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Abstract

Traditional Computer Algebra Systems (CAS) and dynamic expression interpreters
evaluate critical points and mathematical singularities via runtime limit approxima-
tions, Taylor series expansions, or recursive L’Hôpital routines. These procedures incur
an unresolvable computational bottleneck: dynamic tree-traversal complexity of O(N)
alongside runtime branching hazards and undefined IEEE-754 states (NaN, division-
by-zero traps). This paper presents a formal engineering proof of how the Recursive
Indexed Calculus of Identity and Singularity (RICIS-III v7.9) enables strict constant-
time O(1) symbolic Abstract Syntax Tree (AST) reduction and native machine dele-
gate compilation. By enforcing Absolute Continuity (L0), the Identity Principle (L1),
Safety Protocols (SP1–SP5), Protocol P1, and the geometric realization of Axiom A6

(SF ⊠ IG → R(F,G)
µ−→ F ·G), all indeterminate nodes are eliminated during symbolic

pre-compilation. The resulting pruned AST compiles into straight-line native execution
blocks (such as .NET CLR dynamic delegates or LLVM IR) operating in deterministic
O(1) clock cycles per tick with zero runtime branching.

Аннотация: Традиционные системы компьютерной алгебры (CAS) и интерпре-
таторы выражений вычисляют сингулярности через динамические пределы, ряды
Тейлора или рекурсивные вызовы правила Лопиталя. Это порождает вычислитель-
ный тупик: сложность обхода дерева O(N), ветвления и машинные сбои IEEE-754
(NaN, деление на ноль). В данной работе представлено строгое доказательство того,
как архитектура RICIS-III v7.9 обеспечивает константную сложность O(1) символь-
ной редукции AST-деревьев и генерацию нативных машинных делегатов. Благода-
ря законам L0, L1, протоколам SP1–SP5, правилу P1 и геометрической реализации
Аксиомы A6, все неопределенные узлы аннигилируют на этапе прекомпиляции. Ре-
дуцированное дерево компилируется в плоский машинный делегат (CLR / LLVM
IR), исполняющийся за строгое время O(1) без ветвлений и циклов.
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1 Introduction: The Runtime Crisis of Classical Inter-

preters

In high-performance computing, deep learning execution graphs, and real-time physical sim-
ulations, expressions must be evaluated millions of times per second. Classical computational
pipelines evaluate symbolic expressions through recursive tree walking:

Eval(T, x) = Op
(
Eval(Tleft, x), Eval(Tright, x)

)
(1)

This classical model suffers from two structural flaws:

1. Dynamic Tree Complexity O(N): Evaluating an AST with N nodes incurs non-
contiguous memory access (pointer chasing), high cache miss rates (L1i/L1d), and
recurring stack frame allocations.

2. Singularity Collapse: When evaluating an indeterminate node such as 0
0
or 0 ×∞,

the Floating-Point Unit (FPU) flags an unrecoverable exception or yields an absorb-
ing NaN state. Dynamic workarounds—such as numerical approximations or recursive
limits—require O(K) iterative loops, breaking real-time determinism.

The RICIS-III v7.9 framework resolves this bottleneck by shifting the resolution of singu-
larities from **Runtime execution** to **Compile-Time symbolic reduction**. By applying
the principle of Occam’s Razor, all uninformative limits, ghost branches, and indeterminate
forms are eliminated prior to code generation.

—

2 Axiomatic Engine of RICIS-III v7.9

The reduction engine operates over the expression domain E , preserving semantic origin
through indexed monoliths.

2.1 Foundations and Algebraic Invariants

Foundation 1 (L0 — Absolute Continuity). No computational operation may produce a
structural discontinuity or purge semantic identity:

∀Node ∈ AST, Identity(Node) ̸= ∅. (2)

Foundation 2 (L1 — Identity Principle). For every mathematical object X, X = X. Struc-
tural cancellation X

X
= 1 is valid only for structurally identical, normalized factors:

NF(A) ≡ NF(B) =⇒ A

B
−→ 1. (3)
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2.2 Safety Protocols and Normalization

Protocol 1 (SP1 — Locality Rule). In 0/0 occurrences, identity cancellation applies strictly
to identical zero-factors. Global collapse of the surrounding AST is forbidden.

Protocol 2 (SP2 — Reduction Priority (Clean First)). Algebraic simplification and struc-
tural cancellation MUST precede any evaluation of singularity axioms:

TransformAlgebraic(AST) ≺ ApplyRICIS(AST). (4)

Protocol 3 (SP3 — Index Law). If cancellation is impossible, indeterminate ratios evaluate
strictly through their functional indices:

0F
0G

=
F

G
,

∞F

∞G

=
F

G
. (5)

Protocol 4 (SP4 — Semantic Priority). Singularities emerging from an expression E(x)
at x = a must be indexed by the parent expression E(x) |x=a, not by the numerical scalar
evaluation:

0E(x)|x=a ̸= 0E(a). (6)

Protocol 5 (SP5 — Trigonometric Pre-Normalization). Before applying SP4 and RICIS
transforms, any trigonometric linear combination must be mapped to its canonical polar
form:

a cos(θ) + b sin(θ) −→ r cos(θ − φ), r =
√
a2 + b2, φ = atan2(b, a). (7)

Protocol 6 (P1 — Prohibition of Recursive Limits). Inside the core resolution pipeline,
it is strictly forbidden to replace an indeterminate node with an analytic limit, numerical
approximation series, or L’Hôpital recursion:

Limit, NumericalApprox, LHopital /∈ Resolve RICIS. (8)

2.3 Geometric Realization of Axiom A6

Classical arithmetic treats 0 × ∞ as undefined because it attempts field multiplication of
scalar limits. RICIS-III v7.9 grounds A6 in orthogonal geometric projection:

Definition 1 (Orthogonal Monolith Rectangle). Let SF = R(F, 0) be a horizontal strip
preserving axis label F , and let IG = R(0, G) be a vertical segment preserving axis label G.
Their orthogonal composition forms a restored geometric cell R(F,G):

0F ⊗∞G =⇒ SF ⊠ IG = R(F,G). (9)

The measure µ of this restored domain is given by the General Product:

µ(R(F,G)) = F ·G. (10)

When F = G, the diagonal case yields the Telescope Law:

0F ×∞F = F 2. (11)
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2.4 Conservative Vector Axiom Layer

For multidimensional spaces of dimension n, expressions lift coordinatewise into containers
Vn(E) = En. Axiom A6 lifts via the Hadamard product:

0F⃗ ⊗∞G⃗ =⇒ Rvec(F⃗ , G⃗)
µvec−−→ F⃗ ◦ G⃗ =

(
F1G1, F2G2, . . . , FnGn

)
. (12)

Scalar dot-product contraction ⟨F⃗ , G⃗⟩ =
∑

i FiGi is treated as an explicit late projection,
preserving dimension invariance during intermediate transformations.

—

3 The Multi-Phase Reduction Pipeline

The AST compilation pipeline converts raw expressions into optimized machine instructions
through sequential phases:

Phase Name Operational Action

Phase -1 L1 Identity Enforce X = X; verify structural normalization
and type labels T (X).

Phase 0 Limit Elimination Replace syntax limx→a with direct point assign-
ment x = a (Protocol P1).

Phase 0.25 Trig Polarization Apply SP5: convert harmonic sums to polar form
r cos(θ − φ).

Phase 0.5 Semantic Indexing Apply SP4: tag singular nodes with parent expres-
sions 0E(x)|x=a

.

Phase 1 Safety Check Apply SP2: perform algebraic factorization and
cancel identical factors (SP1).

Phase 2 RICIS Transforms Apply A1–A10, geometric A6 area projection, and
vector Hadamard lifting.

Phase 3 Algebraic Cleanup Prune identity operations (+0, ×1, ×0) without
discarding labels.

Phase 4 Type Consistency Execute TCP: promote compatible types or gener-
ate composite monoliths.

Phase 5 Native Projection Emit straight-line intermediate language (IL /
LLVM IR) into delegate.

Phase 6 L1 Verification Confirm invariance of semantic origin and output
type.

Table 1: The RICIS-III v7.9 Compile-Time Reduction Pipeline.

—
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4 Formal Proof of the O(1) Runtime Complexity The-

orem

Theorem 1 (Deterministic O(1) Runtime Convergence). Let T be an arbitrary well-formed
Abstract Syntax Tree of finite initial size N , containing rational, transcendental, and singular
operators (0/0, 0×∞, ∞/∞) satisfying protocols SP1–SP5 and P1.

Then, the compile-time execution of the RICIS-III v7.9 pipeline terminates in a finite
number of rewriting steps, eliminating all indeterminate nodes and generating an executable
delegate D : Rk → Rm such that the runtime execution complexity per point evaluation is
strictly:

Time
(
D(x)

)
= Θ(1). (13)

Proof. The proof proceeds in three stages:
1. Noetherian Termination of the Reduction System. Define the complexity

measure of the syntax tree as a lexicographical tuple:

Φ(T ) =
(
nlimit(T ), nsing(T ), ntrig(T ), depth(T )

)
∈ N4. (14)

• Phase 0 strictly sets nlimit → 0.

• Phase 0.25 reduces unpolarized harmonic nodes, decreasing ntrig.

• Phase 1 factors the polynomial components, decreasing tree depth via factor cancella-
tion.

• Phase 2 replaces every singular node (0/0, 0 × ∞) with its closed-form measure pro-
jection µ(R(F,G)) = F ·G, decreasing nsing by exactly 1 per step.

Since N4 equipped with lexicographical order is a well-founded set, the reduction system is
strongly normalizing (terminates in finite steps M < ∞ at compile time).

2. Elimination of Runtime Control Flow. By Protocol P1, no dynamic limit searches
or iterative loops are permitted within ‘Resolve RICIS‘. By Protocol SP2 and SP4, removable
and essential singularities are resolved algebraically before machine code emission. Conse-
quently, the control flow graph (CFG) of the emitted delegate contains zero branch instruc-
tions (CMP, JNE, JE). The resulting code consists of a single linear Basic Block in Static Single
Assignment (SSA) form.

3. Invariant Machine Execution. A straight-line basic block devoid of loop struc-
tures and branch misprediction penalties executes a fixed, bounded sequence of hardware
instructions:

∀x ∈ Rk, Cycles(x) ≤ Cmax < ∞. (15)

Thus, runtime execution is strictly independent of input values and tree depth N , yielding
an execution complexity of Θ(1).

—
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5 Step-by-Step Computational Traces

5.1 Example 1: Rational Singularity Resolution

Evaluate:

f(x) =
x2 − 16

x− 4
at the critical point x = 4. (16)

• Classical Interpreter: f(4) = 42−16
4−4

= 0
0
−→ NaN or DivideByZeroException.

• RICIS-III Pipeline:

1. Phase 0.5 (SP4): Form indexed singular nodes: Node =
0(x2−16)|x=4

0(x−4)|x=4

.

2. Phase 1 (SP2 Clean First): Factor the numerator before numerical assignment:

x2 − 16 = (x− 4)(x+ 4). (17)

3. Phase 1.5 (SP1 Locality): Cancel identical zero-factors:

(x− 4)(x+ 4)

(x− 4)
−→

(
x− 4

x− 4

)
· (x+ 4)

L1−→ 1 · (x+ 4) = x+ 4. (18)

4. Phase 5 (Emission): The AST collapses to Add(Var(x), Const(4)). Emitted as-
sembly:

addsd xmm0, qword ptr [rip + .LC_CONST_4]

ret

5. Evaluation at x = 4: 4 + 4 = 8. Executed in 1 machine cycle (O(1)).

5.2 Example 2: Transcendental Cardinal Sinc Evaluation

Evaluate:

f(x) =
sin x

x
at x = 0. (19)

• Phase 0.5 (SP4): Structural tagging yields Node = 0sin x

0x
.

• Phase 2 (Axiom A4 & SP3): Ratio of indices matches functional generators:

0sinx

0x
=

sin x

x
. (20)

• Phase 2.5 (Canonical Monad Representation): Expanding sin x around its root yields
x ·Msin(x), where Msin(0) = 1. Factoring by SP2 cancels x/x → 1, leaving Msin(0) → 1.

• Phase 5 (Emission): The singular point x = 0 compiles directly to a load instruction:

movsd xmm0, qword ptr [rip + .LC_CONST_1]

ret

• Complexity: Θ(1) constant time; zero Taylor loop iterations.
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5.3 Example 3: Vector Hadamard Singularity Collapse

Evaluate the multidimensional interaction of vector singularities in R2:

Φ⃗ = 0F⃗ ⊗∞G⃗, F⃗ = (5, 8), G⃗ = (3, 2). (21)

• Vector Axiom Layer Application:

0(5,8) ⊗∞(3,2) =⇒ Rvec

(
(5, 8), (3, 2)

)
. (22)

• Hadamard Area Measure (µvec):

µvec = F⃗ ◦ G⃗ = (5 · 3, 8 · 2) = (15, 16). (23)

• Machine Compilation: The operation compiles to a single 128-bit SIMD instruction:

vmulpd xmm0, xmm1, xmm2 ; AVX double-precision vector multiplication

ret

Both components are evaluated in parallel in a single clock cycle (O(1)).

—

6 Hardware and Compiler Architecture Comparison

Metric Traditional Inter-
preter

CAS / Series Expan-
sion

RICIS-III Compiled
Delegate

Time Complexity O(N) tree-walk traver-
sal

O(K3) polynomial or-
der

Strictly Θ(1) constant
time

Indeterminate Nodes Throws NaN / Trap Approximated in loops Algebraically elimi-
nated

Control Flow Heavy conditional
branching

Dynamic loop conver-
gence

Zero branches
(Straight Basic Block)

Instruction Cache High miss rate Medium thrashing Optimal (Sequential
Stream)

SIMD Vectorization Inhibited by tree point-
ers

Blocked by conditionals Directly vectorizable
(Hadamard)

Table 2: System Performance Across Computational Paradigms.

—
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7 Conclusion

The formalization of the **RICIS-III v7.9** specification provides a complete mathematical
and engineering solution to the singularity bottlenecks of symbolic computing.

By replacing dynamic limits with compile-time semantic indexing (SP4), structural re-
duction (SP2), and the geometric realization of Axiom A6 (SF ⊠ IG → F ·G), all undefined
forms are eliminated prior to execution. The resulting expression trees contain zero branches,
zero runtime loops, and zero non-computable states, compiling into native machine delegates
that execute in strict constant time **O(1)**.

This bridges the gap between foundational mathematical rigor and ultra-high-performance
computer systems.
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