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abstract

We study the Edwards–Anderson spin glass on the torus (Z/LZ)d, with indepen-
dent Gaussian couplings of variance 1/(2d) between nearest neighbors. We prove
that, as d → ∞, its free energy converges to that of the Sherrington–Kirkpatrick
model, given by the Parisi formula, at every temperature and in every uniform
external field, uniformly in the side length L. The same holds on the hypercube
{0, 1}d, and the ground-state energies converge to the Sherrington–Kirkpatrick
ground-state energy. The upper bound holds on every regular graph of large
degree. Its proof follows Mourrat’s Hamilton–Jacobi approach for an enriched free
energy, and it controls the negative part of the spectrum of the adjacency matrix
with Panchenko’s synchronization of overlaps, in a finitary form due to Mourrat.
For the lower bound, we construct a vector of magnetizations by message passing,
and we show that the pressure is at least its Thouless–Anderson–Palmer free
energy using a sublinear relative-entropy bound for the associated planted model.
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section 1

Introduction

1.1 Background

The Edwards–Anderson (EA) model [58] is the basic model of a short-range spin glass.
Ising spins σx ∈ {−1, 1} sit at the sites of a lattice, and each pair of neighboring spins in-
teracts through an independent centered random coupling, so that some interactions favor
alignment and others favor opposition. Its mean-field counterpart is the Sherrington–
Kirkpatrick (SK) model [127], in which every pair of spins interacts. For the SK model,
Parisi’s theory of replica symmetry breaking [118, 119] has to a large extent been made rig-
orous. The free energy is given by the Parisi formula [76, 134], its minimizer is unique [7],
and Panchenko proved that overlap arrays satisfying the Ghirlanda–Guerra identities
are ultrametric [113, 114]. For the EA model in a fixed dimension, by contrast, the exis-
tence of a spin-glass phase at positive temperature remains open. At zero temperature,
Chatterjee has proved several signatures of glassy behavior, including disorder chaos
and low-energy macroscopic excitations [30]. There are competing physical descriptions
of the low-temperature states: the replica-symmetry-breaking picture [102], the droplet
picture [68], and intermediate pictures such as the trivial–nontrivial picture [95, 111];
see [129] for a discussion. The pictures disagree in particular about a uniform external
field: replica symmetry breaking predicts a phase transition at a de Almeida–Thouless
line [53, 72], whereas the droplet picture predicts that there is no transition in any positive
field.

A natural way to relate the two models is to let the number of neighbors of each spin
grow. On the torus (Z/LZ)d with nearest-neighbor couplings of variance 1/(2d), the
local field ∑y∼x Jxyσy acting on a spin, for a fixed configuration, is a sum of 2d small
independent terms, as in the SK model. The variance of the Hamiltonian per site is 1/2,
which agrees with that of the SK model up to its finite-size correction. Mean-field theory
is expected to describe the model increasingly well as d grows. In zero field, the critical
behavior is predicted to be that of mean-field theory above the upper critical dimension
six [82], and the low-temperature phase of the EA model on Zd has been studied through
an expansion in powers of 1/d around mean-field theory [72]. The EA model on diluted
hypercubes of large dimension has also been studied numerically as a mean-field spin
glass [67]. In particular, the free energy per site of the EA model is expected to converge
to that of the SK model as d → ∞, at every temperature and in every field.

1
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Rigorous results on this limit have so far required high temperature, interactions of
diverging range, or graphs that are random or locally tree-like. For β ≤ 1 in zero field,
the SK free energy equals the annealed value log 2 + β2/4 [1]. The same limit holds on
any regular graph of diverging degree. For β < 1, this graph extension follows from
the second-moment method and the Gaussian concentration of the free energy. On a
D-regular graph with n vertices, the ratio of the second moment of the partition function
to the square of its mean is at most det(I − β2S+)−1/2, where S+ is the positive part of
the adjacency matrix divided by D. Since tr S+ ≤ n/

√
D, this ratio is eo(n) as D → ∞.

The case β = 1 follows by monotonicity in β. In every field, Hachem recently proved that
for β2 < log 2 the free energy of the SK model with a sparse doubly stochastic variance
profile, which includes the EA model on regular graphs of diverging degree, converges
to the replica-symmetric SK value [81, Corollary 3]. Fröhlich and Zegarlinski [71] proved
high-temperature mean-field limits of short-range spin glasses as the interaction range
tends to infinity. In the Kac limit, the dimension is fixed, the strength of the couplings
decays to zero over a distance γ−1, and γ → 0 after the thermodynamic limit. For
positive-semidefinite interaction kernels, Franz and Toninelli [69, 70] proved that the free
energy converges to the SK free energy. One of the two inequalities, proved earlier by
Guerra and Toninelli [77], requires the interaction kernel to be positive semidefinite. For
sparse random graphs, Dembo, Montanari, and Sen [54] showed that the maximum cut
of random regular and Erdős–Rényi graphs of large average degree is governed by the
SK ground-state energy. Their comparison uses the randomness of the graph. It was
extended to other optimization problems on sparse random hypergraphs by Sen [126],
and to inhomogeneous random graphs, whose large-degree limit is an inhomogeneous
Potts spin glass, by Jagannath, Ko, and Sen [89]. El Cheairi and Gamarnik showed that
algorithms given by low-degree polynomials with a certain tree structure perform equally
well on the SK model and on sparse Erdős–Rényi graphs of large average degree [63].
Approximating message passing for the SK model by such polynomials, they obtained
nearly maximal cuts on these graphs, assuming that the support of the Parisi measure
is an interval [0, q∗] for all large β. On deterministic regular graphs of large degree and
large girth, El Alaoui, Montanari, and Sellke [62] constructed cuts of the same size by
local algorithms, under a similar assumption at zero temperature.

None of these methods applies to a deterministic lattice at low temperature. The
lattice is not locally tree-like: it has many short cycles. The methods that prove the Parisi
formula, namely Guerra’s interpolation [76], the Aizenman–Sims–Starr scheme [2], and
Panchenko’s analysis of the overlap distribution [114], use the fact that the covariance
of the SK Hamiltonian is a function of the overlap of two configurations. On the lattice,
the covariance of H(σ) and H(τ) is instead a function of the fraction of edges xy with
σxσy = τxτy. Further, the nearest-neighbor lattice with an even side length is bipartite, and
flipping all spins on one sublattice reverses the sign of the Hamiltonian. Its normalized
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adjacency matrix then has the eigenvalue −1, and the comparison arguments that require
this matrix to be close to positive semidefinite do not apply.

The goal of this paper is to prove that the free energy of the EA model on the torus
(Z/LZ)d converges to the SK free energy as d → ∞, at every temperature and in every
uniform field, uniformly in the side length L. We prove the same statement for the
hypercube {0, 1}d.

1.2 Main results

The model. Throughout, G = (V, E) is a finite simple D-regular graph with n = |V|
vertices and D ≥ 1. It need not be connected. We write GD for the set of all such graphs.
Given G, let (gxy)xy∈E be independent standard Gaussian variables and Jxy = gxy/

√
D.

For β ≥ 0 and h ∈ R, the Hamiltonian, the pressure, and the ground-state energy per site
are

HG(σ) = ∑
xy∈E

Jxyσxσy, pG(β, h) =
1
n

E log ∑
σ∈{−1,1}V

exp
(

βHG(σ) + h ∑
x∈V

σx

)
,

e(G; h) =
1
n

E max
σ∈{−1,1}V

(
HG(σ) + h ∑

x∈V
σx

)
.

(1.1)

As in the literature on the SK model, the field enters the pressure through the Gibbs
exponent and is not multiplied by β, so that pG(β, βh)/β → e(G; h) as β → ∞. The
normalization gives EHG(σ)

2 = |E|/D = n/2 for every σ, and ∑y∼x EJ2
xy = 1 for every

vertex x. Our main examples are the following.

• The torus Td
L = (Z/LZ)d, in which two vertices are adjacent if they differ by ±1 in

exactly one coordinate, is simple and 2d-regular for L ≥ 3, with n = Ld. On it, HG is
the EA Hamiltonian with couplings gxy/

√
2d. We write pd,L = p

Td
L
.

• The hypercube Qd = {0, 1}d, in which two vertices are adjacent if they differ in exactly
one coordinate, is d-regular with n = 2d.

No relation between n and D is assumed. For example, D = 2d is proportional to log n
on Td

3, and D = log2 n on Qd.
The SK model. The SK Hamiltonian on N spins is HSK

N (σ) = N−1/2 ∑1≤i<j≤N gijσiσj,
with independent standard Gaussian variables gij. Its variance (N − 1)/2 agrees with
that of HG up to the factor (N − 1)/N. The limits

P(β, h) = lim
N→∞

1
N

E log ∑
σ

eβHSK
N (σ)+h ∑i σi , P∗(h) = lim

N→∞

1
N

E max
σ

(
HSK

N (σ) + h ∑
i

σi

)
(1.2)

exist. The first exists by [75, 134] and is given by the Parisi formula [76, 134], which
we recall in Section 2.3. The second exists by a comparison with the first (see (2.5)),
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and P∗(h) = limβ→∞ P(β, βh)/β. Numerical evaluations of the Parisi formula give
P∗(0) ≈ 0.7632 [51]; see also [54].

Results. Our main theorem states that the pressure of the EA model on the torus
converges to the SK pressure, uniformly in the side length.

Theorem 1.1. For every β ≥ 0 and h ∈ R,

lim
d→∞

sup
L≥3

∣∣pd,L(β, h)−P(β, h)
∣∣ = 0.

The same holds on the hypercube.

Theorem 1.2. For every β ≥ 0 and h ∈ R,

lim
d→∞

pQd(β, h) = P(β, h).

Letting the temperature tend to zero, we obtain the corresponding statement for
ground states.

Corollary 1.3. For every h ∈ R,

lim
d→∞

sup
L≥3

∣∣e(Td
L; h)− P∗(h)

∣∣ = 0 and lim
d→∞

e(Qd; h) = P∗(h).

We make several remarks on these results.

Remark 1.4. The pressures pG and P are 1-Lipschitz in h and (B/2)-Lipschitz in β ∈ [0, B]
(Lemma 2.1). Then the convergence in Theorems 1.1 and 1.2 is uniform for (β, h) in
compact subsets of [0, ∞)× R, and the convergence in Corollary 1.3 is uniform for h in
compact subsets of R. We give the short argument at the end of Section 8.

Remark 1.5. Theorem 1.1 imposes no relation between L and d, and it covers both even side
lengths, for which the torus is bipartite, and odd side lengths. In particular, the limits may
be taken in either order. For every fixed d, the limit p∞

d (β, h) = limL→∞ pd,L(β, h) exists,
and it is also the limit of the pressures of the boxes {0, . . . , N − 1}d with free boundary
conditions (Lemma 8.3). Then Theorem 1.1 implies that limd→∞ p∞

d (β, h) = P(β, h);
this is the statement that the free energy of the EA model on Zd, normalized as above,
converges to the SK free energy.

Remark 1.6. Theorem 1.1 also identifies the limit of the link overlap. Let σ1 and σ2 be two
independent samples from the Gibbs measure on Td

L, and let Q = |E|−1 ∑xy∈E σ1
x σ2

x σ1
y σ2

y
be their link overlap. By Gaussian integration by parts, ∂β pd,L = (β/2)(1 − E⟨Q⟩), and
the derivative of the SK pressure has the same form, with the square of the site overlap
R = N−1 ∑i σ1

i σ2
i in place of Q (Lemma 2.1). These pressures are convex in β, and
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the derivatives of convex functions that converge pointwise converge at every point
where the limit is differentiable. Thus, at every β > 0 at which P(·, h) is differentiable,
E⟨Q⟩ on Td

L converges, uniformly in L, to the limit of E⟨R2⟩ in the SK model. Since
P(·, h) is convex, this holds for all but countably many β. For the EA model in a
fixed dimension, Contucci and Giardinà proved, in temperature average, Ghirlanda–
Guerra identities for the link overlap [43], and Contucci, Mingione, and Starr proved
distributional identities after suitable generic Gaussian perturbations whose covariances
are powers of the link overlap [48]. By Panchenko’s theorem [113], these distributional
Ghirlanda–Guerra identities yield ultrametricity of the limiting link-overlap arrays of the
generically perturbed models.

Remark 1.7. The proof of the lower bound uses a recent theorem on the support of the
Parisi measure in a positive field [99], which we recall in Theorem 2.2: for h > 0 the
support is an interval [q−, q+] with q− > 0. The case h = 0 follows from the case h > 0
by continuity in h. In zero field, Parisi predicted that the support is an interval [0, q+] for
β > 1 (full replica symmetry breaking); this was proved by Zhou for β close to 1 [141]
and for every β > 1 in [100]. At zero temperature, the Stieltjes measure associated with
the canonical Parisi order parameter has infinitely many points in its support [10], and its
support is [0, 1) [32]. We do not use these results. The upper bound uses no information
on the support of the Parisi measure.

The upper bound in Theorems 1.1 and 1.2 holds for every regular graph of large
degree: Proposition 4.1 states that

lim sup
D→∞

sup
G∈GD

pG(β, h) ≤ P(β, h) (1.3)

for every β ≥ 0 and h ∈ R. The supremum is over all finite simple D-regular graphs, with
no relation between n and D and no assumption of transitivity or of a spectral condition.
The bound is attained, for example, by the complete graphs KD+1. The lower bound uses
the structure of tori and hypercubes, through a homogenization statement for the output
of a message-passing algorithm (Section 5). We do not know whether the lower bound
holds for every sequence of regular graphs of diverging degree.

Remark 1.8. The complete bipartite graph KD,D is D-regular, and the model on it is the
bipartite SK model with two species of D spins each. For it, the upper bound (1.3) is
attained in every field: for every β ≥ 0 and h ∈ R,

lim
D→∞

pKD,D(β, h) = P(β, h).

The lower bound follows from a Gaussian interpolation with the SK model on 2D spins,
since the normalized adjacency matrix of KD,D is at most the projection onto the constant
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vectors; we give the proof in Section 8.3. In the limit D → ∞, this lower bound is a
special case of the lower bound of Bates and Sohn for balanced multispecies models [19,
Theorem 1.3], which holds in every field [19, Remark 1.8]. For the bipartite SK model
in zero field, a Gaussian interpolation with independent SK models on the two species,
which gives a lower bound of this kind, was used by Barra, Genovese, and Guerra [16,
Section 3.1], and for models with exchangeable species this comparison was proved by
Issa [86, Theorem 38]. In zero field, the limit of the free energy of balanced multispecies
models, which include this one, was identified in [37, 83]; see Section 1.4.

To our knowledge, for interactions of fixed range, no deterministic family of lattices
was previously known on which the free energy of the EA model at low temperature, or
its ground-state energy, converges to the SK value. Our results concern the limit in which
the dimension tends to infinity, taken after or jointly with the thermodynamic limit; they
do not decide between the competing pictures of the EA model in a fixed dimension.

1.3 Ideas of the proofs

The upper and lower bounds use different methods. We describe them in turn.
The upper bound. The interpolation identity recalled in Section 1.4 gives the upper

bound with an error of at most β2ϵ/4 when λmin(S) ≥ −ϵ, where S = AG/D. On
bipartite graphs, S has the eigenvalue −1, so this error does not vanish. We follow
instead the Hamilton–Jacobi approach to the Parisi formula developed by Mourrat and
coauthors [56, 107, 109], and in particular the strategy of Mourrat’s upper bounds for
models with nonconvex interactions [106, 108]. There, an enriched free energy is shown to
be an approximate viscosity supersolution of a Hamilton–Jacobi equation, with Ghirlanda–
Guerra identities and synchronization enforced at the points where a test function touches
it. Fix a finite Ruelle cascade. We give each vertex x a Gaussian field indexed by the
leaves of the cascade, whose covariance is determined by a nondecreasing path qx, and
we let the couplings be independent across the first-level branches of the cascade. Let
F(t, q) be minus the free energy of the resulting model at inverse temperature β

√
t, plus

β2t/4. At q = 0 and t = 1, it is at most β2/4 − pG(β, h), and at t = 0 it is an explicit
function of the paths. Its time derivative equals a quadratic Hamiltonian, evaluated at
the gradient of F in q, plus a term of the form β2(4n)−1 ∑j wj tr(SCj), where Cj is the
covariance matrix of σ1 ⊙ σ2 given that the two replicas meet at depth j of the cascade.
For the SK model the analogous term is nonnegative, and Guerra’s bound follows. Here
S has negative eigenvalues, and the term has no sign.

We show instead that it is small. For every η > 0, we have | tr(SCj)| ≤ η tr Cj +

(4η)−1 tr(S2Cj), with tr Cj ≤ n. Thus it suffices to control tr(S2Cj), a sum of conditional
variances of the row overlaps (S(σ1 ⊙ σ2))x, x ∈ V. A sparsification theorem of Cohen,
Nelson, and Woodruff [42] reduces this sum to a set of O(n/D) rows. For these rows,
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small Gaussian perturbations of the Hamiltonian enforce approximate Ghirlanda–Guerra
identities for the pair formed by the overlap in the cascade and the row overlap. A
finitary form of Panchenko’s synchronization theorem [115], due to Mourrat [106], then
bounds the conditional variance of each of these row overlaps, given the overlap in the
cascade, by a multiple of the mesh of the cascade. The perturbations change the free
energy by O(s2/D) for a perturbation of strength s, and the identities require s → ∞;
this is where we use that D → ∞. The independence of the couplings across first-level
branches makes the fluctuations of the free energy of order 1/n. This allows us to enforce
the identities at every point where a test function touches a deterministic regularization
of F, and we find that this regularization is, up to small errors, a viscosity supersolution
of a Hamilton–Jacobi equation on the cone of V-indexed nondecreasing paths, with the
quadratic Hamiltonian β2(4n)−1 ∑j wj pj · Spj. A comparison principle bounds it below
by a subsolution built from the Hopf–Lax formula for the SK model. That this function
is a subsolution of the equation with the indefinite matrix S follows from the inequality
between the arithmetic and the harmonic mean, which uses only that S has nonnegative
entries and unit row sums. Its initial value lies below that of F because the free energy of
a finite cascade is convex in the square roots of its variances, which we derive in Section 3
from complete monotonicity. Finally, the value of the Hopf–Lax formula at time one
is given by the Parisi formula, as observed by Mourrat for h = 0 [107]. A comparison
of this kind with a one-species Hamilton–Jacobi equation was used by Chen, Issa, and
Mourrat [37, Appendix B] for balanced multispecies models in zero field; see also [86,
Section 7]. There the initial condition is convex in the paths themselves [37, 83]. This
convexity fails in a strong field [106, Section 6.1], whereas the convexity in the square
roots holds in every field.

The lower bound. For m ∈ [−1, 1]V and κx = 1 − m2
x, let

ΘG(m) = βHG(m) + h ∑
x∈V

mx + ∑
x∈V

ent(mx) +
β2

4
⟨κ, Sκ⟩,

where S = AG/D. This is the Thouless–Anderson–Palmer (TAP) free energy [135] of
the graph, that is, the expansion to second order in the couplings of the free energy
at fixed magnetizations [73, 121], with each squared coupling replaced by its mean
1/D. Jensen’s inequality for the product measure on {−1, 1}V with means m gives
log ZG ≥ ΘG(m)− (β2/4)⟨κ, Sκ⟩ for every m, where ZG is the partition function. The last
term of ΘG(m), the Onsager correction, is not visible to this argument, and it is of the
same order as the other terms. The proof of the lower bound has three steps.

First, we construct m by approximate message passing (AMP), following the algo-
rithms of Montanari [103] and Sellke [125], whose nonlinearities are given by the Parisi
partial differential equation (PDE). Assuming that the support of the Parisi measure is
an interval [0, q∗] for all large β, Montanari also showed that at low temperature his



1 Introduction 1.3 Ideas of the proofs 8

algorithm constructs approximate solutions of the TAP equations. The output m is com-
puted from finitely many products of the coupling matrix W with vectors, each a function
of the earlier products. On tori and hypercubes, Hachem’s state evolution for sparse
matrices [80] shows that n−1E ΘG(m) is close to the right side of an identity for P(β, h) in
terms of the Parisi martingale (Lemma 2.6), and that the empirical law of the coordinates
of m is close to the law µ+ of tanh Xq+ , where X is the Parisi diffusion and q+ is the
largest point of the support of the Parisi measure. Only this step uses the theorem on the
support of the Parisi measure, and only for h > 0; the case h = 0 follows by continuity in
h.

Second, we condition on the products computed by the algorithm. Conditioning
on the iterates of message passing goes back to Bolthausen [25], and it was used to
compute the free energy of the SK model at high temperature in [26, 29]. Given these
products, the vector of couplings is the sum of its conditional mean and a Gaussian vector
projected onto a subspace of bounded codimension per vertex. We expand the partition
function around m, writing σ = m + v. The unobserved part of the disorder enters
through the inner product of a Gaussian vector with the edge vector a(v)xy = D−1/2vxvy.
Averaging the exponential over the Gaussian vector produces a variance term from which
the Onsager correction is extracted, whereas the logarithm of this average differs from
the average of the logarithm by a relative entropy. This relative entropy is controlled by
D(m), the relative entropy of the law of βa(v∗) + Z, where v∗ = σ∗ − m for a random
configuration σ∗ with independent coordinates of means m, with respect to the law of
the noise Z. Using Talagrand’s transport inequality for the Gaussian measure [132], we
show that the loss in the pressure is at most 4β(n−1ED(m))1/2 (Theorem 6.2). Thus the
lower bound reduces to the sublinear relative-entropy estimate ED(m) = o(n) for the
planted edge model. In [26, 29], the corresponding error is bounded by a conditional
second-moment computation at high temperature; the planted model and the transport
inequality take its place here. For spherical models, Huang and Sellke [85] proved the
lower bound in the Parisi formula by constructing an ultrametric tree of pure states, each
with approximately the same free energy as the whole model. They build the tree with
an optimization algorithm and a truncated second-moment argument.

Third, we prove this relative-entropy estimate (Theorem 7.5). We interpolate between
the edge observations and independent scalar Gaussian observations of the coordinates of
v∗, and we compare the relative entropy along the interpolation with a Hopf–Lax formula,
as in the Hamilton–Jacobi approach to the inference of low-rank matrices [56, 104, 105].
The Hopf–Lax formula involves the relative entropy ψµ(r) of a scalar Gaussian channel
with signal-to-noise ratio r, averaged over the law µ of the coordinates of m, and it shows
that n−1D(m) is asymptotically at most sup0≤s≤1[ψµ(β2s) − β2s2/4]. The comparison
requires the empirical averages of ψmx to be close to ψµ, uniformly over a set of signal-to-
noise profiles; on tori and hypercubes, this follows from the finite range of the algorithm
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and the fact that all but an exponentially small fraction of the eigenvalues of S are close
to zero. It uses that S ⪯ I, but not that S is positive semidefinite. Finally, for µ = µ+,
the supremum vanishes. For 0 ≤ s ≤ 1 − q+, the Doob-transform representation of
the Parisi diffusion above q+ identifies ψµ+(β2s) − β2s2/4 with a difference of values
of the first variation of the Parisi functional at its minimizer, computed by Jagannath
and Tobasco [88] and by Chen [38]. The optimality of the Parisi measure shows that
this difference is nonpositive. For s ≥ 1 − q+, the bound Γ′

µ+
(s) ≤ β2(1 − q+ − s) ≤ 0

extends the inequality to the remaining range (Proposition 7.4). For the SK model, the
function s 7→ 2ψµ(β2s)− β2s2/2 is the function Γµ introduced by Chen, Panchenko, and
Subag [41]. With q =

∫
m2µ(dm) < 1, they showed that it is nonpositive on [0, 1 − q]

if and only if the variational formula for their generalized TAP correction at the law of
|m| is minimized by the point mass at zero, and that the correction is then the classical
one [41, Proposition 13].

The lower bound obtained in this way holds for tori of a fixed side length and for
hypercubes. In Section 8, a Gaussian interpolation that adds or removes edges shows
that the torus pressure changes by at most β2/(4L) when the side length is changed from
L to infinity, uniformly in d, which gives the uniformity in L. This interpolation was
used by Contucci and Graffi [44, 45] to study the thermodynamic limit and the surface
pressure of the EA model.

1.4 Related work

Mean-field comparisons. Gaussian interpolation and comparison arguments are classical [75,
76]. For the SK model, they give the identity

pSK
n (β, h)− pG(β, h) =

β2

4

∫ 1

0
E
〈

Q − R2〉
θ

dθ

along the interpolation
√

1 − θ HG +
√

θ HSK
n between a graph Hamiltonian and an inde-

pendent SK Hamiltonian on the same vertex set. We have Q − R2 = n−1⟨u − R1, S(u −
R1)⟩. If λmin(S) ≥ −ϵ, then Q − R2 ≥ −ϵ(1 − R2) ≥ −ϵ, and the identity gives
pG(β, h) ≤ pSK

n (β, h) + β2ϵ/4. For every G ∈ GD, the matrix S is nonzero with zero
trace, so it cannot be positive semidefinite. Positive-semidefinite interaction kernels give
the upper bound without this error for Kac models, as in Guerra and Toninelli [77]. If the
eigenvalues of S on the orthogonal complement of 1 tend to zero, then Q − R2 tends to
zero uniformly, and the identity gives both bounds. Neither condition holds on tori and
hypercubes. Their matrices S have eigenvalues close to 1 on this complement, and on bi-
partite graphs S has the eigenvalue −1 and Q − R2 takes negative values. Proposition 4.1
has no spectral hypothesis.

Kac limits and mean-field approximations. High-temperature results for diverging-range
mean-field limits were obtained earlier by Fröhlich and Zegarlinski [71]. In the Kac limit,
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the lower bound of Franz and Toninelli [69, 70] interpolates between the Kac model and
independent SK models on boxes whose side is large compared with the lattice spacing
and small compared with the range of the interaction. It uses that each spin interacts
with many spins through a kernel that varies slowly on the scale of the boxes. For
nearest-neighbor interactions there are no such boxes, and our lower bound uses message
passing instead. For Ising and Potts models with an interaction matrix A whose entries
may have either sign, Basak and Mukherjee proved, under a boundedness condition on
A, that the mean-field approximation of the free energy is asymptotically exact when
tr(A2) = o(n) [18, Theorem 1.1]. In particular, on regular graphs of diverging degree D,
the free energy of the ferromagnetic Ising model with couplings 1/D converges to that
of the Curie–Weiss model [18, Theorem 2.1]. For the EA model, tr((βW)2) is of order n,
and the mean-field approximation misses the Onsager correction.

The Parisi formula. The upper bound in the Parisi formula was proved by Guerra [76]
and the lower bound by Talagrand [134]. Panchenko proved ultrametricity from the
Ghirlanda–Guerra identities [74, 113, 114]. For multispecies models with a positive-
definite interaction matrix, Barra, Contucci, Mingione, and Tantari [17] proved the upper
bound in the Parisi formula, and Panchenko proved the lower bound by showing that
the overlaps of different species are synchronized [115]. Synchronization was extended to
Potts and vector spins in [116, 117]. Connections between the free energy of spin glasses
and Hamilton–Jacobi equations were pointed out by Guerra and coauthors; see [15].
Mourrat and coauthors developed an approach to the Parisi formula and its extensions
through Hamilton–Jacobi equations [56, 105, 107–109], and Chen and Xia studied these
equations on convex cones [36]. Our upper bound combines these tools. The rows of S
play the role of species, but their number is of order n/D even after sparsification, so
we do not use a multispecies formula; each row overlap is synchronized separately with
the overlap in a Ruelle cascade. The lower bound uses the variational representation
of the Parisi functional of Auffinger and Chen [7] and the characterization of the Parisi
measure through the first variation of the Parisi functional, obtained by Jagannath and
Tobasco [88] and independently by Chen [38].

Multispecies models with a nonconvex covariance. For such models, which include the
bipartite SK model [16], the Hamilton–Jacobi approach gives an upper bound on the free
energy [106, 108]. Chen and Mourrat showed that, if the limit of the free energy of a vector
spin glass with nonconvex interactions exists, it is a critical value of a functional of Parisi
type [33], and Chen extended this to multispecies models [31]. For the bipartite spherical
SK model, the limit of the free energy was computed by Auffinger and Chen at high
temperature [5] and by Baik and Lee in zero field, at every noncritical temperature [11];
the critical value follows by continuity. Subag computed it for pure multispecies spherical
models through a TAP representation, assuming that certain free energies converge [130].
For Ising spins, in zero field the limit of the free energy was recently identified by Chen,



1 Introduction 1.5 Organization 11

Issa, and Mourrat [37]. For balanced models, such as the bipartite SK model with species
of equal sizes, this limit is given by a one-species formula. The corresponding lower
bound is due to Bates and Sohn [19], and for models with exchangeable species to
Issa [86]. The matching upper bound was proved in [37, 83], and the lower bound of
Bates and Sohn holds in every field [19, Remark 1.8]. The model on the complete bipartite
graph KD,D is a bipartite SK model with two species of equal size. Proposition 4.1 gives
the upper bound for it in every field, and together with the interpolation identity above
it gives the limit of its free energy in every field (Remark 1.8).

Message passing and the TAP free energy. AMP was introduced by Donoho, Maleki,
and Montanari [57]. For the SK model, an iteration with Gaussian state evolution was
introduced by Bolthausen [25], and general AMP algorithms were analyzed in [21, 22, 91].
Hachem extended polynomial AMP to sparse variance profiles [80]. Montanari [103]
showed that AMP with nonlinearities given by the Parisi PDE approximately maximizes
the SK Hamiltonian if, for all large β, the support of the Parisi measure is an interval
[0, q∗], and Sellke [125] extended the algorithm to nonzero external fields under a corre-
sponding no-overlap-gap assumption. El Alaoui, Montanari, and Sellke [60] extended
these algorithms to mixed p-spin models and studied the energy that they reach through
a stochastic control problem; we use this formulation in Section 5. El Alaoui, Montanari,
and Sellke also combined AMP with stochastic localization to sample from the SK Gibbs
measure at high temperature [61]. Fan, Li, and Sen [66] proved the TAP equations for spin
glasses with orthogonally invariant couplings at high temperature, through a conditional
second-moment analysis of the free energy restricted to a thin band around the output of
AMP. The functional βH(m) + h ∑x mx + ∑x ent(mx) + (β2/4)∑x,y Sxy(1 − m2

x)(1 − m2
y),

whose value at the output of our algorithm we bound below, is the TAP free energy of the
graph. For mixed p-spin models with Ising spins, Chen and Panchenko proved that the
free energy is asymptotically the maximum of the TAP free energy over magnetizations
whose self-overlap lies to the right of the support of the Parisi measure [39, Theorem 1],
and this representation was extended by Chen, Panchenko, and Subag [40, 41]; see
also [9, 65]. For spherical models, a TAP representation of the free energy was proved by
Subag [131].

1.5 Organization

Section 2 collects notation and the facts about the SK model and the Parisi formula that
we use. Sections 3 and 4 prove the upper bound (1.3) for all regular graphs. Sections 5–
7 prove the lower bound for tori of fixed side length and for hypercubes: Section 5
constructs the centers by message passing, Section 6 reduces the lower bound to a
sublinear relative-entropy bound for a planted model, and Section 7 proves this statement.
Section 8 removes the restriction to a fixed side length and proves Theorems 1.1 and 1.2
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and Corollary 1.3.



section 2

Preliminaries

This section fixes notation and collects the inputs used in the rest of the paper. Section 2.1
defines the model and records its elementary properties. Section 2.2 lists classical facts
about Gaussian vectors. Section 2.3 recalls the Sherrington–Kirkpatrick model, the Parisi
formula, and the properties of the Parisi PDE that we use. It ends with Lemma 2.6, which
writes P(β, h) in terms of the Parisi martingale; this identity is the target of the lower
bound.

2.1 The model

For D ≥ 1 let GD be the set of finite simple D-regular graphs G = (V, E), with any
number n = |V| of vertices, connected or not. Vertices are denoted by x, y, z and edges
by e or xy. For G ∈ GD we write S = AG/D for the normalized adjacency matrix. It is
symmetric, has nonnegative entries and zero diagonal, and satisfies

S1 = 1, ∥S∥ ≤ 1, tr S2 =
n
D

, max
x,y∈V

Sxy =
1
D

, (2.1)

where ∥ · ∥ is the operator norm. The bound on the norm follows from Jensen’s inequality,
since ∑x(∑y Sxywy)2 ≤ ∑x,y Sxyw2

y = ∑y w2
y, and the trace identity follows by summing

the squares of the entries.
Let (ge)e∈E be independent standard Gaussian variables. The couplings are Jxy =

gxy/
√

D, and the coupling matrix W is the symmetric V × V matrix with Wxy = Jxy if
xy ∈ E and Wxy = 0 otherwise; in particular, Wxx = 0. We evaluate the Hamiltonian also
at real vectors. The Hamiltonian, the pressure at inverse temperature β ≥ 0 and field
h ∈ R, and the ground-state energy are

HG(w) = ∑
xy∈E

Jxywxwy =
1
2
⟨w, Ww⟩ (w ∈ RV),

pG(β, h) =
1
n

E log ∑
σ∈{−1,1}V

exp
(

βHG(σ) + h ∑
x∈V

σx

)
,

e(G; h) =
1
n

E max
σ∈{−1,1}V

(
HG(σ) + h ∑

x∈V
σx

)
.

(2.2)

The field is not multiplied by β. For all σ, we have EHG(σ)
2 = |E|/D = n/2.

13
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The torus Td
L = (Z/LZ)d with L ≥ 3, in which two vertices are adjacent if they differ

by ±1 in exactly one coordinate, belongs to G2d and has n = Ld vertices. We write pd,L
for its pressure. The hypercube Qd = {0, 1}d, in which two vertices are adjacent if they
differ in exactly one coordinate, belongs to Gd and has n = 2d vertices.

For fixed disorder, ⟨·⟩ denotes the average under the Gibbs measure, which gives σ

weight proportional to exp(βHG(σ) + h ∑x σx). We use it for one or several independent
replicas σ1, σ2, . . . under the same disorder. We write u = σ1 ⊙ σ2 for the coordinatewise
product of two replicas, and

R =
1
n ∑

x∈V
ux, Q =

1
|E| ∑

xy∈E
uxuy =

1
n
⟨u, Su⟩

for the site overlap and the link overlap. The second expression for Q uses |E| = nD/2.
The following notation is used in the lower bound. For m ∈ [−1, 1] we write

ent(m) = −1 + m
2

log
1 + m

2
− 1 − m

2
log

1 − m
2

∈ [0, log 2],

with 0 log 0 = 0, for the entropy of a {−1, 1}-valued random variable with mean m.
For m ∈ [−1, 1]V we write πm for the product law on {−1, 1}V with means m, and
κx = 1 − m2

x for its variances. If mx = tanh y, then

ent(mx) = log 2 cosh y − y tanh y. (2.3)

Lemma 2.1. Let G ∈ GD.

(a) The function (β, h) 7→ pG(β, h) is convex on R2 and even in h, and pG(0, h) = log 2 cosh h.
(b) For β ≥ 0 and h ∈ R,

∂β pG(β, h) =
β

2
(
1 − E⟨Q⟩

)
∈
[
0,

β

2

]
, ∂h pG(β, h) =

1
n ∑

x∈V
E⟨σx⟩ ∈ [−1, 1].

(c) For β ≥ 0 and h ∈ R, we have log 2 cosh h ≤ pG(β, h) ≤ log 2 cosh h + β2/4.
(d) For B ≥ 0, β, β′ ∈ [0, B], and h, h′ ∈ R, we have |pG(β, h)− pG(β′, h′)| ≤ B|β − β′|/2 +

|h − h′|.

Proof. For fixed disorder, the function (β, h) 7→ log ∑σ exp(βHG(σ) + h ∑x σx) is convex,
since it is a log-sum-exp of affine functions, and its partial derivatives are ⟨HG⟩ and
∑x⟨σx⟩. Since these are bounded by maxσ |HG(σ)| and n, which are integrable, we may
differentiate under the expectation. The substitution σ 7→ −σ shows that pG is even in h,
and at β = 0 the sum factorizes and equals (2 cosh h)n. This proves (a) and the formula
for ∂h pG.

For the β-derivative, Gaussian integration by parts ((F1) below) in gxy gives

E
[
gxy⟨σxσy⟩

]
= E ∂gxy⟨σxσy⟩ =

β√
D

E
(
1 − ⟨σxσy⟩2).
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Since ⟨σxσy⟩2 = ⟨uxuy⟩ for two replicas, summing over the |E| = nD/2 edges, we obtain

∂β pG =
1
n ∑

xy∈E

1√
D

E
[
gxy⟨σxσy⟩

]
=

β

nD ∑
xy∈E

(
1 − E⟨uxuy⟩

)
=

β

2
(
1 − E⟨Q⟩

)
.

Since ⟨Q⟩ = |E|−1 ∑xy∈E⟨σxσy⟩2 ∈ [0, 1], this proves (b). Part (c) follows by integrating
the bounds of (b) in β from 0 and using (a), and (d) follows from (b).

2.2 Classical tools

For a random variable Y we write ∥Y∥p = (E|Y|p)1/p. A function on Rk has polynomial
growth if it is bounded by C(1 + |w|p) for some C, p. We use the following classical facts.

(F1) Gaussian integration by parts. Let (U1, . . . , Uk) be a centered Gaussian vector, with
degenerate covariance allowed, and let Ψ : Rk → R be C1, with Ψ and ∇Ψ of
polynomial growth. Then for all j ≤ k,

E
[
UjΨ(U1, . . . , Uk)

]
=

k

∑
ℓ=1

Cov(Uj, Uℓ)E ∂ℓΨ(U1, . . . , Uk).

For one standard Gaussian variable this is Stein’s identity [128], and the general
case follows by writing Uℓ = aℓUj + Vℓ with aℓ = Cov(Uℓ, Uj)/ Var Uj and (Vℓ)

independent of Uj, and applying Stein’s identity conditionally on (Vℓ); if Var Uj = 0,
both sides vanish.

(F2) Method of moments. A Gaussian law on Rk, degenerate or not, is determined by
its moments. If random vectors Zℓ satisfy Eψ(Zℓ) → Eψ(Z) for every polynomial
ψ, with Z Gaussian, then Zℓ → Z in law. In dimension one this is [24, Theo-
rems 30.1 and 30.2], and the general case follows by the Cramér–Wold device [24,
Theorem 29.4].

(F3) Polynomial density. For every Gaussian measure γ on Rk, including a degenerate one,
and every 1 ≤ p < ∞, polynomials are dense in Lp(γ). It suffices to work on the
affine support of γ, where γ is nondegenerate. If density failed there, duality would
give a nonzero f ∈ Lp′(γ), with 1/p + 1/p′ = 1, such that

∫
f P dγ = 0 for every

polynomial P. Since
∫
| f (w)|ec|w|γ(dw) < ∞ for all c > 0 by Hölder’s inequality

and the Gaussian exponential moments, we may integrate the exponential series
term by term, and we obtain

∫
f (w)ei⟨t,w⟩γ(dw) = 0 for every t. Since

∫
f dγ = 0,

the positive and negative parts of f γ have equal mass and equal Fourier transforms.
If this mass is positive, normalize the two parts and apply Fourier uniqueness for
probability measures [24, Section 29]; if it is zero, both parts vanish. In either case
f γ = 0, a contradiction.
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(F4) Gaussian concentration. Let Ψ : Rk → R be L-Lipschitz for the Euclidean norm and
let g be a standard Gaussian vector in Rk. Then Var Ψ(g) ≤ L2, and P(|Ψ(g) −
EΨ(g)| ≥ t) ≤ 2e−t2/(2L2) for every t ≥ 0; see [28, Chapter 3 and Section 5.4]. In
particular, ∥Ψ(g)− EΨ(g)∥p ≤ CpL for every p ≥ 1, where Cp depends only on p.

(F5) Transport inequality. Let γk be the standard Gaussian measure on Rk. For ev-
ery probability measure ρ on Rk, the quadratic Wasserstein distance satisfies
W2(ρ, γk)

2 ≤ 2 KL(ρ ∥ γk) [132].
(F6) Maximum of the Hamiltonian. Let G ∈ GD. Since HG has no diagonal terms, it is affine

in each coordinate separately, and supw∈[−1,1]V |HG(w)| = maxσ |HG(σ)|. For every
p ≥ 1 there exists Cp, depending only on p, such that E maxσ |HG(σ)|p ≤ Cpnp.
Indeed, since maxσ |HG(σ)| is the maximum of the 2n+1 centered Gaussian variables
±HG(σ), each of variance n/2, its mean is at most (2 · (n/2) log 2n+1)1/2 ≤ 2n.
Further, it is a (n/2)1/2-Lipschitz function of (ge), and (F4) bounds its fluctuations.

2.3 The Sherrington–Kirkpatrick model and the Parisi formula

The constants. Let HSK
N (σ) = N−1/2 ∑1≤i<j≤N gijσiσj be the Sherrington–Kirkpatrick (SK)

Hamiltonian on {−1, 1}N, with (gij) independent standard Gaussian variables, and let

pSK
N (β, h) =

1
N

E log ∑
σ

eβHSK
N (σ)+h ∑i σi , mN(h) =

1
N

E max
σ

(
HSK

N (σ) + h ∑
i

σi

)
.

The proof of Lemma 2.1 applies to pSK
N without change, with the site overlap R of two

SK replicas and R2 in place of Q; it gives ∂β pSK
N = (β/2)(1 − E⟨R2⟩), and the conclusions

(a)–(d) hold for pSK
N . The limit P(β, h) = limN→∞ pSK

N (β, h) exists by the theorem of
Guerra and Toninelli [75], and it is given by the Parisi formula (2.7) below. By Lemma 2.1,
P is convex, even in h, and satisfies the bounds of (c) and (d).

Bounding the partition function at inverse temperature β and field βh below by its
largest term and above by 2N times its largest term, we find that for all β > 0,

βmN(h) ≤
1
N

E log ∑
σ

eβ(HSK
N (σ)+h ∑i σi) ≤ βmN(h) + log 2. (2.4)

By the same argument, we have βe(G; h) ≤ pG(β, βh) ≤ βe(G; h)+ log 2 for every G ∈ GD.
Letting N → ∞ in (2.4), we obtain lim supN mN(h) ≤ P(β, βh)/β ≤ lim infN mN(h) +
(log 2)/β for every β > 0, and letting β → ∞ shows that mN(h) converges. We write
P∗(h) for its limit and P∗ = P∗(0). Then P∗(h) = limβ→∞ P(β, βh)/β, and for every
β > 0,

βP∗(h) ≤ P(β, βh) ≤ βP∗(h) + log 2. (2.5)
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The Parisi formula. For a probability measure µ on [0, 1] we write µ(t) = µ([0, t]), and
let Φµ be the solution of the Parisi PDE

∂tΦ +
β2

2

(
∂2

xΦ + µ(t) (∂xΦ)2
)
= 0 on [0, 1)× R, Φ(1, x) = log 2 cosh x. (2.6)

For atomic µ, Auffinger and Chen [7, (4)–(5)] define Φµ by successive Cole–Hopf trans-
forms; it is smooth and satisfies (2.6) classically between consecutive atoms. They extend
µ 7→ Φµ to all µ by continuity, using a Lipschitz estimate of Guerra [76], and this is the
function we use. The PDE does not involve the field. The Parisi functional is

Pβ,h(µ) = Φµ(0, h)− β2

2

∫ 1

0
t µ(t)dt.

Parisi predicted the formula (2.7) below [118, 119]; Guerra proved the upper bound [76],
and Talagrand proved the formula [134]. By Talagrand’s theorem and the uniqueness
theorem of Auffinger and Chen [7, Corollary 1], for every β > 0 and h ∈ R,

P(β, h) = min
µ

Pβ,h(µ) = Pβ,h(νβ,h) (2.7)

for a unique minimizer νβ,h, the Parisi measure. Since Φµ(t, ·) is even, Pβ,h = Pβ,−h and
νβ,−h = νβ,h. We write q− = min supp νβ,h and q+ = max supp νβ,h.

Most of the cited papers use the terminal condition log cosh x and add log 2 to the
functional, with covariance Nξ(R) and ξ(s) = β2s2/2. In [99, Sections 1.1 and 2] the
Gibbs weight is exp(βHSK

N (σ) + h ∑i σi), and the field parameter is the same as ours. The
time variable there is β2t: in the notation of that paper, Φ(t, x) = log 2 + U(β2t, x), and
the Parisi diffusion below is a Brownian time change of the diffusion used there. That
paper therefore describes our P(β, h) and νβ,h, and we use the following theorem from
it [99, Theorem 1.1]. We need it only for h > 0; the lower bound in zero field follows by
continuity in h (Proposition 8.1).

Theorem 2.2. For every β > 0 and h > 0, there exist 0 < q− ≤ q+ < 1 such that supp νβ,h =

[q−, q+].

The Parisi diffusion. For the rest of this section we fix β > 0 and h ≥ 0, and write
ν = νβ,h and Φ = Φν. Let

v(t, x) = β2ν(t) ∂xΦ(t, x), a(t, x) = β ∂2
xΦ(t, x),

let B be a standard Brownian motion, let X solve

dXt = v(t, Xt)dt + β dBt, X0 = h, (2.8)

and let Mt = ∂xΦ(t, Xt). The solution X exists and is pathwise unique because v is
bounded, measurable, and Lipschitz in x by (P1) below. This diffusion appears in [7,
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Theorem 3], and it is called the Auffinger–Chen stochastic differential equation (SDE)
in [88]. We call X the Parisi diffusion and M the Parisi martingale. Since ν(t) = 0 for
t < q−,

Xt = h + βBt (0 ≤ t ≤ q−). (2.9)

We use the following facts. Property (P1) and Lemma 2.5 hold for every probability
measure µ in place of ν.

(P1) Regularity [7, Proposition 2(i),(ii),(iv)]. For j ≤ 4, ∂
j
xΦ exists and is continuous on

[0, 1]× R; further, |∂xΦ| ≤ 1, 0 < ∂2
xΦ ≤ 1, and |∂3

xΦ| ≤ 4. If µℓ → µ weakly, then
∂

j
xΦµℓ

→ ∂
j
xΦµ uniformly for j ≤ 2. In particular, |v| ≤ β2, 0 ≤ ∂xv ≤ β2, 0 < a ≤ β,

and |∂xa| ≤ 4β. In [7] these facts are deduced from [6, Propositions 1 and 2] and an
estimate of Talagrand. Jagannath and Tobasco [87, Theorem 4 and Lemma 16] gave
a PDE proof of the well-posedness and regularity of the Parisi PDE.

(P2) Martingales [7, Lemma 2]. For 0 ≤ s ≤ t ≤ 1,

Mt − Ms =
∫ t

s
a(r, Xr)dBr,

∂2
xΦ(t, Xt)− ∂2

xΦ(s, Xs) = −
∫ t

s
β2ν(r)

(
∂2

xΦ(r, Xr)
)2 dr +

∫ t

s
β ∂3

xΦ(r, Xr)dBr.

(P3) Variational representation at the optimizer [7, Theorem 3], applied on [0, q+] from x = h,
where the maximizer is r 7→ Mr:

Φ(0, h) = E Φ(q+, Xq+)−
β2

2

∫ q+

0
ν(r)EM2

r dr.

In [7, Theorem 3], Φµ(s, x) is written as the value of a stochastic optimal-control
problem; Jagannath and Tobasco [87, Lemma 18] gave a second proof of this repre-
sentation by dynamic programming.

(P4) Cole–Hopf above q+. Since ν(t) = 1 for t ≥ q+, we have Φ(t, x) = log 2 cosh x +

β2(1 − t)/2 for t ∈ [q+, 1]. For an atomic measure with all atoms in [0, q+] this
is the Cole–Hopf formula on [q+, 1] (see [7, (4)]), since E 2 cosh(x + β

√
1 − t Z) =

2 cosh(x) eβ2(1−t)/2 for Z ∼ N(0, 1). It passes to ν by approximating ν weakly by
atomic measures supported in [0, q+] and using (P1).

Optimality of the Parisi measure. Let Σ(t) = Ea(t, Xt)2. It is continuous on [0, 1], because
a is bounded and continuous by (P1) and t 7→ Xt is continuous. By (P2) and the Itô
isometry,

EM2
t = M2

0 +
∫ t

0
Σ(r)dr (t ∈ [0, 1]). (2.10)

We define

Ψ(x) =
β2

2

∫ 1

x

(
EM2

t − t
)

dt (x ∈ [0, 1]). (2.11)
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By (2.10), Ψ is twice continuously differentiable on [0, 1], with one-sided derivatives at
the endpoints, and

Ψ′(x) = −β2

2
(
EM2

x − x
)
, Ψ′′(x) = −β2

2
(
Σ(x)− 1

)
. (2.12)

Jagannath and Tobasco showed that Ψ is the first variation of the Parisi functional
at ν: by [88, Lemma 3.2 and Example 3.4], for every probability measure ρ on [0, 1]
the function ε 7→ Pβ,h((1 − ε)ν + ερ) is right differentiable at ε = 0, with derivative∫

Ψ dρ −
∫

Ψ dν. Since ν minimizes Pβ,h, this derivative is nonnegative for every ρ,
which gives the following theorem [88, Proposition 1.1]; see also [88, Corollary 3.6]. Chen
obtained the first variation and this characterization independently [38, Theorem 2]. For
the spherical models, a characterization of this type was obtained earlier by Talagrand;
see [88, Remark 1.4].

Theorem 2.3. Let β > 0 and h ≥ 0. Then Ψ(q) = minx∈[0,1] Ψ(x) for every q ∈ supp νβ,h.

The statement in [88, Proposition 1.1] is that ν({x : Ψ(x) = min Ψ}) = 1; since Ψ is
continuous, this set is closed, and as a closed set of full measure it contains supp ν. The
normalizations agree. In [88], the model is ξ = β2ξ0, and the SK model corresponds
to ξ0(t) = t2/2. The Parisi PDE there is (2.6) with terminal condition log cosh x, and
its solution uµ is the unique weak solution in the sense of [88, Section 8.1], where the
results of [87] on the Parisi PDE are recalled. For atomic µ, the function Φµ − log 2 is
a weak solution, since it is continuous, has a bounded spatial derivative, and solves
the PDE classically between consecutive atoms; it equals uµ by the uniqueness in [88,
Proposition 8.1]. Both µ 7→ uµ and µ 7→ Φµ are continuous under weak convergence,
by [88, Proposition 8.2] and (P1); for the first, weak convergence gives convergence of
distribution functions at all but countably many points, which implies convergence in
the metric d(µ, µ′) =

∫ 1
0 |µ([0, s])− µ′([0, s])|ds used there. Approximating µ weakly by

atomic measures, we obtain uµ = Φµ − log 2 for all µ. Then the Parisi functional of [88] is
Pβ,h − log 2, the SDE [88, (1.1.2)] is (2.8), the field is the same, and the function Gν of [88,
(1.1.1)] is Ψ.

The conditions EM2
t = t and Σ(t) ≤ 1 in the next corollary are the self-consistency

conditions of [88, Proposition 1.1] and [38, Proposition 1]. If ν has one atom, they are
the conditions of de Almeida and Thouless [53]; see [88, Remarks 1.2 and 1.4] and [136].
In zero field, they appear earlier in [6, Theorem 5], where the expectations are written
under a Girsanov change of measure. We include the short derivation from Theorem 2.3;
the bound q+ < 1 is [88, Lemma 3.8], with the same proof.

Corollary 2.4. Let β > 0 and h ≥ 0. For every t ∈ supp ν ∩ (0, 1), we have EM2
t = t and

Σ(t) ≤ 1. Further, q+ < 1 and EM2
q+ = q+.
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Proof. If t ∈ supp ν ∩ (0, 1), then t is an interior minimum point of Ψ by Theorem 2.3, so
Ψ′(t) = 0 and Ψ′′(t) ≥ 0, and (2.12) gives the first claim. If q+ = 1, then the left derivative
of Ψ at 1 is nonpositive, so EM2

1 ≥ 1 by (2.12); however, M1 = ∂xΦ(1, X1) = tanh X1 and
| tanh X1| < 1 almost surely, a contradiction. Thus q+ < 1. If q+ > 0, the first claim gives
EM2

q+ = q+. If q+ = 0, then the right derivative of Ψ at 0 is nonnegative, which gives
EM2

0 ≤ 0 and EM2
q+ = 0 = q+.

We also need the regularity of ∂xΦ and ∂2
xΦ in time, which follows from (P1).

Lemma 2.5. For every probability measure µ on [0, 1], all s, t ∈ [0, 1], and x ∈ R,

|∂xΦµ(t, x)− ∂xΦµ(s, x)| ≤ 3β2|t − s|, |∂2
xΦµ(t, x)− ∂2

xΦµ(s, x)| ≤ 4
√

3 β |t − s|1/2.

Proof. We write Φ = Φµ. First let µ be atomic. Between consecutive atoms, Φ is smooth
and satisfies (2.6) classically, with µ(t) constant. Differentiating in x, we obtain

∂t∂xΦ = −β2

2
(
∂3

xΦ + 2µ(t) ∂xΦ ∂2
xΦ

)
,

which is at most β2(4 + 2)/2 = 3β2 in absolute value by (P1). Since ∂xΦ is contin-
uous on [0, 1] × R, the first bound holds on [0, 1]. For the second, fix s, t and let
f = ∂xΦ(t, ·)− ∂xΦ(s, ·). Then ∥ f ∥∞ ≤ 3β2|t − s|, and ∥ f ′′∥∞ ≤ 8 by (P1). If ∥ f ′′∥∞ = 0,
then f is bounded and affine, hence constant, and the claim is immediate. Other-
wise, Taylor’s formula at x ± ϵ gives 2ϵ| f ′(x)| ≤ 2∥ f ∥∞ + ϵ2∥ f ′′∥∞, and the choice
ϵ = (2∥ f ∥∞/∥ f ′′∥∞)1/2 gives Landau’s inequality ∥ f ′∥2

∞ ≤ 2∥ f ∥∞∥ f ′′∥∞ ≤ 48β2|t − s|.
This is the second bound, since f ′ = ∂2

xΦ(t, ·)− ∂2
xΦ(s, ·). For general µ, we approximate

µ weakly by atomic measures; both bounds pass to the limit by the uniform convergence
in (P1).

The law of the Parisi center. We write µ+ for the law of Mq+ , and call it the law of the
Parisi center. We also set

E(β, h) =
∫ q+

0
E a(t, Xt)dt.

The next lemma collects the properties of the Parisi martingale used in the lower bound.
Part (c) writes P(β, h) as the sum of an energy, a field term, an entropy, and a correction,
and it identifies the value that the lower bound must reach. For h > 0 and a measurable
f : R → [−1, 1], we define ϕ f (t) = E f (Y) f (Y′) for t ∈ [0, q−], where (Y, Y′) is a centered
Gaussian pair with variances q− and covariance t. The right side of (c) has the form of
the TAP free energy of Thouless, Anderson, and Palmer [135] at a magnetization whose
coordinates have law µ+ and whose energy per site is E(β, h). That the free energy of
mixed p-spin models equals the maximum of the TAP free energy over magnetizations
with self-overlap close to q+ was proved by Chen and Panchenko [39, Theorem 1], and a
computation close to our proof of (c) appears in the proof of [40, Theorem 7], without
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external field. After the change of variables s = β2t, the inequality ϕ f (t) > t in (a) is the
analogue of the property of the root map in the first phase of Sellke’s algorithm [125,
Lemma 3.2]. There the root map is defined through the Parisi PDE at zero temperature.
If q− = q+, then f (y) = tanh(h + βy), and this inequality follows from [25, Lemma 2.2
and Corollary 2.3]. Our proof uses the same convexity argument as [25, 125]. The
proof of (b) follows [103, Lemma 3.7]. Since a(q+, x) = β(1 − tanh2 x), the inequality
Ea(q+, Xq+)

2 ≤ 1 used there is Plefka’s condition [121] for the law of Mq+ ; see [41,
Proposition 14].

Lemma 2.6. Let β > 0 and h > 0.

(a) We have EM2
t = t for t ∈ [q−, q+]. If q− < q+, then Ea(t, Xt)2 = 1 for t ∈ [q−, q+]. The

function f (y) = ∂xΦ(q−, h + βy) is C1 with values in (−1, 1) and f ′ ∈ (0, β], it satisfies
f (Bq−) = Mq− and ϕ f (q−) = q−, and ϕ f (t) > t for every t ∈ [0, q−).

(b) We have Mq+ = tanh Xq+ and β2(1 − q+)2 ≤ 1.
(c) We have

P(β, h) = β E(β, h) + h EMq+ + E ent(Mq+) +
β2

4
(1 − q+)2. (2.13)

Proof. (a) By Theorem 2.2, [q−, q+] = supp ν ⊂ (0, 1), and Corollary 2.4 implies that
EM2

t = t for t ∈ [q−, q+]. If q− < q+, differentiating (2.10) gives Σ = 1 on (q−, q+), and
by continuity also on [q−, q+].

Next, by (P1), f ′(y) = β∂2
xΦ(q−, h + βy) ∈ (0, β], and f takes values in [−1, 1]; since f

is strictly increasing, its values lie in (−1, 1). By (2.9), Mt = ∂xΦ(t, h + βBt) for t ≤ q−,
and in particular f (Bq−) = Mq− and ϕ f (q−) = EM2

q− = q−. Fix t ∈ [0, q−). Since
M is a martingale and Mt is a function of Bt, we have E[ f (Bq−) | Bt] = Mt. Let B′

be a Brownian motion independent of B and let A′ = Bt + B′
q− − B′

t. Then (Bq− , A′)
is a centered Gaussian pair with variances q− and covariance t, and given Bt its two
coordinates are independent with the same law. Hence

ϕ f (t) = E
[
E[ f (Bq−) | Bt]

2] = EM2
t = q− −

∫ q−

t
Σ(r)dr.

It remains to show that Σ(r) < 1 for r < q−. Since ν(r) = 0 for r < q−, we see from
the second identity in (P2) that ∂2

xΦ(t, Xt) is a martingale on [0, q−], and the Itô isometry
gives

Σ(t) = Σ(0) + β4
∫ t

0
E
(
∂3

xΦ(r, Xr)
)2 dr (t ≤ q−).

The integrand is positive for r ∈ (0, q−]. Indeed, Xr = h + βBr has a positive density,
and ∂3

xΦ(r, ·) is continuous and not identically zero; otherwise ∂2
xΦ(r, ·) would be a

positive constant by (P1), and ∂xΦ(r, ·) would be unbounded. By the last display, Σ(r) <
Σ(q−) ≤ 1 for r < q−, where the last inequality is Corollary 2.4 at q−. Then ϕ f (t) >

q− − (q− − t) = t.
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(b) By (P4), we have ∂xΦ(q+, x) = tanh x and a(q+, x) = β(1 − tanh2 x). Then Mq+ =

tanh Xq+ , and (a) gives E tanh2 Xq+ = q+. Hence β(1 − q+) = Ea(q+, Xq+). Since q+ ∈
(0, 1), Jensen’s inequality and Corollary 2.4 at q+ give β2(1 − q+)2 ≤ Ea(q+, Xq+)

2 ≤ 1.
(c) We compute each term of Pβ,h(ν), which equals P(β, h) by (2.7).

• Since ν(r) = 0 for r < q− and EM2
r = r on [q−, q+], properties (P3) and (P4) give

Φ(0, h) = E log 2 cosh Xq+ +
β2

2
(1 − q+)−

β2

2

∫ q+

0
t ν(t)dt.

• Since ν(t) = 1 on [q+, 1], we have

β2

2

∫ 1

0
t ν(t)dt =

β2

2

∫ q+

0
t ν(t)dt +

β2

4
(1 − q2

+).

• By (2.3) and (b), E log 2 cosh Xq+ = E ent(Mq+) + E[Xq+ Mq+ ].
• By (2.8), Xq+ = h +

∫ q+
0 β2ν(t)Mt dt + βBq+ . Since M is a bounded martingale,

E[MtMq+ ] = EM2
t , which equals t wherever ν(t) ̸= 0, by (a). By (P2) and the

Itô isometry, E[Bq+ Mq+ ] =
∫ q+

0 Ea(t, Xt)dt = E(β, h). Combining these identities, we
obtain

E[Xq+ Mq+ ] = h EMq+ + β2
∫ q+

0
t ν(t)dt + β E(β, h).

When we substitute these expressions into the Parisi functional, the integrals
∫ q+

0 tν(t)dt
cancel, and we obtain

P(β, h) = E ent(Mq+) + h EMq+ + β E(β, h) +
β2

2
(1 − q+)−

β2

4
(1 − q2

+).

This is (2.13), because 2(1 − q+)− (1 − q2
+) = (1 − q+)2.

By Lemma 2.6(a,b), µ+ is the law of tanh Xq+ , µ+((−1, 1)) = 1, and
∫

m2µ+(dm) = q+.



section 3

Finite cascades and the scalar transform

The goal of this section is to develop the calculus of finite cascades that is used in the
proof of Proposition 4.1. Section 3.1 fixes the notation. Section 3.2 records derivative
identities for cascade recursions with auxiliary randomness; they are applied to the scalar
transform in Section 3.3 and to an enriched free energy in Section 4. Section 3.4 proves
that the curvature and the complements of the transported squared magnetizations of an
Ising cascade are completely monotone functions of the square of the field. Section 3.5
deduces that the scalar transform is convex in the square roots of its variances, for every
value of the field. Section 3.6 studies a Hopf–Lax formula built from the scalar transform
and compares its value at the origin with the Parisi formula.

3.1 Notation

Throughout this section and the next, we fix an integer K ≥ 1 and real numbers

0 < ζ0 < ζ1 < · · · < ζK−1 < ζK = 1, (3.1)

and we set ζ−1 = 0,

wj = ζ j − ζ j−1 (0 ≤ j ≤ K), w̄ = max
0≤j≤K

wj. (3.2)

Then wj > 0 and ∑j wj = 1. For x, y ∈ RK+1 we write ⟨x, y⟩w = ∑K
j=0 wjxjyj, ∥x∥1,w =

∑j wj|xj|, and ∥x∥2,w = ⟨x, x⟩1/2
w . Since ∑j wj = 1, we have ∥x∥1,w ≤ ∥x∥2,w. The ordered

cone is
CK = {q ∈ RK+1 : 0 ≤ q0 ≤ q1 ≤ · · · ≤ qK},

and its dual cone is C∗
K = {z ∈ RK+1 : ⟨z, q⟩w ≥ 0 for all q ∈ CK}. Every q ∈ CK can

be written as q = ∑K
ℓ=0(qℓ − qℓ−1)1[ℓ,K] with q−1 = 0, where 1[ℓ,K] is the vector whose

coordinates with index at least ℓ are equal to one and whose other coordinates vanish.
Since the coefficients are nonnegative, we have

C∗
K =

{
z ∈ RK+1 :

K

∑
j=ℓ

wjzj ≥ 0 for 0 ≤ ℓ ≤ K
}

. (3.3)

We write z ⪰∗ z′ if z − z′ ∈ C∗
K. A function u : CK → R is called differentiable on CK if there

exists a continuous map Du : CK → RK+1 such that u(q′) = u(q) + ⟨Du(q), q′ − q⟩w +

23
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o(|q′ − q|) as q′ → q within CK; we call Du the weighted gradient of u. Its coordinates are
(Du)j = w−1

j ∂u/∂qj. If u is differentiable on CK, then for q, q′ ∈ CK the segment from q to
q′ lies in CK and

u(q′)− u(q) =
∫ 1

0
⟨Du(q + θ(q′ − q)), q′ − q⟩w dθ. (3.4)

We write Z, Z0, Z1, . . . for standard Gaussian variables and, for b ≥ 0 and a continuous
function g of at most exponential growth, γb ∗ g(x) = Eg(x +

√
b Z). If g is smooth and

all its derivatives have at most exponential growth, then b 7→ γb ∗ g(x) is smooth on
[0, ∞), with one-sided derivatives at b = 0, and

∂b(γb ∗ g) =
1
2

γb ∗ g′′ =
1
2

∂2
x(γb ∗ g). (3.5)

3.2 Cascade recursions

We consider recursions in which, at each level, a Gaussian increment of the field is
integrated together with an auxiliary random element. Let (Ωℓ, Aℓ, Pℓ), 1 ≤ ℓ ≤ K, be
probability spaces, let ω = (ω1, . . . , ωK) have independent coordinates with ωℓ ∼ Pℓ, and
let Z1, . . . , ZK be independent standard Gaussian variables, independent of ω. We write
ω≤k = (ω1, . . . , ωk). Let L : R × Ω1 × · · · × ΩK → R be measurable and such that L(·, ω)

is smooth for each ω, with

|∂xL| ≤ 1, ∂2
xL = 1 − (∂xL)2, E exp

(
c|L(0, ω)|

)
< ∞ for every c > 0. (3.6)

The two main examples are L(x) = log 2 cosh x, without auxiliary randomness, and
L(x, ω) = log ∑σ exp(xσx0 + A(σ, ω)), where σ ranges over a finite set of spin configura-
tions and x0 is a fixed site; then ∂xL = ⟨σx0⟩ and ∂2

xL = 1 − ⟨σx0⟩2 for the corresponding
Gibbs average. The second relation in (3.6) implies, by induction, that every derivative of
L(·, ω) of order r ≥ 1 is a polynomial in ∂xL, so it is bounded by a constant depending
only on r.

Let ∆1, . . . , ∆K ≥ 0. We set LK = L and, for 1 ≤ ℓ ≤ K,

Lℓ−1(x, ω≤ℓ−1) =
1

ζℓ−1
log E

[
exp

(
ζℓ−1Lℓ

(
x +

√
∆ℓ Zℓ, ω≤ℓ−1, ωℓ

))]
, (3.7)

where the expectation is over (Zℓ, ωℓ) only. The function L0 is then a deterministic func-
tion of x. All recursions and identities involving auxiliary randomness are understood
for almost every auxiliary prefix; on exceptional null sets, we choose arbitrary versions
of the recursive functions and transition kernels. For 0 ≤ k < K, given (Xk, ω≤k), we let
(Xk+1, ωk+1) have the law of (Xk +

√
∆k+1Zk+1, ωk+1) reweighted by the density

exp
(

ζk
(

Lk+1(Xk+1, ω≤k+1)− Lk(Xk, ω≤k)
))

, (3.8)
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which has unit mean by (3.7). This defines a Markov chain (Xk, ω≤k)k≤K once the law of
the initial state X0 is fixed; we write Ê for expectations with respect to it. We set

Mj = ∂xLj(Xj, ω≤j), Λk,j(x, ω≤k) = Ê
[
M2

j
∣∣ Xk = x, ω≤k

]
(0 ≤ k ≤ j ≤ K).

In particular Λk,k = (∂xLk)
2.

Lemma 3.1. The following hold for every 0 ≤ k ≤ K.

(a) The function Lk(·, ω≤k) is smooth, |∂xLk| ≤ 1, each derivative of order r ≥ 1 is bounded by
a constant depending only on r and K, and ∂xLk(Xk, ω≤k) = Ê[Mk+1 | Xk, ω≤k] if k < K.
Further, 0 ≤ Λk,k ≤ Λk,k+1 ≤ · · · ≤ Λk,K ≤ 1.

(b) We have

∂2
xLk = 1 − ζkΛk,k −

K

∑
j=k+1

wjΛk,j. (3.9)

(c) For k < ℓ ≤ K, the function Lk is differentiable in ∆ℓ ∈ [0, ∞), with a one-sided derivative
at ∆ℓ = 0, and

∂∆ℓ
Lk =

1
2

(
1 −

K

∑
j=ℓ

wjΛk,j

)
. (3.10)

Proof. For ℓ ≤ K, suppose that Lℓ satisfies the bounds in (a) and that
E exp(c|Lℓ(0, ω≤ℓ)|) < ∞ for all c > 0. Since |Lℓ(x, ·) − Lℓ(0, ·)| ≤ |x|, differenti-
ation under the expectation in (3.7) is justified by dominated convergence, and

∂xLℓ−1 = Êℓ−1[∂xLℓ], ∂2
xLℓ−1 = Êℓ−1[∂

2
xLℓ] + ζℓ−1

(
Êℓ−1

[
(∂xLℓ)

2]− (∂xLℓ−1)
2
)

,
(3.11)

where Êℓ−1 denotes the expectation of the step from level ℓ− 1 to level ℓ in (3.8). Higher
derivatives of Lℓ−1 are polynomials, with coefficients bounded in terms of the order, in
tilted moments of derivatives of Lℓ, and they are bounded by constants depending only
on the order and on K. Let Y = |Lℓ(0, ·)|+

√
∆ℓ|Zℓ|. By (3.7) and Jensen’s inequality,

|Lℓ−1(0, ·)| ≤ ζ−1
ℓ−1 log Eℓeζℓ−1Y, where Eℓ integrates (Zℓ, ωℓ). For c ≥ ζℓ−1, using Jensen’s

inequality again, we obtain E exp(c|Lℓ−1(0, ·)|) ≤ EecY < ∞. By downward induction,
this proves the first two assertions in (a) and the martingale identity. Since Mk =

Ê[Mj | Xk, ω≤k] for k ≤ j, the monotonicity of j 7→ Λk,j follows from the conditional form
of Jensen’s inequality, and |Mj| ≤ 1 implies that Λk,K ≤ 1.

We prove (b) by downward induction. For k = K it is the second relation in (3.6), since
ζK = 1. Suppose that (3.9) holds at level k + 1. By the Markov property, Êk[Λk+1,j] = Λk,j
for j ≥ k + 1, and inserting this into (3.11) we obtain

∂2
xLk = 1 − ζk+1Λk,k+1 − ∑

j≥k+2
wjΛk,j + ζkΛk,k+1 − ζkΛk,k.
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Since ζk+1 − ζk = wk+1, this is (3.9) at level k.
For (c), let first ℓ = k + 1. By (3.5), applied for fixed (ω≤k+1) and then averaged over

ωk+1, we have

∂∆k+1 Lk =
1

2ζk

∂2
x exp(ζkLk)

exp(ζkLk)
=

1
2
(
∂2

xLk + ζk(∂xLk)
2),

and (3.9) turns the right side into (1 − ∑j≥k+1 wjΛk,j)/2. If ℓ > k + 1, then ∂∆ℓ
Lk =

Êk[∂∆ℓ
Lk+1], because ∆ℓ enters (3.7) at level k only through Lk+1. By induction on ℓ− k

and the identity Êk[Λk+1,j] = Λk,j, we obtain (3.10).

3.3 The scalar transform

We now specialize Lemma 3.1 to L(x) = log 2 cosh x, without auxiliary randomness. For
v ∈ CK we take ∆ℓ = vℓ − vℓ−1 for 1 ≤ ℓ ≤ K, write ϕk = Lk, and let the chain start from
X0 = h +

√
v0 Z0. The compensated scalar transform is

Ψh(v) =
vK

2
− E ϕ0

(
h +

√
v0 Z0

)
, ψh(q) = Ψh(2q) (v, q ∈ CK). (3.12)

A level of ψh with endpoint qj has Gaussian variance 2qj. For h = 0 and up to the additive
constant log 2, the function ψh is the initial condition of the Hamilton–Jacobi equation for
the Sherrington–Kirkpatrick model in [107]; see also [56, Lemma 6.4]. We also write

Tj(h) = Tj(h; v) = E Λ0,j
(
h +

√
v0 Z0

)
= Ê

[
ϕ′

j(Xj)
2] (0 ≤ j ≤ K). (3.13)

Lemma 3.2. For every h ∈ R, the function Ψh is differentiable on CK, and

∂vj Ψh(v) =
wj

2
Tj(h; v) (0 ≤ j ≤ K), 0 ≤ T0 ≤ T1 ≤ · · · ≤ TK ≤ 1. (3.14)

The function ψh is differentiable on CK with Dψh(q) = (Tj(h; 2q))j≤K ∈ CK ∩ [0, 1]K+1. In
particular, |ψh(q) − ψh(q′)| ≤ ∥q − q′∥1,w for q, q′ ∈ CK, and ψh(q) ≤ ψh(q′) if moreover
q ≤ q′ coordinatewise.

Proof. Iterating (3.5) through the finite recursion gives all mixed derivatives of ϕ0 in
x and in the durations ∆ℓ ∈ [0, ∞). On compact sets of durations, the differentiated
integrands have a common Gaussian-integrable exponential bound, by Lemma 3.1(a).
Dominated convergence therefore gives joint continuity of these derivatives, with one-
sided derivatives when a duration is zero. Applying the same argument to the outer
convolution γv0 ∗ ϕ0 shows that Ψh is smooth in (v0, ∆1, . . . , ∆K) on [0, ∞)K+1 in this sense,
and differentiable on CK. For 1 ≤ j < K, the endpoint vj enters only ∆j and ∆j+1, and by
Lemma 3.1(c) we have

∂vj Ψh = −E
[
(∂∆j − ∂∆j+1)ϕ0(X0)

]
= −1

2
E
[

∑
i≥j+1

wiΛ0,i(X0)− ∑
i≥j

wiΛ0,i(X0)
]
=

wj

2
Tj.
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For j = K, the endpoint enters ∆K and the term vK/2, and

∂vK Ψh =
1
2
− 1

2
E
[
1 − wKΛ0,K(X0)

]
=

wK

2
TK.

The endpoint v0 enters the variance of X0 and ∆1. By (3.5), (3.9), and (3.10),

∂v0Ψh = −1
2

E
[
ϕ′′

0 (X0)
]
+ E

[
∂∆1ϕ0(X0)

]
= −1

2
E
[
1 − ζ0Λ0,0 − ∑

j≥1
wjΛ0,j

]
+

1
2

E
[
1 − ∑

j≥1
wjΛ0,j

]
,

which equals w0T0/2 because ζ0 = w0. The ordering of the Tj follows from Lemma 3.1(a).
The assertions about ψh follow from the chain rule and (3.4).

Up to a change of variables, the formula (3.14) is [112, Lemma 1], and for h = 0 it also
appears in [37, Proposition 2.5]. The nonnegativity and the ordering of the derivatives
are a special case of [108, Proposition 3.6].

3.4 Complete monotonicity

A function f : [0, ∞) → R is completely monotone if it is smooth on [0, ∞), with one-
sided derivatives at 0, and (−1)k f (k) ≥ 0 on [0, ∞) for every integer k ≥ 0. A function
g : [0, ∞) → [0, ∞) is a Bernstein function if it is smooth and g′ is completely monotone. For
an even function F on R we write F̃(s) = F(

√
s), s ≥ 0, and we say that F is completely

monotone in x2 if F̃ is completely monotone. If F is smooth and even, then

∂s F̃(s) = (DF)(
√

s), (DF)(x) =
1
2

∫ 1

0
F′′(xθ)dθ, (3.15)

because F′(0) = 0. Since the operator D maps smooth even functions to smooth even
functions, F̃ is smooth on [0, ∞), its derivatives are ∂k

s F̃(s) = (DkF)(
√

s), and |∂k
s F̃(s)| ≤

2−k sup|y|≤
√

s |F(2k)(y)|.
We use the following facts.

Lemma 3.3. (i) Products and nonnegative linear combinations of completely monotone func-
tions are completely monotone. If f is completely monotone, then so are s 7→ f (as) for a ≥ 0
and s 7→

∫ 1
0 f (sθ2)dθ.

(ii) If g is a Bernstein function, then e−g is completely monotone. If moreover g > 0, then 1/g
is completely monotone.

(iii) A function f is completely monotone if and only if f (s) =
∫
[0,∞) e−λsµ(dλ) for a finite

positive measure µ with
∫

λkµ(dλ) < ∞ for every k.
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(iv) If G is completely monotone in x2 and b ≥ 0, then γb ∗ G is completely monotone in x2, and
b 7→ γb ∗ G(0) is completely monotone on [0, ∞).

Proof. Part (i) follows from the Leibniz rule and differentiation under the integral sign.
For (ii), let H = e−g. Then H′ = −g′H and, by the Leibniz rule,

(−1)k+1H(k+1) =
k

∑
i=0

(
k
i

)[
(−1)ig′(i)

][
(−1)k−iH(k−i)],

which is nonnegative by induction on k. If g > 0 and H = 1/g, then H′ = −g′H2, and the
same induction, applied to H and to H2 simultaneously, shows that (−1)kH(k) ≥ 0. Part
(iii) is Bernstein’s theorem [124, Theorem 1.4]; the measure is finite because f (0) < ∞,
and its moments are finite because f is smooth at 0. For (iv), we use (iii) to write
G̃(s) =

∫
e−λsµ(dλ). For λ ≥ 0 and b ≥ 0 we have

E exp
(
− λ(x +

√
bZ)2) = (1 + 2bλ)−1/2 exp

(
− λx2

1 + 2bλ

)
.

Integrating against µ represents γb ∗ G as a mixture of the functions x 7→ e−λ′x2
with λ′ =

λ/(1+ 2bλ) ≥ 0, with finite positive weights; differentiation under the integral is justified
because λ′ ≤ λ and µ has finite moments. At x = 0 we obtain

∫
(1 + 2bλ)−1/2µ(dλ), and

b 7→ (1 + 2bλ)−1/2 is completely monotone.

The derivatives that we must control satisfy linear parabolic equations in the variable
s = x2, which degenerate at s = 0. We use the following maximum principle.

Lemma 3.4. Let d > 0 and let z : [0, d]× [0, ∞) → R be continuous, such that ∂bz, ∂sz, and
∂2

s z exist and are continuous on (0, d]× [0, ∞), with one-sided derivatives at s = 0. Suppose that
|z(b, s)| ≤ Cze

√
s, that z(0, ·) ≥ 0, and that

∂bz ≥ 2s ∂2
s z + β(b, s) ∂sz + V(b, s) z on (0, d]× [0, ∞),

where 0 ≤ β(b, s) ≤ Cβ(1 +
√

s) and |V(b, s)| ≤ CV . Then z ≥ 0.

Proof. Let Φ(s) = cosh(2
√

s) = ∑k≥0 4ksk/(2k)!, which is smooth on [0, ∞). We have
Φ′(s) = sinh(2

√
s)/

√
s ≥ 0 and 2sΦ′′(s) = 2 cosh(2

√
s)− sinh(2

√
s)/

√
s. Using sinh y ≤

y cosh y and sinh y ≤ cosh y for y ≥ 0, we find

2sΦ′′ + βΦ′ ≤ 2Φ + Cβ

(sinh(2
√

s)√
s

+ sinh(2
√

s)
)
≤ (2 + 3Cβ)Φ.

Set CΦ = 2 + 3Cβ, fix Λ > CV , and for ϵ > 0 let zϵ(b, s) = e−Λbz(b, s) + ϵeCΦbΦ(s). Since
Φ(s) ≥ e2

√
s/2, the function zϵ tends to +∞ as s → ∞, uniformly in b ∈ [0, d], so it
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attains its minimum on [0, d]× [0, ∞) at some point (b1, s1). Suppose that this minimum
is negative. Then b1 > 0, because zϵ(0, ·) > 0. At (b1, s1) we have ∂bzϵ ≤ 0; moreover
2s∂2

s zϵ + β∂szϵ ≥ 0, since either s1 > 0, in which case ∂szϵ = 0 ≤ ∂2
s zϵ, or s1 = 0, in which

case ∂szϵ ≥ 0 and the second-order term vanishes. On the other hand, by the assumed
inequality, we have

∂bzϵ ≥
(
2s∂2

s zϵ + β∂szϵ

)
+ ϵeCΦb(CΦΦ − 2sΦ′′ − βΦ′)+ (V − Λ)e−Λbz.

At (b1, s1), the first two terms are nonnegative and e−Λbz = zϵ − ϵeCΦbΦ < 0, so the last
term is positive. Then ∂bzϵ > 0 there, a contradiction. We conclude that zϵ ≥ 0 for all
ϵ > 0, and z ≥ 0.

We now show that one step of the recursion (3.7), without auxiliary randomness,
preserves the relevant complete monotonicity properties.

Lemma 3.5. Let 0 < m ≤ m′ ≤ 1. Let ϕin : R → R be smooth, even, and convex, with |ϕ′
in| ≤ 1

and with bounded derivatives of every order r ≥ 1. Let Λι
in, ι ∈ I , be finitely many smooth even

functions with values in [0, 1] and bounded derivatives of every order. Suppose that for every
c ∈ [0, m′] and ι ∈ I the functions

ϕ′′
in, ecϕinϕ′′

in, ecϕin
(
1 − (ϕ′

in)
2), ecϕin

(
1 − Λι

in
)

(3.16)

are completely monotone in x2. For b ≥ 0 let

ϕ(b, ·) = 1
m

log
(
γb ∗ emϕin

)
, Λι(b, ·) =

γb ∗
(
emϕinΛι

in
)

γb ∗ emϕin
.

Then, for every b ≥ 0, the functions ϕ(b, ·) and Λι(b, ·) satisfy the same assumptions with m′

replaced by m.

Proof. Fix d > 0; we prove the claim for b ∈ [0, d]. The function ϕ(b, ·) is even and
smooth, and (3.11), with ζℓ−1 replaced by m, shows that |∂xϕ| ≤ 1, ∂2

xϕ ≥ 0, and that the
derivatives of order r ≥ 1 are bounded uniformly in b ∈ [0, d]. Similarly, Λι(b, ·) takes
values in [0, 1] and has bounded derivatives, since it is a tilted average of Λι

in. Let u = ∂xϕ

and ψ = ∂2
xϕ. By (3.5), for b > 0,

∂bϕ =
1
2
(
∂2

xϕ + m(∂xϕ)2), ∂bu =
1
2

∂2
xu + mu∂xu, ∂bψ =

1
2

∂2
xψ + mu∂xψ + mψ2,

(3.17)
and 2∂bΛι = ∂2

xΛι + 2mu∂xΛι. For c ∈ [0, m] we set Hc = ecϕψ, Gc = ecϕ(1 − u2), and
Θι

c = ecϕ(1 − Λι). Using (3.17), we compute

∂bHc =
1
2

∂2
xHc + (m − c)u ∂xHc +

(
mψ − 1

2
c(m − c)u2)Hc,

∂bGc =
1
2

∂2
xGc + (m − c)u ∂xGc −

1
2

c(m − c)u2Gc + Hcψ,

∂bΘι
c =

1
2

∂2
xΘι

c + (m − c)u ∂xΘι
c −

1
2

c(m − c)u2Θι
c.

(3.18)
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We pass to the variable s = x2. Let f (b, s) = ψ(b,
√

s) and b∗(b, s) =
√

s u(b,
√

s).
For an even function F(b, ·) we have ∂2

xF = 2∂s F̃ + 4s ∂2
s F̃ and γu ∂xF = 2γb∗∂s F̃, where

F̃(b, s) = F(b,
√

s). Since u(b, 0) = 0, we have u(b, x) = x
∫ 1

0 ψ(b, xθ)dθ, which implies

∂sb∗ =
1
2

[
f (s) +

∫ 1

0
f (sθ2)dθ

]
, ∂s

(
u(
√

s)2) = f (s)
∫ 1

0
f (sθ2)dθ. (3.19)

Since ϕ(b, ·) is even and convex, u(b, x) has the sign of x, and 0 ≤ b∗ ≤
√

s because
|u| ≤ 1. Since ψ is nonnegative and bounded, we see from (3.19) that ∂sb∗ is nonnegative
and bounded.

All functions below are smooth in (b, s) ∈ (0, d] × [0, ∞) and continuous on
[0, d] × [0, ∞) together with their s-derivatives, by (3.15) and the smoothness of the
heat semigroup. Since ϕ(b, x) ≤ ϕ(b, 0) + |x| and ϕ(b, 0) is bounded on [0, d], every x-
derivative of Hc, Gc, and Θι

c is bounded by Cec|x| ≤ Ce|x|, and by (3.15) every s-derivative
of their transforms is bounded by Ce

√
s. The functions f , b∗, and u2 have bounded

derivatives.
Step 1: f (b, ·) is completely monotone. Set ϖk = (−1)k∂k

s f and, for j ≥ 1, Bj =

(−1)j−1∂
j
sb∗. By (3.19),

Bj =
1
2

[
ϖj−1(s) +

∫ 1

0
θ2j−2ϖj−1(sθ2)dθ

]
.

In the variable s, the last equation in (3.17) reads ∂b f = 2s∂2
s f + (1 + 2mb∗)∂s f + m f 2.

Differentiating k ≥ 1 times in s, we obtain

∂bϖk = 2s ∂2
s ϖk + (2k + 1 + 2mb∗)∂sϖk +

(
2mk ∂sb∗ + 2m f

)
ϖk

+ m
k−1

∑
i=1

(
k
i

)
ϖiϖk−i + 2m

k

∑
i=2

(
k
i

)
Biϖk−i+1.

(3.20)

We have ϖ0 = f ≥ 0 because ϕ(b, ·) is convex. Suppose that ϖ0, . . . , ϖk−1 ≥ 0 on
[0, d]× [0, ∞). Then B2, . . . , Bk ≥ 0, and the two sums in (3.20) are nonnegative, because
they involve only ϖ1, . . . , ϖk−1 and B2, . . . , Bk. Further, ϖk(0, ·) ≥ 0 by (3.16). Lemma 3.4,
applied with β = 2k + 1 + 2mb∗ and V = 2mk∂sb∗ + 2m f , implies that ϖk ≥ 0. By
induction, f (b, ·) is completely monotone. By (3.19) and Lemma 3.3(i), (−1)j−1∂

j
sb∗ ≥ 0

and (−1)j−1∂
j
s(u2) ≥ 0 for all j ≥ 1.

Step 2: a general induction. Let F be one of Hc, Gc, Θι
c, with c ∈ [0, m] and γ = m− c ≥ 0.

By (3.18), F̃ satisfies
∂b F̃ = 2s ∂2

s F̃ + (1 + 2γb∗)∂s F̃ + PF̃ + J,
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where P = m f − cγu2/2 and J = 0 for Hc, P = −cγu2/2 and J = H̃c f for Gc, and
P = −cγu2/2 and J = 0 for Θι

c. By Step 1, (−1)jP(j) ≥ 0 for every j ≥ 1, where
derivatives are in s. Let zk = (−1)k∂k

s F̃. Differentiating k times, we find

∂bzk = 2s ∂2
s zk + (2k + 1 + 2γb∗)∂szk +

(
2γk ∂sb∗ + P

)
zk

+ 2γ
k

∑
i=2

(
k
i

)
Bizk−i+1 +

k

∑
i=1

(
k
i

)
(−1)iP(i)zk−i + (−1)k J(k).

If J is completely monotone and z0, . . . , zk−1 ≥ 0, then all source terms are nonnegative,
zk(0, ·) ≥ 0 by (3.16), and Lemma 3.4 gives zk ≥ 0. The base case z0 = F̃ ≥ 0 holds
because ψ ≥ 0, |u| ≤ 1, and Λι ≤ 1.

We apply Step 2 first to Hc, with J = 0, which shows that Hc(b, ·) is completely
monotone in x2. Then J = H̃c f is completely monotone, and Step 2 applies to Gc. Finally
it applies to Θι

c. Together with Step 1, this proves the lemma.

Lemma 3.6. Let v ∈ CK, and let ϕk and Λk,j be as in Section 3.3. For every 0 ≤ k ≤ j ≤ K and
c ∈ [0, ζk], the functions

ϕ′′
k , ecϕk ϕ′′

k , ecϕk
(
1 − Λk,j

)
are completely monotone in x2. Further, ϕ′

k is odd and nondecreasing, Λk,j is even and nondecreas-
ing in |x|, and for every j there exists a finite positive measure νj on [0, ∞), with finite moments
and total mass 1 − Tj(0), such that

1 − Tj(h) =
∫
[0,∞)

e−λh2
νj(dλ) (h ∈ R). (3.21)

Proof. We prove the complete-monotonicity claims by downward induction, carrying also
that ϕk and Λk,j are smooth and even, that their derivatives of every positive order are
bounded, and that 0 ≤ Λk,j ≤ 1. For k = K these additional properties hold, and we
have ϕK = log 2 cosh x, ϕ′′

K = 1 − (ϕ′
K)

2 = sech2 x, ΛK,K = tanh2 x, and ζK = 1. The
three functions are then sech2 and 2c sech2−c with 2 − c ≥ 1. By the product formula
cosh x = ∏i≥1(1 + 4x2/((2i − 1)2π2)) [55, (4.36.2)],

∂s log cosh
√

s = ∑
i≥1

4
(2i − 1)2π2 + 4s

,

where the series of derivatives of every order converges uniformly on [0, ∞). Since each
summand is completely monotone, log cosh

√
s is a Bernstein function, and sechp √s =

e−p log cosh
√

s is completely monotone for all p > 0 by Lemma 3.3(ii).
Suppose that the strengthened claim holds at level k + 1 ≤ K. We apply Lemma 3.5

with m = ζk, m′ = ζk+1, ϕin = ϕk+1, the family Λj
in = Λk+1,j for k + 1 ≤ j ≤ K,

and b = ∆k+1. The hypotheses hold by the induction hypothesis and Lemma 3.1(a):
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the function ϕk+1 is even, because log 2 cosh is even and the Gaussian increments are
symmetric; it is convex because ϕ′′

k+1, being completely monotone in x2, is nonnegative;
and (ϕ′

k+1)
2 = Λk+1,k+1. By the definition of the tilted chain, ϕ(∆k+1, ·) = ϕk and

Λj(∆k+1, ·) = Λk,j for j ≥ k + 1, and Λk,k = (ϕ′
k)

2. Lemma 3.5 preserves the additional
regularity and range bounds, which also hold for (ϕ′

k)
2, and implies the claim at level k.

Since ϕk is even, ϕ′
k is odd, and it is nondecreasing because ϕ′′

k ≥ 0. Since 1 − Λk,j is
completely monotone in x2, it is nonincreasing in |x|. Finally, 1−Λ0,j is completely mono-
tone in x2, so 1 − Tj = γv0 ∗ (1 − Λ0,j) is completely monotone in h2 by Lemma 3.3(iv),
and (3.21) follows from Lemma 3.3(iii).

The monotonicity of ϕ′
k and of Λk,j in |x| also follows from [112, Lemma 2]. The com-

plete monotonicity is the additional information used in Lemma 3.7 and Proposition 3.8.

3.5 Square-root convexity

The next estimate bounds the curvature of Tj at h = 0 in terms of the total variance vj.
We write T′′

j for the second derivative in h.

Lemma 3.7. For every v ∈ CK and 0 ≤ j ≤ K, we have vjT′′
j (0) ≤ 2Tj(0).

Proof. Fix j. We follow the response Λk,j as k decreases from j to 0, and then through the
outer Gaussian average. Let 0 ≤ k < j, and consider the step from level k + 1 to level k
as a function of its duration b ∈ [0, ∆k+1], as in Lemma 3.5 with m = ζk, ϕin = ϕk+1, and
Λin = Λk+1,j. We write D = eζkϕk+1 , B(b) = γb ∗ D(0), and

g(b) = Λ(b, 0), 1 − g(b) =
N(b)
B(b)

, N(b) = γb ∗
(
D(1 − Λk+1,j)

)
(0).

By Lemma 3.6 at level k + 1 with c = ζk, the function D(1 − Λk+1,i) is completely
monotone in x2 for every i ≥ k + 1. By Lemma 3.3(iv), N and the functions Ni(b) =

γb ∗ (D(1 − Λk+1,i))(0) are completely monotone in b. By (3.9) at level k + 1 and ζk +

(ζk+1 − ζk) + ∑i>k+1 wi = 1,

D′′ = ζkD
(
ϕ′′

k+1 + ζk(ϕ
′
k+1)

2)
= ζ2

kD + ζk(ζk+1 − ζk)D(1 − Λk+1,k+1) + ζk ∑
i>k+1

wiD(1 − Λk+1,i).

By (3.5),

B′ =
1
2

γb ∗ D′′(0) =
ζ2

k
2

B +
ζk
2 ∑

i≥k+1
ciNi, ci ≥ 0.

The function B̃ = e−ζ2
k b/2B is then positive with completely monotone derivative. By

Lemma 3.3(ii), 1/B̃ is completely monotone, and 1 − g = Ne−ζ2
k b/2/B̃ is completely
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monotone by Lemma 3.3(i). It follows that g is nondecreasing and concave on [0, ∆k+1].
For the outer Gaussian average the same holds with g(b) = γb ∗ Λ0,j(0), b ∈ [0, v0],
directly from Lemma 3.3(iv).

Since ∂xϕ(b, 0) = 0, we have 2g′(b) = ∂2
xΛ(b, 0) by the transport equation for Λ.

Suppose that at the start of a step the response satisfies b0g′(0) ≤ g(0) for some b0 ≥ 0.
By concavity, bg′(b) ≤ g(b)− g(0) and g′(b) ≤ g′(0). Using these bounds, we obtain

(b0 + b)g′(b) ≤ g(b)− g(0) + b0g′(0) ≤ g(b).

At level j the response is Λj,j = (ϕ′
j)

2, which vanishes at 0, so the inequality holds with
b0 = 0. At the junction of two consecutive steps, the values of g and g′ are Λk,j(0) and
Λ′′

k,j(0)/2 for both steps. Applying the previous display through the steps of durations
∆j, . . . , ∆1 and then through the outer average of variance v0, whose total is vj, we obtain
vjT′′

j (0) ≤ 2Tj(0).

Proposition 3.8. For every h ∈ R, the map s 7→ Ψh(s2
0, . . . , s2

K) is convex on {s ∈ RK+1 : 0 ≤
s0 ≤ s1 ≤ · · · ≤ sK}. The same holds for s 7→ ψh(s2

0, . . . , s2
K).

Proof. The second statement follows from the first, since ψh(s2) = Ψh((
√

2s)2). Let
O = {s : 0 < s0 < s1 < · · · < sK}, an open convex set whose closure is the set in the
statement. Since s 7→ Ψh(s2) is continuous on the closure, it suffices to show that its
Hessian is positive semidefinite on O. Fix s ∈ O and v = s2, so that 0 < v0 < · · · < vK,
and set Jij = ∂vj Ti(h; v).

We first show that Jij ≤ 0 for i < j. Under the tilted chain, the law of (X0, . . . , Xi)

has density ∏ℓ<i exp(ζℓ(ϕℓ+1(Xℓ+1)− ϕℓ(Xℓ))) with respect to the Gaussian path with
variances v0, ∆1, . . . , ∆i, which do not depend on vj. For ℓ < j, we have ∂vj ϕℓ = cj −
wjΛℓ,j/2 by Lemma 3.1(c), where cj = 1/2 if j = K and cj = 0 otherwise. Differentiating
Ti = Ê[ϕ′

i(Xi)
2] under the expectation, we obtain

Jij = −wjÊ
[
ϕ′

i(Xi) ∂xΛi,j(Xi)
]
−

wj

2 ∑
ℓ<i

ζℓ Ê
[
ϕ′

i(Xi)
2(Λℓ+1,j(Xℓ+1)− Λℓ,j(Xℓ)

)]
,

where the constants cj cancel between the two terms of each tilt. By the Markov property,
Ê[ϕ′

i(Xi)
2 | Xℓ+1] = Λℓ+1,i(Xℓ+1) and Λℓ,j(Xℓ) = Ê[Λℓ+1,j(Xℓ+1) | Xℓ]. The expectation

in the sum is the mean of the conditional covariance of Λℓ+1,i(Xℓ+1) and Λℓ+1,j(Xℓ+1)

given Xℓ. By Lemma 3.6, both are nondecreasing functions of |Xℓ+1|, so this covariance
is nonnegative: for two such functions F1, F2 and an independent copy Y′ of a variable
Y, 2 Cov(F1(Y), F2(Y)) = E[(F1(Y)− F1(Y′))(F2(Y)− F2(Y′))] ≥ 0. Also, by Lemma 3.6,
ϕ′

i(x) and ∂xΛi,j(x) have the sign of x. This shows that Jij ≤ 0. Since the Hessian of Ψh in
v is symmetric, (3.14) implies that wi Jij = wj Jji. Then Jij ≤ 0 for all i ̸= j.
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Adding the same number to every endpoint leaves ∆1, . . . , ∆K unchanged and in-
creases v0. Using (3.5), we find

K

∑
j=0

Jij =
d
dϵ

∣∣∣
ϵ=0

E Λ0,i
(
h +

√
v0 + ϵ Z

)
=

1
2

T′′
i (h). (3.22)

By Lemmas 3.6 and 3.7, with y = λh2 and νi as in (3.21),

Ti(h) + viT′′
i (h) = 1 −

∫
e−λh2

νi(dλ)− vi

∫
λ(4y − 2)e−yνi(dλ)

≥ Ti(0)− 4e−3/2vi

∫
λ νi(dλ) ≥

(
1 − 4e−3/2)Ti(0) ≥ 0.

Here we used that νi has mass 1 − Ti(0), that supy≥0(4y − 2)e−y = 4e−3/2 < 1, and that
T′′

i (0) = 2
∫

λ νi(dλ), so that Lemma 3.7 reads vi
∫

λ νi(dλ) ≤ Ti(0).
Let M be the Hessian of s 7→ Ψh(s2) at s. By (3.14), ∂si Ψh(s2) = wisiTi, which gives

Mij = δijwiTi + 2wisisj Jij.

The off-diagonal entries are nonpositive. Let ϱi = 1/si > 0. By (3.22),

(Mϱ)i =
wiTi

si
+ 2wisi ∑

j
Jij =

wi

si

(
Ti + viT′′

i (h)
)
≥ 0.

For y ∈ RK+1 and ξi = ϱiyi, using the symmetry of M, we have

ξTMξ = ∑
i<j

(−Mij)ϱiϱj(yi − yj)
2 + ∑

i
ϱi(Mϱ)iy2

i ≥ 0,

which shows that M is positive semidefinite.

For h = 0, Chen, Issa, and Mourrat [37, Proposition 2.2] and Ho [83, Theorem 1.8]
proved that ψ0 is convex on CK. Since ψ0 is nondecreasing, this is stronger than Propo-
sition 3.8 at h = 0. Convexity of ψ0 along rays through the origin follows from an
earlier result of Auffinger and Chen [8, Theorem 1]; see [83, Section 3]. Convexity on
CK fails for large |h|, already for K = 0, where ψh(s) = s − E log 2 cosh(h +

√
2s Z). The

computation in [106, Section 6.1], with the uniform measure on {−1, 1} replaced by the
measure with mean tanh h, gives ψ′′

h (0) = 2(1− tanh2 h)(1− 3 tanh2 h), which is negative
if tanh2 h > 1/3. The same threshold is stated in [37, Section 1]. For spherical spins, the
analogous initial condition is convex in the paths in every field [34, Lemma 2.9]. The
proof in [37, Section 2] has the same structure as the proof of Proposition 3.8: the Hessian
of ψ0 has nonpositive off-diagonal entries, which is deduced from [112, Theorem 2], and
nonnegative row sums. For h ̸= 0, the row sums of the Hessian of Ψh are proportional to
T′′

i (h) by (3.22), and they may be negative. In the proof of Proposition 3.8, the change of
variables v = s2 and Lemma 3.7 compensate for this.
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3.6 The Hopf–Lax formula and the Parisi functional

Fix β > 0 and h ∈ R. For t > 0 and y ∈ CK we define

U(t, y) = sup
y′∈CK

{
ψh(y′)−

∥y′ − y∥2
2,w

β2t

}
, U(0, y) = ψh(y). (3.23)

This is the Hopf–Lax formula for the equation ∂tU − (β2/4)∥DU∥2
2,w = 0 with initial

condition ψh; see [56, Theorem 3.8] for the corresponding statement on RK+1 and [36,
Proposition 6.2] for cones. We use only the elementary properties in the next lemma.

Lemma 3.9. The following hold.

(a) For t > 0 and y ∈ CK the supremum in (3.23) is attained, and every maximizer y′ satisfies

P =
2(y′ − y)

β2t
= Dψh(y′) ∈ CK ∩ [0, 1]K+1. (3.24)

(b) For t ≥ 0 and y, ỹ ∈ CK, we have |U(t, y)− U(t, ỹ)| ≤ ∥y − ỹ∥1,w.
(c) For 0 ≤ t ≤ t′ and y ∈ CK, we have 0 ≤ U(t′, y)− U(t, y) ≤ β2(t′ − t)/2.

In particular, U is continuous on [0, ∞)× CK.

Proof. (a) By Lemma 3.2, ψh(y′) ≤ ψh(y) + ∥y′ − y∥2,w, so the function maximized in
(3.23) is continuous on the closed set CK and tends to −∞ as |y′| → ∞. Let y′ be a
maximizer and P = Dψh(y′). For y′′ ∈ CK, the segment from y′ to y′′ lies in CK, and the
right derivative at y′ of the maximized function in the direction y′′ − y′ is nonpositive:〈

P − 2(y′ − y)
β2t

, y′′ − y′
〉

w
≤ 0.

Since P ∈ CK by Lemma 3.2, we may take y′′ = y + β2tP/2 ∈ CK. With this choice, the
left side equals (β2t/2)∥P − 2(y′ − y)/(β2t)∥2

2,w, which must vanish. This proves (3.24).
(b) For t = 0 this is Lemma 3.2. Let t > 0, let y′ be a maximizer for y, and write

y′ = y + β2tP/2 as in (a). Since P ∈ CK, the point ỹ + β2tP/2 lies in CK. Taking this point
in the supremum, we obtain

U(t, ỹ) ≥ ψh

(
ỹ +

β2t
2

P
)
− β2t

4
∥P∥2

2,w

≥ ψh(y′)− ∥y − ỹ∥1,w − β2t
4

∥P∥2
2,w = U(t, y)− ∥y − ỹ∥1,w.

Exchanging y and ỹ proves (b).
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(c) If t > 0 and y′ is a maximizer at time t, then U(t′, y) ≥ ψh(y′)−∥y′− y∥2
2,w/(β2t′) ≥

U(t, y); the case t = 0 is similar with y′ = y. Let y′′ = y + β2t′P′′/2 be a maximizer at
time t′, with P′′ ∈ CK ∩ [0, 1]K+1. Since the point y + β2tP′′/2 lies in CK, we have

U(t′, y)− U(t, y) ≤ ψh

(
y +

β2t′

2
P′′

)
− ψh

(
y +

β2t
2

P′′
)
− β2(t′ − t)

4
∥P′′∥2

2,w

≤ β2(t′ − t)
2

∥P′′∥1,w,

which is at most β2(t′ − t)/2.

The next lemma compares U(1, 0) with the Parisi formula. Its identity (3.25) is a finite-
dimensional form of the representation of the Parisi formula by a Hopf–Lax formula, due
to Mourrat [107] for h = 0; see [56, Theorem 6.7]. We use the Parisi equation (2.6), the
Parisi functional Pβ,h, and the formula (2.7) for P(β, h), and we write µr = ∑K

j=0 wjδrj for
r ∈ CK ∩ [0, 1]K+1.

Lemma 3.10. Let β > 0 and h ∈ R. For every r ∈ CK ∩ [0, 1]K+1,

ψh

(β2

2
r
)
− β2

4
∥r∥2

2,w =
β2

4
−Pβ,h(µr), (3.25)

and U(1, 0) ≥ β2/4 − Pβ,h(µr). Further, the map µ 7→ Pβ,h(µ) is continuous for weak
convergence of probability measures on [0, 1].

Proof. We first prove (3.25). Let Φ = Φµr solve the Parisi equation (2.6). Since µr is atomic,
Φ is obtained by successive Cole–Hopf transforms [7]: on [rK, 1] we have µr([0, t]) = 1 and
Φ(t, x) = log 2 cosh x + β2(1 − t)/2; on an interval [rj, rj+1) of positive length we have
µr([0, t]) = ζ j and Φ(rj, x) = ζ−1

j log E exp(ζ jΦ(rj+1, x + β
√

rj+1 − rj Z)); and Φ(0, x) =
EΦ(r0, x + β

√
r0 Z). Let ϕj be the recursion of Section 3.3 for the endpoints v = β2r, so

that ∆j+1 = β2(rj+1 − rj). Since constants commute with the Cole–Hopf transforms, we
have Φ(rj, ·) = ϕj + β2(1 − rK)/2 for every j by downward induction, including the case
of repeated endpoints. Then Φ(0, h) = Eϕ0(h + β

√
r0 Z) + β2(1 − rK)/2. If X ∼ µr, then∫ 1

0
t µr([0, t])dt = E

∫ 1

X
t dt =

1 − ∥r∥2
2,w

2
.

We conclude that

Pβ,h(µr) = Eϕ0
(
h + β

√
r0 Z

)
+

β2

4
− β2

2
rK +

β2

4
∥r∥2

2,w.

Since ψh(β2r/2) = Ψh(β2r) = β2rK/2−Eϕ0(h+ β
√

r0 Z), this is (3.25). Taking y′ = β2r/2
in (3.23) with t = 1 and y = 0, for which ∥y′∥2

2,w/β2 = β2∥r∥2
2,w/4, we obtain the lower

bound on U(1, 0).
Finally, Φµ(0, h) is continuous in µ for weak convergence by (P1), and so is∫ 1

0 tµ([0, t])dt = (1 −
∫

x2µ(dx))/2. This proves the continuity of Pβ,h.



section 4

The upper bound on regular graphs

The goal of this section is to prove the following proposition, which states that the
pressure of the Edwards–Anderson model on any D-regular graph is asymptotically at
most the Parisi pressure.

Proposition 4.1. For every β ≥ 0 and h ∈ R,

lim sup
D→∞

sup
G∈GD

pG(β, h) ≤ P(β, h).

The supremum is over all finite simple D-regular graphs, with any number of vertices;
no assumption on the spectrum, the girth, or the symmetries of G is made. We now
outline the proof. The strategy is that of Mourrat [106, 108], who proved upper bounds
for mean-field models with nonconvex interactions by showing that an enriched free
energy is an approximate viscosity supersolution of a Hamilton–Jacobi equation, with
Ghirlanda–Guerra identities and synchronization enforced at contact points. Fix a finite
cascade as in Section 3. On the cone of V-indexed families of nondecreasing paths we
consider an enriched free energy in which every vertex receives a Gaussian field with
the covariance structure of a Ruelle cascade, and in which each first-level branch of the
cascade carries an independent copy of the couplings. At time t this free energy is at
most β2t/4 − pG(β

√
t, h) at the origin, and at time zero it is given by the scalar transform

of Section 3.3. Its time derivative differs from a quadratic Hamiltonian evaluated at its
gradient by β2(4n)−1 ∑j wj tr(SCj), where Cj is a conditional covariance matrix of the
products σ1

x σ2
x . Since S has negative eigenvalues, this term has no sign. For every η > 0,

we use | tr(SCj)| ≤ η tr Cj + (4η)−1 tr(S2Cj), with tr Cj ≤ n. We reduce tr(S2Cj) to the
conditional variances of the overlaps of O(n/D) rows of S by a sparsification theorem of
Cohen, Nelson, and Woodruff, and control these variances by Mourrat’s finitary form of
Panchenko’s synchronization theorem, using Ghirlanda–Guerra identities produced by
small Gaussian perturbations. Because the couplings are independent across first-level
branches, the free energy has fluctuations of order 1/n at every fixed parameter, which
allows these identities to be enforced at every point where a test function touches a
deterministic regularization of the free energy. A comparison principle on the cone then
bounds this regularization from below by an explicit subsolution built from the Hopf–Lax
formula of Section 3.6, and Lemma 3.10 compares the value of the subsolution with the
Parisi formula.

37
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Section 4.1 introduces the Hamiltonians on the cone and proves the comparison
principle. Section 4.2 constructs the subsolution. Section 4.3 defines the enriched free
energy and records its properties. Section 4.4 states Mourrat’s bound on conditional
variances, Section 4.5 introduces the Gaussian perturbations, and Section 4.6 bounds the
drift term. Section 4.7 completes the proof of Proposition 4.1.

Throughout this section we fix D ≥ 1, a graph G = (V, E) ∈ GD with n = |V| vertices,
and the notation of (2.2). In particular S = AG/D is symmetric, nonnegative, with zero
diagonal, S1 = 1, ∥S∥ ≤ 1, and tr S2 = n/D. We also fix a cascade as in (3.1) and (3.2).
All constants are independent of D, G, and n unless stated otherwise. We write

ZG(β, h) = ∑
σ∈{−1,1}V

exp
(

βHG(σ) + h ∑
x

σx

)
, pG(β, h) =

1
n

E log ZG(β, h).

4.1 Hamiltonians on the cone and comparison

Let VK = V × {0, . . . , K}. For p ∈ RVK we write px = (pxj)j≤K and pj = (pxj)x∈V ∈ RV .
We use the inner product and norms

⟨p, q⟩V =
1
n ∑

x∈V
⟨px, qx⟩w, ∥p∥1 =

1
n ∑

x∈V
∥px∥1,w, ∥p∥2 = ⟨p, p⟩1/2

V ,

so that ∥p∥1 ≤ ∥p∥2, because the weights wj/n sum to one. The cone is CV
K = {q ∈

RVK : qx ∈ CK for every x}, and its dual cone for ⟨·, ·⟩V is (C∗
K)

V . We write p ⪰∗ p′ if
px ⪰∗ p′x for every x. For a function u of q ∈ RVK we write Dqu for its gradient with
respect to ⟨·, ·⟩V , that is, (Dqu)xj = nw−1

j ∂u/∂qxj; for functions on CV
K , differentiability is

understood as in Section 3.1.

Hamiltonians

For p ∈ RVK we define

HS(p) =
β2

4n

K

∑
j=0

wj pj · Spj (4.1)

and
Hext(p) = inf

{
HS(A) : A ∈ CV

K , A ⪰∗ p
}

. (4.2)

This is the monotone modification constructed in the proof of [36, Lemma 2.4], ap-
plied to HS. For z ∈ RK+1 and 0 ≤ ℓ ≤ K + 1 we write τℓ(z) = ∑j≥ℓ wjzj,
τ̄ℓ(z) = maxℓ≤ℓ′≤K+1 τℓ′(z), and Wℓ = τℓ(1). Then τK+1(z) = 0, so that τ̄ℓ(z) ≥ 0,
and z ⪰∗ z′ if and only if τℓ(z) ≥ τℓ(z′) for every ℓ, by (3.3).

Lemma 4.2. The following hold.
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(a) If A, B ∈ CV
K and B ⪰∗ A, then HS(B) ≥ HS(A).

(b) Let p ∈ RVK . For each x, let Cx be the least concave majorant on [0, 1] of the points
(Wℓ, τ̄ℓ(px)), 0 ≤ ℓ ≤ K + 1, and let Axj = (Cx(Wj)− Cx(Wj+1))/wj. Then A ∈ CV

K ,
A ⪰∗ p, every B ∈ CV

K with B ⪰∗ p satisfies B ⪰∗ A, and Hext(p) = HS(A). Further,
0 ≤ wK AxK ≤ ∥px∥1,w for every x. If p ∈ (0, ∞)VK , then A ∈ (0, ∞)VK , and every j0 ≤ K
belongs to a block {i, . . . , i′ − 1} ∋ j0 on which Ax is constant, equal to the weighted mean
of px over the block, and such that ∑i′−1

j=ℓ wj pxj ≤ Axj0 ∑i′−1
j=ℓ wj for every i ≤ ℓ < i′.

(c) The function Hext is finite, nondecreasing for ⪰∗, and equal to HS on CV
K . For R > 0 and

p, p′ ∈ RVK with ∥p∥2, ∥p′∥2 ≤ R, we have |Hext(p)− Hext(p′)| ≤ β2Rw−1
K ∥p − p′∥2.

Proof. (a) For P ∈ CV
K , we have (DHS(P))xj = (β2/2)∑y SxyPyj, which is nonnegative

and nondecreasing in j, because S has nonnegative entries and Pyj is nonnegative and
nondecreasing in j. In other words, DHS(P) ∈ CV

K . Since the segment from A to B lies in
CV

K and B − A ∈ (C∗
K)

V , we have HS(B)−HS(A) =
∫ 1

0 ⟨DHS(A + θ(B − A)), B − A⟩V dθ ≥
0.

(b) Fix x and let aℓ = τ̄ℓ(px). As ℓ increases from 0 to K + 1, the abscissae Wℓ decrease
strictly from 1 to 0, and aℓ is nonincreasing, with aK+1 = 0. The least concave majorant
Cx is the upper boundary of the convex hull of the points. It is piecewise linear, its
vertices are among the points, Cx(0) = aK+1 = 0, and Cx(1) = a0. Since the maximum of
Cx is attained at a vertex and a0 = maxℓ aℓ, it is attained at 1, and the concave function
Cx is nondecreasing. Its slopes are then nonnegative and nonincreasing in W, which
gives Ax ∈ CK. Since Cx(0) = 0, we have τℓ(Ax) = Cx(Wℓ) ≥ aℓ ≥ τℓ(px), that is,
Ax ⪰∗ px. Moreover wK AxK = Cx(WK) ∈ [0, a0], and a0 ≤ maxℓ |τℓ(px)| ≤ ∥px∥1,w. Let
Bx ∈ CK satisfy Bx ⪰∗ px. The piecewise linear interpolation Φ of the points (Wℓ, τℓ(Bx))

is concave and nondecreasing, because its slopes Bxj are nonnegative and nondecreasing
in j. For ℓ ≤ ℓ′ we have Φ(Wℓ) ≥ Φ(Wℓ′) = τℓ′(Bx) ≥ τℓ′(px), so that Φ(Wℓ) ≥ aℓ. By the
minimality of the least concave majorant, Φ ≥ Cx, and Bx ⪰∗ Ax. By (a), HS(B) ≥ HS(A)

for every B admissible in (4.2), and A is admissible, which shows that Hext(p) = HS(A).
Let now p ∈ (0, ∞)VK . Then τℓ(px) is strictly decreasing in ℓ, and aℓ = τℓ(px). Let

i ≤ j0 < i′ be such that Wi′ and Wi are consecutive abscissae of vertices of Cx. On [Wi′ , Wi]

the function Cx is linear, with slope Axj = Axj0 for i ≤ j < i′. Since Cx(Wi) = τi(px) and
Cx(Wi′) = τi′(px), this slope equals the weighted mean of px over {i, . . . , i′ − 1}, which
is positive. For i ≤ ℓ < i′ we have τℓ(px) ≤ Cx(Wℓ) = τi′(px) + Axj0(Wℓ − Wi′), which is
the last assertion.

(c) By (b), Hext is finite. If p′ ⪰∗ p, then every A admissible for p′ is admissible for p,
and Hext(p) ≤ Hext(p′). If p ∈ CV

K , then p is admissible and every admissible A satisfies
A ⪰∗ p. By (a), we have Hext(p) = HS(p).

For the Lipschitz bound, let ∥p∥2, ∥p′∥2 ≤ R, let A be as in (b) for p, and set λx =

τ̄0(p′x − px) ≤ ∥p′x − px∥1,w and cx = λxw−1
K 1{K} ∈ CK. Then τℓ(cx) = λx ≥ τℓ(p′x − px)
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for ℓ ≤ K, and A + c ∈ CV
K is admissible for p′. Since cj = 0 for j < K and ∥S∥ ≤ 1, we

have

Hext(p′)− Hext(p) ≤ HS(A + c)− HS(A) ≤ β2wK

4n
(
2|cK||AK|+ |cK|2

)
,

where | · | is the Euclidean norm on RV . By (b) and the inequality ∥z∥1,w ≤ ∥z∥2,w, we have
w2

K|AK|2 ≤ ∑x ∥px∥2
1,w ≤ n∥p∥2

2, and similarly w2
K|cK|2 ≤ n∥p′ − p∥2

2. Since ∥p∥2 ≤ R and
∥p′ − p∥2 ≤ 2R, the right side of the last display is at most β2Rw−1

K ∥p′ − p∥2. Exchanging
p and p′, we obtain the bound.

If px has positive entries, then Ax is the isotonic regression of px with weights (wj),
that is, the nondecreasing vector closest to px for ∥ · ∥2,w, and Lemma 4.2(b) is equivalent
to its classical description by the greatest convex minorant of cumulative sums [122].

Lemma 4.3. Let P ∈ CK and r ∈ (0, ∞)VK . Set Mj = n−1 ∑x rxj and bxj = PjMj/rxj. Then

Hext(b) ≥
β2

4

K

∑
j=0

wjP2
j .

Proof. Suppose first that Pj > 0 for every j, so that b ∈ (0, ∞)VK , and let A be as in
Lemma 4.2(b) for p = b. Fix x and a block {i, . . . , i′ − 1} as there, on which Ax equals
a constant a. For i ≤ ℓ < i′, the weighted mean of bxj over {ℓ, . . . , i′ − 1} is at most
a. By Jensen’s inequality for the convex function 1/y, we have ∑i′−1

j=ℓ wj(a−1 − b−1
xj ) ≤ 0.

Since a terminal interval {ℓ, . . . , K} is the union of such a terminal part of one block and
of the later blocks, we obtain τℓ(A−1

x − b−1
x ) ≤ 0 for every ℓ, where inverses are taken

coordinatewise. Let vj = n−1 ∑x A−1
xj . Since n−1 ∑x b−1

xj = P−1
j , averaging over x gives

τℓ(v − P−1) ≤ 0 for all ℓ, that is, P−1 − v ∈ C∗
K.

The weights Sxy/n form a probability measure on V ×V with both marginals uniform.
For a, a′ > 0, the inequality between the arithmetic and geometric means of a−1 and a′−1

gives aa′ ≥ ((a−1 + a′−1)/2)−2. Using this and Jensen’s inequality for the convex function
a 7→ a−2 on (0, ∞), we obtain

1
n ∑

x,y
Sxy Axj Ayj ≥

1
n ∑

x,y
Sxy

(A−1
xj + A−1

yj

2

)−2
≥ v−2

j .

The tangent line of the convex function a 7→ a−2 at P−1
j gives v−2

j ≥ P2
j − 2P3

j (vj − P−1
j ).

Since the vector (P3
j )j belongs to CK and P−1 − v ∈ C∗

K, we have

∑
j

wjv−2
j ≥ ∑

j
wjP2

j + 2
〈
(P3

j )j, P−1 − v
〉

w ≥ ∑
j

wjP2
j .

Combining the last two displays with the identity Hext(b) = HS(A) from Lemma 4.2(b),
we obtain the claim in this case. In general, for θ > 0 let P(θ) = P + θ1, which belongs to
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CK ∩ (0, ∞)K+1, and let b(θ) be the corresponding vector. Then b(θ) → b as θ → 0, and the
continuity of Hext from Lemma 4.2(c) proves the claim.

Viscosity solutions and comparison

Viscosity solutions were introduced by Crandall and Lions [49]; see also [50]. The
following definition, in which test points on the boundary of the cone are allowed,
follows [36, Definition 1.1].

Definition 4.4. Let H : RVK → R be continuous, let c ∈ R, and let u : [0, 2]× CV
K → R

be continuous. We say that u is a subsolution of ∂tu − H(Dqu) ≤ c if, for every (t0, q0) ∈
(0, 2)× CV

K and every function φ that is continuously differentiable in a neighborhood
of (t0, q0) in R × RVK and such that u − φ has a local maximum at (t0, q0) relative to
(0, 2)× CV

K , we have ∂t φ(t0, q0)− H(Dq φ(t0, q0)) ≤ c. We say that u is a supersolution of
∂tu − H(Dqu) ≥ c if the same holds with local minima and the reverse inequality.

The tests are relative to the closed cone: points on its boundary are included, and no
boundary condition is imposed. We use the following elementary fact repeatedly. Let u
be differentiable in t at t0 ∈ (0, 2) and differentiable on CV

K in q, and let u − φ have a local
minimum at (t0, q0) relative to (0, 2)× CV

K . Since the point q0 + ϵr lies in CV
K for r ∈ CV

K
and ϵ ≥ 0, we have

∂tu(t0, q0) = ∂t φ(t0, q0), Dqu(t0, q0)− Dq φ(t0, q0) ∈ (C∗
K)

V . (4.3)

Lemma 4.5. Let H : RVK → R be such that for every R > 0 there exists LR with |H(p) −
H(p′)| ≤ LR∥p − p′∥2 whenever ∥p∥2, ∥p′∥2 ≤ R. Let τ ≥ 0, c0 ∈ R, and let V, E : [0, 2]×
CV

K → R be continuous functions with the following properties, for constants Lt, Lq:

(i) V is a subsolution of ∂tu − H(Dqu) ≤ 0, and E is a supersolution of ∂tu − H(Dqu) ≥ −τ;
(ii) |E(t, q)− E(t′, q′)| ≤ Lt|t − t′|+ Lq∥q − q′∥1 and |V(t, q)− V(t′, q)| ≤ Lt|t − t′|;

(iii) V(0, q) ≤ E(0, q) + c0 for every q ∈ CV
K .

Then V(t, q) ≤ E(t, q) + c0 + τt for every t ∈ [0, 2) and q ∈ CV
K .

The proof is the doubling-of-variables argument of [49, 50]; see [56, Theorem 3.5] and
[36, Proposition 3.1] for comparison principles on Rd and on cones. We include the proof,
because the Hamiltonian is only locally Lipschitz and V is not assumed to be Lipschitz in
q.

Proof. Suppose that V(t̄, q̄)− E(t̄, q̄)− c0 − τt̄ = 4θ > 0 for some t̄ < 2; by (iii), t̄ > 0.
Let L = max{1, (L2

t + L2
q)

1/2}. Fix T′ ∈ (t̄, 2), then ρ > 0 with ρt̄ + ρ/(T′ − t̄) ≤ θ, and
then γ ∈ (0, 1] with γ(1 + ∥q̄∥2

2)
1/2 ≤ θ and γL2L+1 < ρ. For b > 0 and (t, q, s, r) ∈

[0, T′)× CV
K × [0, 2]× CV

K let

Φb(t, q, s, r) = V(t, q)− E(s, r)− c0 − (τ + ρ)t − ρ

T′ − t
− γ⟨q⟩ − |t − s|2 + ∥q − r∥2

2
2b

,



4 The upper bound on regular graphs 4.2 The subsolution 42

where ⟨q⟩ = (1 + ∥q∥2
2)

1/2. By (ii) and (iii), we have V(t, q)− E(s, r) ≤ c0 + 2Ltt + Lt|t −
s|+ Lq∥q − r∥2, and Φb is continuous and tends to −∞ as ∥q∥2 → ∞, as ∥q − r∥2 → ∞,
or as t → T′. Since the dimension is finite, Φb attains its maximum at some point
(tb, qb, sb, rb), and Φb(tb, qb, sb, rb) ≥ Φb(t̄, q̄, t̄, q̄) ≥ 2θ.

Comparing with Φb(tb, qb, tb, qb) and using (ii), we obtain, with X = (|tb − sb|2 + ∥qb −
rb∥2

2)
1/2,

X2

2b
≤ E(tb, qb)− E(sb, rb) ≤ LX, so X ≤ 2bL.

If tb = 0, then by (iii) and (ii), Φb ≤ E(0, qb)− E(sb, rb) ≤ LX ≤ 2bL2. If sb = 0, then
Φb ≤ V(tb, qb)− V(0, qb) + E(0, qb)− E(0, rb) ≤ 2LX ≤ 4bL2. Both contradict Φb ≥ 2θ

if b < θ/(2L2). Also sb ≤ tb + 2bL < 2 for small b. We conclude that tb ∈ (0, T′) and
sb ∈ (0, 2) for small b.

The function (t, q) 7→ V(t, q)− φ1(t, q), with

φ1(t, q) = (τ + ρ)t +
ρ

T′ − t
+ γ⟨q⟩+ |t − sb|2 + ∥q − rb∥2

2
2b

,

has a local maximum at (tb, qb) relative to (0, 2)× CV
K , and the function (s, r) 7→ E(s, r)−

φ2(s, r), with φ2(s, r) = −(|tb − s|2 + ∥qb − r∥2
2)/(2b), has a local minimum at (sb, rb). Let

p = (qb − rb)/b. Since Dq⟨q⟩ = q/⟨q⟩, by (i) we have

τ + ρ +
ρ

(T′ − tb)2 +
tb − sb

b
− H

(
p + γqb

⟨qb⟩

)
≤ 0 ≤ tb − sb

b
− H(p) + τ.

We have ∥p∥2 ≤ X/b ≤ 2L and ∥γqb/⟨qb⟩∥2 ≤ γ ≤ 1. Rearranging, we obtain ρ ≤
H(p + γqb/⟨qb⟩)− H(p) ≤ L2L+1γ < ρ, a contradiction.

4.2 The subsolution

In this subsection β > 0 and h ∈ R are fixed, ψh is the scalar transform (3.12), and U is
the function (3.23). We evaluate U at an average of the paths qx. A similar construction
appears in the Hamilton–Jacobi comparison argument for balanced multispecies models
of Chen, Issa, and Mourrat [37, Appendix B], where the weighted mean of the paths is
used and the initial conditions are compared through the convexity of ψ0. They note
that this argument is close in spirit to the Hamilton–Jacobi comparison for permutation-
invariant vector spin glasses in [86, Section 7]. Here we average the square roots of the
paths, which Proposition 3.8 allows for every h, and the subsolution property follows
from Lemma 4.3. For δ ∈ (0, 1) and q ∈ CV

K we set

rxj(q) = (qxj + δ)1/2, Mj(q) =
1
n ∑

x
rxj(q), gj(q) = Mj(q)2 − δ. (4.4)
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Since rxj is nondecreasing in j and Mj ≥
√

δ, we have g(q) ∈ CK. For q ∈ CV
K we write q̃

for the element of CV
K with q̃x0 = 0 and q̃xj = qxj for 1 ≤ j ≤ K. We define

Vδ(t, q) = U(t, g(q̃))− β2ζ0t
4

. (4.5)

Lemma 4.6. The function Vδ is continuous on [0, 2]× CV
K , and the following hold.

(a) |Vδ(t, q)− Vδ(t′, q)| ≤ β2|t − t′|.
(b) Vδ is a subsolution of ∂tu − Hext(Dqu) ≤ 0.
(c) Vδ(0, q) ≤ n−1 ∑x ψh(q̃x) + δ for every q ∈ CV

K .
(d) Vδ(1, 0) = U(1, 0)− β2ζ0/4.

Proof. Continuity and (a) follow from Lemma 3.9(b),(c), and (d) holds because g(0) = 0.
(b) Let φ be continuously differentiable near (t0, q0) ∈ (0, 2)× CV

K and let Vδ − φ have
a local maximum at (t0, q0); we may assume that its value there is zero. Let y′ be a
maximizer in (3.23) for U(t0, g(q̃0)), and let P = 2(y′ − g(q̃0))/(β2t0) ∈ CK ∩ [0, 1]K+1 be
as in Lemma 3.9(a). The function

B(t, q) = ψh(y′)−
∥y′ − g(q̃)∥2

2,w

β2t
− β2ζ0t

4

is smooth near (t0, q0), satisfies B ≤ Vδ on (0, 2)× CV
K and B(t0, q0) = Vδ(t0, q0). Then

B − φ ≤ Vδ − φ ≤ 0 near (t0, q0), with equality at that point. Applying (4.3) to φ − B, we
obtain ∂t φ = ∂tB and Dq φ ⪰∗ DqB at (t0, q0). Since q̃ does not depend on the coordinates
qx0, a direct computation at (t0, q0) gives (DqB)x0 = 0 and

∂tB =
∥y′ − g(q̃0)∥2

2,w

β2t2
0

− β2ζ0

4
=

β2

4
(
∥P∥2

2,w − ζ0
)
,

(DqB)xj =
PjMj(q̃0)

rxj(q̃0)
(1 ≤ j ≤ K).

Let P′ = (0, P1, . . . , PK) ∈ CK. Then DqB is the vector b of Lemma 4.3 for P′ and r = r(q̃0),
and that lemma gives Hext(DqB) ≥ (β2/4)∑j≥1 wjP2

j . Since w0 = ζ0 and P0 ≤ 1, we have
∂tB ≤ (β2/4)∑j≥1 wjP2

j . By Lemma 4.2(c), we conclude that ∂t φ = ∂tB ≤ Hext(DqB) ≤
Hext(Dq φ).

(c) We have Vδ(0, q) = ψh(g(q̃)). The vectors g(q̃) and M(q̃)2 = (Mj(q̃)2)j belong to CK,
with g(q̃) ≤ M(q̃)2 coordinatewise, and Lemma 3.2 implies that ψh(g(q̃)) ≤ ψh(M(q̃)2).
Since the vectors rx(q̃) belong to the convex set {s : 0 ≤ s0 ≤ · · · ≤ sK} and M(q̃) is
their average, we have ψh(M(q̃)2) ≤ n−1 ∑x ψh(q̃x + δ1) by Proposition 3.8 and Jensen’s
inequality. Finally ψh(q̃x + δ1) ≤ ψh(q̃x) + δ by Lemma 3.2, since ∥δ1∥1,w = δ.
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4.3 The enriched free energy

Ruelle cascades

Let A =
⋃K

k=0 Nk be the rooted tree of depth K with infinite degree, with root ∅ and
leaves NK. For α ∈ NK and k ≤ K let α|k be the ancestor of α at depth k, and for
leaves α, α′ let α ∧ α′ = max{k : α|k = α′|k}. For each nonleaf vertex γ ∈ Nk, k < K, let
(uγi)i≥1 be the decreasing enumeration of a Poisson point process on (0, ∞) with intensity
ζkx−1−ζk dx, independently over γ. Set wα = ∏K

k=1 uα|k for α ∈ NK; the sum ∑α wα is
finite almost surely [56, Lemma 5.23], and the Ruelle cascade [123] with masses (ζk)k<K is
vα = wα/ ∑α′ wα′ . We use the following facts, in which the masses are indexed as in (3.1);
in [56] the mass ζk is denoted ζk+1.

Theorem 4.7. Let (ωγ)γ∈A\{∅} be independent random elements, independent of (uγi), such
that ωγ has law Pk if γ ∈ Nk. Let X : Ω1 × · · · × ΩK → R be measurable with E exp(c|X|) <
∞ for every c > 0, set XK = X and Xk−1 = ζ−1

k−1 log Eωk exp(ζk−1Xk) for 1 ≤ k ≤ K, where
Eωk integrates a variable ωk ∼ Pk. Then

E log ∑
α∈NK

vα exp X
(
ωα|1 , . . . , ωα|K

)
= X0.

Moreover, if ⟨·⟩ denotes the random probability measure on NK with weights proportional to
vα exp X(ωα|1 , . . . , ωα|K), and α1, α2 are independent samples from it, then

E
〈
1{α1 ∧ α2 = j}

〉
= wj (0 ≤ j ≤ K). (4.6)

The first statement is [56, Theorem 5.25], applied with a trivial root variable; see also
[114, Theorem 2.9]. For X = 0, (4.6) is [56, (5.93) in Theorem 5.28]. For general X, it is
proved in [56, Section 6.4, before Lemma 6.2] for the enriched free energy considered
there, by observing that the proof of [56, Theorem 5.28], which rests on the invariance
property [56, Lemma 5.27] of Bolthausen and Sznitman [27], remains valid when each wα

is multiplied by a function of variables attached to the vertices of the path of α that are
independent of (wα) and whose joint law is invariant under bijections of NK preserving
∧. This applies verbatim to the weights wα exp X(ωα|1 , . . . , ωα|K).

We also use Gaussian integration by parts for Gibbs measures [56, Theorem 4.6]. Let
Σ be a countable set, µ a finite measure on Σ, and (y(ς))ς∈Σ, (z(ς))ς∈Σ centered jointly
Gaussian processes with bounded covariances. Let ⟨·⟩ be the Gibbs measure with density
proportional to ey with respect to µ, and C(ς, ς′) = Ez(ς)y(ς′). Then for all r ≥ 1 and all
bounded f : Σr → R,

E
〈

f (ς1, . . . , ςr) z(ς1)
〉
= E

〈
f (ς1, . . . , ςr)

( r

∑
ℓ=1

C(ς1, ςℓ)− r C(ς1, ςr+1)
)〉

. (4.7)
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Finally, we use the following invariance of Poisson point processes [56, Theorem 5.19
and Proposition 5.18]. Let (ui) be the decreasing enumeration of a Poisson point process
with intensity ζx−1−ζ dx, ζ ∈ (0, 1). Then E(∑i ui)

a < ∞ for 0 < a < ζ, and if (Yi) are
independent and identically distributed positive random variables, independent of (ui),
with EYζ

1 < ∞, then

∑
i

uiYi has the law of
(
EYζ

1

)1/ζ ∑
i

ui. (4.8)

The model

Fix reference values zj = j/K, 0 ≤ j ≤ K. For leaves α, α′ we write ϑ(α, α′) = zα∧α′ ;
this is the inner product of ∑K

k=1(zk − zk−1)
1/2eα|k and the analogous vector for α′, for

an orthonormal family (eγ), which shows that the kernel ϑ is positive semidefinite. We
attach the following independent variables to the vertices of A, independently of the
cascade:

• to each a ∈ N (depth one), an independent copy (g(a)
e )e∈E of the couplings, defining

H(a)(σ) = ∑xy∈E D−1/2g(a)
xy σxσy;

• to each vertex γ ̸= ∅ and each x ∈ V, a standard Gaussian variable ξx,γ;
• to each vertex γ ̸= ∅, the Gaussian variables used to construct the processes Gx,ι of

Lemma 4.8 below.

There is no variable attached to the root. Let S ⊆ V and a finite set I index the processes
Gx,ι, x ∈ S , ι ∈ I, and let s ≥ 0. For t ≥ 0, q ∈ CV

K , and y ∈ Y = [1/2, 3/2]S×I we define,
for α ∈ NK and σ ∈ {−1, 1}V ,

H (α, σ) = β
√

t H(α1)(σ) + h ∑
x

σx + ∑
x

(
Yx(α)σx − qxK

)
+ s ∑

x∈S ,ι∈I
yxιGx,ι(α, σ), (4.9)

where

Yx(α) =
(
2qx1

)1/2
ξx,α|1 +

K

∑
k=2

(
2(qxk − qx,k−1)

)1/2
ξx,α|k .

We have EYx(α)Yx(α′) = 2qx,α∧α′ if α ∧ α′ ≥ 1, and 0 otherwise; the coordinate qx0 does
not enter. Let Z = ∑α vα ∑σ exp H (α, σ) and

F̃(t, q, y) = − 1
n

log Z +
β2t
4

, F(t, q, y) = EF̃(t, q, y), F0(t, q) = F(t, q, y)
∣∣
s=0.

(4.10)
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We write ⟨·⟩ for the Gibbs measure on NK × {−1, 1}V with weights proportional to
vα exp H (α, σ), and (αℓ, σℓ)ℓ≥1 for independent samples from it. For replicas ℓ, ℓ′ we
write

ϑℓℓ′ = zαℓ∧αℓ
′ , u∗

ℓℓ′ = 1{αℓ1 = αℓ
′

1 } σℓ ⊙ σℓ′ ,

ϱx,ℓℓ′ = (Su∗
ℓℓ′)x = 1{αℓ1 = αℓ

′
1 }∑

y
Sxyσℓ

yσℓ′
y ,

and u∗ = u∗
12. The vector u∗ is the product u = σ1 ⊙ σ2 when the two replicas lie in the

same first-level branch, and it vanishes otherwise. For an event or function f of finitely
many replicas we write E⟨ f | ϑ12 = zj⟩ = w−1

j E⟨ f 1{ϑ12 = zj}⟩; by Theorem 4.7, applied
with X = log ∑σ exp H (α, σ), this is a conditional expectation under the probability
measure E⟨·⟩.

Lemma 4.8. Let x ∈ V, p ∈ N with p ≥ 1, and c ∈ [0, 1], and let k(ϑ, ϱ) = (cϑ + (1 − c)ϱ)p.
There exists a centered Gaussian process (G(α, σ)), which is a linear function of independent
Gaussian variables attached to the vertices γ ̸= ∅ of A, such that

E G(α, σ)G(α′, σ′) = k
(

zα∧α′ , 1{α1 = α′1}∑
y

Sxyσyσ′
y

)
.

The covariance is at most one in absolute value, equals one on the diagonal, and vanishes if
α1 ̸= α′1.

Proof. Expanding the power, we have k = ∑
p
l=0 (

p
l )c

p−l(1 − c)lϑp−lϱl. For 1 ≤ l ≤
p, the term ϑp−lϱl evaluated at the pair is al(α ∧ α′) ⟨F(σ)⊗l, F(σ′)⊗l⟩, where F(σ) =

(S1/2
xy σy)y∈V and al(k) = zp−l

k 1{k ≥ 1}; for l = 0 it is a0(α ∧ α′) with a0(k) = zp
k . Each

al is nondecreasing on {0, . . . , K} and vanishes at 0. If a is such a function and F′

is a map from {−1, 1}V into a finite-dimensional Euclidean space, then ∑K
k=1(a(k) −

a(k − 1))1/2⟨ξα|k , F′(σ)⟩, with independent standard Gaussian vectors ξγ, has covariance
a(α ∧ α′)⟨F′(σ), F′(σ′)⟩. Summing independent such processes gives G. Since |ϑ|, |ϱ| ≤ 1,
the covariance is at most one in absolute value; on the diagonal ϑ = 1 and ϱ = ∑y Sxy = 1;
and if α1 ̸= α′1 then ϑ = ϱ = 0.

For (x, ι) ∈ S × I with ι = (cι, pι), we let Gx,ι be the process of Lemma 4.8 for x
and kι(ϑ, ϱ) = (cιϑ + (1 − cι)ϱ)pι , built from variables independent over (x, ι). We write
kxι,ℓℓ′ = kι(ϑℓℓ′ , ϱx,ℓℓ′). Up to normalization, these kernels are those of the perturbations
in [106, Section 4], with the row overlap ϱx in place of the overlap of one type of spins.

Lemma 4.9. The following hold for t ≥ 0, q ∈ CV
K , and y ∈ Y.

(a) F is continuous, differentiable in t > 0, differentiable on CV
K in q, and infinitely differentiable

in y, with continuous derivatives. For every bounded function f of finitely many replicas,
E⟨ f ⟩ is a continuous function of (t, q, y).
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(b) For t > 0, ∂tF = β2(4n)−1E⟨u∗ · Su∗⟩; in particular |∂tF| ≤ β2/4.
(c) DqF = p, where px0 = 0 and pxj = E⟨u∗

x | ϑ12 = zj⟩ for 1 ≤ j ≤ K. Moreover p ∈
CV

K ∩ [0, 1]VK , and consequently |F(t, q, y)− F(t, q′, y)| ≤ ∥q − q′∥1.
(d) F is concave in y, and ∂yxι F = −n−1sE⟨Gx,ι⟩ = −n−1s2yxι

(
1 − E⟨kxι,12⟩

)
. Moreover

|F(t, q, y)− F0(t, q)| ≤ rs, where rs = 9|S||I|s2/(4n).
(e) We have

F0(t, 0) =
β2t
4

− 1
nζ0

log EZG(β
√

t, h)ζ0 ≤ β2t
4

− pG(β
√

t, h).

(f) We have F0(0, q) = n−1 ∑x ψh(q̃x), with q̃ as in Section 4.2.

Proof. (a) We write every Gaussian variable in (4.9) as an amplitude times a fixed standard
Gaussian variable; the amplitudes are β

√
t, the numbers (2qx1)

1/2 and (2(qxk − qx,k−1))
1/2,

and syxι times fixed coefficients. By Theorem 4.7 with X = log ∑σ exp H (α, σ), we have
F = −X0/n + β2t/4, where X0 is obtained from X by K successive integrations as in (3.7).
By (3.5) and differentiation under the integral sign, X0 is a smooth function of β

√
t, of y,

and of the variances 2qx1, 2(qxk − qx,k−1) in [0, ∞). This gives the differentiability of F and
the continuity of its derivatives. For the Gibbs averages, fix a compact set K of parameters.
The variables Z̄α = supK ∑σ exp H (α, σ) have the same law for all α, have finite mean,
and are independent of (vα), so E ∑α vαZ̄α = EZ̄α < ∞. Then, almost surely, the series
defining ⟨·⟩ converge uniformly on K, the Gibbs weights are continuous on K, and so
is ⟨ f ⟩; by dominated convergence, E⟨ f ⟩ is continuous as well. For a fixed amplitude
a, multiplying the exponential envelope by |∂aH | or |∂aH |2 preserves integrability, by
Gaussian exponential moments. The same domination therefore gives almost-sure twice
differentiability in a. The first derivative of log Z is ⟨∂aH ⟩. Since H + ∑x qxK is affine in
each amplitude, the second derivative of log Z + ∑x qxK is ⟨(∂aH − ⟨∂aH ⟩)2⟩.

The random function log Z + ∑x qxK is convex in each amplitude, as a logarithm of
a sum of exponentials of affine functions. Its difference quotients are monotone, and
E| log Z| < ∞ by Lemma 4.10 below. Subtracting the deterministic compensator, we
conclude that the derivative of F in each amplitude is the expectation of the derivative
of F̃. We now compute these expectations by (4.7), applied conditionally on (vα) with
Σ = NK × {−1, 1}V .

(b) The process H(α1)(σ) has covariance 1{α1 = α′1}(σ⊙ σ′) · S(σ⊙ σ′)/2, which equals
n/2 on the diagonal. By (4.7) with r = 1,

∂tE log Z =
β

2
√

t
E
〈

H(α1)(σ)
〉
=

β2

2

(n
2
− 1

2
E⟨u∗ · Su∗⟩

)
,

which gives the formula. Since ∥S∥ ≤ 1 and |u∗
x| ≤ 1, we have |u∗ · Su∗| ≤ n.
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(c) Suppose first that all the increments qx1, qxk − qx,k−1 are positive. For 1 ≤ j ≤ K,
by (4.7) the amplitude derivatives give, exactly as in [56, proof of Lemma 6.2],

∂qxjE log Z = E
〈
1 − 1{α1 ∧ α2 ≥ j}ux

〉
− E

〈
1 − 1{α1 ∧ α2 ≥ j + 1}ux

〉
1{j < K} − 1{j = K}

= −E
〈
1{α1 ∧ α2 = j}ux

〉
,

where u = σ1 ⊙ σ2. Since both sides are continuous on CV
K by (a), this identity holds

everywhere. For j ≥ 1 we have 1{α1 ∧ α2 = j}ux = 1{ϑ12 = zj}u∗
x, and F does not depend

on qx0. With (4.6), this proves DqF = p.
It remains to show that px ∈ CK ∩ [0, 1]K+1. For a model in which all leaves carry the

same Hamiltonian, the corresponding statement is [108, Proposition 3.6], and we follow
its proof through the cascade recursion. Fix x and write the leaf function as X = L(Yx, ω),
where Yx = Yx(α),

L(s, ω) = log ∑
σ

exp
(
sσx +H ′(σ)

)
,

H ′ is H without the term Yx(α)σx, and ω collects all the vertex variables on the path
of α other than ξx,α|k . The function L satisfies (3.6). The integrations defining X0 in
Theorem 4.7 are then exactly the recursion (3.7) with ∆1 = 2qx1, ∆k = 2(qxk − qx,k−1) for
k ≥ 2, and starting point 0; that is, X0 = L0(0). By Lemma 3.1(c), for 1 ≤ j < K,

∂qxj X0 = 2
(
∂∆j − ∂∆j+1

)
L0(0) = −wjΛ0,j(0),

and ∂qxK X0 = 2∂∆K L0(0)− 1 = −wKΛ0,K(0), where −1 comes from the term −qxK in H ′.
Comparing with the first part, we find that pxj = Λ0,j(0) for 1 ≤ j ≤ K, and Lemma 3.1(a)
shows that 0 ≤ px1 ≤ · · · ≤ pxK ≤ 1. Since px0 = 0, we conclude that px ∈ CK ∩ [0, 1]K+1.
The Lipschitz bound follows from (3.4).

(d) Concavity holds because log Z is convex in y. By (4.7) and Lemma 4.8, the
covariance of Gx,ι with the Gaussian part of H is syxιkι, which gives the formula for ∂yxι F.
Replacing s by θs in the same formula, we obtain

|∂θ F| ≤ 2θ

n ∑
x,ι

s2y2
xι ≤

9θ

2n
|S||I|s2,

and integrating over θ ∈ [0, 1] gives the last bound.
(e) If q = 0 and s = 0, the leaf function X = log Z(α1)

G , where Z(a)
G is the partition

function of ZG(β
√

t, h) with couplings g(a), depends only on the variable at the depth-
one ancestor. Then Xk = X for k ≥ 1 and X0 = ζ−1

0 log EZG(β
√

t, h)ζ0 , and the identity
follows from Theorem 4.7. By Jensen’s inequality, log EZζ0

G ≥ ζ0E log ZG, which gives the
inequality.
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(f) If t = 0 and s = 0, then X = ∑x
(

log 2 cosh(h +Yx(α))− qxK
)

is a sum of functions
of independent variables, one for each x. The integrations in Theorem 4.7 then factorize, as
in [56, Corollary 5.26], so that X0 = ∑x X0,x, where X0,x is the recursion of Section 3.3 with
v = 2q̃x = (0, 2qx1, . . . , 2qxK) evaluated at h, minus qxK. By (3.12), X0,x = −ψh(q̃x).

The next lemma is the reason for attaching independent copies of the couplings to the
first-level branches: the fluctuations of log Z do not grow with n.

Lemma 4.10. There exists Cfl, depending only on ζ0, such that Var(log Z) ≤ C2
fl for all parame-

ters (t, q, y). In particular,

E
∣∣F̃(t, q, y)− F(t, q, y)

∣∣ ≤ Cfl

n
.

Proof. Let Zα = ∑σ exp H (α, σ). For a vertex γ ∈ Nk, 1 ≤ k ≤ K, let

Uγ = ∑
α:α|k=γ

( K

∏
i=k+1

uα|i

)
Zα,

and let Tγ be the same sum with Zα replaced by one. Then log Z = log ∑a≥1 u∅aUa −
log ∑a≥1 u∅aTa. Since no variable is attached to the root, the pairs (Ua, Ta), a ≥ 1, are
independent and identically distributed, and independent of (u∅a)a.

We claim that EUζk−1
γ < ∞ for γ ∈ Nk. For k = K this holds because Zα has

moments of every order. If it holds at depth k + 1 and γ ∈ Nk, then Uγ = ∑i uγiUγi,
and conditionally on the variables attached to the ancestors of γ and to γ, the Uγi are
independent and identically distributed with conditional moment mγ of order ζk. By
(4.8), EUζk−1

γ = E[mζk−1/ζk
γ ]E(∑i uγi)

ζk−1 , which is finite by Jensen’s inequality and the
moment bound in (4.8). The same holds for Tγ.

Let S = ∑a u∅a. By (4.8), log ∑a u∅aUa and log ∑a u∅aTa both have the law of log S
plus a constant. This implies that Var(log Z) ≤ 4 Var(log S) ≤ 4E(log S)2. By Campbell’s
formula, Ee−λS = exp(−Γ(1 − ζ0)λ

ζ0) for λ ≥ 0, and integrating over λ ∈ (0, ∞) we
obtain

ES−1 =
∫ ∞

0
exp

(
− Γ(1 − ζ0)λ

ζ0
)

dλ < ∞.

Further, ESζ0/2 < ∞ by the moment bound in (4.8). Since (log s)2 ≤ 16ζ−2
0 (sζ0/2 + s−1)

for s > 0, the second moment of log S is bounded by a constant depending only on ζ0, and
so is Var(log Z). The bound on E|F̃ − F| follows from the Cauchy–Schwarz inequality,
since F̃ − F = −n−1(log Z − E log Z).

4.4 Synchronization

We use the following bound of Mourrat on conditional variances, which is [106, Proposi-
tion 5.5], with the hypothesis of [106, Theorem 5.3]. It is a finitary form of the synchro-
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nization theorem of Panchenko [115, Theorem 4], which was extended to Potts and vector
spins in [116, 117]. Its proof uses Panchenko’s ultrametricity theorem [113] for measures
that satisfy the Ghirlanda–Guerra identities [74]. Let (ci)i≥1 be a fixed enumeration of
Q ∩ [0, 1].

Proposition 4.11. For every ε > 0 there exists δ > 0 such that the following holds. Let
G be a random probability measure supported on the Cartesian product of the unit balls of
two Hilbert spaces. Let ⟨·⟩ be the expectation associated with G⊗N, with canonical random
variables (σℓ

1 , σℓ
2)ℓ≥1, and let E be the expectation with respect to the randomness of G. For

a ∈ {1, 2} and ℓ, ℓ′, r ≥ 1, let Oℓℓ′
a = σℓ

a · σℓ′
a and O≤r = (Oℓℓ′

a )a∈{1,2}, ℓ,ℓ′≤r. Suppose that for
all r, i1, i2, p ∈ {1, . . . , ⌊δ−1⌋} and every continuous f : R2×r×r → R with | f | ≤ 1, writing
kℓℓ′ = (ci1O

ℓℓ′
1 + ci2Oℓℓ′

2 )p, we have∣∣∣E〈
f (O≤r)k1,r+1

〉
− 1

r
E
〈

f (O≤r)
〉
E⟨k12⟩ −

1
r

r

∑
ℓ=2

E
〈

f (O≤r)k1ℓ
〉∣∣∣ ≤ δ. (4.11)

Suppose further that the law of O12
2 is k−1 ∑k

ℓ=1 δqℓ for some integer k ≥ 1 and −1 = q0 < q1 <

· · · < qk ≤ 1. Then

E
〈(

O12
1 − E⟨O12

1 |O12
2 ⟩

)2
〉
≤ 12

k
+ εk2 max

0≤ℓ<k
(qℓ+1 − qℓ)−1.

The law of O12
2 and the conditional expectation are taken under the probability mea-

sure E⟨·⟩. In [106] the number of replicas is denoted by n, the enumeration by (λh), the
overlaps Oℓℓ′

a by Rℓ,ℓ′
a , and the random measure by G. For δ > 0 we define the finite set

Iδ =
{( ci2

ci1 + ci2
, p

)
: 1 ≤ i1, i2, p ≤ ⌊δ−1⌋, ci1 + ci2 > 0

}
⊆ [0, 1]× N. (4.12)

For x ∈ V we write

Vx =
K

∑
j=0

wj Var
(
ϱx,12

∣∣ ϑ12 = zj
)
,

where the variance is computed under E⟨· | ϑ12 = zj⟩.

4.5 Gaussian perturbations and the envelope

In this subsection S , I, and s are as in the definition of the model, and ϵ ∈ (0, 1/8]. We
define the deterministic envelope

F⋆(t, q) = min
y∈Y

{
F(t, q, y) +

s2

nϵ ∑
x∈S ,ι∈I

(yxι − 1)2
}

. (4.13)
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By Lemma 4.9(a), the minimum is attained. By Lemma 4.9, since the penalty does not
depend on (t, q), vanishes at y = 1, and is nonnegative,

|F⋆(t, q)− F⋆(t′, q′)| ≤ β2

4
|t − t′|+ ∥q − q′∥1, |F⋆(t, q)− F0(t, q)| ≤ rs. (4.14)

Small Gaussian perturbations that enforce the Ghirlanda–Guerra identities [74]
through the concentration of the free energy are a standard tool; see [133] and [115,
Section 3]. The proof of Lemma 4.12 follows Steps 1–3 of the proof of [106, Theorem 4.1].
There, the lower bound on the second derivative of the free energy in the perturbation
parameters comes from a test function that touches the free energy; here it comes from
the minimality of y∗ in (4.13). Because of Lemma 4.10, the strength s can be chosen
independently of n.

Lemma 4.12. Suppose that s ≥ 2. Let (t, q) ∈ (0, 2)× CV
K and let y∗ be a minimizer in (4.13).

Then |y∗xι − 1| ≤ 3ϵ/2 for every (x, ι), and, under the Gibbs measure at (t, q, y∗), for every
(x, ι) ∈ S × I, every r ≥ 1, and every measurable function f of r replicas with | f | ≤ 1,∣∣∣E⟨ f kxι,1,r+1⟩ −

1
r

E⟨ f ⟩E⟨kxι,12⟩ −
1
r

r

∑
ℓ=2

E⟨ f kxι,1ℓ⟩
∣∣∣ ≤ CGG

s
√

ϵ
, (4.15)

where CGG depends only on ζ0.

Proof. Let λ = s2/(nϵ). By Lemma 4.9(d) and Lemma 4.8, |∂yxι F| ≤ 2s2yxι/n ≤ 3s2/n.
If y∗xι = 3/2, minimality would require ∂yxι F + λ ≤ 0, which implies λ ≤ 3s2/n and
contradicts ϵ ≤ 1/8; the case y∗xι = 1/2 is excluded in the same way. This shows that y∗
is interior, and stationarity gives |y∗xι − 1| = |∂yxι F|/(2λ) ≤ 3ϵ/2 ≤ 3/16. In particular
y∗ ± zexι ∈ Y for z ∈ [0, 1/4].

Fix (x, ι) and write g(y) = F(t, q, y) and g̃(y) = F̃(t, q, y), where y equals y∗ except
that yxι = y. By global minimality of y∗ and stationarity, we have, for |z| ≤ 1/4,

g(y∗ + z) ≥ g(y∗) + g′(y∗)z − λz2, (4.16)

since the penalty changes by 2λ(y∗ − 1)z + λz2 and g′(y∗) = −2λ(y∗ − 1). Because g is
smooth, it follows from (4.16) that g′′(y∗) ≥ −2λ. The random function g̃ is concave
and, by the domination argument in the proof of Lemma 4.9(a), almost surely twice
differentiable, with g̃′ = −n−1s⟨Gx,ι⟩ and g̃′′ = −n−1s2⟨(Gx,ι − ⟨Gx,ι⟩)2⟩, and Eg̃′ = g′ by
the argument in the proof of Lemma 4.9(a). By Fatou’s lemma applied to the nonnegative
quotients (g̃′(y∗)− g̃′(y∗ + ϵ′))/ϵ′ as ϵ′ ↓ 0,

s2

n
E
〈
(Gx,ι − ⟨Gx,ι⟩)2〉 ≤ −g′′(y∗) ≤ 2λ, so E

〈
(Gx,ι − ⟨Gx,ι⟩)2〉 ≤ 2

ϵ
. (4.17)
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Let z ∈ (0, 1/4] and ∆ = g̃ − g. By concavity of g̃ and by (4.16) at ±z,

g̃′(y∗)− g′(y∗) ≤
∆(y∗)− ∆(y∗ − z)

z + λz, g̃′(y∗)− g′(y∗) ≥
∆(y∗ + z)− ∆(y∗)

z − λz.

Since the three points y∗, y∗ ± z are deterministic, Lemma 4.10 applies at each of them,
and we obtain E|g̃′(y∗)− g′(y∗)| ≤ 3Cfl/(nz) + λz, that is,

E
∣∣⟨Gx,ι⟩ − E⟨Gx,ι⟩

∣∣ ≤ 3Cfl

sz +
sz
ϵ
=

3Cfl + 1√
ϵ

for the choice z = s−1√ϵ, which is at most 1/4 because s ≥ 2 and ϵ ≤ 1/8. Combining
this with (4.17), we obtain

E
〈
|Gx,ι − E⟨Gx,ι⟩|

〉
≤ 3Cfl + 1 +

√
2√

ϵ
. (4.18)

Let f be a function of r replicas with | f | ≤ 1. By (4.7) and Lemma 4.8, with kxι,11 = 1,

E⟨Gx,ι(α
1, σ1) f ⟩ = sy∗xιE

〈
f
( r

∑
ℓ=1

kxι,1ℓ − rkxι,1,r+1

)〉
, E⟨Gx,ι⟩ = sy∗xι

(
1 − E⟨kxι,12⟩

)
.

Subtracting E⟨Gx,ι⟩E⟨ f ⟩ from the first identity and dividing by −rsy∗xι, we see that the
left side of (4.15) equals |E⟨(Gx,ι(α1, σ1)− E⟨Gx,ι⟩) f ⟩|/(rsy∗xι). Since y∗xι ≥ 13/16, (4.15)
follows from (4.18), with CGG = 16(3Cfl + 1 +

√
2)/13.

4.6 Sparsification and the drift

We use the following theorem of Cohen, Nelson, and Woodruff on row sparsification [42,
Theorem 5].

Theorem 4.13. There exists an absolute constant C0 ≥ 1 such that the following holds. Let B
be a real n × d matrix with ∥B∥ ≤ 1 and ∥B∥2

F ≤ r, where r > 0, and let λ ∈ (0, 1). Then there
exists a diagonal n × n matrix Θ with nonnegative entries and at most C0(1 + r/λ2) nonzero
entries such that ∥BTΘ2B − BTB∥ ≤ λ.

In [42, Theorem 5] the diagonal matrix has O(r/λ2) nonzero entries; replacing it
by its absolute value does not change BTΘ2B. The proof of [42, Theorem 5] adapts
the deterministic construction of Batson, Spielman, and Srivastava [20], in which the
number of nonzero entries is bounded in terms of the rank of B. For B = S the rank
may be of order n, whereas ∥S∥2

F = n/D. We apply Theorem 4.13 to B = S, with
r = tr S2 = n/D ≥ 1, and obtain Θ with

∥SΘ2S − S2∥ ≤ λ, |{x : Θxx ̸= 0}| ≤ 2C0n
Dλ2 . (4.19)
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Lemma 4.14. Let Θ satisfy (4.19) and let {x : Θxx ̸= 0} ⊆ S . Let t > 0, q ∈ CV
K , y ∈ Y, and

ε0 > 0, and suppose that Vx ≤ ε0 at (t, q, y) for every x ∈ S . Then for every η > 0,

∣∣∂tF(t, q, y)− HS(DqF(t, q, y))
∣∣ ≤ τ, τ =

β2

4

[
η +

λ + (1 + λ)ε0

4η

]
.

Proof. For 1 ≤ j ≤ K let pj = E⟨u∗ | ϑ12 = zj⟩ ∈ RV and let Cj be the covariance matrix of
u∗ under E⟨· | ϑ12 = zj⟩, which is positive semidefinite with tr Cj ≤ n. Since u∗ = 0 on
{ϑ12 = z0}, Lemma 4.9(b),(c) and (4.6) give

∂tF =
β2

4n

K

∑
j=1

wjE⟨u∗ · Su∗ | ϑ12 = zj⟩ = HS(p) +
β2

4n

K

∑
j=1

wj tr(SCj),

with p = DqF. For the Sherrington–Kirkpatrick model, the analogous identity is [56,
Lemma 6.2]; there the error term is the conditional variance of the overlap given the
cascade overlap, which is nonnegative. For each eigenvalue µ of S we have |µ| ≤
η + µ2/(4η). Since Cj is positive semidefinite, we deduce that | tr(SCj)| ≤ η tr Cj +

tr(S2Cj)/(4η). By (4.19), tr(S2Cj) ≤ λ tr Cj + tr(SΘ2SCj), and

tr(SΘ2SCj) = ∑
x

Θ2
xx(SCjS)xx = ∑

x
Θ2

xx Var
(
ϱx,12

∣∣ ϑ12 = zj
)
.

Let ωx = Θ2
xx/n. Testing (4.19) on 1 and using S1 = 1, we find ∑x ωx ≤ 1 + λ. We

conclude that

∑
j

wj
tr(S2Cj)

n
≤ λ + ∑

x∈S
ωxVx ≤ λ + (1 + λ)ε0,

and the claim follows.

Lemma 4.15. Suppose that ζ j = (j + 1)/(K + 1) for 0 ≤ j ≤ K. Let δM be given by Propo-
sition 4.11 for ε = K−1(K + 1)−3, and let I = IδM be as in (4.12). Let Θ satisfy (4.19), let
S = {x : Θxx ̸= 0}, and suppose that

s ≥ 2 and
2⌊δ−1

M ⌋CGG

s
√

ϵ
≤ δM. (4.20)

Then F⋆ is a supersolution of ∂tu − Hext(Dqu) ≥ −τ, with τ as in Lemma 4.14 for ε0 =

13/(K + 1).

Proof. Let φ be continuously differentiable near (t0, q0) ∈ (0, 2)× CV
K , and let F⋆ − φ have

a local minimum at (t0, q0). Let y∗ be a minimizer in (4.13) at (t0, q0); it is a deterministic
point. The function (t, q) 7→ F(t, q, y∗) + s2(nϵ)−1 ∑x,ι(y∗xι − 1)2 is at least F⋆ and equals
it at (t0, q0). Then F(·, ·, y∗)− φ also has a local minimum at (t0, q0). By Lemma 4.9(a)
and (4.3), ∂t φ = ∂tF and DqF ⪰∗ Dq φ at (t0, q0, y∗).
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Fix x ∈ S , and let G be the image of the Gibbs measure at (t0, q0, y∗) under the map
(α, σ) 7→ (Fx(α, σ), e(α)), where

Fx(α, σ) =
(
S1/2

xy σyeα1

)
y∈V , e(α) =

K

∑
k=1

(zk − zk−1)
1/2eα|k ,

for orthonormal families (ea)a∈N and (eγ)γ∈A\{∅}. Both components are unit vectors,
since ∑y Sxy = 1 and zK − z0 = 1. For the replicas (αℓ, σℓ), the overlaps of Proposition 4.11
are Oℓℓ′

1 = ϱx,ℓℓ′ and Oℓℓ′
2 = ϑℓℓ′ . We check the hypotheses of Proposition 4.11 with δ = δM.

Let r, i1, i2, p ≤ ⌊δ−1
M ⌋ and let f be as there. If ci1 + ci2 = 0, then kℓℓ′ = 0 for all ℓ, ℓ′, and

the left side of (4.11) vanishes. Otherwise(
ci1ϱ + ci2ϑ

)p
= (ci1 + ci2)

p kι(ϑ, ϱ), ι =
( ci2

ci1 + ci2
, p

)
∈ I,

and f (O≤r) is a measurable function of r replicas with | f (O≤r)| ≤ 1. Then the left
side of (4.11) is (ci1 + ci2)

p ≤ 2⌊δ−1
M ⌋ times the left side of (4.15), and it is at most δM by

Lemma 4.12 and (4.20). By (4.6), the law of ϑ12 is (K + 1)−1 ∑K
j=0 δzj . This is the law in

Proposition 4.11 with k = K + 1 and qℓ = zℓ−1 for 1 ≤ ℓ ≤ k, and the spacings qℓ+1 − qℓ
are 1 for ℓ = 0 and 1/K otherwise. Since each event {ϑ12 = zj} has probability wj > 0,
the left side of the conclusion of Proposition 4.11 equals Vx, and the proposition implies
that

Vx ≤ 12
K + 1

+ ε(K + 1)2K =
13

K + 1
.

This holds for every x ∈ S , and Lemma 4.14 implies that ∂tF ≥ HS(DqF)− τ at (t0, q0, y∗).
Since DqF ∈ CV

K by Lemma 4.9(c), we have HS(DqF) = Hext(DqF) ≥ Hext(Dq φ) by
Lemma 4.2(c). Therefore ∂t φ − Hext(Dq φ) ≥ −τ at (t0, q0).

4.7 Proof of Proposition 4.1

If β = 0, then pG(0, h) = log 2 cosh h by Lemma 2.1, and P(0, h) = log 2 cosh h by the
same lemma for the Sherrington–Kirkpatrick model. Let β > 0, h ∈ R, and υ ∈ (0, 1).

We first make all choices that do not depend on D or G. Let ν = νβ,h be the Parisi
measure, and let Q(θ) = min{s ∈ [0, 1] : ν([0, s]) ≥ θ} for θ ∈ (0, 1). Extend Q to
[0, 1] by Q(0) = min supp ν and Q(1) = max supp ν. The function Q is nondecreasing,
and the image of the Lebesgue measure on (0, 1) under Q is ν. For K ≥ 1, let r(K)j =

Q((j + 1/2)/(K + 1)) for 0 ≤ j ≤ K, so that r(K) ∈ CK ∩ [0, 1]K+1, and let µ(K) = (K +

1)−1 ∑K
j=0 δ

r(K)j
. For f ∈ C([0, 1]), the integral

∫
f dµ(K) is a Riemann sum of f ◦ Q

for the partition of [0, 1] into K + 1 intervals of equal length. The function f ◦ Q is
bounded and continuous outside the set of discontinuities of Q, which is countable.
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By Lebesgue’s criterion it is Riemann integrable, and these Riemann sums converge to∫ 1
0 f (Q(θ))dθ =

∫
f dν as K → ∞. Then µ(K) → ν weakly, and Lemma 3.10 and (2.7)

imply that Pβ,h(µ
(K)) → P(β, h).

Let η = 2υ/(3β2), so that β2η/4 = υ/6. Let K ≥ 1 be so large that, with ζ j =

(j + 1)/(K + 1) (so that wj = w̄ = ζ0 = 1/(K + 1) ≤ 1/2 and µr(K) = µ(K)), we have

Pβ,h(µ
(K)) ≤ P(β, h) +

υ

6
,

β2ζ0

4
≤ υ

6
and

β2

16η
· 21w̄ ≤ υ

6
.

Let λ = w̄ and ε0 = 13w̄, so that λ + (1 + λ)ε0 ≤ 21w̄ and the constant τ of Lemma 4.14
satisfies τ ≤ υ/3. Let δ = υ/6 and ϵ = 1/8. Let δM and I = IδM be as in Lemma 4.15, and
let CGG be as in Lemma 4.12. These objects depend only on β, h, and υ.

Now let D ≥ 1, let s = D1/4, and let D0 be such that (4.20) holds for D ≥ D0. Let
D ≥ D0 and G ∈ GD. Let Θ be given by (4.19), let S = {x : Θxx ̸= 0}, and let the model
of Section 4.3 be constructed with these S , I, and s. By (4.19),

rs =
9
4
|S||I|s2

n
≤ 9C0|I|

2λ2
√

D
. (4.21)

We apply Lemma 4.5 with H = Hext, V = Vδ, and E = F⋆, restricted to [0, 2]× CV
K . By

Lemma 4.2(c), Hext is Lipschitz on bounded sets. Hypothesis (i) holds by Lemma 4.6(b)
and Lemma 4.15; (ii) holds with Lt = β2 and Lq = 1 by Lemma 4.6(a) and (4.14). For (iii),
by Lemma 4.6(c), Lemma 4.9(f), and (4.14),

Vδ(0, q) ≤ 1
n ∑

x
ψh(q̃x) + δ = F0(0, q) + δ ≤ F⋆(0, q) + δ + rs.

The lemma then gives Vδ(1, 0) ≤ F⋆(1, 0) + δ + rs + τ. By Lemma 4.6(d), (4.14), and
Lemma 4.9(e),

U(1, 0)− β2ζ0

4
≤ F0(1, 0) + δ + 2rs + τ ≤ β2

4
− pG(β, h) + δ + 2rs + τ.

By Lemma 3.10 with r = r(K) and the choice of K, we have U(1, 0) ≥ β2/4−Pβ,h(µ
(K)) ≥

β2/4 − P(β, h)− υ/6. Combining these bounds with the choices above and (4.21), we
obtain

pG(β, h) ≤ P(β, h) +
υ

6
+

β2ζ0

4
+ δ + τ + 2rs ≤ P(β, h) +

5υ

6
+

9C0|I|
λ2

√
D

.

The right side does not depend on G ∈ GD or on n. Taking the supremum over G ∈ GD
and letting D → ∞, we obtain lim supD→∞ supG∈GD

pG(β, h) ≤ P(β, h) + 5υ/6. Since υ

is arbitrary, this completes the proof of Proposition 4.1.



section 5

Message-passing centers on tori and hypercubes

The goal of this section is to prove Proposition 5.2, which constructs the centers used in
the lower bound on tori and hypercubes. A center is a vector m ∈ (−1, 1)V computed
from finitely many products of the coupling matrix W with vectors, each of which is a
function of the earlier products. The following definition records this structure, which is
the form required by Theorem 6.2.

Definition 5.1. Let G ∈ GD and let T ≥ 1 be an integer. A query history of depth T on G
consists of a random variable U independent of (ge)e∈E and random vectors x1, . . . , xT ∈
RV such that, for each t ≤ T, the vector xt is measurable with respect to the σ-algebra
generated by U and Wx1, . . . , Wxt−1. We write H for the σ-algebra generated by U and
Wx1, . . . , WxT. A center of the history is an H-measurable vector m ∈ (−1, 1)V such that
m = xt for some t ≤ T.

Throughout this section, (Gd)d≥1 denotes one of two sequences of graphs: either the
tori Gd = Td

L for a fixed L ≥ 3, with D = 2d and n = Ld, or the hypercubes Gd = Qd, with
D = d and n = 2d. Both are vertex-transitive, since they are Cayley graphs of (Z/LZ)d

and (Z/2Z)d. We use the notation of (2.2) on Gd, and we write ∥w∥n = (n−1 ∑x w2
x)

1/2

for the normalized Euclidean norm of w ∈ RV . The Parisi measure ν = νβ,h, the endpoints
q− ≤ q+ of its support, the functions a and v, the Parisi diffusion Xt, the martingale
Mt = ∂xΦ(t, Xt) and the law µ+ = Law(Mq+) are those introduced with (2.6) and (2.7).

Proposition 5.2. Let β > 0 and h > 0. Let (Gd)d≥1 be either the tori Td
L for a fixed L ≥ 3, with

D = 2d, or the hypercubes Qd, with D = d. For every ϵ > 0 there exist an integer T ≥ 1, a
probability measure µϵ on [−1, 1] and, for every d, a query history of depth T on Gd with center
m = m(d), such that the following three statements hold.

(a) With κx = 1 − m2
x, we have

lim inf
d→∞

1
n

E
[

βHGd(m) + h ∑
x

mx + ∑
x

ent(mx) +
β2

4
⟨κ, Sκ⟩

]
≥ P(β, h)− ϵ.

(b) We have W1(µϵ, µ+) ≤ ϵ, where W1 is the Wasserstein distance of order one on [−1, 1].

56



5 Message-passing centers on tori and hypercubes 57

(c) Let Υ : [−1, 1] × [0, ∞) → R be continuous, and let LΥ ≥ 0 be such that |Υ(m′, r) −
Υ(m′, r′)| ≤ LΥ|r − r′| for all m′ ∈ [−1, 1] and r, r′ ≥ 0. Let a, c, B ≥ 0. Then

lim
d→∞

E sup
r∈a1+cS[0,B]V

∣∣∣ 1
n ∑

x
Υ(mx, rx)−

1
n ∑

x

∫
Υ(m′, rx) µϵ(dm′)

∣∣∣ = 0.

Remark 5.3. We record three comments on the statement.

• The integer T and the measure µϵ depend on β, h, ϵ, and, for tori, on L. The history
is given by the same formulas for every d: polynomials, real coefficients, and a
continuous output function, none of which depend on d.

• All terms in (a) are integrable, since |HGd(m)| ≤ ∑e |Je|.
• The supremum in (c) is a random variable: since a1 + cS[0, B]V is compact and the

expression inside the absolute value is continuous in r, the supremum may be taken
over a countable dense subset.

The centers are produced by approximate message passing with full memory and
deterministic Onsager coefficients. The Gaussian state evolution of message passing was
first proved by Bolthausen [25] and by Bayati and Montanari [21]. Section 5.1 introduces
this recursion and states its state evolution, Proposition 5.6. We deduce Proposition 5.6
from a theorem of Hachem [80] on a recursion whose Onsager coefficients are computed
from the disorder. Section 5.2 states this theorem and a bound on ∥W∥, Section 5.3
proves moment bounds and a coefficient-replacement estimate, and Section 5.4 proves
Proposition 5.6. Section 5.5 computes the energy of the output. Sections 5.6 and 5.7 adapt
to this recursion the two-phase algorithm of Sellke [125]. Its first phase is an iteration
of the type used by Bolthausen [25], and its second phase is the incremental message
passing of Montanari [103] and El Alaoui, Montanari, and Sellke [60], whose value is
described by the stochastic control problem of [60, Section 4]. For the SK model without
field, Montanari showed that the incremental algorithm constructs approximate solutions
of the TAP equations for all large β, under the assumption that the support of the Parisi
measure is an interval [0, q∗] for all large β [103, Theorem 5]. Section 5.8 proves the
homogenization estimate, and Section 5.9 completes the proof of Proposition 5.2.

The Onsager coefficients of our recursion are real numbers computed from the state
evolution. Using Hachem’s coefficients, which explicitly involve squared individual
couplings, would require information beyond the earlier products and would not in
general satisfy Definition 5.1. Deterministic Onsager coefficients for sparse variance
profiles also appear in Theorems 2 and 4 of [80], which treat exact and approximate
iterates, respectively, under a nondegeneracy assumption. At high temperature, [81,
Theorem 5] treats an exact recursion with the additional sparsity condition Kn ≥ log n.
These recursions have nonlinearities that act only on the last iterate; the incremental
phase below needs the full history. We instead import the sampled-coefficient polynomial
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result [80, Proposition 8] and prove the replacement by deterministic coefficients in
Section 5.4.

Throughout this section, Z denotes a standard Gaussian variable, ∥ξ∥p = (E|ξ|p)1/p

for a random variable ξ, and a function on Rk has polynomial growth if it is bounded by
C(1 + |z|p) for some C, p ≥ 0. Functions act on vectors coordinatewise: for f : Rt → R

and u1, . . . , ut ∈ RV , the vector f (u1, . . . , ut) ∈ RV has coordinates f (u1
x, . . . , ut

x). We
write w ⊙ w′ for the coordinatewise product.

5.1 Message passing with deterministic Onsager coefficients

Fix an integer T ≥ 1, a constant f0 ∈ R and polynomials ft : Rt → R for 1 ≤ t ≤ T − 1.
For a sequence u = (u1, u2, . . . ) we write ūt = (u1, . . . , ut), with ū0 empty and f0(ū0) = f0.
The state evolution is the centered Gaussian vector U = (U1, . . . , UT) whose covariance is
given recursively by

E Ur+1Us+1 = E fr(Ūr) fs(Ūs) (0 ≤ r, s ≤ T − 1). (5.1)

The recursion (5.1) defines the law of U, since the covariance of Ūt+1 is determined by
the law of Ūt; degenerate covariances are allowed. The Onsager coefficients are the real
numbers

bt,s = E ∂s ft(Ūt) (1 ≤ s ≤ t ≤ T − 1). (5.2)

On a graph G ∈ GD we define u1, . . . , uT ∈ RV by u1 = f0W1 and

ut+1 = W ft(ūt)−
t

∑
s=1

bt,s fs−1(ūs−1) (1 ≤ t ≤ T − 1), (5.3)

where f0(ū0) = f01. The coefficients bt,s depend only on f0, . . . , fT−1; they do not depend
on G or on the couplings. If bt,s is replaced by the empirical average n−1 ∑x ∂s ft(ūt

x), then
(5.3) is the message-passing iteration of [103, (2.1)], whose state evolution is (5.1).

Lemma 5.4. Let G ∈ GD, let 1 ≤ K ≤ T, and let θ : RK → (−1, 1) be measurable. Set
xt = ft−1(ūt−1) for 1 ≤ t ≤ K, and xK+1 = θ(ūK). Then x1, . . . , xK+1, with U constant, form
a query history of depth K + 1 on G, and m = θ(ūK) is a center of it.

Proof. We show by induction on t ≤ K that ūt is measurable with respect to
σ(Wx1, . . . , Wxt). Since x1 = f01, we have u1 = Wx1. If the claim holds for some
t < K, then xt+1 = ft(ūt) is measurable with respect to σ(Wx1, . . . , Wxt), and (5.3) reads
ut+1 = Wxt+1 − ∑s≤t bt,sxs, which is measurable with respect to σ(Wx1, . . . , Wxt+1). This
completes the induction. In particular, x1 is deterministic and, for 2 ≤ t ≤ K + 1, the
vector xt is a function of ūt−1, which is measurable with respect to σ(Wx1, . . . , Wxt−1).
Finally, m = xK+1 takes values in (−1, 1)V and is H-measurable.
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The next lemma is the covariance isometry behind the state evolution.

Lemma 5.5. For 1 ≤ k ≤ T, let Fk be the linear span of f0, f1(Ū1), . . . , fk−1(Ūk−1) in L2, and
let Uk be the span of U1, . . . , Uk. The linear map ιk : Fk → Uk with ιk( f j(Ū j)) = Uj+1 is well
defined and is an isometry onto Uk, and ιk+1 extends ιk for k < T. In particular, for k < T,
the L2 distance from Uk+1 to Uk equals the L2 distance from fk(Ūk) to Fk, and ιk+1 maps every
ξ ∈ Fk+1 orthogonal to Fk to an element of Uk+1 orthogonal to Uk.

Proof. By (5.1), for all real coefficients cj, c′j, we have

E
[(

∑
j

cj f j(Ū j)
)(

∑
j

c′j f j(Ū j)
)]

= E
[(

∑
j

cjUj+1

)(
∑

j
c′jUj+1

)]
.

If ∑j cj f j(Ū j) = 0 in L2, then the case c′ = c implies that ∑j cjUj+1 = 0 in L2. This
means that ιk is well defined, and by the display it preserves inner products. It is onto
by definition, and ιk+1 extends ιk. Since ιk+1 is an isometry of Fk+1 onto Uk+1 that
maps Fk onto Uk, it maps the orthogonal complement of Fk in Fk+1 onto the orthogonal
complement of Uk in Uk+1. Applying this to the component of fk(Ūk) orthogonal to Fk,
whose image is the component of Uk+1 orthogonal to Uk, we obtain the statement about
distances.

The following proposition is the state evolution of (5.3) on tori and hypercubes. It is
proved in Section 5.4.

Proposition 5.6. Let (Gd) be the tori Td
L for a fixed L ≥ 3 or the hypercubes Qd, and run (5.3)

on Gd with T, f0, and ( ft)1≤t≤T−1 fixed. Let 1 ≤ t ≤ T.

(a) For every polynomial ψ : Rt → R, we have supd maxx∈V E|ψ(ūt
x)| < ∞.

(b) For every continuous function ψ : Rt → R of polynomial growth and every choice of
x = xd ∈ V, as d → ∞,

Eψ(ūt
x) → Eψ(Ūt),

E

∣∣∣ 1
n ∑

y∈V
ψ(ūt

y)− Eψ(Ūt)
∣∣∣ → 0, E

∣∣∣ 1
D ∑

y∼x
ψ(ūt

y)− Eψ(Ūt)
∣∣∣ → 0.

By Lemma 5.17 below, the quantities in (b) have laws that do not depend on x. In
particular, the convergence in (b) is uniform in x.

5.2 Two imported results

We use the following special case of a theorem of Hachem [80, Proposition 8], which
extends the polynomial state evolution of Bayati, Lelarge, and Montanari [22] to sparse
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variance profiles. In Hachem’s recursion, the Onsager term is computed from the squared
entries of the matrix and from the current iterates. State evolution for matrices with a
variance profile was also proved by Wang, Zhong, and Fan [140] and by Bao, Han, and
Xu [13], for entries of variance O(1/n). On tori and hypercubes, the nonzero entries of
W have variance 1/D, and D/n → 0.

Theorem 5.7. Let (nk)k≥1 and (Dk)k≥1 be sequences of positive integers with Dk ≤ nk and
Dk → ∞. For each k, let S(k) be a symmetric nk × nk matrix with nonnegative entries and
zero diagonal, having at most Dk nonzero entries in each row, each of them at most D−1

k . Let
(gxy)1≤x<y≤nk be independent standard Gaussian variables, and let W(k) be the symmetric matrix

with zero diagonal and entries Wxy = (S(k)
xy )

1/2gxy for x < y. Fix integers q, T ≥ 1 and
polynomial maps ft = (ft,1, . . . , ft,q) : Rq → Rq for 0 ≤ t ≤ T − 1, not depending on k, and set
f−1 = 0. Define zt

x ∈ Rq, for x ∈ [nk] and 0 ≤ t ≤ T, by z−1
x = z0

x = 0 and

zt+1
x (r) = ∑

y
Wxy ft,r(zt

y)−
q

∑
s=1

ft−1,s(zt−1
x )∑

y
W2

xy ∂sft,r(zt
y) (r ∈ [q]). (5.4)

Define positive-semidefinite q × q matrices by

Ξ1
x = ∑

y
S(k)

xy f0(0)f0(0)T, Ξt+1
x = ∑

y
S(k)

xy E
[
ft(ζ

t
y)ft(ζ

t
y)

T],
where ζt

y ∼ N(0, Ξt
y). Then for every 1 ≤ t ≤ T and every polynomial ψ : Rq → R the following

hold.

(i) We have supk maxx ∥Ξt
x∥ < ∞ and supk maxx E|ψ(zt

x)| < ∞.
(ii) For every C > 0 and every sequence of nonempty sets Ik ⊂ [nk] with |Ik| ≤ CDk, as k → ∞,

1
Dk

∑
x∈Ik

(
ψ(zt

x)− Eψ(ζt
x)
)
→ 0 and

1
nk

∑
x∈[nk]

(
ψ(zt

x)− Eψ(ζt
x)
)
→ 0

in probability.

In the notation of [80], Theorem 5.7 is Proposition 8, equations (19)–(21), with sparsity
parameter Kn = Dk, constants Ccard = CS = 1, standard Gaussian entries (which satisfy
Assumption 1 there), polynomial maps and test polynomials that do not depend on the
vertex or on n, and initial vector zero. Assumption 2 of [80] requires only Kn → ∞,
Kn ≤ n, the bound on the number of nonzero entries in each row, and the bound on
the entries; in particular, no relation between Kn and log n is needed. Equation (20)
there bounds the moments of monomials, which implies the moment bound in (i) for
polynomials. The normalization in (ii) is D−1

k for every admissible set, as in equation
(21a) there; we use this local conclusion only for neighborhoods, which have exactly Dk
elements. The theorem requires neither a nondegeneracy assumption on the covariances
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nor a bound on ∥W∥; these enter only Hachem’s results for nonpolynomial activation
functions.

The second imported result is a bound of Bandeira and van Handel [12, Theorem 1.1]
on the norm of a Gaussian matrix with a variance profile.

Theorem 5.8. Let X be the n × n symmetric matrix with Xxy = bxygxy, where {gxy : x ≥ y}
are independent standard Gaussian variables and {bxy : x ≥ y} are given real numbers, with
bxy = byx. Set σ = maxx(∑y b2

xy)
1/2 and σ∗ = maxx,y |bxy|. Then for every 0 < ϵ′ ≤ 1/2,

E∥X∥ ≤ (1 + ϵ′)
(

2σ +
6√

log(1 + ϵ′)
σ∗
√

log n
)

.

Lemma 5.9. Let G ∈ GD have n ≥ 2 vertices. Then E∥W∥ ≤ 3 + 15(D−1 log n)1/2. For the
tori Td

L with a fixed L ≥ 3 and for the hypercubes Qd, we have supd E∥W∥p < ∞ for every
p ≥ 1.

Proof. We apply Theorem 5.8 with bxy = S1/2
xy and bxx = 0, so that σ = 1 and σ∗ = D−1/2.

With ϵ′ = 1/2 we have 9(log(3/2))−1/2 ≤ 15, which gives the first bound. Next, we view
∥W∥ as a function of g = (ge)e∈E. For two values g, g′,

∣∣∥W(g)∥ − ∥W(g′)∥
∣∣ ≤ ∥W(g)− W(g′)∥HS =

( 2
D ∑

e∈E
(ge − g′e)

2
)1/2

,

that is, ∥W∥ is (2/D)1/2-Lipschitz. By Gaussian concentration (F4), we have ∥∥W∥ −
E∥W∥∥p ≤ Cp(2/D)1/2, where Cp depends only on p. For tori, D−1 log n = (log L)/2,
and for hypercubes, D−1 log n = log 2. By the first bound, we have supd E∥W∥ < ∞, and
the moment bound follows from Minkowski’s inequality.

5.3 Tame polynomials and coefficient replacement

In this subsection G ∈ GD is arbitrary, and the entries We = Je, e ∈ E, are independent
with law N(0, D−1). Moment bounds that do not depend on D come from a structural
property: every monomial of an iterate at x is supported on a connected set of edges
attached to x. There are at most CDs such sets with s edges, and each edge carrying a
nonzero even power contributes a factor at most C/D. This bookkeeping follows the
moment method of [22]. The letter C denotes constants that depend only on the indicated
quantities, never on D, on G, or on the chosen vertices; its value may change from line to
line.

A monomial is a product M = ∏e∈E Wke
e with integers ke ≥ 0, finitely many of them

nonzero. Its degree is deg M = ∑e ke, and its support is supp M = {e : ke ≥ 1}. A set of
edges is connected if the graph formed by these edges and their endpoints is connected.
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Definition 5.10. Let x ∈ V, let k ≥ 0 be an integer, and let C0 ≥ 0. A finite sum
Y = ∑M cM M of monomials is tame rooted at x, of type (k, C0), if every monomial M with
cM ̸= 0 satisfies deg M ≤ k and |cM| ≤ C0, and supp M is either empty or a connected
set of edges at least one of which has x as an endpoint.

Lemma 5.11. Let x ∈ V.

(a) If Y and Y′ are tame rooted at x, of types (k, C0) and (k′, C′
0), then Y + Y′ is tame rooted at

x, of type (max(k, k′), C0 + C′
0), and YY′ is tame rooted at x, of type (k + k′, 2k+k′C0C′

0).
A polynomial of degree at most m, with coefficients bounded by C1, in j tame polynomials
rooted at x of type (k, C0) is tame rooted at x, of a type depending only on k, C0, m, C1, j.

(b) If Yy is tame rooted at y, of type (k, C0), for every neighbor y of x, then ∑y∼x WxyYy and
∑y∼x W2

xyYy are tame rooted at x, of types (k + 1, (k + 1)C0) and (k + 2, (k + 2)C0).

Proof. (a) The statement on sums is immediate. The coefficient of M in YY′ is
∑M1 M2=M cM1c′M2

, and M has at most ∏e(ke + 1) ≤ 2deg M factorizations. Further,
supp(M1M2) = supp M1 ∪ supp M2 is empty or connected with an edge at x, because
both sets are, and each of them that is nonempty contains the vertex x. Constants are
tame rooted at x, of type (0, |c|), which gives the statement on polynomials.

(b) Let My be a monomial of Yy. The support of WxyMy is supp My ∪ {xy}. It is
connected and contains the edge xy at x: either supp My is empty, or it is connected and
contains an edge at y, which shares the vertex y with xy. A given monomial M arises
as WxyMy only for neighbors y with xy ∈ supp M, which are at most deg M ≤ k + 1
in number, and for each of them My = M/Wxy is determined. The coefficient of M is
therefore at most (k + 1)C0. The same argument applies to W2

xyMy.

Lemma 5.12. Let x ∈ V and let v ≥ 2. The number of connected sets of edges that contain an
edge at x and span exactly v vertices is at most 4v2v2

Dv−1.

Proof. Such a set S has a spanning tree. We root it at x and list its vertices in breadth-first
order. There are at most 4v rooted plane trees with v vertices. Given the shape, there
are at most Dv−1 labelings, since the root is x and each other vertex is a neighbor of its
parent, which is listed before it. Finally, S is a set of pairs of these v vertices, which leaves
at most 2v2

choices.

Lemma 5.13. If Y1, . . . , Yj are tame rooted at the same vertex x, of type (k, C0), then
|E[Y1 · · ·Yj]| ≤ C, where C depends only on j, k, and C0. In particular, if Y is tame rooted at x,
of type (k, C0), then E|Y|p ≤ C for every p ≥ 1, with C depending only on p, k, and C0.

Proof. We expand E ∏i Yi = ∑ ∏i cMiE ∏i Mi over j-tuples of monomials. For a tuple, let
S =

⋃
i supp Mi and µe = ∑i ke(Mi) for e ∈ S . By independence, E ∏i Mi = ∏e∈S EWµe

e .
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This vanishes unless every µe is even, and then∣∣∣E ∏
i

Mi

∣∣∣ = ∏
e∈S

(µe − 1)!! D−µe/2 ≤ (jk)! D−|S|,

since µe ≥ 2 for e ∈ S . If S is empty, all Mi are constant, and the tuple contributes at
most Cj

0. Otherwise S is connected and contains an edge at x, because each nonempty
supp Mi does and contains x; it spans some number 2 ≤ v ≤ jk + 1 of vertices, and
|S| ≥ v − 1. Given S , there are at most (k + 1)j|S| ≤ (k + 1)j2k tuples of monomials of
degree at most k supported in S . By Lemma 5.12,

|E[Y1 · · ·Yj]| ≤ Cj
0

(
1 +

jk+1

∑
v=2

4v2v2
Dv−1(k + 1)j2k(jk)! D−(v−1)

)
,

which depends only on j, k, and C0. The second statement follows by taking Y1 = · · · =
Y2p′ = Y for an integer p′ ≥ p/2 and using Hölder’s inequality.

The next lemma replaces squared couplings by their variances in an Onsager coef-
ficient. For dense matrices, the corresponding fourth-moment bound is proved in [22,
Appendix A.2]. Hachem stated a version for sparse variance profiles in [80, Lemma 21]
and omitted its proof. We give a complete proof for tame polynomials, along the lines
of [22].

Lemma 5.14. Let x ∈ V, and for every neighbor y of x let Yy be tame rooted at y, of type (k, C0).
Then

E
(

∑
y∼x

(
W2

xy − D−1)Yy

)4
≤ C

D2 ,

where C depends only on k and C0.

Proof. Expanding the fourth power and each Yy, we write the left side as a sum over
4-tuples (ya, Ma)a≤4, where ya ∼ x and Ma is a monomial of Yya , of

4

∏
a=1

c(ya)
Ma

· E
4

∏
a=1

(
W2

xya − D−1)Ma.

Fix a tuple. Let ea = xya, let S =
⋃

a(supp Ma ∪ {ea}), and for e ∈ S let νe = |{a : ea = e}|
and µe = ∑a ke(Ma). By independence,

E
4

∏
a=1

(
W2

xya − D−1)Ma = ∏
e∈S

we, we = E
[
Wµe

e
(
W2

e − D−1)νe].
Writing We = D−1/2ge, we have we = D−(µe+2νe)/2E[gµe

e (g2
e − 1)νe ]. We claim that either

some we vanishes, or ∣∣∣ ∏
e∈S

we

∣∣∣ ≤ C D−|S|−2. (5.5)
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Suppose that no we vanishes. Then every µe is even. If νe = 0, then µe ≥ 2, since
e ∈ S , and |we| ≤ CD−1. If νe = 1, then µe ≥ 2, since E[g2

e − 1] = 0, and |we| ≤ CD−2

because µe + 2νe ≥ 4. If νe ≥ 2, then |we| ≤ CD−νe . In all cases with νe ≥ 1, we obtain
|we| ≤ CD−1−θe with θe = max(1, νe − 1). Since ∑e νe = 4, either a single edge has νe = 4
and θe = 3, or at least two edges have νe ≥ 1; in both cases ∑e:νe≥1 θe ≥ 2. This proves
(5.5).

Each set supp Ma ∪ {ea} is connected and contains the edge ea at x, because Ma is
tame rooted at ya and ea = xya. It follows that S is connected, contains an edge at x,
has at most 4(k + 1) edges, and spans some number 2 ≤ v ≤ 4k + 5 of vertices, with
|S| ≥ v − 1. Given S , the number of tuples is at most |S|4(k + 1)4|S| ≤ C. By Lemma 5.12
and (5.5), the left side of the lemma is at most

C4
0

4k+5

∑
v=2

4v2v2
Dv−1 · C · C D−(v−1)−2 ≤ C

D2 .

5.4 Proof of the state evolution

We compare (5.3) with the recursion in which the Onsager coefficients are computed
from the disorder: ũ1 = f0W1 and, for 1 ≤ t ≤ T − 1,

ũt+1 = W ft( ¯̃ut)−
t

∑
s=1

b̃t,s ⊙ fs−1( ¯̃us−1), (b̃t,s)x = ∑
y

W2
xy ∂s ft( ¯̃ut

y). (5.6)

This recursion is used only in the proof; it is not a query history.

Lemma 5.15. Let G ∈ GD, x ∈ V, and 1 ≤ t ≤ T. Every coordinate of ūt
x and of ¯̃ut

x is tame
rooted at x, of a type depending only on t and f0, . . . , fT−1. For every polynomial ψ : R2t → R

and every p ≥ 1, we have

sup
D≥1

sup
G∈GD

max
x∈V

E|ψ(ūt
x, ¯̃ut

x)|p < ∞.

In particular, Proposition 5.6(a) holds.

Proof. We induct on t. The vectors u1
x = ũ1

x = f0 ∑y∼x Wxy are tame rooted at x, by
Lemma 5.11(b) with Yy = f0. Suppose that the claim holds up to time t. By Lemma 5.11(a),
ft(ūt

y), ft( ¯̃ut
y), and ∂s ft( ¯̃ut

y) are tame rooted at y, and fs−1(ūs−1
x ) and fs−1( ¯̃us−1

x ) are
tame rooted at x. By Lemma 5.11(b), ∑y∼x Wxy ft(ūt

y), ∑y∼x Wxy ft( ¯̃ut
y), and (b̃t,s)x =

∑y∼x W2
xy∂s ft( ¯̃ut

y) are tame rooted at x. Then Lemma 5.11(a), applied to (5.3) and (5.6),
implies that ut+1

x and ũt+1
x are tame rooted at x. The types depend only on t, on the

polynomials, and on the numbers bt,s, which are determined by the polynomials. The
moment bound follows from Lemma 5.11(a) and Lemma 5.13.
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The next lemma identifies (5.6) as an instance of (5.4). The vector iterate stores the
history of the scalar iterates; once a coordinate has appeared, the recursion recomputes
the same value at every later step. The same reduction of a recursion with memory to a
vector recursion appears in [103, Appendix A], where it is combined with [91, Theorem 1].

Lemma 5.16. Let (Gd) be the tori Td
L for a fixed L ≥ 3 or the hypercubes Qd. Let 1 ≤ t ≤ T, let

ψ : Rt → R be a polynomial, and let x = xd ∈ V. Then, as d → ∞,

1
D ∑

y∼x
ψ( ¯̃ut

y) → Eψ(Ūt) and
1
n ∑

y∈V
ψ( ¯̃ut

y) → Eψ(Ūt)

in probability.

Proof. The graphs Gd satisfy the hypotheses of Theorem 5.7, with k = d, nk = n, Dk = D,
and S(k) = S: each row of S has exactly D nonzero entries, all equal to D−1, and D ≤ n.
Further, W(k) has the law of W, if we let gxy for nonadjacent x, y be independent dummy
variables. Let q = T, and for 0 ≤ t′ ≤ T − 1 define ft′ : RT → RT by

ft′,r(z) = fr−1(z1, . . . , zr−1) (r ≤ t′ + 1), ft′,r(z) = 0 (r > t′ + 1).

We claim that zt′
x = (ũ1

x, . . . , ũt′
x , 0, . . . , 0) for 0 ≤ t′ ≤ T and x ∈ V. This holds for

t′ = 0, and for t′ = 1 since f0(0) = ( f0, 0, . . . , 0). Suppose it holds at times t′ − 1 and
t′, for some 1 ≤ t′ ≤ T − 1. If r > t′ + 1, then ft′,r = 0, so zt′+1

x (r) = 0. Let r ≤ t′ + 1.
Then ft′,r(zt′

y ) = fr−1( ¯̃ur−1
y ), because r − 1 ≤ t′. The derivative ∂sft′,r equals ∂s fr−1 for

s ≤ r − 1 and vanishes for s ≥ r, and for s ≤ r − 1 ≤ t′ we have ft′−1,s(zt′−1
x ) = fs−1( ¯̃us−1

x ).
Inserting these identities into (5.4), we find

zt′+1
x (r) = ∑

y
Wxy fr−1( ¯̃ur−1

y )−
r−1

∑
s=1

fs−1( ¯̃us−1
x )∑

y
W2

xy ∂s fr−1( ¯̃ur−1
y ) = ũr

x,

by (5.6) at time r − 1 (for r = 1, by ũ1 = f0W1). This proves the claim.
Next, we claim that Ξt′

x is the covariance matrix of (U1, . . . , Ut′ , 0, . . . , 0) for all x. For
t′ = 1 this holds because ∑y Sxy = 1 and EU2

1 = f 2
0 . If it holds at time t′, then ζt′

y

has the law of (Ūt′ , 0, . . . , 0) for every y, and, using ∑y Sxy = 1 again, Ξt′+1
x has entries

E fr−1(Ūr−1) fr′−1(Ūr′−1) = EUrUr′ for r, r′ ≤ t′ + 1, by (5.1), and zero entries otherwise.
Finally, we apply the local conclusion of Theorem 5.7(ii) at time t to the polynomial

z 7→ ψ(z1, . . . , zt), with Ik the set of neighbors of xd, which has D elements. For the
vertex average, we use the separate global conclusion of that theorem. By the two claims,
ψ(zt

y) = ψ( ¯̃ut
y) and Eψ(ζt

y) = Eψ(Ūt) for all y.

We next use the symmetry of tori and hypercubes.
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Lemma 5.17. Let G = Gd, let 1 ≤ t ≤ T, let ψ : R2t → R be measurable, and set ξy =

ψ(ūt
y, ¯̃ut

y) for y ∈ V. Then the laws of ξx, of D−1 ∑y∼x ξy, and of (Wξ)x do not depend on
x ∈ V.

Proof. Let φ be an automorphism of G, and let Wφ
xy = Wφ(x)φ(y). Since φ permutes the

edges and the couplings are independent and identically distributed, Wφ has the law of
W. The recursions (5.3) and (5.6) use the same polynomials and the same real coefficients
at every vertex. By induction on t, computing them from Wφ instead of W produces the
vectors (ut

φ(x))x and (ũt
φ(x))x; for instance, ∑y Wφ

xy ft(ūt
φ(y)) = ∑y′ Wφ(x)y′ ft(ūt

y′). Writing
ξ(W) for the vector ξ computed from W, we obtain ξ(Wφ)x = ξ(W)φ(x),

1
D ∑

y∼x
ξ(Wφ)y =

1
D ∑

y′∼φ(x)
ξ(W)y′ ,

(
Wφξ(Wφ)

)
x =

(
Wξ(W)

)
φ(x).

Since G is vertex-transitive, for all x, x′ there exists an automorphism φ with φ(x) = x′,
and the lemma follows.

Lemma 5.18. Let (Gd) be the tori Td
L for a fixed L ≥ 3 or the hypercubes Qd. For 1 ≤ s ≤ t ≤

T − 1 and x ∈ V, limd→∞ E|(b̃t,s)x − bt,s|4 = 0.

Proof. Since Sxy = D−1 for y ∼ x and Wxy = 0 otherwise,

(b̃t,s)x − bt,s = ∑
y∼x

(
W2

xy − D−1)∂s ft( ¯̃ut
y) +

( 1
D ∑

y∼x
∂s ft( ¯̃ut

y)− bt,s

)
.

By Lemmas 5.11 and 5.15, the polynomial ∂s ft( ¯̃ut
y) is tame rooted at y, of a type that

does not depend on d or y. Then Lemma 5.14 implies that the fourth moment of the
first term is at most CD−2. The second term tends to zero in probability by Lemma 5.16
with ψ = ∂s ft, since bt,s = E∂s ft(Ūt). Its eighth moment is bounded uniformly in d, by
Jensen’s inequality and Lemma 5.15, so its fourth power is uniformly integrable, and its
fourth moment tends to zero. The lemma follows from Minkowski’s inequality.

Proof of Proposition 5.6. Part (a) is contained in Lemma 5.15. For the proof of (b), we use
two elementary facts. First, if random variables ξd satisfy Eξ2

d → 0 and supd E|ξd|2p < ∞
for every p ≥ 1, then E|ξd|p ≤ (Eξ2

d)
1/2(E|ξd|2p−2)1/2 → 0 for every p ≥ 1. Second, for

every polynomial P : Rt → R there exist C, k with |P(z)− P(z′)| ≤ C|z − z′|(1 + |z|k +
|z′|k).

Step 1: comparison. Let wt = ut − ũt. We show by induction on t ≤ T that E(wt
x)

2 → 0
for all x. By Lemma 5.17, the law of wt

x does not depend on x. We have w1 = 0. Suppose
that E(ws

x)
2 → 0 for all s ≤ t, where t ≤ T − 1. By Lemma 5.15 and the two facts above,

for every polynomial P : Rt → R and every p ≥ 1,

E|P(ūt
x)− P( ¯̃ut

x)|p ≤ C
(
E|ūt

x − ¯̃ut
x|2p)1/2(

E(1 + |ūt
x|k + | ¯̃ut

x|k)2p)1/2 → 0. (5.7)
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By (5.3) and (5.6), wt+1 = Wξ − ∑t
s=1 ρs, where ξ = ft(ūt)− ft( ¯̃ut) and

ρs = bt,s
(

fs−1(ūs−1)− fs−1( ¯̃us−1)
)
+

(
bt,s1 − b̃t,s

)
⊙ fs−1( ¯̃us−1).

By Lemma 5.17 and the Cauchy–Schwarz inequality,

E(Wξ)2
x =

1
n

E∥Wξ∥2 ≤
(
E∥W∥4)1/2

(
E
( 1

n ∑
y

ξ2
y

)2)1/2
≤

(
E∥W∥4)1/2(

Eξ4
x
)1/2,

where in the last inequality we used Jensen’s inequality and that the law of ξy does not
depend on y. The right side tends to zero, by Lemma 5.9 and (5.7). The first part of ρs

x
tends to zero in L2 by (5.7). For the second part, we have

E
[
(bt,s − (b̃t,s)x)

2 fs−1( ¯̃us−1
x )2] ≤ (

E|bt,s − (b̃t,s)x|4
)1/2(

E fs−1( ¯̃us−1
x )4)1/2 → 0,

by Lemmas 5.15 and 5.18. We conclude that E(wt+1
x )2 → 0, which completes the induction.

In particular, (5.7) holds for all t ≤ T.
Step 2: polynomial test functions. Let ψ : Rt → R be a polynomial. By Lemma 5.17,

E

∣∣∣ 1
n ∑

y
ψ(ūt

y)− Eψ(Ūt)
∣∣∣ ≤ E|ψ(ūt

x)− ψ( ¯̃ut
x)|+ E

∣∣∣ 1
n ∑

y
ψ( ¯̃ut

y)− Eψ(Ūt)
∣∣∣.

The first term tends to zero by (5.7). The random variable in the second term tends to zero
in probability by Lemma 5.16, and it tends to zero in L1 because its second moment is
bounded uniformly in d by Jensen’s inequality and Lemma 5.15. The same argument ap-
plies to D−1 ∑y∼x ψ(ūt

y). Finally, by Lemma 5.17, Eψ(ūt
x) = E[n−1 ∑y ψ(ūt

y)] → Eψ(Ūt).
This proves (b) for polynomials.

Step 3: continuous test functions. By Step 2, all moments of ūt
x converge to those of

the Gaussian vector Ūt, and (F2) implies that ūt
x → Ūt in law. Let φ be continuous with

polynomial growth. By (a), we have supd Eφ(ūt
x)

2 < ∞. Then the variables φ(ūt
x) are

uniformly integrable, and Eφ(ūt
x) → Eφ(Ūt). This is the first assertion of (b). Now let ψ

be continuous with polynomial growth, and let η > 0. By (F3), there exists a polynomial
P with E|ψ(Ūt)− P(Ūt)| ≤ η. By Lemma 5.17,

E

∣∣∣ 1
n ∑

y
ψ(ūt

y)− Eψ(Ūt)
∣∣∣ ≤ E|(ψ − P)(ūt

x)|+ E

∣∣∣ 1
n ∑

y
P(ūt

y)− EP(Ūt)
∣∣∣+ E|(P − ψ)(Ūt)|.

As d → ∞, the first term tends to E|(ψ − P)(Ūt)| ≤ η, by the first assertion of (b) applied
to φ = |ψ − P|, and the second term tends to zero by Step 2. The left side therefore has
lim sup at most 2η, and η was arbitrary. The neighbor average is treated in the same way,
using E|D−1 ∑y∼x(ψ − P)(ūt

y)| ≤ E|(ψ − P)(ūt
x)|.
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5.5 Energy of the final message

The energy of the final polynomial message is determined by the next iterate and the
Onsager term. A similar computation appears in the proof of [103, Lemma 2.3].

Lemma 5.19. In the setting of Proposition 5.6, let 1 ≤ K ≤ T − 1, and let F = fK(ūK) ∈ RV

and F = fK(ŪK). Then

lim
d→∞

1
n

EHGd(F) = lim
d→∞

1
2n

E⟨F, WF⟩ = E[FUK+1].

Proof. Let O = ∑K
s=1 bK,s fs−1(ūs−1). By (5.3), we have WF = uK+1 + O and

1
n
⟨F, WF⟩ = 1

n ∑
x

fK(ūK
x )
(

uK+1
x +

K

∑
s=1

bK,s fs−1(ūs−1
x )

)
,

which is the empirical average of a polynomial in ūK+1
x . By Proposition 5.6(b), its

expectation converges to

E[FUK+1] +
K

∑
s=1

bK,sE[F fs−1(Ūs−1)].

By Gaussian integration by parts (F1), (5.1), and (5.2), we have

E[UK+1 fK(ŪK)] =
K

∑
s=1

Cov(UK+1, Us)E∂s fK(ŪK) =
K

∑
s=1

E[ fK(ŪK) fs−1(Ūs−1)] bK,s.

We conclude that the limit equals 2E[FUK+1]. Since 2HGd(F) = ⟨F, WF⟩, this proves the
lemma.

The Onsager term contributes exactly half of the energy. The center is a bounded
function of the history close to F, and its energy is controlled by the norm of W.

Lemma 5.20. In the setting of Lemma 5.19, let θ : RK → [−1, 1] be continuous, and set
m = θ(ūK) and Θ = θ(ŪK). Let MW = supd(E∥W∥2)1/2, which is finite by Lemma 5.9. Then

lim sup
d→∞

∣∣∣ 1
n

EHGd(m)− E[FUK+1]
∣∣∣ ≤ MW

2
∥Θ − F∥2

(
∥Θ∥2 + ∥F∥2

)
.

Proof. Since 2(HGd(m) − HGd(F)) = ⟨m − F, W(m + F)⟩, we have 2n−1|HGd(m) −
HGd(F)| ≤ ∥W∥Ξ, where Ξ = ∥m − F∥n(∥m∥n + ∥F∥n). By the Cauchy–Schwarz in-
equality, E[∥W∥Ξ] ≤ MW(EΞ2)1/2. By Lemma 5.19, it suffices to show that EΞ2 →
∥Θ − F∥2

2(∥Θ∥2 + ∥F∥2)
2.
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Let A1 = ∥m − F∥2
n, A2 = ∥m∥2

n, and A3 = ∥F∥2
n. Each Ai is an empirical average

n−1 ∑y ψi(ūK
y ), where ψ1 = (θ − fK)

2, ψ2 = θ2, and ψ3 = f 2
K are continuous and have poly-

nomial growth. By Proposition 5.6(b), A1, A2, and A3 converge in L1 and in probability
to ∥Θ − F∥2

2, ∥Θ∥2
2, and ∥F∥2

2. Since Ξ2 = A1(A1/2
2 + A1/2

3 )2, it converges in probability
to ∥Θ − F∥2

2(∥Θ∥2 + ∥F∥2)
2. Further, for every p ≥ 1, we have Ap

i ≤ n−1 ∑y ψi(ūK
y )

p

by Jensen’s inequality, and ψ
p
i is bounded by the polynomial 2p(1 + f 2

K)
⌈p⌉, because

|θ| ≤ 1. Then Proposition 5.6(a) implies that supd EAp
i < ∞, and by Hölder’s inequality,

supd EΞ4 < ∞. Then Ξ2 is uniformly integrable, and EΞ2 converges to the same limit.

5.6 The two-phase scheme and controls

We now choose the polynomials ft so that the state evolution follows a stochastic con-
trol. We use the root-then-incremental architecture of Sellke [125], with the incremental
nonlinearities of Montanari [103]: a fixed-point iteration first produces a field of variance
q0 > 0 and a prescribed function of it. Since (5.1) involves only the polynomials ft, the
computations of this subsection concern Gaussian vectors alone.

For q0 ∈ (0, 1) and τ ∈ (0, 1], let N = Nq0,τ be the law of (Y, ∆1, ∆2, . . . ), where
Y ∼ N(0, q0) and the ∆j are independent N(0, τ) variables, independent of Y. For a
function p with Ep(

√
q0Z)2 < ∞ and c ∈ [0, q0], let ϕp(c) = E[p(A)p(A′)], where (A, A′)

is a centered Gaussian pair with Var A = Var A′ = q0 and Cov(A, A′) = c. Writing A =√
c Z0 +

√
q0 − c Z1 and A′ =

√
c Z0 +

√
q0 − c Z2 with independent standard Gaussian

Z0, Z1, Z2, we have ϕp(c) = E[(E[p(A) | Z0])
2] ≥ 0.

Definition 5.21. Let q0 ∈ (0, 1), τ ∈ (0, 1], and let K2 ≥ 0 be an integer with q0 + K2τ ≤ 1.
Let K1 ≥ 1 be an integer and p a nonconstant polynomial with Ep(

√
q0Z)2 = q0. Let

Pj(y, z1, . . . , zj), 0 ≤ j < K2, be polynomials with

ENPj(Y, ∆1, . . . , ∆j)
2 = 1 (0 ≤ j < K2). (5.8)

The two-phase scheme is the recursion (5.3) with T = K1 + K2 + 1 and the following
f0, . . . , fT−1. Set K = K1 + K2.

• Root phase. Let f0 =
√

q0 if Ep(
√

q0Z) ≥ 0 and f0 = −√
q0 otherwise, and fk(ūk) =

p(uk) for 1 ≤ k ≤ K1. Let y = uK1 and F̂0 = p(y).
• Innovations. Let ∑j≤K1

γjUj be the orthogonal projection of UK1+1 onto UK1 , let τ1 =

E(UK1+1 − ∑j≤K1
γjUj)

2, and set ∆1 = (τ/τ1)
1/2(uK1+1 − ∑j≤K1

γjuj). For r ≥ 2, let
∆r = uK1+r − uK1+r−1.

• Incremental phase. For 1 ≤ r ≤ K2,

fK1+r(ūK1+r) = F̂0 +
r

∑
i=1

Pi−1(y, ∆1, . . . , ∆i−1)∆i. (5.9)
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On the state-evolution side, we write Y = UK1 , F̂0 = p(Y), ∆1 = (τ/τ1)
1/2(UK1+1 −

∑j≤K1
γjUj), and ∆r = UK1+r − UK1+r−1 for r ≥ 2.

The numbers γj and τ1 depend only on f0, . . . , fK1 , and τ1 > 0 by the next lemma.
Each ∆i is a linear combination of u1, . . . , uK1+i with real coefficients, so each ft is a
polynomial in ūt, and Proposition 5.6 and Lemma 5.4 apply. By part (b) of the next
lemma, the notation (Y, ∆1, ∆2, . . . ) is consistent with the law N.

Lemma 5.22. In the setting of Definition 5.21, the following hold.

(a) The variables U1, . . . , UK1+1 are N(0, q0) variables with a nonsingular covariance matrix;
in particular τ1 > 0. Further, ϱk = EUkUk+1 satisfies ϱ1 =

√
q0 |Ep(

√
q0Z)| < q0,

ϱk+1 = ϕp(ϱk) for 1 ≤ k < K1, and 0 ≤ ϱk ≤ q0 for k ≤ K1. These numbers depend on p
and q0 but not on K1.

(b) The variables ∆1, . . . , ∆K2+1 are independent N(0, τ) variables, independent of U1, . . . , UK1 .
In particular, (Y, ∆1, . . . , ∆K2) has law N.

(c) The final message F = fK(ŪK) = F̂0 + ∑K2
i=1 Pi−1∆i satisfies EF2 ≤ 1 and

E[FUK+1] = ϱK1Ep′(Y) + (ττ1)
1/2 EP0 + τ

K2−1

∑
j=1

EPj,

where we abbreviate Pj = Pj(Y, ∆1, . . . , ∆j), and the terms containing Pj are absent if j ≥ K2.

Proof. (a) We have Var U1 = f 2
0 = q0, and inductively Var Uk+1 = Ep(Uk)

2 = q0 for
k ≤ K1. Next, ϱ1 = E[ f0p(U1)] =

√
q0 |Ep(

√
q0Z)| by the choice of the sign of f0. This is

less than q0 by the Cauchy–Schwarz inequality, which is strict because p(
√

q0Z) is not
almost surely constant and Ep(

√
q0Z)2 = q0. Further, ϱk+1 = E[p(Uk)p(Uk+1)] = ϕp(ϱk),

and 0 ≤ ϱk ≤ q0 by the Cauchy–Schwarz inequality and ϕp ≥ 0. For nonsingularity
we induct on k ≤ K1; U1 is nondegenerate. If (U1, . . . , Uk) is nondegenerate, then
Uk = Λ + ςξ, where Λ is a linear combination of U1, . . . , Uk−1, ς > 0, and ξ ∼ N(0, 1)
is independent of U1, . . . , Uk−1. Conditionally on U1, . . . , Uk−1, the message p(Uk) is a
nonconstant polynomial of a nondegenerate Gaussian variable, and it is therefore not
almost surely equal to a function of U1, . . . , Uk−1. Since every element of Fk is such a
function, we have p(Uk) /∈ Fk. By Lemma 5.5, the variable Uk+1 has a nonzero component
orthogonal to Uk, which implies that (U1, . . . , Uk+1) is nondegenerate. At k = K1, the
squared norm of this component is τ1.

(b) Let G be the σ-algebra generated by U1, . . . , UK1 . Then ∆1 ∼ N(0, τ) is independent
of G, since the residual UK1+1 − ∑j γjUj is Gaussian, uncorrelated with U1, . . . , UK1 , and
of variance τ1. Now let 1 ≤ r ≤ K2, and assume that ∆1, . . . , ∆r are independent N(0, τ)

variables, independent of G. Let Gr be the σ-algebra generated by G and ∆1, . . . , ∆r−1.
By (5.9), fK1+r − fK1+r−1 = Pr−1∆r, where fK1 = F̂0. Every message f j with j < K1 + r
is Gr-measurable, and so is Pr−1, whereas ∆r is centered and independent of Gr. Then
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Pr−1∆r is orthogonal to FK1+r, and by Lemma 5.5 its image ∆r+1 = UK1+r+1 − UK1+r is
orthogonal to UK1+r. The variables U1, . . . , UK1+r generate G and ∆1, . . . , ∆r, and by joint
Gaussianity ∆r+1 is independent of them. Its variance is E[P2

r−1∆2
r ] = τEP2

r−1 = τ, by the
induction hypothesis and (5.8). This completes the induction.

(c) By (b), a product Pi−1∆i is orthogonal to every Gi-measurable square-integrable
variable, which includes F̂0, every variable of G, ∆1, . . . , ∆i−1, and Pj−1∆j for j < i, and
it is orthogonal to every ∆r with r > i. Further, E[Pi−1∆2

i ] = τEPi−1. This gives EF2 =

EF̂2
0 + K2τ ≤ q0 + (1 − q0) = 1. For the correlation, we write UK+1 = UK1+1 + ∑K2+1

r=2 ∆r

and UK1+1 = ∑j γjUj + (τ1/τ)1/2∆1. The term F̂0 correlates only with UK1+1; the term
P0∆1 correlates only with (τ1/τ)1/2∆1, giving (ττ1)

1/2EP0; and for i ≥ 2 the term Pi−1∆i
correlates only with ∆i, giving τEPi−1. Finally, (F1) applied to the pair (UK1 , UK1+1) gives
E[F̂0UK1+1] = E[p(UK1)UK1+1] = ϱK1Ep′(UK1).

A control specifies the ideal root message, the ideal coefficients, of which the Pj are
polynomial approximations, and a bounded output.

Definition 5.23. Let q0 ∈ (0, 1), τ ∈ (0, 1], and K2 ≥ 0 be as in Definition 5.21. A control
of step τ and length K2 with root variance q0 consists of the following data.

(a) A root map: a nonconstant C1 function f : R → [−1, 1] with bounded derivative, such
that E f (

√
q0Z)2 = q0 and ϕ f (c) > c for every c ∈ [0, q0).

(b) Random variables Gj = gj(Y, ∆1, . . . , ∆j), 0 ≤ j < K2, with gj measurable and
ENG2

j = 1.

(c) A continuous output function Θ : R1+K2 → (−1, 1).

Let F0 = f (Y). The stochastic integral, value, and defect of the control are

F = F0 +
K2−1

∑
j=0

Gj∆j+1, V = E[YF0] + τ
K2−1

∑
j=0

EGj, ϑ = ∥F − Θ∥2, (5.10)

where Θ stands for Θ(Y, ∆1, . . . , ∆K2) and all expectations are under N. We write µΘ for
the law of Θ under N.

If K2 = 0, the control consists of the root map and the output only, with F = F0 and
V = E[YF0].

The algorithm. Fix a control and accuracy parameters: an integer ℓ ≥ 2 and a number
η ∈ (0, q0).

(i) Root polynomial. By dominated convergence, the function ϕ f is continuous on [0, q0],
and cη = minc∈[0,q0−η](ϕ f (c)− c) > 0. Since f is continuous and nonconstant and
N(0, q0) has full support, ∥ f − E f ∥2 > 0. By (F3), there exists a polynomial Q⋆ with

∥Q⋆ − f ∥2 ≤ min
{1
ℓ

,
cη

8
√

q0
,
∥ f − E f ∥2

3

}
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in L2(N(0, q0)). This gives ∥Q⋆∥2 ≥ ∥ f ∥2 − ∥Q⋆ − f ∥2 ≥ 2
√

q0/3 > 0, so we set
p =

√
q0 Q⋆/∥Q⋆∥2. Let K1 be the least k ≥ 1 with ϱk > q0 − η, where ϱk is given by

Lemma 5.22(a).
(ii) Coefficient polynomials. By (F3), there exist polynomials Qj in (y, z1, . . . , zj) with

∥Qj − Gj∥2 ≤ 1/ℓ under N. Since ∥Qj∥2 ≥ 1 − 1/ℓ ≥ 1/2, we set Pj = Qj/∥Qj∥2.
(iii) Center. We run the two-phase scheme of Definition 5.21 with p, K1, and (Pj) on

Gd, and we set m = Θ(y, ∆1, . . . , ∆K2) ∈ (−1, 1)V . By Lemma 5.4, applied with
θ the composition of Θ with the linear map ūK 7→ (y, ∆1, . . . , ∆K2), the vectors
xt = ft−1(ūt−1), 1 ≤ t ≤ K, and xK+1 = m form a query history of depth K + 1 with
center m.

The update rule depends only on the control and the accuracy parameters, not on d.

Lemma 5.24. In the algorithm, p is a nonconstant polynomial with Ep(
√

q0Z)2 = q0 and
∥p − f ∥2 ≤ 2/ℓ, the index K1 exists, K1 ≤ 1 + 2q0/cη, and q0 − η < ϱK1 ≤ q0. For every
j < K2, the polynomial Pj satisfies (5.8) and ∥Pj − Gj∥2 ≤ 2/ℓ.

Proof. Since |∥Q⋆∥2 −
√

q0| ≤ ∥Q⋆ − f ∥2, we have ∥p − Q⋆∥2 = |√q0 − ∥Q⋆∥2| ≤ ∥Q⋆ −
f ∥2 and ∥p − f ∥2 ≤ 2∥Q⋆ − f ∥2 ≤ 2/ℓ. Further, p is nonconstant, since ∥(p − Ep)−
( f − E f )∥2 ≤ ∥p − f ∥2 ≤ (2/3)∥ f − E f ∥2, and Ep(

√
q0Z)2 = q0 by construction. By the

Cauchy–Schwarz inequality, for c ∈ [0, q0] we have

|ϕp(c)− ϕ f (c)| ≤ ∥p − f ∥2(∥p∥2 + ∥ f ∥2) = 2
√

q0 ∥p − f ∥2 ≤ 4
√

q0 ∥Q⋆ − f ∥2 ≤
cη

2
,

which implies that ϕp(c) ≥ c + cη/2 on [0, q0 − η]. By Lemma 5.22(a), ϱ1 ∈ [0, q0) and
ϱk+1 = ϕp(ϱk), and these numbers do not depend on K1. Then ϱk increases by at least
cη/2 as long as ϱk ≤ q0 − η, and the least k with ϱk > q0 − η is at most 1 + 2q0/cη, and
ϱK1 ≤ q0 by Lemma 5.22(a). For the coefficients, ∥Qj∥2 ≥ 1 − 1/ℓ > 0, and ∥Pj − Gj∥2 ≤
|1 − ∥Qj∥2|+ ∥Qj − Gj∥2 ≤ 2/ℓ.

Proposition 5.25. Let (Gd) be the tori Td
L for a fixed L ≥ 3 or the hypercubes Qd, and let MW

be as in Lemma 5.20. Fix a control with root variance q0, step τ, length K2, value V, and defect ϑ,
and fix accuracy parameters ℓ and η. Let m be the center produced by the algorithm on Gd, and
set κx = 1 − m2

x. Then the following hold.

(a) As d → ∞, we have n−1E ∑x mx → EΘ, n−1E ∑x ent(mx) → E ent(Θ), and
n−1E⟨κ, Sκ⟩ → (1 − EΘ2)2, where Θ has law µΘ.

(b) We have

lim sup
d→∞

∣∣∣ 1
n

EHGd(m)− V
∣∣∣ ≤ 2

√
τ 1{K2≥1} + η +

4
ℓ
+ MW

(
ϑ +

4
ℓ

)
.

(c) For every x ∈ V, the law of mx does not depend on x, and it converges weakly to µΘ as
d → ∞.
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Proof. Let θ be as in Step (iii) of the algorithm, so that m = θ(ūK). By Lemma 5.22(b),
θ(ŪK) = Θ(Y, ∆1, . . . , ∆K2) has law µΘ, and we denote it by Θ.

(a) and (c). Since the functions θ and ent ◦θ are bounded and continuous, the first
two limits follow from Proposition 5.6(b). Part (c) follows in the same way, because φ ◦ θ

is bounded and continuous for every bounded continuous φ; the law of mx does not
depend on x by Lemma 5.17. Let κ̄ = E(1−Θ2). We have (Sκ)x = D−1 ∑y∼x(1− θ(ūK

y )
2),

and Proposition 5.6(b) gives E|(Sκ)x − κ̄| → 0. Since 0 ≤ κx ≤ 1, we have∣∣∣ 1
n

E⟨κ, Sκ⟩ − κ̄
1
n

E ∑
x

κx

∣∣∣ ≤ 1
n ∑

x
E|(Sκ)x − κ̄| → 0,

and n−1E ∑x κx → κ̄. This proves (a).
(b) Let F = fK(ŪK) = F̂0 + ∑j<K2

Pj∆j+1, a function of (Y, ∆1, . . . , ∆K2), whose law is
N by Lemma 5.22(b). We compare E[FUK+1], given by Lemma 5.22(c), with V. The errors
have three sources.

• Root message. By Stein’s identity, we have q0Ep′(Y) = E[Yp(Y)], and therefore
|Ep′(Y)| ≤ ∥Y∥2∥p(Y)∥2/q0 = 1. Using this bound and Lemma 5.24, we obtain

|ϱK1Ep′(Y)− E[Y f (Y)]| ≤ (q0 − ϱK1)|Ep′(Y)|+ |E[Y(p − f )(Y)]| ≤ η +
2
ℓ

.

• First innovation (K2 ≥ 1). The algorithm weighs EP0 by (ττ1)
1/2 instead of τ. Since

τ1 ≤ EU2
K1+1 = q0 ≤ 1 and |EP0|, |EG0| ≤ 1, we have |(ττ1)

1/2EP0 − τEG0| ≤√
τ + τ ≤ 2

√
τ.

• Coefficients. By Lemma 5.24 and K2τ ≤ 1, τ ∑1≤j<K2
|EPj − EGj| ≤ τ ∑j ∥Pj − Gj∥2 ≤

2/ℓ.

Combining the three bounds, we obtain |E[FUK+1]− V| ≤ 2
√

τ 1{K2≥1} + η + 4/ℓ. Next,
F − F = (F̂0 − F0) + ∑j(Pj − Gj)∆j+1. The terms of the sum are orthogonal, with norms√

τ∥Pj − Gj∥2. By Lemma 5.24 and K2τ ≤ 1, we have ∥F − F∥2 ≤ 4/ℓ and ∥Θ − F∥2 ≤
ϑ + 4/ℓ. By Lemma 5.20, with ∥Θ∥2 ≤ 1 and ∥F∥2 ≤ 1 by Lemma 5.22(c),

lim sup
d→∞

∣∣∣ 1
n

EHGd(m)− E[FUK+1]
∣∣∣ ≤ MW

(
ϑ +

4
ℓ

)
.

Combining the two bounds, we obtain (b).

5.7 The Parisi control

In this subsection, β > 0 and h > 0. By Theorem 2.2, we have supp ν = [q−, q+] with
0 < q− ≤ q+ < 1. We use the following facts, from (P1), (P2), and Lemmas 2.5 and 2.6.
We write ν(t) = ν([0, t]).
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• |∂xΦ| ≤ 1, 0 < ∂2
xΦ ≤ 1, and |∂3

xΦ| ≤ 4; hence |v| ≤ β2, 0 ≤ ∂xv ≤ β2, 0 < a ≤ β, and
|∂xa| ≤ 4β.

• For s, t ∈ [0, 1] and x ∈ R, |∂xΦ(t, x)− ∂xΦ(s, x)| ≤ 3β2|t − s| and |a(t, x)− a(s, x)| ≤
4
√

3 β2|t − s|1/2.
• For 0 ≤ s ≤ t ≤ 1, we have Mt − Ms =

∫ t
s a(r, Xr)dBr and

∂2
xΦ(t, Xt)− ∂2

xΦ(s, Xs) = −
∫ t

s
β2ν(r)

(
∂2

xΦ(r, Xr)
)2 dr +

∫ t

s
β ∂3

xΦ(r, Xr)dBr.

• EM2
t = t for t ∈ [q−, q+]; if q− < q+, then Ea(t, Xt)2 = 1 for t ∈ [q−, q+]; and

Mq+ = tanh Xq+ .
• The function f (y) = ∂xΦ(q−, h + βy) is a root map with root variance q− in the sense

of Definition 5.23(a), and f (Bq−) = Mq− . Indeed, the function ϕ f defined before
Lemma 2.6 is the function ϕp of Section 5.6 with p = f , and Lemma 2.6(a) gives the
required properties.

Since ν(t) = 0 for t < q−, the drift v vanishes on [0, q−)× R. Then Xt = h + βBt for
t ≤ q−, and by the second martingale identity, ∂2

xΦ(t, Xt) is a martingale on [0, q−]. In
particular, Ea(t, Xt) is constant on [0, q−]. Recall that E(β, h) =

∫ q+
0 Ea(t, Xt)dt.

The control. If q− < q+, let K2 ≥ 1 be an integer, and let τ = (q+ − q−)/K2 and
tj = q− + jτ for 0 ≤ j ≤ K2, so that tK2 = q+. We realize the law N with q0 = q− by
Y = Bq− and ∆j = Btj − Btj−1 . We define the Euler scheme for X driven by these variables,
the normalized coefficients, and the output by

X̂0 = h + βY, X̂j+1 = X̂j + v(tj, X̂j) τ + β∆j+1,

λj = ∥a(tj, X̂j)∥2, Gj =
a(tj, X̂j)

λj
, Θ = tanh X̂K2 ,

(5.11)

with the root map f (y) = ∂xΦ(q−, h + βy). As in [103, (2.37)], the coefficients are
normalized to have unit second moment under the law of the Euler scheme. If q− = q+,
we take K2 = 0, the root map f , and the output Θ(y) = f (y).

Proposition 5.26. Let β > 0 and h > 0. There exists C < ∞, depending only on β and h, such
that the following hold.

(a) If q− = q+, the data above form a control with root variance q− and length 0, and V =

E(β, h), ϑ = 0, and µΘ = µ+.
(b) If q− < q+, then for every integer K2 ≥ 1 the data (5.11) form a control with root variance

q−, step τ = (q+ − q−)/K2, and length K2, and

|V − E(β, h)| ≤ C
√

τ, ϑ ≤ C
√

τ, ∥Θ − Mq+∥2 ≤ C
√

τ.

In particular, W1(µΘ, µ+) ≤ C
√

τ.
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Proof. (a) Since q− = q+, we have ∂xΦ(q−, x) = tanh x and f (y) = tanh(h + βy), and
Θ = f is continuous with values in (−1, 1). The data therefore form a control, with
F = F0 = f (Y) = Θ and ϑ = 0. Further, Θ = f (Bq−) = Mq− = Mq+ . In particular,
µΘ = µ+. By Stein’s identity, V = E[Y f (Y)] = q−E f ′(Y) = q−Ea(q−, Xq−), and since
Ea(t, Xt) is constant on [0, q−], this equals E(β, h).

(b) Let C denote constants depending only on β and h. Let êj = X̂j − Xtj . By the facts
listed above, for r ∈ [tj, tj+1] and x ∈ R, we have

|a(tj, x)− a(r, x)| ≤ 4
√

3 β2√τ, |v(tj, x)− v(r, x)| ≤ 3β4τ + β2(ν(tj+1)− ν(tj)
)
,

the second because v = β2ν ∂xΦ, ν is nondecreasing, and |∂xΦ| ≤ 1. Also ∥Xr − Xtj∥2 ≤
β2τ + β

√
τ, since |v| ≤ β2. The proof has five steps.

Euler error. We have ê0 = 0, since Xq− = h + βBq− . The Brownian parts of X̂ and X

cancel, which gives êj+1 = êj +
∫ tj+1

tj
(v(tj, X̂j)− v(r, Xr))dr. We split the integrand into[

v(tj, X̂j)− v(tj, Xtj)
]
+

[
v(tj, Xtj)− v(tj, Xr)

]
+

[
v(tj, Xr)− v(r, Xr)

]
.

The first two brackets are at most β2|êj| and β2|Xtj − Xr| in absolute value. The third
is at most 3β4τ + β2(ν(tj+1)− ν(tj)) in absolute value, and the sum over j of its ν-parts
telescopes: ∑j τ(ν(tj+1)− ν(tj)) ≤ τ. This uses only the monotonicity of ν, and atoms
of ν cause no difficulty. Taking L2 norms, summing over j < k, and using K2τ ≤ 1 and
τ ≤ 1, we obtain ∥êk∥2 ≤ β2τ ∑j<k ∥êj∥2 + C

√
τ, and the discrete Grönwall inequality

gives maxk≤K2 ∥êk∥2 ≤ C
√

τ (1 + β2τ)K2 ≤ C
√

τ.
Normalization. For j < K2, we have tj ∈ [q−, q+) and Ea(tj, Xtj)

2 = 1. Then

|λ2
j − 1| ≤ E

∣∣a(tj, X̂j)
2 − a(tj, Xtj)

2∣∣ ≤ 2β · 4β ∥êj∥1 ≤ C
√

τ,

and |λj − 1| = |λ2
j − 1|/(λj + 1) ≤ C

√
τ. Since a > 0, we have λj > 0. Then Gj is well

defined and EG2
j = 1.

Admissibility. By the last of the listed facts, f is a root map. Each Gj is a continuous
function of (Y, ∆1, . . . , ∆j), since x 7→ x + v(tj, x)τ is Lipschitz. The output Θ is a contin-
uous function of (Y, ∆1, . . . , ∆K2) with values in (−1, 1), and q− + K2τ = q+ ≤ 1. This
shows that (5.11) is a control.

Coefficient error. For r ∈ [tj, tj+1], splitting as before and using ∥Gj − a(tj, X̂j)∥2 =

|1 − λj|, we have

∥Gj − a(r, Xr)∥2 ≤ |1 − λj|+ 4β∥êj∥2 + 4β∥Xtj − Xr∥2 + 4
√

3 β2√τ ≤ C
√

τ.

Defect, output, and value. By the martingale identity, Mq+ = Mq− +

∑j<K2

∫ tj+1
tj

a(r, Xr)dBr. Since Gj is measurable with respect to (Bs)s≤tj , we have
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Gj∆j+1 =
∫ tj+1

tj
Gj dBr. Since the first term of F is F0 = f (Y) = Mq− , we obtain

F − Mq+ = ∑
j<K2

∫ tj+1

tj

(
Gj − a(r, Xr)

)
dBr,

and by the Itô isometry, the coefficient error, and K2τ ≤ 1, we have ∥F − Mq+∥2 ≤ C
√

τ.
Since Mq+ = tanh Xq+ and tanh is 1-Lipschitz, we have ∥Θ − Mq+∥2 ≤ ∥êK2∥2 ≤ C

√
τ.

Combining the last two bounds, we obtain ϑ = ∥F − Θ∥2 ≤ C
√

τ. Since the pair (Θ, Mq+)

is a coupling of µΘ and µ+, we have W1(µΘ, µ+) ≤ ∥Θ − Mq+∥2. For the value, by Stein’s
identity, we have E[YF0] = E[Y f (Y)] = q−E f ′(Y) = q−Ea(q−, Xq−) =

∫ q−
0 Ea(t, Xt)dt.

Since V = E[YF0] + τ ∑j<K2
EGj and tK2 = q+,

|V − E(β, h)| ≤ ∑
j<K2

∫ tj+1

tj

∥Gj − a(r, Xr)∥1 dr ≤ C
√

τ.

5.8 Homogenization

The law of the center is homogeneous only after averaging over the disorder. This
subsection shows that its empirical behavior is nevertheless close to the limiting law,
uniformly over the fields in a1 + cS[0, B]V . The argument combines the finite range of
the dependence of mx on the couplings with the exponential decay of the number of
eigenvalues of S away from zero on tori and hypercubes.

Lemma 5.27. Let G ∈ GD and run (5.3). For 1 ≤ t ≤ T and x ∈ V, the vector ūt
x is a

measurable function of the couplings Je of the edges e having an endpoint at graph distance at
most t − 1 from x. Further, if 1 ≤ K ≤ T, θ : RK → R is measurable, and m = θ(ūK), then V
can be partitioned into at most (D + 1)2K−1 classes such that, within each class, the variables mx

are independent.

Proof. The first claim holds for t = 1, since u1
x = f0 ∑y∼x Wxy. If it holds at time t, then by

(5.3), ut+1
x = ∑y∼x Wxy ft(ūt

y)− ∑s bt,s fs−1(ūs−1
x ) depends only on the edges xy, on edges

with an endpoint at distance at most t − 1 from a neighbor of x, and on edges with an
endpoint at distance at most t − 2 from x; all of them have an endpoint at distance at
most t from x. Here we used that the coefficients bt,s are real numbers. Now let Ex be the
set of edges having an endpoint at distance at most K − 1 from x. If Ex ∩ Ex′ contains an
edge, then dist(x, x′) ≤ 2K − 1. We consider the graph on V in which x ̸= x′ are joined
if dist(x, x′) ≤ 2K − 1. Its maximal degree is at most ∑2K−1

j=1 Dj ≤ (D + 1)2K−1 − 1, so it
has a proper coloring with at most (D + 1)2K−1 colors. Within a color class, the variables
mx are independent, since they are functions of the couplings in pairwise disjoint sets
Ex.
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If the Onsager coefficients were computed as empirical averages over all vertices,
the recursion would generally introduce global dependence, and the preceding locality
argument would no longer apply. The deterministic coefficients avoid this.

Lemma 5.28. Let Gd be Td
L with L ≥ 3 or Qd. For 0 < α ≤ 1, let Πα be the orthogonal

projection onto the span of the eigenvectors of S with eigenvalues of absolute value at least α, and
let kα = rank Πα. Then kα ≤ 2ne−dα2/2.

Proof. For the torus, the characters χω(x) = e2πi⟨ω,x⟩/L, ω ∈ (Z/LZ)d, form an or-
thogonal basis of CV . Since the neighbors of x are x ± ej, 1 ≤ j ≤ d, we have
Sχω = λ(ω)χω with λ(ω) = d−1 ∑d

j=1 cos(2πωj/L). Since the multiplicity of an eigen-
value of the real symmetric matrix S equals the number of ω with λ(ω) equal to it, we
have kα = |{ω : |λ(ω)| ≥ α}|. If ω is uniform on (Z/LZ)d, the variables cos(2πωj/L)
are independent, take values in [−1, 1], and are centered, since ∑L−1

k=0 e2πik/L = 0. Ho-
effding’s inequality [84] gives kα/n = P(|∑j cos(2πωj/L)| ≥ dα) ≤ 2e−dα2/2. For the
hypercube, the characters χω(x) = (−1)⟨ω,x⟩, ω ∈ {0, 1}d, are eigenvectors of S with
eigenvalues d−1 ∑j(−1)ωj , and the same argument applies with independent uniform
signs.

The next lemma is a Hoeffding inequality for sums with a partition into independent
classes; the argument is that of Janson [90].

Lemma 5.29. Let Λ > 0, and let (ξx)x∈V be random variables with values in [−Λ, Λ]. Suppose
that V is partitioned into χ classes such that, within each class, the variables ξx are independent.
Then for every b > 0,

P
(∣∣∣ ∑

x∈V
(ξx − Eξx)

∣∣∣ ≥ nb
)
≤ 2 exp

(
− nb2

2χΛ2

)
.

Proof. Let V1, . . . , Vχ be the classes and λ > 0. By Hoeffding’s lemma [84], Ees(ξx−Eξx) ≤
es2Λ2/2 for s ∈ R. By Hölder’s inequality with χ factors and independence within classes,

E exp
(

λ ∑
x
(ξx − Eξx)

)
≤

χ

∏
i=1

(
∏
x∈Vi

Eeχλ(ξx−Eξx)
)1/χ

≤ exp
(χλ2Λ2n

2

)
.

Using Markov’s inequality with λ = b/(χΛ2), we bound the probability of the upper
deviation by e−nb2/(2χΛ2). The lower deviation is treated in the same way.

Proposition 5.30. Let (Gd) be the tori Td
L for a fixed L ≥ 3 or the hypercubes Qd. Let µ be a

probability measure on [−1, 1], let k ≥ 1 be an integer, and for each d let m = m(d) be a random
vector in [−1, 1]V with the following two properties.
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(i) The set V can be partitioned into at most (D + 1)k classes such that, within each class, the
variables mx are independent.

(ii) The law of mx does not depend on x ∈ V, and it converges weakly to µ as d → ∞.

Then the conclusion of Proposition 5.2(c) holds with µ in place of µϵ.

Proof. Fix Υ, LΥ, a, c, and B as in Proposition 5.2(c), and let Z = a1 + cS[0, B]V . Let
Ῡ(s) =

∫
Υ(m′, s) µ(dm′) for s ≥ 0, and for r ∈ [0, ∞)V let

A(r) =
1
n ∑

x

(
Υ(mx, rx)− Ῡ(rx)

)
.

Both Υ(m′, ·) and Ῡ are LΥ-Lipschitz. By the Cauchy–Schwarz inequality, we have, for all
r, r′ ∈ [0, ∞)V ,

|A(r)−A(r′)| ≤ 2LΥ

n ∑
x
|rx − r′x| ≤ 2LΥ∥r − r′∥n. (5.12)

Let M = a + cB and Λ = 1 + max[−1,1]×[0,M] |Υ|, so that |A(r)| ≤ 2Λ for r ∈ [0, M]V . Fix
auxiliary parameters α ∈ (0, 1], ζ > 0, and ξ > 0, and let clip : RV → [0, M]V be the
coordinatewise projection onto [0, M].

Step 1: reduction to a ball in the range of Πα. Let r ∈ Z , and write r = a1 + cSu with
u ∈ [0, B]V . Since S is nonnegative with unit row sums, r ∈ [0, M]V . Let Πα and kα be as
in Lemma 5.28. Since S1 = 1, the vector 1 lies in the range of Πα. Let rH = a1 + c ΠαSu.
Then rH belongs to the set

Kα = {w ∈ range Πα : ∥w∥n ≤ M},

because ∥ΠαSu∥n ≤ ∥u∥n ≤ B. Further, ∥r − rH∥n = c∥(I − Πα)Su∥n ≤ cαB, since every
eigenvalue of S on the range of I − Πα has absolute value less than α. Since clip is
1-Lipschitz in each coordinate and fixes r, we also have ∥r − clip(rH)∥n ≤ cαB. By (5.12),

sup
r∈Z

|A(r)| ≤ 2LΥcαB + sup
w∈Kα

|A(clip(w))|. (5.13)

Step 2: a net. The set Kα is a Euclidean ball of radius M in the kα-dimensional space
range Πα, with the norm ∥ · ∥n. A maximal ζ-separated subset N ⊂ Kα is a ζ-net, and
the balls of radius ζ/2 around its points are disjoint and contained in the ball of radius
M + ζ/2; comparing volumes gives |N | ≤ (1 + 2M/ζ)kα . For w ∈ Kα and w′ ∈ N with
∥w − w′∥n ≤ ζ, we have ∥ clip(w)− clip(w′)∥n ≤ ζ. Then (5.12) implies that

sup
w∈Kα

|A(clip(w))| ≤ 2LΥζ + max
w∈N

|A(clip(w))|. (5.14)

Step 3: a fixed field. Let r ∈ [0, M]V be deterministic. By (ii), the law λd of mx does not
depend on x. Then

|EA(r)| ≤ εd, εd = sup
s∈[0,M]

∣∣∣ ∫ Υ(m′, s) λd(dm′)−
∫

Υ(m′, s) µ(dm′)
∣∣∣.
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For each s, the difference inside the supremum tends to zero by (ii), since the function
Υ(·, s) is bounded and continuous on [−1, 1]. Both integrals are LΥ-Lipschitz in s, and
a finite net of [0, M] shows that εd → 0. Next, by (i), the variables Υ(mx, rx) ∈ [−Λ, Λ]

satisfy the hypothesis of Lemma 5.29 with χ ≤ (D + 1)k classes, and we obtain

P
(
|A(r)− EA(r)| ≥ ξ

)
≤ 2 exp

(
− nξ2

2(D + 1)kΛ2

)
.

Step 4: union bound. By Step 3, the bound on |N |, and Lemma 5.28,

P
(

max
w∈N

|A(clip(w))| ≥ εd + ξ
)
≤ 2 exp

(
n
[
2e−dα2/2 log

(
1 +

2M
ζ

)
− ξ2

2(D + 1)kΛ2

])
.

Since D ≤ 2d, we have e−dα2/2(D+ 1)k → 0, and the bracket is at most −ξ2/(4(D+ 1)kΛ2)

for large d. Since n ≥ 2d, we have n/(D + 1)k → ∞, and the probability tends to zero.
Since |A(clip(w))| ≤ 2Λ, we obtain

lim sup
d→∞

E max
w∈N

|A(clip(w))| ≤ lim sup
d→∞

(
εd + ξ + 2Λ P

(
max
w∈N

|A(clip(w))| ≥ εd + ξ
))

= ξ.

Combining this with (5.13) and (5.14), we find

lim sup
d→∞

E sup
r∈Z

|A(r)| ≤ 2LΥcαB + 2LΥζ + ξ.

The left side does not depend on α, ζ, and ξ, which may be taken arbitrarily small. This
completes the proof.

5.9 Proof of Proposition 5.2

Proof of Proposition 5.2. Fix β > 0, h > 0, and ϵ > 0, and let MW be as in Lemma 5.20. By
Lemma 2.6(a), (b), and (c), we have EM2

q+ = q+, Mq+ = tanh Xq+ , and

P(β, h) = βE(β, h) + hEMq+ + E ent(Mq+) +
β2

4
(1 − q+)2. (5.15)

We choose the control of Proposition 5.26. If q− = q+, it is the control of part (a), and
we set τ = 1. If q− < q+, it is the control of part (b) with an integer K2 ≥ 1 that we now
choose. Let Θ denote the output, with law µΘ. For a control of part (b), we define

e1(τ) =
(

β + βMW + h + β2)C
√

τ + 2β
√

τ + |E ent(Θ)− E ent(Mq+)|,

where Θ and Mq+ are coupled as in (5.11), and we set e1 = 0 for the control of part (a).
In case (b), since ent is uniformly continuous on [−1, 1] and ∥Θ − Mq+∥2 ≤ C

√
τ, we
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have e1(τ) → 0 as K2 → ∞. In this case, we choose K2 so large that e1(τ) ≤ ϵ/2 and
C
√

τ ≤ ϵ. In either case, we set µϵ = µΘ. This fixes the control. Next, we choose the
accuracy parameters: η ∈ (0, q−) and an integer ℓ ≥ 2 such that

β
(

η +
4
ℓ
+

4MW

ℓ

)
≤ ϵ

2
.

This fixes p, K1, and the Pj, and with them the integer K = K1 + K2. Let T = K + 1, and
let m be the center produced by the algorithm on Gd, with the query history of depth T
of Step (iii) of the algorithm.

(b) By Proposition 5.26, W1(µϵ, µ+) = 0 in case (a) and W1(µϵ, µ+) ≤ C
√

τ ≤ ϵ in
case (b).

(a) By Proposition 5.25(a) and (b), the lim inf in (a) is at least

βV − β
(

2
√

τ 1{K2≥1} + η +
4
ℓ
+ MWϑ +

4MW

ℓ

)
+ hEΘ + E ent(Θ) +

β2

4
(1 − EΘ2)2.

In case (a) of Proposition 5.26, we have V = E(β, h), ϑ = 0, and Θ = Mq+ , and by
(5.15) and EM2

q+ = q+ the lower bound is at least P(β, h)− ϵ/2. In case (b), we have
V ≥ E(β, h)− C

√
τ and ϑ ≤ C

√
τ. Further, |hEΘ − hEMq+ | ≤ hC

√
τ, and since |s2 −

s′2| ≤ 2|s − s′| for s, s′ ∈ [−1, 1],∣∣(1 − EΘ2)2 − (1 − EM2
q+)

2∣∣ ≤ 2 E|Θ2 − M2
q+ | ≤ 4∥Θ − Mq+∥2 ≤ 4C

√
τ.

By (5.15) and EM2
q+ = q+, the lower bound is at least P(β, h)− e1(τ)− ϵ/2 ≥ P(β, h)− ϵ.

(c) By Lemma 5.27, applied with θ as in Step (iii) of the algorithm, V can be partitioned
into at most (D + 1)2K−1 classes within which the variables mx are independent. By
Proposition 5.25(c), the law of mx does not depend on x and converges weakly to µΘ = µϵ.
Then (c) follows from Proposition 5.30 with k = 2K − 1.



section 6

Gaussian conditioning and the Onsager term

The goal of this section is to prove Theorem 6.2, which states that on every regular graph
of large degree, the pressure is at least the expected value of

ΘG(m) = βHG(m) + h ∑
x∈V

mx + ∑
x∈V

ent(mx) +
β2

4
⟨κ, Sκ⟩ (6.1)

per vertex, up to an error that tends to zero with the degree, provided that two conditions
hold. The functional ΘG is the analogue on G of the TAP free energy of Thouless,
Anderson, and Palmer [135]. First, the center m must be computed from a bounded
number of queries of the disorder, in the sense of Definition 5.1. Second, the planted
product model of Definition 6.1 at m must have relative entropy o(n) with respect to pure
noise. Here and below, κx = 1 − m2

x, and we suppress the dependence of ΘG on β and h.
We first explain the structure of the bound. Let

ZG = ∑
σ∈{−1,1}V

exp
(

βHG(σ) + h ∑
x∈V

σx

)
,

so that pG(β, h) = n−1E log ZG. For every m ∈ [−1, 1]V , even one that depends on the dis-
order, we have log ZG ≥ ΘG(m)− (β2/4)⟨κ, Sκ⟩ by Jensen’s inequality with respect to πm,
because HG has no diagonal terms. The last term in (6.1), the Onsager correction, requires
more work. We write σ = m + v. After conditioning on the queries, the unobserved
part of the disorder is an independent Gaussian vector z on the edge space, and it enters
the exponent through β⟨z, Πa(v)⟩, where Π is a projection and a(v) is the edge feature
of Definition 6.1. Averaging the exponential over z produces exp(β2∥Πa(v)∥2/2), and
for typical v this is approximately exp((β2/4)⟨κ, Sκ⟩). However, the pressure involves
the average of the logarithm, not the logarithm of the average. The difference between
the two is a relative entropy KL(P0 ∥Q), where Q is obtained from the planted product
model by conditioning the planted configuration on an event of large probability and
by projecting the observation. Using Talagrand’s transport inequality for the Gaussian
measure [132], we bound it by 4β(nD(m))1/2, up to a negligible error. The remaining
terms in the expansion of the partition function around m are not small for every v. We
show that they are small on a set of configurations of large πm-probability, and we restrict
the expectation to this set.

81
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Conditioning on the history of an iterative algorithm goes back to Bolthausen’s
construction of solutions of the TAP equations [25], and Bayati and Montanari used it to
prove the state evolution of message passing [21]. Bolthausen [26] used this conditioning
to compute the free energy of the SK model at high temperature. He showed that
the quenched free energy equals the annealed free energy conditional on the iterates.
Brennecke and Yau [29] extended his argument, which required β to be small, to all (β, h)
with h > 0 and β2E sech2(β

√
qZ + h) ≤ 1, where q = E tanh2(β

√
qZ + h) and Z is a

standard Gaussian variable. Fan and Wu adapted Bolthausen’s argument to couplings
with an orthogonally invariant law [64]. These works use a conditional second-moment
method. Here the gap between the conditional quenched and annealed free energies
is the relative entropy above, and we bound it through the planted model. For the SK
model in zero field, the normalized partition function is likewise the likelihood ratio of
a planted model with respect to the null model, and El Alaoui, Montanari, and Sellke
used this together with contiguity at high temperature [61, Section 4.1]. Planting that
preserves the typical properties of the null ensemble is called quiet [96].

Restricting the free energy to a thin band around the output of an algorithm was
used by Fan, Li, and Sen [66] for spin glasses with orthogonally invariant couplings.
Bands around a magnetization also appear in Subag’s TAP representation of the free
energy of spherical models [131], and they define the generalized TAP free energy of
Chen, Panchenko, and Subag [41]. Huang and Sellke [85] proved the lower bound in the
Parisi formula for spherical models by constructing an ultrametric tree of states, partly
with an optimization algorithm, and bounding the free energy of bands around its leaves.
For mixed p-spin models with Ising spins, in any field, Chen and Panchenko proved a
TAP representation of the free energy [39, Theorem 1]. For the SK model, let q+ be the
largest point of the support of the Parisi measure, as in Section 2.3. Then their theorem
states that P(β, h) is the limit, as N → ∞ and then ε ↓ 0, of the expected maximum of
the TAP free energy over magnetizations with self-overlap at least q+ − ε. In particular,
the TAP free energy at a magnetization with self-overlap at least q+ is asymptotically at
most P(β, h), and Theorem 6.2 is an inequality of the same type on G, under different
conditions on m.

Section 6.1 states Definition 6.1 and Theorem 6.2. Section 6.2 describes the law of
the disorder given a query history. Section 6.3 expands the partition function around
the center, and Section 6.4 restricts the expansion to a set of configurations of large
product probability on which the error terms are small. Section 6.5 bounds the remaining
Gaussian likelihood in terms of D(m), and Section 6.6 proves Theorem 6.2.
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6.1 The planted model and the main result

We use the query histories of Definition 5.1. We recall that a query history of depth
T on G consists of a random variable U independent of (ge)e∈E and random vectors
x1, . . . , xT ∈ RV such that xt is measurable with respect to the σ-algebra generated by U
and Wx1, . . . , Wxt−1. The σ-algebra H is generated by U and Wx1, . . . , WxT, and a center
is an H-measurable vector m ∈ (−1, 1)V such that m = xt for some t ≤ T. In particular,
the response Wm of the disorder to the center is observed; see Lemma 6.4(a).

The following definition is also used in the proof of Theorem 7.5.

Definition 6.1. Let S be a symmetric n× n matrix with nonnegative entries, zero diagonal,
and unit row sums, and let E = {{x, y} : Sxy > 0}. Fix β ≥ 0 and m ∈ [−1, 1]n.
Let σ∗ have law πm, set v∗ = σ∗ − m, and let Z be a standard Gaussian vector in
RE independent of σ∗. The planted product model is the law Qm of Y = βa(v∗) + Z,
where a(v)xy =

√
Sxy vxvy. We write P0 for the standard Gaussian law on RE and

D(m) = KL(Qm ∥P0).

For G ∈ GD we always apply Definition 6.1 with S = AG/D, and we identify {1, . . . , n}
with V. Then E = E, the planted model lives on the edge space RE of the disorder, and
a(v)xy = D−1/2vxvy for xy ∈ E. We write Eπm for the expectation over σ with law πm,
and in such expectations we always set v = σ − m. Since the Gaussian law on RE with
mean b and identity covariance has density exp(⟨y, b⟩ − ∥b∥2/2) with respect to P0, the
law Qm has density

Lm(y) = Eπm exp
(

β⟨y, a(v)⟩ − β2

2
∥a(v)∥2

)
(y ∈ RE) (6.2)

with respect to P0. By Lemma 6.9 below, the function m 7→ D(m) is continuous on [−1, 1]V .
In particular, D(m) is a bounded random variable whenever m is a random vector in
[−1, 1]V . If m is a random center, then D(m) denotes the value of this deterministic
function at m. The planted configuration and the noise of Definition 6.1 are integrated
out in the definition of D, and they have no relation to the disorder g.

Theorem 6.2. Let β ≥ 0, h ∈ R, and δ ≥ 0, and let T ≥ 1 be an integer. For each k ≥ 1, let
Dk ≥ 1, let Gk ∈ GDk have nk vertices, let Sk = AGk /Dk, and let a query history of depth T on
Gk with center m = m(k) be given. Let D be as in Definition 6.1 with S = Sk. Suppose that
Dk → ∞ and

lim sup
k→∞

1
nk

ED
(
m(k)) ≤ δ. (6.3)

Then

lim inf
k→∞

pGk(β, h) ≥ lim inf
k→∞

1
nk

E
[

βHGk(m) + h ∑
x

mx + ∑
x

ent(mx) +
β2

4
⟨κ, Skκ⟩

]
− 4β

√
δ,

(6.4)
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where m = m(k) and κx = 1 − m2
x.

Remark 6.3. Theorem 6.2 follows from the nonasymptotic bound of Proposition 6.12,
which holds for every G ∈ GD and every query history of depth T on G. The only
property of the sequence (Gk) used in the proof is Dk → ∞. No transitivity, no bound on
the operator norm of W, and no relation between nk and Dk is needed.

6.2 Gaussian conditioning

In this subsection, we fix G ∈ GD and a query history of depth T on G, defined on a
probability space (Ω,A, P). We write g = (ge)e∈E and B(RE) for the Borel σ-algebra of
RE. For 0 ≤ t ≤ T, let Ft be the σ-algebra generated by U and Wx1, . . . , Wxt, so that
FT = H.

For b ∈ RV , let Λb : RE → RV be the linear map defined by

(Λbw)x = D−1/2 ∑
y : xy∈E

wxyby (x ∈ V).

Then Wb = Λbg; each query reveals n linear functionals of g. For 0 ≤ t ≤ T, let
Λ(t) : RE → (RV)t be the map w 7→ (Λx1w, . . . , Λxt w), and let Πt be the orthogonal
projection of RE onto ker Λ(t); in particular, Π0 = I. We set

Π = ΠT, Π⊥ = I − Π, ḡ = Π⊥g,

and we let W̄ be the symmetric V × V matrix with W̄xy = D−1/2 ḡxy for xy ∈ E and
W̄xy = 0 otherwise. For a symmetric matrix K, we write |K| = (K2)1/2 and ∥K∥tr = tr |K|
for its trace norm.

The next lemma is a version of the conditioning lemmas of Bolthausen [25] and Bayati
and Montanari [21, Lemmas 11 and 12], for linear functionals of the edge disorder that
are chosen adaptively and may depend on the auxiliary randomness U.

Lemma 6.4. Let G ∈ GD, and let a query history of depth T on G be given. Then the following
statements hold.

(a) The projection Π and the vector ḡ are H-measurable, and rank Π⊥ ≤ nT. If m is a center of
the history, then Wm is H-measurable.

(b) For every H⊗B(RE)-measurable function F : Ω × RE → [0, ∞], we have

E
[
F(·, g)

∣∣H]
=

∫
F(·, ḡ + Πw)P0(dw) almost surely. (6.5)

(c) We have E∥ḡ∥2 = E rank Π⊥ ≤ nT and E∥W̄∥tr ≤ n(2T/D)1/2.
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Part (b) states that, conditional on H, the disorder has the law of ḡ + Πz, where z is
a standard Gaussian vector on RE independent of H. The function F may depend on
H-measurable quantities, such as the center and the projection Π; this is how the lemma
is used below. In particular, E[g | H] = ḡ and W̄ = E[W | H] is the conditional mean of
the coupling matrix.

Proof. For a linear map M between Euclidean spaces, let M+ denote its Moore–Penrose
pseudoinverse. Then M+M is the orthogonal projection onto (ker M)⊥, and M 7→ M+ is
Borel measurable, being the pointwise limit of (MTM + ϵI)−1MT as ϵ ↓ 0. In particular,
Π⊥

t = I − Πt = (Λ(t))+Λ(t).
(a) Fix 1 ≤ t ≤ T. Since xs is Fs−1-measurable and b 7→ Λb is linear, the map Λ(t) is

Ft−1-measurable, and so is Πt. Further, Λ(t)g = (Wx1, . . . , Wxt) is Ft-measurable, and
so is Π⊥

t g = (Λ(t))+Λ(t)g. For t = T this shows that Π and ḡ are H-measurable. The
rank of Π⊥ equals that of Λ(T), which is at most nT, since Λ(T) takes values in a space
of dimension nT. If m is a center, let τ be the least t with m = xt. The events {τ = t}
belong to H, because m and x1, . . . , xT are H-measurable, and Wm = ∑t≤T 1{τ=t}Wxt is
H-measurable.

(b) For 0 ≤ t ≤ T, let (bt) denote the statement (b) with Ft and Πt in place of H and
Π. We prove (bt) by induction on t. In (bt), the right side of (6.5) is Ft-measurable by
Tonelli’s theorem, since Π⊥

t g and Πt are Ft-measurable by the proof of (a). The bounded
Ft ⊗B(RE)-measurable functions F that satisfy (6.5) form a vector space that contains
the constants and is closed under bounded monotone limits, and nonnegative F are
monotone limits of bounded ones. By the monotone-class theorem, it therefore suffices
to prove (bt) for F(ω, w) = 1A(ω) f (w) with A ∈ Ft and f : RE → [0, ∞) bounded and
Borel. Since 1A is Ft-measurable, this amounts to

E
[

f (g)
∣∣Ft

]
=

∫
f (Π⊥

t g + Πtw)P0(dw). (6.6)

For t = 0, (6.6) holds because Π0 = I and g is independent of F0, which is generated by
U.

Let 1 ≤ t ≤ T, and assume (bt−1). We abbreviate Π′ = Πt−1 and Λ = Λxt . Since
ker Λ(t) ⊂ ker Λ(t−1), the operator Ξ = Π′ − Πt is the orthogonal projection onto the
orthogonal complement of the range of Πt in the range of Π′. The operators Π′, Πt, Ξ,
and Λ are Ft−1-measurable, and

ΛΠt = 0, ΛΠ′ = ΛΞ, Π⊥
t Π′⊥ = Π′⊥, Π⊥

t Π′ = Ξ. (6.7)

The events A′ ∩ {Wxt ∈ C}, with A′ ∈ Ft−1 and C ⊂ RV Borel, form a π-system that
generates Ft. By Dynkin’s π–λ theorem and the measurability of the right side of (6.6),
it suffices to show that

E
[
1A′1C(Λg) f (g)

]
= E

[
Ψ(·, g)

]
, (6.8)
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where
Ψ(ω, w) = 1A′(ω)1C(Λw)

∫
f (Π⊥

t w + Πtw′)P0(dw′),

and where we used Wxt = Λg. The function Ψ is Ft−1 ⊗B(RE)-measurable. By (bt−1)

and (6.7), we have

E
[
Ψ(·, g)

]
= E

∫
Ψ(·, Π′⊥g + Π′w)P0(dw)

= E

[
1A′

∫∫
1C

(
ΛΠ′⊥g + ΛΞw

)
f
(
Π′⊥g + Ξw + Πtw′)P0(dw)P0(dw′)

]
.

For fixed ω, the Gaussian vectors Ξw and Πtw are independent under P0, because
ΞΠt = 0. Then the pair (Ξw, Ξw + Πtw′) under P0 ⊗ P0 has the same law as (Ξw, Π′w)

under P0. Using also ΛΞw = ΛΠ′w, we find that the double integral equals∫
1C

(
Λ(Π′⊥g + Π′w)

)
f
(
Π′⊥g + Π′w

)
P0(dw).

By (bt−1), applied to (ω, w) 7→ 1A′(ω)1C(Λ(ω)w) f (w), the expectation of 1A′ times this
integral is the left side of (6.8). This proves (bt), and (b) is the case t = T.

(c) By (b) with F(ω, w) = ∥w∥2, and since ḡ is orthogonal to the range of Π, we have

E
[
∥g∥2 ∣∣H]

=
∫

∥ḡ + Πw∥2 P0(dw) = ∥ḡ∥2 + tr Π = ∥ḡ∥2 + |E| − rank Π⊥.

Taking expectations and using E∥g∥2 = |E|, we find E∥ḡ∥2 = E rank Π⊥ ≤ nT. Next, the
squared Hilbert–Schmidt norm of W̄ is ∑x,y W̄2

xy = 2D−1∥ḡ∥2. Since W̄ has n eigenvalues,
the Cauchy–Schwarz inequality implies that ∥W̄∥tr ≤ (2n/D)1/2∥ḡ∥. Then

E∥W̄∥tr ≤
(2n

D

)1/2(
E∥ḡ∥2)1/2 ≤ n

(2T
D

)1/2
.

This completes the proof.

6.3 Expansion around the center

The following identity is deterministic. It holds for every realization of the disorder
and every orthogonal projection Π of RE, with ḡ = Π⊥g and W̄ defined from ḡ as in
Section 6.2. For m ∈ (−1, 1)V , we define r ∈ RV by

rx = β(Wm)x + h − atanh(mx)− β2mx(Sκ)x (x ∈ V). (6.9)

Lemma 6.5. Let G ∈ GD, β ≥ 0, h ∈ R, and m ∈ (−1, 1)V , and let Π be an orthogonal
projection of RE. Then

ZG = eΘG(m) Eπm exp
(
⟨r, v⟩+ β

2
⟨v, W̄v⟩+ β2⟨m ⊙ v, S(m ⊙ v)⟩ − β2

2
∥Π⊥a(v)∥2

+ β⟨g, Πa(v)⟩ − β2

2
∥Πa(v)∥2

)
.

(6.10)
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Proof. Let yx = atanh(mx). Then πm(σ) = ∏x eyxσx /(2 cosh yx) is positive for all σ, and
for every function f on {−1, 1}V we have

∑
σ

f (σ) = Eπm

[
f (σ) ∏

x∈V
2 cosh(yx) e−yxσx

]
.

By (2.3), we have log 2 cosh yx − yxmx = ent(mx). With σ = m + v, it follows that the
product inside the expectation equals exp(∑x ent(mx)− ⟨y, v⟩). Since W is symmetric,
HG(m + v) = HG(m) + ⟨Wm, v⟩ + HG(v). Applying the previous display to f (σ) =

exp(βHG(σ) + h ∑x σx), we obtain

ZG = exp
(

βHG(m) + h ∑
x

mx + ∑
x

ent(mx)
)

Eπm exp
(
⟨βWm + h1 − y, v⟩+ βHG(v)

)
.

(6.11)
Next, HG(v) = ∑xy∈E D−1/2gxyvxvy = ⟨g, a(v)⟩. We split g = ḡ + Πg. Since

⟨ḡ, a(v)⟩ = ∑xy∈E D−1/2 ḡxyvxvy = ⟨v, W̄v⟩/2 and ⟨Πg, a(v)⟩ = ⟨g, Πa(v)⟩, we have

βHG(v) =
β

2
⟨v, W̄v⟩+ β⟨g, Πa(v)⟩. (6.12)

Finally, we use the identity v2
x = κx − 2mxvx, which holds because σ2

x = 1. Since S is
symmetric with zero diagonal, a sum over edges of a symmetric expression is half the
corresponding sum over ordered pairs, and we find

∥a(v)∥2 = ∑
xy∈E

Sxy(κx − 2mxvx)(κy − 2myvy)

=
1
2
⟨κ, Sκ⟩ − 2⟨m ⊙ Sκ, v⟩+ 2⟨m ⊙ v, S(m ⊙ v)⟩.

Since ∥Πa(v)∥2 = ∥a(v)∥2 − ∥Π⊥a(v)∥2, this gives

β2

2
∥Πa(v)∥2 =

β2

4
⟨κ, Sκ⟩ − β2⟨m ⊙ Sκ, v⟩+ β2⟨m ⊙ v, S(m ⊙ v)⟩ − β2

2
∥Π⊥a(v)∥2. (6.13)

We insert (6.12) into (6.11), and we add and subtract (β2/2)∥Πa(v)∥2 in the exponent.
Using (6.13) for the added term, moving the constant (β2/4)⟨κ, Sκ⟩ out of the expectation,
and recalling (6.9), we obtain (6.10).

6.4 A band of typical configurations

We begin with a moment bound for the disorder. It holds on every G ∈ GD and uses no
bound on the operator norm of W. The corresponding bound for the Hamiltonian is (F6).
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Lemma 6.6. Let G ∈ GD. Then

E max
σ

∥Wσ∥2 ≤ 8n
(

log 2 +
1
4

)
≤ 8n.

Further, for every realization of the disorder and every w ∈ [−1, 1]V , we have ∥Ww∥ ≤
maxσ ∥Wσ∥.

Proof. Fix σ ∈ {−1, 1}V . Then Wσ is a centered Gaussian vector. Its coordinate (Wσ)x =

D−1/2 ∑y : xy∈E gxyσy has variance 1, and for x ̸= y the coordinates (Wσ)x and (Wσ)y

share only the variable gxy, which is present if xy ∈ E. The covariance matrix of Wσ is
Cσ = I +∆σS∆σ, where ∆σ is the diagonal matrix with entries σx. By (2.1), the eigenvalues
c1, . . . , cn of Cσ lie in [0, 2], and ∑j cj = tr Cσ = n. Diagonalizing Cσ, we obtain

E exp
(1

8
∥Wσ∥2

)
=

n

∏
j=1

(
1 −

cj

4

)−1/2
≤ exp

( n

∑
j=1

cj

4

)
= en/4,

where we used that − log(1 − s) ≤ 2s for s ∈ [0, 1/2]. By Jensen’s inequality,

E max
σ

∥Wσ∥2 ≤ 8 log E max
σ

e∥Wσ∥2/8 ≤ 8 log ∑
σ

Ee∥Wσ∥2/8 ≤ 8
(

n log 2 +
n
4

)
.

For the final claim, let w ∈ [−1, 1]V . Since W is linear, we have Ww = EπwWσ, and by
Jensen’s inequality, ∥Ww∥ ≤ Eπw∥Wσ∥ ≤ maxσ ∥Wσ∥.

We now define the band. For the rest of this section, we write

Cβ,h = 4
(
1 + h2 + 8β2 + β4), εD(η) =

Cβ,h

η2D
+

1 + (2T)1/2

ηD1/2 +
T

ηD
(η > 0), (6.14)

and we note that εD(η) depends only on β, h, T, D, and η.

Lemma 6.7. Let G ∈ GD, β ≥ 0, and h ∈ R, and let a query history of depth T on G with center
m be given. Let Π and W̄ be as in Section 6.2, and let r be as in (6.9). For η > 0, let Bη be the
set of σ ∈ {−1, 1}V such that v = σ − m satisfies

|⟨r, v⟩| ≤ ηn, ⟨v, |W̄|v⟩ ≤ ηn, ⟨m ⊙ v, |S|(m ⊙ v)⟩ ≤ ηn, ∥Π⊥a(v)∥2 ≤ ηn.
(6.15)

Then {σ ∈ Bη} ∈ H for every σ, and pη = πm(Bη) satisfies E(1 − pη) ≤ εD(η).

Proof. By Lemma 6.4(a), the vectors m, Wm, and r; the projection Π; and the matrix W̄
are H-measurable, and |W̄| is a continuous function of W̄. This proves the measurability
claim, and it shows that pη is H-measurable.

Fix a realization. Under πm, the coordinates of v are independent and centered, and
vx has variance κx. We bound the probability that each condition in (6.15) fails. First,
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Eπm⟨r, v⟩2 = ∑x κxr2
x, and Chebyshev’s inequality bounds the probability of the first

failure by ∑x κxr2
x/(ηn)2. Second, since |W̄| is positive semidefinite,

Eπm⟨v, |W̄|v⟩ = ∑
x
|W̄|xxκx ≤ tr |W̄| = ∥W̄∥tr,

and Markov’s inequality bounds the probability of the second failure by ∥W̄∥tr/(ηn).
Third, in the same way,

Eπm⟨m ⊙ v, |S|(m ⊙ v)⟩ = ∑
x
|S|xxm2

xκx ≤ tr |S| ≤ (n tr S2)1/2 =
n

D1/2 ,

where we used the Cauchy–Schwarz inequality for the eigenvalues of S and (2.1). Fourth,
the entries of a(v) are centered and uncorrelated under πm. Indeed, for distinct edges
e, e′, some vertex x belongs to exactly one of them, and the factor vx in a(v)ea(v)e′ is
centered and independent of the other factors. Further, Eπm a(v)2

xy = Sxyκxκy ≤ D−1. In
other words, the covariance matrix of a(v) is diagonal with entries at most D−1, and

Eπm∥Π⊥a(v)∥2 = ∑
e∈E

(Π⊥)ee Eπm a(v)2
e ≤

tr Π⊥

D
=

rank Π⊥

D
.

By the union bound, we conclude that

1 − pη ≤ ∑x κxr2
x

η2n2 +
∥W̄∥tr

ηn
+

1
ηD1/2 +

rank Π⊥

ηnD
. (6.16)

It remains to bound the expectation of the first term. Let sx = atanh(mx). Then
κx = sech2 sx ≤ 4e−2|sx| and κxs2

x ≤ 4 sups≥0 s2e−2s = 4e−2 ≤ 1. This bound is uniform
in mx ∈ (−1, 1). Using (c1 + c2 + c3 + c4)

2 ≤ 4(c2
1 + c2

2 + c2
3 + c2

4), κx ≤ 1, |mx| ≤ 1, and
0 ≤ (Sκ)x ≤ 1, we obtain from (6.9) that

κxr2
x ≤ 4

(
β2(Wm)2

x + h2 + κxs2
x + β4) ≤ 4

(
β2(Wm)2

x + h2 + 1 + β4).

Summing over x and using Lemma 6.6, which gives E∥Wm∥2 ≤ E maxσ ∥Wσ∥2 ≤ 8n,
we find

E ∑
x

κxr2
x ≤ 32β2n + 4n

(
h2 + 1 + β4) = Cβ,hn.

We take expectations in (6.16), and we use this bound together with Lemma 6.4(c). Since
every D-regular simple graph has n ≥ D + 1 vertices, we obtain E(1 − pη) ≤ εD(η).

On the band, the error terms in Lemma 6.5 cost at most a multiple of ηn. To state this,
we set

cβ = 1 +
β

2
+

3β2

2
, (6.17)
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and on the event {pη > 0} we define the function

Lη(y) = Eπm

[
exp

(
β⟨y, Πa(v)⟩ − β2

2
∥Πa(v)∥2

) ∣∣∣ Bη

]
(y ∈ RE). (6.18)

On {pη = 0}, we set Lη(y) = 1 for all y. It depends on y only through Πy, and
(ω, y) 7→ Lη(y) is H⊗B(RE)-measurable on {pη > 0} × RE, because it is a finite sum
of continuous functions of (m, Π, y) multiplied by H-measurable indicators.

Lemma 6.8. Under the assumptions of Lemma 6.7, for every η > 0 we have, on the event
{pη > 0},

log ZG ≥ ΘG(m)− cβηn + log pη + log Lη(g).

Proof. We apply Lemma 6.5 with the projection Π of Section 6.2, and we restrict the
expectation in (6.10) to σ ∈ Bη; this decreases it, since the integrand is positive. Since a
symmetric matrix K satisfies −|K| ≤ K ≤ |K| in the order of quadratic forms, we have,
for σ ∈ Bη,

⟨r, v⟩ ≥ −ηn,
β

2
⟨v, W̄v⟩ ≥ −β

2
ηn,

β2⟨m ⊙ v, S(m ⊙ v)⟩ ≥ −β2ηn, −β2

2
∥Π⊥a(v)∥2 ≥ −β2

2
ηn.

The sum of the right sides is −cβηn. Therefore

ZG ≥ eΘG(m)−cβηn Eπm

[
1Bη(σ) exp

(
β⟨g, Πa(v)⟩ − β2

2
∥Πa(v)∥2

)]
= eΘG(m)−cβηn pη Lη(g).

Taking logarithms completes the proof.

6.5 Relative entropy of the restricted and projected model

In this subsection, S, E, β, and n are as in Definition 6.1. Since S has zero diagonal and
unit row sums, ∑{x,y}∈E Sxy = n/2. Since |vx| ≤ 1 + |mx| ≤ 2 for v = σ − m, we have

∥a(v)∥2 = ∑
{x,y}∈E

Sxyv2
xv2

y ≤ 16 ∑
{x,y}∈E

Sxy = 8n (6.19)

for every m ∈ [−1, 1]n and σ ∈ {−1, 1}n.

Lemma 6.9. The function m 7→ D(m) is continuous on [−1, 1]n. Further, let m ∈ [−1, 1]n, let
Π be an orthogonal projection of RE, and let B ⊂ {−1, 1}n satisfy p = πm(B) > 0. Define

LB,Π(y) = Eπm

[
exp

(
β⟨y, Πa(v)⟩ − β2

2
∥Πa(v)∥2

) ∣∣∣ B
]

(y ∈ RE).
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Then QB,Π = LB,ΠP0 is the law of βΠa(v∗) + Z, where σ∗ has law πm(· | B), v∗ = σ∗ − m,
and Z is a standard Gaussian vector in RE independent of σ∗. Further,

p KL(QB,Π ∥P0) ≤ D(m)− p log p − (1 − p) log(1 − p) ≤ D(m) + log 2, (6.20)

with the convention 0 log 0 = 0.

Proof. The identification of QB,Π follows from the formula for the density of a Gaussian
law with identity covariance, as in (6.2). By (6.19), we have

exp
(
− β(8n)1/2∥y∥ − 4β2n

)
≤ LB,Π(y) ≤ exp

(
β(8n)1/2∥y∥

)
, (6.21)

and in particular all relative entropies in this proof are finite. For the continuity claim, the
density Lm of Qm, given by (6.2), is continuous in (m, y), and by (6.21) with B = {−1, 1}n

and Π = I,
|Lm(y) log Lm(y)| ≤

(
β(8n)1/2∥y∥+ 4β2n

)
eβ(8n)1/2∥y∥.

The right side does not depend on m and is integrable under P0. By dominated conver-
gence, D(m) =

∫
Lm log Lm dP0 is continuous in m.

We now prove (6.20), first for Π = I. We write LB = LB,I and QB = QB,I . If p = 1, then
QB = Qm and there is nothing to prove. If p < 1, then Lm = pLB + (1 − p)LBc , where LBc

is defined in the same way. Since Lm ≥ pLB, we have log LB ≤ log Lm − log p and

KL(QB ∥P0) =
∫

LB log LB dP0 ≤
∫

LB log Lm dP0 − log p.

Since Lm ≥ (1 − p)LBc , we also have∫
LBc log Lm dP0 ≥ log(1 − p) +

∫
LBc log LBc dP0 ≥ log(1 − p),

because the last integral is a relative entropy and is nonnegative. Then

D(m) =
∫

Lm log Lm dP0 = p
∫

LB log Lm dP0 + (1 − p)
∫

LBc log Lm dP0

≥ p
∫

LB log Lm dP0 + (1 − p) log(1 − p).

Combining the last three displays, we obtain (6.20) for Π = I. The second inequality in
(6.20) holds because the binary entropy is at most log 2.

For a general Π, it suffices to show KL(QB,Π ∥P0) ≤ KL(QB ∥P0). This is the data-
processing inequality for the Markov kernel y 7→ Πy + Π⊥z′, with z′ an independent
standard Gaussian vector, which maps P0 to itself and QB to QB,Π; we give the short
direct argument. Under P0, the vectors Πy and Π⊥y are independent, and ⟨Π⊥y, a⟩
is a centered Gaussian variable with variance ∥Π⊥a∥2 for each a ∈ RE. Since ⟨y, a⟩ =
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⟨Πy, Πa⟩+ ⟨Π⊥y, Π⊥a⟩ and ∥a∥2 = ∥Πa∥2 + ∥Π⊥a∥2, integrating out Π⊥y in each term
of the finite average defining LB gives

EP0

[
LB(y)

∣∣ Πy
]
= LB,Π(y).

By the convexity of s 7→ s log s on [0, ∞) and the conditional Jensen inequality, we have

KL(QB,Π ∥P0) = EP0

[
LB,Π log LB,Π

]
≤ EP0

[
LB log LB

]
= KL(QB ∥P0).

This completes the proof.

The next lemma converts the relative entropy of a Gaussian mixture with respect to
the Gaussian law into the relative entropy in the reverse direction. We recall (F5): for
every k ≥ 1 and every probability measure ρ on Rk, we have W2(ρ, γk)

2 ≤ 2 KL(ρ ∥ γk),
where γk is the standard Gaussian measure on Rk and W2 is the quadratic Wasserstein
distance.

Lemma 6.10. Let k ≥ 1 and ℓ ≥ 0, and let ν be a probability measure on {b ∈ Rk : ∥b∥ ≤ ℓ}.
Define

L(y) =
∫

exp
(
⟨y, b⟩ − 1

2
∥b∥2

)
ν(db) (y ∈ Rk),

and let Q = Lγk. Then

0 ≤ −
∫

log L dγk = KL(γk ∥Q) ≤ ℓ
(
2 KL(Q ∥ γk)

)1/2.

Proof. The function L is positive and smooth, and ∇ log L(y) =
∫

b νy(db), where νy is
the probability measure proportional to exp(⟨y, b⟩ − ∥b∥2/2)ν(db). Since νy is supported
in the ball of radius ℓ, we have ∥∇ log L∥ ≤ ℓ, and log L is ℓ-Lipschitz. The measure Q
is the law of b + Z with b ∼ ν and Z ∼ γk independent, so Q and γk have finite second
moments, and log L is integrable under both. By definition, KL(Q ∥ γk) =

∫
log L dQ and

KL(γk ∥Q) = −
∫

log L dγk ≥ 0. Let (Y, Y′) be a coupling of Q and γk. Then

KL(Q ∥ γk) + KL(γk ∥Q) = E
[

log L(Y)− log L(Y′)
]
≤ ℓE∥Y − Y′∥ ≤ ℓ

(
E∥Y − Y′∥2)1/2.

Taking the infimum over couplings and using (F5), we find that the left side is at most
ℓW2(Q, γk) ≤ ℓ(2 KL(Q ∥ γk))

1/2. Since KL(Q ∥ γk) ≥ 0, the claim follows.

Corollary 6.11. Under the assumptions of Lemma 6.9, we have∫
log LB,Π dP0 ≥ −4β

(
n KL(QB,Π ∥P0)

)1/2 ≥ −4β
(n(D(m) + log 2)

p

)1/2
.

Proof. By Lemma 6.9, LB,Π has the form of Lemma 6.10 with k = |E| and ν the law of
βΠa(v∗). By (6.19) and ∥Πa∥ ≤ ∥a∥, we may take ℓ = β(8n)1/2. Then Lemma 6.10
implies the first inequality, since β(8n)1/2 · 21/2 = 4βn1/2. The second inequality is
(6.20).
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6.6 Proof of the main result

We first prove a nonasymptotic version of Theorem 6.2. Recall the constants εD(η) and
cβ from (6.14) and (6.17).

Proposition 6.12. Let β ≥ 0, h ∈ R, D ≥ 1, and T ≥ 1. Let G ∈ GD have n vertices, let D be
as in Definition 6.1 with S = AG/D, and let a query history of depth T on G with center m be
given. Then for every η > 0 and ε ∈ (0, 1),

pG(β, h) ≥ 1
n

E ΘG(m)− cβη − C′
β,h

( εD(η)

ε

)1/2

− 4β
(n−1ED(m) + n−1 log 2

1 − ε

)1/2
+

log(1 − ε)

n
,

(6.22)

where C′
β,h = βC1/2

2 + |h|+ log 2 + β2/4 and C2 is the constant of (F6) with p = 2.

Proof. We have | log ZG| ≤ n log 2 + β maxσ |HG(σ)|+ |h|n, which is integrable by (F6).
Further, | ent(mx)| ≤ log 2 and 0 ≤ ⟨κ, Sκ⟩ ≤ ∑x,y Sxy = n, since κ ∈ [0, 1]V . Together
with (F6), this gives the pathwise bound

|ΘG(m)| ≤ β max
σ

|HG(σ)|+ n
(
|h|+ log 2 +

β2

4

)
,

and, by the Minkowski inequality,

(
E ΘG(m)2)1/2 ≤ β

(
E max

σ
HG(σ)

2)1/2
+ n

(
|h|+ log 2 +

β2

4

)
≤ C′

β,hn. (6.23)

Let G = {pη ≥ 1 − ε}, where pη = πm(Bη) is as in Lemma 6.7. Then G ∈ H, and by
Markov’s inequality and Lemma 6.7, we have

P(Gc) = P(1 − pη > ε) ≤ εD(η)

ε
. (6.24)

On G, Lemma 6.8 gives

1G log ZG ≥ 1G
(
ΘG(m)− cβηn + log(1 − ε)

)
+ 1G log Lη(g). (6.25)

We compute the expectation of the last term by conditioning on H. Let F(ω, y) =

1G(ω) log Lη(y). By the discussion after (6.18), F is H⊗B(RE)-measurable, and by (6.21)
we have |F(ω, y)| ≤ β(8n)1/2∥y∥+ 4β2n. In particular, F(·, g) is integrable. Since Πḡ = 0
and Lη(y) depends on y only through Πy, we have Lη(ḡ + Πw) = Lη(w). Applying
Lemma 6.4(b) to the positive and negative parts of F, we obtain

E
[
1G log Lη(g)

]
= E

[
1G

∫
log Lη dP0

]
.
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For each fixed ω ∈ G, the function Lη is the function LB,Π of Lemma 6.9, with the
deterministic data m(ω), Π(ω), and B = Bη(ω), and with p = pη(ω) ≥ 1 − ε. Then
Corollary 6.11, applied with D(m) the value of the deterministic function D at m(ω),
implies that

1G
∫

log Lη dP0 ≥ −4β
(n(D(m) + log 2)

1 − ε

)1/2
.

Taking expectations and using Jensen’s inequality for the square root, we find

E
[
1G log Lη(g)

]
≥ −4β

(n(ED(m) + log 2)
1 − ε

)1/2
. (6.26)

On Gc we use a cruder bound. Since W has zero diagonal, the average of βHG(σ) +

h ∑x σx under the uniform law on {−1, 1}V is zero. By Jensen’s inequality, we have
log ZG ≥ n log 2 ≥ 0. Combining this with (6.25) and (6.26), and using P(G) ≤ 1 and
log(1 − ε) < 0, we obtain

E log ZG ≥ E
[
1GΘG(m)

]
− cβηn + log(1 − ε)− 4β

(n(ED(m) + log 2)
1 − ε

)1/2
.

Finally, by the Cauchy–Schwarz inequality, (6.23), and (6.24),

E
[
1GΘG(m)

]
≥ E ΘG(m)− P(Gc)1/2(E ΘG(m)2)1/2 ≥ E ΘG(m)− C′

β,hn
( εD(η)

ε

)1/2
.

Dividing by n gives (6.22).

Proof of Theorem 6.2. Fix η > 0 and ε ∈ (0, 1), and let bk denote the sum of the four error
terms in (6.22) for G = Gk, so that pGk(β, h) ≥ n−1

k E ΘGk(m
(k))− bk by Proposition 6.12.

As k → ∞, we have εDk(η) → 0, because Dk → ∞ and β, h, T, and η are fixed. Further, the
terms involving n−1

k log 2 and n−1
k log(1 − ε) tend to zero, since nk ≥ Dk + 1 → ∞. Then

(6.3) and the continuity of the square root imply that lim supk bk ≤ cβη + 4β(δ/(1− ε))1/2.
By (6.23), the sequence n−1

k E ΘGk(m
(k)) is bounded. Since lim infk(ak − bk) ≥ lim infk ak −

lim supk bk whenever the right side is defined, we obtain

lim inf
k→∞

pGk(β, h) ≥ lim inf
k→∞

1
nk

E ΘGk

(
m(k))− cβη − 4β

( δ

1 − ε

)1/2
.

Letting η ↓ 0 and then ε ↓ 0 gives (6.4).

Remark 6.13. The requirement that the center is itself a query is used through
Lemma 6.4(a): the vector Wm appears in the linear coefficient r, which must be H-
measurable for the band Bη and the function Lη to be H-measurable. If Wm were not
observed, then ⟨βWm, v⟩ would contain a part that is linear in the unobserved Gaussian
vector, and Lemma 6.4(b) could not be applied with H-measurable Lη.



section 7

Relative entropy of the planted product model

The goal of this section is to prove Theorem 7.5, which states that the relative entropy
D(m) of the planted product model of Definition 6.1 is small compared to n, provided
that two conditions hold. First, the scalar transforms ψmx of the coordinates of the center
must be close to the transform ψµ of a single law µ, on average over the vertices and
uniformly over a compact set of site profiles. Second, µ must satisfy Γµ ≤ 0 on [0, 1].
The bound holds for every deterministic center, and since its error terms depend on the
center only through the discrepancy between the two transforms, it can be averaged over
random centers. We also prove Proposition 7.4, which states that the law µ+ of the Parisi
center satisfies Γµ+(s) ≤ 0 for all s ≥ 0. Its proof uses only the optimality of the Parisi
measure. Corollary 7.6 combines the two results.

The planted product model is a spiked Wigner model with a sparse variance profile
and a prior that depends on the vertex. For the spiked Wigner model with independent
and identically distributed noise, the limit of the relative entropy, or equivalently of the
mutual information between the spike and the observation, was computed in [98], where
earlier work is discussed, and for bounded centered unit-variance priors, El Alaoui,
Krzakala, and Jordan determined the region in which the spiked and the unspiked
models are contiguous [59]. Guionnet, Ko, Krzakala, and Zdeborová computed this limit
for inhomogeneous noise whose inverse variances form a positive-semidefinite profile
with a block structure or a regular limit [78]. Behne and Reeves computed it when the
signal-to-noise ratio is constant on each of finitely many blocks, for every nonnegative
matrix of block ratios [23]. On the Nishimori line, multispecies spin glasses are spiked
models with binary signals and a block variance profile. Alberici, Camilli, Contucci, and
Mingione computed their free energy when the interaction is elliptic [4], and for the
deep Boltzmann machine, whose interaction matrix is not positive semidefinite [3]. For
general variance profiles and certain priors with independent and identically distributed
symmetric coordinates of variance at most one, De and Kunisky proved that strong
detection is impossible below a spectral threshold; their assumptions include a 1-moment-
subgaussian condition on the product of two independent samples of the prior and, in
our setting, require D to be of order n [52, Theorem 1.11].

Interpolations of Guerra type [76] between a matrix channel and scalar channels were
used by Korada and Macris [94] for p-spin models on the Nishimori line and by Krzakala,
Xu, and Zdeborová [97] for spiked models. Barbier and Macris made the interpolation
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path adaptive [14]. Our proof of Theorem 7.5 follows the Hamilton–Jacobi approach of
Mourrat [104, 105], in which the relative entropy of a family of interpolating channels is
compared with the solution of a Hamilton–Jacobi equation given by a Hopf–Lax formula.
For inference of matrix tensor products, Chen and Xia showed that the solution of the
corresponding Hamilton–Jacobi equation is an upper bound on the limit of the free
energy for every interaction matrix, also when the nonlinearity is not convex [35]. We
need only an upper bound, the entries of S are of order at most 1/D, and S need not
be positive semidefinite. For the SK model, the function Γµ coincides with a function
introduced by Chen, Panchenko, and Subag in their study of the TAP free energy [41];
see the discussion after (7.8).

Section 7.1 collects identities for Gaussian channels. Section 7.2 defines the scalar
transform and proves Lemma 7.2. Section 7.3 proves Proposition 7.4, and Section 7.4
states Theorem 7.5 and Corollary 7.6. The remaining subsections prove Theorem 7.5.
In Section 7.5, we interpolate between independent scalar channels at the vertices and
the planted edge channel. We compare the normalized relative entropy F(t, q) of the
interpolating channel with a scalar Hopf–Lax formula, which is treated in Section 7.9.
The comparison uses only the behavior of F at points where it is touched from above
by a function with bounded Hessian. At such points, the time derivative of F is close
to a quadratic form in the gradient of F (Proposition 7.13). The proof of this estimate
rests on an exact covariance identity for the derivative of the quenched relative entropy
(Section 7.6) and on concentration over a family of perturbations of small metric entropy
(Section 7.7). Section 7.10 completes the proofs.

Throughout this section, S is a symmetric n × n matrix with nonnegative entries, zero
diagonal, and unit row sums, as in Definition 6.1. We index its rows and columns by
a set V with |V| = n, and we set E = {{x, y} : Sxy > 0}. We do not assume that S is
positive semidefinite; see Remark 7.7. For w ∈ RV we write |w| for the Euclidean norm,
∥w∥n = n−1/2|w| for the normalized Euclidean norm, and distn(w,A) = infz∈A ∥w − z∥n

for A ⊂ RV . We write 1 for the vector with all coordinates equal to one, w · w′ for the
Euclidean inner product, w ⊙ w′ for the coordinatewise product, and w⊙2 = w ⊙ w. For
a set A ⊂ RV and c ∈ R we write cA = {cw : w ∈ A} and SA = {Sw : w ∈ A}. If
maxx,y Sxy ≤ 1/D for some D ≥ 1, then

∥S∥ ≤ 1, tr S2 ≤ n
D

, max
x∈V

(S2)xx ≤ 1
D

, n ≥ D + 1. (7.1)

Indeed, the bound on the operator norm follows from Jensen’s inequality as in (2.1), and
(S2)xx = ∑y S2

xy ≤ D−1 ∑y Sxy = D−1; summing over x gives the bound on the trace.
Since each row of S has unit sum and entries at most 1/D, it has at least D nonzero
entries, none of them on the diagonal.
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7.1 Gaussian channels

We begin with identities relating relative entropy and posterior moments for Gaussian
channels. The first derivative formula in Lemma 7.1 is the relation of Guo, Shamai, and
Verdú [79] between mutual information and the minimum mean-square error, written
for relative entropy. The second derivatives in Lemma 7.1(c) are a special case of the
Hessian formula of Payaró and Palomar [120, Theorem 5]. We include the short proofs
for completeness.

Let N ≥ 1, let θ be a random vector in RN that takes finitely many values, and let
Z be a standard Gaussian vector in RN independent of θ. For λ ∈ [0, ∞)N, we observe
Yλ = (

√
λj θj + Zj)j≤N. Let θ′ be an independent copy of θ, and let E′ denote the

expectation over θ′ only. Then the law of Yλ has density

Lλ(y) = E′ exp
(

∑
j≤N

(√
λj yjθ

′
j − λj(θ

′
j)

2/2
))

(y ∈ RN) (7.2)

with respect to the standard Gaussian law N(0, IN), and we define

I(λ) = KL(Law(Yλ) ∥ N(0, IN)) = E log Lλ(Yλ).

By Bayes’s rule, the conditional law of θ given Yλ = y is the law of θ′ reweighted by
the exponential in (7.2). Given Yλ, let θ1, θ2, . . . be conditionally independent samples
from this law, and write ⟨·⟩λ for the average over them; for instance, ⟨θ1

j ⟩λ = E[θj | Yλ].
Since θ and θ1 have the same conditional law given Yλ, we have the Bayesian form of the
Nishimori identity [110]

E
〈

f (θ, θ1, . . . , θk, Yλ)
〉

λ
= E

〈
f (θk+1, θ1, . . . , θk, Yλ)

〉
λ

(7.3)

for all k ≥ 0 and all bounded measurable f . We use (7.3) only for deterministic λ.
Substituting Yλ = (

√
λjθj + Zj)j, we obtain

I(λ) = E log E′ exp
(

∑
j≤N

(√
λj Zjθ

′
j + λjθjθ

′
j − λj(θ

′
j)

2/2
))

, (7.4)

and ⟨·⟩λ is the average with weights proportional to the exponential in (7.4), with θ′

replaced by the replica. We regard it as a function of (θ, Z). Differentiating these weights,
we find that for a function f of one replica,

∂Zj⟨ f (θ1)⟩λ =
√

λj
(
⟨ f (θ1)θ1

j ⟩λ − ⟨ f (θ1)⟩λ⟨θ1
j ⟩λ

)
,

∂λj⟨ f (θ1)⟩λ = ⟨ f (θ1)Aj(θ
1)⟩λ − ⟨ f (θ1)⟩λ⟨Aj(θ

1)⟩λ,
(7.5)

where the second identity holds for λj > 0 and

Aj(θ
1) =

Zjθ
1
j

2
√

λj
+ θjθ

1
j −

(θ1
j )

2

2
.
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Lemma 7.1. Let N, θ, and I be as above, and let cθ = maxj ∥θj∥∞.

(a) The function I is nonnegative and continuous on [0, ∞)N, I(0) = 0, and I is nondecreasing
in each coordinate.

(b) Let j ≤ N. At every λ ∈ [0, ∞)N with λj > 0, the partial derivative ∂λj I(λ) exists and

∂λj I(λ) =
1
2

E⟨θ1
j ⟩2

λ ∈
[
0,

1
2

Eθ2
j

]
.

The function λ 7→ E⟨θ1
j ⟩2

λ is continuous on [0, ∞)N.

(c) Let j, k ≤ N. At every λ ∈ [0, ∞)N with λj > 0 and λk > 0,

∂λk ∂λj I(λ) =
1
2

E
(
⟨θ1

j θ1
k⟩λ − ⟨θ1

j ⟩λ⟨θ1
k⟩λ

)2,

and the right side is continuous on [0, ∞)N.

Proof. (a) The exponent in (7.4) is bounded in absolute value by ∑j(cθ

√
λj|Zj|+ 3c2

θλj/2),
and so is the logarithm of its average over θ′. Since this bound is integrable and locally
uniform in λ, and the integrand is continuous in λ, the function I is continuous by
dominated convergence. Further, I ≥ 0 because it is a relative entropy, and I(0) = 0.
Monotonicity follows from (b) and continuity.

(b) Let λj > 0. For λ′ in a neighborhood of λ on which λ′
j ≥ λj/2, the derivative

in λj of the integrand in (7.4) is ⟨Aj(θ
1)⟩λ′ , which is bounded by C(1 + |Zj|) with C

depending on cθ and λj. We may therefore differentiate under the expectation, and
∂λj I = E⟨Aj(θ

1)⟩λ. By (7.5) and Gaussian integration by parts (F1) in Zj, which is
independent of θ and of (Zk)k ̸=j,

E
[
Zj⟨θ1

j ⟩λ

]
=

√
λj E

[
⟨(θ1

j )
2⟩λ − ⟨θ1

j ⟩2
λ

]
.

Inserting this identity into the expression for the derivative above, we obtain

∂λj I =
1
2

E⟨(θ1
j )

2⟩λ − 1
2

E⟨θ1
j ⟩2

λ + E
[
θj⟨θ1

j ⟩λ

]
− 1

2
E⟨(θ1

j )
2⟩λ = E

[
θj⟨θ1

j ⟩λ

]
− 1

2
E⟨θ1

j ⟩2
λ.

By (7.3), E[θj⟨θ1
j ⟩λ] = E⟨θ2

j θ1
j ⟩λ = E⟨θ1

j ⟩2
λ, which gives the formula. Since ⟨θ1

j ⟩λ = E[θj |
Yλ], we have E⟨θ1

j ⟩2
λ ≤ Eθ2

j by Jensen’s inequality. For fixed (θ, Z), the average ⟨θ1
j ⟩λ

is a continuous function of λ ∈ [0, ∞)N bounded by cθ, and the continuity follows by
dominated convergence.

(c) Let λj, λk > 0. By (b) and (7.3), 2∂λj I(λ
′) = E[θj⟨θ1

j ⟩λ′ ] for all λ′ near λ. We
differentiate the right side in λk, which is justified as in (b). For brevity, we write
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bl = ⟨θ1
l ⟩λ, cjk = ⟨θ1

j θ1
k⟩λ, and cjkk = ⟨θ1

j (θ
1
k)

2⟩λ. By (7.5), we have 2∂λk ∂λj I = T1 + T2 + T3,
where

T1 =
1

2
√

λk
E
[
θjZk(cjk − bjbk)

]
, T2 = E

[
θjθk(cjk − bjbk)

]
,

T3 = −1
2

E
[
θj(cjkk − bjckk)

]
.

By (7.5), we have ∂Zk(cjk − bjbk) =
√

λk(cjkk − bjckk − 2cjkbk + 2bjb2
k), and Gaussian inte-

gration by parts in Zk gives

T1 =
1
2

E
[
θj(cjkk − bjckk)

]
− E

[
θj(cjkbk − bjb2

k)
]
.

The quantities bl, cjk, and cjkk are functions of Yλ, and E[θj | Yλ] = bj and E[θjθk | Yλ] =

cjk. Conditioning on the observation, we find

T1 + T3 = −E
[
bjcjkbk − b2

j b2
k
]
, T2 = E

[
c2

jk − cjkbjbk
]
,

and T1 + T2 + T3 = E(cjk − bjbk)
2. The continuity follows as in (b).

7.2 The scalar transform

For m ∈ [−1, 1] let νm be the law of σ − m, where σ ∈ {−1, 1} has mean m. The law νm

gives mass (1 + m)/2 to 1 − m and mass (1 − m)/2 to −1 − m; it has mean zero and
variance κ(m) = 1 − m2, and it is the point mass at zero if m = ±1. For r ≥ 0 the scalar
transform is

ψm(r) = E log Eτ∼νm exp
(√

r Zτ + rττ∗ − r
2

τ2
)

, (7.6)

where the outer expectation is over independent τ∗ ∼ νm and Z ∼ N(0, 1). By (7.4), ψm(r)
is the function I for N = 1 and θ = τ∗; that is, ψm(r) = KL(Law(

√
rτ∗ + Z) ∥ N(0, 1)).

For a probability measure µ on [−1, 1] we write

ψµ(r) =
∫

ψm(r) µ(dm), Γµ(s) = 2
[
ψµ(β2s)− β2s2

4

]
(r, s ≥ 0).

Lemma 7.2. Let m ∈ [−1, 1], and for r ≥ 0 let bm,r = E[τ∗ |
√

rτ∗ + Z], with τ∗ and Z as in
(7.6).

(a) We have ψm ≥ 0 and ψm(0) = 0.
(b) The function ψm is continuously differentiable on [0, ∞), with a right derivative at zero, and

ψ′
m(r) =

1
2

Eb2
m,r ∈

[
0,

κ(m)

2

]
.
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(c) The function ψm is nondecreasing and 1/2-Lipschitz.
(d) The function (m, r) 7→ ψm(r) is continuous on [−1, 1]× [0, ∞).

Proof. Parts (a) and (b) are Lemma 7.1(a,b) with N = 1 and θ = τ∗, since E(τ∗)2 = κ(m);
at r = 0, the right derivative exists and equals limr↓0 ψ′

m(r) by the mean value theorem.
Part (c) follows from (b), since κ(m) ≤ 1.

For (d), let r ≥ 0 and

c± = ±
√

r(1 ∓ m), ℓm,r(w) =
1 + m

2
ec+w−c2

+/2 +
1 − m

2
ec−w−c2

−/2 (w ∈ R).

By (7.2), the function ℓm,r is the density of the law of
√

rτ∗ + Z with respect to N(0, 1),
and ψm(r) = E[ℓm,r(Z) log ℓm,r(Z)]. The function (m, r, w) 7→ ℓm,r(w) is positive and
continuous. Since ℓm,r(w) is an average of the numbers ec±w−c2

±/2 and |c±| ≤ 2
√

r, we
have | log ℓm,r(w)| ≤ 2

√
r|w|+ 2r and

|ℓm,r(w) log ℓm,r(w)| ≤
(
2
√

r|w|+ 2r
)
e2

√
r|w|.

For r in a bounded interval, the right side is bounded by a function of w that does
not depend on (m, r) and is integrable under N(0, 1). Then (d) follows by dominated
convergence.

By Lemma 7.2, for each probability measure µ on [−1, 1], the function ψµ is non-
negative and nondecreasing, ψµ(0) = 0, and ψµ is continuously differentiable on [0, ∞)

with
ψ′

µ(r) =
∫

ψ′
m(r) µ(dm) ∈

[
0,

1
2

∫
κ(m) µ(dm)

]
⊂

[
0,

1
2

]
. (7.7)

Indeed, m 7→ ψ′
m(u) is measurable, being a limit of difference quotients of continuous

functions of m, and ψµ(r) =
∫ r

0

∫
ψ′

m(u) µ(dm)du by Fubini’s theorem, where the inner
integral is continuous in u by dominated convergence. Since Γµ(0) = 0, we obtain

Γµ(s) = β2
∫ s

0

(
2ψ′

µ(β2u)− u
)

du (s ≥ 0). (7.8)

Since ψ−m = ψm, the function Γµ depends only on the law of |m| under µ. For the SK
model, it is the function Γµ defined by Chen, Panchenko, and Subag in [41, (3.43)–(3.44)],
applied to this law; a short computation with (7.11) below identifies the two definitions.
Let q =

∫
m2µ(dm), and suppose that q < 1. Chen, Panchenko, and Subag showed

that Γµ ≤ 0 on [0, 1 − q] if and only if the variational formula for their generalized TAP
correction at the law of |m| is minimized by the point mass at zero [41, Proposition 13]. In
this case, the generalized TAP correction is replica symmetric and equals the classical TAP
correction, and Plefka’s condition β2

∫
(1 − m2)2µ(dm) ≤ 1 holds [41, Propositions 13

and 14].
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7.3 The scalar criterion for the Parisi center

Let β > 0 and h ≥ 0. We use the notation of Section 2.3: ν = νβ,h is the Parisi measure,
ν(t) = ν([0, t]), Φ = Φν, q+ = max supp ν, X is the Parisi diffusion (2.8), Mt = ∂xΦ(t, Xt),
µ+ is the law of Mq+ , and Ψ is the function (2.11). By (P4), ∂xΦ(t, x) = tanh x for
t ∈ [q+, 1]. We have ν(t) = 1 for t ≥ q+, and (2.8) becomes

Xt = Xq+ + β2
∫ t

q+
tanh(Xu)du + β(Bt − Bq+), Mt = tanh Xt (t ∈ [q+, 1]). (7.9)

In particular, µ+ is the law of tanh Xq+ , and µ+((−1, 1)) = 1. By Corollary 2.4, we have
q+ < 1 and EM2

q+ = q+, which implies that∫
κ(m) µ+(dm) = 1 − EM2

q+ = 1 − q+. (7.10)

The next lemma identifies the law of the Parisi diffusion above q+. On [q+, 1] the drift
is β2 tanh x, and the diffusion is the Doob transform of Brownian motion with variance
β2 per unit time by the function cosh.

Lemma 7.3. Let β > 0 and h ≥ 0, let s ∈ [0, 1 − q+], and let g : R → R be bounded and
measurable. For y ∈ R let

ks(y) = ∑
σ∈{−1,1}

eσy

2 cosh y
Eg

(
y + β2sσ + β

√
s Z

)
,

where Z ∼ N(0, 1). Then Eg(Xq++s) = Eks(Xq+).

Proof. For s = 0 there is nothing to prove. Let s > 0 and T′ = q+ + s ≤ 1, and let (Ft) be
the filtration generated by B, to which X is adapted. For t ∈ [q+, T′] let

Λt = exp
(
− β

∫ t

q+
tanh(Xu)dBu −

β2

2

∫ t

q+
tanh2(Xu)du

)
.

Since the integrand β tanh(Xu) is bounded, Novikov’s condition holds (see [92, Chapter 3]
for this condition and for Girsanov’s theorem), and Λ is a martingale on [q+, T′] with
Λq+ = 1. Let R be the probability measure with density ΛT′ with respect to P. Since
E[ΛT′ | Fq+ ] = 1, the measures R and P agree on Fq+ . By Girsanov’s theorem, the
process B̃t = Bt − Bq+ + β

∫ t
q+

tanh(Xu)du, t ∈ [q+, T′], is a Brownian motion under R,
independent of Fq+ . By (7.9), we have Xt = Xq+ + βB̃t for t ∈ [q+, T′].

Next, (7.9) and Itô’s formula give

log cosh XT′ − log cosh Xq+ = β
∫ T′

q+
tanh(Xu)dBu +

β2

2

∫ T′

q+

(
1 + tanh2(Xu)

)
du

= − log ΛT′ +
β2s
2

.
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Since ΛT′ > 0, we obtain

Eg(XT′) = ER
[
g(XT′)Λ−1

T′
]
= e−β2s/2 ER

[ (g cosh)(Xq+ + βB̃T′)

cosh Xq+

]
.

Under R, the variable B̃T′ has law N(0, s) and is independent of Xq+ , whose law under R is
its law under P. Since cosh(x + z) ≤ e|z| cosh x, the expression inside the last expectation
is bounded by ∥g∥∞eβ|B̃T′ |. Then Eg(XT′) = Ek(Xq+), where

k(y) =
e−β2s/2

cosh y
E
[
(g cosh)(y + β

√
s Z)

]
.

Finally, we write cosh as the average of e±x and use E[ f (Z)ecZ] = ec2/2E f (Z + c) with
c = ±β

√
s, and we find k = ks.

Proposition 7.4. Let β > 0 and h ≥ 0, and let µ+ be the law of the Parisi center Mq+ =

tanh Xq+ . Then Γµ+(s) ≤ 0 for every s ≥ 0.

Proof. Let m = tanh y ∈ (−1, 1) and r ≥ 0, and let σ∗ be independent of Z ∼ N(0, 1),
with P(σ∗ = ±1) = (1 ± m)/2 = e±y/(2 cosh y). We claim that

2ψ′
m(r) = E tanh2 (y +

√
r Z + rσ∗)− m2. (7.11)

Indeed, τ∗ = σ∗ − m has law νm. Let W =
√

rτ∗ + Z. For σ ∈ {−1, 1} and τ = σ − m, we
have √

rWτ − r
2

τ2 = σ
(√

rW + rm
)
−
√

rWm − r
2
(
1 + m2),

where we used σ2 = 1. Since the last two terms do not depend on σ, Bayes’s rule gives
P(σ∗ = σ | W) ∝ eσ(y+

√
rW+rm), and E[σ∗ | W] = tanh(y +

√
rW + rm) = tanh(y +√

rZ + rσ∗). Since bm,r = E[σ∗ | W] − m and E E[σ∗ | W] = m, we obtain Eb2
m,r =

E tanh2(y +
√

rZ + rσ∗)− m2, and Lemma 7.2(b) gives (7.11).
Let s ∈ [0, 1 − q+]. We apply Lemma 7.3 with g = tanh2. By (7.11) with r = β2s, the

function ks of Lemma 7.3 is ks(y) = 2ψ′
tanh y(β2s) + tanh2 y. By (7.9) and (7.7), we obtain

EM2
q++s = E tanh2 Xq++s = E

[
2ψ′

Mq+
(β2s)

]
+ EM2

q+ = 2ψ′
µ+
(β2s) + q+.

Inserting this into (7.8), we find for s ∈ [0, 1 − q+] that

Γµ+(s) = β2
∫ s

0

(
EM2

q++u − q+ − u
)

du = β2
∫ q++s

q+

(
EM2

t − t
)

dt

= 2
(
Ψ(q+)− Ψ(q+ + s)

)
≤ 0,

where the inequality holds by Theorem 2.3, since q+ ∈ supp ν. Finally, let s ≥ 1 − q+. By
(7.8), (7.7), and (7.10),

Γ′
µ+
(s) = β2(2ψ′

µ+
(β2s)− s

)
≤ β2(1 − q+ − s

)
≤ 0,

which gives Γµ+(s) ≤ Γµ+(1 − q+) ≤ 0.
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Since
∫

m2µ+(dm) = q+ < 1, Proposition 7.4 and [41, Proposition 13] imply that, for
the SK model, the generalized TAP correction of Chen, Panchenko, and Subag at the law
of |Mq+ | is replica symmetric and equals the classical TAP correction. For mixed p-spin
models, they noted that the correction is approximately classical at the generalized TAP
states whose self-overlap is the largest point of the support of the Parisi measure [40,
Remark 6]. By [41, Remark 15], for some β and h > 0, the correction is not replica
symmetric at some other laws whose second moment is q+.

7.4 The relative-entropy bound

We recall the planted product model of Definition 6.1. For m ∈ [−1, 1]V , the planted
configuration v∗ = σ∗ − m has independent coordinates, and v∗x has law νmx . The law
Qm is the law of Y = βa(v∗) + Z on RE, where a(v)xy =

√
Sxy vxvy and Z is a standard

Gaussian vector, and D(m) = KL(Qm ∥P0). For a ≥ 0 we define the compact set

AS(a) = a1 + 2β2S[0, 1]V =
{

a1 + 2β2Sy : y ∈ [0, 1]V
}

.

Since S has nonnegative entries and unit row sums, AS(a) ⊂ [a, a + 2β2]V . For a proba-
bility measure µ on [−1, 1] and m ∈ [−1, 1]V , we define

∆S,a(m; µ) = sup
r∈AS(a)

1
n ∑

x∈V

(
ψmx(rx)− ψµ(rx)

)
. (7.12)

Since the function inside the supremum is continuous in (m, r) by Lemma 7.2(d), and
AS(a) is compact, the map ∆S,a(· ; µ) is continuous on [−1, 1]V , and the same holds with
the absolute value of the function inside the supremum.

Theorem 7.5. Let β ≥ 0.

(a) For every a > 0 there exists a nonincreasing function eβ,a : [1, ∞) → [0, ∞), depending only
on β and a, with limD→∞ eβ,a(D) = 0, such that the following holds. Let D ≥ 1, let S be
as in Definition 6.1 with maxx,y Sxy ≤ 1/D, let m ∈ [−1, 1]V , and let µ be a probability
measure on [−1, 1]. Then

1
n
D(m) ≤ 1

2
sup

0≤s≤1
Γµ(s) + 2a + ∆S,a(m; µ) + eβ,a(D).

(b) For each k ≥ 1, let Dk ≥ 1, let Sk be an nk × nk matrix as in Definition 6.1 with
maxx,y(Sk)xy ≤ 1/Dk, and let m(k) be a random vector in [−1, 1]nk . Let µ be a proba-
bility measure on [−1, 1]. Suppose that Dk → ∞ and that for every a > 0,

lim
k→∞

E sup
r∈ASk

(a)

∣∣∣∣ 1
nk

∑
x

ψ
m(k)

x
(rx)−

1
nk

∑
x

ψµ(rx)

∣∣∣∣ = 0. (7.13)
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Then
lim sup

k→∞

1
nk

ED
(
m(k)) ≤ 1

2
sup

0≤s≤1
Γµ(s).

Corollary 7.6. Let β > 0 and h > 0, and let (µk) be probability measures on [−1, 1] that
converge weakly to µ+. Then lim supk→∞ sup0≤s≤1 Γµk(s) ≤ 0.

Remark 7.7. The matrix S need not be positive semidefinite. For example, if G ∈ GD is
bipartite, as are the tori Td

L with L even and the hypercubes Qd, then −1 is an eigenvalue
of AG/D. Besides symmetry, the proof of Theorem 7.5 uses three properties of S. First,
S ⪯ I, which is used for the separable comparison function in Section 7.10. Second, S has
nonnegative entries and unit row sums, which gives S[0, 1]V ⊂ [0, 1]V ; this controls the
set of velocities in Lemma 7.16. Third, ∥S∥ ≤ 1, which enters the proof of Proposition 7.13
through the bound |w · Sw| ≤ |w||Sw|; there, the quadratic form w · Sw is not assumed
to have a sign.

7.5 Interpolating channels

In this subsection and the next three, we fix β > 0 and m ∈ [−1, 1]V . Let v∗ = (v∗x)x∈V
have independent coordinates with laws νmx , and let Z = (Ze)e∈E and ζ = (ζx)x∈V be
standard Gaussian vectors, with v∗, Z, and ζ independent. For t ≥ 0 and q ∈ [0, ∞)V , we
observe

Ye = β(tSxy)
1/2v∗xv∗y + Ze (e = {x, y} ∈ E), Y′

x = q1/2
x v∗x + ζx (x ∈ V). (7.14)

This is the setting of Section 7.1 with N = |E|+ n, with θ = ((v∗xv∗y){x,y}∈E, (v∗x)x∈V), and
with λ = λ(t, q) = ((β2tSe)e∈E, (qx)x∈V), where Se = Sxy for e = {x, y}. We define

F(t, q) =
1
n

I
(
λ(t, q)

)
.

Let νm =
⊗

x νmx be the law of v∗. For v in its support, let

Et,q(v) = ∑
{x,y}∈E

(
β(tSxy)

1/2Zxyvxvy + β2tSxyv∗xv∗yvxvy −
β2tSxy

2
v2

xv2
y

)
+ ∑

x∈V

(
q1/2

x ζxvx + qxv∗xvx −
qx

2
v2

x

)
,

and let
F̂(t, q) =

1
n

log ∑
v

νm(v) eEt,q(v).

By (7.4), we have F(t, q) = EF̂(t, q), where E is the expectation over (v∗, Z, ζ). The
posterior average ⟨·⟩t,q of Section 7.1 is the average over independent samples v1, v2, . . .
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from the probability measure proportional to νm(v)eEt,q(v); inside ⟨·⟩t,q we write v for v1.
All profiles (t, q) are coupled through the same (v∗, Z, ζ). We write

bx = ⟨vx⟩t,q, Σxy = ⟨vxvy⟩t,q − bxby, px = Eb2
x.

These depend on (t, q), which will be clear from the context. Since |vx| ≤ 1 + |mx| ≤ 2
and |v∗x| ≤ 2, we have |bx| ≤ 2 and |Σxy| ≤ 8.

Lemma 7.8. Let β > 0 and m ∈ [−1, 1]V .

(a) We have F(1, 0) = n−1D(m) and F(0, q) = n−1 ∑x ψmx(qx) for q ∈ [0, ∞)V .
(b) The function F is continuous on [0, ∞)× [0, ∞)V , nondecreasing in t and in each coordinate

qx, and |F(t, q)− F(t, q′)| ≤ ∥q − q′∥n/2.
(c) Let q ∈ (0, ∞)V . For every t ≥ 0, the function F(t, ·) is twice continuously differentiable in

a neighborhood of q, and

2n ∂qx F(t, q) = px ∈ [0, κx], 2n ∂qx ∂qy F(t, q) = EΣ2
xy.

For every t > 0, the function F(·, q) is differentiable at t, and

∂tF(t, q) =
β2

4n ∑
x,y∈V

Sxy E⟨vxvy⟩2
t,q.

Proof. (a) At q = 0 the site observations are independent of everything else, and since
βS1/2

xy v∗xv∗y = βa(v∗)xy, the law of the observation (7.14) at (1, 0) is Qm ⊗ N(0, IV). Its
relative entropy with respect to P0 ⊗ N(0, IV) is D(m). At t = 0 the edge observations are
pure noise, and the site observations are independent over x; the law of the observation
is then N(0, IE)⊗

⊗
x Law(q1/2

x v∗x + ζx). Relative entropy is additive over products, and
the relative entropy of Law(q1/2

x v∗x + ζx) with respect to N(0, 1) is ψmx(qx).
(b) and (c) The map (t, q) 7→ λ(t, q) is linear and has nonnegative coefficients. Con-

tinuity and monotonicity follow from Lemma 7.1(a). If t > 0 and q ∈ (0, ∞)V , then all
coordinates of λ(t, q) are positive, and by Lemma 7.1(b,c) the function I has continuous
first and second partial derivatives near λ(t, q); since the coordinates of λ indexed by E
play no role in the derivatives in q, the same holds in q for t = 0. The formulas follow
from Lemma 7.1(b,c) and the chain rule, together with E(v∗x)2 = κx and

∑
e∈E

β2Se ·
1
2

E⟨vxvy⟩2
t,q =

β2

4 ∑
x,y∈V

SxyE⟨vxvy⟩2
t,q,

which holds because S is symmetric with zero diagonal and Sxy = 0 if {x, y} /∈ E. Finally,
since 0 ≤ ∂qx F ≤ 1/(2n) on (0, ∞)V , we have |F(t, q)− F(t, q′)| ≤ (2n)−1 ∑x |qx − q′x| ≤
∥q − q′∥n/2 for q, q′ ∈ (0, ∞)V , and by continuity for q, q′ ∈ [0, ∞)V .
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7.6 The score covariance identity

Fix t ≥ 0 and q ∈ (0, ∞)V . Differentiating F̂(t, ·) as in (7.5), we find that F̂(t, ·) is smooth
near q and 2n∇q F̂(t, q) = χ, where

χx =
ζxbx√

qx
+ 2v∗xbx − ⟨v2

x⟩t,q. (7.15)

Differentiating once more, we find

n ∂qx ∂qy F̂(t, q) = ⟨Ax Ay⟩t,q − ⟨Ax⟩t,q⟨Ay⟩t,q − 1x=y
ζxbx

4q3/2
x

, Ax(v) =
ζxvx

2
√

qx
+ v∗xvx −

v2
x

2
.

(7.16)
The first two terms form a covariance matrix, which is positive semidefinite. Since
|bx| ≤ 2, it follows that

∇2
q F̂(t, q) ⪰ − 1

n
diag

( |ζx|
2q3/2

x

)
x∈V

. (7.17)

Lemma 7.9. Let t ≥ 0 and q ∈ (0, ∞)V , and let U = χ − b⊙2. Then Eχ = p, EU = 0, and

E
[
UxUy

]
= 1x=y

px

qx
+ EΣ2

xy (x, y ∈ V).

Proof. By Lemma 7.8(c), Eχx = 2n∂qx F(t, q) = px, and EU = 0. Since ⟨v2
x⟩t,q = Σxx + b2

x,
we have U = U1 + U2 with

U1
x = 2bx(v∗x − bx), U2

x =
ζxbx√

qx
− Σxx.

We first compute E[U2
xU2

y ], conditionally on (v∗, Z). Then b is a smooth function of
ζ, and by (7.5), ∂ζy bx =

√qy Σxy. Let fx = bx/
√

qx and write ∂y = ∂ζy . Then ∂y fx =

(qy/qx)1/2Σxy and U2
x = ζx fx − ∂x fx. Since the functions fx have bounded derivatives of

all orders in ζ, Gaussian integration by parts (F1) in ζ gives

E[ζx fxζy fy] = 1x=yE f 2
x + E

[
∂y∂x fx fy + ∂x fx ∂y fy + ∂y fx ∂x fy + fx ∂x∂y fy

]
,

E[ζx fx ∂y fy] = E
[
∂x fx ∂y fy + fx ∂x∂y fy

]
, E[∂x fx ζy fy] = E

[
∂y∂x fx fy + ∂x fx ∂y fy

]
,

where the expectations are conditional on (v∗, Z). Expanding the product U2
xU2

y and
combining these identities, we obtain

E
[
U2

xU2
y
]
= 1x=yE f 2

x + E
[
∂y fx ∂x fy

]
= 1x=y

Eb2
x

qx
+ EΣ2

xy,

first conditionally on (v∗, Z) and then after taking expectations.
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Next, let Y be the σ-algebra generated by the observations (7.14). The quantities b
and Σ are Y-measurable, and by Bayes’s rule the conditional law of v∗ given Y is the
posterior. In particular, E[v∗x − bx | Y ] = 0 and E[(v∗x − bx)(v∗y − by) | Y ] = Σxy, which
gives E[U1

xU1
y ] = 4E[bxbyΣxy]. Since ζy = Y′

y −
√qyv∗y, we have

U2
y =

Y′
yby

√qy
− b2

y − Σyy − by(v∗y − by),

and the first three terms are Y-measurable. Hence E[U1
xU2

y ] = −2E[bxbyΣxy], and by
symmetry E[U2

xU1
y ] = −2E[bxbyΣxy]. When we sum the four contributions, the terms

involving bxbyΣxy cancel, and E[UxUy] = E[U2
xU2

y ].

7.7 Concentration

We use the bounded-differences inequality of McDiarmid [101]: if ξ1, . . . , ξn are in-
dependent and f changes by at most cx when the xth argument is changed, then
P(| f (ξ)− E f (ξ)| ≥ ϵ) ≤ 2 exp(−2ϵ2/ ∑x c2

x) for all ϵ ≥ 0.

Lemma 7.10. Let β > 0, Λ > 0, m ∈ [−1, 1]V , t ∈ [0, 1], and r ∈ [0, Λ]V . Then for every
ϵ > 0,

P
(
|F̂(t, r)− F(t, r)| > ϵ

)
≤ 4 exp

(
− nϵ2

CΛ

)
, CΛ = 32

(
4β2 + Λ + 1

)2.

Proof. Fix v∗. By (7.5), ∂Ze F̂ = n−1β(tSxy)1/2⟨vxvy⟩t,r for e = {x, y}, and ∂ζx F̂ = n−1r1/2
x bx.

Since |⟨vxvy⟩| ≤ 4, |bx| ≤ 2, and ∑e∈E Se = n/2, the squared norm of the gradient of F̂
in (Z, ζ) is at most n−2(8β2n + 4Λn). Therefore, F̂ is a Lipschitz function of (Z, ζ) with
constant ((8β2 + 4Λ)/n)1/2, and (F4) gives

P
(
|F̂ − Φ0(v∗)| > ϵ/2

∣∣ v∗
)
≤ 2 exp

(
− nϵ2

8(8β2 + 4Λ)

)
, Φ0(v∗) = E

[
F̂ | v∗

]
.

Next, changing the coordinate v∗x to the other point of the support of νmx changes it
by at most 2 and changes Et,r(v) by at most 2|vx|(β2t ∑y Sxy|v∗yvy|+ rx) ≤ 4(4β2 + Λ),
for every v. It follows that F̂ changes by at most 4(4β2 + Λ)/n, and so does Φ0. Since
the coordinates of v∗ are independent and EΦ0(v∗) = F(t, r), McDiarmid’s inequality
implies that

P
(
|Φ0(v∗)− F(t, r)| > ϵ/2

)
≤ 2 exp

(
− nϵ2

32(4β2 + Λ)2

)
.

Since 8(8β2 + 4Λ) ≤ CΛ and 32(4β2 + Λ)2 ≤ CΛ, the claim follows from the two bounds.
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The next lemma controls F̂− F uniformly over a family of profiles of the form q+ ηS2y.
This family has small metric entropy, because most eigenvalues of S are small: since
tr S2 ≤ n/D, at most n/(Dα2) eigenvalues of S have absolute value larger than α.

Lemma 7.11. Let β > 0 and 0 < ϑ ≤ Λ. There exists C0, depending only on β, ϑ, and Λ, such
that the following holds. Let D ≥ 1, let S be as in Definition 6.1 with maxx,y Sxy ≤ 1/D, and let
m ∈ [−1, 1]V , t ∈ [0, 1], and q ∈ [ϑ, Λ]V . Let A ≥ 1, η ∈ (0, ϑ/(2A)], and α ∈ (0, 1), and let
M = {q + ηS2y : y ∈ [−A, A]V}. Then

E sup
r∈M

∣∣F̂(t, r)− F(t, r)
∣∣ ≤ C0

(( log(3/α2)

Dα2

)1/2
+ ηAα2

)
.

Proof. Since S2 has nonnegative entries and unit row sums, S2y ∈ [−A, A]V for y ∈
[−A, A]V , and M is a compact convex subset of [ϑ/2, Λ + ϑ/2]V ⊂ [ϑ/2, 2Λ]V . The
supremum is measurable, since it may be taken over a countable dense subset of M by
the continuity of F̂(t, ·) and F(t, ·).

We first construct a net. Let Πα be the orthogonal projection onto the span of the
eigenvectors of S whose eigenvalues have absolute value larger than α, and let kα be
its rank. By (7.1), kαα2 ≤ tr S2 ≤ n/D, and |(I − Πα)S2w| ≤ α2|w| for w ∈ RV . Let
ϱ = α2A

√
n. For y ∈ [−A, A]V , the vector ΠαS2y lies in the ball of radius A

√
n in

the range of Πα, since ∥S∥ ≤ 1. A maximal ϱ-separated subset C of this ball satisfies
|C| ≤ (1 + 2A

√
n/ϱ)kα ≤ (3/α2)kα , by comparing the volumes of the disjoint balls of

radius ϱ/2 around its points with the ball of radius A
√

n + ϱ/2; and every point of the
ball lies within distance ϱ of C. For each c ∈ C for which there exists y ∈ [−A, A]V with
|ΠαS2y − c| ≤ ϱ, we choose one such yc, and we let N be the set of the corresponding
profiles q + ηS2yc ∈ M. Then N is deterministic and |N | ≤ (3/α2)kα . Let y ∈ [−A, A]V ,
and choose c ∈ C with |ΠαS2y − c| ≤ ϱ. Then

|S2(y − yc)| ≤ |ΠαS2(y − yc)|+ |(I − Πα)S2(y − yc)| ≤ 2ϱ + α2|y − yc| ≤ 4ϱ.

In particular, every r ∈ M lies within normalized distance 4ηα2A of N .
Next, by Lemma 7.10 with Λ replaced by 2Λ and a union bound, P(maxr∈N |F̂(t, r)−

F(t, r)| > ϵ) ≤ 4|N |e−nϵ2/C, where C = C2Λ. Let ϵ0 = (C log(4|N |)/n)1/2. For ϵ ≥ ϵ0

we have 4|N |e−nϵ2/C ≤ e−n(ϵ−ϵ0)
2/C, since ϵ2 − ϵ2

0 ≥ (ϵ − ϵ0)
2. Integrating the tail bound,

we obtain

E max
r∈N

∣∣F̂(t, r)− F(t, r)
∣∣ ≤ ϵ0 +

∫ ∞

ϵ0

e−n(ϵ−ϵ0)
2/C dϵ ≤

(C log(4|N |)
n

)1/2
+

(C
n

)1/2
.

Further, log(4|N |) ≤ log 4 + n log(3/α2)/(Dα2). Since n ≥ D, α < 1, and log(3/α2) ≥ 1,
both log 4/n and 1/n are at most 2 log(3/α2)/(Dα2), and the right side is at most
4C1/2(log(3/α2)/(Dα2))1/2.
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Finally, we compare M with N . Let r′ ∈ M. Since the coordinates of r′ are at least
ϑ/2, (7.15) gives 2n|∂rx F̂(t, r′)| ≤ 23/2ϑ−1/2|ζx|+ 12, where we used |bx| ≤ 2, |v∗x| ≤ 2,
and ⟨v2

x⟩ ≤ 4. Since M is convex, for r, r′ ∈ M we obtain

|F̂(t, r)− F̂(t, r′)| ≤ 1
2n ∑

x

(
23/2ϑ−1/2|ζx|+ 12

)
|rx − r′x| ≤

(
21/2ϑ−1/2∥ζ∥n + 6

)
∥r − r′∥n,

and |F(t, r)− F(t, r′)| ≤ ∥r − r′∥n/2 by Lemma 7.8(b). Using E∥ζ∥n ≤ 1, we conclude
that

E sup
r∈M

∣∣F̂(t, r)− F(t, r)
∣∣ ≤ 4C1/2

( log(3/α2)

Dα2

)1/2
+ 4ηα2A

(
21/2ϑ−1/2 + 7

)
.

This proves the lemma with C0 = max(4C1/2
2Λ , 4(21/2ϑ−1/2 + 7)).

7.8 The time derivative at contact points

We now show that at every point where F(t, ·) is touched from above by a function
with Hessian at most K/n, the time derivative of F is close to β2(4n)−1p · Sp, where
p = 2n∇qF.

Definition 7.12. Let β > 0, m ∈ [−1, 1]V , 0 < ϑ ≤ Λ, and K > 0. A point (t, q) ∈
(0, 1]× [ϑ, Λ]V is a (ϑ, Λ, K)-contact point of F if

F(t, q + h) ≤ F(t, q) +∇qF(t, q) · h +
K
2n

|h|2 for every h ∈ [−ϑ/2, ϑ/2]V . (7.18)

Proposition 7.13. Let β > 0, 0 < ϑ ≤ Λ, and K > 0. There exists a nonincreasing function
ϵβ,ϑ,Λ,K : [1, ∞) → [0, ∞), depending only on β, ϑ, Λ, and K, with limD→∞ ϵβ,ϑ,Λ,K(D) = 0,
such that the following holds. Let D ≥ 1, let S be as in Definition 6.1 with maxx,y Sxy ≤ 1/D,
let m ∈ [−1, 1]V , and let (t, q) be a (ϑ, Λ, K)-contact point of F. Then, with px = Eb2

x =

2n∂qx F(t, q),

∂tF(t, q) ≤ β2

4n
p · Sp + ϵβ,ϑ,Λ,K(D).

Proof. All posterior quantities are taken at the deterministic point (t, q), and all uses of
(7.3), through Lemmas 7.8 and 7.9, are at this point. The perturbed profiles in Step 4
below are random, and they enter only through a pointwise Taylor bound and through
Lemma 7.11.

Step 1: the Hessian. By Lemma 7.8(c), F(t, ·) is twice continuously differentiable near
q. For h ∈ RV and small s > 0, Taylor’s formula and (7.18) with sh in place of h
give s2h · ∇2

qF(t, q)h/2 + o(s2) ≤ Ks2|h|2/(2n). This gives ∇2
qF(t, q) ⪯ (K/n)I, and by

Lemma 7.8(c) the matrix Ξ = (EΣ2
xy)x,y∈V satisfies

Ξ ⪯ 2KI, E ∑
x,y

Σ2
xy = 1 · Ξ1 ≤ 2Kn. (7.19)
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Step 2: reduction to the filtered fluctuation of b⊙2. Let w = b⊙2 − p, so that Ew = 0 and
|wx| ≤ 4. By Lemma 7.8(c) and ⟨vxvy⟩ = Σxy + bxby,

4n
β2 ∂tF(t, q)− p · Sp = ∑

x,y
SxyEΣ2

xy + 2 ∑
x,y

SxyE
[
Σxybxby

]
+ E

[
w · Sw

]
,

where we used E[b⊙2 · Sb⊙2]− p · Sp = E[w · Sw]. By (7.19) and Sxy ≤ 1/D, the first
term is at most 2Kn/D. By the Cauchy–Schwarz inequality, |bx| ≤ 2, (7.1), and (7.19), the
second term is at most

8
(

∑
x,y

S2
xy

)1/2(
E ∑

x,y
Σ2

xy

)1/2
≤ 8

( n
D

)1/2
(2Kn)1/2.

For the third term we only use ∥S∥ ≤ 1 and |w| ≤ 4
√

n: we have |w · Sw| ≤ |w||Sw| ≤
4
√

n|Sw|, and the third term is at most 4n(E∥Sw∥2
n)

1/2. Combining the three bounds, we
obtain

∂tF(t, q)− β2

4n
p · Sp ≤ β2

4

(2K
D

+ 8
(2K

D

)1/2
+ 4

(
E∥Sw∥2

n
)1/2

)
. (7.20)

Step 3: the term U. Let ξ = χ − p, with χ as in (7.15), and let U = χ − b⊙2 as in
Lemma 7.9. Then w = ξ − U. By Lemma 7.9, (7.1), and (7.19),

E|SU|2 = tr
(
S E[UUT] S

)
= ∑

x
(S2)xx

px

qx
+ tr(SΞS) ≤ n

Dϑ
+ 2K tr S2 ≤

( 1
ϑ
+ 2K

) n
D

,

where we used px ≤ 1, qx ≥ ϑ, and SΞS ⪯ 2KS2. This implies

E∥Sw∥2
n ≤ 2E∥Sξ∥2

n + 2
( 1

ϑ
+ 2K

) 1
D

. (7.21)

Step 4: the term ξ. Fix A ≥ 1, η ∈ (0, ϑ/(2A)], and α ∈ (0, 1). Let ξ A be
the vector with coordinates max(−A, min(A, ξx)), and let h = ηS2ξ A. Then h ∈
[−ηA, ηA]V ⊂ [−ϑ/2, ϑ/2]V , and q + h lies in the set M of Lemma 7.11. The coor-
dinates of the points of the segment from q to q + h are at least ϑ/2, and (7.17) gives
∇2

q F̂ ⪰ −n−1 diag(21/2ϑ−3/2|ζx|) on this segment. Taylor’s formula with integral remain-
der and 2n∇q F̂(t, q) = χ give

F̂(t, q + h)− F̂(t, q) ≥ 1
2n

χ · h − η2A2

ϑ3/2 · 1
n ∑

x
|ζx|.

On the other hand, (7.18) and 2n∇qF(t, q) = p give

F(t, q + h)− F(t, q) ≤ 1
2n

p · h +
K
2

η2A2.
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Subtracting the second inequality from the first, we have

η

2n
ξ · S2ξ A ≤ 2 sup

r∈M

∣∣F̂(t, r)− F(t, r)
∣∣+ η2A2

(
ϑ−3/2 1

n ∑
x
|ζx|+

K
2

)
.

Taking expectations, using E|ζx| ≤ 1 and applying Lemma 7.11, we obtain

E
[ 1

n
ξ · S2ξ A

]
≤ 4C0

η

( log(3/α2)

Dα2

)1/2
+ 4C0Aα2 + ηA2(2ϑ−3/2 + K

)
, (7.22)

where C0 is the constant of Lemma 7.11. Next, by (7.15) and qx ≥ ϑ, we have |ξx| ≤ φ(ζx)

with φ(z) = 2ϑ−1/2|z|+ 13. Let G ∼ N(0, 1) and ϖ(A) = E[φ(G)21φ(G)>A], which tends
to zero as A → ∞. Then E∥ξ∥2

n ≤ Eφ(G)2 and E∥ξ − ξA∥2
n ≤ ϖ(A). Using ∥S∥ ≤ 1 and

the Cauchy–Schwarz inequality, we find

E∥Sξ∥2
n = E

[ 1
n

ξ · S2ξ A
]
+ E

[ 1
n

ξ · S2(ξ − ξ A)
]
≤ E

[ 1
n

ξ · S2ξA
]
+

(
Eφ(G)2)1/2

ϖ(A)1/2.

Let e(D) be the infimum over A ≥ 1, η ∈ (0, ϑ/(2A)], and α ∈ (0, 1) of the sum of the
right side of (7.22) and (Eφ(G)2)1/2ϖ(A)1/2. Then E∥Sξ∥2

n ≤ e(D), and e depends only
on β, ϑ, Λ, and K, and is nonincreasing in D. Further, e(D) → 0 as D → ∞. Indeed,
given ι > 0, we first choose A such that (Eφ(G)2)1/2ϖ(A)1/2 ≤ ι, then η ≤ ϑ/(2A) such
that ηA2(2ϑ−3/2 + K) ≤ ι, then α such that 4C0Aα2 ≤ ι, and finally D0 such that the first
term in (7.22) is at most ι for D ≥ D0. Then e(D) ≤ 4ι for D ≥ D0.

Step 5: conclusion. Combining (7.20), (7.21), and Step 4, we obtain the proposition with

ϵβ,ϑ,Λ,K(D) =
β2

4

(
2K
D

+ 8
(2K

D

)1/2
+ 4

(
2e(D) + 2

( 1
ϑ
+ 2K

) 1
D

)1/2
)

.

This function is nonincreasing and tends to zero as D → ∞.

7.9 The scalar Hopf–Lax formula

Lemma 7.14. Let β ≥ 0, let µ be a probability measure on [−1, 1], and for t, r ≥ 0 let

fµ(t, r) = max
0≤s≤1

(
ψµ(r + β2ts)− β2ts2

4

)
.

(a) We have fµ(0, r) = ψµ(r) and fµ(1, 0) = max0≤s≤1 Γµ(s)/2.
(b) The function fµ is nondecreasing in each variable, and | fµ(t, r)− fµ(t′, r′)| ≤ β2|t− t′|/4+

|r − r′|/2.
(c) At every point (t, r) ∈ (0, ∞)2 at which fµ is differentiable, ∂t fµ = β2(∂r fµ)2 and 0 ≤

∂r fµ ≤ 1/2.
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Proof. We write f = fµ. The maximum exists because ψµ is continuous, and (a) follows
from the definitions.

(b) For each s, the function r 7→ ψµ(r + β2ts) − β2ts2/4 is nondecreasing and 1/2-
Lipschitz by (7.7). Taking the maximum over s, we find that f is nondecreasing and
1/2-Lipschitz in r. Let 0 ≤ t < t′. If s is a maximizer for (t, r), then s′ = st/t′ ∈ [0, 1]
satisfies r + β2t′s′ = r + β2ts and β2t′s′2/4 ≤ β2ts2/4, so f (t′, r) ≥ f (t, r). Further, (7.7)
implies that for every s ∈ [0, 1],

ψµ(r + β2t′s)− β2t′s2

4
≤ ψµ(r + β2ts)− β2ts2

4
+ β2(t′ − t)

( s
2
− s2

4

)
,

and s/2 − s2/4 ≤ 1/4, which gives f (t′, r) ≤ f (t, r) + β2(t′ − t)/4.
(c) If β = 0, then f (t, r) = ψµ(r), and (c) follows from (7.7). Let β > 0, let (t, r) ∈

(0, ∞)2 be a point of differentiability of f , and let s∗ be a maximizer for (t, r). The
function f̃ (t′, r′) = ψµ(r′ + β2t′s∗)− β2t′s∗2/4 satisfies f̃ ≤ f , with equality at (t, r), and
it is differentiable at (t, r), since ψµ is continuously differentiable and r + β2ts∗ > 0. Since
f − f̃ has a minimum at (t, r), we have ∇ f (t, r) = ∇ f̃ (t, r), that is,

∂r f (t, r) = ψ′
µ(r + β2ts∗), ∂t f (t, r) = β2s∗ψ′

µ(r + β2ts∗)− β2s∗2

4
.

The derivative of s 7→ ψµ(r + β2ts)− β2ts2/4 is β2t(ψ′
µ(r + β2ts)− s/2). If s∗ = 0, it is

nonpositive at s = 0, and then ψ′
µ(r) = 0 by (7.7) and ∂r f = ∂t f = 0. If s∗ ∈ (0, 1), it

vanishes at s∗. If s∗ = 1, it is nonnegative at s = 1, and since ψ′
µ ≤ 1/2 by (7.7), we have

ψ′
µ(r + β2t) = 1/2. In the last two cases ψ′

µ(r + β2ts∗) = s∗/2, and the formulas above
give ∂r f = s∗/2 and ∂t f = β2s∗2/4 = β2(∂r f )2. In all cases ∂r f ∈ [0, 1/2].

The function fµ is only Lipschitz, and we smooth it by averaging over small shifts to-
ward larger times and larger profiles. We fix once and for all a smooth probability density
k on R2 whose support is a compact subset of (1/2, 1)2, and we let ck =

∫
|∂2k(u, v)|du dv.

Lemma 7.15. Let β ≥ 0, let µ be a probability measure on [−1, 1], and let γ > 0. For
(t, r) ∈ (−γ/2, ∞)2 let

w(t, r) =
∫

R2
fµ(t + γu, r + γv) k(u, v)du dv.

Then w is smooth, and for all t, r > −γ/2:

(a) 0 ≤ ∂rw(t, r) ≤ 1/2 and |∂2
r w(t, r)| ≤ ck/(2γ);

(b) ∂tw(t, r) ≥ β2(∂rw(t, r))2;
(c) w(0, r) ≥ ψµ(r) if r ≥ 0;
(d) w(1, r) ≤ fµ(1, 0) + r/2 + (β2 + 2)γ/4 if r ≥ 0.
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Proof. Since k is supported in (1/2, 1)2, the arguments of fµ in the definition of w lie in
(0, ∞)2. Writing w(t, r) = γ−2

∫
fµ(t′, r′)k((t′− t)/γ, (r′− r)/γ)dt′ dr′ and differentiating

under the integral shows that w is smooth. By Lemma 7.14(b) and Rademacher’s theorem,
fµ is differentiable almost everywhere in (0, ∞)2, and its difference quotients are bounded.
By dominated convergence,

∂tw(t, r) =
∫

∂t fµ(t + γu, r + γv) k(u, v)du dv,

∂rw(t, r) =
∫

∂r fµ(t + γu, r + γv) k(u, v)du dv.

The second formula and Lemma 7.14(c) give 0 ≤ ∂rw ≤ 1/2. Writing the second
formula as γ−2

∫
∂r fµ(t′, r′)k((t′ − t)/γ, (r′ − r)/γ)dt′ dr′ and differentiating in r, we

obtain |∂2
r w| ≤ (1/2)γ−1ck, which proves (a). By Lemma 7.14(c) and Jensen’s inequality,

∂tw = β2
∫
(∂r fµ)

2(t + γu, r + γv) k(u, v)du dv ≥ β2(∂rw)2,

which proves (b). By Lemma 7.14(a,b), fµ(γu, r + γv) ≥ fµ(0, r) = ψµ(r) for u, v ≥ 0,
which gives (c). By Lemma 7.14(b), fµ(1 + γu, r + γv) ≤ fµ(1 + γ, r + γ) ≤ fµ(1, 0) +
β2γ/4 + (r + γ)/2 for u, v ≤ 1, which gives (d).

7.10 Proof of the relative-entropy bound

The comparison function in the proof of Theorem 7.5 contains a penalty for the distance
from a moving convex set of profiles. Since only the initial profiles in this set are used,
the initial discrepancy is needed only on the set AS(a).

Lemma 7.16. Let β > 0 and a > 0, let V = β2S[0, 1]V , and for t ∈ [0, 1] let At = a1 + (2 −
t)V . For (t, q) ∈ [0, 1]× RV , let z(t, q) be the point of At closest to q, and let

B(t, q) =
1
2a

distn(q,At)
2 =

1
2na

|q − z(t, q)|2.

(a) Each At is compact and convex, a1 ∈ At, At ⊂ [a, a + 2β2]V , and A0 = AS(a).
(b) For each t, the function B(t, ·) is differentiable, ∇qB(t, q) = (q − z(t, q))/(na), and

B(t, q + h) ≤ B(t, q) +∇qB(t, q) · h +
|h|2
2na

(q, h ∈ RV).

(c) For each q, the function B(·, q) is differentiable on [0, 1], with one-sided derivatives at the
endpoints, and

∂tB(t, q) = max
v∈V

∇qB(t, q) · v.

(d) The function B is continuous on [0, 1]× RV .
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Proof. (a) The set V is compact and convex, since it is the image of a cube under a linear
map. It contains 0, and V ⊂ [0, β2]V because S has nonnegative entries and unit row
sums. This gives (a).

(b) Fix t, and write z = z(t, q) and z′ = z(t, q + h). Since z ∈ At, we have 2naB(t, q +
h) ≤ |q + h − z|2 = |q − z|2 + 2(q − z) · h + |h|2, which is the claimed inequality. Since
the projection onto a closed convex set is 1-Lipschitz, |z − z′| ≤ |h|, and

2naB(t, q + h) = |q − z′|2 + 2(q − z′) · h + |h|2 ≥ |q − z|2 + 2(q − z) · h − 2|h|2.

From the two bounds, we see that B(t, ·) is differentiable at q with the stated gradient.
(c) Fix q. For s ∈ [1, 2], let vs ∈ V be such that z(2 − s, q) = a1 + svs; it is unique since

s > 0. Let ϕ(s) = |q − a1− svs|2 = minv∈V |q− a1− sv|2, so that B(t, q) = ϕ(2− t)/(2na).
For s, s′ ∈ [1, 2],

ϕ(s′) ≤ |q − a1 − s′vs|2 = ϕ(s)− 2(s′ − s)(q − a1 − svs) · vs + (s′ − s)2|vs|2,

and the same holds with s and s′ exchanged. The map s 7→ vs is continuous: if sj → s
and v̄ is a limit point of (vsj), then v̄ ∈ V and |q − a1 − sv̄|2 = limj ϕ(sj) ≤ limj |q − a1 −
sjvs|2 = ϕ(s) along the corresponding subsequence, which forces v̄ = vs. Combining
this with the two inequalities, we see that ϕ is differentiable on [1, 2], with one-sided
derivatives at the endpoints, and ϕ′(s) = −2(q − z) · vs, where z = z(2 − s, q). Since
t = 2 − s, this gives ∂tB(t, q) = ∇qB(t, q) · vs. Finally, for v ∈ V the point a1 + sv lies in
At, and the variational characterization of the projection gives (q − z) · (a1 + sv − z) ≤ 0,
that is, s(q − z) · (v − vs) ≤ 0. Hence ∇qB(t, q) · v ≤ ∇qB(t, q) · vs for every v ∈ V .

(d) Every point a1 + (2 − t)v of At, with v ∈ V , is within normalized distance
|t − t′|∥v∥n ≤ β2|t − t′| of the point a1 + (2 − t′)v of At′ , and vice versa. This gives
|distn(q,At)− distn(q′,At′)| ≤ ∥q − q′∥n + β2|t − t′|.

Proof of Theorem 7.5. (a) If β = 0, then Qm = P0, D(m) = 0, Γµ = 0, AS(a) = {a1}, and
∆S,a(m; µ) ≥ −ψµ(a) ≥ −a/2, so (a) holds with e0,a = 0.

Let β > 0 and a > 0. Let γ = a/(1 + β2), ϑ = a/2, Λ = 3a/2 + 2β2, and K =

ck/(2γ) + 1/a, and let eβ,a = ϵβ,ϑ,Λ,K be the function of Proposition 7.13. Fix D, S, m, and
µ as in the statement. Let w be the function of Lemma 7.15 for µ and γ, and let

Ω(t, q) =
1
n ∑

x∈V
w(t, qx) (t ∈ [0, 1], q ∈ [0, ∞)V).

Let V , At, z(t, q), and B be as in Lemma 7.16. Fix ρ > eβ,a(D), and let

L(t, q) = F(t, q)− Ω(t, q)−B(t, q)− ρt
(
(t, q) ∈ [0, 1]× [0, ∞)V).

Step 1: L attains its maximum. By Lemma 7.8(b), F(t, q) ≤ F(1, 0) + ∥q∥n/2. Further,
Ω ≥ 0, because fµ ≥ ψµ ≥ 0. By Lemma 7.16(a), distn(q,At) ≥ ∥q∥n − a − 2β2. Combin-
ing these bounds, we see that L(t, q) → −∞ as ∥q∥n → ∞, uniformly in t. Since L is
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continuous by Lemma 7.8(b), Lemma 7.15, and Lemma 7.16(d), it attains its maximum
on [0, 1]× [0, ∞)V at some point (t0, q0).

Step 2: q0 ∈ (0, ∞)V . Suppose that (q0)x = 0 for some x, let ex be the corresponding
coordinate vector, and let h ∈ (0, a). By Lemma 7.8(b), F(t0, q0 + hex) ≥ F(t0, q0). By
Lemma 7.15(a), Ω(t0, q0 + hex)− Ω(t0, q0) ≤ h/(2n). Let z = z(t0, q0). Then zx ≥ a by
Lemma 7.16(a), and Lemma 7.16(b) gives

B(t0, q0 + hex)−B(t0, q0) ≤
h((q0)x − zx)

na
+

h2

2na
≤ − h

n
+

h2

2na
.

Hence L(t0, q0 + hex) − L(t0, q0) ≥ (h/n)(1/2 − h/(2a)) > 0, which contradicts the
maximality of (t0, q0).

Step 3: location of q0. By Step 2, Lemma 7.8(c), Lemma 7.15, and Lemma 7.16(b), the
function L(t0, ·) is differentiable at q0, and ∇qL(t0, q0) = 0 by maximality. Let

p = 2n∇qF(t0, q0), p′ = 2n∇qΩ(t0, q0) =
(
2 ∂rw(t0, (q0)x)

)
x∈V .

By Lemma 7.8(c) and Lemma 7.15(a), p, p′ ∈ [0, 1]V . Let z = z(t0, q0). By Lemma 7.16(b),

q0 − z
a

= n∇qB(t0, q0) =
p − p′

2
∈
[
− 1

2
,

1
2

]V
.

Hence |(q0)x − zx| ≤ a/2 for all x, and Lemma 7.16(a) gives q0 ∈ [a/2, 3a/2 + 2β2]V =

[ϑ, Λ]V and distn(q0,At0) ≤ a/2.
Step 4: t0 = 0. Suppose that t0 > 0. We first show that (t0, q0) is a (ϑ, Λ, K)-contact

point of F. Let h ∈ [−ϑ/2, ϑ/2]V . Then q0 + h ∈ [0, ∞)V , and L(t0, q0 + h) ≤ L(t0, q0). By
Taylor’s formula and Lemma 7.15(a), and by Lemma 7.16(b), we obtain

F(t0, q0 + h)− F(t0, q0) ≤ Ω(t0, q0 + h)− Ω(t0, q0) + B(t0, q0 + h)−B(t0, q0)

≤ ∇q(Ω + B)(t0, q0) · h +
( ck

4γ
+

1
2a

) |h|2
n

.

Since ∇q(Ω + B)(t0, q0) = ∇qF(t0, q0) and ck/(4γ) + 1/(2a) = K/2, this is (7.18). By
Proposition 7.13,

∂tF(t0, q0) ≤
β2

4n
p · Sp + eβ,a(D).

Next, by Lemma 7.15(b) and S ⪯ I,

∂tΩ(t0, q0) =
1
n ∑

x
∂tw(t0, (q0)x) ≥

β2

n ∑
x

(
∂rw(t0, (q0)x)

)2
=

β2

4n
|p′|2 ≥ β2

4n
p′ · Sp′.

Further, since S is symmetric and p − p′ = 2n∇qB(t0, q0) by Step 3,

β2

4n
(

p · Sp − p′ · Sp′
)
=

β2

4n
S(p + p′) · (p − p′) = ṽ · ∇qB(t0, q0), ṽ = β2S

( p + p′

2

)
.
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Since (p + p′)/2 ∈ [0, 1]V , we have ṽ ∈ V , and Lemma 7.16(c) gives ṽ · ∇qB(t0, q0) ≤
∂tB(t0, q0). Combining the last three displays, we find

∂tF(t0, q0) ≤ ∂tΩ(t0, q0) + ∂tB(t0, q0) + eβ,a(D) < ∂tΩ(t0, q0) + ∂tB(t0, q0) + ρ,

that is, ∂tL(t0, q0) < 0, where at t0 = 1 all time derivatives are left derivatives. However,
t 7→ L(t, q0) is differentiable at t0 by Lemma 7.8(c), Lemma 7.15, and Lemma 7.16(c),
and since it attains its maximum over [0, 1] at t0 ∈ (0, 1], we have ∂tL(t0, q0) ≥ 0. This
contradiction shows that t0 = 0.

Step 5: conclusion. Since a1 ∈ A1, we have B(1, a1) = 0, and Ω(1, a1) = w(1, a). Since
B ≥ 0 and t0 = 0, the maximality of (0, q0) gives

F(1, a1)− w(1, a)− ρ = L(1, a1) ≤ L(0, q0) ≤ F(0, q0)− Ω(0, q0)

≤ 1
n ∑

x

(
ψmx((q0)x)− ψµ((q0)x)

)
,

where in the last step we used Lemma 7.8(a) and Lemma 7.15(c). By Step 3 and
Lemma 7.16(a), there exists z ∈ A0 = AS(a) with ∥q0 − z∥n ≤ a/2. Since ψmx and
ψµ are 1/2-Lipschitz, the right side is at most

1
n ∑

x

(
ψmx(zx)− ψµ(zx)

)
+

1
n ∑

x
|(q0)x − zx| ≤ ∆S,a(m; µ) + ∥q0 − z∥n ≤ ∆S,a(m; µ) +

a
2

.

By Lemma 7.8(a,b), Lemma 7.15(d), and Lemma 7.14(a), and since (β2 + 2)γ/4 ≤ a/2,
we have

1
n
D(m) = F(1, 0) ≤ F(1, a1) ≤ w(1, a) + ρ + ∆S,a(m; µ) +

a
2

≤ 1
2

sup
0≤s≤1

Γµ(s) +
3a
2

+ ∆S,a(m; µ) + ρ.

Letting ρ ↓ eβ,a(D) proves (a).
(b) Fix a > 0. For each k, we apply (a) with S = Sk and D = Dk to each value of

m(k). The function D is continuous on [−1, 1]nk , by Lemma 7.8(a) and the dominated
convergence theorem applied to (7.4) (see also Section 6), and ∆Sk,a(· ; µ) is continuous.
Taking expectations, we obtain

1
nk

ED
(
m(k)) ≤ 1

2
sup

0≤s≤1
Γµ(s) + 2a + E sup

r∈ASk
(a)

∣∣∣∣ 1
nk

∑
x

(
ψ

m(k)
x
(rx)− ψµ(rx)

)∣∣∣∣+ eβ,a(Dk).

By (7.13) and Dk → ∞, the limit superior of the right side as k → ∞ is at most
sup0≤s≤1 Γµ(s)/2 + 2a. Letting a ↓ 0 proves (b).
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Proof of Corollary 7.6. Let r ≥ 0. By Lemma 7.2(d), the function m 7→ ψm(r) is bounded
and continuous on [−1, 1], and we have ψµk(r) → ψµ+(r) by the weak convergence.
By (7.7), the functions ψµk and ψµ+ are 1/2-Lipschitz, and a finite net of [0, β2]

shows that the convergence is uniform on [0, β2]. Then sup0≤s≤1 |Γµk(s) − Γµ+(s)| =
2 sup0≤r≤β2 |ψµk(r)− ψµ+(r)| → 0, and Proposition 7.4 completes the proof.



section 8

Proofs of the main theorems

This section proves Theorems 1.1 and 1.2 and Corollary 1.3. Section 8.1 combines the
results of Sections 5–7 into a lower bound for tori of a fixed side length and for hypercubes.
Section 8.2 shows that the pressure of the torus Td

L differs from a limit that does not
depend on L by at most β2/(4L), uniformly in d. Section 8.3 completes the proofs, using
Proposition 4.1 for the upper bound.

8.1 The lower bound at a fixed side length

Proposition 8.1. Let β ≥ 0 and h ∈ R. For every integer L ≥ 3,

lim inf
d→∞

pd,L(β, h) ≥ P(β, h), and lim inf
d→∞

pQd(β, h) ≥ P(β, h).

Proof. At β = 0 both sides equal log 2 cosh h, by Lemma 2.1(a) for pG and for pSK
N . Since

pG and P are even in h, we may assume that β > 0 and h ≥ 0. Let (Gd)d≥1 be either
the tori Td

L, with Dd = 2d, or the hypercubes Qd, with Dd = d. In both cases Gd ∈ GDd ,
Dd → ∞, and n = |V(Gd)| → ∞.

We first reduce to h > 0. By Lemma 2.1(d), which also holds for P , we have
|pGd(β, 0) − pGd(β, η)| ≤ η and |P(β, 0) − P(β, η)| ≤ η for every η > 0. If the claim
holds at (β, η), then

lim inf
d→∞

pGd(β, 0) ≥ lim inf
d→∞

pGd(β, η)− η ≥ P(β, η)− η ≥ P(β, 0)− 2η,

and letting η → 0 gives the claim at (β, 0). It therefore suffices to treat β > 0 and
h > 0. We write S = AGd /Dd, which satisfies the hypotheses of Definition 6.1 and
maxx,y Sxy = 1/Dd.

Fix ε ∈ (0, 1). Let T, µε, and the query histories of depth T on Gd with centers
m = m(d) be given by Proposition 5.2. We first bound the relative entropy of the planted
product model at m. For m′ ∈ [−1, 1] and r ≥ 0 let Υ(m′, r) = ψm′(r). By Lemma 7.2,
Υ is continuous on [−1, 1]× [0, ∞) and 1/2-Lipschitz in its second variable, and by the
definition of ψµ, we have

∫
Υ(m′, r)µε(dm′) = ψµε(r). For every a > 0, Proposition 5.2(c),

applied with c = 2β2 and B = 1, is the hypothesis (7.13) of Theorem 7.5(b) with µ = µε.
Then Theorem 7.5(b) implies that

lim sup
d→∞

1
n

ED(m) ≤ ω(ε), ω(ε) =
1
2

sup
0≤s≤1

Γµε(s). (8.1)

118
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We have ω(ε) ≥ 0, because Γµε(0) = 0. Further, µε → µ+ weakly as ε → 0, since
W1(µε, µ+) ≤ ε by Proposition 5.2(b), and Corollary 7.6 gives lim supε→0 ω(ε) ≤ 0.

By (8.1), Theorem 6.2 applies with δ = ω(ε). Combining it with Proposition 5.2(a), we
obtain

lim inf
d→∞

pGd(β, h) ≥ lim inf
d→∞

1
n

E
[

βHGd(m) + h ∑
x

mx + ∑
x

ent(mx) +
β2

4
⟨κ, Sκ⟩

]
− 4β

√
ω(ε)

≥ P(β, h)− ε − 4β
√

ω(ε).

The left side does not depend on ε, and letting ε → 0 completes the proof.

8.2 The side length

The proof of Theorem 1.1 reduces the uniformity in L to the fixed side lengths of Propo-
sition 8.1. For this we compare tori with boxes. It is convenient to allow graphs that are
not regular. For a finite simple graph Γ = (VΓ, EΓ) and a number D ≥ 1, we define

pD
Γ (β, h) =

1
|VΓ|

E log ∑
σ∈{−1,1}VΓ

exp
( β√

D
∑

xy∈EΓ

gxyσxσy + h ∑
x∈VΓ

σx

)
,

where (ge)e∈EΓ are independent standard Gaussian variables. If Γ ∈ GD, then pD
Γ = pΓ.

The next lemma states that the pressure increases when Gaussian couplings are added,
and bounds the increase. The monotonicity was proved by Contucci and Graffi for short-
range Gaussian spin glasses, in the form of the superadditivity of the pressure [44,
Theorem 2], using the interpolation of Guerra and Toninelli [75]. Contucci and Lebowitz
extended it to couplings with symmetric distributions [46, Theorem 1]. We include the
short proof, since we also need the upper bound.

Lemma 8.2. Let D ≥ 1, β ≥ 0, and h ∈ R, and let Γ and Γ′ be finite simple graphs on the same
set of n vertices such that EΓ ⊂ EΓ′ and EΓ′ \ EΓ has k elements. Then

0 ≤ pD
Γ′(β, h)− pD

Γ (β, h) ≤ β2k
2Dn

.

Further, log 2 cosh h ≤ pD
Γ (β, h) ≤ log 2 cosh h + β2|EΓ|/(2Dn), and if Γ is the disjoint union

of graphs Γ1, . . . , Γr, then pD
Γ = ∑r

j=1(|VΓj |/n) pD
Γj

.

Proof. Let F = EΓ′ \ EΓ. For s ∈ [0, 1] let ⟨·⟩s be the Gibbs average for the exponent

β√
D

∑
xy∈EΓ

gxyσxσy +
β
√

s√
D

∑
xy∈F

gxyσxσy + h ∑
x

σx,
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and let φ(s) be n−1 times the expected logarithm of the corresponding partition function.
Then φ(0) = pD

Γ and φ(1) = pD
Γ′ . For s ∈ (0, 1], Gaussian integration by parts (F1) in gxy,

xy ∈ F, gives

φ′(s) =
β

2n
√

sD
∑

xy∈F
E
[
gxy⟨σxσy⟩s

]
=

β2

2nD ∑
xy∈F

(
1 − E⟨σxσy⟩2

s
)
∈
[
0,

β2k
2nD

]
.

Since φ is continuous on [0, 1], integrating gives the first claim. The bounds on pD
Γ follow

from the first claim applied to the graph with vertex set VΓ and no edges, whose pressure
is log 2 cosh h, and to Γ. For a disjoint union, the partition function is the product of
the partition functions of the components, which are independent, and the last claim
follows.

For integers d ≥ 1 and N ≥ 1 let Λd
N = {0, . . . , N − 1}d be the box in which two

vertices are adjacent if they differ by 1 in exactly one coordinate, and write bd,N = p2d
Λd

N
for its pressure with couplings of variance 1/(2d). More generally, a box is a product of
d intervals of integers, with the same adjacency.

The existence of the thermodynamic limit of short-range spin glasses is classical [93,
137, 138]; see also [44, 46, 47]. Contucci and Graffi compared free and periodic boundary
conditions for the EA model with the interpolation of Lemma 8.2, and they bounded
the difference of the pressures by a multiple of the size of the boundary [45, Theorems 1
and 2]. For the torus, the existence of the limit and a bound of order 1/L on the difference
with the free-boundary pressure were recently proved by Wang, Zhu, and Chueng under
weak moment assumptions [139]. The next lemma is a form of these bounds that is
uniform in d.

Lemma 8.3. Let d ≥ 1, β ≥ 0, and h ∈ R. The limit p∞
d (β, h) = limN→∞ bd,N(β, h) exists,

and for every integer L ≥ 3,

∣∣pd,L(β, h)− p∞
d (β, h)

∣∣ ≤ β2

4L
.

Proof. We first compare the torus with the box. Let L ≥ 3. The torus Td
L is obtained from

Λd
L by adding, for each coordinate j ≤ d and each choice of the other d − 1 coordinates,

the edge between the two vertices whose jth coordinates are L − 1 and 0. Since L ≥ 3,
these dLd−1 edges are not edges of Λd

L. Since Td
L ∈ G2d has Ld vertices, Lemma 8.2 with

D = 2d gives

0 ≤ pd,L − bd,L ≤ β2dLd−1

2 · 2d · Ld =
β2

4L
. (8.2)

Next, we compare boxes of different sizes. Fix integers m ≥ 1 and N ≥ m, and
write N = km + r with k = ⌊N/m⌋ and 0 ≤ r < m. We partition {0, . . . , N − 1} into k
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consecutive intervals of length m and, if r > 0, one interval of length r. Taking products,
we obtain a partition of Λd

N into boxes, of which kd are translates of Λd
m. Let Γ be the

graph on Λd
N whose edges are the edges of Λd

N with both endpoints in the same box of
the partition. For each of the d coordinate directions, there are Nd−1 lines in Λd

N parallel
to it, and on each of them at most k edges join different intervals. In total, at most
dkNd−1 ≤ dNd/m edges of Λd

N are not edges of Γ. By Lemma 8.2 with D = 2d, we have
0 ≤ bd,N − p2d

Γ ≤ β2/(4m). Further, p2d
Γ is the average of the pressures of the boxes of the

partition, weighted by their numbers of vertices. Each translate of Λd
m has pressure bd,m.

Every box with n′ vertices has at most dn′ edges, and by Lemma 8.2 its pressure, like bd,m,
lies in [log 2 cosh h, log 2 cosh h + β2/4]. Let fN = (km/N)d be the fraction of vertices of
Λd

N that lie in translates of Λd
m. We have shown that

bd,m − (1 − fN)
β2

4
≤ bd,N ≤ bd,m + (1 − fN)

β2

4
+

β2

4m
.

Since fN = (1 − r/N)d → 1 as N → ∞, with d and m fixed, we obtain

bd,m ≤ lim inf
N→∞

bd,N ≤ lim sup
N→∞

bd,N ≤ bd,m +
β2

4m
. (8.3)

Taking the limit inferior in m on the right side of (8.3), we obtain lim supN bd,N ≤
lim infm bd,m, so the limit p∞

d exists. By (8.3), it satisfies bd,m ≤ p∞
d ≤ bd,m + β2/(4m) for

every m ≥ 1. For m = L, combining this with (8.2) shows that pd,L and p∞
d both lie in the

interval [bd,L, bd,L + β2/(4L)], which completes the proof.

Remark 8.4. Lemma 8.3 is the only place where the geometry of the torus enters the
passage from fixed to arbitrary side lengths. It shows that the limits N → ∞ and
L → ∞ of the box and torus pressures in a fixed dimension coincide. Combined with
Theorem 1.1, it gives limd→∞ p∞

d (β, h) = P(β, h), so the convergence also holds when the
thermodynamic limit is taken first.

8.3 Proofs of the main results

Proof of Theorem 1.1. Fix β ≥ 0 and h ∈ R. Since Td
L ∈ G2d for every L ≥ 3, Proposition 4.1

implies that

lim sup
d→∞

sup
L≥3

pd,L(β, h) ≤ lim sup
D→∞

sup
G∈GD

pG(β, h) ≤ P(β, h).

For the lower bound, fix an integer m ≥ 3. For L ≥ m, applying Lemma 8.3 at the side
lengths L and m, we obtain

pd,L ≥ p∞
d − β2

4L
≥ pd,m − β2

4m
− β2

4L
≥ pd,m − β2

2m
.
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Hence infL≥3 pd,L ≥ min3≤L≤m pd,L − β2/(2m). Since the minimum is over finitely many
side lengths, Proposition 8.1 implies that

lim inf
d→∞

inf
L≥3

pd,L(β, h) ≥ P(β, h)− β2

2m
.

Letting m → ∞ and combining with the upper bound, we obtain Theorem 1.1.

Proof of Theorem 1.2. Since Qd ∈ Gd, we have lim supd pQd(β, h) ≤ P(β, h) by Proposi-
tion 4.1, and Proposition 8.1 gives the matching lower bound.

Proof of Corollary 1.3. Let G ∈ GD, h ∈ R, and β > 0. By the bound after (2.4), e(G; h)
lies in the interval [β−1pG(β, βh)− β−1 log 2, β−1pG(β, βh)], and by (2.5), P∗(h) lies in
[β−1P(β, βh)− β−1 log 2, β−1P(β, βh)]. Comparing the two intervals, we obtain

|e(G; h)− P∗(h)| ≤
|pG(β, βh)−P(β, βh)|

β
+

log 2
β

.

Taking the supremum over L ≥ 3 for G = Td
L, letting d → ∞, and using Theorem 1.1 at

(β, βh), we obtain lim supd supL≥3 |e(Td
L; h)− P∗(h)| ≤ (log 2)/β. Letting β → ∞ proves

the claim for tori, and the same argument with Theorem 1.2 proves it for hypercubes.

Finally, we justify Remark 1.4. By Lemma 2.1(d), for each B ≥ 0 the functions pG,
G ∈ ⋃

D GD, and pSK
N , N ≥ 1, satisfy | f (β, h) − f (β′, h′)| ≤ B|β − β′|/2 + |h − h′| for

β, β′ ∈ [0, B] and h, h′ ∈ R, and so does their pointwise limit P . Let K ⊂ [0, B]× R be
compact and η > 0, and let K′ be a finite subset of K such that every point of K lies within
distance η of K′ in each coordinate. Then

sup
(β,h)∈K

sup
L≥3

|pd,L(β, h)−P(β, h)| ≤ max
(β,h)∈K′

sup
L≥3

|pd,L(β, h)−P(β, h)|+ (B + 2)η,

and the maximum tends to zero as d → ∞ by Theorem 1.1. Since η is arbitrary, the
convergence in Theorem 1.1 is uniform on K. The same argument applies to hypercubes,
and to the ground-state energy, which is 1-Lipschitz in h by its definition. Its SK limit
P∗(h) is also 1-Lipschitz, as the pointwise limit of the 1-Lipschitz functions mN(h).

We also prove the limit in Remark 1.8. A similar interpolation, with independent SK
models on the two parts, is in [16, Section 3.1]. Let D ≥ 1 and n = 2D, let G = KD,D
have parts V1 and V2 of size D, and let v ∈ {−1, 1}V be equal to 1 on V1 and to −1 on V2.
For σ1, σ2 ∈ {−1, 1}V let u = σ1 ⊙ σ2. Since ∑x∈V1

ux and ∑y∈V2
uy are (⟨u, 1⟩ ± ⟨u, v⟩)/2,

and every vertex of V1 is adjacent to every vertex of V2, we have

EHG(σ
1)HG(σ

2) =
1
D ∑

x∈V1

∑
y∈V2

uxuy =
1

2n
(
⟨u, 1⟩2 − ⟨u, v⟩2).
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We identify V with {1, . . . , n} and let HSK
n be an SK Hamiltonian on {−1, 1}V , indepen-

dent of (ge)e∈E. Then EHSK
n (σ1)HSK

n (σ2) = (⟨u, 1⟩2 − n)/(2n), and the difference of the
two covariances is

C(σ1, σ2) = EHSK
n (σ1)HSK

n (σ2)− EHG(σ
1)HG(σ

2) =
⟨u, v⟩2 − n

2n
.

In particular, C(σ, σ) = −1/2 for every σ, since ⟨1, v⟩ = 0. For θ ∈ [0, 1], let ⟨·⟩θ be the
Gibbs average for the exponent β(

√
1 − θ HG(σ) +

√
θ HSK

n (σ)) + h ∑x σx, and let φ(θ)

be n−1 times the expected logarithm of the corresponding partition function. Then
φ(0) = pG(β, h) and φ(1) = pSK

n (β, h). For θ ∈ (0, 1), Gaussian integration by parts (F1)
gives, as in [75],

φ′(θ) =
β2

2n
E
〈
C(σ1, σ1)− C(σ1, σ2)

〉
θ
= − β2

4n2 E
〈
⟨σ1 ⊙ σ2, v⟩2〉

θ
≤ 0,

where σ1 and σ2 are independent samples from the Gibbs measure. Since φ is continuous
on [0, 1], we obtain pKD,D(β, h) ≥ pSK

2D(β, h), and the right side tends to P(β, h) as D → ∞.
Since KD,D ∈ GD, Proposition 4.1 gives the matching upper bound.



References

[1] M. Aizenman, J. L. Lebowitz, and D. Ruelle. Some rigorous results on the
Sherrington–Kirkpatrick spin glass model. Comm. Math. Phys., 112(1):3–20, 1987.

[2] M. Aizenman, R. Sims, and S. L. Starr. Extended variational principle for the
Sherrington–Kirkpatrick spin-glass model. Phys. Rev. B, 68:214403, 2003.

[3] Diego Alberici, Francesco Camilli, Pierluigi Contucci, and Emanuele Mingione. The
solution of the deep Boltzmann machine on the Nishimori line. Comm. Math. Phys.,
387(2):1191–1214, 2021. arXiv:2012.13987.

[4] Diego Alberici, Francesco Camilli, Pierluigi Contucci, and Emanuele Mingione.
The multi-species mean-field spin-glass on the Nishimori line. J. Stat. Phys., 182(1):
Paper No. 2, 2021. arXiv:2007.08891.

[5] Antonio Auffinger and Wei-Kuo Chen. Free energy and complexity of spherical
bipartite models. J. Stat. Phys., 157(1):40–59, 2014. arXiv:1405.2321.

[6] Antonio Auffinger and Wei-Kuo Chen. On properties of Parisi measures.
Probab. Theory Related Fields, 161(3-4):817–850, 2015. numbered citations refer to
arXiv:1303.3573v1.

[7] Antonio Auffinger and Wei-Kuo Chen. The Parisi formula has a unique mini-
mizer. Comm. Math. Phys., 335(3):1429–1444, 2015. numbered citations refer to
arXiv:1402.5132v3.

[8] Antonio Auffinger and Wei-Kuo Chen. The Legendre structure of the Parisi
formula. Comm. Math. Phys., 348(3):751–770, 2016. numbered citations refer to
arXiv:1510.03414v2.

[9] Antonio Auffinger and Aukosh Jagannath. Thouless–Anderson–Palmer equations
for generic p-spin glasses. Ann. Probab., 47(4):2230–2256, 2019. arXiv:1612.06359.

[10] Antonio Auffinger, Wei-Kuo Chen, and Qiang Zeng. The SK model is infinite step
replica symmetry breaking at zero temperature. Comm. Pure Appl. Math., 73(5):
921–943, 2020.

[11] Jinho Baik and Ji Oon Lee. Free energy of bipartite spherical Sherrington–
Kirkpatrick model. Ann. Inst. Henri Poincaré Probab. Stat., 56(4):2897–2934, 2020.
arXiv:1711.06364.

[12] Afonso S. Bandeira and Ramon van Handel. Sharp nonasymptotic bounds on the

124



References 125

norm of random matrices with independent entries. Ann. Probab., 44(4):2479–2506,
2016. arXiv:1408.6185.

[13] Zhigang Bao, Qiyang Han, and Xiaocong Xu. A leave-one-out approach to approxi-
mate message passing. Ann. Appl. Probab., 35(4):2716–2766, 2025. arXiv:2312.05911.

[14] Jean Barbier and Nicolas Macris. The adaptive interpolation method: a simple
scheme to prove replica formulas in Bayesian inference. Probab. Theory Related Fields,
174(3-4):1133–1185, 2019. arXiv:1705.02780.

[15] Adriano Barra, Aldo Di Biasio, and Francesco Guerra. Replica symmetry breaking
in mean-field spin glasses through the Hamilton–Jacobi technique. J. Stat. Mech.
Theory Exp., page P09006, 2010. arXiv:1003.5226.

[16] Adriano Barra, Giuseppe Genovese, and Francesco Guerra. Equilibrium statistical
mechanics of bipartite spin systems. J. Phys. A, 44(24):245002, 2011. arXiv:1012.1261.

[17] Adriano Barra, Pierluigi Contucci, Emanuele Mingione, and Daniele Tantari. Multi-
species mean field spin glasses. Rigorous results. Ann. Henri Poincaré, 16(3):691–708,
2015. arXiv:1307.5154.

[18] Anirban Basak and Sumit Mukherjee. Universality of the mean-field for the Potts
model. Probab. Theory Related Fields, 168(3-4):557–600, 2017. arXiv:1508.03949.

[19] Erik Bates and Youngtak Sohn. Balanced multi-species spin glasses, 2025. Preprint,
arXiv:2507.06522v2.

[20] Joshua Batson, Daniel A. Spielman, and Nikhil Srivastava. Twice-Ramanujan
sparsifiers. SIAM J. Comput., 41(6):1704–1721, 2012. arXiv:0808.0163.

[21] Mohsen Bayati and Andrea Montanari. The dynamics of message passing on dense
graphs, with applications to compressed sensing. IEEE Trans. Inform. Theory, 57(2):
764–785, 2011. numbered citations refer to arXiv:1001.3448v4.

[22] Mohsen Bayati, Marc Lelarge, and Andrea Montanari. Universality in polytope
phase transitions and message passing algorithms. Ann. Appl. Probab., 25(2):753–822,
2015.

[23] Joshua K. Behne and Galen Reeves. Fundamental limits for rank-one matrix esti-
mation with groupwise heteroskedasticity. In Proceedings of the 25th International
Conference on Artificial Intelligence and Statistics, volume 151 of Proc. Mach. Learn.
Res., pages 8650–8672, 2022. arXiv:2106.11950.

[24] Patrick Billingsley. Probability and measure. John Wiley & Sons, New York, third
edition, 1995.

[25] Erwin Bolthausen. An iterative construction of solutions of the TAP equations
for the Sherrington–Kirkpatrick model. Comm. Math. Phys., 325(1):333–366, 2014.
numbered citations refer to arXiv:1201.2891v1.



References 126

[26] Erwin Bolthausen. A Morita type proof of the replica-symmetric formula for SK.
In Véronique Gayrard, Louis-Pierre Arguin, Nicola Kistler, and Irina Kourkova,
editors, Statistical mechanics of classical and disordered systems, volume 293 of Springer
Proc. Math. Stat., pages 63–93. Springer, Cham, 2019. arXiv:1809.07972.

[27] Erwin Bolthausen and Alain-Sol Sznitman. On Ruelle’s probability cascades and
an abstract cavity method. Comm. Math. Phys., 197(2):247–276, 1998.

[28] Stéphane Boucheron, Gábor Lugosi, and Pascal Massart. Concentration inequalities:
a nonasymptotic theory of independence. Oxford University Press, Oxford, 2013.

[29] Christian Brennecke and Horng-Tzer Yau. The replica symmetric formula for the
SK model revisited. J. Math. Phys., 63(7):073302, 2022. numbered citations refer to
arXiv:2109.07354v2.

[30] Sourav Chatterjee. Spin glass phase at zero temperature in the Edwards–Anderson
model, 2023. Preprint, revised May 2, 2026; arXiv:2301.04112v6.

[31] Hong-Bin Chen. On free energy of non-convex multi-species spin glasses. ALEA
Lat. Am. J. Probab. Math. Stat., 23:429–473, 2026. doi: 10.30757/ALEA.v23-17.
arXiv:2411.13342.

[32] Hong-Bin Chen. FRSB in the SK spin glass: convergence to full-interval support at
zero temperature, 2026. Preprint, arXiv:2607.18032v1.

[33] Hong-Bin Chen and Jean-Christophe Mourrat. On the free energy of vector
spin glasses with non-convex interactions. Probab. Math. Phys., 6:1–80, 2025.
arXiv:2311.08980.

[34] Hong-Bin Chen and Jean-Christophe Mourrat. Free energy of non-convex multi-
species spherical spin glasses, 2026. Preprint, arXiv:2609.32710v1.

[35] Hong-Bin Chen and Jiaming Xia. Hamilton–Jacobi equations for inference of
matrix tensor products. Ann. Inst. Henri Poincaré Probab. Stat., 58(2):755–793, 2022.
arXiv:2009.01678.

[36] Hong-Bin Chen and Jiaming Xia. Hamilton–Jacobi equations with monotone non-
linearities on convex cones. Ann. Fac. Sci. Toulouse Math. (6), 34(1):1–45, 2025.
arXiv:2206.12537; theorem numbers refer to arXiv version 4.

[37] Hong-Bin Chen, Victor Issa, and Jean-Christophe Mourrat. Free energy of non-
convex multi-species spin glasses with centered Ising spins, 2026. Preprint,
arXiv:2606.16636v2.

[38] Wei-Kuo Chen. Variational representations for the Parisi functional and the two-
dimensional Guerra–Talagrand bound. Ann. Probab., 45(6A):3929–3966, 2017. num-
bered citations refer to arXiv:1501.06635v2.

[39] Wei-Kuo Chen and Dmitry Panchenko. On the TAP free energy in the mixed
p-spin models. Comm. Math. Phys., 362(1):219–252, 2018. numbered citations refer
to arXiv:1709.03468v2.



References 127

[40] Wei-Kuo Chen, Dmitry Panchenko, and Eliran Subag. The generalized TAP free
energy II. Comm. Math. Phys., 381(1):257–291, 2021. numbered citations refer to
arXiv:1903.01030v1.

[41] Wei-Kuo Chen, Dmitry Panchenko, and Eliran Subag. The generalized TAP free
energy. Comm. Pure Appl. Math., 76(7):1329–1415, 2023. numbered citations refer to
arXiv:1812.05066v3.

[42] Michael B. Cohen, Jelani Nelson, and David P. Woodruff. Optimal approximate
matrix product in terms of stable rank. In 43rd International Colloquium on Automata,
Languages, and Programming (ICALP 2016), volume 55 of Leibniz International Pro-
ceedings in Informatics (LIPIcs), pages 11:1–11:14, 2016. arXiv:1507.02268; theorem
numbers refer to arXiv version 3.

[43] Pierluigi Contucci and Cristian Giardinà. The Ghirlanda–Guerra identities. J. Stat.
Phys., 126(4-5):917–931, 2007. arXiv:math-ph/0505055.

[44] Pierluigi Contucci and Sandro Graffi. Monotonicity and thermodynamic limit for
short range disordered models. J. Stat. Phys., 115:581–589, 2004. numbered citations
refer to arXiv:math-ph/0302013v2.

[45] Pierluigi Contucci and Sandro Graffi. On the surface pressure for the Edwards–
Anderson model. Comm. Math. Phys., 248:207–216, 2004. numbered citations refer
to arXiv:math-ph/0306006v3.

[46] Pierluigi Contucci and Joel L. Lebowitz. Correlation inequalities for spin glasses.
Ann. Henri Poincaré, 8:1461–1467, 2007. numbered citations refer to arXiv:cond-
mat/0612371v1.

[47] Pierluigi Contucci, Cristian Giardinà, and Joseph Pulé. The thermodynamic limit
for finite dimensional classical and quantum disordered systems. Rev. Math. Phys.,
16(5):629–637, 2004. arXiv:cond-mat/0401211.

[48] Pierluigi Contucci, Emanuele Mingione, and Shannon Starr. Factorization proper-
ties in d-dimensional spin glasses. Rigorous results and some perspectives. J. Stat.
Phys., 151(5):809–829, 2013. arXiv:1212.5281.

[49] Michael G. Crandall and Pierre-Louis Lions. Viscosity solutions of Hamilton–Jacobi
equations. Trans. Amer. Math. Soc., 277(1):1–42, 1983.

[50] Michael G. Crandall, Lawrence C. Evans, and Pierre-Louis Lions. Some properties
of viscosity solutions of Hamilton–Jacobi equations. Trans. Amer. Math. Soc., 282(2):
487–502, 1984.

[51] A. Crisanti and T. Rizzo. Analysis of the ∞-replica symmetry breaking solution
of the Sherrington–Kirkpatrick model. Phys. Rev. E, 65:046137, 2002. arXiv:cond-
mat/0111037.



References 128

[52] Debsurya De and Dmitriy Kunisky. Computational and statistical lower bounds
for low-rank estimation under general inhomogeneous noise, 2025. Preprint,
arXiv:2510.08541v1.

[53] J. R. L. de Almeida and D. J. Thouless. Stability of the Sherrington–Kirkpatrick
solution of a spin glass model. J. Phys. A, 11(5):983–990, 1978.

[54] Amir Dembo, Andrea Montanari, and Subhabrata Sen. Extremal cuts of sparse
random graphs. Ann. Probab., 45(2):1190–1217, 2017.

[55] DLMF. NIST digital library of mathematical functions. https://dlmf.nist.gov/,
Release 1.2.8 of 2026-09-15, 2026. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier,
B. I. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V. Saunders, H. S. Cohl,
and M. A. McClain, eds.

[56] Tomas Dominguez and Jean-Christophe Mourrat. Statistical mechanics of mean-
field disordered systems: a Hamilton–Jacobi approach. Zurich Lectures in Advanced
Mathematics. EMS Press, 2024. arXiv:2311.08976; theorem numbers refer to the
arXiv version.

[57] David L. Donoho, Arian Maleki, and Andrea Montanari. Message-passing algo-
rithms for compressed sensing. Proc. Natl. Acad. Sci. USA, 106(45):18914–18919,
2009. arXiv:0907.3574.

[58] S. F. Edwards and P. W. Anderson. Theory of spin glasses. J. Phys. F: Met. Phys., 5
(5):965–974, 1975.

[59] Ahmed El Alaoui, Florent Krzakala, and Michael I. Jordan. Fundamental lim-
its of detection in the spiked Wigner model. Ann. Statist., 48(2):863–885, 2020.
arXiv:1806.09588.

[60] Ahmed El Alaoui, Andrea Montanari, and Mark Sellke. Optimization of mean-
field spin glasses. Ann. Probab., 49(6):2922–2960, 2021. numbered citations refer to
arXiv:2001.00904v1.

[61] Ahmed El Alaoui, Andrea Montanari, and Mark Sellke. Sampling from the
Sherrington–Kirkpatrick Gibbs measure via algorithmic stochastic localization. In
2022 IEEE 63rd Annual Symposium on Foundations of Computer Science (FOCS), pages
323–334. IEEE, 2022. numbered citations refer to arXiv:2203.05093v2.

[62] Ahmed El Alaoui, Andrea Montanari, and Mark Sellke. Local algorithms for
maximum cut and minimum bisection on locally treelike regular graphs of large
degree. Random Structures Algorithms, 63(3):689–715, 2023. arXiv:2111.06813.

[63] Houssam El Cheairi and David Gamarnik. Algorithmic universality, low-
degree polynomials, and Max-Cut in sparse random graphs, 2024. Preprint,
arXiv:2412.18014.

https://dlmf.nist.gov/


References 129

[64] Zhou Fan and Yihong Wu. The replica-symmetric free energy for Ising spin glasses
with orthogonally invariant couplings. Probab. Theory Related Fields, 190:1–77, 2024.
arXiv:2105.02797.

[65] Zhou Fan, Song Mei, and Andrea Montanari. TAP free energy, spin glasses and
variational inference. Ann. Probab., 49(1):1–45, 2021. arXiv:1808.07890.

[66] Zhou Fan, Yufan Li, and Subhabrata Sen. TAP equations for orthogonally invariant
spin glasses at high temperature, 2022. arXiv:2202.09325v2; to appear in Ann. Inst.
H. Poincaré Probab. Statist.

[67] L. A. Fernández, V. Martín-Mayor, G. Parisi, and B. Seoane. Spin glasses on the
hypercube. Phys. Rev. B, 81:134403, 2010. arXiv:0911.4667.

[68] Daniel S. Fisher and David A. Huse. Equilibrium behavior of the spin-glass ordered
phase. Phys. Rev. B, 38(1):386–411, 1988.

[69] Silvio Franz and Fabio Lucio Toninelli. Kac limit for finite-range spin glasses. Phys.
Rev. Lett., 92(3):030602, 2004.

[70] Silvio Franz and Fabio Lucio Toninelli. Finite-range spin glasses in the Kac limit:
free energy and local observables. J. Phys. A, 37(30):7433–7446, 2004.

[71] J. Fröhlich and B. Zegarlinski. Some comments on the Sherrington–Kirkpatrick
model of spin glasses. Comm. Math. Phys., 112(4):553–566, 1987. doi: 10.1007/
BF01225372.

[72] A. Georges, M. Mézard, and J. S. Yedidia. Low-temperature phase of the Ising spin
glass on a hypercubic lattice. Phys. Rev. Lett., 64(24):2937–2940, 1990.

[73] Antoine Georges and Jonathan S. Yedidia. How to expand around mean-field
theory using high-temperature expansions. J. Phys. A, 24(9):2173–2192, 1991.

[74] Stefano Ghirlanda and Francesco Guerra. General properties of overlap probability
distributions in disordered spin systems. Towards Parisi ultrametricity. J. Phys. A,
31(46):9149–9155, 1998. arXiv:cond-mat/9807333.

[75] F. Guerra and F. L. Toninelli. The thermodynamic limit in mean field spin glass
models. Comm. Math. Phys., 230(1):71–79, 2002.

[76] Francesco Guerra. Broken replica symmetry bounds in the mean field spin glass
model. Comm. Math. Phys., 233(1):1–12, 2003.

[77] Francesco Guerra and Fabio Lucio Toninelli. Some comments on the connection
between disordered long range spin glass models and their mean field version. J.
Phys. A, 36(43):10987–10995, 2003.

[78] Alice Guionnet, Justin Ko, Florent Krzakala, and Lenka Zdeborová. Low-rank
matrix estimation with inhomogeneous noise. Inf. Inference, 14(2):iaaf010, 2025.
arXiv:2208.05918.



References 130

[79] Dongning Guo, Shlomo Shamai, and Sergio Verdú. Mutual information and min-
imum mean-square error in Gaussian channels. IEEE Trans. Inform. Theory, 51(4):
1261–1282, 2005. arXiv:cs/0412108.

[80] Walid Hachem. Approximate message passing for sparse matrices with application
to the equilibria of large ecological Lotka–Volterra systems. Stochastic Process. Appl.,
170:104276, 2024. arXiv:2302.09847v4.

[81] Walid Hachem. The SK model with a sparse variance profile: free energy
and AMP algorithm for TAP equations at high temperature, 2026. Preprint,
arXiv:2604.25535v1.

[82] A. B. Harris, T. C. Lubensky, and J.-H. Chen. Critical properties of spin-glasses.
Phys. Rev. Lett., 36(8):415–418, 1976.

[83] Fu-Hsuan Ho. A concavity theorem for the Parisi PDE, 2026. Preprint,
arXiv:2606.15432v1.

[84] Wassily Hoeffding. Probability inequalities for sums of bounded random variables.
J. Amer. Statist. Assoc., 58(301):13–30, 1963.

[85] Brice Huang and Mark Sellke. A constructive proof of the spherical Parisi formula,
2023. Preprint, arXiv:2311.15495.

[86] Victor Issa. Existence and uniqueness of permutation-invariant optimizers for
Parisi formula. ALEA Lat. Am. J. Probab. Math. Stat., 23:761–800, 2026. doi: 10.30757/
ALEA.v23-30. arXiv:2407.13846; numbered citations refer to the published version.

[87] Aukosh Jagannath and Ian Tobasco. A dynamic programming approach to the
Parisi functional. Proc. Amer. Math. Soc., 144(7):3135–3150, 2016. numbered citations
refer to arXiv:1502.04398v4.

[88] Aukosh Jagannath and Ian Tobasco. Some properties of the phase diagram for
mixed p-spin glasses. Probab. Theory Related Fields, 167:615–672, 2017. numbered
citations refer to arXiv:1504.02731v2.

[89] Aukosh Jagannath, Justin Ko, and Subhabrata Sen. Max κ-cut and the inhomoge-
neous Potts spin glass. Ann. Appl. Probab., 28(3):1536–1572, 2018. arXiv:1703.03455.

[90] Svante Janson. Large deviations for sums of partly dependent random variables.
Random Structures Algorithms, 24(3):234–248, 2004.

[91] Adel Javanmard and Andrea Montanari. State evolution for general approximate
message passing algorithms, with applications to spatial coupling. Inf. Inference, 2
(2):115–144, 2013. numbered citations refer to arXiv:1211.5164v2.

[92] Ioannis Karatzas and Steven E. Shreve. Brownian motion and stochastic calculus,
volume 113 of Graduate Texts in Mathematics. Springer, New York, second edition,
1991.



References 131

[93] K. M. Khanin and Ya. G. Sinai. Existence of free energy for models with long-range
random Hamiltonians. J. Stat. Phys., 20:573–584, 1979.

[94] Satish Babu Korada and Nicolas Macris. Exact solution of the gauge symmetric
p-spin glass model on a complete graph. J. Stat. Phys., 136(2):205–230, 2009.

[95] F. Krzakala and O. C. Martin. Spin and link overlaps in three-dimensional spin
glasses. Phys. Rev. Lett., 85(14):3013–3016, 2000.

[96] Florent Krzakala and Lenka Zdeborová. Hiding quiet solutions in random con-
straint satisfaction problems. Phys. Rev. Lett., 102:238701, 2009. arXiv:0901.2130.

[97] Florent Krzakala, Jiaming Xu, and Lenka Zdeborová. Mutual information in rank-
one matrix estimation. In 2016 IEEE Information Theory Workshop (ITW), pages 71–75.
IEEE, 2016. arXiv:1603.08447.

[98] Marc Lelarge and Léo Miolane. Fundamental limits of symmetric low-rank matrix
estimation. Probab. Theory Related Fields, 173:859–929, 2019. arXiv:1611.03888.

[99] Patrick Lopatto. Parisi measure of the Sherrington–Kirkpatrick model with external
field, 2026. Preprint, arXiv:2610.00127v1.

[100] Patrick Lopatto. Full replica symmetry breaking in the Sherrington–Kirkpatrick
model, 2026. Preprint, arXiv:2607.11756v3.

[101] Colin McDiarmid. On the method of bounded differences. In Surveys in Combina-
torics, 1989 (Norwich, 1989), volume 141 of London Math. Soc. Lecture Note Ser., pages
148–188. Cambridge Univ. Press, Cambridge, 1989.

[102] Marc Mézard, Giorgio Parisi, and Miguel Angel Virasoro. Spin glass theory and
beyond: An introduction to the replica method and its applications, volume 9 of World
Scientific Lecture Notes in Physics. World Scientific, 1987.

[103] Andrea Montanari. Optimization of the Sherrington–Kirkpatrick Hamiltonian.
SIAM J. Comput., 54(4):FOCS19-1–FOCS19-38, 2025. Published online 2021; num-
bered citations refer to arXiv:1812.10897v2.

[104] Jean-Christophe Mourrat. Hamilton–Jacobi equations for finite-rank matrix infer-
ence. Ann. Appl. Probab., 30(5):2234–2260, 2020. arXiv:1904.05294.

[105] Jean-Christophe Mourrat. Hamilton–Jacobi equations for mean-field disordered
systems. Ann. H. Lebesgue, 4:453–484, 2021. arXiv:1811.01432.

[106] Jean-Christophe Mourrat. Nonconvex interactions in mean-field spin glasses. Probab.
Math. Phys., 2(2):281–339, 2021. numbered citations refer to arXiv:2004.01679v8.

[107] Jean-Christophe Mourrat. The Parisi formula is a Hamilton–Jacobi equation in
Wasserstein space. Canad. J. Math., 74(3):607–629, 2022. arXiv:1906.08471.

[108] Jean-Christophe Mourrat. Free energy upper bound for mean-field vector spin
glasses. Ann. Inst. Henri Poincaré Probab. Stat., 59(3):1143–1182, 2023. numbered
citations refer to arXiv:2010.09114v2.



References 132

[109] Jean-Christophe Mourrat and Dmitry Panchenko. Extending the Parisi formula
along a Hamilton–Jacobi equation. Electron. J. Probab., 25:Paper No. 23, 1–17, 2020.
arXiv:1910.14482.

[110] Hidetoshi Nishimori. Internal energy, specific heat and correlation function of the
bond-random Ising model. Progr. Theoret. Phys., 66(4):1169–1181, 1981.

[111] Matteo Palassini and A. P. Young. Nature of the spin glass state. Phys. Rev. Lett., 85
(14):3017–3020, 2000.

[112] Dmitry Panchenko. A question about the Parisi functional. Electron. Comm. Probab.,
10:155–166, 2005. arXiv:math/0412463.

[113] Dmitry Panchenko. The Parisi ultrametricity conjecture. Ann. of Math. (2), 177(1):
383–393, 2013. arXiv:1112.1003.

[114] Dmitry Panchenko. The Sherrington–Kirkpatrick model. Springer Monographs in
Mathematics. Springer, New York, 2013.

[115] Dmitry Panchenko. The free energy in a multi-species Sherrington–Kirkpatrick
model. Ann. Probab., 43(6):3494–3513, 2015. arXiv:1310.6679.

[116] Dmitry Panchenko. Free energy in the Potts spin glass. Ann. Probab., 46(2):829–864,
2018. arXiv:1512.00370.

[117] Dmitry Panchenko. Free energy in the mixed p-spin models with vector spins. Ann.
Probab., 46(2):865–896, 2018. arXiv:1512.04441.

[118] Giorgio Parisi. Infinite number of order parameters for spin-glasses. Phys. Rev. Lett.,
43:1754–1756, 1979.

[119] Giorgio Parisi. A sequence of approximated solutions to the S-K model for spin
glasses. J. Phys. A, 13(4):L115–L121, 1980.

[120] Miquel Payaró and Daniel P. Palomar. Hessian and concavity of mutual informa-
tion, differential entropy, and entropy power in linear vector Gaussian channels.
IEEE Trans. Inform. Theory, 55(8):3613–3628, 2009. numbered citations refer to
arXiv:0903.1945v1.

[121] T. Plefka. Convergence condition of the TAP equation for the infinite-ranged Ising
spin glass model. J. Phys. A, 15(6):1971–1978, 1982.

[122] Tim Robertson, F. T. Wright, and R. L. Dykstra. Order restricted statistical infer-
ence. Wiley Series in Probability and Mathematical Statistics. John Wiley & Sons,
Chichester, 1988.

[123] David Ruelle. A mathematical reformulation of Derrida’s REM and GREM. Comm.
Math. Phys., 108(2):225–239, 1987.

[124] René L. Schilling, Renming Song, and Zoran Vondraček. Bernstein functions: theory
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