrinking the domain of K, we may assume that it is an open square N centered at
the origin, so that (u, 0) and (0, v) lie in N whenever (u, v) does, and that K is Lipschitz
on N with a constant CK. By Proposition 7.1(a), we have ∥u∥∞ + ∥v∥∞ ≤ Cn−min(α,β)/d =

o(δn), uniformly over the hard laws, which gives the bound in the supremum norm.
For the Hölder bounds, we write

K(u, v)− k0 = {K(u, v)− K(0, v)}+ {K(0, v)− k0}

on N. The first brace vanishes when u = 0, and the second when v = 0. By (7.6),
for all large n, their compositions with (u, v) have norms at most Cϵ in Cα and in Cβ,
respectively, where C does not depend on ϵ. If K(0, v) = k0, only the first brace remains,
which gives the bound in Cα. If K(u, 0) = k0, then K − k0 itself vanishes when v = 0, and
the bound in Cβ follows from (7.6). In general, both braces are bounded in Cmin(α,β), since
∥ f ∥Ct ≤ (1 + d)∥ f ∥Ct′ for 0 < t ≤ t′ and f on [0, 1]d. This follows from |x − y| ≤

√
d on

[0, 1]d and, if ⌈t⌉ < ⌈t′⌉, from the mean value theorem, which shows that the derivatives
of order ⌈t⌉ − 1 are Lipschitz with constant

√
d∥ f ∥Ct′ on the convex set [0, 1]d. Using the

same comparison and enlarging CK, we find that the bounds hold for every 0 < t ≤ γK.
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Let k0 > 0 and η = ∥KP − k0∥∞. Since η = o(δn), for all large n we have KP > 0 and
r+η ≤ k0δn, and (6.10) gives

pKP ≥ (r− + δn)(k0 − η) ≥ r−k0 + k0δn − r+η ≥ r−k0,

and in the same way pKP ≤ (r+ − δn)(k0 + η) ≤ r+k0 − k0δn + r+η ≤ r+k0.
Since a constant has Hölder norm equal to its absolute value, we obtain (H) from

∥KP∥Ct ≤ |k0|+ CKϵ ≤ H′, once CKϵ ≤ H′ − |k0|. The bound in the supremum norm
implies (I), and the bounds on pKP imply (W). For the laws Pt, we have p = 1 and
KPt = K(u∗, t), a constant. The three conditions hold strictly at (u∗, t) = (0, 0), for (W)
because g′− ≤ r−k0 < k0 < r+k0 ≤ g′+. By continuity, they hold for (u∗, t) near zero.

Proof of Theorem 2.3(b). Since the minimax risk and the minimax error probability do not
decrease when the class grows, it suffices to work on Pr(π0). We use the scores Σ−1r in
the positive definite case of (2.5), and the diagonal score rd/Eπ0r2

d in the diagonal case;
both exist by (2.5). Let r− = g−/w0 and r+ = g+/w0, so that 0 < r− < 1 < r+ by (2.5).
Since scaling both endpoints of an interval by the same factor leaves ρ unchanged, and
since a∗ + b∗ = θ, the τ and an of Proposition 7.1 are those of (2.7) and (2.9).

Under a hard law or a law Pt, the functions w, a, b of Section 2 are KP for the functions
w(u, v), a(u, v), b(u, v) of (7.3) and (7.4), with k0 = w0, a0, b0, and g = pw. Membership
in Pr(π0) consists of the conditions max(δ, w0 − r) ≤ w ≤ w0 + r, |a − a0| ≤ r, and
|b − b0| ≤ r, of type (I); g− ≤ pw ≤ g+, of type (W) with r±w0 = g±; and ∥a∥Cα ≤ H and
∥b∥Cβ ≤ H, of type (H). By (2.5), the baseline values satisfy the conditions of types (I) and
(H) strictly. For (H), we may take γK = α for a and γK = β for b, since a(0, v) = a0 and
b(u, 0) = b0 in the positive definite case, and α = β in the diagonal case. We fix ϵ as in
Lemma 7.2 for these conditions. Then, for all large n, every hard law belongs to Pr(π0),
and, for every sufficiently small u∗ ̸= 0, so does Pt for every t in an interval about zero.

If 0 < θ < 1/2, we apply Proposition 7.1(a) with P = Pr(π0), T = ψ, and t∗ = 0, and
we find c0 > 0 such that, for all large n, the minimax probability of an error of at least
c0an log n is at least 3/8, and rn(ψ,Pr(π0)) ≥

√
3/8 c0an log n. With c = c0/2, this gives

(2.11) and the lower bound in (2.13), since 3/8 ≥ 1/4 and
√

3/8 ≥ 1/2. For every θ > 0,
Proposition 7.1(b), with P = Pr(π0) and T = ψ, implies that there exists c′ > 0 such that
rn(ψ,Pr(π0)) ≥ c′n−1/2 for all large n, which is the lower bound in (2.12) when θ ≥ 1/2.
For θ ≥ 1/2, we take c = c′ and the threshold of the root-n argument. For 0 < θ < 1/2,
we take c = min{c0/2, c′} and the larger of the two thresholds for n. This gives all the
assertions.



section 8

Conclusion

First, when s < d/4, the bounds of Theorem 2.3 differ by the factor (log n)ν/2−3/4, which
is (log n)1/4 when 0 < α, β ≤ 1. In the estimator, the factor (log n)1/4 comes from the
number of resolutions near the dominant one (Section 1.3). Each of our lower-bound
constructions, in contrast, places its bumps at a single resolution. Closing this gap would
determine the minimax rate up to constants. The power of log n is also left open in [46].

Second, our estimator uses α, β, the bounds g−, g+, and the remaining class param-
eters. McClean et al. [43] and Park [46, Corollary 1] attain the rough-design exponent
for the expected conditional covariance without knowing the nuisance smoothness, and
adaptive results for related functionals under smooth density assumptions were obtained
in [39]. Park also reports an estimator that does not use α, β and attains his upper bound
up to a larger power of log n, uniformly over smoothness indices in a known compact
subset of {α + β < d/2} [46, Section 3.4]. This estimator is analyzed in Theorem S13
of the supplement of [46]. For the general class, it is open whether the upper bound of
Theorem 2.3, including the correction, can be attained without knowledge of α, β. In the
setting of [46], it is open whether this is possible without the larger power of log n.

Third, minimax rates remain unresolved when g belongs to a Hölder class of positive
smoothness that fails the condition stated before (1.1). Park [46, Section 6.2] bounds the
risk of his selected estimator of the expected conditional covariance at each fixed Hölder
density, and he notes that this is not a minimax result over a class of smooth densities.
The question of how the minimax rate depends on the smoothness of the covariate density
is also described as open in [76, Remark 5]. When the two nuisance functions have equal
smoothness indices, the conjecture following equation (1.3) of Robins et al. [48] addresses
this case; our results confirm the exponent it suggests in the rough-design limit.
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appendix a

Reductions

Most targets of Section 3 are related to a target of Theorem 2.3 through an observable
mean, a Lipschitz map, or a transformation of the data that does not depend on the
unknown law. We record the lower-bound constructions and these three reductions.

A.1 Hard laws

Definition A.1 (Hardness). Let Pn be classes of laws of one observation, let T be a real
parameter defined on each Pn, and let tn > 0. We say that T is hard at scale tn on (Pn) if

lim inf
n→∞

inf
T̂

sup
P∈Pn

PP{|T̂ − T(P)| ≥ tn} ≥ 3
8

,

where, for each n, the infimum is over all estimators, including randomized ones, based
on n independent observations.

Hardness at scale tn implies hardness at scale ctn for every fixed c ∈ (0, 1], and on
every sequence of classes P ′

n ⊇ Pn.

Lemma A.2 (From hardness to risk). Let T be hard at scale tn on (Pn) and a real parameter
on a class P . Suppose that Pn ⊆ P for all large n. Then, for all large n,

inf
T̂

sup
P∈P

PP{|T̂ − T(P)| ≥ tn} ≥ 1
4

, rn(T,P) ≥ tn

2
. (A.1)

The infimum includes randomized estimators. In particular, if 0 < θ < 1/2 and tn = c1an(θ, τI)

for a fixed c1 > 0 and an interval I as in Definition 3.1, then (T,P) satisfies the lower bracket
(θ, I) with c = c1/2.

Proof. By the lim inf bound, the minimax probability is at least 1/4 over Pn, and hence
over P ⊇ Pn, for all large n. For every estimator, we have supP∈P EP(T̂ − T(P))2 ≥
t2
n supP∈P PP{|T̂−T(P)| ≥ tn}, which gives the RMSE bound and, with tn = c1an = 2c an,

the lower bracket.

We fix the inputs of Proposition 7.1: a finite-support law π0 for the response, the
functions D, U, V, W and λ, scores for π0 (in the diagonal case, one function sd with
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Eπ0sd = 0 and Eπ0 [(U − a0D)sd] = 1, used for both perturbations), smoothness indices
α, β with θ = (α + β)/d < 1/2, an interval [r−, r+] with 0 < r− < 1 < r+, and ϵ > 0. By
Proposition 7.1(a), there exists a fixed c1 > 0 such that, for every constant t∗, the parameter
ψ + t∗ is hard at scale c1an(θ, τ) log n on the hard laws (Ph

n ), where τ is computed from
[r−, r+] and ψ is the target of Section 2 for (D, U, V, W, λ). On a hard law, the response
law at x is the perturbation of π0 by (u(x), v(x)), and ∥u∥∞ ≤ Cn−α/d, ∥v∥∞ ≤ Cn−β/d.
For a fixed finite family of restrictions of the types (H), (I), and (W) of Lemma 7.2, we
take ϵ sufficiently small. Then, by that lemma, every hard law satisfies them for all large
n, and the laws Pt of Proposition 7.1(b) satisfy them for every sufficiently small u∗ and
all t in an interval about zero. The reductions preserve hardness, and the lower brackets
on the classes of Section 3 follow from Lemma A.2.

A.2 Three reductions

Let h be a bounded measurable map from the observation space into Rk, with k ≥ 0,
and write µ(P) = EPh(O). Let R be a compact rectangle that contains µ(P) for every
law P that we consider, and let b2

h = supP EP∥h(O)− µ(P)∥2
2. When k = 0, the terms

with h and µ are absent and bh = 0. Let I1, . . . , Im be compact intervals. A map Φ on
I1 × · · · × Im ×R is L-Lipschitz if it is Lipschitz with constant L ≥ 1 for the sum of the
absolute differences of the real arguments plus the Euclidean distance in R.

Lemma A.3 (Reductions).

(a) (Combination.) Suppose that T1, . . . , Tm are real parameters on a class P with Ti(P) ∈ Ii,
and that T0(P) = Φ(T1(P), . . . , Tm(P), µ(P)) for all P ∈ P , where Φ is L-Lipschitz. Then,
for every n ≥ 1,

rn(T0,P) ≤ L
m

∑
i=1

rn(Ti,P) + L bh n−1/2.

(b) (Reverse relations.) Let m = 1, let P ′ be a class, and suppose that T0(P) ∈ I1 and

|T1(P)− Φ(T0(P), µ(P))| ≤ e (P ∈ P ′), (A.2)

where Φ is L-Lipschitz and e ≥ 0. Then, for every n ≥ 1 and every t > 0 with t ≥ 2e,

rn(T1,P ′) ≤ Lrn(T0,P ′) + L bh n−1/2 + e, (A.3)

inf
T̂0

sup
P∈P ′

PP

{
|T̂0 − T0(P)| ≥ t

4L

}
≥ inf

T̂1

sup
P∈P ′

PP{|T̂1 − T1(P)| ≥ t} −
16L2b2

h
nt2 . (A.4)

Consequently, suppose that for all large n these hypotheses hold with P ′ = P ′
n and e = en ≤

tn/2, where h, R, I1, and Φ do not depend on n. If T1 is hard at scale tn on (P ′
n), and if

k = 0 or nt2
n → ∞, then T0 is hard at scale tn/(4L) on (P ′

n).
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(c) (Kernels.) Let K be a Markov kernel from the observation space of a class P0 to that of a class
P1 that does not depend on the unknown law, and let KP be the law of the output when the
input has law P. Suppose that KP ∈ P1 and T1(KP) = T0(P) for every P ∈ P0. Then, for
every n ≥ 1 and t > 0,

inf
T̂0

sup
P∈P0

PP{|T̂0 − T0(P)| ≥ t} ≤ inf
T̂1

sup
Q∈P1

PQ{|T̂1 − T1(Q)| ≥ t},

and rn(T0,P0) ≤ rn(T1,P1). In particular, upper bounds for T1 on P1 hold for T0 on P0,
lower bounds and probability bounds for T0 on P0 hold for T1 on P1, and if T0 is hard at
scale tn on (P0,n), then T1 is hard at scale tn on (KP0,n).

Proof. Let µ̂ be the coordinatewise projection onto R of the empirical mean of
h(O1), . . . , h(On), and let Πi be the projection onto Ii. Since these projections do not
increase distance to points of R and Ii, we have EP∥µ̂− µ(P)∥2

2 ≤ b2
h/n. Suppose that real

parameters S, S1, . . . , Sm satisfy Si(P) ∈ Ii and |S(P) − Φ(S1(P), . . . , Sm(P), µ(P))| ≤ e.
Given estimators Ŝi, the estimator Ŝ = Φ(Π1Ŝ1, . . . , ΠmŜm, µ̂) satisfies

|Ŝ − S(P)| ≤ L
{ m

∑
i=1

|Ŝi − Si(P)|+ ∥µ̂ − µ(P)∥2

}
+ e.

With S = T0, Si = Ti, and e = 0, (a) follows from Minkowski’s inequality in L2(Pn) by
taking suprema and infima, without independence between estimators. With m = 1,
S = T1, and S1 = T0, the same argument on P ′ proves (A.3). If moreover |Ŝ − T1(P)| ≥
t ≥ 2e, the display implies that |T̂0 − T0(P)| ≥ t/(4L) or ∥µ̂ − µ(P)∥2 ≥ t/(4L), and by
Chebyshev’s inequality the latter event has probability at most 16L2b2

h/(nt2). Since Ŝ is an
estimator of T1, (A.4) follows by taking the supremum over P ∈ P ′ and then the infimum
over T̂0. Applying it with t = tn and taking the lim inf gives the hardness assertion, since
the error term vanishes when k = 0 and otherwise tends to zero by assumption.

For (c), we apply K independently to the n observations, with randomness inde-
pendent of the sample, and evaluate T̂1 on the outputs. Since, under P, the outputs
have law (KP)n and T1(KP) = T0(P), the resulting error has the law of the error of
T̂1 under KP ∈ P1. The suprema and infima give both inequalities and the remaining
assertions.

Lemma A.3(c) is the elementary direction of Le Cam’s comparison of experiments by
randomization [32, Chapter 2]: an experiment is at least as informative as its image under
a Markov kernel that does not depend on the unknown law. Composing an estimator for
the image with the kernel, we obtain an estimator whose error has the same law. This
gives both the inequality for error probabilities and the inequality for risks.

For a ratio we use (a) with Φ(x, y) = x/y on [−C0, C0]× [δD, C0], which is L-Lipschitz
with L = max{1, δ−1

D , C0δ−2
D }, since |x/y − x′/y′| ≤ |x − x′|/δD + C0|y − y′|/δ2

D. A target
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that differs from another by a sign and an additive constant has the same estimation
errors, so that all bounds transfer between the two.

Remark A.4 (Combining rates). For fixed τ and ν, and 0 < θ < 1/2, we have an(θ, τ, ν) =

n−θeO(
√

log n), since (log n)c = eo(
√

log n) for every fixed c. Hence, if θ1 < min(θ2, 1/2),
then an(θ2, τ, ν2) + n−1/2 = o(an(θ1, τ, ν1)), and if θ1 = θ2 and ν1 ≤ ν2, then an(θ1, τ, ν1) ≤
an(θ2, τ, ν2). For θ ≥ 1/2 all these rates are n−1/2. It follows from Lemma A.3(a) that if
each (Ti,P) satisfies the upper bracket (θi, I, νi) with a common interval I, then (T0,P)

satisfies the upper bracket (θ, I, ν) with θ = mini θi and ν = max{νi : θi = θ}.



appendix b

Missing-data means and treatment effects

The treatment effects inherit lower bounds below the threshold from one MAR family
through a kernel with the observed regression in one arm and the constant 1/2 in the
other. Their arm means inherit upper bounds for the MAR mean by keeping one arm.

B.1 The MAR family and two maps

We take Z = (R, RY) with R, Y ∈ {0, 1} and (D, U, V, W, λ) = (R, 1, RY, 0, 1), and
we let π0 give (R, RY) = (0, 0), (1, 0), (1, 1) the probabilities 1/2, 1/4, 1/4. Then
(w0, a0, b0) = (1/2, 2, 1/2), and the residual r = (1 − 2R, RY − R/2)⊤ takes the
values (1, 0), (−1,−1/2), and (−1, 1/2) at the three support points, so that Σ =

Covπ0(r) = diag(1, 1/8). Since Σ is positive definite, the functions (su, sv)⊤ = Σ−1r =

(1 − 2R, 8RY − 4R)⊤ are scores for π0, as in Section 7.1. The perturbed response law
πu,v({z}) = π0({z}){1 + usu(z) + vsv(z)} is

P(R = 0 | X) =
1 + u

2
,

P(R = 1, Y = 0 | X) =
1 − u

4
− v, P(R = 1, Y = 1 | X) =

1 − u
4

+ v,
(B.1)

so that

w =
1 − u

2
,

1
w

=
2

1 − u
,

1
1 − w

=
2

1 + u
, b =

1
2
+

2v
1 − u

, (B.2)

and ψ(P) =
∫

abg = EP[b(X)] is the MAR mean. These observed laws are those of
full-data laws in which Y is Bernoulli with mean b(X) and independent of R given X.
The lower bound for the missing-data mean in [49, Section 3] uses binary models of this
kind.

For indices (α, β′) with (α + β′)/d < 1/2 and an interval [r−, r+] with 0 < r− < 1 <

r+, we call the hard laws of Appendix A.1 for this π0 and these scores the MAR family.
The MAR mean is hard on it at scale c1an((α + β′)/d, τ), with τ computed from [r−, r+].
In the notation of Lemma 7.2, the functions w, 1 − w, 1/w, and 1/(1 − w) are of the form
KP with K(0, v) constant, so that γK = α, and b is of the form KP with K(u, 0) = 1/2, so
that γK = β′.

For j ∈ {0, 1}, the map that keeps arm j sends (X, A, Y) to (X, R, RY) with R = 1{A=j}.
If the input has law P, then the output has covariate density p, observation probability
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wj, and regression bj, so that its MAR mean is µj(P). The kernel Kj sends (X, R, RY) to
(X, A, Y′) with

A = R if j = 1, A = 1 − R if j = 0, Y′ = RY + (1 − R)ξ,

where ξ ∼ Bernoulli(1/2) is drawn independently. If the input has covariate density
p, observation probability w, and regression b, then the output has covariate density p,
P(A = j | X) = w, P(A = 1 − j | X) = 1 − w, E[Y′ | A = j, X] = b, and E[Y′ | A =

1 − j, X] = 1/2. In particular, µj(KjP) is the MAR mean of P, µ1−j(KjP) = 1/2, and

µj(KjP) =
1
2
+ (2j − 1) TATE(KjP). (B.3)

If w and b are constant and p = 1, then all regressions of KjP are constant, and

TATE(KjP) = TATT(KjP) = TATU(KjP) = (2j − 1)
(

ψ(P)− 1
2

)
. (B.4)

On every law of treatment observations, we write pA = EP A. Since EPY − µ0 =∫
w(b1 − b0)p = pATATT, and similarly for the ATU, we have

TATT =
EPY − µ0

pA
, µ0 = EPY − pATATT,

TATU =
µ1 − EPY

1 − pA
, µ1 = EPY + (1 − pA)TATU.

(B.5)

On Tη and T sep, the overlap condition implies that pA ∈ [η, 1 − η] and pA ∈ [ϵ, 1 − ϵ],
respectively. With h(O) = (Y, A) and R = [0, 1]× [η, 1 − η] or [0, 1]× [ϵ, 1 − ϵ], the maps
on the left of (B.5) are Lipschitz on [0, 1]×R, as functions of µj and (EPY, pA), and those
on the right are Lipschitz on [−1, 1]×R, as functions of the effect and (EPY, pA).

B.2 A fixed-accuracy pilot

The model Msep bounds g = wp only by ϵp− and (1 − ϵ)p+. We divide the responses
by a pilot estimate ŵ of w from an independent half of the sample. Estimating nuisance
functions on a separate subsample is standard in this literature; see the training samples
of [48] and the cross-fitting of [45]. Let W = { f ∈ Hα(H0) : ϵ ≤ f ≤ 1 − ϵ}.

Lemma B.1 (A fixed-accuracy pilot). Fix d, α, H0, 0 < ϵ < 1/2, p− > 0, and ζ0 ∈ (0, 1).
There are H1 < ∞, c > 0, and, for each n1 ≥ 1, a map ŵ from n1 observations of (X, R) to C∞

functions on [0, 1]d, such that (x, data) 7→ ŵ(x) is measurable, ϵ ≤ ŵ ≤ 1 − ϵ, ∥ŵ∥Cα ≤ H1,
and

PP{∥ŵ − w∥∞ > ζ0} ≤ c−1e−cn1

for every law of (X, R) such that R ∈ {0, 1}, the covariate density is at least p−, and w = E[R |
X] ∈ W .
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Proof. Let γ = min(α, 1) and C0 =
√

d H0. Every f ∈ W satisfies | f (x) − f (y)| ≤
C0∥x − y∥γ

2 , by its Hölder bound if α ≤ 1 and its gradient bound if α > 1. We fix
an integer k with C0(2

√
d/k)γ ≤ ζ0/4, we partition [0, 1]d into kd congruent cubes Q,

and we let Q+ be the set of points of [0, 1]d at ℓ∞-distance at most 1/(2k) from Q, so
that diam Q+ ≤ 2

√
d/k. We fix a C∞ partition of unity (φQ) of [0, 1]d with φQ ≥ 0

and supp φQ ⊆ Q+; for instance, products of one-dimensional ones. Let NQ be the
number of observations with Xi ∈ Q, let w̃Q be the average of their Ri, with w̃Q = 1/2 if
NQ = 0, let ŵQ be w̃Q clipped to [ϵ, 1− ϵ], and let ŵ = ∑Q ŵQ φQ. Then ŵ is C∞, depends
measurably on the data, takes values in [ϵ, 1 − ϵ] as a convex combination, and satisfies
∥ŵ∥Cα ≤ H1 = ∑Q ∥φQ∥Cα , which depends only on k, d, and α.

Let πQ = P(X ∈ Q) ≥ p−k−d and mQ = E[R | X ∈ Q]. Since mQ averages w over
Q, we have mQ ∈ [ϵ, 1 − ϵ] and |mQ − w(x)| ≤ ζ0/4 for x ∈ Q+. Since clipping does not
increase |w̃Q − mQ|, and φQ(x) = 0 unless x ∈ Q+, we have

∥ŵ − w∥∞ ≤ max
Q

|w̃Q − mQ|+ ζ0/4.

Conditionally on NQ = s ≥ 1, the sum of the Ri with Xi ∈ Q is Binomial(s, mQ), and
Hoeffding’s inequality [20, Theorem 1] implies that P{|w̃Q − mQ| > ζ0/2 | NQ = s} ≤
2e−sζ2

0/2, a bound that also holds for s = 0. Since NQ ∼ Binomial(n1, πQ), we obtain

P{|w̃Q − mQ| > ζ0/2} ≤ 2
(
1 − πQ + πQe−ζ2

0/2)n1 ≤ 2e−n1πQ(1−e−ζ2
0/2).

A union bound over the kd cells gives P{∥ŵ − w∥∞ > ζ0} ≤ 2kde−n1 p−k−d(1−e−ζ2
0/2), which

is at most c−1e−cn1 for a suitable c > 0.

Proof of the upper bracket on Msep. We fix ζ ∈ (0, 1), and we let θ = (α + β)/d and ν =

qα + qβ. We apply Lemma B.1 with ζ0 = ζϵ to the first n1 = ⌊n/2⌋ observations.
Conditionally on these, the remaining N = n − n1 observations are independent with
law P, and we use them with the observables

D′ =
R

ŵ(X)
, U′ = 1, V′ =

RY
ŵ(X)

, W ′ = 0, λ′ = 1,

which depend on X, as the assertions stated before the proof of Theorem 2.3(a) in
Section 4.4 allow. These are bounded by M′

0 = ϵ−1, and

w′ =
w
ŵ

≥ ϵ

1 − ϵ
, a′ =

ŵ
w

, b′ = b, g′ =
pw
ŵ

,
∫

a′b′g′ =
∫

bp.

Since ŵ ∈ Hα(H1) and w ∈ W , the function a′ = ŵ · (1/w) lies in a ball Hα(H2), with H2

depending only on d, α, H0, H1, ϵ. Indeed, by the Leibniz and chain rules, each derivative
of a′ of order at most ⌈α⌉ − 1 is a polynomial in the derivatives of ŵ and w of these orders
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and in 1/w ≤ ϵ−1, and each factor is bounded and Hölder continuous with exponent
α − ⌈α⌉+ 1. On the event A = {∥ŵ − w∥∞ ≤ ζϵ}, we have |w/ŵ − 1| ≤ ζ, hence g′ ∈ Iζ .

Conditionally on a pilot outcome in A, the remaining observations have law in P(α, β)

for (D′, U′, V′, W ′, λ′) with the constants M′
0, δ′ = ϵ/(1 − ϵ), H′ = max(H0, H2), and

[g−, g+] = Iζ , and its target is the MAR mean. We let ψ̂ be the estimator of Theorem 2.3(a)
from Section 4.4, applied with these constants and ŵ to the last N observations and
clipped to [0, 1]. Its tuning depends only on these constants, so that ψ̂ is measurable, and
on A its conditional mean squared error is at most C aN(θ, τIζ

, ν)2, with C independent
of the pilot. Since its squared error is at most one off A, its mean squared error is at
most C aN(θ, τIζ

, ν)2 + c−1e−cn1 . Since n/2 ≤ N ≤ n, the factors N−θ, the powers of

log N, and e−κ
√

log N differ from their values at n by bounded factors, the last because√
log n −

√
log N ≤ log 2/

√
log N. We conclude that aN ≤ C′an. Since e−cn1 = o(n−1)

and n−1/2 ≤ an for large n, we obtain rn(ψ,Msep) ≤ Cζ an(θ, τIζ
, ν).

B.3 Proof of Corollary 3.2 for these targets

Upper bounds. We take the choices of Section 3.1, with the response space {(0, 0)} ∪
({1} × [0, 1]), M0 = 1, δ = η, and [g−, g+] = [η, η−1]. Then Mη(α, β, H) ⊆ P(α, β), and
Theorem 2.3(a) implies the upper bracket for the MAR mean on Mη. The upper bracket
on Msep with Iζ , for every H0 > 1, was proved in Appendix B.2. The map that keeps arm
j sends Tη(α, β0, β1, H) into Mη(α, β j, H), since its output has observation probability
wj with η ≤ wj ≤ 1 − η, 1/wj = aj ∈ Hα(H), and η ≤ wj p = gj ≤ η−1, and regression
bj ∈ Hβ j(H). It sends T sep into the class Msep with indices (α, β j) and radius H0 + 1,
since ϵ ≤ 1 − w ≤ 1 − ϵ and ∥1 − w∥Cα ≤ 1 + ∥w∥Cα . Since the MAR mean of the output
is µj, Lemma A.3(c) shows that µj satisfies the upper bracket ((α + β j)/d, I, qα + qβ j) on
Tη, with I = [η, η−1], and on T sep with Iζ . Lemma A.3(a), applied to TATE = µ1 − µ0 and
to the relations on the left of (B.5), together with Remark A.4, gives the upper brackets of
the three effects with the indices (3.7) and ν = qα + qβ∗ .

Lower bounds. We treat two cases at once. In the first, M = Mη, T = Tη, I = [η, η−1],
and [r−, r+] = [2η, 2η−1]. In the second, M = Msep, T = T sep, and I = [r−, r+] =
[p−, p+]. Then r− < 1 < r+, since η < 1/4 or by (3.3), and since ρ depends only on
r+/r−, the value of τ computed from [r−, r+] is τI . For the MAR mean, let β′ = β and
j = 1. For the effects, let β′ = β j, where β j = min(β0, β1) for the ATE, j = 0 for the
ATT, and j = 1 for the ATU, so that s = (α + β′)/2 by (3.7). If P is a law of missing-data
observations with Y ∈ {0, 1}, then KjP has propensity w or 1 − w, regression b in arm j
and the constant 1/2 in the other arm, outcomes in {0, 1}, and covariate density p. Since
the constant 1/2 lies in every Hölder ball of radius H0 or H, the law P lies in M, with β′

in place of β, and KjP lies in T , if 1/w, 1/(1 − w) ∈ Hα(H), b ∈ Hβ′(H), η ≤ w ≤ 1 − η,
and η ≤ wp, (1 − w)p ≤ η−1 in the first case, and if w, 1 − w ∈ Hα(H0), b ∈ Hβ′(H0),
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ϵ ≤ w ≤ 1 − ϵ, and p− ≤ p ≤ p+ in the second. By the paragraph that defines the MAR
family, these are conditions of the types (H), (I), and (W) of Lemma 7.2, for functions
K with k0 = 2 or k0 = 1/2, or with K ≡ 1 for the density. Their hypotheses hold, since
2 < H, 1/2 < H0, η < 1/2 < 1 − η, ϵ < 1/2 < 1 − ϵ, and r±/2 = η∓1 in the first case
and r± = p± in the second.

Suppose first that s < d/4. By Lemma 7.2, applied with a small enough fixed value
of the input ϵ of Proposition 7.1 (not the overlap bound of T sep), the MAR family with
indices (α, β′) and the interval [r−, r+] lies in M, and its image P ′

n = KjPh
n lies in T , for

all large n. Let θ = 2s/d and let tn = c1an(θ, τI) be the scale at which the MAR mean is
hard on the MAR family. For the MAR mean, Lemma A.2 gives the lower bracket on M.
For the effects, Lemma A.3(c) shows that µj is hard at scale tn on (P ′

n). By (B.3), TATE

differs from µj on P ′
n by a sign and an additive constant, so that it is also hard at scale tn.

For the ATT and the ATU, we apply Lemma A.3(b), with h(O) = (Y, A), to the relations
for µ0 and µ1 on the right of (B.5). Here nt2

n → ∞, because

log(nt2
n) = (1 − 2θ) log n − 2κ

√
log n + (θ + 2) log log n + 2 log c1,

so that the target is hard at scale tn/(4L) on (P ′
n). In each case, the lower bracket on T

follows from Lemma A.2.
If s ≥ d/4, we use the laws Qt under which X is uniform on [0, 1]d and independent

of Z ∼ πu,v with (u, v) = (0, t/2), for |t| < 1/8. They have p = 1 and the constant
functions w = 1/2 and b = 1/2 + t, so that they satisfy the conditions above, Qt ∈ M,
KjQt ∈ T , and the MAR mean is ψ(Qt) = 1/2 + t. The density of Qt with respect to
Q0 is 1 + tsv(Z)/2, which is affine in t and at least 3/4, and Lemma 5.1 implies that
rn(ψ,M) ≥ cn−1/2. By (B.4), each effect T of KjQt equals (2j − 1)t, and Lemma A.3(c),
applied to the target (2j − 1)T + 1/2 on T , gives rn(T, T ) ≥ cn−1/2.

For the MAR mean on Mη, the lower bracket also holds on every class between a
localized class Pr(π0) and Mη, by Theorem 2.3(b). The baseline π0 satisfies (2.5): Σ is
positive definite, and 0 < η < 1/4 and H > 2 give max{δ, g−} = η < w0 = 1/2 < η−1 =

g+, |a0| = 2 < H, and |b0| = 1/2 < H. We have Pr(π0) ⊆ Mη whenever 0 < r < 1/2− η,
since w ≤ 1/2 + r < 1 − η on Pr(π0).

The logarithmic asymptotics. Let P be Msep or T sep, let s < d/4 and θ = 2s/d, and
let κζ be the κ of (2.9) computed from τIζ

. Since log an(θ, τ) = −θ log n − κ
√

log n +

(θ/2) log log n, the lower bracket with [p−, p+] and the upper bracket with Iζ imply that

−κp(θ) ≤ lim inf
n→∞

log rn + θ log n√
log n

≤ lim sup
n→∞

log rn + θ log n√
log n

≤ −κζ .

As ζ → 0, we have ρIζ
→ ρ[p−,p+], hence τIζ

→ τp and κζ → κp(θ), which gives (3.4).



appendix c

Conditional covariances and variances

Bilinear and quadratic targets. We apply Theorem 2.3 with D = 1, M0 = 1, H = H0,
[g−, g+] = [p−, p+], and δ = 1/2, with (W, λ) = (0, 1) for EP[mUmV ] and Q2, and
(W, λ) = (UV,−1) for EP[CovP(U, V | X)] and σ̄2. Then w = 1, a = mU, b = mV , and
g = p, so that the generic class is Pbil(α, β), or Pquad(s) when U = V = Y and α = β = s.
If U, V are independent Rademacher variables, then (w0, a0, b0) = (1, 0, 0), the residual
covariance in (2.5) is the identity, and the strict inequalities there follow from (3.3) and
H0 > 1. A Rademacher variable Y satisfies the diagonal alternative with residual variance
one. This gives the brackets of these four targets.

Upper brackets. We write mj = EP[Y j] for j = 1, 2. For a fixed known measurable f0

with B0 = ∥ f0∥∞ < ∞, we set ℓ0 = EP[ f0(X)2 − 2Y f0(X)] and E f0 = EP[( f (X)− f0(X))2].
Since EP[Y f0(X)] = EP[ f (X) f0(X)], we have

E∗ = Q2 − m2
1, R2

∗ =
Q2 − m2

1
max{m2 − m2

1, vmin}
, E f0 = Q2 + ℓ0,

where the middle identity holds on Pquad(s; vmin). In Lemma A.3, we use h(O) = (Y, Y2),
with R = [−1, 1] × [0, 1], for E∗ and R2

∗, and h(O) = f0(X)2 − 2Y f0(X), with R =

[−B2
0 − 2B0, B2

0 + 2B0], for E f0 . Since the denominator is at least vmin, the three maps are
Lipschitz on [0, 1]×R. By the bracket of Q2 and Lemma A.3(a), the three targets satisfy
the upper bracket (2s/d, [p−, p+], 2qs) on their classes.

Lower brackets below the threshold. Let s < d/4. We use the hard laws of Appendix A.1
in the diagonal case, with Rademacher baseline, (D, U, V, W, λ) = (1, Y, Y, 0, 1), sd = Y,
indices (s, s), and [r−, r+] = [p−, p+]. Then P(Y = y | X) = {1 + y(u + v)}/2, f = u + v,
and the target is Q2. The conditions of Pquad(s) are of type (H) for K = u + v, with k0 = 0
and γK = s, and of type (W) for K ≡ 1. By Lemma 7.2, for a suitable fixed ϵ, the hard laws
Ph

n lie in Pquad(s) for all large n. Since Y2 = 1 and |EPY| ≤ ∥u + v∥∞ ≤ Cn−s/d, they
also lie in Pquad(s; vmin) for all large n. On them Q2 is hard at scale tn = c1an(2s/d, τp),
and nt2

n → ∞. The exact inverse relations Q2 = E∗ + m2
1 = (m2 − m2

1)R2
∗ + m2

1 = E f0 − ℓ0

are L-Lipschitz on I1 × R, with L = 2,
√

5, 1, where I1 = [0, 1] for E∗ and R2
∗ and

I1 = [0, (1 + B0)
2] for E f0 . By Lemma A.3(b), with T1 = Q2 and en = 0, the three targets

are hard on (Ph
n ) at scale tn/(4L), and their lower brackets follow from Lemma A.2.

Root-n lower bounds. We fix φ = η sin(2πx1), where η > 0 depends only on s, H0 and
satisfies ∥φ∥Cs ≤ H0 and ∥φ∥∞ ≤ 1/2. Let Pt have p = 1 and Pt(Y = y | X) = {1 +
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ytφ(X)}/2 for |t| < 1. These laws lie in Pquad(s; vmin), with EPtY = 0 and VarPt(Y) = 1.
We set Aφ =

∫
φ2 > 0 and Bφ =

∫
φ f0. Then E∗(Pt) = R2

∗(Pt) = t2Aφ and E f0(Pt) =

t2Aφ − 2tBφ +
∫

f 2
0 . Since the excess-loss derivatives at t = 1/4 and t = 1/2 differ by

Aφ/2, at one of these points their absolute value is at least Aφ/4; the derivatives of E∗
and R2

∗ there are at least Aφ/2. The densities relative to the law with uniform design and
Rademacher response are 1 + tYφ(X) ≥ 1/2, with bounded slope. Lemma 5.1 yields the
root-n lower bounds for all three targets. Only the constants for E f0 may also depend on
B0.

The trial. The map (X, A, Yobs) 7→ (X, (2A − 1)(2Yobs − 1)) sends the trial class into
Pquad(s), since its response lies in [−1, 1] and its conditional mean is f . Conversely, we
draw an independent A ∼ Bernoulli(1/2) and map (X, Y) to (X, A, {1 + (2A − 1)Y}/2).
Since the outcome lies in [0, 1] and its arm means are (1± f )/2, this kernel sends Pquad(s)
into the trial class. Both kernels preserve p, f , and the two targets. Lemma A.3(c) transfers
the upper bounds along the first kernel and the lower and probability bounds along the
second.



appendix d

Wald ratios and the overlap-weighted effect

We recall the causal interpretations of the targets of Section 3.3 and prove Corollary 3.2.
The interpretations use identification assumptions; the classes restrict observed laws.

D.1 Wald ratios

Example D.1 (Wald ratio). Let A(z) and Y(a) denote potential treatments and outcomes,
and suppose that A = A(Z) and Y = Y(A). If Z ⊥ (A(0), A(1), Y(0), Y(1)) | X and
A(1) ≥ A(0), then TW is the complier average treatment effect E[Y(1)− Y(0) | A(1) >
A(0)], the local average treatment effect of [2, 21], in the form with covariates given
in [11, 16]. Its numerator and denominator are average effects of the instrument, that is,
differences of two MAR means.

Example D.2 (Average conditional Wald ratio). Suppose that P(Z = 1 | X) = 1/2
and A ≤ Z, so that the instrument is assigned with equal probability and treatment is
unavailable when Z = 0. Under the assumptions of Example D.1, b(X) is the conditional
complier effect. If also E[Y(1)− Y(0) | X, A(1)] = E[Y(1)− Y(0) | X], which says that
the covariates account for differences in mean effects between compliers and never-takers,
then TCW is the ATE; see [70, Theorem 1 and the following discussion]. The two Wald
targets differ in general, since TW averages b(X) with weights proportional to q(X).

Proof of Corollary 3.2 for the Wald ratios. Wald ratio. We write N = EP[∆Y(X)] ∈ [−1, 1]
and D = EP[∆A(X)] ∈ [cW , 1]. With the instrument as the treatment, the deterministic
maps (X, Z, A, Y) 7→ (X, Z, Y) and (X, Z, A, Y) 7→ (X, Z, A) send Iη,cW (α, β, H) into
Tη(α, β, β, H), and the ATEs of the images are N and D. By Corollary 3.2 for the ATE on
Tη(α, β, β, H) and Lemma A.3(c), both satisfy the upper bracket ((α + β)/d, [η, η−1], qα +

qβ) on Iη,cW (α, β, H), and applying Lemma A.3(a) to the ratio, with C0 = 1 and δD = cW ,
together with Remark A.4, we obtain the upper bracket for TW. For the lower bracket, the
kernel (X, Z, Y) 7→ (X, Z, Z, Y), which sets A = Z, maps Tη(α, β, β, H) into Iη,cW (α, β, H):
its output has mA,z = z, whose Hölder norm is z ≤ 1 < H, and ∆A = 1 ≥ cW , while the
remaining conditions are those of Tη(α, β, β, H) with Z as the treatment. Since TW equals
the ATE of the input on the image, Lemma A.3(c) transfers its lower bracket.

Average conditional Wald ratio. We take the response (Z, A, Y), the functions
(D, U, V, W, λ) = (2A, 1, 2(2Z − 1)Y, 0, 1), and M0 = 2. Since P(Z = 1 | X) = 1/2
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and A ≤ Z, we have EP[2A | X] = q and EP[2(2Z − 1)Y | X] = ∆Y. Then w = q, a = 1/q,
b = ∆Y/q, g = qp, and ψ =

∫
(∆Y/q)p = TCW, so that Jη(α, β, H) ⊆ P(α, β) with δ = η

and [g−, g+] = [η, η−1], and the upper bracket follows from Theorem 2.3(a). For the lower
bracket, the kernel that draws Z ∼ Bernoulli(1/2) independently and maps (X, R, RB)
to (X, Z, ZR, ZRB) maps Mη(α, β, H) into Jη(α, β, H): the output has A = ZR ≤ Z,
q = P(R = 1 | X), and ∆Y = qb with b = E[B | R = 1, X], so that its conditional Wald
ratio is b and its target is the MAR mean of the input. Lemma A.3(c) therefore transfers
its lower bracket.

D.2 The overlap-weighted effect

Example D.3 (Overlap-weighted effect). For fixed γ, minimizing EP[(Y − γA − h(X))2]

over h gives h = m − γw, and minimizing the resulting quadratic in γ gives (3.8). This
definition places no restriction on EP[Y | A, X], and the numerator and the denominator
of (3.8) are expected conditional covariances as in Section 3.2. Under consistency and
conditional exchangeability, (3.8) is the overlap-weighted treatment effect [35]; see also [12,
Remark 9.3.3] for this interpretation of regression on residuals when effects vary with X.

The weights w(1 − w) appear earlier in Crump et al. [13, Section 5.4, Corollary 5.2], as
the weights that minimize the efficiency bound for weighted sample average treatment
effects under homoscedasticity.

Robins et al. [48, Example 1c] impose smoothness on m − γOWw instead of on m.
Since |γOW| ≤ 1 and Hα(H) ⊆ Hβ(CH) when β ≤ α, the two conditions agree up
to fixed changes of radius when β ≤ α, but they can differ when β > α. Without
smoothness assumptions on the covariate density, and without the assumption that the
conditional treatment effect is constant, Robins et al. [48, Remark 4.2] refer to n−2s/d, for
s < d/4, as their conjectured minimax rate for this effect. Here s is the average of the
smoothness indices of the propensity and of their regression. For β ≤ α, Corollary 3.2
confirms the exponent 2s/d, with s = (α + β)/2, and shows that the minimax rate is

smaller than n−2s/d by a factor e−(κp(2s/d)+o(1))
√

log n. Concurrently, Park [46, Section 2]
reports minimax bounds under a known positive lower bound on the denominator,
with effective smoothness min(α + β, 2β) in his notation, for the normalized covariance
E[Cov(A, Y | X)]/E[Var(Y | X)] of two bounded responses, which has the same form
as γOW with the roles of A and Y exchanged; the proof is in the supplement of [46]
(Theorem S14), which was not available to us.

Proof of Corollary 3.2 for the overlap-weighted effect. Here w = P(A = 1 | X) is the propen-
sity, while the generic D is one. We write γOW = N/D, where N = EP[CovP(A, Y |
X)] ∈ [−1/4, 1/4] and D = EP[w(1 − w)] ∈ [ϵ(1 − ϵ), 1/4], and we let θ = min{(α +

β)/d, 2α/d}.
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Upper bracket. We apply Theorem 2.3(a) with D = 1, M0 = 1, H = H0, δ = 1/2, and
[g−, g+] = [p−, p+]. The choices (U, V, W, λ) = (A, Y, AY,−1) and (A, A, A,−1) give
N and D, with upper brackets ((α + β)/d, [p−, p+], qα + qβ) and (2α/d, [p−, p+], 2qα),
respectively. Applying Lemma A.3(a) to the ratio with C0 = 1/4 and δD = ϵ(1 − ϵ),
together with Remark A.4, we obtain the upper bracket with exponent θ and ν =

qα + qmin(α,β).
A common response family. Let S1 = 2A − 1 and S2 = 2Y − 1. For c ∈ {0, 1/4} we

define the baseline and scores by

π
(c)
0 =

1 + cS1S2

4
, si =

2Si

1 + cS1S2
(i = 1, 2).

Since the baseline factor cancels in score expectations, we have E
π
(c)
0

si = 0 and

E
π
(c)
0
[(Sj/2)si] = 1i=j. The baseline means of A and Y are 1/2, and therefore s1, s2

are scores for U = A, V = Y, and s1 is a diagonal score for U = V = A. For small
functions ℓ1, ℓ2 of x, the law π

(c)
0 (1 + ℓ1s1 + ℓ2s2) and its moments are

P(S1 = σ1, S2 = σ2 | X) =
1 + cσ1σ2 + 2ℓ1σ1 + 2ℓ2σ2

4
, w =

1
2
+ ℓ1, m =

1
2
+ ℓ2,

N =
c
4
−

∫
pℓ1ℓ2, D =

1
4
−

∫
pℓ2

1.

Lower bracket when θ < 1/2. If β ≤ α, we use the hard laws with indices (α, β),
c = 0, (ℓ1, ℓ2) = (u, v), and (U, V, W, λ) = (A, Y, AY,−1). If β > α, we use indices (α, α),
c = 1/4, (ℓ1, ℓ2) = (u + v, 0), and (U, V, W, λ) = (A, A, A,−1), with the diagonal score
s1. In both cases D = 1, [r−, r+] = [p−, p+], and the indices give the exponent θ. For
membership in POW(α, β), we require p− ≤ p ≤ p+, w ∈ Hα(H0), m ∈ Hβ(H0), and
ϵ ≤ w ≤ 1 − ϵ. The density and overlap conditions are of types (W) and (I). In the family
with indices (α, β), both smoothness conditions are of type (H), with k0 = 1/2 < H0,
γK = α for w, and γK = β for m. In the family with indices (α, α), the condition on w
is of type (H), with γK = α, while m = 1/2 satisfies ∥m∥Cβ = 1/2 < H0 directly. By
Lemma 7.2, the hard laws lie in POW(α, β) for all large n, and their generic target, N in
the first case and D in the second, is hard on them at scale tn = c1an(θ, τp).

In the first case, eventually D ≥ 1/8, and we have∣∣∣N − γOW

4

∣∣∣ = |γOW|
∫

pu2 ≤ 8∥u∥3
∞∥v∥∞ ≤ Cn−θ−2α/d = o(tn).

The map γ 7→ γ/4 is 1-Lipschitz on [−1, 1], which contains γOW. In the second case,
N = 1/16 and eventually D ∈ [3/16, 1/4], so that γOW ∈ [1/4, 1/3] and D = 1/(16γOW);
this map is 1-Lipschitz on [1/4, 1/3]. By Lemma A.3(b), with k = 0, T1 the generic target,
and T0 = γOW, the target γOW is hard at scale tn/4 in both cases, and Lemma A.2 gives
the lower bracket.
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Root-n lower bound. Let Pt have p = 1 and response law {1 + tS1S2}/4 for |t| < 1/2.
Then w = m = 1/2, N = t/4, D = 1/4, and γOW = t. These laws lie in POW(α, β),
and their densities relative to the law with uniform design and uniform response are
1 + tS1S2 ≥ 1/2, with bounded slope. Lemma 5.1 implies the root-n lower bound.
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