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THE GENERALIZED FERMAT EQUATION z2 + y5 = 27
MANVIR JASWAL

ABSTRACT. We show that the equation 2% + 3® = 27 has no solution in nonzero coprime
integers, assuming a classification theorem from Putz’s thesis, which has not appeared
in a refereed journal. Equivalently, none of the equations z? + y° = 27, x? + y7 = 25,
x° +y” = 22 has a solution in nonzero coprime integers. Putz attaches to a solution an octic
algebra, the fibre of a Belyi map of degree 8, and proves that it is always isomorphic to one
fixed octic field Lg. We prove unconditionally that no solution has fibre isomorphic to Ls,
by a fifth-power descent over a field Los of degree 24 that Putz introduced, completed by
fifth-power residue symbols at five auxiliary primes. We also prove, without assuming the
generalized Riemann hypothesis, that L24 has class number 1, using a criterion of Belabas,
Diaz y Diaz and Friedman.
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1. INTRODUCTION

1.1. The equation. For integers p,q,r > 2 the generalized Fermat equation of signature
(pq,7) is

al +yl=2", ged(z,y, 2) =1, xyz # 0.
When 1/p+1/q+ 1/r < 1, Darmon and Granville [8] proved that it has only finitely many
solutions, and the Fermat—Catalan conjecture predicts that, taken over all such signatures
together, there are only finitely many solutions in positive integers (counting 1 + 23 = 32
once). Ten are known, and in each of them one exponent is 2 (see [2] and the survey [24]).
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This paper concerns the signature (2,5, 7). Ratcliffe and Grechuk [24, §1.1] note that, among
the signatures (p, ¢,r) with p, ¢, r prime and 1/p + 1/q+ 1/r < 1, it is the one with the
smallest sum p + g + r for which the equation was open.

Signatures whose exponents are three distinct primes form one of the main families of
open cases. As Putz notes [23, p. 2], the only such signatures resolved when he wrote his
thesis were (2,3,7) [20] and, assuming the generalized Riemann hypothesis, (2,3,11) [11].
For (3,5,7), Dahmen and Siksek [6] resolve the equation under divisibility conditions, and
the recent preprints of Chocian [4] and of the author [12] treat the whole equation. Both
build on a classification due to Dahmen, Siksek and Putz, which the second states as a
hypothesis. The modular method needs a Frey curve, and Frey elliptic curves are available
for the signatures (2,3,p) over Q and (gq,q,7) over number fields [23, p. 3]. For other
signatures Darmon’s programme [7] would use Frey abelian varieties instead, but it depends
on modularity results, and on large-image results for the associated Galois representations,
that are not yet available [23, p. 2]. Putz instead works with a Belyi map, as we recall in
Section 1.2.

We prove that 22 + y® = 27 has no solution in nonzero coprime integers, assuming Putz’s
reduction of the problem to a single number field (Theorem 2.2 below). Because two of the
three exponents are odd, a solution of any one of

7

1‘2+y5:Z, $2+y722’5, $5_’_y7222

gives a solution of the others after changing signs and moving a term across the equation (for
instance, 2 +y” = 25 is 22 + (—2)° = (—y)"). Following Putz [23], we write the equation as
X54+v2=27", ged(X,Y, Z) =1, XY Z #0, (1.1)

so that (X,Y,Z) = (y,x, 2) for a solution of 22 + y° = 27. A prime dividing two of X,Y, Z
divides the third, so X,Y, Z are pairwise coprime. We call a triple of integers satisfying (1.1)
a solution. Signs are allowed.

1.2. Putz’s reduction. Put
W(t) = 2563 + 2062 + 14t + 14, U(¢) = 1061 + 4¢3 + 262 + 2t — 1. (1.2)

The rational function o(t) = 4t%9)(t)/(4t — 1) of degree 8 satisfies ¢(t) — 1 = W(¢)?/(4t — 1),
because
489 (t) — (4t — 1) = W(t)2. (1.3)
So, as a map P! — P!, ¢ is ramified only above 0, 1 and oo, with ramification indices
(5,1,1,1) above 0, (2,2,2,2) above 1 and (7,1) above oo: it is a Belyi map adapted to the
exponents b, 2, 7. For a solution put
5 2
n=%€<@\{071}a 1—n=%7

and let A, be the fibre of ¢ above 7, that is, the Q-algebra

Ay =QIt]/(fy), folt) = 4859%(t) — n(4t — 1) = 100¢® + 80t" + 56t° + 56t° — 4nt + 1. (1.5)
It has dimension 8 and is étale (Lemma 2.1), and it is unramified at every prime other
than 2, 5 and 7 [23, Proposition 4.11]. Following the method of Darmon and Granville,
Putz [23, Chapter 4] determines the possible completions of A, at 2, 5 and 7, and at 3,
where A, is unramified but its possible completions still restrict the fields that can occur [23,

Theorem 4.6]. He then excludes the cases in which A, is not a field or has a subfield of degree
2 or 4 (using, among other tools, Chabauty’s method on elliptic curves), and enumerates

(1.4)
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the octic fields with the required local behaviour by targeted Hunter searches: enumerations
of the polynomials whose coefficients satisfy the bounds that follow from Hunter’s theorem
and the congruences modulo powers of 2, 3, 5 and 7 that the required completions impose.
The polynomials within Hunter’s bounds include a defining polynomial of every primitive
number field of a given degree and discriminant. The largest of these searches took about
46 000 hours of processor time [23, §3.7.1]. The outcome is his Theorem 4.33 (Theorem 2.2
below): for every solution, A, is isomorphic to the field

Lg = Q(a), h(a) =0,
h(z) = 2® + 42" — 282°% — 16825 — 140z + 56023 + 84022 — 480z — 940.
From this Putz derives congruence conditions on solutions, for example 5 | X and the
absence of solutions with 2 | X or 4 | Z [23, Theorem 4.34 and Corollary 4.35]. He discusses
three strategies for excluding Lg and leaves each open [23, §4.5]. In a lecture in April 2025,

Dahmen described partial resolutions for the signatures (2,5,7) and (3,5,7) under stringent
congruence conditions, from work in part joint with Siksek and Putz [5].

(1.6)

1.3. Main results. Theorem 1.1 below is our main unconditional result. Theorem 1.2,
which resolves the equation, combines it with Putz’s theorem and is conditional on that
theorem.

Let b be a root of ¢ in an algebraic closure of Lg. The polynomial 1 is irreducible over
Lg (Lemma 2.4), so Loy = Lg(b) is a field of degree 24.

Theorem 1.1. Let (X,Y,Z) be a solution of (1.1). Then A, is not isomorphic to Lg.

The proof uses the fact that the class number of Loy is 1 (Theorem 6.1), which we prove
in Appendix B without assuming the generalized Riemann hypothesis. Together with Putz’s
theorem, Theorem 1.1 gives:

Theorem 1.2. Assume that for every solution of (1.1) the algebra A, is isomorphic to Lg,
as Putz’s Theorem 4.33 [23] asserts (Theorem 2.2). Then the equation x>+ y® = 27 has no
solution in nonzero coprime integers x,y, z. Equivalently, none of the equations x> +vy° = 27,

22 +y" = 2% and 25 + y7 = 2% has a solution in nonzero coprime integers.

Proof. By hypothesis, a solution of (1.1) has A, ~ Lg, which Theorem 1.1 excludes. The
equivalent forms follow from Section 1.1. g

1.4. The idea of the proof. Suppose that A, ~ Lg, and let § € Lg be the image of the
class of ¢, so that f,(0) = 0, that is,

40°(0) = n (46 — 1). (1.7)

Since n = X5/Z7, (1.7) says that 0°¢(0) = X°(40 —1)/(4Z7). Over Loy the factor 6 — b of

1(0) becomes available, and the descent studies it modulo fifth powers, through the element

E = 80000 (6 — b) 1(6)® € Log. (1.8)

The constant 80000 = 27 - 5% only normalizes E. Its factor 5% cancels, up to fifth powers,

the denominator 25 of Ny, /7 (6 —b) = ¥(0)/25 (see (2.1)), since 80000%/25 = 22! . 510

(Proposition 3.2). Its factor 27 is a choice of normalization, with which the norm of E is 2

times a fifth power. Any other power of 2, or any other nonzero rational constant, would

serve equally well: it would change the class of E' by a fixed class, and the conditions below
accordingly.

The proof has four steps.
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(1) Descent (Section 3). Because X and Z are coprime, the valuation of E at every prime
of Lg4 not above 2, 5 or 7 is divisible by 5 (Proposition 3.1). So the class of E lies in
the finite group Lay(S,5) of classes in L,/L5] with this property, where S is the set of
primes of Log above 2, 5 and 7. Moreover, for every 6 € Lg the norm of F to Lg is 2
times a fifth power (Proposition 3.2). This is the reason for the factor ¥()3: up to a
constant it is the cube of the norm of 6 — b, and for any element u of a cubic extension,
u - N(u)? has norm N(u)!% a fifth power.

(2) Local conditions at 2 and 5 (Section 4). The field Los has a single prime above 2, and
it is totally ramified (Lemma 2.5). There the valuation of E is 3 modulo 5 for every
0 € Lg, a consequence of the norm identity (Lemma 4.1). At the seven primes above 5
the valuations of E modulo 5 are 2,3,0,0,0,0,0 for every solution (Proposition 4.2).
Because 6 generates Lg, the factorization of f, over Q5 must match the decomposition
of 5 in Lg, and Newton polygons then determine the valuations. The proof also shows
5¢YZ.

(3) Auziliary primes (Section 5). If a prime ¢ ¢ {2,5,7} divides XY Z, then n reduces
modulo ¢ to one of the branch points 0, co, 1 of ¢, and the splitting of A, at ¢ is
then of one of three restricted kinds, read off from the factorizations modulo ¢ of ¢, of
binomials s° — ¢ and s” — ¢, and of ¥ (Proposition 5.2). A search of the primes ¢ = 1
(mod 5) up to 700, for which F, contains the fifth roots of unity, finds sixteen at which
the splitting of Lg is of none of these kinds, so that ¢4 XY Z. Then the residues of § at
the primes of Lg above ¢ are roots of the reduction of f,, modulo ¢, which depends only
on 7 mod ¢. Running through all values of 7 mod ¢ and all such roots gives a finite set
I(q) that must contain the vector of fifth-power residue symbols of E at the primes of
Loy above g (Proposition 5.3).

(4) The sieve (Sections 6 and 7). Since the class number of Loy is 1 (Theorem 6.1), L24(S,5)
is the group of S-units of Loy modulo fifth powers. It has dimension 24 = r; +re—14+#S5
over F5, where (r1,72) = (2,11) is the signature of Loy and #S = 12, and Table 4 gives
a basis of it consisting of S-units. The norm condition cuts the possible classes of E to
an affine subspace of dimension 14, and the valuations at the primes above 5 cut it to
dimension 10. The sieve then uses the conditions at the five auxiliary primes with the
smallest proportion #I(q)/5™, where m is the number of primes of Log above ¢q. Taken
in turn, ¢ = 181,311, 131,251, 101 leave 36 875, 567, 19, 1 and 0 classes (Theorem 7.1).

The last step is a finite computation over F5, and all of its data are printed in Appendix A.
That five primes are enough is not surprising. At an auxiliary prime ¢ the norm condition
ties together the symbols of £ above each prime of Lg, so on the affine subspace of dimension
10 the vector of symbols at ¢ takes at most 5™~ values, where m’ is the number of primes
of Lg above q. At the five primes used it takes exactly 5™~ values, and the fraction of these
that lie in I(q) ranges from 59/5% at ¢ = 181 to 16/5* at ¢ = 101. If the five conditions were
independent, the expected number of surviving classes would be about 0.001 (Remark 7.3).
Section 8 applies the same computation to the fibres of ¢ above two rational points of
the twisted equation X° +2Y?2 = Z7 (n = —1 and n = 243). Each of these fibres is an octic
field K not isomorphic to Lg, and over K94 = Kg(b) the element defined as in (1.8) exists,
so its class must satisfy every condition. The sieve keeps exactly one class, the class of E.
This tests the conditions and their implementation on fibres where the answer is known.

1.5. Relation to earlier work. The field Log4, and the idea of a factorization into fifth
powers over it, are due to Putz. In [23, §4.5.2, pp. 150-152] he considers the compositum of Lg
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with the cubic field Q[U]/(U3 +8U? 456U + 560). Since U3 +8U2+ 56U + 560 = 40 (U/10),
this is Log4, with 10b as the root of the cubic. Putz writes r for our 6, and 6 for 10b.
For a solution with A, ~ Lg he puts w = 100Z [23, Lemma 4.38] and divides w and Z
by their greatest common divisor in Lg to obtain wg, z9. He shows that the cubic form
g(U, V) = U3 +8U%V +56UV? + 560V3 satisfies g(wo, 20) = ayg, with a and o in the ring
of integers of Lg and « divisible only by primes above 2, 5 and 7 [23, Proposition 4.39]. This
uses b | X and the triviality of the class group of Lg. Assuming that the class group of Loy is
trivial, and remarking that a class number prime to 5 may suffice, he writes the linear factor
g1(wo, 20) = wo — 10bzy as o137, with oy divisible only by primes above 2, 5 and 7. He
thereby reduces the problem to rational points on finitely many curves of genus 2 over Loy, a
route he did not pursue. Our element is closely related to his: E = g1 (w, Z) g(w, Z)3/(8Z1°),
so that, modulo fifth powers, E is 4 g1 (wo, 20) g(wo, 20)® (Remark 3.3).
What is new here is the following.

(i) The factor 1(#)3, which makes the norm of E a known class, the class of 2 in LY /L’
(Proposition 3.2). In Putz’s normalization the norm of g;(wo, 20) is g(wo, 20) = ¥y,
whose class, that of «, is unknown.

(ii) A direct proof that the class of E lies in Loy (S,5) (Proposition 3.1), which uses only
that X and Z are coprime: it needs neither the class number of Lg nor 5 | X.

(iii) The valuations of E at the primes above 2 and 5 (Section 4), derived from the isomor-
phism A, ~ Lg alone, without Putz’s congruence conditions.

(iv) The use of auxiliary primes in the descent. Putz used his local description of A, at
primes dividing XY Z (Proposition 5.2) to exclude ¢ | XY Z and restrict n modulo ¢
for ¢ = 11 and 197 [23, Theorem 4.34(v),(vi)|]. Here the same description restricts the
fifth-power residue symbols of E at sixteen primes, and a computation eliminates every
class (Sections 5, 6 and 7).

(v) A proof, without the generalized Riemann hypothesis, that Los has class number 1
(Appendix B), which Putz assumed in the approach recalled above.

Our proof of Theorem 1.1 is a descent of a familiar kind: the class of E lies in a finite group,
local conditions cut out a subset of it, and one shows that this subset is empty. For the
descent map on cyclic covers of the projective line see Poonen and Schaefer [19]. In the
partial descent of Siksek and Stoll [25] for 23 + y* + 2° = 0 and the two-cover descent of
Bruin and Stoll [3], sets of this kind are shown to be empty in order to prove that a curve
has no rational points. They also appear in the working paper of Dahmen and Siksek on
25 4+ y3 = 27 [6]. As in those descents, the norm class of E is known in advance, so that
the norm gives a fixed affine condition. The same finishing method, a fifth-power descent
completed by residue symbols at auxiliary primes, is used in our treatment of 2° +y3 = 27 [12,
§3], for a septic field left by the reduction there.

1.6. The inputs of the proof. The proof of Theorem 1.2 rests on the following.

(i) Putz’s Theorem 4.33 [23] (Theorem 2.2). It is part of a doctoral thesis and has not
appeared in a refereed journal. Its proof rests on local computations and elliptic-curve
Chabauty computations in MAGMA, and on Hunter searches run with a C++ program,
none of which we have repeated. Putz’s MAGMA scripts for the proofs of his Chapter 4,
with their outputs, are public [21], and so is his program for the Hunter searches [22].
The scripts do not ask MAGMA for class group bounds that assume the generalized
Riemann hypothesis. They compute 2-Selmer groups, rank bounds and Mordell-Weil



6 MANVIR JASWAL

subgroups of elliptic curves over number fields, which rest on class group and unit
computations, and neither the thesis nor the scripts say whether these were proved.
The repository of these scripts names MAGMA V2.28-8 as compatible, and Elsenhans
and Voight report that for some time before V2.29 a bug disabled the saturation step
with which MAGMA’s default class group computation confirms its result, although
they consider it unlikely that a wrong answer was returned [9)].

(ii) A criterion of Belabas, Diaz y Diaz and Friedman [1, Theorem 5.1], deduced from Weil’s
explicit formula [26] in the form given by Poitou [18], under which the prime ideals of
small norm generate the class group of a number field. It assumes no hypothesis on the
zeros of L-functions [1, §5]. With it and with computations of the kind described in
(iii), we prove in Appendix B that the class number of Loy is 1 (Theorem 6.1).

(iii) Explicit computations with PARI/GP [17] and Python. Each is stated in the text as
a numbered lemma, proposition, theorem or displayed identity, or as one of the steps
(a)—(c) of Appendix B.2. The data of the sieve are printed in Appendix A, and the
coefficients used for Theorem 6.1 in Table 9. The generators of the 665770 prime ideals
of Appendix B are too many to print, and the deposited programs [14] find each of
them again and check it as in Appendix B.2(c), in about an hour. Appendix C lists the
computations and says which were repeated by separately written programs.

Theorems 1.1 and 1.2 have been formalized in Lean 4 with Mathlib [13], following the proof
given here, with Theorem 7.1 checked from the data printed in Appendix A. The formal
statements take two hypotheses: Putz’s theorem, for Theorem 1.2 only, and the absence of
elements of order 5 in the class group of Log, a consequence of Theorem 6.1, whose proof in
Appendix B is not formalized. The formal proofs use only Lean’s standard axioms.

1.7. Plan of the paper. Section 2 states Putz’s theorem and describes the fields Lg and
Loy. Section 3 shows that the class of E lies in L94(S,5) and computes its norm to Lg,
Section 4 computes the valuations of E at the primes above 2 and 5, and Section 5 gives the
conditions at the auxiliary primes. Section 6 describes the group Lo4(S,5) and states the
class number of Lo4, and Section 7 carries out the sieve and proves Theorem 1.1. Section 8
shows, on two fibres of ¢ above points of a twisted equation, that the conditions keep a class
that exists. Appendix A prints the data, Appendix B proves that the class number of Loy is
1, and Appendix C describes the computations. Table 1 lists the main notation.

2. PuTZ’s THEOREM AND THE FIELDS Lg AND Loy

This section states Putz’s theorem and collects the facts about Lg and Loy that the later
sections use: their degrees, signatures and discriminants (Lemma 2.4), the primes of Loy
above 2, 5 and 7 (Lemma 2.5), and the roots of ¢ over Q5 (Lemma 2.6), on which the 5-adic
computations of Section 4 rest.

2.1. The fibre algebra. We keep the notation ¢, ¥, f,, A, of (1.2)-(1.5). For a variable
s put fq(t) = 459 (t) — s(4t —1).

Lemma 2.1. The discriminant of fs with respect to t is —228 - 512.77 . s4(s — 1)*. In
particular, for n € Q \ {0,1} the polynomial f, is separable of degree 8, and A,, is an étale
Q-algebra of dimension 8.

Proof. A direct computation (Appendix C) gives this formula, which agrees with [23,
Lemma 4.4]. The leading coefficient of f; is 100, so f, has degree 8. For n ¢ {0,1}
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Symbol Meaning

XY, Z a solution of (1.1); (X,Y,Z) = (y,x, z) for 2% + > = 27

U X°/z7

W, U 25t3 4 20t? + 14t + 14 and 10t* + 4¢3 + 2t2 + 2t — 1, with 4t5¢ — (4t — 1) = ¥?
Jas Ay 489(t) — (4 — 1); the algebra Q[1)/(f,)

h, a, Lg the octic polynomial (1.6); a root of h; the field Q(a)

0 the root of f,, in Lg given by an isomorphism A, ~ Lg

b, Loy a root of v; the field Lg(b) of degree 24

FE 80000(9 — b)w(9)3 € Loy

S the twelve primes PBq, ..., P12 of Loy above 2, 5, 7 (Table 2)

L24(S,5) classes in L, /L) with valuation divisible by 5 at every prime outside S
Bi,...,Bay the basis of Loy (S, 5) (Proposition 6.2, Table 4)

uy,...,u1g S-units of Lg used for the norm condition (Table 5)

N, T the norm matrix and the coordinate vector of 2 (Section 6.3)

Q the sixteen auxiliary primes (Proposition 5.4)

X9 the fifth-power residue symbol at a prime Q of Loy, with values in F5

I(q), M, the allowed symbol vectors of E at ¢; the symbols of By,..., Bos at g

TABLE 1. Main notation.

the discriminant is nonzero, so f, is separable, and a separable polynomial defines an étale
algebra. O

A solution of (1.1) in our sense is what Putz [23, §1.1 and §4.1] calls a nontrivial solution,
written (z,y, z) there. He attaches to it n = X°/Z7 and the algebra Q[t]/(w0(t) — n¢so(t))
with @o(t) = 4t>¢(t) and poo(t) = 4t — 1, which is our A,, and proves:

Theorem 2.2 (Putz [23, Theorem 4.33, p. 141]). Let (X,Y, Z) be a solution of (1.1). Then
A, is isomorphic to the field Ls = Q[z]/(h(x)) of (1.6).

Remark 2.3. This is the only result of [23] that we use. The congruence conditions of [23,
Theorem 4.34 and Corollary 4.35] play no role: Proposition 4.2 below recovers 51 Y Z from
the isomorphism A, ~ Lg alone, and the valuation of £ at the prime above 2 follows from
the norm identity of Proposition 3.2 (Lemma 4.1).

The thesis states its 2-adic conditions twice, and the two statements differ. In its cases
(a) and (b), [23, Theorem 4.2(i)] has Z = 3 and Z = 7 (mod 8), where [23, Theorem 4.34(i)]
has Z =5and Z =1 (mod 8). The proof of [23, Theorem 4.34(i)] describes the two cases
by v2(1 —n) = 2 with 1 —»n = 5 modulo squares, and by va(1 —n) > 4 with 1 —n = 1 modulo
squares. In both cases v2(1 —7) > 0, so Z is odd, because 1 —n = Y?/Z7 and Y, Z are
coprime. Then 1 — 7 is Z times a square in Q2, and the two cases give Z =5 and Z =1
(mod 8), as in [23, Theorem 4.34(i)]. So the congruences in [23, Theorem 4.2(i)] appear to
be misprints.

2.2. The fields. Let a be a root of h, so that Lg = Q(a), and let b be a root of 9 in an
algebraic closure of Lg.

Lemma 2.4. (a) The polynomial h is irreducible. The field Lg has signature (2,3) and
discriminant —2*.5%.77  and the index of Z[a] in the ring of integers of Lg is 27-5-41.
(b) The primes 2, 5, 7 factor in Lg as

2=p5,  S5=pipppl,  T=prpy,
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where all the primes shown have residue degree 1.
(¢) The polynomial ¢ is irreducible over Lg. Hence Loy = Lg(b) has degree 24, and for
teLg
Ny ns(t =) = (t = b1)(t = b2)(t — b3) = (t)/25, (2.1)
where by, ba, by are the roots of 1.
(d) The field Loy has signature (2,11) and discriminant —2% - 529 . 723, The element 5b is
an algebraic integer, a root of x3 + 4x% + 14z + 70.

Proof. Parts (a), (b) and the discriminant in (d) are computations with PARI/GP, listed
in Appendix C: nfinit and idealprimedec compute the rings of integers and the prime
decompositions, and nfcertify proves that the computed integral bases are bases of the
rings of integers (we then call the maximal orders certified). For (c¢): the coefficients 20, 14,
14 of 1) are even, 14 is not divisible by 4 and 25 is odd, so 9 is Eisenstein at 2 and Q(b) is a
cubic field. If ¢ were reducible over Lg, it would have a root there, and the cubic field Q(b)
would be a subfield of the octic field Lg, which is impossible as 3 1 8. Since the roots of 1) are
the conjugates of b over Lg, (2.1) follows. For (d): 1 has negative discriminant —22-57-7, so
it has one real root. Each of the two real embeddings of Lg therefore extends to exactly one
real embedding of Loy, and Loy has 2 real and (24 — 2)/2 = 11 pairs of complex embeddings.

Finally 54 (z/5) = 23 + 422 + 14z + 70. O
We will use the following norms from Q(b) to @, all read off from 9 (or its resultants):
N(b)= -4 N1 —4p) =2 — g9 N@OB)=22-5-7, (22

together with 1(0) = 14 and (1/4) = 5% - 72/25.

2.3. The primes of La4 above 2, 5 and 7. For a prime P8 of Loy above a rational prime
p, with p =B N Lg, we call the triple

(e(B/p), f(B/p), elp/p))
the label of .

Lemma 2.5. There are twelve primes of Loy above 2, 5 and 7, with the following labels:

labels of the primes of Loy above p

(24,1,8)

(1,1,1), (2,1,1), (5,1,5), (10,1,5), and (2,1,2) three times

(1,1,1), (2,1,1), (7,1,7), (14,1,7)

In particular the prime po of Lg above b splits into three primes of Loy, each of ramification
index and residue degree 1 over pc. So 1 splits completely over the completion Lgy., .

ENIG I ORI

Proof. The labels are computed by idealprimedec (Appendix C). They can also be seen
by hand from the local structure of ¢ and Lg. Since Loy = Lg ®g Q(b), for each prime p
we have Loy ® Q) = (Lg ® Qp) ®q, (Q(b) ® Qp). At 2, 1 is Eisenstein and Lg ® Q2 is a
totally ramified field of degree 8. The ramification indices 3 and 8 are coprime, so the tensor
product is a field with e = 24. At 5, Q(b) @ Q5 = Q5 x Q5(b2) with Q5(b2) ramified quadratic
(Lemma 2.6 below), and Lg ® Qs = Lgp, X Lgp, X Lgp, with Lgp, = Qs and Lgyp,, Ly,
totally ramified of degrees 5 and 2. The factors are Lgp, ® Qs (label (1,1,1)), Lgp, ® Q5(b2)
(label (2,1,1)), Lgy, ®Qs (label (5,1,5)), Ly, @Q5(b2) (a field with e = 10, label (10, 1, 5)),
Lgp, ® Qs (label (2,1,2)), and Lgp. ® Qs(b2). For the last one, Lg ., ~ Qs(b2), so it is a
product of two fields, each isomorphic to Lg . (as the labels computed by idealprimedec
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also show). Indeed, h(y —3) = y® — 20y " + 140y5 — 420y° + 490y* — 28y — 420y + 420y — 175
has 5-adic Newton polygon with vertices (0,2), (1,1), (3,0), (8,0), so its two roots of
valuation 1/2, which generate Lg,. ., satisfy y? = 15u with v = 1 modulo the maximal
ideal (the terms 420y and —28y3 dominate), and Lg . = Q5(1/15); and since b; € Q5 and
discyp = 25%¢/(b1)*(by — b3)?, we have Qs(bs) = Qs(vdisc ) = Qs5(v=35) = Q5(V15),
because —35/15 = —7/3 =1 (mod 5) is a square in Q5. At 7, ¢ has one root in Z7 and two
roots generating a ramified quadratic extension, and Lg ® Q7 is the product of Q7 and a
totally ramified field of degree 7. The four products give the four labels. U

We number the twelve primes Py, ..., P12 as in Table 2. Each *3; is generated by the
element B; of Table 4 (Proposition 6.2(i)). The two primes above 5 with labels (1,1,1) and

(2,1,1) are P3 and Ps.

prime p label prime p label
Tro 2 (24,1,8) Br 5 (51,5
B2 o (2,172) Bs 5 (27172)
m?» o (17171) Y‘BQ 7 (17171)
PBs 5 (2,1,2) Po 7 (7,1,7)
Ts 5 (21,1 Pu 7 (14,1,7)
Bs 5 (10,1,5) Pz 7 (2,1,1)

TABLE 2. The primes 3; = B;Or,, of Loy above 2, 5 and 7 and their labels
(e(Bi/p), f(Bi/p),e(Pi N Ls/p)).

From now on vs denotes the valuation on an algebraic closure of Q5 with vs(5) = 1.

Lemma 2.6. Over Qs, the polynomial ¢ has exactly one root by € Zs; it satisfies by = —1
(mod 5), vs(4by — 1) = 2 and vs(¢'(b1)) = 0. The other two roots be, bs have vs(by) =
v5(b3) = —1 and vs(by — b3) = 3/2, and Qs(b2) = Q5(b3) is a ramified quadratic extension
of Qs.

Proof. The 5-adic valuations of the coefficients of ¢ at t9, ¢, ¢, t3 are 0,0, 1,2, so the Newton
polygon has vertices (0,0), (1,0), (3,2): one root of valuation 0 and two of valuation —1.
Modulo 5, 1 = 14(¢ + 1), so the unit root is a simple root modulo 5, lies in Zs by Hensel’s
lemma, and is = —1. Since [[;(1—4b;) = 49 is a 5-adic unit and vs(1—4by) = v5(1—4b3) = —1,
we get v5(1 — 4by) = 2. Next, ¢/(b1) = 25(by — be)(by — b3) has valuation 2 —1 —1 = 0.
From disct) = —22-57 - 7 = 254 [[,;(bi — b;)* we get 7 =84 2(—1 — 1 4 v5(ba — b3)), so
1)5([)2 — bg) = 3/2. As b3 = —4/5 —b—by € Qg,(bg) and 1}5(b2 — b3) §é 7., the extension
Q5(b2)/Q5 is ramified of degree 2. O

3. THE DESCENT ELEMENT AND ITS NORM

A solution with A, ~ Lg gives an element I of Loy whose class modulo fifth powers lies
in a finite group Lo4(S,5) (Proposition 3.1) and whose norm to Lg is 2 times a fifth power
(Proposition 3.2). The first fact reduces the problem to finitely many classes, and the second
gives the norm condition (N) of Section 7.

Let S be the set of the twelve primes of Loy above 2, 5 and 7, and let

Loa(S,5) = {a € L3, /LYY + vp(a) =0 (mod 5) for every prime B ¢ S}, (3.1)
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where vy is the normalized valuation of P (v (Lay) = Z). The group Lo (S, 5) is a finite-
dimensional vector space over F5 (Section 6).

Suppose (X,Y, Z) is a solution with A, ~ Lg. Fix such an isomorphism and let 6 € Lg
be the image of the class of t. Then 6 generates Lg, and (1.7) holds. The next proposition
uses much less: only coprime nonzero integers X, Z and a root 6 of f, in a number field
containing b. Section 8 uses this generality.

Proposition 3.1. Let X, Z be coprime nonzero integers andn = X°/Z7. Let K be a number
field containing b and an element 0 with f,(0) = 0, and put E = 80000(0 — b)y(0)® € K.
Then:

(i) ¥(0) #0 and 0 #b, so E # 0;

(ii) vp(E) =0 (mod 5) for every prime P of K not above 2, 5 or 7;

(ili) vp(E) =0 for every prime P of K above a prime p ¢ {2,5,7} withpt XZ.
In particular, if (X,Y,Z) is a solution with A, ~ Lg and 0 € Lg is as above, then the class
of E lies in Loy(S,5).

Proof. Since f,(6) = 0, the element 6 satisfies (1.7). (i) If (0) = 0 then (1.7) gives
n(40 —1) =0, s0 6§ = 1/4. But ¥(1/4) = 52 - 72/25 # 0. Hence (6) # 0, and so 6 # b.

For (ii) and (iii), let P be a prime of K above p ¢ {2,5,7}, write v = vy and e = v(p).
Since 5b is integral and p # 5, b is P-integral, and so are 1 — 4b and ¢’ (b). Their norms to
Q in (2.2) are prime to p, so all three are units at every prime above p: an element that
is integral at every prime above p and whose norm is prime to p is a unit at each of these

primes. Write v (t) = 25(t — b)y1(t), where
Pi(t) ="+ (b+ 5)t+ (0" + 50 + 35) € Q)Y
has P-integral coefficients and ¢1(b) = ¢'(b)/25, a P-unit. Finally v(n) = e (5v,(X) —

Tvp(Z)), and at most one of v,(X), v,(Z) is positive.
Case pt Z. Then v(n) = bevy(X) > 0.

(a) v(0) > 0. Otherwise v(1)(0)) = 3v(), as 256° has strictly smaller valuation than the
other three terms of ¢(0), and v(40 — 1) = v(#). Then (1.7) gives 8v(#) = v(n) + v(6),
so Tv(0) = v(n) > 0, a contradiction.

(b) v(46 — 1) = 0. Otherwise § = 1/4 (mod ), so # is a unit and ¥ (0) = ¥ (1/4) is a unit.
The left side of (1.7) is then a unit, while the right side has positive valuation.

(c) Hence 5v(0) + v(¢(8)) = v(n), that is,

50(0) +v(0 = b) + v(11(0)) = v(n),
and the three terms on the left are > 0, since 0, b and the coefficients of v, are
PB-integral.

(d) At most one of these three terms is positive. If v(6 ) > 0 then § — b = —b and
P(0) = ¢(0) = 14 are units, so v(f —b) = v(¢1(0)) =0. If v(§ —b) >0 then f =bis a
unit and ¥1(0) = ¢1(b) is a unit.

So v(8 — b) and v(1p(0)) = v(0 — b) + v(¢1(#)) both lie in {0,v(n)} C 5Z. As v(80000) = 0,

we get v(E) =v(0 —b) + 3v(¢(0)) =0 (mod 5), and v(E) = 0 if moreover p 1 X, because

then v(n) = 0.

Case p | Z. Then p{ X, and v(n) = —Tem with m = v,(Z) > 1.

(a) If v(@) > 0, the left side of (1.7) is integral, so v(46 — 1) > 7em > 0. Then 6 = 1/4, so
0—b=(1-4b)/4 and ¥(f) = (1/4) are units, and v(E) = 0.
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(b) If v(f) < 0, then as before v(1(0)) = 3v(f) and v(40 — 1) = v(#), and (1.7) gives
Tv(0) = v(n) = —Tem, so v(f) = —em. Then v(f — b) = —em and v(¢(0)) = —3em, so
v(E) = —10em =0 (mod 5).

This proves (ii) and (iii). The last assertion is (ii) applied to K = Loy. O
Proposition 3.2. For every 6 € Lg with ¢(6) # 0,

Np,./Ls (80000 (0 — ) (0)F) = 221510 45(0) 10 = 2 (2* - 52 - 4(9)2)”.
In particular Ny, /1, (E) = 2 modulo L3,

Proof. By (2.1), Np,,/1,(0 — b) = (6)/25, while 80000 = 27 - 5* and () lie in Lg, so their
norms are their cubes. Hence the norm is 800003 - (v(6)/25) - () = 221 . 510.45(9)10. O

Remark 3.3. In the notation of [23, §4.5.2] recalled in Section 1.5, put w = 100Z. Then
g1(w,Z) =w—10bZ = 10Z(0 — b) and g(w, Z) = w3 + 8w?Z + 56wZ? + 56023 = 40Z3(0),
S0

E = gl(w>Z) g(wvz)g

- 8710 )
Here 80000 = 10 - 403/8, and the factor 1/8 turns the power 2'° in 10 - 40% = 2!0. 5% into
the power 27 chosen in Section 1.4. The product g1¢° is homogeneous of degree 10, so if
w = dwy and Z = dzp with d € L§, then modulo fifth powers E is 4 g1 (wo, 20) g(wo, 20)?,
that is, Putz’s linear factor g1 (wo, 29) multiplied by the element 4 g(wp, 20)% of Lg. Since
N4/ (91(wo, 20)) = g(wo, 20), the norm of g1 (wo, 20)g(wo, 20)® is g(wo, 20)*, which is why
the class of the norm of E does not depend on the solution.

4. THE VALUATIONS OF F AT THE PRIMES ABOVE 2 AND 5

At the prime of Lyy above 2 the valuation of E modulo 5 follows from the norm identity
(Lemma 4.1). At the seven primes above 5 the values are the same for every solution
(Proposition 4.2) and give the condition (V) of Section 7. Without (V) the sieve does not
eliminate every class (Remark 7.2(d)).

4.1. The prime above 2.
Lemma 4.1. Let By be the prime of Loy above 2. For every 6 € Lg with ¢(0) # 0,
vy, (80000 (6 — b) 1(0)*) =3 (mod 5).
Proof. As By is the only prime of Los above 2 and f(3:/2) = 1, we have vy, (o) =
v2(Np,, /(@) for o € Ly,;. By Proposition 3.2,
Niya(E) = Npyjg (22510 9(6)'°) = 2195 550 N, g (1:(6))",

so vy, (E) = 168 + 10v2 (N, /(¥ (#)) ) = 168 = 3 (mod 5). O

So the norm condition (N) of Section 7 already fixes the valuation at 3; (Remark 7.2(a)).
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4.2. The primes above 5. Recall from Lemmas 2.4, 2.5 and 2.6 the primes pa,pp, pc
of Lg above 5, with ramification indices 5, 1, 2, and the roots by € Zs and by, bg of 1 over
Qs. For a prime P of Loy above 5 we have vy (o) = e(/5) vs(cr), where « is viewed in the
completion Loy sz and vs is extended to it.

Proposition 4.2. Let (X,Y,Z) be a solution with A, ~ Lg, and let 0 and E be as in
Section 3. Then 51Y Z. Put n = vs(n) = 5v5(X) > 0. The valuations of E at the seven
primes of Loy above 5 are

label of P (1,1,1) (2,1,1) (5,1,5) (10,1,5) (2,1,2), three primes

v (E) dn+12 6n+ 18 20 30 6n + 30, 8n + 35, 6n + 35
vp(E) mod 5 2 3 0 0 0,0,0
With the numbering of Table 2: vy, (E) = 2, vp,(F) = 3, and vp,(E) = 0 (mod 5) for
i€ {2,4,6,7,8).

The proof uses the hypothesis A, ~ Lg only through the fact that ¢ generates Lg, so that

Ls®Qs ~ Qs[t]/(fy),  t— 6. (4.1)

The left side is the product of the three fields Lgy,, Lsp, = Qs, Ly, of degrees 5, 1, 2
and ramification indices 5, 1, 2. Under (4.1) the image 6, of 6 in Lg) generates Lg, and
is a root of f,. Its minimal polynomial over Q@5 is an irreducible factor of f, of degree
[Lgp : Qs], and different primes give different factors. We write 64, 0p, 6 for the images of
0 in Lgy,,Lsp,, Lep,. From (1.7), since v5(4) = 0, for e € {A, B,C'}

vs(10(0e)) = v5(n) +v5(40s — 1) = 505(0s),  ©(0s) = 25(0s — b1)(0s — b2)(be — b3). (4.2)

Proof. Step 1: 54 Z. Suppose m = v5(Z) > 1, so 51 X and vs(n) = —7m. The 5-adic
valuations of the coefficients of f, = 100t8 +80t7 + 5610 4+ 561> —dnt +n at t3,¢7,¢6, 45, ¢1, 10 are
2,1,0,0, —7m, —7m. The points (5,0), (6,0), (7,1) lie above the segment joining (1, —7m)
to (8,2), so the Newton polygon has vertices (0, —7m), (1, —=7m), (8,2). The second segment
has length 7 and slope (7m 4+ 2)/7, whose denominator in lowest terms is 7. So Qs[t]/(fy)
has a factor field whose ramification index is divisible by 7, whereas the factors of Lg ® Q5
have ramification indices 5, 1, 2. This contradicts (4.1).

So 51 Z and n = vs(n) = bv5(X) > 0. We now determine 04,65, 6c.

Step 2: the case n > 0. The valuations of the coefficients are 2,1,0,0 at t3,¢7,¢5, > and
n,n at t1,t°. The Newton polygon has vertices (0,n), (5,0), (6,0), (8,2) (the point (1,n) lies
above the first segment and (7,1) lies on the last). So f, = gagpgc over Q5 with deg g4 = 5,
deggp = 1, deg gc = 2, and the roots of g4, gp, go have valuations n/5, 0, —1. The algebra
[1Qs5]t]/(ge) has at least three factor fields, with equality only if every ge is irreducible.
By (4.1) it has exactly three, of degrees 5,1,2. Hence 04, 0p, 0c are roots of ga, gB, gc:
vs(04) =n/b, Op € Z;, vs(0c) = —1.

Step 3: the case n = 0. Now 7 is a 5-adic unit. The Newton polygon has vertices (0, 0),
(6,0), (8,2): six unit roots and two roots of valuation —1. The two roots of valuation —1
form a factor of f,, of degree 2. By (4.1) the corresponding factor of Qs[t]/(fy) is a product
of some of the fields Lgy, so it is Lgy,,, the only one of degree 2. So v5(0c) = —1, while
0p € Zz and 04 is a unit generating the totally ramified quintic field Lg,,. Modulo 5,

=0+ 4nt+n=0+ 1" +n) = (t+1)(t+n)°,

so every unit root is congruent to —1 or to —n modulo the maximal ideal.
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For a unit root 0 € {04,0p5} we have vs(0e — ba) = v5(0e — b3) = —1, s0 v5(¢(fe)) =
v5(0e — b1), and (4.2) gives v5(1)(0s)) = v5(46s — 1). Hence

v5(0e — b1) = v5(¥(0a)) = v5(0e — 7) for 04 € {04,605} (when n = 0). (4.3)

Put F(s) = f,(3 +5) = >_;¢;s?. Tts roots are the numbers 6 — 1 for the roots 6 of f,, and
all ¢; are 5-integral. The constant term ¢ = f,,(1) = 1()/256 = 1225/16384 has v5(co) = 2,
and

o= fi() =85 —dn=—82 —4(n-1).
The product of the roots of F'is ¢y/100, of valuation 0, and the two roots coming from ¢
and its conjugate have valuation —1 each. So the valuations vs (6 — %) of the six unit roots
add up to 2.

Step 4: 51Y. Suppose 5 | Y. Then n = 0 and vs(1 — 1) = v5(Y2/Z7) = 205(Y) > 2.
Son =1 (mod 5), and all six unit roots are = —1 = I modulo the maximal ideal. Thus
wp = vs(0p — %) is a positive integer (0p # i as cg #0), and wg = v5(04 — %), the same for
the five conjugates of 64 over QQs, is a positive element of %Z because Lgy, has ramification
index 5. From wp + 5wa = 2 we get wp = 1 and wy = é So F' has exactly one root of
valuation 1 and no root of larger valuation, and the first segment of its Newton polygon
joins (0,2) to (1,1), so vs(c1) = 1. But v5(1225) = 2 and vs(n — 1) > 2 give vs(c1) > 2. This
contradiction shows 51 Y.

Step 5: the case n = 0, continued. Now 51 XY Z, son # 0,1 (mod 5). The factors ¢t + 1
and (t + )5 are coprime modulo 5, so by Hensel’s lemma the factor of fn with the six unit
roots is the product over Q5 of a linear factor with root = —1 and a quintic factor with
roots = —1. Comparing degrees with Lg,, and Lgy,, we get 0p = —1 and 04 = —n. Hence
04 % %, that is, v5(04 — ) = 0. Also vs(c1) = v5(4(n — 1)) = 0. The Newton polygon of F
therefore begins with the segment from (0,2) to (1,0): exactly one root of F' has positive
valuation, and its valuation is 2. This root is 5 — 3, so by (4.3)

1)5(93 - bl) == ’()5(1!}(93)) == 2, ’U5(9A - bl) == U5(L/J(9A)) =0.
Step 6: the valuations of 0 — b; and (). We show, for all n > 0:

(a) ’1)5(9,4 — bl) = 0, 1)5(9,4 — bg) = 1)5((9,4 — b3> = -1 and U5(¢(0A>) = 0;
(b) 1}5(03 — bl) = U5(77D((93)) =n-+ 2, and 1}5(93 - bg) = 1)5(03 — bg) = —1;
(¢) vs(0c —b1) = =1, vs(¢(0c)) = n + 4, and {vs(0c — b2), v5(0c — b3)} = {n + 3, 5}.
For n = 0, (a) and the first part of (b) are Step 5. For n > 0: in (a), v5(604) = n/5 > 0,
s0 04 — by = —bp is a unit and ¥(04) = 14 is a unit. In (b), put s = 0 — b;. By (4.2),
vs(s) = vs(¥(0B)) =n+v5(40p — 1), where 40 — 1 = (4by — 1) + 4s and v5(4b; — 1) = 2.
If v5(s) < 2 then vs(40p — 1) = vs(s) and n = 0. If vs(s) = 2 then v5(40p — 1) > 2 and
v5(8) > n+2 > 2. Both are impossible, so v5(s) > 2, v5(46p —1) = 2 and v5(s) = n+2. The
remaining statements in (a) and (b) hold because 0 4, 0 are integral and vs(by) = v5(b3) = —1.
In (c), for all n > 0: v5(0c) = —1 gives v5(40c — 1) = —1 and v5(6c — by) = —1, so by (4.2)
vs(¥(0c)) =n—14+5=n+4and

115(90—1)2)—}—1)5((90—()3) =n+4—-2+1=n-+3.
Since vs(by — b3) = 3 (Lemma 2.6), if one of the two valuations exceeds 3 the other equals
3. If neither does, their sum is at most 3. For n > 0 this gives {n + 3,3}, For n = 0 the
sum is 3 and both equal %
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Step 7: the primes of Loy above 5. As in the proof of Lemma 2.5, each prime P of Loy
above 5 corresponds to a factor of Lgy ® (Qs5 x Q5(b2)) for p € {pa,pp,pc}, and in Loy
the elements # and b map to 6, and to by (in the factor Lg, ® Qs5) or to by or bs (in the
other). By Lemma 2.5, Lg ., ~ Q5(b2), so Lgp, @ Qs5(b2) is a product of two copies of Lg p.,,
in which b maps to by and to bs respectively. All three primes above po have e(3/5) = 2.
Using vg(E) = e(P/5) (v5(80000) + vs(0y — bi) + 3vs(1)(0y))), where b; is the image of b in
Loy sp, with v5(80000) = 4, Step 6 gives:

e above pp: at (1,1,1), b — by and vp(E) =4+ (n+2) +3(n +2) = 4n+12; at (2,1,1),
b= by and vp(E) =2(4 —1+3(n+2)) =6n+ 18;

e above pa: at (5,1,5), b — by and vp(E) = 5-4 = 20; at (10,1,5), b — by and
vp(F) =10(4 - 1) = 30;

e above pc: with b+ by, vp(E) =2(4 -1+ 3(n+4)) = 6n + 30; with b mapped to a
root b; € {ba, bs} with vs(0c —b;) =n+ 3, vp(E) =2 (4 +n+ 3 +3(n+4)) = 8n + 35;
with b mapped to the other one, vp(E) =2 (4 + 3 4 3(n+4)) = 6n + 35.

Since n = 5v5(X) =0 (mod 5), the residues modulo 5 are as stated. O

Remark 4.3. The labels do not distinguish the three primes with label (2, 1,2), and the proof
does not determine which of them carries which of the values 6n + 30, 8n + 35, 6n 4+ 35. All
three values are = 0 (mod 5), so condition (V) is the same for every assignment. Condition
(V) concerns only the primes above 5: the valuations of F at the primes above 7 are left free.

5. AUXILIARY PRIMES

Here we derive the condition (Q) of Section 7. For sixteen primes ¢ = 1 (mod 5), the
splitting of Lg at ¢ shows that g1 XY Z (Corollary 5.5). At such a prime the residue of 6 at
each prime of Lg above ¢ is a root of f;, where /) = 1 mod ¢. So the vector of fifth-power
residue symbols of E at the primes of Loy above ¢ lies in a finite set I(gq), which can be
computed without knowing the solution (Proposition 5.3).

Throughout this section ¢ is a prime, ¢ ¢ {2,5,7}. Then ¢ is unramified in Lg and in Loyg
(Lemma 2.4). For a prime q of Lg or Q of Loy above g we write k(q), k(Q) for the residue
fields and f(q) = [k(q) : Fy].

5.1. Definitions. The type of a nonzero polynomial over I, is the multiset of the degrees
of its irreducible factors, counted with multiplicity. The type of Lg at q is the multiset
{f(q) : q | ¢}. The type of an unramified étale Q -algebra is the multiset of residue degrees
of its factor fields. It is the multiset of orbit sizes of Frobenius on the roots of any defining
polynomial. If a defining polynomial has coefficients in Z,, a unit leading coefficient and a
separable reduction modulo ¢, this multiset is the type of that reduction.

For ¢ =1 (mod 5) let ¢, € F, be the ((¢ — 1)/5)-th power of the least positive primitive
root modulo ¢. It is a primitive fifth root of unity in F,. For a prime Q of Lo4 above ¢ and
a N-unit «, the fifth-power residue symbol xq(c) € F5 is defined by

o #EQ)-1)/5 — quQ(a) (mod Q). (5.1)

It is a homomorphism from the Q-units to F5 that vanishes on fifth powers. We use the
same notation for an element & € k(Q)*. For a prime q of Lg above ¢ the symbol x4 is
defined in the same way, with k(q) in place of k(Q).

Definition 5.1. Let ¢ =1 (mod 5). Call € F, \ {0,1} admissible if the type of fj(t) =
A5 (t) — (4t — 1) € Fy[t] is the type of Lg at q. For admissible 7, an admissible family is a
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choice, for each prime q of Lg above g, of a root tq € k(q) of f; whose minimal polynomial
over [F, has degree f(q), such that these minimal polynomials are pairwise distinct. Let
I(q) C FZ', where m is the number of primes 9y, ...,Q,, of Ly above ¢, be the set of the
vectors

(Xﬂk (80000 (t% - B) 7/}(tQk)3));n:la qr = Qr N Ls,

over all admissible 77 and all admissible families. Here b is the residue of b modulo 9, and
tq, is viewed in k(Qy) through the inclusion k(qy) C k(Qs) induced by Lg C Log.

The arguments of the symbols are nonzero: if ¢ is a root of f; with 17 # 0 and ¥ (t) =0
then 7j(4t — 1) = 0, s0 t = %. But (1) =52-72/26 £ 0 in F,. So ¢(t) # 0, and in particular
t #b.

5.2. The local algebras when g divides XY Z. The next proposition is a version of [23,
Proposition 4.11 and Table 4.12], proved here in the form used below.

Proposition 5.2. Let (X,Y,Z) be a solution and q ¢ {2,5,7}.

(a) If ¢ | X, then A, ® Qg is unramified and its type is type(y) mod q) U type(s® — ¢) for
some c € F.

(b) If q | Z, then A, ® Qq is unramified and its type is {1} Utype(s” — ¢) for some c € F)*.

(c) Let U; run over the irreducible factors of ¥ mod q, let d; = deg ¥, and let r; € F 4,
be a root of W;. If q | Y, then A, ® Qg is unramified, and there is o € Fg such that
its type is the union of the T;, where T; = {d;,d;} if a(4r; — 1) is a square in F e, and
T; = {2d;} otherwise.

Proof. (a) Here ¢ { Z and v,(n) = 5k with k = v,(X) > 1. Write n = ¢**n9 with 1y € Ly -
The coeflicients of f, have valuations 0 at t8,¢7,16,¢° and 5k at t', ", so the Newton polygon
has vertices (0,5k), (5,0), (8,0), and f, = GH over Q,, where G has the five roots of
valuation k and H the three unit roots. Since f, = 4t°1(t) (mod ¢) and ¥(0) # 0, the unit
roots reduce to the roots of 1) mod g, which is separable of degree 3 (disc¢) = —22-57 - 7,
leading coefficient 25). So Q,[t]/(H) is unramified of type type(y) mod ¢). For G, the
polynomial F(s) = ¢~ 5% f,(¢"s) = 4s5¢(q¥s) — no(4¢"s — 1) has integral coefficients and
F =565 + 19 (mod ¢), which is separable of degree 5. So F has five integral roots, distinct
modulo ¢; they are the roots of G divided by ¢*. Hence Qq[t]/(G) is unramified of type
type(s® — ¢) with ¢ = —19/56 mod q.

(b) Here ¢ { X and vy(n) = —7k with k = v,(Z) > 1. Write n = ¢~ with 1y € Ly -
Then

B(t) = ¢ £, (¢7*t) = 100t* + 80¢"t" 4 56¢%*1 + 56¢° > — 4t + m1 ¢
=4t (25t" — 1) (mod q),
which is separable. As Qq[t]/(f;) ~ Qq[t]/(®), the algebra is unramified of type {1} U
type(s” — ¢) with ¢ = 11/25 mod q.

(c) Here vy(n — 1) = v,(=Y?/Z7) = 2k with k = v,(Y) > 1. Write n — 1 = ¢**a with
a€Zy. By (1.3), fn = U2 — ¢®* (4t —1). The polynomial ¥ mod ¢ is separable of degree 4
(disc U = —26.5%. 73, leading coefficient 10), and W(}) = —35/128 # 0. Let 7 be a root of ¥
in the maximal unramified extension W of Q,, with reduction r. In F,(s) = ¢~2* Jn(F 4 q~s)
the coefficient of s7 is qU=2k £ (7)/j1: it is —a(47 — 1) for j = 0, —dag" for j = 1, /()2
for j = 2, and divisible by ¢ for j > 3. So F, = ¥'(r)?s%2 — a(4r — 1) (mod q), a separable
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quadratic. Its two roots lift to roots s € W, and the eight numbers 7 + ¢*s (four 7, two s
each) are distinct roots of f,, hence all of them. So the algebra is unramified, and Frobenius
permutes the pairs (r, s), where s is the reduction of s. If r is a root of the irreducible
factor ¥; of ¥ mod ¢, the orbit of (r,s) has size d; if s € Fa;, that is, if a(4r — 1)/ (r)?,
equivalently a(4r — 1), is a square in F,a;, and size 2d; otherwise. O

5.3. Primes not dividing XY Z.

Proposition 5.3. Let (X,Y,Z) be a solution with A, ~ Lg, and let 0 and E be as in
Section 3. Let q ¢ {2,5,7} with ¢t XY Z, and 7 = n mod q. Then 7 ¢ {0,1}, the polynomial
f7 is separable of degree 8 and its type is the type of Lg at q. For each prime q of Lg above
q, 0 is q-integral, its residue éq € k(q) is a root of fi with minimal polynomial of degree
f(q), and these minimal polynomials are pairwise distinct. The element E is a unit at every
prime Q of Loy above q, with

E = 80000 (0 — b)(0,)* (mod Q), qg=90nLs.

Consequently, if also g =1 (mod 5), then (XQ(E))DM € I(q).

Proof. Since ¢t XY Z and 1 —n=Y?/Z7, 5 is g-integral with 77 # 0,1. By Lemma 2.1, f;
is separable (its leading coefficient 100 is a unit). Then f, /100 € Z,[t] is monic with unit
discriminant, so Z4[t]/(fy,) is étale over Z, and is the maximal order of Qq[t]/(fy) ~ Ls ® Qq
(t — 6). Hence 0 is integral at every q | ¢, and reduction gives an isomorphism Fg[t]/(f7) =~

[Lq, %(a), t = (0y). The left side is a product of fields, one for each irreducible factor of fj.

An isomorphism between finite products of fields matches the factors bijectively. So each éq
is a root of exactly one irreducible factor of fj, which is its minimal polynomial and has
degree f(q), and different primes q give different factors. In particular the type of fj is the
type of Lg at q. By Proposition 3.1(iii), £ is a unit at every £ | ¢, and since the reductions
of Lg and Lag are compatible with k(q) C k(Q), E reduces to 80000(6, — b)1(0y)3. So 7 is
admissible and (f)4 is an admissible family, which gives the last assertion. O

5.4. The auxiliary primes. We searched the primes ¢ =1 (mod 5) up to 700 for primes
at which the splitting of Lg excludes ¢ | XY Z. Sixteen of them qualify, more than the sieve
of Section 7 needs.

Proposition 5.4. Among the primes ¢ =1 (mod 5) with 11 < g < 700, the type of Lg at
q is not of any of the forms (a), (b), (c) of Proposition 5.2 (for any ¢, «) exactly for the
sizteen primes

g € O ={11,101,131, 181, 211,251,271, 311, 331, 401, 431, 461, 541, 601, 631, 661}.

For these primes the types, the numbers of admissible residues 7, the numbers m of primes
of Loy above q, and the sizes of the sets 1(q) are those of Table 3; the sets I1(q) are listed in
Appendiz A.5.

Proof. A finite computation (Appendix C): for each prime ¢ = 1 (mod 5) up to 700, list all
the types of the forms (a), (b), (c) over all ¢, € F and compare with the type of Lg at g.
For g € O, enumerate the admissible 77 and families and compute the symbols. The type of
Lg at ¢ is read off from the prime decomposition of ¢ in Lg. For ¢ € Q the prime g does not
divide the index 27 - 5 - 41 of Z[a], so by the Dedekind-Kummer theorem it is also the type
of h mod ¢q. For ¢ = 41, which divides the index, the type of Lg at ¢ is {1,2,5}, which is of
the form (a). O
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q typeof Ly #n m #I(q) q typeof Ly #n m #I(q)
11 1,1,2,4 1 4 1 331 44 23 6 21
101 23,3 5 7 16 401 1,7 102 2 1
131 2,24 9 9 112 431 1,7 144 2 1
181 1,1,1,2,3 9 11 59 461 1,34 0 7 84
211 2,6 37 4 24 541 1,7 162 2 1
251 2,2,4 6 9 172 601 1,16 105 7 120
271 8 71 3 5 631 1,223 56 6 25
311 1,1,1,1.4 6 11 240 661 2,33 28 7 68

TABLE 3. The sixteen auxiliary primes: the type of Lg at ¢, the number of
admissible residues 7 € Fy, the number m of primes of Loy above ¢, and the
size of 1(q).

Corollary 5.5. Let (X,Y, Z) be a solution with A, ~ Lg. For every q € Q we have ¢t XY Z
and (XQ(E))qu € I(q).

Proof. If q | XY Z, then by Proposition 5.2 the type of A, ~ Lg at ¢ would be of one of
the forms (a), (b), (c¢), which Proposition 5.4 excludes. So ¢ ¥ XY Z, and Proposition 5.3
applies. ]

Remark 5.6. The single admissible residue at ¢ = 11 is 7 = 7, in agreement with [23,
Theorem 4.34(v)].

6. THE GROUP Loy(S,5)

The sieve of Section 7 is carried out in coordinates on Lo4(S,5). Since the class number of
Loy is 1, Loy(S,5) is the group of S-units of Lgy modulo fifth powers, with an explicit basis
(Proposition 6.2). The norm from Loy to Lg is given by an explicit matrix (Lemma 6.3).

6.1. The class number of Log4.
Theorem 6.1. The class number of Loy is 1.

Appendix B proves it without assuming the generalized Riemann hypothesis. The
descent uses only the consequence that 5 does not divide the class number of Loy, through
Proposition 6.2(ii) below, and nothing about the class group of Ls.

6.2. A basis. Let Og be the ring of S-integers of Los. If o € L, represents a class in
L24(S,5), then a Og = a® for a fractional ideal a of Og, and the class of a in the class group
Cl(Og) depends only on the class of . This gives an exact sequence

0 — 0% /O — L(S,5) — Cl(Og)[5] — 0, (6.1)

where the first map is injective because an S-unit that is a fifth power in Loy is the fifth
power of an S-unit, and the kernel of the second consists of the classes of S-units: if a = wOg
then aw™> € OZ. The second map is surjective: if a® = aOg, then the class of « lies in
L94(S,5) and maps to that of a. The group Cl(Og) is a quotient of the class group of Las. By
Dirichlet’s S-unit theorem, OF =~ p(Los) X Z" with r = r1+ro—1+#S = 2+11-1+12 = 24,
and p(Log) = {£1} because Loy has a real embedding. So OF /(’)§5 ~ F24,

The elements By, ..., Bay of Loy are listed in Table 4, as polynomials in a and b. For
1 < 12, B; generates the prime ; of Table 2, and Bis, ..., Boy are units.
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Proposition 6.2. (i) The elements By, ..., By are S-units, vy, (Bj) = 1 ifi = j < 12
and vy, (Bj) = 0 otherwise, and their classes in LY,/L3¢ are linearly independent over
Fs.
(ii) The classes of By, ..., Bas form a basis of La(S,5) ~ F24,

Proof. (i) Each B; has a characteristic polynomial over Q whose coefficients have denomina-
tors divisible only by 2, 5 and 7, and its norm Ny, q(B;)is =2 (j =1),5 (2<j <8), -7
(9<j<12)or1 (j >13). So Bj is integral at every prime of Loy outside S, and its norm
is prime to every rational prime other than 2, 5, 7. Hence B; is an S-unit. The valuations
are computed with nfeltval. For independence, let  run over the 97 primes of Loy above
the sixteen primes of Q. The 97 x 24 matrix (xq(Bj)) over F5 has rank 24 (the rows for
g € {11,101, 131, 181} already have rank 24). Each xq is a homomorphism on the Q-units
that vanishes on fifth powers. If ], B;j = ~° with v € L3,, then 7 is an S-unit, hence a unit
at every such 9, and applying the symbols gives >°, cjxa(B;) = 0 for all Q. As the matrix
has rank 24, ¢ =0 (mod 5). These computations are listed in Appendix C.

(ii) Since C1(Og) is a quotient of the class group of Loy, which is trivial by Theorem 6.1, we
have C1(Og)[5] = 0 and (6.1) gives Lay(S,5) = OF /O5° ~ F2 in which the 24 independent
classes of (i) form a basis. O

If the class of a € LJ, lies in Lo4(S,5), we write ¢ = (c1,...,c24) € IF'§4 for its coor-
dinate vector on this basis. Since the valuation matrix (vy, (B;)) is (I12 | 0) by

Proposition 6.2(i), ¢; = vy, (o) (mod 5) for ¢ < 12.

i<12,j<24

6.3. The norm map. Let uy,...,u1g € Lg be the elements of Table 5: wuq, ..., ug generate
the primes of Lg above 2, 5, 7 (the valuation matrix is the identity), and ur,...,u1o are
units.

Lemma 6.3. (i) The classes of us,...,uig in Lg /L§5 are linearly independent over Fs.
(ii) There are exact identities

10 10
Ni' . Ti
NL24/L8(B]-)::I:HUZ- (1< <24), Q:ﬁ:Hui ,
i=1 =1

with the integer matriz N € Migx24(Z) and vector T € Z'° printed in (A.1).

Proof. (i) The fifth-power residue symbols of uq,...,ujo at the 47 primes of Lg above the
primes of Q form a matrix of rank 10 over F5. Since the u; are units at these primes, the
argument of Proposition 6.2(i) shows that their classes are independent. This matrix can
be recomputed from Tables 5 and 6: the primes of Lg above ¢ are the ideals (g, hx(a)) of
Table 6, with residue fields Fg[z]/(hy).

(ii) For an element B(a,b) of Loy written as a polynomial in @ and b, Nz, /1,(B) is the
resultant Res; (v(t)/25, B(a,t)), computed exactly in Q[a]/(h(a)). It equals the stated

product up to sign, and the identity for 2 is checked by computing the product []; u;r’ in
the same ring. See Appendix C. O

7. THE SIEVE, AND THE PROOF OF THEOREM 1.1

We now write the conditions of Sections 3, 4 and 5 in the coordinates of Section 6,
show by a finite computation that no class satisfies all of them (Theorem 7.1), and deduce
Theorem 1.1.
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For each ¢ € @, number the primes of Loy above ¢ as Q1,...,Q,, in the order of
Appendix A.3, and let M, € M, x24(F5) be the matrix (ng(Bj))k’j, printed in Appendix A .4.
The sets I(q) C Ff* of Definition 5.1, with coordinates in the same order, are printed in
Appendix A.5.

Theorem 7.1. There is no ¢ € 15%4 satisfying all of the following conditions:
(N) Ne=T (mod 5);

(V) es=2,c5=3andca=c4=cs =cy =cg =0;

(Q) Myc € I(q) for ¢ = 181,311,131, 251, 101.

More precisely, the matriz N has rank 10 over Fs, so (N) defines an affine subspace of F2* of
dimension 14; adding (V) gives an affine subspace A of dimension 10, that is, 5'© = 9765 625
vectors. Imposing (Q) for ¢ = 181,311,131,251,101 in turn leaves 36 875, 567, 19, 1 and 0
vectors.

Proof. Of the seven conditions in (V), only four are independent of (N). Indeed, the rows of
(N) for the three primes of Lg above 5, generated by ug, ug and ug4, say that the norm has
valuation 0 modulo 5 there; since every prime of Loy above 5 has residue degree 1 over Lg,
these rows read cg + ¢y =0, c3 +¢5 =0 and c2 + ¢4 + cg = 0, and (V) satisfies them. The
affine space A is {co + Z,{le Medi @ A € F0) with ¢ and dy, .. .,d;jo printed in (A.2). All
519 of its elements were listed and tested against (Q) by arithmetic modulo 5 (Appendix C).
The 19 vectors that satisfy (Q) for ¢ = 181,311, 131 are printed in Table 8 together with
their images under Mys;. Exactly one of these images lies in 1(251), and for that vector c¢*,

MIOI = (17 47 27 37 07 37 0) ¢ 1(101)’
by the list of I(101) in Appendix A.5. O

Each count is the number of classes of Lo4(S,5) satisfying the conditions imposed so far,
so it does not depend on the basis Bi,..., B4 or on the elements u;. The intermediate
counts depend on the order in which the five primes are imposed, but the final count does
not. The five primes are those with the smallest proportion #1(q)/5™ (Table 3), taken in
increasing order of that proportion. A separately written program gives the same counts
(Appendix C.2).

Proof of Theorem 1.1. Suppose that (X, Y, Z) is a solution with A, ~ Lg. Let 6 € Lg and

E be as in Section 3.

(1) By Proposition 3.1, the class of E lies in Loy (S,5). By Proposition 6.2(ii) it has a
coordinate vector ¢ € F3*: E = °T]; B;/j with 8 € Lj, and integers ¢; (read modulo 5).

(2) Condition (N). By Proposition 3.2, Ny, (F) € 2 [P, Taking norms in (1) and using
Lemma 6.3(ii), [[,ul"""" € £L3% = L% so Ne= T (mod 5) by Lemma 6.3(i).

(3) Condition (V). For B € S we have vp(E) = 5vp(8) + X2, cjup(B;), so ¢; = vy, (E)
(mod 5) for i < 12. By Proposition 4.2 and Table 2, vy, (E) = 2, vgp,(E) = 3 and
vy, (E) =0 for i € {2,4,6,7,8}.

(4) Condition (Q). Let ¢ € Q. By Corollary 5.5, ¢ { XY Z and (xq,(E)), € I(q). By
Proposition 3.1(iii) and since the B; are S-units, £/ and the B; are units at every Qy,
hence so is 3, and xq, (E) = >_; ¢jxa,(Bj). So Myc € I(q).

This contradicts Theorem 7.1. O
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Remark 7.2. The following computations lie outside the proof. They show how much each
condition contributes (Appendix C).

(a) On the affine space defined by (N), the first coordinate, which is the valuation at 93,
modulo 5, is identically 3, in agreement with Lemma 4.1.

(b) With all sixteen primes of Q imposed, no vector survives. If any single prime of Q is
omitted, still none survives, except that 2, 2 and 1 vectors survive when 131, 181 or
311, respectively, is omitted.

(c) For each of the five primes ¢ = 181, 311,131,251, 101, every vector of I(q) is attained as
Mg,c with ¢ € A, so no element of I(q) is excluded by (N) and (V) alone.

(d) If the values 2 and 3 that (V) prescribes at B3 and P5 are exchanged, again no vector
survives, so the conclusion does not depend on telling these two primes apart. Without
condition (V), exactly 6 vectors satisfy (N) and (Q) for all sixteen primes, and none of
them satisfies (V).

Remark 7.3. Five primes can be expected to suffice for the following reason. Let ¢ € Q,
let g be a prime of Lg above ¢, and let « € Loy be a unit at every prime above q. Since
xa(a) = xq( Ng@) kg @) for Q | q, and ¢ is unramified in Loy,

> xala) = xq(Ni,,/rs(0) ).

Qlq

On A the norm class is that of 2, by (N). So for ¢ € A the symbols of []; B]C-j above each

prime q add up to x4(2), and ¢ — M,c takes at most 57" values on A, where m/ is
the number of primes of Lg above q. When m’ = m, as for ¢ = 11, 401, 431 and 541, it
takes a single value, which lies in I(q), so the condition at ¢ gives no information, although
#1I(q) = 1 there. For the five primes of Theorem 7.1 it takes exactly 5™~ values, and by
Remark 7.2(c) every element of I(q) is one of them. The fractions of these values that lie in
I(q) are

59 240 112 172 16

567 56 7 56 7 56 7 54
for ¢ = 181, 311, 131, 251, 101. In particular the condition at 181 keeps 59 - 5* = 36 875
of the 5'% vectors of A, as in Theorem 7.1. If the five conditions were independent, the
expected number of surviving vectors would be 510 - 59240 - 112 - 172 - 16/5%® ~ 0.001.

8. A TEST ON FIBRES WHERE THE DESCENT ELEMENT EXISTS

A sieve that ends with no survivors could in principle do so because a condition was
implemented wrongly. To test the implementation, we applied the same programs to fibres
of ¢ above rational points of a twisted equation, where the element FE is defined and its class
must survive every condition. Propositions 3.1 and 3.2 use only coprime nonzero integers X,
Z and a root 6 of f,, not a solution of (1.1), so they apply to such fibres (for Proposition 3.2
because v is irreducible over any field of degree 8, as in Lemma 2.4(c)). We use the twisted
equation

X5 +2v2=27",
because the fibres above its points with X, Z coprime and Y # 0 are, like Lg, unramified
outside 2, 5 and 7 (the arguments of Propositions 5.2 and 5.3 apply). It has the points
(X,Y,Z) = (~1,1,1) and (—3,11,—1), which give n = X°/Z7 = —1 and n = 243. For each
of them, let K = A, and Koy = Kg(b).
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e In both cases f; is irreducible with Galois group Sg, and Kg is an octic field of signature
(2,3) and discriminant —2'® - 5% . 77 not isomorphic to Lg. The field Ko4 has degree 24,
signature (2,11) and discriminant —2%6 . 520 . 723 and eleven primes above 2, 5 and 7:
one above 2, six above 5 and four above 7. Its class number, computed assuming the
generalized Riemann hypothesis, is 2 for n = —1 and 1 for n = 243. Let S now be the
set of these eleven primes. In both cases the class number is prime to 5, so, under the
same hypothesis, K24(5,5) has dimension 23, the rank of the S-units of Kg4. These
class numbers are used only in this test.

e Let § € Kg be the class of t and E = 80000(8 — b)1(0)% € Kay. Its valuations at
the primes outside S are divisible by 5: for n = —1 it is an S-unit, and for n = 243
(where 3 | X) it has three prime factors above 3, with exponents 20, 15 and 15. Its
coordinate vector cg on a basis of K94(S,5) satisfies the norm condition, formed as (N)
is in Section 7 but with this basis and with S-units of K.

e At the six primes of K54 above 5, the valuations of £ modulo 5 are 2 at the prime
with label (1,1,1), 3 at the prime with label (2,1,1) and 0 at the other four, and its
valuation at the prime above 2 is = 3: the values that Lemma 4.1 and Proposition 4.2
give in the case 5t XY Z. We impose these valuations at the primes above 5 in place of
(V). Together with the norm condition they define an affine subspace of dimension 10.

e For the first twelve primes ¢ =1 (mod 5) not dividing XY Z, the set Ix,(q), defined as
in Definition 5.1 with Kg in place of Lg, contains the vector of residue symbols of FE,
and this vector equals M,cg, where M, now denotes the matrix of residue symbols of
the basis of K24(S,5).

e The sieve with the norm condition, these valuations and the twelve primes leaves exactly
one of the 5'0 classes of this affine subspace, and it is ¢g. With the primes taken in
increasing order of #Ik,(q)/5™, as in Section 7, one class remains after five primes for
17 = —1 (the counts are 350, 31, 3, 2, 1) and after six primes for n = 243 (the counts are
30000, 30000, 514, 40, 9, 1).

APPENDIX A. THE DATA OF THE SIEVE

This appendix prints the data of the sieve: the basis of Los(S,5), the elements u; and
the norm matrix, the primes of Loy above the auxiliary primes, the symbol matrices M,,
the sets I(q), the affine space A of Theorem 7.1 and the last stages of the sieve. The same
data, in machine-readable form, are part of the deposited programs and data [14], and the
tables below are generated from them. Throughout, a is a root of h and b a root of ¢, as in
Section 2.2.

A.1. The basis of L24(S,5). Table 4 lists By, ..., Ba4. Any other elements with the same
classes modulo L2X45 would serve equally well. All B; are algebraic integers, since their
valuations are nonnegative at every prime. The denominators D; appear because the ring of

integers of Loy is not contained in Z[a, b] (41 divides the index of Z[a] in the ring of integers
of Lg, and Lg and Q(b) are both ramified at 2, 5 and 7).
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TABLE 4. The basis Bi,..., Baa of L24(S,5): B = D; 'S0 ST njkaa'd®, with the
coefficient vectors (njk,0,...,n;k7) listed for &k = 0,1,2. For j < 12, B;Or,, = ‘B,
(Table 2); Bis, ..., B24 are units.

D;

(nj,’%o? oo anj7k,7)

10

11

57400

57400

57400

28700

28700

57400

57400

57400

57400

57400

O NN RO NMNHO N O|

— O N~ O N O

[\V]

616000, 2248260, 891800, —1045688, —793184, —129318, 19824, 5096)
547500, —315440, —816200, —218468, 70426, 25772, —1356, —564)
4185000, —2994100, 1328250, 1522730, 283140, —45170, —11215, 415)

(
(
(-
(—9240840, 74060, 8339100, 1141420, —2039352, —586194, 41202, 18214)
(22069160, —2441640, —18373100, —1773180, 4462728, 1205316, —92178, —37796)
(36027400, —2682100, —30642750, —3512700, 7422420, 2093490, —149295, —65690)
(1140160, 386680, —1017520, —456624, 233212, 136276, 616, —4732)

(2379260, 205380, —2220620, —502664, 559582, 201446, —9734, —6312)

(

(

6561400, 228200, —5753050, —1138210, 1398480, 478940, —21635, —15555)

23989086072840, 30139833484950, 990502126600, —13649681055976, —6676750244206,
—713037035417, 181683706414, 34086470894)

(9523819929090, 13514680552400, 3428310034850, —3221358499136, —1987091283791,
—247661314582, 50989168649, 10401811379)

(—19950643879900, —23312801675250, 2611366226500, 13839146593710,
6303844887010, 633088295145, —175025073765, —31891577190)

(—985991160, —1214681790, 45500, 586244540, 280715946, 20402093, —7682248,
—1426950)

(—987651460, —1269154590, —98832550, 518104290, 261059956, 28510293, —7045973,
—1336395)

(138646850, 120698650, —105762000, — 164166900, —65775785, —5836355, 1900530,
329450)

(—3409000, 866180, 3970960, —94976, —1306928, —153398, 65884, —728)

—22996300, —3982520, 20509460, 5247264, —4916358, —1654828, 92074, 50142)
12363000, 2897200, —14398100, —5760290, 4181880, 2306080, 11860, —83745)

(

(

(768600, 1877540, —56280, —1211448, —330120, 71890, 19068, —2716)

(—1450000, —348260, 1207520, 329672, —200520, —77430, 2268, 2444)

(—115000, 2968600, 826550, —1841420, —687800, 92300, 34895, —3840)

(77409080, —21088200, —54959380, —47376, 12798408, 2755340, —286874, —87668)
(—594422120, 19859600, 522388420, 69547264, —127339012, —37057640, 2529766,
1158932)

(—774131800, 49629000, 663727550, 79007210, —161013680, —45581100, 3242865,
1427105)

(—108290280, —116689020, 12816300, 58431212, 24139640, 2147194, —669410,
—118398)

(—145634980, —140864820, 29101200, 66358132, 18644890, —327706, —588520,
—40488)

(—28757200, —9864800, 18855500, 566730, —10390400, —3287840, 202700, 111055)

0 (113032920, —10160640, —95216800, —10227644, 23020088, 6410796, —442456,

—195678)
(17117420, —8368840, —10121100, 1822816, 2312718, 243396, —64106, —8998)

2 (—125798700, 3544900, 110694750, 14902740, —27007730, —7811310, 577535, 252530)
57400 0

(7091450800, 9293229960, 1045060100, —3489201268, —1808229444, —201743192,
48451410, 9289574)

(—9223554500, —10462728340, 1824257600, 6844205352, 3048835666, 299804258,

—85204360, —15377006)

(—19516815000, —23744790100, 719652750, 12213711280, 5768619240, 598529870,
—158503025, —29331340)
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Tjk,05 - -+ » Mg ke,7)

12

13

14

15

16

17

18

19

20

21

22

23

24

57400

28700

28700

57400

57400

57400

28700

28700

57400

57400

28700

57400

O NN O NFONFONRFONDRFEONDRFEO ol

Ju—

— O N = O N

N O NFEONFEONFO N

2634800, 80220, —3025260, —583968, 986580, 344078, —17682, —11088)
5200, 1063820, 905840, —259848, —401220, —81602, 10108, 2742)
7942000, 3017300, —6039900, —2612970, 1134200, 563470, —12880, —16995)

(
(
(-
(
(-1, 0,0, 0,0, 0,0, 0)

(9,0,0,0,0,0,0, 0)

(10, 0, 0, 0, 0, 0, 0, 0)

(5349820, —284270, —4457390, —511644, 1076124, 300167, —21987, —9366)
(4679370, —259570, —3891390, —476234, 919389, 258167, — 18787, —8006)
(5980550, —671050, —4929600, —393010, 1234085, 327005, —25680, —10340)

(—19068560, —14470260, 5720470, 8143184, 2262386, —11984, —72835, —5950)
(—8892210, —19736860, —7953330, 7518324, 6174471, 1045676, —153485, —40175)
(14361850, —3765400, —16321200, —1955640, 4070065, 1196390, —79900, —37750)
(45994480, —269640, —40799640, —6129536, 9940084, 3017840, —191828, —94528)
(52616480, 2206260, —47836240, —7983896, 11513624, 3585770, —218488, —111988)
(—22420300, 5286400, 17270150, 716060, —4329890, —1068700, 93305, 33930)

(
(—
(
(-

2158520, —821100, —2342480, 81088, 547344, 34370, —18144, —364)
2326980, —1932100, 1023820, 1185368, 194834, —35510, —7154, 176)
7525300, 1056000, —5388950, —1112980, 774510, 104100, —24185, —1110)
160876800, —30380000, 153956180, 44774156, —39381076, —15244124, 648336
474194)
(—234186200, —20546800, 221268680, 45660216, —56727736, —17659084, 1154116
535054)
(=57100500, 15280500, 51725200, —5732510, —13395290, —371510, 466740, —4565)
(238840, 22330, —84490, 28042, —6594, —8911, 217, 329)
(365940, 141230, —338690, —139238, 84016, 37829, —1013, —1106)
(524100, 113450, —172850, 18680, —31760, —26065, 55, 910)
(—106159200, 3958500, 92800120, 12297096, —22584198, —6573112, 448252, 205632)
(—245610250, 16403850, 210156070, 24861656, —50992253, —14425687, 1027127
451782)
(—142733750, 13286500, 119686050, 12641590, —28964045, —7988430, 590655, 250480)
(—2887080, 2290120, 2927120, —544936, —979944, —232792, 19628, 8428)
(3742120, —579380, —3344880, —142796, 857716, 187378, —20132, —5682)
(—12868200, 2909300, 12643050, 580060, —3631260, —931330, 78645, 29770)
(—429240, —500640, 726460, 577276, —227864, —188300, —1862, 6398)
(3351660, 1741360, —3100240, —1612764, 728446, 393520, —7452, —12142)
(3307400, —1224600, —2024850, 411540, 348440, —21200, —11905, 870)
(
(
(
(=
(=
(

1772260, 2311750, 25760, —1158528, —569296, —61929, 15526, 2968)

8954310, 10412450, —320440, —4957708, —2260331, —221849, 62166, 11228)

7593400, 8823000, —182850, —4090870, —1866090, —180860, 51615, 9170)
14283360, —13039040, 1359120, 5240536, 1860628, 79772, —56896, —6272)
5585460, 22055160, 15348820, —10889104, —9750142, —1555348, 255734, 57398)

11948100, 41679900, 15658550, —19039810, —13428130, —1865470, 362385, 73095)

A.2. The norm data. Table 5 lists u,...,u19 € Lg, and (A.1) gives the matrix N and the
vector T of Lemma 6.3: column j of N is the exponent vector of NL24/L8( i) on ui, ..., U1,
up to sign, and T is that of 2.
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7 Dl (ni’o, ey m-,7)

1 820 (—11240, —3930, 11410, 4970, —2840, —1577, —13, 57)

2 820 (144740, 4910, —112770, —20720, 23320, 7193, —443, —218)

3 410 (—151490, —13740, 114790, 24900, —22370, —7289, 414, 219)

4 820 (1109580, —63670, —958820, —114980, 233100, 65447, —4742, —2042)

5 164 (428604, —30740, —362830, —41928, 87380, 24500, —1771, —766)

6 820 (17800, 17460, —14690, —9890, 2430, 1782, 13, —57)

7 410 (—1773690, 126310, 1512960, 175320, —366800, —103292, 7397, 3237)

8 820 (—44757080, 5683670, 36575370, 3213340, —8812930, —2344379, 182619, 73674)
9 820 (—49340, 25970, 28570, —7990, —5860, 363, 257, —23)
10 205 (—744505, —1104185, 1381795, 632240, —360460, —164188, 5128, 5033)

TABLE 5. The elements u; = D;l 22:0 ni7kak of Lg. The elements u1, ..., ug
generate the primes of Lg above 2, 5, 5, 5, 7, 7 with ramification indices 8, 5,
1,2, 1,7 uy,...,uyg are units.

10 0 0O O OOO O O O OOOOO O O OO O O O0 O 8
oo o0 0 0 110 O O O OOOOO O O OO O O 0 O 0
oo 1.0 1 000 O O O OOOOO O O OO O O O O 0
01 0 1 0 001 0 0 0 00000 O O 00 O O O O 0
oo o 0 0 000 1 0 O 10000 O O OO O O O O 0

N=100 0 0 0 000 0 1 1 00000 0 0 00 0 0 0 of> "= o (A1)

oo 1-3-1 000 0 1-1 00000-1 O O1 1 2-1 O —1
o0-1 1 0-100-1-1 0-10000 O-1 00 O-1 1 O -1
oo o1 1 110 0-1 O 00101 O 1-10-1 O O O 1
oo o 0 0 000 O 1 O OOOO1 O O OO O O-1-1 3

A.3. The primes above the auxiliary primes. Table 6 describes the primes Q1,...,Qm
of Loy above each ¢ € Q by their residue maps. Since ¢t2-5-7-41, the prime q =Q N Lg
is (g, hg(a)) for an irreducible factor hy of h mod ¢ (the Dedekind—Kummer theorem), b is
-integral, and the primes of Loy above q correspond to the irreducible factors of 1 over
k(q). To compute xq,(B;) from the table, reduce the coefficients of B; modulo ¢ (they
are g-integral), map a to z in F,[z]/(hy) and b to r(z), or, in the rows marked “cubic” or
“quadratic”, to a root of that factor of ¢ over Fy[x]/(hy), and apply (5.1). The symbol does
not depend on which root is chosen.

TABLE 6. The primes Q1,...,Qm, of Las above the auxiliary primes ¢, in the order used
for M, and I(q). The prime qr = Qi N Lsg is (q, hx(a)), and k(qr) = Fqlz]/(hr) with
a +— z. The last column gives the residue of b: either b = r(a) (mod Q) with r € Fy[z]
(then f(Qx) = deg hg); or “cubic”, when 1 is irreducible over k(qx) and Qx = qxOr,,; or
“quadratic”, when v has one root in k(qx) and 9y is the prime above qi at which b reduces
to a root of the quadratic factor. The column ¢, gives the fifth root of unity of (5.1).

g ¢ k f(Qr) hw residue of b
11 4 1 3 =+ 7 cubic
2 3 x+6 cubic
3 6 22+3x+9 cubic
4 12 2*+102% + 822+ 22+ 7 cubic
101 95 1 2 x? 4+ 462 + 64 b="T0a+3
2 2 2%+ 462 + 64 b=62
3 2 22+ 462 + 64 b=3la+15
4 3 23+ 542% 4 85z + 97 b=62
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g ¢ k f(Qr) hk residue of b
5 3 23+ 5224+ 7lx +81 b=62
6 6 3+ 522+ 7l +81 quadratic
7 6 34 5422 + 85z + 97 quadratic
131 53 1 2 z%+23x+ 77 b = 56a + 62
2 2 2?4+ 41lx+41 b= 126a + 36
3 2 224+ 23z + 77 b= T5a+ 84
4 2 2?2 +41x+41 b=5a+ 110
5 2 224+ 23x+ 77 b=89
6 2 z? 441z +41 b =89
7 4 z* +712® + 492 + 99 b=289
8 4 2t 7123 + 492 + 99 b= 31a® + 41a® + 96a + 27
9 4 2t 7123 + 492 + 99 b = 100a® + 904 + 35a + 119
181 59 1 1 2495 b= 141
2 1 z+69 b= 141
3 1 466 b=141
4 2 x+95 quadratic
5 2 2%+ 177z + 168 b= 142a + 170
6 2 2%+ 177z + 168 b=141
7 2 x+69 quadratic
8 2 x+ 66 quadratic
9 2 2%+ 177z + 168 b=39% + 14
10 3 23+ 1402 + 32z + 148 b =141
11 6 34 14022 + 32z + 148 quadratic
211 107 1 6 254+1752°+472*+3923+18822+151z+31 b= 52a° 4 158a* + 694> +
54a? + 187a + 135
2 6 22+ 40z + 99 cubic
3 6 25+1752°+472*+3923+1882%+151z+31 b= 1254 + 174a* + 1494> +
76a2 + 90a + 94
4 6 5+17525 +472"+3923+1882%+151x+31 b = 34a® 4+ 90a* + 204a> +
81a? + 145a + 150
251 219 1 2 22+ 121z + 50 b=196a + 171
2 2 22+ 121z +50 b =231
3 2 z%+ 144z + 228 b= T6a + 60
4 2 z2 4121z 450 b= 55a+ 49
5 2 2% + 144z + 228 b=175a + 160
6 2 %+ 144z + 228 b =231
7 4 z*+2412% + 23122 + 272 + 3 b = 28a® + 6a? + 242a + 208
8 4 z*+2412% 4+ 23122 + 27+ 3 b =231
9 4 gt 24123 + 23122 + 27+ 3 b = 223a® + 24502 + 9a + 12
271 10 1 8 2%+ 42" + 24325 +1032° + 131z* + b = 46a"+135a°% +61a® +203a* +
1823 + 2722 4 62z + 144 261a> + 251a® 4 166a + 196
2 8 ¥ + 42" 4 2432° 4+ 1032° + 1312* + b=57
1822 + 272% + 62z + 144
3 8 2% + 42" 4 2432° 4+ 1032° + 1312* + b= 225a" + 1364’ + 210a® +
1823 + 2722 4+ 62z + 144 68a* + 10a® + 20a® + 105a + 234
311 36 1 1 z+301 b= 160
2 1 z+122 b= 160
3 1 z+249 b= 160
4 1 z+44 b= 160
5 2 x4+ 249 quadratic
6 2 x+122 quadratic
7 2 x+44 quadratic
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g ¢ k f(Qr) hk residue of b
8 2 x4+ 301 quadratic
9 4 z*+92212% 4+ 9022 + 50z + 25 b = 206a® + 23242 + 166a + 73
10 4 z*+2212% 4+ 9022 + 50z + 25 b =105a° + 7942 + 145a + 15
11 4 z* + 22123 + 9022 4 50z + 25 b =160
331 64 1 4 z* 4+ 2532% + 27922 + 962 + 39 b= 258
2 4zt + 25323 + 27922 + 962 + 39 b=25
3 4 z* +822% + 13122 + 316z + 239 b =312
4 4 z* + 8223 + 13122 4 316z + 239 b=25
5 4zt + 8223 + 13122 4 316z + 239 b =258
6 4 z* + 2532 + 27922 + 96z + 39 b=312
401 72 1 3 x+ 276 cubic
2 21 27 4+1292°% + 5725 + 1402* + 11722 + cubic
34822 + 230z + 200
431 95 1 3 =+ 154 cubic
2 21 27 4 281z°% + 2292° + 339z* + 23622 +  cubic
42022 + 3792 + 201
461 88 1 1 z+122 b =367
2 2 x+122 quadratic
3 3 23+ 35422 + 309z + 22 b =367
4 4 z* + 4502 + 43522 + 253z + 405 b=97a® + 253a2 + 241a + 279
5 4 z* + 45023 + 43522 + 253z + 405 b =367
6 4 z* + 4502 + 43522 + 253z + 405 b = 364a® + 208a> + 220a + 183
7 6 3+ 35422 4+ 309z + 22 quadratic
541 48 1 3 x+52 cubic
2 21 27 4493z + 30425 + 2542 + 17722 +  cubic
1222 + 2162 + 190
601 423 1 1 z+350 b=127
2 1 x4+ 545 b=127
3 2 x+ 545 quadratic
4 2 x4 350 quadratic
5 6 x®+ 311z° + 258z* + 5652° + 21322 + b=127
4162 + 192
6 6 25+ 3112° 4+ 258z + 56523 + 21322 + b= 85a° + 502a* + 4694> +
416z + 192 26942 + 185a + 169
7 6 25+ 3112° 4+ 258z% + 5652° + 21322+ b= 516a° 4+ 99a* + 132a> +
416z + 192 33242 + 416a + 184
631 242 1 3 23 +1522% 4+ 58z + 174 b = 124a® + 330a + 387
2 3 22415222 + 58z + 174 b= 47a® + 442a + 423
3 3 2%+ 15222 + 58z + 174 b = 460a? + 490a + 325
4 3 z+494 cubic
5 6 x4+ 325z + 318 cubic
6 6 x2+ 295z + 430 cubic
661 247 1 2 22 + 300z + 466 b =657
2 2 2?4 300x + 466 b= 129a + 447
3 2 2%+ 300x + 466 b=532a + 85
4 3 z® + 49322 + 437z + 378 b =657
5 3 2% + 53322 4 2652 + 305 b= 657
6 6 2® + 53322 4 2652 4 305 quadratic
7 6 a4 493x% + 437z + 378 quadratic
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A.4. The symbol matrices. Table 7 gives the matrices M,. Each row is written as a
string of 24 digits, the entries xq, (B1), ..., Xa,(B24) in blocks of six.

A.5. The sets I(q). The vectors (x1,...,zy) of each I(q) are listed in lexicographic order,
each written as the string z1x9 - - - Z,; coordinate k refers to the prime £ of Table 6.

q=11, m =4, #I1(11) = 1: 1124

g =101, m = 7, #1(101) = 16: 0023440 0024304 0342211 0431212 0432121 1241442 1244124 2003440
2004304 2320443 2324034 3401212 3402121 4211442 4214124 4302211

g = 131, m = 9, #1(131) = 112: 011110202 011110220 013442202 013442220 022401234 022401243
023342234 023342243 023441301 023441310 033242234 033242243 042201234 042201243 043142202 043142220
043241301 043241310 101101202 101101220 104324202 104324220 110110202 110110220 111001202 111001220
124322414 124322441 134024202 134024220 134222414 134222441 203324234 203324243 204210234 204210243
204314301 204314310 213422414 213422441 220401234 220401243 224010234 224010243 224411103 224411130
233024234 233024243 233321013 233321031 233420144 234014301 234014310 240201234 240201243 243122414
243122441 243320144 244211103 244211130 302324234 302324243 310442202 310442220 312422414 312422441
320342234 320342243 320441301 320441310 323312013 323312031 324302144 330242234 330242243 332024234
332024243 332321013 332321031 332420144 333212013 333212031 334202144 340142202 340142220 340241301
340241310 342122414 342122441 342320144 401324202 401324220 402210234 402210243 402314301 402314310
421322414 421322441 422010234 422010243 422411103 422411130 423302144 431024202 431024220 431222414
431222441 432014301 432014310 433202144 442211103 442211130

g = 181, m = 11, #I1(181) = 59: 00010411303 00013411003 01211204444 01214204144 02111240444
02114240144 03312333203 03313033430 03314033330 03411332344 03413332144 04311323344 04313323144
10201214444 10204214144 11200304421 11204304021 11300303412 11304303012 12001241444 12004241144
12100340421 12104340021 12201344312 12203344112 13100330412 13104330012 20141210444 20144210144
21041201444 21044201144 21140300421 21144300021 21241304312 21243304112 22141340312 22143340112
30332313203 30333013430 30334013330 30431312344 30433312144 31130300412 31134300012 33032331203
33033031430 33034031330 33430432303 33433432003 34031321344 34033321144 34330423303 34333423003
40321313344 40323313144 43021331344 43023331144 43320433303 43323433003

qg=211, m =4, #I(211) = 24: 0201 0210 0224 0233 0242 1200 1214 1223 1232 1241 2204 2213 2231 2240
3203 3212 3221 3230 3244 4202 4211 4220 4234 4243

qg=251,m =29, #I(251) = 172: 011431000 012430113 012430311 013411000 013420113 013420311 013443131
014433131 020332131 023302131 023334014 023334410 031222023 031222320 031240041 031240140 032212023
032212320 032230244 032230442 033220244 033220442 033243014 033243410 034210041 034210140 034233014
034233410 041131023 041131320 043111023 043111320 100423041 100423140 101422104 101422401 102403041
102403140 102412104 102412401 110314023 110314320 110341000 111304023 111304320 112321203 112321302
114301000 120223023 120223320 121240104 121240401 122203023 122203320 124210104 124210401 141031023
141031320 143011023 143011320 200323244 200323442 200341113 200341311 202303244 202303442 202321014
202321410 204301113 204301311 211231203 211231302 212230014 212230410 213211203 213211302 213220014
213220410 213243032 213243230 214233032 214233230 220123023 220123320 221140104 221140401 222103023
222103320 224110104 224110401 231022023 231022320 231040041 231040140 232012023 232012320 232030244
232030442 233020244 233020442 233043014 233043410 234010041 234010140 234033014 234033410 244442014
244442410 300223244 300223442 300241113 300241311 302203244 302203442 302221014 302221410 304201113
304201311 310114023 310114320 310141000 311104023 311104320 312121203 312121302 314101000 320032131
323002131 323034014 323034410 330423014 330423410 330441131 332403014 332403410 332421032 332421230
334401131 340332014 340332410 343302014 343302410 400123041 400123140 401122104 401122401 402103041
402103140 402112104 402112401 411031000 412030113 412030311 413011000 413020113 413020311 413043131
414033131 422444014 422444410 424424014 424424410 430323014 430323410 430341131 432303014 432303410
432321032 432321230 434301131 444242014 444242410

q =271, m =3, #1(271) =5: 020 124 223 322 421

g = 311, m = 11, #I1(311) = 240: 00131242044 00131242404 00314212044 00314212404 01032142044
01032142404 01230142012 01230142102 01230142242 01230142422 01240132341 01240132431 01304122044
01304122404 01324102012 01324102102 01324102242 01324102422 01344132030 01344132300 01423102341
01423102431 01433142030 01433142300 02131042012 02131042102 02131042242 02131042422 02141032341
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342244 240011 000000 000000
233140430142 041431 243031

322321 233310421220203114
334034100114 342314213120
434424 134030321124 301333
134031 133022 214442 440330

k.j
9. of Table 6.
q k row k of M, q k row k of M,

11 1 144001 142242010001 404011 311 1 311321410132100114413410
2 043014144314 000033 022200 2 321040222331 103222 340404
3 144040242132010414 443102 3 142243341213 134203 002413
4 423444024144 030112241242 4 244130300423 123321 310100
101 1 200013143414 104402411324 5 011441111124401110 244402
2 303444213421 344214 433220 6 003421103024 402331210421
3 321021223414 142330424010 7 013000400112 422431 341242
4 210331 203010220031 324004 8 002020404332 420001 434231
5 230214 040022204012 400441 9 303243344331 323100 340023
6 132313024112341234 212001 10 032020210240 300334 243401
7 303223213111310442411110 11 004042430013 442003 443123
131 1 224021323221 200342 200224 331 1 240331440413012204 431044
2 411130422214 222323 032044 2 233024043042 132300 432444
3 340132004334 242302 302410 3 011042411211421423 340101
4 020013212041 242210434410 4 033232233422 131402 220221
5 333001124221113201014133 5 003013401242 043301 124011
6 412310414203 131004 212340 6 201134243441421430113344
7 031041314421 232204 033302 401 1 312311313043010134 421200
8 003233123001 441342 004440 2 321022024234 040421 134300
9 002440300120 442242 444412 431 1 131203 134344010403 404202
181 1 112122200331413131212421 2 441024 142322040102 101303
2 333333032010400024 420014 461 1 140404 023221010120001432
3 023103101232421220 033413 2 211202434241 010304 330401
4 032333043342102013203144 3 431341004232 033213230123
5 242224343331 142321423001 4 440032412004 040310 142440
6 144034212423 312113021400 5 240421144241 012222 324000
7 422211122234 100244 124104 6 332302010021 023100414001
8 143334414223 104144 314121 7 044241422144 032341 224213
9 442041422333131214 324311 541 1 420114021441040033 123334
10 201413420423 222324 021422 2 241002142442 010022 432221
11 342243021443 323032 130324 601 1 230421311141300112422221
211 1 014311000112040344 430414 2 434140431122 321234 321211
2 242424 341241010402 404112 3 240343443022 214204 403213
3 123443444343 034104 302143 4 411203131001 240102223111
4 303104044303 021210424441 5 303430242321 300113011343
251 1 230434 011221234434 241222 6 400324 304442 144303 224343
2 320131143324 101334 343020 7 342304304222 141002011223
3 432321231334201213 041222 631 1 230014304243 001043214004
4 340421241400 240312 302220 2 442001133241 032340201441
5 220312244313244334 002142 3 402433 342420 042240421342
6 403010330043 120330 444434 4 111412212042 040034 123424
7 442332301142 423002 314434 5 002213104414 000232 022143
8 331044 203422200340 022321 6 234103134244 040321 134311
9 042210014304 402421 011200 661 1 001423123341234420 444042
271 1 430221432124014124 312024 2 311110434124 400002424313

2 3

3 4

5

6

7

212100343224 233143 140413

s row k corresponds to
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02141032431 02314012012 02314012102 02314012242 02314012422 02413012341 02413012431 03012412044
03012412404 03101422044 03101422404 03121402012 03121402102 03121402242 03121402422 03141432030
03141432300 03210412012 03210412102 03210412242 03210412422 03413412030 03413412300 04121302341
04121302431 04131342030 04131342300 04210312341 04210312431 04314312030 04314312300 10032241044
10032241404 10230241012 10230241102 10230241242 10230241422 10240231341 10240231431 10304221044
10304221404 10324201012 10324201102 10324201242 10324201422 10344231030 10344231300 10423201341
10423201431 10433241030 10433241300 12032041012 12032041102 12032041242 12032041422 12042031341
12042031431 12304021012 12304021102 12304021242 12304021422 12403021341 12403021431 12443031012
12443031102 13002421044 13002421404 13022401012 13022401102 13022401242 13022401422 13042431030
13042431300 13200421012 13200421102 13200421242 13200421422 13403421030 13403421300 14022301341
14022301431 14032341030 14032341300 14200321341 14200321431 14240331012 14240331102 14304321030
14304321300 14423301012 14423301102 20131240012 20131240102 20131240242 20131240422 20141230341
20141230431 20314210012 20314210102 20314210242 20314210422 20413210341 20413210431 21032140012
21032140102 21032140242 21032140422 21042130341 21042130431 21304120012 21304120102 21304120242
21304120422 21403120341 21403120431 21443130012 21443130102 23012410012 23012410102 23012410242
23012410422 23101420012 23101420102 23101420242 23101420422 24012310341 24012310431 24101320341
24101320431 24141330012 24141330102 24413310012 24413310102 30012214044 30012214404 30101224044
30101224404 30121204012 30121204102 30121204242 30121204422 30141234030 30141234300 30210214012
30210214102 30210214242 30210214422 30413214030 30413214300 31002124044 31002124404 31022104012
31022104102 31022104242 31022104422 31042134030 31042134300 31200124012 31200124102 31200124242
31200124422 31403124030 31403124300 32012014012 32012014102 32012014242 32012014422 32101024012
32101024102 32101024242 32101024422 34012314030 34012314300 34101324030 34101324300 40121203341
40121203431 40131243030 40131243300 40210213341 40210213431 40314213030 40314213300 41022103341
41022103431 41032143030 41032143300 41200123341 41200123431 41240133012 41240133102 41304123030
41304123300 41423103012 41423103102 42012013341 42012013431 42101023341 42101023431 42141033012
42141033102 42413013012 42413013102 43012413030 43012413300 43101423030 43101423300 44121303012
44121303102 44210313012 44210313102

g =331, m =06, #1(331) = 21: 001124 012023 023422 034321 040220 102113 113012 130310 203102 214001
220400 231304 242203 310040 321444 332343 343242 400130 422433 433332 444231

q =401, m =2, #I(401) =1: 12
q=431, m =2, #I(431) =1: 00

g = 461, m = 7, #1(461) = 84: 0103243 0104233 0110132 0111122 0112112 0113102 0114142 0120041
0121031 0123011 0124001 0131440 0132430 0133420 0134410 0143334 1001123 1002113 1010042 1014002
1021441 1022431 1023421 1024411 1033330 1040224 1041214 1042204 1043244 1044234 2400043 2401033
2402023 2403013 2404003 2411442 2412432 2413422 2414412 2422341 2423331 2424321 2433240 2434230
2440134 2441124 2442114 2443104 3300403 3310312 3311302 3312342 3313332 3314322 3320221 3321211
3322201 3323241 3324231 3331120 3332110 3340044 3342024 3344004 4200313 4201303 4203333 4211212
4213242 4214232 4220131 4221121 4222111 4223101 4230040 4231030 4232020 4233010 4234000 4240404
4241444 4242434 4243424 4244414

q=541, m =2, #1(541) = 1: 12

g =601, m =7, #1(601) = 120: 0022200 0022214 0022223 0022232 0022241 0112101 0112110 0112124
0112133 0112142 0202002 0202020 0202034 0202043 0342403 0342412 0342421 0342430 0342444 0432304
0432313 0432322 0432331 0432340 1021101 1021110 1021124 1021133 1021142 1111002 1111011 1111020
1201403 1201412 1201421 1201430 1201444 1341304 1341313 1341322 1341331 1341340 1431200 1431214
1431223 1431232 1431241 2020002 2020020 2020034 2020043 2110403 2110412 2110421 2110430 2110444
2200304 2200313 2200322 2200331 2200340 2340200 2340214 2340223 2340232 2340241 2430101 2430110
2430124 2430133 2430142 3024403 3024412 3024421 3024430 3024444 3114304 3114313 3114322 3114331
3114340 3204200 3204214 3204223 3204232 3204241 3344101 3344110 3344124 3344142 3434002 3434011
3434020 3434034 3434043 4023304 4023313 4023322 4023331 4023340 4113200 4113214 4113223 4113232
4113241 4203101 4203110 4203124 4203133 4203142 4343002 4343011 4343020 4343034 4343043 4433403
4433412 4433421 4433430 4433444

g =631, m =6, #1(631) = 25: 004311 013311 022311 031311 040311 103311 112311 121311 130311 144311
202311 211311 220311 234311 243311 301311 310311 324311 333311 342311 400311 414311 423311 432311
441311
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g = 661, m = 7, #I1(661) = 68: 0020443 0021302 0022211 0023120 0024034 0110443 0114034 0200443
0201302 0202211 0203120 0204034 1010303 1011212 1012121 1013030 1100303 1101212 1102121 1103030
1240303 1241212 1242121 1243030 1331212 1332121 1420303 1421212 1422121 1423030 2000213 2002031
2141122 2230213 2232031 2320213 2322031 2411122 3040123 3041032 3042441 3044214 3130123 3131032
3220123 3221032 3310123 3311032 3400123 3401032 3402441 3404214 4031442 4032301 4033210 4034124
4121442 4122301 4123210 4124124 4211442 4212301 4213210 4214124 4301442 4302301 4303210 4304124

A.6. The affine space and the last stages of the sieve. The affine space A of Theo-
rem 7.1, cut out by (N) and (V), is {co + 342, Aedy = A € Fi0} with
¢o = (302030000410 030430 000000),

dy = (000000 004001 000000 000000) dy = (000000 000000 100000 000000)
ds = (000000 000000 001000 000000) d4 = (000000 000410020131 000000) (A.2)
ds = (000000 000000 010000 100000) dg = (000000 000000 000010 010000)
d = (000000 000000 010010 001000) ds = (000000 000410 030100 000100)

)

dgy = (000000 000140010010 000010) dyo = (000000 000000 040100 000001

written in blocks of six coordinates. Table & lists the vectors that survive the conditions at
181, 311 and 131.

¢ (in blocks of six coordinates) Mas1c in 1(251)7
1 302030000320011031 244441 222112131 no
2 302030000320041432 301231 343320032 no
3 302030000320043300001212 232044104 no
4 302030000320044042 213014 413002343 no
5 302030000320 100103 424024 034210343 no
6 302030000320424131 241224 440232410 no
7 302030004411 440432434023 211213131 no
8 302030003002 121342143032 001022302 no
9 302030003002 422133003430 404124131 no
10 302030002143 032234 342123 102430320 no
11 302030002143 004230043132 423420401 no
12 302030002143 112440031020 334410041 no
13 302030002143 114411403420 214224122 no
14 302030002143 440111141204 234042122 no
15 302030002143 441223104114 331413014 no
16 302030001234 101442 432003 030223410 no
17 302030001234 131344411020 213243230 yes
18 302030001234 230234 044301 400141113 no
19 302030001234 204033 330231 133111230 no

TABLE 8. The 19 vectors ¢ € A with Myc € I(q) for ¢ = 181,311,131, and
their images under Mos, written as digit strings. Only the 17th satisfies the
condition at 251; its image under Mjg; is 1423030 ¢ I(101).

APPENDIX B. THE CLASS NUMBER OF Loy

This appendix proves Theorem 6.1. Minkowski’s bound for Lo4 is about 1.42 - 105, so a
proof that examines every prime ideal below it is out of reach. We use instead a criterion of
Belabas, Diaz y Diaz and Friedman [1, Theorem 5.1], deduced from Weil’s explicit formula,
under which it is enough to examine the prime ideals of norm at most 107. In this appendix
the letters h, g, ¢, m, n, f, F, S;, T, L, x, ® and p denote the objects defined below, not
those of the same or similar names in the body of the paper.
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B.1. The criterion. Let K be a number field of degree n, with ry real places, ro complex
places and discriminant dg. For a prime ideal p of K let Np be its absolute norm, and
let v = 0.5772... be Euler’s constant. Let ¢ > 0, let J > 1, and let ag,...,ay-1 be real
numbers, not all zero. Put

-1 X

2 c c

h(y) = Z a; cos( cjy> for |y| < 2 h(y) =0 for |y| > 2’ (B.1)
h

and let g = h x h, that is, g(x)
g(x) =0 for |z| > ¢, and ¢(0) =
n/sinhx for x > 0, and

Jg M(y)h(x — y) dy. Then g is real, even and continuous,
Jgh? > 0. Put § = g/g(0), let x(z) = r1/(1 + coshz) +

R =171 +n(y+logdr) —log|dk| — /OOO (1—g(z))k(x)dx

410ng
-1—2 Z pm+1 g(mlogNp), (B.2)
m>1
Np™m<e®

where p runs over the prime ideals of K. The integral converges: its integrand is bounded
near 0, because g is Lipschitz, and equals k(z) for x > ¢. The number R depends only on
K, c and the aj, not on the class group of K.

Proposition B.1 (Belabas, Diaz y Diaz and Friedman). If R > 0, then the classes of the
prime ideals of K of norm less than e¢ generate the class group of K.

Proof. This is [1, Theorem 5.1] with 7' = ¢ and f the restriction of § to [0,00): since
2 cosh?(x/2) = 1+cosh z, the inequality (16) of [1] is R > 0. The hypotheses of that theorem
hold. The function f is supported on [0,c] and f(0) = 1. Its Fourier cosine transform
is 2 [ g(z) cos(xt) do = h(t)?2/g(0) > 0, where h(t) = [, h(y)e ™ dy is real because h is
real and even. And F(z) = g(z)/ cosh(x/2) is even, continuous, compactly supported, and
real-analytic on [0, ¢| (by (B.4) below) and on [¢, 00), so it satisfies the conditions of Weil’s
formula in the form of Poitou [18, Théoréme, p. 6-06].

For the reader’s convenience we recall the argument. Let H be the subgroup of the class
group generated by the classes of the prime ideals of norm less than e¢, and suppose that
H is a proper subgroup. Then there is a nontrivial character x of the class group that
is trivial on H. Put Tr(s) = 7 %/2T(s/2) and T'c(s) = 2(27)~°I'(s), and let A(s,x) =
|di|*/*Tr(s)"T'c(s)™?L(s, x) be the completed L-function. Since y is unramified at every
place, A(s,x) has the same gamma factors as the Dedekind zeta function of K. It is
entire, of order 1, and satisfies A(s,x) = W(x)A(1l — s,x) with [W(x)| = 1. Poitou’s
proof of Weil’s formula for the Dedekind zeta function [18, §1], including his bound on the
horizontal segments of the contour (his Proposition 1), carries over to A(s,x) with two
changes: the functional equation relates A(s, x) to A(1 — s, ), and there is no pole. With

B(s) = [ F(2)et~122 dy it gives

my 1og N
S"@(p) = logldie| — A(F) =23 3" Re (x(p)") oo BF(mlogNp),  (B.3)
P p m>1 N]J

where p runs over the zeros of L(s, x) with 0 < Rep < 1, counted with multiplicity and
summed symmetrically in Im p, and

A(F):%‘Fn(’y-f-logSﬂ-)_rl/oo 1-F@) /Ooo 1— F(x)

0o 2cosh(x/2) v 2sinh(x/2) v
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(see also [26], [16, Chapter XVII] and [1, (3)]). A term of the prime sum with F'(mlogNp) # 0
has Np < Np™ < € so x(p) = 1 there. On the other side, Re®(p) > 0 whenever
0 < Rep < 1. Indeed, write p = % + o + iT with |o| < % Then

cosh(ox)

cosh(z/2)

The Fourier transform of i, is 27 cos(mo) cosh(n€) /| cosh(m(€ 4 io))[2 > 0, and § = h? > 0,
so Parseval’s formula gives Re ®(p) > 0. (Alternatively, positivity on the strip follows from
positivity on the line Res = 1 by the maximum principle [18, p. 6-08], [1, §5].) Finally,
2N~"™/2/cosh( log N) = 4/(N™ + 1) for N = Np, and the identities

Re®(p) = /Rg(m),ug(:p) cos(Tx) dx with p,(z) =

0o 1 — h
/ (l—sechu)sechudu:z—l, / wdu:logQ
0 2 0 sinh u
give A(F) =1 +n(y+logdr) — [7°(1 — g)k. So the real part of the right side of (B.3) is
—R, and 0 < —R, which contradicts R > 0. O

For the computation we use the following closed form, which is elementary (substitute
y =u+ 2/2 and use the product-to-sum formulas). Put w; = 27j/c. For 0 <z <,

J—1 J—1
g(x) = (c—2) ) Bjcos(wjz) + Y S;sin(w;z), (B.4)
j=0 i=1
with By = ad, B; = a§/2 for 7 > 1, and
2
a; itk Wi
=t 2 —1)*
i 2w a; O<zk;(]( ) ag wig W]%
ki

B.2. The computation for La4. We apply Proposition B.1 to K = Loy, with n = 24,
ry =2, 79 = 11 and dg = —2* - 520 .72 (Lemma 2.4), with 7' = 107 and ¢ = log T', and
with J = 20 and the coefficients a; of Table 9. The a; were found as follows. Both g(0)
and R g(0) are quadratic forms in (ag,...,aj_1), so the coefficients that maximize R form
the top eigenvector of a generalized symmetric eigenvalue problem. We solved it in floating
point for J = 20 and ¢ = log 107, normalized the eigenvector to ag = 1 and rounded it to
eight decimal places. The proof uses only the printed values, read as exact rational numbers.
The same floating-point computation shows that for J = 20 the maximum of R changes
sign between ¢ = 15.75 and ¢ = 16, which is why we took the round bound 7' = 107, with
c=16.118....

Joaj Joaj Joaj Joa;

0 1 5 0.02000542 10 —-0.01007476 15 0.00413216
1 0.15211830 6 —0.01334957 11 0.00896303 16 —0.00403606
2  —0.08506698 7 0.00970009 12 —0.00736544 17 0.00363395
3 0.04674648 8 —0.00852986 13 0.00616254 18 —0.00327830
4 —0.02962281 9 0.00863041 14 —0.00513556 19 0.00335562

TABLE 9. The coefficients a; of the function h used for Loy (J = 20, ¢ = log 107).

(a) The prime ideals. Since 107 is not a prime power, the condition Np™ < e¢ = 107
in (B.2) selects the same terms as Np™ < 107, and the prime ideals in Proposition B.1 are
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those of norm at most 107. We listed them in two ways. First, with PARI’s idealprimedec on
the maximal order of Loy, which is certified with nfcertify. Second, from the decompositions
in Lg and in Q(b). The polynomial 23 + 2z — 2 defines Q(b): if y is a root of it, then
b= (—2y?+y—4)/5 is a root of 1. The discriminant —140 of 23 + 2z — 2 equals that
of Q(b), and the index of Z[a] in the ring of integers of Lg is 27 - 5 - 41 (Lemma 2.4). So
for p ¢ {2,5,7,41} the prime p is unramified in Loy = Lg ®g Q(b), and, by the Dedekind-
Kummer theorem, its residue degrees in Lg and in Q(b) are the degrees of the irreducible
factors modulo p of the octic polynomial in (1.6) and of 2® + 2z — 2. Each pair of primes of
Lg and of Q(b) above p, of residue degrees d and d’, gives ged(d, d’) primes of Loy of residue
degree lem(d, d’). For p € {2,5,7,41} we used idealprimedec. Both lists consist of the same
665 770 prime ideals, above 280 528 rational primes, and the sum in (B.2) has 666 361 terms.

(b) The value of R. We evaluated (B.2) in ball arithmetic (Arb [15], through python-flint),
in which every real number is represented by an interval that is guaranteed to contain
it. The function g is evaluated by (B.4). The integral is split at 6 = 2720 and at ¢. On
[0, c] it is computed by Arb’s certified integration of the analytic integrand. On [0, 4] we
use k(z) < 11/2+n/z and 0 < g(0) — g(x) < Lz, where the lower bound is the Cauchy—
Schwarz inequality and L = > [5;|(1 + cw;) + >;|Si|w; bounds |¢'| on [0,c] by (B.4).
So this part of the integral lies between 0 and d(nL + r1Ld5/4)/g(0). On [¢,00), where
g = 0, the integral equals r1(1 — tanh §) — nlogtanh §. At 128-bit precision this gives
R € ]0.629536, 0.629544], the computed interval rounded outward. At 200-bit precision
and with § = 2730 it gives R = 0.62954314 + 3.72 - 107°. The three parts of (B.2) are
r1+n(y+logdmr) —log|dx| = —30.84540973. .., [;°(1 — §)x = 2.37838643. .. and the prime
sum 33.85333930. . ., with ¢(0) = 16.39716346. ... In particular R > 0.

(¢) Principality. For each of the 665 770 prime ideals p of (a) we found an element o € Loy
with aOr,, = p. A candidate o was proposed by PARI’s bnfisprincipal, from a class
group computation that is proved correct only under the generalized Riemann hypothesis.
This computation serves only to find a. Each candidate was then checked by exact arithmetic:

(1) the coordinates of o on an integral basis of the certified maximal order of Loy are
integers, so « is an algebraic integer;

(2) ‘NL24/Q(O‘)’ = Np;

(3) vp(a) = 1.

By (1) and (3), aOr,, = pa with a an integral ideal, and by (2), Na = 1, so aOr,, = p.
All 665770 prime ideals pass these checks. The generators are not stored: the program

deposited in [14] finds them again and repeats these exact checks in 3765 seconds on one
core.

Proof of Theorem 6.1. By (b), R > 0, so by Proposition B.1 and (a) the classes of the prime
ideals of Loy of norm at most 107 generate the class group of Los. By (c) all these classes
are trivial. Hence the class group of Loy is trivial. O

These computations were repeated by separately written programs (Appendix C.2).

Remark B.2. As a smaller example of the criterion, with the simplest test function, the
same method shows without the generalized Riemann hypothesis that Lg has class number
1. Take K = Lg (n =8, 71 =2, dg = —2'4.56.77), J =1 and ag = 1, so that h is the
indicator function of [—¢/2,¢/2] and g(z) = max(c — |z|,0), and take T' = e° = 300. The
sum in (B.2) then runs over the 61 prime ideals of Lg of norm less than 300 (87 terms), and
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R =1.45103... > 0. Every prime ideal of Lg of norm at most 1000, more than the bound
300 requires, is principal, as checked in the manner of (c).

APPENDIX C. COMPUTATIONS

C.1. List of computational statements. Table 10 lists the statements that rest on, or
were checked by, machine computation. All arithmetic is exact: integers, rationals, polyno-
mials, number fields given by defining polynomials, and finite fields. The one exception is the
enclosure of the number R in Appendix B, which uses ball arithmetic: floating-point intervals
that are guaranteed to contain the exact values. The only class group that the proof uses is
that of Loy, determined in Appendix B by an argument that uses no unproved hypothesis.

Statement What is computed

Lemma 2.1, (1.3), (2.2) polynomial identities, discriminants and resultants

Lemmas 2.4 and 2.5 maximal orders of Lg and Los4 (nfinit, certified by nfcertify),
signatures, discriminants, prime decompositions (idealprimedec), labels

Lemma 2.6 checked by factorpadic (the proof is by hand)

Proposition 5.4 the types of Lg at the primes ¢ =1 (mod 5) up to 700 and the types of the
forms of Proposition 5.2; the admissible residues, families and the sets 1(q)

Proposition 6.2(i), characteristic polynomials and ideal factorizations of the Bj; the valuation

Lemma 6.3 matrix; the symbol matrices and their ranks; the exact norm identities

Theorem 7.1 the linear algebra over F5 and the exhaustive enumeration of the 510
vectors of A

Remarks 7.2 and 7.3, further runs of the sieve, and the ranks of the maps ¢ — Myc on A; the

Section 8 tests on the fibres above n = —1 and n = 243

Theorem 6.1 (Appendix B) the prime ideals of L24 of norm at most 107 (two methods); an enclosure of

R in ball arithmetic; for each of these prime ideals, a generator, checked by
exact arithmetic; the corresponding computations for Ls (Remark B.2)

TABLE 10. The computational statements of the paper.

The computations for Lemmas 2.4 and 2.5, Propositions 5.4 and 6.2, Lemma 6.3, and The-
orem 7.1 take a few minutes in total on one core of a laptop, most of it in the exhaustive
sieve. The tests of Section 8 take a few minutes each. The computations of Appendix B
take about an hour and a quarter: a few minutes for each list of prime ideals and for the
enclosure of R, and about an hour for the generators of the 665 770 prime ideals.

We describe how the data of Appendix A are obtained and checked. The field Loy is
built as Lg[z]/(x® + 2022 + 350z + 8750), where the cubic is the minimal polynomial of
25b, and represented by an absolute defining polynomial of degree 24. The elements a
and b are expressed in this absolute representation, and the printed elements B; and wu;,
given as polynomials in a and b, are evaluated there. The candidates B; were found with
PARI’s bnfinit and bnfunits. This uses the generalized Riemann hypothesis, but only to
find the elements, whose properties are then checked unconditionally: the S-unit property
by characteristic polynomials and by ideal factorization, the valuations by nfeltval, and
the independence by the rank of the symbol matrix. For the auxiliary primes, the residue
fields k(q) and k(Q) are handled with nfmodpr. The roots of f; in k(q) are found with
polrootsmod and transported to k(Q) by lifting to Lg, embedding in Loy and reducing. A
separate program recomputes every row of every matrix M, from the description of the
primes in Table 6 alone, by arithmetic in finite fields (ffgen, ffextend), and finds the same
97 rows.
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C.2. Independent second computations. The following computations were repeated by
separately written programs, which share with the first ones only the definitions in the text
and, where stated, the printed data and the defining polynomial of Loy.

e The auziliary primes and the sets I(q) (Proposition 5.4), in Python with FLINT and
explicitly constructed finite fields: the same set Q, the same entries of Table 3 and
the same sets I(q). This program also checked that every vector of every I(q) satisfies
the relation between the symbols above a prime q of Lg and the symbol of 2 at q that
Proposition 3.2 implies.

e The sieve (Theorem 7.1) and the tests of Section 8, with an independent model of Loy,
its own basis of S-units, the norm condition imposed through valuations and residue
symbols in Lg, and its own labels and sets I(g): the same dimensions 14 and 10, the
same counts 36 875, 567, 19, 1, 0, and the same single survivor in both test fields. It also
agrees with the printed valuation matrix, norm identities, matrices M, and sets I(q).

e The class number of Loy (Appendix B). Two programs, both starting from the same
defining polynomial of Loy as the first ones, list the prime ideals of norm at most 107, by
the Dedekind—Kummer theorem for the primes not dividing its index and, for the few
others, by idealprimedec or a second defining polynomial, and find the same 665 770
prime ideals. Each encloses R with its own closed form for g and its own treatment of the
integral, and both obtain R = 0.62954313841571501 .. ., with radii less than 2.5 - 10721
and 3.3 - 10719, A further program proves again that all 665770 prime ideals are
principal, with another defining polynomial of Log and its own certified maximal order.

C.3. Software. The computations used PARI/GP 2.17.3 [17], Python 3.12 with NumPy,
SciPy, SymPy and mpmath, and FLINT 3.3 [10] through python-flint 0.8, including the ball
arithmetic of Arb [15] for Appendix B.

C.4. Data availability. The inputs, programs and outputs of all computations, with scripts
that run them in order and a document that describes them, are deposited at [14]. The
Lean formalization of Theorems 1.1 and 1.2 described in Section 1.6 is deposited at [13].
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