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Abstract

The known sharp third-moment inequality supplies an exact defect that identifies the
standardized two-point family and controls transport and characteristic functions. We develop
the corresponding Fourier reduction and give the qualitative eventual upper-bound argument.
A penalized extremal problem yields eventual two-point optimality and a uniform linear
deficit, with sharp cubic Wasserstein stability. A fifth-order lattice saddle gives the full
oscillatory n−2 correction for the optimal constants. A separate effective argument proves
Cn < CE for every n ≥ 49, by a finite base and a first-failure induction. Exact polynomial
certificates give bounds for two and three summands; a complete interval argument treats all
three-point laws at four summands. An elementary historical bound C ≤ 0.45 is included as
an appendix. ChatGPT and Codex assisted the development of the proofs and computational
certificates and the preparation of this manuscript, using the GPT-5.6 Sol, GPT-6.1 Sol and
GPT-6 Astra models.

Introduction

The common normalization is mean zero, variance one and finite third absolute moment. Put

Rn(P ) =

√
n∆n(P )

ρ(P )
, Cn = sup

P
Rn(P ), CE =

3 +
√

10

6
√

2π
.

In Part I we use

β(P ) = ρ(P ), f(γ) = ρ2(γ), Bn = C∗
Q(n), d(P ) = ρ(P )− ρ2(γ(P )).

The normalized defect q(P ) = d(P )/ρ(P ) is distinct from the Bernoulli probability q = 1− p.
Lattice spans and conditional-noise variances are introduced locally.

The principal qualitative conclusion is that, for all sufficiently large n, every standardized
law satisfies

Rn(P ) + 10−4d(P )

ρ(P )
≤ C∗

Q(n) = Cn < CE.

Theorem 7.1 proves this statement. The asymptotic refinement, including its arithmetic oscillation,
is given in Corollary 8.3. The effective theorem Cn < CE for n ≥ 49 is Theorem 10.1; it does not
assert two-point optimality at every index from 49 onward.

Part I follows the structural route: exact defect, linear Fourier stability, coherent response, two-
point saddle, and eventual upper bound. The quantitative and second-order refinements follow
with their own proofs. Part II makes the numerical threshold effective. Its analytic reductions are
proved in the text; the specified finite inequalities are certified by the accompanying electronic
proof data. The literature inputs, including the He–Cheng preprint, are stated where used. No
claim for unrestricted indices 4, . . . , 48 follows from the results assembled here.
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Principal results

Let P have mean zero, variance one and finite ρ = E|X|3; write γ = EX3, Rn(P ) =
√
n∆n(P )/ρ,

Cn = supP Rn(P ), and C∗
Q(n) = supQ two-pointRn(Q). Put CE = (3 +

√
10)/(6

√
2π).

1. Exact two-point defect. With Qγ the matching standardized two-point law,

d(P ) = ρ− γ2 + 2√
γ2 + 4

≥ 0, d(P ) = 0 ⇐⇒ P = Qγ .

Known sharp moment inequality [3]; Theorem 1.1 records its defect form.

2. Linear Fourier stability. For every t ∈ R,

|φP (t)− φQγ (t)| ≤ |t|3d(P )

4(1− |cγ |)
, cγ =

γ(γ2 + 6)

(γ2 + 4)3/2
.

Theorem 1.2.

3. Eventual two-point optimality. For all sufficiently large n,

Cn = C∗
Q(n) < CE.

Every maximizing law is two-point. Theorem 7.1.

4. The full oscillatory second-order asymptotic. With the explicit constants and phase of
Section 8,

Cn = CE −
κ∞
n
− κ2 +A2ω

2
n

n2
+ o(n−2).

The limit set of n2(Cn − CE + κ∞/n) is exactly [−κ2 −A2/4,−κ2]. Corollary 8.3.

5. An effective unrestricted threshold. Cn < CE for every integer n ≥ 49. Theorem 10.1.
This threshold concerns the strict upper bound, not two-point optimality.

6. Finite-index certificates.

C2 ≤
2
√

2

7
, C3 ≤

59
√

3

250
, C4,≤3 <

409

1000
< CE.

The first two bounds are unrestricted; the fourth-index bound treats all laws on at most three
points. Theorems 21.1, 22.1, 23.1.
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Part I

Structure, stability, and lattice asymptotics

1 Normalization and main results

Let Φ and ϕ = Φ′ denote respectively the standard normal cdf and density, and for any real
random variable Z write

φZ(t) := EeitZ .

Let Y, Y1, Y2, . . . be iid with

EY = 0, EY 2 = 1, ρ = E|Y |3 <∞,

and put

Sn =
Y1 + · · ·+ Yn√

n
, ∆n(Y ) = sup

x∈R
|P{Sn ≤ x} − Φ(x)|,

Cn = sup
Y

√
n∆n(Y )

ρ
, CE =

√
10 + 3

6
√

2π
.

The supremum in Cn is over centered variance-one laws with finite third absolute moment. For
later local arguments, let X be centered and standardized and put

γ = EX3, ρ = E|X|3, s =
√
γ2 + 4, p =

s− γ
2s

, q = 1− p.

Then γ = (q − p)/√pq and s = (pq)−1/2. If x = s(η + θ)/
√
n, np+ η ∈ Z, and |θ| ≤ 1/2, write

C+n (X; η, θ) :=

√
n

E|X|3

{
P
(
X1 + · · ·+Xn√

n
≤ x

)
− Φ(x)

}
,

C−n (X; η, θ) :=

√
n

E|X|3

{
Φ(x)− P

(
X1 + · · ·+Xn√

n
< x

)}
.

Thus

Cn(X) :=

√
n∆n(X)

ρ
= sup

η,θ
max{C+n , C−n }.

The following sharp moment inequality is due to Shevtsova [3, Theorem 6]; see also Mattner–
Shevtsova [2, Example 1.3]. Their bound |γ| ≤ B(ρ) is equivalent to ρ ≥ ρ2(γ), since

B(ρ) =

√
ρ2 + ρ

√
ρ2 + 8

2
− 2

is the inverse of ρ2 restricted to [0,∞). For γ ≠ 0, the equality case is also contained in the
osculatory interpolation of [2, Lemma 2.4(b)]; for γ = 0, it follows from Jensen’s equality case.
We include a self-contained factorized proof, recording the nonnegative defect density needed
below.

Theorem 1.1 (exact two-point defect). Let γ = EY 3 and

s =
√
γ2 + 4, a =

s− γ
2

, b =
s+ γ

2
.

Let Zγ have values −a, b with probabilities b/s, a/s. Then

d(Y ) := ρ− ρ2(γ) ≥ 0, ρ2(γ) =
γ2 + 2√
γ2 + 4

,

and equality holds if and only if Y
d
= Zγ.
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For any centered variance-one random variable Z, we use the functional notation

γ(Z) := EZ3, ρ(Z) := E|Z|3, d(Z) := ρ(Z)− ρ2(γ(Z)), (N0)

and write

sγ(γ) :=
√
γ2 + 4, p(Z) :=

sγ(γ(Z))− γ(Z)

2sγ(γ(Z))
. (N1)

When the random variable is fixed, the corresponding unsubscripted symbols γ, ρ, d, s, p retain
the shorter meanings introduced above.

Theorem 1.2 (linear Fourier stability). With cγ = γ(γ2 + 6)/(γ2 + 4)3/2 and χγ(t) = EeitZγ ,
one has, for all t ∈ R, ∣∣EeitY − χγ(t)

∣∣ ≤ |t|3

4(1− |cγ |)
d(Y ).

We henceforth write Qγ for the standardized two-point law Zγ in Theorem 1.1. Thus, with

a = (
√
γ2 + 4− γ)/2 and b = (

√
γ2 + 4 + γ)/2,

P{Qγ = −a} =
b

a+ b
, P{Qγ = b} =

a

a+ b
. (Q0)

This notation always denotes the law (or a random variable having that law), never an auxiliary
polynomial.

Write
R := [−∞,+∞]

for the two-ended order compactification of R.

Corollary 1.3 (coherent defect representation). Let X be centered with variance one and third
moment γ. There is a unique p ∈ (0, 1) such that, with q = 1− p,

γ = γp :=
q − p
√
pq
.

Put s = (pq)−1/2 and Y = p+X/s. Then

EY = EY 2 = EY 3 = p.

There are an explicit nonnegative defect density Wp, an explicit continuous response curve
rp,t : R→ C, and a probability measure ν such that, with bp(t) = q + pe2πit,

φY (2πt) = bp(t) + d rν(t), rν(t) =

∫
rp,t(y) dν(y), (RF)

where

d = E|X|3 − ρ2(γp), ρ2(γp) =
p2 + q2
√
pq

,

The probability measure ν is independent of t. The centered Bernoulli transform is

cp(t) = e−2πiptbp(t).

When d = 0, the law of Y is Bernoulli and the perturbation vanishes.

6



For clarity we fix here, before its first use, the signed smoothing notation. For a centered
variance-one summand X, let

Fn,X(x) = P{(X1 + · · ·+Xn)/
√
n ≤ x}, Fn,X(x−) = lim

u↑x
Fn,X(u),

and put
D+
X(x) = Fn,X(x)− Φ(x), D−

X(x) = Φ(x)− Fn,X(x−).

For σ ∈ {+,−}, Dσ
X(x) denotes the corresponding one of these two signed errors. The same sign

convention is used for Cσn and for the one-sided operators below. Thus

∆n(X) = sup
x

max{D+
X(x), D−

X(x)}.

The Prawitz kernel used throughout is

K(t) =
1− t

2
+

i

2

{
(1− t) cot(πt) +

1

π

}
, 0 < t < 1,

and

K(t) =
i

2πt
+

1

2
+O(t), K(t) = − i

2πt
+

1

2
+O(t) (t ↓ 0).

The corresponding one-sided complex improper integral need not exist. For κ ∈ {K,K}, 0 < b ≤ 1,
and g(t) = g(0) +O(t) with g(0) ∈ R, define instead

Iκ,b(g) := 2 lim
ε↓0

Re

∫ b

ε
κ(t)g(t) dt, Iκ := Iκ,1. (P0)

Thus every later expression of the form 2 Re
∫ b
0 κ(t)g(t) dt is understood as the limit in (P0).

Lemma 1.4 (Prawitz–Beurling half-line kernel). Define, in the real-part improper sense of (P0),

M(u) :=
1

2
+ 2ℜ

∫ 1

0
K(t)e2πitu dt, eB(u) := M(u)− 1(−∞,0](u). (P1)

Then
M(u) ≥ 1(−∞,0](u), 1−M(−u) ≤ 1(−∞,0)(u), eB(u) ≥ 0 (P2)

for every u ∈ R. At the integer nodes the identities are exact:

M(j) = 1{j≤0}, 1−M(−j) = 1{j<0} (j ∈ Z). (P3)

If U is integrable and ψU (t) = Ee2πitU , then all expectations below are finite and

EM(U) =
1

2
+ IK(ψU ), E{1−M(−U)} =

1

2
− IK(ψU ). (P4)

Thus taking expectations in (P2) involves no formal interchange with the t−1 part of the kernel.

Proof. The one-sided smoothing inequality of [5], in the normalization whose Fourier kernel
is the displayed K, applied to the point mass at u, gives 1(−∞,0](u) ≤ M(u). Thus the only
imported assertion here is exactly Prawitz’s standard half-line inequality; the second inequality
in (P2) follows from the first at −u. We verify the cardinal and integrability facts used later.
The independent partial-fraction calculation (4.52a)–(4.52b) below also checks the sign of the
resulting Beurling error away from the integer nodes.

For j = 0, the real part of K gives M(0) = 1. If j ∈ Z \ {0}, the elementary cosine term and
the bare sine term integrate to zero, and hence

M(j) =
1

2
−
∫ 1

0
(1− t) cot(πt) sin(2πjt) dt. (P5)
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The product following (1− t) is invariant under t 7→ 1− t. Moreover, for m ≥ 1,

cot(πt) sin(2πmt) = 1 + cos(2πmt) + 2
m−1∑
ℓ=1

cos(2πℓt), (P6)

and the formula for −m is its negative. Thus the integral in (P5) is 1
2 sgn j, proving (P3).

Finally 2
∫ 1
0 ℜK(t) dt = 1/2, so for each real u

M(u) = 1 + 2ℜ
∫ 1

0
K(t){e2πitu − 1} dt. (P7)

This integral is absolutely convergent near zero because K(t) = i/(2πt) +O(1) and |e2πitu − 1| ≤
2πt|u|. For integrable U , the same bound with E|U | permits Fubini in (P7). It gives the first
identity in (P4), and conjugation gives the second. The same estimate supplies an integrable
affine bound for M(U).

We also fix the associated order operators here, before any asymptotic use. If X is real-valued
and integrable, n ≥ 1, h > 0, and x ∈ R, put

gX,n,h,x(t) = e−2πix
√
n t/hφX(2πt/h)n,

U+
X,n,h(x) :=

1

2
+ IK(gX,n,h,x), U−

X,n,h(x) :=
1

2
− IK(gX,n,h,x). (P8)

For Z = (X1 + · · ·+Xn − x
√
n)/h, the lemma gives

U+
X,n,h(x) = EM(Z), U−

X,n,h(x) = E{1−M(−Z)}, (P9)

and therefore
Fn,X(x) = U+

X,n,h(x)− EeB(Z),

Fn,X(x−) = U−
X,n,h(x) + EeB(−Z).

(P10)

Thus U+ is an upper operator for the closed half-line and U− a lower operator for the open
half-line. In particular,

D+
X(x) ≤ U+

X,n,h(x)− Φ(x), D−
X(x) ≤ Φ(x)− U−

X,n,h(x). (P11)

Theorem 1.5 (two-point asymptotics). If C∗
Q(n) is the supremum defining Cn restricted to

standardized two-point laws, then

C∗
Q(n) = CE −

κ∞
n

+ o(n−1), κ∞ =
867 + 287

√
10

25920
√

2π
.

Theorem 1.6 (qualitative eventual upper bound). There exists an integer N0 such that

Cn ≤ CE (n ≥ N0).

2 The exact moment defect

The elementary identities

ab = 1, a+ b = s, b− a = γ

show that Zγ has moments 0, 1, γ of orders one, two and three. Its third absolute moment is

ρ2(γ) =
b

s
a3 +

a

s
b3 = s− 2

s
=
γ2 + 2

s
.
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Proof of Theorem 1.1. For γ ≠ 0, the density wγ below is the normalized osculatory error of
Mattner–Shevtsova [2, Lemma 2.4(b)], applied to x3 at the nodes −a, b. Its formula extends
continuously to γ = 0. We record its explicit factorization. Define

cγ =
γ(γ2 + 6)

s3

and

wγ(x) = |x|3 − cγx3 −
12

s3
x2 +

6γ

s3
x+

4

s3
.

Notice that the denominator occurring below is strictly positive, since

1− c2γ =
(γ2 + 4)3 − γ2(γ2 + 6)2

(γ2 + 4)3
=

4(3γ2 + 16)

(γ2 + 4)3
> 0.

Using ab = 1, a+ b = s and b− a = γ, direct multiplication gives

wγ(x) =
2a2

s3
(x− b)2{2 + (a+ 3b)x}, x ≥ 0, (2.1)

wγ(−t) =
2b2

s3
(t− a)2{2 + (3a+ b)t}, t ≥ 0. (2.2)

Both right-hand sides are nonnegative, and they vanish only at b and a, respectively. Taking
expectations and using the first three moments,

Ewγ(Y ) = ρ− cγγ −
8

s3
.

The identity

cγγ +
8

s3
=
γ4 + 6γ2 + 8

s3
=

(γ2 + 2)(γ2 + 4)

s3
= ρ2(γ)

proves d(Y ) = Ewγ(Y ) ≥ 0. Equality forces Y to be supported on {−a, b}. If r = P{Y = b},
the equation EY = 0 gives r = a/(a+ b) = a/s; hence Y

d
= Zγ . The converse follows from the

displayed factorization.

Corollary 2.1 (quadratic concentration). Put a∗ = 1
2(s− |γ|). Then

E dist
(
Y, {−a, b}

)2 ≤ s3

4a2∗
d(Y ).

Proof. In (2.1) and (2.2) the final linear factor is at least 2, while min(a, b) = a∗. Therefore

wγ(x) ≥ 4a2∗
s3

dist(x, {−a, b})2.

Integrate and use Ewγ(Y ) = d(Y ).

Proposition 2.2 (stability of the smoothing scale). With

b∗ =
s+ |γ|

2
, K1(γ) =

s2

a∗(a∗ + 3b∗)
,

one has
0 ≤ ρ+ E|Y | − s ≤ K1(γ)d(Y ).
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Proof. By reflection assume γ ≥ 0 and define

vγ(x) = |x|3 + |x| − γ

s
x3 − 4

s
x2 +

γ

s
x.

Direct factorization gives

vγ(x) =
2a

s
x(x− b)2 (x ≥ 0), vγ(−t) =

2b

s
t(t− a)2 (t ≥ 0).

Thus vγ ≥ 0 and Evγ(Y ) = ρ+ E|Y | − s. Dividing these factorizations by (2.1)–(2.2), and using
monotonicity of the resulting fractional-linear functions, yields

vγ(x)

wγ(x)
≤ s2

a(a+ 3b)
,

vγ(−t)
wγ(−t)

≤ s2

b(3a+ b)
.

The first constant is larger when b ≥ a. Take expectations and then reflect to cover γ < 0.

3 Proof of the characteristic-function stability theorem

Let Hγ,t be the cubic Hermite interpolant of x 7→ eitx at −a, b, matching values and first
derivatives. Since Y and Zγ have identical moments through order three,

EeitY − χγ(t) = E{eitY −Hγ,t(Y )}. (3.1)

By reflection we may suppose γ, t ≥ 0. Put

p =
a

s
, q =

b

s
= 1− p, z = ts,

and let Pz be the cubic Hermite interpolant of eizy at 0, 1. Write Ez(y) = eizy − Pz(y).

For x ≥ 0, y = (x+ a)/s and a direct change of variables gives

wγ(x)

1− cγ
= s3(y − 1)2(y − αp), αp =

p

3− 2p
.

The function p 7→ αp is increasing. Hence it suffices to prove

|Ez(y)| ≤ |z|
3

4
(y − 1)2

2y(1− y)

3− 2y
, 0 < y < 1

2 , (3.2)

|Ez(y)| ≤ |z|
3

4
(y − 1)2(y − 1

4), y ≥ 1
2 . (3.3)

Indeed, when p ≤ y ≤ 1/2,

y − αp ≥ y − αy =
2y(1− y)

3− 2y
,

and when y ≥ 1/2, one has y − αp ≥ y − α1/2 = y − 1/4. On the negative half-axis the identity

Ez(1− y) = eizEz(y)

follows from uniqueness of Hermite interpolation. To make the reduction explicit, write t = −x ≥ 0
and y′ = (t+ b)/s = 1− y ≥ q, where q = 1− p ≥ 1/2. Direct substitution in (2.2) gives

wγ(−t)
1− cγ

= s3(y′ − 1)2Aq(y
′ − βq), Aq =

q2(3− 2q)

p2(1 + 2q)
, βq =

q

3− 2q
.
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Here Aq ≥ 1, so the difference Aq(y
′ − βq)− (y′ − 1/4) is increasing in y′. After multiplication

by the positive denominator 4p2(1 + 2q), its value at y′ = q is

p(16q3 − 6q2 − 3q + 1) = p(2q − 1)(8q2 + q − 1) ≥ 0,

because q ≥ 1/2. Thus Aq(y
′ − βq) ≥ y′ − 1/4, and (3.2)–(3.3) cover both half-axes.

The Hermite–Genocchi formula gives

Ez(y) = y2(y − 1)2fz[0, 0, y, 1, 1], fz(u) = eizu.

Let My denote the probability B-spline with knots 0, 0, y, 1, 1. The normalized formula, including
the simplex-volume factor, is

fz[0, 0, y, 1, 1] =
1

4!

∫ 1

0
f (4)z (u)My(u) du. (HG)

For 0 < y < 1 its density is

My(u) =


4u2

y2
{3y − (1 + 2y)u}, 0 ≤ u ≤ y,

4(1− u)2

(1− y)2
{(3− 2y)u− y}, y ≤ u ≤ 1,

with the limiting interpretation at y = 0, 1. Direct differentiation shows that My is unimodal,
vanishes at the endpoints, and has maximum at most 2; hence its total variation is at most 4.
Stieltjes integration by parts in (HG) yields

|Ez(y)| ≤ |z|
3

6
y2(y − 1)2, 0 ≤ y ≤ 1. (3.4)

For 0 < y ≤ 1/2, (3.2) follows from 2y2 − 6y + 3 ≥ 0. For 1/2 ≤ y ≤ 1, (3.3) follows from
8y2 − 12y + 3 ≤ 0. It remains to treat y ≥ 1.

Put v = z(y − 1), w = zy = v + z, and

A(r) =

∫ 1

0
eiθr dθ.

Define the normalized error

F =
e−izEz(y)

z2(y − 1)2
,

with its continuous value at z = 0 or y = 1. Cancelling the double zero at y = 1 gives the exact
identity

F = iw

∫ 1

0
u(1− u)e−izu{1−A(wu)} du.

Consequently, by Cauchy–Schwarz,

|F | ≤ w
√
J2(w)/6, J2(w) =

∫ 1

0
u(1− u)|1−A(wu)|2 du. (3.5)

Lemma 3.1. For every w ≥ 0,

J2(w) ≤ 243

1250
= 6

(
9

50

)2

.
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Proof. For r ≥ 0,

|1−A(r)|2 = 1− 2
sin r

r
+ 2

1− cos r

r2
.

On 0 ≤ r ≤ 10 insert the alternating Taylor bounds

sin r

r
≥

8∑
k=0

(−1)kr2k

(2k + 1)!
− r18

19!
,

1− cos r

r2
≤

8∑
k=1

(−1)k+1r2k−2

(2k)!
+
r16

18!
.

These inequalities are not an appeal to a numerical alternating-series test: the first is the global
lower sine polynomial through degree 19 and the second is the global upper polynomial for
1− cos r through degree 18. Repeated differentiation reduces both remainders to 1− cos r ≥ 0,
proving the stated signs for every r ≥ 0. Let P (r) be the resulting upper polynomial and
Q(w) =

∫ 1
0 u(1− u)P (wu) du. Each monomial is integrated by∫ 1

0
uj+1(1− u) du =

1

(j + 2)(j + 3)
.

After x = w2/100, the degree-nine polynomial 243/1250−Q(10
√
x) has the positive Bernstein

coefficients printed in Appendix A.1, separately on [0, 1/2] and [1/2, 1]. This proves the estimate
for w ≤ 10.

For w ≥ 10, direct integration gives

J2(w) =
1

6
+

2 Cin(w)

w2
− 4

w2
+

4 sinw

w3
, Cin(w) :=

∫ w

0

1− cos t

t
dt. (J1)

We bound the tail without invoking a special-function identity. The global lower Taylor polynomial
of degree 22 for cosine gives, after termwise integration on [0, 10],

Cin(10) ≤ C22 :=
11∑
k=1

(−1)k+1102k

2k(2k)!
=

2702150949482225

905566992594264
.

The direction of the Taylor bound follows, as above, by repeated differentiation down to 1−cos t ≥
0. Moreover, integration by parts gives for every w ≥ 10∣∣∣∣∫ w

10

cos t

t
dt

∣∣∣∣ ≤ 1

w
+

1

10
+

∫ w

10

dt

t2
=

1

5
.

Consequently, with

D := C22 +
1

5
=

14416321740005389

4527834962971320
,

we have
Cin(w) ≤ D + log(w/10)

and hence, by (J1),

J2(w) ≤ K(w) :=
1

6
+

2D + 2 log(w/10)− 4

w2
+

4

w3
.

Since D > 5/2,

K ′(w) =
10− 4D − 4 log(w/10)

w3
− 12

w4
< 0 (w ≥ 10).

Finally, exact rational arithmetic yields

K(10) =
43998176831418013

226391748148566000
,

243

1250
−K(10) =

61895043316087

1131958740742830000
> 0.

12



Lemma 3.1 and (3.5) give |F | ≤ 9w/50. For y ≥ 1,

z(y − 1/4)

4
=
w

4

(
1− 1

4y

)
≥ 3w

16
>

9w

50
.

Thus (3.3) holds for all y ≥ 1. Substituting the resulting pointwise Hermite estimate into (3.1)
and using Ewγ(Y ) = d(Y ) proves Theorem 1.2.

4 The coherent defect representation

The common defect measure retains the signed Hermite error at every frequency. Its explicit
density and moment cancellation enter the outer, shape and low-frequency estimates below.

Proof of Corollary 1.3. The function p 7→ (1−2p)/
√
p(1− p) is continuous and strictly decreasing

from +∞ to −∞, so the required p exists and is unique. From Y = p+
√
pq X, EX = 0, EX2 = 1,

and EX3 = γp, direct expansion gives EY = EY 2 = EY 3 = p.

The density is

Wp(y) =


2q

p
√
pq
y2{3p− (1 + 2p)y}, y ≤ p,

2p

q
√
pq

(1− y)2{(3− 2p)y − p}, y ≥ p.
(3.2)

Both bracketed factors are positive on their stated half-lines: at the common endpoint they equal
2pq, and they improve away from it. Hence Wp ≥ 0, with zero set {0, 1}. To make the moment
cancellation explicit, put r =

√
pq. On both half-lines the same polynomial identity holds:

r3{Wp(y)− |r−1(y − p)|3} = Qp(y),

where
Qp(y) = −p3 + 3p2y + (6p3 − 12p2 + 3p)y2 + (−4p3 + 6p2 − 1)y3.

Since EY = EY 2 = EY 3 = p,
EQp(Y ) = −pq(p2 + q2).

Consequently
EWp(Y ) = E|s(Y − p)|3 − ρ2(γp) = d. (3.3)

Let Ht be the cubic Hermite interpolant of y 7→ e2πity at 0 and 1, matching values and first
derivatives, and define

rp,t(y) =
e2πity −Ht(y)

Wp(y)
. (3.4)

The double zeros in numerator and denominator make the singularities at 0, 1 removable. As
y → +∞ and y → −∞, separately, the exponential term divided by Wp(y) tends to zero, while
Ht(y)/Wp(y) has a finite limit, since both polynomials have degree at most three and Wp has a
nonzero cubic leading coefficient on each tail. Thus (3.4) has finite, possibly different, limits at
the two ends and extends continuously to R and is bounded.

If d > 0, set
dν(y) = d−1Wp(y) dPY (y).

Equation (3.3) says that ν is a probability measure. Since Ht is cubic and Y has the first three
moments of a Bernoulli variable B of parameter p,

EHt(Y ) = EHt(B) = Ee2πitB = bp(t).

Therefore

φY (2πt)− bp(t) = E{e2πitY −Ht(Y )} = d

∫
rp,t(y) dν(y),

13



which proves (RF). If d = 0, take, for example, ν = δ0; its choice is immaterial because it is
multiplied by d. Equation (3.3) and the zero set of Wp force Y ∈ {0, 1} almost surely; its mean
fixes the Bernoulli weights and the same identity holds with zero right side.

5 The standardized two-point branch

Let 0 < p ≤ 1/2, q = 1 − p, and let Qp denote the standardized two-point law which takes
the values

√
q/p and −

√
p/q with probabilities p and q, respectively. Equivalently, Qp = Qγp

for γp = (q − p)/√pq in the notation (Q0). Reflection sends p to q, preserves ρ(p) and the
Kolmogorov distance, and therefore makes the restriction p ≤ 1/2 harmless. If K ∼ Bin(n, p),
then

Qp,1 + · · ·+Qp,n√
n

=
K − np
√
npq

, ρ(p) =
p2 + q2
√
pq

.

Writing zk = (k − np)/√npq and Bn,p(k) = P{K ≤ k}, with Bn,p(−1) := 0, constancy of the
distribution function between neighbouring atoms gives the exact identity

∆n(Qp) = max
0≤k≤n

max (|Bn,p(k)− Φ(zk)|, |Bn,p(k − 1)− Φ(zk)|) .

Put sp =
√
pq, D = p2 + q2, and ϕ0 = (2π)−1/2. We use the following uniform saddle

expansion. Its purpose is not merely to identify formal coefficients: the displayed remainder is
uniform in every parameter subsequently optimized.

Lemma 5.1 (uniform central binomial saddle). Let ϵ = n−1/2 ≤ 10−24, p ∈ [2/5, 11/25], and let
k = np+ η be an integer with |η| ≤ 1. Then

Bn,p(k)− Φ(ηϵ/sp)

ρ(p)ϵ
= G(p) + ϵ2F (p, η) +R(p, η, ϵ), (5.1)

where

G(p) = ϕ0
2− p
3D

,

F (p, η) = − ϕ0
540pqD

{270qη2 + 45(p2 − 7p+ 5)η + p3 + 21p2 − 69p+ 46},

and
|R(p, η, ϵ)| ≤ 1010ϵ11/4.

On the symmetric wider compact range p ∈ [1/6, 5/6] the same formula holds with the bound

|R(p, η, ϵ)| ≤ 1020ϵ11/4.

Under K 7→ n−K, p↔ 1− p and η ↔ −η, this gives the signed expansion at the left edge of a
jump. Its leading coefficient is

G−(p) = ϕ0
1 + p

3D
≤ ϕ0 (0 < p ≤ 1/2).

Proof. The exact incomplete-beta identity is

Bn,p(k) = Iq(n− k, k + 1) =

∫ q
0 t

n−k−1(1− t)k dt∫ 1
0 t

n−k−1(1− t)k dt
.

Set t = q + ϵspy, A =
√
p/q and B =

√
q/p. The common constant cancels, and the logarithm

of the remaining density is

L(y) = (nq − η − 1) log(1 + ϵAy) + (np+ η) log(1− ϵBy). (S1)
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The denominator has limits −B/ϵ,A/ϵ, while the numerator ends at zero. Expanding the two
logarithms algebraically gives

L(y) = −y
2

2
+
∑
j≥1

ϵjℓj(y), ℓj(y) = cjy
j+2 + djy

j , (S2)

where

cj =
q(−1)j+3Aj+2 − pBj+2

j + 2
, dj =

−(η + 1)(−1)j+1Aj − ηBj

j
. (S3)

Define E0 = 1 and

Em =
1

m

m∑
j=1

jℓjEm−j .

Thus exp(
∑

j≥1 ϵ
jℓj) =

∑
m≥0 ϵ

mEm. Equations (S2)–(S3) imply Em(−y) = (−1)mEm(y). This

parity is retained throughout the quotient; in particular, no spurious order ϵ4 term is created.

We give the complete remainder ledger. Put Rϵ = ϵ−1/12 and restrict first to |y| ≤ Rϵ. Here
max(A,B) < 5/4 and max(A,B)ϵRϵ < 1/2. The coefficient norm in y obeys

∥ℓj∥1 ≤ bj :=
(5/4)j+2

j + 2
+

3(5/4)j

j
(1 ≤ j ≤ 4),

and hence, by the displayed recursion,

∥E1∥1 < 4.402, ∥E2∥1 < 12.65, ∥E3∥1 < 29.9, ∥E4∥1 < 62.5. (S4)

The geometric remainder of the logarithms after ℓ4 is at most(
(5/4)7

7
+

3(5/4)5

5

)
ϵ5R7

ϵ

1− (5/4)ϵRϵ
< 6ϵ5R7

ϵ . (S5)

If P4 =
∑4

m=0 ϵ
mEm, coefficient majorization by exp(z + z2 + z3 + z4) gives∣∣∣∣∣∣exp

 4∑
j=1

ϵjℓj

− P4

∣∣∣∣∣∣ ≤ 88(12ϵR3
ϵ )

5.

Together with (S5), this yields

|eL(y)+y2/2 − P4(y)| ≤ 2.2 107ϵ15/4. (S6)

No tail of the beta integral is hidden in (S6). Differentiating (S1), using pq ≥ 6/25 and
n ≥ 1048, gives

L′′(y) ≤ −0.4, L(0) = 0, |L′(0)| < 5ϵ.

Consequently
L(y) ≤ 32ϵ2 − 0.2(y − y0)2, |y0| < 12.5ϵ,

and both omitted tails are smaller than 8R−1
ϵ e−0.19R2

ϵ < 8ϵ5. The tails of e−y
2/2P4(y) are smaller

than 1040e−R
2
ϵ/3 < ϵ5. On [−1, 1] one has L(y) ≥ −1/2− 11ϵ, so the denominator in the beta

quotient is larger than one.

For 0 ≤ m ≤ 4 define

Dm =

∫
R
e−y

2/2Em(y) dy, Am =

∫ 0

−∞
e−y

2/2Em(y) dy, N4 =
4∑

m=0

ϵmAm.
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The parity noted above then gives

N4 = 1
2(D0 + ϵ2D2 + ϵ4D4) + ϵA1 + ϵ3A3.

Here is the coefficient calculation. Write r = sp =
√
pq, so that A = p/r, B = q/r, and put

D = p2 + q2. From (S3),

c1 = p−q
3r , d1 = −η+p

r , E1 = c1y
3 + d1y,

c2 = −1−3r2

4r2
, d2 = η(p−q)+p2

2r2
, E2 = c2y

4 + d2y
2 + 1

2(c1y
3 + d1y)2,

c3 = (p−q)D
5r3

, d3 = −η(1−3r2)+p3

3r3
, E3 = (c3y

5 + d3y
3) + E1(c2y

4 + d2y
2) + 1

6E
3
1 .

(S6a)

Using

D0 =
√

2π,
1

D0

∫
R
y2je−y

2/2 dy = (2j − 1)!!,

∫ 0

−∞
y2j+1e−y

2/2 dy = −2jj!,

one obtains, without any numerical integration,

A1 = − 2c1 − d1 =
1

r

{
η +

2− p
3

}
, (S6b)

D2

D0
= 3c2 + d2 +

15

2
c21 + 3c1d1 +

d21
2

=: δ2, (S6c)

A3 = − 8c3 − 2d3 − 48c1c2 − 8(c1d2 + d1c2)− 2d1d2

− 64c31 − 24c21d1 − 4c1d
2
1 −

d31
3
. (S6d)

In particular, direct collection over the common denominator 540r3 gives the checkable identity

A3 −A1δ2 +
η3

6r3
= −270qη2 + 45(p2 − 7p+ 5)η + p3 + 21p2 − 69p+ 46

540r3
. (S6e)

For clarity, we also spell out the quotient bookkeeping. Equations (S4)–(S6), including the
two truncated tails, give for the exact denominator and numerator of the beta quotient

D = D0 + ϵ2D2 + ϵ4D4 + eD,

N = 1
2(D0 + ϵ2D2 + ϵ4D4) + ϵA1 + ϵ3A3 + eN , |eD|+ |eN | < 1.2 108ϵ15/4.

The Gaussian moments and (S4) give

|A1| < 12, |D2| < 500, |A3| < 105, |D4| < 108.

Thus, with x = (ϵ2D2 + ϵ4D4)/D0, one has |x| < 201ϵ2. The exact identity (1 + x)−1 =
1− x+ x2/(1 + x) yields

N
D

=
1

2
+ ϵ

A1

D0
+ ϵ3

{
A3

D0
− A1D2

D2
0

}
+O(1.2 108ϵ15/4) +O(2.1 108ϵ5). (S6f)

Finally,

Φ(ηϵ/r) =
1

2
+ ϕ0

ηϵ

r
− ϕ0

η3ϵ3

6r3
+O(10ϵ5).

Since D−1
0 = ϕ0 and ρ(p) = D/r, (S6b) gives the coefficient G(p) = ϕ0(2− p)/(3D), while (S6e)

gives exactly the displayed F . After division by ρ(p)ϵ ≥ ϵ, (S6f) gives |R| < 1010ϵ11/4.

For the wider interval replace 5/4 by 9/4. Then

(b1, b2, b3, b4) < (10.55, 14.01, 22.93, 40.85)
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and the same recursion gives

(∥E1∥1, ∥E2∥1, ∥E3∥1, ∥E4∥1) < (10.55, 69.7, 367, 1676).

The logarithmic remainder constant in (S5) is then less than 160, and the analogue of (S6) is

|eL(y)+y2/2 − P4(y)| ≤ 9.8 1013ϵ15/4.

Since pq ≥ 5/36, the same concavity argument applies (already for n ≥ 120); the raw quotient
error is below 5 1014ϵ15/4. The deliberately coarse coefficient bounds (104, 108, 1012, 1016) for
(A1, D2, A3, D4) leave, after |x| < 40000001ϵ2, and the same exact reciprocal identity leaves a
polynomial residual below 5 1019ϵ5. Together with the 10ϵ5 normal remainder and division by ρϵ,
this gives the asserted 1020ϵ11/4 bound. Reflection K 7→ n−K, p↔ q gives the last assertion.

Lemma 5.2 (bounded-node consequence). Put

p∗ =
4−
√

10

2
, q∗ = 1− p∗, s∗ = (p∗q∗)

−1/2, ρ∗ =
p2∗ + q2∗√
p∗q∗

, η∗ = −20 +
√

10

72
,

and atan,∗ = s3∗q∗ϕ0/2. For every fixed M < ∞ and every fixed interval U with p∗ ∈ U ⋐
(2/5, 11/25), uniformly for p ∈ U and |η| ≤M with np+ η ∈ Z,

√
n

ρ(p)
{Bn,p(np+ η)− Φ(η/

√
npq)} = G(p) +

F (p, η)

n
+ oM (n−1). (S7)

Consequently, if p→ p∗, then

√
n

ρ(p)
{Bn,p(np+ η)− Φ(η/

√
npq)} ≤ C∗

Q(n)− atan,∗
ρ∗n

(η − η∗)2 + oM (n−1), (S8)

Proof. In the proof of Lemma 5.1, η occurs only in the coefficients dj in (S3). Replacing |η| ≤ 1
by |η| ≤M merely replaces the fixed coefficient majorants by constants depending on M ; the
concavity and tail arguments are unchanged. This proves (S7). To compare with the optimized
two-point value without using the theorem being proved, write

η0(p) = −p
2 − 7p+ 5

12(1− p)
, a(p) =

ϕ0

2p3/2(1− p)1/2
.

For the integer k = np+ η, set p′ = p+ (η − η0(p))/n. Then k = np′ + η0(p), so the right-edge
score of the two-point law with parameter p′ at this same integer is an admissible competitor in
C∗
Q(n). Applying (S7) to p and p′ and using the exact quadratic identity

F (p, η) = F (p, η0(p))−
a(p)

ρ(p)
(η − η0(p))2

gives, as p→ p∗,

G(p)−G(p′) = oM (n−1), F (p′, η0(p)) = F (p, η0(p)) + oM (1).

Consequently the current score is at most that competitor minus (atan,∗/ρ∗)(η−η∗)2/n+oM (n−1),
which is (S8).

The equation G′(p) = 0 is 2p2 − 8p+ 3 = 0, so the unique maximizer is

p∗ =
4−
√

10

2
, G(p∗) = CE.
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More explicitly,

G′′(p) =
ϕ0

3D3
(−8p3 + 48p2 − 36p+ 4).

On [2/5, 11/25] the negative of the displayed cubic is minimized at an endpoint and is at least
50448/15625 > 3.2286. Since D ≤ 13/25 and ϕ0 > 199/500, it follows that −G′′ > 3 throughout
that interval. The quadratic η 7→ F (p∗, η) has its vertex at

r∗ = −20 +
√

10

72
,

and exact substitution gives

max
η∈R

F (p∗, η) = −867 + 287
√

10

25920
√

2π
= −κ∞.

Proof of Theorem 1.5. For the lower bound choose an integer kn nearest to np∗ + r∗ and put
pn = (kn − r∗)/n. Then pn = p∗ +O(n−1) and kn − npn = r∗. Equation (5.1) gives

C∗
Q(n) ≥ CE −

κ∞
n

+ o(n−1).

For completeness we spell out the global localization used for the upper bound. Proposition A.1
states the imported theorem with all four edge terms and the normalization used here. In
particular, for p ∈ [1/6, 5/6] it bounds the normalized distance by those four terms and c0Ĝ(p),
where c0 < 0.948, and on p ∈ [1/3, 2/3] it gives the strict bound by Ĝ(p). On the half-range
p ≤ 1/2 one has Ĝ(p) = G(p). For p ≤ 1/6 the universal estimate [7]

√
n∆n(Qp)

ρ(p)
≤ 0.3322

(
1 +

0.429

ρ(p)

)
≤ 0.405740

has a fixed gap from CE; reflection covers p ≥ 5/6. The term c0Ĝ(p) likewise has a fixed gap.
The imported strict bound by G, together with continuity and the unique maximum at p∗, first
eliminates the compact set [1/3, 1/2] \ (2/5, 11/25).

It remains to inspect the four central edges on [1/6, 1/3] ∪ [2/5, 11/25], all of which lie in the
wider parameter range of Lemma 5.1. On the left edges the reflected leading coefficient satisfies
G−(p) ≤ ϕ0 < CE; on right edges with p ∈ [1/6, 1/3] one has G(p) ≤ G(1/3) < CE. These positive
leading coefficients also fix the signs of the corresponding signed expansions for all sufficiently
large n. Thus every sequence attaining the supremum up to o(n−1) eventually consists of right
central endpoints with p ∈ [2/5, 11/25]. On that interval one has −G′′(p) > 3. Comparison with
the explicit lower-bound sequence therefore gives p− p∗ = O(ϵ). Write p = p∗ + uϵ; the numbers
u remain bounded, and the central-point theorem gives |η| ≤ 1. Lemma 5.1, continuity of F ,
and Taylor’s theorem now give, uniformly on bounded u and |η| ≤ 1,

√
n∆n(Qp)

ρ(p)
≤ CE + ϵ2

{
1
2G

′′(p∗)u
2 + F (p∗, η)

}
+ o(ϵ2).

The first term in braces is nonpositive, while the concave quadratic F (p∗, η) has maximum −κ∞
at η = r∗. Taking upper limits proves

lim sup
n→∞

n(C∗
Q(n)− CE) ≤ −κ∞.

Together with the lower bound this proves the theorem.
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6 The original eventual upper bound

We now prove Theorem 1.6 with its natural qualitative quantifiers. Put

p∗ =
4−
√

10

2
, q∗ = 1− p∗, s∗ = (p∗q∗)

−1/2,

rE = 1− 2p∗, γ∗ = s∗rE, η∗ := r∗ = −20 +
√

10

72
,

and let ρ∗ := ρ(p∗). We write
Q∗ := Qp∗ = Qγ∗ . (4.0)

For a centered variance-one law X write

Cn(X) =

√
n∆n(X)

ρ
, γ = EX3, d = ρ− ρ2(γ).

After reflection we use the unique p ≤ 1/2 for which γ = (1− 2p)/
√
p(1− p). Thus d is precisely

the defect in Corollary 1.3. All little-oh statements below are sequential: they are uniform along
every triangular array satisfying the hypotheses in which they occur. This is enough for the final
∃N0 ∀n statement and avoids introducing an artificial cutoff.

We use the following terminology throughout this section. A one-sided cdf point (x, σ) in
row (n,X) is active if its normalized signed score

√
nDσ

X(x)/ρ is larger than CE. A positive cell
is the set of points, as |θ| ≤ 1/2 varies, written as

x =
s(η + θ)√

n
, np+ η ∈ Z, |θ| ≤ 1

2 . (4.0a)

(At a cell boundary either adjacent representation may be chosen.) The cell is active if it contains
an active point; when (η, θ) is displayed, “active” refers to that particular point. A triangular
array of points is said to lie on the localized positive branch when pn → p∗, dn → 0, its sign is
positive, and xn → 0. Thus “active” records the inequality being contradicted, whereas “localized”
records precisely the four sequential conclusions just listed; neither term hides an additional
estimate.

Outer stability

Proposition 6.1 (outer stability). Let nj →∞ and let Xj be centered and standardized. If

Cnj (Xj) > CE, (OS0)

then, after reflection and passage to a subsequence,

pj −→ p∗, dj −→ 0. (OS)

Moreover every sequence of cdf points whose normalized one-sided error tends to CE lies in the
positive central branch and tends to zero in the standardized cdf coordinate.

Proof. The published structural estimate [7]

√
n∆n(X)

ρ
≤ 1661

5000

(
1 +

429

1000ρ

)
(4.1)

shows, by direct comparison at ρ = 37/20, that every row in (OS0) has ρ < 37/20. Hence its
moment parameters are precompact.
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Put

r =
γ√

4 + γ2
, u =

√
1− r2, s =

2

u
, ϱ2(r) := ρ2(2r/u) =

1 + r2

u
, (4.2)

and set λ = ρ+ E|X|. Proposition 2.2 gives

s ≤ λ ≤ s+
2d

(1− r)(2 + r)
. (4.3)

We record why the bandwidth λ removes every nonzero leading Fourier cell. If X ′ is an
independent copy and D = X −X ′, then

z2 ≤ |z|3 +
| sin(πz)|

π
(z ∈ R). (4.4)

For |z| ≥ 1 this is immediate; on [0, 1] it follows from sin(πz) ≥ πz(1− z), and symmetry finishes
the proof. For H > 0 apply (4.4) to D/H. Independence and centering give

E|D|3 ≤ 2(ρ+ E|X|) = 2λ, E sin2(πD/H) =
1− |φX(2π/H)|2

2
.

Here the first inequality is elementary but worth recording: pointwise,

|x− y|3 ≤ (x− y)2(|x|+ |y|).

After expansion with (x, y) = (X,X ′), the two mixed terms containing EX vanish, while the
remaining terms are 2E|X|3 + 2EX2E|X| = 2(ρ+ E|X|). Cauchy–Schwarz therefore yields

H ≤ λ+
H3

2π
√

2

√
1− |φX(2π/H)|2. (4.5)

With H = λ/t this becomes

√
1− |φX(2πt/λ)|2 ≥ 2π

√
2

λ2
t2(1− t). (4.6)

Indeed 2 ≤ λ ≤ 37/20 + 1 = 57/20. Fix temporarily 0 < τ < 1/4. Squaring (4.6) and using
1− y ≤ e−y gives constants qτ < 1 and cτ > 0, independent of the row, such that

|φX(2πt/λ)|n ≤ qnτ , τ ≤ t ≤ 1− τ,
|φX(2πt/λ)|n ≤ e−cτn(1−t)2 , 1− τ ≤ t ≤ 1.

(4.6a)

This is the common Cramér-gap partition used below. Since K is bounded on the middle interval,
that integral is O(qnτ ). Since |K(1− h)| ≤ Cτh, the terminal integral is bounded by

Cτ

∫ τ

0
he−cτnh

2
dh = O(n−1). (4.6b)

After multiplication by
√
n both pieces vanish. We subsequently shrink τ , uniformly in λ ∈

[2, 57/20], so that the remaining zero cell [0, τ ] lies in the small-frequency region of (4.7).

We next evaluate the zero cell uniformly for triangular arrays. This is the point at which
uniformity in the cdf coordinate and in a possibly nonvanishing defect is needed. We give
the replacement argument explicitly. Apply the two one-sided Prawitz operators with physical
span parameter h = λ, equivalently with Fourier cutoff Tn,λ = 2π

√
n/λ. At a standardized

cdf coordinate x their Fourier factors are e−iTn,λtxφX(2πt/λ)n; hence every estimate below is
unchanged when x varies. Suppress the row index and write

φ(v) = EeivX , χ(v) = EeivQγ .
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The moment cap above bounds, uniformly in the row, the third absolute moments of both X and
Qγ . Symmetrization and 1− cos z ≥ z2/2− |z|3/6 therefore give constants c, δ > 0 such that

max{|φ(v)|, |χ(v)|} ≤ e−cv2 (|v| ≤ δ). (4.7)

Indeed, if Z ′ is an independent copy, then E(Z − Z ′)2 = 2 and

1− |EeivZ |2 = E{1− cos(v(Z − Z ′))} ≥ v2 − |v|
3

6
E|Z − Z ′|3. (4.7a)

The just-proved difference inequality and the common third-moment bound make the last
expectation uniformly bounded for Z = X,Qγ . Choose δ so that the right side of (4.7a) is at

least v2/2. Then |EeivZ |2 ≤ 1− v2/2 ≤ e−v2/2, which proves (4.7), for instance with c = 1/4.

Use the exact divided power

Pn(v) =
φ(v)n − χ(v)n

n{φ(v)− χ(v)}
=

∫ 1

0
{(1− a)χ(v) + aφ(v)}n−1 da, (4.8)

with its continuous value if the denominator vanishes. Since both transforms equal 1− v2/2 +
O(|v|3), with a row-independent constant, the difference-of-powers identity and (4.7) imply, for
0 ≤ w ≤ Vn := n1/21, ∣∣∣Pn(w/

√
n)− e−w2/2

∣∣∣ ≤ C { w3

√
n

+
w2 + w4

n

}
e−cw

2
. (4.9)

On Vn < w ≤ δ
√
n the left side is instead bounded by 2e−cw

2
. These bounds are independent of

the cdf phase. The Prawitz substitution t = λw/(2π
√
n) also gives, uniformly on the zero cell,

2|K(t)| dt ≤
{

1

πw
+

C√
n

}
dw. (4.10)

Consequently every error in replacing the exact divided power by its Gaussian limit is dominated
by an integrable Gaussian polynomial. In particular, this replacement is simultaneous in the cdf
coordinate x, because the omitted factor e−iwx has modulus one.

It remains to identify the contribution of φ − χ. In the Bernoulli coordinate Y = p +√
p(1− p)X of Corollary 1.3, the two cubic tails of Wp have leading coefficients

C+(p) =
2p(3− 2p)

(1− p)
√
p(1− p)

, C−(p) =
2(1− p)(1 + 2p)

p
√
p(1− p)

. (4.10a)

The precompact moment range keeps p away from 0 and 1. Let Pz be the cubic Hermite
interpolant of eizy at 0, 1 and put Ez(y) = eizy − Pz(y). Moment matching and the common
centering phase give

φ(v)− χ(v) = e−ispvEEsv(Y ).

Hermite–Genocchi and the explicit branches of Wp give, uniformly in this compact p-range,

|Ez(y)| ≤ |z|
4

24
y2(1− y)2,

y2(1− y)2

(1 + |y|)Wp(y)
≤ C. (4.10b)

For the tails write

g(v) = eiv − 1− iv +
v2

2
+

iv3

6
.

The phase-uniform bound

|g(v)| ≤ |v|
3

6
(4.10c)
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follows by setting A = cos v − 1 + v2/2, B = sin v − v + v3/6 and observing

d

dv
{v6/36−A2 −B2} =

v3

3
(1− cos v) ≥ 0 (v ≥ 0);

conjugation covers v < 0. Moreover the Hermite basis gives

|Ez(y)− g(zy)| ≤ C|z|4(1 + |y|3) (4.10d)

outside a fixed compact interval.

Split the defect probability d−1Wp(y) dPY (y) at Hn = n1/8 (with the assertion trivial when
d = 0). Equations (4.10b) and (4.10d), followed by (4.9)–(4.10), make the part |y| ≤ Hn and the
interpolant correction on |y| > Hn at most CdHn/

√
n and Cd/

√
n, respectively, in normalized

score. The divided-power replacement itself costs O(d/
√
n), by the characteristic-function

stability theorem and the Gaussian moments in (4.9). These quantities are o(1) uniformly in the
row and in x. On the remaining tail, (4.10c) and the exact cubic leading terms in (4.10a) give

n3/2

d

∣∣∣E{Esw/√n(Y ); |Y | > Hn}
∣∣∣ ≤ s3|w|3

6

[
max{C+(p)−1, C−(p)−1}+ o(1)

]
+ C

w4

√
n
. (4.10e)

Here the o(1) is independent of the row and of w on 0 ≤ w ≤ Vn. Beyond Vn the characteristic-
function stability theorem and the second bound following (4.9) give a vanishing Gaussian tail.
Thus dominated convergence applies to the full zero-cell integral, without first assuming d→ 0.
Since p ≤ 1/2, one has

C−(p)

C+(p)
− 1 =

(1− 2p)(1 + 2p− 2p2)

p2(3− 2p)
≥ 0;

hence the maximum in (4.10e) is C+(p)−1, and

1

π

∫ ∞

0
w2e−w

2/2 dw = ϕ0,
s3

6C+(p)
=

1

3(1− r)2(2 + r)
. (4.10f)

To make the replacement just proved directly reusable, its conclusion is the following uniform
inequality. With the fixed zero-cell width τ chosen after (4.6b), there is εn → 0, independent of
the row, the cdf coordinate, and the choice κ ∈ {K,K}, such that

√
n sup
x∈R

∣∣∣∣2ℜ ∫ τ

0
κ(t)e−iTn,λtx {φ(2πt/λ)n − χ(2πt/λ)n} dt

∣∣∣∣
≤ d

{
ϕ0s

3

6C+(p)
+ εn

}
. (4.10h)

When d = 0 both sides vanish. Indeed the part w ≤ Vn is exactly the product of (4.8), (4.9),
and (4.10e); (4.10) supplies the factor 1/(πw), and (4.10f) evaluates its Gaussian majorant. The
terms CdHn/

√
n, Cd/

√
n, and the tail w > Vn listed above are εnd. This proves (4.10h), rather

than merely a pointwise limit for a fixed x.

The complementary frequencies have already been partitioned in (4.6a)–(4.6b): their raw
integrals are O(qnτ ) + O(n−1) for either kernel. The estimates discard only a spatial factor of
modulus one, so after score normalization they are o(1) uniformly in x.

The matching-law zero cell follows from the same expansion, now one order further. Uniformly
for 0 ≤ w ≤ Vn,

χ(w/
√
n)n = e−w

2/2

(
1− iγw3

6
√
n

)
+O

(
(w4 + w6)e−cw

2

n

)
.
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For Vn < w ≤ δ
√
n both the exact power and the displayed Gaussian polynomial have a vanishing

Gaussian tail by (4.7). In signed form the kernel expansion used here is

2K(t) dt =

{
i

πw
+

λ

2π
√
n

}
dw +O(w/n) dw,

uniformly throughout the fixed zero cell, with the conjugate expansion for the other one-sided
operator. Together with normal inversion, this gives, uniformly for all real x, the two profiles

ϕ(x)

ρ

{
λ

2
± γ

6
(1− x2)

}
+ o(1). (4.10g)

Because λ > |γ|, the positive maximum of either profile is at x = 0, and the plus profile is the
larger one. Hence (P11), (4.10h), and the vanishing complementary cells give the explicit uniform
assembly

Cn(X) ≤ ϕ0
ρ

{
λ

2
+
γ

6
+

s3

6C+(p)
d

}
+ o(1). (4.10i)

Now use (4.3), ρ = ϱ2(r) + d, s = 2/u, and γ = 2r/u:

λ

2
+
γ

6
+

s3d

6C+(p)
≤ s

2
+
γ

6
+

{
1

(1− r)(2 + r)
+

s3

6C+(p)

}
d

=
3 + r

3u
+

{
1

(1− r)(2 + r)
+

1

3(1− r)2(2 + r)

}
d.

Passing to any subsequence on which (rj , dj)→ (r, d) therefore proves

lim sup
j
Cnj (Xj) ≤ ϕ0

N(r) + L(r)d

ϱ2(r) + d
, (4.11)

where

N(r) =
3 + r

3u
, L(r) =

1

(1− r)(2 + r)
+

1

3(1− r)2(2 + r)
. (4.12)

It remains to prove the strict scalar assertion behind (4.11). For d = 0 it is the elementary
maximization

ϕ0
3 + r

3(1 + r2)
≤ CE, (4.13)

with equality only at r = rE. Indeed the derivative of (3+r)/(3(1+r2)) has the sign of 1−6r−r2,
whose only nonnegative zero is

√
10− 3 = rE; substitution there gives (3 +

√
10)/6.

For fixed r the quotient in (4.11) is fractional linear in d, hence monotone or constant, so
it suffices to inspect the two endpoints of the allowed interval. Enlarge the moment cap to
R = 37/20. Since ϱ′2(r) = r(3− r2)/(1− r2)3/2 > 0 and ϱ2(2/3) > R, every admissible row has
r < 2/3 and 0 ≤ d < R− ϱ2(r). It remains to prove, for 0 ≤ r ≤ 2/3,

N(r) + L(r){R− ϱ2(r)}
R

<
41

40
<

3 +
√

10

6
. (4.14)

The second inequality is equivalent to
√

10 > 63/20, and follows on squaring because 10 >
3969/400. For the first put

P = r4 + 6r3 − 7r2 − 4r + 2, B =
123r3 − 249r + 86

40
.

The algebraic equivalence is checkable without expansion:

41R

40
−N − L{R− ϱ2(r)} =

RuB − P
3u(1− r)2(2 + r)

.
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Thus the first inequality in (4.14) is exactly

RuB − P > 0. (4.15)

On 0 ≤ r ≤ 37/100, B > 0 and u ≥ 1−r2, so the left side of (4.15) is at least f = R(1−r2)B−P .
Writing 800f = F gives

F = −4551r5 − 800r4 + 8964r3 + 2418r2 − 6013r + 1582.

Here is an exact derivative ledger. Since

B′(r) =
369r2 − 249

40
< 0, B(37/100) =

100319

40000000
> 0,

the asserted sign of B holds. Furthermore

F ′′′ = 53784− 19200r − 273060r2, F ′′′′ = −19200− 546120r < 0,

and

F ′′′(37/100) =
4649043

500
> 0, F ′′(0) = 4836,

F ′(37/100) = −22614402711

20000000
< −1000, F (37/100) =

957159691693

1010
> 80.

Thus F ′′′ > 0, then F ′′ > 0, on the entire interval; consequently F ′ is increasing but remains
negative, and F is decreasing with a positive right-end value.

For r ≥ 37/100 one has P < 0. Indeed P ′′(37/100) = 2407/2500 > 0, P ′′′ = 24r+ 36 > 0, and
P ′(2/3) = −112/27 < 0; hence P ′ < 0 on this interval, while P (37/100) = −11564039/108 < 0.
If B ≥ 0, (4.15) is immediate. If B < 0, use

u ≤ U := 1− r2

2
− r4

8
, U2 − (1− r2) =

r6(r2 + 8)

64
,

so that RuB − P ≥ h := RUB − P . Since B is decreasing,

B(37/100) =
100319

40000000
, B(3/8) = − 91

4096
,

and the preceding monotonicity of P gives, on [37/100, 3/8], −P > 1/10 and |B| < 1/40. As
0 < U ≤ 1, this yields h > 1/10− 37/800 = 43/800 > 1/20 whenever B < 0.

For the remaining derivative checks, direct multiplication gives

h(r) =
791

400
− 6013

800
r +

4009

800
r2 +

1743

320
r3 − 4791

3200
r4

− 8991

6400
r5 − 4551

6400
r7.

(4.15a)

Thus

h′′′′(r) = −14373

400
− 26973

160
r − 95571

160
r3 < 0. (4.15b)

The function h′′ is concave, so its minimum on [3/8, 1/2] is at an endpoint; exact substitution
gives

h′′(3/8) =
1892502967

104857600
> 17, h′′(1/2) =

1784437

102400
> 17. (4.15c)

At r0 = 12/25,

h(r0) =
17639835737

2441406250000
>

7

1000
, h′(r0) = − 7154739661

195312500000
, |h′(r0)| <

1

25
. (4.15d)
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Taylor’s formula and h′′ ≥ 17 yield

h(r) ≥ h(r0)−
|h′(r0)|2

34
>

7

1000
− 1

34 · 252
> 0. (4.15e)

Finally (4.15b) and h′′′(1/2) = −803367/51200 < 0 show that h′ is concave on [1/2, 2/3], while

h′(1/2) =
128931

409600
>

1

4
, h′(2/3) =

549953

194400
> 2.

A concave function lies above its endpoint chord, so h′ > 0 throughout this interval; hence h
is increasing there. This proves (4.14), and consequently the second inequality in (4.11), with
equality only at (r, d) = (rE, 0).

Every score in (OS0) is larger than CE. Thus (4.11) first forces the scores to converge to CE,
and its equality statement forces rj → rE and dj → 0, equivalently pj → p∗. At this point let

P±(x) =
ϕ(x)

ρ∗

{s∗
2
± γ∗

6
(1− x2)

}
.

The derivative calculation used after (4.10g) shows that P+ has its unique global maximum
P+(0) = CE at zero, whereas

sup
x
P−(x) = P−(0) = CE −

ϕ0γ∗
3ρ∗

< CE.

Consequently, for every fixed ϵ > 0, compactness together with the Gaussian tails supplies cϵ > 0
such that

sup
|x|≥ϵ

P+(x) ≤ CE − cϵ, sup
x
P−(x) ≤ CE −

ϕ0γ∗
3ρ∗

.

The convergence in (4.10g) and the replacement bound (4.10h) are uniform in x. Hence an above-
CE point must have the plus sign and xj → 0. This proves every assertion of Proposition 6.1.

The certified shape input and the low-frequency defect

The only computer-assisted premise in the eventual argument is the next one-dimensional
inequality. It is stated separately so that its trust boundary is not mixed with the analytic proof.

Lemma 6.2 (shape–contraction). For 0 < p < 1 put q = 1− p, and let Hp be the cubic Hermite
interpolant at 0, 1 of

gp(y) = (y − p)e2πiy.

Put Esh
p = gp −Hp and

Wp(y) =


2q

p
√
pq
y2{3p− (1 + 2p)y}, y ≤ p,

2p

q
√
pq

(1− y)2{(3− 2p)y − p}, y ≥ p.
(SC0)

At the certified parameter p = p∗, for every real y,

|Esh
p (y)| ≤ 19

16
Wp(y) + |e2πiy − 1|2. (SC)

Only the compact inequality at the single parameter p∗ is computer-certified: the checker uses
exact outward-rounded dyadic interval arithmetic on 187 accepted intervals. The tail proof and
the passage from p∗ to nearby p given below are analytic. No floating-point number enters an
acceptance decision.
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Proof. The exact real and imaginary parts are

ℜEsh
p (y) = (y − p)(cos 2πy − 1),

ℑEsh
p (y) = (y − p) sin 2πy − 2π{(1− 2p)y3 + (3p− 1)y2 − py}. (SC1)

The tails require no interval arithmetic. Direct substitution in the radical defining p∗, followed
only by squaring positive quantities, gives

.418 < p∗ < .419, .581 < q∗ < .582, 0 < 1− 2p∗ < .164,
√
p∗q∗ < 1/2, 2π < 44/7,

and
2q∗

p∗
√
p∗q∗

>
2324

419
,

2p∗
q∗
√
p∗q∗

>
836

291
.

Consequently, with y = −x and x ≥ 1, (SC0)–(SC1) give

|Esh
p (−x)| < 11

10
x3 + 9x2, Wp(−x) > 10x3 + 6x2.

Their difference is positive at x = 1 and has positive derivative thereafter. With y = 1 + x and
x ≥ 2, the same expansion gives

|Esh
p (1 + x)| < 11

10
x3 +

47

10
x2 +

67

10
x+

9

5
,

Wp(1 + x) >
31

5
x3 + 5x2.

The difference is positive at x = 2 and has positive derivative thereafter. Thus the stronger
inequality |Esh

p | < Wp holds outside [−1, 3].

For completeness we describe the exact compact certificate. Put

c(t) =
1− cos(2πt)

t2
, s0(t) =

sin(2πt)

2πt
, b(t) =

1− s0(t)
t

.

On the left branch the checker divides the triangle gap (19/16)Wp+ |e2πiy−1|2−|ℜEsh
p |− |ℑEsh

p |
by y2 and evaluates the regularized identities

ℜEsh
p (y)

y2
= −(y − p)c(y),

ℑEsh
p (y)

y2
= 2π{s0(y)− (1− 2p)y − (3p− 1) + pb(y)}, (SC2)

Wp(y)

y2
=

2q

p
√
pq
{3p− (1 + 2p)y}, |e2πiy − 1|2

y2
= 2c(y).

The right branch is the same calculation after t = y − 1, divided by t2. The entire alternating
series of s0, b, c remove the apparent singularities. The checker encloses

√
10 by integer square

roots, encloses π through Machin’s identity and alternating rational series, and rounds every
rational operation outward on a fixed dyadic grid. It subdivides only when the resulting lower
endpoint of the normalized triangle gap is not yet positive. All 187 terminal intervals have a
strictly positive rational lower endpoint, cover [−1, 3], and overlap across the irrational branch
point y = p∗. Since both terms on the right of (SC) are nonnegative and |E| ≤ |ℜE| + |ℑE|,
positivity of the triangle gap proves (SC). The endpoints y = 0, 1 follow directly from (SC1).
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We next make precise the continuity step which transports this single-parameter certificate.
This continuity step is analytic. For p near p∗ and y ̸= 0, 1 define

R(p, y) :=

(
|Esh

p (y)| − |e2πiy − 1|2
)
+

Wp(y)
. (SC3)

Here Wp > 0 off {0, 1}. The following endpoint expansions are uniform when p ranges over a
sufficiently small closed neighbourhood of p∗:

Esh
p (y) = {2π2p+ 2πi(2− 3p)}y2 +O(|y|3), y → 0,

|e2πiy − 1|2 = 4π2y2 +O(y4), Wp(y) =
6(1− p)√
p(1− p)

y2 +O(|y|3), (SC4)

Esh
p (1 + t) = {−2π2(1− p) + 2πi(3p− 1)}t2 +O(|t|3), t→ 0,

|e2πi(1+t) − 1|2 = 4π2t2 +O(t4), Wp(1 + t) =
6p√

p(1− p)
t2 +O(|t|3). (SC5)

At p = p∗ the moduli of the two complex coefficients in (SC4)–(SC5) are strictly smaller than
4π2 (squaring and using .418 < p∗ < .419 verifies both inequalities). They therefore remain
strictly smaller on a fixed neighbourhood of p∗. Thus R is identically zero in fixed punctured
neighbourhoods of 0 and 1, and extends there jointly continuously by the value zero. On the two
tails, uniformly in the same p-neighbourhood,

Esh
p (y) = −2πi(1− 2p)y3 +O(y2),

Wp(y) = C+(p)y3 +O(y2) (y → +∞),

Wp(y) = C−(p)|y|3 +O(y2) (y → −∞), (SC6)

where C± are defined in (4.10a). Hence the two remaining removable limits (in the notation of
(SC3)) are

R(p,+∞) =
2π(1− 2p)

C+(p)
, R(p,−∞) =

2π(1− 2p)

C−(p)
. (SC7)

Equations (SC1) and (SC4)–(SC7), including the agreement of the two branches of Wp at y = p,
show that R is jointly continuous on U0×R for some compact U0 ⋐ (0, 1/2) containing p∗. Since
the second factor is the two-point compactification, uniform continuity and (SC) give a modulus
ω(δ) ↓ 0 such that

|Esh
p (y)| ≤ {19/16 + ω(|p− p∗|)}Wp(y) + |e2πiy − 1|2 (SC8)

for all p ∈ U0 and y ∈ R.

For a Bernoulli-coordinate law with the first three moments equal to p, write

ζ = Ee2πiY = reiα, m = E{(Y − p)e2πiY }.

Moment matching annihilates Hp (its Bernoulli expectation is qgp(0) + pgp(1) = 0), while (3.3)
gives EWp(Y ) = d. Therefore (SC8) gives, whenever p→ p∗ and d→ 0,

|m| ≤ {19/16 + o(1)}d+ (1− r2) +O(d2). (4.16)

Indeed 2(1−ℜζ) = 1−r2 + |1− ζ|2, while the linear Fourier stability theorem gives |1− ζ| = O(d)
uniformly for p ∈ U0. Thus the o(1) in (4.16) is uniform along every array with p→ p∗; there is
no unproved pointwise-to-uniform passage. We shall repeatedly use

r n−1(1− r2) ≤ 2

n
(1− rn), (4.17)
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which follows after cancelling 1− r from 1− rn = (1− r)
∑

j<n r
j .

At the matching physical bandwidth s, define the zero-frequency piece at a cdf point x by

LX,n(x) :=
1

2
− Φ(x) + 2ℜ

∫ 1/4

0
K(t)e−2πix

√
n t/sφX(2πt/s)n dt, (4.17a)

and let LQ,n be the same expression for the matching two-point law.

For p ∈ (0, 1) and d ≥ 0 define, before its first use,

q = 1− p, s(p) := {p(1− p)}−1/2, γ(p) :=
1− 2p√
p(1− p)

,

ρ2(p) := ρ2(γ(p)) =
p2 + (1− p)2√

p(1− p)
, ρ(p, d) := ρ2(p) + d,

Λabs(p, d) :=
s(p)3ϕ0
6ρ(p, d)

max{C+(p)−1, C−(p)−1}.
(4.18a)

Here and below, ρ2(p) is only the explicitly declared Bernoulli-parameter shorthand ρ2(γ(p));
the function ρ2(γ) itself retains the meaning fixed in Theorem 1.1. Also put

Λabs,∗ := Λabs(p∗, 0), csh(p, d) :=
s(p)3ϕ0

4πρ(p, d)
, csh,∗ := csh(p∗, 0). (4.18c)

Lemma 6.3 (phase-free low-frequency bound). Fix a compact interval U ⋐ (0, 1) containing p∗.
Let nj →∞, let Xj be centered and variance one, and suppose that their matching parameters
satisfy

pj ∈ U, dj := E|Xj |3 − ρ2(pj) −→ 0. (4.18b)

Let Qj := Qpj denote the matching standardized two-point law. Then the difference of the
zero-frequency parts of the calibrated one-sided operators satisfies

sup
x∈R

√
nj

ρ(pj , dj)
|LXj ,nj (x)− LQj ,nj (x)| ≤ {Λabs(pj , dj) + oU (1)}dj . (4.18)

Here oU (1) → 0 along every array satisfying (4.18b), independently of the cdf coordinate. In
particular, no assertion is made for arrays on which dj fails to tend to zero.

Proof. The case dj = 0 is separate and immediate from Theorem 1.1; below pass to the rows
with dj > 0 and suppress the index j. Write φ = φX and let χp be the characteristic function of
the standardized matching two-point law. If Ez denotes the cubic Hermite error for y 7→ eizy,
the defect representation from Corollary 1.3 is

φ(u)− χp(u) = e−is(p)pu d

∫
Es(p)u(y)

Wp(y)
dν(y), dν =

Wp dPY
d

. (4.20)

Direct expansion of the four interpolation data, uniformly for p ∈ U and small |z|, gives

|Ez(y)− g(zy)| ≤ CU |z|4(1 + |y|3), g(w) = eiw − 1− iw + w2/2 + iw3/6. (4.21)

Choose H = n1/4. Hermite–Genocchi and the explicit branches of Wp give

|Ez(y)| ≤ |z|
4

24
y2(1− y)2,

y2(1− y)2

Wp(y)
≤ CU (1 + |y|), (4.21a)

while |g(w)| ≤ |w|3/6 by (4.10c). Consequently, for each fixed v ≥ 0, with z = s(p)v/
√
n,

n3/2
∣∣∣∣∫ Ez(y)

Wp(y)
dν(y)

∣∣∣∣ ≤ s(p)3v3

6

[
max{C+(p)−1, C−(p)−1}+OU (H−1)

]
+ CU

v4(H + 1)√
n

. (4.21c)
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Indeed, (4.21a) gives the last bound on |y| ≤ H; on |y| > H, (4.21) handles the interpolant
correction and the exact cubic leading terms give

|y|3

Wp(y)
≤ max{C+(p)−1, C−(p)−1}{1 +OU (H−1)}.

We now give an explicit frequency partition. The exact divided power is

Pn(u) =
φ(u)n − χp(u)n

n{φ(u)− χp(u)}
=

∫ 1

0
{(1− a)χp(u) + aφ(u)}n−1 da, (4.21d)

with its continuous value when the denominator vanishes. The third absolute moments are
uniformly bounded. From

1− |EeiuZ |2 = E{1− cos(u(Z − Z ′))}, 1− cosw ≥ w2/2− |w|3/6,

and E(Z − Z ′)2 = 2, there are c > 0 and δ > 0, depending only on U , such that

max{|φ(u)|, |χp(u)|} ≤ e−cu2 (|u| ≤ δ). (4.21e)

The same estimate, with a smaller c, holds for every convex combination in (4.21d). Hence

Pn(v/
√
n) −→ e−v

2/2, |Pn(v/
√
n)| ≤ e−cv2 (0 ≤ v ≤ δ

√
n), (4.21f)

where the convergence is uniform for v in a fixed compact interval.

For clarity, the rest of the zero cell is not covered by the words “Cramér gap.” Its standardized
frequency is u = 2πt/s(p) and its right endpoint is b(p) = π/(2s(p)). Decrease δ so that
0 < δ < minp∈U b(p). Since

|χp(u)|2 = 1− 2p(1− p){1− cos(s(p)u)},

compactness gives
qU := sup

p∈U, δ≤|u|≤b(p)
|χp(u)| < 1. (4.21g)

Theorem 1.2 gives |φ(u)− χp(u)| ≤ CUd|u|3. Thus, for all sufficiently large rows, both endpoints
and every convex combination in (4.21d) have modulus at most q′U := (1 + qU )/2 < 1 throughout
the interval in (4.21g). Its normalized operator contribution is therefore bounded by

CUn
3/2d(q′U )n−1 = oU (d), (4.21h)

uniformly in the cdf phase. This proves the required common gap without any restriction on
how slowly d ↓ 0.

It remains only to justify a single dominated-convergence passage on the root-scale interval.
Put

Bn(v) := n3/2
∫
Es(p)v/

√
n(y)

Wp(y)
dν(y).

Theorem 1.2 applied in (4.20) supplies the global local-cell majorant |Bn(v)| ≤ CUv3. Under the
substitution

t =
s(p)v

2π
√
n
, 2K(t) dt =

{
i

πv
+

s(p)

2π
√
n

+OU (v/n)

}
dv, (4.21i)

the absolute value of the complete normalized integrand, after the spatial phase is discarded, is
at most

CUd{v2 + v3/
√
n+ v4/n}e−cv2 . (4.21j)
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This is integrable on [0,∞) and independent of the cdf coordinate. Equations (4.21c), (4.21f),
and (4.21j), first on a fixed v-interval and then with its Gaussian tail removed, give

d s(p)3

6πρ(p, d)
max{C+(p)−1, C−(p)−1}

∫ ∞

0
v2e−v

2/2 dv + oU (d).

Because π−1
∫∞
0 v2e−v

2/2 dv = ϕ0, this is the right side of (4.18). The bounded and O(v/n)
kernel terms vanish under the same majorant. The conjugate one-sided kernel has identical
absolute bounds. No linearization of the divided power, and hence no unrecorded d2 remainder,
has been used. This proves (4.18).

We isolate the elementary arithmetic needed later. Direct substitution of p∗ = (4−
√

10)/2,
followed only by squaring positive radicals, gives

CE

ρ∗
>

39

100
, csh,∗ <

51

200
, Λabs,∗ <

17

200
, (4.22)

Gspan,∗ :=
CE − ϕ0K1(γ∗)/2

ρ∗
>

9

50
. (4.23)

In particular the two margins which occur below are strictly positive:

CE

ρ∗
− 19

16
csh,∗ − Λabs,∗ >

7

3200
, Gspan,∗ − Λabs,∗ >

19

200
. (4.24)

A direct outward-rational evaluation of the same radical formulas gives the following exact integer
enclosures (the common denominator is 1015):

1015csh,∗ ∈ [254150792637701, 254150792637702],

1015Λabs,∗ ∈ [84254560311404, 84254560311405],

1015
CE

ρ∗
∈ [393927535745323, 393927535745324],

1015
19csh,∗

16
∈ [301804066257270, 301804066257271],

1015Gspan,∗ ∈ [182181753528660, 182181753528661],

1015
(
CE

ρ∗
−

19csh,∗
16

− Λabs,∗

)
∈ [7868909176648, 7868909176649],

1015(Gspan,∗ − Λabs,∗) ∈ [97927193217255, 97927193217256].

(4.24e)

All endpoints in (4.24e) are integers, not rounded floating-point output; cross multiplication
proves the two rational inequalities in (4.24).

Uniform endpoint and tangent expansions

For later bookkeeping we now define the bandwidth-dependent operators explicitly. For any
real-valued law X, integer n ≥ 1, h > 0, and x ∈ R, put

gX,n,h,x(t) := e−2πix
√
n t/h φX(2πt/h)n, 0 ≤ t ≤ 1.

With
ϵ+ = 1, ϵ− = −1, K̃+ = K, K̃− = K,

define

UσX,n,h(x) :=
1

2
+ ϵσIK̃σ

(gX,n,h,x), σ ∈ {+,−}. (4.24u)
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Thus, written without the notation from (P0),

U+
X,n,h(x) =

1

2
+ 2ℜ

∫ 1

0
K(t)gX,n,h,x(t) dt, U−

X,n,h(x) =
1

2
− 2ℜ

∫ 1

0
K(t)gX,n,h,x(t) dt.

All integrals meeting zero are understood in the real-part improper sense of (P0). For an interval
I ⊂ [0, 1], denote its integral contribution (without the common 1/2) by

J σX,n,h;I(x) := 2ϵσℜ
∫
I
K̃σ(t)gX,n,h,x(t) dt. (4.24v)

To record the half-line conventions, let

Z =
X1 + · · ·+Xn − x

√
n

h
, M(u) =

1

2
+ 2ℜ

∫ 1

0
K(t)e2πitu dt,

and let eB(u) := M(u) − 1(−∞,0](u) be the upper-majorant excess over the closed negative
half-line. Then

U+
X,n,h(x) = EM(Z), U−

X,n,h(x) = E{1−M(−Z)},

and hence the exact identities are

Fn,X(x) = U+
X,n,h(x)− EeB(Z),

Fn,X(x−) = U−
X,n,h(x) + EeB(−Z).

(4.24w)

In particular,
Fn,X(x) ≤ U+

X,n,h(x), Fn,X(x−) ≥ U−
X,n,h(x),

so
D+
X(x) ≤ U+

X,n,h(x)− Φ(x), D−
X(x) ≤ Φ(x)− U−

X,n,h(x).

Fix δ := 1/4, put xη,θ = s(η + θ)/
√
n and k = np+ η ∈ Z. All pieces in the next display are in

raw cdf units. Indeed, for the Bernoulli coordinate Y = p+X/s and matching bandwidth h = s,

gX,n,s,xη,θ(t) = e−2πi(k+θ)tφY (2πt)n, (4.24x)

which is the common phase used below:

D
(0)
X,n(η, θ) =

1

2
− Φ(xη,θ) + 2ℜ

∫ δ

0
K(t)e−2πi(k+θ)tφY (2πt)n dt,

D
(1)
X,n(η, θ) = 2ℜ

∫ 1

1−δ
K(t)e−2πi(k+θ)tφY (2πt)n dt,

MX,n(η, θ) = 2ℜ
∫ 1−δ

δ
K(t)e−2πi(k+θ)tφY (2πt)n dt.

(4.24a0)

Set ΨQ(z) := q + peiz. The pieces D
(j)
Q,n and MQ,n are obtained by replacing φY by ΨQ with

the same cuts, phase and normal increment. Let P+
n (X; η, θ) be the normalized Prawitz upper

operator. The actual positive cdf score C+n (X; η, θ) satisfies C+n (X; η, θ) ≤ P+
n (X; η, θ), and the

exact operator decomposition is

P+
n (X; η, θ) =

√
n

ρ

[
D

(0)
Q,n(η, θ) +D

(1)
Q,n(η, θ) + {D(0)

X,n(η, θ)−D(0)
Q,n(η, θ)}

+ {D(1)
X,n(η, θ)−D(1)

Q,n(η, θ)}+MX,n(η, θ)
]
.

(4.24a)

For the matching law write, without changing any cdf convention,

NQ,n(η, θ) :=
1

2
− Φ(xη,θ), ZQ,n(η, θ) := D

(0)
Q,n(η, θ)−NQ,n(η, θ), (4.24b)
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and define the complete integer-node value

EQ,n(η) := NQ,n(η, 0) + ZQ,n(η, 0) +D
(1)
Q,n(η, 0) +MQ,n(η, 0). (4.24c)

By the cardinal identity (P3),
√
nEQ,n(η)/ρ2(p) is the exact right-node Bernoulli score. These

definitions will make explicit which phase increment owns each later term. The matching endpoint
is (4.29), the zero-cell phase increment is (4.31), the joint saddle is (4.40), and the actual endpoint
is first factorized by (4.26); its complete remainder is (4.43). This identity is the owner of the
later assembly, so no zero or endpoint row is silently duplicated. For reference, the ownership
ledger is

quantity owner used in

NQ,n(η, 0) + ZQ,n(η, 0) EQ,n(η) (4.40)

D
(1)
Q,n(η, 0) EQ,n(η) (4.40)

MQ,n(η, 0) EQ,n(η) (4.40)

D
(0)
Q,n(η, θ)−D(0)

Q,n(η, 0) (4.31) (4.34)

ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)} (4.43b) (4.43e), (4.43g)
MQ,n(η, θ)−MQ,n(η, 0) middle gap exponentially small.

(4.24d)

For the rest of the proof use Bernoulli coordinates

Y = p+
X

s
, q = 1− p, s = (pq)−1/2, ρ2(p) =

p2 + q2
√
pq

,

Ψ(z) = EeizY , ΨQ(z) = q + peiz (as above).

For an integer k and a circular phase |θ| ≤ 1/2, put

η = k − np, x =
s(η + θ)√

n
. (4.25)

The terminology in this paragraph repeats (4.0a). For a fixed row (n,X), the positive cell indexed
by k is the set of physical cdf points in (4.25) as θ ranges over [−1/2, 1/2]. It is active if at least
one of those points has C+n (X; η, θ) > CE; when a particular point is under discussion, “active”
means that this strict inequality holds at that point. Every sequence of active points on the
localized positive branch after the reduction in Proposition 6.1 satisfies, explicitly,

p→ p∗, d→ 0, x→ 0, η/
√
n→ 0, (4.25a)

and the positive, rather than reflected negative, one-sided score is being used. The last condition
in (4.25a) follows from the preceding three and |θ| ≤ 1/2. Thus later uses of either phrase carry
no additional unstated localization assumption.

Lemma 6.4 (endpoint factorization). If p remains in a fixed neighbourhood of p∗, then, uniformly
for 0 ≤ h ≤ 1/4,

Ψ(2π(1− h)) = ζΨQ(2π(1− h))− 2πihm+O(h2d), (4.26)

where ζ = Ψ(2π) and m = E{(Y − p)e2πiY }.

Proof. Let A(h) := Ψ(2π(1 − h)) and B(h) := ζΨQ(2π(1 − h)). Then A(0) = B(0) = ζ and
A′(0)−B′(0) = −2πim. Twice differentiating the remaining error reduces, apart from a fixed
factor, to the expectation of

e2πiy{y2e−2πihy − pe−2πih}. (4.27)

Subtract its cubic Hermite interpolant at 0, 1. Its expectation is zero by the three moment
identities. The quotient of the Hermite remainder by Wp(y) extends through the two double
zeros and stays bounded at infinity, because numerator and denominator have cubic growth.
Compactness in (p, h) therefore bounds (4.27) by Cd. Integrating twice proves (4.26).
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Lemma 6.5 (uniform first endpoint shape mode). Fix U ⋐ (0, 1). In the notation of Lemma 6.4,
let p ∈ U , let d→ 0, and let n→∞. The contribution of the term

−2πinhmζ n−1ΨQ(2π(1− h))n−1 (4.27a)

to the normalized returned-endpoint operator is, uniformly in the integer node and in the full
circular phase |θ| ≤ 1/2, at most

{csh(p, d) + oU (1)}r n−1|m|. (4.27b)

The oU (1) is independent of the rates of p, d and of the node and phase. After one derivative in
the cdf phase the same term is bounded by CUr

n−1|m|. Neither assertion uses a fourth moment
or a previously localized η-window.

Proof. The spatial and circular phase factors have modulus one. The exact Bernoulli identity

|ΨQ(2π(1− h))|2 = 1− 2p(1− p){1− cos(2πh)} (4.27c)

gives, uniformly for p ∈ U , a Gaussian bound e−cU (n−1)h2 on 0 ≤ h ≤ δ and a fixed Cramér
gap on δ ≤ h ≤ 1/4. Thus the latter part of the endpoint cell is OU (n3/2e−cUn)rn−1|m| after
normalization.

On the root-scale part first restrict to 0 ≤ v =
√
nh ≤ n1/12. Directly from the displayed

kernel definition,
2K(1− h) = h+O(h2), (4.27d)

uniformly on this subcell. The absolute value of the integral generated by (4.27a), including the
factor

√
n/ρ(p, d), is consequently

2πn
√
n

ρ(p, d)
rn−1|m|

∫ n−5/12

0
h2e−2π2p(1−p)(n−1)h2{1 +OU (h+ nh4)} dh. (4.27e)

The nh4 term follows by expanding the logarithm in (4.27c); it is not asserted as a relative
expansion on the rest of the endpoint cell. After the substitution it is dominated on this subcell
by a fixed Gaussian polynomial. On n1/12 < v ≤ δ

√
n, the exact bound (4.27c) makes the

integrated contribution OU (e−cUn
1/6

), and the fixed remainder was treated above. Dominated
convergence is therefore uniform for p ∈ U . Since∫ ∞

0
v2e−2π2v2/s(p)2 dv =

s(p)3ϕ0
8π2

,

the limiting coefficient in (4.27e) is

2π

ρ(p, d)

s(p)3ϕ0
8π2

=
s(p)3ϕ0

4πρ(p, d)
= csh(p, d).

One phase derivative only inserts the bounded factor −2πi(1− h) before this argument, proving
the last assertion.

Lemma 6.6 (uniform signed tangent expansion). Let p→ p∗ and d→ 0. Define

A(p) =
ϕ0
ρ2(p)

(s
2

+
γ

6

)
, a(p) =

s3qϕ0
2

, η0(p) = −p
2 − 7p+ 5

12q
. (4.28)

Write atan,∗ := a(p∗). Then A(p) ≤ CE, with equality only at p∗, and η0(p∗) = η∗. The following
assertions hold uniformly.
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(a) If |η| = o(
√
n), then the matching two-point high endpoint is

2

∫ 1

3/4
K(t)e−2πi(k+θ)t(q + pe2πit)n dt = e−2πiθ

{
C0(p)

n
+

iC1(p, η + θ)

n3/2

}
+O

(
1 + η2

n2

)
,

(4.29)
with one uniform θ derivative, where

C0(p) =
s2

4π2
, C1(p, z) =

s3ϕ0
24π
{6z + 3(1− 2p) + 1}. (4.30)

(b) The zero-end increment, after subtracting the normal increment, is

D
(0)
Q,n(η, θ)−D(0)

Q,n(η, 0) =
−a(p)θ2 + {ℓ(p)− 2a(p)η}θ

n3/2
+R(0)

n , (4.31)

where

ℓ(p) = −s
3ϕ0
48
{(1− 2p)2 + 12(1− 2p) + 7} = 2a(p)η0(p), (4.32)

and, whenever |η| ≤ C
√
nd+ 1,

√
n |R(0)

n | ≤ C
{

1 + η4

n3/2
+

1 + |η|5

n2

}
. (4.33)

(c) If d = o(n−1/2), nd→∞, and |η| ≤ C
√
nd+ 1, the integer-node matching score together

with the zero-cell phase increment, namely

√
n

ρ2(p)
{EQ,n(η) +D

(0)
Q,n(η, θ)−D(0)

Q,n(η, 0)},

is at most

A(p)− a(p)

ρ2(p)n
{η + θ − η0(p)}2 + o(d). (4.34)

The returned-endpoint phase increment (4.29) is deliberately not included in (4.34); it is
inserted exactly once in Lemma 6.8.

Proof. For (a), put t = 1 − v/
√
n, z = η + θ and ξ = z/

√
n. After extracting the Bernoulli

quadratic term the integrand equals

e−2πiθe−2π2v2/s2e2πiξv
[
1 +

iB(p)v3√
n

+
Pp,n(v)

n

]
, B(p) =

4π3

3
pq(1− 2p), (4.35)

where Pp,n is bounded by a fixed polynomial under the Gaussian. Keep e2πiξv exact. Its Gaussian
integrals are entire in ξ; Taylor’s formula at zero gives an error O(z2/n2) in the leading v/n
integral and O((1 + |z|)/n2) in the next integrals. Using∫ ∞

0
ve−2π2v2/s2 dv =

s2

4π2
,

∫ ∞

0
v2e−2π2v2/s2 dv =

s3ϕ0
8π2

,

∫ ∞

0
v4e−2π2v2/s2 dv =

3s5ϕ0
32π4

gives (4.29)–(4.30). Splitting at v = n1/12 and using the exact Bernoulli Gaussian envelope on
the complement proves the stated uniform remainder and its phase derivative.
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At the zero endpoint put again z = η+ θ and Cz(v) = 2πzv+B(p)v3. The centered Bernoulli
cumulants through order five give

e−2πi(k+θ)t(q + pe2πit)n = e−2π2v2/s2
[
1− in−1/2Cz(v)

+ n−1{E4v
4 − Cz(v)2/2}

+ in−3/2{J5v5 − Cz(v)E4v
4 + Cz(v)3/6}

+O(n−2P12(v, z))
]
,

(4.36)

where

E4 =
2π4

3
pq(1− 6pq), J5 =

4π5

15
pq(1− 2p)(1− 12pq).

Also

2K(v/
√
n)n−1/2 =

i

πv
+ n−1/2 − n−1

(
v +

iπv

3

)
+

iπv2

3n3/2
+O(n−2P3(v)). (4.37)

Here is the uniform remainder statement implicit in these two displays. There are a neighbourhood
U1 of p∗, constants c, C > 0, and fixed positive polynomials Pj such that, for p ∈ U1, 0 ≤ v ≤ n1/20,
and |z| ≤ ε0

√
n for a fixed small ε0 > 0, the remainder inside the brackets in (4.36), together

with one z derivative, is bounded by

C(1 + |z|4)v4P8(v)

n2
. (4.37a)

After multiplication by (4.37), its integrable majorant is the same bound times (1+v−1)e−cv
2
. To

verify (4.37a), expand n log{e−2πipt(q + pe2πit)} through the fifth derivative; on |t| ≤ n−9/20 its
sixth derivative is uniformly bounded for p ∈ U1. Taylor’s integral remainder for the exponential is
then bounded by Cn−2v4P8(v)(1+|z|4)e−cv

2
. Here the spatial factor is expanded separately, using

the global integral-remainder inequality for e−iw; hence no assumption z = O(n1/4) is hidden.
Differentiating in z merely removes one factor of z and inserts v/

√
n. On n1/20 < v ≤

√
n/4, the

exact identity
|q + pe2πiv/

√
n|2 = 1− 2pq{1− cos(2πv/

√
n)}

gives Ce−cv
2

up to a fixed small cell and Ce−cn on its complement. The same estimates hold
after one z derivative. Thus the root-scale expansion may be integrated and differentiated term
by term; this is a quantitative C1 statement, not a formal Edgeworth calculation.

For transparency, the parity ledger for the real part of the product of (4.36) and (4.37) is

order real coefficient before Gaussian integration z-dependence after the normal term

1 0 0

n−1/2 1 + Cz(v)/(πv) linear term cancels
n−1 −v none

n−3/2 Rp(z, v) degrees 0, 1, 2, 3,
(4.37b)

because the omitted coefficients in the first three rows are purely imaginary. In the second row,
2z
∫∞
0 e−2π2v2/s2 dv = sϕ0z, which cancels the −sϕ0z from 1/2− Φ(sz/

√
n). The order-n−1 row

is independent of z and therefore cancels when two phases in the same cell are subtracted. The
last-row polynomial is

Rp(z, v) = E4v
4 − Cz(v)2

2
− J5v

5 − Cz(v)E4v
4 + Cz(v)3/6

πv
− πvCz(v)

3
. (4.38)

Using

I2 =
s3ϕ0
8π2

, I4 =
3s5ϕ0
32π4

, I6 =
15s7ϕ0
128π6

, I8 =
105s9ϕ0
512π8

, (4.38a)

35



where Ij =
∫∞
0 vje−2π2v2/s2 dv, direct collection of the four powers of z gives

z0 β0(p) = ϕ0s
3

(
− 1

32
− 7τ

160
− τ2

96
+

τ3

4320

)
z1 −s

3ϕ0
48

(τ2 + 12τ + 7) = ℓ(p)

z2 −s
3qϕ0
2

= −a(p)

z3 −s
3ϕ0
6

,

τ = 1− 2p. (4.38b)

For example, the linear row before simplification is

s3ϕ0

[
− 1

12
+

1− 6pq − 2τ

8
− 5τ2

24

]
,

which is the displayed value of ℓ(p); this also independently checks the sign. Finally

Φ(sz/
√
n) = 1

2 + ϕ0

(
sz√
n
− s3z3

6n3/2

)
+O(|z|5n−5/2) (4.39)

shows that the z3 row of (4.38b) is cancelled exactly by the normal term. The value β0(p)
and every earlier z-independent row cancel on subtracting two phases. To state this without
overloading the two-argument cell notation, define

D
(0)
Q,n[z] :=

1

2
− Φ(sz/

√
n) + 2ℜ

∫ 1/4

0
K(t)e−2πizt{e−2πiptΨQ(2πt)}n dt. (4.38b1)

Thus D
(0)
Q,n(η, θ) = D

(0)
Q,n[η + θ]. More precisely, the estimates just proved and Taylor’s remainder

in (4.39) give a function En,p such that

D
(0)
Q,n[z]−D

(0)
Q,n[0] = n−3/2{ℓ(p)z − a(p)z2}+ En,p(z),

|∂zEn,p(z)| ≤ C
{

1 + |z|4

n2
+

1 + |z|5

n5/2

}
(4.38c)

uniformly for p ∈ U1 and |z| ≤ ε0
√
n.

For completeness, the replacement of the finite root cell by the positive half-line in the leading
row is uniform at the sharper spatial scale needed below. Write G0,p(v) for the unphased leading
coefficient in the score-normalized root integral corresponding to the first two rows of (4.37b),
including the bounded Gaussian smoothing term and the uniformly bounded factor 1/ρ. For
two phases in one cell put x = s(p)η/

√
n and y = s(p)(η + θ)/

√
n. On p ∈ U1 there are a fixed

positive polynomial P and c, C > 0 such that |G0,p(v)| ≤ CP (v)e−cv
2
. Hence, for A > 0,∣∣∣∣∫ ∞

A
ℜ{(e−iyv − e−ixv)G0,p(v)} dv

∣∣∣∣ ≤ C|y − x|
A2

∫ ∞

0
v3P (v)e−cv

2
dv. (4.38c1)

Indeed |e−iyv− e−ixv| ≤ |y−x|v, and on v > A one inserts 1 ≤ v2/A2. The real cosine smoothing
summand satisfies the same estimate directly from | cos(yv) − cos(xv)| ≤ |y − x|v. Taking
A = δ

√
n and using |y − x| = s(p)|θ|/

√
n ≤ Cn−1/2 makes the omitted spatial tail O(n−3/2).

Thus passing to the half-line in the coefficient calculation neither loses an n−1 term nor hides a
merely O(n−1) remainder.

Apply the mean-value theorem between z = η and z = η+ θ. Since |θ| ≤ 1/2 and the window
in (b) has |η|/

√
n = O(

√
d+ n−1/2) = o(1), (4.38c) proves (4.31) and exactly the stated bound

(4.33).
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It remains to retain the node loss rather than maximize it away. The exact beta-integral
representation used in Lemma 5.1, with ϵ = n−1/2 and ξ = ϵη kept as a parameter, gives the
following explicit joint saddle. On a fixed rectangle about (p∗, 0) put

P1(p, ξ; y) =
s(p− q)

3
y3 +

s2ξ(p− q)
2

y2 − spy,

P2(p, ξ; y) = −s
2(1− 3pq)

4
y4 +

s2p2

2
y2 − s3ξ(1− 3pq)

3
y3,

(4.39a)

and Wξ(y) = exp(−y2/2− sξy). For j = 0, 1, 2 define

Q0 = 1, Q1 = P1, Q2 = P2 + 1
2P

2
1 ,

Dj(p, ξ) =

∫
R
Wξ(y)Qj(p, ξ; y) dy, Nj(p, ξ) =

∫ 0

−∞
Wξ(y)Qj(p, ξ; y) dy. (4.39b)

Taylor expansion of the two logarithms in the beta density gives

L(y) = −y2/2− sξy + ϵP1(p, ξ; y) + ϵ2P2(p, ξ; y) + ϵ3Rϵ(p, ξ; y). (4.39c)

Consequently, if R1, R2 denote the two quotient coefficients, then

R1 =
N1

D0
− N0D1

D2
0

,

R2 =
N2

D0
− N1D1

D2
0

+N0

{
D2

1

D3
0

− D2

D2
0

}
. (4.39d)

The leading quotient is N0/D0 = Φ(sξ). Thus the required analytic functions are, explicitly,

H0 =
R1

ρ2(p)
, H1 =

R2

ρ2(p)
. (4.39e)

They satisfy, uniformly on that rectangle,

√
n

ρ2(p)
EQ,n(η) = H0(p, ξ) + ϵH1(p, ξ) +O(ϵ2), (4.40)

with the same estimate after one ξ derivative. Here is a quantitative version of the remainder
assertion. On |y| ≤ ϵ−1/10, both Rϵ and ∂ξRϵ are bounded by C(1 + |y|M ) for one fixed M , and
Taylor’s integral formula gives

Wξ(y)
∣∣eϵP1+ϵ2P2+ϵ3Rϵ − {1 + ϵQ1 + ϵ2Q2}

∣∣ ≤ Cϵ3(1 + |y|3M )e−y
2/3,

Wξ(y)
∣∣∂ξ[eϵP1+ϵ2P2+ϵ3Rϵ − {1 + ϵQ1 + ϵ2Q2}]

∣∣ ≤ Cϵ3(1 + |y|3M+1)e−y
2/3. (4.39f)

Strict concavity makes the two complementary tails, with the same one derivative, O(e−cϵ
−1/5

).
Moreover,

∂ξL(y) = ϵ−1 log
1− ϵsqy
1 + ϵspy

;

on the central interval this is polynomially bounded, and at either endpoint its logarithmic factor
is absorbed by the beta power there. Thus the same tail estimate holds after one ξ derivative. In
particular, if Nϵ,Dϵ denote the exact truncated and full beta integrals, (4.39f) implies∥∥∥∥NϵDϵ − N0 + ϵN1 + ϵ2N2

D0 + ϵD1 + ϵ2D2

∥∥∥∥
C1(ξ)

≤ Cϵ3. (4.39g)
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The denominator is bounded away from zero on the fixed rectangle. Expanding the quotient in
(4.39g), subtracting its leading normal term, and multiplying by ϵ−1 =

√
n proves the asserted

genuine OC1(ϵ2) remainder in (4.40).

For an independently checkable evaluation of the coefficients, put z = sξ and

Im(z) =

∫ 0

−∞
yme−y

2/2−zy dy.

Integration by parts gives

I0(z) =
√

2πez
2/2Φ(z), I1(z) = −1− zI0(z), Im(z) = (m− 1)Im−2(z)− zIm−1(z).

(4.40a)
The corresponding full-line moments are obtained by differentiating

√
2πez

2/2. Substitution of
(4.39a) in (4.39d), followed by (4.40a), gives

H0(p, ξ) =
ϕ(sξ)

ρ2(p)

{s
2

+
γ

6
(1− s2ξ2)

}
. (4.40b)

At ξ = 0, Q2 is even, so N2 = D2/2, while D1 = 0 and N0 = D0/2; hence H1(p, 0) = 0. Here and
below a prime means ∂ξ|ξ=0. The moment recursion (4.40a) gives the scalar reductions

N1 =
s(2− p)

3
, D′

1 =
s2

2
D0, D′

0 = 0, N ′
0 = s,

D2 =
s2(1− pq)

12
D0, D′

2 = 0, N ′
2 =

s3p

3
. (4.40c)

Differentiating the second line of (4.39d) at zero therefore gives

R′
2(p, 0) = ϕ0s

3

{
p

3
− 2− p

6
− 1− pq

12

}
= −ϕ0(p

2 − 7p+ 5)

12(pq)3/2

= −s
3ϕ0
48
{(1− 2p)2 + 12(1− 2p) + 7} = ℓ(p).

(4.40d)

Thus

H1(p, 0) = 0, ∂ξH1(p, 0) =
ℓ(p)

ρ2(p)
. (4.41)

As a direct cross-check, (S6e) says exactly

F (p, η)− F (p, 0) = − a(p)

ρ2(p)
η2 +

ℓ(p)

ρ2(p)
η;

this is also obtained by putting ξ = ϵη in the C1 expansion (4.40).

Since ϕ(sξ) = ϕ0(1− s2ξ2/2 +O(ξ4)) and s+ γ = 2sq, the quadratic coefficient in (4.40b) is
−ϕ0s2(s+ γ)/(4ρ2) = −a/ρ2. Together with (4.41), this gives

H0 = A(p)− a(p)

ρ2(p)
ξ2 +O(ξ4), H1 =

ℓ(p)

ρ2(p)
ξ +O(ξ2). (4.42)

On the scale in (c),
ξ2 = O(d+ n−1) = O(d), n−1 = o(d).

Thus the three node remainders in (4.42) and (4.40) are, respectively, O(η4/n2) = O(d2),
O(η2/n3/2) = O(d/

√
n), and O(n−1), all o(d). The zero-cell remainder is also o(d): (4.33) and

η2 = O(nd) give

√
n|R(0)

n | ≤ O(n−3/2) +O(
√
nd2) +O(n−2) +O(

√
nd5/2) = o(d), (4.42a0)
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because nd → ∞,
√
nd → 0, and d → 0. Equations (4.40)–(4.41) are the expansion of the

complete node EQ,n(η), so its high-end node value is already present. Adding only the zero-cell
increment (4.31), and using ℓ = 2aη0, completes the exact square in (4.34). The high-end phase
increment from (4.29) has not been added here and is therefore not double counted. Finally A(p)
is exactly the function in (4.13) under the change r = 1− 2p, proving its last assertion.

Lemma 6.7 (coarse phase localization). Assume p→ p∗, d→ 0,
√
nd→ 0, and let an active

positive cell have ξ = η/
√
n = o(1) and |θ| ≤ 1/2. Before using the windowed remainder (4.33),

there exist fixed cloc, Cloc > 0 such that, uniformly,

C+n (X; η, θ) ≤ A(p)− cloc
η2

n
+ Clocd+ Clocn

−1 + o(d+ η2/n). (4.42a)

Consequently every cell whose score exceeds CE satisfies η2 = O(nd+ 1).

Proof. We give the complete assembly because this estimate is used to obtain the η-window and
therefore cannot itself use that window. All constants below are uniform for p in a sufficiently
small fixed neighbourhood of p∗, and we continue to write ρ = ρ2(p) + d. Let

E0,n =

√
n

ρ
{D(0)

X,n(η, θ)−D(0)
Q,n(η, θ)},

EM,n =

√
n

ρ
{MX,n(η, θ)−MQ,n(η, θ)}.

(4.42b)

Put ζ = reiα and choose ϑ ∈ [−1/2, 1/2) so that nα = 2π(j+ϑ); this is possible for all sufficiently
large rows because |1 − ζ| = O(d). When d = 0 take r = 1, α = ϑ = 0. With u = θ − ϑ, the
exact decomposition (4.24a), followed only by the endpoint factorization (4.26), has the following
ledger:

JQ,n(η, θ) := 2

∫ 1

3/4
K(t)e−2πi(k+θ)tΨQ(2πt)n dt, D

(1)
Q,n = ℜJQ,n.

P+
n (X; η, θ) =

√
n

ρ
EQ,n(η)

+

√
n

ρ
{D(0)

Q,n(η, θ)−D(0)
Q,n(η, 0)}

+

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)}

+

√
n

ρ
{MQ,n(η, θ)−MQ,n(η, 0)}

+ E0,n + EM,n + Sn +Rn.

(4.42c)

Here Sn is the normalized returned-endpoint integral generated by

−2πinhmζn−1ΨQ(2π(1− h))n−1, (4.42d)

and, writing Rend
n (h) for the power remainder defined below,

Sn =

√
n

ρ
2ℜ
∫ 1/4

0
K(1− h)e−2πi(k+θ)(1−h){−2πinhmζn−1ΨQ(2π(1− h))n−1} dh,

Rn =

√
n

ρ
2ℜ
∫ 1/4

0
K(1− h)e−2πi(k+θ)(1−h)Rend

n (h) dh.

(4.42d1)

Thus (4.42c) is an identity, not a comparison of cdf expansions at two sides of a lattice jump.
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We first bound the four matching-law terms. Equations (4.40)–(4.42), with ξ = η/
√
n, give

√
n

ρ2(p)
EQ,n(η) = A(p)− a(p)

ρ2(p)
ξ2 +

ℓ(p)

ρ2(p)

ξ√
n

+O

(
ξ4 +

ξ2√
n

+
1

n

)
. (4.42e)

Since ξ = o(1) and a(p)/ρ2(p) stays bounded away from zero, Young’s inequality yields fixed
c1, C1 > 0 such that √

n

ρ
EQ,n(η) ≤ A(p)− c1ξ2 +

C1

n
. (4.42f)

Indeed, the left side of (4.42e) is A(p) + o(1) > 0, uniformly along the rows under consideration,
and √

n

ρ
EQ,n(η) =

ρ2(p)

ρ

√
n

ρ2(p)
EQ,n(η) ≤

√
n

ρ2(p)
EQ,n(η).

For the zero-cell phase increment define, at real root-scale coordinate x,

Z0,n(p, x) :=

√
n

ρ2(p)

{
1

2
− Φ(sx) + 2ℜ

∫ 1/4

0
K(t)e−2πi

√
nxtcp(t)

n dt

}
. (4.42f0)

Thus the normal term is included. Since both the normal argument and the Fourier phase depend
on η + θ, one has the exact identity

√
n

ρ
{D(0)

Q,n(η, θ)−D(0)
Q,n(η, 0)} =

ρ2(p)

ρ
{Z0,n(p, ξ + θ/

√
n)− Z0,n(p, ξ)}. (4.42f1)

On a fixed compact set of (p, x), the substitution t = v/
√
n gives

Z0,n(p, x) = H0,0(p, x) + n−1/2H1,0(p, x) +OC1(n−1), (4.42g)

where H1,0 has bounded C1 norm and

H0,0(p, x) =
ϕ(sx)

ρ2(p)

{s
2

+
γ

6
(1− s2x2)

}
(4.42g1)

is even. Indeed, Taylor expansion one order beyond the leading profile gives, uniformly for
v ≤ n1/10,

cp(v/
√
n)n = e−2π2pqv2

{
1 + n−1/2iβ3(p)v

3 + n−1P6(p, v) +O(n−3/2P9(v))
}
,

2n−1/2K(v/
√
n) =

i

πv
+ n−1/2 + n−1κKv +O(n−3/2v2),

(4.42g2)

where β3(p) := −(4π3/3)p(1−p)(1−2p), P6(p, ·) has degree at most six with coefficients uniformly
bounded near p∗, P9 is a fixed positive polynomial majorant, and κK is fixed. The order-one
singular integral cancels the normal term, by

1

2
− Φ(sx) +

1

π

∫ ∞

0
e−2π2pqv2 sin(2πxv)

v
dv = 0. (4.42g3)

The coefficients of n−1/2 and n−1 in the raw zero-cell integral give respectively ρ2(p)H0,0 and
ρ2(p)H1,0. Gaussian integration gives (4.42g1). After one x derivative, the unnormalized

remainder in (4.42g2), including all products, is bounded by Cn−3/2P12(v)e−cv
2
. The complement

of this root-scale part has the exact Bernoulli Gaussian bound, also after that derivative. Keeping
e−2πixv exact and multiplying by

√
n/ρ2(p) therefore proves the OC1(n−1) remainder in (4.42g).

Since ∂xH0,0(p, 0) = 0, (4.42f1) and the mean-value theorem give

√
n

ρ
{D(0)

Q,n(η, θ)−D(0)
Q,n(η, 0)} = O

(
|ξ|√
n

+
1

n

)
. (4.42h)
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The matching middle-cell phase increment is O(
√
nqn0 ) = o(n−1), for a fixed q0 < 1.

It remains to keep the returned endpoint, including its value and shape modes. The expansion
(4.29), which is uniform for |η| = o(

√
n) and has one uniform θ derivative, gives

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)} =

C0(p)

ρ
√
n
{rn cos(2πu)− 1}

+
rnC1(p, η + θ)

ρn
sin(2πu) +O

(
1 + η2

n3/2

)
.

(4.42i)

In particular, its value part contains

−C0(p)

ρ
√
n

(1− rn) +
C0(p)r

n

ρ
√
n
{cos(2πu)− 1}, (4.42j)

and the second term is nonpositive. Lemma 6.5, used here before any localization of η or of the
circular phase, and (4.16) give

Sn ≤ {csh(p, d) + o(1)}rn−1|m|

≤ Cd+
2csh(p, d) + o(1)

n
(1− rn). (4.42k)

Here we used |1− ζ| = O(d), the O(d2) term was included in Cd, and (4.17) was used for the
displayed radial term. Since C0(p)/ρ stays bounded away from zero while csh(p, d) stays bounded,

−
{
C0(p)

ρ
√
n
− 2csh(p, d) + o(1)

n

}
(1− rn) ≤ 0 (4.42l)

for all sufficiently large n. This explicitly absorbs the radial shape mode into the returned value
mode.

For completeness, we also bound the endpoint power remainder rather than hiding it in the
word “Taylor.” Write

Ah = Ψ(2π(1− h)), Bh = ζΨQ(2π(1− h)), lh = −2πihm, eh = Ah −Bh − lh.

Lemma 6.4 gives |eh| ≤ Cdh2. The Bernoulli gap and |1− ζ|+ |m| ≤ Cd imply, uniformly for
0 ≤ τ ≤ 1,

max{|Ah|, |Bh|, |Bh + τ(Ah −Bh)|} ≤ exp{−ch2 + Cd2}. (4.42m)

Indeed, for some fixed c0 > 0, |Bh| ≤ e−c0h
2

and |Ah−Bh| ≤ |lh|+ |eh| ≤ Cdh. On the root-scale
part this gives |Bh + τ(Ah −Bh)| ≤ 1− c1h2 + Cdh, and Cdh ≤ c1h2/2 + Cd2 proves (4.42m);
the fixed part of the endpoint cell is covered by the strict Bernoulli gap. Taylor’s exact integral
identity

(a+ b)n − an − nan−1l = nan−1e+ n(n− 1)b2
∫ 1

0
(1− τ)(a+ τb)n−2 dτ,

with a = Bh, b = lh + eh, and e = eh, now gives

|Rend
n (h)| ≤ C{ndh2 + n2|m|2h2 + n2d2h4}e−cnh2+Cnd2 . (4.42n)

Here Rend
n (h) = Anh − Bn

h − nB
n−1
h lh, and Rn in (4.42c) is its normalized returned-endpoint

integral with the common spatial phase and kernel. Because nd2 → 0, |K(1 − h)| ≤ Ch,∫∞
0 h3e−cnh

2
dh = O(n−2), and

∫∞
0 h5e−cnh

2
dh = O(n−3), its normalized integral satisfies

|Rn| ≤ C
{

d√
n

+
√
n|m|2 +

d2√
n

}
= o(d+ n−1). (4.42o)
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Finally Lemma 6.3 gives |E0,n| ≤ {Λabs(p, d)+o(1)}d = O(d). On the middle cell the matching
transform has a fixed Cramér gap and Theorem 1.2 gives a uniform O(d) transform difference;
hence

|EM,n| ≤ Cn3/2dq n−1
1 = o(d)

for some q1 < 1 (and it is exactly zero when d = 0).

Insert (4.42f), (4.42h)–(4.42o) into the exact ledger (4.42c). Since C1(p, z) is affine in z, all
still unsigned mixed terms are bounded by

C
|ξ|√
n

+
C

n
+O

(
1 + η2

n3/2

)
.

For any fixed ε > 0, Young’s inequality gives C|ξ|/
√
n ≤ εξ2 + Cε/n; moreover (1 + η2)n−3/2 =

o(n−1 + ξ2). Choose ε smaller than half the loss in (4.42f), absorb every pure o(n−1) term into
Cloc/n, and use C+n ≤ P+

n . This proves (4.42a) with fixed cloc, Cloc > 0.

Since A(p) ≤ CE, a score larger than CE forces, after absorbing the sequential o(d+ ξ2) term,
ξ2 ≤ C(d+ n−1). Equivalently, η2 = O(nd+ 1), as asserted.

We now record the signed endpoint consequence of the factorization. This is the common
input for all three defect scales below.

Lemma 6.8 (perturbed endpoint assembly). Assume p → p∗, d → 0, and
√
nd → 0. Since

|1−ζ| = O(d), one has ζ ≠ 0 for all sufficiently large n. Write ζ = reiα and choose ϑ ∈ [−1/2, 1/2)
so that nα = 2π(j+ϑ) for an integer j. For each physical θ ∈ [−1/2, 1/2] put u = θ−ϑ; only the
trigonometric class of u modulo Z will be used. Define the complex matching endpoint integral

JQ,n(η, θ) := 2

∫ 1

3/4
K(t)e−2πi(k+θ)tΨQ(2πt)n dt; D

(1)
Q,n = ℜJQ,n.

The phase-modulated analytic baseline is

B+n,p,ζ(η, θ) :=

√
n

ρ

{
D

(0)
Q,n(η, θ) + ℜ

(
ζnJQ,n(η, θ)

)
+MQ,n(η, θ)

}
. (4.42P)

Every term here uses the same integer k, the same physical phase θ, and hence the same cdf
point xη,θ. This is only an analytic comparison object; unless ζ = 1 it is not asserted to be the
Prawitz operator of a probability law. Uniformly under these hypotheses,

Ψ(2π(1− h))n = ζnΨQ(2π(1− h))n

− 2πinhmζn−1ΨQ(2π(1− h))n−1 +Rn(h),
(4.43)

where √
n

ρ
2

∫ 1/4

0
|K(1− h)||Rn(h)| dh ≤ C{d/

√
n+
√
n |m|2}. (4.43a)

The complete value mode relative to the calibrated two-point node is

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)}

=
C0(p)

ρ
√
n
{rn cos(2πu)− 1}+

rnC1(p, η + θ)

ρn
sin(2πu) +O

(
1 + η2

n3/2

)
. (4.43b)

The first shape mode is at most

{csh(p, d) + o(1)}rn−1|m|, csh(p, d) −→ csh,∗. (4.43c)
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Consequently its radial part is absorbed by the value mode:

−
{
C0(p)

ρ
√
n
− 2csh(p, d) + o(1)

n

}
(1− rn) ≤ 0. (4.43d)

For every fixed D,M <∞, under nd ≤ D and |η| ≤M , the global circular-phase comparison,
followed by the zero-cell increment, gives uniformly in the admissible η and |θ| ≤ 1/2

B+n,p,ζ(η, θ) ≤ C
∗
Q(n)− atan,∗

ρ∗n
(η + θ − η∗)2 + oD,M (n−1). (4.43e)

On the localized positive branch the phase-free low-frequency bound gives

C+n (X; η, θ) ≤ C∗
Q(n)−{CE/ρ∗−

19

16
csh,∗−Λabs,∗−o(1)}d−atan,∗

ρ∗n
(η+θ−η∗)2+oD,M (n−1). (4.43f)

If instead d = o(n−1/2), nd→∞, and η2 = O(nd+ 1), then

max{C+n (X; η, θ), C−n (X; η, θ)} ≤ C∗
Q(n)−

{
C∗
Q(n)

ρ
− 19

16
csh,∗ − Λabs,∗ − o(1)

}
d+ o(d). (4.43g)

In particular, the coefficient in braces tends to the first positive margin in (4.24).

Proof. Write Ah = Ψ(2π(1− h)), Bh = ζΨQ(2π(1− h)), lh = −2πihm, and eh = h2dRp,h, where
|Rp,h| ≤ C by (4.26). The Bernoulli gap and |1− ζ|+ |m| ≤ Cd imply, uniformly for 0 ≤ t ≤ 1,

max{|Ah|, |Bh|, |Bh + t(Ah −Bh)|} ≤ exp{−c1h2 + C1d
2}. (4.43a0)

Near zero this follows from e−ch
2

+ Cdh ≤ 1− c′h2 + Cdh and completion of the square; outside
a smaller fixed cell it follows from the strict Bernoulli gap. Taylor’s literal integral identity is

(a+ b)n − an − nan−1l = nan−1e+ n(n− 1)b2
∫ 1

0
(1− t)(a+ tb)n−2 dt, (4.43a1)

where a = Bh, b = lh + eh, and e = eh. Equations (4.43a0)–(4.43a1) give

|Rn(h)| ≤ C{ndh2 + n2|m|2h2 + n2d2h4}e−cnh2+Cnd2 .

Since nd2 → 0, |K(1 − h)| ≤ Ch,
∫
h3e−cnh

2
dh = O(n−2), and

∫
h5e−cnh

2
dh = O(n−3), this

proves (4.43)–(4.43a). Differentiating the endpoint operator in the cdf phase only multiplies the
integrand by the bounded factor −2πi(1− h), so the same bound holds for one phase derivative.
No fourth moment is used. Multiplying (4.29) by ζn, using e−2πiθζn = rne−2πiu, and taking real
parts gives (4.43b). Lemma 6.5, which is independent of the present phase localization, gives
(4.43c). Equations (4.16)–(4.17) and rn cos(2πu)− 1 ≤ −(1− rn) give (4.43d). Indeed, separately
from the case r = 1, where the radial factor vanishes, p→ p∗ and d→ 0 imply

C0(p)

ρ
√
n
− 2csh(p, d) + o(1)

n
≥ c√

n
− C

n
> 0 (4.43d1)

for all sufficiently large n. Thus no division by 1− r, 1− rn, or d is hidden in the absorption.

Fix D,M <∞, assume nd ≤ D and |η| ≤M , and split off the radial part in (4.43b) and put

an =
C0(p)r

n

ρ
√
n

, bn(θ) =
rnC1(p, η + θ)

ρn
, Bn = sup

|θ|≤1/2
|bn(θ)|.

Characteristic-function stability gives 1 − r ≤ |1 − ζ| ≤ Cd ≤ CD/n, so rn ≥ cD > 0 for all
sufficiently large n. Hence an ≍D n−1/2 and Bn = OD,M (n−1). For every physical θ, not merely
at a maximizing phase,

an{cos(2πu)− 1}+ bn(θ) sin(2πu) ≤ an{cos(2πu)− 1}+Bn| sin(2πu)| ≤
√
a2n +B2

n− an ≤
B2
n

2an
.
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Thus the possible positive phase residue is OD,M (n−3/2) uniformly in ϑ and θ. Retaining the
radial part, (4.43b) gives

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)} ≤ −C0(p)

ρ
√
n

(1− rn) +OD,M (n−3/2). (4.43b1)

To identify the reference object, note that the already defined quantity (4.24c) is equivalently

EQ,n(η) = D
(0)
Q,n(η, 0) + ℜJQ,n(η, 0) +MQ,n(η, 0).

At θ = 0 the cardinal excess vanishes on the integer-valued Bernoulli sum by (P3), so

√
nEQ,n(η)

ρ2(p)

is exactly the right-node Bernoulli score to which Lemma 5.2 applies. Direct subtraction, with
no change of the physical point inside the baseline, gives

B+n,p,ζ(η, θ) =

√
n

ρ
EQ,n(η) +

√
n

ρ
{D(0)

Q,n(η, θ)−D(0)
Q,n(η, 0)}

+

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)}

+

√
n

ρ
{MQ,n(η, θ)−MQ,n(η, 0)}.

The last line is exponentially small uniformly on the bounded node/phase set. Put

λn :=
ρ2(p)

ρ
, τn :=

atan,∗
ρ∗n

(η + θ − η∗)2.

Lemma 5.2, (4.31), and (4.43b1) first give the naturally normalized inequality

B+n,p,ζ(η, θ) ≤ λn{C
∗
Q(n)− τn} −

C0(p)

ρ
√
n

(1− rn) + R̃n, R̃n = oD,M (n−1). (4.43e0)

Here the factor λn multiplies the complete tangent square; it cannot be removed merely from
λn ≤ 1, because the tangent enters with a negative sign. Instead, ρ = ρ2(p) + d gives

1− λn =
d

ρ
, λn{C∗

Q(n)− τn} = λnC
∗
Q(n)− τn +Rnorm

n ,

where

Rnorm
n := (1− λn)τn =

d

ρ

atan,∗
ρ∗n

(η + θ − η∗)2.

This is uniformly oD,M (n−1). Indeed, under the quantifiers in (S.3),

|η + θ − η∗| ≤M + 1
2 + |η∗|, d ≤ D

n
, ρ −→ ρ∗ > 0,

and hence, for all sufficiently large n,

0 ≤ Rnorm
n ≤ 2atan,∗D

ρ2∗

(
M + 1

2 + |η∗|
)2
n−2 = oD,M (n−1).

After absorbing Rnorm
n into R̃n, use ℓ = 2aη0 to obtain algebraically

−atan,∗
ρ∗n

{(η − η∗)2 + θ2 − 2(η∗ − η)θ} = −atan,∗
ρ∗n

(η + θ − η∗)2.
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Consequently,

B+n,p,ζ(η, θ) ≤
ρ2(p)

ρ
C∗
Q(n)− atan,∗

ρ∗n
(η + θ − η∗)2 −

C0(p)

ρ
√
n

(1− rn) + oD,M (n−1). (4.43e1)

Only at this point do C∗
Q(n) > 0 and ρ2(p)/ρ ≤ 1 imply the displayed weaker form (4.43e). In

particular, the retained phase ζn has not been replaced by one.

It remains to compare the actual operator with this baseline. The exact decomposition (4.24a)
counts the zero cell, returned endpoint, and middle once each. The zero-cell difference is at most
{Λabs,∗ + o(1)}d. The endpoint linear term is at most

{csh(p, d) + o(1)}rn−1|m| ≤ {1916csh,∗ + o(1)}d+ {csh(p, d) + o(1)}rn−1(1− r2) +O(d2).

The second term is at most {2csh(p, d) + o(1)}(1− rn)/n and is absorbed by the negative radial
term in (4.43b1). The endpoint remainder is oD(n−1), and MX,n −MQ,n is exponentially small.
Finally, since ρ = ρ2(p) + d and the reference right-node score tends to CE,

ρ2(p)

ρ
C∗
Q(n) = C∗

Q(n)− {CE/ρ∗ + o(1)}d.

There is no rate conversion hidden here. Indeed (4.16) and |1 − ζ| = O(d) give |m| = O(d).
Under nd ≤ D and |η| ≤M , the terms not displayed with a sign satisfy the explicit ledger

term bound

endpoint power remainder (4.43a) O(d/
√
n+
√
nd2) = OD(n−3/2)

C1 phase residue after the sine–cosine completion OD,M (n−3/2)
shape-continuity and quadratic errors o(1)d+O(d2) = oD(n−1)

low-frequency remainder o(1)d = oD(n−1)

middle-cell difference O(n3/2dqn1 ) = oD(n−1).

(4.43f0)

The second row uses the global completion preceding (4.43b1), not an assertion that the affine
C1 term has a sign by itself. On the localized branch Lemma 6.7 supplies η2 = O(nd+ 1), so
boundedness of η in this regime is a conclusion, not an additional hypothesis. Combining these
signed terms proves (4.43f); its coefficient is positive by (4.24). Notice that the loss CEd/ρ∗ and
the radial absorption belong to the combined baseline comparison, not to a false standalone
inequality asserting that the actual operator is already below the baseline by a fixed multiple of
d.

In the growing window use the two signed rows at the same active point, rather than extracting
a tangent. The complete upper and lower two-point cells at the calibrated integer node are
at most {ρ2(p)/ρ}C∗

Q(n). The corresponding zero-cell spatial increments have a common error

O((1 + |η|)/n) = o(d). Indeed η2 = O(nd) and nd→∞ give

1 + |η|
nd

= O((nd)−1 + (nd)−1/2) = o(1),
1 + η2

n3/2d
= o(1) +O(n−1/2) = o(1). (4.43g0)

The signed middle-cell error is o(n−1) = o(d) because nd→∞. The physical returned-endpoint
owner contributes {19csh,∗/16 + o(1)}d + o(d) simultaneously for both signs, and the actual-
minus-matching zero/middle owner contributes {Λabs,∗ + o(1)}d + o(d). These are the same
owners as in (4.24d), each inserted once. Moreover (4.16), (4.43a), and

√
nd→ 0 give

|m| = O(d),
d√
n

+
√
n|m|2 ≤ d{n−1/2 +O(

√
nd)} = o(d). (4.43g1)

The remaining low-frequency and exponential errors are o(d). Finally the exact denominator
identity

ρ2(p)

ρ
C∗
Q(n) = C∗

Q(n)−
C∗
Q(n)

ρ
d,

C∗
Q(n)

ρ
−→ CE

ρ∗
, (4.43g2)

turns the paired owner ledger into (4.43g). Its coefficient tends to CE/ρ∗−19csh,∗/16−Λabs,∗ > 0
by (4.24). This proof is uniform in the active point and does not require the more detailed A(p)
tangent expansion.
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The active signed subcritical estimates

This supplement makes explicit two points which are easy to lose in the compressed proof of
Lemma 6.8. First, all pieces of a row are evaluated at one and the same integer, phase, and
physical cdf point. Second, in the growing window the Gaussian boundary/quadrature and the
signed binomial stop–loss prefix are one quantity. Neither of them is estimated in absolute value
before they have cancelled.

Signed orientation and uniform quantifiers. The upper and lower signed estimates use
the same orientation. Their node–zero, middle, and returned contributions are treated together.
We display the upper notation,

k = np+ η ∈ Z, |θ| ≤ 1
2 , xη,θ =

s(p)(η + θ)√
n

. (S.1)

The lower row uses the conjugate kernel and its own lower node–zero identity at this same
physical point. Thus no formula combines an upper integer-node score with a lower returned
endpoint, and every occurrence of k, θ, and xη,θ refers to the same physical point. Reflection
gives an equivalent proof, but is unnecessary for these paired estimates.

We use the following precise meaning of uniform little-oh. Fix D,M <∞. An assertion

Rn(η, θ) = oD,M (n−1) (S.2)

means that for every sequence of admissible rows with

pn → p∗, dn → 0,
√
ndn → 0, ndn ≤ D,

one has
sup

|η|≤M, |θ|≤1/2,
npn+η∈Z

n |Rn(η, θ)| −→ 0. (S.3)

Only cells occurring in the row enter the supremum. Similarly, Rn = oCη(dn) in the growing
window means that the supremum of |Rn|/dn tends to zero along every admissible sequence
satisfying

dn = o(n−1/2), ndn →∞, η2 ≤ Cη(ndn + 1). (S.4)

Thus the quantifier over the active cell and physical phase is inside the limit. The coarse
localization lemma is used only to supply a finite M = M(D) in the bounded branch and a
finite Cη in the growing branch. The assembly itself applies to every cell satisfying the displayed
bounds. An active point has exactly the meaning from (4.0a), namely C+n (X; η, θ) > CE; it
carries no extra analytic assumption.

One exact finite-row ledger. Let JQ,n be as in Lemma 6.8. In oriented upper notation put

Tn =

√
n

ρ

{
EQ,n(η) +D

(0)
Q,n(η, θ)−D(0)

Q,n(η, 0)
}
,

Vn =

√
n

ρ
ℜ{ζnJQ,n(η, θ)− JQ,n(η, 0)},

Hn =

√
n

ρ
{MQ,n(η, θ)−MQ,n(η, 0)},

Ln =

√
n

ρ
{D(0)

X,n(η, θ)−D(0)
Q,n(η, θ)},

En =

√
n

ρ
{MX,n(η, θ)−MQ,n(η, θ)}.

(S.5)
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Let Sn be the normalized real part of the first-order endpoint term

−2πinhmζ n−1ΨQ(2π(1− h))n−1 (S.6)

integrated on 0 ≤ h ≤ 1/4 with the returned Prawitz kernel, and let Rpow
n be the integral of the

literal remainder Rn(h) in (4.43). These are definitions, not estimates. The exact decomposition
(4.24a), with (4.24c) added and subtracted once, gives

C+n (X; η, θ) ≤ P+
n (X; η, θ) = Tn + Vn +Hn + Ln + Sn +Rpow

n + En. (S.7)

No term uses an independently chosen node or phase. In particular, EQ,n owns all four upper
integer-node pieces in (4.24c), and the returned endpoint occurs only in Vn + Sn +Rpow

n .

There are constants C, c > 0, 0 < q1 < 1, and uniform moduli ωlo, ωsh → 0 such that

|Ln| ≤ {Λabs,∗ + ωlo(n)}d, (S.8)

|En| ≤ Cn3/2dq n−1
1 , (S.9)

|Hn| ≤ C
√
n qn1 , (S.10)

|Rpow
n | ≤ C{d/

√
n+
√
n |m|2 + d2/

√
n}, (S.11)

|m| ≤ Cd. (S.12)

Here (S.8) is (4.18), (S.9) is the middle-cell estimate, (S.10) is the matching middle gap, and
(S.11) follows from (4.43a). The harmless last summand in (S.11) merely displays all quadratic
endpoint remainders. Equation (S.12) follows from (4.16) and |1− ζ| = O(d).

The bounded active-localized branch

Fix D,M <∞, assume nd ≤ D, and restrict to active cells with |η| ≤M . The bounded-node
expansion, zero-cell increment, returned-endpoint sine–cosine completion, and (S.10) give the
single signed inequality

Tn + Vn +Hn ≤
ρ2(p)

ρ
C∗
Q(n)− atan,∗

ρ∗n
(η + θ − η∗)2

− C0(p)

ρ
√
n

(1− rn) +Rbase
n , Rbase

n = oD,M (n−1). (S.13)

The possible positive returned-endpoint residue is bounded before it is placed in Rbase
n . Indeed,

with

an =
C0(p)r

n

ρ
√
n

, Bn = sup
|θ|≤1/2

rn|C1(p, η + θ)|
ρn

,

one has an ≍D n−1/2, Bn = OD,M (n−1), and

an{cos(2πu)− 1}+Bn| sin(2πu)| ≤ B2
n

2an
= OD,M (n−3/2). (S.14)

Thus (S.13) is uniform in both the retained phase ϑ and the physical phase θ. It does not assign
a sign to the affine C1-term by itself.

More explicitly, one may decompose

Rbase
n = Rnode

n +R0,loc
n +R0,tail

n +Rcirc
n +Rcoef

n +Rmatchmid
n , (S.14a)

where, uniformly under the quantifiers in (S.3),

Rnode
n = oM (n−1), |R0,loc

n | ≤ CMn−3/2,

|R0,tail
n | ≤ CMn−3/2, |Rcirc

n | ≤ CD,Mn−3/2,

Rcoef
n = oD,M (n−1), |Rmatchmid

n | ≤ C
√
n qn1 .

(S.14b)

47



The first row is the uniform remainder in the bounded-node lemma; the second is (4.33) with
bounded η; the third is the finite-cell to half-line remainder (4.38c1); the fourth contains (S.14),
the remainder in (4.43b); the fifth contains the o(1)/n coefficient replacements; and the last
is (S.10). Thus every remainder in (S.13) has a named owner. In particular, the fifth owner
contains the normalization correction

Rnorm
n =

(
1− ρ2(p)

ρ

)
atan,∗
ρ∗n

(η + θ − η∗)2, 0 ≤ Rnorm
n ≤ CD,Mn−2.

Thus moving ρ2(p)/ρ off the negative tangent square is an explicit oD,M (n−1) coefficient replace-
ment, rather than an application of ρ2(p)/ρ ≤ 1.

The shape row is retained until its radial part is paired with (S.13). Equations (4.16), (4.17),
and (4.43c) give

Sn ≤ {1916csh,∗ + ωsh(n)}d+
2csh(p, d) + ωsh(n)

n
(1− rn) + Cd2. (S.15)

The radial rows in (S.13) and (S.15) obey, uniformly for all sufficiently large n,[
−C0(p)

ρ
√
n

+
2csh(p, d) + ωsh(n)

n

]
(1− rn) ≤ 0. (S.16)

No division by d, 1− r, or 1− rn occurs in (S.16).

The denominator loss is the exact identity

ρ2(p)

ρ
C∗
Q(n) = C∗

Q(n)− bnd, bn =
C∗
Q(n)

ρ
−→ CE

ρ∗
. (S.17)

Substituting (S.8)–(S.17) into (S.7) gives

C+n (X; η, θ) ≤ C∗
Q(n)−

{
CE

ρ∗
− 19

16
csh,∗ − Λabs,∗ − εn,D,M

}
d

− atan,∗
ρ∗n

(η + θ − η∗)2 +Rn,D,M , (S.18)

where εn,D,M → 0 and

|Rn,D,M | ≤ |Rbase
n |+ C{d/

√
n+
√
nd2 + d2}+ {ωlo(n) + ωsh(n)}d

+ Cn3/2dq n−1
1 . (S.19)

Every term on the right of (S.19) is oD,M (n−1): since d ≤ D/n, the first two endpoint terms are
OD(n−3/2), d2 = OD(n−2), and exponential decay dominates every power of n. This is (4.43f)
with its finite-row, active-localized, and signed quantifiers exposed.

The growing branch: the direct paired active ledger

Assume (S.4) with nd → ∞. For each sign, let T±
n be the complete matching two-point cell

at the calibrated integer node plus the signed matching zero-cell spatial increment from that
node to the active point. Let Rmid

n,±, Rret
n,±, and Ract

n,± denote respectively the matching middle,
physical returned-endpoint, and actual-minus-matching zero/middle owners. The exact finite-row
grouping is

C±n (X; η, θ) ≤ T±
n +Rmid

n,± +Rret
n,± +Ract

n,±. (S.G0)

The calibrated upper and lower node–zero blocks admit one signed error rnoden such that

T±
n ≤

ρ2(p)

ρ
C∗
Q(n) + rnoden ,

rnoden

d
−→ 0. (S.G1)
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The estimate is obtained before taking the maximum of the two signs. The integer-node terms
use the exact two-point bound, while the two zero-cell increments are bounded by C(1 + |η|)/n;
(4.43g0) makes the latter o(d). No binomial prefix is separated from a Gaussian boundary term.

With the same cutoff and the same physical point, the remaining concrete owners give errors
satisfying

|Rmid
n,±| ≤ rmid

n , rmid
n /d −→ 0,

Rret
n,± ≤ {1916csh,∗ + o(1)}d+ rretn , rretn /d −→ 0,

Ract
n,± ≤ {Λabs,∗ + o(1)}d+ ractn , ractn /d −→ 0. (S.G2)

Here 0 ≤ rmid
n = o(n−1) = o(d), the returned owner includes the power error (4.43a), and the

actual owner is the full zero/middle actual-minus-matching difference. Hence the exact finite-row
assembly (S.G0) gives

C±n (X; η, θ) ≤ ρ2(p)

ρ
C∗
Q(n) + {1916csh,∗ + Λabs,∗ + o(1)}d+ rn, rn/d −→ 0. (S.G3)

Since ρ = ρ2(p) + d,

ρ2(p)

ρ
C∗
Q(n) = C∗

Q(n)−
C∗
Q(n)

ρ
d,

C∗
Q(n)

ρ
−→ CE

ρ∗
. (S.G4)

Taking the maximum in (S.G3) and using (S.G4) proves (4.43g).

The transition to one adaptive lattice

The scale
√
nd ≍ 1 cannot be treated by expanding around a fixed two-point resonance: the

resonance itself may move. The next lemma supplies the required signed compactness without
approximating the discontinuous sawtooth.

In this subsection an active near-extremal positive-branch sequence means a sequence of points
xn which are active in the sense of (4.0a), are chosen on a putative extremizing sequence, and
satisfy, with ρn = E|Xn|3, √

n

ρn
{Fn,Xn(xn)− Φ(xn)} −→ CE

and the positive error is the competitive one. The outer localization proved above then gives
pn → p∗, dn → 0, xn → 0, while the reflected branch has a fixed gap. We shall always state
explicitly when only the corresponding Prawitz operator, rather than the cdf error, is being used;
thus “active” carries no unmentioned Fourier estimate.

Lemma 6.9 (spectral selection and the vanishing-power branch). Let Xn be centered, variance-
one laws, set γn = EX3

n, let pn be the matching Bernoulli parameter, and put dn = E|Xn|3−ρ2(γn).
Suppose pn → p∗ and dn → 0. Put

Rn(u) = |φXn(u)|2, u∗n =
2π

s(pn)
.

There are fixed δ, c > 0 such that, for all sufficiently large n, Rn has a unique interior maximizer
un on In = [u∗n − δ, u∗n + δ] and R′′

n ≤ −c there. Choose once and for all

max{s∗/2, γ∗} < h0 < s∗.

If |φXn(un)|n → 0, then

lim sup
n
Cn(Xn) ≤ ϕ0

ρ∗

(
h0
2

+
γ∗
6

)
< CE. (4.43h)

The reflected one-sided score has a strictly smaller limit.
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Proof. The defect identity and dn → 0 concentrate the law at the two zeros of the defect density.
The first two moments determine their limiting weights, so Xn converges to its matching two-point
law. Since the second and third absolute moments also converge to those of that law, |Xn|2 and
|Xn|3 are uniformly integrable. For an independent copy X ′

n set Dn = Xn −X ′
n. Then

R′′
n(u) = −E{(Xn −X ′

n)2 cos(u(Xn −X ′
n))}.

Uniform integrability of D2
n, followed by a fixed tail truncation, shows that both R′

n and R′′
n

converge uniformly on every fixed compact u-interval. In particular, uniformly on a fixed
neighbourhood of u∗n,

−R′′
n(u) −→ 2 cos{s∗(u− 2π/s∗)}.

Choose δ > 0 and c0 > 0 so that the last cosine is at least 4c0 when |u− 2π/s∗| ≤ 2δ. For all
large n,

R′′
n(u) ≤ −2c0 (u ∈ In), R′

n(u∗n − δ) > c0δ, R′
n(u∗n + δ) < −c0δ. (4.43h1)

The derivative signs follow by integrating the limiting curvature from the limiting critical point.
Thus strict concavity gives the asserted unique un ∈ int In. Uniform convergence of R′

n and
uniqueness of the zero of its limit on this interval also give un → 2π/s∗, and hence Rn(un)→ 1.
Taylor’s theorem at un then gives, after decreasing δ if necessary,

|φXn(u)|n ≤ |φXn(un)|ne−c1n(u−un)2 , |u− un| ≤ δ, (4.43h2)

with fixed c1 > 0. Indeed (4.43h1) gives Rn(u) ≤ Rn(un)− c0(u−un)2, while Rn(un)→ 1; divide
by Rn(un) and use (1− y)n/2 ≤ e−ny/2. This proves (4.43h2) after a uniform decrease of c1.

We make the frequency split used here explicit. At physical bandwidth h0, put U0 = 2π/h0.
The assumptions s∗/2 < h0 < s∗ imply 2π/s∗ < U0 < 4π/s∗. Hence the limiting two-point
modulus is one on [0, U0] precisely at 0 and 2π/s∗. Choose fixed disjoint neighbourhoods

Z = [0, δ0], En = [un − δ1, un + δ1] ⊂ (0, U0),

with δ0, δ1 > 0 small enough for the Gaussian zero-frequency bound and (4.43h2), respectively.
On the compact remainder Mn = [0, U0]\(Z∪En), uniform convergence of characteristic functions
and the displayed description of the limiting equality set give constants q < 1 and n0 such that

sup
u∈Mn

|φXn(u)| ≤ q (n ≥ n0). (4.43h3)

Thus the normalized middle contribution is O(
√
nqn). On En the kernel and the change of

physical frequency are bounded, and (4.43h2) bounds the normalized contribution by

C
√
n |φXn(un)|n

∫
R
e−c1nv

2
dv = o(1). (4.43h4)

This proves, with uniform constants, that only the zero cell remains. Uniform integrability of the
third moment gives the uniform Peano expansion

φXn(w) = 1− w2

2
− iγnw

3

6
+ |w|3ηn(w),

where
lim
δ↓0

lim sup
n

sup
|w|≤δ

|ηn(w)| = 0,

together with a uniform Gaussian power envelope |φXn(w)|n ≤ Ce−cnw
2

for small w. In the
Prawitz integral put

t =
h0v

2π
√
n
, equivalently w =

2πt

h0
=

v√
n
.
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The kernel expansion is then

2K(t) dt =

{
i

πv
+

h0
2π
√
n

+O(v/n)

}
dv,

with the conjugate expansion for the reflected operator. After multiplication by
√
n, every

remainder is bounded, independently of the cdf coordinate, by a constant times

(v2 + v3 + v4)e−cv
2
.

First pass to the limit on 0 ≤ v ≤M and then let M →∞. This two-stage domination yields,
uniformly in the cdf coordinate, the two signed limits

ϕ(x)

ρ∗

{
h0
2
± γ∗

6
(1− x2)

}
. (4.43i)

For the plus sign the positive maximum is at zero. For the minus sign it is also at zero because
h0 > γ∗, and it is smaller. Finally

ϕ0
ρ∗

(
h0
2

+
γ∗
6

)
<
ϕ0
ρ∗

(s∗
2

+
γ∗
6

)
= CE.

This proves the lemma.

Lemma 6.10 (non-circular adaptive majorant). Let Xn be centered variance-one laws with
matching parameters pn → p∗, defects dn → 0, third moments γn, and third absolute moments
ρn. If hn → s∗, define the exact Prawitz operators at physical bandwidth hn. Then, uniformly in
x ∈ R, √

n

ρn
{U+

Xn,n,hn
(x)− Φ(x)} =

ϕ(x)

ρn

{
hn
2

+
γn
6

(1− x2)
}

+ o(1), (4.43j)

and √
n

ρn
{Φ(x)− U−

Xn,n,hn
(x)} =

ϕ(x)

ρn

{
hn
2
− γn

6
(1− x2)

}
+ o(1). (4.43k)

Consequently the positive adaptive majorant is at most CE + o(1) and the reflected one has a fixed
limiting gap. No residual-power conclusion and no residual-variance estimate of order o(n−1) is
used.

Proof. Write φn := φXn . Uniformly for γ near γ∗, the exact defect density satisfies

wγ(x) ≥ c|x|3 (|x| ≥ R0), Ewγn(Xn) = dn. (4.43l)

Thus {|Xn|3} is uniformly integrable: for all sufficiently large n its tail is at most Cdn, and the
finitely many earlier rows are handled by increasing the cutoff. Quadratic defect localization and
the moment equations also give Xn ⇒ Q∗. Hence

ω(r) := sup
n

E{|Xn|3 min(r|Xn|, 1)} −→ 0 (r ↓ 0), (4.43m)

and

φn(w) = 1− w2

2
− iγnw

3

6
+ |w|3ϵn(w), |ϵn(w)| ≤ Cω(|w|). (4.43n)

Symmetrization and 1− cos y ≥ y2/2− |y|3/6 give fixed c, δ0 > 0 such that |φn(w)| ≤ e−cw2
for

|w| ≤ δ0.
Put

fn(v) = φn(v/
√
n)n, rn(v) = fn(v)− e−v2/2

(
1− iγnv

3

6
√
n

)
, Bn = n1/21.
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The exact difference of powers and (4.43n) give, for v ≤ Bn,

|rn(v)| ≤ Ce−cv2
{
v3√
n
ω(Bn/

√
n) +

v4 + v6

n

}
,

whereas for Bn ≤ v ≤ δ0
√
n the Gaussian envelope gives |rn(v)| ≤ Ce−cv2(1 + v3/

√
n). Therefore

√
n

∫ δ0
√
n

0

|rn(v)|
v

dv = o(1),

∫ δ0
√
n

0
|fn(v)− e−v2/2| dv = o(1), (4.43o)

and
∫
v|fn(v)| dv = O(1) on that interval.

On the zero cell put t = hnv/(2π
√
n). The signed kernel expansion is

2K(t) dt =

{
i

πv
+

hn
2π
√
n

+O(v/n)

}
dv, (4.43p)

with the singular sign reversed for the conjugate kernel. Equation (4.43o) makes the replacement
by the Gaussian-skewness expression an o(n−1/2) error uniformly in x, because the omitted
spatial phase has modulus one. Normal inversion and

1

π

∫ ∞

0
e−v

2/2 cos(vx) dv = ϕ(x),
1

π

∫ ∞

0
v2e−v

2/2 cos(vx) dv = (1− x2)ϕ(x)

give (4.43j)–(4.43k) on the zero cell.

Here is the promised uniform partition of the rest of the physical t-interval. Fix 0 < δ < 1/4
so small that the zero-frequency estimate used above holds on I0 = [0, δ] and the curvature
interval from Lemma 6.9 contains 2πI1/hn, where I1 = [1− δ, 1], for all sufficiently large n. On
Im = [δ, 1− δ] one has, uniformly in n,

sup
t∈Im
|φn(2πt/hn)| ≤ q < 1. (4.43q0)

Indeed Xn ⇒ Q∗ and hn → s∗ give uniform convergence on this compact interval, whereas

|φQ∗(2πt/s∗)|2 = 1− 2p∗q∗{1− cos(2πt)} < 1 (δ ≤ t ≤ 1− δ).

The same q works for both kernels, so the normalized middle contribution is O(
√
nqn), uniformly

in the spatial phase.

For I1, let un be the unique critical spectral maximum from Lemma 6.9 and put τn =
hnun/(2π)→ 1. The curvature estimate (4.43h1), the affine change u = 2πt/hn, and Rn(un) ≤ 1
give fixed c1 > 0 such that

|φn(2πt/hn)|n ≤ e−c1n(t−τn)2 , t ∈ I1. (4.43q1)

Because |K(1− y)|+ |K(1− y)| ≤ Cy, either normalized endpoint is at most

C
√
n

∫ δ

0
ye−c1n(y−en)

2
dy ≤ C{n−1/2 + |en|} = o(1), en = 1− τn. (4.43q)

For the inequality use y ≤ |y − en| + |en|, extend the two nonnegative Gaussian integrals to
the real line, and evaluate them. Notice that en may have either sign. This argument uses no
residual-power conclusion and no estimate on the selected height other than |φn(un)| ≤ 1.

The three cells prove the two uniform formulas. Their limiting plus profile is maximized at
zero and equals ϕ0(s∗/2 + γ∗/6)/ρ∗ = CE. The reflected profile is also maximized at zero because
s∗ > γ∗ and is smaller by ϕ0γ∗/(3ρ∗).
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Lemma 6.11 (uniform marked lattice local limit). For every row let (Jn,r, ηn,r), 1 ≤ r ≤ n, be
independent copies of (Jn, ηn), where Jn is integer valued. Put

mn = EJn, Yn = Jn −mn, Vn = EY 2
n , Kn =

n∑
r=1

Jn,r, Tn =
n∑
r=1

ηn,r.

Assume, with constants independent of the row, that

Eηn = E(Ynηn) = 0, Bn := Eη2n ≤
CB
n
, 0 < v− ≤ Vn ≤ v+ <∞, (4.48u0)

that two adjacent values of Jn each have probability at least c0 > 0, and that, for some d̄, C0 <∞
and some dn ∈ [0, d̄],

E{|Jn|r; |Jn| > H} ≤ C0dn
H3−r , r = 0, 1, 2, H ≥ 2. (4.48u1)

For fixed T,M,X <∞, let

G (T,M) =

{
g ∈ C2

c (R) : supp g ⊂ [−T, T ], max
0≤r≤2

∥g(r)∥∞ ≤M
}
.

Then, uniformly over all row laws satisfying the displayed bounds, all gn ∈ G (T,M), and all
kn ∈ Z for which

xn =
kn − nmn√

n
, |xn| ≤ X,

one has
√
nE{gn(Tn)1{Kn=kn}} =

e−x
2
n/(2Vn)

√
2πVn

Egn(Tn) + o(1). (4.48)

In particular, the error in (4.48) is one common error for the whole C2 class and for every
bounded centering xn; it does not depend on a limiting law for Tn.

Proof. We give all estimates uniformly over the class in the statement. First the tail assumption
controls the translation from Jn to Yn. Indeed, taking H = 2 in (4.48u1) gives

E|Jn| ≤ 2 + E{|Jn|; |Jn| > 2} ≤ 2 + C0d̄/4,

so |mn| ≤M0 for a fixed M0. Consequently there are fixed H0, C1 such that, for r = 0, 1, 2 and
H ≥ H0,

E{|Yn|r; |Yn| > H} ≤ C1dn
H3−r . (4.48u3)

For if H ≥ 2M0, the event |Yn| > H implies |Jn| > H/2, and |Yn|r ≤ Cr(|Jn|r +M r
0 ). Applying

(4.48u1) at H/2 proves (4.48u3). In particular, the family Y 2
n is uniformly integrable:

sup
n

E{Y 2
n ; |Yn| > H} ≤ C1d̄

H
−→ 0. (4.48u4)

Fix temporarily U <∞ and, for |u| ≤ U , define

fn,u = Eeiuηn , c1,n(u) = E{Yneiuηn}, c2,n(u) = E{(Y 2
n − Vn)eiuηn}.

We first prove the two uniform decorrelation estimates

sup
|u|≤U

|c1,n(u)| = o(n−1/2), sup
|u|≤U

|c2,n(u)| = o(1). (4.48u5)
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Let CH = {|Yn| ≤ H}. The two normal equations in (4.48u0) give the exact identity

c1,n(u) = E{Yn(eiuηn − 1− iuηn);CH}
+ E{Yn(eiuηn − 1);CcH} − iuE{Ynηn;CcH}. (4.48u6)

The inequalities |eiy − 1− iy| ≤ y2/2 and |eiy − 1| ≤ 2, (4.48u3), and Cauchy–Schwarz bound the
three terms by

CUHBn,
CUdn
H2

, CU

(
Bndn
H

)1/2

.

Since
(Bndn/H)1/2 ≤ 1

2(HBn + dn/H
2),

we have
sup
|u|≤U

|c1,n(u)| ≤ CU{HBn + dn/H
2}. (4.48u7)

If ndn ≤ H3
0 , use H = H0; then the right side is O(n−1). If ndn > H3

0 , use H = (ndn)1/3; after

multiplication by
√
n both terms are bounded by CUd

1/3
n n−1/6 ≤ CU d̄1/3n−1/6. This proves the

first part of (4.48u5).

For the second part, use E(Y 2
n − Vn) = 0 to write

c2,n(u) = E{(Y 2
n − Vn)(eiuηn − 1)}.

On CH , Cauchy–Schwarz and Y 4
n 1CH

≤ H2Y 2
n give

E{|Y 2
n − Vn| |ηn|;CH} ≤ CH

√
Bn.

On CcH , (4.48u3) and Vn ≤ v+ give

E{|Y 2
n − Vn|;CcH} ≤ Cdn/H.

Thus
sup
|u|≤U

|c2,n(u)| ≤ CU{H
√
Bn + dn/H}. (4.48u8)

Taking H = max(H0, n
1/8) proves the second part of (4.48u5). Finally, because Eηn = 0,

fn,u − 1 = E(eiuηn − 1− iuηn) = OU (Bn) = OU (n−1), (4.48u9)

so fn,u is bounded away from zero, uniformly on |u| ≤ U .

Put
ψn(t, u) = EeitYn+iuηn .

For q = v/
√
n, Taylor’s formula in the first coordinate gives the exact expansion

ψn(q, u) = fn,u + iqc1,n(u)− q2

2
{Vnfn,u + c2,n(u)}+Rn(q, u), (4.48u10)

where
|Rn(q, u)| ≤ Cq2E{Y 2

n min(|qYn|, 1)}. (4.48u11)

The last expectation tends to zero uniformly for bounded v: for fixed H its part on |Yn| ≤ H is at
most |v|HEY 2

n /
√
n, while its complement tends uniformly to zero by (4.48u4). Divide (4.48u10)

by fn,u and use (4.48u5), (4.48u9), and (4.48u11). Uniformly on every compact |u| ≤ U , |v| ≤ V0,

n log
ψn(v/

√
n, u)

fn,u
= −Vnv

2

2
+ o(1).
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Since |fn,u|n ≤ 1, exponentiation yields

ψn(v/
√
n, u)n = fnn,ue

−Vnv2/2 + o(1) (4.48u12)

with one uniform error on each such compact set.

We next prove an integrable bound valid outside compact v-sets. This is the step for which
convergence (4.48u12) alone is insufficient. Let (Y ′

n, η
′
n) be an independent copy. Then

|ψn(t, u)|2 = Eeit(Yn−Y
′
n)+iu(ηn−η′n).

Taylor expansion in t gives

|ψn(t, u)|2 = |fn,u|2 + itE{(Yn − Y ′
n)eiu(ηn−η

′
n)}

− t2

2
E{(Yn − Y ′

n)2eiu(ηn−η
′
n)}+Rn(t, u), (4.48u13)

where
|Rn(t, u)| ≤ Ct2E{(Yn − Y ′

n)2 min(|t(Yn − Y ′
n)|, 1)}. (4.48u14)

Put r1,n(U) = sup|u|≤U |c1,n(u)|. The coefficient of t in (4.48u13) has absolute value at most
2r1,n(U). The coefficient inside the quadratic expectation is

2ℜ{(Vnfn,u + c2,n(u))fn,u} − 2|c1,n(u)|2 = 2Vn + o(1), (4.48u15)

uniformly for |u| ≤ U . The uniform integrability needed for the difference is a direct consequence
of (4.48u3)–(4.48u4): with Dn = Yn − Y ′

n,

E{D2
n; |Dn| > H} ≤ 4E{Y 2

n ; |Yn| > H/2}+ 4VnP{|Yn| > H/2} −→ 0 (4.48u15b)

uniformly in the row. Hence one can first choose a fixed δ > 0 such that the right side of (4.48u14)
is at most v−t

2/8 whenever |t| ≤ δ, uniformly in the row, and then choose nU so large that the
quadratic expectation in (4.48u15) is at least 3v−/2 for n ≥ nU and |u| ≤ U . Therefore (4.48u13)
gives

|ψn(t, u)|2 ≤ 1 + 2|t|r1,n(U)− 3v−
4
t2 +

v−
8
t2. (4.48u15a)

Young’s inequality, in the explicit form

2|t|r1,n(U) ≤ v−
8
t2 +

8

v−
r1,n(U)2,

now gives

|ψn(t, u)|2 ≤ 1− v−
2
t2 +

8

v−
r1,n(U)2, |t| ≤ δ, |u| ≤ U, n ≥ nU . (4.48u16)

The right side of (4.48u16) is nonnegative because it bounds the nonnegative left side. Thus
log y ≤ y − 1, applied after raising the squared modulus to the power n/2, yields

|ψn(t, u)|n ≤ exp

{
−v−

4
nt2 +

4

v−
nr1,n(U)2

}
. (4.48u16a)

By (4.48u5), nr1,n(U)2 = o(1). For the indices n < nU , the trivial bound |ψn(t, u)| ≤ 1 is
dominated on |t| ≤ δ by the same Gaussian after choosing, for example, CU ≥ exp{v−nUδ2/4}.
Thus, for every row,

|ψn(t, u)|n ≤ CUe−v−nt
2/4, |t| ≤ δ, |u| ≤ U. (4.48u17)
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It remains to obtain a common gap away from the origin. If jn, jn + 1 have masses at least
c0, the independent-copy identity gives, for every t ∈ [−π, π],

1− |EeitYn |2 = E{1− cos(t(Yn − Y ′
n))} ≥ 2c20(1− cos t). (4.48u18)

Moreover
|ψn(t, u)− EeitYn | ≤ |u|E|ηn| ≤ U

√
Bn. (4.48u19)

For the fixed δ in (4.48u17), (4.48u18)–(4.48u19) imply that there are qU < 1 and nU such that

|ψn(t, u)| ≤ qU , δ ≤ |t| ≤ π, |u| ≤ U, n ≥ nU . (4.48u20)

Thus (4.48u12), (4.48u17), and (4.48u20) give respectively compact convergence and domination
in the three ranges

|v| ≤ V0, V0 < |v| ≤ δ
√
n, δ

√
n < |v| ≤ π

√
n. (4.48u21)

Fourier inversion on the unit lattice, followed by v = t
√
n, is the exact identity

√
nE{eiuTn1{Kn=kn}} =

1

2π

∫ π
√
n

−π
√
n
e−ivxnψn(v/

√
n, u)n dv. (4.48u22)

On the first range in (4.48u21), use (4.48u12). On the second use the integrable Gaussian in
(4.48u17); on the third, the integral is at most 2π

√
nqnU . Let n→∞, then V0 →∞. The bounds

are independent of |xn| ≤ X, and

1

2π

∫
R
e−ivxne−Vnv

2/2 dv =
e−x

2
n/(2Vn)

√
2πVn

.

We have therefore proved, uniformly for |u| ≤ U and |xn| ≤ X,

√
nE{eiuTn1{Kn=kn}} =

e−x
2
n/(2Vn)

√
2πVn

fnn,u + o(1). (4.48u23)

We finally pass from exponential marks to the whole class G (T,M). Put

ĝ(u) =

∫
R
e−iutg(t) dt.

Two integrations by parts give the uniform estimate

|ĝ(u)| ≤ CT,M (1 + u2)−1, g ∈ G (T,M). (4.48u24)

The unmarked case u = 0 of (4.48u17)–(4.48u20), inserted into ordinary lattice inversion, also
gives

sup
n,k

√
nP{Kn = k} ≤ C. (4.48u25)

Since
|E{eiuTn1{Kn=kn}}| ≤ P{Kn = kn}, |fn,u|n ≤ 1,

the contribution of |u| > U to the Fourier inversion of either side of (4.48) is bounded by

C

∫
|u|>U

(1 + u2)−1 du, (4.48u26)

uniformly in n, kn, gn. On |u| ≤ U use (4.48u23), integrate the uniform error against (4.48u24),
and note the exact identity fnn,u = EeiuTn . First let n→∞ and then U →∞ in (4.48u26). This
proves (4.48).
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Lemma 6.12 (smooth cardinal gap). Suppose that, for a triangular array,

X = a+ hJ + ε, J ∈ Z, Eε = E(Jε) = 0, A := Eε2 = O(n−1), d = dn → 0,
(4.44)

where h stays in a compact subinterval of (0,∞), two adjacent values of J have probabilities
bounded below, and

E{|J |k; |J | > H} ≤ Cd

H3−k (k = 0, 1, 2; H ≥ 2). (4.45)

Put

Kn =

n∑
j=1

Jj , Tn =
1

h

n∑
j=1

εj , zn = Ee2πiε/h.

If Vn = VarJ → V ∈ (0,∞), |kn − nEJ | ≤ X0
√
n, and |zn|n ≤ 1− κ for some fixed κ > 0, then,

uniformly for |θn| ≤ 1/2,

lim inf
n

√
nEeB(Kn − kn + Tn − θn) > 0, (4.46)

where eB is the excess of the one-sided Beurling majorant over the indicator of the closed negative
half-line.

Proof. Put

Y = J − EJ, η =
ε

h
, B = Eη2.

The normal equations in (4.44) give

Eη = E(Y η) = 0, B =
A

h2
= O(n−1).

After discarding finitely many rows, V/2 ≤ Vn ≤ 2V , while dn is bounded. Thus (4.45), the
two adjacent masses, and the compact range of h verify every hypothesis of Lemma 6.11. In
particular, for fixed T,M <∞, let

G (T,M) =

{
g ∈ C2

c (R) : supp g ⊂ [−T, T ], max
0≤j≤2

∥g(j)∥∞ ≤M
}
. (4.47b)

For xn = (kn − nEJ)/
√
n, |xn| ≤ X0, equation (4.48) therefore holds with one o(1), uniformly

over gn ∈ G (T,M), the phase, the bounded center, and all row parameters occurring here. No
limiting distribution for Tn is assumed.

The elementary cardinal subkernel is

eB(x) ≥ sin2(πx)

4π2(1 + x2)
. (4.52)

Here are the partial-fraction details. Inserting the paired expansion of π cotπx in the Beurling
formula gives, for x > 0,

eB(x) =

(
sinπx

π

)2


∞∑
j=0

1

(x+ j)2
− 1

x

 , (4.52a)

eB(−x) =

(
sinπx

π

)2
1

x
−

∞∑
j=1

1

(x+ j)2

 . (4.52b)
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Let q(t) = (x+ t)−2. Since q is decreasing and convex, the trapezoidal inequality and telescoping
give

∞∑
j=0

q(j)−
∫ ∞

0
q(t) dt ≥ 1

2

∞∑
j=0

{q(j)− q(j + 1)} =
1

2x2
.

For the other sign, the tangent inequality at the right endpoint of each unit interval gives∫ j

j−1
q(t) dt− q(j) ≥ −q

′(j)

2
=

1

(x+ j)3
,

1

x
−

∞∑
j=1

1

(x+ j)2
≥

∞∑
j=1

1

(x+ j)3
≥
∫ ∞

1

dt

(x+ t)3
=

1

2(x+ 1)2
.

Now 1/(2x2) ≥ 1/{4(1 + x2)} and 1/{2(x+ 1)2} ≥ 1/{4(1 + x2)}. Multiplication by (sinπx/π)2

proves (4.52) for both signs. At nonzero integers it follows by continuity. At x = 0 the right
side is zero and eB(0) = M(0)− 1 = 0 by (P3), so no continuity of the positive-side auxiliary
expression at zero is being assumed. Now

E sin2{π(Tn − θn)} =
1−ℜ(e−2πiθnznn)

2
≥ κ

2
. (4.53)

Moreover ET 2
n = nA/h2 ≤ CT for a fixed CT . Choose R so large that CT /R

2 ≤ κ/4, and choose
one fixed χ ∈ C∞

c (R) with 0 ≤ χ ≤ 1, equal to one on [−R,R], and supported in [−R− 1, R+ 1].
Put

gn(t) = χ(t) sin2{π(t− θn)}.

Equations (4.53) and Chebyshev give Egn(Tn) ≥ κ/4, uniformly in the phase. This family belongs
to one class G (R+ 1,M). On its support, (4.52) gives the explicit phase-uniform bound

eB(t− θn) ≥ cRgn(t), cR =
1

4π2{1 + (R+ 3/2)2}
. (4.54)

Since eB ≥ 0, retain only the event Kn = kn and apply the uniform version of (4.48) to gn. If
xn = (kn − nEJ)/

√
n, then

√
nEeB(Kn − kn + Tn − θn) ≥ cR

√
nE{gn(Tn)1{Kn=kn}}

= cR
e−x

2
n/(2Vn)

√
2πVn

Egn(Tn) + o(1).
(4.54a)

The Gaussian factor has a positive lower bound because |xn| ≤ X0 and Vn → V ∈ (0,∞); the
expectation is at least κ/4. This proves (4.46), uniformly in the phase, without an infinite-cell
interchange.

Corollary 6.13 (residual-power selection). In addition to the hypotheses of Lemma 6.12, suppose
(xn) is an active near-extremal positive-branch sequence in the sense fixed at the start of this
subsection, and coordinate its thresholds by

xn
√
n = nan + hn(kn + θn), |θn| ≤ 1

2 .

Suppose also that supn ρn <∞ and that the adaptive majorant U+
Xn,n,hn

satisfies

√
n

ρn
sup
x
{U+

Xn,n,hn
(x)− Φ(x)} ≤ CE + o(1), (4.47)

while the reflected branch has a fixed gap. Then |zn|n → 1.
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Proof. Write

Sn =

√
n

ρn
{Fn,Xn(xn)− Φ(xn)}, Mn =

√
n

ρn
{U+

Xn,n,hn
(xn)− Φ(xn)}.

The upper identity in (4.24w) and the exact threshold coordinate give, with no inequality,

Sn = Mn −
√
n

ρn
EeB(Kn − kn + Tn − θn). (4.55)

By near extremality, Sn → CE, whereas (4.47) gives Mn ≤ CE + o(1). If |zn|n ̸→ 1, then
0 ≤ |zn|n ≤ 1 supplies a subsequence and a fixed κ > 0 on which |zn|n ≤ 1 − κ. Lemma 6.12
gives a fixed cκ > 0 such that

lim inf
n

√
nEeB(Kn − kn + Tn − θn) ≥ cκ.

Choose Rρ <∞ with ρn ≤ Rρ. Then (4.55) would imply lim supSn ≤ CE−cκ/Rρ, a contradiction.
Hence |zn|n → 1. The reflected fixed gap is used only one step upstream, to ensure that the
near-extremal absolute score has the positive orientation; no lower cardinal estimate is hidden in
(4.55).

Lemma 6.14 (active-point exact-lattice envelope). Let Vn be centered variance-one laws supported
on maximal lattices an + bnZ, where bn stays in a compact subset of (0,∞). Put γn = EV 3

n ,
ρn = E|Vn|3, let pn be the matching Bernoulli parameter, and set dn = ρn − ρ2(γn). Assume that
two adjacent sites have probabilities at least c0 > 0,

pn → p∗, dn → 0, 0 < c ≤
√
ndn ≤ C.

If xn → 0, then, uniformly in the lattice phase of xn,

√
n

ρn
{U+

Vn,n,bn
(xn)− Φ(xn)} ≤ ϕ0

ρn

(
bn
2

+
γn
6

)
+ {Λabs,∗ + o(1)}dn +O(n−1). (4.58)

Consequently

√
n

ρn
{U+

Vn,n,bn
(xn)− Φ(xn)} ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dn +O(n−1) < CE. (4.58a)

The reflected operator has a fixed leading gap.

Proof. All constants in this proof are uniform after the row index is sufficiently large. We suppress
that index and write γ = γn, ρ = ρn, d = dn, and b = bn. The assumptions put γ in a fixed
compact neighbourhood Γ of γ∗, put b in a compact subset of (0,∞), and give

d ≍ n−1/2, ρ = ρ2(γ) + d ≍ 1. (4.58b0)

The actual span. Let wγ be the nonnegative defect density from the proof of Theorem 1.1. If
an atom v of Vn has mass at least c0, then

0 ≤ wγ(v) ≤ c−1
0 Ewγ(Vn) = c−1

0 d. (4.58b1)

Uniformly for γ ∈ Γ, the density wγ is coercive and its only zeros are −aγ and bγ , whose distance
is sγ(γ). Thus each of the two adjacent atoms in the hypothesis has distance o(1) from this
two-point zero set. The distance between the two atoms is the lattice span bn, which is bounded
away from zero; consequently the two atoms cannot converge to the same zero. Their order then
forces the lower atom to converge to −aγn and the upper atom to bγn . Hence

bn − sγ(γn) −→ 0, bn −→ s∗. (4.58b)
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Exact folding. Choose the unique k ∈ Z and θ ∈ [−1/2, 1/2) such that

x =
nan + bn(k + θ)√

n
,

put, for 0 ≤ q ≤ 1/2,

f(q) = Ee2πiqVn/bn , g(q) = e−2πiqx
√
n/bnf(q)n.

Since Vn ∈ an + bnZ, f(1 − q) = e2πian/bnf(q). Substitution of the displayed coordinate for x
therefore gives, with no approximation,

g(1− q) = e−2πiθg(q).

It follows that

U+
Vn,n,bn

(x) =
1

2
+ 2ℜ

∫ 1/2

0
{K(q)g(q) +K(1− q)e−2πiθg(q)} dq. (4.58c)

In (4.58c) replace f(q) by χγ(2πq/b), and in the returned term replace f(q) by the corresponding
conjugate. Denote the resulting analytic expression by S lat

n (x, θ). This definition uses the actual
interval and the actual folding phase; it does not assert that the matching two-point law has
span b.

A uniform second-order expansion of the surrogate. The support of Qγ is uniformly bounded
for γ ∈ Γ. Hence there are δ, C > 0 such that the principal logarithm of χγ(t) is defined for
|t| ≤ δ and, uniformly in γ ∈ Γ,

logχγ(t) = − t
2

2
− iγt3

6
+
γ2 − 2

24
t4 + rγ(t), |rγ(t)| ≤ C|t|5. (4.58c0)

Indeed, Taylor’s formula for χγ , followed by Taylor’s formula for log(1 + z), is uniform on this
compact family, and EQ4

γ = γ2 + 1. For t = w/
√
n, put

A = − iγw3

6
, B =

γ2 − 2

24
w4, E = nrγ(w/

√
n).

Then (4.58c0) says

n logχγ(w/
√
n) = −w

2

2
+

A√
n

+
B

n
+E, |A| ≤ Cw3, |B| ≤ Cw4, |E| ≤ Cw5

n3/2
. (4.58c0a)

For all sufficiently large n, on 0 ≤ w ≤ n1/16, the sum |A|/
√
n + |B|/n + |E| tends to zero

uniformly. Taylor’s formula for the exponential, with its integral remainder, therefore gives∣∣∣∣eA/√n+B/n+E − 1− A√
n
− B +A2/2

n

∣∣∣∣ ≤ C {w5 + w7 + w9

n3/2
+
w8

n2

}
. (4.58c0b)

Here the four displayed monomials respectively dominate E, the product AB/n3/2, the cubic
term A3/n3/2, and B2/n2; every product containing E, and every higher power, is smaller on
the stated window. Since B +A2/2 = Reven,γ(w), (4.58c0a)–(4.58c0b) give

χγ(w/
√
n)n = e−w

2/2

[
1− iγw3

6
√
n

+
Reven,γ(w)

n
+Rn,γ(w)

]
, (4.58c1)

where

Reven,γ(w) =
γ2 − 2

24
w4 − γ2

72
w6, (4.58c2)
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and, for example,

|Rn,γ(w)| ≤ C

n3/2
w5(1 + w)10. (4.58c2a)

Indeed (4.58c2a) follows term by term from (4.58c0b), using n−2w8 ≤ n−3/2w5(1 + w)10. The
factor w5 in (4.58c2a) is recorded because the direct kernel is singular at zero. Notice also that
the conjugate power has the same real even term and the opposite cubic term.

We next justify extending the root-scale integrals to infinity. By symmetrisation there are
c, δ1 > 0, uniform in γ ∈ Γ, such that |χγ(u)| ≤ e−cu

2
for |u| ≤ δ1. Shrink δ1, if necessary, so

that s−δ1 < π/4, where s− := infγ∈Γ sγ(γ) > 0. By (4.58b), after removing finitely many rows,
3/4 ≤ b/sγ(γ) ≤ 5/4. The explicit identity

|χγ(u)|2 = 1− 2p(1− p){1− cos(sγ(γ)u)}

has p(1− p) bounded away from zero on Γ. On the rest of the moving interval,

δ1 ≤ u ≤
π

b
=⇒ sγ(γ)u ∈ [s−δ1, 4π/3]. (4.58c2d)

The compact interval on the right is disjoint from 2πZ. The explicit identity therefore gives one
common modulus gap on δ1 ≤ u ≤ π/b. Consequently, under u = w/

√
n,

|χγ(w/
√
n)|n ≤ Ce−cw2

(0 ≤ w ≤ δ1
√
n),

and it is at most Ce−cn beyond that interval. In particular the part w ≥ n1/16, including the
factor w−1 from the singular kernel, is O(e−cn

1/8
). This proves the required tail claim on the

moving actual-span interval rather than on a fixed surrogate interval.

Set q = bw/(2π
√
n). Taylor expansion of the displayed Prawitz kernel, with uniform

remainders on w ≤ n1/16, gives

2K(q) dq =

{
i

πw
+

b

2π
√
n
− b2w

4π2n
− ib2w

12πn
+O

(
w2(1 + w)

n3/2

)}
dw,

2K(1− q) dq =

{
b2w

4π2n
+O

(
w2(1 + w)

n3/2

)}
dw.

(4.58c2b)

The following identities fix all signs in the calculation:

1

2
+

1

π

∫ ∞

0

sin(xw)

w
e−w

2/2 dw = Φ(x),

1

π

∫ ∞

0
e−w

2/2 cos(xw) dw = ϕ(x),
1

π

∫ ∞

0
w2e−w

2/2 cos(xw) dw = (1− x2)ϕ(x). (4.58c2c)

The first identity follows by differentiating in x and checking x = 0; the other two are the
Gaussian Fourier transform and its second derivative.

Insert (4.58c1)–(4.58c2b), retain every product through raw order n−1, and keep the spatial
factors e−ixw and eixw until real parts are taken. The complete direct ledger is

kernel factor power factor direct real contribution

i/(πw) 1 Φ(x)− 1/2
b/(2π

√
n) 1 bϕ(x)/(2

√
n)

i/(πw) −iγw3/(6
√
n) γ(1− x2)ϕ(x)/(6

√
n)

i/(πw) Reven,γ(w)/n O(|x|/n)
b/(2π

√
n) −iγw3/(6

√
n) O(|x|/n)

−ib2w/(12πn) 1 O(|x|/n)
−b2w/(4π2n) 1 −b2/(4π2n) +O(x2/n).

(4.58c3)
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For each of the three O(|x|/n) entries the coefficient before e−ixw is purely imaginary and odd; its
real part therefore contains sin(xw), and | sin(xw)| ≤ |x|w proves the stated bound by Gaussian
integration. For the last entry use |1− cos(xw)| ≤ x2w2/2 and

∫∞
0 we−w

2/2 dw = 1.

The returned kernel has neither a singular term nor a term of order n−1/2. Its only contribution
of raw order n−1 is

b2

4π2n
ℜ
{
e−2πiθ

∫ ∞

0
we−w

2/2eixw dw

}
=

b2

4π2n
cos(2πθ) +O(|x|/n), (4.58c4)

uniformly for |θ| ≤ 1/2. Products not displayed in (4.58c3)–(4.58c4) are integrable, by (4.58c2a),
against the singular kernel and are bounded by Cn−3/2 after integration. The already estimated
tail contributes exponentially less. We have therefore proved, with a constant independent of
|x| ≤ 1 and |θ| ≤ 1/2,

√
n

ρ
{S lat

n (x, θ)− Φ(x)} =
ϕ(x)

ρ

{
b

2
+
γ

6
(1− x2)

}
+

b2

4π2ρ
√
n
{cos(2πθ)− 1}+O

(
|x|√
n

+
1

n

)
.

(4.58d)

Uniform comparison of the actual and surrogate powers. Let p = p(Vn), s = sγ(γ) = s(p),
φ = φVn , χ = χγ , and ∆(u) = φ(u) − χ(u). In the Bernoulli coordinate Y = p + Vn/s, cubic
Hermite interpolation at 0, 1, together with the matching moments of Y and the Bernoulli law,
gives the exact identity

∆(u) = e−ispud

∫
Esu(y)

Wp(y)
dν(y), dν(y) =

Wp(y) dPY (y)

d
. (4.58e)

Here ν is a probability measure because EWp(Y ) = d.

We record all uniformity needed below. Every convex combination

ψa(u) = (1− a)χ(u) + aφ(u), 0 ≤ a ≤ 1,

is the characteristic function of a mixture of centered variance-one laws. Their third absolute
moments are uniformly bounded, since p→ p∗ and d→ 0. Applying

1− |EeiuZ |2 = E{1− cos(u(Z − Z ′))}, 1− cos v ≥ v2/2− |v|3/6,

to these mixtures gives fixed c, δ0 > 0 such that

|ψa(u)| ≤ e−cu2 (|u| ≤ δ0, 0 ≤ a ≤ 1). (4.58e1)

Shrink δ0, if necessary, so that bδ0/(2π) < 1/2 for every b in the fixed span compactum. Thus
the exact divided power

Pn(u) :=
φ(u)n − χ(u)n

n{φ(u)− χ(u)}
=

∫ 1

0
ψa(u)n−1 da (4.58e2)

(with its continuous value if the denominator vanishes) satisfies

|Pn(w/
√
n)| ≤ Ce−cw2

(0 ≤ w ≤ δ0
√
n). (4.58e3)

Moreover, uniformly for w in each fixed compact interval and a ∈ [0, 1],

ψa(w/
√
n) = 1− w2

2n
+O(w3n−3/2),

so (4.58e2) converges there uniformly to e−w
2/2. No linearisation in d has been made.
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Put H = n1/8. Equations (4.21)–(4.21a), already proved uniformly for p in a compact subset
of (0, 1), say

|Ez(y)− g(zy)| ≤ C|z|4(1 + |y|3), g(v) = eiv − 1− iv + v2/2 + iv3/6,

|Ez(y)| ≤ |z|
4

24
y2(1− y)2,

y2(1− y)2

Wp(y)
≤ C(1 + |y|). (4.58e4)

On |y| ≤ H, the second line of (4.58e4) bounds the integral by C|z|4(H + 1). On |y| > H, use
the first line, |g(v)| ≤ |v|3/6, and the explicit cubic tails of Wp:

|y|3

Wp(y)
≤ max{C+(p)−1, C−(p)−1}{1 +O(H−1)}. (4.58e5)

Since ν is a probability measure, these two estimates yield, uniformly for 0 ≤ w ≤ δ0
√
n,

n3/2|∆(w/
√
n)|

d
≤ s3

6
max{C+(p)−1, C−(p)−1}{1 +O(H−1)}w3 + C(H + 1)

w4

√
n
. (4.58f)

We now insert (4.58f) into the folded operator, rather than merely invoke a pointwise o(1).
On the direct root-scale cell, the singular part of (4.58c2b), (4.58e2), and (4.58e3) give

√
n

ρ
|direct singular defect| ≤ d

πρ

∫ δ0
√
n

0

|Pn(w/
√
n)|

w

n3/2|∆(w/
√
n)|

d
dw

≤ ds3

6πρ
max{C+(p)−1, C−(p)−1}

∫ ∞

0
w2e−w

2/2 dw + o(d)

= {Λabs(p, d) + o(1)}d = {Λabs,∗ + o(1)}d.

(4.58g)

To justify the second line with its sharp Gaussian coefficient, first restrict to 0 ≤ w ≤ M .
There (4.58f) and the uniform compact convergence following (4.58e3) give the displayed limsup
with e−w

2/2. On M ≤ w ≤ δ0
√
n, (4.58e3) and (4.58f) give the row-independent majorant

C(w2 +w3)e−cw
2
; let M →∞. The coefficient errors in (4.58f) are O(H−1) and O((H + 1)/

√
n),

both tending to zero. The identity π−1
∫∞
0 w2e−w

2/2 dw = ϕ0 then gives exactly the definition
(4.18a) of Λabs.

For completeness, all nonsingular pieces are smaller on the asserted scale. Since (H+1)/
√
n ≤ 1

eventually, (4.58f) and (4.58e3) imply

|φ(w/
√
n)n − χ(w/

√
n)n| ≤ Cd√

n
(w3 + w4)e−cw

2
. (4.58g1)

The bounded part of the direct kernel is O(n−1/2) dw, so its normalized contribution is O(d/
√
n).

On the returned copy, |2K(1− q) dq| ≤ Cw dw/n, and hence

√
n

ρ
|returned defect| ≤ Cd

n

∫ ∞

0
w(w3 + w4)e−cw

2
dw = O(d/n). (4.58g2)

It remains to cover, uniformly, the complement of the root-scale cell. Choose a fixed
0 < u0 < min{δ0, π/(2s∗)}. For the actual law, the two adjacent atoms of mass at least c0 give

1− |φ(u)|2 = E{1− cos(u(Vn − V ′
n))} ≥ 2c20{1− cos(bu)}. (4.58g3)

For u0 ≤ u ≤ π/b, (4.58b) implies, for all sufficiently large rows,

bu ∈ [s∗u0/2, π], s(p)u ∈ [s∗u0/2, 3π/2]. (4.58g4)
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Both intervals in (4.58g4) are compact and avoid 2πZ. Hence (4.58g3) gives a fixed positive
lower bound for 1− |φ(u)|2. The explicit identity

1− |χ(u)|2 = 2p(1− p){1− cos(s(p)u)},

together with p → p∗ ∈ (0, 1), gives another fixed positive lower bound for 1 − |χ(u)|2. Thus
both powers are at most rn, for one row-independent r < 1, on the remainder of 0 ≤ q ≤ 1/2.
The kernel is bounded there, so the normalized contribution is O(

√
nrn) = o(d) by (4.58b0).

Equations (4.58g)–(4.58g4) therefore compare the actual folded operator with the surrogate on
the whole actual fundamental interval.

Now take the sequence x = xn → 0. The cosine term in (4.58d) is nonpositive. For all
sufficiently large rows the positive leading profile is at most its value at zero. Furthermore
|xn|/

√
n = o(d), and the nonsingular comparison error d/

√
n is O(n−1), by (4.58b0). Combining

(4.58d)–(4.58g4) gives

√
n

ρn
{U+

Vn,n,bn
(xn)− Φ(xn)} ≤ ϕ0

ρn

(
bn
2

+
γn
6

)
+ {Λabs,∗ + o(1)}dn +O(n−1),

uniformly in θ.

The signed denominator loss, with the current p frozen. If V ′ is an independent copy of V ,
then V − V ′ ∈ bZ, and hence

2b = bE(V − V ′)2 ≤ E|V − V ′|3 ≤ 2{ρ+ E|V |}.

The last inequality follows by expanding |x − y|3 ≤ (x − y)2(|x| + |y|) and using centering.
Proposition 2.2 now gives

b ≤ s(p) +K1(γ(p))d. (4.58h)

Define, at the current value of p,

N0(p) = ϕ0{s(p)/2 + γ(p)/6}, N1(p) = ϕ0K1(γ(p))/2,

D0(p) = ρ2(p), A(p) = N0(p)/D0(p).

Then (4.58h) and the exact algebraic identity

N0(p) +N1(p)d

D0(p) + d
= A(p)− A(p)−N1(p)

D0(p) + d
d (4.58i)

show, without any joint expansion in (p, d), that

ϕ0
ρ

(
b

2
+
γ

6

)
≤ A(p)− {Gspan,∗ + o(1)}d ≤ CE − {Gspan,∗ + o(1)}d. (4.58j)

Indeed A(p) ≤ CE by Lemma 6.6, while continuity and p→ p∗, d→ 0, give

A(p)−N1(p)

D0(p) + d
−→ CE − ϕ0K1(γ∗)/2

ρ∗
= Gspan,∗.

Thus (4.58i) freezes p and expands only in d; in particular no unproved relation such as
|p− p∗| = o(d) is used. Combining (4.58) and (4.58j), and then using (4.24), gives

√
n

ρn
{U+

Vn,n,bn
(xn)− Φ(xn)} ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dn +O(n−1) < CE,

because n−1 = o(dn).
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Finally, the reflected assertion is not merely a change of notation. Directly from (4.24u),
conjugation gives

U+
−V,n,b(−x) = 1− U−

V,n,b(x), Φ(x)− U−
V,n,b(x) = U+

−V,n,b(−x)− Φ(−x). (4.58k)

The reflected law has the same b, ρ, d, skewness −γ, and the same adjacent-atom and comparison
bounds. Repeating the already proved surrogate calculation on the reflected compact parameter
set (the defect term is O(d) = o(1)) yields, uniformly in phase,

√
n

ρn
{Φ(xn)− U−

Vn,n,bn
(xn)} =

ϕ0
ρ∗

(s∗
2
− γ∗

6

)
+ o(1) = CE −

ϕ0γ∗
3ρ∗

+ o(1). (4.58l)

Since γ∗ > 0, this is bounded above by CE minus a fixed positive constant for all sufficiently
large n, which proves the claimed reflected gap.

Lemma 6.15 (near-lattice transfer). Let Xn be centered, variance-one laws, let pn be their
matching Bernoulli parameters, and put dn = E|Xn|3 − ρ2(EX3

n). Assume pn → p∗, dn → 0, and

0 < lim inf
√
ndn ≤ lim sup

√
ndn <∞. (4.56)

Let (xn) be an active near-extremal positive-branch sequence. If lim inf |φXn(un)|n > 0 at the
selected critical resonance, then there is a centered, variance-one maximal-span exact lattice
projection L◦

n, physical spans hn before and bn after standardization, and points yn → 0 such
that, for both one-sided Prawitz operators,

√
n |U±

Xn,n,hn
(xn)− U±

L◦
n,n,bn

(yn)| = o(dn), ρ(L◦
n) = ρ(Xn) + o(dn), d(L◦

n) = dn + o(dn).

(4.57)
Consequently the positive active score satisfies

√
n

ρ(Xn)
{U+

Xn,n,hn
(xn)− Φ(xn)} ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dn +O(n−1). (4.57a)

Proof. We suppress row subscripts until the last step. Let u0 be the unique critical spectral
maximum from Lemma 6.9, write

φX(u0) = reiα, h0 =
2π

u0
,

and choose a0 = α/u0 modulo h0. Let J be the nearest integer to (X − a0)/h0 and put

X = a0 + h0J + ε0, |ε0| ≤ h0/2.

This phase convention gives
Eeiu0ε0 = r.

Since 1− cos(2πv) ≥ 8v2 for |v| ≤ 1/2, the assumed lower bound for rn implies

A0 := Eε20 ≤
h20
8

(1− r) = O(n−1). (4.59)

We now derive, rather than assume, the adjacency and tail assertions used below. Uniform
convergence of R′

n in Lemma 6.9 puts its unique critical point at u0 − 2π/sγ(γ) = o(1); hence

h0 =
2π

u0
−→ s∗. (4.59a0)

Let −aγ , bγ be the two zeros of wγ , so that aγ + bγ = sγ(γ), and set

δn = (d+A0)
1/4.
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Corollary 2.1 and Chebyshev’s inequality give

P{dist(X, {−aγ , bγ}) > δn} = o(1), P{|ε0| > δn} = o(1). (4.59a1)

If Z is a nearest one of these two roots and πn = P{Z = bγ}, then E|X − Z| = O(
√
d) and

centering gives

0 = EX = sγ(γ)πn − aγ +O(
√
d), πn =

aγ
sγ(γ)

+O(
√
d). (4.59a2)

Thus both root clusters have masses bounded below.

Intersect each cluster with the two good events in (4.59a1). On either intersection every
lattice site a0 + h0J = X − ε0 lies within 2δn of the corresponding root. Since h0 is bounded
below, two different labels cannot occur in one such cluster once 4δn < h0. Call the resulting
labels j− and j+. They have uniformly positive masses, and

h0(j+ − j−) = aγ + bγ +O(δn) = sγ(γ) + o(1). (4.59a3)

The integer j+− j− therefore tends to one and equals one for all sufficiently large rows. Translate
J so that these labels are 0, 1; this only changes a0 by an integral multiple of h0 and preserves
the phase convention.

Finally h0 is in a fixed compact span range, |ε0| ≤ h0/2, and the labels 0, 1 are the only cells
containing the two defect roots. The explicit cubic tails of wγ consequently give, uniformly in
the row,

|J |31{|J |>H} ≤ Cwγ(X)1{|J |>H} (H ≥ 2).

Since Ewγ(X) = d, multiplication by |J |k−3 ≤ Hk−3 proves, simultaneously for every H ≥ 2,

E{|J |k; |J | > H} ≤ Cd

H3−k , k = 0, 1, 2. (4.59a)

We give the spectral-to-least-squares bridge explicitly. Since the phase choice gives Eeiu0ε0 =
r ∈ R, Taylor’s theorem gives

|Eε0| ≤ CA0. (4.59b)

Stationarity of |φX |2 at u0 gives ℑE{Xeiu0ε0} = 0. We record the quantitative argument rather
than hide it in this stationarity statement. Since u0 is bounded above and below,

u0E(Xε0) = EX{u0ε0 − sin(u0ε0)}. (4.59b1)

On CH = {|J | ≤ H}, one has |X| ≤ C(1 +H) and |y − sin y| ≤ Cy2, whence the right side of
(4.59b1), restricted to CH , is at most CHA0. On CcH , use |y − sin y| ≤ C|y|, Cauchy–Schwarz,
and (4.59a):

E{|Xε0|;CcH} ≤ C{E[(1 + J2);CcH ]}1/2A1/2
0

≤ C(A0d/H)1/2 ≤ C{HA0 + d/H2}.
(4.59b2)

All constants here are uniform for H ≥ 2 and for every row under consideration. Equations
(4.59b1)–(4.59b2) prove

|E(Xε0)| ≤ C{HA0 + d/H2 +A0}. (4.59c)

If A0 = 0 the bridge is immediate. Otherwise take H = A
−1/3
0 , replaced by 2 for the finitely

many rows for which it is smaller. Then HA0 = A
2/3
0 and d/H2 = dA

2/3
0 . Because d is bounded,

(4.59b)–(4.59c) and X = a0 + h0J + ε0 imply

|E(Jε0)|+ |Eε0| = O(A
2/3
0 ). (4.59d)
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The two core labels give Var J ≥ c > 0. Hence the affine least-squares projection

L = a+ hJ, ε = X − L

satisfies

Eε = E(Jε) = 0, A := Eε2 ≤ A0, |a− a0|+ |h− h0| = O(A
2/3
0 ). (4.60a0)

Put uL = 2π/h and z = EeiuLε. Exact lattice phase cancellation gives |z| = |φX(uL)|. On
the selected window |φX | has a uniformly bounded second derivative, while its first derivative
vanishes at u0. Thus

n
∣∣|z| − r∣∣ ≤ Cn|uL − u0|2 = O(nA

4/3
0 ) = o(1). (4.60)

This is the required bridge: the selected spectral power and the least-squares residual power have
the same subsequential limit.

Since u0 → 2π/s∗ and (4.60a0) gives h− h0 = o(1), one has h→ s∗. Lemma 6.10 now gives
exactly the upper-majorant hypothesis (4.47) in Corollary 6.13, without using residual power or
A = o(n−1); it also gives the reflected fixed gap. The middle has the adjacent-mass Cramér gap.
Moreover A = O(n−1), so VarJ = (1 − A)/h2 → s−2

∗ ∈ (0,∞), while outer localization gives
xn = o(1). Define the integer kn and θn ∈ [−1/2, 1/2) by the exact threshold identity

xn
√
n = na+ h(kn + θn). (4.60a00)

The first normal equation gives a = −hEJ , and hence

kn − nEJ√
n

=
xn
h
− θn√

n
−→ 0. (4.60a01)

Moreover, with Kn =
∑
Ji and Tn = h−1

∑
εi, the closed-half-line convention is exactly

n∑
i=1

Xi ≤ xn
√
n ⇐⇒ Kn − kn + Tn − θn ≤ 0. (4.60a02)

Thus the cardinal-gap hypotheses are now all explicit: the normal equations are (4.60a0),
A = O(n−1), the variance has the displayed positive limit, (4.59a) supplies adjacent masses
and uniform tails, (4.60a01) supplies the centering, (4.60a02) fixes the sign and index, and
ρn = ρ2(pn) + dn = O(1) follows from pn → p∗ and dn → 0. Consequently every hypothesis of
Corollary 6.13 is satisfied. Since the actual score tends to CE, that corollary yields

|z|n −→ 1. (4.60a1)

Only A = O(n−1) was used to obtain (4.60a1). The stronger residual estimate A = o(n−1) is
deduced below from (4.60a1), so the argument is not circular. Choose β ∈ [−1/2, 1/2) so that
e−2πiβz = |z|, let N be a nearest integer to ε/h− β, and write exactly

X = (a+ hβ) + h(J +N) + ε̃, ε̃ = ε− h(β +N). (4.60a2)

The chord-to-coset inequality and (4.60a1) give

Eε̃2 ≤ h2

8
{1− |z|} = o(n−1). (4.60a)

Here there is no hidden compactness step. By the definition of N , v := ε/h − β − N lies in
[−1/2, 1/2], and therefore

1− |z| = E{1− cos(2π(ε/h− β))}

= E{1− cos(2πv)} ≥ 8Ev2 =
8

h2
Eε̃2.

(4.60a3)
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Moreover |z|n → 1 implies n(1− |z|)→ 0: otherwise a subsequence with n(1− |z|) ≥ c > 0 would
satisfy |z|n ≤ e−n(1−|z|) ≤ e−c < 1. Thus (4.60a) follows from (4.60a3), with the explicit constant
1/8. Take the affine least-squares projection once more onto J +N and rename it L = a+ hJ ,
with residual ε. Least squares cannot increase the last squared distance, so

Eε = E(Jε) = E(Lε) = 0, A = Eε2 = o(n−1). (4.61)

We verify here that the lattice hypotheses survive both the reindexing and this second
projection. Before the renaming, let j0, j0 + 1 be the two core labels constructed immediately
before (4.59a), put J ′ = J +N , and let ε(1) denote the first least-squares residual in (4.60a0).
Since Eε(1) = 0, uL = 2π/h stays bounded, and A1 := E(ε(1))2 = O(n−1),

1−ℜz ≤
u2LA1

2
, |ℑz| = |E(sin(uLε

(1))− uLε(1))| ≤ Cu2LA1. (4.61a)

Thus arg z = O(A1) and the representative chosen in (4.60a2) satisfies β = O(A1). If N ≠ 0, the
nearest-integer definition implies |ε(1)/h− β| ≥ 1/2. Since h is bounded away from zero, for all
sufficiently large n this entails |ε(1)| ≥ c > 0; hence

P{N ̸= 0} ≤ CE(ε(1))2 = O(n−1). (4.61b)

If the two old core masses are at least c0, then

P{J ′ = j0 + r} ≥ P{J = j0 + r,N = 0} ≥ c0 − P{N ̸= 0} ≥ c0
2
, r = 0, 1. (4.61c)

In particular VarJ ′ is bounded below. Write the second projection, before renaming, as L =
a′ + h′J ′. From the preliminary representation (4.60a2) and the normal equations,

|h′ − h| ≤ ∥ε̃∥2√
VarJ ′

= o(n−1/2). (4.61d)

Consequently h′ > 0 and remains in the same compact span range. Projection changes neither
J ′ nor its probabilities, so (4.61c) still holds for the renamed lattice law. Its support is contained
in a′ + h′Z and contains both a′ + h′j0 and a′ + h′(j0 + 1). Any lattice containing the whole
support must therefore have span at most h′, whereas h′ itself is a span. Hence h′ is the maximal
span. Centering and standardizing later in (4.68a) merely replace it by h′/σ and preserve both
adjacent masses and maximality.

We next prove the full operator transfer. Put α0 = (Eε̃2)1/2 = o(n−1/2) for the preliminary
reindexed residual in (4.60a2). The normal equations, the two core labels, and (4.59a) give the
pointwise least-squares geometry as follows. Before the second projection write X = c+ h̄J + ε̃,
choosing c modulo h̄ so |c| ≤ C. The span h̄ is bounded above and below and |ε̃| ≤ h̄/2.
Centering gives |EJ | ≤ C, while the adjacent core labels give VarJ ≥ c0. The least-squares
normal equations therefore imply

|h− h̄| = |Cov(J, ε̃)|
VarJ

≤ Cα0, |a− c| ≤ |Eε̃|+ |h− h̄| |EJ | ≤ Cα0.

Moreover |J | ≤ C(1 + |X|). Hence

|X − L| ≤ C{1 + α0(1 + |X|)}. (4.62)

For the exact defect density, uniformly on the critical compactum,

wγ(x) ≥ c|x|3 (|x| ≥ R0), Ewγ(X) = d. (4.63)

Consequently, for R ≥ R0, E{|X|k; |X| > R} ≤ Cd/R3−k, k = 0, 1, 2. From∣∣|x|3 − |l|3∣∣+ |x3 − l3| ≤ C(x2 + l2)|x− l|
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and (4.62)–(4.63), we now record the split which also fixes the dependence on the preliminary
residual α0. Write CR = {|X| ≤ R}. On CR, L = X − (X − L) and (4.62) give

|L| ≤ C(1 +R), |X − L| ≤ C(1 + α0R),

and hence, using E|X − L| ≤
√
A,

E{(X2 + L2)|X − L|;CR} ≤ C{R2
√
A+ (1 + α0R)A}. (4.63a)

Indeed, with e = X − L, the elementary bound X2 + L2 ≤ C(X2 + e2) makes the two terms on
the left at most CR2E|e| and E|e|3. The first is at most CR2

√
A, while (4.62) gives E{|e|3;CR} ≤

supCR
|e|Ee2 ≤ C(1 + α0R)A. Thus (4.63a) uses no fourth moment. On CcR, after increasing R0

and taking n large, (4.62) also gives |L| ≤ C(1 + |X|) and

(X2 + L2)|X − L| ≤ C{1 +X2 + α0(1 + |X|3)}.

The three tail estimates following (4.63), together with E{|X|3; |X| > R} ≤ Cd, therefore yield

E{(X2 + L2)|X − L|;CcR} ≤ C{d/R+ α0d}. (4.63b)

More explicitly, the part without α0 is controlled by P(CcR) + E{X2;CcR} ≤ C(d/R3 + d/R), and
the α0 part by α0E{1 + |X|3;CcR} ≤ Cα0d. All constants in (4.62)–(4.63b) are independent of
R ≥ R0 and of the row once p lies in the fixed critical compactum. Combining (4.63a)–(4.63b)
proves

|EX3 − EL3|+ |E|X|3 − E|L|3| ≤ C{R2
√
A+ (1 + α0R)A+ d/R+ α0d}. (4.64)

The relation needed here is

√
A = o(n−1/2), n−1/2 = O(d),

√
A = o(d); (4.64a)

the previously suggested relation n−1/2 = o(d) would be false on the scale (4.56). We choose all
later free cutoffs simultaneously. With a vanishing denominator interpreted as +∞, put

Hcut
n = min

{(
d√
A

)1/4

,

(
d

A

)1/2

, (nd)1/2, α
−1/2
0

}
, and below we take R = H = Hcut

n .

(4.64b)
Every entry in the minimum tends to infinity. Moreover

(Hcut
n )2

√
A

d
≤

√√
A

d
→ 0,

Hcut
n A

d
≤
√
A

d
→ 0,

Hcut
n

nd
≤ 1√

nd
→ 0, α0H

cut
n ≤

√
α0 → 0.

(4.64c)
It follows at once that

R2
√
A = o(d), (1 + α0R)A = o(d), d/R = o(d), HA = o(d), H = o(nd), (4.64d)

as well as d/H2 = o(d) and α0d/H = o(d). Thus the right side of (4.64) is o(d) and the same
single cutoff will be used in (4.67b)–(4.67d). For later reference, the normalized assertions just
used are

R2
√
A

d
→ 0,

A

d
→ 0, α0R→ 0,

1

R
→ 0,

HA

d
→ 0,

H

nd
→ 0. (4.64e)

They follow respectively from (4.64c), (4.64a), (4.64c), R→∞, (4.64c), and (4.64c). This list is
the complete scale input used below; in particular no step assumes the false relation n−1/2 = o(d).

Here is the zero-cell comparison, including its full frequency range. Set

G(y) = eiy − 1− iy +
y2

2
+

iy3

6
, |G′(y)| ≤ C min{|y|3, 1 + y2}. (4.65)
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Put κ = 2π/h; it ranges in the compact set of scaling factors generated by the admissible spans.
Put u = κv/

√
n, and initially restrict

0 ≤ v ≤ δ
√
n. (4.65a)

For |X| ≥ R0, write qX = |X − L|/|X| and sX = |X|/
√
n. Increase R0 once so that |L| ≤ C|X|

on this set. The mean-value theorem and (4.65) then give

|G(uX)−G(uL)| ≤ CqX min{|u|4|X|4, |u||X|+ |u|3|X|3}.

Dividing by the cubic lower bound in (4.63), and using u = κv/
√
n, proves the first inequality in

n3/2|G(uX)−G(uL)|
wγ(X)

≤ CqX min{v4sX , v/s2X + v3} ≤ C(α0 + n−1/2)(v3 + v4). (4.65b)

Indeed (4.62) implies qX ≤ C(α0 + |X|−1). If sX ≤ 1, use the first member of the minimum and
qXsX ≤ C(α0 + n−1/2). If sX ≥ 1, then qX ≤ C(α0 + n−1/2), while

min{v4sX , v/s2X + v3} ≤ min{v4sX , v/s2X}+ v3 ≤ 2v3;

the last inequality follows by separating vsX ≤ 1 and vsX ≥ 1. This proves the second inequality
in (4.65b). On |X| < R0, no division by wγ is made (so both zeros of the defect are included),
and

E{|G(uX)−G(uL)|; |X| < R0} ≤ C
v4

n2

√
A. (4.65c)

After integrating (4.65b) against wγ(X) dP/d and adding (4.65c),

n3/2

d
E|G(uX)−G(uL)| ≤ Cϑn(v3 + v4), ϑn = α0 + n−1/2 +

√
A√
nd

= o(1). (4.66)

This single estimate covers compact, root-scale, mesoscopic, and super-root atoms.

Let R(u) = φX(u)− φL(u) and B3 = EX3 − EL3 = o(d). Since both variables are centered
and EX2 − EL2 = A, the identity defining G gives

R(u) = −Au
2

2
− iB3u

3

6
+ E{G(uX)−G(uL)}. (4.66a)

Thus, with ηn = |B3|/d+ ϑn → 0 and P (v) = v3 + v4,

|R(u)| ≤ C
{
Av2

n
+
dηnP (v)

n3/2

}
. (4.66b)

The variances of X,L are bounded below and their third absolute moments are bounded above.
Applying 1− cos y ≥ y2/2− |y|3/6 to an independent difference gives fixed c, δ > 0 such that

max{|φX(κt)|, |φL(κt)|}n−j ≤ Ce−cnt2 , 0 ≤ t ≤ δ, j = 0, 1, 2. (4.66c)

For complex a, b,

|an − bn − nbn−1(a− b)| ≤ n(n− 1)

2
|a− b|2 max(|a|, |b|)n−2. (4.66d)

Equations (4.66b)–(4.66d), only on the range (4.65a), imply

|φX(u)n − φL(u)n| ≤ Ce−cv2{n|R(u)|+ n2|R(u)|2}. (4.66e)

Finally
2√
n
|K(v/

√
n)| ≤ Cδ

v
, 0 < v ≤ δ

√
n. (4.66f)
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Write I0 = [0, δ] and I1 = [1− δ, 1] for the zero and return cells. After t = v/
√
n, the zero-cell

integral is bounded by

√
n

d
max

σ∈{+,−}
sup
x
|J σX,n,h;I0(x)− J σL,n,h;I0(x)|

≤ C
∫ δ

√
n

0

e−cv
2

v

{√nA
d

v2 + ηnP (v) +

√
nA2

d
v4

+Aηnv
2P (v) +

dη2n√
n
P (v)2

}
dv = o(1). (4.67)

Every coefficient in the last integral tends to zero:

√
nA

d
= o(1), ηn = o(1),

√
nA2

d
= A

√
nA

d
= o(1), Aηn = o(1),

dη2n√
n

= o(1).

(4.67a0)
Here the first relation is exactly A = o(n−1) together with d ≍ n−1/2; all Gaussian polynomial
integrals are finite. Thus (4.67) says precisely that the raw zero-cell difference is o(d/

√
n),

uniformly in the cdf coordinate and for both signs. Only the nonnegative majorant in (4.67) is
extended to [0,∞). The estimate (4.66c) is not asserted beyond the fixed zero cell. On the fixed
physical middle interval, the adjacent masses give |φL(u)| ≤ 1− c, while

|φX(u)− φL(u)| ≤ |u|E|X − L| ≤ C
√
A = o(1).

Thus both powers are exponentially small there. The remaining endpoint is handled below.

For that endpoint put t0 = 2π/h,

z = Eeit0ε = r0ω, λ = eit0a, M1 = E{Xeit0ε}.

Since eit0L = λ, the marked first moment below satisfies

m = E{Xeit0X} = λM1, |m| = |M1|. (4.67a00)

Also put
q2 = E{(X2 − 1)eit0X}, q3 = E{(X3 − γ)eit0X}. (4.67a)

Since Eε = 0,

1− r0 ≤ 1−ℜz ≤ t20A

2
, | arg z| ≤ C|ℑz| ≤ CE| sin(t0ε)− t0ε| ≤ CA.

Consequently
1− rn0 + |ωn − 1|√

n
≤ C
√
nA = o(d). (4.67a1)

The common unit phase relates m and M1. Since Eε = E(Lε) = 0, one has E(Xε) = A. Because
also EX = 0, the exact centered Taylor identity is

M1 = it0A+ E{X(eit0ε − 1− it0ε)}. (4.67a2)

On |X| ≤ H, the remainder bound |eiy − 1− iy| ≤ Cy2 makes the last expectation at most CHA.
On |X| > H, use instead |eiy − 1− iy| ≤ C|y|, followed by (4.62), to get

E{|X||ε|; |X| > H} ≤ C{d/H2 + α0d/H}.

Thus, for every H ≥ max{2, R0},

|M1| ≤ C{A+HA+ d/H2 + α0d/H}. (4.67b0)
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Taking the single common choice H = Hcut
n from (4.64b)–(4.64d) gives

|M1| = o(d),
√
n|M1|2 = o(d), (4.67b)

the second conclusion using
√
nd = O(1). For completeness we prove the two marked estimates

used next without any moment beyond the third. Put

P2(x) = x2 − γx− 1, R3(x) = (x+ γ)P2(x).

Uniformly for γ in the critical compactum, the factorizations (2.1)–(2.2) imply, for H ≥ 2,

P2(x)21{|x|≤H} ≤ CHwγ(x),

|P2(x)|1{|x|>H} ≤
C

H
wγ(x),

|R3(x)| ≤ C{wγ(x)1/2 + wγ(x)}.

(4.67b1)

Indeed the quotients extend through the two zeros of wγ , and their limits at infinity give the
displayed powers of H. Since z = Eeit0ε = r0ω, |ω| = 1,

E|eit0ε − ω|2 = 2(1− r0). (4.67b2)

Moreover EP2(X) = 0, while eit0L is a constant unit phase. Subtracting ω inside the expectation,
applying Cauchy–Schwarz on |X| ≤ H, and using the second bound in (4.67b1) on its complement
gives

|q2 − γm| ≤ C{
√
Hd(1− r0) + d/H}. (4.67c)

Finally
x3 − γ = (γ2 + 1)x+R3(x), ER3(X) = 0.

One more subtraction of ω, followed by (4.67b1)–(4.67b2), yields

|q3 − (γ2 + 1)m| ≤ C{
√
d(1− r0) + d}.

Since |m| = |M1| = o(d) by (4.67b), this proves

|q3| ≤ C{
√

1− r0 + d}. (4.67c1)

Use the common H = Hcut
n from (4.64b)–(4.64d). Then (4.67a1)–(4.67c) give

q2 = o(d), q3/
√
n = o(d),

1− rn0√
n

= o(d). (4.67d)

Indeed the three normalized estimates, including the terms suppressed in the preceding sentence,
are

|q2|
d
≤ C

{√
HA/d+

1

H
+
|M1|
d

}
= o(1),

|q3|√
nd
≤ C

{ √
A√
nd

+
1√
n

+
|M1|√
nd

}
= o(1),

1− rn0 + |ωn − 1|√
nd

≤ C
√
nA

d
= o(1).

(4.67d1)

The first line uses 1 − r0 ≤ CA and (4.64e); in the second,
√
nd is bounded below and√

A = o(n−1/2); the last is (4.67a1). This verifies all three o(d) statements on the full scale
d ≍ n−1/2. The same tail comparison makes |X|3 uniformly integrable as d→ 0. Taylor’s Peano
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remainder is therefore uniform along the triangular array, and the marked factorization at t0 + s
is

φX(t0 + s)− φX(t0)φX(s) = ism− s2

2
q2 −

is3

6
q3 + o(|s|3). (4.67e)

Recall that eit0L = λ, φX(t0) = λz, and m = λM1. If

Dn(s) = φX(t0 + s)− φX(t0)φX(s),

uniform third-moment Peano expansion gives

Dn(s) = ism− s2q2
2
− is3q3

6
+ s3ϵn(s), lim

δ↓0
sup
n

sup
|s|≤δ
|ϵn(s)| = 0. (4.67e1)

For Fn(s) = φX(t0 + s),

Fn(0) = λz, F ′
n(0) = im, F ′′

n (0) = −Fn(0)− q2.

Consequently
(|Fn|2)′′(0) = −2r20 − 2ℜ{q2λz}+ 2|m|2 = −2 + o(1). (4.67e2)

Uniform integrability of X2
n makes these second derivatives equicontinuous. Thus (|Fn|2)′′ ≤ −c

on a fixed endpoint cell, and Taylor’s theorem plus completion of the square gives

|Fn(s)|n ≤ C exp{−cns2 + Cn|m|2} ≤ C ′e−c
′ns2 . (4.67e3)

We now verify all bases which occur in the divided powers. Write

χ(s) = φX(s), ψ(s) = φL(s), F (s) = φX(t0 + s), B(s) = λzχ(s), C(s) = λψ(s),

and put D = F −B, R = χ−ψ. For α, β, κ ≥ 0, α+ β + κ = 1, set Gαβκ = αF + βB + κC, and
abbreviate this function by G in the next two displays. At the endpoint,

G(0) = λ{(α+ β)z + κ}, G′(0) = iαm,

G′′(0) = −λ{(α+ β)z + κ(1−A)} − αq2.
(4.67e4)

It follows, uniformly on this compact simplex, that

(|G|2)′(0) = O(|m|), (|G|2)′′(0) = −2 + o(1). (4.67e5)

Uniform integrability of X2 and L2 makes these second derivatives equicontinuous. Taylor’s
theorem and completion of the square therefore give, for j = 0, 1, 2,

|Gαβκ(s)|n−j ≤ C exp{−cns2 + Cn|m|2} ≤ C ′e−c
′ns2 . (4.67e6)

The last inequality uses n|m|2 = o(1), which follows from (4.67b) and
√
nd = O(1). The zero-cell

divided power uses Zτ = (1− τ)ψ + τχ; here

Zτ (0) = 1, Z ′
τ (0) = 0, Z ′′

τ (0) = −{1− (1− τ)A},

so the same Gaussian bound holds uniformly in 0 ≤ τ ≤ 1.

For completeness, these local bounds have a common continuation over the whole endpoint
cell. If two adjacent lattice sites have probabilities at least c0, then

1− |ψ(s)|2 ≥ 2c20{1− cos(hs)}. (4.67e7)

Away from s = 0 this is a fixed gap. Exact lattice periodicity and the residual bound give

|χ(s)− ψ(s)| ≤ |s|
√
A, |F (s)− C(s)| ≤ |t0 + s|

√
A, |z − 1| = O(A).
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The triangle inequality therefore transfers the gap to all three vertices F,B,C, and hence to
their convex hull. This proves the claimed power domination without interpolating unproved
endpoint estimates.

The algebraic ledger is also exact. With Eτ = (1− τ)B + τF ,

Fn − Cn = λnznnR

∫ 1

0
Z n−1
τ dτ + λn(zn − 1)ψn + nB n−1D

+ n(n− 1)D2

∫ 1

0
(1− τ)E n−2

τ dτ. (4.67e8)

For the first term in the first row, put s = −t0v/
√
n, so that t = 1− v/

√
n, dt = − dv/

√
n, and

|K(1− v/
√
n)| ≤ Cv/

√
n. The zero-cell divided-power bound for Zτ following (4.67e6) gives∣∣∣∣∫ 1

0
Zτ (s)n−1 dτ

∣∣∣∣ ≤ Ce−cv2 .
Consequently, since the phases and zn have modulus at most one, (4.66b) gives

√
n

∣∣∣∣2∫ 1

1−δ
K(t)λnznnR(s)

∫ 1

0
Zτ (s)n−1 dτ dt

∣∣∣∣
≤ C
√
n

∫ δ
√
n

0
ve−cv

2 |R(−t0v/
√
n)| dv

≤ C
{
A√
n

+
dηn
n

}
. (4.67e8a)

Thus the first term has the explicit normalized-score bound

C

{
A√
n

+
dηn
n

}
= o(d). (4.67e9)

The second term in that row costs C{1− rn0 + |ωn − 1|}/
√
n. Insert (4.67e1) in the linear term

and use (4.67e6) in the quadratic term. With s = −t0v/
√
n and |K(1− v/

√
n)| ≤ Cv/

√
n, their

costs are respectively

O

(
|m|+ |q2|√

n
+
|q3|
n

)
+ o(d), O(

√
n|m|2) + o(d).

Here is the full content of the second o(d). Squaring the four terms in (4.67e1), absorbing cross
products by 2ab ≤ a2 + b2, and using the returned-kernel factor v/n gives the normalized bound

C

{√
n|m|2 +

|q2|2√
n

+
|q3|2

n3/2

}
+ o(n−1). (4.67e10)

For the Peano terms choose Bn = C0

√
log(n+ 2), with C0 large enough that n3e−cB

2
n → 0. Then

Bn/
√
n→ 0, so the uniform modulus in (4.67e1) tends to zero on v ≤ Bn; on v > Bn, (4.67e6)

and the choice of C0 dominate every polynomial prefactor. This proves the o(n−1) in (4.67e10),
rather than merely asserting a diagonal cutoff. Moreover

|m| = o(d), |q2|/
√
n = o(d), |q3|/n = o(d),

√
n|m|2 = o(d), |q2|2/

√
n = o(d), |q3|2/n3/2 = o(d), n−1 = o(d),

(4.67e11)

by (4.56), (4.67b), and (4.67d); boundedness of the third absolute moments suffices for the
penultimate relation. The fixed physical middle is O(poly(n)e−cn) = o(d) by (4.56). Notice in
particular that the cubic marked term costs |q3|/n after the outer

√
n normalization: s3 supplies

n−3/2, the linear divided power supplies n, and the returned kernel together with dt supplies n−1.
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The stronger estimate q3/
√
n = o(d) in (4.67d) is therefore more than is needed. Consequently,

uniformly in the cdf coordinate and in σ ∈ {+,−},
√
n max
σ∈{+,−}

sup
x
|J σX,n,h;I1(x)− J σL,n,h;I1(x)|

≤ C
{1− rn0 + |ωn − 1|√

n
+ |M1|+

|q2|√
n

+
√
n|M1|2 +

|q3|
n

}
= o(d). (4.67f)

Thus (4.67), (4.67e4)–(4.67e8), (4.67f), and the adjacent-mass middle Cramér gap transfer both
one-sided operators with o(d) cost. The defining outer minus in the reflected contribution (4.24v)
is already included and is immaterial in these absolute-value estimates.

It remains to center and standardize the lattice comparison. Least squares gives

EL = 0, σ2L := EL2 = 1−A, L◦ =
L

σL
, b =

h

σL
. (4.68a)

The moment estimate (4.64), followed by σ−3
L = 1 +O(A), yields

γ(L◦) = γ(X) + o(d), ρ(L◦) = ρ(X) + o(d), d(L◦) = d(X) + o(d). (4.68)

For ΦσL(x) = Φ(x/σL),

sup
x
|ΦσL(x)− Φ(x)| ≤ CA,

√
nA = o(d). (4.68b)

Exact scaling gives
U±
L,n,h(x) = U±

L◦,n,b(x/σL). (4.68c)

At the active point put yn = xn/σL → 0, with the row index on σL suppressed. Equations (4.67),
(4.67f), and (4.68b)–(4.68c) prove (4.57), including the true third-absolute-moment denominators.
Before invoking the exact-lattice lemma, its hypotheses are as follows: (4.61) gives centering and
variance (1-A); (4.61c) preserves two adjacent masses; (4.61d) keeps the span in a fixed compact
subset of (0,∞); the support argument following (4.61d) proves maximality; and standardization
preserves both adjacency and maximality. Finally (4.64) and (4.68) give

p(L◦)→ p∗, d(L◦) = d+ o(d), ρ(L◦) = ρ(X) + o(d), 0 < c′ ≤
√
nd(L◦) ≤ C ′, yn → 0.

(4.68d)
Thus every hypothesis is checked before Lemma 6.14 is applied directly at yn; that lemma gives

√
n

ρ(Xn)
{U+

Xn,n,hn
(xn)− Φ(xn)} ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dn +O(n−1) + o(dn).

Since n−1 = o(dn) in (4.56), this proves (4.57a). The dependency order is therefore

spectral selection −→ adaptive majorant −→ cardinal gap

−→ A = o(n−1) −→ operator transfer −→ exact-lattice envelope.

In particular, neither the adaptive majorant nor the residual-power selection uses the near-lattice
transfer that it is later used to prove.

Lemma 6.16 (moving-bandwidth low-frequency expansion). Let nj →∞, and for each j let Xj

be centered and variance one. Denote its third moment and third absolute moment by γj and ρj,
let pj be the matching Bernoulli parameter, and put

dj = ρj − ρ2(pj), pj → p∗, dj → 0,
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and
λj = ρj + E|Xj |.

For the pointwise Prawitz operator at physical bandwidth λj one has, uniformly for x ∈ R,
√
nj

ρj
{U+

Xj ,nj ,λj
(x)− Φ(x)} ≤ ϕ(x)

ρj

{
λj
2

+
γj
6

(1− x2)
}

+ {Λabs(pj , dj) + o(1)}dj +O(n
−1/2
j ).

(4.69)

The o(1) and O(n
−1/2
j ) are uniform in x. For the conjugate kernel the sign of the skewness term

is reversed. The assertion is pointwise and uniform in the cdf coordinate; it is not notation for a
supremum over that coordinate. More precisely, along every array in the hypotheses there are
numbers εj ↓ 0 and a constant C <∞, independent of x, such that the two remainders on the

right of (4.69) are bounded by εjdj and Cn
−1/2
j , respectively.

Proof. The rows with d = 0 are separate: Theorem 1.1 gives X
d
= Qp, so the defect contribution

(4.69i) is zero. For the defect calculation below pass to rows with d > 0. The matching-law
expansion and the three frequency-region estimates below apply unchanged to the rows d = 0,
where λ = s. Suppress the row index; in either case Proposition 2.2 gives

0 ≤ λ− s ≤ K1(γ)d, (4.69a)

so λ stays in a fixed compact subinterval of (0,∞). Choose a fixed zero cell on which the physical
argument is within the range of (4.7). The substitution

t =
λv

2π
√
n

(4.69b)

has two exact consequences which are important here: the characteristic function is evaluated at
v/
√
n, and

2K(t) dt =
i

πv
dv +

λ

2π
√
n

dv +O(v/n) dv. (4.69c)

Thus neither the singular coefficient nor the physical Fourier scale changes when the bandwidth
moves.

We first expand the matching two-point transform. Uniformly on 0 ≤ v ≤ n1/21,

χp(v/
√
n)n = e−v

2/2

(
1− iγv3

6
√
n

)
+O

(
(v4 + v6)e−cv

2

n

)
, (4.69d)

and both sides have a common Gaussian bound up to the end of the fixed zero cell. Insert
(4.69c)–(4.69d), retain e−ivx exactly, and use normal inversion. The singular skewness term and
the bounded kernel term give respectively

γ

6ρ
(1− x2)ϕ(x),

λ

2ρ
ϕ(x), (4.69e)

with an O(n−1/2) normalized remainder. Its dominator is a fixed Gaussian polynomial and is
independent of x.

We next calculate the defect term at this bandwidth, rather than invoking Lemma 6.3 by
analogy. In Bernoulli coordinates,

φX(v/
√
n)− χp(v/

√
n) = e−ispv/

√
nd

∫
Esv/

√
n(y)

Wp(y)
dν(y), d dν = Wp dPY . (4.69f)
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With H = n1/4, Hermite–Genocchi gives on |y| ≤ H

|Esv/√n(y)|
Wp(y)

≤ C(1 + |y|)v4

n2
, (4.69g)

whose normalized singular-kernel contribution is O(dH/
√
n) = o(d). On |y| > H, subtract

g(svy/
√
n) and use (4.21); that correction is O(d/

√
n). The remaining term satisfies

n3/2

d

∣∣E{g(svY/
√
n); |Y | > H}

∣∣ ≤ s3v3

6
max{C+(p)−1, C−(p)−1}{1 +O(H−1)}. (4.69h)

For reference, the exact divided power used at this point is

Pn(v) :=
φX(v/

√
n)n − χp(v/

√
n)n

n{φX(v/
√
n)− χp(v/

√
n)}

=

∫ 1

0
{(1− a)χp(v/

√
n) + aφX(v/

√
n)}n−1 da, (4.69h1)

with the continuous value when the denominator vanishes. Every transform inside the braces is
that of a centered variance-one mixture whose third absolute moment is bounded uniformly along
the array. Hence (4.7), first on |v| ≤ δ

√
n and then the fixed Cramér gap on the rest of the zero

cell, gives the required common power bound. Explicitly, on every fixed annulus δ ≤ |u| ≤ u0
contained in that cell,

sup
p near p∗

|χp(u)| ≤ q < 1, |φX(u)− χp(u)| ≤ Cd,

so, for all sufficiently large rows, both endpoints and every convex combination in (4.69h1) have
modulus at most (1 + q)/2 < 1. Consequently

|Pn(v)| ≤ Ce−cv2 , Pn(v) −→ e−v
2/2 (4.69h2)

locally uniformly in v. The same statements hold after multiplication by any spatial phase, since
that phase has modulus one. In particular, dominated convergence applied to the nonnegative
majorant C(v + v2 + v3 + v4)e−cv

2
supplies a number εn ↓ 0, independent of x, which bounds by

εnd the sum of: the compact part in (4.69g), the interpolant correction in (4.21), the O(H−1) term
in (4.69h), and the replacement of Pn by its Gaussian limit. Equations (4.69c), (4.69f)–(4.69h2),
and π−1

∫∞
0 v2e−v

2/2 dv = ϕ0 therefore bound the singular defect by

{Λabs(p, d) + o(1)}d. (4.69i)

The bounded-kernel part of the defect is O(d/
√
n) in normalized score. Its change caused by

λ− s = O(d) is no larger; the matching smoothing change itself is not discarded, but is retained
exactly as λ/2 in (4.69e). Every estimate above is unchanged after taking a supremum over x,
because the only omitted spatial factor has modulus one.

It remains to justify that no other frequency cell contributes at the displayed scale. Choose
0 < δ1 < 1/4 so small that (4.7) applies whenever 0 ≤ t ≤ 2δ1, uniformly for all large rows. Near
zero the resulting Gaussian envelope comes from (4.7), after u = 2πt/λ; it does not come from
the quartic lower bound below. For δ1 ≤ t ≤ 1− δ1, (4.6) and compactness of the bandwidth
range give constants q < 1 and C < ∞ such that the whole integral is at most Cqn in raw
units. Finally, at t = 1− h, 0 ≤ h ≤ δ1, the same inequality gives |φX(2πt/λ)|n ≤ e−cnh2 , while
|K(1− h)| ≤ Ch. Hence this endpoint has raw size O(n−1) and normalized size O(n−1/2). These
bounds also ignore only a unit spatial phase. Combining the three frequency regions proves
(4.69). Conjugation reverses the singular skewness sign and leaves all absolute defect estimates
unchanged.

Lemma 6.17 (moment-band signed gap). Let X = Xn be a triangular array of centered variance-
one laws, let p = pn be their matching Bernoulli parameters, and put d = dn = E|Xn|3 − ρ2(pn).
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Suppose n→∞, p→ p∗ and d→ 0, and let ρ = ρ2(p) + d and λ = ρ+E|X|. Uniformly at every
cdf coordinate x ∈ R, the pointwise positive one-sided operator at physical bandwidth λ satisfies

√
n

ρ
{U+

X,n,λ(x)− Φ(x)} ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}d+O(n−1/2). (4.70a)

For the conjugate operator the same estimate holds with a strictly smaller leading constant: there
is a fixed c− > 0 such that its right side may be replaced by CE − c− + o(1).

Proof. The three separate envelope sources are, explicitly,

frequency region owner of the bound

t ≃ 0 (4.7), Gaussian in
√
n t,

δ ≤ t ≤ 1− δ (4.6), a fixed Cramér gap,
t = 1− h (4.6), Gaussian in

√
nh.

(4.70b)

In particular, the quartic behavior of the right side of (4.6) at zero is not used as a Gaussian
estimate. Lemma 6.16, whose proof carries out the moving-bandwidth calculation, gives pointwise

√
n

ρ
{U+

X,n,λ(x)− Φ(x)} ≤ ϕ0
ρ

(
λ

2
+
γ

6

)
+ {Λabs,∗ + o(1)}d+O(n−1/2). (4.70d)

Here λ > |γ| and the positive profile in (4.69) is maximized at x = 0, which justifies the
replacement of ϕ(x) by ϕ0 in (4.70d). Proposition 2.2 gives λ ≤ s + K1(γ)d. Thus the actual
profile in (4.70d) is first bounded above by the numerator displayed below. Expanding that
upper envelope with the true denominator, before replacing any parameter by its limit, gives

ϕ0{s/2 + γ/6 + (K1(γ)/2)d}
ρ2(p) + d

= A(p)− {Gspan,∗ + o(1)}d ≤ CE − {Gspan,∗ + o(1)}d.

The equality is simply the first-order identity

N0(p) +N1(p)d

D0(p) + d
=
N0(p)

D0(p)
− N0(p)/D0(p)−N1(p)

D0(p)
d+O(d2), (4.70e)

used with
N0(p) = ϕ0(s/2 + γ/6), N1(p) = ϕ0K1(γ)/2, D0(p) = ρ2(p).

At p = p∗, N0/D0 = CE and the coefficient of d in (4.70e) is exactly Gspan,∗; continuity makes the
discrepancy o(1) along the array. Thus no denominator has been replaced by its limit before the
signed loss is extracted. The elementary bounds (4.22)–(4.23) give Gspan,∗−Λabs,∗ > 19/200 > 0,
proving (4.70a). Reflection reverses the skewness term at the equality parameters and so leaves a
strict leading gap.

Uniform signed local stability and completion

Proposition 6.18 (uniform signed local stability). Let nj →∞. Suppose that laws Xj satisfy

pj → p∗, dj → 0, (LS0)

and that Cnj (Xj) > CE for every j. Choose a one-sided cdf point whose normalized score is still
larger than CE. After reflection and passage to a subsequence it lies in the positive central branch.
Choose its unique half-open Bernoulli-cell representation

xj =
s(pj)(ηj + θj)√

nj
, njpj + ηj ∈ Z, −1

2 ≤ θj <
1
2 . (LS1)

It is impossible that the corresponding one-sided scores satisfy

C+nj
(Xj ; ηj , θj) > CE (LS)

for every j.
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Proof. If dj = 0 on an infinite subsequence, Theorem 1.1 makes Xj exactly its matching two-point
law there, and C∗

Q(nj) = CE − κ∞/nj + o(n−1
j ) < CE, a contradiction. After discarding finitely

many rows we may therefore take dj > 0; every later normalization by dj is confined to these rows.
Fix cgap > 0 smaller than both positive margins in (4.24). Put τj =

√
njdj . The compactification

[0,+∞] is sequentially compact, so every subsequence has a further subsequence on which either
τj → 0, τj → +∞, or 0 < c ≤ τj ≤ C < ∞. It is therefore enough to contradict (LS) on
each of these three alternatives. In the first alternative the same argument, applied to the
positive sequence njdj , permits exactly the three further cases used below: convergence to zero,
confinement to a compact subinterval of (0,∞), or convergence to infinity.

Suppose first that τj →∞. Lemma 6.17 gives

C+nj
(Xj ; ηj , θj) ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dj +O(n

−1/2
j ). (4.71)

The coefficient is positive by (4.22)–(4.23), as recorded in the proof of (4.70a), and n−1/2 = o(dj),
so (4.71) contradicts (LS).

Next suppose τj → 0. Pass again to a subsequence according to njdj . Outer stability gives
ξj = ηj/

√
nj → 0. Lemma 6.7, proved without (4.31)–(4.33), therefore gives

η2j = O(njdj + 1). (4.72)

This is the non-circular owner of the tangent window.

If njdj → 0, (4.72) makes ηj bounded. Use Lemma 6.8 with any fixed D. The value/radial
mode is nonpositive, the shape and low-frequency costs are O(dj) = o(n−1

j ), and (4.43a) is o(n−1
j ).

Therefore
C+nj

(Xj ; ηj , θj) ≤ C∗
Q(nj) + o(n−1

j ) = CE −
κ∞
nj

+ o(n−1
j ) < CE. (4.73)

If njdj stays bounded away from both zero and infinity, choose a fixed D containing the
subsequence. The complete node and phase have already been joined in the nonpositive square
(4.43e), and (4.43f) gives

C+nj
(Xj ; ηj , θj) ≤ C∗

Q(nj)− {cgap + o(1)}dj + o(n−1
j ) < CE (4.74)

because its linear coefficient is positive and dj ≍ n−1
j .

It remains within τj → 0 that njdj → ∞. The window (4.72) is already available, so the
paired growing-window conclusion (4.43g) applies. For reference, its normalized scale ledger is

η4

n3/2
= O(

√
nd2) = o(d),

|η|5

n2
= O(

√
nd5/2) = o(d),

1 + η2

n3/2
= o(d),

1 + |η|
n

= o(d),
1

n
= o(d). (4.77)

Indeed division of the first two bounds by d leaves respectively
√
nd and

√
nd3/2, both tending

to zero. Equation (4.43g), with its coefficient converging to the positive first margin in (4.24),
gives

max{C+nj
(Xj ; ηj , θj), C−nj

(Xj ; ηj , θj)} ≤ C∗
Q(nj)− {cgap + o(1)}dj + o(dj) < CE. (4.78)

This contradicts (LS) throughout the scale τj → 0.

Finally suppose that τj stays in a compact subinterval of (0,∞). Strict resonance curvature
selects the critical maximum uj used in Lemma 6.15. The selected powers belong to [0, 1]; pass
once more so that they converge. If their limit is zero, Lemma 6.9, specifically the strict bound
(4.43h), contradicts (LS). Pass therefore to a subsequence on which the power is bounded below.
Proposition 6.1 implies that the scores tend to CE and its active points tend to zero. Lemma 6.15
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now performs the preliminary regression, invokes the upstream adaptive Lemma 6.10 and the
cardinal gap, and only then reindexes to the o(n−1

j ) lattice tube. Its active-point transfer and
Lemma 6.14 give

C+nj
(Xj ; ηj , θj) ≤ CE − {Gspan,∗ − Λabs,∗ − o(1)}dj +O(n−1

j ) + o(dj). (4.79)

Here n−1
j = o(dj) by (4.56), and the absolute span margin in (4.24) is positive. Thus (4.79) is

strictly below CE, the final contradiction. Since every putative counterexample sequence has a
further subsequence in one of the alternatives just excluded, no such sequence exists. This proves
the proposition. Reflection supplies the identical conclusion when the other one-sided error is
competitive.

Proof of Theorem 1.6. If the assertion were false, for every j one could choose an integer nj ≥ j
and a centered standardized law Xj such that

Cnj (Xj) > CE.

Proposition 6.1, after reflection and passage to a subsequence, supplies (LS0) and the positive
central branch. Proposition 6.18 then gives a contradiction. This proves exactly

∃N0 ∀n ≥ N0 : Cn ≤ CE.

No numerical value of N0 is asserted or needed.

7 Eventual two-point optimality and quantitative stability

7.1 The quantitative theorem

For a law P of mean zero, variance one and finite third absolute moment, put

β = E|X|3, γ = EX3, f(γ) =
γ2 + 2√
γ2 + 4

, d(P ) = β − f(γ), q(P ) =
d(P )

β
.

The moment-defect theorem of Part I gives d ≥ 0, with equality exactly for the standardized
two-point law Qγ having third moment γ. In particular 0 ≤ q < 1. Let Φ and ϕ be the standard
normal distribution function and density, and let Fn,P (t) = P ∗n((−∞, t]) be the distribution
function of the unnormalized sum of n independent variables with law P . Write

Rn(P ) =

√
n

β(P )
sup
t
|Fn,P (t)− Φ(t/

√
n)|, CE =

3 +
√

10

6
√

2π
.

Cn = sup
P
Rn(P ), Bn = sup

0<p<1
Rn(Bernoulli(p)).

The supremum defining Cn runs over standardized laws with finite third absolute moment. All
moment parameters and Rn for an unstandardized nondegenerate law refer to its standardization.

Theorem 7.1. There are constants θ > 0 and N <∞ such that

Rn(P ) + θ
d(P )

β(P )
≤ Bn (n ≥ N) (7.1)

for every standardized law P with finite third absolute moment. Consequently, for some a > 0
and all sufficiently large n,

Cn −Rn(P ) ≥ amin{d(P ), 1}, Cn = Bn < CE. (7.2)

One may take θ = 1/10000 and a = 1/18500. Every maximizing law is two-point. Moreover,

Cn = CE −
κ∞
n

+ o(n−1), κ∞ =
867 + 287

√
10

25920
√

2π
.
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The inputs from Part I are the exact moment defect, the optimized two-point expansion
Bn = CE − κ∞/n+ o(n−1), and the uniform outer bound (4.10i)–(4.14). From He–Cheng [8] we
use the sequential smoothing Lemma 2.2 and its Corollary 2.4, the local comparison Lemmas 3.3
and 3.5, and Gaussian cancellation Lemma 4.4. The contact argument is derived below for the
penalized functional. Neither earlier eventual exactness theorem is assumed.

7.2 The outer estimate with a penalty

Let D = 37/20 and ϕ0 = ϕ(0). The structural estimate used in Part I gives, whenever β ≥ D,

Rn(P ) ≤ h∗ :=
1661

5000

(
1 +

429

1850

)
< CE. (7.3)

For β ≤ D, reflect the law to have γ ≥ 0 and put

r =
γ√

4 + γ2
, u =

√
1− r2, ρ2(r) =

1 + r2

u
.

H(r) =
3 + r

3u
, L(r) =

1

(1− r)(2 + r)
+

1

3(1− r)2(2 + r)
.

The compact parameter region is

K = {(r, d) : 0 ≤ r ≤ 2/3, 0 ≤ d ≤ D − ρ2(r)}.

For any sequence with nj →∞, βj ≤ D and (rj , dj)→ (r, d), the uniform Fourier estimate of
Part I is

lim sup
j

Rnj (Pj) ≤
ϕ0H(r) + ϕ0L(r)d

ρ2(r) + d
. (7.4)

Its proof requires only the moment cap, not Rn(P ) > CE. The estimates of the nonzero frequency
cells and of the divided-power remainder are uniform on this cap. Thus no uniform integrability
of third moments is being assumed in (7.4).

At d = 0 the right side has unique maximum CE at rE =
√

10 − 3. At d = D − ρ2(r) the
scalar estimate (4.14) of Part I bounds it strictly by 41ϕ0/40. Define

µ = CE − 41ϕ0/40 > 0.

For 0 < θ < µ, the penalized scalar expression

ϕ0H(r) + (ϕ0L(r) + θ)d

ρ2(r) + d
(7.5)

is still at most CE, with equality only at (rE , 0). Indeed it is fractional linear in d; its lower
endpoint is unchanged, and its upper endpoint is at most 41ϕ0/40 + θ < CE.

Set
Jn(P ) = Rn(P ) + θq(P ), An = sup

P
Jn(P ).

Choose also θ < CE − h∗. Since Jn(P ) ≤ h∗ + θ < CE when β ≥ D, any asymptotically
maximizing sequence for An has β < D: here An ≥ Bn → CE. Applying (7.4) and (7.5) along
convergent moment parameters proves

An −→ CE. (7.6)

The same argument shows that if nj →∞ and Anj − Jnj (Pj)→ 0, then

d(Pj)→ 0, |γ(Pj)| → γE , β(Pj)→ βE , Rnj (Pj)→ CE. (7.7)

Here γE , βE are the moments of the positive-skew Esseen law PE.
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7.3 Penalized extremizers

Lemma 7.2 (Attainment). For all sufficiently large n, the value An is attained by a law P and
a positive closed-endpoint discrepancy at some finite t.

Proof. The penalty q is invariant under reflection, so the supremum also equals the supremum of
the penalized positive signed discrepancy. Fix a large n with An > h∗ + θ and An > 2θ. Choose
signed maximizing pairs (Pk, tk), with penalized signed values jk → An. After discarding finitely
many terms, βk < D by (7.3). Their unpenalized signed values are at least jk − θ and hence
stay bounded away from zero. The same normal-tail and Chebyshev argument as in an ordinary
extremal problem bounds tk for this fixed n.

Pass to a subsequence with Pk ⇒ P , tk → t, βk → b and γk → g. Uniform integrability
of squares preserves mean zero and variance one; let β = β(P ) ≤ b and γ = γ(P ). Lower
semicontinuity of |x|3 + x3 and |x|3 − x3 gives

|g − γ| ≤ b− β. (7.8)

The derivative

f ′(v) =
v(v2 + 6)

(v2 + 4)3/2
, 1− f ′(v)2 =

4(3v2 + 16)

(v2 + 4)3
> 0

shows that f is 1-Lipschitz. Portmanteau at the moving closed threshold, followed by continuity
of Φ, gives √

n{Fn,P (t)− Φ(t/
√
n)} ≥ (An − θ)b+ θf(g).

The resulting signed penalized value at P, t is at least

θ +
(An − θ)b+ θf(g)− θf(γ)

β
≥ An + (An − 2θ)

b− β
β
≥ An.

Maximality forces b = β and equality of the value with An. The limiting signed discrepancy is
positive, since An − θq(P ) > 0. This proves the claim.

At such a pair, write S = An, R = Rn(P ) = S − θq(P ), z = t/
√
n, M = EX|X| and

G = Fn−1,P . Under raw contamination by a point mass at y, followed by standardization, the
moment derivatives are

Uβ(y) = |y|3 − β − 3My − 3
2β(y2 − 1), Uγ(y) = y3 − γ − 3y − 3

2γ(y2 − 1).

Differentiating the penalized signed discrepancy at the same raw threshold gives

βI(y) = n3/2{G(t− y)− Fn,P (t)}+ nyϕ(z) +
√
n
2 zϕ(z)(y2 − 1)

− (S − θ)Uβ(y)− θf ′(γ)Uγ(y).
(7.9)

For clarity, the penalty derivative is βθq′ = θ{f(γ)Uβ/β − f ′(γ)Uγ}; combining it with −RUβ
yields (7.9). Maximality gives I(y) ≤ 0 for every y. The integral of its right side under P is zero,
since EUβ = EUγ = 0 and the convolution term also integrates to zero. Upper semicontinuity
then gives

I(y) = 0 (y ∈ suppP ). (7.10)

No point mass at an individual support point is required.
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7.4 Selection and support control

Suppose An > Bn for arbitrarily large n. Apply harmonic selection to an = An −Bn ≥ 0, which
tends to zero. It gives nj ↑ ∞ with anj > 0 and nj(anj−1− anj )+ → 0. This elementary selection
follows by summing an−1 − an ≥ ϵ/n backwards along a hypothetical arbitrarily late run of
positive terms. Writing Bn = CE − κ∞/n+ ϵn/n, ϵn → 0, we have the exact identity

n(Bn−1 −Bn) = − κ∞
n− 1

+
n

n− 1
ϵn−1 − ϵn → 0.

Hence
Anj > Bnj , nj(Anj−1 −Anj )+ −→ 0. (7.11)

Choose positive penalized maximizing pairs by Lemma 7.2.

Suppress the index j. Put αn =
√
n/(n− 1) and let Hn(z, y) denote the Gaussian cancellation

expression

n3/2

{
Φ

(
z − y/

√
n√

1− 1/n

)
− Φ(z)

}
+ nyϕ(z) +

√
n
2 zϕ(z)(y2 − 1).

The definition of An−1, for the same law P , gives

G(t− y)− Φ

(
z − y/

√
n√

1− 1/n

)
≤ β(An−1 − θq(P ))√

n− 1
.

Together with the exact active value at n, this implies

βI(y) ≤ Hn(z, y) + βn(An−1 − S)

+ βn(αn − 1)(An−1 − θq(P ))

− (S − θ)Uβ(y)− θf ′(γ)Uγ(y).

(7.12)

All moments in this expression are bounded on the selected sequence. The recursive positive
part tends to zero and n(αn − 1) is bounded. The Gaussian bound from [8, Lemma 4.4] gives
|Hn(z, y)| ≤ ϕ0|y|3/6 + C(1 + |y|). Choose θ < CE/8. Since S → CE and |f ′| < 1, the cubic
coefficient in the upper bound is at most −S+2θ+ϕ0/6, bounded away from zero on the negative
side. Thus (7.10) forces one common compact support.

By (7.7), dj → 0 and Rj → CE. Extract a W3-convergent subsequence using the common
compact support. The moment-defect equality identifies its limit as the Esseen law or its reflection.
The positive envelope in [8, Corollary 2.4] excludes the reflected law and forces zj → 0: the
reflected envelope has strictly smaller supremum, while the positive-skew envelope has unique
maximum at zero. Thus

Pj → PE in W3, zj → 0.

Write pE = (4−
√

10)/2, qE = 1−pE , σE =
√
pEqE , aE = pE/σE , bE = qE/σE , hE = aE+bE ,

and ME = qE − pE . For any convergent support sequence yj → y, take upper limits in (7.12),
using contact. The recursive positive part vanishes, qj → 0, and n(αn − 1)→ 1/2. We obtain

0 ≤ V (y) + θwE(y), (7.13)

where

V (y) =
ϕ0
6

(y3 − 3y)− CE|y|3 +
3

2
CEβEy

2 + 3CEMEy

and wE is the exact defect polynomial at γE . Indeed the additional term is Uβ,E(y) −
f ′(γE)Uγ,E(y) = wE(y); this follows either by the defect factorization or by direct expansion.

This perturbation preserves a sufficient support interval for small fixed θ. With c∗ = 3 +
√

10,
the identities c∗ME = 1 and c∗βE =

√
10/σE give

V (y) = −ϕ0
6
y2
{

(c∗ − sgn y)|y| − 3
2c∗βE

}
.
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Its nonzero roots are −
√

10aE/2 and
√

10bE/2. Under v = pE + σEy, they lie strictly inside
[−1/2, 3/2]. Therefore V < 0 on the closed set

O = {y : pE + σEy /∈ (−1/2, 3/2)}.

Also wE > 0 on this set. The ratio −V/wE is continuous there and has positive limits at both
infinities:

CE − ϕ0/6
1− f ′(γE)

,
CE + ϕ0/6

1 + f ′(γE)
.

Thus

θ∗ := inf
y∈O

−V (y)

wE(y)
> 0. (7.14)

Choosing θ < θ∗ makes (7.13) impossible on O.

It remains to separate distinct support limits. The bounded polynomial terms in (7.9) give,
uniformly on the support,

Gj(tj − v) = Fnj ,Pj (tj)− ϕ(zj)v/
√
nj +O(n−1

j ).

Because the unpenalized active values Rj tend to CE, each such residual threshold has the first-
order discrepancy CEβE at sample size mj = nj − 1. Apply [8, Lemma 2.2] to that convolution,
with uniform jitter of width hE . If Jj is its jittered CDF and uj = tj − vj , this gives

√
mj{Jj(uj+hE/2)−Gj(uj)} → 0, Jj(uj+hE/2)−Gj(uj) =

1

hE

∫ hE

0
[Gj(uj+s)−Gj(uj)] ds.

Consequently, for ℓj → ℓ ∈ (0, hE), monotonicity gives
√
mj [Gj(uj + ℓj) − Gj(uj)] → 0. Two

support limits x < y with y−x < hE would contradict this: subtracting their contact expansions
makes the same increment tend to ϕ0(y − x) > 0. Distinct support limits are therefore separated
by at least hE .

In the coordinate v = pE + σEy, all support limits lie in (−1/2, 3/2) and are separated by at
least one. Weak convergence supplies the limits zero and one. No other support limit is possible.
The common compact support now gives

sup
x∈suppPj

dist(x, {−aE , bE}) −→ 0. (7.15)

7.5 Absorption of the penalty

We record the local estimate that connects the moment defect to the conditional noise. Suppose
Y = Bp + U , E(U | Bp) = 0, |U | ≤ ε, with p in a fixed sufficiently small compact interval about
pE . Put s = EU2, v = p(1− p) and τ = p2 + (1− p)2. For sufficiently small fixed ε, the signs of
Y − p on the two clusters are fixed, so

EY = p, VarY = v + s, |E|Y − p|3 − vτ | ≤ Cs, |E(Y − p)3 − v(1− 2p)| ≤ Cs.

The two last bounds follow by cubic expansion, conditional centering, and E|U |3 ≤ εs. Since v is
bounded away from zero, standardization and |f ′| < 1 give a constant K <∞ with

0 ≤ d(Y ) ≤ Ks, q(Y ) ≤ Ks. (7.16)

The second inequality uses the standardized bound β(Y ) ≥ 1.

From (7.15), recenter and rescale the conditional means of the two clusters. This writes an
affine image of Pj as Yj = Bpj +Uj , where pj → pE , E(Uj | Bpj ) = 0 and ∥Uj∥∞ → 0. Explicitly,
if Zj = pE + σEXj and the two cluster radii are δj → 0, their conditional-mean difference lies in
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[1− 2δj , 1 + 2δj ] and the resulting noise is bounded by 2δj/(1− 2δj). Affine invariance and (7.7)
give Rnj (Yj)→ CE. Lemma 3.5 of [8] therefore gives λj = njEU2

j → 0.

The proof of [8, Lemma 3.3, equation (38)] supplies fixed k > 0, λ0 > 0, ε0 > 0 and a
sample-size threshold such that

Rn(Bp + U) ≤ Rn(Bp)− knEU2 (7.17)

whenever its local hypotheses hold and nEU2 ≤ λ0. Indeed its loss is min{c0λ/
√
C0λ+ ε20, η0},

which is at least kλ on [0, λ0] for k = min{c0/
√
C0λ0 + ε20, η0/λ0} > 0. Shrink ε0 and the

parameter interval as necessary for (7.16). All these hypotheses hold eventually along the selected
sequence. Combining the two estimates gives

Anj = Jnj (Yj) ≤ Rnj (Bpj )− (knj − θK)EU2
j ≤ Bnj

for all sufficiently large j, contradicting (7.11).

Choose once and for all

0 < θ < min{µ,CE − h∗, CE/8, θ∗}.

Every restriction used above is then satisfied. We have proved An = Bn for all sufficiently large
n, which is (7.1). In particular Cn = Bn, and d = 0 for any maximizing law. A binary maximizer
exists: its score is continuous in p, tends to zero at p = 0, 1, and has a positive interior maximum.
Schulz’s strict inequality [6] gives Bn < CE for each fixed n. The two-point expansion proves the
last assertion of Theorem 7.1.

Finally increase N so that Bn ≥ (CE + h∗)/2 for n ≥ N . When β ≤ D, (7.1) gives a loss at
least θd/D. When β > D, (7.3) gives a loss at least (CE − h∗)/2. Thus (7.2) holds with

a = min{θ/D, (CE − h∗)/2} > 0.

This completes the proof.

7.6 An explicit choice of constants

We verify the constants stated in Theorem 7.1. In this section write s =
√

10. The elementary
bounds 79/25 < s < 16/5 and π < 22/7 give

ϕ0 > 997/2500 > 1/3, CE >
76769

187500
>

2

5
.

Indeed 44 · 9972 < 7 · 25002 and (3 + s)/6 > 77/75. Since h∗ = 3785419/9250000, subtraction
yields

CE − h∗ >
1111

5550000
>

1

5000
, µ = ϕ0

20s− 63

120
>

1

1800
, CE/8 >

1

20
.

It remains to bound (7.14). Put p = pE , q = qE and σ = σE . The moduli of the nonzero roots
of V are ℓ− = saE/2 and ℓ+ = sbE/2. On the negative component of O, |y| ≥ (p+ 1/2)/σ > 1
and

ℓ−
|y|
≤ s

2

p

p+ 1/2
<

4

5
<

7

8
.

On the positive component, y ≥ (q + 1/2)/σ > 1 and, since q < 3/5,

ℓ+
y
≤ s

2

q

q + 1/2
<

48

55
<

7

8
.

The factorization of V , together with c∗ − sgn y > 5, now gives

−V (y) >
5

144
|y|3 (y ∈ O).

85



For SE =
√
γ2E + 4 ≥ 2, the exact defect polynomial is

wE(y) = |y|3 − f ′(γE)y3 − 12y2

S3
E

+
6γEy + 4

S3
E

.

Its two zeros are outside O. Using |f ′| < 1, |γE | ≤ SE and |y| > 1 gives there

0 < wE(y) ≤ 2|y|3 + 3
2 |y|+

1
2 ≤ 4|y|3.

Consequently θ∗ ≥ 5/576. All four restrictions on θ hold for θ = 1/10000, and

min{θ/D, (CE − h∗)/2} = θ/D = 1/18500.

This makes the coefficients explicit, but not the sample-size threshold.

7.7 Cubic transport stability

Lemma 7.3. If β(P ) ≤ 37/20, then

W3(P,Qγ)3 ≤ 1400 d(P ). (7.18)

Proof. Let S =
√
γ2 + 4, a = (S − γ)/2, b = (S + γ)/2, m = min(a, b), M = max(a, b), and

A = S3/(4m2). Round X by sign to Y ∈ {−a, b}. The defect factorization in Part I is

wγ(x) =
2a2

S3
(x− b)2{2 + (a+ 3b)x} (x ≥ 0),

with a, b interchanged on the negative half-line; Ewγ(X) = d. Since ab = 1, M ≥ 1 and
a+ 3b ≥ 2

√
3,

x+ b

2 + (a+ 3b)x
≤M/2 (x ≥ 0).

The same bound holds on the other half-line. Consequently

E|X − Y |3 ≤ AMd.

To correct the mass of Y , use the cubic H(x) = 3t2− 2t3, t = (x+ a)/S. Moment matching gives
EH(X) = a/S. Direct factorization yields

|1{x≥0} −H(x)| ≤ 3S

4m2
wγ(x).

For example, on x ≥ 0 the ratio is (2x+ 3a+ b)/(2a2{(a+ 3b)x+ 2}), bounded by 3S/(4m2);
the negative half-line is symmetric. Thus the mass correction needed to turn Y into Qγ is at
most 3Sd/(4m2). Move exactly that mass between the two nodes and call the corrected variable
Y0. Gluing the coupling gives

E|Y − Y0|3 ≤ 3SAd, E|X − Y0|3 ≤ 4A(M + 3S)d.

Here |γ| ≤ β ≤ 37/20 implies S < 11/4, M < 5/2, m > 2/5, and A < 33275/1024. Therefore

4A(M + 3S) <
1430825

1024
< 1400.

Taking the infimum over couplings proves (7.18).
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Corollary 7.4. There is N <∞ such that, for every n ≥ N and every standardized law P with
finite third absolute moment, if δ = Cn −Rn(P ) < 1/10000, then

β(P ) < 37/20, d(P ) ≤ 18500δ, W3(P,Qγ(P ))
3 ≤ 25900000δ.

In particular W3(P,Qγ(P )) ≤ 300δ1/3. No bounded-support or fourth-moment hypothesis is
imposed.

Proof. Increase N so that Bn ≥ (CE + h∗)/2. Equation (7.3) excludes β ≥ 37/20 when
δ < 1/10000, since (CE − h∗)/2 > 1/10000. Then (7.1) gives d ≤ 18500δ; apply Lemma 7.3 and
1400 · 18500 = 25900000 < 3003.

The comparison law in this statement is the matching two-point law, not necessarily the
optimizing Bernoulli parameter at that n. The conclusion controls moment-weighted transport,
not the Hausdorff distance of supports. An arbitrarily small remote atom prevents such a
support-distance statement. Only the threshold N remains qualitative; the inequality for every
sample size remains open.

7.8 Sharpness of the stability exponents

Let Q2 be the class of probability laws supported on at most two points. The exponent 1/3
cannot be increased, even if the comparison law is freely chosen in Q2.

Theorem 7.5. For each fixed sufficiently large n, there are standardized three-point laws Pε,
with uniformly bounded supports, such that as ε ↓ 0,

d(Pε) ≍ ε, Cn −Rn(Pε) ≍ ε,
inf

Q′∈Q2

W3(Pε, Q
′) ≍ ε1/3.

The comparison constants may depend on n. Thus neither the linear defect loss nor the cubic
transport exponent admits a stronger power uniformly near the maximizing class, even at one
such fixed index.

Proof. Fix a standardized binary maximizer Q at n and a point y outside its two-point support.
Let Pε be the standardization of

Zε ∼ (1− ε)Q+ εδy.

After reflecting Q and y together if necessary, Q has an active positive closed threshold t0 for its
unnormalized sum. A negative active left limit becomes precisely such a threshold under reflection.
At the same raw threshold t0, the distribution functions of the n-fold sums of Zε and Q differ by
at most nε. Writing mε = εy and σ2ε = 1 + ε(y2 − 1) − ε2y2, the corresponding standardized
threshold is (t0 − nmε)/σε. It changes the normal term by On(ε), and β(Pε) = β(Q) + O(ε).
Evaluating the signed score there gives

Rn(Pε) ≥ Cn −On(ε).

The moment derivatives used in (7.9), at a two-point equality law, give

d(Pε) = εwγ(Q)(y) +O(ε2), wγ(Q)(y) > 0.

Equation (7.1) supplies the matching positive lower bound for Cn −Rn(Pε).

The three support points of Pε have a common positive separation, and each has mass at
least ε for small ε. Choose disjoint balls of a fixed radius r > 0 around these points. Any
law in Q2 omits at least one of the balls; every coupling therefore has cubic cost at least r3ε.
Conversely, the cap estimate gives β(Q) < 37/20 for large n, and hence β(Pε) < 37/20 for small
ε. Lemma 7.3, with the matching law Qγ(Pε), gives a cubic cost O(ε). This proves all three
comparisons.
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8 The oscillatory second-order correction

8.1 Set-up and statement

Let 0 < p ≤ 1/2, q = 1− p, and let Qp be the standardized two-point law which takes the values√
q/p and −

√
p/q with probabilities p and q. If K ∼ Bin(n, p), then

Qp,1 + · · ·+Qp,n√
n

=
K − np
√
npq

, ρ(p) =
p2 + q2
√
pq

.

For an integer k, put
η = k − np, Bn,p(k) = P{K ≤ k},

and define the normalized positive right-edge score

Sn(p, η) :=

√
n

ρ(p)

{
Bn,p(k)− Φ

(
η
√
npq

)}
. (8.1)

The notation presupposes that k = np+ η is an integer.

Set
ϕ0 = (2π)−1/2, D = p2 + q2,

G(p) = ϕ0
2− p
3D

, (8.2)

and

F (p, η) = − ϕ0
540pqD

{
270qη2 + 45(p2 − 7p+ 5)η + p3 + 21p2 − 69p+ 46

}
. (8.3)

The first-order constants from Section 5 are

p∗ =
4−
√

10

2
, η∗ = −20 +

√
10

72
, CE = G(p∗) =

√
10 + 3

6
√

2π
, (8.4)

κ∞ =
867 + 287

√
10

25920
√

2π
, F (p∗, η∗) = −κ∞. (8.5)

The new constants are

H∗ = −ϕ0
653866157 + 211759711

√
10

25395793920
, (8.6)

Fp,∗ := ∂pF (p∗, η∗) = −ϕ0
1483 + 463

√
10

19440
, (8.7)

G′′
∗ := G′′(p∗) = −ϕ0

60 + 19
√

10

15
, (8.8)

δ0 := −Fp,∗
G′′

∗
=

1010− 397
√

10

12960
, (8.9)

A2 := −1

2
G′′

∗ = ϕ0
60 + 19

√
10

30
, (8.10)

κ2 := −H∗ +
F 2
p,∗

2G′′
∗

= ϕ0
3183580225 + 1028276063

√
10

126978969600
. (8.11)

Numerically,

δ0 = −0.0189370548678122 . . . ,

κ2 = 0.0202183334057192 . . . ,

A2 = 1.59687652610925 . . . ,

G′′
∗ = −3.19375305221850 . . . .
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Theorem 8.1 (second-order lattice oscillation). Let C∗
Q(n) be the optimal fixed-n Berry–Esseen

constant restricted to standardized two-point laws, with the normalization of Section 5. Define

ωn := dist
(
np∗ + η∗ + δ0,Z

)
∈ [0, 1/2]. (8.12)

Then

C∗
Q(n) = CE −

κ∞
n
− 1

n2
{
κ2 +A2ω

2
n

}
+ o(n−2). (8.13)

The o(n−2) term is uniform over the compact local parameter family associated with the finitely
many central-edge types retained by Schulz’s localization theorem.

Because A2 > 0 and κ2 > 0, the second correction is always strictly negative. It varies
between approximately −0.0202/n2 and −0.4194/n2.

8.2 The fifth-order central saddle

The main calculation is a one-order extension of the incomplete-beta saddle in the second note.

Lemma 8.2 (uniform fifth-order saddle). Fix a compact interval U ⋐ (0, 1) and M < ∞.
Uniformly for p ∈ U , |η| ≤M , and integers k = np+ η,

Sn(p, η) = G(p) +
F (p, η)

n
+
H(p, η)

n2
+ oU,M (n−2), (8.14)

where

H(p, η) =
ϕ0

30240p2q2D
P (p, η) (8.15)

and

P (p, η) = 1260(4− 5p)η4 + 420(25p2 − 55p+ 28)η3

+ 1260(−p3 + 14p2 − 21p+ 9)η2

+ 21(5p4 − 70p3 + 355p2 − 470p+ 189)η

+ 5(25p5 − 52p4 − 17p3 + 88p2 − 115p+ 46). (8.16)

One may replace the little-oh in (8.14) by OU,M (n−181/80).

Proof. Write ε = n−1/2 and r =
√
pq. The incomplete-beta identity is

Bn,p(k) =

∫ q
0 t

n−k−1(1− t)k dt∫ 1
0 t

n−k−1(1− t)k dt
.

With t = q + εry, A = p/r and B = q/r, the common multiplicative constant cancels and the
logarithm of the remaining density is

L(y) = (nq − η − 1) log(1 + εAy) + (np+ η) log(1− εBy). (8.17)

Expanding the logarithms gives

L(y) = −y
2

2
+
∑
j≥1

εjℓj(y), ℓj(y) = cjy
j+2 + djy

j , (8.18)

where

cj =
q(−1)j+3Aj+2 − pBj+2

j + 2
, dj =

−(η + 1)(−1)j+1Aj − ηBj

j
.
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Define E0 = 1 and

Em =
1

m

m∑
j=1

jℓjEm−j . (8.19)

Then

exp

∑
j≥1

εjℓj

 ∼∑
m≥0

εmEm.

Since ℓj(−y) = (−1)jℓj(y), recursion (8.19) gives Em(−y) = (−1)mEm(y).

For a uniform remainder, restrict first to |y| ≤ Rε := ε−1/40. On U and for bounded η,
Taylor’s formula for the two logarithms gives the uniform remainder

OU,M (ε6R8
ε)

after ℓ5. The part omitted after total ε-degree five in the exponential is

OU,M (ε6R18
ε ).

After integration over the central interval this is, conservatively,

OU,M (ε6R19
ε ) = OU,M (ε221/40) = o(ε5).

Here is a uniform tail justification. Put

α = min{inf U, 1− supU} > 0, t = q + εry.

On the beta integration interval 0 < t < 1, exact differentiation of (8.17) gives

L′′(y) = −pq
{
q − ε2(η + 1)

t2
+
p+ ε2η

(1− t)2

}
. (8.20)

For all sufficiently small ε, the two coefficients in braces are at least α/2. Since t−2 +(1− t)−2 ≥ 8
and pq ≥ α2, it follows that

L′′(y) ≤ −4α3 =: −cU
throughout the whole beta interval. Moreover, cancellation of the ε−1 terms gives

L′(0) = −ε{(η + 1)A+ ηB} = OU,M (ε).

If y0 is the unique maximizer of L, then |y0| = OU,M (ε) and

L(y) ≤ OU,M (ε2)− cU
2

(y − y0)2.

Consequently the beta tails outside [−Rε, Rε] are OU,M (exp(−cUR2
ε/8)), hence smaller than

every power of ε. The polynomials E0, . . . , E5 have uniformly bounded coefficients and degree at
most 15, so their Gaussian tails satisfy the same conclusion. Thus the exact denominator and
numerator have the expansions

D = D0 + ε2D2 + ε4D4 + oU,M (ε5), (8.21)

N =
1

2
(D0 + ε2D2 + ε4D4) + εA1 + ε3A3 + ε5A5 + oU,M (ε5), (8.22)

where

Dm =

∫
R
e−y

2/2Em(y) dy, Am =

∫ 0

−∞
e−y

2/2Em(y) dy, D0 =
√

2π.
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Put δj = Dj/D0. Division of (8.22) by (8.21) yields

Bn,p(k) =
1

2
+ ϕ0εA1 + ϕ0ε

3(A3 −A1δ2)

+ ϕ0ε
5{A5 −A3δ2 +A1(δ

2
2 − δ4)}+ oU,M (ε5). (8.23)

Here A1, A3, A5 denote the raw half-Gaussian integrals above; the factor D−1
0 = ϕ0 is displayed

explicitly.

The normal cdf contributes

Φ(ηε/r) =
1

2
+ ϕ0

ηε

r
− ϕ0

η3ε3

6r3
+ ϕ0

η5ε5

40r5
+OU,M (ε7). (8.24)

The coefficients of ε and ε3 reproduce (8.2) and (8.3). For the next coefficient, set ℓ̃j = rjℓj and

Ẽm = rmEm. If

Ãm =

∫ 0

−∞
e−y

2/2Ẽm(y) dy, δ̃m =
1

D0

∫
R
e−y

2/2Ẽm(y) dy,

then exact Gaussian integration gives the coefficient ledger in Appendix B. In particular,

H(p, η)

ϕ0
=
Ã5 − Ã3δ̃2 + Ã1(δ̃

2
2 − δ̃4)− η5/40

Dr4
. (8.25)

Substitution simplifies exactly to (8.15)–(8.16). Notice that the apparent fifth power of η cancels
identically.

The raw quotient error is O(ε221/40). Dividing by ρ(p)ε, with ρ uniformly bounded away
from zero on U , gives O(ε181/40) = O(n−181/80). This proves the lemma.

8.3 Optimization with the integer node retained

For later use define

η0(p) = −p
2 − 7p+ 5

12(1− p)
.

Completing the square in (8.3) gives the exact identity

F (p, η) = F (p, η0(p))−
ϕ0

2p3/2q1/2ρ(p)
{η − η0(p)}2. (8.26)

In particular, η0(p∗) = η∗.

Proof of Theorem 8.1. The binomial localization theorem used in the second note reduces the
global two-point supremum, up to alternatives separated by a fixed gap from CE, to the four
central jump edges. Reflection and the strict gaps in their leading coefficients leave only positive
right edges with p in a fixed neighborhood of p∗. Their lattice coordinate satisfies |η| ≤ 1.
Lemma 8.2 is therefore uniform over every candidate that can be asymptotically optimal.

For the lower bound, let kn be an integer nearest to

np∗ + η∗ + δ0

and put

pn =
kn − η∗
n

.

Then kn = npn + η∗ and
un := n(pn − p∗) = kn − (np∗ + η∗).
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Taylor expansion in Lemma 8.2 gives

Sn(pn, η∗) = CE −
κ∞
n

+
1

n2

{
H∗ + Fp,∗un +

1

2
G′′

∗u
2
n

}
+ o(n−2). (8.27)

By (8.9)–(8.11),

H∗ + Fp,∗u+
1

2
G′′

∗u
2 = −κ2 −A2(u− δ0)2. (8.28)

The choice of kn makes |un − δ0| = ωn, proving the lower bound in (8.13).

For the upper bound, choose a central right-edge candidate within o(n−2) of C∗
Q(n) and denote

its parameters by pn, ηn, kn. The preceding lower bound and the strict quadratic maximum of G
first give

pn − p∗ = O(n−1/2).

Using the F/n term and the exact concavity in (8.26) improves this to

pn − p∗ = O(n−1), ηn − η∗ = O(n−1/2). (8.29)

Indeed, comparison with the lower bound gives, for fixed positive c, b and some C,

c(pn − p∗)2 ≤
C|pn − p∗|

n
+
C

n2
,

and then
b

n
{ηn − η0(pn)}2 ≤ C

n2
.

Put
un = n(pn − p∗), dn = kn − (np∗ + η∗).

By (8.29), un and dn are bounded and dn − un = ηn − η∗ = o(1). Applying Lemma 8.2, using
(8.26) to discard its nonpositive square, and expanding at p∗ gives

C∗
Q(n) ≤ CE −

κ∞
n

+
1

n2

{
H∗ + Fp,∗un +

1

2
G′′

∗u
2
n

}
+ o(n−2)

= CE −
κ∞
n
− 1

n2
{
κ2 +A2(dn − δ0)2

}
+ o(n−2).

Since dn ∈ Z− (np∗ + η∗) and G′′
∗ < 0,

−κ2 −A2(dn − δ0)2 ≤ −κ2 −A2ω
2
n.

This proves the matching upper bound.

8.4 The full optimal constants

Corollary 8.3. With the constants in (8.5), (8.9), (8.10) and (8.11), put

ωn = dist(np∗ + η∗ + δ0,Z).

Then

Cn = CE −
κ∞
n
− κ2 +A2ω

2
n

n2
+ o(n−2).

The complete set of subsequential limits of n2(Cn − CE + κ∞/n) is[
−κ2 −

A2

4
,−κ2

]
.

In particular this sequence has no limit, and eventually

Cn ≤ CE −
κ∞
n
− κ2

2n2
.

Proof. Theorem 7.1 gives Cn = C∗
Q(n) for all sufficiently large n. Substitute this equality into

Theorem 8.1. Irrationality of p∗ makes np∗ +η∗ + δ0 dense modulo one; consequently the limit set
of ω2

n is [0, 1/4]. Finally A2ω
2
n ≥ 0 and κ2 > 0 absorb the o(n−2) remainder into κ2/(2n

2).
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9 Proper convolution roots at every index

For a probability law P with mean zero, variance one and finite third absolute moment, set

β(P ) =

∫
|x|3 P (dx), Rn(P ) =

√
n

β(P )
sup
x

∣∣P ∗n((−∞,
√
nx])− Φ(x)

∣∣ .
Write Tk(Q) for the law of k−1/2(X1 + · · ·+Xk), where the Xi are independent with standardized
common law Q. Recall

CE =
3 +
√

10

6
√

2π
.

Theorem 9.1. Suppose P = Tk(Q) for an integer k ≥ 2. Then, for every n ≥ 1,

Rn(P ) ≤ 0.3031
β(Q) + 0.646

β(Q) +
3(k − 1)

2kβ(Q)3

<
39

100
< CE. (9.1)

The conclusion applies whenever P is a standardized nonzero affine image of a sum of k iid
nondegenerate random variables. Finiteness of the third absolute moment of P suffices; no
moment assumption on the root is needed separately.

The only Berry–Esseen estimate used below is Shevtsova’s structural bound [7], in the
normalization recorded in [8, Eq. (6)]:

Rj(Q) ≤ 0.3031

(
1 +

0.646

β(Q)

)
, j ≥ 1. (9.2)

All terminating decimals denote exact rational constants.

Lemma 9.2. Let A,B be independent centered real random variables with finite third absolute
moments. Put u = E|A| and v = E|B|. If u+ v > 0, then

E|A+B|3 − E|A|3 − E|B|3 ≥ 3u2v2

u+ v
. (9.3)

Proof. Define
g(x, y) = |x+ y|3 − |x|3 − |y|3 − 3x|x|y − 3y|y|x.

This is zero for xy ≥ 0. For opposite signs, put a = max{|x|, |y|} and b = min{|x|, |y|}. Then

g(x, y) = 2b2(3a− b) ≥ 6a2b2

a+ b
,

since the difference multiplied by a+ b is 2b3(2a− b) ≥ 0. The mixed expectations in g(A,B)
vanish. With D = {AB < 0}, centering and independence give

E[|AB|1D] =
uv

2
, E[(|A|+ |B|)1D] =

u

2
P(B ̸= 0) +

v

2
P(A ̸= 0) ≤ u+ v

2
.

For uv > 0, Cauchy–Schwarz yields

Eg(A,B) ≥ 6

(
E[|AB|1D]

)2
E[(|A|+ |B|)1D]

≥ 3u2v2

u+ v
.

The case uv = 0 is immediate.

Lemma 9.3. For iid standardized Xi with β = E|X1|3 <∞, put Mk = E|X1 + · · ·+Xk|3. Then

Mk ≥ kβ +
3(k − 1)

2β3
, k ≥ 1. (9.4)
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Proof. Let m = E|X1|. Cauchy–Schwarz gives mβ ≥ 1. Conditional Jensen gives E|X1 + · · ·+
Xj | ≥ m. For u ≥ m,

3u2m2

u+m
≥ 3

2
m3.

Apply Lemma 9.2 to the partial sum and the next independent summand. Every increment
Mj+1 −Mj − β is at least 3m3/2 ≥ 3/(2β3). Summation proves the claim.

Proof of Theorem 9.1. First consider a possibly unnormalized iid root Y1, . . . , Yk whose sum S has
a finite third absolute moment. Put T = Y2+ · · ·+Yk and choose L <∞ with r = P(|T | ≤ L) > 0.
Independence and Tonelli give

rE|Y1|3 = E[|Y1|31{|T |≤L}] ≤ 4E|S|3 + 4L3r <∞.

Thus the root has finite mean and variance. Its variance is positive, and centering, rescaling and,
if needed, reflection give P = Tk(Q).

Write β = β(Q). Grouping nk iid root summands into n blocks gives the exact identities

β(P ) =
Mk

k3/2
, Rn(P ) =

kβ

Mk
Rnk(Q). (9.5)

Equations (9.2) and (9.4) give the first inequality in (9.1). Since 3(k − 1)/(2k) ≥ 3/4, it remains
to bound

0.3031
β + 0.646

β + 3/(4β3)
.

This is less than 0.39 for every β > 0: after multiplying by the denominator, the assertion is

0.0869β + 0.2925β−3 > 0.1958026.

Indeed,

0.0869β + 0.2925β−3 >
3β

35
+

2

7β3
≥ 4

(
2

7 · 353

)1/4

>
1

5
> 0.1958026.

The penultimate comparison is equivalent to 320000 > 300125. Finally
√

10 > 79/25 and
π < 22/7 give CE > 76769/187500 > 2/5 > 39/100.

Corollary 9.4. For P = Tk(Q) and every n ≥ 1,

Rn(P ) ≤ 0.3031 +
0.1958026√
k β(P )

. (9.6)

If P is infinitely divisible, then Rn(P ) ≤ 0.3031 for every n ≥ 1.

Proof. The weaker inequality Mk ≥ kβ(Q) implies β(Q) ≤
√
k β(P ). Use (9.2) in (9.5) to obtain

(9.6). Infinite divisibility provides a root for every k. The preceding moment argument applies
to each root; P and n remain fixed. Let k →∞.
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Part II

Effective bounds and finite certificates

10 The result and the organizing ideas

Let P be the probability laws on R with mean zero, variance one and finite third absolute moment
ρ(P ) = EP |X|3. For iid variables with law P , set Sn = X1 + · · ·+Xn and

Cn(P ) =

√
n

ρ(P )
sup
H∈R

∣∣∣∣Pr
P

(Sn ≤ H)− Φ(H/
√
n)

∣∣∣∣ , Cn = sup
P∈P

Cn(P ).

Here H is a raw sum threshold, Φ is the standard normal CDF, and ϕ = Φ′. All terminating
decimals in the proof are exact rationals.

Theorem 10.1. For every integer n ≥ 49,

Cn < CE , CE =
3 +
√

10

6
√

2π
.

The argument is easiest to read as three ideas.

1. A first failure is easier than an arbitrary large index. Once the case n = 49 is proved, the
first later failure has a good predecessor. Smoothing that predecessor automatically bounds
its excess by .29/n. This supplies the hypotheses of a local exclusion, so the same argument
proves the entire infinite tail.

2. Spend one budget only once. At an extremizer, excess score, threshold displacement, nonbinary
defect and probability leaking into a support gap are nonnegative terms of one exact identity.
Moment, support and concentration estimates refine that common budget. They do not
choose a different law for each term. The many numerical passes are instances of one enclosure
theorem.

3. Compare each noisy law with its own Bernoulli law. Writing Y = B + U with E(U | B) = 0
gives a count and a centered error. One exact score identity and two tail estimates cover every
noise and phase regime. Positive noise lowers the signed score; zero noise is already Bernoulli.
Schulz’s theorem treats every 0 < p < 1, so no finite binomial subproblem is needed.

Section 12 proves the global implication from explicit finite and local propositions. The
remaining sections prove those propositions and specify their exact arithmetic. This order
separates the short mathematical mechanism from the estimates needed to certify its numerical
hypotheses. The proof does not invoke any earlier project cutoff, an eventual-tail theorem, or
monotonicity of Cn.

10.1 External inputs

Shevtsova’s finite iid estimates [7] give, in this normalization,

Cn(P ) ≤ min{.469, .3322(1 + .429/ρ), .3031(1 + .646/ρ)}. (10.1)

The elementary numerical enclosures used below are

.3988 < ϕ(0) < .4, .4095 < CE < .40974, 3.162277660 <
√

10 < 3.162277661.

Their rational checks are part of the arithmetic kernel. In particular, a law attaining Cn ≥ CE
has 1 ≤ ρ < 1.85 before any higher-moment or bounded-support assumption is made.
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Schulz’s Theorem 1 [6], for every n ≥ 1 and 0 < p < 1, states

sup
x∈R

∣∣∣∣∣Pr(K ≤ x)− Φ

(
x− np√
np(1− p)

)∣∣∣∣∣ < CE{p2 + (1− p)2}√
np(1− p)

, K ∼ Bin(n, p). (10.2)

Thus every standardized Bernoulli law has score strictly below CE . The restriction p ∈ [1/3, 2/3]
belongs to a sharper envelope in that work; it is not a restriction of (10.2).

From He–Cheng [8] we use the finite contact identity (Lemma 4.3) and the finite Gaussian
bound (Appendix A.1, (70)). Both are stated at their point of use. The fixed-index attainment
argument, including the equality case Cn = CE , is proved next. All remaining analytic reductions
in this manuscript are proved here.

11 Fixed-index extremizers and the contact interface

11.1 Attainment, including the critical value

Lemma 11.1. For every fixed n ≥ 1, 0 < Cn ≤
√
n, and a law P ∈ P and threshold H attain

Cn as a positive closed discrepancy.

Proof. A negative closed discrepancy reflects into a positive strict discrepancy. Approach that
threshold from below; continuity of Φ gives the same supremum using positive closed discrepancies.
Since ρ ≥ 1, Cn ≤

√
n; the symmetric binary law at H = n gives positivity. Choose positive

scores rj → Cn with rj ≥ c > 0. Then ρj ≤
√
n/c =: M . Tightness gives a subsequence Pj ⇒ P ,

and we may also assume ρj → b. The estimates∫
|x|>A

x2 dPj ≤M/A,

∫
|x|>A

|x| dPj ≤M/A2

preserve the first two moments under weak convergence. Lower semicontinuity gives ρ(P ) ≤ b,
so P ∈ P. Chebyshev’s inequality on a negative threshold, and the Gaussian upper tail on a
positive threshold, give |Hj | ≤ n3/4/

√
c. Pass to Hj → H. Since n is fixed, weak convergence of

products and the continuous sum map give P ∗n
j ⇒ P ∗n. For every ε > 0, eventually Hj ≤ H + ε;

closed-set Portmanteau followed by ε ↓ 0 gives

Fn,P (H)− Φ(H/
√
n) ≥ Cnb/

√
n.

Consequently Cn ≥ Cnb/ρ(P ) ≥ Cn. Equality proves attainment and ρ(P ) = b. Thus third-
moment convergence is a conclusion of extremality, not an unjustified uniform-integrability
assumption. This proof includes Cn = CE; the strict-violation version is Lemma 4.1 of [8].

11.2 Contact at every support point

For n ≥ 2, fix an attaining pair (P,H), and write

C = Cn, F = Fn,P (H), z = H/
√
n, ρ = E|X|3, γ = EX3, β = E[X|X|].

Here β is a signed second moment; it is not the third absolute moment denoted by β in [8].

Lemma 11.2 (Contact). Define

ρI(y) = n3/2{Fn−1,P (H − y)− F}+ nyϕ(z) + 1
2Hϕ(z)(y2 − 1)

+ 3
2Cρ(y2 − 1)− C{|y|3 − ρ− 3yβ}. (11.1)
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Then I ≤ 0 on R and I = 0 on the full closed support of P . The support is compact. Equivalently,
for ν = L(H − Sn−1), ν([y,∞)) ≤ q(y), with equality on suppP , where

nq(y) = nF + 1
2{zϕ(z) + Cρ/

√
n} − (

√
nϕ(z) + 3Cβ/

√
n)y

− 1
2{zϕ(z) + 3Cρ/

√
n}y2 + C|y|3/

√
n. (11.2)

Proof. The finite contact identity is Lemma 4.3 of [8], applicable to any attained positive
maximum. It differentiates the contamination (1− ε)P + εδy while keeping the raw event fixed.
Its hypotheses therefore include the critical value treated above. Rearrangement gives (11.2).
Finally, ρI(y) ≤ −C|y|3 +O(y2) at this fixed pair, since the CDF term is bounded and C > 0.
Equality on the support excludes both sufficiently distant rays. No uniform radius is claimed
yet.

The pointwise equality controls even a support point carrying arbitrarily little mass. This is
why weak closeness to a binary law will not be the last step of the proof.

12 A finite base and a first-failure induction

Put an = Cn − CE and δn = n(Cn−1 − Cn)+. Different indices may have different extremizers.
This section uses only their scalar suprema.

12.1 A support-free smoothing estimate

Lemma 12.1. For every integer n ≥ 2,

Cn ≤
√

n

n− 1
Cn−1 +

√
n

15(n− 1)3/2
+

.08
√
n

(n− 1)2
.

No bounded-support or maximizing-law assumption is required.

Proof. Fix any mean-zero, variance-one iid law with finite ρ = E|X|3 ≥ 1, and let v = n − 1.
Conditional on the last summand, the defining bound at index v gives∣∣P(Sn ≤ H)− EΦ((H −X)/

√
v)
∣∣ ≤ Cn−1ρ/

√
v.

Write Fv(t) = Φ(t/
√
v). Taylor’s theorem through degree two, using the actual mean and

variance, gives ∣∣EFv(H −X)− Fv(H)− 1
2F

′′
v (H)

∣∣ ≤ ϕ(0)ρ

6v3/2
<

ρ

15v3/2
.

Here ∥ϕ′′∥∞ = ϕ(0) < .4. Indeed ϕ′′(z) = (z2− 1)ϕ(z); on z2 ≤ 1 the assertion is immediate, and
on z2 ≥ 1 the maximum relative factor is 2e−3/2 < 1. This globally bounded remainder needs
only the third absolute moment.

The heat identity ∂vFv = F ′′
v /2 gives ∂2vFv = F

(4)
v /4. Taylor’s theorem in the variance variable

therefore implies

|Fv+1(H)− Fv(H)− 1
2F

′′
v (H)| ≤ ∥ϕ

′′′∥∞
8v2

<
.08

v2
.

For the last bound, Gaussian Fourier inversion gives ∥ϕ′′′∥∞ ≤ π−1
∫∞
0 t3e−t

2/2 dt = 2/π < .64.
Combine these estimates, multiply by

√
n/ρ, and use ρ ≥ 1. The result is uniform in H and in

the law, so taking both suprema proves the lemma. The bound covers closed events and their
left limits by the same uniform comparison.

All three terms obtained by substituting Cn−1 < .40974 + .7/(n − 1) decrease with n. At
n = 46, rational square-root enclosures therefore give Cn < .432. This is the current-score cap at
a first failure of the .7/n ceiling.
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12.2 The two inputs from the detailed calculation

The resource enclosure and support estimates prove these five supported exclusions. Each row
says that no attained, positively oriented maximizing pair can have all the listed properties:

n |X| ≤ C ≤ nan ≥ passes

A40 40 3.3 .469 1.5 5
P41 41:49 2.9 .469 1.5 6
A45 45 3.5 .4431 .7 12
P46 46:98 3.5 .432 .7 13
A46 46 3.4 .42496 .54 4 + 3

(12.1)

Every pass preserves the same-law constraints and gives a new upper bound for the nonnegative
defect D. Its final bound is negative. The first two rows use 64 closed cells per pass. A45 and
P46 use 18432; A46 uses four signed passes with 18432 cells, followed by three probability passes
with 96 cells. Section 18 gives its complete additional calculation. The upper endpoints 49 and 98
describe those individual certificates; we only apply them through 45 and 50. These arithmetic
exclusions do not assert an unrestricted ceiling on their own.

The all-index local input is the following precise proposition.

Proposition 12.2 (Local exclusion). For any integer n ≥ 47, the conditions

0 ≤ an ≤ .7/n, δn ≤ .19, Cn < .4247, Cn−1, Cn−2 < .4253

cannot hold simultaneously.

Proof from the estimates established below. Take the attained positive closed maximum. The all-
threshold support estimate bounds its entire support by 3.84. The resource schedule then acquires
83 probability panels covering p ∈ [.304, .47], together with their moments, signed thresholds,
conditional variances and inward-gap resources. Support and concentration refinements are
applied before the resulting stronger moments are used.

Write the same law as X = ℓ(B + U − p) with E(U | B) = 0. If λ = nEU2 > 0, the complete
local cover of Section 19 gives ρB(C −C+

B (n, p, k)) < −.001λ at an actual nearest count. Schulz’s
all-parameter theorem gives C+

B < CE , a contradiction. If λ = 0, then U = 0 almost surely and
the law is itself Bernoulli; the same published theorem applies directly to its whole Kolmogorov
score. This uses no division by noise or limiting argument.

All entry, support, concentration and comparison estimates are uniform for n ≥ 47. In the
initial arithmetic, the apparent upper endpoint 98 occurs only as .4095 +K/98, and K = 0 for
this application. Its other occurrence checks the calculation floor, not the actual index. Weighted
resources such as nD and nEU2 are retained throughout; no unweighted estimate is multiplied
by 47 to cover larger n. The excess assumption .7/n is used in the exterior contact calculation
and is therefore included explicitly.

12.3 Only six sharp-ceiling indices are needed

We first prove aj < 1.5/j for 40 ≤ j ≤ 45. If it failed at 40, C39 ≤ .469 and CE > .4095 would
give δ40 < .88. The support row (n,K,R, q) = (40, 1.5, 3.3, .88) and A40 exclude this. At a first
failure 41 ≤ j ≤ 45, δj < 1.5/(j − 1) ≤ 1.5/40. The support row on [41, 49] and P41 exclude it.

We now prove
aj < .7/j (45 ≤ j ≤ 50). (12.2)

A failure at 45 would give

δ45 < 45(1.5/44)− .7 < .8341, C45 < .40974 + 1.5/45 < .4431.
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The appropriate support row gives |X| < 3.5 and A45 excludes the law. At a first failure
46 ≤ j ≤ 50, δj < .7/(j−1) ≤ .7/45, and smoothing gives Cj < .432. The support row on [46, 98]
and P46 again exclude it. This proves (12.2) using no later index.

For 47 ≤ j ≤ 50, it supplies the local score caps because

.40974 + .7/47 < .4247, .40974 + .7/45 < .4253.

We strengthen just one auxiliary index:

a46 < .54/46. (12.3)

Indeed, if this failed, the preceding finite ceiling gives

δ46 < 46(.7/45)− .54 = 79/450, C46 < .40974 + .7/46 < .42496.

The support row (46, 46, .54, 3.4, 79/450) gives |X| < 3.4. The supported exclusion A46 is now
applicable, a contradiction. This argument uses only the finite ceiling already established.

If a49 ≥ 0, Proposition 12.2 forces a48 > a49 + .19/49 > 0. Repeat at 48 and 47 to obtain

a46 > .19
49∑
j=47

1

j
>
.54

46
, .19

49∑
j=47

1

j
− .54

46
=

35419

254251200
> 0.

This contradicts (12.3). Thus C49 < CE .

12.4 The infinite tail follows from a least failure

Suppose n ≥ 50 and Cn−1 < CE . With sn =
√
n/(n− 1), smoothing gives

nan < CEn(sn − 1) + s3n/15 + .08s3n/
√
n− 1.

Every term on the right decreases with n: in particular n(sn − 1) = s2n/(sn + 1), an increasing
function of sn. Since sn < 1.011,

√
n− 1 ≥ 7 and n(sn − 1) < .51,

nan < .40974(.51) + (1.011)3(1/15 + .08/7) =
50691940857

175000000000
< .29. (12.4)

If a failure Cn ≥ CE occurs after 49, choose its least index. Then δn = 0, and (12.4) gives
0 ≤ an < .29/n < .7/n and Cn < .40974 + .29/50 < .4247. Its predecessor is below CE < .4253.
If n = 50, the second predecessor is 48 and (12.2) bounds it by .40974 + .7/48 < .4253. For
n ≥ 51, that predecessor is also below CE by minimality. Proposition 12.2 now contradicts the
failure. This proves Theorem 10.1.

13 One support estimate, uniform in the threshold

13.1 The scale correction

Write ϕ0 = ϕ(0). For n > 1 put sn =
√
n/(n− 1) and en = n(sn − 1)− 1/2.

Lemma 13.1. For every integer n ≥ 36, one has 0 < en < .384/n.

Proof. Put x = 1/n and c = .384 = 48/125. Direct expansion gives

(1− x)(1 + x/2 + cx2)2 − 1 = x2{(2c− 3/4)− (c+ 1/4)x+ (c2 − c)x2 − c2x3}.

The bracket is decreasing for x ≥ 0, since 0 < c < 1. At x = 1/36 its exact rational value
is 823/4050000 > 0. Squaring positive quantities gives sn < 1 + x/2 + cx2 for 0 < x ≤ 1/36.
Similarly (1− x)(1 + x/2)2 − 1 = −3x2/4− x3/4 < 0, which gives the lower bound.
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13.2 A signed Gaussian envelope

Define, for every real H, t and n > 1,

Hn(H, t) = n3/2{Φ((H − t)/
√
n− 1)− Φ(H/

√
n)}+ ntϕ(H/

√
n) + H

2 (t2 − 1)ϕ(H/
√
n).

Write v = n− 1, s =
√
n/v, u = |t|, and

A =
u3 − 3u

6
, B =

u4 − 6u2 + 3

24
√
v

, D =
u5 − 15u

120v
.

Lemma 13.2 (Fifth-order identity with a uniform finite remainder). If u >
√

3, then, with
z = H/

√
v,

Hn(H,±u)

s3
= ±A(1− z2)ϕ(z) +Bϕ(3)(z)∓Dϕ(4)(z) +R,

where the sign of the remainder need not be fixed and

|R| ≤ E(5)
v (u) :=

51u6

14400v3/2
+

51(3u2 − 2)

960v3/2
+

u

8v2
.

This statement is uniform over every real H.

Proof. Let Fw(x) = Φ(x/
√
w), with primes denoting x derivatives. The heat identity ∂wFw =

F ′′
w/2 and ordinary Taylor’s theorem give, with unlabelled derivatives at (v,H),

Fv+1 = Fv + F ′′
v /2 + F (4)

v /8 +R0, |R0| ≤ sup
w∈[v,v+1]

∥F (6)
w ∥∞/48,

F ′
v+1 = F ′

v + F ′′′
v /2 + F (5)

v /8 +R1, |R1| ≤ sup
w∈[v,v+1]

∥F (7)
w ∥∞/48,

F ′′
v+1 = F ′′

v + F (4)
v /2 +R2, |R2| ≤ sup

w∈[v,v+1]
∥F (6)

w ∥∞/8.

Expand Fv(H − t) through degree five, with remainder at most u6∥F (6)
v ∥∞/720. In

Hn
n3/2

= Fv(H − t)− Fv+1(H) + tF ′
v+1(H)− t2 − 1

2
F ′′
v+1(H),

the first three derivative coefficients cancel. The next three are(
t

2
− t3

6

)
F ′′′
v +

t4 − 6t2 + 3

24
F (4)
v +

(
t

8
− t5

120

)
F (5)
v .

The remaining absolute value is bounded by{
u6

720
+

1

48
+
u2 − 1

16

}
sup

w∈[v,v+1]
∥F (6)

w ∥∞ +
u

48
sup

w∈[v,v+1]
∥F (7)

w ∥∞.

Fourier inversion of the Gaussian, differentiated under its absolutely integrable Fourier transform,
gives

∥ϕ(k)∥∞ ≤
1

π

∫ ∞

0
yke−y

2/2 dy.

Integration by parts yields ∥ϕ(5)∥∞ ≤ 8/π < 2.55 and ∥ϕ(6)∥∞ ≤ 15ϕ0 < 6. Since F
(j)
w =

w−j/2ϕ(j−1), the displayed remainder becomes s3E
(5)
v (u) after multiplication by n3/2. The three

retained derivative coefficients give the identity.

Lemma 13.3 (A lower tangent bound for the fourth Gaussian derivative). For every real z,

ϕ(4)(z) ≥ ϕ0(3− 15z2/2).
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Proof. The same Gaussian Fourier integral gives ϕ(4)(z) = π−1
∫∞
0 y4e−y

2/2 cos(yz) dy. Use the
globally valid inequality cosw ≥ 1 − w2/2 inside this integral. Its fourth and sixth Gaussian
moments are 3ϕ0 and 15ϕ0, respectively.

Lemma 13.4 (Uniform signed fifth-order envelope). Suppose u >
√

3 and A,B,D ≥ 0. If
W = A− 15D/2 > 0, put

T = A− 3D +
9B2

4W
.

If T ≥ A/2 + 2B + 3D, then, for every real H and either sign,

Hn(H,±u) ≤ s3{ϕ0T + E(5)
v (u)}.

Proof. For positive t = u and |z| ≤ 1, divide the retained terms by ϕ0 and use the preceding
tangent bound to obtain

A− 3D − (A− 15D/2)z2 + 3B|z| ≤ A− 3D + 9B2/(4W ).

Here (1− z2)ϕ(z) ≤ (1− z2)ϕ0 and |ϕ(3)(z)| ≤ 3|z|ϕ0 on this interval. For |z| ≥ 1 the first term
is nonpositive, and the Fourier bounds ∥ϕ(3)∥∞ < 2ϕ0 and ∥ϕ(4)∥∞ ≤ 3ϕ0 give 2B + 3D. For
negative t = −u, the first term has global upper bound 2e−3/2Aϕ0 < Aϕ0/2, and the other terms
give (2B + 3D)ϕ0. The hypothesis on T covers both exterior cases. The inequality 2e−3/2 < 1/2
follows from four positive terms of the exponential series at 3/2. Finally add the uniform
remainder.

13.3 Finite bands and the exact support polynomial

For integers 36 ≤ N ≤ L, use the simultaneous endpoint bounds

B+ =
u4 − 6u2 + 3

24
√
N − 1

, D+ =
u5 − 15u

120(N − 1)
, D− =

u5 − 15u

120(L− 1)
.

For an infinite index range, set D− = 0 instead. Put

W∗ = A− 15D+/2, T∗ = A− 3D− +
9B2

+

4W∗
.

The proof of Lemma 13.4 applies uniformly on the whole band if W∗ > 0 and T∗ ≥ A/2 + 2B+ +
3D+. In particular the favorable term is frozen at the upper index endpoint, and the adverse
terms at the lower one. No monotonicity of a signed coefficient is assumed.

Let (P,H) be an attained positive closed maximizing pair, standardized to mean zero and
variance one. Write C = Cn ≥ CE , ρ = E|X|3, β = E[X|X|], and d = n(Cn−1−Cn)+. The finite
contact/predecessor bound is

ρI(t) ≤ Hn(H, t) + C{−|t|3 + 3ρt2/2 + 3βt+ ρen}+ ρsnd,

with I = 0 on the entire closed support. Suppose also, for a finite band, that Cn − CE ≥ K/n,
where K > 0. The published finite cap gives

c = .4095 +K/L < Cn, ρ < r = min

{
.3031(.646)

c− .3031
,
.3322(.429)

c− .3322

}
.

For the unrestricted nonnegative case put K = 0, c = .4095. The sign-moment inequality
ρ ≥ (1 + β2)/

√
1− β2 supplies |β| < b whenever (1 + b2)2 > r2(1− b2) and 0 < b < 1. All these

statements concern the same current law. The lower endpoint cannot replace L in K/L.

When a preceding resource enclosure supplies sharper actual bounds ρ ≤ r and |β| ≤ b, these
may instead be used in the same polynomials. Their validity is the only extra premise.
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Use rational ℓ2 ≤ N − 1 and S2 > N/(N − 1). For u = |t| define

Q(u) = −u3 + 3ru2/2 + 3bu+ .384r/N.

First check Q < 0, before replacing C by its lower bound c. Replace 1/
√
N − 1 by 1/ℓ in the

adverse remainder and in the term 2B+ of the domination gate. Write E∗ for that rational
remainder. Strict negative contact for every n in the band follows from the polynomial inequality

2

5
S3

{
(A− 3D−)W∗ +

(u4 − 6u2 + 3)2

256(N − 1)

}
+ S3E∗W∗ + {cQ+ rSq}W∗ < 0.

The second polynomial gate is W∗ > 0. The third is

{A/2− 3D− − 3D+ − 2B+}W∗ +
(u4 − 6u2 + 3)2

256(N − 1)
> 0.

This is the cleared-denominator version of the domination hypothesis. The bound on T∗ is
positive, so the replacement ϕ0 < .4 and sn < S both have their correct direction.

The exact kernel tests these polynomials on all adjacent closed intervals of length .05 from
R to 4.5. Positive Bernstein coefficients prove their signs on every point of each cell, including
endpoints. On the rays u ≥ 4.5 use the imported finite bound |Hn(H, t)| ≤ u3/15 + u/5 + 1/2.
The resulting cubic and its first three derivatives are strictly negative at 4.5, as is the coefficient
Q before replacing C by c. This excludes the whole rays. Thus, if d ≤ q, actual support is in
(−R,R), including exclusion of arbitrarily small exterior atoms and exterior accumulation points.

13.4 The support rows used in this proof

For the all-index local argument, take K = 0, R = 3.84, q = .19 on

[45, 49], [50, 59], [60, 89], [90, 134], [135, 199], [200,∞).

Only indices at least 47 are used. The last row uses D− = 0; there is no upper index restriction.
The exact checker reconstructs all closed u cells and the two exterior rays. Missing an index
band or the infinite row is an acceptance failure.

The finite base uses five further rows:

[N,L] K R q

[40, 40] 1.5 3.3 .88
[41, 49] 1.5 2.9 1.5/40
[45, 45] .7 3.5 .8341
[46, 98] .7 3.5 .7/45
[46, 46] .54 3.4 79/450

The second and fourth are used only on 41 ≤ n ≤ 45 and 46 ≤ n ≤ 50, respectively. Retaining
their originally certified upper endpoints makes their inequalities weaker, so restricting the
application introduces no new arithmetic assertion. These are support implications, not yet
exclusions; the resource calculation supplies the latter.

13.5 One bounded-threshold series

Put ck = (−1)k/[2kk!(2k + 1)], and let (x)j denote the rising factorial. Define the following
rational polynomials:

Pj(H, t) =

j+1∑
k=0

ck(k + 1/2)j+1−k
(j + 1− k)!

(H − t)2k+1 − cj+1H
2j+3

+
(−1)j+1tH2j+2

2j+1(j + 1)!
+

(−1)jH2j+1(t2 − 1)

2j+1j!
.
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In particular,

P0 = (t3 − 3t)/6, P1 =
3t− t3

4
H2 +

t4 − 6t2 + 3

8
H +

−t5 + 10t3 − 15t

40
.

Fix h > 0, E(x) = (193/71)⌈x⌉, and

Br =
7(h+ r)

6
E((h+ r)2/6) +

(
h+ r +

h(r2 + 1)

8

)
E(h2/8).

Lemma 13.5. For every n ≥ 4, |H| ≤ h and |t| ≤ r,∣∣∣∣∣∣Hn/ϕ(0)−
5∑
j=0

Pj/n
j

∣∣∣∣∣∣ ≤ 47Br/n
6.

Proof. Put z = 1/n. Integration of the Gaussian exponential series gives Hn/ϕ(0) = S(z)/z,
where

S(z) =
∑
k≥0

ck{(H − t)2k+1(1− z)−k−1/2 −H2k+1}zk

+ te−H
2z/2 + 1

2zH(t2 − 1)e−H
2z/2.

Its constant coefficient vanishes, and expansion of the binomial factor gives [zj+1]S = Pj . At
z0 = 1/4, the sum obtained by replacing all coefficients by their absolute-value majorants is at
most Br: use (1 − z0)−1/2 < 7/6, 1/(2k + 1) ≤ 1, and e < 193/71. The latter bound follows,
for example, by summing the exponential series through degree six and bounding the rest by
a geometric series with ratio 1/8. All products and rearrangements are therefore absolutely
convergent. The discarded terms have degrees at least seven in S, so their sum at 0 ≤ z ≤ z0 is
at most (z/z0)

7Br. Divide by z to get the result. This proves a finite uniform bound, including
every threshold in the stated interval and every n ≥ 4.

13.6 A common contact test for radius and strip refinement

Suppose n ≥ 47, 0 ≤ C − CE ≤ .7/n, δn ≤ .19 and |X| ≤ R0. A previously acquired row gives

ρ ≤ r, 0 ≤ bl ≤ β ≤ bu < 1, |H| ≤ h.

Define Q(t) = −|t|3 + 3ρt2/2 + 3βt and LP (t) = CEQ(t) + ϕ(0)(t3 − 3t)/6. For t > 0, upper
polynomials for LP (t), Q(t) are

(1/15− .4095)t3 + 1.5(.40974)rt2 + (3(.40974)bu − .3988/2)t, −t3 + 1.5rt2 + 3but.

For t < 0, write u = |t| and use

(−.3988/6− .4095)u3 + 1.5(.40974)ru2 + (.2− 3(.4095)bl)u, −u3 + 1.5ru2 − 3blu.

These coefficient choices are valid because bl ≥ 0 is checked first. On any closed cell of one sign,
let LJ be an upper bound for the first polynomial and let QJ ≥ 0 bound the positive part of the
second. For j = 1, 2, 3, take mj to be the positive part of the largest tensor Bernstein coefficient
of Pj on [−h, h] × J . For j = 4, 5, the absolute monomial bound

∑
a,b |[Hatb]Pj |haRbJ suffices,

where RJ = maxt∈J |t|. The support contact is then bounded above by

LJ +
.7QJ
47

+ .4

 5∑
j=1

mj

47j
+

47BRJ

476

+ r

(
.19S +

.384(.425)

47

)
, S >

√
47/46. (13.1)
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Indeed substitute the finite series in contact, split C = CE + (C − CE), and use C < .40974 +
.7/47 < .425. Every error retained in (13.1) is nonnegative and decreases with n. A strictly
negative rational result therefore excludes the entire cell for every integer n ≥ 47, including
atoms and accumulation points.

For a coordinate strip, conditional centering gives

X = ℓ(Y − p), ℓ =
√

(1− θ)/(p(1− p)), β = (1− θ)(1− 2p) + κ, |κ| ≤ θ.

If p ∈ [pl, pu] ⊂ (0, 1/2) and θ ≤ Θ, put ℓl ≤
√

(1−Θ)/(pu(1− pu)). The forbidden strip
Y /∈ (−.55, 1.55) maps into

X ≤ −ℓl(pl + .55), X ≥ ℓl(1.55− pu).

Apply (13.1) between these thresholds and ±R0. An interval beyond the known radius is empty;
an equal endpoint is a singleton that is still checked. If only an upper β bound is given, use
bl = (1−Θ)(1− 2pu)−Θ, after checking its nonnegativity.

The selected consequences used in the resource schedule are:

input rows prior radius conclusion closed cells

10 central preparation rows 3.84 |X| < 2.5 1080
45 central rows 2.5 −.55 < Y < 1.55 1431
38 left rows 2.7 −.55 < Y < 1.55 3073

The respective largest contact bounds are below −.084, −.097 and −.01658. These implications
acquire no row by themselves: each is used only after its input row is proved by the preceding
resource step. The left radii are applications of the all-threshold support polynomial, with
(N,L,K, q) = (47,∞, 0, .19) and the actual moment caps

(r, b, R) = (1.390, .430, 3), (1.2563, .3926, 2.7).

Thus the same heat proof supplies the initial radius, both left contractions, and the five finite-base
rows. The bounded-threshold series supplies the central contraction and both coordinate strips.

14 Entry as a resource enclosure

The entry calculation has one job: turn an attained extremizer into a short list of simultaneous
hypotheses for the local comparison. Its many successive tables are applications of one enclosure
principle. A table is a cover of possible laws; a refinement intersects that cover with newly proved
inequalities. There is no assertion that an iteration converges, and no improved bound is used to
justify itself.

Throughout, X has mean zero and variance one, n ≥ N , and H is the raw sum threshold.
Put

ρ = E|X|3, β = E[X|X|], γ = EX3, Mj = E|X|j ,

C = Cn, e = C − CE ≥ 0, CE =
3 +
√

10

6
√

2π
.

The input is an attained positive closed maximum, together with the contact inequality stated
below, an actual support bound, and an independently established score cap. The global proof
supplies these inputs. A conditional upper bound on moments is never used to acquire the
support needed to define those moments.
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14.1 The conserved quantity

Write τ(t) = E[X1X≥t]. It is nonnegative,
∫
τ = 1, and 2

∫
|t|τ(t) dt = ρ. On each bounded gap

g = (a, b) of the closed support it has the constant value τg. Define

J =
∑
g

τg(b− a)2, J1 =
∑
g

τg

∫ b

a
(t− a)t dt,

J2 =
∑
g

τg

∫ b

a
(t− a)t|t| dt, D = (3 + σ)ρ− γ − 3J, σ =

√
10,

L =
∑
g

τg

∫
[a,b)

(t− a) ν(dt), ν = L(H − Sn−1).

The half-open convention includes the lower endpoint with weight zero and excludes the upper
endpoint. In particular it treats atoms without an implicit midpoint convention. Bounded
support makes all sums absolutely convergent. The gap calculation below proves D ≥ 0; clearly
L ≥ 0.

Put φ = ϕ(H/
√
n) and

K1 = E[X|X|3]− 3β − 3
2ργ,

Kq = M5/4− ρM4/2− 3
2βγ + ρ/2, U = J1 + (M4 − 3)/6.

The exact remainder identity is

neρ+ nCEρ(1− e−w) + nϕ(0)e−wD/6 + n3/2L = R, w = H2/(2n), (14.1)

where

R = C{3βJ/2 + 3ρJ1 − 3J2 −Kq}+H(CK1 + φU)−H2(Cρ+ γφ/2) + En. (14.2)

The complete Fourier estimate supplies a coherent pair |En| ≤ KF + sF |H|: the constant from
one estimate is not combined with the slope from another unless both were separately proved.
Section 15 derives (14.1) and the whole Fourier bound from the contact interface.

Lemma 14.1 (Removing the Gaussian weight). Suppose a first pass proves R < r < Nc0, where
Cρ ≥ c0. Every later valid upper bound R ≤ r′ then gives

neρ+ nϕ(0)D/6 + n3/2L ≤ R, e−w ≥ 1− 5r′

2n
, nD ≤ 15000r′

997
. (14.3)

The last two bounds use CEρ > 2/5 and ϕ(0) > 997/2500.

Proof. Rearrange the exact identity before changing its Gaussian weight: φ(γ + 3J)/6 =
Cρ +

√
nL − R/n > 0. Thus CEρ − ϕ(0)D/6 > 0. Replacing e−w by one in (14.1) lowers its

left side, proving the first assertion. The original nonnegative phase term proves 1 − e−w ≤
r′/(nCEρ) < 5r′/(2n). The defect bound follows from the first assertion. The initial sign license
is proved before any feedback is used.

The same identity also gives a useful score update. If this cell forces D ≥ dl ≥ 0 and a
preceding pass gives raw ceiling r, then

C ≤ .40974 +
r/N − .3988(1− 5r/(2N))dl/6

ρl
.

A negative numerator excludes the cell because e ≥ 0. Otherwise its numerator increases with
1/n, and division by the positive lower ρl is outward. Thus the update is valid for every n ≥ N
and uses only the previous raw bound.
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For later local comparisons we retain the sharper phase resource. If previous bounds give
R ≤ r, nD ≤ Nd, then

neρ+ κnD + n3/2L ≤ B(H), κ = 997/15000, (14.4)

where an upper bound for B is obtained from the raw quadratic by increasing its curvature by

qextra(ρ) =
1− 5r/(2N)

2

(
.4095ρ− d

15

)
> 0. (14.5)

Indeed the subtracted exact phase term is n(1− e−w)(CEρ− ϕ(0)D/6). Use 1− e−w ≥ we−w,
D ≤ d, ϕ(0) < .4, and the previous density floor. The bound Qbudget includes (14.5); it must not
be charged a second time.

14.2 One positive-measure rule

Suppose zero lies in the gap (−A,B), A,B > 0. Let

p = P(X > 0), q = 1− p, m = EX+ = EX−, V = E[X | 1X>0],

W = X − V, θ± = E[W 2;±X > 0], θ = θ+ + θ−.

Then m2 = (1 − θ)pq, and the conditional means have magnitudes Ā = m/q, B̄ = m/p. Set
∆A = Ā−A ≥ 0, ∆B = B̄ −B ≥ 0. We also use the unnormalised endpoint displacements

M+ = E[(X −B)1X>0] = p∆B, M− = E[(−X −A)1X<0] = q∆A.

Lemma 14.2 (Positive-measure pricing). For x = |X|, a = |V |, and a function h constant on
each sign class,

E[h(|X|j − |V |j)] = E

[
hW 2

j−2∑
k=0

(k + 1)akxj−2−k

]
, j ≥ 2. (14.6)

Also, for dµ0 = (|X| − 1)2(|X|+ 1/2) dP ,

µ0(R) = ρ− 1,

M4 − 1 =

∫
(x+ 1)2

x+ 1/2
dµ0,

M5 − 1 =

∫
x3 + 2x2 + 3x+ 3/2

x+ 1/2
dµ0,

K1 + 3ρβ =

∫
sgn(X)x(x+ 2− 3ρ/2)

x+ 1/2
dµ0.

For any nonnegative resources zi satisfying
∑
aizi ≤ r, ai > 0, a signed linear cost obeys∑

bizi ≤ rmax{0, b1/a1, . . . , bk/ak}. (14.7)

Proof. Divide xj − aj − jaj−1(x− a) by (x− a)2; the linear term has zero conditional mean. The
radial identities follow by multiplying out and using EX = 0, EX2 = 1. Finally each bi is at
most ai times the displayed maximum, and all zi are nonnegative.

This one rule accounts for the moment, signed Taylor, endpoint movement, outer-gap, and
confinement-error estimates. In particular, no two costs may each spend the full residual and
then be added.
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14.3 The simultaneous gap budget

Let p∗ = (4− σ)/2 and T+ = EX3
+ −mB2, T− = EX3

− −mA2. If Jo = J −m(A+B)2, signwise
integration gives

D = m(
√
σ + 1A−

√
σ − 1B)2 + (σ − 1)T+ + (σ + 1)T− + 3(T+ + T− − Jo). (14.8)

Moreover, writing R+ = E[X+(X+ −B)] and similarly R−,

T+ + T− − Jo ≥ 2BR+ + 2AR− ≥ 0.

If zero belongs to the support, every gap has one sign and J ≤ ρ, so D ≥ σρ − γ ≥ (σ − 1)ρ.
Otherwise (14.8) proves D ≥ 0. Consequently D < (σ − 1)ρ licenses the actual central gap. We
also have J ≤ ρ+ 2m ≤ ρ+ 1; if D < 2, then T+ + T− ≤ D/2 and A+B ≥

√
2−D.

To verify the gap estimate, on a positive outer gap (u, v), (v−u)2 ≤ 2
∫ v
u (t−B) dt. Summing

with weights τg and applying Tonelli gives J+
o ≤ T+−2BR+; reflect for the other sign. Expanding

the definition of D gives (14.8). The inequality AB ≤ 1 follows by integrating (X+A)(X−B) ≥ 0,
and m ≤ 1/2 follows from E|X| ≤ 1.

Conditional expansion about Ā, B̄ now gives the stronger single inequality

D ≥ (6 + 2σ)(1− θ)3/2
√
pq

(p− p∗)2 + 6m{(A+B)(∆A + ∆B) + ∆A∆B}

+ 3(σ + 1)Bθ+ + 3(σ + 3)Aθ−.

(14.9)

For example EX3
+ = mB̄2 + E[(X + 2B̄)(X − B̄)2;X > 0] and R+ = θ+ + m(B̄ − B). The

cubic residual is at least 3Bθ+. The deterministic shift left after substituting both signs is
6m{ĀB̄ −AB +B∆B +A∆A}, equal to the second term above. The remaining deterministic
expression, using m2 = (1− θ)pq, is exactly the displayed binary square.

14.4 A state, its update, and its exported resource

A state for a closed probability interval I = [l, u] records

|X| ≤ R, C ∈ [c0, c1], R ≤ r, nD ≤ Nd, θ ≤ Θ < 1, A ≥ Al > 0, B ≥ Bl > 0,

together with simultaneous signed-moment and coefficient intervals. The distinction between
nD ≤ Nd and D ≤ d is essential. Let s+ = maxI p(1− p), s− = minI p(1− p) and

bI =
(6 + 2σ)(1−Θ)3/2

√
s+

dist(p∗, I)2, rI = d− bI ,

K+ = 3(σ + 1)Bl, K− = 3(σ + 3)Al, K = min(K+,K−), ml =
√

(1−Θ)s−.

If rI < 0, exclude the entire closed cell. Otherwise (14.9) gives, simultaneously,

6m(Al +Bl)(∆A + ∆B) +K+θ+ +K−θ− ≤ rI . (14.10)

Thus one may intersect the preceding bounds with

Θ′ ≤ rI/K, A′
l ≥

√
(1−Θ)l/(1− l)− rI

6ml(Al +Bl)
,

B′
l ≥

√
(1−Θ)(1− u)/u− rI

6ml(Al +Bl)
. (14.11)

Each right side is evaluated from established bounds; sequential improvements may then be used
by the next expression. A nonpositive endpoint estimate fails this update, rather than excluding
a law. Initialization uses the same formulas with the valid lower sum A+B ≥

√
2− d.
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In Bernoulli coordinates set Y = B0 + U , E[U | B0] = 0, B0 ∼ Bernoulli(p), X = ℓ(Y − p)
and dY = (∆A + ∆B)/(Ā + B̄). Then ℓ2 = (1 − θ)/(pq) and λ = nEU2 = npqθ/(1 − θ). The
weighted versions of (14.10) prove

nθ ≤ NrI
K

, ndY ≤
NrI

6(1−Θ)(Al +Bl)
, λ ≤ Ns+rI

(1−Θ)K
. (14.12)

Indeed nD ≤ Nd whereas nbI ≥ NbI . These exports are derived from the weighted resource;
multiplying an unweighted variance ceiling by N would not prove them.

For j = 3, 4, 5 set

L3(v) = R+ 2v, L4(v) = R2 + 2Rv + 3v2, L5(v) = R3 + 2R2v + 3Rv2 + 4v3.

Put v+ =
√

(1− l)/l, v− =
√
u/(1− u) and kj = [1 − (1 −Θ)j/2]/Θ, with kj = j/2 at Θ = 0.

For u < 1/2, valid Bernoulli moment ceilings are, with s = l(1− l),

B∗
3 = (1− 2s)/

√
s, B∗

4 = 1/s− 3, B∗
5 = (1− 4s+ 2s2)/s3/2.

They decrease towards p = 1/2. Convexity places (1− θ)j/2 below its endpoint chord on [0,Θ];
positive-measure pricing gives

Mj ≤ B∗
j + rI max

{
0,
Lj(v+)− kjB∗

j

K+
,
Lj(v−)− kjB∗

j

K−

}
. (14.13)

The same rule, using T+ ≤ 2mv+∆B + L3(v+)θ+ and its reflection, bounds

Wo := (σ−1)T++(σ+1)T− ≤ rI max

{
(σ − 1)v+
3(Al +Bl)

,
(σ + 1)v−
3(Al +Bl)

,
(σ − 1)L3(v+)

K+
,

(σ + 1)L3(v−)

K−

}
.

(14.14)
Intersect every new bound with the previous one. The versions which merge θ+ and θ− are
obtained by replacing both costs by their maximum and both prices by their minimum; they
need no new proof.

14.5 The enclosure theorem

On each cell, the formula atlas bounds the four coefficients in (14.2). The result, for each actual
sign s = sgnH, is a finite family of quadratics

R ≤ max
j

(Aj + Fj,s|H| −Qraw
j H2), Qraw

j > 0. (14.15)

The maxima retain all score–moment corners. In the initial signed cover, intervals contain both
signs of β, γ; no orientation is discarded. In the probability cover, the central integral bound
is a maximum of affine functions of ρ, hence convex. The other ρ-dependence is affine or the
maximum of convex quadratics. For fixed H, the score dependence is convex. Endpoints are
therefore taken before completing the square.

Theorem 14.3 (Finite resource enclosure). Consider a finite ordered schedule of the following
operations:

1. Split a cell into an explicitly covered family of closed cells.

2. Intersect its enclosures with an inequality proved in the atlas.

3. Exclude a cell by an empty necessary interval or a strictly negative nonnegative resource.

4. Apply a separately proved support or confinement implication, checking all its hypotheses
against this cell’s already acquired data.
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5. Export a raw, weighted, or signed phase bound by (14.15), (14.4), and (14.12).

If exact outward arithmetic checks every domain, corner and cover, every output contains all
attaining laws satisfying the input. The conclusion holds for all integers n ≥ N wherever
the formula’s monotonicity gates are checked. It includes zero conditional variance, singleton
intersections and arbitrarily small atoms.

Proof. Induct over the schedule. A split preserves the union, intersections use necessary in-
equalities, and an excluded cell contains no feasible law. Each callback consumes only earlier
hypotheses for that same law. For a scalar raw output, use fh − qh2 ≤ (f+)2/(4q) for h ≥ 0,
q > 0; using f2 is a valid weaker bound. For a resource output first add (14.5) to each curvature.
A negative maximum excludes the cell; a nonnegative one may be divided by κN to give its
next defect parameter. The phase bound follows from the positive root of A + fh − qh2 ≥ 0,
replacing A by A+ if necessary. A strict output is exported only when the certificate retains a
strict upper gap, such as its strict Fourier or target enclosure; closed-domain coverage does not
change strictness. All constants are frozen before evaluating corners. Thus no iteration step
relies on an unproved fixed point. The stated index uniformity is that of the displayed finite
formulas, not a fixed-law limit.

For the Fourier cancellation estimate only, reflect (X,H) if needed: I0(−X,−H) = I0(X,H).
Both odd coefficients change sign, and

∫
e−x

2/2|zx2 − cx4| dx is unchanged by (z, c) 7→ (−z,−c).
Consequently a lower endpoint used there bounds |γ|, not necessarily the original signed γ. The
actual contact, gap and phase data keep their original orientation. A useful additional signed
lower bound is

γ ≥ (1−Θ)3/2
1− 2u√
u(1− u)

−
(
R+ 2

√
u

1− u

)
Θ. (14.16)

To prove it expand EX3 = EV 3 + E[W 2(X + 2V )]; the positive residual is nonnegative and the
negative residual has the displayed lower bound. The binary term decreases in both p < 1/2
and θ. Thus max(0, any signed lower bound) is a valid lower bound for |γ| inside this auxiliary
Fourier estimate.

14.6 Support, confinement, and a short acyclic schedule

Two different support implications are useful. Gaussian contact excludes a point by a strict
negative upper bound on its contact expression; closed cells cover the finite exterior and a
derivative-sign certificate covers any remaining ray. The shared Gaussian support theorem
supplies this callback, including the bounded-threshold radius and coordinate-strip contracts; it
is a prior theorem, not a test on moments alone. Noise confinement proves |U | ≤ a on an already
acquired row. It then implies, without a small-noise limit,

|X| ≤ R∗ :=
max{u+ a, 1− l + a}√

minI p(1− p)
. (14.17)

The denominator uses EU2 ≥ 0, so zero noise is included. The Fourier/moment formulas remain
valid for R ≥ 1; the paired Pearson choice additionally checks R > 2g. In particular there is no
intrinsic lower radius 2.3: the radial ratios in Lemma 14.2 increase on all x ≥ 0, and the other
formulas use their explicit domains.

Here is the selected proof schedule. Each row names an application of Theorem 14.3, not a
different analytic theorem.
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Node Input and operation Output consumed later

I N = 47, R = 3.84, C ≤ .4247; 13
signed passes plus export

100 closed probability cells; 35 survive; R <
1.885, nD < 47(.590)

C Central preparation, contact ra-
dius 2.5, probability refinement

45 cells [.38, .47], width .002; canonical simulta-
neous input

L Complete complementary cover,
contact radius 3, refinement

39 cells [.302, .38]; all other complementary cells
excluded

C1 First confinement from C; radius
formula; enclosure

First improved central table

C2 Antichain confinement from C; in-
tersect C1; enclosure

Selected central table: 45 cells, [.38, .47]

S Separate sign-resource pricing on
C2 and L

One left cell excluded; 38 left cells remain

L2 Left contact radius 2.7 from S; en-
closure

Selected left table: 38 cells, [.304, .38]

Every shared endpoint belongs to its adjacent closed cells. The confinement producing C2
consumes C, not C2. The selected central local comparison uses C2; it does not need the optional
further central refinement in S. The final cover is exactly [.304, .47].

Corollary 14.4 (Uniform acquired entry). Let an attained positive maximum have n ≥ 47,
CE ≤ C ≤ .4247, 0 ≤ n(C − CE) ≤ .7, decrement at most .19, and both deleted score caps at
most .4253. Given the shared contact support and strip implications, the exact schedule above
places its law in one of the 38 selected left rows or 45 selected central rows, with every resource
in that row holding simultaneously. This assertion has no upper bound on n.

Proof. The shared all-threshold support theorem supplies radius 3.84. Apply the finite enclosure
theorem in the displayed order, retaining the weighted bounds at every edge. The initialization’s
stored upper index 98 occurs only through .4095+K/98; here K = 0, so it imposes no upper-index
restriction. All subsequent index-dependent inequalities are checked for every n ≥ 47 by their
stated monotonicity gates. The accepted closed covers exclude the complementary cells and give
the stated 83 rows.

The local-comparison interface. For each final row supply p ∈ I, θ ≤ Θ, λ ≤ Λ, the actual
support/amplitude, dY ≤ d0, both signed phase limits, and all four coherent quadratics bounding
(14.4). On a phase/noise subcell, let TH be the maximum of each concave quadratic at its clipped
vertex, then the maximum over corners and the minimum with the scalar bound. If a proved
moment inequality is

D ≥ αdY + bθ + P, α > 0, ℓ ≥ ℓ−, λ ≥ L0,

then the exact strict resource supplied to the comparison is

ndY < G :=
TH/κ−NP − bℓ2−L0

α
. (14.18)

This uses nθ = ℓ2λ and nP ≥ NP . If G ≤ 0, the entire closed subcell is excluded. Formula (14.18)
is the same resource as (14.4), not an additional allowance.

15 The minimal contact–Fourier foundation

The only contact input needed here is the following explicit interface. At the attained positive
maximum, with F = P(Sn ≤ H), z = H/

√
n and ν = L(H − Sn−1), one has ν([y,∞)) ≤ q(y) for
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every real y, with equality on the full closed support, where

nq(y) = nF + 1
2{zϕ(z) + Cρ/

√
n} − (

√
nϕ(z) + 3Cβ/

√
n)y

− 1
2{zϕ(z) + 3Cρ/

√
n}y2 + C|y|3/

√
n. (15.1)

This contact statement and attainment are supplied by the global section. Everything that
follows in this section is derived from it. We abbreviate M4 = µ4, M5 = η5 in the coefficient
formulas.

15.1 Compensated smooth inversion

Write Zn = Sn/
√
n, f(t) = EeitX , and let N be standard normal. The smooth payoff qz(x) =

(x− z)|x− z| gives the exact error

ϵn(z) = Eqz(Zn)− Eqz(N)− 2γϕ(z)

3
√
n
.

Lemma 15.1. For every real H and n ≥ 1,

ϵn(H/
√
n) = − 4

πn

∫ ∞

0

ℑ(e−itHVn(t))

t3
dt, Vn(t) = f(t)n − e−nt2/2(1− inγt3/6). (15.2)

The integral is absolutely convergent. With the split at t = 1/2,

Ilow =

∫ 1/2

0

|ℑ(e−itHVn(t))|
t3

dt, Ihigh =

∫ ∞

1/2

|Vn(t)|
t3

dt, (15.3)

one has |ϵn(z)| ≤ 4(Ilow + Ihigh)/(πn).

Proof. The scalar identities∫ ∞

0

ty − sin(ty)

t3
dt =

π

4
y|y|,

∫ ∞

0

|ty − sin(ty)|
t3

dt =
π

4
y2

follow by scaling and integration by parts. One elementary evaluation of the constant uses Ja(b) =∫∞
0 e−at(1− cos bt)t−2dt: J ′′

a (b) = a/(a2 + b2), Ja(0) = J ′
a(0) = 0, so Ja(1) =

∫ 1
0 arctan(b/a)db→

π/2. Monotone convergence removes a > 0. For a finite signed measure µ with zero mass and
first moment and finite absolute second moment, absolute Fubini applied to the compensated
scalar integrand therefore gives∫

(s−H)|s−H| dµ(s) = − 4

π

∫ ∞

0
t−3ℑ(e−itH µ̂(t)) dt. (15.4)

Apply this to the law of Sn minus the pushforward, by x 7→
√
nx, of the signed density

ϕ(x)[1+γ(x3−3x)/(6
√
n)]. Gaussian integration by parts gives its transform e−nt

2/2(1−inγt3/6),
total mass one and first moment zero. Since (x3 − 3x)ϕ = −ϕ′′′, integration twice by parts and
then across z gives −

∫
qzϕ

′′′ = 4ϕ(z). This proves the formula and its scale factor. The high
integral is finite from |f | ≤ 1 and Gaussian decay; the low integral is finite by the absolute Fubini
argument.

The payoff is smooth enough for compensated inversion. No discontinuous CDF is inverted,
so no atom midpoint convention is introduced.
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15.2 Derivation of the conserved identity

Proof. Compute A =
∫
τ(y)[q(y) − ν([y,∞))]dy in two ways. Put r = −q′. Contact at both

endpoints of a gap gives

ν([a, b)) =

∫ b

a
r(t)dt,

∫ b

a
[q(y)− ν([y,∞))]dy =

∫ b

a
(t− a)r(t)dt−

∫
[a,b)

(t− a)dν(t).

The integrand vanishes on the support and τ = 0 on the exterior rays. Summing, and differenti-
ating (15.1), gives

A =
ϕ(z)J

2
√
n

+
G

n3/2
− L, G =

3

2
CβJ + (Hϕ(z) + 3Cρ)J1 − 3CJ2. (15.5)

All sums and integrals are absolutely convergent on the compact convex hull of the support,
since |J1| ≤ R0J/2, |J2| ≤ R2

0J/2 when |X| ≤ R0.

For the second computation let X∗ have density τ , independent of Sn−1. Signwise Fubini
gives Eg′(X∗) = E[Xg(X)] for continuously differentiable g. In particular, EX∗ = γ/2, E(X∗)2 =
EX4/3 and E|X∗|3 = E|X|5/4. Applying the identity to each summand shows that (Sn−1 +
X∗)/

√
n has density τZn(t) = E[Zn1Zn≥t]. Its CDF at z is Tz = E[(Z2

n − zZn)1Zn≤z], by
integrating that density; the boundary integrand is zero. Substituting the three moments into
(15.1) therefore gives

A = F − γϕ(z)

2
√
n

+
Hϕ(z)(3− EX4)/6 + CKq

n3/2
− Tz. (15.6)

Multiply contact equality by X and integrate. By independence and symmetry, nE[Xν([X,∞))]
equals E[Sn1Sn≤H ]. Expanding the other side yields, for Mz = E[Zn1Zn≤z],

Mz + ϕ(z) = −γzϕ(z)

2
√
n

+
CK1

n
. (15.7)

Finally qz(x) = (x− z)2 − 2(x− z)21x≤z, so Gaussian integration gives

Tz − Φ(z) = −1
2{Eqz(Zn)− Eqz(N)}+ z(Mz + ϕ(z))− z2(F − Φ(z)). (15.8)

Insert (15.7) and the definition of ϵn into (15.6). With

P0 = H2(Cρ+ γϕ(z)/2)−H{CK1 + ϕ(z)(EX4 − 3)/6}+ CKq,

the result is
√
nA = Cρ− γϕ(z)/6 + P0/n+

√
nϵn(z)/2. Equating this with (15.5) proves

Cρ+
√
nL =

ϕ(z)

6
(γ + 3J) +

G− P0

n
−
√
n

2
ϵn(z). (15.9)

Now substitute γ + 3J = (3 +
√

10)ρ−D and ϕ(z) = ϕ(0)e−w, and expand G− P0.

15.3 One complete low-frequency transfer

Put f(t) = EeitX , h(t) = e−t
2/2−iγt3/6, en(t) = e−nt

2/2(1− inγt3/6), and

I0(H) =

∫ 1/2

0
|ℑ(e−itH(fn − en))|dt

t3
, I∞ =

∫ ∞

1/2
|fn − en|

dt

t3
.

The inversion bound (15.3) charges 2
√
n(I0 + I∞)/π; both integrals below are complete.
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Lemma 15.2 (Signed Gaussian transfer). Suppose n ≥ N > 2, µ4 ≤M ≤ 11.1, |γ| ≤ g ≤ 1.85,
µ6 ≤M6, and the actual coefficients

a = (3− µ4)/24, z = (10γ − EX5)/120, c = aγ/6

satisfy |a| ≤ a∗, |z| ≤ Z. Put

E6 = M6/720 + g2/72 + (1/2 + g2/144)3/5, B6 = a∗ + Z/2 + E6/4. (15.10)

Let a0 = (N − 1)/(2N), 0 < b0 ≤ (45−M)(1− 2/N)/96, and λN =
√
π/2(N/(N − 1))3/2. Then,

for every real H,

I0(H) ≤ (L0 + LH |H|)/
√
n+ L2/n, L2 = E6/(2a

2
0) +B2

6/(2b
3
0). (15.11)

Two admissible choices, each used as a complete triple, are as follows. The triangle choice is

L0 = c0Z + c1a∗g + 251g3/17280, LH = c0a∗ + 251g2/4800, (15.12)

where c0 ≥ λN , c1 ≥ λN/2. For the cancellation choice, take any rectangle containing the actual
(z, c), Iu ≥

√
π/2 and FN ≥ (N/(N − 1))3/2. Define

U(z, c) =

{
Iu(|z|+ 3|c|), zc ≤ 0,

Iu
∣∣|z| − 3|c|

∣∣+ 6
√
|zc|e−|z|/(2|c|), zc > 0,

Ju = max
corners

U(z, c).

Then

L0 = FNJu +
FNIu
N − 1

(35a∗g
3/48 + 35Zg2/24) + 251g3/17280,

LH = FNIu{a∗ + 5Zg/[2(N − 1)]}+ 251g2/4800. (15.13)

Neither the transfer nor its cancellation choice assumes signs for a, z, c or γ.

Proof. Taylor with integral remainder gives f −h = −at4− izt5 + r6, |r6| ≤ E6t
6 for 0 ≤ t ≤ 1/2.

Indeed for w = −t2/2− iγt3/6, |w| ≤ t2(1/2 + g2/144) < 1/6; the terms through degree five in
1 + w + w2/2 are exact, its degree-six term costs g2t6/72, and the remaining exponential series
costs |w|3e|w|/6 ≤ |w|3/5. Add the true sixth-moment remainder.

Four integrations of 1 − cosu ≥ 0 give cosu ≤ 1 − u2/2 + u4/24. Symmetrization, using
E(X −X ′)4 = 2µ4 + 6, therefore gives |f(t)|, |h(t)| ≤ e−(45−M)t2/96 on [0, 1/2]. Every point on
their joining segment has the same bound, so polynomial Taylor expansion yields

fn − hn = n(f − h)hn−1 +R2, |R2| ≤ 1
2n

2B2
6t

8e−b0nt
2
.

The r6 and R2 integrals are at most

1

n
{E6/(2a

2
0) +B2

6/(2b
3
0)} = L2/n. (15.14)

For the remaining comparator put u = nγt3/6. Its imaginary part is bounded by e−nt
2/2(|u|3/6 +

|H|tu2/2), so its divided integral is at most

n−1/2(251g3/17280 + 251g2|H|/4800). (15.15)

Here the Gaussian moments follow from integration by parts,
∫∞
0 x2je−x

2/2dx = (2j − 1)!!
√
π/2,

and
√

2π < 251/100.
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It remains to price the leading quartic and fifth terms. Set b = n − 1, v = bγt3/6. The
triangle estimate uses | sin(Ht+ v)| ≤ |H|t+ bgt3/6, | cos | ≤ 1; the Gaussian moments of orders
two and four give respectively λN and λN/2. This proves (15.12). For cancellation, after division
by t3, rotation by Ht bounds the leading imaginary part by

|zt2 − atv|+ a∗t| sin v − v|+ Zt2| cos v − 1|+ |H|t{a∗t+ Zt2| sin v|}.

Multiply by ne−bt
2/2 and use the global sine/cosine remainders. The first integral equals

nJ(z, c)/b3/2, where J(z, c) =
∫∞
0 e−x

2/2|zx2 − cx4|dx. This norm is convex and J(−z,−c) =

J(z, c), so its rectangle maximum is at a corner. For zc ≤ 0 the integral is
√
π/2(|z|+ 3|c|). For

z, c > 0, split at r =
√
z/c; integration by parts gives

J =
√
π/2(z − 3c) + 6cre−r

2/2 + 2(3c− z)

∫ ∞

r
e−x

2/2dx.

Discard the last term when nonpositive, and otherwise bound its integral by
√
π/2. This proves

J ≤ U ; simultaneous sign reflection covers the remaining quadrant. The other four phase
terms use moments of orders two, six, eight and ten and give the coefficients 1, 5/2, 35/24, 35/48
in (15.13). Finally n/(n− 1), 1/(n− 1), a−1

0 and the allowable damping inverses decrease with
n, proving the all-index bounds at N .

Lemma 15.3 (Retaining the signed Gaussian tail). For r > 0, put

M(r) = er
2/2

∫ ∞

r
e−t

2/2 dt, Mk(r) =
1

r +
1

r +
2

. . . +
k

r

(k ≥ 1), M0(r) = 1/r.

Odd truncations are lower bounds forM; even truncations are upper bounds. For z, c > 0, set
x = z/c and

dk+1 = 1, dj = 1 +
j

xdj+1
(j = k, . . . , 1), mk(x) = d−1

1 .

Then the cancellation norm in Lemma 15.2 satisfies

J(z, c) ≤
√
π/2(z − 3c) +

√
zc e−x/2

(
6 +

2(3− x)

x
mk(x)

)
, (15.16)

where k = 11 if x ≥ 3 and k = 12 if x < 3. The factor in parentheses is positive. One may take
the minimum with the previous bound U(z, c) at each corner of the coefficient rectangle.

Proof. The positive integrals Ij(r) =
∫∞
0 tje−rt−t

2/2 dt satisfy I1 = 1−rI0 and Ij+1 = jIj−1−rIj
by integration by parts. Thus, writing qj = Ij/Ij−1 > 0,

I0 =
1

r + q1
, qj =

j

r + qj+1
.

Replacing the final positive qk+1 by zero reverses the inequality at each substitution. This proves
the alternating finite bounds, since translation gives I0 =M(r). No convergence of an infinite
continued fraction is required. The displayed rational recursion gives mk(x) = rMk(r) when
r =
√
x.

Splitting the norm at r =
√
z/c, as in the preceding proof, gives the exact identity

J(z, c) =
√
π/2(z − 3c) +

√
zc e−x/2

(
6 +

2(3− x)

x
rM(r)

)
.
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The multiplier of M is nonpositive when x ≥ 3 and positive when x < 3. Substitute the
corresponding finite lower or upper bound. Positivity of the remaining factor is immediate for
x < 3; for x ≥ 3, use 0 < m11(x) < 1 to bound it below by 6− 2(x− 3)/x > 4. Finally the exact
norm J , rather than either upper-bound formula, is convex, so its containing rectangle is still
exhausted by its four corners.

At every positive coefficient corner use the displayed finite Mills bound. A negative Gaussian
coefficient uses a lower enclosure for

√
π/2; a nonnegative coefficient uses an upper one. The

remaining factor is positive, so outward upper square-root and exponential enclosures are valid.
A simultaneous reflection of both odd coefficients leaves the norm unchanged.

The two coefficient choices in the certificates. All coefficients come from the actual
marginal. For Q = X2 − γX − 1, multiplication gives

EQ2 = µ4 − 1− γ2, EX5 = γ3 + 2γ + E[Q2(X + 2γ)],

µ6 = 1 + 3γ2 + γ4 + E[Q2{(X + γ)2 + 2γ2 + 2}]. (15.17)

For any radius R0 ≥ |X| with R0 ≥ 2g, the two signs of EX5 − 10γ are bounded, at t = |γ|, by

PR0(t) = R0(M − 1) + (10− 2M)t−R0t
2 + t3,

QR0(t) = R0(M − 1) + (2M − 10)t−R0t
2 − t3.

The gate R0 − 2g ≥ 0 permits substituting M for µ4 in both signs. The triangle choice uses the
valid enclosing radius R0 = 6, a∗ = max(2,M − 3)/24, M6 = RE5, b0 = (45−M)(1− 2/N)/96
and

120Z = min{E5 + 10g, Z0},

Z0 =


P6(g), M ≤ 5, P ′

6(g) ≥ 0,

6(M − 1) + (10− 2M)2/[4(6− g)], M ≤ 5, P ′
6(g) < 0,

6(M − 1) + (2M − 10)2/24, M > 5.

(15.18)

If M ≤ 5, P6 ≥ Q6 and P ′′
6 < 0 on [0, g]; use the increasing endpoint or t3 ≤ gt2 and complete

the square. If M > 5, P6 ≤ 6(M − 1) and the upper quadratic for Q6 gives the third row. One
may also use the actual radius by setting r0 = max(R, 2g) > g and

Zr =

{
r0(M − 1) + (10− 2M)t∗ − (r0 − g)t2∗, M ≤ 5, t∗ = min{g, (10− 2M)/[2(r0 − g)]},
r0(M − 1) + (2M − 10)t∗ − r0t2∗, M > 5, t∗ = min{g, (2M − 10)/(2r0)}.

Indeed for M ≤ 5, Pr0 ≥ Qr0 and t3 ≤ gt2; for M > 5, Pr0 ≤ r0(M − 1) and dropping −t3
bounds Qr0 . Each displayed quadratic is maximized at its clipped vertex. Thus the enclosure
uses 120Z = min(E5 + 10g, Z0, Zr). It uses c0 ≥

√
π/(16a30) = λN and c1 = c0/2. The weaker

choice c1 ≥
√
π/(256a50) = λNN/[2(N − 1)] is also permitted by the same transfer lemma.

For the paired choice the already proved cell has 0 ≤ γl ≤ |γ| ≤ g ≤ 1, M ≤ 2, and R > 2g.
After reflecting only this auxiliary Fourier integral if necessary, set

a∗ = (2− γ2l )/24, b0 = (43/96)(1− 2/N),

M6 = min{RE5, 1 + 3g2 + g4 + (R2 + 2Rg + 3g2 + 2)(M − 1− γ2l )},
t∗ = min{g, (10− 2M)/[2(R− g)]},

120Z = min{E5 + 10g,R(M − 1) + (10− 2M)t∗ − (R− g)t2∗},
zl = max{−Z, [8γl − γ3l − (R+ 2γl)(M − 1− γ2l )]/120}, zu = Z,

cl = (3−M)γl/144, cu = (2− γ2l )g/144.
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Check M − 1 − γ2l ≥ 0 and that the rectangle is ordered. Here PR ≥ QR, and PR(t) ≤
R(M − 1) + (10 − 2M)t − (R − g)t2, whose maximum is at t∗. The numerator of the lower z
bound increases in γ ≥ 0 because its derivative is 10 − 2M + 2Rγ + 3γ2 > 0. Pearson’s first
and third identities give a∗ and M6. If 3g2 ≤ 2, the increasing function 2γ − γ3 further licenses
cu ≤ (2g − g3)/144. Thus this positive rectangle is one specialization of the signed transfer, with
exactly the coefficients used by the fixed acceptance programs.

15.4 The complete high-frequency integral

For b, κ > 0 and n > 0, put

Tn =
√
n

∫ ∞

b
e−nκt

2
t−3 dt, x = nκb2.

Lemma 15.4 (HIGH LAGUERRE2). For every x > 0,

Tn ≤
√
ne−x

2b2
x+ 2

x2 + 4x+ 2
.

If Nκb2 ≥ 1/4, the right side decreases with n ≥ N .

Proof. Substitute t2 = b2(1 + s) and use positive Fubini to obtain

Tn =

√
ne−x

2b2

∫ ∞

0

e−xs

(1 + s)2
ds =

√
ne−x

2b2

∫ ∞

0

u

x+ u
e−u du.

Put P (u) = u2 − 4u+ 2 and D(x) = x2 + 4x+ 2 = P (−x) > 0. Exact division gives

1

x+ u
− Qx(u)

D(x)2
=

P (u)2

(x+ u)D(x)2
≥ 0,

where
Qx(u) = −u3 + (x+ 8)u2 − (x2 + 8x+ 20)u+ x3 + 8x2 + 20x+ 16.

Integration uses only
∫∞
0 uje−udu = j!, proved by integration by parts. It gives

∫
Qx(u)e−udu =

(x+ 3)D(x) and hence∫ ∞

0

u

x+ u
e−udu = 1− x

∫ ∞

0

e−u

x+ u
du ≤ 1− x(x+ 3)

D(x)
=
x+ 2

D(x)
.

For the all-index statement, differentiate
√
xe−x(x+ 2)/D(x). After multiplication by positive

factors, its derivative has numerator 4− 10x− 22x2− 13x3− 2x4. This polynomial is negative at
x = 1/4 and strictly decreasing for x > 0. Thus it is negative on the entire required half-line.

Let EX = 0, EX2 = 1, EX4 ≤ M , and write γ = EX3, f(t) = EeitX . For independent
copies suppose an actual event E satisfies

P (E) ≥ a > 0, |X −X ′| ≥ d0 > 0 on E, E[(X −X ′)2 | E] ≤ME .

The event is measured under the product of the same marginal law. Define the Taylor comparator
en(t) = e−nt

2/2(1− inγt3/6) and

I∞ =

∫ ∞

1/2
|f(t)n − en(t)|t−3 dt, L(x) =

x+ 2

x2 + 4x+ 2
.
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The sign of the imaginary term is immaterial for its absolute-value bound. Use b = 9/10,
0 < r ≤ 1/4,

h =
333

106
− (22/7)3r2

6
> 0, κ = a(23/48)2d20,

S3 =
20∑
j=1

j−3 +
1

800
, S5 =

20∑
j=1

(j − r)−5 +
1

4(20− r)4
.

Set

c =
1−maxu∈{1/4,81/100}[1− u+ (M + 3)u2/12]

2
,

c0 =
1

8
− M + 3

384
, s =

1− (M + 3)53/600

2
.

The usual damping domain requires c > 0.

Lemma 15.5 (HIGH WINDOW50). For every integer n ≥ 5, the complete upper bound is

√
nI∞ ≤ An +

ME

4π3/2h
√
a

(
S3 +

3S5
nah2

)
+
ME
√
n

2π2
e−nah

2r2

+ Zn +

√
n

2b2
e−na(23/48)

2
+
√
ne−n/8

(
2L(n/8) +

√
M − 1

3

)
,

where always An = 2
√
ne−nc is permitted, and, if s > 0, it can be replaced by the smaller of itself

and
2
√
ne−nc0L(ns/4).

The zero-cell term Zn may be taken as the smaller of

e−nκb
2

2b4κ
√
n
,

√
ne−nκb

2

2b2
L(nκb2).

Each term may be evaluated at a common floor N for all n ≥ N provided

2Nc′ > 1 (c′ ∈ {c, ah2r2, a(23/48)2, 1/8}).

For the new first term also require 2Nc0 > 1; for the second zero-cell option require Nκb2 ≥ 1/4.
If either extra condition is unavailable, retain the corresponding old term. Any fixed collection of
permitted windows may be evaluated, and the minimum of its complete six-term bounds remains
valid.

Proof. We give the entire frequency partition to make clear what changes. On [1/2, b], sym-
metrization and cosu ≤ 1− u2/2 + u4/24 yield

|f(t)|2 ≤ 1− t2 + (M + 3)t4/12, |f(t)|n ≤ e−nc(t2), c(u) = u/2− (M + 3)u2/24.

Bounding c(t2) below by c and using
∫ b
1/2 t

−3dt < 2 gives the old first term. Concavity supplies
the more precise chord bound

c(u) ≥ c0 + s(u− 1/4), 1/4 ≤ u ≤ 81/100,

because the difference is exactly (M + 3)(u − 1/4)(81/100 − u)/24. If s > 0, extend only the
resulting positive exponential majorant to the half-line. The preceding rational Gaussian-tail
lemma, with lower endpoint 1/2, gives

√
n

∫ b

1/2
e−nc(t

2)t−3dt ≤ e−n(c0−s/4)
√
n

∫ ∞

1/2
e−nst

2
t−3dt ≤ 2

√
ne−nc0L(ns/4).
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For t ≥ b, conditioning on the actual event and convex Jensen give

|f(t)|n ≤ e−nE sin2(t(X−X′)/2) ≤ E[e−na sin
2(td/2) | E], d = |X −X ′|.

Positive Tonelli allows a separate partition for every d > 0. Put ℓ = 2π/d. The zero cell is [0, ℓ/2];
the other cells are ℓ[j − 1/2, j + 1/2], j ≥ 1. In each nonzero cell take the core t = ℓ(j + v),
|v| ≤ r. These cores are disjoint even for r ≤ 1/2. For our smaller range r ≤ 1/4, the elementary
sine bound gives | sin(πv)| ≥ h|v| throughout a core, and | sin(πv)| ≥ hr throughout its wings.
The latter uses that sin(π|v|) increases on [0, 1/2].

Since j − r > 0, Taylor’s formula on the two sides gives

(j − v)−3 + (j + v)−3

2
≤ j−3 + 6(j − r)−5v2.

Integrate this majorant against e−nah
2v2 on the full real line. The result is

√
π[j−3/

√
nah2 +

3(j − r)−5/(nah2)3/2]. The Jacobian is t−3dt = d2(4π2)−1(j + v)−3dv. Summing and averaging
d2 gives the second term. The two series tails are bounded by their decreasing integrals after
20, producing exactly S3, S5. The total wing weight is at most

∫∞
ℓ/2 t

−3dt = d2/(2π2), giving the
third term. Extending cores or wings below b only adds a positive integral.

In the zero cell write u = td/2 ≤ π/2. For u ≤ 1/2, use sinu ≥ (23/24)u and the rational
Gaussian-tail lemma with rate κ; its two choices give Zn. For u ≥ 1/2, use sinu ≥ 23/48 and
total weight 1/(2b2), giving the fifth term. Shared endpoints have zero integration measure,
including when the conditional distance distribution has atoms.

Finally keep the comparator on the entire interval [1/2,∞). Its absolute-value bound splits
its integral into

√
n

∫ ∞

1/2
e−nt

2/2t−3dt+
n3/2|γ|

6

∫ ∞

1/2
e−nt

2/2dt.

The first part is at most 2
√
ne−n/8L(n/8). For the second, t ≥ 1/2 implies∫ ∞

1/2
e−nt

2/2dt ≤ 2

∫ ∞

1/2
te−nt

2/2dt = 2e−n/8/n.

Pearson’s elementary identity E[(X2 − 1− γX)2] = EX4 − 1− γ2 ≥ 0 gives |γ| ≤
√
M − 1 and

proves the sixth term. Any separately proved upper bound |γ| ≤ g may replace
√
M − 1 in that

term. The enclosure uses g = min(1.85,
√
M − 1).

For uniformity,
√
ne−nc

′
decreases when 2nc′ > 1, whereas n−1 and n−1/2e−nc

′
always decrease.

The derivative of L(x) is −(x2 + 4x+ 6)/(x2 + 4x+ 2)2 < 0. The new first term is thus decreasing
under its stated gate, and the comparator decreases for every n ≥ 5. The earlier tail lemma
proves the separate Nκb2 ≥ 1/4 gate for its new zero-cell option. These comparisons concern the
bounding expressions, so they are uniform even when the marginal law varies with n.

Events, not artificial kernels. The entry uses only the following actual choices, with the
direct rate from the same fourth moment in each case:

event a d0 ME

(X −X ′)2 ≥ 9/25 (2− 9/25)2/(2M + 6) 3/5 2/a

XX ′ < 0, D ≤ d ≤ .8 1/(2r2∗)
√

2− d 4r2∗
XX ′ < 0, p ∈ [l, u] 2 min(l(1− l), u(1− u)) max(Al +Bl,

√
2− d) 2/a

The first row follows from Cauchy using E[(X −X ′)2;E] ≥ 2− d20 and E(X −X ′)4 = 2µ4 + 6.
The second is Lemma 16.1; all its moment and α < 3 gates are checked at use. In the third,
D ≤ d < 2 ensures a genuine central gap, P (XX ′ < 0) = 2pq, and restriction of the squared
distance gives ME = 2/a. Taking a minimum of complete high-frequency bounds is legitimate.
No tail is dropped and the third construction also allows a cell crossing 1/2.
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16 Coefficient atlas for the enclosure

These formulas are inequalities for one actual law. They are the two coordinate descriptions of
the same enclosure: signed moments before a probability gap is located, and conditional moments
afterwards. A bound is used only with its stated gates, and every refinement is an intersection.

16.1 Signed moments with a common first moment

Put a± = (1± β)/2, b± = (ρ± γ)/2. Cauchy gives m2 ≤ a+a− and b±m ≥ a2±. Consequently

(1 + β)3/2√
1− β

− ρ ≤ γ ≤ ρ− (1− β)3/2√
1 + β

, m ≥ max

{
1 + β2

2ρ
,
a2+
b+
,
a2−
b−

}
.

These statements also hold with a zero atom. Projection of X|X| onto the span of X and |X|
gives

µ4 ≥ ρ2 +
(γ − ρβ)2

1− β2
.

For completeness, this follows by minimizing the nonnegative expectation E(X|X|−uX− v|X|)2
over u, v; its Gram matrix has diagonal entries one and off-diagonal entry β, and is positive
definite.

Two support-localizing moment matrices give the additional upper bounds as follows. If
D± = Ra± − b± > 0, then

2m+
∑
±

(Rm− a±)2

D±
≤ R, µ4 ≤ Rρ−

∑
±

D2
±

Rm− a±
.

Indeed the first follows by summing the determinant inequalities for

E[(R− |X|)(1, |X|)T(1, |X|);±X > 0].

The second follows from the corresponding matrices with an additional factor |X|. One more
factor |X| yields, sign by sign,

E[X5
±] ≤ RE[X4

±]−
(Rb± − E[X4

±])2

D±
.

Zero denominators are treated by dropping their nonnegative correction; they never imply
exclusion without a separate contradictory numerator. The common m is retained throughout.

A second useful upper bound for m follows by integrating (x− a)2(R− x) ≥ 0 for x = |X| ∈
[0, R]. For every fixed a > 0,

2m ≤ R− ρ+ 2a+Ra2

a(2R+ a)
.

The cover uses only the eleven rational choices a = 2/10, . . . , 12/10.

Write δ = γ − ρβ. Cauchy and a square completion on each sign give the signed constant
bound

ρ

2
µ4 −

1

4
η5 ≤

ρ3

4
− (ρ+ γ)(δ+)2

8(1 + β)2
− (ρ− γ)((−δ)+)2

8(1− β)2
.

Indeed on either sign, write a = EX2
s , b = EX3

s , c = EX4
s , f = EX5

s . Cauchy gives c ≥ b2/a,
f ≥ c2/b, and ρc/2− f/4 ≤ ρ2b/4− (c− ρb)2/(4b). Distance to the half-line c ≥ b2/a proves the
stated penalty on summing both signs. Independently, µ24 ≤ ρη5 and the projection bound above
give

ρ

2
µ4 −

1

4
η5 ≤

ρ3

4
− (γ − ρβ)4

4ρ(1− β2)2
.

The larger of the two nonnegative deductions is retained.
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16.2 An actual central gap without assuming D < 2

If zero belongs to the support, the signwise gap calculation gives J ≤ ρ. Thus D ≥
√

10ρ− γ ≥
(
√

10− 1)ρ. Whenever D < (
√

10− 1)ρ, there is therefore a central gap (−A,B), A,B > 0, with
no zero atom. Put p = P (X > 0), q = 1− p, T+ = b+ −mB2 and T− = b− −mA2. The exact
gap decomposition is

D = mQ+ (σ − 1)T+ + (σ + 1)T− + 3(T − Jo), Q = (
√
σ + 1A−

√
σ − 1B)2, σ =

√
10.

All terms are nonnegative. Hence T ≤ D/(σ − 1) and

(A+B)2 ≥ A2 +B2 ≥ ρ−D/(σ − 1)

m
.

Moreover A ≤ a−/m, B ≤ a+/m and J ≤ ρ+ 2m. The last bound gives the compulsory defect

D ≥ σρ− γ − 6m.

The inequalities T − Jo ≥ 2BR+ + 2AR− give the useful additional endpoint constraint

D ≥ (σ − 1)b+ + 6a+B − (σ + 5)mB2.

If D < (σ− 1)b+, this downward quadratic forces B to be at least its positive root. The reflected
constraint has a−, b−, A and the coefficients σ + 1, σ + 7. In a closed moment box, positive
coefficients are rounded down, negative coefficients up, and the lower square-root endpoint is
used in the resulting root bound.

The actual opposite-sign event has probability 2pq. The first two moment constraints give
lower bounds for both p and q. For independent copies one has exactly

E[(X −X ′)2 | XX ′ < 0] =
1 + β(1− 2p) + 4m2

2pq
=

1 + 4m2 + β

2p
+

1 + 4m2 − β
2q

.

For an upper bound, use the upper m endpoint and both endpoints of p and β. The expression is
convex in p and affine in β. This improves the former 2/P (XX ′ < 0) bound inside the complete
HIGH estimate. Both copies still have the same actual marginal.

16.3 Preserving central and outer integral costs

Let

P1(A,B) = B3/3 +AB2/2−A3/6, P2(A,B) = B4/4 +AB3/3−A4/12, G = ρP1 − P2.

Then J1,c = mP1, J2,c = mP2. Since ∂BG = B(A+B)(ρ−B),

G(A,B; ρ) ≤ G(A, ρ; ρ) = ρ4/12 + ρ3A/6− ρA3/6 +A4/12.

The last expression increases with A because its derivative is (ρ−A)2(ρ+ 2A)/6, and is convex in
ρ because its second ρ derivative is ρ2 + ρA. Its closed-rectangle maximum is therefore bounded
using the upper A endpoint and both ρ endpoints.

Positive outer gaps satisfy (t− a)(ρ− t) ≤ (ρ−B)2+/4. On negative outer gaps the positive
part is bounded by (R− ρ)2/4 after extracting |t|. Integration gives

3(ρJ1 − J2)o ≤
3

8
{(ρ−B)2+T+ + (R− ρ)2T−}.

The available weighted outer budget is D −mQ, not the entire D. The cover intersects this
budget with the individual bounds T+ ≤ b+,u −mlB

2
l and T− ≤ b−,u −mlA

2
l .
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For the signed phase term U = J1 + (µ4 − 3)/6, retain

−RT−/2 ≤ J1,o ≤ RT+/2.

The central minimum of P1 occurs at Bl and an A endpoint; its maximum occurs at Bu and A
clipped to the interval at A = Bu. A nonnegative polynomial bound is multiplied by mu for an
upper bound and ml for a lower bound; a negative one uses the opposite endpoint. For example,
the binary endpoints A = 3/2, B = 2/3 make this maximum negative; the sign switch is necessary
even when D < 2. The fourth-moment sign intervals also sharpen K1 = E[X|X|3]− 3β − 3ργ/2.
The complete K1, U, ϕ rectangles are used in the signed expression |CK1 +ϕU |, without replacing
it by two separate absolute values.

A complete coarse bound before a central gap is licensed. Always −µ4/6 ≤ J1 ≤ µ4/2
and −3J2 − η5/4 ≤ 0. On a gap of length h = b− a, these follow from∫ b

a
(t− a)t dt+ 1

2

∫ b

a
t2dt = hb2/2, 3

2

∫ b

a
t2dt−

∫ b

a
(t− a)t dt = h(2a+ b)2/6,

and, on a negative gap (−v,−u), from 1
3

∫ v
u x

3dx−
∫ v
u (v − x)x2dx = u3(v − u)/3. For 1 ≤ r ≤ ρ

and actual support radius R ≤ 6, set

Γ(R, r) ≥ max
r≤v≤R

{
−v

2

4
+

(R+ r)v

3
− Rr

2
+
r3(2R− r)

12v2

}
+

.

Then

3(ρJ1 − J2) ≤
3

2
Γ(R, r)(ρ− γ) +

3

8
ρ2J.

On negative gaps extract x = |t| and discard the nonpositive part x < ρ. Replacing ρ by r
and the outer endpoint by R gives

∫ v
r (R − x)x(x − r) dx. Dividing this integral by v2 gives

exactly the displayed expression. Signwise Tonelli now charges ΓEX3
− = Γ(ρ− γ)/2. On positive

gaps (t− a)(ρ− t) ≤ ρ2/4, giving ρ2J/8. We use 64 closed v-intervals: on each, maximize the
concave quadratic at its clipped vertex 2(R+ r)/3 and the positive reciprocal term at the left
endpoint. This proves its interval bound. The alternative bound Γ ≤ 5/2 follows at r = 1, R = 6
by 3v4 − 28v3 + 66v2 − 11 > 0 on [1, 6]: the endpoint values are 30, 205, and the interior critical
values are (85∓ 35

√
5)/2 > 0. These monotone enclosing parameters cover all r ≥ 1, R ≤ 6.

16.4 Moment and gap coefficients for a whole cell

The following coefficient rules are collected here to make the finite calculation transparent. Every
rule is an inequality for an actual law; there is no extremal-law assumption inside a cell. Write
v = 1− θ. For p ∈ [l, u] ⊂ (0, 1) set

s0 = min{l(1− l), u(1− u)}, v∗ = max{
√
u/(1− u),

√
(1− l)/l},

rB = (1− 2s0)/
√
s0, gB = max

t=l,u
|1− 2t|/

√
t(1− t), bB = max

t=l,u
|1− 2t|,

L3 = R+ 2v∗, L4 = R2 + 2Rv∗ + 3v2∗,

L5 = R3 + 2R2v∗ + 3Rv2∗ + 4v3∗, eB = rB
1− 4s0 + 2s20
s0(1− 2s0)

.

The polynomials T3 = x + 2a, T4 = x2 + 2ax + 3a2 and T5 = x3 + 2ax2 + 3a2x + 4a3 are
nonnegative. Their maxima at x = R, a = v∗, in Lemma 14.2, give, if θ ≤ Θ < 1,

ρ ≤ rB + (L3 − rB)Θ, |γ| ≤ gB + (L3 − gB)Θ,

|β| ≤ bB + (1− bB)Θ, µ4 ≤ (1−Θ)2(1/s0 − 3) + L4Θ,

η5 ≤ (1−Θ)2eB + L5Θ. (16.1)
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Replacing θ by Θ uses the explicitly checked inequalities L3 > rB, gB, L4 > 2(1/s0 − 3) and
L5 > 2eB. The exact binary factors are v3/2, v, v2, v5/2; the upper bounds use v3/2 ≤ v and
v5/2 ≤ v2. Thus cells crossing 1/2 and zero conditional variances are included. The same cubic
expansion, in the later domain p ∈ [.37, .47], A ≥ .75, B ≥ 1.05, gives

ρ ≥ v3/2ρB(p) + 3 min(A,B)θ ≥ ρB(p) + .45θ, ρB(p) =
1− 2pq
√
pq

. (16.2)

Indeed ρB < 1.11 there and v3/2 ≥ 1− 3θ/2. Also β ≥ 1− 2p− 2(1− p)θ.
For the signed coefficient K1 = E[X|X|3]− 3β − 3ργ/2, define

K(p, v) = (1− 2p){(3v3/2− v2)/(pq)− 3v3 + v2 + 3v}.

Direct substitution gives K1(V ) = −K(p, v), with the coefficient 3 unchanged. For v ≥ 2/3,
K decreases in p: both coefficients in braces are nonnegative and (1− 2p)/(pq) decreases. Its
derivative in v has the sign of 1− 2p, since the derivative of the braces is at least 9v2− 6v+ 3 > 0.
Hence both variance endpoints are retained. The error is

|K1(X)−K1(V )| ≤ Θ{L4 + 3 + 3
2L3(Rρ + gB)} (16.3)

when ρ ≤ Rρ. This follows from the conditional expansions and ργ− ρV γV = ρ(γ− γV ) + γV (ρ−
ρV ).

Here are the remaining signed charges. They also explain the two alternative bounds retained
in the initial, coarse moment cover:

−µ4/6 ≤ J1 ≤ µ4/2, −3J2 − η5/4 ≤ 0, (16.4)

ρJ1 − J2 ≤ 5
4(ρ− γ) + 1

8ρ
2(ρ+ 1), (16.5)

−75D/104 ≤ J1,o ≤ 3D/2. (16.6)

To prove the first line, a gap of length h = b− a satisfies∫ b

a
(t− a)t dt+ 1

2

∫ b

a
t2dt = hb2/2, 3

2

∫ b

a
t2dt−

∫ b

a
(t− a)t dt = h(2a+ b)2/6.

Sum with weight τg. On a negative piece (−v,−u), 1
3

∫ v
u x

3dx−
∫ v
u (v−x)x2dx = u3(v−u)/3 ≥ 0;

Tonelli proves the J2 assertion. For (16.5), the positive part is at most ρ2J/8. The negative

part is at most E[V
∫ V
1 (6− x)x(x− 1)dx;V ≥ 1], V = X−, hence at most (5/2)EX3

−. The last
comparison is equivalent to 3V 4−28V 3 + 66V 2−11 > 0 on [1, 6]: the endpoint values are 30, 205,
and at the possible interior critical points (7±

√
5)/2 its value is (85∓ 35

√
5)/2 > 0. For (16.6),

use J1,o ≥ −3T−, J1,o ≤ 3Jo ≤ 3T and (14.8).

The central integrals are Jj,c = mPj(A,B), with

P1 = B3/3 +AB2/2−A3/6, P2 = B4/4 +AB3/3−A4/12.

They increase in B; their A derivative changes from positive to negative at A = B. A rectangle
minimum is therefore at Bl and an A endpoint. Multiply a negative minimum by an upper bound
for m, and a nonnegative minimum by a lower bound. For the upper central charge, maximizing
at (ā, b̄) if p ≤ 1/2 gives J1,c ≤ v2(2− 3p)/(6pq), a decreasing function of p on that interval. If
p ≥ 1/2, maximize first at A = B to get J1,c ≤ (2/3)v2q2/p ≤ 1/3. Thus every cell may use

J1,c ≤ max{1/3, (2− 3l)/(6l(1− l))}. (16.7)

For |X| ≤ R, R ≥ 1, define

k4(R) =
(R+ 1)2

R+ 1/2
, k5(R) =

R3 + 2R2 + 3R+ 3/2

R+ 1/2
.
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Then

µ4 ≤ min{Rρ, 1 + k4(R)(ρ− 1)}, η5 ≤ min{Rµ4, 1 + k5(R)(ρ− 1)}, µ6 ≤ Rη5. (16.8)

Writing u = |X| in (14.2), the first two constants are the endpoint values of the ratios u+ 3/2 +
1/[4(u + 1/2)] and u2 + 3u/2 + 9/4 + 3/[8(u + 1/2)], whose derivatives are nonnegative. The
other bounds are pointwise. The following coarse cancellation estimates continue to use the valid
radius-six majorants: The last identity in (14.2) gives

|K1 + 3ρβ| ≤ (96− 18ρ)(ρ− 1)/13. (16.9)

Indeed u(u + 2 − 3r/2)/(u + 1/2) is convex on [0, 6], its maximum is (96 − 18r)/13, and its
negative part is at most 31/40, smaller than that maximum for 1 ≤ r ≤ 37/20. The other bounds
needed below are

|K1| ≤ 6ρ− 3ρ2/2 + 3|β|,
K1 ≤M + 3|β| − 3ρg−/2, −K1 ≤ 3ρ+ 3|β|+ (3ρ/2− 3)g−,

−Kq ≤ (ρ/2− 3/8)M − ρ/2 + 1/8 + 3|β|g/2, −Kq ≤ 8ρ3/27 + (3|β|/2− 1/2)ρ, (16.10)

where µ4 ≤ M , |γ| ≤ g, γ ≥ g−, and Kq = η5/4 − ρµ4/2 − 3βγ/2 + ρ/2. For the first two
lines use |E[X|X|3] − 3γ| ≤ 3ρ, and note the negative coefficients of γ. For the last line use

η5 ≥ µ3/24 ≥ 3µ4/2− 1/2, or maximize ρy2/2− y3/4 over y ≥ 0.

Compatible weaker resource constants. One may also use the weaker binary charge
bI = (616/25)(1−Θ)2 dist(p∗, I)2. It follows from 2(6 + 2σ) > 616/25 and (1− θ)3/2 ≥ (1− θ)2.
With K = min(K+,K−) and v∗ = max(v+, v−), the merged charge (14.10) gives

T+ + T− ≤ T∗ = (d− bI) max{v∗/[3(Al +Bl)], (R+ 2v∗)/K}, do = min{d, (σ + 1)T∗}.

Thus Wo ≤ do and, for R ≤ 6,

−75do/104 ≤ J1,o ≤ 3do/2, 3(ρJ1,o − J2,o) ≤
3

8
max{ρ2/(σ − 1), (R− ρ)2/(σ + 1)}do.

These are precisely the merged-cost versions of the sign-specific resource rule; they do not
introduce another available budget.

16.4.1 Conditional lower moments improve two signed charges

Let su = maxp∈[l,u] pq and θ ≤ Θ. The unsigned cases of (14.6) give

µ4 ≥Ml := max{1, (1−Θ)2(1/su − 3)}, (16.11)

η5 ≥ El := (1−Θ)5/2
1− 4su + 2s2u

s
3/2
u

. (16.12)

Both binary moment functions decrease in s ∈ (0, 1/4]. For the fifth this follows because the
derivative has the sign of s2 + 2s− 3/2 < 0; the fourth is immediate. The fourth-moment lower
bound sharpens the lower endpoint of J1 + (µ4 − 3)/6; its explicit use appears in the cell map
below.

The constant signed charge is

−Kq =
ρµ4
2
− η5

4
+

3

2
βγ − ρ

2
.

The old coherent estimate used η5 ≥ 3µ4/2− 1/2 and µ4 ≤M . A second estimate uses (16.12).
Their difference is independent of ρ. Consequently the improved bound is exactly the old one
minus

1

4
max{0, El − 3M/2 + 1/2}. (16.13)

This is a constant shift on the cell and does not spoil convexity. It does not assert the generally
invalid implication η5 ≥ 3M/2− 1/2 from an upper bound on µ4.
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16.4.2 Signed conditional Taylor cancellation

Let K1 = E[X|X|3]− 3β − 3
2ργ. On a sign class put x = |X|, a = |V |, W = X − V and ε = 1 on

the positive class, −1 on the negative class. In the actual central-gap domain there is no atom at
zero. With w3 = x+ 2a, w4 = x2 + 2ax+ 3a2 and γV = EV 3, exact conditional expansion gives

K1(X)−K1(V ) = E
[
W 2

{
ε(w4 − 3− 3

2ρw3)− 3
2γV w3

}]
. (16.14)

Apply (14.6) to j = 2, 3, 4, with h = 1 or h = ε, and use ργ − ρV γV = ρ(γ − γV ) + γV (ρ− ρV ).

The positive coefficient in (16.14) is F (x, a; t) = x2+2ax+3a2−3− 3
2 t(x+2a) with t = ρ+γV ;

the negative coefficient is −F with t = ρ− γV . Their ranges are bounded on complete rectangles
of actual conditional means and support magnitudes. The positive-support magnitude is at most
R. The same formula permits separate actual bounds on the two signed support magnitudes.
On the late domain p < 1/2, bounds for γV are√

(1−Θ)3(1− 2u)2/[u(1− u)] ≤ γV ≤ (1− 2l)/
√
l(1− l).

The positive mean lies in [
√

(1−Θ)(1− u)/u,
√

(1− l)/l], and the negative magnitude mean
lies in [

√
(1−Θ)l/(1− l),

√
u/(1− u)]. Use the lower bound ρ ≥ ρB(u) only after checking

3 min(Al, Bl) ≥ (3/2) supI ρB. Indeed conditional expansion and (1−θ)3/2 ≥ 1−3θ/2 then imply
ρ ≥ (1− θ)3/2ρB(p) + 3 min(A,B)θ ≥ ρB(p). Otherwise retain the universal lower bound one.

Since x + 2a > 0, F decreases with t. For fixed t its Hessian is ( 2 2
2 6 ) > 0. Its rectangle

maximum is at a corner. Its minimum is among the four corners, the minimizer on each edge,
and the stationary point (x, a) = (3t/8, 3t/8) if that lies in the rectangle. On fixed-x edges use
a = t/2 − x/3, clipped to the edge; on fixed-a edges use x = 3t/4 − a, also clipped. This is a
complete finite extremum list. Multiplication by 0 ≤ θ ≤ Θ uses Θ min(0, L) and Θ max(0, U)
for the lower and upper coefficient bounds. It intersects this new interval with the retained
absolute-error interval; neither need be discarded.

16.5 Generic event and complete central rectangle

Lemma 16.1 (Generic small-defect event). Assume |X| ≤ R ≤ 6 and ρ ≤ 37/20. Let 0 ≤ d < 2
and D ≤ d. Define

r∗ = min{37/20, (3 + d)/(σ − 1)}, W =
√

37d/10, c =
√
σ + 1, e =

√
σ − 1, C0 = c+ e,

h∗ =
C0

6

√
12 +W 2 +

W

3C0
, L∗ = max

{
h∗,

(2c− e)h∗ + 3W

C0

}
.

Then ρ ≤ r∗, A+B ≤ h∗ and |2B −A| ≤ L∗. If α = L∗/6 ≤ 3, then

|J1| ≤ α(ρ+ 1) + (3− α)d/2, µ4 ≤ h∗ρ+Rd/2, η5 ≤ h2∗ρ+R2d/2.

For independent copies, the actual event E = {XX ′ < 0} obeys

P (E) ≥ a := 1/(2r2∗), |X −X ′| ≥ d0 :=
√

2− d on E, E[(X −X ′)2 | E] ≤ 2/a.

Proof. The inequality J ≤ ρ+1 gives D ≥ (σ−1)ρ−3. Equation (14.8) gives w2 ≤ 2ρD ≤ 37d/10
for w = cA− eB. Since ce = 3,

A+B =
C0

6

√
w2 + 12AB − w

3C0
, 2B −A =

(2c− e)(A+B)− 3w

C0
.

Use AB ≤ 1, |w| ≤ W ; also 2B − A ≥ −(A + B). Now J1,c = Jc(2B − A)/6, |J1,o| ≤ 3Jo and
0 ≤ Jo ≤ T ≤ d/2 imply |J1| ≤ αJ + (3− α)Jo.
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For either inner endpoint b∗ and b∗ ≤ x ≤ R,

x4 − h∗x3 ≤ Rx(x2 − b2∗), x5 − h2∗x3 ≤ R2x(x2 − b2∗).

Indeed h∗ ≥ b∗, and after factoring x−b∗ the remaining comparisons follow from x ≤ R. Integrate
and use T ≤ d/2. Finally m2 ≤ pq and m ≥ 1/(2ρ) give 2pq ≥ a; the conditional squared
distance is bounded by its unconditional expectation 2, divided by the event probability.

The central part of ρJ1 − J2 is exactly mG(A,B; ρ), where G = ρP1 − P2. Let a proved
probability cell give A ∈ [Al, Au], B ∈ [Bl, Bu], m ∈ [ml,mu]. Here

Au =
√
u/(1− u), Bu =

√
(1− l)/l, ml =

√
(1−Θ)s0, mu =

√
max
p∈[l,u]

pq.

The closed-box Bernstein identity. For a polynomial P (x) =
∑d

k=0 tkx
k,

P (x) =
d∑
i=0

bi

(
d

i

)
xi(1− x)d−i, bi =

∑
k≤i

tk

(
i

k

)
/

(
d

k

)
.

Indeed
(
d
i

)(
i
k

)
=
(
d
k

)(
d−k
i−k
)

and the binomial theorem recover each monomial xk. The basis
terms are nonnegative and sum to one on the closed unit interval. Tensor products prove the
two-variable version below, including all boundary points.

Lemma 16.2 (Complete central rectangle). Write G(Al + (Au − Al)x,Bl + (Bu − Bl)y; ρ) =∑
tkhx

kyh. Define the 25 rational coefficients

bij(ρ) =
∑
k≤i
h≤j

tkh

(
i
k

)(
4
k

) (jh)(
4
h

) , 0 ≤ i, j ≤ 4,

and
G(ρ) = max

i,j
{mlbij(ρ), mubij(ρ)}.

Then ρJ1,c − J2,c ≤ G(ρ). Moreover G is convex in ρ.

Proof. Apply the Bernstein identity (16.5) separately to the two coordinates after the affine
substitution. The Bernstein basis is nonnegative and sums to one on the closed square, so G
is a convex combination of its 25 coefficients. For each coefficient retain both m endpoints, or
equivalently use mu when it is nonnegative and ml otherwise. This gives a uniform bound on the
entire three-dimensional rectangle, including boundaries. Each endpoint-multiplied coefficient is
affine in ρ; their maximum is convex. No interior stationary point is omitted.

16.6 One interval-feedback theorem

The signed identity from the preceding section is

R = C{3βJ/2 + 3ρJ1 − 3J2 −Kq}+H(CK1 + φU)−H2(Cρ+ γφ/2) + En, (16.15)

where U = J1 + (µ4 − 3)/6, φ = ϕ(H/
√
n). For any one coherent low-frequency triple and

complete high-frequency value KH at floor N ,

|En| ≤ KF + sF |H|, KF = cπ(L0 +KH + L2/
√
N), sF = cπLH , cπ ≥ 2/π. (16.16)

We use 16/25 before the signed phase and 212/333 afterward; both are valid since π > 333/106.
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Lemma 16.3 (Continuous cells and feedback). Suppose bounds for one actual cell give

r0 ≤ ρ ≤ r1, 0 < c0 ≤ C ≤ c1, |β| ≤ b, |γ| ≤ g, µ4 ≤M, D ≤ d,

K1 ∈ [kl, ku], U ∈ [ul, uu], and 0 ≤ φ− ≤ φ ≤ 2/5. Freeze the shared outer charge do, lower fifth
moment El, upper su = maxp∈[l,u] p(1 − p), and central envelope G from the preceding bounds.
Define

A(r) = 3
2b(r + 2

√
su) + 3G(r) + 3

8 max{r2/(σ − 1), (R− r)2/(σ + 1)}do
+ (r/2− 3/8)M − r/2 + 1/8 + 3

2bg −
1
4 max{0, El − 3M/2 + 1/2},

B(c) = max
k∈{kl,ku}, u∈{ul,uu}, ψ∈{φ−,2/5}

|ck + ψu|,

Q(c, r) = cr + 1
2φ−(3.16r − 3− d)− 1

2(2/5− φ−)(d− .16)+.

If all four corner values of Q are positive, then, for every real H,

R ≤ max
(c,r)∈{c0,c1}×{r0,r1}

{KF + cA(r) + (B(c) + sF )|H| −Q(c, r)H2}

≤ max
c,r corners

{KF + cA(r) + (B(c) + sF )2/(4Q(c, r))}. (16.17)

If T is a strict upper bound for the final maximum in (16.17), the weight-removal step in
Lemma 14.1 gives

D <
15000T

997N
, φ >

997

2500

(
1− 5T

2N

)
, C < CE + V/N if also R/ρ < V. (16.18)

Only positive density floors are used. These statements remain valid at H = 0, on closed cell
edges, and for zero conditional variance.

Proof. The constant coefficient follows from the shared outer budget, Lemma 16.2, and (16.10),
using

J ≤ ρ+ 2ABm ≤ ρ+ 2(1− θ)3/2√pq ≤ ρ+ 2
√
su.

This follows from A ≤ ā, B ≤ b̄, m2 = (1 − θ)pq; it is used only in the charge 3|β|J/2. Since
γ ≥ 3.16ρ− 3− d, its negative part is at most (d− .16)+. Using the upper density only for that
negative part gives Cρ+ γφ/2 ≥ Q. Absolute value is separately convex in each coordinate of
ck + ψu, proving the formula for B. For fixed r and |H|, the resulting upper bound is convex in
c. Take those endpoints before completing the square. At either endpoint c > 0, it is convex in r,
since G and the maximum of the two outer quadratics are convex, every other term of A is affine,
and Q is affine in r. This proves the first line of (16.17); fh− qh2 ≤ f2/(4q) proves the second.
Bilinearity of Q proves its positivity throughout the rectangle from its corners.

16.7 Signed phase curvature in the resource schedule

The auxiliary Fourier orientation does not change the signed third moment in the actual transfer
identity. The paired phase estimate must therefore retain its sign. On a fixed resource cell put

L =
997

2500

(
1− 5r

2N

)
, g0(ρ) = 3.16ρ− 3− d, U = .4,

where r, d are the preceding raw and defect upper bounds, and the checker requires 0 ≤ L ≤ U .
The actual density lies in [L,U ] and the actual signed moment satisfies γ ≥ g0(ρ). Consequently

Cρ+ 1
2γϕ ≥ qs(C, ρ) := Cρ+ 1

2 min{Lg0(ρ), Ug0(ρ)}. (16.19)
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This follows by first multiplying the lower bound on γ by the nonnegative actual density, and
then minimizing over its two endpoints. The simpler expression Cρ + Lg0(ρ)/2 is licensed if
g0 ≥ 0, or if nonnegativity of the actual γ has been separately proved. It is not licensed merely
by reflecting the auxiliary Fourier integral.

The corrected price preserves the four-corner reduction. For fixed C, qs is concave in ρ, being
affine plus the minimum of two affine functions. For fixed ρ it is affine in C. In the phase
envelope A+ f |H| − qsH2, the remaining terms are separately convex in C, ρ, by the moment
and coefficient bounds already proved. Thus the entire envelope is separately convex, and two
successive one-dimensional endpoint bounds place its maximum at the four corners. The same
argument applies after adding the affine conserved-resource curvature eρ and subtracting a barrier
price Kρ. If the four corrected divisors are positive, concavity makes them positive throughout
the rectangle, and square completion gives the valid raw and resource bounds

max
C,ρ corners

(
A+

f2

4qs

)
, max

C,ρ corners

(
A+

f2

4(qs + eρ)
−Kρ

)
.

Any threshold-root export likewise uses the corrected corner curvature.

For completeness, nonnegativity in the later acquired domains follows directly from their
constraints. Write B = 1{X>0}, V = E(X | B), W = X − V , θ = EW 2, and p = P(X > 0).
Conditional centering and W ≥ −R− V imply

γ = EV 3 + 3E(VW 2) + EW 3 ≥ EV 3 + 2E(VW 2)−Rθ.

For p ∈ [l, u] ⊂ (0, 1/2) and θ ≤ Θ < 1 this gives

γ ≥ (1−Θ)3/2(1− 2u)√
u(1− u)

−
(
R+ 2

√
u

1− u

)
Θ. (16.20)

Here the binary cubic decreases in p < 1/2, and the right side decreases as its variance bound
increases. These are bounds on the same actual law throughout every later call. The fixed
acquired input domains license (16.20) before those calls are made. The exact domain check
covers 302 input rows: 45 central-input rows, 45 left-input rows, 45 first-confinement feedback
rows, 45 Sperner feedback rows, 84 signed-resource rows, and 38 final left-radius rows. With the
common already acquired radius R = 3.84, each right side is greater than .096. Thus all later
paired calls have an actual nonnegative signed third moment, independently of any auxiliary
Fourier orientation.

There is also a convenient cell-constant correction. Since ρ ≥ 1, (−g0(ρ))+ ≤ (d− .16)+, so
the weaker price

Cρ+ 1
2Lg0(ρ)− 1

2(U − L)(d− .16)+

is valid. This is the correction selected for the additional index–46 calculation. Both forms keep
the raw remainder separate from the barrier-subtracted resource budget.

The preliminary and complementary resource bounds use (16.19). Every exported resource,
including threshold curvature, must satisfy these corrected inequalities. Equality of two corner
maxima alone is insufficient, since the threshold bounds also depend on the phase coefficients.
Later uses of the simpler formula require their own explicit nonnegative signed-moment or
small-defect license.

16.8 The unsigned first-stage cover is the same enclosure

The first finite barrier uses a cover of ρ alone before introducing the signed cover. Here are its
exact coefficient choices, so that the first barrier needs no separate inherited entry theorem. Fix
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a closed cell ρ ∈ [l, u] ⊂ [1, 1.85], actual radius 1 ≤ R ≤ 6, and write kj(R) for the radial ratios
of Lemma 14.2. Set

M = min{11.1, Ru, 1 + k4(R)(u− 1)}, g = min{1.85, u,
√
M − 1},

E5 = min{RM, 1 + k5(R)(u− 1)}, b =

√
[u
√
u2 + 8− u2 − 2]/2.

The last expression solves ρ ≥ (1 + β2)/
√

1− β2, proved by ρm ≥ a2+ + a2− and m2 ≤ a+a−. If a
previous pass licenses D ≤ d < 2, the generic-event lemma also permits the ceilings h∗u+Rd/2
and h2∗u+R2d/2 for M,E5; all dependent quantities are recomputed after taking these minima.
Use the triangle LOW triple and the minimum of complete permitted HIGH values, with the
same moment cap. Put

KF = 16
25(L0 +KH + L2/

√
N), sF = 16

25LH .

The radial identity bounds |K1| by

krad = 3ub+
R(R+ 2− 3l/2)

R+ 1/2
(u− 1),

provided the displayed radial coefficient is at least 31/40. Indeed its positive maximum is at R and
its negative part is at most 31/40 on [0, R] for 1 ≤ ρ ≤ 1.85; convexity of x(x+2−3ρ/2)/(x+1/2)
proves this directly. Two additional valid bounds are

kold = 6u− 3u2/2 + 3b, kR = Ru/2 + max
t=l,u
|R/2− 3t/2|g + 3b.

For kR, bound the positive and negative fourth moments separately by R(ρ± γ)/2. Before defect
feedback use k = min(krad, kold, kR). After feedback one may replace kold by max(k+, k−), where

gl = 3.16l − 3− d, gu = 3.16u− 3− d,
k+ = M + 3b− 3

2 min
r=l,u;,v=gl,gu

rv,

k− = 3u+ 3b+ max
r=l,u;,v=gl,gu

(3r/2− 3)v.

These substitutions bound the lower affine graph for the actual γ, not an independently chosen
skewness.

Put ∆ = 2u initially and ∆ = (1− 3.16)l + 3 + d after feedback. The constant coefficient of
the raw identity is bounded by

A∗ = min
{
3
2b(2u+ 1) + 3

2Γ(R, l)∆ + 3
8u

2(u+ 1) + 8
27u

3 − l/2,
3
2b(2u+ 1) + 2uM − l/2

}
.

This is the coarse gap bound above together with the two bounds for −Kq. The density coefficient
obeys

vH = min{.4j + .4 max(2,M − 3)/6, .4 max(1/2, 2M/3− 1/2)},
where j = 3(u+ 1) initially; the generic-gap choice is j = α(u+ 1) + (3− α)d/2, with its checked
α < 3. For a score endpoint enclosure C ∈ [c−, c+], the resulting raw bound is

KF + c+A∗ +
(c+k + vH + sF )2

4q∗
, q∗ > 0, k ≥ 0, A∗ > 0, (16.21)

where initially q∗ = c−l − g/5. After feedback use the larger of that quantity and

c−l + φ−(3.16l − 3− d)/2− (2/5− φ−)(d− .16)+/2.

The score endpoints are the lower score floor and the upper allowed score cap; if the latter
depends on ρ, use its values at u, l for c−, c+, respectively. Convexity in the actual score precedes
the completion of the square, and these outward endpoint intervals cover it. For the phase
resource add (14.5) before maximizing. A barrier e ≥ K/n subtracts Kl from the nonnegative
resource. The first raw target must pass the license of Lemma 14.1 first.
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Optional signed improvement inside an unsigned cell. If g0 = max(−g, σll − 3− d) > g,
exclude the cell. When g0 ≥ 0, the sign-moment constraint forces (1− β)3 ≤ (1 + β)(u− g0)2.
This inequality is monotone on (−1, 1), so exact bisection yields a lower b0 ≤ β; if it fails even at
b, the cell is empty. For x ∈ [g0, g], set

f−(x) = (l + x)2/[2(1 + b)]−R(u− x)/2− 3b− 3ux/2,

f+(x) = R(u+ x)/2− (l − x)2+/[2(1− b0)]− 3b0 − 3lx/2.

The signwise fourth-moment Cauchy bounds prove min f− ≤ K1 ≤ max f+. The first minimum
is at its clipped vertex 3u(1 + b)/2− l−R(1 + b)/2. The second maximum is among its endpoints,
the clipped kink l, and the clipped vertex l + (R/2− 3l/2)(1− b0). Intersect with [−k, k] and
replace the linear term in (16.21) by the smaller full rectangle bound

max
c=c−,c+;,k=kl,ku;,ψ=φ−,.4;,v=−1/2, 2M/3−1/2

|ck + ψv|+ sF .

All sixteen corners are retained. If b0 > 0, the opposite-sign event also has probability at least
(1 + b20)2/(2u2), from m ≥ (1 + β2)/(2ρ) and m2 ≤ pq. It may improve the complete HIGH value.
These are intersections with necessary conditions; the cover still examines every ρ-cell.

Moving from a small defect to probability coordinates. For 0 < d ≤ .7, start with

Al =
1.47
√

2− d−
√

3.7d

3.52
, Bl =

2.04
√

2− d−
√

3.7d

3.52
.

They follow from A+B ≥
√

2− d and |
√
σ + 1A−

√
σ − 1B| ≤

√
3.7d; their positivity is checked,

rather than assumed at every d. The pointwise inequality x(x+ b) ≥ (29/5)b(x− b) for x > b > 0,
applied to the two residual third moments, gives D ≥ (29/5) min((σ + 1)A, (σ − 1)B)θ. Start
Θ = 1 and perform the declared finite number of updates:

Θ← min{Θ, d/[(29/5) min((104/25)Al, (54/25)Bl)]},

ϵ =
√
d/[(616/25)(1−Θ)2], [l, u] = [(4− σu)/2− ϵ, (4− σl)/2 + ϵ],

Al ← max{Al,
√

(1−Θ)l/(1− l)− d/[2(1− u)(179/25)A2
l ]},

Bl ← max{Bl,
√

(1−Θ)(1− u)/u− d/[2l(129/25)B2
l ]}.

The last two bounds use D ≥ 2(σ + 2)B2M+ + 2(σ + 4)A2M− and ∆A = M−/q, ∆B = M+/p.
Every division, interval endpoint and variance domain is gated. Subdivide this entire probability
interval, then use the common cell update and coefficient atlas. Thus the unsigned first barrier,
the signed initialization and the final probability refinements are three data choices for the same
finite-enclosure theorem.

17 One confinement lemma with two concentration choices

A proved amplitude is used as a support update, never as a premise of its own proof. The
following derivation applies to every acquired row, with the same formulas for the central and
left probability ranges.

17.1 Statement and hypotheses

Let n ≥ N = 47, Y = B + U , P(B = 1) = p < 1/2 and E(U | B) = 0. Put q = 1− p, s = EU2,
λ = ns and X = ℓ(Y − p), where EX2 = 1. Thus ℓ2 = (1− θ)/(pq) and θ = ℓ2s. The conditional
label-zero support is at most a ≥ 0 and the label-one support is at least b ≤ 1, where a, b are
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support points and b − a = 1 − d. In particular 0 ≤ a ≤ d, 1 − d ≤ b ≤ 1. Assume the initial
strip suppY ⊂ (−.55, 1.55). Write ρ = E|X|3, β = E[X|X|] and ϵ = E|U |.

Select an acquired closed probability panel [l, h]. Its fields give upper bounds Θ, d0, ρ0, β+, T,Λ,
a lower bound β−, and separate bounds H+, H− for the two signs of H. Assume

θ ≤ Θ, d ≤ d0, ρ ≤ ρ0, β− ≤ β ≤ β+, 0 ≤ λ ≤ Λ, .4 < C ≤ C0 = .4253.

For the positive sign 0 ≤ H ≤ H+; for the negative sign −H− ≤ H ≤ 0. Let x = np+H/ℓ and
ν = L(x−

∑
i<n Yi). Assume a contact majorant Q for g(y) = ν([y,∞)), with equality at each

support point of Y , and derivative

√
n(−Q′(y)) = ℓϕ(H/

√
n) +

ℓ

n
{3Cβ + (Hϕ(H/

√
n) + 3Cρ)t− 3Ct|t|}, t = ℓ(y − p). (17.1)

Both actual deleted convolutions satisfy, separately,

Qj(w) ≤ ℓϕ(0)w + 2C0ρ√
j

, j = n− 1, n− 2, (17.2)

for every interval of width w ≥ 0.

Here is the precise common resource assumption. Put κ = 997/15000 < ϕ(0)/6, J =∫
[a,b)(y − a)ν(dy), and note that the central gap contributes mℓJ = (1 − θ)J to L. Thus

L ≥ (1− θ)J ; retain e ≥ 0 and

neρ+ nϕ(0)D/6 + n3/2L < B(H), B(H) = min{T,max
j

(Aj + Fj,±|H| −QjH2)}. (17.3)

The four quadratics are the table’s quadratic rows, using Qbudget, not Qraw. The Gaussian phase
contribution has already been included in Qbudget.

For each panel let E,Fℓ,m0 be respectively strict lower, upper, and lower rational bounds for√
(1−Θ)/(h(1− h)), 1/

√
l(1− l),

√
(1−Θ)l(1− l).

The bounds use the grid 10−6, with an extra unit outward. Define

c+ = 2(5.16)E2(1− h− d0)2, c− = 2(7.16)E2(l − d0)2,
b∗ = min{3(4.16)E(1− h− d0), 3(6.16)E(l − d0)},
P = m0E

2(3.5 dist([l, h], [.41886, .41887])− 2.041d0)
2
+.

The simultaneous moment inequality has the following usable form:

D ≥ c+M++c−M−+b∗θ+P, d = (M+/p+M−/q)/ℓ, ϵ ≤ 2(M++M−)/ℓ, M± ≥ 0. (17.4)

To derive it, the endpoint expansion of (14.8) gives D ≥ m(
√
σ + 1A −

√
σ − 1B)2 + 2(σ +

2)B2M+ + 2(σ+ 4)A2M− + 3(σ+ 1)Bθ+ + 3(σ+ 3)Aθ−. Insert A ≥ E(l−d0), B ≥ E(1−h−d0)
and the rational lower coefficients displayed above. For the square, write A = ℓ(p − a), B =
ℓ(1−p− (1− b)), with a+ (1− b) = d ≤ d0. Its unshifted coefficient is (

√
σ + 1 +

√
σ − 1)(p−p∗);√

σ + 1 +
√
σ − 1 > 3.5 and

√
σ + 1 < 2.041 prove the stated lower square P . For completeness,

on the positive class put Z = X −B ≥ 0. Then T+ = 2B2M+ + 3BE[Z2;X > 0] + E[Z3;X > 0]
and R+ = BM++E[Z2;X > 0]. Consequently (σ−1)T++6BR+ ≥ 2(σ+2)B2M++3(σ+1)Bθ+,
since E[Z2;X > 0] ≥ θ+. The reflected expansion gives the negative-class bound. The centered
absolute deviation on each class is at most twice its mean distance from the inner endpoint,
proving the bound on ϵ. All quantities refer to the same marginal.
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17.2 Concentration from an antichain

Lemma 17.1 (Strict-gap concentration). Suppose Y = U0 + B(1 + U1 − U0), where B is
Bernoulli(p) independent of the pair (U0, U1), and 1 + U1 − U0 ≥ c > 0 almost surely. For
independent copies Y1, . . . , Yj and any interval I of diameter strictly less than c,

P

(
j∑
i=1

Yi ∈ I

)
≤ max

0≤k≤j

(
j

k

)
pk(1− p)j−k.

The same bound holds after adding any independent random variable.

Proof. Condition on all noise pairs. The sum is a fixed constant plus
∑
Biwi, with every wi ≥ c.

The family F of subsets whose weighted sums lie in I is an antichain: distinct comparable subsets
have sums differing by at least c, larger than the diameter. A uniformly random permutation of
{1, . . . , j} defines the maximal chain of its initial subsets. The chain contains a fixed k-subset
with probability 1/

(
j
k

)
, and meets an antichain at most once. Hence

∑
S∈F

(
j

|S|

)−1

≤ 1.

Multiplying each summand by its binomial level mass proves the bound conditionally. Integration
removes the conditioning. Conditioning on an additional independent variable proves the
last assertion. This argument includes all atom collisions and any open or closed interval
endpoints.

For the actual marginal we may couple the two conditional noises independently and then
sample an independent label. Since U0 ≤ a and U1 ≥ b − 1, the step is at least b − a = 1 − d.
Strict diameter is necessary: a Bernoulli law on {0, c} assigns mass one to [0, c], exceeding its
largest atom when 0 < p < 1.

A rational cap for every remaining index. Put J0 = N − 2 = 45 and define

rL = l − (1− l)/J0, rR = h+ h/J0, v∗ = min{rL(1− rL), rR(1− rR)}.

The checker verifies 0 < rL ≤ rR < 1. Adjacent binomial-mass ratios show that any mode k
at index j ≥ J0 satisfies (j + 1)p − 1 ≤ k ≤ (j + 1)p, hence r = k/j ∈ [rL, rR]. In particular
1 ≤ k ≤ j − 1. Finite Stirling bounds give√

j

(
j

k

)
pk(1− p)j−k ≤ exp(1/(12j)− jD(r∥p))√

2πr(1− r)
<

.4
√
v∗(1− 1/(12J0))

.

Here D(r∥p) ≥ 0 follows from Jensen’s inequality for the logarithm; expx ≤ (1 − x)−1 for
0 ≤ x < 1 follows term by term from the power series. The finite Stirling inequalities used are√

2πm(m/e)m < m! <
√

2πm(m/e)m exp(1/(12m)). Choose the strict 10−6 grid upper square
root M of .16/[v∗(1− 1/(12J0))

2]. Thus, whenever w < 1− d,

Qj(w) < M/
√
j, j ≥ n− 2 ≥ J0. (17.5)

This covers the n− 1 full summands of ν and the n− 2 full summands remaining after one mark
or deletion. An independent remaining conditional noise preserves the cap. We do not replace
the latter index by n− 1.

Either the score-derived cap or the strict-gap cap may be selected on an interval where its
hypotheses hold. The first confinement uses the score cap; later central and left schedules use
the strict-gap cap. For the left panels replace the conditional cubic coefficient 24 below by 28; in
general any cρ satisfying c2ρ[l(1− l)]3 > [3(1− l) + .55]2 is valid.

131



17.3 Signed deletion, including atoms

Let m = n− 1, Z = x−
∑m

i=1 Yi, µ = x−mp and let K =
∑
Bi. For a fixed removed label put

Tb(I) = P(x −
∑

i<m Yi − b − Ub ∈ I). Exchangeability and mp −K = Z − µ +
∑
Ui give the

exact identities

ν(I)− T1(I) =
E[(Z − µ+

∑
Ui)1I(Z)]

mp
, T0(I)− ν(I) =

E[(Z − µ+
∑
Ui)1I(Z)]

mq
.

There is no absolute value around the sum of noises. For a full removed pair (Yi, Ui), condition
on the pair. The remaining sum gives a function f(Yi) ∈ [0, Qm−1(w)]. Since EUi = 0,

E[Uif(Yi)] ≤ Qm−1(w)E(Ui)+ = 1
2ϵQm−1(w).

This also works when one conditional law is deterministic.

Let independent conditional noises satisfy ∆ = U1 − U0 ≥ −d. For τ > 0 put I+ =
I + 1 + [−d, τ ]. On ∆ ≤ τ , the point for T1 in I maps to the point for T0 in I+. On the
complement, conditioning on both noises gives error at most Qm−1(w)P(∆ > τ). Moreover

P(∆ > τ) ≤ min

{
s

s+ pτ2
,

d

d+ τ

}
. (17.6)

Indeed E∆ = 0, Var ∆ ≤ s/p, and ∆ + d ≥ 0 has mean d. Cantelli and Markov prove the two
bounds. The exceptional event is strict, so ∆ = τ belongs to the good event.

If I, I+ are disjoint, combine the two signed noise terms before bounding them. For the same
remaining-sum law their conditional probabilities fI , fJ satisfy

0 ≤ fI ≤ QI , 0 ≤ fJ ≤ QJ , fI + fJ ≤ Qhull.

Since p < q,
fI
p

+
fJ
q
≤ min

{
QI
p

+
QJ
q
,
Qhull

q
+

(
1

p
− 1

q

)
QI

}
.

Multiplication by EU+ = ϵ/2 proves the combined bound. Closed, open and half-open intervals
are all covered by containment in the corresponding closed interval. No density or atom separation
is used.

17.4 Slope bounds and the two exterior intervals

Split |H| into 16 closed equal cells [hl, hh] and λ into 24 closed equal cells [sl, sh]. On each box
put

ρ∗ = min{ρ0, ρB(l)+24sh/N}, b− = max{β−, 1−2h−2(1−h)Θ}, b+ = min{β+, 1−2l+Θ}.

Here ρB(p) = (1− 2p(1− p))/
√
p(1− p). Write si = EU2

i . Conditional centering and the two
sign supports give

ρ = ℓ3{pq(1− 2pq) + 3pq(s0 + s1) + pEU3
1 − qEU3

0 }.

The initial strip and d0 < .55 imply |Ui| < .55. Thus ρ ≤ ρB + ℓ3(3q + .55)s ≤ ρB + 24s;
the last coefficient inequality is checked as 242[l(1 − l)]3 > [3(1 − l) + .55]2. Similarly β =
(1− θ)(1− 2p) + ℓ2(ps1− qs0), and |ℓ2(ps1− qs0)| ≤ θ. These identities prove the stated outward
bounds on ρ and β. Set f = .4Fℓ, φ− = .39886(1− h2h/(2N)) > 0. The exact upper bound for
Hϕ(H/

√
n) used below is

v+ =

{
.4hh H ≥ 0,

−φ−hl H ≤ 0.
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For all t ≤ 0, completing the square in (17.1) gives

M− = Fℓ((v+ + 3C0ρ∗)
2/(12(.4))− 3(.4)b−)+, L− = Eφ− −M−/N.

A positive bound B∗ >
√

(1− l)/l gives valid central-gap lower and positive-half-line upper slope
bounds

M+ = Fℓ(.4hhB∗ + 3C0B∗(B∗ − 1)− 1.2b−)+,

Lg = Eφ− −max(M−,M+)/N,

U+ = f +
Fℓ
N

{
3C0b+ +

(.4hh + 3C0ρ∗)
2

12(.4)

}
.

They follow by completing a square on the positive half-line and using t(t− 1) ≤ B∗(B∗ − 1) for
1 ≤ t ≤ B∗; on 0 ≤ t ≤ 1 that term has the favorable sign. Negative values are covered by M−.
All divisions and positivity requirements are explicit gates.

The sharper lower-ray slope. Take τ− = 5r0/12, η = 10−5 and I = [a− r, a− d− τ− − η],
where r ≥ r0. Since a ≤ d, the entire interval has t ≤ t∗ = −E(l + τ− + η) < 0. Write
B(t) = b− + ρ∗t+ t2 and Bmin

∗ = B(min(t∗,−ρ∗/2)). For the actual C and t ≤ t∗,

3C(β + ρt+ t2) +Hϕt ≥ 1.2B(t) + v+t+ 3(C0 − .4) min(0, Bmin
∗ ).

The inequality uses t < 0 and separates the possible negative part of B(t) before varying C.
Minimize the right side at the clipped vertex min(t∗,−(v+ + 1.2ρ∗)/2.4) and call its value q∗.
Then

L = Eφ− − Fℓ max(0,−q∗)/N
is a lower slope on the whole interval, for every n ≥ N . Positive corrections are discarded.
Therefore contact gives √

nν(I) ≥ L(r − d− τ− − η).

This one slope replaces the previous separate bounds on the long and short parts of the interval.

Lower interval geometry. Its translate is I+ = [a− r + 1− d, b− η], of width r − η. The
initial strip implies I+ ⊂ [a + g, b), g = 1 − .55 − 2d0 > 0, hence ν(I+) ≤ J/g. The intervals
are disjoint throughout r ≤ .55 + d0, since inf I+ − sup I = 1 − r + τ− + η > 0. At r = r0,
concentration and directed distance bounds are

QI = f(r0 − τ− − η) + 2C0ρ∗, QJ = f(r0 − η) + 2C0ρ∗,

Qhull = f(1 + r0 − η) + 2C0ρ∗,

DI = (vH − l − τ− − η)+, DJ = (vH + 1− l − η)+,

where vH = −hl/Fℓ for H ≥ 0 and vH = hh/E for H ≤ 0. These signs follow from µ = p+H/ℓ.

Upper interval geometry. For a support point y ≥ 1 + r0, take τ+ = 7r0/15, I = [a, a+ τ+]
and I+ = [b, a+ 1 + 2τ+]. The strict gates d0 + 2τ+ < r0 and 1− d0 − τ+ > 0 give I+ ⊂ [b, y)
and disjointness. Contact, including the atom at b, and the leakage definition give

√
nν(I) ≥ Lg(1− d)−

√
nJ/τ+,

√
nν(I+) ≤ U+(.55 + d).

Use

QI = fτ+ + 2C0ρ∗, QJ = f(2τ+ + d0) + 2C0ρ∗,

Qhull = f(1 + 2τ+) + 2C0ρ∗,

DI = (d0 + τ+ + hh/E − l)+, DJ = (1 + d0 + 2τ+ + hh/E − l)+.

The upper side deliberately keeps the absolute phase bound.
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The strict-gap alternative. If 1− .55− 2d0 > 0 and the displayed lower intervals have width
below 1 − d throughout r ∈ [r0, .55 + d0], take QI = QJ = M . For the upper intervals the
corresponding gate is 1−2d0−2τ+ > 0; then againQI = QJ = M . Use the same directed distances.
Their concentration caps are now independent of r, and use ae = FdM{1/l+ 1/(1− h)}/2 in the
next formulas. The lower-ray gate reduces to L > 0: its contact side increases with r, while the
entire error is constant on the acquired finite strip. For the score-derived cap retain the explicit
affine slope gate below. No assertion outside that strip is needed.

17.5 One budget, two error bounds

Let Fd be the strict grid upper bound for
√

max{(47/46)3, 47/45}. It simultaneously covers the
two concentration factors in (17.2) after multiplication by

√
n, uniformly for n ≥ 47. For either

pair of intervals set

ae =
Fd
2

min

{
QI
l

+
QJ

1− h
,
Qhull

1− h
+

(
1

l
− 1

1− l

)
QI

}
,

A = Fd {QIDI/l +QJDJ/(1− h)} , B = FdQI .

The probability denominators are outward because 1/p− 1/(1− p) is decreasing on (0, 1/2). Use
ad = L, aJ = 1/g on the lower side, and ad = Lg + U+, aJ = 1/τ+ on the upper side. For the
phase cell, maximize each concave budget quadratic at its vertex clipped to [hl, hh], take their
maximum, then the minimum with T ; call this upper bound T∗. Put

R = T∗/κ− b∗E2sl, α = min(c+lE, c−(1− h)E), G = (R−NP )/α.

If G ≤ 0, the strict common budget excludes the entire closed box. Otherwise nd < G and

Bτ = min{sh/(sh +Nlτ2), G/(Nτ +G)}

bounds (17.6). With

z = max

{
ad/l + 2ae
Ec+

,
ad/(1− h) + 2ae

Ec−
,
κaJ

1−Θ

}
,

one valid total error bound is

E0 = (zR+A)/N − zP +BBτ . (17.7)

This follows by multiplying the single budget by z/κ. The inverse-index coefficient zR + A is
checked positive.

A stronger bound spends the same resource on the pair event. Let R0 = R−NP > 0 and
define the three pairs

(v+, w+) =

(
ad/l + 2ae
Ec+

R0

N
,
R0

Ec+l

)
,

(v−, w−) =

(
ad/(1− h) + 2ae

Ec−

R0

N
,

R0

Ec−(1− h)

)
, (vJ , wJ) =

(
κaJ

1−Θ

R0

N
, 0

)
.

They are upper cost/displacement coordinates at the vertices of the simplex with resources
nc+M+, nc−M− and n3/2L/κ. For any t ≥ 0,

D

Nτ +D
≤ Nτ

(Nτ + t)2
D +

t2

(Nτ + t)2
(D ≥ 0).

The difference is Nτ(D − t)2/[(Nτ +D)(Nτ + t)2]. Consequently a further valid error bound is

Et =
A

N
+ max
i∈{+,−,J}

(
vi +B

Nτ

(Nτ + t)2
wi

)
+B

t2

(Nτ + t)2
.
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The checker takes the minimum of (17.7) and these eleven bounds with t = jG/10, j = 0, . . . , 10.
Each is individually valid; no numerical minimization or derivative of their minimum is assumed.

The lower contradiction is the strict gate Lr0 − L(τ− + η) > E . To extend it to every r ≥ r0,
bound increments directly in the original affine-in-width signed deletion bound for the same law.
The budget gives nϵ < E∗ = 2T/(κEmin(c+, c−)). The sufficient slope gate is

L >
Fdf

N

{
DI/l +DJ/(1− h) +

E∗
2

(1/l + 1/(1− h))

}
+ FdfBτ .

Using the uncoupled increment is safe even when the hull bound was used at r0. The upper
contradiction is Lg − .55U+ > E . Thus no support point lies below a− r0 or above 1 + r0. Since
a ≥ 0, b ≥ 1− d0 and d0 < r0, the label-zero and label-one supports both satisfy |U | < r0.

The selected schedules. The ordinary, central-antichain, and left-antichain certificates
substitute their recorded r0 into these same gates. Noise-dependent amplitudes are the same
theorem with a positive lower noise endpoint in R = T∗/κ − b∗E

2sl. In the central rows
the additional amplitudes are .35, .30, .275 on [.05, .08], [.08, .10], [.10,Λ]; on the left they are
.375, .325, .30. Intersect each interval with its own row’s Λ and each amplitude with that row’s
global amplitude. The fixed acceptance checks both signs of H, all closed phase/noise cells,
clipped endpoints, and strict budget exclusions. No proof of LOW, MID, or a binomial score
comparison is used by this confinement lemma.

18 A smaller excess ceiling at index 46

This section adds one finite calculation to the resource argument. Write CE = (3 +
√

10)/(6
√

2π)
and aj = Cj −CE . The external published inputs and the attained-contact reduction are exactly
those of the accompanying manuscript. All new entry estimates refer to the same attaining
marginal and threshold.

Theorem 18.1 (Supported barrier at 46). There is no attained positive maximum with n = 46,

a46 ≥
.54

46
, C46 ≤ .42496, suppX ⊂ [−3.4, 3.4].

The assertion includes either sign of the raw threshold and arbitrary atoms. It does not assume
positive conditional variance.

The support edge. The existing finite ceiling aj < .7/j for j = 45, 46 gives

C46 < .40974 + .7/46 < .42496, 46(a45 − a46)+ < 46(.7)/45− .54 = 79/450.

The independently checked all-threshold contact support implication with (N,L,K,R, q) =
(46, 46, .54, 3.4, 79/450) therefore supplies the support premise of Theorem 18.1. This implication
is checked on 22 closed radial cells through 4.5 and the complete remaining ray, for both signs
and every threshold. No entry output is used to prove this initial support edge. Consequently
the supported theorem implies a46 < .54/46.

Unchanged quantities and formulas. Let R and D ≥ 0 be the raw remainder and gap
defect, respectively. The conserved identity (14.1), weight removal (14.3), and coherent phase
price (14.5) have already been proved. In particular, after a prior strict raw bound R < r < .4n
has licensed weight removal,

nanρ+
997

15000
nD ≤ B(H), ϕ(H/

√
n) ≥ ϕ− :=

997

2500

(
1− 5r

2n

)
.
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Here B is the raw quadratic with the already proved extra curvature

eρ =
1− 5r/(2n)

2

(
.4095ρ− d

15

)
> 0, nD < nd.

In this single-index calculation n = 46 throughout. The extra curvature uses only the preceding
bounds r, d. On the barrier branch nan ≥ K = .54, it follows that

D <
15000

997n
max
H
{B(H)−Kρ}. (18.1)

The subtraction is made only in this resource bound, never in the raw remainder passed to the
next stage.

Four signed-moment covers. The first four stages use the signed-moment and common-first-
moment formulas of Sections 15–16, with fixed parameters

N = L = 46, R = 3.4, K = .54, C ≤ .42496, C ≥ .4095 + .54/46.

The published moment caps determine the outer ρ interval. Each pass uses its complete
24× 24× 8× 4 closed cover in (ρ, β, γ,m), including both signs of β, γ. The LOW estimate and
all six HIGH pieces are the complete estimates of Section 15; the signed core and its boundary
rules are unchanged. The first raw output is below .4(46) = 18.4, before any defect output is
used. Every later pass consumes only its accepted predecessor state.

Three probability covers. After the fourth pass D < .2371 < .7. The general gap geometry
and the 24 ordered conditional updates in Section 16.8 provide a closed probability interval
[p−, p+]. Split it into 96 equal closed cells. The simultaneous resource (14.9) proves each cell’s
moment and inner-gap bounds. A cell may be discarded only when its binary defect charge
already exceeds the available defect. Otherwise apply the general four-corner enclosure (16.17),
using the score floor .4095 + .54/46. All closed endpoints remain covered.

Where its explicit moment and rectangle gates hold, also use paired Fourier cancellation
(15.13). In particular the checker verifies

0 < l < u < 1/2, 1 ≤M ≤ 2, 0 ≤ g ≤ 1, R > 2g, 3 min(Al, Bl) ≥ 3
2 max
p∈[l,u]

ρB(p),

and the nonnegative paired absolute-skewness lower endpoint and every coefficient ordering
gate. The last displayed inequality licenses the actual lower bound ρ ≥ ρB(u). Reflect only the
auxiliary Fourier integral when necessary, as in Theorem 14.3; the actual signed contact and
phase data retain their original orientation. If a paired premise fails, retain the valid general
enclosure for that cell.

The signed phase correction. The actual coefficient of H2 is Cρ + γϕ/2. The available
signed lower bound is γ ≥ 3.16ρ − 3 − d. It can be negative during the first probability pass.
Define

ϵγ =
.4− ϕ−

2
(d− .16)+.

Since ρ ≥ 1, its negative part is at most (d− .16)+, so

Cρ+ γϕ/2 ≥ Cρ+ ϕ−(3.16ρ− 3− d)/2− ϵγ . (18.2)

Thus every paired corner (A, f, q) returned before this correction is used with q̃ = q − ϵγ > 0.
Both the raw and the resource bounds are recomputed:

Rpair = max
C,ρ corners

(
A+

f2

4q̃

)
, Bpair = max

C,ρ corners

(
A+

f2

4(q̃ + eρ)
−Kρ

)
.
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The four score–moment corners use C ∈ {.4095, .42496} and ρ ∈ {ρB(u), ρu}. The lower score
corner is a valid relaxation of the stronger barrier score floor. The checker requires all corrected
divisors to be positive.

For clarity, the endpoint argument precedes square completion. At fixed H, the constant
and linear-phase envelopes are convex in C and in ρ, as proved for (16.17); the curvature
is affine in each variable. The new correction is constant on the cell, eρ is affine in ρ, and
−Kρ is affine. Hence taking those same endpoints still gives an upper bound. Only then use
f |H| − qH2 ≤ f2/(4q). The maximum for the general estimate and the maximum for the paired
estimate are separate complete bounds; their minimum is therefore valid. No coefficients from
different estimates are combined.

Fixed exact schedule. All decimals in the table denote exact rational target bounds. Each
row gives strict simultaneous upper bounds for R, D.

Pass Cover R D Active Excluded Paired
1 signed 5.8415 1.6324 17752 680 0
2 signed 2.8322 .6195 12871 5561 0
3 signed 1.8719 .3550 5515 12917 0
4 signed 1.4410 .2371 3127 15305 0
5 probability .9953 .1077 92 4 83
6 probability .7416 .0379 95 1 95
7 probability .5840 -.0046 96 0 96

There are 4(18432) + 3(96) = 74016 closed cells in the recorded covers. The final row contradicts
D ≥ 0, proving Theorem 18.1.

19 One local comparison theorem

A law concentrated near two points has a natural integer count and a small centered error. We
compare it with its own Bernoulli count. The same exact identity handles every noise regime.
There are two useful estimates of its right side: discard all but the nearest outgoing count, or
retain all counts through a random cutoff. The estimates share their normalization, moments,
and tail bounds; only the final scalar witness changes.

19.1 The identity and the common numerical test

Let 0 < p ≤ 1/2, q = 1− p, v = pq, and let

Y = B + U, Pr(B = 1) = p, E(U | B) = 0.

The two actual conditional laws U0, U1 obey

|Uj | ≤ A, U0 ≤ a0, U1 ≥ −a1, a0, a1 ≥ 0, d = a0+a1 ≤ d0 < min(p, q), d0 ≤ A. (19.1)

Write sj = EU2
j , s = qs0 + ps1, λ = ns, ℓ = (v + s)−1/2, θ = s/(v + s) and ρ = E|ℓ(Y − p)|3. At

the actual threshold choose

x = np+H/ℓ = k + u, k ∈ {1, . . . , n− 1}, |u| ≤ 1
2 , δ = k − np = H/ℓ− u.

Either nearest integer is allowed at a tie. Put

πj =

(
n

j

)
pjqn−j , FB(j) = Pr(Bin(n, p) ≤ j), ρB = (1− 2v)/

√
v,
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with πj = 0 outside [0, n]. Let Wj be an independent sum of j copies of U1 and n− j copies of
U0. The signed scores are

C =

√
n

ρ
{Pr(

∑
Yi ≤ x)− Φ(H/

√
n)}, CB =

√
n

ρB
{FB(k)− Φ(δ/

√
nv)}.

Throughout this section C ≥ c∗ > 0; the selected application uses c∗ = .4. Define

f(u) =
Φ((δ + u)/

√
n(v + s))− Φ(δ/

√
n(v + s))

πk
, (19.2)

Q = Pr(
∑
Yi ≤ k + u)− FB(k),

R =
√
n{Φ(δ/

√
nv)− Φ(δ/

√
n(v + s))}+ C(ρB − ρ).

Direct subtraction gives the exact identity

ρB(C − CB) =
√
nπk{Q/πk − f(u)}+R. (19.3)

In particular, the phase u, the sign of H, and both conditional laws refer to the same marginal
throughout.

Theorem 19.1 (Parameterized local comparison). Fix n ≥ N , λ > 0 and a closed parameter
cell on which (19.1) holds. Suppose

√
nπk ≥ m > 0. Either of the following witnesses proves

ρB(C − CB) < −ελ.

1. Nearest-count witness. Valid bounds O, T,R0, κ satisfy

Pr(Wk > u) + f(u) ≥ O,
∑
i≥1

Pr(Wk+i ≤ u− i) ≤ T, πk+i/πk ≤ R0, R ≤ κλ/n.

Only legal counts occur in the sum; adding positive upper bounds for other counts is allowed.
If D = O −R0T > 0 and

mD − κλ/n > ελ, (19.4)

the conclusion follows.

2. Whole-count witness. Bounds B(λ) < 0 and I(λ) ≥ 0 satisfy

ρB(C − CB) ≤
√
nπkλB(λ) + λI(λ)/n.

It is enough that
mB(λ) + I(λ)/N < −ε. (19.5)

The witnesses may differ from cell to cell. A finite closed cover and a separate treatment of λ = 0
therefore suffice for a complete local comparison.

Proof. Conditioning on the binomial count gives, with all atom conventions intact,

Q = −
k∑
i=0

πk−i Pr(Wk−i > u+ i) +

n−k∑
i=1

πk+i Pr(Wk+i ≤ u− i). (19.6)

Dropping the outgoing terms with i > 0 gives Q/πk − f(u) ≤ −D. Use (19.3) and D > 0. For
the second witness, use B < 0 before replacing

√
nπk by m, and I ≥ 0 before replacing n by N .

These sign requirements are part of the test, not conventions.
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19.2 Normalization and the repair, once for every witness

Here is an explicit finite recipe for the constants required above. Let p ∈ [p−, p+] ⊂ (0, 1/2),
n ≥ N , λ ≤ Λ, θ ≤ Θ, and |δ| ≤ ∆, where ∆ ≥ 1 also includes every binomial mode. Choose
0 < r− < p− − ∆/N and p+ + ∆/N < r+ < 1/2. Let v∗ > 0 be a lower bound for p(1 − p).
Choose positive E,L,R bounding, on [r−, r+],

|D′′′(r∥p)| = 1− 2r

r2(1− r)2
, |(log(r(1− r)))′| = 1− 2r

r(1− r)
,

1

12r(1− r)
,

respectively, where D(r∥p) = r log(r/p) + (1− r) log((1− r)/q). Then, with Z(t) = Lt/2 +R+
Et3/(6N),

√
nπk =

ϕ(0)√
v
e−δ

2/(2nv)+ζ , n|ζ| < Z(|δ|). (19.7)

For completeness, the finite Stirling formula used here is

log(j!) = (j + 1
2) log j − j + 1

2 log(2π) + rj , 0 < rj < 1/(12j).

If aj = log(j!) − (j + 1/2) log j + j and z = (2j + 1)−1, the integrated geometric series gives
0 < aj − aj+1 =

∑
i≥1 z

2i/(2i + 1) < 1/[12j(j + 1)]. Summing gives the remainder relative to

lim aj . The integration-by-parts recursion for
∫ π/2
0 sinj t dt and the inequalities between three

successive integrals give Wallis’s product; its finite product equals e4aj−2a2jj/[2(2j+1)] and tends
to π/2. Thus lim aj = 1

2 log(2π). Applying this formula to n!, k!, (n− k)! and Taylor-expanding
D and the logarithmic prefactor proves (19.7); the factorial error is at most 1/[12nr(1− r)].

Consequently a valid mass lower bound is any positive

m <
.39886√
p+(1− p+)

[
1− ∆2/(2v∗) + Z(∆)

N

]
. (19.8)

The same formula at a mode proves
√
nmaxj πj < 1 whenever v∗[1 − Z(∆)/N ]2 > .42 and

Z(∆) < N . The rational bounds .39886 < ϕ(0) < .4 follow, for example, by the alternating
arctangent series in Machin’s identity.

Differentiating (19.2) gives

log f ′ = −1
2 log(1 + s/v) + δ2/(2nv)− (δ + u)2/(2n(v + s))− ζ. (19.9)

Thus n| log f ′| ≤ B0λ+ P (D, a) on |δ| ≤ D ≤ ∆, |u| ≤ a ≤ 1/2, where

B0 >
1

2v∗
+

∆2

2Nv2∗
, P (D, a) =

2Da+ a2

2v∗
+ Z(D).

Choose 0 < b < 1 above [B0Λ + P (∆, 1/2)]/N and put F = (1− b)−1. The elementary estimates
ez ≤ (1− z)−1 and 1− e−z ≤ z imply

|f ′ − 1| ≤ (B1λ+ P1)/n, B1 = FB0, P1 = FP (D, a). (19.10)

This supplies both a derivative interval lf ≤ f ′ ≤ hf and the finer phase-error bound |u−f(u)| ≤
a(B1λ+ P1)/n.

The exact count variance is

tj = EW 2
j = λ+ (j − np)(s1 − s0), |s1 − s0| ≤ s/p ≤ cvs, cv ≥ 1/p−. (19.11)

It gives ω−λ ≤ tk ≤ ω+λ with ω± = 1± cvD/N . All uses below require the checked condition
ω− > 0. Also tk+i ≤ iV∗λ for V∗ = 1 + cv(∆ + 1)/N . The binomial recursion gives, for every
legal i ≥ 1,

πk+i
πk
≤ R0, R0 > 1 +

p+ + ∆− 1

Nv∗[1− (∆− 1)/(Np−)]
, (19.12)
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provided the denominator is positive and p+ + ∆ < 2. Indeed the first ratio has this bound and
all subsequent rising factors are at most one. No count outside [0, n] is used in this recursion.

Finally (19.1) fixes the signs inside the absolute cubic. Expansion and centering give

E|Y − p|3 = v(1− 2v) + 3pq(s0 + s1) + pEU3
1 − qEU3

0 ≥ v(1− 2v) + (3p− d)s.

The inequality (1 + z)3/2 ≤ 1 + 3z/2 + 3z2/8 for z ≥ 0 yields

(v + s)3/2(ρ− ρB) ≥ s
(

6p− 3p2 − 3
2 − d−

3(1− 2v)s

8v

)
. (19.13)

Let Q∗ > 0 be a lower bound for the bracket and mc ≤ c∗/[p+(1− p+) + Λ/N ]3/2. The normal
variance correction is nonpositive for δ ≤ 0; for δ > 0 its derivative in s is at most .4δ/(2v3/2).
Therefore

R ≤ (P∗D+ −mcQ∗)λ/n, P∗ ≥
.4

2v
3/2
∗

, D+ ≥ δ+. (19.14)

One may take D+ = D, but retaining the positive part is often decisive. All bounds concern
v + s, which can exceed 1/4.

19.3 Two elementary tools for probabilities

Lemma 19.2 (A shifted quartic). Suppose W is a sum of independent centered variables bounded
in absolute value by A, and t = EW 2. Let K0 ≥ (9 + 6

√
3)/4 and a > 0. For r ≥ 0 and

σ ∈ {−1, 1},

Pr(W + σr > 0) ≥ (3a2 −A2)t− 3t2 − 4Art− 6r2t− r4 + 3a2r2 + 2σa3r

K0a4
. (19.15)

Proof. The polynomial ha(z) = (−z4 + 3a2z2 + 2a3z)/(K0a
4) is below 1{z>0}: it is nonpositive

for z ≤ 0, and its maximum for z > 0 is at z/a = (1 +
√

3)/2 and is at most one. Independence
gives |EW 3| ≤ At and EW 4 ≤ A2t+ 3t2. Expand Eha(W + σr) and apply these two inequalities.
The value at the threshold is zero, so atoms require no limiting argument.

Lemma 19.3 (One common tail bound). If independent centered Xi ≤ A have total variance at
most V , then, for b > 0, their sum has upper tail bounded by the minimum of one and

V

V + b2
, B(A, V, b) = eb/A

(
V

V +Ab

)b/A+V/A2

,
E(Pµ − j)3+

(b/A+ µ− j)3
,

µ = V/A2, 0 ≤ j < b/A+ µ.

(19.16)

where Pµ is Poisson. The same holds for a lower tail when |Xi| ≤ A. All bounds apply to closed
events, hence also to strict events.

Proof. Cantelli’s bound follows by applying Markov to (
∑
Xi+V/b)

2. Taylor’s integral remainder
gives EezXi ≤ exp{EX2

i (ezA − 1− zA)/A2} for z ≥ 0. Multiply and use z = A−1 log(1 +Ab/V )
to get B. The zero-variance case is immediate.

For the third bound, smooth f(x) = (x− t)3+ by a nonnegative smooth compactly supported
density. Then f ′′, f ′′′, f ′′′′ ≥ 0. For Af(x) = f(x+A)− f(x)−Af ′(x), the Taylor quotient

f(x+ y)− f(x)− yf ′(x)

y2
=

∫ 1

0
(1− r)f ′′(x+ ry) dr

is nondecreasing in y. A centered X ≤ A of variance v consequently satisfies Ef(x + X) ≤
f(x) + (v/A2)Af(x). For Pzf(x) = Ef(x+A(Pz − z)), ∂zPzf = PzAf and

∂2zPzf = PzA2f ≥ 0, A2f(x) =

∫ A

0

∫ A

0
(A− r)(A− w)f ′′′′(x+ r + w) dr dw.

140



Thus Pv/A2f ≥ f + (v/A2)Af . Replace the independent variables successively; translations and
expectations preserve the derivative signs and Poisson rates add. Increasing the total variance
to V is permitted by Jensen after adding independent centered Poisson noise. Removing the
smoothing is justified by bounded actual upper supports and finite Poisson third moments.
Markov at t = A(j − µ) proves the displayed bound.

These bounds have finite rational evaluations. For example,

E(Pµ − j)3+ = µ3 + 3(1− j)µ2 + (1− 3j + 3j2)µ− j3 (19.17)

+ e−µ
⌊j⌋∑
h=0

µh(j − h)3

h!
.

Replacing e−µ by (
∑24

h=0 µ
h/h!)−1 enlarges the nonnegative correction. Alternatively sum

the positive Poisson series through 32; the remaining tail is at most its first term divided by
1−µ(34−j)3/[34(33−j)3], provided j < 33 and that ratio is below one. For Bennett, put x = Ab/V
and L = [(b/A+ µ) log(1 + x)− b/A]. The positive series log(1 + x) = 2

∑
h≥0 z

2h+1/(2h+ 1),
z = x/(2 + x), gives lower bounds for L; any positive lower exponential series gives an upper
bound for e−L. Rounding a positive lower L down before exponentiation is also valid. These are
choices of rational witnesses, not optimization claims.

19.4 The nearest-count witness, including vanishing noise

For u = −r ≤ 0, add −hfr to (19.15) with σ = 1; for u = r ≥ 0, add lfr with σ = −1. Both
bound Pr(Wk > u) + f(u) from below. For a cell t ∈ [t−, t+], r ∈ [r−, r+], this expression is
concave in t (second derivative −6/(K0a

4)), so only t−, t+ are needed. At each endpoint, bound
a monomial with positive coefficient at r− and one with negative coefficient at r+. Any rational
a > 0 is a valid witness. Other valid choices are

r2−
t+ + r2−

− hfr+ (u ≤ 0), lfr− (u ≥ 0). (19.18)

They follow from Cantelli and nonnegativity, respectively. Their maximum or one selected
witness is valid without an optimality proof.

For incoming counts use tk+i ≤ iV∗λ. On u ∈ [−r+,−r−] the first distance is 1 + r− and
every later distance is at least i. On u ∈ [r−, r+] they are 1− r+ and i(1− r+/2) for i ≥ 2. Let
b, bo be these first and later distances. On λ ∈ [L,U ], let T1 be any bound from Lemma 19.3
at (A, V∗U, b). Since B(A, iV, ib) = B(A, V, b)i, all later counts total at most B2/(1 − B) for
B = B(A, V∗U, bo) < 1. Thus

D = O −R0{T1 +B2/(1−B)} > 0, mD − κU/N > εU (19.19)

proves the entire cell when κ ≥ 0. The selected MID normalizers explicitly verify this sign. This
is the common central and left MID proof.

A cell touching λ = 0 requires estimates proportional to λ; a positive lower endpoint may not
be substituted. The following rescaling provides them. Put r = zt, t∗ = ω+U and da = K0a

4.
The shifted quartic plus br, divided by t, becomes

Fσ,b(z, t) =
3a2 −A2 − 3t

da
+

(
2σ

K0a
+ b− 4At

da

)
z +

3a2t− 6t2

da
z2 − t3z4

da
. (19.20)

It extends to t = 0 and is concave in t. On 0 ≤ z ≤ z0, replacing z4 by z20z
2 gives a lower

quadratic at t = t∗; at t = 0 it is linear. Endpoints and a clipped quadratic vertex therefore give
an exact lower bound J(σ, b, z0) for the whole rectangle.
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For negative phase choose z−, c− > 0 and verify

J(1,−hf , z−) > c−,
z2−

1 + z2−t∗
− hfz− > c−,

2z−
(1 + z2−t∗)

2
> hf , (19.21)

1

1 + 4t∗
−
hf
2
> c−t∗, z−t∗ < 1/2.

The quartic handles r ≤ z−t. Beyond that point use r2/(t+ r2)− hfr. Its derivative at r = z−t
is positive by the third gate; its second derivative has just one sign change, so any later critical
point is a maximum. Its minimum is at z−t or 1/2, covered by the other gates. Hence the own
count exceeds c−t. For positive phase choose z+, c+ > 0 with

J(−1, lf , z+) > c+, lfz+ > c+, z+t∗ < 1/2. (19.22)

The quartic handles r ≤ z+t and the normal term handles the rest. The own count exceeds c+t
and also exceeds lfr.

For incoming tails proportional to λ, fix a Poisson anchor j. A positive series term of index h
divided by λ(b/A+ µ− j)3 has logarithmic derivative, multiplied by λ,

h− 1− µ− 3µ

b/A+ µ− j
, µ = V∗λ/A

2.

If b/A − j > 0 and this is nonnegative at λ = U for the first positive index, it is nonnegative
for every term and all 0 < λ ≤ U . Therefore the Poisson bound divided by λ is largest at U .
Likewise B2/[λ(1−B)] is increasing whenever λB′/B ≥ 1/2. Differentiating the Bennett formula
gives

λB′/B = b/A− µ log(1 + b/(Aµ));

The function g(µ) = b/A− µ log(1 + b/(Aµ)) decreases because log(1 + x) > x/(1 + x) for x > 0.
Moreover the logarithmic derivative of B2/[λ(1−B)], multiplied by λ, is 2g−1 +gB/(1−B) ≥ 0
when g ≥ 1/2. Thus checking the gate at U proves the whole interval. A rational upper bound
for the logarithm verifies that gate. On cells using the fixed positive bound lfr− instead, unscaled
endpoint tails suffice: after a positive bracket is checked, divide it by U to obtain a lower bound
per λ. These arguments, followed by (19.4), prove TINY uniformly down to arbitrary positive
noise, including a deterministic conditional component.

19.5 The whole-count witness

Assume c = 1 − d0 > 1/2. Couple all 2n conditional variables independently and set Wj =∑
i≤j U1,i +

∑
i>j U0,i, extending it constantly outside [0, n]. Every increment of j + Wj is at

least c. Define
K = max{j ∈ Z : j +Wj ≤ k + u}, R = K − k.

An independent binomial selector has the correct actual count laws, so

Pr(
∑
Yi ≤ k + u) = EFB(k +R). (19.23)

Let χ = (n+ 1)p− k < 2 and mB = maxj πj . For every integer r,

FB(k + r)− FB(k)− rπk ≤
mB

(n+ 1)v

[
(χ− 1)+r+ + χ+

(
r−
2

)
+

(
r−
3

)]
. (19.24)

Indeed, the positive part of πk+i − πk+i−1 is at most mB(χ − i)+/((n + 1)v), by πj − πj−1 =
πj((n + 1)p − j)/(p(n − j + 1)). Double summation gives (19.24): for r > 0 only i = 1 can
contribute; for r = −h < 0 use (χ + i)+ ≤ χ+ + i and sum the multiplicities h − 1 − i. Zero
extension makes the same calculation valid outside the legal count range.
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Write t = EW 2
k . Crossing monotonicity and Cauchy–Schwarz give

ER+ ≤
t

(c− u)2
, E

(
R−
2

)
≤ t

[c+ min(u, c/3)]2
, E

(
R−
3

)
≤ t
√
A2 + 3t

(2c− 1/2)3
. (19.25)

For the first, R = i ≥ 1 implies −Wk ≥ ci − u and (ci − u)2 ≥ i(c − u)2. For R = −h ≤ −2,
the next count is outside the closed event, so Wk > c(h− 1) + u. Put j = h− 1. The function
j(j + 1)/(2(cj + u)2) decreases for j ≥ 1 if u ≤ c/3; for larger u reduce to that endpoint. Also
(j3−j)/(6(cj−1/2)3) decreases for j ≥ 2, since its derivative has the sign of 2cj−(3j2−1)/2 < 0.

These give the last two bounds using E(Wk)
3
+ ≤

√
EW 2

kEW 4
k .

The marked crossing. Let Di = U1,i − U0,i, ϑ = E(Di)+ = E(Di)−, 0 < η ≤ 1, and
Rf = E{u+ η −Wk}. The two deleted laws are

A0
d
= kU1 + (n− k − 1)U0, A1

d
= (k − 1)U1 + (n− k)U0.

Then

ER ≤ u+ η −Rf + J, (19.26)

J =
ϑ

η

∑
i≥1

{Pr(A0 ≤ u+ d0 − ci) + Pr(A1 > u+ η + i−A)}.

Here are the pathwise details. Put z = u−Wk and mark

Zf =

n−k∑
i=1

(Dk+i)−1{Wk≤u−ci}, Zb =

k∑
i=1

(Dk−i+1)+1{Wk>u+η+i}.

If R > z + η, the crossing activates the marks through R: for R > 0 use z ≥ cR, while for
R < 0 use z < R − η. In either case R ≤ z + Zf + Zb. Hence if h = R − ⌊z + η⌋ > 0,
Zf + Zb > h − 1 + η ≥ ηh. Thus R ≤ ⌊z + η⌋ + (Zf + Zb)/η on every path. On an active
forward mark U0 > U1 ≥ −d0; deleting its pair implies A0 ≤ u+ d0 − ci. On a backward mark
delete U1 ≤ A to obtain the strict event for A1. The remaining sum is independent of the entire
pair, so the expectations factor. Extending to all i ≥ 1 adds only nonnegative bounds. Finally
|R| ≤ 1 + (|Wk|+ |u|)/c proves integrability and permits expectations. No coupling has replaced
either deleted marginal.

A finite bound for every mark. Fix λ ∈ [L,U ], L > 0, and t ≤ ω+λ; put TL = ω+L,
TU = ω+U . On a phase subcell u ∈ [vl, vh], for i = 1, 2 let b1 = ci − d0 − vh > 0 and
b2 = i−A+ vl > 0. Lemma 19.3 gives a bound ω+λK

ind
i , where

K ind
i =

2∑
j=1

min

{
1

b2j + TL
,
P (A, TU , bj)

TL

}
.

The denominator TL is a lower bound for the chosen upper envelope ω+λ, not for any actual

variance. Alternatively couple A0 = Z+U1, A1 = Z+U0 with Z
d
= (k−1)U1+(n−k−1)U0. The

two events project into Z ≤ −α and Z > β, where α = ci− 2d0− vh > 0, β = i−A− d0 + vl > 0.
For any z ∈ (−α, β) their sum is at most (ω+λ+ z2)/min(z + α, β − z)2. Consequently a second
kernel is

Kcom
i =

1 + z2/TL
min(z + α, β − z)2

, z = max{−TL/β,min((β − α)/2, TL/α)}.
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This center is inside the interval; differentiating the two quadratic ratios on either side of the
midpoint proves its optimality, although any interior rational center suffices. Take the smaller
kernel on each phase subcell and the maximum over their closed cover. Denote it Ki. For i ≥ 3
use fourth moments and the convex midpoint integral for (cx− b)−4. On u ∈ [ul, uh] this gives

K = K1 +K2 +
A2 + 3TU

3c

{
1

((5/2)c−A− uh)3
+

1

((5/2)c−A+ ul)3

}
, J ≤ ϑ

η
ω+λK.

(19.27)
All denominators must be positive. Indeed, the tail fourth moment is at most A2t+ 3t2, and
integration from 5/2 to infinity covers every remaining integer, including the harmless added
illegal counts.

If the same-law resource supplies nd < G and G2 < cvNL, then

ϑ ≤ cvGλ

cvnλ+G2
. (19.28)

To prove this, for centered X ≥ −b, EX2 ≤ V and b2 ≤ V , the quadratic b(X −V/b)2/(b+V/b)2

majorizes X− on [−b,∞). Its expectation is at most bV/(V + b2). Apply this to Di ≥ −d, using
Var(Di) = s0 + s1 ≤ cvλ/n, and monotonicity in b ≤

√
V . The case d = 0 is immediate. With

η = zλ, z > 0, zU ≤ 1, (19.27) becomes

J

λ
≤ ω+KcvG

z(cvNλ+G2)
. (19.29)

The fractional-part gain. If each centered summand has support span at most b < 1/2 and
the sum has variance t, then, for any real w and 0 < r∗ ≤ 2 sin2(πb)/b2,

E{w −W} ≥ 5

23
(1− e−r∗t). (19.30)

Indeed 1 − cos(2πx) ≤ (23/5)x for 0 ≤ x ≤ 1. A finite proof of this sole scalar inequality is
recorded below. For an independent copy Z ′ of one summand, concavity of sine on [0, πb] gives

|Ee2πiZ |2 = 1− 2E sin2 π(Z − Z ′) ≤ e−4 sin2(πb)Var(Z)/b2 .

Multiply square roots over the independent summands and use periodicity. This argument
includes zero variances and integer collisions. Here the conditional spans are at most A+ d0, so
this is the b to use.

For a reproducible scalar proof, x ≥ 10/23 follows from 1− cos ≤ 2. On [0, 10/23] use the
degree-ten alternating upper polynomial for 1− cos(2πx), with directed coefficients:

Q(x) =

5∑
j=1

(−1)j+1(2πjx)2j

(2j)!
, πj =

{
3.141592653589794, j odd,

3.141592653589793, j even.

Put P (x) = 23/5 − Q(x)/x. On the eight intervals with left endpoint aj = 5j/92 and width
w = 5/92, its degree-nine Bernstein coefficients are

bjk =
k∑
i=0

(
k
i

)(
9
i

) 9∑
h=i

[xh]P (x)

(
h

i

)
ah−ij wi, 0 ≤ j < 8, 0 ≤ k ≤ 9.

The 80 rational coefficients are positive; the retained scalar acceptor reconstructs them. Expansion
in powers of the unit-interval coordinate proves the formula; Bernstein weights are nonnegative
and sum to one. The alternating remainder and the stated rational bounds on π follow from the
same elementary series above. This completely specifies the finite scalar obligation. A rational
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rate follows by replacing sin(πb) with x−x3/6 +x5/120−x7/5040, x = 3.14159b, on the checked
alternating-series domain.

Set r = r∗ω−, require rU < 3, and define

g =
5

23

(
r3L2

6
− r4L3

24
+
r5L4

120
− r6L5

720

)
. (19.31)

The sixth-order Taylor lower bound for 1 − e−rλ gives Rf/λ ≥ 5r/23 − 5r2λ/46 + g. The
discarded higher-order part is increasing as a function of λ for rλ < 3: its derivative has the sign
of 48− 18x+ (24/5)x2 − x3 > 0 on [0, 3]. For instance this polynomial has positive degree-three
Bernstein coefficients 48, 30, 132/5, 51/5 there. Thus freezing it at L is valid.

One final expression. On a signed phase cell find an interval [xl, xh] containing H/ℓ by its
four endpoint quotients, using positive bounds for ℓ. Let

D = max(|xl − uh|, |xh − ul|), D+ = max(0, xh − ul), a = max(|ul|, |uh|), bχ = p+ − xl.

The same formula allows coarser upper bounds D,D+, bχ, as used by the central certificate.
Check D ≤ ∆ and bχ + uh < 2. With ω± = 1± cvD/N , the curvature coefficient is

V0 =
ω+

v∗

[
sup

ul≤u≤uh

{
(bχ + u− 1)+

(c− u)2
+

(bχ + u)+
[c+ min(u, c/3)]2

}
+

√
A2 + 3TU

(2c− 1/2)3

]
. (19.32)

On a rational phase subcell, both numerators are bounded at the right endpoint; the first
denominator is smallest there, and the second is smallest at the left endpoint. This proves the
supremum bound, including both kinks. Equations (19.23)–(19.25),

√
nmB ≤ 1, and (19.3) now

give the whole-count witness with

B(λ) = z +
ω+KcvG

z(cvNλ+G2)
− 5r

23
+

5r2λ

46
− g, (19.33)

I(λ) = V0 + aB1 +
aP1

λ
+ P∗D+ −mcQ∗.

We used |u − f(u)| ≤ a(B1λ + P1)/n and
√
nπk ≤ 1. Every constant is fixed before λ varies.

Both B and mB + I/N are convex on λ > 0; I is decreasing. Thus their two endpoint gates
B < 0, I > 0, mB + I/N < −.001 prove the entire closed noise cell. This proves all three LOW
variants by exactly the same argument.

19.6 The selected finite cover and the zero-noise endpoint

The retained tables contain 45 central probability intervals covering [.38, .47] and 38 left intervals
covering [.304, .38]. Each row supplies its own Θ, signed H bounds, d0, Λ, and global amplitude;
the confinement profiles may improve the amplitude with λ. All these are hypotheses of the
present section, acquired earlier without using its conclusion. The shared resource has the form

nDmom <
15000

997
TH , Dmom ≥ αd+ βθ + P.

Consequently a noise cell [L,U ] has

nd < G = {(15000/997)TH −NP − βℓ2−L}/α.

Here TH is the maximum of the acquired concave quadratic budget on the closed signed H cell,
further bounded by its scalar ceiling. It already contains the phase charge. If G ≤ 0, the entire
cell is impossible and receives no score test; the exclusion is strict even at G = 0.

For positive noise the complete cover is the following. Each interval is intersected with the
row ceiling Λ; shared endpoints are included.
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Noise Central phase Left phase Witness

(0, .05] all all nearest count (scaled)
[.05, .06] |u| ≥ .09 |u| ≥ .09 nearest count
[.06, .08] |u| ≥ .13 |u| ≥ .14 nearest count
[.08, .10] |u| ≥ .18 |u| ≥ .19 nearest count
[.10, .12] |u| ≥ .29 u ≤ −.29 nearest count
[.10, .12] — u ∈ [.29, .5] whole count
[.05,Λ] remaining phase remaining phase whole count

Beyond .12 the last row covers the full phase interval. The three LOW objects are one central
cover, one left cover with phase slices, and one extra positive left cover. Their distinction is only
the closed domain and the chosen outward constants. Signed H cells meet at zero; nearest count
ties meet at u = ±1/2. The fixed coverage checker also checks every row-ceiling singleton and
every entirely excluded LOW row.

The common TINY parameters are

N = 47, p ∈ [.304, .47], |H| ≤ 1.393, Θ = .0154, d0 = .0181, A = .425, Λ = .05.

For its scaled own witness use a = .4784, K0 = 9/(4 · .4641), (z−, c−) = (1.66, .514) and
(z+, c+) = (1.2, 1.036). Its six phase cells are [−.5, 0], [0, .1], . . . , [.4, .5]. The first two use scaled
Poisson anchors 1.25, 1, respectively; the other four use the fixed positive normal bound. The exact
normalizers and gates specified in the accompanying certificate map verify these constants. The
central MID amplitudes are .35, .35, .30, .275 in its four rows. The left ones are .375, .375, .325, .30,
each further reduced by the row’s global amplitude. No interpolation of the tables is used.

All six accepted comparisons give the same strict conclusion

ρB(C − CB) < −.001λ.

Their proofs have now reduced to Theorem 19.1, the shared normalization, and the two explicitly
derived witnesses. The arithmetic objects still have their original domains and targets; no
certificate branch has been silently deleted or relabeled.

If λ = 0, conditional centering and p, q > 0 imply U0 = U1 = 0 almost surely. The law is
exactly Bernoulli. For an attained positive closed maximum its threshold is a binomial atom:
lowering a noninteger threshold to the preceding atom leaves the CDF unchanged and strictly
improves the normal term, while thresholds below the first atom have nonpositive score. Thus
u = 0 at such a maximum and C = CB. Schulz’s all-probability Bernoulli theorem [6, Theorem 1]
gives CB < CE for every 0 < p < 1 and in particular for all the indices n ≥ 47 used here. The
same external theorem closes the positive-noise conclusion C < CB < CE ; no finite Bernoulli
reserve is needed. No estimate in this section divides by zero or passes from fixed-law convergence
to uniformity in varying laws.

20 Exact arithmetic and the proof boundary

The preceding sections reduce the theorem to finitely many rational inequalities on closed
parameter cells. The executable supplement is part of this computer-assisted proof. It fixes
the row data, rational witnesses and subdivisions; acceptance reconstructs their inequalities.
The numerical tables are not evidence of a sampled inequality, and no optimizer’s success or
infeasibility report is used as acceptance.

20.1 A small arithmetic language

Integers and reduced fractions are exact. A square root of a rational x ≥ 0 is enclosed using an
integer k with k2 ≤ m2x < (k + 1)2; the endpoints are k/m, (k + 1)/m. Every denominator’s
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sign is checked before division. Exponentials, logarithms, sines and cosines occur only through
the finite rational series and remainder bounds proved in the text. Those bounds include the
endpoint 1/n = 0 where an infinite index band is used.

For clarity, the polynomial test used throughout can be reconstructed without a library. If
P (x) =

∑d
j=0 ajx

j and x = l + (u− l)y, then its coefficients in powers of y are

ci =
d∑
j=i

aj

(
j

i

)
lj−i(u− l)i.

Its Bernstein coefficients are

bk =
k∑
i=0

(
k
i

)(
d
i

)ci, P (l + (u− l)y) =
d∑

k=0

bk

(
d

k

)
yk(1− y)d−k.

The basis is nonnegative and sums to one on 0 ≤ y ≤ 1. Thus min bk ≤ P ≤ max bk on the entire
closed interval. Applying the transform one coordinate at a time proves the tensor version. Strict
positive coefficients suffice for positivity; failure to obtain them is a rejection, not a proof of
negativity. On an infinite ray, strict signs of a polynomial and all its derivatives at the endpoint
supply the separate ray certificate. The independent transform checks expand the Bernstein
expression back into monomials.

The resource iteration is a finite induction over rows and passes. Each accepted state encloses
the same unknown law; subsequent states intersect it with proved inequalities. Counts of feasible
and excluded cells must sum to the prescribed complete cover. An excluded cell requires a strict
contradiction, including at boundary values. The local score tests check sign premises before
substituting a mass lower bound or the index floor. Convexity in the noise parameter then
reduces each closed noise cell to its two endpoints.

20.2 The dependency graph and the supplement

The new logical graph is

finite caps, attainment, contact −→ support and resource formulas,

five supported exclusions −→ finite ceilings through 50, sharpened at 46,

acquired parameter cover and confinement −→ uniform local comparison,

sharper ceiling + three losses −→ C49 < CE ,

smoothing + least later failure −→ Cn < CE (n ≥ 49).

The all-parameter Bernoulli theorem closes the local comparison. No edge enters from an
earlier numerical cutoff. The complete Fourier, gap, moment and count arguments are shared
tools proved once in this manuscript; retaining those tools does not retain their former global
applications.

The electronic supplement supplies the rational row data, witnesses and closed subdivisions
used in these finite verifications. Every accepted cell satisfies the inequalities stated above; every
discarded cell has a strict contradiction with its necessary constraints. The covers include all
shared endpoints and the infinite index band. Together with the analytic implications proved
here, these finite inequalities complete the computer-assisted proof.

21 Two summands: a rational tensor certificate

21.1 Result and proof boundary

For a standardized law P , write

EX = 0, EX2 = 1, ρ(P ) = E|X|3 <∞,

147



∆n(P ) = sup
x

∣∣P ∗n((−∞, x
√
n])− Φ(x)

∣∣ , Cn(P ) =

√
n∆n(P )

ρ(P )
, Cn = sup

P
Cn(P ).

Let ϕ = Φ′ and ϕ0 = (2π)−1/2. Set

K =
2
√

2

7
= 0.404061017820884 . . . , CE =

3 +
√

10

6
√

2π
= 0.409732183702396 . . . .

Theorem 21.1 (Two-summand bound). For every standardized law P with finite third absolute
moment,

∆2(P ) ≤ 2

7
ρ(P ).

Equivalently, C2 ≤ K < CE.

The analytic reduction is proved below. The finite positivity assertions are proved by the
accompanying rational certificate and checkers. The finite certificate proves the stated upper
bound, not an identification of the exact value of C2.

The sole external numerical probability estimate is Shevtsova’s published structural inequality
[7]: √

n∆n(P )

ρ(P )
≤ a

(
1 +

b

ρ(P )

)
, a =

1661

5000
, b =

429

1000
. (21.1)

It implies
ρ ≥ 2 =⇒ Cn(P ) ≤ a(1 + b/2) < K. (21.2)

The last comparison is rational after squaring, since K2 = 8/49.

21.2 Reduction of a putative maximizer to [−6, 6]

Lemma 21.2 (Attainment under the contrary hypothesis). If C2 > K, the supremum is attained
by a standardized law P with ρ(P ) < 2.

Proof. By (21.2), the supremum may be restricted to standardized laws with ρ ≤ 2. This class
is weakly compact: the second moment gives tightness, and the third-moment bound gives
uniform integrability of the first two moments, so their equalities survive weak limits. The third-
moment bound is closed by lower semicontinuity. Convolution preserves weak convergence. The
Kolmogorov distance to the continuous cdf Φ is continuous under weak convergence, as follows
from the Lévy inequalities and uniform continuity of Φ. Since ρ ≥ 1 is lower semicontinuous,
the quotient is upper semicontinuous and attains its maximum. A maximizer with ρ = 2 would
contradict (21.2).

Reflect a maximizing law if needed. Upper semicontinuity of the two signed cdf discrepancies
and their vanishing at infinity give a finite positive maximizing point. Write

t = x
√

2, F = P ∗2((−∞, t]), D = F − Φ(x) > 0,

C =

√
2D

ρ
= C2, λ =

D

ρ
, m = E[X|X|].

Here |m| ≤ 1. The negative branch uses the left limit of the cdf; reflection converts it to this
positive right-continuous branch.

Lemma 21.3 (Explicit contact inequality). Define

Q(y) = λ|y|3 − xϕ(x) + 3D

2
y2 − (

√
2ϕ(x) + 3λm)y

+ 2F +
xϕ(x) +D

2
. (21.3)
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Then

2P ((−∞, t− y]) ≤ Q(y) (y ∈ R), Q(y) = 2P ((−∞, t− y]) (y ∈ suppP ). (21.4)

Proof. Contaminate the raw law, Rϵ = (1 − ϵ)P + ϵδy, and then standardize. Its mean and
variance are

µϵ = ϵy, σ2ϵ = 1 + ϵ(y2 − 1)− ϵ2y2.

Evaluate the standardized sum at xϵ = (t− 2µϵ)/(
√

2σϵ). The event in the raw variables is the
fixed event Y1 + Y2 ≤ t, so its probability is a polynomial in ϵ; no differentiation across a moving
cdf jump is used. At zero,

x′0 = −
√

2y − x

2
(y2 − 1), ρ′0 = |y|3 − 3my +

ρ

2
− 3ρ

2
y2,

d

dϵ
R∗2
ϵ ((−∞, t])

∣∣∣∣
0

= 2{P ((−∞, t− y])− F}.

The derivative of the selected normalized score is nonpositive by global maximality. Thus
2{P ((−∞, t − y]) − F} − ϕ(x)x′0 − λρ′0 ≤ 0, which is the inequality in (21.4). Its two sides
have the same P -integral 2F . The nonnegative difference vanishes P -almost surely. It is lower
semicontinuous because the cdf expression on the left is upper semicontinuous. Its zero set
therefore contains suppP .

Lemma 21.4 (Six-unit support bound). Under C2 > K, every maximizing witness in Lemma 21.2
satisfies suppP ⊂ (−6, 6).

Proof. Equation (21.1) gives C < 1/2 and Cρ < a(2 + b) < 1. Hence λ > 2/7, D < 1/
√

2 < 5/7,
and λ < 5/14. Using ϕ(x) < 2/5, |xϕ(x)| < 1/4,

√
2 < 10/7, |m| ≤ 1, and F,D ≥ 0, we obtain

Q(y) ≥ P6(|y|), P6(r) =
2

7
r3 − 67

56
r2 − 23

14
r − 1

8
.

The exact identity

P6(6 + u)− 2 =
2

7
u3 +

221

56
u2 +

104

7
u+

373

56
> 0 (u ≥ 0)

contradicts Q ≤ 2 on the support whenever |y| ≥ 6.

No finite-support assumption appears in this reduction.

21.3 The two moment parameters

Let γ = EX3. Every standardized law satisfies

1 ≤ ρ, |γ| ≤ ρ, ρ2(γ2 + 4)− (γ2 + 2)2 ≥ 0. (21.5)

For completeness, the last inequality follows from the elementary defect factorization of Theo-
rem 1.1. Put

s =
√
γ2 + 4, a0 = (s− γ)/2, b0 = (s+ γ)/2, cγ = γ(γ2 + 6)/s3.

The function
wγ(y) = |y|3 − cγy3 − 12y2/s3 + 6γy/s3 + 4/s3

factors on the two half-lines as

wγ(y) =
2a20
s3

(y − b0)2{2 + (a0 + 3b0)y} (y ≥ 0),
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wγ(−z) =
2b20
s3

(z − a0)2{2 + (3a0 + b0)z} (z ≥ 0).

Thus wγ ≥ 0 and Ewγ(X) = ρ− (γ2 + 2)/
√
γ2 + 4 ≥ 0. Squaring gives (21.5). In the remaining

problem ρ ≤ 2, so it suffices to consider the compact domain

D = {(γ, ρ) ∈ [−2, 2]× [1, 2] : ρ2(γ2 + 4)− (γ2 + 2)2 ≥ 0}. (21.6)

Only necessity of these moment constraints is used; no assertion that they characterize all laws
on [−6, 6] is needed.

21.4 The tensor majorants

Define

v0(y) = 1, v1(y) = y, v2(y) = y2, v3(y) = y3, v4(y) = |y|3, µ = (1, 0, 1, γ, ρ).

For rational coefficients c = (cij)0≤i≤j≤4 set

Mc(u, v) =
∑
i

ciivi(u)vi(v) +
∑
i<j

cij{vi(u)vj(v) + vj(u)vi(v)}, (21.7)

qc(γ, ρ) =
∑
i

ciiµ
2
i + 2

∑
i<j

cijµiµj . (21.8)

Independence and the common distribution give the exact identity

EMc(X1, X2) = qc(γ, ρ). (21.9)

On each quadrant Mc is a polynomial of degree at most three in each coordinate. Its expectation
is a polynomial of total degree at most two in (γ, ρ).

For j = 0, . . . , 69, put

aj = −5

2
+

j

20
, bj = aj +

1

20
.

The certificate supplies one vector c(j) for each interval. It proves

Mc(j)(u, v) ≥ 1{u+v≤bj} (u, v ∈ [−6, 6]), (21.10)

qc(j)(γ, ρ) ≤ Φ(aj/
√

2) +
2

7
ρ ((γ, ρ) ∈ D). (21.11)

The rational certificate contains exactly 70 threshold rows and 1050 coefficients; coefficients are
ordered lexicographically by (i, j) with i ≤ j.

Lemma 21.5 (Certificate implication). Equations (21.10)–(21.11) imply ∆2(P ) ≤ 2ρ(P )/7 for
every standardized law on [−6, 6] with ρ ≤ 2.

Proof. If t ∈ [aj , bj ], monotonicity, (21.9), and the certificate give

P (X1 +X2 ≤ t)− Φ(t/
√

2) ≤ EMc(j)(X1, X2)− Φ(aj/
√

2)

≤ 2

7
ρ.

For t ≤ −5/2, Cantelli’s inequality gives P (X1 +X2 ≤ t) ≤ 2/(2 + t2) ≤ 8/33 < 2/7 ≤ 2ρ/7. For
t ≥ 1, 1− Φ(t/

√
2) ≤ 1− Φ(1/

√
2) < 2/7. The last strict inequality is checked by the rational

Gaussian enclosure below. Thus the positive branch is bounded at every real threshold. Applying
the same result to −X bounds Φ(t/

√
2)− P (X1 +X2 < t), and hence also the negative right-cdf

error. Atoms and exact sum collisions are included, not removed by genericity.
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21.5 Exact checking of the continuous domains

21.5.1 Piecewise-polynomial positivity

Each of the four quadrants of [−6, 6]2 is intersected with the two closed half-planes u+ v ≤ bj
and u+ v ≥ bj . Each resulting rational polygon is triangulated. On a triangle, the checker proves
nonnegativity of Mc(j) − 1 on the first side or Mc(j) on the second. The shared boundary belongs
to both closed regions.

Write a degree-six polynomial in barycentric Bernstein form on a triangle:

p =
∑

α0+α1+α2=6

Bα
6!

α0!α1!α2!
λα0
0 λα1

1 λα2
2 .

If every Bα ≥ 0, then p ≥ 0 on the whole triangle. Otherwise the longest edge is bisected and
both children are checked. A resource limit or negative vertex value is a rejection, never an
acceptance.

The first checker constructs the coefficients from a monomial expansion and subdivides
them using rational de Casteljau identities. The second checker independently reconstructs the
homogeneous polynomial on every child. If Dc clears polynomial denominators and Dv clears
vertex denominators, write U = Dvu, V = Dvv, and S = λ0 + λ1 + λ2. For p(u, v) =

∑
arsu

rvs

the second checker expands ∑
r,s

(Dcars)D
6−r−s
v U rV sS6−r−s.

All its coefficients are integers. They are nonnegative exactly when the corresponding Bernstein
coefficients are nonnegative, because the omitted denominators and multinomial factors are
positive. This computation does not use the first checker’s subdivision formula.

21.5.2 Moment-parameter positivity

The scalar expression Φ(aj/
√

2) + 2ρ/7− qc(j)(γ, ρ) is enclosed from below on rational rectangles
using degree-two Bernstein coefficients in each variable. A rectangle outside D is discarded. This
test is exact: if g∗ is the minimum of γ2 on its γ interval and r+ is its upper ρ endpoint, the
rectangle is outside whenever

r2+(g∗ + 4)− (g∗ + 2)2 < 0.

Indeed, r2(w + 4) − (w + 2)2 increases in r ≥ 0 and decreases in w ≥ 0 for r ≤ 2. All other
rectangles are certified or subdivided.

21.5.3 The normal cdf

For |t| ≤ 5/2,

Φ(t/
√

2) =
1

2
+

1

2
√
π

∞∑
k=0

(−1)kt2k+1

4kk!(2k + 1)
. (21.12)

For t ≥ 0 the term magnitudes decrease: their successive ratio is at most (25/16)(2k + 1)/((k +
1)(2k + 3)) < 1. Alternating partial sums therefore give rational enclosures after bounding
1/(2
√
π). Machin’s arctangent identity and integer square roots supply those bounds. The

second checker uses different rational prefactor bounds and different truncation orders. Negative
arguments are handled by symmetry. No platform implementation of Φ, exponential, sine, or
cosine is used for acceptance.
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21.5.4 The complete finite certificate

The supplied certificate has exactly seventy consecutive threshold rows and 1050 rational co-
efficients. Complete exact verification establishes both the pointwise majorant and moment-
parameter inequalities on their stated closed domains. The two independent positivity calculations
described above verify the same finite obligations.

21.6 Completion of the two-summand proof

Proof of Theorem 21.1. Suppose C2 > K. Lemma 21.2 supplies a global maximizing law with
ρ < 2. Lemma 21.4 confines it to (−6, 6). The complete rational verification establishes (21.10)–
(21.11); Lemma 21.5 then gives C2(P ) ≤ K, a contradiction. Thus C2 ≤ K. Finally, exact
rational enclosures give K < 0.405 < 0.409 < CE using rational bounds and squaring.

The bounded-support theorem in Lemma 21.5 treats arbitrary probability measures, not
merely finitely supported measures or an assumed number of atoms. The passage to unrestricted
laws uses global extremality, not a truncation approximation.

22 Three summands: independence-null certificates

22.1 Result and external input

For a standardized law P , let

EX = 0, EX2 = 1, ρ(P ) = E|X|3 <∞,

∆n(P ) = sup
x

∣∣P ∗n((−∞, x
√
n])− Φ(x)

∣∣ , Cn = sup
P

√
n∆n(P )

ρ(P )
.

Write ϕ = Φ′ and set

Λ =
59

250
, K =

√
3Λ = 0.408763990586255 . . . , CE =

3 +
√

10

6
√

2π
.

Theorem 22.1 (Three summands). Every standardized law with finite third absolute moment
satisfies

∆3(P ) ≤ Λρ(P ).

Consequently C3 ≤ 59
√

3/250 < CE.

The analytic reduction and the finite-certificate implication are proved below. The polynomial
inequalities are verified by the accompanying exact checker and rational data. This upper bound
does not identify the exact value of C3.

The sole external numerical probability bound is Shevtsova’s structural estimate [7]:

Cn(P ) ≤ A
(

1 +
B

ρ(P )

)
, A =

1661

5000
, B =

429

1000
. (22.1)

It implies

ρ(P ) ≥ 15

8
=⇒ Cn(P ) ≤ 159456

390625
< K. (22.2)

The last inequality is rational after squaring. No result about the optimal two-point constant, no
near-lattice transfer, and no effective eventual threshold is used.
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22.2 A bounded witness would attain any violation

Lemma 22.2 (Attainment under the contrary hypothesis). If C3 > K, a standardized law P
with ρ(P ) < 15/8 attains C3.

Proof. The laws with EX = 0, EX2 = 1 and E|X|3 ≤ 15/8 form a weakly compact set. Tightness
follows from the moment bound. For j = 1, 2, the uniform tail estimate

E
[
|X|j1{|X|>R}

]
≤ 15

8R3−j

preserves the first two moment equalities under weak limits; lower semicontinuity preserves the
third-moment bound. Convolution preserves weak convergence. The Kolmogorov distance to the
fixed continuous cdf Φ is continuous under weak convergence: the Lévy inequalities change the
cdf argument by at most an arbitrarily small amount, whose cost is bounded by the uniform
modulus of continuity of Φ. Since ρ ≥ 1 is lower semicontinuous, ∆3/ρ is upper semicontinuous
on this compact set. It attains its supremum there. Bound (22.2) excludes all remaining laws
and excludes ρ = 15/8 at a violating maximizer.

After reflecting a maximizing law if necessary, its maximum is attained at a positive right-cdf
discrepancy. Indeed, the functions F (x) − Φ(x) and Φ(x) − F (x−) are upper semicontinuous
and vanish at infinity; reflection interchanges these two signed discrepancies. Put

t = x
√

3, F = P ∗3((−∞, t]), D = F − Φ(x) > 0,

C = C3 =

√
3D

ρ
, λ =

D

ρ
, m = E[X|X|], |m| ≤ 1.

Lemma 22.3 (Explicit contamination contact inequality). Define

Q(y) = λ|y|3 − xϕ(x) + 3D

2
y2 − (

√
3ϕ(x) + 3λm)y

+ 3F +
xϕ(x) +D

2
. (22.3)

Then
3P ∗2((−∞, t− y]) ≤ Q(y) (y ∈ R), (22.4)

with equality throughout suppP .

Proof. For fixed y, contaminate the raw law by Rϵ = (1− ϵ)P + ϵδy. Its mean and variance are

µϵ = ϵy, σ2ϵ = 1 + ϵ(y2 − 1)− ϵ2y2.

Standardize Rϵ and evaluate at

xϵ =
t− 3µϵ√

3σϵ
.

This choice keeps the event in the raw variables exactly Y1 + Y2 + Y3 ≤ t, even at cdf jumps. Its
probability is a polynomial in ϵ. Direct differentiation gives

x′0 = −
√

3y − x

2
(y2 − 1),

ρ′0 = |y|3 − 3my +
ρ

2
− 3ρ

2
y2, F ′

0 = 3{P ∗2((−∞, t− y])− F}.

Differentiation of the third absolute moment is justified by the integrable quadratic majorant
for the derivative of |z − ϵy|3. Global maximality makes the right derivative of the selected
normalized score nonpositive. Substitution and rearrangement give (22.4). Both sides have
integral 3F under P : for the polynomial this follows from λρ = D, EX = 0 and EX2 = 1. The
nonnegative gap is therefore zero P -almost surely. The function y 7→ P ∗2((−∞, t− y]) is upper
semicontinuous, so the gap is lower semicontinuous. It must vanish everywhere on suppP .
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Lemma 22.4 (Uniform support bound). A violating maximizer in Lemma 22.2 satisfies suppP ⊂
(−6, 6).

Proof. The structural bound and 1 ≤ ρ < 15/8 give

2

5
< C <

19

40
, Cρ <

77

100
.

Using 12/7 <
√

3 < 7/4 and
√

3 > 17/10, we obtain

D <
9

20
,

8

35
< λ <

2

7
.

Also ϕ(x) < 2/5 and |xϕ(x)| < 1/4. The first follows from π > 25/8, and the second from the
maximum (2πe)−1/2 < 1/4. Thus (22.3) implies, with r = |y|,

Q(y) ≥ 8

35
r3 − 4

5
r2 − 8

5
r − 1

8
.

For r = 6 + u, the difference of the right side and 3 equals

8

35
u3 +

116

35
u2 +

472

35
u+

2197

280
> 0 (u ≥ 0).

But (22.4) is an equality on the support, and its left side is at most 3. This excludes every
support point with |y| ≥ 6.

Remark 22.5. This is an extremizer reduction, not a truncation of arbitrary laws. The original
theorem assumes only a finite third absolute moment. Higher moments are used below only after
the hypothetical violating maximizer has been proved bounded.

22.3 The admissible two-dimensional moment region

Write γ = EX3. The defect identity in Theorem 1.1 gives an exact necessary condition. For
completeness, the elementary proof is included. Set

s =
√
γ2 + 4, a =

s− γ
2

, b =
s+ γ

2
, c =

γ(γ2 + 6)

s3
,

so ab = 1. Define

wγ(y) = |y|3 − cy3 − 12y2

s3
+

6γy

s3
+

4

s3
.

For y, z ≥ 0 direct multiplication gives

wγ(y) =
2a2

s3
(y − b)2{2 + (a+ 3b)y},

wγ(−z) =
2b2

s3
(z − a)2{2 + (3a+ b)z}.

Therefore

0 ≤ Ewγ(X) = ρ− γ2 + 2√
γ2 + 4

.

Together with |γ| ≤ ρ and ρ ≥ 1, every relevant law belongs to

D =

{
(γ, ρ) : |γ| ≤ 15

8
, 1 ≤ ρ ≤ 15

8
, ρ2(γ2 + 4)− (γ2 + 2)2 ≥ 0

}
. (22.5)

This is an outer domain: every point need not be realizable by a law. The certificate checks all
of it, so non-realizable points cannot cause an invalid acceptance.
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22.4 Independence-null controls

For a single coordinate define the features

(v0, v1, v2, v3, v4, v5, v6)(y) = (1, y, y2 − 1, y3, |y|3, y4, y5). (22.6)

Let I consist of the nondecreasing triples α = (i, j, k) with 0 ≤ i ≤ j ≤ k ≤ 6 such that either
k < 5, or at least one entry is 1 or 2. There are 59 such triples, ordered lexicographically in the
certificate files. For each α, let

Vα(x1, x2, x3) =
1

|Perm(α)|
∑

(i,j,k)∈Perm(α)

vi(x1)vj(x2)vk(x3),

where the sum is over the distinct permutations of the index triple. For c ∈ Q59 put

Mc =
∑
α∈I

cαVα. (22.7)

Lemma 22.6 (Exact expectation without higher-moment parameters). For independent stan-
dardized identically distributed bounded variables,

EMc(X1, X2, X3) = qc(γ, ρ) :=
∑
α∈I

entries only 0,3,4

cαγ
#3(α)ρ#4(α). (22.8)

In particular, qc has total degree at most three and has no unknown fourth- or fifth-moment
parameters.

Proof. The expectations of v1 and v2 are zero. Independence makes every product containing
either factor have expectation zero. By the definition of I, every product involving v5 or v6
contains such a zero-mean factor in another coordinate. The only remaining products use
v0, v3, v4, whose means are 1, γ, ρ.

This adds 24 coefficients to the 35 low-feature tensor coefficients. In the resulting family, 49
basis elements have zero expectation and only 10 contribute monomials in (γ, ρ). For example,
all permutations of

X4
1X2, X5

1 (X2
2 − 1), X5

1X2|X3|3

have mean zero. These are exact independence identities, not assumptions that the fourth or
fifth moment has a prescribed value.

The general principle is useful beyond three summands. For any integrable function of the
other coordinates,

E{XiA(X1, . . . , X̂i, . . . , Xn)} = 0,

E{(X2
i − 1)B(X1, . . . , X̂i, . . . , Xn)} = 0.

Such terms may reshape a pointwise majorant without changing its i.i.d. expectation. For the
present proof all functions are polynomials on a bounded cube, so integrability is automatic.

22.5 Finite-certificate implication

Proposition 22.7 (Continuous-domain certificate). For each row j of the supplied rational
certificate, let [aj , bj ] be its threshold interval and c(j) ∈ Q59 its coefficients. The rows form an
exact consecutive partition of [−7/2, 3/2] and satisfy

Mc(j)(u, v, w) ≥ 1{u+v+w≤bj} ((u, v, w) ∈ [−7, 7]3), (22.9)

qc(j)(γ, ρ) ≤ Φ(aj/
√

3) + Λρ ((γ, ρ) ∈ D). (22.10)

These assertions are verified by the exact algorithm in Section 22.6.
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Proof of Theorem 22.1. Suppose C3 > K. Lemmas 22.2–22.4 give a globally maximizing violating
law on (−6, 6), with ρ < 15/8, and a positive maximizing raw threshold t. If t ∈ [aj , bj ], then
independence and Proposition 22.7 give

P (X1 +X2 +X3 ≤ t)− Φ(t/
√

3) ≤ EMc(j)(X1, X2, X3)− Φ(aj/
√

3)

≤ Λρ.

The larger certificate cube [−7, 7]3 contains the entire witness support. For t ≤ −7/2, Cantelli’s
inequality for the variance-three sum yields

P (X1 +X2 +X3 ≤ t)− Φ(t/
√

3) ≤ 3

3 + t2
≤ 12

61
< Λ ≤ Λρ.

For t ≥ 3/2, the discrepancy is at most

1− Φ(
√

3/2) < Λ ≤ Λρ.

All these inequalities contradict the choice of the maximizing witness. The reduction by reflection
already handles the other signed discrepancy; no atom or boundary event is discarded.

22.6 Exact verification algorithm

Each coefficient is rational. Verification reconstructs the polynomial from its defining features
and requires complete threshold coverage. Every unresolved positivity test is rejected.

22.6.1 Piecewise polynomial representation and symmetry

On each sign orthant, |y|3 is y3 or −y3. Thus Mc is a polynomial of degree at most five in each
variable. The checker expands this polynomial from the feature definition, not from a supplied
power expansion. Symmetry permits restriction to u ≤ v ≤ w. The four initial sign boxes are

[−7, 0]3, [−7, 0]2 × [0, 7], [−7, 0]× [0, 7]2, [0, 7]3.

A dyadic box [L1, H1] × [L2, H2] × [L3, H3] may be discarded only if Li > Hj for some i < j.
Such a box has no ordered point. All other accepted inequalities are proved on the whole box, a
safe enlargement.

22.6.2 An affine half-space Bernstein test

For a box, let Bα be the tensor Bernstein basis of degree five in three variables, so Bα ≥ 0 and∑
Bα = 1. Write

Mc =
∑
α

bαBα, u+ v + w − bj =
∑
α

sαBα,

where

sα =

3∑
i=1

(
Li +

αi
5

(Hi − Li)
)
− bj .

Lemma 22.8 (Exact affine test). If a real ℓ ≤ 0 satisfies bα ≥ 1 + ℓsα for all α, then Mc ≥ 1
on the portion u + v + w ≤ bj. If ℓ ≥ 0 and bα ≥ ℓsα for all α, then Mc ≥ 0 on the portion
u+ v + w ≥ bj.

Proof. Average the coefficient inequalities with the nonnegative Bernstein weights. In each case
the sign restriction makes ℓ(u+ v + w − bj) nonnegative on the specified half-space.

156



Existence of ℓ is checked by intersecting rational half-lines. A coefficient with sα = 0 requires
bα ≥ 1 or bα ≥ 0. The remaining coefficients give upper or lower rational bounds on ℓ. Only
signed integer products are needed to compare these bounds.

A box wholly inside the event is checked by min bα ≥ 1; a box strictly outside by min bα ≥ 0.
A crossing box uses the affine tests. An unresolved box is bisected along a widest coordinate.
Dyadic subdivision uses the exact degree-five de Casteljau identities

blefti = 2−i
i∑

j=0

(
i

j

)
bj , brighti = 2−(5−i)

5∑
j=i

(
5− i
j − i

)
bj .

After multiplying the common denominator by 32, all new numerators are integers. Ties at the
event plane remain on the included side, and that plane is required to have value at least one.

22.6.3 Moment region and Gaussian enclosure

The scalar polynomial
Φ(aj/

√
3) + Λρ− qc(j)(γ, ρ)

is checked by rational tensor Bernstein coefficients of degree three on moment rectangles. Here Φ
is a rigorous rational lower bound. For s = γ2 the domain constraint is

h(s, ρ) = ρ2(s+ 4)− (s+ 2)2 ≥ 0.

When ρ ≤ 15/8 < 2, this expression decreases in s ≥ 0 and increases in ρ ≥ 0. If its maximum
at the smallest possible γ2 and largest possible ρ on a rectangle is negative, that rectangle is
outside the domain and is discarded. Otherwise Bernstein positivity proves the scalar inequality
or the rectangle is bisected.

For rational t in the required range,

Φ(t/
√

3) =
1

2
+

1√
6π

∞∑
k=0

(−1)kt2k+1

6kk!(2k + 1)
.

The checker uses consecutive alternating partial sums through indices 34, 35. For |t| ≤ 4 the
magnitudes decrease, so these enclose the sum. Rational Machin bounds enclose π, and integer
square roots enclose

√
6π to rational precision. No floating-point normal cdf enters acceptance.

22.6.4 The complete finite certificate

The certificate contains 111 consecutive threshold intervals and 6,549 rational coefficients. Exact
integer calculations reconstruct the polynomial expansions and verify the continuous cube and
moment inequalities. Undecided cells are rejected.

The initial expansions are also checked on a complete 63 tensor interpolation grid in each
sign box. Since the degree is at most five in each coordinate, agreement on this grid proves
the polynomial identity. This is an independent identity check, not a second verification of all
positivity inequalities.

23 Four summands for all three-point laws

We prove the fourth-summand bound for every nondegenerate law supported on at most three
points, with arbitrary masses and spacing. The support bound used by the finite verification
is derived for a hypothetical restricted maximizer. No reduction of unrestricted maximizers to
three points is assumed.
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Theorem 23.1. For centered variance-one probability laws supported on at most three points,
put ρ(P ) = EP |X|3 and

C4,≤3 = sup
P

2

ρ(P )
sup
x
|PP {(X1 + · · ·+X4)/2 ≤ x} − Φ(x)| .

Then

C4,≤3 <
409

1000
< CE.

Both inequalities are strict, including the first supremum over laws. Nonzero affine transformations
give the same conclusion for every nondegenerate law on at most three points.

23.1 The external input and critical-level attainment

For all centered variance-one iid laws with finite ρ, use

Rn(P ) :=

√
n∆n(P )

ρ
≤ 3031

10000

(
1 +

323

500ρ

)
. (23.1)

This is Shevtsova’s structural estimate in On the absolute constants in the Berry–Esseen inequality
and its structural and nonuniform improvements, Informatics and its Applications 7(1) (2013),
124–125. In the notation of that structural estimate, substituting Xi/

√
n gives ℓn = ρ/

√
n and

τn = 1/
√
n. Only this finite estimate is used. In particular, neither C3 ≤ CE, a sharp Bernoulli

theorem, nor the project’s large-index bound is needed for this proof.

Jensen gives ρ ≥ 1, and hence

Rn(P ) ≤ 2494513

5000000
<

1

2
.

At ρ = 37/20, the right side of (23.1) is strictly below 409/1000. More specifically, if Rn(P ) >
40899/100000, then

ρ <
979013

529450
<

37

20
. (2)

Suppose C4,≤3 ≥ 409/1000. Take an optimizing sequence with ratios above 40899/100000,
and reflect each law if necessary so that the chosen discrepancy is positive and upper closed.
Reflection is legitimate because a negative open-CDF edge at x becomes a positive closed edge
at −x; continuity of Φ equates the relevant suprema.

The laws are tight, and (2) gives uniform integrability of their first two moments: E[X2; |X| >
M ] ≤ (37/20)/M . A weakly converging subsequence therefore has mean zero and variance
one. The class of laws supported on at most three points is weakly closed: four disjoint open
neighborhoods of positive limiting mass would, by Portmanteau, force four distinct support
points in all sufficiently late approximants. Lower semicontinuity gives ρ(P ) ≤ lim inf ρ(Pj);
uniform integrability of third moments is not assumed.

For the raw sum threshold H, Cantelli gives P(S4 ≤ H) ≤ 4/(4 +H2) ≤ 1/5 when H ≤ −4.
When H ≥ 2, 1− Φ(H/2) ≤ 1− Φ(1) < 1/5. Thus positive scores greater than 2/5 have owners
in [−4, 2]. The elementary last normal bound follows, for instance, from ϕ(0) > 39/100 and∫ 1
0 e

−t2/2 dt ≥ 5/6. Each fixed-law positive discrepancy attains its positive supremum: a CDF
minus a continuous function is upper semicontinuous and tends to zero in both tails.

Pass to a subsequence with Hj → H and ρ(Pj)→ r. Weak convergence of the actual fourfold
products and moving-threshold Portmanteau give

lim sup
j

PPj (S4 ≤ Hj) ≤ PP (S4 ≤ H).
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The limiting positive discrepancy is therefore at least C4,≤3r/2. Since 1 ≤ ρ(P ) ≤ r, its
normalized score is at least C4,≤3. The definition of the supremum forces equality, and also forces
r = ρ(P ). We have obtained an actual restricted maximizing pair (P,H) with

c = C4,≤3 ≥ 409/1000, ρ < 37/20, c < 1/2. (3)

This is attainment only in the stated closed support-cardinality class.

23.2 Existing-atom variations give the needed compact support

Write z = H/2, F = PP (S4 ≤ H), β = EP [X|X|], and G(y) = PP (S3 ≤ H − y), with the same
iid marginal throughout. For each existing atom y, contaminate by Pϵ = (1− ϵ)P + ϵδy, then
center and scale. This variation remains supported on at most three points. Hold the raw event
S4 ≤ H fixed. Its probability is a polynomial in ϵ; no derivative of an atomic CDF in its threshold
is taken. The required derivatives at zero are

F ′ = 4(G(y)− F ), z′ = −2y − z(y2 − 1)/2,

ρ′ = |y|3 − 3βy + ρ/2− 3ρy2/2. (4)

Nonpositive score derivative implies Q(y) ≥ 4G(y) at every existing atom, where

Q(y) =
c

2
|y|3 −

(
zϕ(z)

2
+

3cρ

4

)
y2 −

(
2ϕ(z) +

3cβ

2

)
y

+ 4F +
zϕ(z) + cρ/2

2
. (5)

Direct integration gives EQ(X) = 4F = 4EG(X), so equality holds at every atom. No contact
inequality at a newly introduced fourth atom is asserted or used. In particular, Q(y) ≤ 4 on the
actual support.

We have |β| ≤ 1, ϕ(z) < 2/5 and |zϕ(z)| < 1/4 on the whole real line. The latter follows by
maximizing xϕ(x) at x = 1, using e1/2 > 13/8 and ϕ(0) < 2/5. By (3), for r = |y|,

Q(y)− 4 ≥ L(r) :=
409

2000
r3 − 131

160
r2 − 31

20
r − 33

8
. (6)

The complete exterior is covered by the exact identity

L(6 + s) =
159

125
+

10711

1000
s+

11449

4000
s2 +

409

2000
s3 > 0 (s ≥ 0). (7)

Consequently the restricted maximizing law has support in (−6, 6). This reduction is independent
of any predecessor-row bound.

23.3 The complete bounded three-point parameter space

It remains to prove the following finite-dimensional statement.

Lemma 23.2. If P has at most three support points, mean zero, variance one, support in [−6, 6]
and ρ ≤ 37/20, then R4(P ) < 409/1000.

Affine invariance permits raw support {0, v, 1}, with masses

p0 = a, p1 = (1− a)b, p2 = (1− a)(1− b), 0 ≤ a, b ≤ 1. (8)

The endpoints 0 and 1 are actual support points. Three-point laws have 0 < a, b < 1 and
0 < v < 1; two-point laws are represented by b = 0 and v = 1/2. A degenerate standardized law
is impossible. Reflection and checking both discrepancy signs reduce v to [0, 1/2].

159



Put µ = p1v + p2, V = VarY , and M = E|Y − µ|3. The exact positive formulas are

V = p0p1v
2 + p0p2 + p1p2(1− v)2, (9)

M = p0µ
3 + p1|v − µ|3 + p2(1− µ)3, ρ = M/V 3/2. (10)

Since both endpoints are present, the support assumption implies

V ≥ max{µ, 1− µ}2/36. (11)

We also retain 0 < V ≤ 1/4 and ρ ≥ 1.

The fifteen fourfold count vectors are A = {(i, j, k) ∈ N3
0 : i+ j+ k = 4}. Their sum locations

and actual product probabilities are

hijk = jv + k, wijk =
24

i!j!k!
pi0p

j
1p
k
2. (12)

All order changes in 0 < v < 1/2 occur at v = 1/4, 1/3; v = 1/2 is another possible collision
boundary. This follows by solving (j − j′)v = k′ − k for all pairs in A, retaining precisely the
ratios in the stated range. The acceptance code independently orders counts at the rational
midpoints 1/8, 7/24, 5/12.

For each of the three closed chambers, let A1, . . . , A15 be that order. Every upper-closed
positive discrepancy and lower-open negative discrepancy is covered by the thirty expressions

2

ρ

∑
r≤t

wAr − Φ

(
hAt − 4µ

2
√
V

) , 2

ρ

[
Φ

(
hAt − 4µ

2
√
V

)
−
∑
r<t

wAr

]
. (13)

At a collision boundary, use the last member of a tied block for the positive closed value and the
first for the negative left value. Both are in (13). Thus no mass is lost at a coincident sum or
zero-probability occupancy. Between successive sum atoms, the relevant extrema lie at these
closed or left edges, and the two infinite tails tend to zero.

23.4 Leaf inequalities and exact domain coverage

A certificate cell is a closed box in (a, b, t) ∈ [0, 1]3. The chamber coordinate is respectively

v = t/4, v = 1/4 + t/12, v = 1/3 + t/6. (14)

Its dyadic endpoints in a, b, t are exact. They are mapped to outward enclosures in v. Subscripts
l, h below denote valid lower and upper enclosures, not independently adjustable law moments.

The mean decreases with a, b and increases with v:

µ = (1− a)(1− b+ bv), µl = (1− ah)(1− bh + bhvl), µh = (1− al)(1− bl + blvh). (15)

Nonnegative products in (9) give Vl, Vh. With d = max(0, µl − vh, vl − µh), (10) gives

Ml = (p0)lµ
3
l + (p1)ld

3 + (p2)l(1− µh)3, ρl = max{1,Ml/V
3/2
h }. (16)

A leaf may be rejected as infeasible if ρl > 37/20 or if Vh < max{µl, 1− µh}2/36.

For each fixed prefix in (13), its probability increases with a and with b. Increasing a replaces
a draw in {v, 1} by 0; increasing b replaces a draw at 1 by v. An independent coordinatewise
coupling therefore decreases every sum. Thus the upper prefix value is bounded by its value
at (ah, bh), and the lower prefix by its value at (al, bl). The same argument applies to strict
prefixes, since the ordering is fixed within the chamber. At chamber boundaries the fixed prefix
polynomial is the one-sided limit; monotonicity persists by continuity in the masses. This is a
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common-marginal multinomial calculation, not a coordinatewise optimization with unrelated
laws.

The numerator hAt − 4µ is enclosed directly using (15). Its sign determines whether the lower
or upper endpoint of 2

√
V minimizes or maximizes its ratio. If Vl = 0, the corresponding negative

lower phase or positive upper phase is conservatively infinite. A finite Gaussian table bounds
Φ at both enclosed phases. After retaining the positive part of either discrepancy, division by
ρl ≥ 1 gives a valid upper bound in (13). A score leaf is accepted only if every such bound is
strictly below 409/1000.

The certificate consists of three finite binary subdivision trees, one for each chamber. An
internal node splits one dyadic coordinate at its exact midpoint, and both closed children must be
verified. Each leaf satisfies either a strict constraint exclusion or the score inequality above. The
three roots cover the entire three chambers. Induction on these trees therefore proves complete
closed-domain coverage, including all collisions and shared boundaries.

23.5 Gaussian enclosures and outward interval arithmetic

For the Gaussian table, Machin’s identity π = 16 arctan(1/5)− 4 arctan(1/239) and alternating
rational sums certify

3989422804014326

1016
< ϕ(0) <

3989422804014328

1016
.

At x = i/1024, 0 ≤ i ≤ 4096, integrate the degree-80 Taylor polynomial of e−s
2/2. Its remainder

lies between zero and the first omitted term, with the known negative sign. Multiplication by
the displayed positive bounds encloses Φ(x); the table stores outward multiples of 2−50. Its 4097
entries are rechecked from their defining rational expressions. Monotonicity brackets arbitrary
phases by adjacent entries, reflection handles negative phases, and outside [−4, 4] the valid outer
bounds 0 and 1 are retained.

The interval calculation assumes IEEE–754 binary64 basic arithmetic with rounding to nearest.
Each operation is enlarged outward to the adjacent representable endpoints, without contraction
or reassociation. A square-root approximation is only an initial guess: its endpoints must also
satisfy outward squared-endpoint tests. No Gaussian special function or library exponential is
used to decide acceptance. These enclosure conditions and the complete closed forest certify all
leaf inequalities.

Lemma 23.2 follows. It contradicts the actual maximizing pair (3), whose support was proved
bounded by (7), proving Theorem 23.1. Finally

C2
E >

6643

39600
>

(
409

1000

)2

,

using
√

10 > 79/25 and π < 22/7. The unrestricted fourth row still permits four or more support
points, including arbitrary infinite supports. Neither weak closure of the three-point class nor its
restricted first variations reduce that larger optimization to the class proved here.
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A Auxiliary Bernstein coefficients and binomial localization

A.1 The exact Bernstein data

For a polynomial f(x) =
∑9

j=0 ajx
j , the Bernstein coefficients of degree nine are

bk =
k∑
j=0

aj

(
k
j

)(
9
j

) .
After affine substitution to the two half-intervals, the coefficients used in Lemma 3.1 are listed
below:

j (b0j , b1j)
0 (243/1250, 2079582664341761/1197443957149440000)
1 (5623/45000, 1709192148941903/1347124451793120000)
2 (1334869/17010000, 450741032531969/206258289269760000)
3 (13004779/272160000, 10866565157710711/2958390952957440000)
4 (146380277/5239080000, 198519592136938909/37719484650207360000)
5 (28525339727/1838917080000, 125666379478652267/18859742325103680000)
6 (487000027957/60071291280000, 48022819751421589/6286580775034560000)
7 (37879182239513/9336794987520000, 10619877339829403/1347124451793120000)
8 (11879475383308237/5388497807172480000, 1147322830325941/168390556474140000)
9 (2079582664341761/1197443957149440000, 29384282680087/9355030915230000)

Every entry is positive. The Bernstein convex-hull property therefore proves positivity of the
polynomial on both halves without numerical evaluation.

A.2 Binomial localization

Only the following previously established result is used in passing from the local beta integral to
the global supremum over lattice indices.

Proposition A.1 (Schulz’s binomial localization, normalized). Let n ∈ N, p ∈ [1/6, 5/6],
q = 1− p, D = p2 + q2, and ρ(p) = D/

√
pq. For an integer k put

zk =
k − np
√
npq

,

Rn,p(k) :=

√
n

ρ(p)
|Bn,p(k)− Φ(zk)| , Ln,p(k) :=

√
n

ρ(p)
|Bn,p(k − 1)− Φ(zk)| , (A.1)

where Bn,p(−1) = 0. Define

Ĝ(p) :=
ϕ0{3 + |p− q|}

6D
, 0 < c0 :=

2√
2π CE

− 1 = 12
√

10− 37 <
237

250
= 0.948. (A.2)

Then, with k− := ⌊np⌋ and k+ := ⌈np⌉,
√
n∆n(Qp)

ρ(p)
≤ max{Rn,p(k−), Ln,p(k−), Rn,p(k+), Ln,p(k+), c0Ĝ(p)}. (A.3)

Moreover, for every n ∈ N and p ∈ [1/3, 2/3],
√
n∆n(Qp)

ρ(p)
< Ĝ(p). (A.4)

Source and normalization. The unnormalized statement (A.3) is Proposition 6.1 of [6], p. 31 (the
proposition is restated at the beginning of Chapter 7); (A.4) is the sharper assertion in Theorem 1
there, p. 1. Schulz writes σ =

√
npq and bounds the noncentral alternative in Proposition 6.1 by

c0
3 + |p− q|

6
√

2π σ
.
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The rational bound in (A.2) is exact: after moving 37 and dividing by 12 it reduces to
√

10 <
9487/3000, whose square is 10 < 90003169/9000000. Multiplication by

√
n/ρ(p) gives exactly

c0Ĝ(p) because

ρ(p) =
D
√
pq
,

√
n

ρ(p)σ
=

1

D
.

The same calculation without c0 converts the sharper part of Schulz’s Theorem 1 into (A.4). For
p ≤ 1/2,

Ĝ(p) =
ϕ0(2− p)

3D
= G(p), (A.5)

while reflection p ↔ q, k ↔ n− k exchanges the two edge orientations. Thus (A.1)–(A.4) are
exactly the cited claims, not an asymptotic reformulation of them.

This citation is used solely for lattice-index localization. The n−1 coefficient and its uniform
o(n−1) remainder are proved in Lemma 5.1; no unquantified Edgeworth expansion is used.

B Exact coefficient ledger

With the scaled notation in the proof of Lemma 8.2, exact Gaussian integration gives

Ã1 = η +
2− p

3
,

δ̃2 =
6η2 + 6η + p2 − p+ 1

12
,

Ã3 =
1

135

(
45η3 + 45pη2 + 45η2 + 45pη − 4p3 + 6p2 + 6p− 4

)
,

δ̃4 =
1

288

(
36η4 + 96pη3 + 24η3 + 12p2η2 + 132pη2 − 24η2

+ 12p2η + 36pη − 12η + p4 − 2p3 + 3p2 − 2p+ 1
)
,

Ã5 =
1

2835

(
189η5 + 945pη4 + 630p2η3 + 1260pη3 − 315η3

− 42p3η2 + 1008p2η2 + 63pη2 − 42η2 − 42p3η + 378p2η

− 252pη + 84η + 8p5 − 20p4 + 8p3 + 8p2 − 20p+ 8
)
.

Substitution into (8.25) yields (8.16). This ledger is short enough to be checked independently
without reproducing the full polynomials E4 and E5.

C An elementary computer-assisted bound C ≤ 9/20

This early bound is retained as a short historical supplement. Its mechanism is classical smoothing,
comparison with a Rademacher law, positive elementary estimates, and a finite interval proof. It
does not require the asymptotic or extremizer arguments of the main text.

Let X,X1, X2, . . . be iid, with EX = 0, EX2 = 1, and ρ = E|X|3 <∞. Put

∆n = sup
x∈R

∣∣∣∣P(X1 + · · ·+Xn√
n

≤ x
)
− Φ(x)

∣∣∣∣ , C = sup
n,X

√
n∆n

ρ
.

Theorem C.1. The interval certificate described below gives C ≤ 9/20 = 0.45.
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Proof. The finite reduction. The one-summand estimate of Bentkus–Kirša [1] and two estimates
of Shevtsova [7, 4] give

∆1 ≤ 0.3704ρ, ∆n ≤
0.3322(ρ+ 0.429)√

n
, ∆n ≤ CE

ρ√
n

+
3ρ2

n
, CE =

3 +
√

10

6
√

2π
.

All terminating decimals here are exact rationals. Since ρ ≥ 1, set

ρ0 =
0.3322 · 0.429

0.45− 0.3322
=

712569

589000
.

The second estimate settles ρ ≥ ρ0. The third settles n ≥ 8124 when 1 ≤ ρ ≤ ρ0, because
CE + 3ρ0/

√
8124 < 9/20. For example, rational enclosures give

CE <
409732184

109
,

√
8124 >

90133234

106
,

and
9

20
− 409732184

109
− 3(712569/589000)

90133234/106
=

3121000875001

3318029676625000000
> 0.

The square-root enclosure follows by squaring; the enclosure of π needed for the first comparison
follows from Machin’s formula and the alternating arctangent series. It remains to prove the
bound on

2 ≤ n ≤ 8123, 1 ≤ ρ ≤ ρ0. (C.1)

A distribution-free smoothing bound. Write

φ(u) = EeiuX , fn(t) = φ(t/
√
n)n.

K(s) =
1− s

2
+

i

2

(
(1− s) cot(πs) +

1

π

)
, L(s) = K(s)− i

2πs
.

For T > 0 and 0 < t0 < 1, Prawitz’s inequality [5] bounds ∆n by

Un(ρ;T, t0) =

∫ t0

0
2|K(s)|Rn,ρ(Ts) ds+

∫ 1

t0

2|K(s)|Mn,ρ(Ts) ds

+

∫ t0

0
2|L(s)|e−T 2s2/2 ds+

1

2π
E1(T

2t20/2), (C.2)

where E1(x) =
∫∞
x e−y dy/y, Rn,ρ(t) ≥ |fn(t)− e−t2/2|, and Mn,ρ(t) ≥ |fn(t)|.

These majorants are explicit. The Mattner–Shevtsova comparison [2] is

|φ(u)− cosu| ≤ B(ρ)|u|3

6
, B(ρ) =

√
ρ2 + ρ

√
ρ2 + 8

2
− 2.

Put u = t/
√
n, c = | cosu|, δ = B(ρ)|u|3/6, and a = min(1, c+ δ). The identity for a difference

of powers gives

D(n, ρ, t) = min

2, nδ, δ
n−1∑
j=0

ajcn−1−j

 , Rn,ρ(t) = min
(

2, | cosn u− e−t2/2|+D(n, ρ, t)
)
.

(C.3)
For the modulus we take the smaller of min(1, cn + D(n, ρ, t)) and Shevtsova’s characteristic-
function majorant. With T = q

√
n/(ρ+ 1), the latter is

MP (n, ρ, Ts) =

(
1− 2ψ(qs)

(ρ+ 1)2

)n/2
.
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Here

ψ(z) =


z2/2− κz3, 0 ≤ z ≤ ϑ0,
1− cos z, ϑ0 < z ≤ 2π,

0, z > 2π,

κ =
cosϑ0 − 1 + ϑ20/2

ϑ30
,

and ϑ0 is the unique root in (π, 2π) of z2 + 2z sin z + 6(cos z− 1) = 0. Elementary differentiation
gives 0 ≤ ψ ≤ 2; the base of MP therefore lies in [0, 1]. The resulting R and M bound every
admissible law with moment ρ, not merely the Rademacher law.

Stable bounds at the endpoints. The following identities remove the apparent singularities:

2B(ρ)2 = (ρ2 − 1)

(
1 +

ρ2 + 9

ρ
√
ρ2 + 8 + 3

)
, ℓ(s) :=

1

πs
− cot(πs) =

2s

π

∞∑
k=1

1

k2 − s2
. (C.4)

The series is positive and increasing. Its omitted tail after m terms is at most

2s

πm(1− s2/(m+ 1)2)
.

Also 2|L(s)| = (1− s)
√

1 + ℓ(s)2, while the exact identity

2|K(1− h)| = h
√

1 + ℓ(h)2

gives, for 0 < H ≤ 1/2, ∫ 1

1−H
2|K(s)|Mn,ρ(Ts) ds ≤ H2

2

√
1 + ℓ(H)2. (C.5)

At the other endpoint, if 0 < η, λ ≤ min(t0, 1/2) and Tη/
√
n ≤ 1, elementary Taylor bounds give∫ η

0
2|K|Rn,ρ(Ts) ds ≤ B(ρ)T 3η3

9
√
n

+
T 4η4

12n
,

∫ λ

0
2|L|e−T 2s2/2 ds ≤ λ

√
1 + 4/π2. (C.6)

For 0 ≤ u < π/2, the Gaussian comparison in (C.3) can be evaluated as the nonnegative product

e−nu
2/2 − cosn u = (e−u

2/2 − cosu)

n−1∑
j=0

e−ju
2/2 cosn−1−j u.

Outside this range the signed power cosn u is enclosed directly. Thus odd sample sizes require no
change of sign convention.

Why the finite arithmetic proves the theorem. For a closed rational cell I = [ρ−, ρ+], choose
rational q, t0, η, λ and use T (ρ) = q

√
n/(ρ+ 1). Require

q > 0, 0 < t0 < 1, 0 < η, λ ≤ min(t0, 1/2),
qη

ρ− + 1
≤ 1.

The last inequality makes (C.6) valid uniformly on I. Each remaining proper integral in (C.2) is
bounded by an upper sum∑

j

(sj+1 − sj)bj , bj ≥ sup
ρ∈I, s∈[sj ,sj+1]

G(ρ, s)

for its nonnegative integrand G. The bj are obtained with outward rounding: the interval assigned
to every operation contains all its exact values on the whole rectangle. Equations (C.4)–(C.6)
bound the omitted endpoint pieces. A cell crossing a branch point of ψ may safely use the lower
bound ψ ≥ 0.
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For the first endpoint use B(ρ+) and T+ = q
√
n/(ρ− + 1). For the exponential-integral tail

use T− = q
√
n/(ρ+ + 1), since E1 is decreasing. Let Ûn,I be the sum of these upper bounds.

Then, throughout the entire closed cell,

√
n∆n

ρ
≤
√
n

ρ−
Ûn,I . (C.7)

The certificate supplies a finite rational cover of [1, ρ0] for every integer n = 2, . . . , 8123, including
all shared endpoints. Its 886 998 cells satisfy

max
n,I

√
n

ρ−
Ûn,I ≤

449999

106
<

9

20
.

This is the finite computational step of the proof. It controls continuous intervals of ρ and of the
integration variable, not sampled points. Equation (C.7) proves (C.1), and the initial reductions
prove C ≤ 9/20 for every sample size.

Historical note. The original certificate records completion on 6 August 2026; the public
source archive begins on 25 September 2026. The full argument and interval certificate are
available in Rodziewicz’s certificate repository. Stronger universal bounds, including 0.4395 by
Xiao–Li and 0.423 by Lin, are now reported in their respective repositories. The present appendix
is retained for its elementary mathematical mechanism, not as the current best bound.
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