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ABSTRACT

We study the Edwards—Anderson spin glass on the torus (Z/LZ)", with indepen-
dent Gaussian couplings of variance 1/(2d) between nearest neighbors. We prove
that, as d — oo, its free energy converges to that of the Sherrington-Kirkpatrick
model, given by the Parisi formula, at every temperature and in every uniform
external field, uniformly in the side length L. The same holds on the hypercube
{0,1}¢, and the ground-state energies converge to the Sherrington-Kirkpatrick
ground-state energy. The upper bound holds on every regular graph of large
degree. Its proof follows Mourrat’s Hamilton-Jacobi approach for an enriched free
energy, and it controls the negative part of the spectrum of the adjacency matrix
with Panchenko’s synchronization of overlaps, in a finitary form due to Mourrat.
For the lower bound, we construct a vector of magnetizations by message passing,
and we show that the pressure is at least its Thouless—Anderson-Palmer free
energy using a sublinear relative-entropy bound for the associated planted model.
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SECTION 1

Introduction

1.1 Background

The Edwards—Anderson (EA) model [58] is the basic model of a short-range spin glass.
Ising spins 0, € {—1,1} sit at the sites of a lattice, and each pair of neighboring spins in-
teracts through an independent centered random coupling, so that some interactions favor
alignment and others favor opposition. Its mean-field counterpart is the Sherrington—
Kirkpatrick (SK) model [127], in which every pair of spins interacts. For the SK model,
Parisi’s theory of replica symmetry breaking [118, 119] has to a large extent been made rig-
orous. The free energy is given by the Parisi formula [76, 134], its minimizer is unique [7],
and Panchenko proved that overlap arrays satisfying the Ghirlanda—Guerra identities
are ultrametric [113, 114]. For the EA model in a fixed dimension, by contrast, the exis-
tence of a spin-glass phase at positive temperature remains open. At zero temperature,
Chatterjee has proved several signatures of glassy behavior, including disorder chaos
and low-energy macroscopic excitations [30]. There are competing physical descriptions
of the low-temperature states: the replica-symmetry-breaking picture [102], the droplet
picture [68], and intermediate pictures such as the trivial-nontrivial picture [95, 111];
see [129] for a discussion. The pictures disagree in particular about a uniform external
field: replica symmetry breaking predicts a phase transition at a de Almeida—-Thouless
line [53, 72], whereas the droplet picture predicts that there is no transition in any positive
field.

A natural way to relate the two models is to let the number of neighbors of each spin
grow. On the torus (Z/LZ)" with nearest-neighbor couplings of variance 1/(2d), the
local field ), Jxy0y acting on a spin, for a fixed configuration, is a sum of 2d small
independent terms, as in the SK model. The variance of the Hamiltonian per site is 1/2,
which agrees with that of the SK model up to its finite-size correction. Mean-field theory
is expected to describe the model increasingly well as d grows. In zero field, the critical
behavior is predicted to be that of mean-field theory above the upper critical dimension
six [82], and the low-temperature phase of the EA model on Z¢ has been studied through
an expansion in powers of 1/d around mean-field theory [72]. The EA model on diluted
hypercubes of large dimension has also been studied numerically as a mean-field spin
glass [67]. In particular, the free energy per site of the EA model is expected to converge
to that of the SK model as d — oo, at every temperature and in every field.
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Rigorous results on this limit have so far required high temperature, interactions of
diverging range, or graphs that are random or locally tree-like. For B < 1 in zero field,
the SK free energy equals the annealed value log2 + %/4 [1]. The same limit holds on
any regular graph of diverging degree. For B < 1, this graph extension follows from
the second-moment method and the Gaussian concentration of the free energy. On a
D-regular graph with n vertices, the ratio of the second moment of the partition function
to the square of its mean is at most det(I — 25, )~'/2, where S is the positive part of
the adjacency matrix divided by D. Since trS, < n/+/D, this ratio is e°") as D — co.
The case B = 1 follows by monotonicity in B. In every field, Hachem recently proved that
for B2 < log 2 the free energy of the SK model with a sparse doubly stochastic variance
profile, which includes the EA model on regular graphs of diverging degree, converges
to the replica-symmetric SK value [81, Corollary 3]. Frohlich and Zegarlinski [71] proved
high-temperature mean-field limits of short-range spin glasses as the interaction range
tends to infinity. In the Kac limit, the dimension is fixed, the strength of the couplings
decays to zero over a distance 7!, and v — 0 after the thermodynamic limit. For
positive-semidefinite interaction kernels, Franz and Toninelli [69, 70] proved that the free
energy converges to the SK free energy. One of the two inequalities, proved earlier by
Guerra and Toninelli [77], requires the interaction kernel to be positive semidefinite. For
sparse random graphs, Dembo, Montanari, and Sen [54] showed that the maximum cut
of random regular and Erd6s—Rényi graphs of large average degree is governed by the
SK ground-state energy. Their comparison uses the randomness of the graph. It was
extended to other optimization problems on sparse random hypergraphs by Sen [126],
and to inhomogeneous random graphs, whose large-degree limit is an inhomogeneous
Potts spin glass, by Jagannath, Ko, and Sen [89]. El Cheairi and Gamarnik showed that
algorithms given by low-degree polynomials with a certain tree structure perform equally
well on the SK model and on sparse Erd6s—Rényi graphs of large average degree [63].
Approximating message passing for the SK model by such polynomials, they obtained
nearly maximal cuts on these graphs, assuming that the support of the Parisi measure
is an interval [0, g.] for all large B. On deterministic regular graphs of large degree and
large girth, El Alaoui, Montanari, and Sellke [62] constructed cuts of the same size by
local algorithms, under a similar assumption at zero temperature.

None of these methods applies to a deterministic lattice at low temperature. The
lattice is not locally tree-like: it has many short cycles. The methods that prove the Parisi
formula, namely Guerra’s interpolation [76], the Aizenman-Sims-Starr scheme [2], and
Panchenko’s analysis of the overlap distribution [114], use the fact that the covariance
of the SK Hamiltonian is a function of the overlap of two configurations. On the lattice,
the covariance of H(c) and H(7) is instead a function of the fraction of edges xy with
0x0y = TyTy. Further, the nearest-neighbor lattice with an even side length is bipartite, and
flipping all spins on one sublattice reverses the sign of the Hamiltonian. Its normalized
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adjacency matrix then has the eigenvalue —1, and the comparison arguments that require
this matrix to be close to positive semidefinite do not apply.

The goal of this paper is to prove that the free energy of the EA model on the torus
(Z/1Z)" converges to the SK free energy as d — oo, at every temperature and in every
uniform field, uniformly in the side length L. We prove the same statement for the
hypercube {0,1}4.

1.2 Main results

The model. Throughout, G = (V,E) is a finite simple D-regular graph with n = |V|
vertices and D > 1. It need not be connected. We write Gp for the set of all such graphs.
Given G, let (gxy)xyce be independent standard Gaussian variables and [y, = gxy/ VD.
For B > 0 and h € R, the Hamiltonian, the pressure, and the ground-state energy per site
are

Hg(0) = Y. Jwoxoy,  pc(Bh) = %IE log ) exp <,BHG(U) +h) ax),

xycE ce{-1,1}V xeV

1
e(G;h) = EIE Ue?lalﬁ}v (HG(O') + hxglax).

(1.1)

As in the literature on the SK model, the field enters the pressure through the Gibbs
exponent and is not multiplied by B, so that pg(B, Bh)/p — e(G;h) as p — oo. The
normalization gives EH(¢)> = |E|/D = n/2 for every ¢, and Yy~xE ],%y =1 for every
vertex x. Our main examples are the following.

e The torus T¢ = (Z/LZ)%, in which two vertices are adjacent if they differ by £1 in

exactly one coordinate, is simple and 2d-regular for L > 3, with n = L. Onit, Hg is
the EA Hamiltonian with couplings gy, /v 2d. We write p; 1 = P

e The hypercube Q; = {0,1}¢, in which two vertices are adjacent if they differ in exactly
one coordinate, is d-regular with n = 2¢.
No relation between 1 and D is assumed. For example, D = 24 is proportional to logn
on Tg, and D = log, n on Q.
The SK model. The SK Hamiltonian on N spins is H3 (o) = N~1/2 Yi<i<j<N 8ijoi0j,
with independent standard Gaussian variables g;;. Its variance (N — 1)/2 agrees with
that of Hg up to the factor (N —1)/N. The limits

P(B,h) = Jim %]E logZeﬁHifK(‘THhZi %, Py(h) = lim L B max (H]S\]K(a) —f-hZ(Ti)
~ :

N—ro00 o ;
(1.2)
exist. The first exists by [75, 134] and is given by the Parisi formula [76, 134], which
we recall in Section 2.3. The second exists by a comparison with the first (see (2.5)),
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and P.(h) = limg_,o, P(B, Bh)/B. Numerical evaluations of the Parisi formula give
P.(0) =~ 0.7632 [51]; see also [54].

Results. Our main theorem states that the pressure of the EA model on the torus
converges to the SK pressure, uniformly in the side length.

Theorem 1.1. For every p > 0and h € R,
lim sup |pa (B, k) —P(B,h)| = 0.

The same holds on the hypercube.

Theorem 1.2. Forevery p > 0and h € R,

lim po, (B,1) = P(B,h).

d— o0

Letting the temperature tend to zero, we obtain the corresponding statement for
ground states.

Corollary 1.3. For every h € R,

lim sup |e(T{;h) — Pu(h)| =0  and lim e(Qy; h) = P.(h).

d—oo L>3 d—oo
We make several remarks on these results.

Remark 1.4. The pressures pg and P are 1-Lipschitz in h and (B/2)-Lipschitz in 8 € [0, B]
(Lemma 2.1). Then the convergence in Theorems 1.1 and 1.2 is uniform for (B, %) in
compact subsets of [0,) x R, and the convergence in Corollary 1.3 is uniform for / in
compact subsets of IR. We give the short argument at the end of Section 8.

Remark 1.5. Theorem 1.1 imposes no relation between L and d, and it covers both even side
lengths, for which the torus is bipartite, and odd side lengths. In particular, the limits may
be taken in either order. For every fixed d, the limit p$ (B, h) = lim; e pa (B, 1) exists,
and it is also the limit of the pressures of the boxes {0, ..., N — 1} with free boundary
conditions (Lemma 8.3). Then Theorem 1.1 implies that lim;_,., p5(B,h) = P(B, h);
this is the statement that the free energy of the EA model on Z%, normalized as above,
converges to the SK free energy.

Remark 1.6. Theorem 1.1 also identifies the limit of the link overlap. Let ¢! and ¢? be two

independent samples from the Gibbs measure on T¢, and let Q = |E|~! Y xyeE 0%0,%0;05

be their link overlap. By Gaussian integration by parts, dgpgr = (8/2)(1 — E(Q)), and
the derivative of the SK pressure has the same form, with the square of the site overlap

R = N1y, 0l0o? in place of Q (Lemma 2.1). These pressures are convex in B, and



1 Introduction 1.2 Main results 5

the derivatives of convex functions that converge pointwise converge at every point
where the limit is differentiable. Thus, at every p > 0 at which P(-, h) is differentiable,
E(Q) on T% converges, uniformly in L, to the limit of E(R?) in the SK model. Since
P(-,h) is convex, this holds for all but countably many pB. For the EA model in a
fixed dimension, Contucci and Giardina proved, in temperature average, Ghirlanda-
Guerra identities for the link overlap [43], and Contucci, Mingione, and Starr proved
distributional identities after suitable generic Gaussian perturbations whose covariances
are powers of the link overlap [48]. By Panchenko’s theorem [113], these distributional
Ghirlanda—Guerra identities yield ultrametricity of the limiting link-overlap arrays of the
generically perturbed models.

Remark 1.7. The proof of the lower bound uses a recent theorem on the support of the
Parisi measure in a positive field [99], which we recall in Theorem 2.2: for & > 0 the
support is an interval [g—,q+] with g— > 0. The case h = 0 follows from the case h > 0
by continuity in 4. In zero field, Parisi predicted that the support is an interval [0, 7] for
B > 1 (full replica symmetry breaking); this was proved by Zhou for B close to 1 [141]
and for every f > 1in [100]. At zero temperature, the Stieltjes measure associated with
the canonical Parisi order parameter has infinitely many points in its support [10], and its
support is [0,1) [32]. We do not use these results. The upper bound uses no information
on the support of the Parisi measure.

The upper bound in Theorems 1.1 and 1.2 holds for every regular graph of large
degree: Proposition 4.1 states that

limsup sup pg(B,h) < P(B, h) (1.3)
D—oo GegGp

for every B > 0 and h € R. The supremum is over all finite simple D-regular graphs, with
no relation between n and D and no assumption of transitivity or of a spectral condition.
The bound is attained, for example, by the complete graphs Kp_ 1. The lower bound uses
the structure of tori and hypercubes, through a homogenization statement for the output
of a message-passing algorithm (Section 5). We do not know whether the lower bound
holds for every sequence of regular graphs of diverging degree.

Remark 1.8. The complete bipartite graph Kp p is D-regular, and the model on it is the
bipartite SK model with two species of D spins each. For it, the upper bound (1.3) is
attained in every field: for every p > 0 and / € KR,

Tim p, (B, 1) = P (B, h).

The lower bound follows from a Gaussian interpolation with the SK model on 2D spins,
since the normalized adjacency matrix of Kp p is at most the projection onto the constant
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vectors; we give the proof in Section 8.3. In the limit D — oo, this lower bound is a
special case of the lower bound of Bates and Sohn for balanced multispecies models [19,
Theorem 1.3], which holds in every field [19, Remark 1.8]. For the bipartite SK model
in zero field, a Gaussian interpolation with independent SK models on the two species,
which gives a lower bound of this kind, was used by Barra, Genovese, and Guerra [16,
Section 3.1], and for models with exchangeable species this comparison was proved by
Issa [86, Theorem 38]. In zero field, the limit of the free energy of balanced multispecies
models, which include this one, was identified in [37, 83]; see Section 1.4.

To our knowledge, for interactions of fixed range, no deterministic family of lattices
was previously known on which the free energy of the EA model at low temperature, or
its ground-state energy, converges to the SK value. Our results concern the limit in which
the dimension tends to infinity, taken after or jointly with the thermodynamic limit; they
do not decide between the competing pictures of the EA model in a fixed dimension.

1.3 Ideas of the proofs

The upper and lower bounds use different methods. We describe them in turn.

The upper bound. The interpolation identity recalled in Section 1.4 gives the upper
bound with an error of at most 526/ 4 when Apin(S) > —€, where S = Ag/D. On
bipartite graphs, S has the eigenvalue —1, so this error does not vanish. We follow
instead the Hamilton—Jacobi approach to the Parisi formula developed by Mourrat and
coauthors [56, 107, 109], and in particular the strategy of Mourrat’s upper bounds for
models with nonconvex interactions [106, 108]. There, an enriched free energy is shown to
be an approximate viscosity supersolution of a Hamilton—Jacobi equation, with Ghirlanda-
Guerra identities and synchronization enforced at the points where a test function touches
it. Fix a finite Ruelle cascade. We give each vertex x a Gaussian field indexed by the
leaves of the cascade, whose covariance is determined by a nondecreasing path g, and
we let the couplings be independent across the first-level branches of the cascade. Let
F(t,q) be minus the free energy of the resulting model at inverse temperature +/t, plus
B%t/4. Atg = 0and t = 1, it is at most B>/4 — pg(B,h), and at t = 0 it is an explicit
function of the paths. Its time derivative equals a quadratic Hamiltonian, evaluated at
the gradient of F in g, plus a term of the form p2(4n) ' ¥; w; tr(SC;), where C; is the
covariance matrix of o ® 02 given that the two replicas meet at depth j of the cascade.
For the SK model the analogous term is nonnegative, and Guerra’s bound follows. Here
S has negative eigenvalues, and the term has no sign.

We show instead that it is small. For every > 0, we have |tr(SC;)| < ntrC; +
(417) 1 tr(S*C;), with tr C; < n. Thus it suffices to control tr(52C;), a sum of conditional
variances of the row overlaps (S(c! ® ¢2))y, x € V. A sparsification theorem of Cohen,
Nelson, and Woodruff [42] reduces this sum to a set of O(n/D) rows. For these rows,
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small Gaussian perturbations of the Hamiltonian enforce approximate Ghirlanda—Guerra
identities for the pair formed by the overlap in the cascade and the row overlap. A
tinitary form of Panchenko’s synchronization theorem [115], due to Mourrat [106], then
bounds the conditional variance of each of these row overlaps, given the overlap in the
cascade, by a multiple of the mesh of the cascade. The perturbations change the free
energy by O(sz/ D) for a perturbation of strength s, and the identities require s — oo;
this is where we use that D — co. The independence of the couplings across first-level
branches makes the fluctuations of the free energy of order 1/n. This allows us to enforce
the identities at every point where a test function touches a deterministic regularization
of F, and we find that this regularization is, up to small errors, a viscosity supersolution
of a Hamilton—Jacobi equation on the cone of V-indexed nondecreasing paths, with the
quadratic Hamiltonian B2 (4n)~! Y.jw;pj- Spj. A comparison principle bounds it below
by a subsolution built from the Hopf-Lax formula for the SK model. That this function
is a subsolution of the equation with the indefinite matrix S follows from the inequality
between the arithmetic and the harmonic mean, which uses only that S has nonnegative
entries and unit row sums. Its initial value lies below that of F because the free energy of
a finite cascade is convex in the square roots of its variances, which we derive in Section 3
from complete monotonicity. Finally, the value of the Hopf-Lax formula at time one
is given by the Parisi formula, as observed by Mourrat for 1 = 0 [107]. A comparison
of this kind with a one-species Hamilton—Jacobi equation was used by Chen, Issa, and
Mourrat [37, Appendix B] for balanced multispecies models in zero field; see also [86,
Section 7]. There the initial condition is convex in the paths themselves [37, 83]. This
convexity fails in a strong field [106, Section 6.1], whereas the convexity in the square
roots holds in every field.
The lower bound. For m € [—1, 1]V and xk, =1 — mi, let

2
Og(m) = BHg(m) +h Y my+ Y ent(my) + ’B—<K, Sk),
xeV xeVv 4

where S = Ag/D. This is the Thouless—Anderson-Palmer (TAP) free energy [135] of
the graph, that is, the expansion to second order in the couplings of the free energy
at fixed magnetizations [73, 121], with each squared coupling replaced by its mean
1/D. Jensen’s inequality for the product measure on {—1,1}" with means m gives
log Zg > Og(m) — (B?/4)(x, Sx) for every m, where Z is the partition function. The last
term of ®¢(m), the Onsager correction, is not visible to this argument, and it is of the
same order as the other terms. The proof of the lower bound has three steps.

First, we construct m by approximate message passing (AMP), following the algo-
rithms of Montanari [103] and Sellke [125], whose nonlinearities are given by the Parisi
partial differential equation (PDE). Assuming that the support of the Parisi measure is
an interval [0, ¢, for all large B, Montanari also showed that at low temperature his
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algorithm constructs approximate solutions of the TAP equations. The output m is com-
puted from finitely many products of the coupling matrix W with vectors, each a function
of the earlier products. On tori and hypercubes, Hachem’s state evolution for sparse
matrices [80] shows that n~IE @ (m) is close to the right side of an identity for P (B, h) in
terms of the Parisi martingale (Lemma 2.6), and that the empirical law of the coordinates
of m is close to the law . of tanh X,;,, where X is the Parisi diffusion and g is the
largest point of the support of the Parisi measure. Only this step uses the theorem on the
support of the Parisi measure, and only for i1 > 0; the case 1 = 0 follows by continuity in
h.

Second, we condition on the products computed by the algorithm. Conditioning
on the iterates of message passing goes back to Bolthausen [25], and it was used to
compute the free energy of the SK model at high temperature in [26, 29]. Given these
products, the vector of couplings is the sum of its conditional mean and a Gaussian vector
projected onto a subspace of bounded codimension per vertex. We expand the partition
function around m, writing ¢ = m 4 v. The unobserved part of the disorder enters
through the inner product of a Gaussian vector with the edge vector a(v),, = D~V 20,0y.
Averaging the exponential over the Gaussian vector produces a variance term from which
the Onsager correction is extracted, whereas the logarithm of this average differs from
the average of the logarithm by a relative entropy. This relative entropy is controlled by
D(m), the relative entropy of the law of fa(v*) + Z, where v* = ¢* — m for a random
configuration ¢* with independent coordinates of means m, with respect to the law of
the noise Z. Using Talagrand’s transport inequality for the Gaussian measure [132], we
show that the loss in the pressure is at most 48(n~'E D(m))'/? (Theorem 6.2). Thus the
lower bound reduces to the sublinear relative-entropy estimate IE D(m) = o(n) for the
planted edge model. In [26, 29], the corresponding error is bounded by a conditional
second-moment computation at high temperature; the planted model and the transport
inequality take its place here. For spherical models, Huang and Sellke [85] proved the
lower bound in the Parisi formula by constructing an ultrametric tree of pure states, each
with approximately the same free energy as the whole model. They build the tree with
an optimization algorithm and a truncated second-moment argument.

Third, we prove this relative-entropy estimate (Theorem 7.5). We interpolate between
the edge observations and independent scalar Gaussian observations of the coordinates of
v*, and we compare the relative entropy along the interpolation with a Hopf-Lax formula,
as in the Hamilton-Jacobi approach to the inference of low-rank matrices [56, 104, 105].
The Hopf-Lax formula involves the relative entropy ,(7) of a scalar Gaussian channel
with signal-to-noise ratio r, averaged over the law yu of the coordinates of m, and it shows
that n~1D(m) is asymptotically at most sup,,.; [¢u(B*s) — B?s>/4]. The comparison
requires the empirical averages of ¢, to be close to ¢, uniformly over a set of signal-to-
noise profiles; on tori and hypercubes, this follows from the finite range of the algorithm
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and the fact that all but an exponentially small fraction of the eigenvalues of S are close
to zero. It uses that S < I, but not that S is positive semidefinite. Finally, for p = u,
the supremum vanishes. For 0 < s < 1 — g4, the Doob-transform representation of
the Parisi diffusion above g identifies ¥, (B*s) — p*s*/4 with a difference of values
of the first variation of the Parisi functional at its minimizer, computed by Jagannath
and Tobasco [88] and by Chen [38]. The optimality of the Parisi measure shows that
this difference is nonpositive. For s > 1 — g, the bound T, (s) < B*(1—gq+—s) <0
extends the inequality to the remaining range (Proposition 7.4). For the SK model, the
function s — 24, (Bs) — B?s>/2 is the function I'y, introduced by Chen, Panchenko, and
Subag [41]. With g = [ m?u(dm) < 1, they showed that it is nonpositive on [0,1 — g]
if and only if the variational formula for their generalized TAP correction at the law of
|m| is minimized by the point mass at zero, and that the correction is then the classical
one [41, Proposition 13].

The lower bound obtained in this way holds for tori of a fixed side length and for
hypercubes. In Section 8, a Gaussian interpolation that adds or removes edges shows
that the torus pressure changes by at most 2/ (4L) when the side length is changed from
L to infinity, uniformly in d, which gives the uniformity in L. This interpolation was
used by Contucci and Graffi [44, 45] to study the thermodynamic limit and the surface
pressure of the EA model.

1.4 Related work

Mean-field comparisons. Gaussian interpolation and comparison arguments are classical [75,
76]. For the SK model, they give the identity

2 1
P8 — po(B ) = B [ E(Q - R2), o

along the interpolation v/1 — 6 Hg + v/0 H3X between a graph Hamiltonian and an inde-
pendent SK Hamiltonian on the same vertex set. We have Q — R> = n=1(u — R1,S(u —
R1)). If Apmin(S) > —¢, then Q — R?> > —e(1 — R?) > —¢, and the identity gives
pc(B,h) < poX(B,h) + B*e/4. For every G € Gp, the matrix S is nonzero with zero
trace, so it cannot be positive semidefinite. Positive-semidefinite interaction kernels give
the upper bound without this error for Kac models, as in Guerra and Toninelli [77]. If the
eigenvalues of S on the orthogonal complement of 1 tend to zero, then Q — R? tends to
zero uniformly, and the identity gives both bounds. Neither condition holds on tori and
hypercubes. Their matrices S have eigenvalues close to 1 on this complement, and on bi-
partite graphs S has the eigenvalue —1 and Q — R? takes negative values. Proposition 4.1
has no spectral hypothesis.

Kac limits and mean-field approximations. High-temperature results for diverging-range
mean-field limits were obtained earlier by Frohlich and Zegarlinski [71]. In the Kac limit,
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the lower bound of Franz and Toninelli [69, 70] interpolates between the Kac model and
independent SK models on boxes whose side is large compared with the lattice spacing
and small compared with the range of the interaction. It uses that each spin interacts
with many spins through a kernel that varies slowly on the scale of the boxes. For
nearest-neighbor interactions there are no such boxes, and our lower bound uses message
passing instead. For Ising and Potts models with an interaction matrix A whose entries
may have either sign, Basak and Mukherjee proved, under a boundedness condition on
A, that the mean-field approximation of the free energy is asymptotically exact when
tr(A2) = o(n) [18, Theorem 1.1]. In particular, on regular graphs of diverging degree D,
the free energy of the ferromagnetic Ising model with couplings 1/D converges to that
of the Curie-Weiss model [18, Theorem 2.1]. For the EA model, tr((BW)?) is of order n,
and the mean-field approximation misses the Onsager correction.

The Parisi formula. The upper bound in the Parisi formula was proved by Guerra [76]
and the lower bound by Talagrand [134]. Panchenko proved ultrametricity from the
Ghirlanda—-Guerra identities [74, 113, 114]. For multispecies models with a positive-
definite interaction matrix, Barra, Contucci, Mingione, and Tantari [17] proved the upper
bound in the Parisi formula, and Panchenko proved the lower bound by showing that
the overlaps of different species are synchronized [115]. Synchronization was extended to
Potts and vector spins in [116, 117]. Connections between the free energy of spin glasses
and Hamilton—Jacobi equations were pointed out by Guerra and coauthors; see [15].
Mourrat and coauthors developed an approach to the Parisi formula and its extensions
through Hamilton-Jacobi equations [56, 105, 107-109], and Chen and Xia studied these
equations on convex cones [36]. Our upper bound combines these tools. The rows of S
play the role of species, but their number is of order n/D even after sparsification, so
we do not use a multispecies formula; each row overlap is synchronized separately with
the overlap in a Ruelle cascade. The lower bound uses the variational representation
of the Parisi functional of Auffinger and Chen [7] and the characterization of the Parisi
measure through the first variation of the Parisi functional, obtained by Jagannath and
Tobasco [88] and independently by Chen [38].

Multispecies models with a nonconvex covariance. For such models, which include the
bipartite SK model [16], the Hamilton—Jacobi approach gives an upper bound on the free
energy [106, 108]. Chen and Mourrat showed that, if the limit of the free energy of a vector
spin glass with nonconvex interactions exists, it is a critical value of a functional of Parisi
type [33], and Chen extended this to multispecies models [31]. For the bipartite spherical
SK model, the limit of the free energy was computed by Auffinger and Chen at high
temperature [5] and by Baik and Lee in zero field, at every noncritical temperature [11];
the critical value follows by continuity. Subag computed it for pure multispecies spherical
models through a TAP representation, assuming that certain free energies converge [130].
For Ising spins, in zero field the limit of the free energy was recently identified by Chen,
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Issa, and Mourrat [37]. For balanced models, such as the bipartite SK model with species
of equal sizes, this limit is given by a one-species formula. The corresponding lower
bound is due to Bates and Sohn [19], and for models with exchangeable species to
Issa [86]. The matching upper bound was proved in [37, 83], and the lower bound of
Bates and Sohn holds in every field [19, Remark 1.8]. The model on the complete bipartite
graph Kp p is a bipartite SK model with two species of equal size. Proposition 4.1 gives
the upper bound for it in every field, and together with the interpolation identity above
it gives the limit of its free energy in every field (Remark 1.8).

Message passing and the TAP free energy. AMP was introduced by Donoho, Maleki,
and Montanari [57]. For the SK model, an iteration with Gaussian state evolution was
introduced by Bolthausen [25], and general AMP algorithms were analyzed in [21, 22, 91].
Hachem extended polynomial AMP to sparse variance profiles [80]. Montanari [103]
showed that AMP with nonlinearities given by the Parisi PDE approximately maximizes
the SK Hamiltonian if, for all large §, the support of the Parisi measure is an interval
0, 9+], and Sellke [125] extended the algorithm to nonzero external fields under a corre-
sponding no-overlap-gap assumption. El Alaoui, Montanari, and Sellke [60] extended
these algorithms to mixed p-spin models and studied the energy that they reach through
a stochastic control problem; we use this formulation in Section 5. El Alaoui, Montanari,
and Sellke also combined AMP with stochastic localization to sample from the SK Gibbs
measure at high temperature [61]. Fan, Li, and Sen [66] proved the TAP equations for spin
glasses with orthogonally invariant couplings at high temperature, through a conditional
second-moment analysis of the free energy restricted to a thin band around the output of
AMP. The functional BH (m) + h ¥, myx + Y ent(my) + (B2/4) Ly Say(1 — m3) (1 — my),
whose value at the output of our algorithm we bound below, is the TAP free energy of the
graph. For mixed p-spin models with Ising spins, Chen and Panchenko proved that the
free energy is asymptotically the maximum of the TAP free energy over magnetizations
whose self-overlap lies to the right of the support of the Parisi measure [39, Theorem 1],
and this representation was extended by Chen, Panchenko, and Subag [40, 41]; see
also [9, 65]. For spherical models, a TAP representation of the free energy was proved by
Subag [131].

1.5 Organization

Section 2 collects notation and the facts about the SK model and the Parisi formula that
we use. Sections 3 and 4 prove the upper bound (1.3) for all regular graphs. Sections 5-
7 prove the lower bound for tori of fixed side length and for hypercubes: Section 5
constructs the centers by message passing, Section 6 reduces the lower bound to a
sublinear relative-entropy bound for a planted model, and Section 7 proves this statement.
Section 8 removes the restriction to a fixed side length and proves Theorems 1.1 and 1.2
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and Corollary 1.3.



SECTION 2

Preliminaries

This section fixes notation and collects the inputs used in the rest of the paper. Section 2.1
defines the model and records its elementary properties. Section 2.2 lists classical facts
about Gaussian vectors. Section 2.3 recalls the Sherrington—Kirkpatrick model, the Parisi
formula, and the properties of the Parisi PDE that we use. It ends with Lemma 2.6, which
writes P (B, h) in terms of the Parisi martingale; this identity is the target of the lower
bound.

2.1 The model

For D > 1 let Gp be the set of finite simple D-regular graphs G = (V, E), with any
number n = |V| of vertices, connected or not. Vertices are denoted by x,y,z and edges
by e or xy. For G € Gp we write S = Ag/D for the normalized adjacency matrix. It is
symmetric, has nonnegative entries and zero diagonal, and satisfies

5 N 1
S1=1, IIS]| <1, trS° = oL f;?é Sxy = D’ (2.1)
where || - || is the operator norm. The bound on the norm follows from Jensen’s inequality,

since }_, (¥, Sxywy)? < Yy Sxyw§ =Yy wﬁ, and the trace identity follows by summing
the squares of the entries.

Let (ge)ece be independent standard Gaussian variables. The couplings are [, =
Sxy/ VD, and the coupling matrix W is the symmetric V x V matrix with Wiy = Jay if
xy € E and Wy, = 0 otherwise; in particular, Wy, = 0. We evaluate the Hamiltonian also
at real vectors. The Hamiltonian, the pressure at inverse temperature f > 0 and field
h € R, and the ground-state energy are

Hg(w) = Y Jywiwy = %(w, Ww)  (weRY),

xy€E
1
pc(Bh) = —Elog ), exp (BHG(0)+h Y o3), (2.2)
ce{-11}V xev
1
(Gt = F  max, (Ho(o) +h L x)

The field is not multiplied by B. For all o, we have EHg(0)? = |E|/D = n/2.

13
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The torus Ti = (Z/1Z)" with L > 3, in which two vertices are adjacent if they differ
by +1 in exactly one coordinate, belongs to G,y and has n = L? vertices. We write p, |
for its pressure. The hypercube Q; = {0,1}“, in which two vertices are adjacent if they
differ in exactly one coordinate, belongs to G, and has n = 2 vertices.

For fixed disorder, (-) denotes the average under the Gibbs measure, which gives ¢
weight proportional to exp(BHg (o) + h'Y_, 0x). We use it for one or several independent
replicas ol,02,... under the same disorder. We write u = o' @ o2 for the coordinatewise
product of two replicas, and

Z Uy, |E| Y uxuy = —(u, Su)

nyev xycE

for the site overlap and the link overlap. The second expression for Q uses |E| = nD/2.
The following notation is used in the lower bound. For m € [—1,1] we write

1 1 1-— 1-—
ent(m) = — —;mlog —;m_ Zmlog 2m6[0,10g2],

with 0log0 = 0, for the entropy of a {—1,1}-valued random variable with mean m.
For m € [-1,1]Y we write 7, for the product law on {—1,1}" with means m, and
Ke =1— mi for its variances. If m, = tanhy, then

ent(my) = log2coshy — ytanhy. (2.3)
Lemma 2.1. Let G € Gp.

(a) The function (B, h) — pg(B,h) is convex on R? and even in h, and pg(0,h) = log2 cosh h.
(b) For B> 0and h € R,

ppc(Bh) = ﬁ(l—]E(Q)) € [og} anpc(B,h) 2 E(oy) € [~1,1].

er

(c) For B > 0and h € R, we have log2 coshh < pg(B,h) < log2coshh + B?/4.

(d) For B> 0, B, € [0,B], and h,W € R, we have |ps(B,h) — pc(B',h')| < B|B—B'|/2+
|h—H|.

Proof. For fixed disorder, the function (B, h) — log Y, exp(BHg (o) + hY_, 0x) is convex,
since it is a log-sum-exp of affine functions, and its partial derivatives are (Hg) and
Y . (0x). Since these are bounded by max, |Hg(¢)| and n, which are integrable, we may
differentiate under the expectation. The substitution ¢ — —o shows that p; is even in £,
and at § = 0 the sum factorizes and equals (2 cosh )". This proves (a) and the formula
for oy,pg.

For the B-derivative, Gaussian integration by parts ((F1) below) in gy, gives

E [gxy(0x0y)] = Edg,, (0x0y) = % (1— (ox0y)?).
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Since (0x0y)? = (uyuy,) for two replicas, summing over the |E| = nD/2 edges, we obtain

pc = ¥ —Elswlor)] = 5 T (1-E(ua) = 5(1-E(Q).

xyeE xyeE

Since (Q) = |E|™! Yxye {oxoy)? € [0,1], this proves (b). Part (c) follows by integrating
the bounds of (b) in B from 0 and using (a), and (d) follows from (b). O

2.2 Classical tools

For a random variable Y we write ||Y||, = (E|Y|P)}/?. A function on R* has polynomial
growth if it is bounded by C(1 + |w|”) for some C, p. We use the following classical facts.

(F1) Gaussian integration by parts. Let (U, ..., Uy) be a centered Gaussian vector, with
degenerate covariance allowed, and let ¥': R —» R be C!, with ¥ and V¥ of
polynomial growth. Then for all j <k,

E[UY (U, ..., U ZCOV LU Eo,Y (U, ..., Uy).

For one standard Gaussian variable this is Stein’s identity [128], and the general
case follows by writing U, = a,U; + V; with a; = Cov(U,, U;)/ VarU; and (V)
independent of U;, and applying Stein’s identity conditionally on (V;); if Var U; = 0,
both sides vanish.

(F2) Method of moments. A Gaussian law on R¥, degenerate or not, is determined by
its moments. If random vectors Z, satisfy Ey(Z,) — Ey(Z) for every polynomial
Y, with Z Gaussian, then Z, — Z in law. In dimension one this is [24, Theo-
rems 30.1 and 30.2], and the general case follows by the Cramér-Wold device [24,
Theorem 29.4].

(F3) Polynomial density. For every Gaussian measure v on R¥, including a degenerate one,
and every 1 < p < oo, polynomials are dense in LP(vy). It suffices to work on the
affine support of 7y, where < is nondegenerate. If density failed there, duality would
give a nonzero f € L (), with 1/p +1/p’ = 1, such that [ fPdy = 0 for every
polynomial P. Since [ |f(w)|e?ly(dw) < oo for all ¢ > 0 by Holder’s inequality
and the Gaussian exponential moments, we may integrate the exponential series
term by term, and we obtain [ f(w)e!{"*)y(dw) = 0 for every t. Since [ fdvy = 0,
the positive and negative parts of f have equal mass and equal Fourier transforms.
If this mass is positive, normalize the two parts and apply Fourier uniqueness for
probability measures [24, Section 29]; if it is zero, both parts vanish. In either case
fv =0, a contradiction.
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(F4) Gaussian concentration. Let ¥: R* — R be L-Lipschitz for the Euclidean norm and
let ¢ be a standard Gaussian vector in R¥. Then Var¥(g) < L?, and P(|¥(g) —
EY(g)| >t) < 21/ (L) for every t > 0; see [28, Chapter 3 and Section 5.4]. In
particular, |[¥(g) —EY(g)|l, < C,L for every p > 1, where C, depends only on p.

(F5) Transport inequality. Let v, be the standard Gaussian measure on R¥. For ev-
ery probability measure p on RF, the quadratic Wasserstein distance satisfies
Wa(p, )* < 2KL(p || 7x) [132].

(F6) Maximum of the Hamiltonian. Let G € Gp. Since Hg has no diagonal terms, it is affine
in each coordinate separately, and sup,,c(_4 y)v |Hg(w)| = max, [Hg(0)|. For every
p > 1 there exists C, depending only on p, such that Emax, |[Hg(0)[F < CpnP.
Indeed, since max, |Hg(c)| is the maximum of the 2! centered Gaussian variables
+Hg(0), each of variance 1/2, its mean is at most (2 - (n/2)log2"1)1/2 < 2.
Further, it is a (1/2)!/2-Lipschitz function of (g,), and (F4) bounds its fluctuations.

2.3 The Sherrington-Kirkpatrick model and the Parisi formula

The constants. Let HY<(0) = N~1/2y, <i<j<N 8ijvi0j be the Sherrington—Kirkpatrick (SK)
Hamiltonian on {—1,1}", with (g;;) independent standard Gaussian variables, and let

P (B h) = %]ElogZeﬁHfva(U)J’hz"“", my(h) = %JE max <HIS\IK(U) + hZ}’z’)-
= i

The proof of Lemma 2.1 applies to p3< without change, with the site overlap R of two
SK replicas and R? in place of Q; it gives dgpi = (B/2)(1 —E(R?)), and the conclusions
(a)—(d) hold for pSK. The limit P(B,h) = limy_ pRN(B, 1) exists by the theorem of
Guerra and Toninelli [75], and it is given by the Parisi formula (2.7) below. By Lemma 2.1,
P is convex, even in h, and satisfies the bounds of (c) and (d).

Bounding the partition function at inverse temperature 8 and field gh below by its
largest term and above by 2V times its largest term, we find that for all 8 > 0,

By (h) < %Elogzeﬂm?f(””hw < pmn(h) +log2. (2.4)
o

By the same argument, we have Be(G; h) < pc(B, Bh) < Be(G;h) +1log?2 for every G € Gp.
Letting N — oo in (2.4), we obtain limsup, my(h) < P(B,Bh)/B < liminfy my(h) +
(log2)/p for every f > 0, and letting B — oo shows that my(h) converges. We write
P.(h) for its limit and P. = P.(0). Then P.(h) = limg_,., P(B, Bh)/B, and for every
B >0,

BP.(h) < P (B, Bh) < BP.(h) 4 log?2. (2.5)



2 Preliminaries 2.3 The Sherrington—Kirkpatrick model and the Parisi formula 17

The Parisi formula. For a probability measure y on [0, 1] we write p(f) = u([0,¢]), and
let @, be the solution of the Parisi PDE

2
0;d + ‘% <83266D +u(t) (ax®)2> =0 on[0,1) xR, ®(1,x) =log2coshx. (2.6)

For atomic p, Auffinger and Chen [7, (4)—(5)] define ®, by successive Cole-Hopf trans-
forms; it is smooth and satisfies (2.6) classically between consecutive atoms. They extend
u — @, to all u by continuity, using a Lipschitz estimate of Guerra [76], and this is the
function we use. The PDE does not involve the field. The Parisi functional is

B

Ppu(p) = 2u(0,h) — 5 | tp(t)dt

Parisi predicted the formula (2.7) below [118, 119]; Guerra proved the upper bound [76],
and Talagrand proved the formula [134]. By Talagrand’s theorem and the uniqueness
theorem of Auffinger and Chen [7, Corollary 1], for every p > 0 and h € R,

P(B h) = min Pen(h) = Ppu(Ven) (27)

for a unique minimizer vg, the Parisi measure. Since P, (t,-) is even, Ppp = Pp,p and
Vg, = Vg . We write g— = minsupp vg ), and g4 = maxsupp Vg .

Most of the cited papers use the terminal condition logcosh x and add log?2 to the
functional, with covariance N&(R) and ¢&(s) = p%s%/2. In [99, Sections 1.1 and 2] the
Gibbs weight is exp(BHRX(c) + 1 Y; 0;), and the field parameter is the same as ours. The
time variable there is ?t: in the notation of that paper, ®(t,x) = log2 + U(B?t, x), and
the Parisi diffusion below is a Brownian time change of the diffusion used there. That
paper therefore describes our P (B, h) and vg,, and we use the following theorem from
it [99, Theorem 1.1]. We need it only for i > 0; the lower bound in zero field follows by
continuity in & (Proposition 8.1).

Theorem 2.2. For every B > 0and h > 0, there exist 0 < g— < q4 < 1 such that suppvg), =
7,4+

The Parisi diffusion. For the rest of this section we fix § > 0 and & > 0, and write
v=1vg, and ® = P,. Let

o(t,x) = B2 (t) 3, D(t, x), a(t,x) = pR2d(t, x),
let B be a standard Brownian motion, let X solve
dXt = Z)(t, Xt) dt + ‘BdBt, XO = h, (28)

and let M; = 9,®(t, X;). The solution X exists and is pathwise unique because v is
bounded, measurable, and Lipschitz in x by (P1) below. This diffusion appears in [7,
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Theorem 3], and it is called the Auffinger-Chen stochastic differential equation (SDE)
in [88]. We call X the Parisi diffusion and M the Parisi martingale. Since v(t) = 0 for
t<q_,

Xi=h+pB  (0<t<q.). (2.9)

We use the following facts. Property (P1) and Lemma 2.5 hold for every probability
measure p in place of v.

(P1) Regularity [7, Proposition 2(i),(ii),(iv)]. For j < 4, 0}, ® exists and is continuous on
[0,1] X R; further, [0,®| < 1,0 < 92® < 1, and [33®| < 4. If u, — 1 weakly, then
BQCDW, — aéfcby uniformly for j < 2. In particular, |v| < ,32, 0<oyv< ﬁz, 0<a<§,
and |dya| < 4. In [7] these facts are deduced from [6, Propositions 1 and 2] and an

estimate of Talagrand. Jagannath and Tobasco [87, Theorem 4 and Lemma 16] gave
a PDE proof of the well-posedness and regularity of the Parisi PDE.

(P2) Martingales [7, Lemma 2]. For 0 <s <t <1,
t
M;— M, = / a(r, X,) dB,,
S
t t
RD(t, X;) — 2D(s, Xs) = —/ ﬁzv(r)(a§q>(r,xr))2dr+/ BRD(r, X,) dB,.
S S

(P3) Variational representation at the optimizer [7, Theorem 3], applied on [0, 4] from x = h,
where the maximizer is v — M,:

B> [+ 2
®(0, h) :1E¢(q+,Xq+)—7/ V() EM2 dr.
0

In [7, Theorem 3], ®,(s, x) is written as the value of a stochastic optimal-control
problem; Jagannath and Tobasco [87, Lemma 18] gave a second proof of this repre-
sentation by dynamic programming.

(P4) Cole-Hopf above q. Since v(t) = 1 for t > g4, we have ®(t,x) = log2coshx +
B%(1 —t)/2 for t € [g4,1]. For an atomic measure with all atoms in [0,44] this
is the Cole-Hopf formula on [g+,1] (see [7, (4)]), since E2cosh(x + Bv/1—tZ) =
2 cosh(x) eF* (1072 for Z ~ N(0,1). It passes to v by approximating v weakly by
atomic measures supported in [0, -] and using (P1).

Optimality of the Parisi measure. Let ©.(t) = Ea(t, X;)?. It is continuous on [0, 1], because
a is bounded and continuous by (P1) and ¢ — X; is continuous. By (P2) and the It
isometry,

t
EM? :M5+/ S(rdr  (te[01)). (2.10)
0
We define

g
F(x) =" (EM7 —t)dt  (x€[0,1]). (2.11)
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By (2.10), ¥ is twice continuously differentiable on [0, 1], with one-sided derivatives at
the endpoints, and

2 2

Y (x) = —%(IEM§ -x), Y'(x)= —‘B—(Z(x) —1). (2.12)
Jagannath and Tobasco showed that ¥ is the first variation of the Parisi functional
at v: by [88, Lemma 3.2 and Example 3.4], for every probability measure p on [0,1]
the function e — g, ((1 —¢)v + ¢p) is right differentiable at e = 0, with derivative
J¥do— [Ydv. Since v minimizes P, this derivative is nonnegative for every p,
which gives the following theorem [88, Proposition 1.1]; see also [88, Corollary 3.6]. Chen
obtained the first variation and this characterization independently [38, Theorem 2]. For
the spherical models, a characterization of this type was obtained earlier by Talagrand;
see [88, Remark 1.4].

Theorem 2.3. Let B> 0and h > 0. Then ¥(q) = min, (o) ¥ (x) for every g € supp vg .

The statement in [88, Proposition 1.1] is that v({x : ¥(x) = min'¥}) = 1; since ¥ is
continuous, this set is closed, and as a closed set of full measure it contains supp v. The
normalizations agree. In [88], the model is & = B¢, and the SK model corresponds
to ¢o(t) = t2/2. The Parisi PDE there is (2.6) with terminal condition log cosh x, and
its solution u,, is the unique weak solution in the sense of [88, Section 8.1], where the
results of [87] on the Parisi PDE are recalled. For atomic y, the function ®, —log?2 is
a weak solution, since it is continuous, has a bounded spatial derivative, and solves
the PDE classically between consecutive atoms; it equals u, by the uniqueness in [88,
Proposition 8.1]. Both p +— u, and y — @, are continuous under weak convergence,
by [88, Proposition 8.2] and (P1); for the first, weak convergence gives convergence of
distribution functions at all but countably many points, which implies convergence in
the metric d(u, y') = fol |1([0,s]) — ' (]0,s])| ds used there. Approximating u weakly by
atomic measures, we obtain u, = ®, —log2 for all . Then the Parisi functional of [88] is
yﬁ,h —log 2, the SDE [88, (1.1.2)] is (2.8), the field is the same, and the function G, of [8S,
(1.1.1)]is Y.

The conditions EM? = t and X(t) < 1 in the next corollary are the self-consistency
conditions of [88, Proposition 1.1] and [38, Proposition 1]. If v has one atom, they are
the conditions of de Almeida and Thouless [53]; see [88, Remarks 1.2 and 1.4] and [136].
In zero field, they appear earlier in [6, Theorem 5], where the expectations are written
under a Girsanov change of measure. We include the short derivation from Theorem 2.3;
the bound g4+ < 1is [88, Lemma 3.8], with the same proof.

Corollary 2.4. Let B > 0 and h > 0. For every t € suppv N (0,1), we have EM? = t and
%(t) < 1. Further, gy <1and EM7, = q.
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Proof. If t € suppv N (0,1), then t is an interior minimum point of ¥ by Theorem 2.3, so
¥/ (t) = 0and ¥ (t) > 0, and (2.12) gives the first claim. If g, = 1, then the left derivative
of ¥ at 1 is nonpositive, so EM? > 1 by (2.12); however, M; = 9,®(1, X;) = tanh X; and
| tanh X7 | < 1 almost surely, a contradiction. Thus g4+ < 1. If g4 > 0, the first claim gives
lEMg . = q+. If g+ = 0, then the right derivative of ¥ at 0 is nonnegative, which gives
EM§ < 0and EM7, =0 =q;. O

We also need the regularity of 9,® and 92® in time, which follows from (P1).
Lemma 2.5. For every probability measure y on [0,1], all s,t € [0,1], and x € R,
105D (t,x) — 05Dy (s, x)| < 32|t — s, |8?CCI>V(t,x) - 8§¢y(5,x)| < 4V3B |t —s|V/2.

Proof. We write ® = ®,,. First let u be atomic. Between consecutive atoms, ® is smooth
and satisfies (2.6) classically, with u(t) constant. Differentiating in x, we obtain

2
010, D = —'% (3D + 2u(t) 9D 2D),

which is at most (4 +2)/2 = 382 in absolute value by (P1). Since d,® is contin-
uous on [0,1] X R, the first bound holds on [0,1]. For the second, fix s,t and let
f = 0:D(t,) — 0:D(s, ). Then ||few < 3%/t — 5|, and ||f" [l < 8 by (P1). If "]} = 0,
then f is bounded and affine, hence constant, and the claim is immediate. Other-
wise, Taylor’s formula at x & € gives 2¢|f’(x)| < 2|/flleo + €2||f"||co, and the choice
€ = (2]l fllo/I|f" )12 gives Landau’s inequality [[f'2 < 2] flleollf" [l < 4887/t — s].
This is the second bound, since f’ = 92®(t,-) — 92®(s, -). For general i, we approximate
u weakly by atomic measures; both bounds pass to the limit by the uniform convergence
in (P1). O

The law of the Parisi center. We write p for the law of M, , and call it the law of the
Parisi center. We also set

(B, 1) = /O’HJEa(t,xt)dt.

The next lemma collects the properties of the Parisi martingale used in the lower bound.
Part (c) writes P (B, h) as the sum of an energy, a field term, an entropy, and a correction,
and it identifies the value that the lower bound must reach. For > 0 and a measurable
f: R — [~1,1], we define ¢¢(t) = Ef(Y)f(Y’) for t € [0,q-], where (Y,Y’) is a centered
Gaussian pair with variances g_ and covariance t. The right side of (c) has the form of
the TAP free energy of Thouless, Anderson, and Palmer [135] at a magnetization whose
coordinates have law y, and whose energy per site is £(B, ). That the free energy of
mixed p-spin models equals the maximum of the TAP free energy over magnetizations
with self-overlap close to g4 was proved by Chen and Panchenko [39, Theorem 1], and a
computation close to our proof of (c) appears in the proof of [40, Theorem 7], without
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external field. After the change of variables s = B2, the inequality ¢r(t) > tin (a) is the
analogue of the property of the root map in the first phase of Sellke’s algorithm [125,
Lemma 3.2]. There the root map is defined through the Parisi PDE at zero temperature.
If - = g4, then f(y) = tanh(h + By), and this inequality follows from [25, Lemma 2.2
and Corollary 2.3]. Our proof uses the same convexity argument as [25, 125]. The
proof of (b) follows [103, Lemma 3.7]. Since a(q,x) = B(1 — tanh? x), the inequality
Ea(g+,X,,)* < 1 used there is Plefka’s condition [121] for the law of M,,; see [41,
Proposition 14].

Lemma 2.6. Let B > 0and h > 0.

(a) We have EM? =t for t € [q_,q+]. If g— < g+, then Ba(t, X¢)> = 1 for t € [q—,q+]. The
function f(y) = 0xP(q—,h + By) is C' with values in (—1,1) and f' € (0, B], it satisfies
f(Bg_) = My_ and cpf(q,) =q_,and cpf(t) > t for every t € [0,g-).

(b) We have M, = tanh X, and p*(1 —gq4)*> < 1L

(c) We have ,

P(Bh) = BEBH) +hEM,, +Eent(M, ) +5 (1-0,2  @13)

Proof. (a) By Theorem 2.2, [—,q+] = suppv C (0,1), and Corollary 2.4 implies that
EM? =t for t € [g—,q+]. If g < g, differentiating (2.10) gives © = 1 on (g—,q+), and
by continuity also on [g—, ]

Next, by (P1), f'(y) = Bo2®(q—,h + By) € (0,B], and f takes values in [—1,1]; since f
is strictly increasing, its values lie in (—1,1). By (2.9), M; = 0,®(t,h + BB;) for t < q_,
and in particular f(B; ) = M, and ¢¢(q-) = EM; = gq_. Fixt € [0,q-). Since
M is a martingale and M; is a function of B;, we have E[f(B;_) | B;] = M;. Let B’
be a Brownian motion independent of B and let A" = B; + B; — B;. Then (B; , A’)
is a centered Gaussian pair with variances g_ and covariance ¢, and given By its two
coordinates are independent with the same law. Hence

¢¢(t) = E[E[f(B; ) | BJ"] = EM} = q_ — /t " s(r) dr.

It remains to show that %(r) < 1 for r < g_. Since v(r) = 0 for r < q_, we see from
the second identity in (P2) that 92®(t, X;) is a martingale on [0,4_], and the It6 isometry
gives

%(t) = £(0) + g* /OtlE(ag’;cp(r, x)dr  (t<qo).

The integrand is positive for » € (0,49_]. Indeed, X, = h + BB, has a positive density,
and 92®(r,-) is continuous and not identically zero; otherwise 92®(r, ) would be a
positive constant by (P1), and 0,®(r, -) would be unbounded. By the last display, (r) <
¥(q-) < 1for r < g, where the last inequality is Corollary 2.4 at q—. Then ¢¢(t) >

g-—(q-—t) =t
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(b) By (P4), we have 9,®(q.,x) = tanhx and a(q,x) = B(1 — tanh® x). Then M, =
tanh X, , and (a) gives [E tanh® X,, = g.. Hence B(1 —q4) = Ea(q+, X,,). Since g+ €
(0,1), Jensen’s inequality and Corollary 2.4 at g give f2(1 — q4)* < Ea(q4, X, )* < 1.

(c) We compute each term of g (v), which equals P (B, h) by (2.7).

e Since v(r) = 0 for r < g and EM? = r on [q_, q+], properties (P3) and (P4) give

g g [t
®(0,h) :]Elog2costh++7(1—q+)—7 tv(t)dt.
0

e Since v(t) =1 on [g+,1], we have

2 2 2
E [ owar=E [T nmar Ea-g).

e By (2.3) and (b), IEIochosh Xq+ = Eent(M,, ) + E[X,;, M. ].

* By 28), X5, = h+ f HM; dt + BB,,. Since M is a bounded martingale,
E[MiMy,] = IEMtZ, wh1ch equals t wherever v(t) # 0, by (a). By (P2) and the
1to isometry, E[B,, My, ] = [ Ea(t, X;) dt = £(B, ). Combining these identities, we
obtain

E[X,,M,,] = hEM,_ + p? / () dt + BE(Bh).

When we substitute these expressions into the Parisi functional, the integrals fo'” ty(t) dt
cancel, and we obtain

2 2
P(B,h) = Eent(My,) + hEMy_ +BE(B,) + 51—~ B0 - ).

This is (2.13), because 2(1 — q4) — (1 —¢2) = (1 — g4 )% O

By Lemma 2.6(a,b), i+ is the law of tanh X, i+ ((—1,1)) = 1, and [ m?pu (dm) = q-.



SECTION 3

Finite cascades and the scalar transform

The goal of this section is to develop the calculus of finite cascades that is used in the
proof of Proposition 4.1. Section 3.1 fixes the notation. Section 3.2 records derivative
identities for cascade recursions with auxiliary randomness; they are applied to the scalar
transform in Section 3.3 and to an enriched free energy in Section 4. Section 3.4 proves
that the curvature and the complements of the transported squared magnetizations of an
Ising cascade are completely monotone functions of the square of the field. Section 3.5
deduces that the scalar transform is convex in the square roots of its variances, for every
value of the field. Section 3.6 studies a Hopf-Lax formula built from the scalar transform
and compares its value at the origin with the Parisi formula.

3.1 Notation

Throughout this section and the next, we fix an integer K > 1 and real numbers

0<fo<O1 < -+ <lg1<fk=1, (3.1)
and weset {1 =0,
wi=g=g1 (0<j<K),  @= maxw; (32)

Then w; > 0 and };w; = 1. For x,y € R we write (x,y), = ):]K:o wixyi, |10 =
Y wilx;l, and [|x[[20 = (x,x)%/?. Since Yjw; =1, we have |[x||1, < ||x[|2». The ordered
cone is

Ck={geR:0<gy< g1 <--- < gk},

and its dual cone is Cj; = {z € RK*1 : (z,4),, > Oforallg € Cx}. Every g € Ck can
be written as ¢ = Y& (g, — q0-1)1jg k) with g1 = 0, where 1}, | is the vector whose
coordinates with index at least ¢ are equal to one and whose other coordinates vanish.
Since the coefficients are nonnegative, we have

K
Ck = {z e R¥1: Y wiz; > 0for0 < £ <K} (3.3)
=t

We write z =,z ifz — 2’ € Cg- A function u: Cx — R is called differentiable on Ck if there
exists a continuous map Du: Cx — RX*! such that u(q’) = u(q) + (Du(q),q' — q)w +

23
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o(|9" —ql) as ¢ — g within Cg; we call Du the weighted gradient of u. Its coordinates are
(Du)j = wj’lau /9q;. If u is differentiable on Ck, then for q,4" € Ck the segment from g to
g’ lies in Cx and

()~ ula) = [ (Dula-+ 0 ~ )0~ q)uce, e

We write Z, Zy, Z1, . . . for standard Gaussian variables and, for b > 0 and a continuous
function g of at most exponential growth, vy, * g(x) = Eg(x + Vb Z). If g is smooth and
all its derivatives have at most exponential growth, then b +— 7} * g(x) is smooth on
[0, 00), with one-sided derivatives at b = 0, and

1 1
(1 *g) = > xg = Eai(% *g). (3.5)

3.2 Cascade recursions

We consider recursions in which, at each level, a Gaussian increment of the field is
integrated together with an auxiliary random element. Let (Qy, o,Py), 1 <€ <K,be
probability spaces, let w = (wy, ..., wk) have independent coordinates with wy ~ Py, and
let Z, ..., Zx be independent standard Gaussian variables, independent of w. We write
w<p = (w1,...,wy). Let L: R x Q1 x - -+ x Og — R be measurable and such that L(-, w)
is smooth for each w, with

0,L| <1, 02L =1 — (9,L)%, Eexp (c|L(0,w)|) < oo for every ¢ >0. (3.6)

The two main examples are L(x) = log2coshx, without auxiliary randomness, and
L(x,w) = logY_, exp(xoy, + A(c,w)), where o ranges over a finite set of spin configura-
tions and x is a fixed site; then dyL = (0y,) and 92L = 1 — (0y,)? for the corresponding
Gibbs average. The second relation in (3.6) implies, by induction, that every derivative of
L(:,w) of order r > 1 is a polynomial in d,L, so it is bounded by a constant depending
only on 7.

Let Aq,...,Ax > 0. Weset Lx = L and, for1 </ <K,

1
Lo q(x,wep 1) = 7 log E [exp (C£—1Lz(x + \/A—ezf,wge—pwe))], (3.7)

where the expectation is over (Zy, wy) only. The function L is then a deterministic func-
tion of x. All recursions and identities involving auxiliary randomness are understood
for almost every auxiliary prefix; on exceptional null sets, we choose arbitrary versions
of the recursive functions and transition kernels. For 0 < k < K, given (Xy, w<x), we let
(Xk11, wir1) have the law of (Xy 4+ \/Agy1Zx11, wiy1) reweighted by the density

exp (Ck(Lk+1(Xk+1/w§k+1) - Lk(Xk,wgk)))/ (3.8)
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which has unit mean by (3.7). This defines a Markov chain (X, w<y)r<x once the law of
the initial state X is fixed; we write [E for expectations with respect to it. We set

M] = axL](X],ws]), Ak,]-(x,wgk) = ]E[sz ’ Xk = x,wgk} (0 < k < ] < K)
In particular Ay = (9xLg)?.

Lemma 3.1. The following hold for every 0 < k < K.
(a) The function Li(-, w<y) is smooth, |0xLy| < 1, each derivative of order r > 1 is bounded by

a constant depending only on r and K, and 9, Li(Xy, w<) = E[Mi1 | X, w<i] if k < K.
Further, 0 < Ak,k < Ak,k+1 <... < Ak,K < 1.

(b) We have
K

aiLk =1- gkAk,k - Z w]Ak,] (39)
j=k+1
(c) For k < ¢ < K, the function Ly is differentiable in A, € [0, 00), with a one-sided derivative
at Ay =0, and

1 K
In, Lk = 5 (1 _ gijk,j). (3.10)
]:

Proof. For ¢ < K, suppose that L, satisfies the bounds in (a) and that
Eexp(c|L¢(0,w<()|) < oo for all ¢ > 0. Since |Ly(x,-) — Ly(0,-)] < |x|, differenti-
ation under the expectation in (3.7) is justified by dominated convergence, and

OxLy—1 =Ey_1[0xL¢],  03Ls—y = Ey1[05Ls] + {1 (Eé—l [(9xL()?] — (axL£—1)2>,
(3.11)

where E;_; denotes the expectation of the step from level £ — 1 to level £ in (3.8). Higher
derivatives of L,_; are polynomials, with coefficients bounded in terms of the order, in
tilted moments of derivatives of Ly, and they are bounded by constants depending only
on the order and on K. Let Y = |L/(0,-)| + v/A¢|Z|. By (3.7) and Jensen’s inequality,
|Ly—1(0,)] < g;_ll log IE,eb1Y, where E, integrates (Z,, wy). For ¢ > {;_1, using Jensen’s
inequality again, we obtain E exp(c|Ly_1(0,-)|) < Ee? < 0. By downward induction,
this proves the first two assertions in (a) and the martingale identity. Since M =
]E[Mj | Xk, w<x] for k < j, the monotonicity of j — Ay ; follows from the conditional form
of Jensen’s inequality, and |M;| < 1 implies that Ay x < 1.

We prove (b) by downward induction. For k = K it is the second relation in (3.6), since
Cx = 1. Suppose that (3.9) holds at level k + 1. By the Markov property, Ey [Aks1,j] = Ak
for j > k + 1, and inserting this into (3.11) we obtain

Lk =1—Cer1Aips1 — Y Wil + Gelrs1 — Gxlike
j>k+2
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Since (k11 — Cx = Wi, this is (3.9) at level k.
For (c), let first £ = k + 1. By (3.5), applied for fixed (w<j;1) and then averaged over
Wi+1, we have

3 L. — 1 % exp(Cily)
BT 07 exp(CiLi)
and (3.9) turns the right side into (1 — Yisk+1 wiA;)/2. If £ > k+1, then 95, Ly =

ﬁk[a A,Li+1], because Ay enters (3.7) at level k only through L. By induction on £ — k
and the identity Iﬁk[AkHJ] = Ayj, we obtain (3.10). O

1
=5 (93Lk + Ck(9xLy)?),

3.3 The scalar transform

We now specialize Lemma 3.1 to L(x) = log2 cosh x, without auxiliary randomness. For
v € Cx we take Ay = vy —vy_q for 1 < ¢ < K, write ¢y = L, and let the chain start from
Xo = h+ \/vg Zo. The compensated scalar transform is

Yu(v) = %K —E¢o(h++vv0Z0),  u(q) =¥u(29)  (v,q€Ck). (3.12)

A level of ¢, with endpoint g; has Gaussian variance 2¢;. For h = 0 and up to the additive
constant log 2, the function v, is the initial condition of the Hamilton-Jacobi equation for
the Sherrington—Kirkpatrick model in [107]; see also [56, Lemma 6.4]. We also write

Tj(h) = Tj(h;0) = E Aj(h+ o0 Zo) = E[9}(X))?]  (0<j<K). (3.13)

Lemma 3.2. For every h € R, the function Y, is differentiable on Cx, and

w‘
The function iy, is differentiable on Cx with Dy (q) = (Tj(h;2q))j<x € Cx N [0,1]XFL In
particular, [,(q) — yn(q")| < 19 = q'llyw for 4.9" € Cx, and di(q) < i(q") if moreover

g < q' coordinatewise.

T(ko) (0<j<K), O0<TH<T<---<Tx<l (314

Proof. Iterating (3.5) through the finite recursion gives all mixed derivatives of ¢ in
x and in the durations Ay € [0,00). On compact sets of durations, the differentiated
integrands have a common Gaussian-integrable exponential bound, by Lemma 3.1(a).
Dominated convergence therefore gives joint continuity of these derivatives, with one-
sided derivatives when a duration is zero. Applying the same argument to the outer
convolution 7y, * ¢ shows that ¥}, is smooth in (vg, Ay, ..., Ak) on [0,00)XF in this sense,
and differentiable on Ck. For 1 < j < K, the endpoint v; enters only A; and A;, 1, and by
Lemma 3.1(c) we have

1 w;
90 = —E[(9a,— an, )g0(X0)] = —5 B[ T witko;(Xo) = ¥ wilkoi(Xo)| = LT
i>j+1 i>j
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For j = K, the endpoint enters Ag and the term vk /2, and

1 1 w
‘Yh =—-—=-FE [1 — ZUKAO,K(X())} = —KTK

0
2 2 2

UK

The endpoint vy enters the variance of Xy and A;. By (3.5), (3.9), and (3.10),

9oy ¥ = —5E[¢g (Xo)] +E[9a,¢0(Xo0)]

E [1 — CoNoo — ]; w]-AO,j] + %IE [1 — ]; w]'Ao,]'] ,

N =N =

which equals wTy/2 because (o = wy. The ordering of the T; follows from Lemma 3.1(a).
The assertions about ¢, follow from the chain rule and (3.4). O

Up to a change of variables, the formula (3.14) is [112, Lemma 1], and for & = 0 it also
appears in [37, Proposition 2.5]. The nonnegativity and the ordering of the derivatives
are a special case of [108, Proposition 3.6].

3.4 Complete monotonicity

A function f: [0,00) — R is completely monotone if it is smooth on [0,c0), with one-
sided derivatives at 0, and (—1)Xf(*) > 0 on [0, o) for every integer k > 0. A function
g:]0,00) — [0, 00) is a Bernstein function if it is smooth and ¢’ is completely monotone. For
an even function F on R we write F(s) = F(+/s), s > 0, and we say that F is completely
monotone in x2 if F is completely monotone. If F is smooth and even, then

3.E(s) = (DF)(v5),  (DF)(x) = % /0 " F(x0) do, (3.15)

because F/(0) = 0. Since the operator D maps smooth even functions to smooth even
functions, F is smooth on [0, ), its derivatives are 9F(s) = (D*F)(y/5), and |9kF(s)| <

2 Fsupy, < s [P (y)].
We use the following facts.

Lemma 3.3. (i) Products and nonnegative linear combinations of completely monotone func-
tions are completely monotone. If f is completely monotone, then so are s — f(as) fora > 0
and s +— folf(séz) de.

(ii) If g is a Bernstein function, then e~$ is completely monotone. If moreover g > 0, then 1/ g
is completely monotone.

(iii) A function f is completely monotone if and only if f(s) = f[ )e_)‘sy(d)\) for a finite

0,00

ositive measure u with [ AKu(d\) < oo for every k.
p H H Y
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(iv) If G is completely monotone in x* and b > 0, then 7, * G is completely monotone in x?, and
b — vy * G(0) is completely monotone on [0, c0).

Proof. Part (i) follows from the Leibniz rule and differentiation under the integral sign.
For (ii), let H = e~$. Then H' = —¢'H and, by the Leibniz rule,

(_1)k+1H(k+l) _ i <k> [(_1)ig/(i)} [(_1)k7iH(kfi)},

i—0 \!

which is nonnegative by induction on k. If ¢ > 0 and H = 1/g, then H' = —¢’H?, and the
same induction, applied to H and to H? simultaneously, shows that (—1)*H®) > 0. Part
(iii) is Bernstein’s theorem [124, Theorem 1.4]; the measure is finite because f(0) < oo,
and its moments are finite because f is smooth at 0. For (iv), we use (iii) to write
G(s) = [e™pu(dA). For A > 0 and b > 0 we have

Ax? )

Eexp (—Ax +Vb2)?) = (1 +2b)\)_1/2exp(— T4 261

Integrating against y represents <y, * G as a mixture of the functions x — e~V with \/ =
A/(1+2bA) > 0, with finite positive weights; differentiation under the integral is justified
because A’ < A and y has finite moments. At x = 0 we obtain [ (1 +2bA)~1/2u(dA), and
b+ (1+2bA)~1/2 is completely monotone. O

The derivatives that we must control satisfy linear parabolic equations in the variable
s = x2, which degenerate at s = 0. We use the following maximum principle.

Lemma 3.4. Let d > 0 and let z: [0,d] x [0,00) — R be continuous, such that dyz, dsz, and
02z exist and are continuous on (0,d] x [0, o), with one-sided derivatives at s = 0. Suppose that
1z(b,s)| < C.eVs, that z(0,-) > 0, and that

dpz > 25022+ B(b,s)dsz + V(b,s)z  on (0,d] x [0,00),
where 0 < B(b,s) < Cg(1++/s) and |V (b,s)| < Cy. Then z > 0.

Proof. Let ®(s) = cosh(2y/5) = Y=(4*sk/(2k)!, which is smooth on [0,c0). We have
®’(s) = sinh(2+/s)/+/s > 0and 2s®”(s) = 2 cosh(2+/s) — sinh(24/s) //s. Using sinhy <
ycoshy and sinhy < coshy for y > 0, we find

250" 4 pO' < 20 + Cy (% + sinh(2\/§)> < (243Cp)®.

Set Co = 2+ 3Cg, fix A > Cy, and for € > 0 let ze(b,s) = e Mz(b,s) + eeCobd(s). Since
d(s) > ¢2V5 /2, the function z. tends to +oo as s — oo, uniformly in b € [0,d], so it
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attains its minimum on [0, d] x [0, o) at some point (by,s1). Suppose that this minimum
is negative. Then b; > 0, because z¢(0,-) > 0. At (b1,s1) we have dyze < 0; moreover
258%26 + B0sze > 0, since either s; > 0, in which case dszc = 0 < agze, or s; = 0, in which
case d;z¢ > 0 and the second-order term vanishes. On the other hand, by the assumed
inequality, we have

Opze > (250%z¢ + Pdsze) + €62 (Co® — 25@" — BD') + (V — A)e Mz,

At (by,s1), the first two terms are nonnegative and e Ay — 7. — eeCobd < 0, so the last
term is positive. Then dyze > 0 there, a contradiction. We conclude that z. > 0 for all

€>0,and z > 0. O

We now show that one step of the recursion (3.7), without auxiliary randomness,
preserves the relevant complete monotonicity properties.

Lemma 3.5. Let 0 < m < m' < 1. Let ¢in: R — R be smooth, even, and convex, with |¢] | <1
and with bounded derivatives of every order r > 1. Let Ai, 1 € Z, be finitely many smooth even
functions with values in [0, 1] and bounded derivatives of every order. Suppose that for every
c € [0,m'] and 1 € T the functions

Pin, e Pnpn, e (1 (¢1)%), (1 AG) (3.16)
are completely monotone in x2. For b > 0 let
_ Yo ("PmAL)
o Yp * eMdin

1
#(b,) = log (yxe™n), A,

Then, for every b > 0, the functions ¢(b, -) and A'(b, ) satisfy the same assumptions with m’'
replaced by m.

Proof. Fix d > 0; we prove the claim for b € [0,d]. The function ¢(b,-) is even and
smooth, and (3.11), with {,_; replaced by m, shows that |0x¢| < 1, 02¢ > 0, and that the
derivatives of order r > 1 are bounded uniformly in b € [0,d]. Similarly, A'(b, -) takes
values in [0, 1] and has bounded derivatives, since it is a tilted average of A! . Let u = 0¢
and 1 = 92¢. By (3.5), for b > 0,

P = %(aicp +m(0xp)?),  Opu = %Eﬁu +mudyu, P = %aizp + mudyp + my?,
(3.17)
and 20, A" = 92A' + 2mud,A'. For ¢ € [0,m] we set H. = e?¢p, G, = ¢?(1 — u?), and
. = ¢ (1 — A'). Using (3.17), we compute

dpH, = %E)J%HC + (m — c)udxHe + (myp — %c(m —o)u?)H,,
1 1
0,Ge = Ea,%c;c + (m — ¢)u9,Ge — Ec(m —0)u*Ge + Hey, (3.18)

1 1
0,0, = EB,%@Q + (m —c)u 0,0, — Ec(m — o) u*@..
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We pass to the variable s = x2. Let f(b,s) = (b, +/s) and b.(b,s) = /su(b,/s).
For an even function F(b, -) we have 92F = 20sF + 45 92F and yu d,F = 2vb,dsF, where
F(b,s) = F(b,+/s). Since u(b,0) = 0, we have u(b,x) = x fol (b, x0) df, which implies

dshs = %[f(s) +/01f(502)d6], 95 (u(+/3)?) :f(s)/olf(sez) de. (3.19)

Since ¢(b,-) is even and convex, u(b, x) has the sign of x, and 0 < b, < /s because
|u| < 1. Since ¥ is nonnegative and bounded, we see from (3.19) that dsb. is nonnegative
and bounded.

All functions below are smooth in (b,s) € (0,d] x [0,00) and continuous on
[0,d] x [0,00) together with their s-derivatives, by (3.15) and the smoothness of the
heat semigroup. Since ¢(b,x) < ¢(b,0) + |x| and ¢(b,0) is bounded on [0, d], every x-
derivative of H;, G, and @ is bounded by Cerl¥l < Cel* |, and by (3.15) every s-derivative
of their transforms is bounded by CeV®. The functions f, b, and u? have bounded
derivatives.

Step 1: f(b,-) is completely monotone. Set @ = (—1)¥kf and, for j > 1, B; =
(—1)/19b.. By (3.19),

B = +[a, L0220, 4 (s6) b
i = E [@]_1(5) +/O 0 C@]_l(S ) :|
In the variable s, the last equation in (3.17) reads 9, f = 2502f + (1 4 2mb,)0sf + mf>.
Differentiating k > 1 times in s, we obtain

0p@y = 25920 + (2k + 1+ 2mb, ) sy + (2mk dsb, + 2mf) @y
S

k—1 k
+m Z (k) W;Wy_; + 2m Z (k> Biwk_iﬂ. (3'20)
i=1 \! i—2 \!
We have @y = f > 0 because ¢(b,-) is convex. Suppose that @q,..., @1 > 0 on
[0,d] x [0,00). Then By, ..., B; > 0, and the two sums in (3.20) are nonnegative, because
they involve only @1, ...,@;_1 and By, ..., By. Further, @,(0,-) > 0 by (3.16). Lemma 3.4,
applied with g = 2k +1+ 2mb, and V = 2mkdsb, + 2mf, implies that @0, > 0. By
induction, f(b,-) is completely monotone. By (3.19) and Lemma 3.3(i), (—1)/~1alb, > 0
and (—1)/719L(u?) > 0 for all j > 1.

Step 2: a general induction. Let F be one of H., G, ©%, with ¢ € [0,m] and vy =m —¢ > 0.
By (3.18), F satisfies

OpF = 25 92F + (1 +29b,)dsF + PF + ],
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where P = mf — cyu?/2 and | = 0 for H,, P = —cqyu?/2 and | = H.f for G, and
P = —cyu?/2 and | = 0 for O By Step 1, (—1)jP(7) > 0 for every j > 1, where
derivatives are in s. Let z; = (—1)¥0XF. Differentiating k times, we find

Opzk = 25022k + (2k + 1+ 29b.)dszy + (27k 35, + P)zg

£ (k krk -
o), (i)Bizk—iH + ) (l> (1) Pz + (~1)F] .
i=2 i=1

If J is completely monotone and zy, ...,zx_1 > 0, then all source terms are nonnegative,
z¢(0,-) > 0 by (3.16), and Lemma 3.4 gives z; > 0. The base case zy = F > 0 holds
because > 0, |u| <1,and A* < 1.

We apply Step 2 first to H, with | = 0, which shows that H.(b,-) is completely
monotone in x2. Then | = H, f is completely monotone, and Step 2 applies to G,. Finally
it applies to ©@.. Together with Step 1, this proves the lemma. O

Lemma 3.6. Let v € Ck, and let ¢y and Ay, be as in Section 3.3. For every 0 < k < j < Kand
c € [0, k], the functions
o, ey, e (1-Ayy)

are completely monotone in x>. Further, ¢, is odd and nondecreasing, Ay, is even and nondecreas-
ing in |x|, and for every j there exists a finite positive measure v; on [0, c0), with finite moments
and total mass 1 — T;(0), such that

1— Tj(h) = /[Ooo) eMy(dA)  (hER). (3.21)

Proof. We prove the complete-monotonicity claims by downward induction, carrying also
that ¢ and Ay ; are smooth and even, that their derivatives of every positive order are
bounded, and that 0 < Ak,j < 1. For k = K these additional properties hold, and we
have ¢x = log2coshx, % = 1 — (¢})? = sech’x, Axx = tanh’x, and {x = 1. The
three functions are then sech? and 2°sech® ¢ with 2 — ¢ > 1. By the product formula
coshx = [T (1 +4x%/((2i — 1)*7%)) [55, (4.36.2)],

4
(2i —1)272 + 45’

95 log cosh /s = 2

i>1

where the series of derivatives of every order converges uniformly on [0, o). Since each
summand is completely monotone, log cosh /s is a Bernstein function, and sech? /s =
e Plogeosh s ig completely monotone for all p > 0 by Lemma 3.3(ii).

Suppose that the strengthened claim holds at level k +1 < K. We apply Lemma 3.5
with m = (i, m' = {j11, Pin = ¢Pry1, the family A{n = Agppjfork+1 < j <K,
and b = Ay,q1. The hypotheses hold by the induction hypothesis and Lemma 3.1(a):
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the function ¢y is even, because log2 cosh is even and the Gaussian increments are
symmetric; it is convex because ¢/, ;, being completely monotone in x?, is nonnegative;
and (¢,_1)* = Aki1kr1- By the definition of the tilted chain, ¢(Ari1,+) = ¢ and
N(Apq,-) = Ajfor j > k+1,and Agy = (¢)*. Lemma 3.5 preserves the additional
regularity and range bounds, which also hold for (¢})?, and implies the claim at level k.

Since ¢y is even, ¢ is odd, and it is nondecreasing because ¢; > 0. Since 1 — Ay is
completely monotone in x?, it is nonincreasing in |x|. Finally, 1 — Ay, is completely mono-
tone in x2, so 1 — T; = 7oy * (1 = Ag)j) is completely monotone in h? by Lemma 3.3(iv),
and (3.21) follows from Lemma 3.3(iii). O]

The monotonicity of ¢; and of A in [x| also follows from [112, Lemma 2]. The com-
plete monotonicity is the additional information used in Lemma 3.7 and Proposition 3.8.

3.5 Square-root convexity

The next estimate bounds the curvature of T] at h = 0 in terms of the total variance v;.
We write Tj" for the second derivative in h.

Lemma 3.7. For every v € Cx and 0 < j < K, we have v]-T](’(O) < 2T;(0).

Proof. Fix j. We follow the response Ay ; as k decreases from j to 0, and then through the
outer Gaussian average. Let 0 < k < j, and consider the step from level k 4 1 to level k
as a function of its duration b € [0, Ay 1], as in Lemma 3.5 with m = (i, ¢in = ¢r,1, and
Ain = Ajy1j. We write D = eb%+1, B(b) = 1y, * D(0), and
N(b)
g(b) =AM,0),  1-8(b) =F55 N =mx (D(1 = Agy1,))(0).

By Lemma 3.6 at level k + 1 with ¢ = (i, the function D(1 — Ay;1,) is completely
monotone in x> for every i > k+ 1. By Lemma 3.3(iv), N and the functions N;(b) =
Yp * (D(1 — Agy14))(0) are completely monotone in b. By (3.9) at level k + 1 and (j +
(Ck1 = Ck) + Liskr1wi =1,

D" = D (¢}, 1 + k(P4 1)%)

= 0iD + 0e(Zker — QD1 = Apsaper) + 3k Y wiD(1 = Ay ).
i>k+1

By (3.5),

/ 1 " gl% gk
B :E’yb*D (O):EB—FE Z ciN;, c; > 0.
i>k+1

The function B = ¢ %!/2B is then positive with completely monotone derivative. By
Lemma 3.3(ii), 1/B is completely monotone, and 1 — g = Ne~¢b/2 /B is completely
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monotone by Lemma 3.3(i). It follows that g is nondecreasing and concave on [0, Ag1].
For the outer Gaussian average the same holds with g(b) = 7, * Ag;(0), b € [0, 0],
directly from Lemma 3.3(iv).

Since 9,¢(b,0) = 0, we have 2¢’(b) = 92A(b,0) by the transport equation for A.
Suppose that at the start of a step the response satisfies byg’'(0) < g(0) for some by > 0.
By concavity, bg’(b) < g(b) — g(0) and ¢'(b) < ¢’(0). Using these bounds, we obtain

(bo +b)g'(b) < g(b) — g(0) 4 bog'(0) < g(b).

At level j the response is A ; = (43]’-)2, which vanishes at 0, so the inequality holds with
bo = 0. At the junction of two consecutive steps, the values of g and g are Ay ;(0) and
A j(O) /2 for both steps. Applying the previous display through the steps of durations
Aj, ..., A1 and then through the outer average of variance vy, whose total is vj, we obtain
v]-T]-”(O) < 2T;(0). O

Proposition 3.8. For every h € R, the map s — ¥;,(s3, ..., s%) is convex on {s € RK*1:0 <
so < s1 < --- <sk}. The same holds for s — gbh(s%,. ) .,s%).

Proof. The second statement follows from the first, since 9,(s?) = ¥;,((v/25)?). Let
O={s:0<sy<s; <--- < sk}, an open convex set whose closure is the set in the
statement. Since s — ¥,(s?) is continuous on the closure, it suffices to show that its
Hessian is positive semidefinite on O. Fix s € O and v = s2,sothat 0 < vy < --- < v,
and set J;; = avai(h;v).

We first show that J;; < 0 for i < j. Under the tilted chain, the law of (Xo, ..., X;)
has density [T,; exp(Ce(pri1(Xei1) — pe(Xy))) with respect to the Gaussian path with
variances vg, Ay, ..., A;, which do not depend on v;. For ¢ < j, we have 80].474 = —
w;l\y;/2 by Lemma 3.1(c), where ¢; = 1/2 if j = K and ¢; = 0 otherwise. Differentiating
T; = E[¢}(X;)?] under the expectation, we obtain

~ wj ~
Jij = —wiE[¢i(X) 0 j(Xi)] — 7] ) E [¢5(Xz')2(/\é+1,j(xé+1) - Af,j(sz))] ,
l<i

where the constants ¢; cancel between the two terms of each tilt. By the Markov property,
E[¢;(Xi)* | Xe1] = Arp1,i(Xer1) and Agj(Xy) = E[Ag1,;(Xes1) | Xg]. The expectation
in the sum is the mean of the conditional covariance of A/ 1,;(Xy11) and Agpqj(Xpy1)
given X;. By Lemma 3.6, both are nondecreasing functions of |X,. 1|, so this covariance
is nonnegative: for two such functions F;, F, and an independent copy Y’ of a variable
Y,2Cov(F1(Y), E2(Y)) = E[(F.(Y) — FL(Y"))(F2(Y) — B(Y'))] > 0. Also, by Lemma 3.6,
¢;(x) and 9y A ;(x) have the sign of x. This shows that J;; < 0. Since the Hessian of ¥}, in
v is symmetric, (3.14) implies that w;];; = w;];;. Then J;; < 0 for all i # j.
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Adding the same number to every endpoint leaves Aq,..., Ax unchanged and in-
creases vg. Using (3.5), we find

ZL, d‘ lEAmh+¢vo+eZ) —T”(h) (3.22)

By Lemmas 3.6 and 3.7, with y = Ak? and v; as in (3.21),
Ti(h) + o, T (h) =1 — /e_)‘hzvi(d)») — vi/)»(4y —2)e Yy;(dA)
> T;(0) — 46_3/Zvi/)tvi(d)\) > (1—4e%?)T;(0) > 0.

Here we used that v; has mass 1 — T;(0), that supy>0(4y 2)e Y = 4e73/2 < 1, and that
T/(0) =2 [ Avi(dA), so that Lemma 3.7 reads v; [ Av;(dA) < T;(0).
Let M be the Hessian of s — ¥,(s?) at s. By (3.14), 95, ¥(s?) = w;s; T;, which gives

Mij = 5i]~wl-Ti + zwiSiS]']i]'.

The off-diagonal entries are nonpositive. Let o; = 1/s; > 0. By (3.22),

lTl
(Mo); = + 2w; SZZLJ = (T; + o, T/ (h)) > 0.

1
For y € RX*! and ¢; = oy;, using the symmetry of M, we have

ETME =Y (—Myj)eioi(yi — vj) +Z@z Mo)y? >

i<j
which shows that M is positive semidefinite. O

For h = 0, Chen, Issa, and Mourrat [37, Proposition 2.2] and Ho [83, Theorem 1.8]
proved that 1y is convex on Ck. Since 1y is nondecreasing, this is stronger than Propo-
sition 3.8 at h = 0. Convexity of iy along rays through the origin follows from an
earlier result of Auffinger and Chen [8, Theorem 1]; see [83, Section 3]. Convexity on
Cx fails for large ||, already for K = 0, where ¢;,(s) = s — [Elog2 cosh(h + /25 Z). The
computation in [106, Section 6.1], with the uniform measure on {—1,1} replaced by the
measure with mean tanh 1, gives ¢,/(0) = 2(1 — tanh? 11)(1 — 3 tanh? 1), which is negative
if tanh®h > 1 /3. The same threshold is stated in [37, Section 1]. For spherical spins, the
analogous initial condition is convex in the paths in every field [34, Lemma 2.9]. The
proof in [37, Section 2] has the same structure as the proof of Proposition 3.8: the Hessian
of {p has nonpositive off-diagonal entries, which is deduced from [112, Theorem 2], and
nonnegative row sums. For I # 0, the row sums of the Hessian of ¥, are proportional to
T/ (h) by (3.22), and they may be negative. In the proof of Proposition 3.8, the change of
variables v = s? and Lemma 3.7 compensate for this.
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3.6 The Hopf-Lax formula and the Parisi functional

Fix  >0and h € R. For t > 0 and y € Cx we define

3 oY =vl3 B
Ut y) = sup {n(y) — 2L U(0.y) = uly). (3.23)

2
yIGCK :B t

This is the Hopf-Lax formula for the equation 9;U — (B2/ 4)HDUH%/w = 0 with initial
condition ¢,; see [56, Theorem 3.8] for the corresponding statement on RX+1 and [36,
Proposition 6.2] for cones. We use only the elementary properties in the next lemma.

Lemma 3.9. The following hold.

(a) For t > 0and y € Ck the supremum in (3.23) is attained, and every maximizer y' satisfies

/_
P= % = Dy, (y') € Cxk N [0,1]%FL, (3.24)
(b) Fort > 0andy,ij € Cx, we have |U(t,y) —U(t,7)| < ||y — 7|1 -
(c) For0 <t <t andy € Cg, we have 0 < U(t,y) — U(t,y) < B>(' —t)/2.

In particular, U is continuous on [0, 00) x Ck.

Proof. (a) By Lemma 3.2, ¥,(v') < ¥,(v) + ||V — yl|2,», so the function maximized in
(3.23) is continuous on the closed set Cx and tends to —oco as |y/| — oo. Let y’ be a
maximizer and P = Dy, (y'). For y” € Ck, the segment from y’ to y”’ lies in Ck, and the
right derivative at i’ of the maximized function in the direction y” — v’ is nonpositive:

2(y' —
<P . (y‘BZt y), Y _y/>w <o.
Since P € Cx by Lemma 3.2, we may take y"" = y + B?tP/2 € Cx. With this choice, the
left side equals (8%t/2)||P —2(y' —y)/(B*t)||3 ,, which must vanish. This proves (3.24).
(b) For t = 0 this is Lemma 3.2. Let t > 0, let ¥’ be a maximizer for y, and write
y' =y + B*tP/2 as in (a). Since P € Ck, the point § + B%tP /2 lies in Cx. Taking this point
in the supremum, we obtain

N _ P B2t 5
U(t,7) > ll’h(l/+7p> — THP 2w

2t
> uy") Iy~ 90— B 1P = Ut y) — Iy — Tl

Exchanging y and i proves (b).
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() If t > 0 and y’ is a maximizer at time ¢, then U(¥', y) > ¢, (y') — ly' — yl13 ./ (B*') >
U(t,y); the case t = 0 is similar with v/ = y. Let y” = y + B2#'P” /2 be a maximizer at
time ', with P" € Cx N [0, 1]X*1. Since the point y + B?tP” /2 lies in Cx, we have

24 t’ ;
U(E, ) = Ut ) < v+ E0P7Y =g (y+ B tpr) - B =D
24/
ﬁ (t ) || P// || w’
which is at most B2(t' —t)/2. O

The next lemma compares U(1,0) with the Parisi formula. Its identity (3.25) is a finite-
dimensional form of the representation of the Parisi formula by a Hopf-Lax formula, due
to Mourrat [107] for h = 0; see [56, Theorem 6.7]. We use the Parisi equation (2.6), the
Parisi functional t@ﬁ,h/ and the formula (2.7) for P (B, h), and we write y, = Zf:o chSrj for
r € Cx N[0, 1)K+,

Lemma 3.10. Let B > 0 and h € R. For every r € Cx N [0,1]5F1,

2 2 2
(B = BB = B — 25000, 3.25)

and U(1,0) > B*/4 — Ppy(py). Further, the map u — Pgy(p) is continuous for weak
convergence of probability measures on [0, 1].

Proof. We first prove (3.25). Let ® = Dy, solve the Parisi equation (2.6). Since y, is atomic,
& is obtained by successive Cole-Hopf transforms [7]: on [rk, 1] we have p,([0,¢]) = 1 and
®(t,x) = log2coshx + B%(1 —t)/2; on an interval [rj,rj,1) of positive length we have
#r([0,t]) = j and ®(rj,x) = Cj_l log Eexp(0i®(rjt1,x + By /Tj+1 —1jZ)); and @(0,x) =

E®(ro, x + B+/T0 Z). Let ¢; be the recursion of Section 3.3 for the endpoints v = B%r, so
that Aj 11 = ﬁz(er — ;). Since constants commute with the Cole-Hopf transforms, we
have ®(r;,-) = ¢j + p*(1 — rx) /2 for every j by downward induction, including the case
of repeated endpoints. Then ®(0,1) = E¢o(h + B/ro Z) + p*(1 — rk) /2. If X ~ y,, then

1 1 1— 7|3
/ty,([o,t])dtzlE/ tdt:ﬂ.
0 X 2

We conclude that

Pgn(pr) = Ego(h+ ByroZ) + 17115 2-

Since ¢, (B%r/2) = Y5 (B?r) = BPrx/2 —E¢o(h+ By/To Z), thisis (3.25). Taking y' = B?r/2
in (3.23) with t = 1 and y = 0, for which [|y'[]3,,/8* = B*||3,,/4, we obtain the lower
bound on U(1,0).

Finally, ®,(0,h) is continuous in u for weak convergence by (P1), and so is

fol tu([0,4]) dt = (1 — [ x*u(dx))/2. This proves the continuity of Zg,. O

NN



SECTION 4

The upper bound on regular graphs

The goal of this section is to prove the following proposition, which states that the
pressure of the Edwards—Anderson model on any D-regular graph is asymptotically at
most the Parisi pressure.

Proposition 4.1. Forevery > 0and h € R,

limsup sup pg(B,h) < P(B,h).
D—oo  Gegp

The supremum is over all finite simple D-regular graphs, with any number of vertices;
no assumption on the spectrum, the girth, or the symmetries of G is made. We now
outline the proof. The strategy is that of Mourrat [106, 108], who proved upper bounds
for mean-field models with nonconvex interactions by showing that an enriched free
energy is an approximate viscosity supersolution of a Hamilton—Jacobi equation, with
Ghirlanda—Guerra identities and synchronization enforced at contact points. Fix a finite
cascade as in Section 3. On the cone of V-indexed families of nondecreasing paths we
consider an enriched free energy in which every vertex receives a Gaussian field with
the covariance structure of a Ruelle cascade, and in which each first-level branch of the
cascade carries an independent copy of the couplings. At time ¢ this free energy is at
most B2t/4 — pg(B/t, ) at the origin, and at time zero it is given by the scalar transform
of Section 3.3. Its time derivative differs from a quadratic Hamiltonian evaluated at its
gradient by p%(4n)~! Y w;tr(SC;), where C; is a conditional covariance matrix of the
products co2. Since S has negative eigenvalues, this term has no sign. For every 7 > 0,
we use |tr(SC;)| < ntrC;+ (4n) 1 tr(S2C;), with tr C; < n. We reduce tr(S*Cj) to the
conditional variances of the overlaps of O(n/D) rows of S by a sparsification theorem of
Cohen, Nelson, and Woodruff, and control these variances by Mourrat’s finitary form of
Panchenko’s synchronization theorem, using Ghirlanda—Guerra identities produced by
small Gaussian perturbations. Because the couplings are independent across first-level
branches, the free energy has fluctuations of order 1/n at every fixed parameter, which
allows these identities to be enforced at every point where a test function touches a
deterministic regularization of the free energy. A comparison principle on the cone then
bounds this regularization from below by an explicit subsolution built from the Hopf-Lax
formula of Section 3.6, and Lemma 3.10 compares the value of the subsolution with the
Parisi formula.

37
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Section 4.1 introduces the Hamiltonians on the cone and proves the comparison
principle. Section 4.2 constructs the subsolution. Section 4.3 defines the enriched free
energy and records its properties. Section 4.4 states Mourrat’s bound on conditional
variances, Section 4.5 introduces the Gaussian perturbations, and Section 4.6 bounds the
drift term. Section 4.7 completes the proof of Proposition 4.1.

Throughout this section we fix D > 1, a graph G = (V,E) € Gp with n = |V| vertices,
and the notation of (2.2). In particular S = Ag/D is symmetric, nonnegative, with zero
diagonal, S1 =1, ||S|| < 1, and tr S?> = n/D. We also fix a cascade as in (3.1) and (3.2).
All constants are independent of D, G, and n unless stated otherwise. We write

Za(ph)= Y exp(PHo(0)+h o), pe(ph) = ElogZo(ph)
ce{-11}V x

4.1 Hamiltonians on the cone and comparison

Let Vg = V x {0,...,K}. For p € RY we write py = (pxj)j<k and p; = (pxj)xev € RV.
We use the inner product and norms

1 1
payy=—Y (pvade.  lpli=_ 3 Ipelie  llpla= (b p)/>

n xeV xeVv

so that |[p[li < [pll2, because the weights w;/n sum to one. The cone is C{ = {q €
RV« : gy € Ck for every x}, and its dual cone for (-,-)y is (Cy)". We write p =, p’ if
px =+ pl for every x. For a function u of g € RV we write Dyu for its gradient with
respect to (-, )y, that is, (D,yu) xj = nw;lau /9qy;; for functions on CI‘</ , differentiability is
understood as in Section 3.1.

Hamiltonians

For p € RYK we define

‘32 K
Hs(p) = o ;)wj p; - Sp; 4.1)
]:
and
Hext(p) = inf {Hs(A) : A € CK, A=, p}. (4.2)

This is the monotone modification constructed in the proof of [36, Lemma 2.4], ap-
plied to Hs. For z € Rl and 0 < ¢ < K+ 1 we write 1(z) = YisrWwizj,
Ty(z) = maxy<pr<g+1 T (z), and Wy, = 1(1). Then tx.1(z) = 0, so that T;(z) > 0,
and z >, 7’ if and only if 7,(z) > 1,(2’) for every ¢, by (3.3).

Lemma 4.2. The following hold.
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(a) If A,B € CY and B =, A, then Hg(B) > Hg(A).

(b) Let p € RYK. For each x, let €y be the least concave majorant on [0,1] of the points
(Wi, Te(px)), 0 < £ < K+1, and let Ay; = (¢x(W;) — 6x(Wiy1))/wj. Then A € CY,
A =, p, every B € C{ with B =, p satisfies B =, A, and Hext(p) = Hs(A). Further,
0 < wi Ak < ||px|l1w for every x. If p € (0,00)V%, then A € (0,00)V%, and every jo < K
belongs to a block {i,...,i" — 1} > jo on which Ay is constant, equal to the weighted mean

/_

of px over the block, and such that Z;'.:g wipxj < Axjy Z;/:_El w; for every i < £ < i’

(c) The function Hext is finite, nondecreasing for =, and equal to Hs on CY. For R > 0 and
p,p" € RYwith [|p|l2, |p'll2 < R, we have [Hext(p) — Hext(p")| < B2 R [[p = p'||2.

Proof. (a) For P € C{, we have (DHg(P)).j = (B*/2) Yy SxyPy;, which is nonnegative
and nondecreasing in j, because S has nonnegative entries and Py; is nonnegative and
nondecreasing in j. In other words, DHg(P) € CY. Since the segment from A to B lies in
CY and B— A € (C3), we have Hg(B) —Hs(A) = [ (DHs(A +6(B — A)),B— A)y df >
0.

(b) Fix x and let ay = Ty(px). As { increases from 0 to K + 1, the abscissae W, decrease
strictly from 1 to 0, and 4, is nonincreasing, with ag; = 0. The least concave majorant
©x is the upper boundary of the convex hull of the points. It is piecewise linear, its
vertices are among the points, €x(0) = ag+1 = 0, and (1) = ap. Since the maximum of
%y is attained at a vertex and ay = maxy ay, it is attained at 1, and the concave function
¢~ is nondecreasing. Its slopes are then nonnegative and nonincreasing in W, which
gives Ay € Ck. Since %x(0) = 0, we have 7)(Ayx) = € (Wy) > ay > 14(px), that is,
Ay ¥« px. Moreover wrgAyx = 6x(Wk) € [0,a0], and ap < maxy |t(px)| < ||px|l1»- Let
B, € Ck satisfy By = px. The piecewise linear interpolation @ of the points (W, 7/(Bx))
is concave and nondecreasing, because its slopes B,; are nonnegative and nondecreasing
in j. For ¢ < ¢’ we have ®(W;) > ®(Wy) = t(Bx) > Tp(px), so that &(W,) > ay. By the
minimality of the least concave majorant, ® > 6%, and By =, A,. By (a), Hs(B) > Hs(A)
for every B admissible in (4.2), and A is admissible, which shows that Hext(p) = Hs(A).

Let now p € (0,00)"k. Then T;(py) is strictly decreasing in ¢, and a; = 7/(py). Let
i < jo < i be such that Wy and W; are consecutive abscissae of vertices of €y. On [W;, W]
the function % is linear, with slope A,; = Ay, fori < j < i'. Since €x(W;) = 7;(px) and
©x(Wy) = T#(px), this slope equals the weighted mean of py over {i,...,i" — 1}, which
is positive. For i < ¢ < i’ we have 1y(px) < €x(W;) = Ty (px) + Axjy(We — Wir), which is
the last assertion.

(c) By (b), Hext is finite. If p’ =, p, then every A admissible for p’ is admissible for p,
and Hext(p) < Hext(p'). If p € C}é, then p is admissible and every admissible A satisfies
A =, p. By (a), we have Hext(p) = Hs(p).

For the Lipschitz bound, let ||p|2, [|[#’|l2 < R, let A be as in (b) for p, and set Ay =
To(py — Px) < [IP% — pxlliw and cx = /\xwlzll{K} € Ck. Then y(cx) = Ax = T(py — px)
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for ¢ <K, and A + ¢ € CY is admissible for p’. Since cj =0for j < Kand [|S]| <1, we

have

2
w
E 2K (2lex| Al + lex ),

where | - | is the Euclidean norm on RY. By (b) and the inequality ||z||1 ., < [|z]|2,, we have

w2 Ax2 < T, lIpxl,, < nllpl3, and similarly w|ck[2 < n[|p’ ~ p|3. Since [|p]l < R and

Hext(Pl) - Hext(P) S HS(A + ) HS(A)

|p" — pll2 < 2R, the right side of the last display is at most f2Rwy ' ||p’ — p||2. Exchanging
p and p’, we obtain the bound. O

If py has positive entries, then Ay is the isotonic regression of p, with weights (w]-),
that is, the nondecreasing vector closest to py for || - |2, and Lemma 4.2(b) is equivalent
to its classical description by the greatest convex minorant of cumulative sums [122].

Lemma 4.3. Let P € Cx and r € (0,00)"k. Set M; = n~' ¥, ryj and byj = PiM;/ry;. Then

K
ext Z 'BZE

Proof. Suppose first that P; > 0 for every j, so that b € (0,00)"%, and let A be as in
Lemma 4.2(b) for p = b. Fix x and a block {i,...,i’ — 1} as there, on which A, equals
a constant a. For i < ¢ < i, the weighted mean of byj over {¢,...,i" =1} is at most
a. By Jensen’s inequality for the convex function 1/y, we have Zj.:gl wj(at — b;jl) <0.
Since a terminal interval {/,...,K} is the union of such a terminal part of one block and
of the later blocks, we obtain 7,(A;! — b;!) < 0 for every ¢, where inverses are taken
coordinatewise. Let v; = nly, A;jl. Since n= 1y, b;jl = Pj_l, averaging over x gives
1(v—P~1) <0 forall 4, thatis, P~ —v € Cx.

The weights Sy, /n form a probability measure on V x V with both marginals uniform.
For a,a’ > 0, the inequality between the arithmetic and geometric means of a~! and a'~!
gives aa’ > ((a~' +a’~1)/2) 2. Using this and Jensen’s inequality for the convex function
a+ a~2 on (0,0), we obtain

-1 -1
1 1 Ax' + AN\
2y S AdAy > - Y Sy (L) T2V
nley: xy£ixj y]—nley: xy > = Vi

The tangent line of the convex function 4 — a~2 at P]._1 gives v]._2 > PJZ - ZP?(vj — Pj_l).
Since the vector (P3 ) belongs to Cx and P~! —v € C, we have

ij 2>ij +2(( P3 - _V>w22wjp}2'
j

Combining the last two displays with the identity Hext(b) = Hg(A) from Lemma 4.2(b),
we obtain the claim in this case. In general, for 6 > 0 let P = P 4 61, which belongs to
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Cxk N (0, oo)K+1, and let b®) be the corresponding vector. Then b 5 basd — 0, and the
continuity of Hext from Lemma 4.2(c) proves the claim. O

Viscosity solutions and comparison

Viscosity solutions were introduced by Crandall and Lions [49]; see also [50]. The
following definition, in which test points on the boundary of the cone are allowed,
follows [36, Definition 1.1].

Definition 4.4. Let H: R’ — R be continuous, let ¢ € R, and let u: [0,2] x C}é — R
be continuous. We say that u is a subsolution of o;u — H(Dyu) < c if, for every (fo,q0) €
(0,2) x CY and every function ¢ that is continuously differentiable in a neighborhood
of (tg,q0) in R x RYk and such that u — ¢ has a local maximum at (tg,qo) relative to
(0,2) x C{, we have 9;¢(ty,q0) — H(Dg@(to,q0)) < c. We say that u is a supersolution of
dtu — H(Dgu) > c if the same holds with local minima and the reverse inequality.

The tests are relative to the closed cone: points on its boundary are included, and no
boundary condition is imposed. We use the following elementary fact repeatedly. Let u
be differentiable in t at ty € (0,2) and differentiable on C{ in g, and let u — ¢ have a local
minimum at (to, qo) relative to (0,2) x CY. Since the point qo + er lies in CY for r € C{
and € > 0, we have

dru(to, q0) = 0t (to,90),  Dqu(to, q0) — Dyg(to, q0) € (Cx)". (4.3)

Lemma 4.5. Let H: RYK — R be such that for every R > 0 there exists Lg with [H(p) —
H(p")| < Lr|lp — P'||2 whenever ||p||2, |p'll2 < R. Let T > 0, ¢g € R, and let V,E: [0,2] X
C¢ — R be continuous functions with the following properties, for constants Ly, Ly:

(i) V is a subsolution of dyu — H(Dyu) < 0, and E is a supersolution of dju — H(Dgu) > —7;
(ii) [E(t,q) —E(t,q")| < Lelt = ¥'[ + Lyllg — ¢'lly and [V(£,q) = V(¥',q)| < Lilt = '|;
(iii) V(0,q) < E(0,q) + co for every q € CY.
Then V(t,q) < E(t,q) + co + Tt for every t € [0,2) and q € CY.

The proof is the doubling-of-variables argument of [49, 50]; see [56, Theorem 3.5] and
[36, Proposition 3.1] for comparison principles on R? and on cones. We include the proof,
because the Hamiltonian is only locally Lipschitz and V is not assumed to be Lipschitz in

q.
Proof. Suppose that V(f,43) — E(f,§) — co — tf = 46 > 0 for some f < 2; by (iii), f > 0.
Let L = max{1, (L} + L3)'/?}. Fix T' € (£,2), then p > 0 with pf + p/(T' — ) < 6, and
then 7 € (0,1] with v(1+ ||7]13)"/? < 0 and yLy; 41 < p. For b > 0 and (t,q,s,7) €
0, T") x C¢ x [0,2] x C{ let

_t=sP+llg—rl3

By (t,9,5,1) = V(t,q) = E(s,7) = co— (T+p)t — =b— = 7{q) 5

T —t
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where (g) = (1+ ||g3)'/2. By (ii) and (iii), we have V(t,q) — E(s,7) < co + 2L¢t + L¢|t —
s| + Lg||g — 7||2, and @, is continuous and tends to —co as ||g[|2 — 0, as || — 7|2 = o,
or as t — T'. Since the dimension is finite, ®; attains its maximum at some point
(tv, qp, S, 1), and Dy (ty, qp, 56, 7) > Py(E, 4, F ) > 26.

Comparing with ®;(ty, qp, t, g5) and using (ii), we obtain, with X = (|t;, — sp|? + ||g —

rl3)'2, ,

X
Z_b § E(tb, qb) — E(Sb, T’b) S LX, SO X S 2bL.

If t, = 0, then by (iii) and (ii), ®, < E(0,q;) — E(sp,7,) < LX < 2bL2. If s, = 0, then
P, < V(tb, qb) — V(O, %) + E(O,qb) — E(O,Vb) < 2IX < 4bL2. Both contradict D, > 20
if b < 6/(2L%). Also s, < t, +2bL < 2 for small b. We conclude that t, € (0,T’) and
sy € (0,2) for small b.

The function (t,q) — V(t,q) — ¢1(t,q), with

_ P |t —sp|? + [lg — 15
1(t,q) = (T +p)t + 57— +7{]) + % ,

has a local maximum at (t, q;) relative to (0,2) x CY, and the function (s, ) — E(s,7) —
@2(s,r), with @a(s,7) = —(|t, — s[>+ ||qy — 7]|5) / (2), has a local minimum at (s, 7). Let
p = (qp —1p)/b. Since Dy(q) = q/(q), by (i) we have

P ty — Sp Vb ty — sp
—H — ) <0< —H .
T it <p—|—<qb>>_0_ . (p) + 7
We have ||p|l2 < X/b < 2L and ||vq5/{(qp)|l2 < v < 1. Rearranging, we obtain p <
H(p + 795/ (qp)) — H(p) < Lar 417 < p, a contradiction. O

4.2 The subsolution

In this subsection B > 0 and & € R are fixed, ¢, is the scalar transform (3.12), and U is
the function (3.23). We evaluate U at an average of the paths g,. A similar construction
appears in the Hamilton—Jacobi comparison argument for balanced multispecies models
of Chen, Issa, and Mourrat [37, Appendix B], where the weighted mean of the paths is
used and the initial conditions are compared through the convexity of ¢p. They note
that this argument is close in spirit to the Hamilton—Jacobi comparison for permutation-
invariant vector spin glasses in [86, Section 7]. Here we average the square roots of the
paths, which Proposition 3.8 allows for every &, and the subsolution property follows
from Lemma 4.3. For § € (0,1) and q € Cy we set

@) = @y M@= Ty, g0 =M@ -6 @Y
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Since r,; is nondecreasing in j and M; > /6, we have g(q) € Ck. For q € C{ we write §
for the element of CY with §xo = 0 and dxj = qxj for 1 < j < K. We define

2
Vs(t,q) = U(t,8(@)) — 20 @5

Lemma 4.6. The function Vj is continuous on [0,2] x Cy, and the following hold.
(@) |Vo(t,q) = Vi(t',q)| < B[t — ']

(b) Vj is a subsolution of dyu — Hext(Dgu) < 0.

(c) V5(0,9) <n Lt u(Gx) + 6 for every q € CY.

(d) V5(1,0) = U(1,0) — B2Zo/4.

Proof. Continuity and (a) follow from Lemma 3.9(b),(c), and (d) holds because g(0) = 0.

(b) Let ¢ be continuously differentiable near (¢, o) € (0,2) x Cy and let V5 — ¢ have
a local maximum at (fp,qo); we may assume that its value there is zero. Let ¥’ be a
maximizer in (3.23) for U(to, g(do)), and let P = 2(y" — g(do))/ (B*t0) € Cx N [0, 1]X+! be
as in Lemma 3.9(a). The function

ly' —e@3.  BCot
B2t 4

B(t,q) = yu(y) —

is smooth near (t, qo), satisfies B < Vs on (0,2) x CY and B(to,q0) = Vs(to,40). Then
B— ¢ < V;— ¢ <O0near (ty,qo), with equality at that point. Applying (4.3) to ¢ — B, we
obtain d;¢ = 9;B and D¢ =. DB at (fo,q0). Since § does not depend on the coordinates
qxo0, a direct computation at (o, go) gives (DyB)x0 = 0 and

1y —g(do) I3 2 2
9B = ar 2w ﬁ4€0 — %(HPHiw — ),
0
P:M; (o)
rxj(qo)

(DqB)xj =

Let P’ = (0,Py,...,Pk) € Ck. Then DB is the vector b of Lemma 4.3 for P’ and r = r({),
and that lemma gives Hext(DyB) > (B%/4) Yi>1 w]-P]Z. Since wy = {p and Py < 1, we have
0B < (B%/4) Y1 ij]Z. By Lemma 4.2(c), we conclude that d;¢ = 9;B < Hext(DyB) <
Hext(Dg@).

(c) We have V;(0,9) = 1,(g(4)). The vectors g(§) and M(7)* = (M;(7)?); belong to Cx,
with g(§) < M(§)? coordinatewise, and Lemma 3.2 implies that ¢, (g(4)) < ¥, (M(§)?).
Since the vectors ry(4) belong to the convex set {s : 0 < 59 < --- < sg} and M(§) is
their average, we have ¢;,(M(§)?) < n~ 'Y, ¢,(§x + 01) by Proposition 3.8 and Jensen’s
inequality. Finally ¢, (§x + 1) < ¢,(§x) + 6 by Lemma 3.2, since ||61]|1 , = 6. O
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4.3 The enriched free energy

Ruelle cascades

Let A = UX_,IN* be the rooted tree of depth K with infinite degree, with root @ and
leaves NX. For « € NK and k < K let a|x be the ancestor of a at depth k, and for
leaves «, &’ let a A ' = max{k : a|; = a/|}. For each nonleaf vertex v € N, k < K, let
(44i)i>1 be the decreasing enumeration of a Poisson point process on (0, o) with intensity
Cex 1= dx, independently over . Set w, = HkK:1 Uy, for « € INX; the sum ¥, w, is
finite almost surely [56, Lemma 5.23], and the Ruelle cascade [123] with masses ({i)x<k is
Uy = Wa/ Yo wy. We use the following facts, in which the masses are indexed as in (3.1);
in [56] the mass (i is denoted (i 1.

Theorem 4.7. Let (wy),cp\ (o} be independent random elements, independent of (i), such
that w., has law Py if v € INF. Let X: Qq x - - - x Qg — R be measurable with E exp(c|X|) <
oo for every ¢ > 0, set Xx = X and X1 = {; ' log Ew, exp(Zr_1Xk) for 1 < k < K, where
E,, integrates a variable wy ~ Py. Then

Elog ) vaexp X (wy, .-, Wy, ) = Xo-
aeNK

Moreover, if {-) denotes the random probability measure on INK with weights proportional to

Vg €Xp X(Wy|,, -+, Wy, ), and o, a? are independent samples from it, then

E(1{a' Ae* =j}) =w;  (0<j<K). (4.6)

The first statement is [56, Theorem 5.25], applied with a trivial root variable; see also
[114, Theorem 2.9]. For X = 0, (4.6) is [56, (5.93) in Theorem 5.28]. For general X, it is
proved in [56, Section 6.4, before Lemma 6.2] for the enriched free energy considered
there, by observing that the proof of [56, Theorem 5.28], which rests on the invariance
property [56, Lemma 5.27] of Bolthausen and Sznitman [27], remains valid when each w,
is multiplied by a function of variables attached to the vertices of the path of « that are
independent of (w,) and whose joint law is invariant under bijections of NX preserving
A. This applies verbatim to the weights wy exp X(wy|,, - - -, Wy, )-

We also use Gaussian integration by parts for Gibbs measures [56, Theorem 4.6]. Let
. be a countable set, y a finite measure on X, and (y(¢))cex, (z(g))cex centered jointly
Gaussian processes with bounded covariances. Let (-) be the Gibbs measure with density
proportional to e¢¥ with respect to y, and C(g,¢’) = Ez(¢)y(¢’). Then for all » > 1 and all
bounded f: ¥ — R,

E(f(c!,. . ¢ 2(eh) = E(f(c"- ¢ ( L Ceheh) —rCche™)). @)
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Finally, we use the following invariance of Poisson point processes [56, Theorem 5.19
and Proposition 5.18]. Let (1;) be the decreasing enumeration of a Poisson point process
with intensity {x~1=¢dx, { € (0,1). Then E(¥;u;)" < o for 0 < a < ¢, and if (Y;) are
independent and identically distributed positive random variables, independent of (u;),
with EY? < co, then

Y u;Y; hasthelaw of (EYH)¢Y u;. (4.8)
i i

The model

Fix reference values z; = j/K, 0 < j < K. For leaves «,a' we write d(«,a’) = zypy;
this is the inner product of Zszl(zk —zi_)V Zem|k and the analogous vector for &/, for
an orthonormal family (e, ), which shows that the kernel ¢ is positive semidefinite. We
attach the following independent variables to the vertices of A, independently of the
cascade:

* to each a € IN (depth one), an independent copy ( gﬁ”)) ecE of the couplings, defining
H(a) (U) = nyeE D_1/28§c;)‘7x0y?
* to each vertex v # @ and each x € V, a standard Gaussian variable ¢y ;

* to each vertex v # @, the Gaussian variables used to construct the processes Gy, of
Lemma 4.8 below.

There is no variable attached to the root. Let S C V and a finite set I index the processes
Gy, x€S,1€1,andlets >0. Fort >0,g€C{,andy €Y = [1/2,3/2]5*! we define,
fora € NXand ¢ € {-1,1}Y,

H(a,0) = BVEH (0) + 1Y o + Y (Ye(@)ox — qu) +5 Y yuGri(w,0), (49)

xeS, el

where

1/2

1/2 K
Yx(“) = <2qX1> gx,/xh + kZ: (Z(qu - qX,k—l)) Cx,a|k'
=2

We have EYy (a)Yyx(a') = 2qy gp0 if € Ad’ > 1, and 0 otherwise; the coordinate g,y does
not enter. Let Z =Y, v, Y, exp 7 (a,0) and

~ 1 24 ~
Ftqy) = ——logZ+=~,  F(tqy) =EF(tqy),  Fltq) =Ftay)l, o
(4.10)
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We write (-) for the Gibbs measure on INX x {—1,1}V with weights proportional to
vgexp #(a,0), and (a’,0")>; for independent samples from it. For replicas ¢, ¢’ we
write

N MZE’ = 1{0‘{ = le }Ué © ot ’

! !
Ox e = (Sujp)x = 1{af = af } styafgyg ,
y

1955/ =Z

and u* = u},. The vector u* is the product u = ¢! ® 0> when the two replicas lie in the
same first-level branch, and it vanishes otherwise. For an event or function f of finitely
many replicas we write E(f | 012 = z;) = wj_1]E<f1{l912 = zj}); by Theorem 4.7, applied
with X = log) ", exp 7 («, ), this is a conditional expectation under the probability
measure [E(-).

Lemma4.8. Letx € V, p € Nwithp > 1,and c € [0,1], and let k(8,0) = (cd+ (1 —c)o)”.
There exists a centered Gaussian process (G(w, o)), which is a linear function of independent
Gaussian variables attached to the vertices v # @ of A, such that

EG(a,0)G(a,0) = k(z,m,x/, 1{a, = af} ZSnyycTD.
y

The covariance is at most one in absolute value, equals one on the diagonal, and vanishes if
/
ny # K.

Proof. Expanding the power, we have k = Y (/)cP~!(1 —c)!9P~1o!. For 1 <1 <
p, the term ¥7~'¢! evaluated at the pair is a;(ax A &') (F(0)®!,F(c')®}), where F(0) =
(S}cézay)yev and a;(k) = z]f*ll{k > 1}; for | = 0 it is ag(a A ') with ag(k) = z}. Each
a; is nondecreasing on {0,...,K} and vanishes at 0. If a is such a function and F’
is a map from {—1,1}" into a finite-dimensional Euclidean space, then YK ,(a(k) —
a(k—1))V/2(g o), F'(0)), with independent standard Gaussian vectors ¢, has covariance
a(a Na')(F'(0),F'(¢)). Summing independent such processes gives G. Since 9], |o| <1,
the covariance is at most one in absolute value; on the diagonal =1 and ¢ = Zy Sxy=1;
and if a1 # af then 9 = 0 = 0. O

For (x,1) € § x I with ¢+ = (¢, p,), we let Gy, be the process of Lemma 4.8 for x
and k,(¢,0) = (¢,0+ (1 —¢,)0)", built from variables independent over (x,:). We write
ky,eor = ki(B4pr, 0x po). Up to normalization, these kernels are those of the perturbations
in [106, Section 4], with the row overlap o, in place of the overlap of one type of spins.

Lemma 4.9. The following hold for t > 0,q € CY,and y € Y.

(a) F is continuous, differentiable in t > 0, differentiable on CY, in q, and infinitely differentiable
in y, with continuous derivatives. For every bounded function f of finitely many replicas,
E(f) is a continuous function of (t,q,vy).
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(b) Fort >0, ;F = B?(4n) YE(u* - Su*); in particular |0,F| < p*/4.
(c) DyF = p, where pyo = 0 and py; = E(uy |02 = zj) for 1 < j < K. Moreover p €
CY N[0,1]V%, and consequently |F(t,q,y) — F(t,q",y)| < |l — |1
(d) F is concave in y, and 9y, F = —n"1sE(Gy,) = —n's?yy,(1 — E(ky,12)). Moreover
|F(t,q,y) — Fo(t,q)| < rs, where rs = 9|S||1|s?/ (4n).
(e) We have
2t 1

2
Fo(t,0) = 7=~ n—cologlEZG(ﬁ\/f,h)@O < % — pc(BVth).

(f) We have Fy(0,q) = n= 1Y, ¢y, (§x), with § as in Section 4.2.

Proof. (a) We write every Gaussian variable in (4.9) as an amplitude times a fixed standard
Gaussian variable; the amplitudes are Bv/#, the numbers (24,1)"/? and (2(q. — qxx-1))"/?,
and syy, times fixed coefficients. By Theorem 4.7 with X = log} ", exp % («,0), we have
F = —Xo/n + p%t/4, where Xj is obtained from X by K successive integrations as in (3.7).
By (3.5) and differentiation under the integral sign, Xj is a smooth function of /3\/?, of y,
and of the variances 2qy1, 2(gxk — gy x—1) in [0,00). This gives the differentiability of F and
the continuity of its derivatives. For the Gibbs averages, fix a compact set K of parameters.
The variables Z, = supy Y, exp ¢ («,0) have the same law for all a, have finite mean,
and are independent of (v,), so EY., v,Z, = EZ, < oo. Then, almost surely, the series
defining (-) converge uniformly on K, the Gibbs weights are continuous on K, and so
is (f); by dominated convergence, E(f) is continuous as well. For a fixed amplitude
a, multiplying the exponential envelope by |9, or |9,.| preserves integrability, by
Gaussian exponential moments. The same domination therefore gives almost-sure twice
differentiability in a. The first derivative of log Z is (9,¢). Since J# + Y, gk is affine in
each amplitude, the second derivative of log Z + Y, gk is (0.7 — (0,5))?).

The random function log Z + ), gk is convex in each amplitude, as a logarithm of
a sum of exponentials of affine functions. Its difference quotients are monotone, and
E|logZ| < oo by Lemma 4.10 below. Subtracting the deterministic compensator, we
conclude that the derivative of F in each amplitude is the expectation of the derivative
of F. We now compute these expectations by (4.7), applied conditionally on (v,) with
Y =NKx{-1,1}".

(b) The process H*1)(¢) has covariance 1{a; = &/} (¢ ®¢’) - S(¢ ® ¢’) /2, which equals
n/2 on the diagonal. By (4.7) withr =1,
n 1

—IE(u*-Su*)),

dElogZ = P _E(H® () = 5—2<2 :

2Vt 2

which gives the formula. Since ||S|| <1 and |u}| < 1, we have |u* - Su*| < n.
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(c) Suppose first that all the increments gy1, . — gy x—1 are positive. For 1 < j <K,
by (4.7) the amplitude derivatives give, exactly as in [56, proof of Lemma 6.2],

9y, Elog Z = B(1 — 1{a’ Aa® > j}uy)
—E(1-1{a' Aa® > j+1}u,)1{j < K} —1{j = K}
= —E(1{a’ N a® = j}uy),

where u = ¢! ® ¢2. Since both sides are continuous on CY by (a), this identity holds
everywhere. For j > 1 we have 1{a! A a? = j}u, = 1{81, = z;}u}, and F does not depend
on qyo. With (4.6), this proves D;F = p.

It remains to show that p, € Cx M [0, 1]X*1. For a model in which all leaves carry the
same Hamiltonian, the corresponding statement is [108, Proposition 3.6], and we follow
its proof through the cascade recursion. Fix x and write the leaf function as X = L(Yy, w),
where Yy, = Yy (a),

L(s,w) = log) _exp (sox + " (0)),

A" is A without the term Yy(a)oy, and w collects all the vertex variables on the path
of a other than ¢, , . The function L satisfies (3.6). The integrations defining X in
Theorem 4.7 are then exactly the recursion (3.7) with Ay = 241, Ay = 2(qxx — Gxx—1) for
k > 2, and starting point 0; that is, Xg = L(0). By Lemma 3.1(c), for 1 <j < K,

9, X0 = 2(da; — a,,,) Lo(0) = —w;jA j(0),

and 9, Xo = 204, Lo(0) — 1 = —wgAgk(0), where —1 comes from the term —q,g in 7.
Comparing with the first part, we find that Pxj = AO,]-(O) for 1 <j <K, and Lemma 3.1(a)
shows that 0 < py; < -+ < pyx < 1. Since pyg = 0, we conclude that p, € Cx N[0, 1]5+1,
The Lipschitz bound follows from (3.4).

(d) Concavity holds because log Z is convex in y. By (4.7) and Lemma 4.8, the
covariance of Gy, with the Gaussian part of .’ is syy,k,, which gives the formula for 9, F.
Replacing s by 6s in the same formula, we obtain

20 90
9,F| < ¥V 22 < ZZ|8||1]s
’9 ‘— H;Syxt—2n|SH ‘S,

and integrating over 6 € [0, 1] gives the last bound.

(e) If g = 0 and s = 0, the leaf function X = log ngl), where Zg’ ) is the partition
function of Zg(B+v/t, h) with couplings ¢(*), depends only on the variable at the depth-
one ancestor. Then X; = X for k > 1 and X = {; ' log EZg(BV/t,h)%, and the identity
follows from Theorem 4.7. By Jensen'’s inequality, log IEZéO > (oE log Zg, which gives the
inequality.
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(f)If t =0and s = 0, then X = ¥, (log2cosh(h + Yx(a)) — gxk) is a sum of functions
of independent variables, one for each x. The integrations in Theorem 4.7 then factorize, as
in [56, Corollary 5.26], so that Xg = }_, X x, where X y is the recursion of Section 3.3 with
v =24y = (0,241, - - .,2qxk) evaluated at h, minus g,x. By (3.12), Xox = — 9 (§x)- O

The next lemma is the reason for attaching independent copies of the couplings to the
first-level branches: the fluctuations of log Z do not grow with n.

Lemma 4.10. There exists Cq, depending only on (o, such that Var(log Z) < C3 for all parame-

ters (t,q,vy). In particular,
~ C
E|F(t,q,y) ~ F(t,qy)| <.

Proof. Let Z, =Y, exp 7 (a,0). For a vertex ¢y € NK, 1<k <K, let

K
Uy = Z < H u“\i)z""
=y i=k+1
and let T, be the same sum with Z, replaced by one. Then logZ = log}_,~ ug,Us —
log ) ,>1 U@, Ta. Since no variable is attached to the root, the pairs (Ug, Tp), a > 1, are
independent and identically distributed, and independent of (u¢,)a.

We claim that ]EU%"‘1 < oo for ¥ € INk. For k = K this holds because Z, has
moments of every order. If it holds at depth k +1 and ¢ € IN¥, then Uy, = Yiu,iUy,
and conditionally on the variables attached to the ancestors of 7y and to 7, the U,; are
independent and identically distributed with conditional moment m,, of order ;. By
(4.8), IEU%"‘1 = IE[mgrk‘l/ S E(L iL,;)%-1, which is finite by Jensen’s inequality and the
moment bound in (4.8). The same holds for T,.

Let S =) ,up, By (4.8), log) ,up,U, and log), up, T, both have the law of log$
plus a constant. This implies that Var(log Z) < 4 Var(log S) < 4 (logS)?. By Campbell’s
formula, Ee™° = exp(—T(1 — {o)A%) for A > 0, and integrating over A € (0,0) we
obtain -

ES = /0 exp (= T(1— o)A%) dA < oo,

Further, ES%/2 < co by the moment bound in (4.8). Since (logs)? < 167, 2(s%/2 4 s71)
for s > 0, the second moment of log S is bounded by a constant depending only on {p, and

so is Var(log Z). The bound on E|F — F| follows from the Cauchy-Schwarz inequality,
since F— F = —n~!(logZ — Elog Z). O

4.4 Synchronization

We use the following bound of Mourrat on conditional variances, which is [106, Proposi-
tion 5.5], with the hypothesis of [106, Theorem 5.3]. It is a finitary form of the synchro-
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nization theorem of Panchenko [115, Theorem 4], which was extended to Potts and vector
spins in [116, 117]. Its proof uses Panchenko’s ultrametricity theorem [113] for measures
that satisfy the Ghirlanda—Guerra identities [74]. Let (c;);>1 be a fixed enumeration of

QnIo,1].

Proposition 4.11. For every € > O there exists 6 > 0 such that the following holds. Let
& be a random probability measure supported on the Cartesian product of the unit balls of
two Hilbert spaces. Let (-) be the expectation associated with &N, with canonical random
variables (o}, 05)y>1, and let IE be the expectation with respect to the randomness of &. For
ae{1,2}and ¢,0,r > 1,1let O = ¢! ol and O=" = (Og”)ae{llz}’&ygr. Suppose that for
all v,iy,in,p € {1,...,|871]} and every continuous f: R¥>™7" — R with |f| < 1, writing
koo = (c;, 0% 4 ¢;,05)P, we have
1 r

’E<f(09)k1,r+1> - %E<f(0§r)>15<k12> - Y. ]E<f(0§r)k1£>‘ <9, (4.11)
(=2

Suppose further that the law of O3 is k=1 Y5_, 84, for some integer k > 1and —1 = g < q1 <
o+ < qr < 1. Then
IE<(O12 —E(01?| 012>)2> L2 + ek* max (qpq1 — q¢)
1 1 1VY2 =7 gox \de+1 :
The law of O? and the conditional expectation are taken under the probability mea-
sure [E(-). In [106] the number of replicas is denoted by n, the enumeration by (A,), the
overlaps OL' by R%", and the random measure by G. For 6 > 0 we define the finite set

Ciy s -1
Is = {<Ci1 Ciz,p) 1<iy,ipp<|6 7], ¢, +¢i, > O} C [0,1] x N (4.12)

For x € V we write

K
Vx = 2 w] Var (Qx,lZ } 1.912 = Z]'),
j=0

where the variance is computed under E(: | 912 = z;).

4.5 Gaussian perturbations and the envelope

In this subsection S, I, and s are as in the definition of the model, and € € (0,1/8]. We
define the deterministic envelope

2

— i s 132
zauﬂ)_igg{Fuﬂ40+vwx£;H@ﬂ 1)}. (4.13)
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By Lemma 4.9(a), the minimum is attained. By Lemma 4.9, since the penalty does not
depend on (t,q), vanishes at y = 1, and is nonnegative,

2
[Fe(t,q) = E(t,q)] < %H— l+llg=qllh, IRt —FRtgl<r (414

Small Gaussian perturbations that enforce the Ghirlanda-Guerra identities [74]
through the concentration of the free energy are a standard tool; see [133] and [115,
Section 3]. The proof of Lemma 4.12 follows Steps 1-3 of the proof of [106, Theorem 4.1].
There, the lower bound on the second derivative of the free energy in the perturbation
parameters comes from a test function that touches the free energy; here it comes from
the minimality of y, in (4.13). Because of Lemma 4.10, the strength s can be chosen
independently of 7.

Lemma 4.12. Suppose thats > 2. Let (t,q) € (0,2) x C{ and let y, be a minimizer in (4.13).
Then |y«x, — 1| < 3€/2 for every (x,1), and, under the Gibbs measure at (t,q,y.), for every
(x,1) € S x I, every r > 1, and every measurable function f of r replicas with |f| <1,

1 r
‘ Cag (4.15)

E(kaz,l,r—l-l) - %E<f>IE<kxt,12> - ; gglE<fkm’1é> < ﬁ/

where Cgg depends only on (.

Proof. Let A = s?/(ne). By Lemma 4.9(d) and Lemma 4.8, |0, F| < 2s%yy/n < 3s*/n.
If Y., = 3/2, minimality would require 9, F + A < 0, which implies A < 3s*/n and
contradicts € < 1/8; the case y.y, = 1/2 is excluded in the same way. This shows that y.
is interior, and stationarity gives |y.x, — 1| = |9y, F|/(2A) < 3e/2 < 3/16. In particular
Y« tzey, €Y forz e [0,1/4].

Fix (x,¢) and write g(y) = F(t,q,y) and g(y) = F(t,q,y), where y equals . except
that y,, = y. By global minimality of y. and stationarity, we have, for |z| < 1/4,

gy« +2) > g(ys) + & (v:)z — AZ, (4.16)

since the penalty changes by 2A(y, — 1)z + Az? and g’(y«) = —2A(y« — 1). Because g is
smooth, it follows from (4.16) that g”(y.) > —2A. The random function g is concave
and, by the domination argument in the proof of Lemma 4.9(a), almost surely twice
differentiable, with g’ = —n~1s(G,,) and g’ = —n"1s?((Gy, — (Gy,))?), and Eg’' = g’ by
the argument in the proof of Lemma 4.9(a). By Fatou’s lemma applied to the nonnegative
quotients (g'(y«) — g (y«+€'))/e’ as€ |0,

2

“B((Gru— (6,))?) < —g"(y:) <24, so B((Gy— (6y))?) <

(4.17)

oINS
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Letz € (0,1/4] and A = g — g. By concavity of g and by (4.16) at +z,

Aly+) — Aly« —2) + Az &(y) — g (ys) > Ay« +2z) — Aly+)

g (ys) — g (ys) < — Az

Since the three points y, y« £ z are deterministic, Lemma 4.10 applies at each of them,
and we obtain E|g'(y.) — g'(y«)| < 3Cq/(nz) 4+ Az, that is,

3Cq sz 3Cq+1
_ < = — =
IE‘ <GX,1> 1E<fol> = sz + € \/E

for the choice z = s_l\/E, which is at most 1/4 because s > 2 and € < 1/8. Combining
this with (4.17), we obtain

3Cq+1++2
E(|Gx, — E(Gy,)|) < HT

Let f be a function of r replicas with |f| < 1. By (4.7) and Lemma 4.8, with ky, 11 = 1,

(4.18)

r
]E<GX,1(‘X1/0.1)]C> = Sy*xt]E<f< Z kxt,l( - rkxt,l,rJrl) >/ ]E<Gx,t> - Sy*xz(l - IE<le,12>)'
(=1

Subtracting E(G, ,)[E(f) from the first identity and dividing by —rsy..,, we see that the
left side of (4.15) equals |E((Gy,(a!, 1) — E{(Gy,)) f)|/ (rsy.x). Since y.yx, > 13/16, (4.15)
follows from (4.18), with Cgg = 16(3Cq + 1 + v/2) /13. O

4.6 Sparsification and the drift

We use the following theorem of Cohen, Nelson, and Woodruff on row sparsification [42,
Theorem 5].

Theorem 4.13. There exists an absolute constant Cy > 1 such that the following holds. Let B
be a real n x d matrix with ||B|| < 1 and ||B||% <, where r > 0, and let A € (0,1). Then there

exists a diagonal n x n matrix ® with nonnegative entries and at most Co(1 + r/A?) nonzero
entries such that ||[BT@?B — BTB|| < A.

In [42, Theorem 5] the diagonal matrix has O(r/A?) nonzero entries; replacing it
by its absolute value does not change BT@?B. The proof of [42, Theorem 5] adapts
the deterministic construction of Batson, Spielman, and Srivastava [20], in which the
number of nonzero entries is bounded in terms of the rank of B. For B = S the rank
may be of order n, whereas ||S||3 = n/D. We apply Theorem 4.13 to B = S, with
r=1trS? =n/D > 1, and obtain © with

2C01”l

2 2 .

(4.19)
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Lemma 4.14. Let © satisfy (4.19) and let {x : @y #0} C S. Lett >0, € CY,y € Y, and
eg > 0, and suppose that V. < €q at (t,q,y) for every x € S. Then for every n > 0,

_ By, A+ Me
T= [11 + e ]
Proof. For 1 < j < Kletp; = E(u* |8, = zj) € RV and let C; be the covariance matrix of

u* under E(- | #12 = z;), which is positive semidefinite with tr C; < n. Since u* = 0 on
{012 = z0}, Lemma 4.9(b),(c) and (4.6) give

|9¢F(t,q,y) — Hs(DgF(t,q,y))| < 7,

B v £ qk /52
atF:Ejgw]']E@t -Su |l912:Z]'> :Hs( ZZU]’EI' SC)

with p = DyF. For the Sherrington—Kirkpatrick model, the analogous identity is [56,
Lemma 6.2]; there the error term is the conditional variance of the overlap given the
cascade overlap, which is nonnegative. For each eigenvalue y of S we have |u| <
n+ u?/(4y). Since C; is positive semidefinite, we deduce that [tr(SCj)| < ytrC;+
tr(S2C;)/ (41). By (4.19), tr(S2Cj) < A tr Cj 4 tr(S®%5C;), and

tr(S©%SC;) 2@ (SCiS)ax = Y O, Var (0412 | b2 = zj).
X

Let w, = @%x/n. Testing (4.19) on 1 and using S1 = 1, we find ) , wy < 1+ A. We
conclude that
tr(S2C; )
Zw] <A+ ) Ve <A+ (14 A)e,
n xes

and the claim follows. O]

Lemma 4.15. Suppose that {; = (j+1)/(K+1) for 0 < j < K. Let o be given by Propo-
sition 4.11 for ¢ = K"} (K+1)73, and let I = I, be as in (4.12). Let © satisfy (4.19), let
S = {x: Oy # 0}, and suppose that

o6 1JCGG
s>2 and < oMm (4.20)
Cosye
Then Fy is a supersolution of diu — Hext(Dgu) > —7, with T as in Lemma 4.14 for eg =
13/(K+1).

Proof. Let ¢ be continuously differentiable near (to, o) € (0,2) x CY, and let F, — ¢ have
a local minimum at (¢, q0). Let v, be a minimizer in (4.13) at (¢, g0); it is a deterministic
point. The function (t,q) — F(t,q,y+) +s*(ne) "' ¥, ,(y«x, — 1)? is at least F, and equals
it at (t9,q0). Then F(-,-,y+) — ¢ also has a local minimum at (¢, gp). By Lemma 4.9(a)
and (4.3), 0;¢ = 0:F and D,F = Dy at (to,qo, y+)-
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Fix x € §, and let & be the image of the Gibbs measure at (to, 4o, y«) under the map
(a,0) — (Fx(a,0),e(a)), where

K

Fr(a,0) = (S}cgz‘fyeal)yevf e(a) = Z(zk - Zk—1)1/23a|kr
k=1

for orthonormal families (e;),eNn and (ey),ea\ (o). Both components are unit vectors,

since ), Sxy = 1 and zg —zg = 1. For the replicas (af, "), the overlaps of Proposition 4.11

are Ofé’ = 0y ¢ and Oégl = Uyp. We check the hypotheses of Proposition 4.11 with § = Jy.
Let r,i1,ip,p < L(Sl\_/llj and let f be as there. If ¢;, +¢;, = 0, then ks = 0 for all £, ¢/, and
the left side of (4.11) vanishes. Otherwise

¢
(e +ed)’ = (G +e) kB0, 1= (—2p) €l
11 5)

and f(O=") is a measurable function of r replicas with [f(O=")| < 1. Then the left
side of (4.11) is (c;, +¢;,)P < 2L%') times the left side of (4.15), and it is at most dy by
Lemma 4.12 and (4.20). By (4.6), the law of @1, is (K + 1)~} Z]K:o 6z;. This is the law in
Proposition 4.11 with k = K+ 1 and g = zy_1 for 1 < ¢ <k, and the spacings g1 — q¢
are 1 for £/ = 0 and 1/K otherwise. Since each event {¢1 = z;} has probability w; > 0,
the left side of the conclusion of Proposition 4.11 equals Vy, and the proposition implies
that 1 13
Vi < K—-|—1+€(K+1)2K - i1

This holds for every x € S, and Lemma 4.14 implies that 9;F > Hg(D,F) — T at (to, qo, Y+)-

Since D;F € CI‘</ by Lemma 4.9(c), we have Hg(DyF) = Hext(DyF) > Hext(Dg¢) by
Lemma 4.2(c). Therefore 0;¢ — Hext(Dy) > —T7 at (to, o). O

4.7 Proof of Proposition 4.1

If 8 =0, then pg(0,h) = log2coshh by Lemma 2.1, and P(0,h) = log2coshh by the

same lemma for the Sherrington—Kirkpatrick model. Let 8 > 0, h € R, and v € (0,1).
We first make all choices that do not depend on D or G. Let v = vg, be the Parisi
measure, and let Q(6) = min{s € [0,1] : v([0,s]) > 6} for 6 € (0,1). Extend Q to
[0,1] by Q(0) = minsuppv and Q(1) = maxsuppv. The function Q is nondecreasing,
(K) _

and the image of the Lebesgue measure on (0,1) under Q is v. For K > 1, let r =
Q((j+1/2)/(K+1)) for 0 < j < K, so that r®& ¢ Cx N [0,1]¥+1, and let u(K) = (K +
1)1 Z]K:o (Sr](K)' For f € C([0,1]), the integral [ fduX) is a Riemann sum of f o Q
for the partition of [0,1] into K+ 1 intervals of equal length. The function f o Q is
bounded and continuous outside the set of discontinuities of Q, which is countable.



4 The upper bound on regular graphs 4.7 Proof of Proposition 4.1 55

By Lebesgue’s criterion it is Riemann integrable, and these Riemann sums converge to
folf(Q(H)) df = [ fdv as K — co. Then u®) — v weakly, and Lemma 3.10 and (2.7)
imply that P, (1)) — P(B, h).

Let 7 = 2v/(3p?), so that p*y/4 = v/6. Let K > 1 be so large that, with ; =
(j+1)/(K+1) (so that wj = @ = Jo = 1/(K+1) <1/2 and p,«) = 1K), we have

2 2

Pep(u®)) < P(B,h) + g, % < g and ﬁTn 21w < g
Let A = @ and ¢y = 13@, so that A + (1 + A)ey < 21w and the constant T of Lemma 4.14
satisfies T < v/3. Let 6 = v/6 and € = 1/8. Let éy and I = I, be as in Lemma 4.15, and
let Cgg be as in Lemma 4.12. These objects depend only on , i, and v.

Now let D > 1, let s = D'/4, and let D be such that (4.20) holds for D > Dy. Let
D > Dy and G € Gp. Let © be given by (4.19), let S = {x : Oy, # 0}, and let the model
of Section 4.3 be constructed with these S, I, and s. By (4.19),

L _9ISIILs* _ 9|1
4 n T 222D

We apply Lemma 4.5 with H = Hex, V = Vj, and E = F,, restricted to [0,2] x CY. By
Lemma 4.2(c), Hext is Lipschitz on bounded sets. Hypothesis (i) holds by Lemma 4.6(b)
and Lemma 4.15; (ii) holds with L; = 2 and L; = 1 by Lemma 4.6(a) and (4.14). For (iii),
by Lemma 4.6(c), Lemma 4.9(f), and (4.14),

(4.21)

V5(0,9) < th Gx) +6=Fy(0,9) + 0 < Fu(0,9) + 6 +s.

The lemma then gives V;(1,0) < F.(1,0) + 6 + rs + 7. By Lemma 4.6(d), (4.14), and
Lemma 4.9(e),

[5250 p?
U(1,0) — < Fy(1, 0)+(5+2rs—|—r<——pc(ﬁ,h)+5+2rs+r.

By Lemma 3.10 with = #(X) and the choice of K, we have U(1,0) > f2/4 — gzﬁlh(y(K)) >
B%/4 — P(B,h) — v/6. Combining these bounds with the choices above and (4.21), we
obtain

*Zo 5v 9G]
< —
§ POFTEASP(BI) -+ oo

The right side does not depend on G € Gp or on n. Taking the supremum over G € Gp
and letting D — oo, we obtain limsupp, ,, supgcg, Pc(B,h) < P(B, h) +5v/6. Since v
is arbitrary, this completes the proof of Proposition 4.1.

(/Sh)<73(/3h)—|—6+



SECTION 5

Message-passing centers on tori and hypercubes

The goal of this section is to prove Proposition 5.2, which constructs the centers used in
the lower bound on tori and hypercubes. A center is a vector m € (—1,1)V computed
from finitely many products of the coupling matrix W with vectors, each of which is a
function of the earlier products. The following definition records this structure, which is
the form required by Theorem 6.2.

Definition 5.1. Let G € Gp and let T > 1 be an integer. A query history of depth T on G
consists of a random variable U independent of (g.).cr and random vectors oo xT e
RY such that, for each t < T, the vector x! is measurable with respect to the o-algebra
generated by U and Wx!,..., Wx!~1. We write #H for the c-algebra generated by U and
Wxl,...,WxT. A center of the history is an H-measurable vector m € (—1,1)V such that
m = x! for some t < T.

Throughout this section, (G;);>1 denotes one of two sequences of graphs: either the
tori G; = T‘z for a fixed L > 3, with D = 2d and n = L, or the hypercubes G; = Qg , with
D = d and n = 2. Both are vertex-transitive, since they are Cayley graphs of (Z/LZ)"
and (Z/27Z)%. We use the notation of (2.2) on Gy, and we write ||w|, = (n~1 ¥, w?)!/2
for the normalized Euclidean norm of w € RY. The Parisi measure v = Vg hs the endpoints
g— < g4 of its support, the functions a and v, the Parisi diffusion X;, the martingale

M; = 0, P(t, X;) and the law p = Law(M,, ) are those introduced with (2.6) and (2.7).

Proposition 5.2. Let B > 0and h > 0. Let (G;)4>1 be either the tori T4 for a fixed L > 3, with
D = 2d, or the hypercubes Q4, with D = d. For every € > 0 there exist an integer T > 1, a
probability measure ye on [—1,1] and, for every d, a query history of depth T on G4 with center
m = m\?, such that the following three statements hold.

(a) With x, = 1 — m?2, we have
2

ligr_1>i£f %IE [ﬁHGd(m) +hY me+) ent(my)+ ‘BZ(K, SK>} > P(B,h) —e.

(b) We have W1 (e, u+) < €, where Wy is the Wasserstein distance of order one on [—1,1].

56
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(c) Let Y: [-1,1] x [0,00) — R be continuous, and let Ly > 0 be such that |Y(m',r) —
Y(m',r")| < Lylr — 7| forallm" € [-1,1] and r,+' > 0. Let a,c, B > 0. Then

lim [E sup = 0.

d—roo r€al+cS[0,B]V

%ZY(mx,Vx) - %Z/Y(m’, rx) pe(dm’)

Remark 5.3. We record three comments on the statement.

* The integer T and the measure y. depend on f, h, €, and, for tori, on L. The history
is given by the same formulas for every d: polynomials, real coefficients, and a
continuous output function, none of which depend on d.

* All terms in (a) are integrable, since |Hg, (m)| < Yo, |J.|.

¢ The supremum in (c) is a random variable: since a1+ cS[0, B]" is compact and the
expression inside the absolute value is continuous in r, the supremum may be taken
over a countable dense subset.

The centers are produced by approximate message passing with full memory and
deterministic Onsager coefficients. The Gaussian state evolution of message passing was
tirst proved by Bolthausen [25] and by Bayati and Montanari [21]. Section 5.1 introduces
this recursion and states its state evolution, Proposition 5.6. We deduce Proposition 5.6
from a theorem of Hachem [80] on a recursion whose Onsager coefficients are computed
from the disorder. Section 5.2 states this theorem and a bound on ||W]||, Section 5.3
proves moment bounds and a coefficient-replacement estimate, and Section 5.4 proves
Proposition 5.6. Section 5.5 computes the energy of the output. Sections 5.6 and 5.7 adapt
to this recursion the two-phase algorithm of Sellke [125]. Its first phase is an iteration
of the type used by Bolthausen [25], and its second phase is the incremental message
passing of Montanari [103] and El Alaoui, Montanari, and Sellke [60], whose value is
described by the stochastic control problem of [60, Section 4]. For the SK model without
tield, Montanari showed that the incremental algorithm constructs approximate solutions
of the TAP equations for all large 8, under the assumption that the support of the Parisi
measure is an interval [0, g.] for all large § [103, Theorem 5]. Section 5.8 proves the
homogenization estimate, and Section 5.9 completes the proof of Proposition 5.2.

The Onsager coefficients of our recursion are real numbers computed from the state
evolution. Using Hachem’s coefficients, which explicitly involve squared individual
couplings, would require information beyond the earlier products and would not in
general satisfy Definition 5.1. Deterministic Onsager coefficients for sparse variance
profiles also appear in Theorems 2 and 4 of [80], which treat exact and approximate
iterates, respectively, under a nondegeneracy assumption. At high temperature, [81,
Theorem 5] treats an exact recursion with the additional sparsity condition K, > logn.
These recursions have nonlinearities that act only on the last iterate; the incremental
phase below needs the full history. We instead import the sampled-coefficient polynomial
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result [80, Proposition 8] and prove the replacement by deterministic coefficients in
Section 5.4.

Throughout this section, Z denotes a standard Gaussian variable, ||Z||, = (E|¢|P)!/?
for a random variable ¢, and a function on R¥ has polynomial growth if it is bounded by
C(1 + |z|P) for some C,p > 0. Functions act on vectors coordinatewise: for f: R® — R
and u',...,ut € RY, the vector f(ul,...,u') € RV has coordinates f(ul,...,ut). We
write w ® @’ for the coordinatewise product.

5.1 Message passing with deterministic Onsager coefficients

Fix an integer T > 1, a constant fy € R and polynomials f;: Rf 5 Rfor1<t<T-1.
For a sequence u = (u',u?,...) we write it! = (ul,...,u"), with i’ empty and fo(i1°) = fo.
The state evolution is the centered Gaussian vector U = (U, ..., Ur) whose covariance is

given recursively by
EU,1Us1 = Efr(ar)fs(as) 0<rs<T-1). (5.1)

The recursion (5.1) defines the law of U, since the covariance of U'*! is determined by
the law of U’; degenerate covariances are allowed. The Onsager coefficients are the real
numbers

bis =Eosfi(U') (1<s<t<T-1) (52)

On a graph G € Gp we define u!,...,uT € RV by u! = fyW1 and
t
utt = Whia') = Y brsfoa (@) (1<t<T-1), (5.3)
s=1

where fo(i1°) = fo1. The coefficients b; s depend only on fy, ..., fr_1; they do not depend
on G or on the couplings. If b; s is replaced by the empirical average n~! Y, 9 f;(ii’,), then
(5.3) is the message-passing iteration of [103, (2.1)], whose state evolution is (5.1).

Lemma 5.4. Let G € Gp, let 1 < K < T, and let 8: RK — (—1,1) be measurable. Set
xt = fi_ (@) for 1 <t <K, and xX*1 = 9(aX). Then x%,...,xX+1, with U constant, form
a query history of depth K + 1 on G, and m = 0(iiX) is a center of it.

Proof. We show by induction on ¢t < K that i’ is measurable with respect to
c(Wx!,...,Wx!). Since x! = fol, we have ul = Wxl. If the claim holds for some
t < K, then x'*1 = f;(@i!) is measurable with respect to o(Wx!,..., Wx'), and (5.3) reads
uttl = Wxltl — ¥, by x®, which is measurable with respect to o(Wx!, ..., Wx'1). This
completes the induction. In particular, x1 is deterministic and, for 2 < t < K+ 1, the
vector x' is a function of #'~!, which is measurable with respect to c(Wx!,..., Wxf~1).
Finally, m = xX*! takes values in (—1,1)" and is H-measurable. N
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The next lemma is the covariance isometry behind the state evolution.

Lemma 5.5. For 1 < k < T, let Ty be the linear span of fo, f1(UY), ..., fii (UF1) in L2, and
let 31y be the span of Uy, ..., Uy. The linear map 1.: §x — LUy with tk(f](uf)) Uj 1 is well
defined and is an isometry onto L, and 11 extends . for k < T. In particular, for k < T,
the L? distance from Uy to Uy equals the L? distance from fk(Uk) to §x, and 1, maps every
¢ € k1 orthogonal to §y to an element of Uy 1 orthogonal to Ll.

Proof. By (5.1), for all real coefficients Cj, c}, we have
#|(So@) (Ze0@)] = 5[ (Soin) ().

If ) cjfj(Uj) = 0 in L?, then the case ¢’ = c implies that YicilUjr = 0in L2, This
means that 4 is well defined, and by the display it preserves inner products. It is onto
by definition, and i, extends 1. Since i1 is an isometry of Fj 1 onto L that
maps §x onto L, it maps the orthogonal complement of i in §;,1 onto the orthogonal
complement of ${ in 4, ;. Applying this to the component of f;(U¥) orthogonal to ,
whose image is the component of Uy orthogonal to Ll;, we obtain the statement about
distances. [

The following proposition is the state evolution of (5.3) on tori and hypercubes. It is
proved in Section 5.4.

Proposition 5.6. Let (G;) be the tori T4 for a fixed L > 3 or the hypercubes Qy, and run (5.3)
on Gy with T, fo, and (ft)1<t<7—1 fixed. Let 1 <t < T.
(a) For every polynomial ¢: R" — R, we have sup, maxyey E|p(i1)| < co.
(b) For every continuous function {: R' — R of polynomial growth and every choice of
x=x4€V,asd — oo,

Ey(it,) — Ep(U'),
E(—le — Ey( uf)‘%o, ]E‘DZI/J ]El[)(l_lt))—>0.

y~x

By Lemma 5.17 below, the quantities in (b) have laws that do not depend on x. In
particular, the convergence in (b) is uniform in x.

5.2 Two imported results

We use the following special case of a theorem of Hachem [80, Proposition 8], which
extends the polynomial state evolution of Bayati, Lelarge, and Montanari [22] to sparse
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variance profiles. In Hachem's recursion, the Onsager term is computed from the squared
entries of the matrix and from the current iterates. State evolution for matrices with a
variance profile was also proved by Wang, Zhong, and Fan [140] and by Bao, Han, and
Xu [13], for entries of variance O(1/n). On tori and hypercubes, the nonzero entries of
W have variance 1/D, and D/n — 0.

Theorem 5.7. Let (ny)y>1 and (Dy)x>1 be sequences of positive integers with Dy < ny and
Dy — co. For each k, let S®) be a symmetric ny X ny matrix with nonnegative entries and
zero diagonal, having at most Dy nonzero entries in each row, each of them at most D, L Let
(8xy)1<x<y<n, be independent standard Gaussian variables, and let W) be the symmetric matrix
with zero diagonal and entries Wy, = (S,(C];))l/ gy for x < y. Fix integers q,T > 1 and
polynomial maps fy = (f;1,...,f14): RT — RY for 0 < t < T — 1, not depending on k, and set
f 1 =0. Definez’. € R, for x € [nj] and 0 < t < T, by z;' = 20 = 0 and

2 () Zny i (2 Z fro1s(2y ! Z , Osfi 1 (2 (relg). (54
Define positive-semidefinite q x q matrices by

EL =Y 58 (0)f(0)T, sty (66T,
y

where Qf/ ~ N(0, E]t/) Then for every 1 < t < T and every polynomial {: R7 — R the following
hold.

(i) We have sup, max, ||EL|| < oo and sup, max, E|¢(z})| < oo.

(ii) For every C > 0 and every sequence of nonempty sets Iy C [ng] with |I| < CDy, as k — oo,

i ty — t d = 2 '
Dk = (’P(Zx) ]Elp(gx)) —0 an 1y xe[nk] ]E¢(Cx))
in probability.

In the notation of [80], Theorem 5.7 is Proposition 8, equations (19)-(21), with sparsity
parameter K;,, = Dy, constants C.,,q = Cs = 1, standard Gaussian entries (which satisfy
Assumption 1 there), polynomial maps and test polynomials that do not depend on the
vertex or on 71, and initial vector zero. Assumption 2 of [80] requires only K, — oo,
K,, < n, the bound on the number of nonzero entries in each row, and the bound on
the entries; in particular, no relation between K, and logn is needed. Equation (20)
there bounds the moments of monomials, which implies the moment bound in (i) for
polynomials. The normalization in (ii) is D, ! for every admissible set, as in equation
(21a) there; we use this local conclusion only for neighborhoods, which have exactly Dy
elements. The theorem requires neither a nondegeneracy assumption on the covariances
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nor a bound on ||W||; these enter only Hachem'’s results for nonpolynomial activation
functions.

The second imported result is a bound of Bandeira and van Handel [12, Theorem 1.1]
on the norm of a Gaussian matrix with a variance profile.

Theorem 5.8. Let X be the n x n symmetric matrix with Xy, = byygxy, where { xy 1 X = y}
are independent standard Gaussian variables and {byy, : x > y} are given real numbers, with
byy = byx. Set 0 = maxy (¥, b3,)'/? and 0. = maxyy |bxy|. Then for every 0 < € < 1/2,

6
E||X|| < (1+¢€)(20+ —————=0y/logn).
X1 < (1+€) (20 + e o2 iogn)
Lemma 5.9. Let G € Gp have n > 2 vertices. Then E||W|| < 3+ 15(D~logn)'/2. For the
tori T4 with a fixed L > 3 and for the hypercubes Qg, we have sup, E||W||P < oo for every
p=>1

Proof. We apply Theorem 5.8 with by, = 53142 and by, = 0, so that c = 1 and ¢, = D~1/2,
With €’ = 1/2 we have 9(log(3/2))~!/2 < 15, which gives the first bound. Next, we view
|W]| as a function of § = (g, )eck. For two values g, ¢/,

W (&)~ W] < IW() ~ Wil = (5 L (e —50)

ecE

that is, |W|| is (2/D)'/2-Lipschitz. By Gaussian concentration (F4), we have ||||W| —
E|W||l, < Cp(2/D)'/2, where C, depends only on p. For tori, D~'logn = (logL)/2,
and for hypercubes, D~!logn = log 2. By the first bound, we have sup, E||W|| < o, and
the moment bound follows from Minkowski’s inequality. O

5.3 Tame polynomials and coefficient replacement

In this subsection G € Gp is arbitrary, and the entries W, = J,, ¢ € E, are independent
with law N (0, D~1). Moment bounds that do not depend on D come from a structural
property: every monomial of an iterate at x is supported on a connected set of edges
attached to x. There are at most CD?® such sets with s edges, and each edge carrying a
nonzero even power contributes a factor at most C/D. This bookkeeping follows the
moment method of [22]. The letter C denotes constants that depend only on the indicated
quantities, never on D, on G, or on the chosen vertices; its value may change from line to
line.

A monomial is a product M = [],cf WEe with integers k. > 0, finitely many of them
nonzero. Its degree is deg M = Y, k., and its support is supp M = {e : k, > 1}. A set of
edges is connected if the graph formed by these edges and their endpoints is connected.
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Definition 5.10. Let x € V, let k > 0 be an integer, and let Cyp > 0. A finite sum
Y = Y cmM of monomials is tame rooted at x, of type (k, Cp), if every monomial M with
cm # 0 satisfies deg M < k and |cp| < Cp, and supp M is either empty or a connected
set of edges at least one of which has x as an endpoint.

Lemma 5.11. Let x € V.

(a) If Y and Y' are tame rooted at x, of types (k, Co) and (k', C})), then' Y + Y is tame rooted at
x, of type (max(k, k'), Co + C,), and YY" is tame rooted at x, of type (k + K, 2K CoCh).
A polynomial of degree at most m, with coefficients bounded by Cq, in j tame polynomials
rooted at x of type (k, Cy) is tame rooted at x, of a type depending only on k, Cy, m,Cy, .

(b) If Yy is tame rooted at y, of type (k, Co), for every neighbor y of x, then Y, WYy and
Yyx W,%yYy are tame rooted at x, of types (k+ 1, (k+1)Cy) and (k+ 2, (k+2)Cp).

Proof. (a) The statement on sums is immediate. The coefficient of M in YY’ is
LM, My=M €My Cyp,, @and M has at most [T (ke +1) < 2deg M factorizations. Further,
supp(M1M;) = supp M1 U supp M, is empty or connected with an edge at x, because
both sets are, and each of them that is nonempty contains the vertex x. Constants are
tame rooted at x, of type (0, |c|), which gives the statement on polynomials.

(b) Let M, be a monomial of Y;. The support of Wy,M, is supp M, U {xy}. It is
connected and contains the edge xy at x: either supp M,, is empty, or it is connected and
contains an edge at y, which shares the vertex y with xy. A given monomial M arises
as Wy,M, only for neighbors y with xy € supp M, which are at most degM < k +1
in number, and for each of them M, = M/W,, is determined. The coefficient of M is
therefore at most (k -+ 1)Co. The same argument applies to Wz, M. O

Lemma 5.12. Let x € V and let v > 2. The number of connected sets of edges that contain an
edge at x and span exactly v vertices is at most 4027 po-1,

Proof. Such a set S has a spanning tree. We root it at x and list its vertices in breadth-first
order. There are at most 4° rooted plane trees with v vertices. Given the shape, there
are at most D?~! labelings, since the root is x and each other vertex is a neighbor of its
parent, which is listed before it. Finally, S is a set of pairs of these v vertices, which leaves
at most 2%* choices. O

Lemma 5.13. If Yy,...,Y; are tame rooted at the same vertex x, of type (k,Co), then
[E[Y1 - --Yj]| < C, where C depends only on j, k, and Co. In particular, if Y is tame rooted at x,
of type (k,Cyp), then E|Y|P < C for every p > 1, with C depending only on p, k, and Cj.

Proof. We expand E[T;Y; = }_T];cm,ETT; M; over j-tuples of monomials. For a tuple, let
S = U;supp M; and . = Y ;k.(M;) for e € S. By independence, E []; M; = [, EW.".
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This vanishes unless every y, is even, and then

H e — D™ He/2 < (jk)!D~ |3|

eeS

since p, > 2 fore € S. If S is empty, all M; are constant, and the tuple contributes at
most Cj. Otherwise S is connected and contains an edge at x, because each nonempty
supp M; does and contains x; it spans some number 2 < v < jk+ 1 of vertices, and
|S| > v — 1. Given S, there are at most (k + 1)/ISI < (k + 1)j2k tuples of monomials of
degree at most k supported in S. By Lemma 5.12,
, e X
E[Y;--Yj]| < cg(1 + Y 4°29 D (k + 1)K (jk)! D_(”_1)>,
v=2

which depends only on j, k, and Cp. The second statement follows by taking Y1 = - - - =
Y5, = Y for an integer p’ > p/2 and using Holder’s inequality. O

The next lemma replaces squared couplings by their variances in an Onsager coef-
ticient. For dense matrices, the corresponding fourth-moment bound is proved in [22,
Appendix A.2]. Hachem stated a version for sparse variance profiles in [80, Lemma 21]
and omitted its proof. We give a complete proof for tame polynomials, along the lines
of [22].

Lemma 5.14. Let x € V, and for every neighbor y of x let Yy, be tame rooted at y, of type (k, Co).

Then A c
E(Y (W3, -D)Y,) < ot

y~x

where C depends only on k and C,.

Proof. Expanding the fourth power and each Y, we write the left side as a sum over
4-tuples (y4, My)a<a, where y; ~ x and M, is a monomial of Yy,, of

ﬁc% ]EH( XYa )Mﬂ‘

a=1 a=

Fix a tuple Lete, = xyg, let S = U, (supp M,U{e,}), and fore € Sletv, = |{a: e, = e}|
and p, = Y, ke(M,). By independence,

4
1

4
]EH D YM,=T]we, we=E[WS(W?-D1)"].
a= eesS
Writing W, = D~1/2g,, we have w, = D~ (I +2%)/2E ¢} (g2 — 1)%]. We claim that either
some w, vanishes, or

‘Hw‘<CD S1-2, (5.5)
ecS
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Suppose that no w, vanishes. Then every p, is even. If v, = 0, then p, > 2, since
e €S, and |w,| < CD™ L. If v, = 1, then p, > 2, since E[¢? — 1] = 0, and |w,| < CD~?2
because y, +2v, > 4. If v, > 2, then |w,| < CD™". In all cases with v, > 1, we obtain
|w,| < CD~1=% with 6, = max(1,v, — 1). Since ¥, v, = 4, either a single edge has v, = 4
and 0, = 3, or at least two edges have v, > 1; in both cases },.,,~1 6. > 2. This proves
(5.5).

Each set supp M, U {e;} is connected and contains the edge e, at x, because M, is
tame rooted at y, and e, = xy,. It follows that S is connected, contains an edge at x,
has at most 4(k + 1) edges, and spans some number 2 < v < 4k 4 5 of vertices, with
|S| > v — 1. Given S, the number of tuples is at most |S|*(k 4+ 1)*/S| < C. By Lemma 5.12
and (5.5), the left side of the lemma is at most

4k+-5

C
vy 02 yo—1 (v—1)-2 <
CO UE_Z 4°2°° D" . C-CD~ D2 ]

5.4 Proof of the state evolution

We compare (5.3) with the recursion in which the Onsager coefficients are computed
from the disorder: @il = foWland, for1 <t <T -1,

Ez

t
L~lt+1 1 Z t,s @fs 1); bts x — Z Sft (56)

This recursion is used only in the proof; it is not a query history.

Lemma 5.15. Let G € Gp, x € V, and 1 < t < T. Every coordinate of i, and of @i\, is tame
rooted at x, of a type depending only on t and fo, ..., fr_1. For every polynomial ¢: R* — R
and every p > 1, we have

sup sup maxE|yp(i, dl)|’ < .
D>1Gegp *€V

In particular, Proposition 5.6(a) holds.

Proof. We induct on t. The vectors ul = iill = f; Y.y~x Wxy are tame rooted at x, by

Lemma 5.11(b) with Y}, = fo. Suppose that the claim holds up to time t. By Lemma 5.11(a),
fe(ay), fi(it}y), and 9sfi(i}) are tame rooted at y, and f;_1(#5 ') and fo_1(@5 ") are
tame rooted at x. By Lemma 5.11(b), ¥y Wyyfi(i1}), Lyx Wiy fi (), and (bis)x =

Yy~x Wiy0s f,g( ) are tame rooted at x. Then Lemma 5.11(a), applied to (56.3) and (5.6),
implies that u"”r1 and #{™! are tame rooted at x. The types depend only on ¢, on the
polynomials, and on the numbers b; s, which are determined by the polynomials. The
moment bound follows from Lemma 5.11(a) and Lemma 5.13. O]
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The next lemma identifies (5.6) as an instance of (5.4). The vector iterate stores the
history of the scalar iterates; once a coordinate has appeared, the recursion recomputes
the same value at every later step. The same reduction of a recursion with memory to a
vector recursion appears in [103, Appendix A], where it is combined with [91, Theorem 1].

Lemma 5.16. Let (Gy) be the tori T‘i for a fixed L > 3 or the hypercubes Qg. Let 1 <t < T, let
¥: R" = R be a polynomial, and let x = x; € V. Then, as d — oo,

—le ) = Ey(U") and th ) — Ey((U")

?/Nx yGV
in probability.

Proof. The graphs G; satisfy the hypotheses of Theorem 5.7, with k = d, ny = n, Dy = D,
and S*) = S: each row of S has exactly D nonzero entries, all equal to D1, and D < n.
Further, W) has the law of W, if we let gxy for nonadjacent x, y be independent dummy
variables. Let g = T, and for 0 < # < T — 1 define f,: RT — RT by

£ ,(2) = fic1(z1,. . zem1) (P <t +1), fr,(z2) =0 (r>t+1).

We claim that z{ = (i,...,7%,0,...,0) for 0 < # < T and x € V. This holds for
t' =0, and for # = 1 since f5(0) = (fo,0,...,0). Suppose it holds at times ' — 1 and
t, forsomel <P <T—1.1fr >t +1, then fy, = 0,50 24 t1(r) = 0. Letr < ' +1.
Then f; (2! ) fr-1(i; 1), because r —1 < . The derivative dsfy, equals s fr—1 for
s<r—1andvamshesfors>r and fors <r—1 <+t wehave fy_,(zL 1) = f,_1(@51).
Inserting these identities into (5.4), we find

r—1
t+1 wayfr )_;fs—l Z Sfr )

Il
i)
=
3

by (5.6) at time r — 1 (for r = 1, by @' = fyW1). This proves the claim.

Next, we claim that E;/ is the covariance matrix of (U, ..., Uy,0,...,0) for all x. For
t' = 1 this holds because Y, Syy = 1 and EU; = f§. If it holds at time ', then C;‘//
has the law of (U*,0,...,0) for every y, and, using }_, Sxy, = 1 again, 2+ has entries
lEfr_l(U’_l)fr/,l(Ur/_l) = EU,U, forr,v" <t 41, by (5.1), and zero entries otherwise.

Finally, we apply the local conclusion of Theorem 5.7(ii) at time ¢ to the polynomial
z — P(z1,...,2t), with Iy the set of neighbors of x;, which has D elements. For the
vertex average, we use the separate global conclusion of that theorem. By the two claims,

¥(zy,) = (i) and Ep(L}) = Ep(U’) for all y. O

We next use the symmetry of tori and hypercubes.
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Lemma 5.17. Let G = Gy, let 1 < t < T, let : R2 — R be measurable, and set &y =
(i, i) for y € V. Then the laws of &x, of D™'Y, &y, and of (WE)y do not depend on
xeV.

Proof. Let ¢ be an automorphism of G, and let ny = Wy (x)(y)- Since ¢ permutes the
edges and the couplings are independent and identically distributed, W% has the law of
W. The recursions (5.3) and (5.6) use the same polynomials and the same real coefficients
at every vertex. By induction on t, computing them from W¢ instead of W produces the
vectors (uip(x))x and (ﬁfp(x))x; for instance, ), nyft(ﬁfp(y)) =Yy Wq,(x)y,ft(a;,). Writing
¢(W) for the vector § computed from W, we obtain §(W?)x = ¢(W) (),

FLEW =5 L EWy,  (WOEW), = (WE(W)

ny VN@&O

Since G is vertex-transitive, for all x, x’ there exists an automorphism ¢ with ¢(x) =
and the lemma follows.

0 =

Lemma 5.18. Let (G,) be the tori T¢ for a fixed L > 3 or the hypercubes Qq. For 1 <s < t <
T—1land x € V,limy_e E|(bts)x — bis|* = 0.

Proof. Since Sxy = D1 for y ~ x and Wy, =0 otherwise,

(Dts)x — brs = Z (WJ%y ) s fi ( fl < Z 95 f1( fl — bt,s)-

y~x y~x

By Lemmas 5.11 and 5.15, the polynomial 0, f;(i}) is tame rooted at y, of a type that
does not depend on d or y. Then Lemma 5.14 implies that the fourth moment of the
first term is at most CD~2. The second term tends to zero in probability by Lemma 5.16
with ¢ = 9 ft, since bys = Eds f;(U"). Its eighth moment is bounded uniformly in d, by
Jensen’s inequality and Lemma 5.15, so its fourth power is uniformly integrable, and its
fourth moment tends to zero. The lemma follows from Minkowski’s inequality. O

Proof of Proposition 5.6. Part (a) is contained in Lemma 5.15. For the proof of (b), we use
two elementary facts. First, if random variables ¢, satisfy IEC% — 0 and sup, E|&;]%P < oo
for every p > 1, then E|Z;|P < (IE¢2)!/2(E|4|?P~2)!/2 — 0 for every p > 1. Second, for
every polynomial P: Rf — R there exist C,k with |P(z) — P(z')| < Clz —2/|(1 + |z|* +
2[F).

Step 1: comparison. Let w' = u' — @i'. We show by inductionont < T that E(w)? — 0
for all x. By Lemma 5.17, the law of w’, does not depend on x. We have w!' = 0. Suppose
that E(w$)? — 0 for all s < t, where t < T — 1. By Lemma 5.15 and the two facts above,
for every polynomial P: R" — R and every p > 1,

_ =t = 1/2 _ = 1/2
E|P(it}) — P(it}) |7 < C(Eli}, — ay[*) " (E(L + |y [* + [ [)?) " — o. (5.7)
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y (5.3) and (5.6), w't! = W& — YL _, p°, where & = f(@i) — fi(ii') and

0 = bus(foa (1) = fora (B71) o (bis1 = bus) © foa (7).
By Lemma 5.17 and the Cauchy-Schwarz inequality,

E(WE)2 = BWe | < (EIwi)" (B ( Zéy)) < Wi ),

where in the last inequality we used Jensen’s inequality and that the law of ¢, does not
depend on y. The right side tends to zero, by Lemma 5.9 and (5.7). The first part of p}
tends to zero in L? by (5.7). For the second part, we have

]E[(bt,s_ (Ets) )2fs (~S 1) ] < (]E’bt,s— (Et,S)x|4)1/2(1Efs (~s 1) )1/2 0,

by Lemmas 5.15 and 5.18. We conclude that IE(w%1)? — 0, which completes the induction.
In particular, (5.7) holds for all t < T.
Step 2: polynomial test functions. Let ¢: R — R be a polynomial. By Lemma 5.17,

E| Y () ~ By(0)] < Elp(a,) - p(@)| + E| Ly(d) ~ Ey(a@)
y

The first term tends to zero by (5.7). The random variable in the second term tends to zero
in probability by Lemma 5.16, and it tends to zero in L! because its second moment is
bounded uniformly in 4 by Jensen’s inequality and Lemma 5.15. The same argument ap-
plies to D™'Y, . ¢(i}). Finally, by Lemma 5.17, By (it}) = E[n~' L, ¢(aj)] — Ep(U").
This proves (b) for polynomials.

Step 3: continuous test functions. By Step 2, all moments of ii}. converge to those of
the Gaussian vector U', and (F2) implies that i}, — U’ in law. Let ¢ be continuous with
polynomial growth. By (a), we have sup, E¢(it},)?> < co. Then the variables ¢(it}) are
uniformly integrable, and Eg(iit.) — E¢(U"). This is the first assertion of (b). Now let ¢
be continuous with polynomial growth, and let # > 0. By (F3), there exists a polynomial
P with E|yp(U") — P(0")| < 5. By Lemma 5.17,

E]—le — Eyp(0")| < E|(p — P)( |-|—1E‘—ZP —EP(UY)| + E|(P — ) (@)].

As d — oo, the first term tends to E|(y — P)(U")| < 7, by the first assertion of (b) applied
to ¢ = | — P|, and the second term tends to zero by Step 2. The left side therefore has
lim sup at most 27, and # was arbitrary. The neighbor average is treated in the same way,

using E[D' L, (¢ — P)(i,)| < E|( — P)(at)]. 0
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5.5 Energy of the final message

The energy of the final polynomial message is determined by the next iterate and the
Onsager term. A similar computation appears in the proof of [103, Lemma 2.3].

Lemma 5.19. In the setting of Proposition 5.6,let 1 < K < T —1, and let F = fx (%) € R
and F = fx(UX). Then

lim YEHe, (F) = lim L~ E(F, WF) = E[FUg.1).

d—oco N d—oo LN

Proof. Let O = X | bxfs_1(#°1). By (5.3), we have WF = uX*1 + O and

1 K+1 K -s—1
P WF) ZfK ( uy T+ Y brsfoo1 (i1 ))/
s=1

which is the empirical average of a polynomial in #X*1.

expectation converges to

By Proposition 5.6(b), its

K
E[FUk41] + Y bisE[Ffo1 (T°71)).
s=1

By Gaussian integration by parts (F1), (5.1), and (5.2), we have

E[Ug 1 fx (T" ZCOV Uk 1, Us) B0, fx (UX) = ZlE[fK (O] by s.
s=1
We conclude that the limit equals 2IE[FUk1]. Since 2H¢,(F) = (F, WF), this proves the
lemma. ]

The Onsager term contributes exactly half of the energy. The center is a bounded
function of the history close to F, and its energy is controlled by the norm of W.

Lemma 5.20. In the setting of Lemma 5.19, let 6: RK — [—1,1] be continuous, and set
m = 0(aX) and © = 0(UX). Let My = sup,(E||W||*)1/2, which is finite by Lemma 5.9. Then

. 1 M
limsup | = EHg, (m) — E[FUg1] Sj%ﬂ@—FMW@M+HWﬁ-

d—rco

Proof. Since 2(Hg,(m) — Hg,(F)) = (m — F,W(m + F)), we have 2n~!|Hg,(m) —
Hg,(F)| < [[W] &, where & = |[m — F|[,,(||m|, + ||F||»). By the Cauchy-Schwarz in-
equality, E[||W| &] < Mw(EZ?)!/2. By Lemma 5.19, it suffices to show that EZ?

1© —Fl3(IO]]2 + [[Ell2)*
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Let Ay = |jm — F||2, Ay = ||m||2, and A3 = ||F||>. Each A; is an empirical average
n! Yy zpi(ﬁg), where ;1 = (0 — fx)?, o = 6%, and y3 = fZ are continuous and have poly-
nomial growth. By Proposition 5.6(b), A1, A2, and Az converge in L! and in probability
to [|® — F||3, |©|]3, and ||F||3. Since 52 = A;(ALY?* + Aé/z)z, it converges in probability
to [|© — F||3(||®]|2 + ||F|2)?. Further, for every p > 1, we have AY < n~! >y 1p1~(a11/<)17
by Jensen’s inequality, and gbf is bounded by the polynomial 27 (1 + fl%)m, because
6] < 1. Then Proposition 5.6(a) implies that sup, ]EAf < oo, and by Holder’s inequality,
sup, EE* < oo. Then E2 is uniformly integrable, and EE? converges to the same limit. [

5.6 The two-phase scheme and controls

We now choose the polynomials f; so that the state evolution follows a stochastic con-
trol. We use the root-then-incremental architecture of Sellke [125], with the incremental
nonlinearities of Montanari [103]: a fixed-point iteration first produces a field of variance
go > 0 and a prescribed function of it. Since (5.1) involves only the polynomials f;, the
computations of this subsection concern Gaussian vectors alone.

For g0 € (0,1) and T € (0,1], let N = Ny, be the law of (Y,Aq,A,...), where
Y ~ N(0,90) and the A; are independent N(0, ) variables, independent of Y. For a
function p with Ep(,/0Z)* < oo and ¢ € [0, g0}, let ¢,(c) = E[p(A)p(A’)], where (A, A")
is a centered Gaussian pair with Var A = Var A’ = g9 and Cov(A, A’) = c. Writing A =
VeZo+ /90 —cZyand A" = \/c Zy + /0 — ¢ Z with independent standard Gaussian
Z0,Z1,Z,, we have ¢,(c) = E[(E[p(A) | Zo])?] > 0.

Definition 5.21. Let qp € (0,1), T € (0,1], and let K > 0 be an integer with g¢ + Kx7 < 1.
Let K; > 1 be an integer and p a nonconstant polynomial with Ep(\/§0Z)* = qo. Let
Pi(y,z1,...,2j),0 < j < Ky, be polynomials with

EnPi(Y, Ay,...,0)* =1 (0<j<Kp). (5.8)

The two-phase scheme is the recursion (5.3) with T = K; + K; + 1 and the following
fo,--., fr—1. Set K = K1 + K.

* Root phase. Let fo = /g0 if Ep(\/q0Z) > 0 and fo = —/qo otherwise, and f; (") =
p(u) for 1 <k < Ky. Lety = ufKi and Fy = p(y).

e [nnovations. Let Yi<k, Vilj be the orthogonal projection of Uk, 1 opto Uk, let 71 =
E(Uk, 1 — Sk, )% and set Al = (/1) 2(uk1+1 - ¥ ). Forr > 2, let
A = uKl—i—r _ uKl—l—r—l.

* Incremental phase. For 1 <r < K,

r . .
fir (@) = Fo+ Y Py, AL, AT AL (5.9)
i=1
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On the state-evolution side, we write Y = Uk, Fy = p(Y), &1 = (/7)Y 2 (Uk, 11 —
Yi<k, v;U;), and A, = Ug, 1, — Uk, 4,1 for r > 2.

The numbers ; and 71 depend only on fy, ..., fk,, and 71 > 0 by the next lemma.
Each A! is a linear combination of u!,...,uX1t with real coefficients, so each fris a
polynomial in i/, and Proposition 5.6 and Lemma 5.4 apply. By part (b) of the next
lemma, the notation (Y, A1, A, ... ) is consistent with the law N.

Lemma 5.22. In the setting of Definition 5.21, the following hold.

(a) The variables Uy, ..., Uk, 11 are N(0,qo) variables with a nonsingular covariance matrix;
in particular T > 0. Further, oy = EU Uy, satisfies 01 = /90 |Ep(\/90Z)| < 4o,
Ok+1 = Pplox) for 1 <k < Ky, and 0 < o < qo for k < Ky. These numbers depend on p
and qo but not on Kj.

(b) The variables Ay, ..., Ax,+1 are independent N (0, T) variables, independent of Uy, ..., Uk
In particular, (Y, M, ..., Ak,) has law N.

(c) The final message F = fi(UX) = Fo + Y12, Pi_1 A, satisfies EF? < 1 and

1°

Kr—1
E[FUk 1] = ok, Ep'(Y) + (t1)/?EPy+ 7 Y EP,
j=1
where we abbreviate P]- = Pj(Y, A, ..., Aj), and the terms containing Pj are absent if j > Kj.

Proof. (a) We have VarU; = f3 = qo, and inductively Var U, = Ep(Uy)? = g for
k < Kj. Next, 01 = E[fop(U1)] = /90 | Ep(\/d0Z)| by the choice of the sign of f;. This is
less than go by the Cauchy-Schwarz inequality, which is strict because p(,/goZ) is not
almost surely constant and Ep(,/§0Z)? = qo. Further, 0x1 = E[p(Ux)p(Uk+1)] = ¢p(0k),
and 0 < g < go by the Cauchy-Schwarz inequality and ¢, > 0. For nonsingularity
we induct on k < Kj; U is nondegenerate. If (Uy,...,Uy) is nondegenerate, then
U, = A+ ¢¢, where A is a linear combination of Uy, ..., Ux_1, ¢ > 0, and ¢ ~ N(0,1)
is independent of Uj, ..., U 1. Conditionally on Uj, ..., U_1, the message p(Uy) is a
nonconstant polynomial of a nondegenerate Gaussian variable, and it is therefore not
almost surely equal to a function of Uy, ..., U;_1. Since every element of § is such a
function, we have p(Uy) ¢ §x. By Lemma 5.5, the variable Uy 1 has a nonzero component
orthogonal to i, which implies that (Uj, ..., Uxy1) is nondegenerate. At k = Kj, the
squared norm of this component is 7.

(b) Let G be the o-algebra generated by Uj, ..., Uk,. Then A; ~ N(0, T) is independent
of G, since the residual Uk, 11 — 2]- 7v;U; is Gaussian, uncorrelated with Uy, ..., Uk, and
of variance 7. Now let 1 < r < Kj, and assume that Ay, ..., A, are independent N (0, T)
variables, independent of G. Let G, be the c-algebra generated by G and A4,..., A, ;.
By (5.9), fx,+r — fxy4+r—1 = Pr—1Ay, where fx, = L. Every message f; with j < Ky +r
is G,-measurable, and so is P,_j, whereas A, is centered and independent of §,. Then
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P,_1A; is orthogonal to §k,+r, and by Lemma 5.5 its image A, 1 = Uk, 441 — Uk, 4 is
orthogonal to Uk, +,. The variables Uy, ..., Uk, 4, generate G and Ay,...,A;, and by joint
Gaussianity A, 1 is independent of them. Its variance is E[P? ;A?] = TEP? | = T, by the
induction hypothesis and (5.8). This completes the induction.

(c) By (b), a product P;_14; is orthogonal to every G;-measurable square-integrable
variable, which includes E,, every variable of G, Ay,...,A;_1, and P14, for j < i, and
it is orthogonal to every A, with r > i. Further, E[P,_1A?] = TEP,_;. This gives EF* =
lEI% + Kot < g0+ (1 — go) = 1. For the correlation, we write Ug1 = Uk, 41 + Zfi;rl A,
and Ug,+1 = L v;U; + (11/7)Y2A,. The term E; correlates only with Uk, 4+1; the term
PyA; correlates only with (t;/7)'/?A1, giving (t11)/2EP); and for i > 2 the term P;_; A,
correlates only with A;, giving TIEP;_;. Finally, (F1) applied to the pair (Uk,, Uk, +1) gives
]E[ﬁOUKH-l] = IE[F(UK1)UK1+1] = QK1]EPI(UK1)' =

A control specifies the ideal root message, the ideal coefficients, of which the P; are
polynomial approximations, and a bounded output.

Definition 5.23. Let g9 € (0,1), T € (0,1], and K, > 0 be as in Definition 5.21. A control
of step T and length K, with root variance go consists of the following data.

(a) A root map: a nonconstant C! function f: R — [—1,1] with bounded derivative, such
that Ef (,/§0Z)* = qo and ¢¢(c) > c for every ¢ € [0, o).

(b) Random variables G; = gj(Y,Al,...,Aj), 0 < j < Ky, with g; measurable and
]ENG]? =1

(c) A continuous output function @: R'*X2 — (—1,1).

Let Fy = f(Y). The stochastic integral, value, and defect of the control are

Ky—1 Kp—1
F=F+ ) GAj, V=E[YR]+1 ) EG, 9=|F-0],, (5.10)
j=0 j=0

where O stands for ©(Y, Ay, ..., Ak,) and all expectations are under N. We write ug for
the law of ® under N.

If K = 0, the control consists of the root map and the output only, with F = Fy and
V = E[YE).

The algorithm. Fix a control and accuracy parameters: an integer £ > 2 and a number
1 € (0,90)-

(i) Root polynomial. By dominated convergence, the function ¢ is continuous on [0, qo],
and ¢; = min.c[oq,—y (¢7(c) —¢) > 0. Since f is continuous and nonconstant and
N(0,qo) has full support, || f —Ef||2 > 0. By (F3), there exists a polynomial Q, with

1 o |If —Efl2

1Qx = flla < min {7, 5=, B—=2 |
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in L?(N(0,q0)). This gives [|Q«ll2 > [Ifll2 — [|Qx — fll2 = 2,/0/3 > 0, so we set
p = /90 Q«/||Qx«|2. Let K; be the least k > 1 with gx > qo — 17, where gy is given by
Lemma 5.22(a).

(ii) Coefficient polynomials. By (F3), there exist polynomials Q; in (y,z1,...,z;) with
|Q; — Gjll2 < 1/£ under N. Since ||Q;l[2 > 1 -1/ >1/2, we set P; = Q;/||Qjl|2.

(iii) Center. We run the two-phase scheme of Definition 5.21 with p, Ky, and (P;) on
Gy, and we set m = @(y,Al,...,A%) € (-1,1)". By Lemma 5.4, applied with
f the composition of ® with the linear map K — (y,Al,...,AKZ), the vectors
xt=fi 1(@1), 1 <t <K, and K1 = m form a query history of depth K + 1 with
center m.

The update rule depends only on the control and the accuracy parameters, not on d.

Lemma 5.24. In the algorithm, p is a nonconstant polynomial with Ep(\/q0Z)* = qo and
lp — fll2 < 2/¢, the index Ky exists, Ky < 1+2q9/cy, and qo —n < 0k, < qo. For every
j < Ky, the polynomial P; satisfies (5.8) and ||P; — Gj||2 < 2/.

Proof. Since [[|Qxl[2 — /ol < [[Qx — fll2, we have [|p — Qull2 = [/Go — [ Qxll2] < |Qx —
fll2and |[p — fll2 < 2||Qx — fll2 < 2/¢. Further, p is nonconstant, since ||(p — Ep) —

(F =)l < Ip — fll2 < (2/3)|[f — Efllo, and Ep(y/foZ)? = o by construction. By the
Cauchy-Schwarz inequality, for ¢ € [0, qo] we have

[#p(c) = ¢r() < [lp = fll2(llpll2 + 1 fll2) = 2v/q0 [P = fll2 < 44/q0 Qs = fll2 < %7

which implies that ¢,(c) > c+c;/2 on [0,q0 — 17]. By Lemma 5.22(a), 01 € [0,4o) and
0k+1 = ¢p(0k), and these numbers do not depend on Kj. Then g increases by at least
cy/2 as long as g < qo — 77, and the least k with ¢ > qo — 7 is at most 1 + 2g¢/¢;, and
0k, < qo by Lemma 5.22(a). For the coefficients, ||Qjl > 1—1/¢ >0, and ||P; — Gj||]2 <
1= 1Qjllal +11Qj = Gjll2 < 2/¢. O

Proposition 5.25. Let (G;) be the tori T¢ for a fixed L > 3 or the hypercubes Qg, and let My
be as in Lemma 5.20. Fix a control with root variance qo, step T, length Ky, value V, and defect 9,
and fix accuracy parameters { and 1. Let m be the center produced by the algorithm on G4, and
set ky = 1 — m2. Then the following hold.

(a) As d — oo, we have n'EY,m;, — EO, n"'EY, ent(m,) — Eent(®), and
n~1E(x, Sx) — (1 — E@?)?, where © has law ye.
(b) We have

. 1 4 4
limsup | ~EHg, (m) = V| < 2v/T 1,21} + 1 + 7 + Mw (19 n Z>'
d—soo N
(c) For every x € V, the law of my does not depend on x, and it converges weakly to ye as

d — oo,
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Proof. Let 6 be as in Step (iii) of the algorithm, so that m = 0(iX). By Lemma 5.22(b),
0(UX) = O(Y, Ay, ..., Ax,) has law e, and we denote it by ©.

(a) and (c). Since the functions 6 and ent of are bounded and continuous, the first
two limits follow from Proposition 5.6(b). Part (c) follows in the same way, because ¢ o 0
is bounded and continuous for every bounded continuous ¢; the law of m, does not
depend on x by Lemma 5.17. Let & = [E(1 — ©?). We have (Sx), = D! Yyex(1— 9(&5)2),
and Proposition 5.6(b) gives E|(Sk)x — &| — 0. Since 0 < x, < 1, we have

1 1
—E(x,Sx) — &k —E
- (x, Sk) = ;Kx

1
< —) E|(Sk)y — & 0,
< 4 LE|(56): —F| =

and n 'E Y, xy — &. This proves (a).

(b) Let F = f(UX) = £y + Yi<k, PiAj+1, a function of (Y, Ay, ..., Ak,), whose law is
N by Lemma 5.22(b). We compare E[FUg 1], given by Lemma 5.22(c), with V. The errors
have three sources.

e Root message. By Stein’s identity, we have goEp’'(Y) = E[Yp(Y)], and therefore
Ep' (V)| < ||Y|l2llp(Y)|l2/90 = 1. Using this bound and Lemma 5.24, we obtain

ok, Ep'(Y) —E[YF(Y)]| < (g0 — 0k )IEP' (V)| + [E[Y(p — /()] < 17 + %-

e First innovation (K, > 1). The algorithm weighs EPy by (77;)'/? instead of 7. Since
7 < BUg . = q0 < 1 and [EPRy|,|[EGy| < 1, we have |(tr)"/2EP — TEGo| <
VTHT <21

* Coefficients. By Lemma 5.24 and Ko7 <1, TY 1<k, |[EP; — EGj| < 1Y ([P — Gjll2 <
2/¢.

Combining the three bounds, we obtain [E[FUx1] — V| < 2y/T1g,>13 + 7 +4/£. Next,

F-F=(Fh-FK)+ Y.i(P; — Gj)Ajy1. The terms of the sum are orthogonal, with norms

VT||P; — Gj||2. By Lemma 5.24 and K7 < 1, we have ||F — F|[ < 4/{ and ||® — F||; <

®+4/¢. By Lemma 5.20, with ||®|] <1 and ||F|| < 1 by Lemma 5.22(c),

1 4
limsup [-EHg,(m) — IE[FUKH]’ < My (19 + —).
d—oo N ¢

Combining the two bounds, we obtain (b). O

5.7 The Parisi control

In this subsection, p > 0 and & > 0. By Theorem 2.2, we have suppv = [g_,q+] with
0 < g- < g4+ < 1. We use the following facts, from (P1), (P2), and Lemmas 2.5 and 2.6.
We write v(t) = v(][0,1]).
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|0,®| < 1,0 < 2P < 1, and |03P| < 4; hence |v] < 2,0 < 9,0 < B2, 0<a < B, and

|oxa| < 4B.

e Fors,t € [0,1] and x € R, [0, P(t, x) — 9P (s,x)| < 3B%|t —s| and |a(t, x) —a(s,x)| <
4/3 B2t —s|1/2,

e For0<s<t<1,wehave M; — M, = fsta(r,Xr) dB, and

t t
RD(t X;) — 2D (s, X) = — / B2u(r) (2®(r, X))  dr + / BRD(r, X,) dB,.

e EM? =t for t € [q—,q+]; if - < g4, then Ea(t,X;)> = 1 for t € [g_,q+]; and
M,, =tanh X, .

 The function f(y) = 9P (q—,h + By) is a root map with root variance g_ in the sense
of Definition 5.23(a), and f(B; ) = M, . Indeed, the function ¢; defined before
Lemma 2.6 is the function ¢, of Section 5.6 with p = f, and Lemma 2.6(a) gives the
required properties.

Since v(t) = 0 for t < g_, the drift v vanishes on [0,4—) X R. Then X; = h + BB; for
t < g, and by the second martingale identity, 02®(t, X;) is a martingale on [0,4_]. In
particular, [Ea(t, X;) is constant on [0,q_]. Recall that £(B,h) = " Ea(t, X;) dt.

The control. 1If g— < q4, let K > 1 be an integer, and let T = (g4 —g—)/K; and
ti =q- +jt for 0 < j < Ky, so that tx, = g+. We realize the law N with g9 = g by
Y = B;_ and A]- = Btj — BtH. We define the Euler scheme for X driven by these variables,
the normalized coefficients, and the output by

XO =h+ IBY, X]'Jrl = X] -+ U(t]', X]) T+ ﬁA]’+l,
a(t;

. L Xi) .
Aj = ||a(t]~, Xj)”z; Gj = gy I ©® = tanh X,

(5.11)

with the root map f(y) = 9xP(q—,h+ By). As in [103, (2.37)], the coefficients are
normalized to have unit second moment under the law of the Euler scheme. If g_ =g,
we take K = 0, the root map f, and the output ©(y) = f(y).

Proposition 5.26. Let § > 0 and h > 0. There exists C < oo, depending only on B and h, such
that the following hold.

(a) If g— = q+, the data above form a control with root variance q_ and length 0, and V =
E(B,h), 8 =0, and ye = 4.

(b) If q— < q4, then for every integer Ky > 1 the data (5.11) form a control with root variance
q—, step T = (q+ — q—) /Ky, and length Ky, and

In particular, W1 (pe, pit) < Cy/T.
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Proof. (a) Since g— = g4, we have 0,P(g—,x) = tanhx and f(y) = tanh(h + By), and
© = f is continuous with values in (—1,1). The data therefore form a control, with
F=F = f(Y) =0and ¢ = 0. Further, ® = f(B; ) = M;_ = M,,. In particular,
flo = W+. By Stein’s identity, V = E[Yf(Y)] = q_Ef'(Y) = q_Ea(g-,X,_), and since
Ea(t, X;) is constant on [0,g_], this equals £(B, h).

(b) Let C denote constants depending only on  and h. Let é; = Xj — Xy, By the facts
listed above, for r € [t,t;,1] and x € R, we have

a(tj, x) —a(r,x)| <4V3EVT, oty x) = o(r,x)| < 3BT+ B2 (v(tir) — v(ty),

the second because v = %1 9,®, v is nondecreasing, and |9,®| < 1. Also || X, — Xill2 <
B*T + B+/T, since |v| < B2. The proof has five steps.

Euler error. We have é = 0, since X, = h + BB, . The Brownian parts of X and X
cancel, which gives é;1 = & + ftjj“ (v(tj, X;) — v(r, X;)) dr. We split the integrand into

[0(t;, Xj) — o(t;, Xi))] + [o(t), Xy,) — o(t;, X;)] + [0(t), X;) — o(r, X;)].

The first two brackets are at most ,32|éj| and /52|th — X;| in absolute value. The third
is at most 38*T + B*(v(tj41) — v(t;)) in absolute value, and the sum over j of its v-parts
telescopes: Y ; T(v(tj11) — v(t;)) < 7. This uses only the monotonicity of v, and atoms
of v cause no difficulty. Taking L? norms, summing over j < k, and using K7 < 1 and
T < 1, we obtain ||&[, < BT Yj<k Iéjlla + Cy/T, and the discrete Gronwall inequality
gives maxi<g, [|é/l2 < Cv/T (1 + p*1)%2 < Cy/7.

Normalization. For j < Kp, we have t; € [q-,4+) and Ea(tj, X;,)*> = 1. Then

A7 = 1] < Ela(t;, X)? — a(t;, Xi,)?| <2B-4B il < CVT,

and [A; —1| = |/\]2 —1]/(Aj+1) < Cy/7. Since a > 0, we have A; > 0. Then G; is well
defined and ]EGJZ =1.

Admissibility. By the last of the listed facts, f is a root map. Each G; is a continuous
function of (Y, Ay, ...,A;), since x — x + v(t;, x)7T is Lipschitz. The output ® is a contin-
uous function of (Y, Ay,...,Ak,) with values in (—1,1), and g + K7 = q4 < 1. This
shows that (5.11) is a control.

Coefficient error. For r € [t; tiy1], splitting as before and using ||G; — a(t;, X;)[> =
|1 — A;], we have

IGj — a(r, X,)ll2 < 11— Ajl 4 4Bl1¢]12 + 4Bl Xs, — Xoll2 +4V3 B2V/T < CV/T.

Defect, output, and wvalue. By the martingale identity, M,, = M, +

t; : . .
Y<Ky ftj’“a(r, Xy)dB,. Since G; is measurable with respect to (Bs)s<t, we have
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GiAj1 = fé”l G; dB;. Since the first term of F is Fy = f(Y) = M, _, we obtain

F-M, =Y / "Gy —a(r, X,)) dB,,

J<Kz

and by the It isometry, the coefficient error, and K»7 < 1, we have ||[F — My, |l < Cy/7.
Since M,, = tanh X,, and tanh is 1-Lipschitz, we have [|© — M, |[> < ||ék,[l2 < Cy/T.
Combining the last two bounds, we obtain ¢ = ||F — ®||, < C4/7. Since the pair (0, My, )
is a coupling of u@ and y, we have Wi (e, 1) < [|© — My, ||2. For the value, by Stein’s
identity, we have E[YF] = E[Yf(Y)] = q_Ef'(Y) = q_Ea(q—, X,;_) = JJ Ea(t, X;) dt.
Since V = E[YFR] + T Y;<x, EG; and tk, = q+,

V= E(B,h)| < Z/ 1G; — a(r, X,) |l dr < CV/7. O

j<Kz

5.8 Homogenization

The law of the center is homogeneous only after averaging over the disorder. This
subsection shows that its empirical behavior is nevertheless close to the limiting law,
uniformly over the fields in a1+ cS[0, B]V. The argument combines the finite range of
the dependence of m, on the couplings with the exponential decay of the number of
eigenvalues of S away from zero on tori and hypercubes.

Lemma 5.27. Let G € Gp and run (5.3). For 1 <t < T and x € V, the vector 171; is a
measurable function of the couplings ], of the edges e having an endpoint at graph distance at
most t — 1 from x. Further, if 1 < K < T, 8: RX — R is measurable, and m = 0(iX), then V
can be partitioned into at most (D + 1)?K=1 classes such that, within each class, the variables m,
are independent.

Proof. The first claim holds for t = 1, since ul = fy Yy~x Wxy. If it holds at time £, then by
(5.3), it = Ly ox Wiy fe(i1})) — X brs fs—1 (i85 1) depends only on the edges xy, on edges
with an endpoint at distance at most ¢t — 1 from a neighbor of x, and on edges with an
endpoint at distance at most t — 2 from x; all of them have an endpoint at distance at
most ¢ from x. Here we used that the coefficients b s are real numbers. Now let Ey be the
set of edges having an endpoint at distance at most K — 1 from x. If Ey N E;s contains an
edge, then dist(x,x") < 2K — 1. We consider the graph on V in which x # x’ are joined
if dist(x,x’) < 2K — 1. Its maximal degree is at most ZzK 'Di <(D+1)K-1 -1, s0it
has a proper coloring with at most (D + 1)2K~1 colors. Wlthm a color class, the variables

m,y are independent, since they are functions of the couplings in pairwise disjoint sets
E.. O
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If the Onsager coefficients were computed as empirical averages over all vertices,
the recursion would generally introduce global dependence, and the preceding locality
argument would no longer apply. The deterministic coefficients avoid this.

Lemma 5.28. Let G; be T‘i with L > 3 or Q. For 0 < a < 1, let I1, be the orthogonal
projection onto the span of the eigenvectors of S with eigenvalues of absolute value at least «, and
let k, = rankI1,. Then k, < Dpe—9a?/2,

Proof. For the torus, the characters x,(x) = e?™@*/L « ¢ (Z/LZ), form an or-
thogonal basis of CV. Since the neighbors of x are x + ej, 1 < j < d, we have
Sxw = Mw)xew with A(w) = d ™1 2}121 cos(27w;/L). Since the multiplicity of an eigen-
value of the real symmetric matrix S equals the number of w with A(w) equal to it, we
have ky = [{w : [AM(w)| > a}|. If w is uniform on (Z/LZ)?, the variables cos(27tw;/L)
are independent, take values in [—1,1], and are centered, since Z,%:_& e2mik/L — (0. Ho-
effding’s inequality [84] gives ko/n = IP(| ¥, cos(2nw;/L)| > da) < 2¢4*/2 For the
hypercube, the characters x,(x) = (—1)“%, w € {0,1}9, are eigenvectors of S with
eigenvalues d~! ¥.j(—=1)*/, and the same argument applies with independent uniform
signs. [

The next lemma is a Hoeffding inequality for sums with a partition into independent
classes; the argument is that of Janson [90].

Lemma 5.29. Let A > 0, and let (Ex)xcy be random variables with values in [—A, A]. Suppose
that V is partitioned into x classes such that, within each class, the variables ¢y are independent.
Then for every b > 0,

P

Proof. Let Vi, ..., V) be the classes and A > 0. By Hoeffding’s lemma [84], Ee® (6x—Edx) <
e"A/2 for s € R. By Holder’s inequality with x factors and independence within classes,

2

Y (6x —Egy)

xeV

znb) §2exp<—

E exp ()\ Y (& — lng)> < ﬁ ( 1 ]EeXA(CxlEéx)>1/X < exp ()()\ZAZn)'
x i=1

x€V;

Using Markov’s inequality with A = b/(xA?), we bound the probability of the upper
deviation by e~/ (2x%) The lower deviation is treated in the same way. O

Proposition 5.30. Let (Gy) be the tori T¢ for a fixed L > 3 or the hypercubes Q. Let y be a
probability measure on [—1,1], let k > 1 be an integer, and for each d let m = m'9) be a random
vector in [—1,1]" with the following two properties.



5 Message-passing centers on tori and hypercubes 5.8 Homogenization 78

(i) The set V can be partitioned into at most (D + 1) classes such that, within each class, the
variables my are independent.

(ii) The law of my does not depend on x € V, and it converges weakly to p as d — oo.

Then the conclusion of Proposition 5.2(c) holds with y in place of pe.

Proof. Fix Y, Ly, a, ¢, and B as in Proposition 5.2(c), and let Z = al + cS|0, B]V. Let
Y(s) = [Y(m',s) u(dm’) for s > 0, and for r € [0,00)" let
1 _
A(r) = - Y (Y(my, 1) = Y (r2)).

X

Both Y (1, ) and Y are Ly-Lipschitz. By the Cauchy-Schwarz inequality, we have, for all
r,r €10,00)V,

A() — A < 2

Z\rx ri| < 2Lyllr — '] (5.12)
Let M= a+cBand A = 1+ max(_q 1jx[om) | Y|, so that [A(r)] < 2A for r € [0, M]". Fix
auxiliary parameters &« € (0,1], { > 0, and ¢ > 0, and let clip: RV — [0, M]" be the
coordinatewise projection onto [0, M].

Step 1: reduction to a ball in the range of I11,. Let r € Z, and write r = al + cSu with
u € [0, B]V. Since S is nonnegative with unit row sums, r € [0, M]V. Let I1, and k, be as
in Lemma 5.28. Since S1 = 1, the vector 1 lies in the range of I1,. Let rg = a1l + cI1,5u.
Then rp belongs to the set

Ky = {w € rangell, : |w|, < M},

because ||I1,Sul|, < ||u||, < B. Further, ||r — rg||, = c||(I — I1y)Sul|» < caB, since every
eigenvalue of S on the range of I — II, has absolute value less than a. Since clip is
1-Lipschitz in each coordinate and fixes r, we also have ||r — clip(rx)||» < caB. By (5.12),
sup | A(r)| < 2LycaB + sup |A(clip(w))|. (5.13)
rez weky
Step 2: a net. The set K, is a Euclidean ball of radius M in the k,-dimensional space
range Il,, with the norm || - ||,. A maximal {-separated subset N' C K, is a {-net, and
the balls of radius (/2 around its points are disjoint and contained in the ball of radius
M + 7 /2; comparing volumes gives |N'| < (1 +2M/{)%. For w € Ky and w' € N with
|lw—w'||,, < ¢, we have || clip(w) — clip(w’)||» < . Then (5.12) implies that
sup |A(clip(w))| < 2Ly + max | A(clip(w))|. (5.14)
wek, weN
Step 3: a fixed field. Let r € [0, M]" be deterministic. By (ii), the law A4 of m, does not
depend on x. Then

[EA(r)| <es,  e5= sup ‘/Y m',s) Ag(dm’) /Y(m',s)y(dm’) :
s€[0,M]
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For each s, the difference inside the supremum tends to zero by (ii), since the function
Y(-,s) is bounded and continuous on [—1,1]. Both integrals are Ly-Lipschitz in s, and
a finite net of [0, M] shows that ¢; — 0. Next, by (i), the variables Y (my, 1) € [—A, A]
satisfy the hypothesis of Lemma 5.29 with x < (D + 1)¥ classes, and we obtain

ne?
P(JA(r) —EA(r)| > ¢) < 2exp ( - W)

Step 4: union bound. By Step 3, the bound on [N/, and Lemma 5.28,

P (max | A(clip(w))| > &g +) < 2exp (|2 log 1+ 224> " 20D -Ezl)kAZD'

Since D < 2d, we have e‘d“z/z(D + 1)k — 0, and the bracket is at most —&2/(4(D +1)kA?)
for large d. Since n > 2%, we have n/(D + 1) — o, and the probability tends to zero.
Since | A(clip(w))| < 2A, we obtain

lim sup [E max |A(clip(w))| < limsup (ed —i—C—I—ZA]P(m% | A(clip(w))| > &4 +§>> =C.
we

d—ro0 weN d—00

Combining this with (5.13) and (5.14), we find

limsup Esup |A(7)| < 2LycaB +2Ly{ +¢.

d—o0 rez

The left side does not depend on &, , and ¢, which may be taken arbitrarily small. This
completes the proof. O

5.9 Proof of Proposition 5.2

Proof of Proposition 5.2. Fix B > 0, h > 0, and € > 0, and let My be as in Lemma 5.20. By
Lemma 2.6(a), (b), and (c), we have 1EM§+ =q+, My, =tanh X, , and

P(B,h) = BE(B,h) + HEM,, +Eent(M,,)+ 5-(1— g2 5.15)

We choose the control of Proposition 5.26. If g_ = q, it is the control of part (a), and
weset T = 1. If g_ < q4, it is the control of part (b) with an integer K, > 1 that we now
choose. Let ® denote the output, with law pg. For a control of part (b), we define

e1(t) = (B+BMw +h + B*)Cv/T+2BVT + |[Eent(®) — Eent(M,. )|,

where © and M,, are coupled as in (5.11), and we set ¢; = 0 for the control of part (a).
In case (b), since ent is uniformly continuous on [-1,1] and [|© — M, |[» < Cy/T, we



5 Message-passing centers on tori and hypercubes 5.9 Proof of Proposition 5.2 80

have e1(7) — 0 as Ky — oo. In this case, we choose K, so large that ¢;(7) < €/2 and
Cy/T < €. In either case, we set e = pp. This fixes the control. Next, we choose the
accuracy parameters: 7 € (0,4-) and an integer ¢ > 2 such that

(A
This fixes p, Kj, and the P]', and with them the integer K = Ky + K. Let T = K+ 1, and
let m be the center produced by the algorithm on G;, with the query history of depth T
of Step (iii) of the algorithm.
(b) By Proposition 5.26, Wy (pe, 1) = 0 in case (a) and Wy (pe, p+) < C/T < €in
case (b).
(a) By Proposition 5.25(a) and (b), the lim inf in (a) is at least

i +212) <5

4 4My B? 2\2
BV — B(2v/T T jkon) + 11+ 7+ M9+ T) +HE® + Eent(©) + - (1~ EO?)2
In case (a) of Proposition 5.26, we have V = £(B,h), 8 = 0, and ® = M,,, and by
(5.15) and lEMg+ = g4+ the lower bound is at least P(B,h) —€/2. In case (b), we have
V > &(B,h)—Cy/tand ¢ < Cy/7. Further, |HE® — hEM,, | < hCy/7, and since |52 —
s”?| <2|s—¢'| fors,s’ € [-1,1],

(1-E€*)? — (1— EM2,)?| < 2E|©® — M2 | < 4@ — My, |2 < 4CVT.

By (5.15) and EM7, = q, the lower bound is at least P (B, ) —e1(7) —€/2 > P (B, h) —e.

(c) By Lemma 5.27, applied with 6 as in Step (iii) of the algorithm, V' can be partitioned
into at most (D + 1)?X~1 classes within which the variables m, are independent. By
Proposition 5.25(c), the law of m, does not depend on x and converges weakly to pg = pe.
Then (c) follows from Proposition 5.30 with k = 2K — 1. o



SECTION 6

Gaussian conditioning and the Onsager term

The goal of this section is to prove Theorem 6.2, which states that on every regular graph
of large degree, the pressure is at least the expected value of

Og(m) = BHg(m) +h ) mx+ Y ent(my) + 'BZZ<K,SK> (6.1)
xeV xeVv

per vertex, up to an error that tends to zero with the degree, provided that two conditions

hold. The functional ®¢ is the analogue on G of the TAP free energy of Thouless,

Anderson, and Palmer [135]. First, the center m must be computed from a bounded

number of queries of the disorder, in the sense of Definition 5.1. Second, the planted

product model of Definition 6.1 at m must have relative entropy o(n) with respect to pure

noise. Here and below, x; = 1 — m2, and we suppress the dependence of ®¢ on B and h.
We first explain the structure of the bound. Let

Zg= ), exp (,BHG((T) +h) 0'x>,

ce{-1,1}V xeVv

so that pg(B,h) = n~'Elog Zg. For every m € [—1,1]V, even one that depends on the dis-
order, we have log Zg > @¢(m) — (8?/4)(x, Sk) by Jensen’s inequality with respect to 71,
because Hi has no diagonal terms. The last term in (6.1), the Onsager correction, requires
more work. We write ¢ = m + v. After conditioning on the queries, the unobserved
part of the disorder is an independent Gaussian vector z on the edge space, and it enters
the exponent through B(z,I1a(v)), where IT is a projection and a(v) is the edge feature
of Definition 6.1. Averaging the exponential over z produces exp(B?||T1a(v)||?/2), and
for typical v this is approximately exp((B?/4)(x, Sx)). However, the pressure involves
the average of the logarithm, not the logarithm of the average. The difference between
the two is a relative entropy KL(Pg || Q), where Q is obtained from the planted product
model by conditioning the planted configuration on an event of large probability and
by projecting the observation. Using Talagrand’s transport inequality for the Gaussian
measure [132], we bound it by 48(nD(m))'/?, up to a negligible error. The remaining
terms in the expansion of the partition function around m are not small for every v. We
show that they are small on a set of configurations of large 77,,-probability, and we restrict
the expectation to this set.

81
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Conditioning on the history of an iterative algorithm goes back to Bolthausen’s
construction of solutions of the TAP equations [25], and Bayati and Montanari used it to
prove the state evolution of message passing [21]. Bolthausen [26] used this conditioning
to compute the free energy of the SK model at high temperature. He showed that
the quenched free energy equals the annealed free energy conditional on the iterates.
Brennecke and Yau [29] extended his argument, which required B to be small, to all (5, )
with h > 0 and B*Esech’(B,/gZ + h) < 1, where ¢ = Etanh*(8,/GZ + h) and Z is a
standard Gaussian variable. Fan and Wu adapted Bolthausen’s argument to couplings
with an orthogonally invariant law [64]. These works use a conditional second-moment
method. Here the gap between the conditional quenched and annealed free energies
is the relative entropy above, and we bound it through the planted model. For the SK
model in zero field, the normalized partition function is likewise the likelihood ratio of
a planted model with respect to the null model, and El Alaoui, Montanari, and Sellke
used this together with contiguity at high temperature [61, Section 4.1]. Planting that
preserves the typical properties of the null ensemble is called quiet [96].

Restricting the free energy to a thin band around the output of an algorithm was
used by Fan, Li, and Sen [66] for spin glasses with orthogonally invariant couplings.
Bands around a magnetization also appear in Subag’s TAP representation of the free
energy of spherical models [131], and they define the generalized TAP free energy of
Chen, Panchenko, and Subag [41]. Huang and Sellke [85] proved the lower bound in the
Parisi formula for spherical models by constructing an ultrametric tree of states, partly
with an optimization algorithm, and bounding the free energy of bands around its leaves.
For mixed p-spin models with Ising spins, in any field, Chen and Panchenko proved a
TAP representation of the free energy [39, Theorem 1]. For the SK model, let g+ be the
largest point of the support of the Parisi measure, as in Section 2.3. Then their theorem
states that P (B, h) is the limit, as N — oo and then ¢ | 0, of the expected maximum of
the TAP free energy over magnetizations with self-overlap at least g — e. In particular,
the TAP free energy at a magnetization with self-overlap at least g is asymptotically at
most P (B, h), and Theorem 6.2 is an inequality of the same type on G, under different
conditions on .

Section 6.1 states Definition 6.1 and Theorem 6.2. Section 6.2 describes the law of
the disorder given a query history. Section 6.3 expands the partition function around
the center, and Section 6.4 restricts the expansion to a set of configurations of large
product probability on which the error terms are small. Section 6.5 bounds the remaining
Gaussian likelihood in terms of D(m), and Section 6.6 proves Theorem 6.2.



6 Gaussian conditioning and the Onsager term §6.1 83

6.1 The planted model and the main result

We use the query histories of Definition 5.1. We recall that a query history of depth
T on G consists of a random variable U independent of (g.).cg and random vectors
x!,...,xT € RV such that x' is measurable with respect to the o-algebra generated by U
and Wx!, ..., Wxt~1. The o-algebra H is generated by U and Wxl,...,WxT, and a center
is an H-measurable vector m € (—1, 1)V such that m = x! for some t < T. In particular,
the response Wm of the disorder to the center is observed; see Lemma 6.4(a).

The following definition is also used in the proof of Theorem 7.5.

Definition 6.1. Let S be a symmetric n X n matrix with nonnegative entries, zero diagonal,
and unit row sums, and let E = {{x,y} : Sy, > 0}. Fix B > 0 and m € [-1,1]".
Let ¢* have law 7, set v* = 0" — m, and let Z be a standard Gaussian vector in
RE independent of ¢*. The planted product model is the law Q, of Y = Ba(v*) + Z,
where a(v)yy = /Sxyvxvy. We write Py for the standard Gaussian law on RE and
D(m) = KL(Qu || Po)-

For G € Gp we always apply Definition 6.1 with S = Ag/D, and we identify {1, ...,n}
with V. Then E = E, the planted model lives on the edge space RF of the disorder, and
a(v)xy = DV vavy for xy € E. We write E,, for the expectation over ¢ with law 7,
and in such expectations we always set v = ¢ — m. Since the Gaussian law on REF with
mean b and identity covariance has density exp({y, b) — ||b||?/2) with respect to Py, the
law Q;; has density

_ B o :
Lu(y) = Er, exp (By,a(0)) = Z[a(@)[?) (v € RF) (62)

with respect to Pg. By Lemma 6.9 below, the function m ~— D(m) is continuous on [—1,1]V.
In particular, D(m) is a bounded random variable whenever m is a random vector in
[—1,1]V. If m is a random center, then D(m) denotes the value of this deterministic
function at m. The planted configuration and the noise of Definition 6.1 are integrated
out in the definition of D, and they have no relation to the disorder g.

Theorem 6.2. Let B >0, h € R, and 6 > 0, and let T > 1 be an integer. For each k > 1, let
Dy > 1, let Gy € Gp, have ny vertices, let Sy = Ag, / Dy, and let a query history of depth T on
Gy with center m = m®*) be given. Let D be as in Definition 6.1 with S = Sy. Suppose that
Dy — o and
lim sup l]E D(m(k)) <4. (6.3)
k—oo 1k
Then

liﬂirgf pc, (B, h) > liminf l]E [,BHGk(m) +h ;mx + ;ent(mx) + 'BZZO(, SkKﬁ — 4BV/5,

k—oo M
(6.4)
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2

where m = m®) and x, =1 — m2.

Remark 6.3. Theorem 6.2 follows from the nonasymptotic bound of Proposition 6.12,
which holds for every G € Gp and every query history of depth T on G. The only
property of the sequence (Gy) used in the proof is Dy — co. No transitivity, no bound on
the operator norm of W, and no relation between rn; and Dj, is needed.

6.2 Gaussian conditioning

In this subsection, we fix G € Gp and a query history of depth T on G, defined on a
probability space (Q), A, IP). We write ¢ = (g.)cce and B(IRE) for the Borel c-algebra of
RE. For 0 < t < T, let F; be the c-algebra generated by U and Wxl, ..., Wxt, so that
Fr="=H.

For b € RY, let Ay: RE — RY be the linear map defined by

(Apw)x=D7V2 Y wyb,  (xeV).
y: xyekE

Then Wb = A,g; each query reveals n linear functionals of g. For 0 < t < T, let
AD: RE — (RY)! be the map w ~ (Aaw,...,Ayw), and let TI; be the orthogonal
projection of RE onto ker A*); in particular, ITy = I. We set

=10y, TMt=1-1I, g§g=II'g,

and we let W be the symmetric V x V matrix with Wy, = D~1/2g,, for xy € E and
Wyy = 0 otherwise. For a symmetric matrix K, we write |[K| = (K?)/2 and ||K||¢ = tr|K]
for its trace norm.

The next lemma is a version of the conditioning lemmas of Bolthausen [25] and Bayati
and Montanari [21, Lemmas 11 and 12], for linear functionals of the edge disorder that
are chosen adaptively and may depend on the auxiliary randomness U.

Lemma 6.4. Let G € Gp, and let a query history of depth T on G be given. Then the following
statements hold.

(a) The projection T1 and the vector § are H-measurable, and rank IT+ < nT. If m is a center of
the history, then Wm is H-measurable.

(b) For every H ® B(RF)-measurable function F: Q x RE — [0, o], we have
E[F(-,8) | H] = /F(',g +ITw) Po(dw)  almost surely. (6.5)

(c) We have E||§||?> = ErankIT+ < nT and E|W|| < n(2T/D)Y2
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Part (b) states that, conditional on H, the disorder has the law of § + Ilz, where z is
a standard Gaussian vector on R independent of H. The function F may depend on
‘H-measurable quantities, such as the center and the projection I1; this is how the lemma
is used below. In particular, E[g | H]| = § and W = E[W | H] is the conditional mean of
the coupling matrix.

Proof. For a linear map M between Euclidean spaces, let M ™ denote its Moore-Penrose
pseudoinverse. Then MM is the orthogonal projection onto (ker M)+, and M — M is
Borel measurable, being the pointwise limit of (MTM + €I) 1M as € | 0. In particular,
- =111 = (AW)T AW,

(@) Fix 1 <t < T. Since x° is F;_1-measurable and b — A, is linear, the map INURT
F;_1-measurable, and so is IT;. Further, Alg = (Wx!,..., Wx!) is F;-measurable, and
sois ITFg = (A®))*Alg. For t = T this shows that IT and § are #-measurable. The
rank of TT+ equals that of A(T), which is at most nT, since AT takes values in a space
of dimension nT. If m is a center, let T be the least t with m = x!. The events {t = t}
belong to H, because m and x1, ..., xT are H-measurable, and Wm = Yi<rl {T:t}Wxt is
‘H-measurable.

(b) For 0 <t < T, let (b;) denote the statement (b) with F; and I1; in place of H and
IT. We prove (b;) by induction on t. In (b), the right side of (6.5) is F;-measurable by
Tonelli’s theorem, since I1;-g and I1; are F;-measurable by the proof of (a). The bounded
Fi ® B(RF)-measurable functions F that satisfy (6.5) form a vector space that contains
the constants and is closed under bounded monotone limits, and nonnegative F are
monotone limits of bounded ones. By the monotone-class theorem, it therefore suffices
to prove (b;) for F(w,w) = 14(w)f(w) with A € F; and f: RE — [0,0) bounded and
Borel. Since 14 is Fi-measurable, this amounts to

E[f(g)| Fi] = /f(HtLg“‘Htw) Po(dw). (6.6)

For t = 0, (6.6) holds because Iy = I and g is independent of F(, which is generated by
u.

Let1 <t < T, and assume (b;_1). We abbreviate IT" = I, | and A = A, Since
ker A) C ker At=1), the operator & = II' —II; is the orthogonal projection onto the
orthogonal complement of the range of I1; in the range of IT". The operators IT, IT;, E,
and A are J;_i-measurable, and

All; =0, AIT =AE, I =11+,  ILAOT =& (6.7)

The events A’ N {Wx! € C}, with A’ € F;_; and C C RY Borel, form a m-system that
generates F;. By Dynkin’s 71-A theorem and the measurability of the right side of (6.6),
it suffices to show that

E[141c(Ag)f(8)] = E[¥(-8)], 6.8)
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where
¥ (w,w) = 1y (w)le(Aw) / F(ITEw + Tha') Po(da'),

and where we used Wx! = Ag. The function ¥ is F; 1 ® %(IRF)-measurable. By (b;_1)
and (6.7), we have

E[¥(,g)] = IE/‘I’(-,H’LngH’w) Po(dw)
—E {1 A / / 1 (AT g + AZw) f (IT4 g + Ew + Tw') Po(dw) Po(dw') |

For fixed w, the Gaussian vectors Zw and IL;w are independent under Py, because
EIT; = 0. Then the pair (Ew, Ew + IT;w') under Py ® Py has the same law as (Ew, I[T'w)
under Py. Using also AZw = AIT'w, we find that the double integral equals

[1e(AUT g+ 11w)) (1T g + ') Po(dw).

By (b;—1), applied to (w, w) — 14/(w)1c(A(w)w) f(w), the expectation of 1/ times this
integral is the left side of (6.8). This proves (b¢), and (b) is the case t = T.
(c) By (b) with F(w,w) = ||wl||?, and since § is orthogonal to the range of I1, we have

E[Igl?| %] = [ llg+ ITw|*Po(dw) = ]3I + tr L = ||g]* + |E| - rank IT*.

Taking expectations and using [E||g||? = |E|, we find E||g||> = Erank IT+ < nT. Next, the
squared Hilbert-Schmidt norm of Wis }_, , W2 =2D"1||g||?. Since W has n eigenvalues,

the Cauchy-Schwarz inequality implies that || WHtr < (2n/D)'?||g||. Then
2n 2T> 1/2

- 2)1/2 _
ENWle < (22) " 15122 < (3
This completes the proof. O

6.3 Expansion around the center

The following identity is deterministic. It holds for every realization of the disorder
and every orthogonal projection IT of RE, with § = IT+g and W defined from § as in
Section 6.2. For m € (—1,1)V, we define r € RV by

ry = B(Wm)y 4+ h — atanh(my) — p*m,(Sx), ~ (x € V). (6.9)

Lemma 6.5. Let G € Gp, B > 0, h € R, and m € (—1,1)V, and let I1 be an orthogonal
projection of RE. Then

Zc = ¢9(m Ex, exp ((r,v> + §<U' Wo) 4+ B2 (m©v,S(m O v)) — %ZHHLa(v)HZ

, (6.10)
+ Blg, (o)) — £ Mao) 7).
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Proof. Let y, = atanh(my). Then 7, (0) = ], e¥*7/(2coshyy) is positive for all ¢, and
for every function f on {—1,1}" we have

Lf(@) = Ex, £(0) T 2cosh(yx) ]

xeVvV

By (2.3), we have log2 coshy, — yxmy = ent(my). With ¢ = m + v, it follows that the
product inside the expectation equals exp(}_, ent(my) — (y,v)). Since W is symmetric,
Hg(m +v) = Hg(m) + (Wm,v) + Hg(v). Applying the previous display to f(o) =
exp(BHg (o) +h)_, 0x), we obtain

Zc = exp (,BHG(m) +hY my+ Zent(mx)) E, exp ((BWm + h1 —y,v) + BHg(v)).

6.11)
Next, Hg(v) = Yyer D~ 12¢. o0y = (g,a(v)). We split ¢ = ¢+ Ilg. Since
(§,a(0)) = Layer D_l/zgxyvxvy = (v, Wv) /2 and (I1g,a(v)) = (g, 11a(v)), we have

BHG(0) = b (0, Wo) + plg, TTa(0)). (6.12)

Finally, we use the identity v% = Ky — 2myvy, which holds because (73% = 1. Since S is
symmetric with zero diagonal, a sum over edges of a symmetric expression is half the
corresponding sum over ordered pairs, and we find

xyEE

_ %<K,s;<> —2(m® Sk, 0) 4+ 2(m © v, S(m & ).

Since ||T1a(v)||> = ||a(v)]|? — ||TT*a(v)||?, this gives
B B 2 B 2
Hl—Ia( )= = 1 (x, Sx) — B*(m ® Sx,v) + B*(m @ v,S(m @ v)) ) |ITT"a(v)||~. (6.13)

We insert (6.12) into (6.11), and we add and subtract (8%/2)|I1a(v)||? in the exponent.
Using (6.13) for the added term, moving the constant (82/4)(x, Sx) out of the expectation,
and recalling (6.9), we obtain (6.10). O

6.4 A band of typical configurations

We begin with a moment bound for the disorder. It holds on every G € Gp and uses no
bound on the operator norm of W. The corresponding bound for the Hamiltonian is (F6).
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Lemma 6.6. Let G € Gp. Then
[E max ||W(TH2 < 8n<log2—i— —> < 8n.
= ) S

Further, for every realization of the disorder and every w € [—1,1]V, we have |[Ww| <
max, ||[Wa||.

Proof. Fix o € {—1,1}". Then Wo is a centered Gaussian vector. Its coordinate (Wc), =
D~1/2 Yy: xyeE §xy0y has variance 1, and for x # y the coordinates (Wo)x and (Wo),
share only the variable g,,, which is present if xy € E. The covariance matrix of Wo is
Co = I+ Ay;SA,, where A, is the diagonal matrix with entries oy. By (2.1), the eigenvalues
c1,-..,cy of Cy lie in [0,2], and Y j¢j = trC; = n. Diagonalizing C,, we obtain
1 2 s Cjy~1/2 i /4
Eexp (gIwol?) =IT(1-3) — <ew(Xg) ="
j=1 j=1

where we used that —log(1 —s) < 2s for s € [0,1/2]. By Jensen’s inequality,

2 < IWell?/8 IWel?/8 Ty
]EmgaxHW(TH _810g1Emaaxe _SIOg;]Ee _8<nlog2—|—4>

For the final claim, let w € [—1,1]". Since W is linear, we have Ww = [E, ,Wo, and by
Jensen’s inequality, |[Ww| < Eg, ||Wcl| < max, [|[Wal|. O

We now define the band. For the rest of this section, we write

C 1+@DY2 T
_ 2 2 4 _ “Bh
C,B,h—4(1+h +85 +,B ), €D(17) = 172D+ 77D1/2 +17_D (17 >0), (6.14)

and we note that ep(77) depends only on , h, T, D, and 7.

Lemma 6.7. Let G € Gp, B > 0,and h € R, and let a query history of depth T on G with center
m be given. Let 11 and W be as in Section 6.2, and let r be as in (6.9). For n >0, let B, be the
set of o € {—1,1}V such that v = o — m satisfies

(ro)l <mm, (v, |W) <yn,  (mOv,|S|(mev)) <qm,  ||ITa(0)|* < gn.
(6.15)
Then {o € By} € H for every o, and p, = 7t,,(By) satisfies E(1 — p,) < ep(n).

Proof. By Lemma 6.4(a), the vectors m, Wm, and r; the projection IT; and the matrix W
are H-measurable, and |W]| is a continuous function of W. This proves the measurability
claim, and it shows that py is ‘H-measurable.

Fix a realization. Under 7, the coordinates of v are independent and centered, and
vy has variance xy. We bound the probability that each condition in (6.15) fails. First,
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Er, (r,0)% = ¥, k2, and Chebyshev’s inequality bounds the probability of the first
failure by Y, x,r2/(yn)2. Second, since |W| is positive semidefinite,

Erm, (0, [W[0) = ) [Waakx < tr [W] = [W]le,
X

and Markov’s inequality bounds the probability of the second failure by ||W/||¢/ (171).
Third, in the same way,

n
E,, (m®0v,|S|(m®0v)) = ;|S|xxm§1<x <tr|S| < (ntr$*)12 = D2’

where we used the Cauchy-Schwarz inequality for the eigenvalues of S and (2.1). Fourth,
the entries of a(v) are centered and uncorrelated under 7t,,. Indeed, for distinct edges
e, e/, some vertex x belongs to exactly one of them, and the factor vy in a(v).a(v). is
centered and independent of the other factors. Further, Er,a(v)3, = Syykyky < D71 In
other words, the covariance matrix of a(v) is diagonal with entries at most D!, and

tr 1+ B rank IT+
D D

]EanHLa(v)HZ = Z(HL)eeEﬂm”(U)g <

ecE
By the union bound, we conclude that

Yy Kxl2 i |W | 1 rank IT+

— <
=P = n2n2 nn yDY2  ynD

(6.16)

It remains to bound the expectation of the first term. Let s, = atanh(my). Then
Ky = sech”sy < 4e~2% and xys2 < 4sup,.,s2e % = 4e~2 < 1. This bound is uniform
in my € (=1,1). Using (c1 +ca+c3+cs)? <42+ G +3+c2), ke <1, |my] <1, and
0 < (Sx)x < 1, we obtain from (6.9) that

Kr: < 4(BE(Wm)2 + W2 + kys2 + B*) < 4(B2(Wm)2 + h* + 1+ pY).

Summing over x and using Lemma 6.6, which gives E||Wm|?> < Emax, |[Wc]|?> < 8n,
we find
EY xyrz <328%n+4n(h* + 1+ p*) = Cgm.
X

We take expectations in (6.16), and we use this bound together with Lemma 6.4(c). Since
every D-regular simple graph has n > D + 1 vertices, we obtain [E(1 — p;) < ep(y). O

On the band, the error terms in Lemma 6.5 cost at most a multiple of #n. To state this,
we set

3 2
cp=1+ g + % (6.17)
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and on the event {p, > 0} we define the function

L) = Bx, [exp (B0, Ta(0)) — S Ie0) ) |B,] (e RE).  (619)

On {p;, = 0}, we set L,(y) = 1 for all y. It depends on y only through Ily, and
(w,y) = Ly(y) is H ® Z(RF)-measurable on {p, > 0} x RE, because it is a finite sum
of continuous functions of (m, 11, y) multiplied by H-measurable indicators.

Lemma 6.8. Under the assumptions of Lemma 6.7, for every n > 0 we have, on the event

{py >0},
log Zg > ©Og(m) — cpnn + log p, + log Lq(g).

Proof. We apply Lemma 6.5 with the projection IT of Section 6.2, and we restrict the
expectation in (6.10) to ¢ € By;; this decreases it, since the integrand is positive. Since a
symmetric matrix K satisfies —|K| < K < |K| in the order of quadratic forms, we have,
for o € By,

(r,v) > —un, §<v, Wo) > —giyn,

F g
im0, Sm o) > o, —LMa())? > ~Lyn.

The sum of the right sides is —cg#nn. Therefore

2
Zg > %M By, (15 (0) exp (B(g, Ta(o) — £ [Ma0) )] = 0= p, 1, (9).

Taking logarithms completes the proof. O

6.5 Relative entropy of the restricted and projected model

In this subsection, S, E, B, and n are as in Definition 6.1. Since S has zero diagonal and
unit row sums, Z{x,y}eE Sxy = n/2. Since |vy| < 14 |my| < 2 for v = o — m, we have

la(@)IP =Y, Swyviv; <16 Y Sy =8n (6.19)
{x,y}€E {x,y}€E

for every m € [—1,1]" and 0 € {—1,1}".
Lemma 6.9. The function m — D(m) is continuous on [—1,1]". Further, let m € [—1,1]", let

I1 be an orthogonal projection of RE, and let B C {—1,1}" satisfy p = 7tm(B) > 0. Define

Lon(y) = Ex, [exp (B0, T1a(0)) - £ Ta@)?) [B] (v € RE)
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Then Qpr1 = Lp Py is the law of pIla(v*) + Z, where o* has law 1ty (- | B), v* = ¢* —m,
and Z is a standard Gaussian vector in RE independent of o*. Further,

p KL(Qpm[|Po) < D(m) — plogp — (1 —p)log(l —p) < D(m) +1og2,  (6.20)
with the convention 0log 0 = 0.

Proof. The identification of Qg 11 follows from the formula for the density of a Gaussian
law with identity covariance, as in (6.2). By (6.19), we have

exp (—B(8n)'2|lyll — 4p%n) < Lpn(y) < exp (B(8n)'?|lyll), (6.21)

and in particular all relative entropies in this proof are finite. For the continuity claim, the
density L, of Qu, given by (6.2), is continuous in (m, y), and by (6.21) with B = {—1,1}"
and IT =1,
Ln(y)log Lu(y)| < (B(8n)' |y +48%n) P,

The right side does not depend on m and is integrable under Py. By dominated conver-
gence, D(m) = [ Ly log L, dPy is continuous in m.

We now prove (6.20), first for Il = I. We write Ly = Lg; and Qg = Qp . If p =1, then
Qp = Qu and there is nothing to prove. If p < 1, then L,, = pLp + (1 — p)Lp:, where Lpc
is defined in the same way. Since L,, > pLg, we have log Lg < log L, —log p and

KL(Qp || Po) = /LBIOg LpdPy < /LB log Lin dPg — log p.

Since Ly, > (1 — p)Lpe, we also have

/LBC log Ly dPo > log(1 — p) + /LBC log Lge dPg > log(1 — p),

because the last integral is a relative entropy and is nonnegative. Then

D(m) = [ LulogLudPo = p [ LglogLudPo+ (1~ p) [ Lp-log Ly dPy
> P/LB log L, dPo + (1 — p) log(1 — p).

Combining the last three displays, we obtain (6.20) for Il = I. The second inequality in
(6.20) holds because the binary entropy is at most log 2.

For a general I1, it suffices to show KL(Qp 11 || Po) < KL(Qp || Pg). This is the data-
processing inequality for the Markov kernel y — Iy + IT+Z/, with z an independent
standard Gaussian vector, which maps Py to itself and Qg to Qp1y; we give the short
direct argument. Under Py, the vectors ITy and I1+y are independent, and (ITy,a)
is a centered Gaussian variable with variance ||ITa||? for each a € RE. Since (y,a) =
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(Tly,T1a) + (IT+y, T1+a) and ||a||? = ||T1al|? + ||T11a||?, integrating out ITy in each term
of the finite average defining Ly gives

Epy[Ls(y) [ Tly] = Len(y).
By the convexity of s — slogs on [0,0) and the conditional Jensen inequality, we have
KL(QB’H H PQ) = ]Epo [LB,H log LB,H] S IEPO [LB 10g LB] = KL(QB H Po)
This completes the proof. O

The next lemma converts the relative entropy of a Gaussian mixture with respect to
the Gaussian law into the relative entropy in the reverse direction. We recall (F5): for
every k > 1 and every probability measure p on R, we have W (p, 71)*> < 2KL(p || k),
where 74 is the standard Gaussian measure on R¥ and W, is the quadratic Wasserstein
distance.

Lemma 6.10. Let k > 1 and ¢ > 0, and let v be a probability measure on {b € R* : ||b|| < ¢}.
Define

1
Liy) = [exp (,0) = 5I0F) v(d) (v e RY,
and let Q = Loyg. Then

0<— [logLdy = KL | Q) < ((2KL(Q 1))/

Proof. The function L is positive and smooth, and V1ogL(y) = [ bvy(db), where v, is
the probability measure proportional to exp({y, b) — ||b|?/2)v(db). Since v, is supported
in the ball of radius ¢, we have ||V1ogL|| < ¢, and logL is ¢-Lipschitz. The measure Q
is the law of b+ Z with b ~ v and Z ~ <, independent, so Q and < have finite second
moments, and log L is integrable under both. By definition, KL(Q || ¢) = [log L dQ and
KL(74 ]| Q) = — [log Ld7y, > 0. Let (Y,Y’) be a coupling of Q and <. Then

KL(Q || %) + KL(7¢ || Q) = E[log L(Y) —log L(Y")] < ¢E[|Y —Y'|| < £(E[|Y — Y'||?)"2.

Taking the infimum over couplings and using (F5), we find that the left side is at most
WL (Q, 7k) < L(2KL(Q]| 7¢))'/2. Since KL(Q || %) > 0, the claim follows. O

Corollary 6.11. Under the assumptions of Lemma 6.9, we have

(D) +10g2)y 72
; |

Proof. By Lemma 6.9, Lp 1 has the form of Lemma 6.10 with k = |E| and v the law of
BITa(v*). By (6.19) and ||TTa|| < ||a||, we may take ¢ = B(8n)!/2. Then Lemma 6.10
implies the first inequality, since B(8n)!/2-21/2 = 4pn'/?. The second inequality is
(6.20). O

[ 108 LandPo > ~4p(nKL(Qan || Po)) "/ > —4p ("
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6.6 Proof of the main result

We first prove a nonasymptotic version of Theorem 6.2. Recall the constants ep(#) and
cp from (6.14) and (6.17).

Proposition 6.12. Let B> 0,h € R, D > 1,and T > 1. Let G € Gp have n vertices, let D be
as in Definition 6.1 with S = Ag /D, and let a query history of depth T on G with center m be
given. Then for every 1 > 0and e € (0,1),

Pa(p/h) 2 %]E O (m) — e — Cp <€D£U)>l/z

nMED(m)+n"1log2\1/2 log(1—e¢)
_4’B< 1—¢ > + n

where C; , = BCA/? + |h| +log2 + B?/4 and C, is the constant of (F6) with p = 2,

(6.22)

4

Proof. We have |log Zg| < nlog2+ Bmaxy |Hg(c)| + |h|n, which is integrable by (F6).
Further, |ent(my)| <log2and 0 < (x,5x) < }.,, Sxy = n, since x € [0, 1]V. Together
with (F6), this gives the pathwise bound

©c(m)] < pmax Hoo)| + (il +log2+ &),

and, by the Minkowski inequality,

1/2

(E@c(m)?)""* < B(Emax Hg(0)?)"* + n<|h| +1log2 + %2) < Cpym. (6.23)

Let G = {p; > 1 —¢}, where p;, = 7,,(By) is as in Lemma 6.7. Then G € H, and by
Markov’s inequality and Lemma 6.7, we have

P(G%) =P(1—p, >¢) < 8”2’7). (6.24)

On G, Lemma 6.8 gives
1glog Zg > 1g(O¢(m) — cgnn +1log(1 —¢)) +1glog L, (g). (6.25)

We compute the expectation of the last term by conditioning on H. Let F(w,y) =
1g(w)log Ly (y). By the discussion after (6.18), F is H ® %(IR*)-measurable, and by (6.21)
we have |F(w,y)| < B(8n)'/?||y|| +4B?n. In particular, F(-,g) is integrable. Since I1g = 0
and L,(y) depends on y only through Ily, we have L,(g + Ilw) = L,(w). Applying
Lemma 6.4(b) to the positive and negative parts of F, we obtain

E[1glogL,(g)] = ]E[lg/logL,7 dPo].
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For each fixed w € G, the function L, is the function Lg1; of Lemma 6.9, with the
deterministic data m(w), II(w), and B = By(w), and with p = p,(w) > 1 —¢&. Then
Corollary 6.11, applied with D(m) the value of the deterministic function D at m(w),
implies that

1/2
15 / log L, dPg > —4;3(”(1)("11)_210%2)) .

Taking expectations and using Jensen’s inequality for the square root, we find

n(]ED(m)+log2)>1/2. (6.26)

lE[lglOgLn(g)] > _4'B< 1—¢

On G¢ we use a cruder bound. Since W has zero diagonal, the average of BHg (o) +
hY .oy under the uniform law on {—1,1}V is zero. By Jensen’s inequality, we have
log Zg > nlog2 > 0. Combining this with (6.25) and (6.26), and using P(G) < 1 and
log(1 —¢) < 0, we obtain

n(ED(m) + 10g2)>1/2.

Elog Z¢ > E[150¢(m)]| — cgyn +log(1 —¢) — 4[3( T

Finally, by the Cauchy-Schwarz inequality, (6.23), and (6.24),

E[150(m)] > E®g(m) — P(G9)*(E@(m)?)"'? > E@g(m) - C;;,hn(gD(”))l/z,

Dividing by n gives (6.22). O

Proof of Theorem 6.2. Fixp > 0 and ¢ € (0,1), and let by denote the sum of the four error
terms in (6.22) for G = Gy, so that pg (B,h) > n;llE @Gk(m(k)) — by by Proposition 6.12.
As k — oo, we have ¢ Dk(;y) — 0, because Dy — oo and B, h, T, and # are fixed. Further, the
terms involving 7, ' log2 and n; ' log(1 — €) tend to zero, since n; > Dy + 1 — co. Then
(6.3) and the continuity of the square root imply that lim sup, by < cgn +4p(6/(1—¢))!/2.
By (6.23), the sequence nk_llE @Gk(m(k)) is bounded. Since lim inf(a; — by) > liminfy a; —
lim sup, by whenever the right side is defined, we obtain

o o . 5 \1/2
imintpo, (b0 > limint B G0, (n®) — gy~ 46 (=)

Letting # | 0 and then € | 0 gives (6.4). O

Remark 6.13. The requirement that the center is itself a query is used through
Lemma 6.4(a): the vector Wm appears in the linear coefficient r, which must be H-
measurable for the band B, and the function L, to be H-measurable. If Wm were not
observed, then (BWm, v) would contain a part that is linear in the unobserved Gaussian
vector, and Lemma 6.4(b) could not be applied with H-measurable L,.



SECTION 7

Relative entropy of the planted product model

The goal of this section is to prove Theorem 7.5, which states that the relative entropy
D(m) of the planted product model of Definition 6.1 is small compared to n, provided
that two conditions hold. First, the scalar transforms 1, of the coordinates of the center
must be close to the transform ¢, of a single law y, on average over the vertices and
uniformly over a compact set of site profiles. Second, y must satisfy I';, < 0 on [0, 1].
The bound holds for every deterministic center, and since its error terms depend on the
center only through the discrepancy between the two transforms, it can be averaged over
random centers. We also prove Proposition 7.4, which states that the law p of the Parisi
center satisfies T, (s) < 0 for all s > 0. Its proof uses only the optimality of the Parisi
measure. Corollary 7.6 combines the two results.

The planted product model is a spiked Wigner model with a sparse variance profile
and a prior that depends on the vertex. For the spiked Wigner model with independent
and identically distributed noise, the limit of the relative entropy, or equivalently of the
mutual information between the spike and the observation, was computed in [98], where
earlier work is discussed, and for bounded centered unit-variance priors, El Alaoui,
Krzakala, and Jordan determined the region in which the spiked and the unspiked
models are contiguous [59]. Guionnet, Ko, Krzakala, and Zdeborova computed this limit
for inhomogeneous noise whose inverse variances form a positive-semidefinite profile
with a block structure or a regular limit [78]. Behne and Reeves computed it when the
signal-to-noise ratio is constant on each of finitely many blocks, for every nonnegative
matrix of block ratios [23]. On the Nishimori line, multispecies spin glasses are spiked
models with binary signals and a block variance profile. Alberici, Camilli, Contucci, and
Mingione computed their free energy when the interaction is elliptic [4], and for the
deep Boltzmann machine, whose interaction matrix is not positive semidefinite [3]. For
general variance profiles and certain priors with independent and identically distributed
symmetric coordinates of variance at most one, De and Kunisky proved that strong
detection is impossible below a spectral threshold; their assumptions include a 1-moment-
subgaussian condition on the product of two independent samples of the prior and, in
our setting, require D to be of order n [52, Theorem 1.11].

Interpolations of Guerra type [76] between a matrix channel and scalar channels were
used by Korada and Macris [94] for p-spin models on the Nishimori line and by Krzakala,
Xu, and Zdeborova [97] for spiked models. Barbier and Macris made the interpolation

95
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path adaptive [14]. Our proof of Theorem 7.5 follows the Hamilton—Jacobi approach of
Mourrat [104, 105], in which the relative entropy of a family of interpolating channels is
compared with the solution of a Hamilton—Jacobi equation given by a Hopf-Lax formula.
For inference of matrix tensor products, Chen and Xia showed that the solution of the
corresponding Hamilton-Jacobi equation is an upper bound on the limit of the free
energy for every interaction matrix, also when the nonlinearity is not convex [35]. We
need only an upper bound, the entries of S are of order at most 1/D, and S need not
be positive semidefinite. For the SK model, the function I'; coincides with a function
introduced by Chen, Panchenko, and Subag in their study of the TAP free energy [41];
see the discussion after (7.8).

Section 7.1 collects identities for Gaussian channels. Section 7.2 defines the scalar
transform and proves Lemma 7.2. Section 7.3 proves Proposition 7.4, and Section 7.4
states Theorem 7.5 and Corollary 7.6. The remaining subsections prove Theorem 7.5.
In Section 7.5, we interpolate between independent scalar channels at the vertices and
the planted edge channel. We compare the normalized relative entropy F(t,q) of the
interpolating channel with a scalar Hopf-Lax formula, which is treated in Section 7.9.
The comparison uses only the behavior of F at points where it is touched from above
by a function with bounded Hessian. At such points, the time derivative of F is close
to a quadratic form in the gradient of F (Proposition 7.13). The proof of this estimate
rests on an exact covariance identity for the derivative of the quenched relative entropy
(Section 7.6) and on concentration over a family of perturbations of small metric entropy
(Section 7.7). Section 7.10 completes the proofs.

Throughout this section, S is a symmetric # x n matrix with nonnegative entries, zero
diagonal, and unit row sums, as in Definition 6.1. We index its rows and columns by
a set V with |V| = n, and we set E = {{x,y} : Sy, > 0}. We do not assume that S is
positive semidefinite; see Remark 7.7. For w € RV we write |w| for the Euclidean norm,
|wl||,, = n~1/?|w| for the normalized Euclidean norm, and dist, (w, A) = inf,c 4 ||w — z||»
for A C RY. We write 1 for the vector with all coordinates equal to one, w - w' for the
Euclidean inner product, w ® w’ for the coordinatewise product, and w®? = w ® w. For
aset A C RV and c € R we write cA = {cw: w € A} and SA = {Sw : w € A}. If
maxyy Syy < 1/D for some D > 1, then

n 1
Islh <1, ws?<o, r?ea%(sz)xx <5 nmzD+1L (7.1)
Indeed, the bound on the operator norm follows from Jensen’s inequality as in (2.1), and
(82)x = Yy S,zcy < D! Yy Sxy = D~!; summing over x gives the bound on the trace.
Since each row of S has unit sum and entries at most 1/D, it has at least D nonzero
entries, none of them on the diagonal.
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7.1 Gaussian channels

We begin with identities relating relative entropy and posterior moments for Gaussian
channels. The first derivative formula in Lemma 7.1 is the relation of Guo, Shamai, and
Verdu [79] between mutual information and the minimum mean-square error, written
for relative entropy. The second derivatives in Lemma 7.1(c) are a special case of the
Hessian formula of Payar6 and Palomar [120, Theorem 5]. We include the short proofs
for completeness.

Let N > 1, let 8 be a random vector in RYN that takes tinitely many values, and let
Z be a standard Gaussian vector in RN independent of 6. For A € [0,00)N, we observe
Y} = (/A6 + Zj)j<n- Let ¢ be an independent copy of 6, and let E' denote the
expectation over 6’ only. Then the law of Y* has density

Li(y) = E'exp ( 1 , > (A8 ?/2)) (v eRY) (7.2)
i<

with respect to the standard Gaussian law N(0, Iy), and we define
I(A) = KL(Law(Y*) || N(0, Iy)) = Elog L, (Y").

By Bayes’s rule, the conditional law of 6 given Y* = y is the law of 6’ reweighted by
the exponential in (7.2). Given YA, let 01,62, ... be conditionally independent samples
from this law, and write (-), for the average over them; for instance, <6]1> A=E[p; | Y.

Since 6 and 0! have the same conditional law given Y*, we have the Bayesian form of the
Nishimori identity [110]

E(f(6,6%,...,65 Y1) =E(f(0",0%,...,05 M), (7.3)
for all k > 0 and all bounded measurable f. We use (7.3) only for deterministic A.
Substituting Y* = (,/A;6; + Z;);, we obtain
2
I(A) = Elog E’ exp( <N \/72 6+ 16,68 — A(6)) /2)), (7.4)
=

and (-), is the average with weights proportional to the exponential in (7.4), with ¢’
replaced by the replica. We regard it as a function of (6, Z). Differentiating these weights,
we find that for a function f of one replica,

a7, f(0))r = /A ({610} = (F(8"))a(6])A)
A (F(O")a = (FBN) A1) — (F(8")a{A;(6)),

where the second identity holds for A; > 0 and

(7.5)

Z! 61)2
A0 = L +6;6] — (]).

2\/— 2
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Lemma 7.1. Let N, 6, and I be as above, and let cg = max; |[0;]|co.
(a) The function I is nonnegative and continuous on [0,00)N, 1(0) = 0, and I is nondecreasing
in each coordinate.
(b) Let j < N. At every A € [0,00)N with A; > 0, the partial derivative onI(A) exists and

1 1
I I(A) = SE(O])] € [O,E]EGJZ].
The function A — IE(G})ﬁ is continuous on [0, 00)N,
(c) Let j,k < N. At every A € [0,00)N with Aj > 0and Ay >0,

1 2
01,01, 1(A) = SE((66:)1 — (0)1(60)0) ",
and the right side is continuous on [0, c0)N.

Proof. (a) The exponent in (7.4) is bounded in absolute value by }-;(cg/A;]Z;] + 3c3A/2),
and so is the logarithm of its average over ¢’. Since this bound is integrable and locally
uniform in A, and the integrand is continuous in A, the function I is continuous by
dominated convergence. Further, I > 0 because it is a relative entropy, and I(0) = 0.
Monotonicity follows from (b) and continuity.

(b) Let Aj > 0. For A in a neighborhood of A on which /\; > /\]' /2, the derivative
in A; of the integrand in (7.4) is (A;(6")),, which is bounded by C(1 + |Z;|) with C
depending on ¢y and A;. We may therefore differentiate under the expectation, and
oI = E(Aj(6'))x. By (7.5) and Gaussian integration by parts (F1) in Z;, which is
independent of 6 and of (Zy)kxj,

E[Z;(6})2] = \/A BL((6])%)r — (01)3]-
Inserting this identity into the expression for the derivative above, we obtain

91,1 = SE((0}2)) — SE(B)3 + E[6;(61)] — 2E((6)2) = E[6;{61),] — SE(61)3.
By (7.3), ]E[Gj(e}h] = ]E(OJZQ}M = ]E<9]1>%\, which gives the formula. Since (G}M = E[0; |
Y*], we have IE(G})%\ < IEGJZ by Jensen’s inequality. For fixed (0,Z), the average (9]1> A
is a continuous function of A € [0,00)"N bounded by cy, and the continuity follows by
dominated convergence.

(c) Let Aj,Ax > 0. By (b) and (7.3), 28A].I()\’) = IE[GJ-(G})N] for all A’ near A. We
differentiate the right side in Ay, which is justified as in (b). For brevity, we write
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by = (6})2 cjx = <6}9,1> A and cip = <9]1(9,§)2> A- By (7.5), we have 20),0). 1 = Ty + Tr + T,
where

1
2/ Ax

T = E [O]Zk(cjk - b]bk)], T, =E [Gij(cjk - b]bk)],

1
T3 = _EIE [Qj(cjkk — bjckk)}-

By (7.5), we have 9z, (cjx — bjbx) = /Ax(cjix — bjcx — 2¢jxbi + ijb,%), and Gaussian inte-
gration by parts in Z; gives

1
Ty = SE[0;(cju — bjcie)] — [0 (ciube — bjbp)]-

The quantities by, cj, and cjg are functions of Y*, and E[6; | Y*] = b; and E[0;6; | Y] =
cjx- Conditioning on the observation, we find

T1 + T3 = —E [bjcjcby — bjzblﬂ/ L =E [C]Z'k — Cjibjbi],

and Ty + To + T3 = E(cjx — b]-bk)z. The continuity follows as in (b). N

7.2 The scalar transform

For m € [—1,1] let v, be the law of o — m, where ¢ € {—1,1} has mean m. The law vy,
gives mass (1+m)/2 to 1 —m and mass (1 —m)/2 to —1 — m; it has mean zero and
variance x(m) = 1 — m?, and it is the point mass at zero if m = 4-1. For r > 0 the scalar
transform is

Ym(r) = ElogEr.,, exp (\/? ZT+ 17Tt — £T2>, (7.6)

where the outer expectation is over independent 7 ~ v, and Z ~ N(0,1). By (7.4), ¢ (7)
is the function I for N = 1 and 6 = t%; that is, ¢,(r) = KL(Law(y/r7* + Z) || N(0,1)).
For a probability measure p on [—1,1] we write

282
pu) = [y utdm), T = 2w - E5] sz o)

Lemma 7.2. Let m € [—1,1], and for r > 0 let by, , = E[t* | \/rT* + Z], with T* and Z as in
(7.6).

(a) We have yy, > 0 and ,,(0) = 0.

(b) The function gy, is continuously differentiable on [0, 00), with a right derivative at zero, and

Pl (r) = %Ebﬁw e o, "(;")]
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(c) The function vy, is nondecreasing and 1/2-Lipschitz.
(d) The function (m,r) — Py (r) is continuous on [—1,1] x [0, 00).

Proof. Parts (a) and (b) are Lemma 7.1(a,b) with N = 1 and 6 = 7%, since E(7*)? = x(m);
at r = 0, the right derivative exists and equals lim, |, ;,(r) by the mean value theorem.
Part (c) follows from (b), since x(m) < 1.

For (d), let r > 0 and

1 1-—
cy = +/r(1Fm), Cpp(w) = ——; M eerw=ci/2 —— T go—w=c2 /2 (w € R).
By (7.2), the function ¢,,, is the density of the law of \/rt* + Z with respect to N(0,1),
and Y, (r) = E[ln,(Z)1oglm,(Z)]. The function (m,r,w) — £y, (w) is positive and
continuous. Since ¢, ,(w) is an average of the numbers e+ =4/2 and |cyx| < 24/7, we
have |log ly, ,(w)| < 24/r|w| 4+ 2r and

|, (W) 10g £inr (w)| < (2¢/7]w] 4 21’)@2\/;‘“4,

For r in a bounded interval, the right side is bounded by a function of w that does
not depend on (m,r) and is integrable under N(0,1). Then (d) follows by dominated
convergence. O

By Lemma 7.2, for each probability measure y on [—1,1], the function 1, is non-
negative and nondecreasing, ,,(0) = 0, and 1, is continuously differentiable on [0, c0)
with

¥ = [ W) p(dm) € [0, [ x(m) w(dm)] < [0,5]. 7.

Indeed, m — ¢}, (u) is measurable, being a limit of difference quotients of continuous
functions of m, and ¥, (r) = for [ ¥, (1) p(dm) du by Fubini’s theorem, where the inner
integral is continuous in u by dominated convergence. Since I';,(0) = 0, we obtain

Ty(s) = B2 /0 C(2y,(Bu) —u)du (s> 0). (7.8)

Since ¢, = Py, the function I'y, depends only on the law of || under u. For the SK
model, it is the function I'; defined by Chen, Panchenko, and Subag in [41, (3.43)—(3.44)],
applied to this law; a short computation with (7.11) below identifies the two definitions.
Let g = [m?u(dm), and suppose that g4 < 1. Chen, Panchenko, and Subag showed
that T’y < 0 on [0,1 — g] if and only if the variational formula for their generalized TAP
correction at the law of |m| is minimized by the point mass at zero [41, Proposition 13]. In
this case, the generalized TAP correction is replica symmetric and equals the classical TAP
correction, and Plefka’s condition 2 [(1 — m?)?u(dm) < 1 holds [41, Propositions 13
and 14].
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7.3 The scalar criterion for the Parisi center

Let 5 > 0 and h > 0. We use the notation of Section 2.3: v = Vg is the Parisi measure,
v(t) =v([0,t]), ® = &y, g+ = maxsupp v, X is the Parisi diffusion (2.8), M; = 9D (¢, X¢),
py is the law of M, , and ¥ is the function (2.11). By (P4), 0,®P(f,x) = tanhx for
t € [q+,1]. We have v(t) =1 for t > g4, and (2.8) becomes

t
X = X, + 52/ tanh(X,)du+ B(Bi— By,), M;=tanhX,  (t€[g;,1]). (7.9)
g+

In particular, yy is the law of tanh X, , and p, ((—1,1)) = 1. By Corollary 2.4, we have
g+ < 1land ]EM% . = q+, which implies that

/K(m) po(dm) =1—EM2, =1—q.. (7.10)

The next lemma identifies the law of the Parisi diffusion above g+. On [g4,1] the drift
is B2 tanh x, and the diffusion is the Doob transform of Brownian motion with variance
B? per unit time by the function cosh.

Lemma 7.3. Let B > 0and h > 0, let s € [0,1 —q+], and let g: R — R be bounded and
measurable. For y € R let

ks(y) = Z

ce{-1,1}

where Z ~ N(0,1). Then Eg(X,, +s) = Eks(Xy, ).

e’y

2
ey BBl B p52),

Proof. For s = 0 there is nothing to prove. Lets > 0 and T’ = g+ +s < 1, and let (§;) be
the filtration generated by B, to which X is adapted. For t € [g4, T'] let
t 2 ot
At = exp < — B | tanh(X,)dB, — 7/ tanh?(X,,) du).

9+ 9+
Since the integrand B tanh(X,,) is bounded, Novikov’s condition holds (see [92, Chapter 3]
for this condition and for Girsanov’s theorem), and A is a martingale on [q4, T'] with
Ay, = 1. Let R be the probability measure with density A with respect to IP. Since
E[A7 | 3q+] = 1, the measures R and IP agree on §,,. By Girsanov’s theorem, the
process By = B; — B;, + B fqt+ tanh(X,)du, t € [g+,T'], is a Brownian motion under R,
independent of §,, . By (7.9), we have X; = X,, + BB, fort € [g4, T'].

Next, (7.9) and It6’s formula give

T/ 2 T
log cosh X1 —logcosh X;, = [3/ tanh(X,)dB, + ‘%/ (1+ tanh?(X,,)) du
g+ g+
2

= —log A + %



7 Relative entropy of the planted product model §7.3 102

Since A > 0, we obtain

(geosh) (X, + pBr))

B Y.
Eg(X7) = Eg [S(XT’)ATH =P S/ZJER[ cosh X,
N

Under R, the variable By has law N(0,s) and is independent of X, , whose law under R is
its law under IP. Since cosh(x +z) < el*l cosh x, the expression inside the last expectation
is bounded by ||g||e?!Pr"|. Then Eg(X1/) = Ek(X,, ), where

e—ﬁzs/Z

k) = oshy El(gcosh)(y + V5 Z)].

Finally, we write cosh as the average of e** and use E[f(Z)e?] = ¢’ /2E f(Z +¢) with
¢ = +B+/s, and we find k = k. O

Proposition 7.4. Let B > 0 and h > 0, and let y, be the law of the Parisi center My, =
tanh X, . Then Ty, (s) < 0 for every s > 0.

Proof. Let m = tanhy € (—1,1) and r > 0, and let 0* be independent of Z ~ N(0, 1),
with P(c* = +£1) = (1 +m)/2 = ¢*¥/(2coshy). We claim that

2, (r) = Etanh? (y + 7 Z + ro*) — m?. (7.11)
Indeed, T* = 0* — m has law vy,. Let W = /rt* + Z. Foroc € {—1,1} and T = 00 — m, we

have
VIWT — %TZ = o (VIW +rm) — /TWm — %(1 +m?),

where we used ¢? = 1. Since the last two terms do not depend on ¢, Bayes'’s rule gives
P(c* = o | W) o e?WHVIW+m) and Efo* | W] = tanh(y + /fW + rm) = tanh(y +
VTZ +ro*). Since by, = E[v* | W] —m and EE[c* | W] = m, we obtain Eb3,, =
IE tanh?(y + /7Z + ro*) — m2, and Lemma 7.2(b) gives (7.11).

Lets € [0,1 — g.]. We apply Lemma 7.3 with ¢ = tanh?. By (7.11) with r = s, the
function ks of Lemma 7.3 is ks(y) = 2y, ., y(ﬁzs) + tanh?y. By (7.9) and (7.7), we obtain

EM;, ;= Etanh? Xy, 4 = E[2¢},, (B%)] +EM], =2y}, (%) +q4-
Inserting this into (7.8), we find for s € [0,1 — g ] that
s gi+s
L (s) = B | (EMZ o, — gy —u) du = p2 (M-
~2(¥(gs) — ¥(g- +5)) <O,

where the inequality holds by Theorem 2.3, since 44 € suppv. Finally, let s > 1 —g,. By
(7.8), (7.7), and (7.10),

Ty, (s) = B (29, (B%) —s) < B> (1 — g+ —s) <0,
which gives T, (s) < T}, (1 —-q4+) <0. O
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Since [ m?uy(dm) = g4 < 1, Proposition 7.4 and [41, Proposition 13] imply that, for
the SK model, the generalized TAP correction of Chen, Panchenko, and Subag at the law
of [My, | is replica symmetric and equals the classical TAP correction. For mixed p-spin
models, they noted that the correction is approximately classical at the generalized TAP
states whose self-overlap is the largest point of the support of the Parisi measure [40,
Remark 6]. By [41, Remark 15], for some B and h > 0, the correction is not replica
symmetric at some other laws whose second moment is g .

7.4 The relative-entropy bound

We recall the planted product model of Definition 6.1. For m € [—1,1]V, the planted
configuration v* = ¢* — m has independent coordinates, and v} has law v;, . The law
Qu is the law of Y = Ba(v*) 4+ Z on RF, where a(v),, = /Sy, vxvy and Z is a standard
Gaussian vector, and D(m) = KL(Qy, || Pg). For a > 0 we define the compact set

As(a) = a1+2p5[0,1)" = {al +2p%Sy : y € [0,1]"}.

Since S has nonnegative entries and unit row sums, Ag(a) C [a,a + 2p%]". For a proba-
bility measure y on [—1,1] and m € [—1,1]", we define

Asa(mipt) = sup ~ Y (1) — u(re)). (7.12)

reAs(a) nev

Since the function inside the supremum is continuous in (m,r) by Lemma 7.2(d), and
As(a) is compact, the map Ag,(-; 1) is continuous on [—1,1]V, and the same holds with
the absolute value of the function inside the supremum.

Theorem 7.5. Let f > 0.

(a) For every a > 0 there exists a nonincreasing function egq: [1,00) — [0,00), depending only
on B and a, with limp_, e 65,Q(D) = 0, such that the following holds. Let D > 1, let S be
as in Definition 6.1 with maxyy Sxy < 1/D, let m € [—1,1]V, and let u be a probability
measure on [—1,1]. Then

1 1
—D(m) < 5 sup Ty(s) +2a+ Ag,(m; p) + eﬁ,a(D).
n 0<s<1
(b) For each k > 1, let Dy > 1, let Sy be an ny X ny matrix as in Definition 6.1 with
maxyy(Sk)xy < 1/Dy, and let m*) be a random vector in [—1,1)". Let p be a proba-
bility measure on [—1,1]. Suppose that Dy — oo and that for every a > 0,

1 1
imE sup | - 2,0 (rx) - ” Y u(rx)| = 0. (7.13)

k—o0 rGASk(u)
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Then . ,
limsup —E D(m®)) < 2 sup T,(s).
k—oo Mk 0<s<1
Corollary 7.6. Let B > 0 and h > 0, and let (uy) be probability measures on [—1,1] that
converge weakly to pi. Then limsup;_, ., supy<,<q T (s) <O0.

Remark 7.7. The matrix S need not be positive semidefinite. For example, if G € Gp is
bipartite, as are the tori T¢ with L even and the hypercubes Q, then —1 is an eigenvalue
of Ag/D. Besides symmetry, the proof of Theorem 7.5 uses three properties of S. First,
S < I, which is used for the separable comparison function in Section 7.10. Second, S has
nonnegative entries and unit row sums, which gives S[0,1]" C [0,1]"; this controls the
set of velocities in Lemma 7.16. Third, ||S|| < 1, which enters the proof of Proposition 7.13
through the bound |w - Sw| < |w||Sw|; there, the quadratic form w - Sw is not assumed
to have a sign.

7.5 Interpolating channels

In this subsection and the next three, we fix B > 0 and m € [—1,1]V. Let v* = (v%)ycv
have independent coordinates with laws vy, , and let Z = (Z;),cg and { = (C x)xev be
standard Gaussian vectors, with v*, Z, and ¢ independent. For t > 0 and g € [0, co )
observe

Y, = B(tSxy)/?v sy +Ze (e={xy}€E), =ql%vt 47, (xeV). (7.14)

This is the setting of Section 7.1 with N = |E| + n, with 0 = ((v;v}) (1 yyee (V3)rev), and
with A = A(t,q) = ((B*Se)eck, (4x)xev), where S, = Sy, for e = {x,y}. We define

F(t,q) = %I(A(hq))

Let vy = @, Vi, be the law of v*. For v in its support, let

tS
Egv)= ) (,B(tsxy)l 2nyvxvy+[3 ES 1y U3V, U0y — u 020 ;)

{x,y}€cE 2
+ Z (qalc/zngx + 403 0x — ﬁlz_xvi>,
xeV
and let
—long ) efal?
By (7.4), we have F(t,q) = EF(t,q), where E is the expectation over (v*,Z,7). The

posterior average (-);4 of Section 7.1 is the average over independent samples v, v?,
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from the probability measure proportional to vy, (v)e®(®); inside (-);, we write v for v'.
All profiles (t,q) are coupled through the same (v*, Z, {). We write

by = <Ux>t,qz ny = <vay>t,q - bxby/ Px = Eb%-

These depend on (t,q), which will be clear from the context. Since |vy| < 14 |my| <2
and |v}| < 2, we have |by| <2 and [Zy,| < 8.

Lemma 7.8. Let B > 0and m € [—1,1]V.
(a) We have F(1,0) = n=1D(m) and F(0,q) = n= ' ¥ Y. (qx) for g € [0,00)V.
(b) The function F is continuous on [0,00) x [0,00)V, nondecreasing in t and in each coordinate
G, and |F(t,q) = F(t,4")| < |lg = q'lln/2.
(c) Let g € (0,00)V. For every t > 0, the function F(t,-) is twice continuously differentiable in
a neighborhood of q, and

210y, F(t,q) = px € [0,%:],  2194,94,F(t,q) = E3,.

For every t > 0, the function F(-,q) is differentiable at t, and

2
0:F(t,q) = f—n ) Sxy]E(vxvy)%q.
x,yev

Proof. (a) At g = 0O the site observations are independent of everything else, and since
,8591(;20;0; = Ba(v*)xy, the law of the observation (7.14) at (1,0) is Q ® N(0, Iy). Its
relative entropy with respect to Pg @ N(0, Iy) is D(m). At t = 0 the edge observations are
pure noise, and the site observations are independent over x; the law of the observation
is then N (0, Ig) ® ®, Law(q}/ 20% + 7). Relative entropy is additive over products, and
the relative entropy of Law (q%/%v% 4 ;) with respect to N(0,1) is ¢, (4x).

(b) and (c) The map (t,gq) — A(t,q) is linear and has nonnegative coefficients. Con-
tinuity and monotonicity follow from Lemma 7.1(a). If t > 0 and g € (0,0)", then all
coordinates of A(t,q) are positive, and by Lemma 7.1(b,c) the function I has continuous
first and second partial derivatives near A(t,q); since the coordinates of A indexed by E
play no role in the derivatives in ¢, the same holds in g for t = 0. The formulas follow

from Lemma 7.1(b,c) and the chain rule, together with E(v%)? = x, and

1 2
Y BSe Bl = b ¥ syEwa),

ecE x,yeVv

which holds because S is symmetric with zero diagonal and Sy, = 0 if {x,y} ¢ E. Finally,
since 0 < 9., F < 1/(2n) on (0,00)", we have |F(t,q) — F(t,q")] < (2n) ' L, |gx — q| <
lg —4q'lln/2 for q,4' € (0,00)V, and by continuity for q,q" € [0,00)V. O
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7.6 The score covariance identity

Fix t > 0 and g € (0,00)". Differentiating F(t, -) as in (7.5), we find that F(¢, -) is smooth
near g and Zanl?(t,q) = x, where

b
o= iq_ - 20%by — (021 (7.15)
Differentiating once more, we find
~ . - . gxbx _ vax * _ v%c
(7.16)

The first two terms form a covariance matrix, which is positive semidefinite. Since
|bx| <2, it follows that

il 1 . |Cx’
2 —_—
VoE(t,q) = . diag (zqf’/Z)er' (7.17)

Lemma 7.9. Let t > 0and g € (0,00)V, and let U = x — b®2. Then Ex = p, EU = 0, and

E[U.U,] = 1x:y% +E22,  (xyev).
X

Proof. By Lemma 7.8(c), Exy = 219y, F(t,q) = px, and EU = 0. Since (02);4 = Ty + b2,

we have U = U' + U? with

\ {xb
UL =2by(0F —by), UZ= jq_;“—zxx

We first compute ]E[U,%Uﬁ], conditionally on (v*,Z). Then b is a smooth function of
¢, and by (7.5), E)gybx = /Gy Xxy- Let fx = bx/\/qx and write d, = agy. Then 9, fy =
(qy/ qx)l/ Zny and U,% = (xfx — 9xfx. Since the functions f, have bounded derivatives of
all orders in ¢, Gaussian integration by parts (F1) in ¢ gives

E[Cxfalyfy] = LayEfs +E[ydxfx fy + dxfa yfy + 0y fx0xfy + fr 053y fy],
]E[fox ayfy] =E [axjcx ayfy + fx axayfy} ’ E[axfx gyfy] =E [ayBXfx fy + 0x fx ayfy] ’

where the expectations are conditional on (v*,Z). Expanding the product U,%U; and
combining these identities, we obtain

Eb2
E[UUy] = Ly Ef7 + E[9y fx 0xfy] = Liey 7 L +EX,

X

first conditionally on (v*, Z) and then after taking expectations.
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Next, let J be the c-algebra generated by the observations (7.14). The quantities b
and X are Y-measurable, and by Bayes’s rule the conditional law of v* given ) is the
posterior. In particular, E[v; — by | Y] = 0 and E[(v — bx)(v), — by) | V] = Xy, which
gives E[UyUy] = 4E[bybyXyy]. Since g, = Y; — /4,0y, we have

T
y_\/q—y_l/_ vy — y(vy_ ]/)/
and the first three terms are )J-measurable. Hence E[U! Uﬁ] = —2E[bxb,Lyy], and by
symmetry [E[U2 U;] = —2E[bybyXy,]. When we sum the four contributions, the terms
involving byb, Xy, cancel, and E[U,U,| = IE[U%LI; . O

7.7 Concentration

We use the bounded-differences inequality of McDiarmid [101]: if &y,...,{, are in-
dependent and f changes by at most ¢, when the xth argument is changed, then
P(|f(&) —Ef(&)] > €) < 2exp(—2€>/ Y, c2) for all € > 0.

Lemma 7.10. Let B > 0, A > 0, m € [-1,1]V, t € [0,1], and r € [0, A]V. Then for every
€ >0,

ne?

P(F(t,r)~ F(t,r)] > €) <dexp (-

) Ca=32(4p+A+1)%
Proof. Fix v*. By (7.5), 8261? = n_lﬁ(tsxy)l/z(vxvy>t,r fore = {x,y}, and agxﬁ = n_lr}c/sz.
Since [(vyvy)| < 4, [by| < 2, and Y ,cg Se = n/2, the squared norm of the gradient of F
in (Z,{) is at most n~2(862n + 4An). Therefore, F is a Lipschitz function of (Z,) with
constant ((88% +4A)/n)'/?, and (F4) gives
P(|F — ®o(v*)] > €e/2 | v*) < 2exp ( — n—€2>, Py (v*) = E[F | v*].

= 8(8P% + 4A)
Next, changing the coordinate v} to the other point of the support of v, changes it
by at most 2 and changes &;,(v) by at most 2|v,|(B*t Yy Sxylvyoy| +7x) < 4(48% + N),
for every v. It follows that F changes by at most 4(48% + A)/n, and so does ®. Since
the coordinates of v* are independent and E®y(v*) = F(t,r), McDiarmid’s inequality
implies that

ne?

P(|®o(v*) — F(t,1)| > €/2) < 2exp (— 32(4,32——|—A)2>

Since 8(88% +4A) < Cp and 32(48? + A)? < Cy, the claim follows from the two bounds.
]
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The next lemma controls F — F uniformly over a family of profiles of the form g +75%y.
This family has small metric entropy, because most eigenvalues of S are small: since
tr S < n/D, at most n/(Da?) eigenvalues of S have absolute value larger than «.

Lemma 7.11. Let > 0and 0 < ¢ < A. There exists Cy, depending only on B, 0, and A, such
that the following holds. Let D > 1, let S be as in Definition 6.1 with maxy,y Sxy < 1/D, and let
me[-1,1]V,t€[0,1],and g € [0,A]V. Let A> 1,1 € (0,8/(2A)], and « € (0,1), and let
M ={q+1nS* :y €[-A,A]V}. Then

. log(3/a2)\1/2 .,

Proof. Since S? has nonnegative entries and unit row sums, S?y € [-A, A]Y for y €
[—A,A]Y, and M is a compact convex subset of [¢/2, A+ ¢/2]V C [8/2,2A]V. The
supremum is measurable, since it may be taken over a countable dense subset of M by
the continuity of F(¢,-) and F(t, ).

We first construct a net. Let Il be the orthogonal projection onto the span of the
eigenvectors of S whose eigenvalues have absolute value larger than «, and let k, be
its rank. By (7.1), kya? < trS? < n/D, and |(I — I1,)S?*w| < a?|w| for w € RY. Let
0o = a®?Ay/n. For y € [—A, A]Y, the vector I1,5%y lies in the ball of radius A/n in
the range of I, since ||S|| < 1. A maximal ¢-separated subset C of this ball satisfies
IC| < (1+2Ay/n/0)% < (3/a?)%, by comparing the volumes of the disjoint balls of
radius ¢/2 around its points with the ball of radius Ay/n + ¢/2; and every point of the
ball lies within distance ¢ of C. For each c € C for which there exists y € [~ A, A]” with
IT1,5%y — c| < o, we choose one such ., and we let A" be the set of the corresponding
profiles g + 7S%y. € M. Then N is deterministic and |N'| < (3/a?)%. Lety € [ A, A}V,
and choose ¢ € C with |I1,5%y — ¢| < ¢. Then

1S (y — ye)| < TS (y —yo)| + [(I = T1a)S*(y — ye)| < 20+ &?|y — ye| < 4o.

In particular, every r € M lies within normalized distance 457a%A of .

Next, by Lemma 7.10 with A replaced by 2A and a union bound, IP(max,c s |F(t,7) —
F(t,r)| > €) < 4|N]e""/C, where C = Cyp. Let € = (Clog(4|N])/n)!/2. For e > €
we have 4|\]e"¢/C < g=n(€=€0)*/C gince €2 — €2 > (e — €p)?. Integrating the tail bound,
we obtain

Clog(4|N|)>1/2+ (E>1/2.

[E max |1?(t,r) — F(t,r)| < ¢ —i—/ e—(e=€0)*/C g < (
reN €0 n n

Further, log(4|\']) < log4 + nlog(3/a?)/(Da?). Since n > D, & < 1, and log(3/a?) > 1,
both log4/n and 1/n are at most 2log(3/4?)/(Da?), and the right side is at most
4C'Y2(log(3/a?)/ (Da?))1/2,
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Finally, we compare M with N. Let v’ € M. Since the coordinates of *’ are at least
9/2, (7.15) gives Zn\arxf(t,r’)\ < 23/219_1/2\@’ + 12, where we used |by| < 2, |vE] < 2,
and (v2) < 4. Since M is convex, for 7,7/ € M we obtain

~ ~ 1
B(tr) — B < 5 X (272072100 +12) 12— 4] < (272072l + 6) 1~
X
and |F(t,r) — F(t,7")| < ||r —7'||n/2 by Lemma 7.8(b). Using E||{||, < 1, we conclude
that

—~ 1 2y\1/2
E sup |F(t,r) — F(t,r)| < 4C1/2<M> +dnalA (2129712 1 7),
reM Du
This proves the lemma with Cy = max(4C3,%,4(21/2671/2 + 7)). O

7.8 The time derivative at contact points

We now show that at every point where F(f,-) is touched from above by a function
with Hessian at most K/n, the time derivative of F is close to %(4n) !p - Sp, where
p = 2nV,F.

Definition 7.12. Let 8 > 0, m € [-1,1]V, 0 < ¢ < A, and K > 0. A point (t,q) €
(0,1] x [8,A]Y is a (8, A, K)-contact point of F if

F(t,g+h) < F(t,q) + V4F(t,q) -h—i—%|h|2 for every h € [—-8/2,8/2]Y.  (7.18)

Proposition 7.13. Let B > 0,0 < & < A, and K > 0. There exists a nonincreasing function
€go,nK: [1,00) = [0,00), depending only on B, 9, A, and K, with limp_, €g 9,4, x(D) = 0,
such that the following holds. Let D > 1, let S be as in Definition 6.1 with maxy,, Sy, < 1/D,
let m € [—1,1]V, and let (t,q) be a (8, A, K)-contact point of F. Then, with p, = Eb2 =

2n8qu(t,q),
2

0tF(t,q) < f_n p-Sp+ 6‘13,19,A’K(D).

Proof. All posterior quantities are taken at the deterministic point (t, q), and all uses of
(7.3), through Lemmas 7.8 and 7.9, are at this point. The perturbed profiles in Step 4
below are random, and they enter only through a pointwise Taylor bound and through
Lemma 7.11.

Step 1: the Hessian. By Lemma 7.8(c), F(t, -) is twice continuously differentiable near
g. For h € RY and small s > 0, Taylor’s formula and (7.18) with sh in place of h
give s?h - VZF(t,q)h/2 + o(s*) < Ks?|h|>/(2n). This gives ViF(t,q) = (K/n)I, and by
Lemma 7.8(c) the matrix Z = (IEZ‘,?;y) xycv satisfies

E=<2KI, EY £i =1-E1<2Kn. (7.19)
XY
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Step 2: reduction to the filtered fluctuation of b®2. Let w = b®? — p, so that Ew = 0 and
|wy| < 4. By Lemma 7.8(c) and (vyvy,) = Xy, + byby,

—Za F(t,q) —p-Sp =Y SyEZ3, +2) SyE[Zybiby| + E[w- Sw],
p xy xy
where we used E[b®? - Sb®?] — p - Sp = E[w - Sw|. By (7.19) and Sy, < 1/D, the first

term is at most 2Kn/D. By the Cauchy-Schwarz inequality, |by| < 2, (7.1), and (7.19), the
second term is at most

() (e <0(h) "o

For the third term we only use ||S|| < 1 and |w| < 4y/n: we have |w - Sw| < |w||Sw| <

4y/n|Sw|, and the third term is at most 4n(IE||Sw||2)'/2. Combining the three bounds, we

obtain
2K

B* ,3_2 2K 1/2
aF(La)—p-sp< b (D +8(D) + 4(E||5w]3)"?). (7.20)
Step 3: the term U. Let & = x — p, with x as in (7.15), and let U = x — b®? as in
Lemma 7.9. Then w = ¢ — U. By Lemma 7.9, (7.1), and (7.19),

2 _ T\ — 2y Px < — 2 < 1 n
E|SUl| —tr(SIE[UU]S)—;(S) -+ tr(525) Dﬁ+2KtrS (19+21<>D,

where we used py <1, gy > ¢, and SES < 2KS2. This implies

+2K>l

1
El|swl} < 2E||s¢]f} +2(5 +2K) -

5 (7.21)

Step 4: the term &. Fix A > 1, 7 € (0,0/(2A)], and « € (0,1). Let &4 be
the vector with coordinates max(—A, min(A,&;)), and let h = 5S¢4, Then h €
[-nA,nA])Y C [-8/2,8/2], and g + h lies in the set M of Lemma 7.11. The coor-
dinates of the points of the segment from g to g 4 h are at least #/2, and (7.17) gives
V%I? = —n~1diag(2!/2073/2|7,|) on this segment. Taylor’s formula with integral remain-
der and Zanf(t,q) = x give

~ = 1 ?A% 1
F(t,g+h) —E(tq) 2 5 x-h— 55 ';;IM

On the other hand, (7.18) and 2nV F(t,q) = p give

1 K 5 5
—_ < . = )
F(t,q+h) F(t,q)_znp h+217A
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Subtracting the second inequality from the first, we have

N & g2zA Bt ) 2 42(g-3/21 K
- §eh < 2sup [F(t,r) — F(tr)| + 77 A% (9 n;|z;x|+2).

remM

Taking expectations, using E|{x| < 1 and applying Lemma 7.11, we obtain

4C <log(3/cx2)
i Da?

where Cj is the constant of Lemma 7.11. Next, by (7.15) and qx > 9, we have || < ¢(lx)
with ¢(z) = 2071/2|z| +13. Let G ~ N(0,1) and @(A) = E[¢(G)*1,(G)>al, which tends
to zero as A — co. Then E||&||2 < E@(G)? and E||& — ¢4||2 < @(A). Using ||S|| < 1 and
the Cauchy-Schwarz inequality, we find

1 1/2
E [Eg : 5251“} < > +4CoAa® + A% (207%/? + K), (7.22)

Blsl} = B[ ¢ 5% +E[2¢- 2@ ¢ < B[ & 9%¢4] + (Bp(G)) 0 (a)2

Let e(D) be the infimum over A > 1, € (0,8/(2A)], and « € (0,1) of the sum of the
right side of (7.22) and (E¢(G)?)!/2@(A)'/2. Then E||S¢||3 < e(D), and e depends only
on B, ¥, A, and K, and is nonincreasing in D. Further, e(D) — 0 as D — co. Indeed,
given 1 > 0, we first choose A such that (E¢(G)?)'/?@(A)!/? < 1, then 5 < ¢/(2A) such
that ;7A2(219_3/ 24 K) <, then a such that 4CpAn? < 1, and tinally Dy such that the first
term in (7.22) is at most ¢ for D > Dy. Then e(D) < 4: for D > Dj.

Step 5: conclusion. Combining (7.20), (7.21), and Step 4, we obtain the proposition with

eponk(D) = %2 (% +8 (%) R 4(2¢(D) + 2(119 +2K) %) 1/2) .

This function is nonincreasing and tends to zero as D — co. O

7.9 The scalar Hopf-Lax formula

Lemma 7.14. Let B > 0, let y be a probability measure on [—1,1], and for t,v > 0 let

2,2

fut) = goax (gt 1) = 55

(a) We have f,,(0,7) = ¢, (r) and f,,(1,0) = maxo<s<1 (s)/2.

(b) The function fy is nondecreasing in each variable, and | f,(t,r) — fu(t',v')| < B2t —t'| /4 +
|r—1'|/2.

(c) At every point (t,r) € (0,00)% at which f, is differentiable, d;f, = B*(9,fu)* and 0 <
o fu <1/2.
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Proof. We write f = f,. The maximum exists because ¥, is continuous, and (a) follows
from the definitions.

(b) For each s, the function r — i, (r + Bts) — B°ts*/4 is nondecreasing and 1/2-
Lipschitz by (7.7). Taking the maximum over s, we find that f is nondecreasing and
1/2-Lipschitz in r. Let 0 < t < #/. If s is a maximizer for (t,7), then s’ = st/t' € [0,1]
satisfies r + B%t's’ = r + B?ts and p2t's’?/4 < B*ts?/4,s0 f(t',r) > f(t,r). Further, (7.7)
implies that for every s € [0,1],

212 2,2
2 g B )
and s/2 — s?/4 < 1/4, which gives f(t,r) < f(t,r) + B>(t —t)/4.

(c) If B = 0, then f(t,r) = 9,(r), and (c) follows from (7.7). Let B > 0, let (t,r) €
(0,00)% be a point of differentiability of f, and let s* be a maximizer for (t,7). The
function f(#,7") = ¢, (r' + p*'s*) — B?t's*2 /4 satisties f < f, with equality at (t,7), and
it is differentiable at (t,7), since ¢, is continuously differentiable and r 4+ f2ts* > 0. Since
f — f has a minimum at (t,7), we have Vf(t,r) = Vf(t,r), that is,

u(r + ,thls)

2.%2
Of(r) = Yr+B57), auf(tr) = B+ fsT) —
The derivative of s — i, (r + Bts) — p*ts*/4 is B2t(y),(r + B*ts) —s/2). If s* = 0, it is
nonpositive at s = 0, and then 1/11,(7’) =0by (7.7) and o,f = o;f = 0. If s* € (0,1), it
vanishes at s*. If s* = 1, it is nonnegative at s = 1, and since 1/,7; <1/2by (7.7), we have
W (r + B%t) = 1/2. In the last two cases P (r + B%ts*) = s*/2, and the formulas above
give d,f = s*/2 and 9;f = B*s*2/4 = B*(3,f)?. In all cases 9,f € [0,1/2]. O

The function f, is only Lipschitz, and we smooth it by averaging over small shifts to-
ward larger times and larger profiles. We fix once and for all a smooth probability density
k on IR? whose support is a compact subset of (1/2,1)?, and we let ¢y = [ [92k(u,v)| du do.

Lemma 7.15. Let B > 0, let u be a probability measure on [—1,1], and let v > 0. For
(t,7) € (—7/2,00)? let

w(t,r) = /ny(t+'yu,r+'yv)k(u,v) du do.
R

Then w is smooth, and for all t,r > —/2:

(a) 0 < o,w(t,r) <1/2and |0?w(t,r)| < cr/(27);
(b) drw(t,r) > B2 (0,w(t,r))?

(c) w(0,r) > ¢u(r) ifr > 0;

(d) w(l,r) < fu(1,0) +r/2+ (B> +2)y/4ifr > 0.
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Proof. Since k is supported in (1/2,1)?, the arguments of f;, in the definition of w lie in
(0,00)2. Writing w(t, ) = v 2 [ fu(t, v k(Y —t)/7, (¥ —r)/7) dt' dr’ and differentiating
under the integral shows that w is smooth. By Lemma 7.14(b) and Rademacher’s theorem,
fu is differentiable almost everywhere in (0, %0)?, and its difference quotients are bounded.
By dominated convergence,

drw(t,r) = /8tfy(t + yu,r + yv) k(u,v) du do,
o,w(t,r) = /arfy(t + yu,r + yv) k(u,v) du do.

The second formula and Lemma 7.14(c) give 0 < J,w < 1/2. Writing the second
formula as y~2 [0, f, (¥, )k((t' —t)/7, (¥ —r)/~)dt' dr’ and differentiating in r, we
obtain |9%2w| < (1/2)7~ !¢, which proves (a). By Lemma 7.14(c) and Jensen’s inequality,

dw = B2 /(arfy)z(t + yu, 7 + ) k(u,v) du dv > B*(9,w)?,

which proves (b). By Lemma 7.14(a,b), f(yu,r +vv) > fu(0,7) = ¢, (r) for u,v > 0,
which gives (c). By Lemma 7.14(b), f,(1+yu,r +v) < fu(1+7,7r+7) < fu(1,0) +
B2y /4 + (r+)/2 for u,v < 1, which gives (d). O

7.10 Proof of the relative-entropy bound

The comparison function in the proof of Theorem 7.5 contains a penalty for the distance
from a moving convex set of profiles. Since only the initial profiles in this set are used,
the initial discrepancy is needed only on the set Ag(a).

Lemma 7.16. Let B > 0 and a > 0, let V = p2S[0,1]V, and for t € [0,1] let Ay = al + (2 —
t)V. For (t,q) € [0,1] x RV, let z(t,q) be the point of Ay closest to g, and let

1 . 1
B(t,q) = 5 dista(q, A)* = 5—|q — z(t,q)|*.
2a 2na

(a) Each A; is compact and convex, al € Ay, Ay C [a,a +2p%]Y, and Ay = As(a).
(b) For each t, the function B(t, -) is differentiable, V ;B(t,q) = (q — z(t,q))/(na), and

]

B(t,q+h) < B(t,q) + V¢B(t,q)-h+ (g, € RY).

2na

(c) For each gq, the function B(-,q) is differentiable on [0, 1], with one-sided derivatives at the
endpoints, and
0:B(t,q) = max V,B(t,q) - v.
veV

(d) The function B is continuous on [0,1] x RV.
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Proof. (a) The set V is compact and convex, since it is the image of a cube under a linear
map. It contains 0, and V C [0, 8%]" because S has nonnegative entries and unit row
sums. This gives (a).

(b) Fix t, and write z = z(t,q) and z’ = z(t,q + h). Since z € A;, we have 2naBB(t,q +
h) <|g+h—z*>=|q—z|*>+2(q—z) - h+ |h|?, which is the claimed inequality. Since
the projection onto a closed convex set is 1-Lipschitz, |z — 2’| < |h|, and

2naB(t,q+h) =|q—2'*+2(g—2) - h+|h)* > |g—z]*+2(9 — z) - h — 2|h|*.

From the two bounds, we see that B(t, -) is differentiable at g with the stated gradient.

(c) Fix g. For s € [1,2], let vs € V be such that z(2 — s,q) = al + svs; it is unique since
s > 0. Let ¢(s) = |g — al — svs|? = mingey |g — al — sv|?, so that B(t,q) = ¢(2 —t)/(2na).
Fors,s’ € [1,2],

¢(s') < |qg—a1—s"vs|*> = ¢(s) —2(s' —5)(q — al — svg) - vs + (s' —5)?|vs|%,

and the same holds with s and s’ exchanged. The map s + vs is continuous: if s; — s
and 0 is a limit point of (vs;), then o € V and [g —al — 502 = lim; ¢p(s;) < lim;|g —al —
55| = ¢(s) along the corresponding subsequence, which forces & = v5. Combining
this with the two inequalities, we see that ¢ is differentiable on [1,2], with one-sided
derivatives at the endpoints, and ¢'(s) = —2(q — z) - vs, where z = z(2 —s,¢). Since
t = 2 —s, this gives 0;5(t,q) = V;B(t,q) - vs. Finally, for v € V the point a1 + sv lies in
A, and the variational characterization of the projection gives (g — z) - (a1l +sv —z) <0,
that is, s(g —z) - (v —vs) < 0. Hence V B(t,q) -v < VB(t,q) - vs for every v € V.

(d) Every point a1l + (2 — t)v of A;, with v € V, is within normalized distance
it —t'|||v]ln < B3|t — #| of the point al + (2 — #')v of Ay, and vice versa. This gives
| disty (g, Ar) — distu(q', Ap)| < [lg = q"lln + B[t = ¥']. 0
Proof of Theorem 7.5. (a) If B = 0, then Q,, = Po, D(m) =0, T, = 0, Ag(a) = {al}, and
Agq(m;u) > =, (a) > —a/2, so (a) holds with ¢g, = 0.

Let B >0anda > 0. Lety =a/(1+p%), 9% =a/2, A =3a/2+2B and K =
ck/(27) +1/a, and let eg, = €p A,k be the function of Proposition 7.13. Fix D, S, m, and
p as in the statement. Let w be the function of Lemma 7.15 for y and 7y, and let

t,q) = Lwtha) (<01, g<[0))

Let V, Ay, z(t,q), and B be as in Lemma 7.16. Fix p > e,g,a(D), and let

L(t,q) = F(t,q) = Q(t,q) = B(t,q) —pt  ((t,q) €[0,1] x [0,00)").

Step 1: L attains its maximum. By Lemma 7.8(b), F(t,q) < F(1,0) + ||q||»/2. Further,
Q) > 0, because f, > 1, > 0. By Lemma 7.16(a), dist,(q, At) > ||q||» — a — 2p*. Combin-
ing these bounds, we see that L(t,q) — —oo as ||g|ls — oo, uniformly in t. Since L is
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continuous by Lemma 7.8(b), Lemma 7.15, and Lemma 7.16(d), it attains its maximum
on [0,1] x [0,00)" at some point (g, go)-

Step 2: qo € (0,00)V. Suppose that (gg)y = 0 for some x, let e, be the corresponding
coordinate vector, and let h € (0,a). By Lemma 7.8(b), F(ty,qo + hex) > F(to,q0). By
Lemma 7.15(a), Q(to, g0 + hex) — Q(to,q0) < h/(2n). Let z = z(ty, o). Then z, > a by
Lemma 7.16(a), and Lemma 7.16(b) gives

h((q0)x — zx) h? h n h?

_ < Y
B(to, qO+h€x) B(to,CIO) = na 2na 2na

Hence L(to,q0 + hex) — L(to,q0) > (h/n)(1/2 —h/(2a)) > 0, which contradicts the
maximality of (fo, o).

Step 3: location of qo. By Step 2, Lemma 7.8(c), Lemma 7.15, and Lemma 7.16(b), the
function L(to, -) is differentiable at g9, and V;L(to,g0) = 0 by maximality. Let

p = 2nV,F(to, q0), p' = 2nV;Q(to, q0) = (20,w(to, (90)x)) 1oy

By Lemma 7.8(c) and Lemma 7.15(a), p, p’ € [0,1]V. Let z = z(to, q0). By Lemma 7.16(b),
do—2 _ _p-r 11y
p = anB(tO,qo) = > S [ ok 2] .
Hence |(qo)x — zx| < a/2 for all x, and Lemma 7.16(a) gives qq € [a/2,3a/2 +28%]" =
[0, A]V and dist,(qo, At,) < a/2.
Step 4: typ = 0. Suppose that typ > 0. We first show that (tg, o) is a (9, A, K)-contact
point of F. Let h € [—8/2,8/2]". Then qo + h € [0,00)", and L(to,q0 +h) < L(to,q0)- By
Taylor’s formula and Lemma 7.15(a), and by Lemma 7.16(b), we obtain

F(to,q0 +h) — F(to,q0) < Q(to, g0 +h) — Q(to,q0) + B(to,q0 + h) — B(to, 90)

] Ck WZ
< Vi@ +B)to0) i+ (3 +50)
Since V,(Q + B)(to,q0) = V4F(to,q0) and cx/(47) +1/(2a) = K/2, this is (7.18). By

Proposition 7.13,
2

otF (fo,90) < f—nP -Sp+epa(D).
Next, by Lemma 7.15(b) and S < I,
P 2 B s B
9:Q(to, 90) = Zatw to, (90)x - ; w(to, (90)x))” = Elp’! > EP' -Sp'.
Further, since S is symmetric and p — p’ = 2nV,;B(to, 90) by Step 3,
2 2
~ ~ +
ﬁ(PSP p-sp') = ﬁ Sp+p)-(p—p) =0-VBlloqo), o=ps(ESE).
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Since (p +p')/2 € [0,1]Y, we have 4 € V, and Lemma 7.16(c) gives - V B(to,q0) <
0:B(to,q0). Combining the last three displays, we find

9¢F(to, q0) < 9:Q(to, q0) + 9:B(to, q0) + epa(D) < 9:Q(to, q0) + 9:B(to, 90) + p.

that is, 9;:L(to,qo) < 0, where at fp = 1 all time derivatives are left derivatives. However,
t — L(t,q0) is differentiable at to by Lemma 7.8(c), Lemma 7.15, and Lemma 7.16(c),
and since it attains its maximum over [0, 1] at fp € (0, 1], we have 0;L(t,q0) > 0. This
contradiction shows that ¢ty = 0.

Step 5: conclusion. Since al € A1, we have B(1,a1) = 0, and Q)(1,a1) = w(1,a). Since
B > 0 and tp = 0, the maximality of (0, o) gives

F(1,a1) —w(1,a) —p = L(1,a1) < L(0,q0) < F(0,90) — (0, 90)
< 1Y (o ((0)2) — 9 (1),

where in the last step we used Lemma 7.8(a) and Lemma 7.15(c). By Step 3 and
Lemma 7.16(a), there exists z € Ay = Ag(a) with ||go — z||» < a/2. Since ¥, and
Py, are 1/2-Lipschitz, the right side is at most

1 1
" Z (lpmx(ZX) - ¢V(ZX)) + P Z 1(90)x — zx| < Asa(m;p) + |lgo — zlln < Asa(m;p) + ;-

By Lemma 7.8(a,b), Lemma 7.15(d), and Lemma 7.14(a), and since (B2 +2)y/4 < a/2,
we have

Lpm) = £1,0) < F(1,01) <

a
" (1,a)—i—p—i—A5,a(m;]/t)—|—§

w

1 3a

5 sup Tu(s) + = + Asa(m;p) +p.
2 0<s<1 2

Letting p | eg (D) proves (a).

(b) Fix a > 0. For each k, we apply (a) with S = Sy and D = Dy to each value of
m®), The function D is continuous on [—1,1]"™, by Lemma 7.8(a) and the dominated
convergence theorem applied to (7.4) (see also Section 6), and Ag, ,(-; ) is continuous.
Taking expectations, we obtain

1 1 1
k 0<s<1 reAs, (a) |7k x *

By (7.13) and Dy — oo, the limit superior of the right side as k — oo is at most
supg<s<1 [u(s)/2 + 2a. Letting a | 0 proves (b). O
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Proof of Corollary 7.6. Let r > 0. By Lemma 7.2(d), the function m +— ,,(r) is bounded
and continuous on [—1,1], and we have ¢, (r) — ¥, (r) by the weak convergence.
By (7.7), the functions ,, and ;. are 1/2-Lipschitz, and a finite net of [0,?]
shows that the convergence is uniform on [0, 8%]. Then sup,_,; [Ty (s) — Ty, (s)| =
2supg<,<g2 [Pu, (r) — Yy ()| — 0, and Proposition 7.4 completes the proof. O



SECTION 8

Proofs of the main theorems

This section proves Theorems 1.1 and 1.2 and Corollary 1.3. Section 8.1 combines the
results of Sections 5-7 into a lower bound for tori of a fixed side length and for hypercubes.
Section 8.2 shows that the pressure of the torus T¢ differs from a limit that does not
depend on L by at most 82/ (4L), uniformly in d. Section 8.3 completes the proofs, using
Proposition 4.1 for the upper bound.

8.1 The lower bound at a fixed side length

Proposition 8.1. Let B > 0and h € R. For every integer L > 3,
li;ninfpd,L(ﬁ,h) > P(B,h), and li{gninprd(ﬁ,h) > P(B,h).
—00 —

Proof. At B = 0 both sides equal log?2 coshh, by Lemma 2.1(a) for p and for p3X. Since
pc and P are even in h, we may assume that § > 0 and & > 0. Let (G;)4>1 be either
the tori T%, with Dy = 2d, or the hypercubes Q4, with D; = d. In both cases G; € Gp,,
Dy — oo, and n = |V(Gd)| — 00,

We first reduce to h > 0. By Lemma 2.1(d), which also holds for P, we have
1pc,(B,0) — pc,(B,1)] < nand [P(B,0) —P(B,1)| < n for every n > 0. If the claim
holds at (B, 7), then

liminf pg, (B,0) = liminf pg, (B, 1) —1 = P(B, 1) =1 = P(B,0) — 21,

and letting 7 — 0 gives the claim at (5,0). It therefore suffices to treat § > 0 and
h > 0. We write S = Ag,/D,, which satisfies the hypotheses of Definition 6.1 and
maxy,y Sxy = 1/Dy.

Fix e € (0,1). Let T, pe, and the query histories of depth T on G; with centers
m = m'?) be given by Proposition 5.2. We first bound the relative entropy of the planted
product model at m. For m’ € [—1,1] and r > 0 let Y(m',7) = ¢,,»(r). By Lemma 7.2,
Y is continuous on [—1,1] x [0,00) and 1/2-Lipschitz in its second variable, and by the
definition of ¢, we have [ Y(m',r)ue(dm’) = ¢, (r). For every a > 0, Proposition 5.2(c),
applied with ¢ = 28% and B = 1, is the hypothesis (7.13) of Theorem 7.5(b) with y = .
Then Theorem 7.5(b) implies that

limsup “ED(m) < w(e),  w(e) = = sup Ty (s). (8.1)

d—soo N 2 g<s<1
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We have w(e) > 0, because I'),(0) = 0. Further, y. — pn, weakly as ¢ — 0, since
Wi (pte, u4) < € by Proposition 5.2(b), and Corollary 7.6 gives limsup, ,,w(e) < 0.

By (8.1), Theorem 6.2 applies with § = w(e). Combining it with Proposition 5.2(a), we
obtain

11m1nfpcd([:3 h) > l1m1nf lE[,BHGd +h2mx+2ent my) + %Z(K,S@} — 4B/ w(e)

> P(B,h) — ¢ — 4By wle).

The left side does not depend on ¢, and letting ¢ — 0 completes the proof. O

8.2 The side length

The proof of Theorem 1.1 reduces the uniformity in L to the fixed side lengths of Propo-
sition 8.1. For this we compare tori with boxes. It is convenient to allow graphs that are
not regular. For a finite simple graph I' = (Vr, Er) and a number D > 1, we define

pR (B, h) = |VF|]Elog Y exp (\}‘% Y gxyonoy +h Y (Tx>,

ce{-11}'T xy<Er xeVr

where (ge)ccE, are independent standard Gaussian variables. If I' € Gp, then p? = pr.

The next lemma states that the pressure increases when Gaussian couplings are added,
and bounds the increase. The monotonicity was proved by Contucci and Graffi for short-
range Gaussian spin glasses, in the form of the superadditivity of the pressure [44,
Theorem 2], using the interpolation of Guerra and Toninelli [75]. Contucci and Lebowitz
extended it to couplings with symmetric distributions [46, Theorem 1]. We include the
short proof, since we also need the upper bound.

Lemma 8.2. Let D > 1, > 0,and h € R, and let T and T be finite simple graphs on the same
set of n vertices such that Er C Ep and Er: \ Er has k elements. Then

2
0< pR(B.) —pR(BI) < B

Further, log2 coshh < pR(B,h) < log2coshh + B?|Er|/(2Dn), and if T is the disjoint union
of graphs Ty, ..., Ty, then pR = Y1 ([Vr;|/n) p?j.

Proof. Let F = Epv \ Er. For s € [0,1] let (-)s be the Gibbs average for the exponent

% Y. Suyoxoy + \/5 Z 8xy‘7xay+h2‘7x'

xy€Er xy€eF



8 Proofs of the main theorems 8.2 The side length 120

and let ¢(s) be n~! times the expected logarithm of the corresponding partition function.
Then ¢(0) = pF and ¢(1) = pR. For s € (0, 1], Gaussian integration by parts (F1) in gy,
xy € F, gives

ey — B _ P B’k
¢'(s) = Zn\/S_nyZEp]E gxy ngy T5) ZE (Tx(Ty ) < [ "2n D}

Since ¢ is continuous on [0, 1], integrating gives the first claim. The bounds on pF follow
from the first claim applied to the graph with vertex set Vr and no edges, whose pressure
is log2cosh h, and to I'. For a disjoint union, the partition function is the product of
the partition functions of the components, which are independent, and the last claim
follows. O

For integers d > 1 and N > 1 let A?\] ={0,...,N — 1}d be the box in which two
vertices are adjacent if they differ by 1 in exactly one coordinate, and write b; N = pf@v

for its pressure with couplings of variance 1/(2d). More generally, a box is a product of
d intervals of integers, with the same adjacency.

The existence of the thermodynamic limit of short-range spin glasses is classical [93,
137, 138]; see also [44, 46, 47]. Contucci and Graffi compared free and periodic boundary
conditions for the EA model with the interpolation of Lemma 8.2, and they bounded
the difference of the pressures by a multiple of the size of the boundary [45, Theorems 1
and 2]. For the torus, the existence of the limit and a bound of order 1/L on the difference
with the free-boundary pressure were recently proved by Wang, Zhu, and Chueng under
weak moment assumptions [139]. The next lemma is a form of these bounds that is
uniform in d.

Lemma 8.3. Letd > 1, B > 0, and h € R. The limit p$’ (B, h) = limn_.e by (B, 1) exists,
and for every integer L > 3,

2
Par(B ) —p3 (B )] < 7

Proof. We first compare the torus with the box. Let L > 3. The torus T¢ is obtained from

A4 by adding, for each coordinate j < d and each choice of the other d — 1 coordinates,

the edge between the two vertices whose jth coordinates are L — 1 and 0. Since L > 3,

these dL9~! edges are not edges of A¢. Since T4 € Gy, has L9 vertices, Lemma 8.2 with
D = 2d gives

247d-1 2

0<par by < o= B 52)

Next, we compare boxes of different sizes. Fix integers m > 1 and N > m, and

write N = km +r with k = [N/m] and 0 < r < m. We partition {0,...,N — 1} into k
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consecutive intervals of length m and, if » > 0, one interval of length r. Taking products,
we obtain a partition of A‘Zi\] into boxes, of which k? are translates of A%. Let T be the
graph on A9, whose edges are the edges of A4, with both endpoints in the same box of
the partition. For each of the d coordinate directions, there are N“~! lines in A%, parallel
to it, and on each of them at most k edges join different intervals. In total, at most
dkN9—1 < N9 /m edges of A?\] are not edges of I'. By Lemma 8.2 with D = 2d, we have
0 < byn — p¥ < B%/(4m). Further, p¥ is the average of the pressures of the boxes of the
partition, weighted by their numbers of vertices. Each translate of A%, has pressure by ,,.
Every box with n’ vertices has at most dn’ edges, and by Lemma 8.2 its pressure, like b,
lies in [log2 coshh,log2coshh + B2/4]. Let fy = (km/N)“ be the fraction of vertices of
A‘Ii\, that lie in translates of A% . We have shown that
2 2 2
; F B

bim — (1 _fN)Z <bgn <bg,+(1 _fN)Z P

Since fy = (1 — r/N)d — 1 as N — oo, with d and m fixed, we obtain

2
ban < liminfbyy < lill?jzlop ban < bam + . (8.3)
Taking the limit inferior in m on the right side of (8.3), we obtain limsupy b;n <
liminfy, by, so the limit p3 exists. By (8.3), it satisfies by, < pS < by, + B>/ (4m) for
every m > 1. For m = L, combining this with (8.2) shows that p;; and p3 both lie in the
interval [b; 1, by + B>/ (4L)], which completes the proof. O

Remark 8.4. Lemma 8.3 is the only place where the geometry of the torus enters the
passage from fixed to arbitrary side lengths. It shows that the limits N — oo and
L — oo of the box and torus pressures in a fixed dimension coincide. Combined with
Theorem 1.1, it gives limy_,o p3’(B, 1) = P(B, h), so the convergence also holds when the
thermodynamic limit is taken first.

8.3 Proofs of the main results

Proof of Theorem 1.1. Fix § > 0and h € R. Since T{ € G, for every L > 3, Proposition 4.1
implies that

limsup sup p; (B, 1) < limsup sup pg(B,h) < P(B,h).

d—oco L>3 D—o GEGp

For the lower bound, fix an integer m > 3. For L > m, applying Lemma 8.3 at the side
lengths L and m, we obtain
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Hence inf; >3 pg1 > ming<p<p par — B>/ (2m). Since the minimum is over finitely many
side lengths, Proposition 8.1 implies that

‘BZ
hmlnf mf Pd L(Bh) = P(B,h) - 2m’

Letting m — co and combining with the upper bound, we obtain Theorem 1.1. O

Proof of Theorem 1.2. Since Q4 € G4, we have limsup, pg,(B,h) < P(B,h) by Proposi-
tion 4.1, and Proposition 8.1 gives the matching lower bound. O

Proof of Corollary 1.3. Let G € Gp, h € R, and B > 0. By the bound after (2.4), e(G;h)
lies in the interval [8~'pg(B, Bh) — B~ 'log2, B~ pc(B, Bh)], and by (2.5), P.(h) lies in
[B~'P(B,Bh) — B~ tlog2, B~'P(B, Bh)]. Comparing the two intervals, we obtain

le(G; h) — Py(h)| < lpc(B, Bh) — P(B, Bh)| N log2
; L(h)] < ; 52

Taking the supremum over L > 3 for G = T¢, letting d — oo, and using Theorem 1.1 at
(B, Bh), we obtain lim sup, sup; -5 le(TY; 1) — P.(h)| < (log2)/B. Letting B — oo proves
the claim for tori, and the same argument with Theorem 1.2 proves it for hypercubes. [

Finally, we justify Remark 1.4. By Lemma 2.1(d), for each B > 0 the functions pg,
G € UpGp, and p3X, N > 1, satisfy |f(B,h) — f(B,W)| < B|p—pB'|/2+ |h —I| for
B, B € [0,B] and h, h’ € R, and so does their pointwise limit P. Let K C [0, B] x R be
compact and 17 > 0, and let K’ be a finite subset of K such that every point of K lies within
distance 7 of K’ in each coordinate. Then

sup sup par (1)~ P(B1)] < max sup lpas (B h) — P(BI) |+ (B+ 2,
(Bh)eK L>3 (Bh)eK

and the maximum tends to zero as d — oo by Theorem 1.1. Since 7 is arbitrary, the
convergence in Theorem 1.1 is uniform on K. The same argument applies to hypercubes,
and to the ground-state energy, which is 1-Lipschitz in & by its definition. Its SK limit
P.(h) is also 1-Lipschitz, as the pointwise limit of the 1-Lipschitz functions my (k).

We also prove the limit in Remark 1.8. A similar interpolation, with independent SK
models on the two parts, is in [16, Section 3.1]. Let D > 1 and n = 2D, let G = Kpp
have parts V; and V5 of size D, and let v € {—1,1}" be equal to 1 on V; and to —1 on V5.
For ¢',0? € {-1,1}V let u = ¢! ® 0% Since ¥y, 1x and Yyev, ty are ((u,1) & (u,v))/2,
and every vertex of Vj is adjacent to every vertex of V, we have

EHc (o)) He (0 D Y Y way = L (1,12 = (u,0)?).

xeVy yEVZ
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We identify V with {1,...,n} and let H};X be an SK Hamiltonian on {—1,1}", indepen-
dent of (g¢)ecr. Then EHX (01 HX(0?) = ({u,1)? — n)/(2n), and the difference of the
two covariances is

(u,v)2 —n

C(ot,0?) = EHX (e ) HX (0?) — EHg (0! Hg(0?) = o

In particular, C(o,0) = —1/2 for every o, since (1,v) = 0. For 6 € [0,1], let (-)g be the
Gibbs average for the exponent B(v/1— 0 Hg(c) + VO HX(0)) +hY, 0y, and let ¢(0)
be n~! times the expected logarithm of the corresponding partition function. Then
@(0) = pg(B,h) and ¢(1) = p3X(B, ). For 0 € (0,1), Gaussian integration by parts (F1)
gives, as in [75],

2 2
¢'(6) = EE(C(o oY) - C(oh,0?)), = — P E ({0 00, 0)2), <0,
2n 4n
where ¢! and ¢? are independent samples from the Gibbs measure. Since ¢ is continuous

on [0,1], we obtain pk, ,(B,h) > p35(B, 1), and the right side tends to P (B, ) as D — co.
Since Kp p € Gp, Proposition 4.1 gives the matching upper bound.
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