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THE GENERALIZED FERMAT EQUATION 2z3 + y3 = 2"
MANVIR JASWAL

ABSTRACT. We prove that the equations z* +1® = 2™ and z® +4® = 32" have no solution
in coprime nonzero integers for any n > 3. For the first equation the open cases were
prime exponents p = 1 (mod 3) above 10° outside a set of congruence classes treated by
Chen and Siksek; in these cases the solution 1% + 23 = 32 blocks the modular method. We
replace Kraus’s Frey curve by a hypergeometric motive of rank three over K = Q(v/—3),
whose parameter at a solution is 3-adically close enough to a point of maximally unipotent
monodromy for inertia at v/—3 to act unipotently; the parameter of 1* + 23 = 32 is not.
By a theorem of Calegari, Emerton and Gee, the mod p representation of the fiber, twisted
by a cubic character, is the reduction of a member of a compatible system of minimal
ramification, and we show that the member at a prime above 3 is irreducible and ordinary
at v/—3. Ramification and unconditional discriminant bounds show that its reductions
have trivial semisimplification, and as the Galois group of the maximal pro-3 extension
of K unramified outside v/—3 is generated by one inertia group, the member stabilizes
its ordinary line, a contradiction. For z® + y® = 32" the same argument also works at
the primes p = 2 (mod 3), which are inert in K, and Frey curves and descents treat the
remaining exponents.
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1. INTRODUCTION

1.1. The equation. A solution of z3 4+ 3 = 2" in coprime nonzero integers is a triple
(a,b,c) of nonzero integers with ged(a,b,¢) = 1 and a® + b* = ¢*. For n = 2 there are
such solutions, for example 13 + 23 = 32. For n > 3 none is known, and none is expected.
The case n = 3 is Euler’s. For prime exponents p > 17 the equation has been attacked by
the modular method since Darmon and Granville [37, Proposition 4.4], who attached to a
solution a Frey curve and, assuming the Shimura—Taniyama conjecture, excluded solutions
with ¢ even. Kraus [80] wrote this curve as

Eup: Y= X34 3abX +0° - a®

and proved that there is no solution for 17 < p < 10, and Dahmen [35, §3.3.2] extended his
argument to p = 5,7,11,13. Chen and Siksek proved that there is no solution for 3 < n < 10°
[30, Theorem 2], and none for the prime exponents in a set of Dirichlet density 28219/44928
[30, Theorem 1 and §10]. Freitas [58, Theorem 3] proved that there is no solution for any
prime p = 2 (mod 3) with p > 17. Bennett and Das [15] proved that for every solution
(a,b, c) with n > 3 the greatest prime divisor of a — b exceeds 10'2. What these results leave
open is the set of primes p =1 (mod 3) above 10° outside the congruence classes of Chen
and Siksek.
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The obstruction is the Catalan solution 13 4 23 = 32. For every prime p > 17 and every
solution of z3 + 3% = 2P, the mod p representation of Kraus’s Frey curve is isomorphic to
that of the elliptic curve W = Ey1: Y2 = X3 4+6X — 7 of conductor 72 (Cremona label
72al), the Frey curve of 22 + 13 = 32, or to that of its quadratic twist by —1; in Kraus’s
normalization of the solution, a choice of the order of a,b and of the sign of (a,b, c), it is
that of W [80, Théoreme 6.1 and Proposition 6.3]. We refer to this isomorphism as Kraus’s
congruence. So the modular method, with this Frey curve, cannot conclude by comparing
Hecke eigenvalues: W is a genuine elliptic curve whose mod p representation imitates that of
a solution. Freitas separated the two for p =2 (mod 3) by comparing symplectic types, for
the twists by —3 of the two curves: a criterion he proved at 2 shows that the isomorphism
is symplectic, and the criterion of Kraus and Oesterlé at the multiplicative prime 3 shows
that it is symplectic only if —3 is a square modulo p [58, §2]. When p =1 (mod 3) the two
criteria agree. As Billerey, Chen, Dieulefait and Freitas put it [23, Remark 1.7], the Catalan
solution 23 + 13 = 32 “currently prevents the modular method from proving” such results
for z3 4 y3 = 2P.

1.2. The results.

Theorem A. For every integer n > 3, the equation 23 +y3 = 2™ has no solution in coprime
nonzero integers.

For 3 < n < 10? this is due to Chen and Siksek [30, Theorem 2], and for the prime
exponents p = 2 (mod 3) with p > 17 to Freitas [58, Theorem 3]. We prove the case of every
prime exponent p = 1 (mod 3) with p > 17 (Theorem 11.18), which contains the cases left
open, and Theorem A is Theorem 11.19. Section 1.7 lists the published results on which the
proof rests.

The proof replaces Kraus’s Frey curve by a Frey motive of rank three over K = Q(v/—3).
At a solution the parameter of the motive is 3-adically so close to a point of maximally
unipotent monodromy that inertia at \/—3 acts unipotently on the fiber, whereas the
parameter of 13 + 23 = 32 is farther away. By a theorem of Calegari, Emerton and Gee,
the mod p representation of the fiber, twisted by a cubic character, is the reduction of a
member of a compatible system of minimal ramification. We show that the member of that
system at a prime above 3 is irreducible and ordinary at y/—3. This member is unramified
outside /—3, and its ramification there is so small that, by Odlyzko’s discriminant bounds
and finite group theory, every reduction of it has trivial semisimplification. As the Galois
group of the maximal pro-3 extension of K unramified outside /—3 is generated by one
inertia group, the member then stabilizes its ordinary line, a contradiction (Section 1.5).

For the coefficient 3 the obstruction is the same curve W: the Catalan solution can be
read as 22 4+ 12 = 3- 3, a point of 23 + y? = 32" with n = 1, and 22 4+ 12 = 9- 1" is a solution
of 3 + 13 = 92" for every n.

Theorem B. For every integer n > 3, the equation x> +y> = 32" has no solution in coprime
nonzero integers.

This is Theorem 12.1, whose case n = 3 is classical. The prime exponents p = 3 (mod 4)
with p > 7 come from Freitas’s symplectic argument applied to a twist of Kraus’s Frey curve,
the prime exponents 7 < p < 10® from a criterion of Kraus’s type checked by computer
(Theorem 12.2), and the exponents 4 and 5 from descents in the manner of Bruin [26]
(Theorem 12.3). The prime exponents p > 17 also come from the method of Theorem A, which
for p =2 (mod 3) is carried out at a prime that is inert in K = Q(v/=3) (Theorem 12.4).
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At such a prime the compatible system comes from a lifting lemma (Theorem 12.21), whose
proof is that of a lifting theorem of Bellovin and Gee [13, Theorem 5.2.1] written out for
this case. Theorem A does not use this lemma, and Theorem B depends on it only for the
exponents n > 3 that are divisible neither by 3 nor by 4 and whose prime factors p > 5
all satisfy p =5 (mod 12) and p > 10® (see the proof of Theorem 12.1). For n = 2 there
are solutions, such as 113 4+ (=2)3 = 3 - 212, The equation 2 + y? = 92%, which besides
23 + 13 = 9. 1* has the solution 713 + (—23)3 = 9 - 14*, remains open (Theorem 12.5).

1.3. The Frey motive. Let K = Q(w) = Q(v/—3), where w is a primitive cube root of
unity, let O = Z[w] be its ring of integers and p = (/—3) its prime above 3, and let {9 be a
primitive ninth root of unity; then K((9) = Q({y). For s # 0, 1 consider the affine surface

Zs: (1—y)(1—y)(1—y3) =s
with the action of z3 by multiplication on the coordinates. It has a twisted form X over K,
which becomes Z, over K but on which G also permutes the three coordinates cyclically,
through Gal(Q(¢9)/K) (Section 3); without this permutation no character of order 9 on
each factor of u3 would be fixed by Gi. A character x of uj that has order 9 on each
factor and is fixed by Gk cuts out of the cohomology H?2 of the surfaces X a local system
V of rank three on P! \ {0,1,00} over K. Geometrically V is the hypergeometric local
system with local exponents {1/9,4/9,7/9} (up to a common sign) at s = oo and {0,0,0}
at s = 0. Its local monodromy is unipotent with one Jordan block at 0 (so s = 0 is a
point of maximally unipotent monodromy), is a pseudo-reflection of order 3 at 1, and is
semisimple with eigenvalues (o, Cg, Cg , or their inverses, at oo, so that its cube is a scalar.
The field K is forced by the exponents: {1/9,4/9,7/9} is stable under multiplication by 4
and 7 modulo 1, but not by —1, so the local system is defined over the fixed field Q(y/—3)
of {1,4,7} C (Z/9)* and not over Q.
To a solution (a, b, c) of 3 + y® = 2P we attach the parameter

cP w3
sozﬁzl—%(;) , {u,w} ={a,b}, ptu,
and the Frey representation p = Vg, ® k"> of Gk (after Darmon’s Frey representations
[36]), where k,, is the cubic Kummer character of u. Here no, € {1,2} is given by the local
monodromy at oo, which factors through a quotient ug of the inertia group there: its cube
is a scalar, so the subgroup us C ug acts on V by scalars, ¢ — (" (Theorem 3.3). The
reduction of p modulo p is the residual Frey representation p. Let q 1 3p be a prime of
K dividing abc. If q | ¢, then vq(s9) = pvg(c) =0 (mod p), and inertia at q acts through
a power of the unipotent monodromy at 0 with exponent divisible by p, which is trivial
modulo p. If q | w, then vq(sg — 1) = 3vq(w) =0 (mod 3), and inertia acts through a power
of the pseudo-reflection of order 3 at 1 with exponent divisible by 3, which is trivial. If q | u,
then vq(s0) = —3vq(u) =0 (mod 3), and inertia acts through a power of the monodromy at
oo with exponent divisible by 3, a scalar that the twist removes. So p is unramified outside
3p; it is conjugate self-dual up to the twist by the inverse square of the mod p cyclotomic
character, and at the primes above p it is the reduction of a crystalline representation with
Hodge-Tate weights {0, 1,2} (Section 5). It is irreducible (Section 6).

1.4. Why the obstruction disappears. For Kraus’s curve the separation fails at 3: both
E, 1, and W have potentially multiplicative reduction at 3, with Tate parameters of valuations
2pvs(c) — 3 and 1, both prime to p, so their mod p representations have the same shape at 3.
The rank-three motive is more sensitive. Its parameter at a solution is 3-adically very close
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to the maximally unipotent point: v3(sg) = pvs(c) > p, because 3 | ¢ by a theorem of Kraus.
We prove (Theorem 4.1) that inertia at the prime p acts unipotently on V; for every s in
the punctured disc v3(s) > 15/2. The radius has a simple origin: V is a triple multiplicative
convolution of Kummer sheaves of 1 —  of order 9, the binomial series of (1 —z)'/9 converges
exactly on v3(x) > 5/2, and 15/2 = 3 - 5/2. The Catalan solution 13 + 23 = 32 sits at s = 9,
with v3(s) = 2: outside the disc.

Two further ingredients of Part I are computations at the two primes of K above 7. The
irreducibility of p comes from the Frobenius polynomials at these primes of the fiber Vy
of V at s = 2: Kraus’s congruence forces 7 t abc and sg = 2 (mod 7) (Theorem 5.1 (c),
Theorem 5.2), and 7 is the smallest prime ¢ at which it confines sq to a single point of P!(IF)
other than 0, 1 and co. And the unipotence at p needs, after the geometry, one arithmetic
input: the character by which G acts on the line of invariants of the local monodromy in
the fiber of V at the tangential base point 9/0s at s = 0 must be trivial. This character has
order dividing 3 and is unramified outside p, and a cubic character of K is trivial on 1+ p?,

where the binomial series of (1 + x)l/ 3 converges. So it is a character of the ray class group
of K modulo p*, and again its triviality is decided at the two primes above 7 (Section 4.4).

Theorem 4.1 is a statement about V alone, not about the equation, and it also says how
the decomposition group at p acts: up to semisimplification, through 1, 521 and 552, for
every prime ¢ # 3. At a prime q 1 3/, inertia acts unipotently on V; for every s € K with
vq(s) > 0, by tame ramification (Theorem 5.3); but p divides the denominator 9 of the
exponents of V. The description of inertia for hypergeometric motives of rank two by Golfieri
Madriaga, Pacetti and Rodriguez-Villegas excludes such primes, and they write that “it
would be interesting to have an explicit description for wild primes” [66, §1]. The theorem
is proved in Section 4 without a semistable model. Part IV uses it again, for the solutions of
23 +y3 = 3F2P with 3 | z or k > 8 (Theorem 12.19). We do not know whether the radius
15/2 is optimal; for the Legendre family at 2 and the Hesse family at 3, convolutions of two
Kummer sheaves, the same argument gives exactly the part near 0 of the locus of potentially
multiplicative reduction (Theorem 4.17).

1.5. The proof of Theorem A. Let p > 17 be a prime with p =1 (mod 3), and suppose
that a solution exists. By a theorem of Calegari, Emerton and Gee [27, Theorem 4.2.11],
p lifts to a representation that belongs to a compatible system {Ry}: a family of three-
dimensional representations R) of G, the members of the system, one for each prime
A of a number field, with the same characteristic polynomials of Frobenius at almost all
primes. The system can be chosen polarized, with Hodge-Tate weights {0, 1,2}, and with
minimal ramification: each member is unramified outside p and the primes above its residue
characteristic (Part II). At p the members have, up to Frobenius semisimplification, a
common Weil-Deligne representation, on which inertia acts through a character of order
dividing 3 and whose monodromy is a nilpotent matrix N (Theorems 7.8 and 10.5). The
member at a prime above p, the p-adic member, lifts p. Step (1) uses the members at the
primes above 5, and steps (3)—(5) the member R at a prime above 3 (Part III), which is
unramified outside p because p is the only prime of K above 3. The proof has five steps.

(1) N #0, and p(1y) is not scalar. If N were zero, inertia at p would act through scalars
on the reductions modulo 5 of the members at the primes above 5. A reduction that
is a sum of three characters is excluded by the class numbers of K (v/5) and K ((5):
the characters would be 1, 55_1, 5_5_2, with &5 the cyclotomic character modulo 5, and
a nonsplit extension of 1 or 5_5_1 by 5_5_2, given by a suitable lattice, would define an
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unramified cyclic extension of degree 5 of K (v/5) or K((5), the field cut out by the
quotient of the two characters. Otherwise the projective image of a constituent of
dimension at least two would cut out a Galois extension of K unramified outside
5 with root discriminant below 3!/2 . 53/2 < 19.37: the factor 3'/2 comes from the
tame ramification of K at 3, and the factor 5%/2 from the ramification bound of
Fontaine and Abrashkin at 5 for Hodge-Tate weights in [0,2] (Theorem 8.2). The
prime 5 is the smallest prime ¢ for which these weights lie in the Fontaine—Laffaille
range [0,¢ — 2]. When 25 or 5 does not divide the degree of the extension over
K, its wild inertia groups at 5 have order at most 5, respectively 1, and the same
bound improves to 31/2.57/5, respectively 31/2.5; this excludes the smaller projective
images. Odlyzko’s unconditional lower bounds for discriminants, class field theory
and finite group theory exclude such an extension (part (2) of Theorem 9.3).

The theorem of Calegari, Emerton and Gee also lets one prescribe an irreducible
component of the local lifting ring at the place 3 (a polarized component at 3,
Section 7.4) on which the p-adic member must lie, and the argument just given
applies whichever component is prescribed. If p(I,) consisted of scalars, p would
have a lift at the place 3 with finite image on inertia, built with Hensel’s lemma and
Edixhoven’s theorem on fixed points; this lift lies on a polarized component at 3
that consists of lifts with NV = 0, and the system built on it would contradict what
was just shown (Theorem 9.5). So p(I,) is not scalar.

N is a single Jordan block. As p is ramified over 3, a generator of tame inertia at p
can be taken to be the square of an element of G outside G g, and the polarization
of p writes its image as a scalar times a matrix A*A~! (Theorem 10.2). A matrix
of this form that is a scalar times a unipotent matrix is 1 or a single Jordan block,
because A — A is alternating and so has even rank (Theorem 10.1). Since p([y) is
not scalar (step (1)), the unipotent factor of p on I, is not 1, so it is a single Jordan
block. It is the reduction of the unipotent factor exp(¢,N) of the p-adic member,
which lifts p (¢, is the p-adic tame character), and (exp(t,N) — 1)?, whose reduction
is not 0, would vanish if N2 did; so N is a single Jordan block too (Theorem 10.3).

R is irreducible and ordinary at p. A semisimple representation of dimension three
whose monodromy at p is a single Jordan block is irreducible (Theorem 10.7),
and weak admissibility forces the decomposition group at p to stabilize a line
(Theorem 10.6).
Every reduction of R has trivial semisimplification (Theorem 11.15). We bound the
root discriminant of the field cut out by a reduction and compare it with Odlyzko’s
unconditional lower bounds. On the decomposition group at p a reduction is, up
to an unramified character, upper unitriangular. Its entries next to the diagonal
are two homomorphisms with values in the residue field, combinations of the cubic
characters of Q3(1/—3), and the cup product of the two vanishes. These characters
form a space of dimension 4 over Fs; they are trivial on 1 + p?, and their upper
ramification breaks are at most 3 (Theorem 11.2). The extension cut out by such a
representation has largest upper ramification break at most 11/3, the largest break
that a Heisenberg extension of degree 27 of K can have (Theorems 11.6 and 11.10;
this also follows from a theorem of Abrashkin, Theorem 11.8), but the bound on the
root discriminant that this alone gives lies above all of Odlyzko’s bounds.

What brings the bound down is the size of the ramification groups between the
breaks 3 and 11/3. On the ramification groups of upper index above 3 the entries next
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to the diagonal vanish, and the corner entry depends linearly on the exterior product
of the two homomorphisms. As their cup product vanishes, this exterior product
lies in the kernel of the linear form that the cup product induces on the exterior
square of the space of cubic characters; the exterior square has dimension 6, and the
kernel dimension 5. So it suffices to compute, by Kummer theory, the Heisenberg
extensions of degree 27 for five suitably chosen planes of cubic characters on which the
cup product vanishes and whose exterior products span this kernel (Theorems 11.6
and 11.10). This brings the bound below Odlyzko’s bounds for fields of large degree,
with more room when the inertia groups at p are small (Theorem 11.11). So the
degree of the field is bounded, and finite group theory shows that a reduction has no
irreducible constituent of dimension 2 or 3. Its constituents are therefore characters
unramified outside p, which are trivial (Theorem 11.1).

(5) Local generation. The field K has one prime above 3 and class number one, so the
Galois group of the maximal pro-3 extension of K unramified outside p is generated
by an inertia group at p (Theorem 11.16). A representation unramified outside p
whose reduction has trivial semisimplification factors through this pro-3 group. So
R has the same image as its inertia group at p, which stabilizes the ordinary line,
and R is reducible: a contradiction.

1.6. Earlier work. The method of Part 11, a lift of minimal ramification in a compatible
system followed by the study of a member at a small prime, is that of Khare and Wintenberger
for two-dimensional representations of Gg [76, 77]; earlier instances of the switch to a small
prime are due to Dieulefait [49] and Wintenberger [115]. The situation at 5 in step (1) is
that of the theorems of Fontaine and Abrashkin on schemes with good reduction everywhere
(Theorem 9.4). The residual step (4) has a two-dimensional analogue in Sengiin’s theorem
that Gg has no irreducible two-dimensional representation over F3 unramified outside 3
[99, Theorem C]. That the Galois group of the maximal pro-3 extension of K unramified
outside p is generated by an inertia group at p (step (5)) is an elementary and well-known
property of Q(v/—3) and the prime 3, going back to Shafarevich and Koch [103, 79] (see
[67, Remark 6.1.4]). The same step appears in dimension two in the work of Freitas, Kraus
and Siksek [60, Theorem 9(b) and the proof of Theorem 1], where the image of the Galois
representation of a suitable quadratic twist of an elliptic curve with good reduction away from
one prime is shown to equal the image of an inertia group (see also [61]). Representations of
Gk unramified outside p with residual image a 3-group also occur in work of Freitas and
Sanchez-Rodriguez [63].

A new ingredient is the way the ramification of the reductions of the member R at a prime
above 3 is bounded: Fontaine-Laffaille theory is not available for R, and its place is taken
by ordinarity at p, which weak admissibility forces once the monodromy operator is regular,
given the Hodge-Tate weights {0, 1,2} (steps (3) and (4)). On its own, this argument shows
that no semisimple representation G — GL3(Q3) unramified outside p is de Rham at p
with Hodge-Tate weights {0, 1,2} and regular monodromy there (Theorem 11.21).

The Frey representation is three-dimensional, of unitary type over an imaginary quadratic
field, and comes from a motive of rank three that is not of GLa-type: the local monodromy of
V at s =1 is a pseudo-reflection of order 3 (Theorem 3.3), which no twist of the symmetric
square of a rank-two local system has. Darmon suggested that Katz’s hypergeometric motives
might connect generalized Fermat equations to higher-dimensional Galois representations
[36, remark after Theorem 1.13]. Rank-two hypergeometric motives have been developed for
generalized Fermat equations by Golfieri Madriaga and Pacetti [65] and by Golfieri Madriaga,
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Pacetti and Rodriguez-Villegas [66], who list the extension of their results to hypergeometric
motives of any rank among the questions they expect to address; see also the Frey abelian
varieties of [23]. Among the neighboring problems, the twisted equations 2% + 3% = ¢®2?,
g > 5 prime, were treated by Bennett, Luca and Mulholland [16] and by Bennett, Bruni
and Freitas [14], and recently by Freitas and Mocanu for ¢ = 5 and certain primes p [62,
Theorem 1.8]. The signatures (r,r,p) with r € {5,7,11} were treated by Billerey, Chen,
Dieulefait and Freitas [23, 24], in part conditionally on Darmon’s “big image” conjecture [36,
Conjecture 4.1], in the form of [23, Conjecture 1.2]. For certain totally real fields F”, among
them every Q(¢sm )™, Dieulefait and Golfieri Madriaga [48, Theorems 1.4 and 1.5] prove
that Fermat’s equation a? + y? + zP = 0 has no nontrivial primitive solution in the ring of
integers of F” for every prime p = 2 (mod 3) beyond a bound depending on F”; using, when
3| zyz, a level-lowering argument at a prime above 3.

The conclusion of Theorem A was also known to follow from hypotheses of a different kind.
Under Baker’s explicit abc conjecture in the form of Laishram and Shorey, the equation has
no solution for any n > 3 other than n = 4 [82, Theorem 4] (the exponent 4, which that
theorem leaves out, is settled unconditionally [26, Theorem 1], [30, Theorem 2|); the abc
conjecture implies that there are only finitely many solutions over all exponents together [37,
§5.2]; and the Frey-Mazur conjecture (see [59, Conjecture 2.1]) implies the conclusion for
p large, by Kraus’s congruence. Zhou claims to derive the conclusion from inter-universal
Teichmiiller theory in a preprint [116], whose arguments we have not checked.

1.7. Published results used. Besides finite computations, the proof of Theorem A uses
the following published results. Part IV cites those that the proof of Theorem B uses in
addition.

e On the equation: Kraus [80, Théoréme 6.1, Proposition 6.3 (ii), Lemme 6.4], with
the modularity of elliptic curves over Q [25]; and, for the exponents they cover,
Chen-Siksek [30, Theorem 2] and Freitas [58, Theorem 3].

e On the motive (Part I): Katz’s theory of hypergeometric sheaves [74] and Beukers—
Heckman [20]; proper and smooth base change [5]; Deligne’s theory of weights [40, 41]
and integrality [44]; Abhyankar’s lemma and tame specialization [68], with tangential
base points [43]; Berkovich’s étale cohomology of analytic spaces [19]; the uniqueness
of a polarizable variation of Hodge structure on an irreducible local system [42]
and the Hodge numbers of hypergeometric variations [52]; Fontaine—Laffaille theory
[57], Tsuji’s comparison theorems [112, 113] in Beilinson’s form [11], and Mokrane’s
weight spectral sequence [87] in Nakkajima’s corrected form [90].

e For the compatible system (Part II): Calegari-Emerton—-Gee [27, Theorem 4.2.11;
also Lemma 1.5.20, Definition 2.1.9 and Theorem 2.1.16], which rests on the potential
automorphy theorems of Barnet-Lamb—Gee—-Geraghty—Taylor; these theorems [10,
Theorems 4.5.1 and 5.5.1], which we also apply directly, and further results of the
same paper [10, Lemmas 1.4.2, 1.4.3 and 5.3.1]; Bellovin—Gee [13, Theorem 3.3.7];
Edixhoven’s theorem on fixed points of tame group actions [50, Proposition 3.4];
local-global compatibility, including at the residue characteristic [10, Theorem 2.1.1],
[9, Theorem 1.1] (which rests on [8]; see also [28, Theorem 1.1]); Fontaine’s Weil-
Deligne representation of a potentially semistable representation [55]; Patrikis—Taylor
[92, Theorem 1.7]; Clozel-Harris-Taylor [31, Lemma 2.1.1]; and Serre’s theorem that
locally algebraic abelian representations come from algebraic Hecke characters [100].
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e At the prime 5: Fontaine—Laffaille theory and the ramification bound of Fontaine
and Abrashkin [1, 54] (Theorem 8.1).

e At the prime 3 (Part III): Berger’s theorem that de Rham representations are
potentially semistable [17], Fontaine’s theory of semistable representations [56, 55]
and the theorem of Colmez and Fontaine [33].

e For discriminants and finite groups: the explicit formula in Poitou’s unconditional
form [93, 91]; the list of the simple groups of small order and of their automorphism
groups in the ATLAS [34], and Dickson’s classification of the finite subgroups of
PGLy(F3) [47, 51].

The computations, listed in Appendix A with the software used and the separately written
programs that repeat them, are in exact arithmetic, apart from evaluations of integrals with
certified error bounds that give lower bounds for discriminants. The programs and their
outputs are in [71].

1.8. Organization. Section 2 fixes conventions. Part I (Sections 3, 4, 5 and 6) constructs V
and the Frey representation, with its local properties and its irreducibility. Part IT (Sections 7,
8 and 9) constructs the compatible system and carries out step (1). Part III (Sections 10
and 11) carries out steps (2)—(5) and proves Theorem A. Part IV (Section 12) treats the
equations z3 + y3 = 32" with k > 1 and proves Theorem B.

Section 13 discusses the obstructing point and the exponents p =2 (mod 3) and states
three open questions, and Appendix A lists the computations. The Supplement, a separate
document distributed with this paper, whose items are numbered S1, S2, ..., contains the
computations for Part IV and computations that check results proved in the text.

2. CONVENTIONS

2.1. The field K. Throughout, K = Q(w) with w? +w+1 =0, O = Z[w], and c is complex
conjugation, with a lift € € Gg, which we take to be a complex conjugation of Q; so &2 =1.
The prime of K above 3 is p = (1 — w) = (v/=3); K, is the completion, and v3 is the
valuation on an algebraic closure of Q3 (or on its completion C3) with v3(3) = 1. The ring
O is a principal ideal domain with unit group ug = {£1, fw, +w?}, and pg — (O/p?)* is
an isomorphism. The prime 7 splits in K as 7 = [[ with

(=2-w), [=B+w) =c);

the residue fields are F7, with w = 2 (mod [) and w =4 (mod I). For a prime p = 1 (mod 3)
we write v, v for the two primes of K above p; then K, = Kj = Q,,.

2.2. Galois groups. For a field F' we write G for its absolute Galois group. For a prime
q of K, Gk, C Gk is a decomposition group, Iy its inertia subgroup, and Frobg a geometric
Frobenius element. Local and global Artin maps send uniformizers to geometric Frobenius
elements. (With the other normalization some characters below are replaced by their inverses;
the statements are unchanged.) For a prime ¢, ¢/ is the f-adic cyclotomic character and
€y its reduction. Hodge—Tate weights are normalized so that ¢, has weight —1. Then the
p-adic cohomology H? of a smooth projective surface over a p-adic field has HodgeTate
weights in {0,1,2}, the weight i occurring with multiplicity h%2~¢.

For u € K* the cubic Kummer character k,: Gg — 3 C O is ky(0) = o(u/3)/ul/3. If
u € Q%, then xS = k!, where k°(0) = k(Eo€1): for u'/? real, € fixes u'/? and inverts ys.
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2.3. Coefficients. For each prime ¢ we fix an embedding ¢,: Q < @Q,. Through ¢, we regard
elements of K as elements of Q,. A representation of G over Q, has coefficients in K if the
characteristic polynomials of the Frobenius elements at almost all primes lie in K[T]. For a
continuous representation p of a profinite group on a finite-dimensional @p—vector space, p
denotes the semisimplification of the reduction of a stable lattice, a representation over F,,.
By the Brauer—Nesbitt theorem it is independent of the lattice. A continuous representation
of Gx with finitely many ramified primes is determined up to semisimplification by the
characteristic polynomials of the Froby at the unramified primes (Chebotarev).

2.4. Local systems. For a connected scheme Y, a lisse Q/-sheaf on Y is a continuous
representation of its étale fundamental group (for the analytic spaces of Section 4 see
Section 4.1). A lisse sheaf is constant if the geometric fundamental group acts trivially (over
a base field F' the Galois group G may still act on the fiber), and unipotent if it has a finite
filtration by lisse subsheaves whose graded pieces are constant. Sub-objects, quotients and
extensions of unipotent lisse sheaves are unipotent. For a representation p of G, with q1{ ¢,
Grothendieck’s monodromy theorem attaches a Weil-Deligne representation WD(p) = (¢, N),
with ¢ of finite image on I; and N nilpotent, such that p(c) = ¢(o) exp(ts(o)N) for o € I,
where tp: Iq — Zy(1) is the (-adic tame character.

Part I: a Frey motive of rank three over Q(/—3)
3. THE FREY MOTIVE

The local system V of the introduction comes from a family of surfaces. Its Frobenius
data at the two primes above 7 are used for the irreducibility of the Frey representation
(Section 6) and for the triviality of a limit character at s = 0 (Section 4.4).

3.1. The surfaces and the character. Let K9 = K({9) = Q((9), a cyclic cubic extension

of K, and let 0g € Gal(Ky/K) be the generator with og(¢g) = (5. Let Ry, kAl be the Weil

restriction of the affine line, an affine space of dimension 3 over K, let N: Ry, KAl — Al

be the norm, and let H = Ry, k9, a finite étale group scheme of order 729 over K acting

on RKQ/KAl by multiplication. Let S = PL \ {0, 1,00} with coordinate s, and let
X:{(y,s)ERKQ/KAle: N(l—yg):s}, [+ X =S,

with fibers X;. The action of H preserves X.

Fix a K-embedding 79: K9 — K and put Tj = T © ag for j € Z/3. The isomorphism
Ky @ K — Fs, x® z — (15(x)z);, identifies Ry, kAl over K with A%, N(1 —¢?) with
;1 - y?), Hy with 3, and X, ® K with the surface Zg: (1 —y3)(1 —y))(1 —43) = s
of the introduction. An element ¢ € G with c o = 1 © o'g acts on K-points by
(y;); = (0(yj—k));, and on H(K) = ug(K)? by the same formula, where o(¢) = ¢ for
¢ € pg. For e = (g, e1,e2) € (Z/9)" let xe(g) = 1, e(g5)%, a character of H(K) with values
in @Z
Lemma 3.1. The characters x. fivzed by Gg are those with e = m(1,7,4), m € Z/9. Those

of order 9 on each factor of ug are the siz characters ™, m € (Z/9)*, where x = X(1,7,4)-
FEach of them is trivial on the diagonal pus and nontrivial on the diagonal pg.

Proof. By the formulas above, x.(og) = I1; Lg(gj)4kej+k, SO Xe is fixed by G if and only if
ej+1 = Tej (mod 9) for all j, that is e = ep(1,7,4). Such a character has order 9 on each
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factor exactly when eg € (Z/9)*. On the diagonal, X" ((, ¢, () = t4(¢)**™, which is 1 for
¢ € ug and not for a primitive { € ug. O

For a Gk-fixed character X' of H(K) the idempotent 1,, = |H|™! g X'(g)"1g* acting
on the cohomology of H-stable varieties commutes with G ; its image on a cohomology
group is called the x’-part and is written with the exponent x’. The automorphism oy ® 1
of Rg/ Al is defined over K, preserves X and commutes with f; on K-points it permutes
the coordinates cyclically, so it carries the x™-part of the cohomology to the y*™-part.

Definition 3.2. Fix m € (Z/9)*. For a prime /¢ let
V=V = (R2AQ)",

a sheaf on S, with fibers V, = H?(X, ® K,Q,)X". By the preceding paragraph Vym &
Vyam = V,7m, so up to isomorphism there are two such sheaves, V, and V,-.1. The
statements below hold for both, and where the two differ (only in Theorem 3.9) both cases
are listed. We write V for either.

3.2. Geometry over K. For j € Z/9, j # 0, let £; be the Kummer sheaf of order 9
attached to the pg-torsor y° = 1 — 2 on A' \ {1} and the character ¢ ~ 1,(¢)? of pg,

extended by zero to A'. For sheaves IC, K’ on G,, let K+ K’ be the multiplicative convolution
with compact supports, (K * K')s = H (G, K(x) @ K'(s/x)).

Proposition 3.3. Over K, and over F, for every prime q1 3¢ of K with residue field F,:

(a) V is the convolution Lo, % L7y x Lam restricted to S, and H (X, QX" =0 fori # 2;
(b) V is lisse of rank 3 on S, irreducible, and tamely ramified at 0, 1, oo;

(¢) its local monodromy is unipotent with a single Jordan block at 0; a pseudo-reflection of
order 3 at 1; and semisimple of order 9 at 0o, with eigenvalues ty(C)™, to(O)*™, 1s(C)™,
or their inverses (according to the orientation), on a generator ¢ of the tame inertia
modulo 9.

In particular the local monodromy at oo factors through the quotient ug of the tame inertia
group 7/ (1) = Wm i, at 00 (the Kummer character of 1/s), and pus C pg acts on 'V by the
scalars ¢ v 1g(C)™, for an integer no € {1,2} depending only on V. The stalks of j.V (for
j:S—=P)at0, 1, co have dimensions 1, 2, 0.

Proof. Put z; =1 — y?. The map Zs — Ys = {zow172 = s} is a pg-torsor over the locus
where no z; equals 1, and on the x"™-isotypic part the push-forward of Qy is X;Le, ()
with (e;) = m(1,7,4), extended by zero where some z; = 1 (each e; is nonzero, so the
isotypic part has no invariants there). Hence Hi(Z,)X" = Hi(Ys, X, L., (x;)), which is the
fiber at s of the triple convolution. Katz’s theory of hypergeometric sheaves [74, Chapter 8|
shows that, the three characters being nontrivial and the exponents at oo being distinct
from the (trivial) exponents at 0, the convolution is concentrated in one degree, is lisse of
rank 3 on Gy, \ {1}, irreducible, tame at 0,1, 0o, with the local monodromies of (c). At
0 the monodromy is a single unipotent Jordan block (the three characters at 0 coincide),
at oo it is the direct sum of the three characters, and at 1 it is a pseudo-reflection whose
nontrivial eigenvalue is the product of the characters, of order dividing 9 and here of order
3 since 12m = 3m (mod 9). Over C this is the hypergeometric local system of Beukers
and Heckman [20] with parameters {m/9,4m/9,7m/9} (or their negatives) and {0,0,0}.
The degree is 2 because Y; is a torus of dimension 2 and the convolution of two of the
rank-one sheaves £; is placed in degree 1 (so the triple one in degree 2). The cube of the
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monodromy at co acts by ¢7(¢3)*™ on all three eigenlines, because 4 = 7 =1 (mod 3); so
Noo = £m (mod 3). The dimensions of the stalks of 7,V are those of the invariants of the
local monodromies: 1 (one Jordan block), 2 (a pseudo-reflection) and 0 (no exponent at oo
is 0). O

3.3. A smooth compactification. Let S = P! \ {0,00} with coordinate s, so that
S=8~ {1}, and let X = {(y,5) € Ry, /xA' x S: N(1—?) = s}, so that X = X x5 8.
In this subsection all schemes are over O[1/3]. The model constructed here extends V to
a lisse sheaf over O[1/3/], which gives the behavior of Vg, at the primes not dividing 3¢
(Section 5), and it is the starting point for the crystallinity at p (Section 5.5).

Proposition 3.4.

(a) There are a projective morphism fb X’ — S with an action of H over S, and an
H -equivariant open immersion X — X’ over S whose complement D°, with its
reduced structure, is a divisor with strict normal crossings relative to S; afteT base
change to O[1/3, (o] each component of D’ is a disjoint union of copies of IP’%. The
morphism f° is smooth outside the section {y =0, s = 1}.

(b) Let f: X = 8 and D be the restrictions of f* and D* to S. Then f is smooth and
projective, X = X ~. D, and H*(D’, Q,)X" = 0 for every geometric point s of S of
characteristic different from £.

(c) Consequently V = (R2f,Q,)X" extends to a lisse sheaf on S over O[1/3(], pure of
weight 2, and for every point s of S its fiber is the X™-part of H? of the smooth
projective surface X,.

Proof. Reduction to the split form. The ring O' = O[1/3, o] is finite étale and Galois over
O[1/3], with group Gal(Ky/K), because Ko/K is unramified outside 3. Let P = Ror o1 /3P,
a smooth projective O[1/3]-scheme containing RO//O[l/g]Al and acted on by H. The
schemes below are obtained from X C P x S by taking a scheme-theoretic closure, then
reduced loci where a morphism to S is not smooth, and blow-ups along them. These
operations commute with the étale base change O[1/3] — O, and the properties to be
proved, other than projectivity (which holds by construction), are local for the étale topology;
so we may check them over O'. Over (', as in Section 3.1, P = (P1)3, H = 13 acting
coordinatewise, and X = {IL;(1 —y)) = s} C A% x S. In what follows {i, j, k} = {0,1,2}
and z; =1 — y? For ¢,¢" € pg let L; ;¢ = {y; = o0, y; = (}, a line with coordinate yy;
Pz@“(’—{yz 0, Yj = ¢, yp = C}(Wlthj<k) andQ]C—{yj ¢, yz—yk—oo}

The closure. Write y; = Y;/X;. The hypersurface Z C (P1)?xS defined by I1; (X9 Y9)
sI; X Jg is a relative effective Cartier divisor, flat over S, since its equation is nonzero on
every fiber. It contains X as the open subscheme X X1 X5 # 0, and it is the scheme-theoretic
closure of X: it has no embedded points (a Cartier divisor in a regular scheme is Cohen—
Macaulay), all its irreducible components have the same dimension, and by (ii)—(iv) below
its boundary part has dimension at most 1 in every fiber, so it contains no component. Let
s be a geometric point of S; its characteristic is not 3, and s # 0.

(i) No coordinate infinite. The partial derivatives of [];(1 — y?) are —9y§ [Lizjwi At
a point with []; x; = s # 0 they all vanish only if y = 0, where the value is 1. So
Z, N A3 is smooth if s # 1, and for s = 1 its only singular point is y = 0.

(ii) Ezactly one coordinate, vy;, infinite. With w = 1/y; the equation is g :=
(w? — Vzjzp — sw® = 0. On w = 0 it reads zjz, = 0, so Zs N {y; = oo} is
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the union of the 18 lines L; j ¢ and L; ¢, ¢ € pg. At w = 0 we have dg/0w = 0,
0g/0y; = 9y§xk and 9g/0yx = yix;. If z; = 0 # wy, then y; # 0 and dg/dy; # 0;
similarly if ;, = 0 # x;. So the singular points with exactly one infinite coordinate
are the 3 - 81 = 243 points P ¢

(iii) Ezactly two coordinates, y;, Y, infinite. With w; = 1/y; and wg = 1/y, the equation
is (w) — 1)(w) — l)x] = swiw}. At w; = wy = 0 it forces y; € o, and there
9/0y; = —9yF(w) — 1)(w)) — 1) # 0. So Z, is smooth at the 27 points Q; ¢, with
local coordlnates (ws, wy), in which L; ;- = {w; = 0} and Ly j ¢ = {wy = 0} meet
transversally.

(iv) All coordinates infinite. The equation []; (w? —1) =s]]; w? fails at w = 0.
The points P, . Near the section Pi.c o x S put a = x;(1 - w?)/(—s). Then
(0 — 1) zjz) — sw? = s (zhay — w?),

and (ar;, T, w), together with the projection to S, is an étale coordinate system on (P')3 x S
near this section: at the point, dx;» = (9¢8/s) dy; modulo dw and ds, and dzj, = —9¢"8 dyy,.
So near the section Z is étale-locally isomorphic to Ag x S, where Ag = {uv = w?} C A3,
the section corresponding to the origin and the two lines L; j ¢, L; j ¢» through P;.c - to the
axes {u =w = 0} and {v = w = 0} respectively.

The resolution. For e > 3 the blow-up of the origin of {uv = w®} is covered by three
charts: v = wvy, w = uw;, with equation v; = u®2w§ (smooth); the symmetric chart
u = vuy, w = vw; (smooth); and u = wus, v = wvy, with equation ugvy = w® 2. The
exceptional divisor consists of two copies of P! ({u = v; = 0} and {v = u1 = 0}, completed
in the third chart by {w = vy = 0} and {w = ug = 0} respectively), which meet only at the
origin of the third chart; this point is smooth if e = 3 (and the two curves meet transversally
there) and is a singular point of the form {ugvy = w®=2} if e > 4. The strict transforms of
the two axes meet the exceptional divisor transversally, one in each copy, at the origin of
the first chart and at the origin of the second chart, away from the third chart. Let X be
obtained from Z by blowing up four times the reduced locus of boundary points at which
the morphism to S is not smooth (at the first step, the 243 sections P;. 0 X S; the other
non-smooth point, y = 0 over s = 1, is not on the boundary). Since blowing up commutes
with flat base change, the computation with e = 9,7, 5,3 shows: X? is smooth over S along
the boundary; over each section Pj¢ ¢ x S lies a chain E; U --- U Eg of copies of PL 5 with
FE,. N E,;1 a section and no other intersections between them; and the strict transforms of
L; ;¢ and L; j, ¢ are disjoint near the chain and meet E; and Ey (in some order) transversally,
in one section each. The morphism f?: X? — & is projective, as a composite of blow-ups
and a projective morphism, and by (i)—(iv) it is smooth outside the section {y =0, s = 1}.
The group H preserves Z and each blow-up center, so it acts on X" over S; the same holds
for Gal(Ky/K), which is how the construction descends to O[1/3].

The boundary. D’ is the union of the strict transforms of the 54 lines L; ;¢ (each isomorphic
to L; j¢, a smooth curve) and of the 243 - 8 curves E,. By (ii)—(iv), two distinct lines L; j ¢
and Ly jr o meet only if ¢/ =i and j' # j (at a point P;.., where the resolution separates
them) or (i, ', ") = (k,7,¢) (at Qj¢, transversally). Hence the double points of each fiber
[72 are the 27 points Q; ¢ and, on each of the 243 chains, its 7 inner double points and its 2
ends; there are no triple points. The generator of Gal(Ko/K) maps L; j to aline L;  j11.¢
and the chain over P;,¢ s to the chain over a point whose infinite coordinate is y;1; since two
lines with the same difference j — ¢ never meet and chains over distinct points are disjoint,



14 MANVIR JASWAL

the conjugates of a component are pairwise disjoint, so over O[1/3] every component of D’
is still smooth over S. This proves (a), and X = X ~ D. B
The x™-part of the cohomology of the boundary. Let s be a geometric point of S of

characteristic # ¢, and let ,ug(;) be the factor of u3 that multiplies y;. It fixes every point
of L; j ¢ and every point Pj.c . Near Pj¢ ¢ it fixes x; and x; and multiplies w by a ninth
root of unity: an automorphism of Ag that preserves both axes, hence each blow-up center,
each curve E, over Pj,¢ ¢ and each double point of that chain. At Q; it fixes the point and
maps both lines through it to themselves (L; j ¢ pointwise). Hence every component D, of
Dg is mapped to itself by a factor ,ug) acting trivially on H*(D,, Q) (pointwise on the lines;
on E, = P! every automorphism acts trivially on cohomology), and every double point is
fixed by a factor uéz) that maps each of the two components through it to itself. Order the
components, and let j,: D, — Df: and jup: Dy N Dy — Dz be the inclusions. As there are

no triple points, the sequence of sheaves

0— @E — ®a ja*@é — ®a<bjab*@€ — 0, (fa)a — (fa - fb)a<ba

is exact; it is H-equivariant when g € H acts on the last term by pull-back followed by the
sign —1 on the summands where g reverses the order of the two components. Let v = (vy),
lie in the x"-part of @, H1(D,). Given a, choose g € Ms(;)> with ,ug(;) as above for D,, such
that x™(g) # 1; this is possible because x™ has order 9 on each factor (Theorem 3.1). The
a-component of g*v = x™(g) v reads v, = X" (g) Va, 50 v = 0. The same argument, with
an element of a factor that fixes the double point and preserves both components through
it (so that no sign occurs), shows that the x™-part of @,, H°(D, N Dp) vanishes. Taking
X"-parts is exact because |H| is invertible in Q, so the long exact cohomology sequence
gives H*(D%,Q,)X" = 0. This proves (b).

Consequences. For s € S the H- equivariant exact sequence H~1(D,) — HI(Xs) —
HY(X,) — HY(Dy) gives HI(X,)X" = HI(X,)X". In families, over O[1/34], apply Rf* to the
H-equivariant triangle ]I@g — Q; — i:Q, = on X, where j: X — X and i: D — X are the
inclusions, and take x"*-parts. By proper base change [5, Exposé XII, Corollaire 5.2 (iii)] the
stalks of (RY(f1).Q,)X™ are the groups H(D,)X" =0, so (R1£iQ,)X" = (R1f.Q,)X". Since
f is smooth and proper, R?f,Q is lisse with fibers H9(X,) [5, Exposé XVI, Corollaire 2.2],
and so is its direct summand, the x"*-part; at closed points its Frobenius eigenvalues have
absolute value |k(s)|%/? in every complex embedding [40, Théoréme (1.6)], X, being smooth
and projective. ([l

3.4. Hodge numbers and duality.

Lemma 3.5. For s € K ~\ {0,1} and any embedding K — C, the Hodge numbers of
H?(X4(C),C)X" are h®0 = pbt = p02 =1,

Proof. By Theorem 3.3 the local system H?(X)X", s € S(C), is the irreducible hypergeo-
metric local system with parameters {m/9,4m/9, 7m/ 9} (or their negatives) and {0,0,0},
and the y"-part of the variation of Hodge structure R2f,C is a polarizable variation of
Hodge structure on it. An irreducible local system underlies at most one such variation
up to a shift of the Hodge filtration [42, Proposition 1.13], and the Hodge numbers of the
hypergeometric variations were computed by Fedorov [52] (see also Dettweiler—Sabbah [45]):
when all the parameters at 0 are equal, the Hodge numbers are all equal to 1. The weight is
2, so they are (1,1,1) in degrees (2,0), (1,1), (0, 2). O
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Lemma 3.6. For s € Q ~ {0,1} there is an isomorphism of G g-representations V§ =
VY ®e, 2.

Proof Write V., for the x'-part. Poincaré duality on the geometrically irreducible surface
X, is a perfect Gg-equivariant pairing H? x H?> — H* Q[( 2), invariant under H, which
acts trivially on H?. Hence it pairs the x/-part with the x”-part trivially unless x'x” = 1,
and V) —m = VY (=2). On the other hand, because s € Q and Ky/Q is Galois, ¢ mduces
an isomorphism of K-varieties between the conjugate X, x g K and X, compatible with
the actions of H through an automorphism g + ¢ of H(K) = ug(K)3 which permutes
the three factors and acts on each by ¢ — ¢(¢). Transport of structure therefore identifies
V$m , with the x'-part of H2(X), where x/(g) = x"™(g¢ ). The character \/ is fixed by
G (as € normalizes G ) and of order 9 on each factor, as x™ is, so x' = x" for some
n € (Z/9)* by Theorem 3.1. On the diagonal, ¢~ !(¢) = ¢/ with j = —1 (mod 3), so
($)P" = ¥'(¢,¢,¢) = w(¢)"*™ and n = —m (mod 3). Hence x' € {x ™, x*",x "}
and Vim ; =V, —n ;. Combining the two isomorphisms gives the claim. O

3.5. Integrality and traces.

Lemma 3.7. Let q 1 3¢ be a prime of K with residue field Fy, and let s € Fyr ~{0,1}. Then
tr(Frob’; | V) € O, and

tr(Froby | Va) = —o > x"(9) "' #{y € Xu(Fy) : (F*og)(y) =y},
QGH(]Fq)

where F' is the g-power Frobenius of X ® Iy, which maps X to Xga.

Proof. The formula is the Lefschetz trace formula for the twisted Frobenius F* o g (the
Frobenius of a twisted form of X,) combined with H!(X,)X" = 0 for i # 2. The right side
lies in Q(¢o) (through t¢); the automorphism (g — ¢§ with n = 1 (mod 3) carries it to
the trace on the x""™-part, which is the same trace, since og ® 1 commutes with Frobenius
and carries the x™-part to the y*™-part. So the trace lies in the fixed field K. It is a
sum of eigenvalues of Frobenius on H2(X,), which are algebraic integers [44, Exposé XXI,
5.5.3]. O

3.6. The data at the primes above 7. The primes [, [ above 7 are inert in Koy /K (since 7
has order 3 modulo 9). For q € { [,Y} let £ be the prime of Kg above g, which is unique; we
identify its residue field O, /9Q, of order 73, with F343. Every prime of K above q lies above
9; so 343 is the subfield of order 343 of the residue field F; of the prime used to define
Frobg, and on pg C Ky the reduction at that prime is the reduction modulo Q. As 7 19,
reduction modulo Q maps pg(Ky) isomorphically onto pg(Fs43). Let 9: F3ys — pug(Ky) be
the character with
I(z) = 208D/ = 23 (mod Q)

(the ninth-power residue symbol modulo ), extended by ¥#(0) = 0, and ¥ = ¥ o NF, ¢ /Fsa3-

Lemma 3.8. Let q € {I,[}. There is m' € (Z/9)*, with m’ replaced by —m’' when m is
replaced by —m, such that for s € Fox . {0,1}:

tr(Frobq | Vs) = ZIE]F?A& Npg,q/F, (T)=5 91 —2)™
2 _ m/ —

tI‘(FI’Obq ‘ VS) - Z:Q:E]P'767 N]F76/]F49 (z)=s 196(1 - ZL‘) (k - 2)7

tr(Frobg’ | V) D1 — z20)™ (1 — z)*™ 91 — x2)™ (k= 3).

’

- Zx0x1x2:s7 zjE€F343
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Proof. Over F7 the geometric Frobenius F' permutes the three coordinates cyclically, F'(y); =
?JJ7'71 (for a suitable numbering, since q is inert in Ky). For g € u3 a fixed point of F o g is
determined by yo, which satisfies yo = 6(g) y3*3 with 6(g) = gg*?91°93 (exponents modulo
9: gogigs), and the equation of X, becomes Nry /7, (1 — y)) = s with yJ € Fsg3. For
y) = z # 0 the condition y3*? = 6(g)~! reads 2% = §(g)~! (as 342 = 9 - 38), and there
are then 9 choices of yg; yo = 0 only occurs for s = 1. The Gi-fixed characters are the
powers of 0 (Theorem 3.1, in the numbering in which Frobenius shifts the coordinates), so

averaging x™(g)~! over the 81 elements g with given d(g) in Theorem 3.7 leaves ", 19(2)”7’/
over z = 1 — x with N(z) = 5. The same computation with F? (which still permutes the
coordinates cyclically) gives the second formula, and F? fixes the coordinates, which gives
the triple sum. Replacing x™ by x~"" replaces every exponent by its negative. O

We write w also for the image of w € K in the coefficients, and let
PH(T) =T3 — (6 — 3w)T? + (63 + 21w)T — 343,
P (T)=T3— (9 + 3w)T? + (42 — 21w)T — 343 = PH(T).
Proposition 3.9. Let Py(T) = det(T — Frobg | Vo) for q € {L,I}, and for q t 3¢ let
Qq(T) = det(T — Frobg | H{(S ® Fy,V)). Then:
(a) (P, B) = (P*,P™) for one of the two sheaves V., V, 1 and (P~, P%) for the other;

(b) U(T) and Q(T) are (T — 1)(T? — 2wT + 49w?) and (T — 1)(T? — 2w?T + 49w) in
some order; in particular T =1 is a oot of both, and the other roots have absolute

value 7.
Proof. By the Grothendieck—Lefschetz formula and H? = H2 = 0 (Theorem 3.3: V is
irreducible and nontrivial), tr(FrobéC | HY) = — ZseIF7k\{0,1} tI‘(FI‘Ob’; | V). We evaluated

the sums of Theorem 3.8 at both primes and for all six values of m’ (Appendix A, item C1);
every value lies in Z[w]. At [, the traces at s = 2 over F7,Fq9, F343 are 6 — 3w, —99 — 87w,
—267 — 486w for the three values of m’ in one class modulo 3 (the class m’ =2 (mod 3),
called class I in item C1), and their complex conjugates 9+ 3w, —12+ 87w, 219+ 486w for the
other class; Newton’s identities turn them into P+ and P~ respectively. Since m’ changes
class with m, one sheaf has P, = P and the other P, = P~. For s € Q, Theorem 3.6
and purity give tr(Frob; | Vi) = tr(Froby | V) = 49 tr(Frob; ' | V) = tr(Froby | V), so
P, = P. This proves (a). The power sums of Froby on H} are (1 + 2w, 95 + 94w, —285) or
(=1 — 2w, 1 — 94w, —285), at both primes and for both classes, and Newton’s identities give
the two cubics in (b). The roots of T? — 2wT + 49w? are w(1 4 41/=3), of absolute value 7,
and those of the other quadratic are their conjugates. O

4. INERTIA AT THE PRIME ABOVE 3

Theorem 4.1. Let £ # 3 be a prime and so € K, with v3(so) > 15/2. Then the semisimpli-
fication of Vg, as a representation of Gk, is 1@ 54_1 &) 5[2. In particular the inertia group
Iy acts unipotently on V.

Overview. For a prime q 1 3¢ of K and sg with vq(so) > 0, the analogue of Theorem 4.1
is Theorem 5.3 (b): I acts on V,, through powers of the local monodromy g at s = 0,
a single unipotent Jordan block. Its proof uses that V is lisse on S over O[1/3¢] and
tamely ramified along 0,1, 00, so that by Abhyankar’s lemma the covers trivializing it near
s = 0 are Kummer covers of order prime to the residue characteristic. At p neither input
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is available: Theorem 3.4 gives a lisse sheaf only over O[1/3¢], and the Kummer covers
y? =1 — 2 from which V is built have degree divisible by 3. For the same reason we cannot
use the log-smooth (toroidal) models that describe tame degenerations, and we know of
no semistable model of the surfaces over the 3-adic disc. We use instead one analytic fact,
Theorem 4.3: over Cs the torsor ¢ = 1 — x is trivial on the disc vs(z) > 5/2, the disc of
convergence of (1 — :1:)1/9. By Theorem 4.6 and its proof, V is Hc2 of the torus xzgrize = s
with coefficients in L, (20) @ Le, (1) ® Le, (x2). The three valuations vz(z;) add up to vs(s),
so if vz(s) > 15/2 then at every point of the torus some v3(x;) exceeds 5/2 and the jth
Kummer factor is constant near it: 15/2 = 3 - 5/2 is exactly the condition for the three
regions {v3(x;) > 5/2} to cover the torus. Theorems 4.7 and 4.8 carry out this covering one
convolution at a time, first for L., x L¢, on the discs v3(z) > d’ with d' > 5 =5/2+5/2,
then for V on the discs v3(s) > d with d > 15/2 =5+ 5/2, with a Mayer—Vietoris sequence
for each cover. They show that every torsion sheaf V,, of Theorem 4.6 is unipotent of length
at most 4 on the punctured disc Dc,, where D = {v3(s) > d} C §*" for a fixed d > 15/2.

The length bound does not depend on n, and this is what passes to Q,-coefficients: for
x € D(K,) and 71,...,7 in the group IIp described below, (y1 —1)--- (74 — 1) kills the
stalk at T of every V,,, hence the lattice limn Vnz (Theorem 4.12). The value 4 comes from
the second Mayer—Vietoris sequence, which makes V| D¢, an extension of two sheaves, each
unipotent of length at most 2. This value is not sharp on Vjz, since the product of any
three factors 7; — 1 already kills Vz (Theorem 4.14 (a)). Unipotence at each level with
lengths growing with n would not suffice: a character with values in 1 + ¢Z, and of infinite
order is unipotent of length < n modulo ¢" for every n, but it is not unipotent. We use
no description of the étale fundamental group of the punctured disc over Cs (which has
covers of degree divisible by 3 that are not Kummer covers), only the subgroup IIp of the
geometric fundamental group of S that preserves the components over D¢, of all finite étale
covers (Theorem 4.10); by the above, it acts unipotently on Vz. Section 4.3 shows that the
decomposition group of a K,-point of the disc normalizes IIp and agrees, modulo IIp, with
the decomposition group of the tangential base point at s = 0 (Theorem 4.13), which acts
by conjugation on the inertia group Iy C IIp at s = 0 through the cyclotomic character
Xeye: Gk, — 7% (whose ¢-adic component is g¢); Iy acts on V through the local monodromy
Y0. As 7y is a single Jordan block, the filtration of V,, defined by IIp is a Galois-stable
flag whose graded pieces carry characters [y, 515[1, 535[2 (Theorem 4.14). Geometry does
not determine 31 (Theorem 4.19): Section 4.4 identifies it with the restriction of a global
character of K unramified outside p, and the Frobenius data at the primes above 7 show
that this character is trivial.

4.1. Analytic setting. Let C3 be the completion of an algebraic closure K, of K,,. Analytic
spaces are Berkovich spaces, and we use the étale cohomology of [19]; theorem numbers
in brackets refer to that paper. For a Kp-analytic space X and a complete field & D K,
we write X = X® K.k, and for a scheme X of finite type over k we write X" for its
analytification. For a point x of an analytic space and an analytic function f we put
v3(f(x)) = —logs | f(x)] € RU{oo}. On G&' with coordinate x, and for —oco < d; < d3 < o0,
the open subset {d; < v3(z) < d3} is an open annulus (a punctured open disc if d3 = 00),
and the subsets {dy < v3(x) < d3}, {d1 < v3(z) < do} with di < dy < d3 are half-open
annuli. These sets do not contain the point 0. All of them are connected.

Coefficients. Let E = Qqu(1e(Co)) C Qy, let Op be its ring of integers, A a uniformizer
and A, = Og/\". As { # 3, the elements 9 and 1 — ¢ (¢ € pug(Op) \ {1}) are units of Of.
Sheaves are étale sheaves of A,-modules. We write L;,, for the Kummer sheaf £; defined
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before Theorem 3.3, with coefficients A, and extended by zero at x = 1. Statements about
Qg-coefficients are deduced at the end from statements at every level n (Theorem 4.12).

Facts from [19]. The torsion orders below are powers of ¢, prime to the residue
characteristic 3.

(B1)

(B4)

(B5)

(B6)

Base change. For a Hausdorff morphism ¢: Y — X of k-analytic spaces, a sheaf F
on Y and a point x € X, the stalk of R9p F at a geometric point over x is HI(Yz, F),
where Yz is the fiber of ¢ over = base-changed to the completion of an algebraic
closure of the completed residue field H(z) [Thm. 5.3.1]; and R%p, commutes with
every base change X’ — X [Thm. 7.7.1]. In particular, if k is algebraically closed, P
and B are Hausdorff k-analytic spaces, pr: P x B — B is the projection and G is a
sheaf on P, then R7pr(prpG) is the constant sheaf on B with value HI(P,G) (base
change along B — M(k)).

Comparison. For a compactifiable morphism ¢ of k-schemes of finite type and a
torsion sheaf F, (R%p F)*" = RIp F?" [Thm. 7.1.1, Cor. 7.1.4].

Excision and Mayer—Vietoris. If T' C X is open with closed complement R, there is a
long exact sequence - -- — H(T, F) — HI(X,F) — HY(R,F) — HIVY (T, F) — - .-
[Prop. 5.2.6(ii)]. Relative to a Hausdorff morphism ¢, the exact sequences 0 —
Ji*F — F = i,4"F — 0 and, for an open cover X = Uy UUsz, 0 = jia175F —
JuiiF @ jagsF — F — 0 give long exact sequences of the sheaves R4y of the
restrictions, since R(¢j)1 = Ry o 7 for an open immersion j and i, = 4y for a closed
immersion i [Cor. 5.2.4, Cor. 5.2.5].

Poincaré duality. If k is algebraically closed, X is a separated smooth k-analytic curve
and F is finite locally constant, then H(X, F¥(1)) = H29(X,F)V [Thm. 7.4.3].
The trace maps are compatible with composition [Thm. 7.2.1(b),(c)], so the duality
is compatible with restriction from X to an open subset on one side and extension
by zero on the other.

Affinoid curves. If k is algebraically closed and X is an affinoid domain in the
analytification of a projective curve X whose complement is a disjoint union of open
discs D1, ..., D,, and x; € D;(k), then restriction gives H (X ~{x1,..., 2.}, Z/") =
HY(X,Z/¢") [Thm. 6.3.9 and the proof of Thm. 6.4.1]; and HY(X,Z/¢") = 0 for
g > 2 for every one-dimensional k-affinoid space X [Thm. 6.4.1(i)]. If a paracompact
space X is an increasing union of closed analytic domains X; and the images
of H"™Y(X;11) and HY Y(X;49) in HT1(X;) coincide for all i, then HI(X) =
@Hq(Xi) [Lemma 6.3.12].

Local structure. Etale morphisms are quasifinite and flat by definition [Def. 3.3.4],
hence open maps [Prop. 3.2.7]; finite morphisms are closed maps (they induce compact
maps of the underlying spaces [p. 28, after Lemma 1.3.7], and compact maps are closed
[p. 14]). The analytification of an étale, resp. finite, resp. proper, morphism of schemes
of finite type over k is étale [Prop. 3.3.11], resp. finite, resp. proper [Prop. 2.6.9]; so
the analytification of a proper k-scheme is compact [Example 1.5.3(iii)]. If ¢: ¥ — X
is étale, y € Y, and H(¢(y)) — H(y) is an isomorphism, then ¢ maps an open
neighborhood of y isomorphically onto an open neighborhood of ¢(y) [Thm. 3.4.1,
and the beginning of its proof: a morphism of Fét(X, z) that becomes an isomorphism
in Fét(#H(x)) is an isomorphism of germs].
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Besides (B1)—(B6), Theorem 4.2 (b) uses that a morphism of sheaves is an isomorphism if
it is one on all stalks [Cor. 4.2.3]; otherwise we use from [19] only definitions and elementary
properties from its §§1-5.

Locally constant and unipotent sheaves. Let X be a connected analytic space over an
algebraically closed field. A sheaf F on X is locally constant if every point has an étale
neighborhood U such that JF| is isomorphic to the constant sheaf My of a finitely generated
Ap-module M, and constant if F = Mx. It is unipotent of length < k if it is locally constant
and has a filtration 0 = Fy C F; C --- C Fi, = F by locally constant subsheaves with
constant quotients F;/F;_i.

Lemma 4.2. Let X be a connected analytic space over an algebraically closed field.

(a) Kernels, images and cokernels of morphisms between locally constant sheaves are
locally constant, and an extension of locally constant sheaves is locally constant.

(b) A morphism between constant sheaves Mx — Nx is induced by a homomorphism
M — N. A locally constant subsheaf of a constant sheaf is constant, and so is the
quotient of a constant sheaf by a locally constant subsheaf.

(¢) Let F be unipotent of length < k. FEvery locally constant subsheaf of F, and the
quotient of F by every locally constant subsheaf, is unipotent of length < k. An
extension of a sheaf unipotent of length < k' by F is unipotent of length < k + k’.
The kernel and the cokernel of a morphism @: F — G, with G unipotent of length
< K, are unipotent of lengths < k and < k'.

Proof. A section of a constant sheaf Sy of finite sets is, étale-locally on U, a constant; since
étale morphisms are open maps (B6), a section over U defines a locally constant function
on the topological space |U|, hence a constant one if U is connected. As Hom(Mp, Nyy) is
the set of sections of the constant sheaf with value Homy (M, N), a morphism My — Ny
is étale-locally, and on connected U globally, induced by a homomorphism M — N; this
proves the first assertion of (b), and the assertions of (a) about kernels, images and cokernels,
which may be checked étale-locally. For an extension 0 -+ A — B — C — 0 with A = Ay
and C = Cpy constant, choose a surjection A] — C with kernel Cp; étale-locally the r
generators lift to sections of B, giving ¢: A} ;; = B over A} ;; = Cy; then B is the quotient
of Ay & AZ,U by the graph of the morphism _¢|Co,U: Co,u — Ay, which is étale-locally
induced by a homomorphism Cy — A; so B is étale-locally constant. For the second assertion
of (b), let G C Mx be locally constant. By the first assertion, every point has an étale
neighborhood U on which G|y = (Gy)y for a submodule Gy € M, so the stalk Gz € M
is a locally constant function of = € | X| (images of étale maps are open), hence constant,
equal to G say; and G = Gx because a subsheaf is determined by its stalks. The quotient is
(M/G)x. For (c), if 7' C F is locally constant, the subsheaves 7' N F; = ker(F' — F/F;)
are locally constant by (a), and (F' N F;)/(F N Fi—1) is a locally constant subsheaf of the
constant sheaf F;/F;_1, hence constant by (b). The quotient case is the same with the
filtration (F; + F')/F', whose graded pieces are quotients of F;/F;—1 by locally constant
subsheaves. Extensions: concatenate the filtrations. Kernels and cokernels: ker ¢ C F and
im ¢ C G are locally constant by (a), so by the first assertion of (c¢) ker ¢ is unipotent of
length < k, and G/im ¢ of length < k'. O

Lemma 4.3 (radius). Let k be a complete field containing K, and j € Z/9 ~ {0}. Owver
the open disc {vs(x) > 5/2} of A,lc’an the pg-torsor y? = 1 — x has a section. Hence, if k
is algebraically closed, Lj,, is constant on {vs(x) > 5/2}, and for every analytic space Y
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over k and every analytic function g on'Y with vs(g) > 5/2 everywhere on 'Y, the pull-back
L;n(g) is constant.

Proof. The coefficient of x* in the binomial series f(z) = 3, (14 )(—)* has valuation
v3(TTo<sei(1 — 9¢)/(9%4))) = —2i — v3(i!) = —(5i — s3(i))/2, where s3(i) is the sum of the
ternary digits of i (Legendre). On a closed disc {vs(x) > r} the ith term has valuation at
least (r — 5/2)i, so for » > 5/2 the series converges there; it defines an analytic function on
{vs(x) > 5/2}, with coefficients in Q, and f° = 1 — z there (an identity of formal power
series). So y = f(x) is a section of the torsor, and over an algebraically closed k (where pg
is constant) the torsor is trivial and its push-out L;,, is constant. The last assertion follows

by pull-back. O

Lemma 4.4 (annuli). Let k be an algebraically closed complete field containing Ky,
—o00 < dy <d3z < o0, and A= {dy <vs3(z) <dg} C G&.

(a) HY(A,A,) = Ap; HY(A, Ay (1)) ids free of rank one over Ay, generated by the Kummer
class of the coordinate x; and HI(A,A,) = 0 for ¢ > 2. Restriction to an open
sub-annulus A" = {d} < wvs(x) < dsy}, di < dj < dj <ds, is an isomorphism on HY
for every q.

(b) HYX A, Ap) =2 Ay, HX (A A) =2 Ay(—1), and HI(A, A,) = 0 for q # 1,2. Extension
by zero from A’ to A is an isomorphism on HZ for every q.

(c) For di < dy < ds the half-open annuli Z = {ds < wvs(xz) < ds} and Z' =
{d1 < ws(x) < do} satisfy H(Z,F) = HI(Z',F) = 0 for all q and every sheaf
F on A that is unipotent of some length.

Proof. Tt suffices to take coefficients Z/¢": as ¢ # 3, E is unramified over Qy, so \"Op =
"Og and A,, is free of finite rank over Z/¢". (a) Write A as the union of the increasing
sequence of closed annuli B; = {a; < vs(z) < b} with a;,b; € Q, a; | di, b; T ds.
The complement of B; in P1#" is the disjoint union of the open discs {v3(z) > b;} U
{0} and {v3(x) < a;} U{o0}, so by (B5), with z; = 0 and z2 = oo, restriction gives
HY (G, o) = HY(By, pgn), and HI(B;, pugn) = 0 for ¢ > 2. By Kummer theory on G,,
over k, HY G, pugn) = k[zT1%/(k[zT1]*)" = Z/0", generated by the class of x. The
B; are connected, so H(B;) = Z/¢", and the restriction maps HY(B;1) — H%(B;) are
isomorphisms for ¢ = 0,1 (the Kummer class of x restricts to the Kummer class of x). The
space A is paracompact (locally compact, Hausdorff and a countable union of compact
sets), and the hypothesis of the last statement of (B5) holds in every degree ¢ > 1, so
H1(A) = Jim, HY(B;); with H°(A) = Z/¢" (A is connected) this gives the first three
assertions. The last one follows, as A’ has the same description and restriction carries
constants to constants and the Kummer class of x to that of z. (b) By Poincaré duality
(B4), HY(A,Z/0") is dual to H?>~9(A, juem), and extension by zero is dual to restriction; so
(b) follows from (a). (c) Z is closed in A with complement {d; < v3(z) < ds2}, and extension
by zero from the complement is an isomorphism by (b); by excision (B3), H(Z,Z/¢") = 0.
The same holds for Z’, with complement {dy < v3(x) < ds}. Every finitely generated
A,-module has a composition series with quotients Aq, a finite-dimensional Fy-vector space,
so HX(Z,Mz) = 0 for every constant sheaf, and by induction on the length H}(Z, F|z) =0
for every unipotent F. Likewise for Z’. O

Lemma 4.5. Let k be as in Theorem /.4, j € Z/9~ {0}, r >5/2 and U, = {vs(x) <r} C
G2, Then HY(U,, L) is free of rank one over Ay, and HI(U,,Lj,) =0 for ¢ # 1.
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Proof. The complement of U, in G2 is the closed half-open annulus Z = {r < vz(z) < oo},
contained in {v3(x) > 5/2}, where L;,, is constant (Theorem 4.3). So H}(Z,L;,) =0 by
Theorem 4.4 (c), and excision (B3) and comparison (B2) give HI(U,, L;,) = H(G3', Ljr) =
HY (G, Ljn) = HI(Gpy {1}, L 1). On the curve Gy, ~ {1} = P\ {0,1, 00} the sheaf £;,,
is lisse of rank one, and its local monodromy at « = 1 is multiplication by ¢/ for a primitive
9th root of unity (; since ¢/ — 1 € AX, the coinvariants H? vanish, and H? = 0 as the curve
is affine. The same holds with coefficients A;. The complex P = RI'(G,, ~ {1}, L, ) is
perfect and P ®H/§n A1 computes the cohomology with coefficients Aj, which is therefore
concentrated in degree 1; so P is a free A,-module placed in degree 1, of rank —y. =1 (the
curve has Euler characteristic —1 and the sheaf is tame of rank one). O

Lemma 4.6 (integral convolution). Let (eg, e1,e2) = m(1,7,4). Over an algebraically closed
field of characteristic 0:

(a) for every z € Gy, HGyy, Loy n(x) @ Leyn(z/x)) vanishes for ¢ # 1 and is free
of rank 2 for z # 1, of rank 1 for z = 1; so, with pr(x,z) = z, the sheaf M,, =
Rlpr)(Leyn(2) ® Leyn(z/)) on Gy, is the only nonzero direct image;

(b) the sheaf V,, = (R2fiA,)X" on S is defined and lisse over K, (@n Vi) ®o, Q =V,
and V, 2 Rlpr(Leyn(7) @ My (s/1))|s, with pr(x,s) = s.

Proof. (a) For z # 1 the sheaf L¢, () ® Le, n(2/x) is the extension by zero of a lisse sheaf
of rank one on G,, \ {1,z}; at x = 1 only the first factor is ramified, with monodromy
¢°t; for z = 1 it is the extension by zero of a lisse sheaf on G, \ {1} with monodromy
¢e1te2 = (2™m at © = 1. In both cases the monodromy at 1 is a nontrivial root of unity ¢’
with ' —1 € A, and the argument of Theorem 4.5 applies (Euler characteristics —2 and
—1). The second assertion follows by proper base change. (b) The boundary argument in the
proof of Theorem 3.4 works with coefficients A, (9 is invertible in A,,, so the x"*-projector
is defined and exact), and gives (R2fiA,)X" = (R2f,A,,)X", which is lisse by smooth and
proper base change. The second assertion is the definition of V (Theorem 3.2). For the
third, the computation in the proof of Theorem 3.3 (a) also works with coefficients A,: on
the x"-isotypic part, the direct image of A, along the finite map y — =z = (1 — y?)j is
X;Le, n(w;), extended by zero where some x; = 1 (there the stabilizer contains a factor
ft9 on which x™ is nontrivial). Hence (RfiA,)X" is the direct image of K, L., »(z;) along
(zo, x1,22) — Tox122, Which by proper base change and (a) is Rpr)(Leyn(2) @ M, (s/x))[—1].
Taking R? gives the claim. O

4.2. Unipotence on the disc. Let k be an algebraically closed complete field containing
K, (below, k = Cs, or the completion of an algebraic closure of the residue field of a point
of a disc over C3). Let (eg, e1,e2) = m(1,7,4) and let M,,, V,, be as in Theorem 4.6; we use
the same letters for their analytifications, which by (B2) are given by the same formulas
with the analytic Gy,.

Lemma 4.7. Let d' > 5 and D' = {vs3(z) > d'} C G2 over k. For every n, My|p has a
subsheaf C1 such that C1 and My, |p//C1 are constant, free of rank one over A,. In particular
M| pr is unipotent of length < 2.

Proof. Let U = G2 x D' with coordinates (z, z), pr(z, z) = z, and F = L¢, n(2) @ Loy n(2/2).

By Theorem 4.6 (a), (B1) and (B2), My|p = R'pr,F and R9pr) F = 0 for ¢ # 1. As
5/2 < d' —5/2, the open sets Uy = {vs(x) > 5/2} and Us = {v3(z) < d' —5/2} cover U, and
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U =UrNUs = A x D' with A ={5/2 < vz(x) <d —5/2}. Write F, for the restriction of
F to U,.
e Only =U x D', U = {v3(x) < d —5/2}, we have vs(z/x) > d — (d' —5/2) =5/2,
50 Le, n(2/x) is constant there (Theorem 4.3) and Fy = pri(Le, »lv). By (B1),
RYpr| Fy is constant with value HI(U, L, ), free of rank one for ¢ = 1 and zero
otherwise (Theorem 4.5, r = d' — 5/2).
e On U2 both factors are constant, and Rpr\Fis is constant with value H4(A, A,,):
A, for g =1, A, (—1) for ¢ = 2, zero otherwise (Theorem 4.4 (b)).
e On U, L, n(x) is constant (Theorem 4.3), so F1 = Le, n(2/x). The automorphism
(x,2) — (2/,2) = (z/x,2) of U over D’ carries Uy onto W = {vs(z') < v3(z) — 5/2}
and Fi onto prl,Le, ,. The open subset W = {v3(2') < d’' —5/2} x D’ lies in W,
because v3(z) > d'. The fiber of the closed complement Z =W ~ W' over a point z
of D' is, over the completion k, of an algebraic closure of H(z), the half-open annulus
{d' = 5/2 < wvs(z) < wvs(z) — 5/2}, which lies in {vs(z’) > 5/2} since d’ > 5; there
Le, n is constant. By Theorem 4.4 (c) over k, and (B1), Rpr, of the restriction to
Z vanishes, so by excision (B3) and (B1) Ripr\F; = RYpr(pr}, Le, n|wr) is constant
with value HI({vs(2’) < d' — 5/2},Le, ), free of rank one for ¢ = 1 and zero
otherwise (Theorem 4.5).

The Mayer—Vietoris sequence (B3) for U = U; UUs reads
0 = R%rF — Rlpr Fio -2 Rlpr Fy @ RlpryFy — My, |pr — R2pr Fia — 0.

All terms other than M, |ps are constant, so M,,|p/ is an extension of constant sheaves
and is locally constant (Theorem 4.2 (a)). So C; = coker « is constant (Theorem 4.2 (b)),
and M, |p/C1 = Rzpr!}]g is constant, free of rank one. On stalks « is an injective map
A, — A2%; the image of 1 has a unit coordinate (otherwise it would be killed by A"~1), so
coker «v is free of rank one. O

Proposition 4.8. Let d > 15/2 and D = {uv3(s) > d} C 8*" over K,, so that D =
{v3(s) > d} C G2 over k. For every n, V,|p, is unipotent of length < 4.

Proof. Choose d' with 5 < d < d —5/2. Let U = G2 x Dy with coordinates (z,s),
pr(z,s) = s, and F = Le, () ® My (s/), so that V,|p, = Rlpr,F (Theorem 4.6 (b), (B1),
(B2)). Asd—d > 5/2, the open sets Uy = {vs(z) > 5/2} and Us = {v3(z) < d — d'} cover
U, and Uys = A’ x Dy, with A’ = {5/2 < U3(:L’) <d-— d/}

e On Uy = U X Dy, U = {v3(z) < d —d'}, we have v3(s/x) > d’, so ¢(x,s) = s/x
maps Uz into D' = {v3(z) > d'}, and by Theorem 4.7 M,,(s/) |y, = ¢*(My|p/) is
an extension of a constant sheaf with value Cs by a constant sheaf with value C1,
where C7 and (s, free of rank one over A,,, are the values of the constant sheaves
C1 and My, |p//Ci. So Fy is an extension of pri(Leynlv) ® Ca by pri(Le,nlv) ® Ch.
By (B1) the Ripr, of these two sheaves are constant, so by the long exact sequence
Ripr, Fz is an extension of the kernel of a morphism between constant sheaves by
the cokernel of another, hence unipotent of length < 2 (Theorem 4.2).

e On Uiz, Loy n(z) is constant and M, (s/x) is an extension of constant sheaves as
above, so R9pr)Fi2 is unipotent of length < 2 in the same way.

o OnUy, Ly pn(x) is constant and Fy = M,,(s/z). The automorphism (z, s) — (z,s) =
(s/x,s) carries Uy onto W = {wv3(z) < vz(s) — 5/2} and F; onto priM,,. The open
subset W' = {uv3(2) < d — 5/2} x Dy, lies in W. The fiber of Z = W ~ W' over
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a point s of Dy, is the half-open annulus {d — 5/2 < v3(z) < v3(s) — 5/2} over ks,
contained in the open annulus {d" < v3(2) < w3(s) —5/2} C D} (as d —5/2 > d'),
on which M,, is unipotent by Theorem 4.7 over ks. By Theorem 4.4 (c) and (B1),
Rpr, of the restriction to Z vanishes, so by excision Repr)F; = Ripr (priMy|wr),
which is constant by (B1).

In the Mayer—Vietoris sequence (B3), Rlpr.F is an extension of ker (R?pr, Fia — R?pr,F; @
R2pr . Fy) by coker(R!pr, Fia — Rlpr)Fy @ Rlpr.F2). The sheaves Ripr, F; & Ripr, F and
Rpr | Fi2 are unipotent of length < 2, so by Theorem 4.2 (c) the kernel and the cokernel are
unipotent of length < 2, and V,,|p, is unipotent of length < 4. O

4.3. A substitute for the fundamental group of the disc. Theorem 4.8 is a statement
about sheaves on the punctured disc Dc,, on which Gk, acts only through the homeo-
morphisms & = id ® o defined below. This subsection turns it into a statement about
the representations V, of Gk,. For this we need a group that acts on the fibers of V, is
normalized by the decomposition groups of the Kj-points of the disc, and contains, up to
conjugation, the inertia group at s = 0. Rather than a fundamental group of the punctured
disc, we use the étale fundamental group of Sk,, which contains these decomposition groups
and admits the tangential base point at s = 0, and in it a closed subgroup IIp of the
geometric fundamental group: the elements that, on every finite étale cover, preserve the
connected component over the disc attached to each point of the fiber (Theorem 4.10); it
is the image of the profinite fundamental group of Dc,, but we do not need that group
(see the paragraph after Theorem 4.12). It acts on the fibers of the V,, unipotently, with
length at most 4 for every n, because the V,, are unipotent of length at most 4 on the disc
(Theorems 4.8, 4.11 and 4.12). As D is defined over K,, Galois permutes these components,
so the image of the section of Gk, at a Ky-point of the disc normalizes IIp. As every
component over the disc reaches s = 0, a suitable path from that point (Theorem 4.13 (a))
to the tangential base point at s = 0 conjugates IIp to the corresponding group there, which
contains the local inertia group Iy, and carries one section of G, to the other modulo IIp
(Theorems 4.9 and 4.13). This carries the action of Gk, on Iy, through the cyclotomic
character, to Vg, (Theorem 4.14).

Fix d > 15/2 and D = {v3(s) > d} C S*" over K. For a geometric point  of Sk, let
F; be the fiber functor on finite étale covers of Sk,, m1(Z) = m1(Fz) = Aut(Fz) the étale
fundamental group, and 7§*(z) = 7’ (Fz) the kernel of 71 (2) — Gk, , that is m (S?p, z)
[68, Exposé V, §§4-7, and Exposé IX, Théoreme 6.1]. The two kinds of base points give the
following fiber functors.

e For x € D(K,), Fz(Y) is the set of Kp-points of ¥ above z; Gk, acts on it by
conjugating coordinates, and this defines a section s, : Gk, — m1(7).

e The tangential base point £ = 9/0s at s = 0 [43, §15]. Let Q = Ues1 Kp((s'e)),
with roots chosen so that (s'/¢¢')¢" = s/¢; it is algebraically closed (Puiseux). Then
F{Y) = Homgs(Spec2,Y’). The group G, acts on {2 through the coefficients, fixing
every s'/¢, which defines a section sz the inertia group Iy = Gal(Q/K,((s))) = 7(1)
lies in 7¥°°(2), and s{(0) 0 s{o) ™! = §Xer<(@) for § € Iy, where Xcyc is the cyclotomic
character, because o fixes s'/¢ and acts on the eth roots of unity. (Points act on
rings of functions on the left: (yy)# = v oy®.) If Y is defined over K, every point

of F{Y) is defined over Qi = [J, K((s'/¢)) C Q: the points of Y over Q form
a subset of Fi{Y), and both sets have degY elements, since Qg is algebraically
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closed as well (Puiseux). So the fiber V; of Section 4.4, restricted to G, is the
fiber of V at F}; with G, acting through s; and Iy acts on it through the local
monodromy g at s = 0. This is the fiber functor at the tangent vector 9/9s of [43,
§15]: there a cover R gives the cover Ry =11, T, of the punctured tangent line at
0, mapping to it by the principal parts z — a,z° of R — P! at the points y above 0
[43, 15.14-15.15, 15.18, 15.20-15.21]; here z is a local coordinate at y, defined over
the field of definition of y, with s = ay2® 4 ---. A point of R over () specializing to
y has a Puiseux expansion z = c¢s'/® + ... with ayc® = 1, and sending it to the
point ¢ of T3 is a bijection from F{R) onto the fiber of R, over d/ds, compatible

with Gk, (which acts on the coefficients) and with Iy (which multiplies s1/¢v | hence
¢, by roots of unity).

Fix b € D(K,). For an open normal subgroup NN of 71 (b) let Y — Sk, be the corresponding
connected Galois cover, Gy its automorphism group, Yy the normalization of IP’}(p in Yy, and
Ynp C (YN ® i, C3)*" the preimage of Dc,, a finite étale cover of Dc,. The group Gy acts
on (Y ®Cs3)*" through the first factor, and o € G, through 6 = id ® o, a homeomorphism
which commutes with Gy, preserves Y p, and on Cz-points is the conjugation of coordinates.

Lemma 4.9.

(a) Yn,p has finitely many connected components; each is open and closed and maps
onto Dc,. The groups Gy and Gk, (through &) permute them.

(b) Every point z € Yn(K,) above s = 0 has a basis of open neighborhoods U in
(Yy ® C3)™ with U ~\ {z} connected and contained in Yy p. Let cn(2) be the
component of Yn p containing these sets. Then cy(gz) = gen(z) for g € Gy,
cn(0z) = Gen(z) for o € Gk, and every component of YN p is cy(z) for some z.

Proof. (a) The cover Yn p — Dc, is finite étale of some degree r, as D¢, is connected. If
Yn.p is a disjoint union of nonempty open subsets, each of them is finite étale over Dc,,
so its image is open and closed (B6), hence equal to Dc,, and the degrees add up to r. So
there is a decomposition into at most » nonempty open and closed subsets that cannot be
refined, and these are the connected components. The last assertion holds because g and
& are homeomorphisms preserving Yy p. (b) The curve Yn ® Cs is smooth. Let ¢ be a
uniformizer at z; on an affine open neighborhood Z of z, t is regular, étale as a map Z — A!,
and vanishes only at z. By (B6), ¢ maps an open neighborhood of z in Z*" isomorphically
onto an open neighborhood of 0, so z has a basis of open neighborhoods U isomorphic to
discs {|t| < p}, with U \ {2z} = {0 < |t| < p} connected. For small p, U meets the fiber
above 0 only in z and maps into D¢, U {0}, so U \ {z} C Yy, p. Two such neighborhoods
contain a third, so cy(z) is well defined, and the equivariance holds because g and & are
homeomorphisms carrying z to gz, oz and preserving Y p. Let T be a component. If no
point z above 0 lay in the closure of T in the compact space (Y ® C3)*", each such z would
have an open neighborhood disjoint from 7', the complement of their union would be a
compact set containing 7' whose image in P1#" misses 0, and 7" would not meet the preimage
of some punctured disc {0 < |s| < p}, contradicting (a). So some z lies in the closure of T
then U \ {z} meets T for every U as above, and being connected it lies in 7. O

For z € D(Ky) and y € Fz(Yn), let ¢(y) be the component of Yy p containing y. For
y € F{Yx), the morphism Spec{) — Yy — Yy extends, by the valuative criterion, to the
valuation ring |, K,[[s'/¢]] of Q; let sp(y) € Yn(Ky) be the image of its closed point, a
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point above 0, and put ¢(y) = en(sp(y)). In both cases ¢(gy) = gc(y) for g € Gy and

c(sp(o)y) =ac(y) (0 € Gg,), (4.1)
where F' is the fiber functor and sp its section: for Fj, s;(o)y is the conjugate point &(y);
for Fy, sp(sf{0)y) = o(sp(y)) and Theorem 4.9 (b) applies. For 6 € Iy, sp(fy) = sp(y), since
6 acts trivially on the residue field K,.

Definition 4.10. For F' = F; (x € D(K,)) or F' = Fy, let IIp(F) be the closed subgroup of

geo

77 (F) of the elements v with ¢(yy) = ¢(y) for every N and every y € F'(Yy).

So Iy C Hp(Fy). For z € D(Ky), if v € nt*(z) satisfies ¢(yyn) = ¢(yn) for one point
yn € Fz(Yn), then it does for all, because v commutes with Gy and G acts transitively
on F5(Yn).

Lemma 4.11. Let x € D(K,), let F be a lisse sheaf of Ap-modules on Sk,, T = Fz, and
G' C G locally constant subsheaves of the analytification of F restricted to Dc,. Then Gz and
G- are Ilp(Fy)-stable submodules of T, and if G/G' is constant then Ip(Fz) acts trivially
on Gz/GL. Hence, if Flpe, is unipotent of length <k, then (y1 — 1)+ (v — 1)T' =0 for all
Y1y Vk € HD(Fi')

Proof. Choose N such that F becomes constant on the connected scheme Yy (the Yy are
cofinal among finite étale covers), a point y € Fz(Yy), and let C' = ¢(y). For 3 € Fz(Yn)
the stalk of the pull-back of F at y' is T for a section f we write f(y') € T for its value
there. A section f of F over the connected space C' is the restriction of a section over Yy
(the pull-back of F to Yy is the constant sheaf T', and Yy and C are connected, so restriction
from Yy to C is the identity of T'), that is, of a morphism ¢: Yy — £ to the finite étale
cover £ of Sk, that represents F; so f(y') = Fz(v)(y'), and naturality of v € 71(z) gives
f(vy) = vf(y) whenever vy € C, in particular for v € IIp(Fz). Now let G be a locally
constant subsheaf. On the connected space C' it is a locally constant subsheaf of the constant
sheaf F|c, hence constant (Theorem 4.2 (b)); so every element of Gz = G, is f(y) for a
section f of G over C, and then vf(y) = f(vy) € G,y = Gz. So Gz is IIp(Fz)-stable, and
likewise GL. If G/G’ is constant, every element ¢ of its stalk at Z is the value of a section
over D¢,. On C this section lifts to a section f of G (both G|¢ and (G/G’)|c are constant on
the connected space C'), and the images of f(y) and of f(yy) =~vf(y) in (G/G')z are both g.
So 7 acts trivially on Gz/G~%. The last assertion follows by applying this to the filtration. O

Corollary 4.12. Forx € D(K,) and v1,...,v4 € Hp(Fz), (y1—1) -+ (ya—1) is zero on V5.
Proof. By Theorem 4.8 with k = C3 and Theorem 4.11, the product kills V,, z for every n,
hence lim V7 and Vg = (@n Vnz) ®0p Qp (Theorem 4.6 (b)). O

IIp and fundamental groups of the disc. Let x € D(K,). The finite étale covers of
the connected analytic space D¢, have a profinite fundamental group ﬂ?lg(D(cg,:f). De
Jong’s étale fundamental group m;(Dc,, %) classifies a larger class of covers and maps to
it with dense image [39, §2, Theorem 2.10]. Pulling finite étale covers of Sk, back to
Dc, gives a homomorphism from 7r"f1g (Dcy, ) to m(Z), and its image is IIp(F%). Indeed,
an automorphism of a fiber functor preserves the fiber of each connected component of a
cover. So the image preserves ¢, and hence lies in IIp(F3) by (%) and (*x*) in the proof of
Theorem 4.13. Conversely, w?lg (Dc,, T) acts transitively on the fiber of each connected cover
[39, Theorem 2.10 (i)], so for every N and y € Fz(Yy) the orbit of y under the image is
{y € Fz(Yn) : c(y') = c(y)}, which contains vy for every v € IIp(F3). An element of ()
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commutes with G, so it is determined on Fz(Yx) by the image of y; hence, for each N,
agrees on Fy(Yy) with some element of the image; as the image is compact, hence closed, ~y
lies in it. So IIp(F%) is also the closure of the image of m1(Dc,, ). Theorem 4.11 is then the
case we need of the correspondence between locally constant sheaves of finite sets on Dc,
and finite sets with a continuous action of ﬂ?lg (Dg,, %), a correspondence that follows from
[39, Lemma 2.3, Theorem 2.10]. By contrast, we know of no published form of Theorem 4.13.
Finally, I1p is not generated by conjugates of the inertia group at s = 0, which act trivially

on the fibers of the covers that are étale over s = 0. For an integer j > d — 1 /2, the cover

3

wY =1—sof SKp is étale over s = 0, but it has no section over Dc,: a section would extend

over s = 0 and be a root of unity times the binomial series of (1 — s)l/ 3j, which converges
only on v3(s) > j + 1/2 (as in the proof of Theorem 4.3). So IIp(F3) fixes no point of the
fiber of this cover at .

Lemma 4.13 (paths inside D). Let F, F’ be fiber functors of the two kinds above.

(a) There is an isomorphism of fiber functors 6: F = F' with co§ = ¢ on every F(Yy).
For every such 6, 6 TIp(F")6 = IIp(F).

(b) For every o € G,, sp(o) normalizes IIp(F), and 6 'sp/(0)6 € Ip(F) sp(0).

(c) If F' = Fy, then 6 Iy 6 C Ip(F).

Proof. We first describe 77%60 through the covers §p = S ®g, L, L /K, finite Galois. Such a
cover is connected and Galois over Sk, with group Gal(L/Kj}), so it is one of the Yy. For
both kinds of F, F(S;) = Homg, (L, K,) (for Fy, Homg, (L,Q) = Homg, (L, K,), because
K, is algebraically closed in each field K,((s'/¢))), and sp(c) acts on it by 7+ o o 7. The
projection 71 (F) — Gk, of [68, Exposé IX, Théoreme 6.1] is induced by Sk, — Spec K,
that is, by the action of 71 (F') on the sets F(Sr); so

geo

(%) v € mi(F) lies in 77" (F) <= +y acts trivially on every F'(Sp).

Moreover L ®f, C3 =[] Cs, the product over 7 € Homg, (L, Ky), so the preimage of D,
in (S ®k, C3)*" is the disjoint union of copies D; of Dc;, and ¢(7) = D, for 7 € F(SL):
for F' = F; the point (z,7) lies in D;; for F' = Fy, the normalization of P}(p in S, is P}, and
sp(7) is the point 0 of the copy of IP’}CS indexed by 7, whose punctured neighborhoods lie in
D,. In particular
(%) ¢ is injective on F'(Sg).

Together, (%) and (xx) show that an element v € 71 (F) with ¢(yy) = ¢(y) for every N and
every y € F(Yy) fixes every F(Sy) pointwise, so it is geometric and lies in IIp(F); this is how
the two sections are compared in (b). (a) Fix compatible points yny € F(Yx). Anisomorphism
d is the same as a compatible family of points vy € F'(Yn), with 0(gyn) = gyy [68, Exposé V,
§§4-7]; since ¢ is Gn-equivariant, c o § = ¢ means ¢(yy) = c(yn) for all N. The set Py of
y' € F'(Yy) with ¢(y') = ¢(yn) is finite and nonempty: for F’ = Fy because the component
c(yn) maps onto D¢, > 2’ (Theorem 4.9 (a)); for F’ = F; because c(yn) = cn(z) for some
z above 0 (Theorem 4.9 (b)), and some y' € F{Yy) has sp(y’) = z (embed the completion
of the function field of Yy ® K, at z, a field K,((u)) with u® € s - K,[[u]]*, into Q over
Kp((s)). For N’ C N the map Yy — Yy carries Py into Py, as it carries components into
components and commutes with sp. So @PN # (), which gives §. For the second assertion:
by cod = ¢ and the bijectivity of 6 on each F(Yy), 7' € m1(F") preserves ¢ if and only if
67146 does, and by (x) 7/ € 7{*°(F’) if and only if 5146 € 7§ (F). (b) For v € I p(F)
and y € F(Yy), by (4.1), c(sp(0)ysp(o)~'y) = Ge(ysp(o)~y) = Ge(sp(o)~'y) = c(y);
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and sp(0)ysp(o)~! lies in the normal subgroup 75 (F). So sp (o) normalizes IIp(F). Next
let h = 07 'sp/(0)dsp(o)~t € m(F). For every N and y € F(Yy), using cod™! = c on
F'(Yy), then (4.1) for F’, then cod = ¢, then (4.1) for F,

c(hy) = c(spr(0) dsp(0)'y) = 5 ¢(6sr(0)y) = G c(sr(o) " 'y) = c(y).
For y € F(Sp) this gives hy = y by (xx). So h acts trivially on every F(Sr), hence
h € m$°(F) by (*), and h € IIp(F). (c) This follows from Iy C IIp(F7) and (a). O

Proposition 4.14. Let x € D(K,), write V = V3 and IIp = IIp(F3), and for a subspace
W CV let IW be the span of the (y — 1)w with v € IIp and w € W; put IV =V and
DYV = 1(IPV).
(a) V 2 IV D I?V D I’V =0, the quotients are lines, and I*V = V'Ip,
(b) The I’V are stable under s.(Gk,), which acts on I*V, IV/I*V and V/IV by char-
acters (1, Blegl and 51822. So the semisimplification of V. as a G, -representation
is B ® Pre; " @ Brey 2.
(c) The character B of Gk, does not depend on x € D(K,).

Proof. (a) By Theorem 4.12, I*V = 0; hence IW # W for every nonzero Ilp-stable
subspace W, and the chain I’V decreases strictly until it reaches 0. Let §: Fy = Fr be
as in Theorem 4.13 and 7/ = §'0y0 for a topological generator 6y of Iy. Then ' € IIp,
and through 0 it acts on V' as g acts on V; a single unipotent Jordan block of length
3 (Theorem 3.3 (c)). So 0 # (v — 1)2V C I?V, and as dimV = 3 the dimensions
are 3,2,1,0. Finally I?V c VP C ker(y/ — 1), and the last space is a line. (b) By
Theorem 4.13 (b), s, (o) normalizes I1p, so s, (o) I?V = I’V by induction on j, as g(y—1)w =
(979" — 1)gw for g = s,(0). Let b;j(o) be the scalar by which s,(c) acts on the line gr/ =
IV/IHV; on g the group ITp acts trivially. By Theorem 4.13 (b), (c), 6 's{0)d = h s5(0)
with h € IIp, and applying the isomorphism g +— §~1gé from m(F}) onto 71(F3) to the
relation s{c) 6y sy{o)~! = Hé“yc(a) (from the description of Fy), with 61606 = +/, gives
(hsz ()Y (hsz(0)) ™ = 4Xeve(@) . The image of Iy in GL(V) is topologically generated by
the unipotent element 7/, so it is the group {exp(aN) : a € Z;}, N = log~’, through which
Iy = Z(1) acts via its quotient Z(1); hence y/Xeve(?) = exp(e,(0)N) = 1 4+ e4(0) (v — 1) +
(7 = 1)2(--+). The map gr/ — gr'*! induced by 7' — 1 is nonzero for j = 0, 1, since the
composite of the two is induced by (7' — 1)?, which is nonzero on V and kills IV. Comparing
the maps gr/ — gr/™! induced by both sides of (hs;(c))(y — 1)(hsg(0)) ™! = 4Xevel?) — 1,
on which h acts trivially, gives bj11(0)bj(0)™! = g4(0). With 81 = by this is (b). (c) Let
2’ € D(K,) and §: Fz = Fy as in Theorem 4.13. Then §~! carries VgD(Fﬁi') onto VP and
54/(0) to hsy(o) with h € IIp, which acts on VP as s,(0) does. O

Since €4 is unramified at p, I, acts on the semisimplification of V,, through the single
character f31]y,, for every so € K, with v3(so) > 15/2. Theorem 4.1 is therefore equivalent
to f1 = 1.

4.4. The limit at s = 0. Let V; be the fiber of V at the tangential base point £ = 0/9s
at s = 0, defined over K [43, §15], with its actions of G and of the local inertia group

Iy = Z(l) at 0, through the local monodromy ~o. Let g™ : Gx — @; be the character by
which Gk acts on the line Vtio = ker(yo — 1).
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Lemma 4.15. The character ™ has the following properties.
() B = B,
(b) For every prime q 130 of K, ™ is unramified at q and 5™ (Frobg) = ao(q), the
eigenvalue of Frobg on the stalk at 0 of j.V over F,.
(c) ao(q) is the unique root of weight O of the polynomial Qq(T) of Theorem 3.9, and
ao(q) € -
Proof. (a) Let x € D(K,), lIp = Hp(Fz), and 6: F; = Fp as in Theorem 4.13. By
Theorem 4.13 (c), 6 'Iod C lp, so 6~ (Vt@) =V 0% contains VU2 Both are lines (a
single Jordan block, and Theorem 4.14 (a)), so they are equal. For o € Gg,, 8™ (o) is
the scalar by which s{o) acts on Vt{(’, that is, by which 6~ 1s{0)d = h s;(0), with h € IIp
(Theorem 4.13 (b)), acts on VE2. As h acts trivially on VI2 | this scalar is 31 (o).

(b) The geometric point Spec{lx at which Vj is the fiber (Section 4.3) lies over
Spec K {s}[1/s], where K{s} C K][[s]] is the strict henselization of P} at 0. The fundamen-
tal group of Spec K{s}[1/s] is Iy, and G acts on K{s} and on Qf through the coefficients;
S0 V{O = I'(Spec K{s}[1/s],V) is the stalk at 0 of j,V over K, with its natural action of
Gk. Let R C K be the valuation ring, for the place of K that defines G K,» of the field fixed
by Iy, a strict henselization of O at q; let A be the henselization of R[s] at (mg, s), a strict
henselization of Po[l/ge] at the point s = 0 of the fiber at g; and let U4 = Spec A[1/s]. The
group G, acts on A through its action on R, and I; acts trivially. By Abhyankar’s lemma
[68, Exposé XIII, Proposition 5.2 and Corollary 5.3], applied to the regular strictly local
scheme Spec A and the divisor s = 0 (the tameness it assumes at the generic point of this
divisor holds because the residue field there has characteristic 0), every finite étale cover
of U4 becomes trivial over A[s'/"] for some n prime to q. So m1(Ux) = l'&n(n Q=1 and
both Iy, through the strict localization of Spec A at the generic point of s = 0, and the
inertia group at 0 of PL | through the special fiber, map onto it. As V is lisse on S over
O[1/3(] (Theorem 3.4), restriction gives G f,-equivariant isomorphisms from I'(Uy4, V) onto
the stalks at 0 of 5,V over K and over Fy, where G, acts on the latter through Gal(F,/F,).
Hence I, acts trivially on V?, and Frobg acts on it as on the stalk at 0 of 5,V over F,.

(c) Over F,, 7.V is irreducible on P! with stalks of dimensions 1,2,0 at 0,1,00
(Theorem 3.3). Its Euler characteristic is 3-(—1) +1+2+0 = 0, and H° and H?
vanish, so H*(P!,j,V) = 0 and the sequence 0 — 7V — .V — @,(«V), — 0 gives
HY(S,V) 2 (7.V)o @ (j«V)1. By Deligne’s theory of weights [41, 1.8.4], since V is pure of
weight 2 and vy has a single Jordan block of length three, (7.V)g is pure of weight 0; and
(j«V)1, the invariants of a monodromy of finite order, is pure of weight 2. So a(q) is the
unique root of 1 of weight 0, that is, of absolute value 1 in every complex embedding. The
coefficients of 4 lie in K (Theorem 3.7 and Newton’s identities), and the roots of weight
0 are permuted by Gk, so ap(q) € K. It is an algebraic integer, being an eigenvalue of
Frobenius on H}(S, V), which is the xy™-part of H3 of the variety X over F, [44, Exposé XXI,
5.5.3]. An algebraic integer of K all of whose conjugates have absolute value 1 is a root of
unity, so ag(q) € pe. O

Proposition 4.16. The character ™ s trivial. Hence 81 = 1, and Theorem 4.1 holds.

Proof. By Theorem 4.15 (b)—(c), ™ (Froby) € ug for a set of primes q of density one, so
(8")6 = 1 by the Chebotarev density theorem. The values ag(q) do not depend on £ (they
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are determined by the traces of Theorem 3.7), so for two primes ¢, ¢’ the characters ,B?m and
ﬁ}i/m, both of finite order, agree on almost all Frobenius elements and are equal. Hence g™
is unramified outside p. The Galois group of the maximal abelian extension of K unramified
outside p is the inverse limit of the ray class groups Cly(K), which have order 3+=2 for
k > 2 (the class number is one, |(O/p*)*| = 2-3%~1 and ug injects); so it is a pro-3 group,
and B"™ has order dividing 3. A cubic character of K.S is trivial on 1 + p?, because the
binomial series of (14 z)'/3 converges for v3(x) > 3/2, that is for = € p*. So '™ factors
through Cly (K) = (Z/3)*. This group is generated by the classes of [ and [ (Appendix A,
item C3). If £ # 7, then [,[ { 3¢, and Theorem 4.15 (b), (c) and Theorem 3.9 (b) give
B (Froby) = ag(l) = 1 and 8™ (Frob;) = ag(l) = 1, so g™ = 1. If £ = 7, then g™ = glim,
as shown above, and ﬁgm =1 by the case £ = 5. Then 81 = 1 by Theorem 4.15 (a). Finally,
given sg € K¢ with v3(so) > 15/2, choose d with 15/2 < d < v3(so); then so € D(Kjy), and
Theorem 4.14 (b) with $; = 1 is Theorem 4.1. O

Remark 4.17 (the radius). We do not know whether 15/2 is optimal, but it is the natural
constant for this argument. The holomorphic solution at s = 0 of the hypergeometric
differential equation underlying V is 3F5(ag, a1, ag; 1,1; s) with {ag,a1,a2} = {1/9,4/9,7/9}
or {2/9,5/9,8/9} (see the proof of Theorem 3.3). Its nth coefficient I1; ((aj)n/n!) is, up to
sign, the product of the three binomial coefficients (j‘;j ), each of the kind in Theorem 4.3; so
its 3-adic valuation is —(15n — 3s3(n))/2, and the series converges exactly on vz(s) > 15/2.
The same argument applied to a convolution of two Kummer sheaves gives, for the Legendre
family 4> = z(z — 1)(z — \) (two quadratic characters, at the prime 2, each trivial on
vo(x) > 2), the disc v2(\) > 4, and for the Hesse family 2% + y3 + 23 = 3uxyz with s = =3
(two cubic characters, at the prime 3, each trivial on vs(z) > 3/2), the disc v3(s) > 3.
Since v2(j) = 8 — 2v2(A) and v3(j) = 3 — v3(s) when these valuations are positive, these
discs are exactly the parts in v2(A) > 0, resp. v3(s) > 0, of the loci v(j) < 0 of potentially
multiplicative reduction.

Remark 4.18 (a numerical check). For sg € Z~{0,1} let L(s) be the L-function of Ind}%VsO,
of degree 6, with gamma factor I'c(s)?I'c(s — 1) (Theorem 3.5) and conductor 27 - 3/ N,
where f is the conductor exponent of Vg, at p and N’ prime to 3, is the product of N ¢?
over the primes q 1t 3 of K dividing sy and of N q over those dividing sy — 1 to a power prime
to 3 (Theorem 3.3 (c) and the proof of Theorem 5.3). Assume that A(s) = £A(3 — s) for
the completed L-function. We computed the Euler factors at the primes ¢ < X other than
3, taking at the primes dividing so(so — 1) the factors given by specialization, and tested the
functional equation numerically, with both signs: for f < 2, with a list of candidate Euler
factors at 3 that contains every factor allowed by Theorem 4.1, and, at the points outside
the disc, also for larger f. The Supplement, item S25, gives the details. For the choice of
f, Euler factor at 3 and sign in the table, the functional equation holds to within about

2766 ~ 10729; every other choice tested misses it by at least 2717 ~ 107°.
S0 v3(S0) X local data at p singled out
38, 310 8,10 5-10° 5.2-10° f =2, Euler factor 1 — 37%, sign +1
9 2 5-10° f = 14, Euler factor 1, sign +1
—27 3 10° f =6, Euler factor 1, sign +1
—2.37 7 3-10° f =4, Euler factor 1, sign +1

-9, 27, 81, 243, 729 26 10° none with f < 2 (nor with the larger f tested)
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Unipotent inertia forces f < 2 (the Swan conductor vanishes and there are nonzero invariants).
So at s9 = 3% and 3'° the data agree with Theorem 4.1, and the factor 1 — 37° suggests
moreover that the monodromy operator is a single Jordan block. At the point sy = 9 of the
Catalan solution, at sp = —27, and at so = —2 - 37 (where v3(sg) = 7, just outside the disc),
the data indicate that inertia does not act unipotently. These computations are numerical
and conditional on the functional equation and on the Euler factors at the primes dividing
80(80 — 1).

Remark 4.19. The arithmetic input at the primes above 7 in the proof of Theorem 4.16 cannot
be replaced by geometry. For the Legendre family y? = z(z — 1)(z — A) the character on the
invariant line of the limit at A = 0 is the quadratic character of —1, which is nontrivial. The
analogous character for a twist of a family is changed by the twist, and only an arithmetic
computation, here the one at the primes above 7, decides it.

5. THE FREY REPRESENTATION OF A SOLUTION

Parts II and III use the local properties of the Frey representation of a solution and
its Frobenius data at the primes above 7 (Theorem 5.5), together with its irreducibility
(Section 6).

5.1. Inputs from Kraus. Kraus [80, §6] writes a solution with the even variable first and
normalizes its sign. His results for p > 17 assume that £, ; is modular, which is now known
[25]; his note added in proof observes that it follows from the work of Conrad, Diamond and
Taylor. We only need the following consequences, which do not depend on the normalization.

Proposition 5.1. Let p > 17 be prime and let (a,b,c) be a solution of x> + y> = 2P in
coprime nonzero integers. Then

(a) 3]¢
(b) pte;
(c) 71abc;

)
(d) ezxactly one of a,b is even.

Proof. Replacing (a, b, c) by (b, a,c) or by (—a, —b, —c) we may assume that we are in Kraus’s
normalization. Then (a) and (d) are part of [80, Théoréme 6.1] and (b) is [80, Lemme 6.4].
For (c), [80, Proposition 6.3 (ii)] gives pg, , » = pw,p, where W: Y? = X3 + 6X — 7 has
good reduction at 7 with az(W) = 0 (it reduces to Y2 = X? — X, and 7= 3 (mod 4)). The
discriminant of Fg is —432¢%P and ca(Eqp) = —144ab, where ab is prime to c. If 7 | ¢, then
E, 1 has multiplicative reduction at 7 and the congruence forces a7(W) = £(7+1) (mod p),
that is p | 8. If 7 | ab, then 7 { ¢, E,; has good reduction at 7, and modulo 7 it is
Y? = X3 £ (a unit)?, a quadratic twist of y?> = 23 + 1, which has a7 = —4; the congruence
then gives 0 = +4 (mod p). Both are impossible for p > 17. O

5.2. The parameter. Let p > 17 and let (a, b, ¢) be a solution in coprime nonzero integers.
As a,b are coprime, p { a or p{b. Choose (u,w) € {(a,b),(b,a)} with p { u (when both
choices are possible, nothing depends on which is made; see Theorem 5.10), and put

P

SO:EZH(%)?’GQ\{OJ}.
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Lemma 5.2. We have v3(so) = pvs(c) > p, and so =2 (mod 7) (in Z).

Proof. By Theorem 5.1 (a), 3 | ¢, and 3 t u by coprimality. By Theorem 5.1 (c), u,w,c
are prime to 7; the cube of a unit modulo 7 is 1, and (w/u)? = —1 would give 7 | ¢; so
(w/u)® =1 and sg =2 (mod 7). O

5.3. Tame specialization.

Lemma 5.3. Let q1t 3¢ be a prime of K and so € K ~ {0,1}.

(a) If vq(s0) = 0 and vq(so — 1) = 0, then Vg, is unramified at q.

(b) If vq(so) > 0, then there is a Gg-stable lattice in Vg, on which Iy acts through
o fyg“(som(g), where to: Iy — Z¢(1) is the £-adic tame character (Section 2) and
Yo s a unipotent automorphism of the lattice with (yo — 1)3 = 0.

(c) If vg(so — 1) > 0 and 3 | vy(so — 1), then I acts trivially on V.
(d) If so = z0/u® with zg,u € O, q | u and q 1 zp, then Iy acts on Vg, by the scalar
character ky>|p,.

Proof. V is lisse on S over O[1/3(] and tamely ramified along 0, 1, co (Theorems 3.3 and 3.4);
fix a lattice V°. In (a) the point sg extends to a point of S over the local ring at q, so Vg is
unramified. Otherwise sy reduces modulo q to one of the points 0, 1, 00; let z be the local
coordinate s, s — 1 or 1/s there. By Abhyankar’s lemma [68, Exposé XIII, 5.3], étale locally
near that point a finite étale cover of S trivializing V°/¢" is a disjoint union of Kummer
covers, each obtained by extracting an ith root of z times a unit, with ¢ prime to the residue
characteristic. Pulling back along sp shows that I acts on V{  through the composite of
the tame Kummer map o — (0(2(s0)?)/2(s0)*"); € Z/(1) with the local monodromy of
V¢ at that point, since the value of the unit at sy contributes nothing on inertia. Now use
Theorem 3.3 (c¢). In (b) the point is 0 and the monodromy is the unipotent 4 on V°, with
(70 — 1)3 = 0 (one Jordan block of length three). In (c) the point is 1 and the monodromy
factors through us; the image of o € I in pg is o((so — 1)'/3)/(s0 — 1)'/3, which is 1 because
sp—1 is a unit times a cube in K4 and q 1 3. In (d) the point is co and the monodromy factors
through jg; the image of o € I, is o((1/50)"/?)/(1/50)"* = o (u'/3) Ju'/3 - 0(20_1/9)/20_1/9,
and the second factor is 1 on I since q 1 9zp. So the image is k,(c) € us, which acts by the
scalar ty(ky (o))" (Theorem 3.3). O

5.4. The Frey representation. Fix a prime p > 17 with p =1 (mod 3) and a solution,
with u, w, sy as above. Take £ = p.

Definition 5.4. The Frey representation of the solution is
p=Vy ®k,": Gx — GL3(Q,),

where no € {1,2} is as in Theorem 3.3, and p: Gxg — GL3([F,) is its reduction (Section 2).

Proposition 5.5. The representation p has the following properties.
(a) p is unramified at every prime q1 3pc. For every prime q { 3pcuw the characteristic
polynomial of p(Frobg) has coefficients in O, so p has coefficients in K.
(b) p is unramified at every prime q 1 3p.
(c) p°=pY ®e,?, and hence p° = p¥ @ &,
(d) I, acts on p through k;">=|5, times a unipotent representation, so every constituent
of pl1, is k"1,
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(e) p is unramified at | and {, and the characteristic polynomial of p(Frobg), q € {1, 1},
is P, (fq_lT) with § = ky(Frobg) ™" € u3 and Py as in Theorem 3.9.
(f) For each prime v | p of K, plgy, is crystalline with Hodge-Tate weights {0,1,2}.

Proof. (a) If q 1 3pcuw, then sg and sy — 1 = (w/u)? are g-units, so V, is unramified at q
by Theorem 5.3 (a); if q | w, it is unramified at q by Theorem 5.3 (c) (vq(so — 1) = 3vq(w));
if q | u, then I acts on Vg, by x7;> by Theorem 5.3 (d) (with zo = ¢?), which the twist
cancels. The character k, is unramified outside 3u. For q { 3pcuw the coefficients lie in O
by Theorem 3.7, which applies because sg reduces to a point of S modulo ¢, and because Ky,
takes values in ug C O*.

(b) By (a) it remains to treat q | ¢, qt 3 (note p 1 ¢). By Theorem 5.3 (b), on a G-stable

lattice I, acts through powers of v“(c), since vq(s0) = pvg(c) and &, is unramified at q. As
(vo—1*=0andp>3,7 =1+p(y—1)+ () (0 —1)> =1 (mod p); so I acts trivially
on the reduction of this lattice, hence on p.
(¢) By Theorem 3.6 (as sp € Q), VS, = VY ®¢,?, and (k,"*)° = k> because u € Z.
(d) By Theorem 5.2, v3(so) > 17 > 15/2, so I, acts unipotently on Vs, by Theorem 4.1.
(e) By Theorem 5.2, so reduces modulo [ and [ to 2 € S(F7), so Vg, is unramified there
and Frobg has characteristic polynomial Py on it; &, is unramified at q since 71 3u.
(f) This is Theorem 5.6 below. O

5.5. Crystallinity at p.

Proposition 5.6. Let p > 5, p=1 (mod 3), let v | p be a prime of K (so K, =Q)), and
let sp € Q ~ {0,1} with vy(sg) = 0. Suppose that either sp Z 1 (mod p), or sg — 1 = t3 with
t1 € pZyy. Then Vg, (with £ =p) is crystalline with Hodge—Tate weights {0, 1,2}.

=

For the Frey representation, vy,(sgp) = 0 by Theorem 5.1 (b) and p { u; if p { w then
so Z 1 (mod p), and if p | w then so — 1 = (w/u)? with w/u € pZ,). Since k, is unramified
at v and of finite order, Theorem 5.5 (f) follows.

For a finite extension L of Q, let Lo = W (kr)[1/p] be its maximal subfield unramified
over Q,, and for a p-adic representation V' of G, with coefficients in a finite extension E
of Qp, let Dy, (V') = (Bst ®q, V)G a module over Ly ®q, E with a Frobenius ¢ and a
monodromy operator N. Since BgL = Lo and BY=0 = B [113, §2.1, (4)s and (6)s], V’
is semistable when dimp, Ds (V') = dimg, V', and crystalline when moreover N = 0 on
Dg; 1,(V') [113, Definition 2.2.7].

Lemma 5.7. Let L/F be a finite Galois extension of finite extensions of Qp, with inertia
subgroup I(L/F), and let V' be a p-adic representation of Gr whose restriction to G, is
semistable. Then Gal(L/F) acts on Dg (V'), through g ® g for g € Gp, semilinearly with
respect to its action on Ly and commuting with N. If N =0 on Dg (V') and I(L/F) acts
trivially on it, then V' is crystalline.

Proof. Since Gy, is normal in Gp, the action g ® g preserves D = Dg 1,(V') and factors
through Gal(L/F'); it commutes with N because N commutes with Gr on Bg. The group
Gal(L/F) acts on Lg through Gal(L/F)/I(L/F) = Gal(LoF/F) = Gal(Lo/Fv). If I(L/F)
acts trivially on D, then D is an Lo-vector space with a semilinear action of Gal(Lo/Fp),
so D = Ly ®@p, DE/F) by Galois descent for vector spaces (Hilbert’s Theorem 90). As
(Byy ® V)OF = DGAL/F) " this gives dimp, D, p(V') = dimg, D = dimg, V', so V' is
semistable; and N =0 on D, (V') C D, so V' is crystalline. O
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For the rest of this subsection let p > 5, let v be a prime of K above p (so K, is unramified
over Q, and contains u3; K, = Q, if p=1 (mod 3)), let F' = K,, and let F = K,((9) C F,
where (g is the image of 79((9) under an embedding K — K, over K that defines the
decomposition group Gk, C Gk (Section 2); F' is an unramified extension of K,. Over
F the twisted forms of Section 3.1 split: X @k F' = {J[;(1 - y?) = s}, H = p3 acting
coordinatewise, and G acts trivially on H(K); we use the model X”®Op of Theorem 3.4 (a)
in this split form. Let t; € mp ~ {0}, so = 1 + 13, let tg € F with t3 = t1, and K’ = F(ty);
as pus C F, the extension K'/F is Galois of degree 1 or 3 and tamely ramified. Let &’ be the
residue field of K', 7 a uniformizer, and e = vg(tg) > 1. For A € ug let 5(\) = (A, A\, \) € pd.

The case sp = 1 (mod p) of Theorem 5.6, where sy reduces to the point 1, over which
the model of Theorem 3.4 is not smooth, needs the following semistable model. It is used
through parts (c¢) and (d): the diagonal ug fixes the double curves pointwise and x™ is
nontrivial on it, so the x"*-part of the cohomology of the special fiber comes only from the
components, which forces N = 0; and inertia acts on each component through the diagonal
i3, on which x™ is trivial, so it acts trivially on that part (proof of Theorem 5.6).

Lemma 5.8. There is a regular scheme X, projective and flat over O+, with the following
properties.

(a) Its generic fiber is Xs, @p K'.

(b) Its special fiber Y is a reduced divisor with strict normal crossings and without triple
points. Its components are Z', 2 and, if e > 2, E,...,E._1, where Z is the Fermat
surface yg + 1y +y3 +t° =0 in IP’%,, 7' is the blow-up of X% ® k' at its singular point
y = 0, and each E, is a P'-bundle over the Fermat curve C: y§ + 1y} +y3 = 0 in
P?,. The components form a chain Z', E1, ..., E._1,Z, and each double curve maps
isomorphically to C.

(¢c) H = 3 acts on X by O -automorphisms, extending its action on the generic fiber
and mapping every component of Y to itself. The diagonal pg C H fizes every point
of every double curve.

(d) For eachy € Gal(K'/F) there is an automorphism ~vx of the scheme X over Spec(7)
which extends 1 x Spec(y) on Xy, xr K' and commutes with H. If y lies in the
inertia subgroup, then vy maps every component Y, of Y to itself, and its restriction
to Y, is the restriction of an element d, of the diagonal us C H.

Proof. The family over the t-line. Let B = Spec Orl[t, (1+t%)71], mapped to S by s = 1+,
and ) = X° X g B, projective over B, with H acting over B. By Theorem 3.4 (a), Y — B
is smooth outside the closed subset ¥ = {y = 0, ¢ = 0}, a section of ) over Op; so ) is
smooth over Op outside X. Near X, ) is the hypersurface & = 0 in A‘(%F, with coordinates
Yo, Y1, Y2, 1t and
O =TL(1—y)) —1—t"= =g+ + 95 +°) + i vy) — yiuiv5.

For ¢ € p3, ¢¢(x,t) = (x,(t) is an automorphism of Y over the automorphism ¢ — (¢t of B
(which preserves s = 1 +t%); it commutes with H and fixes the fiber ¢t = 0 pointwise.

One blow-up. Let )’ be the blow-up of ) along . Near Y it is the strict transform
of YV in the blow-up of A‘(%)F along the zero section, and H and ¢¢ act on it. In the chart

Y1 = Yo, Y2 = Yon2, t = yoT we have & = yJG with
G=—1+n]+n+7°) +yd(nl +n5 +nin3) — yiSning,
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so V' = {G = 0} there, and G/ = —978, 0G /Oon; = —InS(1 — ) (1 — yin3), OG/On2 =
—9n8(1—yd)(1—yin?). On the exceptional divisor yy = 0 these do not vanish simultaneously
on G = 0 (otherwise G = —1), and off it ' = )\ X. The charts of y; and y, are symmetric,
and in the chart y; = tn; (j = 0,1, 2) we have ® = t°G; with Gy = —(1+n+n{+n3) (mod t),
whose partial derivatives —97723 at t = 0 do not all vanish on Gy = 0. Hence )’ is smooth
over OF; its exceptional divisor Z is the Fermat surface y + y{ +v3 +t? = 0 in P} -+ smooth
over O as p # 3; and the divisor of the function ¢ = yo7 near t = 0 is Z' + Z, where Z’,
the strict transform of the fiber X? ® Op of Y over t = 0, is {r = 0} in the chart above.
Its fibers are irreducible: over an algebraically closed field of characteristic # 3 the surface
[1;(1 —y?) = 1 is a hypersurface whose open part yoy1y2 # 0 is an étale p3-cover, y? =1-uz;,
of an open part of the torus zgz1x2 = 1, connected because the functions 1 — x; have the
distinct prime divisors {z; = 1} on the torus, so that they are independent modulo ninth
powers; and the open part is dense, the complement having dimension 1. The intersection
C=Z"NE={yo=7=0, 1 +n)+n) =0} is the Fermat curve 33 + v + 35 = 0 in the
plane t = 0 of P3, and along C one of G /0n, OG/Ons is a unit. So near each point of
C there are étale coordinates (§,7,n) of } over Op (in the chart of a coordinate y; that
does not vanish at the point; we write it for j = 0), with £ = yg and n € {91,712}, in which
Z'={r=0}, E={{=0}and t = &1; and Z’, = and C are smooth over Op. Off C, near
t = 0, the morphism )’ — B is smooth (on Z’ \ C because ) — B is smooth off ; on
=\ C because 7 is a unit there, so that ¢ is a coordinate). In these coordinates d(\) acts
by (&7,n) = (A, A7, n) and ¢¢ by (&,7,m) — (&,¢7,n). Globally, ¢¢ is the identity on
7' and acts on = C P3 by [y : t] = [y : Ct] = [(T1y : t], as §(¢C™1) does; and 6()) fixes C
pointwise, since it acts on the plane t = 0 by [y : 0] — [Ay : 0].

Base change and resolution. Since tyg € mgs and 1 + tg = §g is a unit, £ — g is an
Og-point of B. Let Xy = V' x g Spec Ok, projective over O, with generic fiber Xgo Rpr K’
(the center ¥ lies over ¢t = 0). Its special fiber is (Z' + E) ® k’. Off C, &} is smooth over
Ok; near a point of C' it is étale over Spec O/ [€, 7,n]/ ({7 — 7wéu) with u € OF,, which is
flat over Ogs. So Ap is flat. If e = 1 it is regular with reduced normal-crossings special
fiber, and we put X = AXy. If ¢ > 2, blow up e — 1 times the ideal of the strict transform
of Z® k' (locally (&, ) at the first step). For the ring Ok/[¢, 7]/({T — m€u) the blow-up of
(¢,7) has two charts: £ = 7&;, with equation &7 = 7 1u; and 7 = &7y, with 7 = €6 1n¢u,
which is regular with special fiber £ = 0, reduced with normal crossings. In the first chart
the special fiber £&,7 = 0 consists of the strict transform {&; = 0} of Z® k' and of a new
component F; = {7 = 0}, mapping to C' with fiber coordinate &;; the strict transform of
7' ® K’ lies in the second chart. By induction the result X is regular, and its special fiber
isY=Z2'UE,U---UEFE._1 UE, where E, is the P!-bundle over C that in the chart after
r blow-ups is {7 = m = 0}, with fiber coordinate & = &/n"; consecutive components meet
transversally along sections isomorphic to C, and there are no triple points. Off C' the ideal
blown up is invertible, so nothing changes there. This proves (a) and (b).

The actions. H acts on ) over B, hence on X over O; it preserves Z® k', so it acts on
X, and it maps every component to itself. Since 6()\) fixes C' pointwise and commutes with
the projections of the double curves to C, which are isomorphisms, the diagonal ug fixes
every double curve pointwise. This proves (c). Let v € Gal(K'/F) and ¢ = ~(to)/to € ps.
The morphisms ¢¢ o pry: Xy — )’ and Spec(7y) o pry: Xy — Spec O induce the same
morphism to B (both pull ¢ back to (to = v(to)), so they define an automorphism ~yyx, of
Xp over Spec(y). On the generic fiber it is 1 x Spec(y) on X'EO X K', because ¢¢ does

not move the point of X”; it commutes with H; and it preserves 2 ® k/, so it lifts to an
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automorphism vy of X. Now let v be in the inertia subgroup. Then ~ acts trivially on
K, and y(m)/m = A (mod 7) for some A € us (the value of the tame character). On the
components Z’ and = the claim is global: there vy restricts to the base change of ¢, (as
7 is trivial on k'), which is the identity on Z’ and equals 6(¢"') on Z. Let 1 <r <e— 1.
In the model obtained after r blow-ups, let U, be the affine chart lying over the chart of
yo in which, at each of the r steps, the ideal blown up is generated by m; so yg = 7"&,
on U,, the coordinate ring of U, is generated over O by &., 7, m1, 12, and &7 = 7€ "u
there. Let U = U, ~ {§, = 0}. The centers of the later blow-ups lie in {&, = 0}, so U is an
open subscheme of X'; its coordinate ring is generated over Ok by 5;'[1, 7, n1 and 792; and
E.NU = {7 = 7 = 0} is a nonempty, hence dense, open subscheme of the irreducible scheme
E,., with coordinate ring generated over k' by 5}1, n1 and 72. Both vy and every 6(\') map
U to itself, since they multiply yo, 91, v2,t, ™ and each & = yo/m* by units. Both pull-backs
fix g1 and ng; pull-back by vy is & — (7/v(7))"&, T — (T, together with v on O/, and
pull-back by §()\) is & ~— N&., 7 — XN 7l7, and the identity on O/. On the coordinate
ring of E, NU both are k’-algebra maps, and they agree when X' = A~". So vy and 6(A™")
agree on the dense open subscheme E, NU of the reduced scheme E,, hence on E,, as X is
separated. This proves (d). O

Lemma 5.9. Let X and Y be as in Theorem 5.8, and let D = Hﬁ)g_crys(Y/W(k’)) ®Q be
the log-crystalline (Hyodo—Kato) cohomology of Y (with the log structure induced by X ) over
W (k") (with the log structure N — W (k'), 1+ 0). It is a K}-vector space with ¢ and N.

(a) The restriction of H?(Xs, ® F,Q,) to G is semistable, and there is an isomorphism
Dy 1 (H*( X5, ® F,Qp)) = D compatible with o, with N up to a nonzero rational
factor depending on the normalizations, with the actions of H, and with the action
of the inertia subgroup I1(K'/F), in which each v € I(K'/F) acts on D through the
automorphism of the log schemeY induced by vx (Theorem 5.8 (d)), lying over the
Teichmiiller lift to W (k') of the automorphism that y induces on the log point Spec k'
(with the log structure induced by Ok ).

(b) There is a finite increasing filtration P of D, stable under H and under vyx for ~y
in the inertia subgroup I(K'/F), such that N(P,) C P,_y and grl’D is, compatibly
with these actions, a subquotient of

EI—T,Q-H" _ @ H2frf2j (Y(2j+r+1)/W(kl))(_j _ 7“) ®Q,

crys
j>max(0,—r)
where Y9 is the disjoint union of the q-fold intersections of components of Y, and
H and vy, v € I(K'/F), act on EfT’QH by pull-back along their restrictions to the
strata Y9,

Proof. (a) Let X = X s0 OF F, on which G acts through the second factor, and let F™ be
the maximal unramified extension of F' in F (Beilinson’s K3*; his Kq is our F). We use,
with base field F', the semistable comparison isomorphism constructed by Beilinson [11] (the
comparison theorem is due to Tsuji [112]), which involves no choice of a uniformizer: the
base log structures are the canonical ones, generated by all nonzero elements of O+ and
of W (k') [11, 1.16]. Beilinson attaches to X its Hyodo-Kato cohomology Hy (Xf), an
F™-vector space with ¢ and N on which G acts by transport of structure [11, 2.4, 2.5],
and constructs a canonical isomorphism

puk : Hig(Xp) ®@pne By — H*(Xf5,Q,) ®q, B,
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compatible with ¢, N and the action of Gp [11, (3.3.1)]; here By is Fontaine’s ring, with its
¢ and N [11, 1.17, last paragraph].

The scheme X, with the log structure defined by its special fiber, is log smooth over O,
its special fiber is of Cartier type over the log point [113, §4.3], its reduction modulo p is of
Cartier type by the same computation in the charts of Theorem 5.8, and its log structure is
trivial on the generic fiber. So [11, Proposition in 2.6] gives a canonical isomorphism

v Hig (Y) @y F™ —— Hix(Xp),

where HZ (Y) is the Hyodo—Kato cohomology [11, (1.16.1)] of the special fiber with its
log structure, and G acts on the source through the second factor [11, 3.3 (ii)]. By [11,
Remark (i) in 1.16 and Remark (iv) in 1.15], H3x(Y) is the log-crystalline cohomology of
Y over W (k') with the log structure obtained from that of the log point Speck’ through
Teichmiiller representatives; choosing the class of a uniformizer as a generator identifies it
with D, with its ¢, and with its N up to the factor e(K’/Q,) by which the two normalizations
differ [11, Remark (ii) in 1.16 and Theorem-construction (ii) in 1.15]. We use only the
vanishing of N and the property N(P,) C P,_2 of (b), which do not depend on this
factor. Taking G g/-invariants of ppx o (¢ ® 1) and using BgK' = K|, gives Dy r/(H?) = D,
compatible with ¢, and with N up to a nonzero rational factor; as dim K}, D = dime H?
[11, Proposition in 2.5 (ii)], H? is semistable over K.

The Hyodo—Kato complex of the model is functorial for automorphisms of the log scheme X
lying over automorphisms of Spec Ok with its canonical log structure, by the compatibility
with base change of the functor from (¢, N)-modules to F-crystals through which that
complex is defined [11, Theorem-construction (ii) in 1.15, and (1.16.1)]; [11, 3.3 (ii)] is the
case v = 1 of the naturality used below. All these constructions are canonical, so they are
compatible with every automorphism of their input (transport of structure, which is also
how the action of G is defined [11, 2.4]): with H, which acts on X over Ok and on XF;
and, for g € Gy with image v € I(K'/F), with the automorphism yx ® g of X ®0,., O,
which is g on X 7 and lies over the automorphism v of Spec O/ with its canonical log
structure. Since v fixes K{, the element g acts on HZy (Y) through the automorphism of
the log scheme Y induced by vy, which lies over the automorphism of the log point induced
by v (and its Teichmiller lift to W (k')); under the identification with D this is the action of
~vx used in (b).

(b) This is the p-adic weight spectral sequence of Mokrane [87, 3.23], in the corrected form
of Nakkajima [90, (9.9.4), (9.10.2) and Definition 9.11 (2)]. It is the spectral sequence of the
p-adic Steenbrink complex WAy, the total complex of WA} = WA;” +1 / PjWAéj'J + [87,
3.8], [90, proof of Theorem 4.1], filtered by the weight filtration P [90, (4.1.4)], whose graded
pieces are identified with the de Rham—Witt complexes of the strata by Poincaré residues
[90, (9.9.3)]. Its Ej-terms are as displayed and its abutment is D, so gr’ D = E?*" is a
subquotient of F| "2¥7 Under this identification, the monodromy operator N of Hyodo and
Kato is induced by the operator v [90, Proposition 11.10 and Corollary 11.5 (2)], which is
defined by the projections WAY — WAL %1 [90, Definition 11.6 (2)]; by the definition of
the filtration [90, (4.1.4)] it maps P, into P,_s.

Every step of the construction is functorial for the automorphisms used here. The complex
WAy above is the complex WAy of [90, proof of Theorem 4.1], which is presented, level by
level, in terms of W, (Oy) and of M{” modulo the units coming from &', where My is the
log structure of Y [90, (11.0.2) and Theorem 11.1 (1)]; so every automorphism g of the log
scheme Y lying over an automorphism of the log point acts on it and preserves its filtration



THE EQUATION z3 + 43 = z» 37

P [87, 3.5], which counts logarithmic factors. The section @ is the dlog of the image in
My of a generator of the log structure of the log point, and it does not depend on the
choice of the generator [90, the paragraph before Theorem 11.1, and Theorem 11.1 (1)]; so
g*0 =0, and g acts on the filtered complex (WAy, P) [90, (2.2.1; %), (4.1.3), (4.1.4)], on the
spectral sequence and on v. On the abutment this is the action of g on the log-crystalline
cohomology of Y over the canonical lift of the log point [90, beginning of §7, (7.12.3) and
Proposition 7.13], whose log structure comes from the Teichmiiller section, that is, the
action on D of (a): the quasi-isomorphism 6A [90, (4.1.2)] commutes with g, and so does the
comparison isomorphism [90, Theorem 7.19], by transport of structure: it does not depend
on the embedding system used to construct it (loc. cit., proof), g carries an embedding
system to another one, and the maps into the log-crystalline cohomology sheaves of Y from
which it is built are compatible with ¢g [90, Lemma 9.1 (1)]. If g maps every component of
Y to itself, it acts on the Fq-terms by pull-back along its restrictions to the strata, since
multiplying a local equation of a component by a unit changes a logarithmic form only
by a form of lower weight, which does not affect the Poincaré residue. The elements of
H (over the identity of the log point) and the automorphisms vy, v € I(K'/F) (over the
automorphism of the log point that multiplies its generator by the unit v(7)/7) are of this
kind, by Theorem 5.8 (c), (d); this is the compatibility used in [97, §8, after (8.6)]. O

Proof of Theorem 5.6. In both cases the Hodge—Tate weights are {0, 1,2}, by Theorem 3.5
and the de Rham comparison theorem [113, Theorem Al]. The comparison theorem is
functorial [113, (A1.1)], hence compatible with the action of H, and Theorem 3.5 holds with
x™ replaced by any of the six characters x™, m’ € (Z/9)*, so the choice of embeddings
of E does not matter. By Theorem 5.7 for the unramified extension F'/K,,, it suffices
to show that V = V  is crystalline as a representation of Gr. By Theorem 3.4, V =
(H*(X,, ® F,Qp) ®q, E)X", where E C Q, is a finite extension of Q, containing ¢,((g).

The case so £ 0,1 (mod p). The pull-back of f along sy € S(Ok,) is a smooth projective
model of X, over O, , so H*(Xs, ® F,Q,) is crystalline [113, Theorem 1.1 and the remarks
before it] (in the good reduction case the monodromy operator vanishes), and so is its direct
summand V', cut out by the idempotent attached to x™, which commutes with G, .

The case so — 1 = t3 with vp(t1) > 0. Let X, Y, D and P, be as in Theorems 5.8 and 5.9,
and Dg = D ®q, E. Taking x™-parts is exact and commutes with taking G k/-invariants,

so by Theorem 5.9 (a) the restriction of V' to Gk is semistable and Dg; g/ (V) = Dgﬂ,

compatibly with N up to a nonzero factor and with the inertia subgroup I(K’/F). By
Th(;)ri)rem 5.7 it remains to show that N and the inertia subgroup I(K'/F) act trivially on
D% .

The x"-part has a single weight. Since Y has no triple points, the term E|
Theorem 5.9 (b) vanishes for |r| > 2, and for r = 1 and r = —1 it is Hclrys(Y(Q)/W(k’))(—l)®
Q and ngys(Y(Z)/W(k:’)) ® Q. The diagonal pg fixes every point of Y ) (Theorem 5.8 (c)),
so it acts trivially on these terms, while x™ is nontrivial on it (Theorem 3.1). Hence
(erE Dg)X™ = 0 for r # 0, that is, (P_;Dp)X" = 0 and (PyD)X" = DY .

N =0. N(DX") = N((PoDp)X") C (P_aDg)X" = 0.

The inertial type is trivial. By the previous step Dém = (grf’Dp)X", which by
Theorem 5.9 (b) is, compatibly with I(K’/F'), a subquotient of the x™-part of E?’2 QF =
B, Hey(Ya/W(K')) ®q, E, the sum over the components Y, of ¥ (the other summand,
from Y3 is zero). Let v € I(K’/F). By Theorem 5.8 (d) the restriction of vy to Y, equals

r,24+r of
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that of an element &, of the diagonal 3, so v acts on (Hzy(Ya/W (K')) ® EYX™ as 6% does,
that is, by x™(d,) = 1 (Theorem 3.1). So 7 acts trivially on the x"*-part of E?’2 ® FE, hence
on its subquotient D%m. Thus V is crystalline over F, and therefore over K. O

Remark 5.10. When p | a the choice (u,w) = (b, a) puts the variable divisible by p at the
point s = 1, where Theorem 5.6 applies. With (u, w) = (a, b) the parameter would be close to
oo at p. The two choices of (u,w) give the same local data at p: since 3 | ¢, a = —b (mod 9),
and —1 and 1+ 9Z3 are cubes in Q3, so K, = K on Gf,. Apart from the requirement p { u,
nothing below depends on which of a,b is called u, and the parity of u plays no role.

6. IRREDUCIBILITY

Suppose that the residual Frey representation had a one-dimensional constituent. Such a
constituent would be the reduction of one of five algebraic Hecke characters of conductor
dividing p2, and the Frobenius data at the primes above 7 exclude all five (Theorem 6.2).

6.1. Cubic characters at p.
Lemma 6.1. Let u € Z with 31w, and let Arty: pr — G%Pp be the local Artin map.

(a) Ky o Arty is trivial on Q3.
(b) If u= =1 (mod 9), then k, is trivial on Gk, .
(c) Ifu# £1 (mod 9), then kulg, has conductor p? and iy, (Arty(w)) # 1.

In all cases Ky o Arty is trivial on 1 4 p2.

Proof. (a) ky(Arty(x)) is the cubic Hilbert symbol (u,z), (up to inversion, depending on
normalizations). Let u,x € Q3, and let g be the nontrivial automorphism of K,/Qs. By
Galois equivariance g((u, x)p) = (gu, gz)p = (u, x)p, and g inverts pus; so the symbol is 1.
(b), (c) The group Z3 /(Z3)? has order 3: —1 is a cube and 1+ 9Z3 = (1 + 3Z3)3, while
2 is not a cube in Q3. So u is a cube in Qs if and only if v = £1 (mod 9), and otherwise
Ko = K3 on G, (a cube in K} that lies in Q3 is a cube in Qs, as [K}, : Q3] = 2). It remains
to treat u = 2. The discriminant of Q(4/2) is —108, so Q3(+/2)/Qj3 is totally ramified of
degree 3 with discriminant exponent 3; the quadratic extension K, (+/2)/Qs(¥/2) is tamely
ramified, so K,(+v/2)/Qs has discriminant exponent 2 -3 + 1 = 7. Computed through the
tower Kp(%) D Kp D Qgz, the same exponent is 3-1+2f, where f is the conductor exponent
of ko at p (both nontrivial characters of Gal(K,(+/2)/K,) have conductor p/). So f =2. A
character of conductor p? factors through (O/p?)* = g nontrivially, and, being cubic, is
nontrivial on w. The final assertion of the lemma follows from (b) and f = 2. O

6.2. The theorem.

Theorem 6.2. Let p > 17 be a prime with p =1 (mod 3), and let p be the residual Frey
representation of a solution of x> + y> = 2P in coprime nonzero integers (Theorem 5.4).
Then p is absolutely irreducible.

Proof. Suppose not. Since dim p = 3, p has a one-dimensional constituent §: G — T; .
Step 1: ramification. By Theorem 5.5 (b), 6 is unramified outside {p,v,v}. By
Theorem 5.5 (d), 0|, = k;"=|r,, which by Theorem 6.1 has order dividing 3 and con-
ductor dividing p?. By Theorem 5.5 (f) and Fontaine-Laffaille theory [57] (p > 5, weights
in [0,2]), plgy, is the reduction of a crystalline representation with Hodge-Tate weights
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{0,1,2}, and every one-dimensional subquotient restricts to inertia as &, k with k € {0,1,2}.
So 0|1, = E;kvhv and 6|1, = E;k’7|17j with k,, ks € {0,1,2}.

Step 2: the type. By class field theory 6 is a character of the idele group of K, trivial on
K> and on the connected component at infinity, and unramified outside p, v, v. Evaluate it
at the global unit —1: through the local Artin maps its components at v and v contribute
(—=1)* and (—1)*?, its component at p contributes the value at —1 of the cubic character
k"> which is 1, and the other components contribute 1; so (—1)**% = 1. So the type
(ky, kp) lies in T = {(0,0), (1,1),(2,2),(0,2),(2,0)}.

Step 3: 0 is the reduction of an algebraic Hecke character. For x € K* prime to p let
(e € pg be the unit with = ¢, (mod p?). The algebraic Hecke characters

Yipy (@) = (@2)* (k=0,1,2),  ¢'(()=(G8)?%  ¥"((@) = (Gr)

are well defined on ideals prime to p and have conductor dividing p?. Their p-adic realizations
(through ¢,, with values ¢ (q) on Froby) restrict to I, x Iy as (5;’“, E;k), and, for ¢’ and ",
as (€,2,1) and (1,&,?) in some order. So there is ¢ € {190y, ¥(1,1), Y(2,2), ¥, "} whose
reduction ¢ has the same restrictions to I, and I as 6. Then 6~ is unramified outside p
and its restriction to I, has conductor dividing p?: it is a character of the ray class group
Cl,2 (K), which is trivial because O is principal and g — (O/p?)* is onto. Hence 6 = ).

Step 4: the primes above 7. By Theorem 5.5 (e), 6(Frobg) is a root of the reduction of
Pq(§q_1T) for q € {1, [}, with &g = ku(Frobg)™"> € p3. Let P be the prime of O above p
defined by ¢y, so that *B is v or v (the coefficients of the characteristic polynomials lie in O).
Write @ =2 — w, so [ = (w) and [ = (). The value (1) is @"@* times an element of 3,
and (1) is @Fw" times an element of p3, where (k, k') € T is the infinity type of ¢ (for ¢/
and ¢ the units 2, g:; lie in p13). Absorbing these roots of unity and &; into (i, (2 € ps, we
find (k, k') € T and (1, € ps with

P(Gw*a") e P and PB(Ga=") e P (6.1)

This test does not depend on the normalization of Section 2: with arithmetic Frobenius
elements, the roots of P; and the values 1 (q) are both replaced by their inverses.

Step 5: computation. By Theorem 3.9 (a), (P, F) is (P*,P~) or (P~,P"). For both
assignments, each (k, k') € T and each ((1,(2) € ug, the two elements above are nonzero,
and the ideal of O they generate has all its prime factors above 2, 3, 7 or 13 (Appendix A,
item C2). Since B lies above p > 19, this is a contradiction. O

Remark 6.3. Requiring the same prime B at [ and [ matters: without that requirement, the
rational primes dividing the norms of both elements include 67, 103 and 523 for the types
(0,0) and (2,2), and these primes divide the two norms through different primes of K. The
computation of Step 5 also allows the values of , at [ and [ to vary independently in ps,
although they are complex conjugate. So it covers every solution, both sheaves V, +1 and
both choices of u.

Part II: a compatible system and its members above 5

7. A COMPATIBLE SYSTEM OF MINIMAL RAMIFICATION

Throughout Part II, p > 17 is a prime with p = 1 (mod 3), (a,b,c) is a solution of
2% 4+ y® = 2P in coprime nonzero integers, u, w, s are as in Section 5, and p, p are the
Frey representation and its reduction (Theorem 5.4). We replace p, which is ramified at the
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primes of ¢, by a lift of p that is unramified outside 3p and belongs to a compatible system
[27]. In Part II, representations over finite fields and over ¢-adic fields are considered over
an algebraic closure where convenient, and érreducible means absolutely irreducible.

7.1. Properties of the Frey representation. Put
K= K, ">,
a character of G with values in u3 C O*. We shall use the following six properties of p.

(F1) p is unramified outside {p,v,v} (Theorem 5.5 (b)).

(F2) play, and plg,, are crystalline with Hodge-Tate weights {0, 1,2} (Theorem 5.5 (f)).

F3 is k|7 times a unipotent representation (Theorem 5.5 (d)). Moreover k¢ = k1
PlI, I, p p

(Section 2), and kg, is trivial if w = +1 (mod 9) and has conductor p? otherwise
(Theorem 6.1).

(F4) p° = p¥ @¢e,? (Theorem 5.5 (c)).

(F5) p is unramified at [ and [, and for q € {I,[} the eigenvalues of p(Froby) are the
products of & = k(Frobg) € pg with the roots of P, where (P, P) is (P*,P™) or
(P~, P") (Theorem 5.5 (e), Theorem 3.9).

(F6) p is absolutely irreducible (Theorem 6.2).

We say that we are in the unramified case if k is unramified at p (that is, v = +1 (mod 9)),
and in the ramified case otherwise. By Theorem 5.10 this is independent of the choice of w.

The image of p is compact, so p is defined over a finite extension of @, and stabilizes a
lattice. By (F6) the lattice is unique up to homothety and its reduction is p. We therefore
regard p as a homomorphism Gx — GL3(Z,), where Z,, is the ring of integers of @p, with
reduction p: G — GL3(F,). Since p|;, ® s~ ! is unipotent, every constituent of (p® & ~1)]y,
is trivial, and therefore

pl1, is k|1, times a unipotent representation. (7.1)

7.2. Polarizations. Let i /g: Gg — {£1} be the quadratic character of K/Q. Let £
be a prime and let A be Q, Fy, or the ring of integers of a finite extension of Q,. A
continuous action of G on A3 is called polarized (with multiplier 8[26 k@) if there is a
perfect symmetric A-bilinear pairing ¥ on A3 such that

U (o, (Cod)y) = er(0) 2 U(z,y) (0 € G, z,y € A%). (7.2)

This is the notion of a polarized and odd pair of [27, §1.5.1] and [10, §2.1], for the field K,
the representation of Gx on A and the character 6[25 K/Q of Gq: taking ¢ as the element
of Gg \ Gk fixed in [27, §1.5.1] (denoted 7 there), the two conditions there are (7.2) and
U(y,x) = —(6225;(/@)(6)\1/(30, y) = ¥(x,y), and oddness is (5226[(/@)(6) =—1.

Let G3 be the group scheme of Clozel, Harris and Taylor [31, §2.1]: the semidirect
product of GY = GL3 x GL1 by a group {1, 7} of order two, with 5(g,t)7~ % = (t- ‘g~ 1,1),
and let mult: G3 — GL; be the character with mult(g,t) = ¢ and mult(y) = —1. By [31,
Lemma 2.1.1], a polarized action of G on A3 together with a pairing W is the same as a
continuous homomorphism Gg — G3(A) that maps Gi to GY(A) by o — (0| 43,€0(0)72),
induces an isomorphism of Gg/Gx with G3/GY, and has multiplier 54_25 K/, where the
multiplier of a homomorphism to Gs is its composite with mult. It is called a prolongation.
Changing ¥ by a scalar conjugates it by an element of {1} x GL;(A4) [27, §1.5.1].
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Lemma 7.1. There is a perfect symmetric Z,-bilinear pairing v, on Z]?; satisfying (7.2)
for p (with ¢ = p); it is unique up to a unit. In particular p and p are polarized, and the
prolongation of p defined by W, lifts the prolongation of p defined by the reduction of V.

Proof. By (F4) there is a nondegenerate @p—bilinear pairing ¥, with (7.2): an isomorphism
= p'® Ep 2 sends y to the linear form U,(-,y). This isomorphism maps the lattice ZZ
onto a stable lattice of the dual, which by (F6) is a multiple of the dual lattice, and after
scaling ¥, is perfect on Zi. By Schur’s lemma it is unique up to a scalar. The pairing
(z,y) = VU,(y,r) also satisfies (7.2): replacing o by ¢ in (7.2) and using & = 1 and
gp(€0€) = g,(0) gives WU, ((€od)y, ox) = ,(0) 2¥,(y,x). So ¥,(y,z) = £V ,(z,y), and the
sign is + because a nondegenerate alternating form does not exist in odd dimension. (This
is the argument of the proof of [27, Lemma 1.5.3].) O

7.3. The residual representation is reasonable. Calegari, Emerton and Gee call a
representation G — GL3(FF,) reasonable if it is polarizable and odd, its restriction to G K(Cp)
is irreducible, ¢, ¢ K, and p > 2(3+4 1) = 8 [27, Definition 2.1.6].

Proposition 7.2. The representation p is reasonable.

Proof. 1t is polarized by Theorem 7.1; p > 17; and (, ¢ K. It remains to prove that /3|GK<<p)
is irreducible. The extension K((,)/K is cyclic of degree p — 1, since K N Q(¢,) = Q.
Suppose that ﬁ|GK( ) is reducible. By Clifford’s theorem it is a direct sum of irreducible
representations that are conjugate under G ; each occurs with multiplicity one, because
the quotient G /G (c,) is cyclic (a constituent extends to its stabilizer). As the dimension
is 3, there are three distinct conjugate characters, and p is induced from a character of
the subgroup of index 3 containing G (), that is, of Gk with K " the cubic subfield of

K((p)/K. Hence p = p®n for a character n of order 3 of Gal(K'/K). The extension K'/K

is totally ramified at v, so 7|, = égt(p_l)/?’][v.

Ford>1let g,4: I, — F; be a fundamental character of level d; so &, 1 = &,|7,, and

Eg’;_l)/(‘n_l) = £p1. By (F2) and Fontaine-Laffaille theory [57, Théoréme 5.3] (K, = Q,,
weights {0, 1,2}, p > 3), the semisimplification of p|;, is, up to replacing every character by
its inverse, one of

(1) 1& &1 ® &)1

(if) by @ b Phs @ ehs R it (ky, ko, ks)} = {0,1,2);

(i) &2 @ &% @ e & with @ = ki + kop + kap? and {k1, ko, ks} = {0, 1,2}.

This multiset of characters is stable under multiplication by 7|7,, which has order 3.
In case (i), n-1 € {l,ép,l,ézz)’l} forces (p—1)/3 = 0,41 or £2 (mod p—1), which is false for

—ko+pks

p > 13. In case (ii), £,% is not a power of &, 1, because ko +pks = ko —k3 # 0 (mod p+1);
1

so &, is the only character of level 1 in the multiset, and nék

P
3_
In case (iii), n = E;Eép V3 on 1, permutes the three characters cyclically, so (p — 1)z

or (p? — 1)z is congruent to +(p> — 1)/3 modulo p*> — 1. Put D = p* + p+ 1. The
first congruence says x = +D/3 (mod D). The second says (p + 1)z = £D/3 (mod D);
since (p+1)(—p) =1 (mod D) and p- D/3 = D/3 (mod D) (as 3 | p— 1), it also gives
x==4D/3 (mod D). But x = (k1 — k3) + (k2 — k3)p (mod D), a nonzero integer of absolute
value at most 2p + 2 < D/3. This is a contradiction. O

b= 54;11, which is false.
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7.4. Compatible systems. We recall the terminology of [27, §1.5.4] and [10, §5.1] for the
field K and rank 3. A compatible system R of three-dimensional representations of G with
coefficients in a number field M consists of a finite set of primes of K (the bad primes), a
monic cubic polynomial Qq(X) € M[X] for each prime q of K that is not bad, a continuous
semisimple representation
R,\: GK — GLg(M)\)

for each prime A of M, and a multiset H, of three integers for each embedding 7: K — M,
such that, if ¢ is the residue characteristic of A: for every q { ¢ that is not bad, R) is
unramified at g and R)(Frobg) has characteristic polynomial Qq; for q [ £, Ri[gy, is de
Rham, and crystalline if q is not bad, and the Hodge—Tate weights of Ry with respect to 7
are H,.. The system is regular if each H, consists of three distinct integers, and polarized
(and odd, with multiplier 56_25 K/Q) if every R is polarized in the sense of Section 7.2. It is
weakly irreducible if there is a set of rational primes ¢ of positive Dirichlet density such that
Ry, is irreducible for all \ | £ [27, Definition 1.5.10]. We regard M as a subfield of Q, with
M = Q, in such a way that the p-adic member R, of the system is the member at the prime
of M induced by ¢,, viewed over @p through ¢,.

Let pg: Gg — G3(F,) be the prolongation of p given by the reduction of ¥,. A polarized
component at 3 is an irreducible component of the generic fiber of the universal ring of
framed liftings of ﬁg]G@S to Gz with multiplier ¢, 25 k)@ and a fixed inertial type. The
prime 3 is ramified in K, and this is the case for which [27, §1.5.19] works with Gs-valued
liftings. A polarized component at p is an irreducible component of the generic fiber of
the universal ring of framed potentially semistable liftings of p|g,. —of a fixed inertial type
and fixed Hodge—Tate weights. As p splits in K, this is the same as a component for the
Gs-valued liftings at p [27, Lemma 1.5.20]. A polarized component C at p with distinct
Hodge—Tate weights is globally realizable [27, Definition 2.1.9] if there are a CM field F, a
regular, polarized and odd, weakly irreducible compatible system of representations of G
whose residual representation at p is reasonable, and a place of the maximal totally real
subfield of F' with completion @Q, at which the prolongation of the p-adic member of the
system has residual representation isomorphic to ﬁg|GQp and defines a point of C.

Theorem 7.3 (Calegari-Emerton-Gee). Let C3 be a polarized component at 3, and let C,,
be a polarized component at p with Hodge—Tate weights {0,1,2} which is globally realizable.
Then there is a regular, polarized and odd, weakly irreducible compatible system R = {R)}
of three-dimensional representations of Gg such that:

(1) the p-adic member Ry, is a lift of p, and it is unramified outside {p,v,v};
(2) the prolongation of Ry, restricted to Gqy, defines a point of C3, and Rp|gy, defines
a point of Cp.

Proof. This is [27, Theorem 4.2.11] (for components at places of the maximal totally real
subfield that are ramified in the CM field, see [27, §1.5.19 and Convention 1.5.22]) for the
CM field K, with maximal totally real subfield @Q, in dimension n = 3 (the theorem requires
n odd or n = 2), for the residual representation p with the character Ep 25 K/Q; the set of
places {3,p} of Q, and the lift e, 25 K/ of that character. Its hypotheses hold: p is polarized
and reasonable (Theorem 7.1, Theorem 7.2); the set {3,p} contains p and the primes at
which p or £, 25K /@ s ramified, by (F1); the character Ep 25 K/ 1s de Rham and unramified
outside {3, p}; a polarized component is given at each of the two places; and the component
at the place p is globally realizable, by hypothesis (in all uses below this is Theorem 7.5,
with the field of [27, Definition 2.1.9] equal to K).
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The place 3. At a place not above p of the set S of [27, Theorem 4.2.11], here {3, p},
that theorem asks only for a polarized component in the sense of [27, §1.5.19], where such
components are defined, following Bellovin and Gee, at every finite place of the maximal
totally real subfield, including the places that are inert or ramified in the CM field; global
realizability is asked only at the places above p. So C3 may be any polarized component at 3
(Section 7.4).

In the proof of [27, Theorem 4.2.11], a component at a place of S not above p is imposed
on auxiliary compatible systems by [27, Lemmas 4.2.3 and 4.2.4], and kept through the
component swapping and descent of [27, Lemmas 4.1.8, 4.2.1 and 4.2.9]. For such a component
these steps use two results of Bellovin and Gee, which allow at a place prime to p any
component of a Gs-valued lifting ring of fixed inertial type, also when the place is inert
or ramified in the CM field [13, §5.1]: global deformation rings with given components
at all places of S have Krull dimension at least one [13, Corollary 5.1.1], which is [27,
Proposition 1.5.24]; and, given a suitable potentially diagonalizably automorphic lift over a
CM extension, there is a lift on the given components [13, Theorem 5.2.1], which gives the lift
in [27, Lemma 4.2.3]. The latter result asks for potential diagonalizability, a notion defined
for GL,-valued liftings [10, §1.4], only at the places above p, which split in the CM field in
[27, Lemma 4.2.3]; and the finiteness of the deformation rings rests on [27, Lemma 1.5.27],
which passes to a base change in which every place of S splits [10, Lemma 1.2.3].

The theorem gives a regular, polarized and odd, weakly irreducible compatible system
together with a compatible system of characters of Gg whose p-adic member is €, 25 K/Q-
A compatible system of characters is determined by one member, so its member at A | £
is ;%6 k)0, and every R, is polarized in the sense of Section 7.2. Conclusions (1) and (2)
are those of [27, Theorem 4.2.11], read with [27, Convention 1.5.22 and Lemma 1.5.20]:
the p-adic member lifts p, is unramified outside the places above 3 and p, that is, outside
{p,v, v}, and lies on the given components.

A second proof. For the component C, of Section 7.5, the only one used below, the theorem
also holds without the component swapping of [27, §4.2]. As p splits in K and the points of
C, are potentially diagonalizable [10, Lemma 1.4.3 (2)], it follows from the lifting argument
of Bellovin and Gee [13, Theorem 5.2.1], written out in Theorem 12.21 for p = 2 (mod 3),
together with the proof of Theorem 7.4, as Theorem 12.23 shows. O

7.5. The two components. At p. By (F2), p|g,, is a point of the generic fiber of the
universal ring of framed crystalline liftings of p|g, ~with Hodge-Tate weights {0,1,2}. This
generic fiber is regular, and it is a union of irreducible components of the generic fiber of the
ring of semistable liftings with the same weights, namely those on which the monodromy
operator vanishes identically [13, Theorem 3.3.7 and the paragraph before it] (see also [78]).
Let Cp be its irreducible component through p|g,. . It is a polarized component at p, with
trivial inertial type, and every point of C, is crystalline. To show that C, is globally realizable
(Theorem 7.5), we first put p itself in a compatible system.

Lemma 7.4. The representation p is the p-adic member of a compatible system {pr} of
three-dimensional representations of Gk, with coefficient field M, C Q, which is regular,
weakly irreducible, and polarized and odd with the multipliers 5[25 K/Q: every py is polarized
in the sense of Section 7.2.

Proof. (1) The system. We apply [10, Theorem 5.5.1] to (p, egzéK/Q). Its hypotheses hold.
The field K is an imaginary CM field, ¢, ¢ K, and p > 17 > 2(3 + 1). The pair (p, 5;25[(/@)
is a totally odd, regular algebraic, polarized p-adic representation in the sense of [10, §2.1]:
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the pairing ¥, of Theorem 7.1 is symmetric and satisfies (7.2), and (e, %0k /) () = —1; p is
unramified outside the primes dividing 3pc, and de Rham with distinct Hodge—Tate weights
at v and v by (F2). It is potentially diagonalizable at v and v by [10, Lemma 1.4.3 (2)],
because K, = K3 = Qy, p is crystalline there and its weights lie in [0, p — 2]. And ﬁ‘GK(<p> is
irreducible (Theorem 7.2). The theorem puts p in a compatible system {p,} of representations
of Gk, with coefficient field M, C Q, which we embed so that p is the member at the prime
of M, induced by t): each py: Gk — GL3(M,) is semisimple, and there are a finite set
S of primes of K, which we take stable under c and containing the primes above 3p, and
polynomials Qq € M,[X] for q ¢ S, such that py is unramified at every q ¢ S prime to A and
pa(Frobg) has characteristic polynomial @Qq. Its Hodge-Tate weights are those of p, {0,1,2}
at both embeddings, so it is regular.

(2) Duality. For q ¢ S let Q3(X) € M,[X] be the monic polynomial whose roots are
the Ng?/a, o running over the roots of 4. Since €Froby ¢ is a Frobenius element at g
and ey(Froby) = N ¢!, the characteristic polynomials of p§(Frob,) and of (pY ® e, ?)(Frob,)
are Qg and (). For A the prime of p they are equal, because p° = PV ® Ep 2 (F4); so
Qi =Qqin M, [X], and by the Chebotarev density theorem and the Brauer—Nesbitt theorem
PS5 = p) ® 622 for every A, ¢ being the residue characteristic of A.

(3) Constituents. Fix X and write py = @ e 4 Vo with V,, irreducible. The V,, are pairwise
non-isomorphic, since the Hodge-Tate weights of p) at each embedding are distinct. By (2)
there is an involution a — o* of A with V2 V% ® 5[2.

(4) An automorphic restriction. By [10, Lemma 5.3.1 (1)] there is a finite Galois extension
K'/K such that, for every A\, o ~ px(c) induces an isomorphism of Gal(K'/K) with
G»/GY, where G, is the Zariski closure of p)(Gk) and GY its identity component. Apply
[10, Theorem 4.5.1] with F' = Fy = K, the single representation (p, 6525[(/@) (its hypotheses
were checked in (1)), an isomorphism 2: @p — C, and F@void) — K1 there are a finite
CM extension F'/K, Galois and linearly disjoint from K! over K, and a regular algebraic,
cuspidal, polarized automorphic representation (m,x) of GL3(Aps) in the sense of [10,

§2.1] with (rp, (), mp.(x)e, %) = (p|GF/7Ep_25K/Q|G(F/)+)' For each A fix an isomorphism

ja: My — C inducing 7 0 ¢, on M,. Both pylg,, (as F'/K is Galois) and 7y, (7) are
semisimple. At a prime w of F’ at which 7 is unramified, above a prime q ¢ S of K
prime to £p, both py(Frob,,) and ry ;, (7)(Frob,,) have as characteristic polynomial the image
under j; ' of that of rec(m,, ® | det|~!)(Frob,): for 7/, (7) by [10, Theorem 2.1.1 (2)], and
for py because its characteristic polynomial is given by the same polynomial over M, as
that of p(Froby) = rp,(m)(Froby). So pilg,, = 7, (7) by the Chebotarev density and
Brauer—Nesbitt theorems. Likewise 7/, (x) = 5K/Q|G(F’)+: this holds for ¢ = p, so x has
finite order, and the r; ;(x) form a compatible system of characters.

The Zariski closure H)y of p)(Gp») has finite index in G, so it contains Gg; and G maps
onto Gal(K!/K) = G,/GS. So Hy = G,. Hence each V,, is irreducible as a representation
of Gps, and V,, 2 V3 as representations of Gps for a #  (a map commuting with py(Gpr)
commutes with Hy = G)). As F' is a CM field, ¢ normalizes G, so the same holds for the
Vg and the Vy @2,

(5) The pairing. For a closed subgroup H C G normalized by ¢, let By be the space of
bilinear forms ¥ on the space of py with ¥(oz, (€0¢)y) = e¢(0) 2V (z,y) for 0 € H; sending
U to y > U(-,y) identifies By with Homp (p$, pY ® £, 2). By (3), (4) and Schur’s lemma,
Hompg (V, Vﬁv ® 6;2) has dimension 1 if § = o* and 0 otherwise, both for H = G and
for H = Gpr. So Bg, C Bg,, have the same dimension |A[, and they are equal. By [10,
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Theorem 2.1.1 (1)] and the definitions of [10, §2.1], (/’/\|GFHE£_25K/Q|G(F/)+) is a totally odd

polarized representation: taking for the complex conjugation at an infinite place of (F’)"
the element ¢, which lies in G g+, there is a nondegenerate symmetric & € Bg,,. As
Ba,, = Ba,, ® satisfies (7.2) for all 0 € Gk, and py is polarized.

(6) Weak irreducibility. By [92, Theorem 1.7] there is a set L’ of rational primes of positive
Dirichlet density such that r, () is irreducible for every ¢ € L' and every j. For A above
tel, pA\GF, is irreducible, hence so is py. ]

Lemma 7.5. The component C, is globally realizable.

Proof. By Theorem 7.4, ({px}, {e; %0x /0}) is a regular, polarized and odd, weakly irreducible
compatible system of representations of Gg. Its residual representation at p is p, which
is reasonable (Theorem 7.2); the prolongation of p defined by ¥, (Theorem 7.1) has
multiplier €, 25 K/Q, Whose restriction to Gg, is the multiplier of C,; and the restriction
of this prolongation to Gq,, at the place p of Q, lies on C, by the definition of C, ([27,
Lemma 1.5.20], as p splits in K). These are the conditions of [27, Definition 2.1.9] with
F=K. O

At 3. The prolongation of p defined by ¥, (Theorem 7.1), restricted to Gg,, is a lifting
of [)g|GQ3 with multiplier &, 25k /- Let C3 be any irreducible component through it of the
generic fiber of the lifting ring of its inertial type.

Lemma 7.6. Let p': Gg, — GL3(Z,) be a continuous representation whose reduction,
restricted to I, is k|1, times a unipotent representation. Then there is a nilpotent matriz N
such that p'(0) = k(o) exp(tp(o)N) for all o € I,. In other words, WD(p') = (¢, N) with
@1, = kl1,, a scalar. (The proof uses only that p ¢ {2,3,13}.)

Proof. Let I C Iy be the wild inertia subgroup, a pro-3 group. The kernel of reduction is a
pro-p group and p # 3, so p (I;V ) maps isomorphically onto its reduction R(Igv ), of order 1
or 3 (a unipotent representation over F), is trivial on a pro-3 group). An element of order
dividing 3 of GL3(Z,) whose reduction is a scalar is a scalar, since its eigenvalues lie in u3,
which injects into the residue field. So p’ ® k™! is trivial on LY. Let g be the image under
p' ® k™1 of a topological generator of the tame inertia group. Its reduction is unipotent, so
its eigenvalues are congruent to 1. The residue field of K, has three elements, so a Frobenius
element conjugates the tame inertia group by o — a3i1; hence g is conjugate to g3, the
multiset of eigenvalues of g is stable under ¢ — ¢3, and each eigenvalue satisfies t> ~! = 1 for
some j € {1,2,3}: its order divides 2, 8 or 26. A root of unity congruent to 1 has p-power
order, and pt2-8-26 = 2° - 13 (this is where p # 2,13 is used). So g is unipotent, the
closure of the group generated by ¢ is {exp(xN) : « € Z,} with N = logg, and the tame
inertia group acts through its quotient Z,(1). O

7.6. The system and its p-adic member. From now on, R = {R)} denotes a compatible
system given by Theorem 7.3 for the component C, of Section 7.5 (Theorem 7.5) and some
polarized component at 3. Unless said otherwise the component at 3 is C3. Let M C Q be
its field of coefficients. Its p-adic member R, has the following properties.

(P1) R, is a lift of p and is unramified outside {p,v,v}.
P2) R, is crystalline at v and v with Hodge—Tate weights {0, 1,2}. Hence H, = {0,1,2
P
for both embeddings 7 of K.
(P3) Rylr, =k ®@exp(t,N) for a nilpotent matrix N.
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Indeed (P1) is Theorem 7.3 (1). For (P2): Rp|g,, defines a point of Cp, all of whose points
are crystalline with weights {0, 1, 2}; and R, = RX e, 2 which turns the weights h at v
info the weights 2 — h at v. For (P3): apply Theorem 7.6 to Ry|c, , using (7.1). (P3) holds
for every lift of ﬁ\GKp; the choice of the component at 3 only decides whether N can be zero
(Theorem 9.5).

7.7. What the other members inherit.

Lemma 7.7. Let R = {R)} be a regular, polarized and odd, weakly irreducible compatible
system of three-dimensional representations of G, with coefficient field M (for instance
a system given by Theorem 7.3), and let q be a prime of K. There are an embedding
1qg: M — C and a Weil-Deligne representation Wy of Wi, over C such that

. F-ss ~,
J WD (R>\|GKq) =W,

for every prime A of M, including those above the residue characteristic of q, and every
isomorphism j: My — C that restricts to 1 on M. (For X above the residue characteristic
of q, WD s Fontaine’s Weil-Deligne representation of the de Rham representation R>\|qu .)
In particular:

(a) if Ry, is unramified at q for some prime Ao of M not above the residue characteristic
of q, or crystalline at q for some \g above it, then Ry is unramified at q for every A
not above the residue characteristic of q, and crystalline at q for every \ above it;

(b) the restrictions to Iy of the Weil-Deligne representations of the RA\GKq correspond
to one another under isomorphisms of their coefficient fields that are the identity on
M, and their monodromy operators have the same Jordan type.

Proof. Let r be the residue characteristic of q. By [27, Theorem 2.1.16], applied to R, its
compatible system of multipliers {e, %5 k/o) and the set {r} of places of Q, there is a finite
Galois extension F'/K of CM fields such that r splits completely in its maximal totally
real subfield (F")* and the restriction of R to G is automorphic [27, §1.5.4]: there are a
regular algebraic, cuspidal, polarized automorphic representation (Il', x’) of GL3(Ag/) in
the sense of [10, §2.1] and an embedding 2q: M — C such that, at almost all primes w of
F', TI, is unramified and rec(Il’, ® | det |~!)(Frob,,) has as characteristic polynomial the
image under 14 of that of the Ry(Frob,,) [10, §5.1]. Let X be a prime of M, ¢ its residue
characteristic, and j: My — C an isomorphism restricting to 1g on M. Both RA\GF, (as F'/K
is Galois) and the representation 7y ;(II') of [10, Theorem 2.1.1] are semisimple, with the
same characteristic polynomials of Frobenius at almost all primes, by [10, Theorem 2.1.1 (2)];
so Ry|g,, = r;(IT') by the Chebotarev density and Brauer-Nesbitt theorems. Let y be a
place of F’ above q, and y™ the place of (F')" below y. As r splits completely in (F’)", the
completion of (F')* at y* is Q,; as F' = (F')* K, the completion F} is generated over it by
K, so Fé = K, for every choice of y. Hence y™ is split, inert or ramified in F’ as q is over
r; for q = p it is ramified. Put Wy = rec(IT}, ® | det |=1).

If ¢ # r, then jVVD(R>\|GF?;)F'Ss = Wy by [10, Theorem 2.1.1 (2)], which is stated for a

regular algebraic, cuspidal, polarized pair in the sense of [10, §2.1] over a CM field, and
for every place of that field not above £. If ¢ = r, the same isomorphism, monodromy
operators included, is the second assertion of [9, Theorem 1.1], applied to F’, (II', x), j and
the place y.

That theorem concerns an imaginary CM field ', a RAECSDC (regular algebraic, essen-
tially conjugate self-dual, cuspidal) pair (II, x) of GL,,(Ar), an isomorphism j: Q, — C,
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and every place x | £ of F', with no condition on the behavior of z in F//FT. For every weight
it gives j WD(rg;(I)|g,,, )F™5 < rec(Il ® |det |1=m)/2): the two sides have isomorphic
semisimplifications, but the Jordan type of the monodromy operator of the left side may be
smaller, in the dominance order, than that of the right side. For Shin-regular weight it gives
FWD(re;(I1)|ap, )7 = rec(Il, @ | det |(1=m)/2) " monodromy operators included. By the
definition in [9, §1], every weight is Shin-regular when m is odd (when m is even, a condition
on the weight is required), so for m = 3 the isomorphism holds. For every m > 2, every
CM field and every place above ¢, the isomorphism with no condition on the weight is [28,
Theorem 1.1], stated for cohomological conjugate self-dual IT (one reduces to these by a twist,
as in the proof of [9, Theorem 2.1]); that paper proves the case of even m and refers to [8, 9]
for odd m [28, §1], so for m = 3 it is not an independent source. The monodromy operator
is needed when (a) is applied at the primes above p (Theorems 7.8 and 10.4), where that
of Wy must vanish, and when (b) is applied at p to the members above 3 (Theorem 10.5),
where it must be regular.

A regular algebraic, cuspidal, polarized pair in the sense of [10, §2.1], such as (Il, x/),
is RAECSDC (the definition of a polarized pair asks in addition that y,(—1) = (—1)™
for x | 00), and the two papers attach to it the same representation ry;(Il'), both being
semisimple with the characteristic polynomials of Frobenius given by II' at almost all places.
The proof of [9, Theorem 1.1] treats a place that does not split over the maximal totally real
subfield by passing to a solvable CM extension in which the place splits completely, so that
its completion does not change, and in which the places above ¢ of the maximal totally real
subfield split [9, proof of Theorem 3.1 and Corollary 3.2], [8, §7]. As F = K, this gives the
isomorphism when ¢ = r, whether q is split, inert or ramified in K; all three cases occur
(QE{’U,@},C[:50,C|:]J). o

For (a): a representation of Gk, over M, with £ # r, is unramified if and only if its Weil-
Deligne representation is unramified with zero monodromy, and a de Rham representation of
Gk,, with £ = r, is crystalline if and only if its Weil-Deligne representation is unramified with
zero monodromy [55]. For (b): Frobenius semisimplification changes neither the restriction
to inertia nor the monodromy operator. O

/

Proposition 7.8. Let A be a prime of M of residue characteristic £ ¢ {3,p}.

(M1) Ry is unramified outside p and the primes of K above .

(M2) Ry is crystalline at the primes of K above ¢, with Hodge—Tate weights {0,1,2} for
each embedding of K.

(M3) Ryl1, = kx ® exp(teNy), where rx: Iy — ug C My is k|1, or its inverse (after an
identification of the groups ps of the two coefficient fields), and Ny is a nilpotent
matriz of the same rank as the matrix N of (P3).

Moreover, for every prime q 1 3pl of K, the characteristic polynomials of Ry(Frobg) and of
R, (Frobg) are the images of the same polynomial Qq € M[X].

Proof. Apply Theorem 7.7, comparing Ry with R,,.

(M1) and the last assertion: at a prime q { 3p¢, R,, is unramified by (P1), so Ry is unramified
at q. For every isomorphism j: M) — C restricting to 1q on M, j maps the characteristic
polynomial of Ry(Frob,) to that of W,(Froby). Composing j with the automorphisms of C
that fix 2q(M) shows that the coefficients of the latter lie in 14(M) (the fixed field in C of
the automorphisms fixing a subfield % is k); so the characteristic polynomial of Ry (Frobg)
is the image of Qg = 1, (char Wy (Frobg)) € M[X], the same polynomial for every A. So q
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may be removed from the bad primes, which gives the last assertion; the same argument
applies to R,. At q € {v,v}, R, is crystalline by (P2), so Ry is unramified at q.

(M2): at q | ¢, R, is unramified by (P1), so R) is crystalline at q, with the weights H, of
(P2).

(M3): take q = p. By (P3), the Weil-Deligne representation of Rp\ng restricted to I, is
the scalar character k, with values in ug, and its monodromy operator is conjugate to V;
so by Theorem 7.7 (b) the same holds for Ry, with x replaced by its image x) and N by a
nilpotent matrix Ny of the same Jordan type. For an f-adic representation the restriction to
inertia is recovered from the Weil-Deligne representation (¢, Ny) as o — ¢(o) exp(t;(o)Ny)
(Section 2). O

7.8. Irreducibility of the members. Weak irreducibility says nothing about a given
member. The test at the primes above 7 that gave the irreducibility of p does.

Proposition 7.9. Let X be a prime of M of residue characteristic £ ¢ {3,7,p}. Then Ry is
irreducible.

Proof. Ry is semisimple. If it is reducible, it has a one-dimensional summand 0: Gx — M;
By Theorem 7.8, § is unramified outside p and the primes above ¢; 0|7, = s (a unipotent
element acts trivially on a stable line), which has order dividing 3 and is trivial on 1 + p? by
(F3); and 6 is crystalline at the primes above ¢, with Hodge-Tate weights k, k¥’ € {0, 1,2}
at the two embeddings of K. A crystalline character of G is the A-adic realization of an
algebraic Hecke character [100, Chapter III, Appendix and §2.3, Theorem 2; Chapter II,
§2], here of conductor dividing p? and of infinity type (k,k’): there are an embedding
7: K — M) and a character g of (O/p?)*, of order dividing 3, with

0(Frob(,)) = 7 (no(x) z* ik/) for all x € O prime to 3.

(Here Frob(,) denotes the product of the Frobg“(z) over the primes q dividing z, in the
abelianized Galois group, and we regard 7y as a character with values in u3 C K.) The right
side must be 1 for x € ug. As pg — (O/p?)* is an isomorphism, this gives 179(¢) = ¢k =k
for ( € pg; since no(—1) = 1, k = k' (mod 2), so (k,k’) lies in the set T of the proof of
Theorem 6.2, and x + no(x)a;k:ik/ is one of the five Hecke characters ¢ 0,0y, ¥(1,1), ¥(2,2)5 (R
of that proof. Complex conjugation of the values permutes these five characters, and replacing
7 by 7o c in the display replaces the character by its complex conjugate. So we may take
for 7 the restriction to K of an embedding M — M that is the identity on M, and there is
) among the five such that, for every prime q{ 3¢ of K, the element ¥(q) € K C Q = M is
a root of the polynomial Q4 of R.

Take q € {I,[}; this is allowed because ¢ # 7. By Theorem 7.8, ¢,(¢)(q)) is an eigenvalue
of R,(Froby), so its reduction is an eigenvalue of p(Frob,), because R, lifts p (P1). By (F5),
P, (fq_ld)(q)) lies in the prime P of O induced by ¢, for both q = [ and q = [. As in Step 4
of the proof of Theorem 6.2, this gives (k, k') € T and (3, (s € ps with (6.1), which Step 5
of that proof excludes for p > 17. O

Remark 7.10. Properties (M1)-(M3) alone do not exclude a reducible system: in the
unramified case with N = 0 they are satisfied by the system with members 1 & &?Zl @ EZQ.
The proof excludes such systems using only that ¢(q) is an eigenvalue of Frobenius at the
two primes above 7, that is, the congruence with p there.
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8. THE MEMBER AT 5: RAMIFICATION, DISCRIMINANTS, GROUPS AND FIELDS

The members above 5 of a compatible system as in Section 7.6 are crystalline at 5 with
Hodge—Tate weights in the Fontaine—Laffaille range, which bounds the ramification of their
reductions modulo 5 (Theorem 8.2). With this bound, the lower bounds for discriminants,
the facts on finite groups and the class numbers given below, Section 9 shows that their
monodromy at p is not zero (step (1) of Section 1.5). The root discriminant of a number
field L of degree n and discriminant dy, is rd(L) = |dz|'/™. Upper ramification groups GY
(y > —1 real) are numbered as in [101, Chapitre IV]; so GY = 1 for y > 0 in a tamely
ramified extension.

8.1. Notation. From now on in this part, A is a prime of M above 5 and R = R). The
prime 5 is inert in K. The completion of K at 5 is Qo5, the unramified quadratic extension
of Qs, and Gg,, C Gk is a decomposition group at 5. Let E C M) be a finite extension
of Q5 over which R is defined, with ring of integers O, maximal ideal mg and residue
field Fg. A stable lattice is a G g-stable Og-lattice A in the space of R, and its reduction
is Ry = A/mgA, a representation of Gx over Fg. The semisimplification R™ of Ry is
independent of A. We enlarge E when needed, so that every constituent of R is absolutely
irreducible and E contains Qss.

As 5 ¢ {3,7,p}, Theorems 7.8 and 7.9 apply: R is irreducible, and it has the properties
(M1)-(M3). By (M3) there is a unipotent automorphism U of the space of R, the image
under R ® K,Xl of a topological generator of the tame inertia group at p, such that every
o € I, acts by k(o) U9 where t5(c) € Zs is defined by that generator. The representation
R is polarized (Section 7.2): there is a nondegenerate symmetric pairing ¥ on its space with
U(ox, (€ot)y) = e5(0) "2 (z,y); in particular RS = RY @ 5 2.

8.2. Ramification.

Theorem 8.1 (Fontaine; Abrashkin). Let ¢ be a prime, F a finite unramified extension of
Qp¢, and h an integer with 0 < h < £ — 2. Let V be a crystalline representation of Ggp on
a finite-dimensional Qg-vector space with Hodge—Tate weights in [0, h], and let T' C T be
Gp-stable Zy-lattices in V with (T C T'. Then the ramification groups G%, y > h/({ — 1),
act trivially on T/T".

This is [1, §2, 8.1] (generalized in [2, Theorem 2.3]); for h = 1 it is Fontaine’s theorem
on finite flat group schemes [53]. It is also established in the course of the proof of
[54, Théoreme 2], and [69, Theorem 2.19, Corollary 2.13 and §4.4] gives a proof (there
GU) = @7 ~1). The convention for the sign of the weights does not matter, and the interval
[0, h] may be replaced by any interval of length h: twisting V' by a power of e, twists T/T’
by a power of &, which is tamely ramified and so trivial on G%. for y > 0.

Proposition 8.2. Let A be a stable lattice and © a subquotient of the F|G]-module Ry.

(a) The ramification groups Gé%, y > 1/2, act trivially on ©.

(b) U stabilizes A; let Ug be the automorphism of © that it induces. It is unipotent,
of order 1 or 5, and o € I, acts on © by /%,\(J)Ug’(g). So the image of I, in the
projective linear group of © is generated by the image of Ug; it is tame, of order 1
or 5.

(c) © is unramified outside {p,5}.
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(d) Let L/K be a finite Galois extension contained in the field cut out by the projective
representation attached to O, let e, € {1,5} be the order of its inertia groups at p,
and let 5™ be the order of its wild inertia groups at 5. Then

I'd(L) < 31*1/(26‘,) . 51+(1,5—m)/2‘

In particular rd(L) < 3Y/2.5%/2 jfe, = 1; vd(L) < 3'/2.57/% if e, =1 and 251 [L : K];
and rd(L) < 3Y2.5 if e, =1 and 51 L : K].

Proof. (a) By (M2), R|GQ25, viewed as a representation over Qs, is crystalline with Hodge-
Tate weights in [0,2], and A D mgA D 5A are Gg,,-stable Zs-lattices in it. Apply Theorem 8.1
with £ =5, FF = Qg5 and h = 2 < / — 2: the groups Gézs with y > 2/4 act trivially on
A/mgA, hence on ©.

(b) U = R(00)kr(00) ! for some oq € I, so U stabilizes A; as (U — 1)? = 0, its reduction
satisfies (U — 1)° = U® — 1 = 0. The character &, is a scalar, and the wild inertia group at
p, a pro-3 group, acts through it.

(c) is (M1).

(d) By (c), L is unramified outside {3,5}. The primes of L above 3 are conjugate, and
so are those above 5. At 3, L/Q is tamely ramified with ramification index 2e,, which
contributes 3'71/(2¢) to rd(L). At 5, let A5 C Gal(L/K) be a decomposition group, with
ramification groups AY in the upper numbering. Since Q25/Q5 is unramified, the exponent
of 5 in rd(L) is the valuation, normalized by v(5) = 1, of the different of the corresponding

extension of Q95, which is
0 1
1———)d
/—1 ( Wé\) Y

([101, Chapitre IV, §1, Proposition 4] and the definition of the upper numbering). By
(a), AY = 1 for y > 1/2; for y > 0, A! is contained in the wild inertia subgroup, of
order 5™; and for —1 < y < 0 it is the inertia subgroup A2. So the exponent is at most
(1-1/|A)+31-5"")<1+3(1—5"). If25¢4[L: K] then m < 1, and if 51 [L : K]
then m = 0. (]

8.3. Lower bounds for root discriminants. Let L be a number field of degree n with r;
real places, and let ®: R — R be an even, twice continuously differentiable function with
compact support and ®(0) = 1. Put

L 1 —B(a) , [ 1-9(x)
R A e R Ll ST

(®) = /0 ~ ®(x) cosh(z/2) dx,

and ®(s) = [ ®(x)es=1/2)% gz, Weil’s explicit formula, in the form given by Poitou [93,
pp. 6-06 and 6-07, formula (6)] (see also [91, §2]), reads

log|dy| = n(y +log87) + 15 — nLi(®) = r11}(®) — 41(P)

+Z(/I\)(Q) +2> ) lOgNttl)(mlogNt), (8.1)

m/2
T Nt

where v is Euler’s constant, ¢ runs over the zeros of the Dedekind zeta function (7, with
0 < Rep < 1 (the sum being the limit of the sums over |Imp| < x as z — o0), and ¢
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runs over the prime ideals of L. If & > 0 the last sum is nonnegative, and if moreover
> o Re®(0) > 0 we get

logrd(L) > -+ logsn + (5 — 1{(®)) ~ 1,(2) - % L(®). (8.2)

Let ®o(z) = (1 — |z|) cos(rz) + L sin(n|z|) for |z| < 1 and ®g(z) = 0 for |z| > 1 [93, (9)]. It
is twice continuously differentiable and nonnegative, and it is twice the convolution square
of the function equal to cos(rz) on [—3, 3] and to 0 elsewhere, so its Fourier transform is
nonnegative. For b > 0 we use the test function ®(x) = ®g(x/b)/cosh(z/2). For a zero
0 = B+ it, Re®(p) is the Fourier transform at ¢ of ®q(z/b) cosh((5 — 3)z)/cosh(z/2), a
product of two functions with nonnegative Fourier transforms (that of cosh(ax)/cosh(x/2),
for || < 3, is 4m cosh(nt) cos(ma)/(cosh 27t + cos 2ma)); so it is nonnegative, and (8.2)
holds unconditionally [93, Proposition 5]. Here Io(®) = 4b/72. For fixed b, and for r; = 0 or
r1 = n, the right side of (8.2) increases with n. This is the method of Odlyzko. For totally

complex fields the supremum over b and n of these bounds is 4me? < 22.39.

Proposition 8.3. Let L be a totally complex number field of degree n. If n > 18 then
rd(L) > 9.2709; if n > 120 then rd(L) > 16.9886; if n > 2002 then rd(L) > 21.4136. On the
other hand

31/2.5 < 8.6603, 3172 . 57/5 < 16.4862, 31/2.53/2 < 19.3650.

Proof. The right side of (8.2), with r; = 0, was evaluated with certified error bounds
(Appendix A, item C4) at (n,b) = (18, %), (120,13) and (2002, 36); any b > 0 is admissible,
and these values of b are close to optimal. The exponential of each value exceeds the number
stated, and the bounds increase with n. [l

The proof of Theorem 9.3 needs these bounds for [L : Q] > 18, [L : Q] > 120 and
[L : Q] > 7200; in the last case any degree up to 7200 at which the bound exceeds 19.3650
would serve, and 2002 is one.

The exponent 3/2 at 5 in Theorem 8.2 (d) is what makes the method work: 3'/2 . 5%/2 <
19.37 lies below the supremum 4me” of these bounds. A crystalline representation with
Hodge—Tate weights in an interval of length 3 is still covered by Theorem 8.1 at ¢ = 5, since
3 < /¢ —2, but only for y > 3/4. The argument of Theorem 8.2 (d) then gives the exponent
1+ % = Z at b in place of %, and 3%/2.57/4 > 28.9, far above that supremum.

8.4. Finite groups. For a finite group A, O5(A) is its largest normal 5-subgroup.

Lemma 8.4. Let d € {2,3} and let A C PGLy(F5) be a finite subgroup whose preimage in

GL4(F5) acts irreducibly on Fg. If 5 divides |A|, then A has no nontrivial abelian normal
subgroup. In particular A is not solvable, |A| > 60, and Os5(A) = 1.

Proof. Let A C SL4(F5) be the preimage of A; it is finite and irreducible. Let A # 1
be an abelian normal subgroup of A and A its preimage, a normal subgroup of A whose
commutator subgroup lies in the center pg; so A is nilpotent. By Clifford’s theorem the

restriction of F@f to A is semisimple and A permutes its isotypic components transitively. As
d is prime there are three cases. ~ )

(i) There are d components. They are lines, A permutes them, and the kernel of A — Sy
consists of diagonal matrices, so its order is prime to 5; as |Sg| divides 6, 51 |A].

(ii) There is one component, a multiple of a character. Then A consists of scalars and
A=1.
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(iii) A acts irreducibly. The Sylow 5-subgroup of the nilpotent group A is normal in A;
its fixed vectors form a nonzero A-stable subspace, which is therefore the whole space, so
this Sylow subgroup is trivial. An irreducible representation of a nilpotent group of order
prime to 5 is a tensor product of irreducible representations of its Sylow subgroups, whose
degrees are powers of the corresponding primes. As d is prime, the Sylow d-subgroup acts
irreducibly and the other Sylow subgroups act by scalars. Scalars of order prime to d in
SL, are trivial, so A is a d-group. Its center consists of scalars, so it is pg, and A/ pg = A
is abelian. The character of a faithful irreducible representation of such a group vanishes
outside the center, so d? = [A : ug] = |A|; and A is not cyclic, since otherwise A would be
abelian. So A = (Z/d)?. An element = of GL4(F;5) whose image commutes with A satisfies
xqr—t = n(q)q for q € A, with 1 a character of A with values in pg; the commutator pairing
identifies A with the group of such characters, so z differs from an element of A by an
element commuting with A, a scalar. Hence A is its own centralizer in PGLg(F5), and A/A
embeds in Aut(A) = GL2(Z/d), of order 6 or 48. So |A| divides 24 or 432, and 51 |A|.

Each case contradicts 5 | |A| or A # 1. A nontrivial solvable group has a nontrivial
abelian normal subgroup (the last nontrivial term of its derived series), and the smallest
non-solvable group has order 60. Finally, if O5(A) # 1 its center would be a nontrivial
abelian normal subgroup. O

Lemma 8.5. The following statements on finite groups hold.

(a) A finite group with no nontrivial abelian normal subgroup and of order divisible by
25 has order at least 3600.

(b) A finite subgroup of PGL3(F5) whose preimage in GL3(F5) is irreducible has order
at least 9.

(c) A finite subgroup of PGLa(F5) of order prime to 5 whose preimage in GLa(F5) is
irreducible is dihedral of order 2m > 4, or isomorphic to Ay or Sy.

Proof. We use two standard facts. First, if a finite group A has no nontrivial abelian normal
subgroup, then its socle is a direct product of non-abelian simple groups and has trivial
centralizer, so A embeds in the automorphism group of its socle. Second, the non-abelian
simple groups of order less than 3600 are A5, PSLa(F7), Ag, PSLao(Fs), PSLa(F11), PSLa(F13),
PSLa(Fy7), A7, PSLa(F19), of orders 60, 168, 360, 504, 660, 1092, 2448, 2520, 3420, and
their automorphism groups have orders 120, 336, 1440, 1512, 1320, 2184, 4896, 5040, 6840
[34]; none of these is divisible by 25.

(a) If the socle has at least two simple factors, its order is at least 60?; if it is a simple
group S of order less than 3600, then |A| divides |Aut(S)|, which is not divisible by 25.

(b) If the order of the group is prime to 5, the representation of its preimage A in SL3(F5)
lifts to an irreducible representation in characteristic 0, of degree 3, and 9 < [A : sl
Otherwise Theorem 8.4 gives order at least 60.

(c) The preimage in SLa(F5) has order prime to 5, so it lifts to characteristic 0, and the
group is isomorphic to a finite subgroup of PGLo(C): cyclic, dihedral, A4, Sq or As. A cyclic
group has an abelian, hence reducible, preimage, and |As| is divisible by 5. [l

8.5. Class numbers and abelian extensions.

Lemma 8.6. The following statements hold.
(a) The fields K, K(v/5) and K((5) = Q(¢15) have class number one.
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(b) The abelian extensions of K of degree prime to 5 that are unramified outside 5 are
K, K(v/5) and K(C5); and Gal(K(¢5)/K) = Z /4.

(c) An abelian extension of K (\/5) of degree prime to 5 that is unramified outside 5 has
degree at most 2 over K(1/5).

Proof. (a) The three fields are totally complex, of degrees 2, 4, 8 and discriminants —3,
32 .52, 3%. 5% so their Minkowski bounds are smaller than 1.11, 2.28 and 7.11. No prime
ideal has norm below the bound: in K(/5) the primes above 2 have norm 4 (2 is inert in K
and in Q(v/5)); in Q({15) the primes above 2, 3, 5, 7 have norms 16, 81, 25, 2401. So every
ideal class contains the unit ideal.

(b) Such an extension is tamely ramified at the prime 50, so its conductor divides 5O. As
K has class number one, no real place and unit group ug, the ray class group of conductor
50 is F55 /e = Z /4. The extension K ((5)/K is abelian of degree 4, unramified outside 5 and
tamely ramified, so it is the ray class field, and its subextensions are the three fields named.

(c) The field K(+/5) has one prime 9 above 5, with residue field Fo5, and the conductor
of the extension divides Q. By (a) the ray class group of conductor £ is the quotient of
FJ5 by the image of the units. The image of —w has order 6, and the image of (1 + /5)/2
is 1/2 = 3, of order 4; together they generate a subgroup of order 12 of the cyclic group
FJ;. The image of the full unit group contains this subgroup, so the quotient has order at
most 2. g

9. THE REDUCTIONS MODULO 5

In the notation of Section 8.1, this section carries out step (1) of Section 1.5: the
monodromy at p of every member above 5 of a compatible system as in Section 7.6 is not
zero (Theorem 9.3), and so p([p) is not contained in the scalar matrices (Theorem 9.5).

9.1. Constituents. We use Fontaine-Laffaille theory [57] in the normalization of [10, §1.4],
for the unramified extension Qq5/Q5 with ring of integers Zss. Let MF be the category of
finite Zgs ®7z, Op-modules D with a decreasing filtration by submodules Fil’ D that are direct
summands over Zos, with FilD = D and Fil* D = 0, and with Frobenius-semilinear maps
@it Fil'D — D such that @;|pgi+1p = 5pir1 and 3; ¢;(Fil' D) = D. There is an exact, fully
faithful, covariant, Og-linear functor T from MF to the category of finite Og-modules with
a continuous action of Gg,;, whose essential image is closed under subobjects and quotients.
For an object D killed by mg and an embedding 7: Qo5 — E, the jumps of D at 7 are
the integers i such that the 7-component of Fil' D/ Fil**! D is nonzero, counted with its
dimension over Fg. If D is torsion-free, then T(D) ® Q5 is crystalline and its Hodge-Tate
weights at 7 are the jumps of D/mgD at 7; and every Gg,,-stable lattice in a crystalline
representation with Hodge—Tate weights in [0, 3] is in the image of T. An object killed by
mpg that has a filtration by subobjects with graded pieces of rank one over Fo5 ® Fg is the
reduction of a torsion-free object with a filtration lifting the given one [10, Lemma 1.4.2].
Let 7,7’ be the two embeddings of Qo5 in E.
Recall the set of types T = {(0,0),(1,1),(2,2),(0,2),(2,0)} of Section 6.

Lemma 9.1. Let A be a stable lattice.
(i) EA|G@25 = T(D) for an object D whose jumps are {0,1,2} at 7 and at 7'. Every

subquotient of RA‘G@% is the image under T of a subquotient of D, and jumps are
additive in exact sequences.
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(i) Let 0: G — F be a one-dimensional constituent of R, and let (k, k') be its jumps
at (1,7). Then (k,k') € T. In the unramified case, k = k' and = &5". In the
ramified case, either (k,k") = (0,2) for all such 8, or (k,k') = (2,0) for all such 6.

(iii) R™ is a sum of three characters only in the unramified case, and then R =

1& 551 & 552’ three distinct characters.

(iv) Let © be a subquotient of Ry that is an extension of égj, j €{0,1}, by a subrepre-
sentation isomorphic to 552. Then © is split as a representation of Gq,s-

Proof. (i) By (M2), A is a lattice in a crystalline representation with Hodge—Tate weights
{0,1,2} at both embeddings, so A = T(D); by exactness and full faithfulness D is torsion-free,
Rp = T(D/mgD), and the jumps of D = D/mgD are the Hodge Tate weights. The rest
follows from the properties of T and the strictness of morphisms in MJF with respect to the
filtrations.

(ii) By (i), G\G@% is the image of an object of rank one with jumps k, k¥’ € {0, 1,2}, which
lifts to a torsion-free object, so GIG@% is the reduction of a crystalline character with Hodge—
Tate weights (k,k"). On the inertia group, identified with ZJ; by local class field theory,
such a character is x + 7(2)**7/(2)**' | s0 0 is x> 7(z)EFF5%) there, where 7(x) € F) is
the residue class of 7(x), and the sign is fixed by the normalizations. By Theorem 8.2, 0 is
unramified outside {p,5}, and 6|;, = ky. Let 0, be the character of Oy attached to 8|, by
class field theory. Its order divides 3. The idele class character of 8 is trivial on ug C K*,
50 0, (C) 7(C)*F+5%) = 1 for ¢ € pg. For ¢ = —1 this gives (—1)** =1, so (k, k') € T. For
¢ =w it gives fy(w) = ?(w)i(k*k/), because w® = w™!. In the unramified case 6, is trivial,
so k = k' modulo 3 and modulo 2, hence k = k'; then 6z is unramified at 5 (all crystalline
characters with the same Hodge-Tate weights agree on inertia), at p and everywhere else, so
it is trivial, because K has class number one. In the ramified case 6, is a character of order
3 of Oy /(14p*) = pe (by (F3) and (M3)), so Oy(w) # 1 and k # k' (mod 3): (k, k') is (0,2)
or (2,0), and which of the two is determined by §,(w) = RFx(Arty(w)).

(iii) By (i) the jumps of the three characters at 7 are 0,1, 2 in some order. By (ii) this
is impossible in the ramified case, and in the unramified case the characters are Egk with
k =0,1,2. They are distinct because &5 has order 4 on G

(iv) Olcg,, = T(De) with Dg an extension of an object Dy of rank one with jumps
(7,7) by a subobject D of rank one with jumps (2,2). By strictness, Fil' Dg = Dg for
i < jand Fil'Dg = D for j < i < 2. Let e,,e, generate the two components of Dy
and let fr, f- € Deg lift generators of the two components of Dy. Since e, € Fil/t! Dg,
vjler) = bpjri1(er) = 0. Write ¢;(fr) = Brfrr + yrern, where 7" is the other embedding
and f3; € Fj. Replacing f.» by fr» + (y-/Br)esn, for both 7, does not change ¢;(f;) and
makes y, = 0. Then f,, f span a subobject mapping isomorphically to Ds: the extension
of filtered modules splits, and so does @\G@%. O

With Hodge-Tate weights normalized as in Section 2, (iv) says that an extension, in the
image of T, of a character by a character of larger Hodge—Tate weight splits. For weights 0
and 1 this is the splitting of an extension of a multiplicative group scheme by an étale one,
whereas extensions in the other direction (the Kummer ones) can be nonsplit.

9.2. A lattice with a prescribed socle.

Lemma 9.2. Let © be a constituent of B of multiplicity one. Then there is a stable lattice
A such that © is the unique irreducible subrepresentation of R:.
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Proof. Passing to the dual of R and to dual lattices, it suffices to find a stable lattice whose
reduction has © as its unique irreducible quotient. Fix a stable lattice Ay, and let £ be the
set of stable lattices A C Ag such that © is not a constituent of Ag/A. It is closed under finite
intersections. Let X be the smallest subrepresentation of Ag/mgAg whose quotient does not
have © as a constituent. It is nonzero, and the image of every A € £ in Ag/mgAy contains
it. So the sets AN mpgAg, A € £, are nonempty and compact, and any finite number of them
have a common point. Hence Ao, = pce A is nonzero. It is a G g-stable Op-submodule of
Ao, so it is a lattice, because R is irreducible (Theorem 7.9). Then mA¢ C Ao for some m,
and as Ag/m7}Ag is finite, A is a finite intersection of members of £; so Ao is the smallest
element of £. If Ry_ had an irreducible quotient not isomorphic to ©, the kernel of the
map from Ay to it would be a smaller element of £. So every irreducible quotient of Ry__
is isomorphic to ©, and there is only one, because © has multiplicity one. ]

9.3. The main case analysis.

Theorem 9.3. Let R be a compatible system as in Section 7.6, A a prime of its coefficient
field above 5, and A a stable lattice of R = Ry. Then one of the following holds.

(A) Ry is irreducible; put © = Rjy.

(B) R =6@® 0O with 0 a character and © irreducible of dimension 2.
In both cases let A be the projective image of © and L the field it cuts out. Then:

(1) L is a Galois extension of Q of degree 2|A|, it contains K, and it is unramified
outside {3,5};

(2) the inertia groups of L/K at p have order 5; in particular Ug # 1, and the matriz
N of (P3) is not zero.

Proof. After enlarging E, R is irreducible, or the sum of a character and an irreducible
representation of dimension 2, or a sum of three characters. The polarization of R gives
(R®) = (R”)Y ® &5 2. In the first two cases this gives ©° = OV ® 52, so the kernel of
the projective representation of © is stable under ¢ and L/Q is Galois; L contains K, it is
totally complex of degree 2|A|, and it is unramified outside {3,5} by Theorem 8.2 (c). Let
ep € {1,5} be the order of the inertia groups of L/K at p (Theorem 8.2 (b)).

Three characters. By Theorem 9.1 (iii) we are in the unramified case and B° =19 6_5_1 S
55_2. By Theorem 9.2 there is a stable lattice A’ such that 5_5_2 is the unique irreducible
subrepresentation of Rys. An irreducible subrepresentation of Rys /&5 2 is E;j with j € {0,1},
and its preimage in R is a nonsplit extension of égj by §g2. Its class is a nonzero element
of H\(Gr,Fr(n)) with n = &% € {&',&2}. This class is unramified outside {p,5}
(Theorem 8.2 (c)) and trivial on Gg,, (Theorem 9.1 (iv)). It is also trivial on Gf,: by the
local Euler characteristic formula and local duality, H'(Gk,,Fr(n)) = 0, because 1 and
n~'&5 are nontrivial on Gk, (they are unramified at p, and &5(Frob,) = 3*1 has order 4).
Let K, be the field cut out by n: it is K(¢5) or K(v/5), of degree 4 or 2 over K. This degree
is prime to 5, so the restriction of the class to G, is a nonzero homomorphism G, — Fg,
and it is unramified at every place. It defines a cyclic unramified extension of K, of degree
5, which contradicts Theorem 8.6 (a). So R is not a sum of three characters.

Cases (A) and (B) with e, = 1. Then L/K is unramified outside 5, and Theorem 8.2 (d)
gives rd(L) < 3%/2. 532 rd(L) < 3/2.57/% if 25 1 |A|, and rd(L) < 3Y/2-5if 51 |A]. We
compare with Theorem 8.3.
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o If 5 1 |A| in case (A): |A] > 9 (Theorem 8.5 (b)), so [L : Q] > 18 and
rd(L) > 9.2709 > 8.6603.

o If 51|A| in case (B): A is dihedral of order 2m > 4, or A4, or Sy (Theorem 8.5 (c)).
Each of these groups has a quotient that Theorem 8.6 forbids for the Galois group
of an extension of K unramified outside 5 of degree prime to 5: (Z/2)? if A is
dihedral with m even, and Z/3 if A = A4, by Theorem 8.6 (b); and a dihedral group
of order 2m’ with m’ > 3 odd if A is dihedral with m odd (m' = m) or A = S,
(m’ = 3, through its quotient S3). For a dihedral quotient of order 2m’ the quadratic
subextension is K (v/5) by Theorem 8.6 (b), and it has a cyclic extension of degree
m’ unramified outside 5, which Theorem 8.6 (c) forbids.

o If 5 | |A] and 25 1 |Al: |A] > 60 (Theorem 8.4), so [L : Q] > 120 and
rd(L) > 16.9886 > 16.4862.

o If 25 | |Al: |A| > 3600 (Theorem 8.4 and Theorem 8.5 (a)), so [L : Q] > 7200 > 2002
and rd(L) > 21.4136 > 19.3650.

Each case is contradictory, so e, = 5.

As e, = 5, the image of Ue in the projective linear group of © is not trivial
(Theorem 8.2 (b)), so Ug # 1. Then U # 1, so the monodromy operator of R at p
is not zero, and neither is N (Theorem 7.8). O

Remark 9.4. The case e, = 1 of this proof concerns a representation of Gx modulo 5 of
Fontaine-Laffaille type with weights in [0, 2] whose projective image cuts out an extension
of K unramified outside 5 (in the unramified case the representation itself is unramified
outside 5): the situation of the theorems of Abrashkin [1] and Fontaine [54] on smooth
proper schemes over rings of integers, which combine the ramification bound of Theorem 8.1
with unconditional lower bounds for discriminants (see [69, §2.4]). Abrashkin asserts that K
satisfies his condition SH(5,2) [1, §7, 5.2 a)] (p. 516 of the English translation) and writes
that the proof is analogous to his proof for Q; no proof is printed. That condition, with
the upper ramification number 2/(5 — 1) = 1/2 itself allowed, as in his proof of 5.1 there,
implies the case e, = 1. The proof above does not rely on this assertion.

9.4. Inertia at p for the Frey representation.

Proposition 9.5. For every solution, the group p(ly) is not contained in the group of scalar
matrices.

Proof. Suppose that it is. We construct a compatible system as in Section 7.6 for which the
matrix N of (P3) is zero, which contradicts Theorem 9.3 (2).

By (7.1), pl1, = &. Let I be the kernel of s on I,. It is normal in Gg,, because k¢ = k™1,
and the prolongation pg (Section 7.4) is trivial on it, because £, 25 K/ is trivial on I,. The
group Gq, /I is the semidirect product of the finite group I= Ig, /11, of order 2 or 6, and
the closure of the group generated by a Frobenius lift o3, which is isomorphic to Z. Let
O’ be the ring of integers of a finite extension of Q, with residue field ' such that pg has
values in G3(F").

(1) As |I] is prime to p and G3 is smooth, pg|; lifts to a homomorphism h: I — G3(O").
The characters mult oh and &, 20k /Q\ 7 have order prime to p and the same reduction, so
they are equal.

(2) The scheme of elements g of Gz with g h(x) g~! = h(o3xos ') for all z € I is the scheme
of fixed points of an action of I on Gs, so it is smooth over ¢’ [50, Proposition 3.4]; it has
the point pg(o3) over F/, which by Hensel’s lemma lifts to a point gy over O'. The torus
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{(t-13,t?)} is central in G3, and mult(t - 13,t?) = t2. Multiplying go by the element of this
torus with ¢ = (¢, 20k g)(03)/ mult(go) and t = 1, we get a lift g1 of pg(o3) with the same
property and with mult(g1) = (¢, %0k /q)(03).

(3) The map x ~— h(z), o3 — g1 extends to a continuous homomorphism pg: Gg, —
G3(0O"), trivial on I, which lifts pg |G, and has multiplier 25k /0- On I its GL3-component
has order dividing 3 and scalar reduction, so it is the scalar x, as in the proof of Theorem 7.6.
So p’g has finite image on inertia, and its monodromy operator is zero.

(4) Let 73 be the inertial type of p’g, and let X be the generic fiber of the ring of framed
liftings of ﬁg|GQ3 to Gs of type 73 with multiplier ¢, 25 k/Q- The locus of X where the
monodromy operator vanishes is a union of irreducible components of X, and it is regular.
This is the case | # p of [13, Theorem 3.3.7 and the paragraph before it]; there p is the
residue characteristic of the local field and [ that of the coeflicients, so here the local field
is Q3 and [ is our p. It applies to Gs: [13, §§1.3.2, 3] allow any finite extension of their Q,
(here Q3) and any smooth affine group scheme whose geometric fibers are reductive, not
necessarily connected, and whose center is smooth (the center of Gz is {(¢ - 13,¢%)} = GL1),
and the condition on the multiplier is the condition ab o p = % of [13, §3] for Gz [13, §5.1],
where Gz-valued representations at places of F'* that are inert or ramified in F are treated
explicitly.

That every point of X with vanishing monodromy lies on a component on which it vanishes
identically is the statement of the paragraph before [13, Theorem 3.3.7]. We recall the
argument. Let x be a closed point of this locus (it suffices to treat these), with residue field E,;,
and let L3/Qs be a finite Galois extension with 73] I, trivial. The completed local ring at x of
the locus N = 0 pro-represents the framed liftings of p, with multiplier £, 25 K/Q to artinian
local E,-algebras B with residue field E, that factor through Gg,/I,: for a lifting pp of
type 73 with Weil-Deligne representation (¢, Ng) we have pg(c) = ¢p(0) exp(t,(c)Np)
for o € Iy, (Section 2), and ¢p is trivial on Iy, since ¢p(Ir,) is a finite subgroup of the
kernel of G3(B) — G3(E,), which is torsion-free; so Ng = 0 if and only if pp is trivial on
Ir,, and a lifting trivial on Iy, has type 73, as representations of the finite group Ig, /I, in
characteristic 0 do not deform. As Ig, /Iy, is finite and the quotient of Gg,/Ir, by it is Z,
these liftings are unobstructed, and their tangent space has dimension dim gg‘er =9, where
ggef = GL3 x1. So the locus N = 0 is regular of dimension 9 at x; as x is a closed point of
the generic fiber of a complete local noetherian ring, the irreducible component of the locus
through = has dimension 9, so it is an irreducible component of X, which is equidimensional
of dimension 9 [13, Theorem 3.3.2].

Let C4 be the irreducible component of this locus through p’g (it is unique, as the locus is
regular): it is a polarized component at 3 (these are defined through [13, §3], [27, §1.5.19)),
and the monodromy operator vanishes at all its points.

(5) Theorem 7.3 with the components C; and C, gives a compatible system as in Section 7.6
whose p-adic member has N =0 in (P3). O

If the unipotent part of p|z, is not trivial, then every lift of p|q K, Das N 70 (Theorem 7.6),
and no choice of component can force N = 0. At this point the argument leaves the prime 5.
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Part III: the member at 3, and the proof of Theorem A
10. THE MEMBER AT 3

Part 111 works with the members of R at the primes above 3, which were of no use in
Part II: their Hodge—Tate weights {0, 1,2} do not lie in the Fontaine—Laffaille range [0, ¢ — 2]
for £ = 3. For them, ordinarity at p takes the place of Fontaine-Laffaille theory in bounding
the ramification of the reductions, and weak admissibility forces it once the monodromy at p
is a single Jordan block. We prove Theorem 11.18 by steps (2)—(5) of Section 1.5: steps (2)
and (3) in this section, steps (4) and (5) in Section 11.

Throughout this part, p > 17 is a prime with p = 1 (mod 3), p and p are the Frey
representation of a solution of 3 + 4% = 2” in coprime nonzero integers and its reduction
(Theorem 5.4), with the properties (F1)—(F6) of Section 7.1, and R = {R)} is a compatible
system as in Section 7.6, with coefficient field M; the polarized component at 3 used to
construct R may be any, not necessarily C3. As in Part II, representations over finite
fields and over f-adic fields are considered over an algebraic closure where convenient, and
irreducible means absolutely irreducible. The completion K, = Q3(y/—3) has uniformizer
1 — w, residue field F3 and maximal unramified subfield Q3, and it contains the cube roots
of unity. Let Gk, C Gk be a decomposition group at p and I, its inertia subgroup. Upper
ramification groups GY (y > —1 real) are numbered as in Section 8 [101, Chapitre IV]. For a
finite Galois extension of K, GV is its inertia group, and GY for y > 0 is contained in its
wild inertia group.

10.1. Regular monodromy at p. For a square matrix A we write ‘A for its transpose and
t A~ for the inverse of the transpose. A unipotent matrix U € GLj3 is regular if (U —1)% # 0,
that is, if it has a single Jordan block. A nilpotent 3 x 3 matrix N is regular if N? # 0.

Lemma 10.1. Let k be a field, A € GL3(k), and B = A*A~'. If B = BU with € k* and
U unipotent, then B =1 or B is a reqular unipotent matriz.

Proof. Asdet B=1, 33 =1. Wehave 'B~! =?A~1A = A~'BA, so B is conjugate to ! B~!,
whose eigenvalues are the inverses of those of B. All eigenvalues of B equal 3, so 3 = 571,
and with 3% = 1 this gives 8 = 1: B is unipotent. From B!A = A weget A—tA = (B—1)'A,
so B —1 and A —'A have the same rank. The matrix A — A is alternating (antisymmetric
with zero diagonal), so its rank is even, in every characteristic. A unipotent B # 1 with
(B —1)? = 0 has rank(B — 1) = 1; so this case does not occur. O

Proposition 10.2. Let £ ¢ {2,3} be a prime and r: Gx — GL3(F;) a continuous irreducible
representation. Suppose that r® = r¥Qv|q, for a character v of G, and that (o) = 6(c)u(o)
for o € I, with 0 a character of I, and u(o) unipotent. Then u(I,) is trivial or generated
by a regular unipotent matriz.

Proof. The map u = 0~ 17| 1, is @ homomorphism with finite image, consisting of unipotent
matrices in characteristic ; so its image is an {-group.

The isomorphism r° 2 r¥ ® v|q, gives P € GL3(F,) with r(€he™!) = v(h) Pir(h)~tP~1
for h € Gi. Let 0 € Gg \ Gk, and write o = ¢g with g € Gi. Since v takes values in an
abelian group, v(ghg~!) = v(h), and r(cho~') = v(h) P, r(h) ' P, with P, = P'r(g)~!.
Applying this to cho~! € G in place of h, and using v(cho~1) = v(h) again, we find

r(o*ho™%) = (P,'P; YY) r(h) (PP 1) 7! (h € Gg).
Since also r(02ha=2) = r(0?)r(h)r(c?)~! and r is irreducible, Schur’s lemma gives 7(0?) =
ko Pyt Pt with ko € F, .
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Now choose o as follows. Let I3 C Gg, be the inertia group containing I, so that
I, = I3N Gk, and P3 C I3 its wild inertia group, the unique pro-3 Sylow subgroup of I3;
it lies in I, which has index 2 in I3. The quotient I3/P3 is procyclic, and the surjection
I3 — Gal(K,/Q3) factors through it, because K,/Q3 is tamely ramified. So every lift o € I3
of a topological generator of I3/P3 lies outside G, and o2 € I, maps to a topological
generator of the tame quotient I,/Ps. As ¢ # 3, u is trivial on P3, and u([,) is generated by
u(c?). Now

PPt = kytr(0?) = kg t0(0?) u(o?)
is a scalar times a unipotent matrix. By Theorem 10.1 (with A = F,) it is 1 or a regular
unipotent matrix. A scalar times a unipotent matrix determines the scalar, its only eigenvalue;
s0 kg 10(0?) = 1, and u(0?) is 1 or regular. O

Corollary 10.3. By (7.1), p(0) = k(o)u(o) for o € I,, with u(o) unipotent. The group u({y)
is generated by a reqular unipotent matriz. For every compatible system as in Section 7.0,
the matrizx N of (P3) is regular.

Proof. Apply Theorem 10.2 with £ = p > 17, r = p (irreducible by (F6)), v = 5:;2 (by (F4),
p° = p¥ ® &,% see Theorem 7.1) and 6 = &|7,. By Theorem 9.5, p(I,) is not contained in
the scalar matrices, so u(fp) # 1, and it is generated by a regular unipotent matrix.

Let R be as in Section 7.6. By (P1) and (F6), the reduction of every G g-stable lattice in
R, is p, and the lattice is unique up to homothety. In a basis of such a lattice whose reduction
is p, the matrix U(o) = k(0) " Ry(0) is integral for o € I,, (as k(o) € pg is a unit), it equals
exp(t,(c)N') by (P3), with N’ conjugate to N, and its reduction is #(0)~!p(0) = (o). If
N?% =0, then U(o) — 1 =ty(0)N" and (U(c) —1)* =0, hence (a(c) —1)? =0 for all o € I,
which the first part excludes. So N2 # 0. g

10.2. The member at a prime above 3. From now on in this part, A is a prime of M
above 3 and R = Ry: Gxg — GL3(M)). We use the notation of Section 8.1 with 3 in place
of 5: E C M is a finite extension of Q3 over which R is defined, with ring of integers O,
maximal ideal mg and residue field Fg; a stable lattice is a G g-stable Og-lattice A in the
space of R; its reduction is Ry = A/mgA; and the semisimplification R™ of Ry does not
depend on A. We enlarge E when needed, and in particular assume that E contains the
images of the two embeddings of K, in M.

Proposition 10.4. The representation R is unramified at every prime of K other than p.

Proof. Let q # p be a prime of K. Then q{3. By (P1) and (P2), R, is unramified at q if
q 1 p and crystalline at q if q | p. By Theorem 7.7 (a), R is unramified at q. O
Proposition 10.5. The restriction R’GKp is de Rham, with Hodge—Tate weights {0,1,2} for
both embeddings of Ky in My, and WD(R|gy, )E=S corresponds to VVD(Rp]GKp )E=S under an
isomorphism of their coefficient fields that is the identity on M. So I, acts on WD(R|GKp)

through a character with values in us(My), which is k|1, after an identification of the groups
ps of the two coefficient fields (as in (M3)), and the monodromy operator of WD(R|q, ) is
regular.

Proof. The first assertion is part of the definition of a compatible system (Section 7.4), with
(P2). By Theorem 7.7 with q = p, WD(R|q,, )I55 corresponds to WD(Rplay, )F=s5 (compose

with the inverse of an isomorphism j': @p — C restricting to 2, on M). Here A lies above 3,
the residue characteristic of p, and in this case Theorem 7.7 gives the monodromy operator of
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WD(R|a Kp) as well as its semisimplification (the Shin-regular case of [9, Theorem 1.1]; see the
proof of Theorem 7.7), and the regularity of the monodromy operator, shown next, depends
on this. By (P3), I, acts on WD(R,|g/,) through the scalar character x, and its monodromy
operator is conjugate to N, which is regular by Theorem 10.3; by Theorem 7.7 (b), the same
holds for WD(R|GKP), after identifying the two groups ps as in the statement. O

Let kyx: Gk — p3(M),) be the character obtained from k through an identification as
in Theorem 10.5, so that I, acts on WD(R|g,, ) through )|z, the analogue for A | 3 of
the character x) of (M3); in the unramified case |7, = 1 and either identification may be
used. Twisting by k) does not change the subspaces stable under a subgroup of G, and
kx =1 (mod mg), because puz C 1+ mpg.

Proposition 10.6. Let V = (R ® Ii;l)|GKp. Then V is semistable, and it has G ,-stable
subspaces 0 C Vi3 C Vo C V' of dimensions 1 and 2 whose graded pieces Vi, Vo/Vi, V/Va are
the characters i, 1/}551, 1[)552, for one unramified character ¢: Gk, — E*. In particular
R|GKP stabilizes the line V1. For every stable lattice A there is a basis of A in which

- B (1 a(g) <(g)

0 1 b(g)) (9 € Gk,),
0 0 1

where 1 is the reduction of 1, a,b € Hom(G,,FE), and c: Gk, — Fg is continuous with
c(gh) = c(g) + c(h) + a(g)b(h).

Proof. By Theorem 10.5, R]GKp is de Rham, hence potentially semistable [17], and so is
V; and Iy acts trivially on WD(V) = WD(R|g,, ) ® WD(/Q;1|GKP) (WD is compatible with
tensor products), by the choice of k). So V is semistable [56, 55]. Let D = Dy (V') be its
filtered (¢, N)-module (covariant), with coefficients in E. The maximal unramified subfield
of K, is Q3, so D is a free E-module of rank 3 with E-linear ¢ and N, and Ny = 3pN;
by Theorem 10.5, N is regular. The N-stable subspaces of D are 0 C ker N C ker N2 C D,
and they are p-stable. If  acts on D/ker N? by o € E*, then, as N induces isomorphisms
D/ker N> — ker N?/ker N — ker N and ¢ N = 37! Ny, it acts on ker N2/ ker N and on
ker N by /3 and a/9. The Hodge filtration lives on D ®q, K, = @, D, the sum over
the two embeddings 7 of K, in E, and its jumps on each D, are 0,1,2. For a (¢, N)-
stable subspace D’ put ty(D') = vs(det(p|D’)) and ty(D') = £33 idimgr’(D.), for
the induced filtrations; these are the usual invariants of D’ divided by [E : Qs3] (for e3
both are —1). Weak admissibility says tg(D’") < ty(D’), with equality for D’ = D. For
D: ty(D) = 3(3+3) =3 = ty(D) = 3vz(a) — 3, so v3(a) = 2, and ker N, ker N2/ ker N,
D/ ker N? have slopes 0,1,2. For ker N: ty = 0and tg > 0, so ty = 0 by weak admissibility,
that is, the jump of the line (ker N), is 0 for both 7. For ker N%: ¢ty = 0+ 1 = 1, while the
two jumps of each plane (ker N?), are distinct elements of {0,1,2}, so tg > (14 1) = 1;
so ty = 1, and the jumps are {0,1} for both 7. Hence ker N and ker N2, with the induced
structures, have ty = ty; they are weakly admissible, hence admissible [33], and they
are Dy of G,-stable subspaces V1 C V3 of V' of dimensions 1 and 2. The graded pieces
ker N, ker N2/ker N, D/ker N2 have N = 0, jumps h = 0,1,2 at both embeddings, and
p-eigenvalues /9, /3, a; so they are Dg of crystalline characters of Hodge-Tate weights
(h,h), that is, of characters ipeq " with 1)), unramified (a crystalline character with all
HodgeTate weights 0 is unramified). The eigenvalue of ¢ on Deyis(¥nes h) is 3" times that
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on Deyis(1p), so the three unramified characters v, have the same eigenvalue /9, and they
are equal; call them 1.

Let A be a stable lattice. The subspaces V1 C V3 are Gk, -stable subspaces of the space
of R, so ANV C ANVa C A are Gg,-stable direct summands, and the graded pieces are
lattices in the characters 1/155’%)\, h =0,1,2. The reductions of these characters are all 1: &3
is trivial on G, because K, contains the cube roots of unity, and k) = 1. So in a basis of A
adapted to this flag, 7271RA|GKP is upper unitriangular. Its entries a, b next to the diagonal
are then homomorphisms, and its corner entry ¢ satisfies ¢(gh) = ¢(g) + ¢(h) + a(g)b(h). O

Proposition 10.7. The representation R is irreducible.

Proof. R is semisimple, as is every member of a compatible system (Section 7.4). If
R = Ry ® Ry with Ry, Ry # 0, then WD(R|GKp) = WD(R1|GKp) ) WD(R2|GKp), and the
monodromy operator is the sum of nilpotent operators on spaces of dimension at most 2, so
its square is zero. This contradicts Theorem 10.5. Il

11. THE REDUCTIONS OF THE MEMBER AT 3, AND THE PROOF OF THEOREM A

It remains to show that every reduction of the member R at a prime above 3 has trivial
semisimplification (Theorem 11.15). Then, by Theorem 11.17, R has the same image as its
inertia group at p, which stabilizes the line V; of Theorem 10.6; so R is reducible, against
Theorem 10.7. This proves Theorem 11.18, which completes the proof of Theorem A. The
notation is that of Section 10.2. For a stable lattice A let L, be the field cut out by Ry.
By Theorem 10.4, Ly /K is a finite Galois extension unramified at every place other than
p, including the infinite places, as K has no real place. On Gg,, R, has the shape of
Theorem 10.6.

11.1. Characters.

Proposition 11.1. Every continuous character 0: Gg — ﬁ; unramified outside p is trivial.
In particular every one-dimensional constituent of R is trivial.

Proof. The character 6 has finite order prime to 3, since F? has no element of order 3. If
p" is its conductor, it factors through the ray class group Cly(K), which is (O/p™)* /e
because K has class number one and no real place. The group (O/p™)* has order 2 - 371,
and p6 injects into it for n > 2 (Section 2); so Clyn (K) is a 3-group (of order 1 for n < 2
and 3”2 for n > 2), and § = 1. The constituents of R* are unramified outside p by
Theorem 10.4. U

11.2. Cubic characters of K. As w € K, Kummer theory identifies Hom (G, , u3) with
K /KPX?’. We identify p3 with F3 by w — 1, and put
H =Hom(Gk,,F3) = K /K.
Let UU) = 1+ pJ be the groups of principal units of K,, U C H the image of U, and
er,€2,€1,e9 € H the classes of
1—w, w, 4, 1+ (1—w)

We fix an isomorphism H?(G K, F3) = F3 (local class field theory). The cup product
HXH— HZ(GKP,]F?,) = F3 is alternating. We call a plane W C H isotropic if the cup

product vanishes on W x W. Under these identifications the cup product of the classes of
z,y € K is, up to a sign, the cubic Hilbert symbol (z,y), [101, Chapitre XIV, §§1-2].
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Lemma 11.2.
(a) H has dimension 4 over F3, and (e, ez, e1,€0) is a basis; U = Fzeq @ Fseq.
(b) Let « € H, a # 0. The cubic extension of K, cut out by o has upper ramification
break 3 if a ¢ (ea,e1,€eq), 2 if a € (ea,e1,e0) NU, and 1 if « € U \ Fzeqp, and it is
unramified if a € Fseq. In particular every o € H vanishes on Gﬁ’(p fory > 3.

(c) In the basis (ex,ea,e1,eq) the cup product has, up to a sign, the matriz

0 0 21
0 010
1 2 00
20 00

Ezactly 40 of the 130 planes of H are isotropic, and 13 of these meet U nontrivially.

Proof. (a) As u3 C K, and [K, : Q3] = 2, KPX/KPX?’ has order 32*2. Write 7 = 1 — w, so
that 3 = —w?n?. For j > 2 and vy(z) = j we have (1 + )3 =1+ 3z (mod p/*3), so cubing
induces isomorphisms UV /UG — y+2) /+3) and U@ = (UP)? by completeness.
For a unit z, (1 +72)% = 14 73(2% — w?2) + 31222 € UW, as 2% = 2z and w = 1 modulo p.
So the cubes of units are 2U® | and K/ KPX?’ is the product of the group generated by the
class of 7, of order 3, and of Opx/{il}U(‘l) = (0/9)* /{£1}, of order 27. The latter group
is generated by the classes of w, 4 and 1 + 7 = —2(1 + 3w), which lie in v, @ u®
with vp(w — 1) = 1, vp(4 — 1) = 2, vy(73) = 3; and U is the image of U /U@ of order 9,
generated by 4 and 1 + 73.

(b) Let = represent «; replacing o by —« does not change the extension. We use the
valuation v, of Kj, extended to an algebraic closure. For a cyclic extension of degree 3 of K,
totally ramified with break ¢ (the same in both numberings), the different has v,-valuation
2(t+1)/3; and if the ring of integers is generated by a root II of a polynomial f, the different
is generated by f/(II) [101, Chapitre III, §6, and Chapitre IV, §1]. If « ¢ (es, e1, e9) we may
take © = mz with z a unit; X3 — x is an Eisenstein polynomial, and vp(3X2) =2+ % at a
root, so t = 3. If a € {(eq, €1, e0) \U we may take x = 1 +y with v,(y) = 1; then T = z/3 —1
is a root of the Eisenstein polynomial 7% + 37?2 + 3T — y, whose derivative 3(T + 1)? has
valuation 2, so t = 2. If a € U \ Fszep we may take z = 1 4 y with vy(y) = 2; then Il = 7n/T
is a root of the Eisenstein polynomial IT3 — (37 /y)I1? — (372 /y)II — 73 /y, whose derivative
at IT has valuation min(2 + %, 1+ %, 2) = %, attained once, so t = 1. If a € F3eg we may
take * = 1 + 732z with 2 a unit; then S = T/ satisfies S® + (3/7)S? + (3/72)S — z = 0,
whose reduction S® — S — z is separable (3/7% = —w? = —1), so the extension is unramified.
Finally, an element of H vanishes on Glj(p for every y larger than the break of the extension
it cuts out, because the upper numbering passes to quotients.

(c) Besides p, the only primes that divide the representatives 1 —w, w, 4 and 1 + 73 =
—2(1 + 3w) are (2) and [ = (2 —w) = (1 + 3w), with residue fields F; and F;, and K
has no real place. So, by the product formula, (x,y), is the inverse of the product of
the tame symbols ((—1)va(®va®)zva¥)y=va(=) mod q)(Nq_l)/3 at ¢ = (2) and q = . This
gives (m,w)p = (w, 1 +73)y = 4,1+ 7)y = 1, (m,4)y = w? and (7,1 + 73)y = (w,4)p, =
w; with (z,2), = 1 and antisymmetry this is the matrix stated. Its Pfaffian is 1, so
the form is nondegenerate, and H has (3 + 1)(3% + 1) = 40 isotropic planes among its
(3* = 1)(3% - 1)/((3%2 — 1)(3 — 1)) = 130 planes (a symplectic space of dimension 4 over F,
has (¢ + 1)(¢® + 1) Lagrangian planes). The plane U is isotropic, and the isotropic planes
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meeting it only in 0 are the graphs of the 3% = 27 self-adjoint maps from a fixed isotropic
complement of U to U; so 13 meet U nontrivially. ]

11.3. Heisenberg extensions of K. The reductions in Theorem 10.6, divided by their
unramified character, cut out, on the decomposition group at p, extensions of K, whose
group is a subgroup of the group of upper unitriangular matrices over the residue field. The
aim of this subsection is to prove Theorem 11.10, which bounds the upper ramification
groups of these extensions; Theorem 11.11 turns the bound into one for root discriminants.
Over 3 the unitriangular group is the Heisenberg group of order 27. A Heisenberg extension
of K, is a finite Galois extension L/K, whose group is isomorphic to it, and its plane is the
plane of # formed by the homomorphisms G, — F3 that factor through Gal(L/Kj,).

Throughout, F' is a finite extension of K} in a fixed algebraic closure, vr its normalized
valuation (vp(F*) = Z), Op its ring of integers, wp a uniformizer, er = vp(3), and
Ul(vj) =14 w,Opforj > 1. Asw € F and (1-w)? = —3w, e is even and vp(w—1) = ep/2.
For a continuous homomorphism x from G to an abelian group and a real number T, we
say that x has break at most T if x(G%.) = 0 for every y > —1 with y > T'; these x form a
group. For u € F* we say that u has break at most 7' if the character g — g(u'/3)/u'/3
of G does; this depends only on the class of u in F*/F*3. Unramified characters have
break at most T for every T' > —1. If F'/F is cyclic of degree 3 and totally ramified,
then Gal(F'/F)Y = Gal(F'/F) for y < t and Gal(F'/F)¥ = 1 for y > t, for one integer
t > 1, the break of F'/F (the same in both numberings). When F(u!/?)/F is cyclic of
degree 3 and totally ramified, its break is also called the break of u. For a generator s of
Gal(F’/F) and every uniformizer II of F’ we have vps(s(a) —a) > t+1 for all a € Ops, with
equality for @ = II [101, Chapitre IV, §1, Lemme 1] (as Op» = Op[II], [101, Chapitre I, §6,
Propositions 17 and 18]). Herbrand’s functions are

(w) U, u <t, " (v) Y, y <t,
/ u) = ’ e
PEF tust oyt PP =43y — 1), y>t

If F'/F is unramified, pp/p = ¢ p is the identity. We use three facts from [101,
Chapitre IV].
(R1) The upper numbering passes to quotients (§3, Proposition 14).
(R2) If N/F is finite Galois with group G, F C F’ C N with F'/F Galois, and H =
Gal(N/F'), then GYNH = HY*'/#W for y > —1. (By §1, Proposition 2, H, = G,NH;
and Yn/p = Yn/p 0 Yprr by §3.)
(R3) If a character x of G has break at most 7', then x|g,, has break at most ¥p//p(7T),

for F'/F finite Galois. (Apply (R2) to the compositum N of F’ and the field cut
out by x, and (R1) twice.)

Lemma 11.3. Let u € F'* and e = eF.
(a) If 3tvp(u), then F(ul/?)/F is cyclic of degree 3, totally ramified, with break 3e/2.

(b) If u € UI(TT) with r > 1, then w has break at most 3e/2 —r, and at most 3e/2 —r — 1
if moreover 3 | r and r < 3e/2.

(c) Ifu e Ug) ~ Ugﬂ) with 317 and 1 < r < 3e/2, then F(u/?)/F is cyclic of degree
3, totally ramified, with break exactly 3e/2 — r.
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For F' = K, (e = 2) this is the computation in the proof of Theorem 11.2 (b). We use
it for F' cubic and totally ramified over K, (e = 6, breaks 9 — r) and for F' the unramified
cubic extension of K, (e = 2).

Proof. (a) Let ¥ be a cube root of uw and F' = F(3). As vp(¥) = vp(u)/3 ¢ Z, F'/F is
totally ramified of degree 3. Choose integers a,b with a vp(u) + 3b = 1; then I = 92w, is
a uniformizer of F’. A generator s of Gal(F'/F) maps ¥ to w®'9, so s(II)/II = w*® with
31a, and vp (s(IT) —II) = 1 + 3vp(w®® — 1) = 1 + 3¢/2. The break is 3e/2.

(c) Put 2 = u — 1, so vp(2) = 7, and let T be a root of (1 + T)3 = wu, that is, T2 +
3T? 4+ 3T = 2. If vp(T) > e/2, all three terms on the left have valuation at least 3e/2 > r;
so 7 = vp(T) < /2, the term T? has the smallest valuation, and 37 = r. As 3 { 7,
F' = F(T) = F(u'/?) is totally ramified of degree 3. Choose integers a,b with ar + 3b = 1;
then II = T%wY% is a uniformizer of F'. For the generator s with s(1 +7T) = w(1 +T)
we have s(T) —T = (w—1)(1 +T), so s(T)/T =1+ n withn = (w—1)(1 +T)/T and
vp(n) =e/2—1r/3 > 0. Then s(II)/II = (14 n)?, and as 3{a, vp((1 +n)* —1) = vp(n). So
vpr(s(II) —II) =1+ 3(e/2 —r/3) = 1+ 3e/2 — r, and the break is 3e/2 — r.

(b) We argue by descending induction on r. Let mp = w — 1, so vp(mp) = €/2 and
3/m8 = —w? If r > 3e/2, put T = mS: the equation (1+T)3 = u becomes S + (3/m)S? +
(3/73)S = (u — 1) /73, with vp(3/m) = e/2 > 0 and (u — 1)/7§ integral, so its reduction is
S§3 — S — ¢ for some ¢ in the residue field, which is separable. If 7 > 3e/2 then ¢ = 0, the root
S = 0 of the reduction is simple, and by Hensel’s lemma u is a cube; if 7 = 3e/2, F(u!/?)/F
is unramified. In both cases the claim holds. Let r < 3e/2. If 3 | r, write u = 1 + wje
with ¢ € Op and choose a € O with a® = ¢ (mod wr) (the residue field is perfect); as
vF(3aw;/3) >e+r/3>r ul+ awTF/g)f?’ € UI(JTH), and u has the class of an element of

U}TH), of break at most 3e/2 —r — 1 by induction (this is the second assertion). If 3,

either u € Uﬁf 1 and we conclude by induction, or (c) applies. O

Lemma 11.4. Let K1/K, be cyclic of degree 3 and totally ramified, with break t, let o
generate Gal(K1/Ky), and let 01 be a uniformizer of Ky. Write Ul = Ul(gl)

(a) o(u)/u € UMD for every unit u of K1, and o(61)/6; € UD ~ U, Hence
o(w)/w e UY for every w € K.
(b) o(u)/u € U™ for every u € U™ m > 1.

Proof. We have vk, (0(a) —a) > t+1 for all a € Ok,, with equality for a = 6;. (a) follows
from o(u)/u—1= (o(u) —u)/uand o(01)/01 —1 = (c(01) — 01)/01. (b) Write u = 1+ 07"a
with a € Ok,. Then o(u) —u = 07" ((0(61)/61)™0(a) — a), and by (a) (c(61)/61)™0(a) =
o(a) = a (mod 6%); so vk, (o(u) —u) >m+t, and o(u)/u—1 = (o(u) —u)/u. O

The next lemma, on the Kummer generators of a Heisenberg extension over a cubic
subfield, is in substance due to Massy [83] and Sharifi [104, Theorem 2.5]: every Heisenberg
extension with a given plane is obtained by adjoining a cube root of an explicit element of
the form below, unique up to multiplication by an element of the base field and a cube in
the compositum of the two cubic extensions. Our short proof is by a different argument.
That this construction does give Heisenberg extensions is also in [86, §2.2, Lemma 2.1 and
Proposition 2.2].

Lemma 11.5. Let L/K, be a finite Galois extension whose group G is isomorphic to
the Heisenberg group of order 27, let K1 C L be an extension of degree 3 of Ky, cut out



THE EQUATION z3 + 43 = z» 65

by a € Hom(G,F3), a # 0, and let o generate Gal(K;/K,). Then H = Gal(L/K) is
elementary abelian of order 9, and there are w € K| and f € K. such that the Kummer
group D C K{*/K® of L/K is generated by the classes of

z = Ng, /i, (w) € K and  fo(w)?c?(w)=fz UEUU)).

Moreover the class of z in H lies in Hom(G,F3) \ Fsa.. In particular every element of D is
the class of a - (o(w)/w)* with a € K, and k € Z.

Proof. The center Z of G has order 3 and equals [G, G| and the Frattini subgroup; H = ker «
is a maximal subgroup, so it contains Z, and it is abelian of exponent 3 (every maximal
subgroup of the Heisenberg group is), of order 9. As u3 C K1, Kummer theory gives D,
of order 9, with L = K;(D'/3), and the pairing H x D — pus, (h,8) = h(6'/3)/5'/3, is
perfect. Let My = L#, the maximal abelian subextension; My/ K, has group (Z/3)2, so
My = Kl(z(l)/?’) for some zy € K, whose class in H lies in Hom(G,F3) and not in Fza
(the kernel of H — K;*/K;® is F3a), and the class [29] of zp in K;*/K[® is a nonzero
element of D.

o preserves D and acts on it nontrivially. Let g € G map to o. For 6 € K| with [§] € D,
g(6Y/3) € L is a cube root of ¢(d), so o preserves D, and for h € H, ghg~'(g(6'/3)) =
g((h,8)6Y3) = (h,8) g(6'/3), that is, (ghg™',0(8)) = (h,8). If o acted trivially on D,
perfectness would give ghg~™! = h for all h € H, and G = (g, H) would be abelian. So
o—1 % 0 on the plane D; as (¢ —1)3 = 0% —1 = 0 in characteristic 3, (0 —1)D = ker(o —1) is
a line, and it contains [zg] # 0. Choose v € K* with D = ([20],[]). Then o(v)/~ € 2z K*®
with j € {1,2}; put z; = zg and write o(y) = yz1¢® with ¢ € K.

Ezponent 3. Fix cube roots 71/3,z11/3 € L. The lifts of o to My = Kl(zi/g) form a
coset of Gal(Mp/K7), which permutes the three cube roots of z; simply transitively; so

exactly one lift fixes z}/g. Let s € G lift it. Then s(y/3) is a cube root of o(y) = vz1¢%,

so s(y1/3) = C’yl/gzi/?’c with ¢ € us; replacing s by sh with h € Z = Gal(L/M,), which
acts on 4'/3 through a nontrivial character (as L = My(v'/3)), we may take ¢ = 1. Using

s(z%/?’) = z%/?’ and s|g, = o,

3. 1/3 3
S =412 20 (0) - 2107 () = /P 2 Ny, ).
Every element of G has order dividing 3, so s* = 1 and 2 N, /K, (c) = 1.

Conclusion. Put w = o?(c)™!. Then N(w) = N(c)~! = 2z and o(w) = ¢7!. The
element vy = z10(w)/w = o(w)?c?(w) satisfies o(79) /70 = o (w) w/o(w)? = N](w)/a(w)?’ =

213 = a(y)/v, so f = /0 is fixed by o, that is, f € K. Hence D = ([21],[f70]) with
z = z1 = N(w), and the class of z in H is j times that of 2. O
The exponent 3 is used once, in s® = 1, and the lemma fails without it: the field

K, (Co, (1 — w)'/?), whose group over K, is non-abelian of order 27 and exponent 9, contains
Ki = Ky((1 —w)!/?), and its Kummer group over K contains the class of (1 —w)'/3, which
has valuation 1 and break 9 over K7, whereas every element a (0(w)/w)* with a € K has
vk, -valuation divisible by 3, as K /K, is totally ramified.

Proposition 11.6. Let L/K, be a finite Galois extension whose group is isomorphic to the
Heisenberg group of order 27, let GY (y > —1) be the upper ramification groups of Gal(L/K,),
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and let W C H be the plane of homomorphisms Gk, — F3 that factor through Gal(L/Ky).
Then W is isotropic, and:

(i) f WNU =0, then GY #1 fory <11/3 and GY =1 fory > 11/3;
(ii) if W NU is a line other than Fseq, then GY # 1 for y < 10/3 and GY = 1 for
y > 10/3;
(iii) if eo € W, then GY =1 for y > 3.

Every isotropic plane falls under exactly one of (i), (ii), (iii). In particular every Heisenberg
extension of Ky has largest upper ramification break at most 11/3.

Proof. Choose an isomorphism of Gal(L/K,) with the unitriangular group, and let a,b, c
be its entries in positions (1,2), (2,3), (1,3). Then a,b is a basis of W and c¢(gh) =
c(g) + c¢(h) + a(g)b(h), so the cup product a U b is the class of the coboundary of ¢, and W
is isotropic.

Ezhaustion. Let Hy = (ez,e1,€0), the classes of units, which contains U. By
Theorem 11.2 (c¢) the cup product on Hy has radical Fsep, and it is nondegenerate
on the plane Hg/F3ep, whose isotropic subspaces have dimension at most 1. So an isotropic
plane contained in Hg contains eg. If W NU # 0 and W NU is not a line other than Fseg,
then W NU is Fzeg or U, and eg € W. If W NU is a line other than Fsep, then ey ¢ W.
So (i), (ii), (iii) are exhaustive and mutually exclusive. Moreover, in case (i), W ¢ Hy
(otherwise dim W NU > 2+ 2 — 3), and in case (ii) also W ¢ Hy (as eg ¢ W): in cases (i)
and (ii), W contains a class of nonzero valuation modulo 3.

Reduction to a cubic subfield. Let o € W, a # 0, and let K7 C L be the cubic extension
of K, cut out by o, H = Gal(L/K;), D the Kummer group of L/K;, o a generator of
Gal(K1/Ky), and ¥ = ¥, /K, , ¥ = ¢k, /K,- By Theorem 11.2 (b), K1/K) is totally ramified
with break t € {1, 2,3}, or unramified (put ¢t = 0). For y > ¢, o vanishes on GY (by (R1); if
t = 0, because GY C GY), so GY C H and, by (R2),

GY=GYNH=H"W  (y>1). (11.1)

The characters of H are the characters h — (h,0), [0] € D, and by (R1) the character
attached to ¢ vanishes on H" if and only if the character of G, cut out by ¢ vanishes on
G, Hence, for T' > t:

e if every element of D has break at most 7', then H* = 1 for v > T, and by (11.1)
GY =1 for y > ¢(T);
o if some § with [0] € D cuts out a totally ramified extension of K; with break 7' > ¢,
then H” # 1, and by (11.1) G¥ > H¥W > HT £ 1 for t <y < p(T); so GY # 1 for
all y < o(T).
By Theorem 11.5, every element of D is the class of a(c(w)/w)* with a € K,
w € K{* has z = N(w), and D contains the class of dp = f zo(w)/w for some f € K. By
Theorem 11.2 (b) every element of K¢ has break at most 3 over K, so by (R3) its image in
K has break at most ¢(3), which is 9 — 2¢ if ¢t > 1.

Case (iii). Take o = ep: K is the unramified cubic extension of K, with ex, = 2,
uniformizer 1 — w and residue field Fo7. Every § € K{ is (1 — w)"eu; with € a root of unity
of order dividing 26 (a cube) and u; € U I(<11)7 by Theorem 11.3 (a), (b) it has break at most
3. S0 GY =1 for y > p(3) = 3.

Case (ii). Take o € WNU, a ¢ Fzep, of break 1, represented by € U (Theorem 11.2).
Sot=1, K| = Kp(:cl/?’), ex, = 6, and Theorem 11.3 applies over K; with 3eg, /2 =9. By

where
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Theorem 11.4 (a), o(w)/w € U 1((11) has break at most 8; elements of K,* have break at most
¥(3) = 7. So every element of D has break at most 8, and G¥ = 1for y > ¢(8) = 1+ £ = .
For the lower bound: the class of z lies in W N\ Fza (Theorem 11.5), so W = Fsa + F3[z]; the
valuation modulo 3 is a linear form on A that vanishes at a and not on W, so 3 { vy(z). As
K1/K, is totally ramified, vg, (w) = vp(N(w)) = vp(2), s0 3 { v, (w). Write w = 07 u with 6,

a uniformizer of K1, j = vk, (w) and u a unit. By Theorem 11.4 (a), o(61)/61 € UI%) N UI(?I),

hence (o(01)/61)7 € U[((ll) ~ UI((Ql) as 317, and o(u)/u € UI((QI); so o(w)/w € Ul((ll) ~ Ul(<21)7 which
by Theorem 11.3 (c) cuts out a totally ramified extension with break exactly 8. As dy differs
from o(w)/w by an element of K¢, of break at most 7, dy also has break exactly 8. So
GY # 1 for y < ¢(8) =10/3.

Case (i). W contains a class of nonzero valuation; replacing it by its negative, it has
valuation = 1 (mod 3), and it is represented by some z with vy(z) = 1. Take a = [z]:
t =3, K1 = Ky(0) with 03 = z, a uniformizer of K1, O, = Oy[0], and o () = wl for
a suitable generator o. Write w = ¢/u with u a unit. Then o(w)/w = w/o(u)/u with
o(u)/u € Ul(é) (Theorem 11.4 (a)), of break at most 9 —4 = 5 (Theorem 11.3 (b)), and
wl € K, has break at most ¢)(3) = 3. So every element of D has break at most 5, and
GY =1fory>pB)=3+ % = % For the lower bound, write u = +uy with uy € Ul((ll)
Then z = N(w) = 27 - (£1) - N(u1), as N(f) = 03 = 2. Suppose that u; € U]((Ql) Then
N(uy) € U®: write u; = 1+ ¢ with ¢ € 0?0, , that is, ¢ = ap + a1 + a26* with
a; € Op and vp(ag),vp(ar) > 1; then N(1 + () = 1+ s1 + s2 + s3 with s; = Tr({) = 3ao,
s = 5(Tr(¢)? — Tr(¢?)), s3 = N(¢), and as Tr(d) = Tr(6?) = 0 and the constant coefficient
of (? is a3 + 2ajasw, we get vy(s1) > 3, vp(s2) > 4, vp(s3) = vk, (¢) > 2. So the class of
+2 277, which is [2] — ja, lies in W NU = 0, and [2] € F3a, against Theorem 11.5. Hence
uy € UI%) ~ UI((QI), and u; = (1 + €f)ug with e € {1, -1} and ug € UI((QI). Now
i 1tewd o(ug) 1+ ewl e(w—1)0
=l . 7 — 17

w 1+ €0 U9 1+ €0 1+ €0
as v, (w — 1) = 3; the middle factor cuts out a totally ramified extension of break exactly
9 —4 =5 (Theorem 11.3 (¢)), o(u2)/ug € U}?l) (Theorem 11.4 (b)) has break at most 4, and
w’ has break at most 3. So o(w)/w, and &y, which differs from it by an element of K, have
break exactly 5, and GY # 1 for y < p(5) = 11/3. O

o(w)

e UL U,

Corollary 11.7. Let W = (a,3) be an isotropic plane, c: G, — F3 continuous with
c(gh) = c(g) + c(h) + a(g)B(h), and Ly the field cut out by

L a(g) cl(g)
g— (0 1 ﬂ(9)> :
0 0 1

Then the largest upper ramification break of Ly /K, is 11/3 if W NU = 0, it is 10/3 if
W NU is a line other than Fsey, and it is at most 3 if eg € W. In particular it is at most
10/3 if WU # 0.

Proof. Such a c exists because W is isotropic. The image of the representation maps onto
the unitriangular group modulo its center, because «, § are linearly independent, and the
center is the Frattini subgroup; so the image is the whole unitriangular group, Gal(Ly /K})
is isomorphic to it, and W is the plane of Theorem 11.6. Il
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Remark 11.8. By Theorem 11.7, each of the two irreducible representations py of dimension
3 of Gal(Lw /K,) has Artin conductor f(pw) = 3(1 + Ymax), Where ymax is the largest upper
break. Indeed f(p) = [°] codim p&" dy, by the definition in [101, Chapitre VI, §2] and a
change of variable by Herbrand’s function [101, Chapitre IV, §3], and py has no nonzero
vector fixed by GY for y < ymax, because every nontrivial normal subgroup contains the
center, on which pyy is a nontrivial scalar. So f(pw) = 14 in case (i) and 13 in case (ii). The
bound 11/3 also follows from a theorem of Abrashkin: for a finite extension Fy of Qy, £ > 2,
containing a primitive /-th root of unity, with ramification index ep,, and for 1 < s < ¢, the
maximal l-extension Fy[s| of Fy whose Galois group has exponent ¢ and nilpotency class
at most s satisfies Gal(Fp[s]/Fp)Y = 1 if and only if y > e, (1 + 727) — =24, where o1,
is 1 for s = 1 and 0 otherwise [3, Theorem 0.5 and the remark after it], [4, Theorem 4.5].
Abrashkin’s upper numbering is that of [101], with the valuation of the base field normalized
to have value group Z [3, §4.1]; as a check, for s = 1 his value e ¢/(¢ — 1) is 3 for Fy = K,
the largest break in Theorem 11.2 (b). For Fy = K, (ep, =2, £ = 3) and s = 2 the value is
22— 1 =4 which [3, §6.7] obtains as YK, /K, (5) with K1 = K, ((1 — w)/3), as in case (i)
of the proof of Theorem 11.6. Every Heisenberg extension of Kj, and every field cut out
by a representation as in Theorem 11.10, lies in K,[2], so its largest upper break is at most
11/3 by (R1). Theorem 11.6 shows in addition which planes attain the bound, and gives
the values 10/3 and at most 3 for the others. Single planes were treated before: Sharifi’s
computation of conductors for the plane ([¢],[1 — ¢]) over Q((s) [104, Proposition 4.18]
gives, for ¢ = 3, the plane ([3],[—2]) = ([3],[2]) (W3 of Theorem 11.9), of type (ii), with
largest upper break 10/3; and for the plane ([w], [1 — w]) = (e2, ex), of type (i), compare the
conductor of the top step computed by Davis and Pries [38, Lemma 4.15]. We have not
found in the literature the values of Theorem 11.6 for every isotropic plane, the conductors
14 and 13, or the bound |GY| < 27 for 3 < y < 10/3 of Theorem 11.10.

Remark 11.9 (worked examples). We make Theorem 11.6 explicit for four of the planes used
in the proof of Theorem 11.10. Let z € K with a = [z] # 0, let § be a cube root of z,
K1 = Kp(0) and o(0) = w, and let w € K{* be such that z = N, /x, (w) satisfies [2] ¢ Fza.
Put v = o(w)?0?(w) = zo(w) /w and
L =K, (21/3,71/3) = Kp(x1/3, 21/3, (J(w)/w)1/3).

This is the converse of Theorem 11.5: L/K, is a Heisenberg extension with plane (o, [2]).
Indeed, z is not a cube in K, as the kernel of H — K[/K;3 is F3a, and o(v)/y =
z/o(w)?; so the Kummer group ([z], [y]) of L/K; has order 9, is stable under o and is
not fixed by it, and L/K, is Galois of degree 27 and, as in the proof of Theorem 11.5,
not abelian. As there, some lift s of o fixes 2!/ and maps /% to 4'/321/3¢(w)~'; then
$3(y1/3) = 41/32 Ng,/k, (0(w)) ™! = A1/3. 50 53 = 1; and for h € Gal(L/K;) and i € {1,2},
(sth)? = (shs™%)(s**hs™?)h = 1, because 1 + o + 02 = (0 — 1)? vanishes on the F3-plane
Gal(L/K1), on which o acts by conjugation by s. So Gal(L/K,) has exponent 3; being non-
abelian of order 27, it is the Heisenberg group, and its plane is («, [2]), as K,(z'/3,21/3) C L
is abelian of degree 9. (See also [86, §2.2, Lemma 2.1 and Proposition 2.2].) Below, GY
are the upper ramification groups of L/Kj, computed from the breaks over K; by (R1),
(R2) and Herbrand’s functions as in the proof of Theorem 11.6, and d = [*](1 — |GY|™1) dy
is the valuation of the different of L/K,, normalized by v, (proof of Theorem 11.11); the
discriminant of L/K, is p>7d.
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Case (i): Wi = (er,e2). Take z =1 —w and w =1 —0, so that z =1 — x = w and

1—wb 94
L = Ky(Co,0,m), Cg:wv P=1-w, n= 1—-6 :1+1—9-

Here t = 3 and 0 is a uniformizer of Ky. Over K, 773 € Ul(?l) ~ UI(<51) has break 9 — 4 = 5 and
w=(1-0)3(1+30(1—0)"2) has break 9 — 7 =2 (Theorem 11.3 (c)), so the four lines of
the Kummer group of L/K; have breaks 2,5,5,5. Hence |GY| is 27 for —1 <y < 2, 9 for
2<y<3,3for3<y< %1, and 1 for y > %1 So L/K, is totally ramified, its lower breaks
are 2,5,11, and the top step L/K,((y,8), whose group is the center (contained in every
nontrivial G,,), has break 11 and conductor 12, the value of [38, Lemma 4.15] at the prime
3;and d =3 - % + % + % . % = %, s0 v (D, K,) = 27d = 114 and the discriminant of L/Ky
is p!'4. This agrees with the conductor-discriminant formula: the six characters of order
3 of Gal(L/K,) outside Fzes have conductor 4, the two in Fzes conductor 3, and the two
irreducible characters of degree 3 conductor 14 (Theorem 11.8), and 6-4+2-3+2-3-14 = 114.

Case (ii): W3 = (e + e2,e1) = ([3],[2]), the plane of [104, Proposition 4.18] at the prime
3. Take = 2, of class —eq, so that t = 1 and 6 = 2'/3 is a unit of K, and w = 1 + 6; then
z = 3, of class —(er + e2), and

1+w2l/3 (w—1)21/3

3 _ _ (1) (2

= o =1+ 14213 €Uy, NUg,,

as v, (14 0) = vy(3) = 2 and vk, (w — 1) = 3. Over K7, n® has break 8, that is, conductor
9 =/(? - ¢+ 3 for { =3, as in [104, Proposition 4.18], and z has break Vi, /K, (3) =T (by
(R2) for K,(2/3,3%/3)). Hence |GY|is 27 for —1 <y <1,9for 1 <y <3,3for3<y <

106
27 0

L= K, (23,33 ),

and 1 beyond; the largest upper break is ¢, /x, (8) = 13—0, d= and the discriminant of
L/K, is p*% in agreement with 6 -4 +2-2+2-3-13 = 106.

Case (iii). Here the largest upper break of L /K, is the largest break of the Kummer group
of L over the unramified cubic extension of K}, (proof of Theorem 11.6), so by Theorem 11.3
(with e = 2) it is an integer; by (R1) it is at least the largest break of the characters in W,
which is 2 if W # U and 1 if W = U: by Theorem 11.2 (c¢) an isotropic plane containing eg
lies in (eg, e1,€0), and Theorem 11.2 (b) gives the breaks. It depends on ¢: for Wy below
both values 2 and 3 occur, and for W5 = U/ all three values 1, 2, 3.

For Wy = (e2, eg) take = w, so that 0 = (g, K1 = K,((9) and t = 2, and w = 1+ (1 —w)(o;
then z = 7 + 3w, of class ep, is unramified over K, and o(w)/w € U[(?I) has break at most
2 (Theorem 11.3 (b)). So the largest upper break is 2, the inertia group has order 9,
and the discriminant is p™ (= p3+239). Replacing o(w)/w by (1 — w)o(w)/w, which
changes ¢ in Theorem 11.7 by an element of H, gives break 5 over Kj, since 1 —w =
(1 —¢o)*(1 + 3¢o(1 — ¢9)7?); the largest upper break becomes ¢k, /k,(5) = 3 and the
discriminant p%°.

For Ws =U take x =2 (t =1) and w = 1 — (1 —w)0, so that z = 7+ 12w, of class ep, and
o(w)/w € UI({GI) has break at most 2. Over K1, w and 1 — w have breaks ¢, /,(2) = 4 and
Vi, Kk, (3) =7 (by (R2) for Kp(2173,w'/3) and K, (23, (1 — w)'/3)). So replacing o (w) /w
by fo(w)/w with f =1, w, 1 — w gives the largest upper breaks 1 (an integer at most
Oy K, (2) = %), YK, /K, (4) = 2 and g, /i, (7) = 3, and the discriminants p?®, pb6 and p84.

All the discriminants above were also computed from the number fields of degree 54 given
by the same x, w and f over K, such as Q((g,6,7) in case (i) and Q(w,2'/3,3/3 1) in
case (ii). Each has a single prime above 3, with completion L, and the 3-adic valuations of
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their discriminants, 27 more than the exponents above, are 141, 133, 99, 117, 75, 93 and 111
(Supplement, item S8).

Proposition 11.10. Let k be a finite field of characteristic 3, let a,b € Hom(Gk,, k), and
let c: G, — k be continuous with c(gh) = c(g) + c(h) + a(g)b(h), so that

(1 a(g) C(g))
T: Gk, > GLs(k), g~ (0 1 bg)
0o 0 1

is a homomorphism. Let GY be the upper ramification groups of the field cut out by Y,
identified with T(GZI/(p). Then GY =1 fory > 11/3, |GY| < 3 for 10/3 <y < 11/3, and
|GY] <27 for 3 <y <10/3.

For y > 3 the restriction of ¢ to G%p depends linearly on the Pliicker vector of a A b, which
lies in a space of dimension 5. So it is enough to control it for five suitably chosen isotropic
planes whose Pliicker vectors form a basis. Theorem 11.7 says, for each isotropic plane, in
which range of y it vanishes, according to how the plane meets U. The bounds stated come
from a basis with one plane meeting I/ only in 0, two meeting it in a line other than Fseq,
and two containing eg, as in the proof.

Proof. Write Hy = Hom(Gk,,k) = H ®r, k, and a = Y, aje;, b = 3, bie; with a;,b; € k,
where i runs over {m,2,1,0} in this order. For y > 3, every element of Hj vanishes on G'ZI/(p
(Theorem 11.2 (b)); so a and b vanish there, and Y(g), for g € GZ}(F, is determined by c¢(g).
We show that ¢ vanishes on Gy for y > 11/3, and that its values on G lie in an Fz-line
of k for 10/3 <y < 11/3, and in an Fs-subspace of dimension at most 3 for 3 < y < 10/3.

For maps f, f" from Gk, to k put (9f)(g,h) = f(gh) — f(g) — f(h) and (f - f')(g,h) =
f(g)f'(h). For f, f" € Hy, the pointwise product ff’ satisfies d(ff') = f-f + f - f, and
O(f?) =2f - f. Expanding a - b = > ijaibje; - ej we get

a-b:ij ei~ej—|—8Q, mj:aibj—ajbi, Q:Zajbieiej+%2aibie?.

i<j i<j i
The hypothesis on ¢ is dc = a - b, so ¢ = ¢ — Q satisfies d¢’ = > i<j Mij€i- ej. The vector (1)
is the Pliicker vector a A b € A?H, in the basis (e; A ej)i<j. Let P C A% H be the kernel of
the linear form A2H — Fs, f A f' — fU f/, induced by the cup product; it has dimension 5
by Theorem 11.2 (c). For £ = > &;je; A ej € P the 2-cocycle ) &;je; - e; is a coboundary:
there is a continuous c¢: G, — F3 with dcg = >~ &;je; - €. Choose such c¢¢ for £ in a basis
of P, and extend £ — ¢¢ linearly to P ® k. The class of the 2-cocycle 3=, mije; - €j in
H?*(Gk,, k) = H*(Gk,,F3) ®r, k = k is 3, ; mij (e; U e;), the value at a A b of the k-linear
extension of the form induced by the cup product; as this cocycle is the coboundary d¢/, the
value is 0, that is, a A b lies in P ® k. So ¢’ — caap is a homomorphism Gk, — k. For y > 3,
both ¢ — c4np and @ vanish on Ggl'{p, SO

cloy = carslay (¥ >3)

For y > 3 the map ®,: P — Hom(Gll’{p,Fg), & C{|G§’( , is F3-linear, and it does not depend
P

on the choice of the c¢, since two choices differ by an element of H. Let W = (o, ) be an
isotropic plane, and ¢y as in Theorem 11.7. Applying the identity just proved to (a, 3, cw )
in place of (a,b,c), we get ey = cqnp On Gl;(p for y > 3. By Theorem 11.7, ¢y vanishes on
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Gip for y > 11/3, for y > 10/3 if W NU is a line other than Fsep, and for y > 3 if eg € W.
So ®,(a A f) = 0 in these ranges.

Let Py C P be the kernel of the map P — A?(H/U) = F3; in coordinates, & +— &xa.
Consider the planes

Wi = (er,e2), Wa=(er,e1+eo), Ws=(er+eze1),
Wy = (e2,e0), Ws=U= (e1,e0),
which are isotropic by Theorem 11.2 (c). (Theorem 11.9 gives explicit Heisenberg extensions

for Wy, W3, Wy and W5, and the Supplement, item S8, one for each of the five planes.) In
the basis (ex A e, ex Aer,ex Aeg,ea Aer,es Aeg,er Aey) of /\2 H their Plicker vectors are
gl :(1,0,0,0,0,0), 52: (03171707())0)’ 53:(0717071a0a0)7
54 = (070707071a0)a 55 = (anaovovoa 1)
They are linearly independent, so they form a basis of P, which has dimension 5; and
&,...,& form a basis of Py, which has dimension 4 since & ¢ Py. Now Wi NU = 0;
WoNU = Fs(e; + eg) and Wy NU = Fae;y are lines other than Fseg; and eg € Wy N W5, So
O, (&) =0 for y > 11/3, ®,(&) = Py(&3) = 0 for y > 10/3, and @, (&) = Py (&5) = 0 for
y > 3. Hence ®, =0 for y > 11/3, and ®,(Py) = 0 for y > 10/3. For y > 11/3 this gives
c=0on Gg(p, so GY =1. For 10/3 <y < 11/3, a Ab—1nr261 € Py @k, 50 ¢ = ra ¢, on
G%p, with values in the line 7,2F3, and |GY| < 3. For 3 <y < 10/3, write a A b = Z?d vi&;
with v; € k. As ®,(§4) = @y (&5) = 0, we get ¢ = vice, + vace, + V3cg, on G%’{p, with values
in the Fs-span of vy, v, v3, a group of order at most 27; so |GY| < 27. O

11.4. Root discriminants.

Proposition 11.11. Let A be a stable lattice and L C Ly a finite Galois extension of K.
Then rd(L) < 3449/162 " 1f moreover the inertia groups of L/K at the primes above p have
order at most 3°, s > 0, then

rd(L) < T o= 33+(1-37°) Fmin(1-372.3).3
Here Ty = 357/'8 < 9.5665, Ty = 3137/% < 16.2359 and Ty = 3%7/162 < 19.3665.

Proof. The extension L/K is unramified outside p, and its primes above p are conjugate.
Let w be one of them, G¥ the upper ramification groups of Ly, /Ky, and d = vy(D 1, /K, )

the valuation of the different, normalized by vp(1 —w) = 1. As d, = Ng/o(dr k) d[lgm,

|dx| = 3 and Np = 3, we have rd(L) = 3(1+9/2, By [101, Chapitre IV, §1, Proposition 4],
0L, (D) = [?](|Gz] — 1)dz in the lower numbering; the change of variables y = ¢(z),
dz = (|Go|/|Gz]) dy, and e(L,,/K,) = |Go| give

d= / |Gy ) dv

The field L,, is contained in the field cut out by RA]GKp =1 - Y, with T and (a,b,¢) as in

Theorems 10.6 and 11.10, hence in the compositum of the unramified extension cut out by )
and of the field cut out by T. So for y > 0 the group GY is a quotient of the corresponding
ramification group of the field cut out by T (the upper numbering passes to quotients, and
an unramified extension does not change the ramification groups). As Y(I,) consists of
unipotent matrices, it is a 3-group, and L,,/ K, has no tame part: GY = G for -1 <y <0
and for small y > 0. By Theorem 11.10, applied with k = Fg, GY =1 for y > 11/3, |GY| < 3
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for 10/3 <y < 11/3, and |GY| < 27 for 3 < y < 10/3. The integrand 1 —1/|GY| lies in [0, 1),
as 1 < |GY| < o0, so

d<4+ %(1 - %) + %(1 - %) = ?’Sif, rd(L) < 3(1+368/81)/2 _ 3449/162
If |G°] < 3%, the integrand is at most 1 — 37 on (—1,10/3], at most min(1 — 37%, 2) on
(10/3,11/3], where |G¥| < 3, and 0 beyond, so d < (1 —37%) - 1 + min(1 —37%,2) - 1
rd(L) < Ts. The decimal values are those of Appendix A, item C5. O

The bounds on |GY| for 3 < y < 11/3 are what make this work. With only GY =1 for
y > 11/3, the proof gives d < 14/3 and rd(L) < 3'7/%, and 3'7/6 > 22.48 lies above the
supremum 47e? < 22.39 of the bounds of Section 8.3; with them, 3%49/162 < 21.01 lies below
it.

11.5. Lower bounds.

Proposition 11.12. Let L be a totally complex number field of degree n. Then

n > 1378 674 118 80 24 20
rd(L) > 21.1515 20.4476 16.9179 15.6281 10.5939 9.7691

and rd(L) > 3.2422 if n > 4. On the other hand 3**9/162 < 21.0084, T3 < 19.3665,
Ty < 16.2359, 3°/2 < 15.5885, 311/6 < 7.4942, T} < 9.5665 and v/3 < 1.7321.

Proof. The right side of (8.2), with 1 = 0 and the test function ®(z) = ®g(x/b)/ cosh(x/2)
of Section 8.3, was evaluated with certified error bounds at b = %, 25,12,10,6,6,2 for
the seven degrees n = 1378,674,118,80,24,20,4 (Appendix A, item C5). For fixed b the
bound increases with n. The smallest margin is 2.54 - 1073 in logrd, at n = 80, against 3%/2
(item C5). The comparison at n = 674 with T3 is used in the case s = 3 of the proof of
Theorem 11.13, where A is the projective image of an irreducible reduction R, and 3° the
3-part of |A|: with 3%49/162 in place of T3, step (c) there would give only |A| < 688, while
for non-solvable A the count of step (d) gives only |A| > 540. O

11.6. The reductions.

Proposition 11.13. For every stable lattice A, Ry is reducible.

Proof. Suppose that Ry is irreducible. Let A C PGL3(Fg) be its projective image, L C Ly
the field cut out by the projective representation, which is Galois over K with group A and
totally complex of degree 2|A|, and P C A an inertia group at a prime above p.

(a) A is generated by the conjugates of P, which is a 3-group. The subgroup generated by
the inertia groups at the primes above p is normal, and its fixed field is unramified over K at
every place. A nontrivial extension of K unramified at every place would be totally complex
of degree at least 4 with root discriminant rd(K) = v/3, which Theorem 11.12 excludes; so
that subgroup is A. And P is a 3-group, by the proof of Theorem 11.11.

(b) A has no nontrivial normal 3-subgroup. Let Q C A be one, and @ its preimage in
RA(Gk). The kernel of Ry(Gf) — A consists of scalar matrices, whose orders are prime to
3; so Q is the direct product of this kernel and of its unique Sylow 3-subgroup @3, which is
therefore normal in Ry (G ). A 3-subgroup of GL3(FFg) is unipotent, so the vectors fixed by
Q3 form a nonzero subspace, stable under Rj(Gk). As Ry is irreducible, Q3 acts trivially,
so @3 =1and Q =1.

(c) Orders. A # 1, since otherwise Rj(Gx) would consist of scalars; by (a), 3 divides |A|.
Let 3% be the 3-part of |A|, so s > 1 and |P| < 3°. By Theorem 11.11, rd(L) < 3%49/162 and
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rd(L) < Tg; by Theorem 11.12, 2|A| < 20, 118, 674, 1378 if s =1, 2, 3, s > 4 respectively.
So |A| <9, 58, 336, 688 respectively.

(d) Groups. If s =1, then |A| € {3,6}, and the Sylow 3-subgroup is normal, against (b).
Let s > 2; then s < 5, since 3% > 688. Suppose first that A is solvable, and let Ap be its
Fitting subgroup. By (b), Ap has order prime to 3, and it contains its own centralizer in
A; so a Sylow 3-subgroup of A, of order 3°, acts faithfully on Ag by conjugation, and 3°
divides |Aut(Ap)|. The order of A divides the part m of |A| prime to 3, and by (c) m < 6,
12, 8, 2 for s = 2,3,4,5. But for every group Y of order at most 12 and prime to 3, the
3-part of | Aut(Y)| is at most 3: these groups are 1, Cy, Cy, C3, Cs, Cr, Cs, Cy x Cy, Dy,
Qs, C3, C19, D5 and C71, whose automorphism groups have orders 1, 1, 2, 6, 4, 6, 4, 8, 8,
24, 168, 4, 20 and 10. This contradicts 3° > 9. If A is not solvable, it has a non-abelian
simple composition factor S with |S| < 688, so S is one of As, PSLy(F7), Ag, PSLa(Fs),
PSLy(Fy1), of orders 60, 168, 360, 504, 660 and with 3-parts 3, 3, 9, 9, 3 [34]. The other
composition factors contribute the rest of the 3-part of |A]. So |A] > 60 > 58 if s = 2;
|A] > min(9 - 60, 3 -360) = 540 > 336 if s = 3; and |A| > min(27 - 60, 9 - 360) = 1620 > 688
if s > 4. In each case this is a contradiction. O

Proposition 11.14. R is not of the form 0 & © with 6 a character and © irreducible of
dimension 2.

Proof. Suppose it is. For a suitable stable lattice A, © is a subquotient of R, so by
Theorem 10.6 its restriction to G, has, in a suitable basis, the form g — 1/;(9)((1) ”(19))
with € Hom(Gk,,Fg). Let A be the projective image of © and L the field it cuts out,
Galois over K with group A, totally complex of degree 2|A|, unramified outside p. The
completions of L at the primes above p are cut out by 7: they are abelian of exponent 3,
without tame part, and with upper breaks at most 3 by Theorem 11.2 (b). As in the proof of
Theorem 11.11, d < 1+ 3 and rd(L) < 3%/2, so 2|A| < 80 by Theorem 11.12, and |A| < 39.
As in (a) and (b) of the proof of Theorem 11.13, A is generated by its elements of order a
power of 3 and has no nontrivial normal 3-subgroup. Also A # 1, since © is irreducible,
so 3 divides |A|. By Dickson’s classification of the finite subgroups of PGLy(F3) [47] (see
[51, Theorem B and Remark 2.3]), a finite subgroup of PGLy(F3) of order divisible by 3
without nontrivial normal 3-subgroup is isomorphic to A4 = PSLa(F3), Sy = PGL2(F3), As,
PSLg(F3m) or PGLy(F3m) with m > 2. Of these only A4 and Sy have order at most 39, and
Sy is not generated by its elements of order 3. So A = A4, whose 3-subgroups have order at
most 3: the inertia groups have order at most 3, so d < % -4 and rd(L) < 311/6 < 7.4942,
while [L : Q] = 24 gives rd(L) > 10.5939 (Theorem 11.12). This is a contradiction. O

Corollary 11.15. For every stable lattice A, R is the sum of three copies of the trivial
character.

Proof. After enlarging F, every constituent of R is absolutely irreducible, and R is
irreducible, or the sum of a character and an irreducible representation of dimension 2, or a
sum of three characters. The first two cases are excluded by Theorems 11.13 and 11.14, and
in the third every character is trivial by Theorem 11.1. D

11.7. Local generation. The following lemma is elementary and well known. It goes back
to Shafarevich and Koch [103, 79], and Greenberg states it in the form “p is totally ramified
in M/K” [67, Remark 6.1.4]. Freitas, Kraus and Siksek prove that an (-extension of a
number field unramified away from one prime q and the infinite places is totally ramified at
q when ¢ does not divide the narrow class number [60, Theorem 9(b)]. We include the proof.
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Lemma 11.16. Let £ be an odd prime and K' a number field with only one prime q above £
and with class number prime to £. Let Q be the mazimal pro-{ extension of K' unramified
outside q, and G = Gal(Q/K'). Then the inertia group in G of a prime of Q above q is G.

Proof. Let T C G be such an inertia group; it is compact, hence closed. As G is a pro-£
group, a closed subgroup that maps onto G/®(G), where ®(G) is the Frattini subgroup (the
closure of G*[G, G)), is G itself. So it suffices to show that every continuous homomorphism
x: G — Fy with x(T) = 0 is zero. Such a x vanishes on all the inertia groups above ¢, which
are conjugate to T'; so it cuts out an extension of K’ of degree 1 or ¢ that is unramified at
every finite place, and also at the infinite places, as £ is odd. As ¢ does not divide the class
number, the extension is trivial and y = 0. (Il

Corollary 11.17. Let R': Gx — GL3(Q3) be a continuous representation, unramified
outside p, whose reduction has trivial semisimplification. Then R'(Gk) = R'(I).

Proof. The image of R’ is compact, so R’ is defined over the ring of integers O’ of a finite
extension of Q3, with uniformizer w and residue field k’, and stabilizes a lattice. The
reduction of the lattice has trivial semisimplification, so in a suitable basis of the lattice
it is upper unitriangular, and R'(Gk) lies in the preimage in GL3(O’) of the group of
upper unitriangular matrices of GL3(k’), a pro-3 group (an extension of a finite 3-group by
1+ wM3(0")). So R’ factors through Gal(Q2/K), where Q is the maximal pro-3 extension of
K unramified outside p. The field K has one prime above 3 and class number one, so by
Theorem 11.16 the image of I, in Gal(2/K) is the whole group. Hence R’ (Gk) = R'(I,). O

11.8. The theorem.

Theorem 11.18. Let p > 17 be a prime with p = 1 (mod 3). Then x3 + y> = 2P has no
solution in coprime nonzero integers.

Proof. Suppose that (a, b, ) is a solution. By Theorem 5.1, 3 | ¢, p{ c and 7 { abc, so the Frey
representation p of the solution is defined and has the properties (F1)-(F6) of Section 7.1.
By Theorems 7.2, 7.5 and 7.3 there is a compatible system R as in Section 7.6. Let A be a
prime of its coefficient field above 3 and R = Ry. By Theorem 10.4, R is unramified outside
p; by Theorem 10.6, R|GK,, stabilizes a line Vi; by Theorem 11.15, the reduction of R has
trivial semisimplification. By Theorem 11.17, R(Gk) = R(I,) C R(Gk,), so V1 is stable
under Gk, and R is reducible. This contradicts Theorem 10.7. ]

Corollary 11.19. For every integer n > 3 the equation x® + y> = 2™ has no solution in
coprime nonzero integers.

Proof. An integer n > 3 has an odd prime factor ¢, or is divisible by 4; a solution (a, b, ¢)
for the exponent n gives the solution (a, b, c"/q) for the exponent ¢, or (a,b, c”/4) for the
exponent 4. For the exponents m with 3 < m < 10%, in particular m = 4 and the primes
g < 13, there is no solution by [30, Theorem 2[; for the primes g > 17 with ¢ = 2 (mod 3)
by [58, Theorem 3]; and for the primes ¢ > 17 with ¢ =1 (mod 3) by Theorem 11.18. [

Remark 11.20. The two-dimensional analogue of Theorems 11.13 and 11.14 is a theorem
of Sengiin: there is no irreducible continuous representation of G in GLo(F3) unramified
outside p [99, Theorem C]. The method, a ramification bound played against lower bounds
for discriminants, is Tate’s [109]; it was refined by Moon and Taguchi [89] and extended to
representations of higher dimension by Moon [88], and Ghitza and Yamauchi prove, under
the generalized Riemann hypothesis, that Gg has no irreducible totally real representation
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modulo 3 of dimension 2, 3 or 4 unramified outside 3 [64, Theorem A (b)]. Dieulefait and
Golfieri Madriaga [48, §2] also argue at a prime above 3, for Fermat’s equation over totally
real fields when 3 | zyz, but differently: the Frey curve has multiplicative reduction there,
and level lowering with the Hasse—Weil bound excludes large exponents.

Proposition 11.21. There is no continuous representation R: G — GL3(Q3) that is
semisimple, unramified at every prime q # p, and de Rham at p with Hodge—Tate weights
{0,1,2} for both embeddings of Ky, and such that the monodromy operator of WD(R|GKP)
s reqular.

Proof. The proofs of Theorems 10.6 and 10.7 and of Theorem 11.1 to Theorem 11.17, and
the last three sentences of the proof of Theorem 11.18, use only these four properties of R,
together with a character of G, of 3-power order through which I, acts on WD(R|q,, ),
which replaces HA\GKp- Such a character exists. The action of I, on WD(R\GKP) has finite
image and commutes with the regular monodromy operator, so it is through a scalar character
X- The cube of x is the restriction to I, of e3det R, a character of G that is unramified
outside p and de Rham at p with Hodge-Tate weights 0, hence of finite order on I, and so
of finite order, as K has class number one; it is a character of some ray class group Clyn (K),
which is a 3-group by the proof of Theorem 11.1. So x has 3-power order. It is invariant
under conjugation by the Weil group of Ky, so it factors through the image of I, in G%?p ,

which is O by local class field theory, and it extends to a character of G, of the same
order. ]

Remark 11.22. Each of the last three properties of Theorem 11.21 fails for an irreducible
representation with the other three.

(a) Ramified outside p: the restriction to G of the symmetric square of H' of the
elliptic curve 15al, of conductor 15, is ramified at the inert prime 50, where the
curve has multiplicative reduction. It is de Rham at p with Hodge—Tate weights
{0,1,2}, and its monodromy operator at p is regular, as the curve has multiplicative
reduction at 3.

(b) Other Hodge—Tate weights: for the newform f = 1(2)%7(32)% of weight 6 on I'y(3),
the restriction to G'x of the symmetric square of the 3-adic representation ps of f
has Hodge—Tate weights {0,5,10}. It is unramified outside p, and its monodromy
operator at p is regular: f is new of level 3, with as3(f) =9 = 3(6-2)/2 g0 py is
semistable at 3 with nonzero monodromy operator [96].

(c) Monodromy operator 0: the curve y? — 3xy + wy = 22 over K has discriminant 27w?

and j-invariant 27(—216 — 703w), so it has good reduction outside p and potentially
good reduction at p, and the symmetric square of its H' has monodromy operator 0
at p. It is unramified outside p, and de Rham at p with Hodge-Tate weights {0, 1, 2}.

These representations are irreducible. In (a) and (c¢) the curve has no complex multiplication
(15al has non-integral j-invariant, and the j-invariant in (c) has no real conjugate, unlike
every j-invariant with complex multiplication), so the image of G acting on H! is open
in GLg(Z3) [100, Chapter IV, §2.2], hence Zariski dense in GLg, and the symmetric square
is irreducible. In (b), ps is irreducible: otherwise its semisimplification would be a sum
of two characters unramified outside 3 with Hodge—Tate weights 0 and 5, whose values at
Frobs have absolute values 1 and 2°, while as(f) = —6. So the symmetric square of pf|a,
is semisimple, with regular monodromy operator at p, hence irreducible, as in the proof of
Theorem 10.7. The following kinds of objects over K fail one of the properties: induced
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and CM ones have N = 0; endoscopic and CAP ones (for U(2,1)) have reducible Galois
representations [12, §3.2.3], hence N2 = 0; and symmetric squares of elliptic curves over
K with N? # 0, that is, of curves with potentially multiplicative reduction at p, ramify
outside p (by [99, Theorem C] and [60, Theorem 1], after a quadratic twist). Moreover,
there is no nonzero scalar-valued Picard modular cusp form of weight 3 (the weight of
holomorphic 2-forms) for the principal congruence subgroup of level /=3 of SU(2,1)(Z[w]),
nor, equivalently, for that of U(2,1)(Z]w]) with a power of det as character [18, §2.1 and
Proposition 2.2].

Part IV: the equation z3 4 y3 = 32"
12. THE EQUATION z° 4 y% = 32"

The methods of Parts I, II and III, together with Frey curves and descents on curves of
genus one and two, also apply to the equations

o 4y =3k (k>1),
and in particular to 23 4+ 3> = 32". A solution of x> + y> = 3¥2" is a triple (a,b,c) of
integers with ged(a,b) = 1, ¢ # 0 and a® + b = 3¥¢". For k = 1 this is the same as a
solution in coprime nonzero integers: a = 0 would give &1 = 3¢", and a prime dividing a
and b divides ¢. For k > 3 the condition ged(a,b) = 1 is stronger than ged(a,b,c) = 1 (for

instance 6 + 3% = 3°), and it is the one we use. From Section 12.2 to Section 12.5, and from
Section 12.7 on, the exponent is a prime p.

12.1. Results.

Theorem 12.1. For every integer n > 3, the equation x> + y° = 32" has no solution in
coprime nonzero integers. For n = 2 there are solutions, for example 113 4 (—2)3 = 3 - 212.

Theorem 12.1 follows from the cases k = 1 of the next three theorems and the classical
case n = 3. The theorems also treat z° + % = 3%2" with k > 2; these cases are used in
Theorem 12.17 and in Theorems 12.5 and 12.26.

Theorem 12.2. Let p > 7 be a prime and k > 1 an integer.

(a) If 2k — 3 is not a nonzero square modulo p, then x> + y> = 3*2P has no solution. In
particular, for every prime p =3 (mod 4) with p > 7, x3 + 3> = 32P has no solution
in coprime nonzero integers.

b) For every prime p with 7 < p < 10%, 23 4+ 3> = 32P has no solution in coprime

( Y y
nonzero integers.

¢) For 3 <k <7 and every prime p with 7 < p < 106, 23 + 4% = 3%2P has no solution.
Yyp p p Y

Part (a) is Freitas’s symplectic argument [58, §2], applied to the twist by —3 of Kraus’s
Frey curve; parts (b) and (c) come from a criterion of Kraus’s type [80, Théoreme 3.1] with
an auxiliary prime ¢ = 1 (mod p), checked by computer (Theorem 12.11 and the Supplement,
items S14-S16). In part (c), the pairs (k,p) = (3,7),(5,7), (7,11),(7,23) come from part (a):
for them 2k — 3 is not a nonzero square modulo p, and for (5,7) and (7,11) it is divisible
by p.

Theorem 12.3.

(a) If x,y, z are integers with ged(z,y) = 1 and 23 +y3 = 32, then (z,y, 2) = £(1,—1,0).
For every odd k > 1, 23 4+ y3 = 3*2* has no solution.
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(b) If x,y, z are integers with ged(x,y) = 1 and x3+y> = 325, then (z,y, 2) = +(1,—-1,0).
For every k > 1 with k =1 or 3 (mod 5), 2% + y® = 3¥25 has no solution.

(¢) The solutions of x® + y* = 92° are (2,1,1), (1,2,1), (-2,—1,—1) and (—1,—2,—1).
For every k > 7 with k = 2 (mod 5), 23 + 3 = 3¥2° has no solution.

The proofs of Theorem 12.3 (Section 12.6) are descents in the manner of Bruin’s treatment
of 23 4+ 1% = 2* and 23 +y3 = 2% [26]: to the elliptic curve v? = u?® 4 27u for the exponent 4,
and to the curves y? = z° — 28 - 37 of genus two, j = 9,3, 1, for the exponent 5, where for
7 =1 we use Chabauty’s method at 7.

Theorem 12.4. Let p > 17 be a prime and k > 1 an integer. Then x3 + y° = 3¥2P has no
solution with 3 | z, and no solution at all if k =1 or k > 8. In particular, for every prime
p > 17, 23 + y3 = 32P has no solution in coprime nonzero integers.

For p =1 (mod 3) the proof of Theorem 12.4 is that of Theorem 11.18; for p = 2 (mod 3)
it uses the extension of that proof to an inert prime (Theorems 12.22 and 12.24 and Sec-
tion 12.10).

Proof of Theorem 12.1. 1f (a, b, ¢) is a solution of 2% 4+ 3> = 32" in coprime nonzero integers
and m | n, then (a, b, ¢™) is one of exponent m. Every n > 3 has a divisor m € {3,4} or a
prime divisor p > 5. For m = 3 there is no solution: the cubic curve X3 +Y3 = 323 has only
the rational point (1 : —1:0). This is classical: the curve is isomorphic to the elliptic curve
y? = 23 — 3888 (Cremona label 243b2), which has rank 0 and trivial torsion (the Supplement,
item S17). The exponents 4 and 5 are Theorem 12.3 (a), (b). The primes 7 < p < 10%
are Theorem 12.2 (b), the primes p = 3 (mod 4) are Theorem 12.2 (a), and the remaining
primes, which are larger than 10% and congruent to 1 modulo 4, are Theorem 12.4. Of these,
Theorem 12.4 uses Theorem 12.21 only for p =2 (mod 3), that is, for p =5 (mod 12). So
Theorem 12.21 is needed only when n is divisible neither by 3 nor by 4 and all its prime
factors p > 5 satisfy p =5 (mod 12) and p > 108. d

Remark 12.5 (what is not settled). For the exponent 4, 3 + 3> = 3¥2% has no solution for
k odd (Theorem 12.3 (a)), nor for k = 0 (mod 4), where it reads =3 + 3% = (3#/42)* and
Bruin’s theorem [26, Theorem 1] applies. For k = 2 (mod 4) it reads 2% +y3 = 9(3(-=2)/42)4,
and the equation 23 4+ y3 = 92* remains open. Besides 23 + 12> = 9 - 1% it has the solution
713 4+ (—23)3 = 9 - 14%. Theorem 12.12 leads to the curve Y? = 4X* — 3, and the map
(X,Y) — (X/3,Y) takes it isomorphically to the curve Cy_1: Y? = 324X* — 3 of [26, §3],
of rank one.

For the exponent 5 every k is settled (Theorem 12.3 (b), (c), and Theorem 12.17 for
k=0,4 (mod 5)). For prime exponents p > 7, Theorem 12.26 describes what remains; in
particular, for k¥ = 2 and every prime p > 7 it is open whether (2,1,1), (1,2,1) and their
negatives are the only solutions.

For k =1 the equation is, to our knowledge, not treated in the literature on twisted sums
of two cubes, where the twisting prime is at least 5 [16, 14]. The equations 2" + 3" = 32"
with r € {5,7,13} have been solved for all n > 2 by Billerey, Chen, Dieulefait and Freitas,
with Dembélé for r = 13 [22, 21], [24, Theorem 1.2]; Theorem 12.1 is the corresponding
result for » = 3. The obstruction is the one recalled in Section 1, the identity that [23,
Remark 1.7] writes as 23+ 13 = 3. 3! = 32. For the exponents 4 and 5 the nearest results we
know of are Bruin’s for the coefficient 1 [26] and, for the coefficient 2, those of Bai and Zhang
on 2 + y® = 22%" with n > 2 [6] and of Wilcox on 223 + 2y® = 2 [114, Proposition A.4].
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12.2. Notation, and elementary facts. Let (a,b,c) be a solution of 2% + y3 = 3k 2P with
p > 5. We write

a’® —ab+ b?
3 .
Besides Kraus’s Frey curve E,; and the curve W = Fj 1 of Section 1 we use the curves

et YP=X?—(a-b)X*+TX, W =F;: Y’=X"-X"+X.
The curve E:z,b is the quadratic twist of E,; by —3, and W', of conductor 24 (Cremona
label 24a4), is the twist of W by —3; Freitas denotes these curves E and W [58, §2]. A
solution is normalized if either a is even, b is odd and b =1 (mod 4), or a and b are odd
and a =1 (mod 4). Every solution becomes normalized after exchanging a and b, replacing

(a,b,c) by (—a, —b, —c), or both (p is odd); each of the first two operations replaces E,j and
Eé,b by their quadratic twists by —1, and the two together leave these curves unchanged.

vi=u3(a® + b%) = k + pus(c), S:=a+b, T :=

Lemma 12.6. Let (a,b,c) be a solution of 2% + y3 = 3F2P with p > 5.
(i) ab#0,a+b#0,3|a+b, 31ab and ged(c,ab) = 1.
(ii) v3(a® —ab+b%) = 1; T is an integer prime to 3 and to a +b; v3(a+b) =v — 1 and
v > 2. In particular 3 | ¢ if k = 1.
(iii) a+ b= 3"3_10‘17 and T = ¢ with integers ci, cy such that ¢ = cico.
(iv) In O, a+bw = (1 — w)yP for some v € O, and N(y)P =T.

Proof. (i) If @ = 0 then b = +1 and +1 = 3*¢P, which is impossible; a + b # 0 because
c#0. Since a® +b> =a+b (mod 3), 3 | a+ b, and then 3 | a would give 3 | b. A prime
dividing ¢ and a divides b3. (ii) a® — ab+ b? = (a + b)? — 3ab with 9 | (a + b)? and 3 ab. A
prime ¢ # 3 dividing a + b and 3T divides 3ab, hence a and b. So v = v3(a+b) +1 > 2,
and for k = 1 this gives puvs(c) > 1. (iii) ((a + b)/3*71) - T = cP, the two factors are
coprime integers, v3((a + b)/3*~1) = puvs(c), T > 0, and p is odd. (iv) Put 7 = 1 — w,
so m2 = —3w. In the factorization a® + b® = (a + b)(a + bw)(a + bw?), the differences
(@ +b) — (a+bw) = br and w(a + b) — (a + bw) = —am, their complex conjugates, and
(a+bw) — (a+bw?) = b(w—w?) = bwr and w(a+bw) — (a+bw?) = a(w—1) = —ar show that
a common divisor of two factors divides 7 ged(a,b) = w. Moreover vy(a+b) =2(v — 1) > 2
and a+bw = (a+b) —br, 50 v (a+bw) = vy (a+bw?) = 1. Hence (a+b)/m?V~1 (a+bw)/m
and (a + bw?)/7 are pairwise coprime, and their product is a unit times (c/3"(?)". As
O is a principal ideal domain whose unit group pg consists of p-th powers (ged(p,6) = 1),
(a + bw)/m = 4P with v € O. Taking norms, 3T = a? — ab+ b*> = 3N(7)P. O
Lemma 12.7. Let (a,b,c) be a solution of 2® + y> = 322 with p > 5, and E' = By
(a) E' is an elliptic curve with the rational point (0,0) of order 2; c4(E') = —2%ab,
A(E") = —2%.3%=3¢%  and j(E') = 28330/ (a® 4 b3)2.
(b) At a prime £ > 5: E’ has good reduction if £ 1 ¢; if £ | ¢, the model is minimal, the
reduction is multiplicative and vo(Amin) = 2pve(c).
(c) At 3: the model is minimal, the reduction is multiplicative, and v3(Amin) = 2v — 3 =
2k — 3+ 2pus(c) > 1.
(d) At 2, if a is even and b odd (so that ¢ is odd): the model is minimal, vo(Apin) = 4,
v2(J(E")) = 8+ 3ua(a) > 0, and the Kodaira type and the exponent of the conductor

are Il and 4 if b =3 (mod 4); Il and 3 ifb=1 (mod 4) and va(a) = 1; IV and 2
ifb=1 (mod 4) and 4 | a.



THE EQUATION z3 + 43 = z» 79

(e) At 2, if a and b are odd and a =1 (mod 4) (so that ¢ is even and M = va(a + b) =
pua(c) > 5): the reduction is multiplicative and vo(Amin) = 2M — 8.

In particular, for a normalized solution the conductor of E' is 2¢-3 - H£|07425 £, with e = 3 if
va(a) =1,e=21if4 | a, and e =1 if ab is odd.

Proof. (a) These are identities in Q(a,b); the model of E’ is that of the twist of E,; by —3
(c4 and cg multiplied by 1/9 and —1/27), and (a® + v%)2/27 = 3%=3¢2P. (b), (c) If £ > 5
divides A(FE’) then ¢ | ¢, and then £t c4(E’") by Theorem 12.6 (i); likewise 3 { c4(E’) and
v3(A(E")) = 2v — 3 > 1. An integral model whose ¢4 is a unit at ¢ is minimal at ¢ and has
multiplicative reduction there if ¢ divides its discriminant.

(d) Here a; = a3 = ag =0, ag = b—a and ay = T are odd, and v9(A) = 4. The reduction
Y? = X3 + X2 + X is singular at (1,1), and the translation X =z + 1, Y =y + 1 gives
y? +2y = 23 + aha® + a)jx + af with @)y = ag + 3, aly = ag +2a2 + 3 and afy = as + ay, all even;
as by = 4al, is even, the reduction is additive. Tate’s algorithm [105, IV.9] stops with type II
(exponent ve(A) =4) if 41 ag; o therwise with type III (exponent 3) if aj =2 (mod 4), as
then bg = dahay + 4ah — a/f = —a? £ 0 (mod 8); and otherwise with type IV (exponent 2),
as bg = 4(1+af) is not divisible by 8. In particular the model is minimal. As ?> =1 (mod 8),
3T =a?—ab+1 (mod 4),s0 T=1 (mod 4) if va(a) = 1 and T = 3 (mod 4) if 4 | a. Hence
ag =b—1 (mod 4) in both cases, and a) =T + 1 (mod 4) is = 2 if va(a) = 1 and = 0 if
4] a.

(e) Here b= —a (mod 32), r == (a—b)/2=a=1 (mod 4), D = (a+b)?/12 is an integer
divisible by 2%, and X? — (a —-b)X —|— T=(X-7r)?%+ D The substitution X = 4z + r,
Y = 8y +4x turns E’ into y?> +xy = 23+ = L2 4 163:+ 64 , an integral model with ¢4 = —ab
odd and discriminant A(E')/2'2, of valuation 2M — 8 > 0. O

12.3. The elliptic step.

Lemma 12.8. Let (a,b,c) be a solution of x> + y> = 3K2P with p > 7. Then pg L 0
absolutely irreducible. 7

Proof. The representation is odd, so if it is not absolutely irreducible it is reducible over
Fy,, and E' = E/ , has a rational subgroup of order p; with the point (0,0) it has a rational
cyclic subgroup of order 2p. By the theorems of Mazur [84] and Kenku [75], for a prime
p > 7 an elliptic curve over Q with rational isogenies of degrees 2 and p exists only for
p =7, and then j € {-15% 2553} (the two noncuspidal rational points of Xo(14)). But
v3(j(E")) = 3 = 2r < 0 by Theorem 12.7 (a) and Theorem 12.6 (ii), so j(E’) is not an
integer. ]

Theorem 12.9. Let p > 7 be a prime, k > 1, and (a,b,c) a normalized solution of
23 413 = 3k2P. Then:
(i) pt2k—3;
(ii) ¢ is odd, a is even with va(a) =1, and b =1 (mod 4);
(i) i, p = Purgps cquivalently s, ,p =
(iv) pte
(v) if p# 7, then 74 abc and a® = b* (mod 7).

Statements (i), (iv) and (v) hold for every solution, since they do not change under the
operations that normalize it.
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Proof. The curve E' = Eé,b is modular [25] and pgr ) is irreducible (Theorem 12.8). Let N
be the conductor of E’. By Ribet’s level-lowering theorem [94], pgr ,, is isomorphic to the
mod p representation of a newform of weight 2 and level dividing N’ = N/ []¥, the product
over the primes ¢ exactly dividing N with p | vg(Amin). We use the theorem in this complete
form, valid for p > 3 (see [95]), as do [80, 58]. By Theorem 12.7, every prime ¢ > 5 dividing
N is removed, 3 is removed exactly when p | 2k — 3, and 2 is never removed (in case (e) of
that lemma, va(Ampin) = 2pva(c) — 8 is prime to p). So N/ = 2¢3% with e € {1,2,3} as in
Theorem 12.7, and § = 0 if p | 2k — 3, § = 1 otherwise. There is no cusp form of weight 2
on I'g(M) for any proper divisor M of 24, and S2(I'g(24)) is spanned by the newform of
W’: these spaces have dimension equal to the genus of Xo(M), which is 0 for the proper
divisors M of 24 and 1 for M = 24 [46, §3.1 and Theorem 3.5.1]. Hence § = 1 and e = 3,
which gives (i) and (ii), and pgr , = pwr p, both being semisimple with the same traces of
Frobenius. Twisting by —3 gives the statement for £, ; and W.

(iv) Suppose p | ¢. Then E’ has multiplicative reduction at p, and the semisimplification
of p El7p|GQp is ¢z, ® ¢ with ¢ unramified and ¢? = 1 (Tate curve). The curve W’ has good
reduction at p. If it were supersingular, py |7, would be the sum of the two fundamental
characters of level 2 [102, Proposition 12], not &, & 1. So it is ordinary, ﬁW/,p]G@p has
semisimplification A7, & A with A\ unramified and A(Frob,) = a,(W’) (mod p), and
comparing the unramified constituents gives a,(W') = £1 (mod p). But a,(W’) is even
(W' has a rational point of order 2), so a,(W’) F 1 is odd, nonzero, and of absolute value at
most 2,/p + 1 < p. Hence p { a,(W') F 1, a contradiction.

(v) If 7 | ¢, then E' has multiplicative reduction at 7, pgr, is unramified at 7 (p divides
v7(Amin)) with trace of Frobs equal to 8, while a7(W’) = 0; so p | 8, which is false. So
7t ¢, E' has good reduction at 7 and a7(E’) = a7(W’') = 0 (mod p); as |a7(E')| < 5 < p,
a7(E") = 0, and E’ is supersingular at 7, that is j(E’) = 1728 = 6 (mod 7). As 2833 =
3 (mod 7), this reads 3a®b® = 6(a® + b*)? (mod 7) with a?,b® € {0,£1}, not both 0 and
with a® + b3 # 0 (7 1 ¢); the only possibility is a® = b3 = +1. O

Remark 12.10. (1) For k& = 1 this is the analogue for the coefficient 3 of Kraus’s
[80, Théoréeme 6.1, Proposition 6.3], with two simplifications: 3 | ¢ is elementary
(Theorem 12.6 (ii)), and the newform of level 36 with complex multiplication does
not occur, because the twisted curve E’ is multiplicative at 3, so that the possible levels
are the divisors 2°3° of 24. (2) For a solution that is not normalized, p B, p is isomorphic

to pwr, or to the representation of the twist of W’ by —1, and both occur: for k = 2,
(—1,-2,-1) gives E' = W', and (1,2,1) gives the twist of W’ by —1, of conductor 48,
whose trace of Frobyy is —4, while a1 (W) = 4.

12.4. The symplectic argument. Let Fq, Fs be elliptic curves over a field of characteristic
prime to p. An isomorphism ¢: Fj[p] — FEs[p] of Galois modules is symplectic if it multiplies
the Weil pairing by a square of F, and anti-symplectic if it multiplies it by a non-square
[58, §3]. We use two criteria, in the form in which Freitas and Kraus state them [59].

At 2 [58, Theorem 4 and Lemma 1] (= [59, Theorem 7]): let E7, Ey be elliptic curves over
Q2 with potentially good reduction, with the same inertial field L, and with Gal(L/Q5") =
SLa(F3); let p > 3. Then E[p] = Es[p] as modules over the inertia group Io; if (%) =1 they
are symplectically isomorphic Is-modules; if (%) = —1 they are symplectically isomorphic if
and only if v2(Amin(E1)) = v2(Amin(E2)) (mod 3); and they are not both symplectically
and anti-symplectically isomorphic.
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At a prime £ # p of multiplicative reduction [81, Proposition 2] (= [59, Theorem 13)):
let p > 3, and let F4, E5 be elliptic curves over Q, with multiplicative reduction and
Ei[p] = Ex]p] as Gg,-modules, with p { ve(Amin(E1)). Then p { vy(Amin(E2)), and Ei[p],
Es[p| are symplectically isomorphic if and only if vy(Amin(E1))/ve(Amin(E2)) is a square
modulo p; they are not both symplectically and anti-symplectically isomorphic.

Proof of Theorem 12.2 (a). Let (a,b,c) be a normalized solution. By Theorem 12.9, p {
2k — 3, va(a) = 1, ¢ is odd, and there is an isomorphism ¢: E’'[p] — W'[p] of Gg-modules,
where E' = E:z,b'

At 2. E" and W’ have potentially good reduction at 2 (v2(j(E’)) = 11 and j(W') = 2048/3),
and, because of ¢, the same inertial field L = Q5" (E’[p]) = Q5" (W'[p]); and Gal(L/Qb") =
SLQ(F;}) because Ug(Amin(W/)) = 4 and UQ(C4(W/)) =35 [58, §2] As 'UQ(Amjn(E,)) =
4 = v3(Apmin(W')) (Theorem 12.7 (d)), the criterion at 2 shows that E'[p] and W’[p| are
symplectically, and not anti-symplectically, isomorphic Is-modules. So ¢, an isomorphism of
Ir-modules, is symplectic.

At 3. E’ and W' have multiplicative reduction at 3, with v3(Apin(W’)) = 1 and
v3(Amin(E')) = 2k — 3 4 2pwvs(c) (Theorem 12.7 (c)). By the criterion at ¢ = 3, ¢ is
symplectic if and only if 2k — 3 is a square modulo p.

So 2k — 3 is a nonzero square modulo p. For k = 1, 2k —3 = —1, which is a square modulo
p if and only if p=1 (mod 4). O

This is Freitas’s proof of [58, Theorem 3], with v3(Apn) = 2k — 3 + 2pwv3(c) in place of
—3 + 2pws3(c); the value k = 0 gives his conclusion that a solution forces (_?3) =1.

12.5. A criterion with an auxiliary prime. For a prime ¢ and an elliptic curve E over
Fy write ag(E) = g+ 1 — #E(F,), and for n | ¢ — 1 let p,(F,) be the group of n-th roots of
unity in Fy.
Proposition 12.11. Let p > 7 be a prime, k> 1, and ¢g =np+ 1 a prime. Suppose
(A) ag(W)? #4 (mod p), and
(Bg) for every ¢ in the coset 9 %, (F,) such that dy == (12¢ — 1)/3 is a square in F, (0
allowed), and one square root d of da, the curve
Ee: Y2 = X% 4 (1-30)X + 4239
over F, satisfies aq(E¢)? # aq(W)? (mod p).

Then 3 +y3 = 32P has no solution. If moreover ¢ =1 (mod 3) and r € Fy is a primitive
cube root of unity, it suffices to require (By) for those ¢ for which, in addition,

(1—-d)+(1+d)r
2(1—r)
whether this holds is independent of the choices of d and r. We call these two sufficient

conditions the first form and the refined form of the criterion.

Proof. If p | 2k — 3 there is no solution (Theorem 12.9 (i)). Otherwise let (a,b,c) be a
normalized solution, so that pg p, = pw,p with E = E,; (Theorem 12.9 (iii)). Here n is even
and ¢ 1 6p. If ¢ | ¢, then E has multiplicative reduction at ¢ with vy(Amin) = 2pv4(c), so
pE,p is unramified at ¢ and the trace of Frob, is £(¢ + 1) = +2 (mod p); it equals aq(W)
modulo p, against (A). So ¢t ¢, E has good reduction at ¢, and aq(E) = a,(W) (mod p).
As F is cyclic of order np, (Fy)? = pn(Fy); by Theorem 12.6 (iii) the reductions S of

X = € 3" F i (Fy);




82 MANVIR JASWAL

S=a+band T of T lie in 3711, (F,) and in p,(F,). Put ¢ = T/S? € 91 "%, (F,) and
a =a/S, b =b/S inF, Thend +¥ =1,3d0 =1-3¢ (V —a')?=(12¢ —1)/3 and
V3 —a® = (¥ —da')(2+3¢)/3, so the curve E, y is E; with d =V — d/; it is nonsingular, of
discriminant —2433(3¢)?, and the other square root —d gives Ey o, its twist by —1. The
reduction of £ modulo q is the twist of £, by S, and a quadratic twist changes ag at most
by a sign. So a,(E¢)? = ag,(W)? (mod p), against (By).

Now let ¢ = 1 (mod 3), and let q be the prime of O above ¢ at which w = r. By
Theorem 12.6 (iv), a + br = (1 — r)g? in F,, where g is the reduction of v modulo g;
and g # 0 because N(v)? = T is prime to ¢. So (a +br)/(1 — 1) € pp(F,) and X; =
(@ +¥7)/(1—=7) = (a+br)/(1-7)S) € 317 %, (F,), where a’ = (1—d)/2 and ¥’ = (1+d)/2.
Put Xo = (¢’ +'7?)/(1 —r?). Then X1X3 = ¢ (as (1 — r)(1 — r?) = 3); replacing d
by —d exchanges a’ and b’ and replaces X; by —X» (because b’ + a'r = r(a’ + b'r?) and
r/(1—r)=—1/(1—1?)); and replacing r by r? exchanges X; and X2. As —1 € p,,(F,) and
¢ € 94, (F,), the condition X; € 31, (F,) is independent of the choices. O

Proof of Theorem 12.2 (b) and (c). (b) By the computation of the Supplement, item S14
(summarized in Appendix A), for every prime p with 7 < p < 10® and p # 13 there is
an even n < 284 such that ¢ = np + 1 is prime and (A) and (B;) hold. For p = 13 no
n < 600 has this property, but the refined form holds with n = 6, ¢ = 79: azg(W) = =8,
s0 arg(W)? —4 =60 £ 0 (mod 13); ug(Fr9) = {1,23,24,55,56,78}; do = (12¢ — 1)/3 is a
non-square for ¢ = 1,23, 24 and the square of 3, 31, 38 for ( = 55,56, 78; with r = 23 and
d = 3,31,38 one finds X; = 59,45, 2, whose sixth powers are 46,22,64 # 1. So no ¢ has to
be tested, and there is no solution for p = 13 (the Supplement, item S15).

(c) By the computation of the Supplement, item S16, for 3 < k < 7 and every prime
7 < p < 106 the first form of Theorem 12.11 holds with some even n < 2000, except for
(k,p) = (3,7),(5,7),(7,11),(7,23),(6,7),(6,13). For each k the search covers the primes
7 < p <105 (78495 of them), except, for k = 5 and k = 7, the prime dividing 2k — 3. In the
first four cases 2k — 3 is 3, 7, 11, 11, which is not a nonzero square modulo p (3 is not a
square modulo 7, 7| 7, 11 | 11, and 11 is not a square modulo 23), and Theorem 12.2 (a)
applies. In the last two the refined form holds with n = 6 and g = 43, respectively ¢ = 79
(item S16). O

12.6. The exponents 4 and 5.

Lemma 12.12. Letn > 2 and k > 1 be integers, and let z,y, z be integers with ged(z,y) = 1,
2 # 0 and 23 +y> = 3¥2". Then there are integers ¢ # 0 and b > 1 with 31 b and ged(b, ¢) = 1
such that

x+y =31, 22— zy +y? = 3b7,
and (X,Y) = (b/c, (x —y)/c") is a rational point of Y? = 4X™ — 3263, [fk =1, then 3 | c
and 3| z.

Proof. As in the proof of Theorem 12.6 (i), (ii), whose arguments do not use that the
exponent is prime: 3 | x +y, 312y, v3(2? —xy +y?) =1, T = (22 — 2y + 3?)/3 is a positive
integer prime to 3 and to x +y, and v3(z +y) = k—1+nwv3(2). So A= (z+y)/3* L and T
are coprime integers with AT = 2. Hence T' = b" with b > 1, and A = " with ¢ € Z: for n
even A =2"/T > 0, and for n odd the sign goes into ¢; and ¢ # 0 because z # 0. If k =1
then v3(c™) = v3(z +y) > 1, s0 3| ¢, and 3 | z because nvs(z) = v3(z + y) > 1. Finally
422 — 2y +v?) = (x +y)? + 3(x — y)? gives 126" = 32k=2c2" 4 3(x — )2, and we divide by
3c¢®". (For n = p > 5 prime, ¢ and b are the integers ¢; and ¢y of Theorem 12.6 (iii); in the
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rest of this subsection, except in the case k = 0 of the proof of Theorem 12.17, b and ¢ have
the meaning given here.) ([l

We shall move between the curves Y2 = 4X" — 37 by the following maps, which send
rational points to rational points and affine points to affine points: for m € Z, (X,Y) —
(X/32™ Y /3"™) goes from Y2 = 4X™ — 37 to Y? = 4X" — 372" for n = 4, (X,Y)
(X/3™,Y/3%™) goes to Y2 = 4X*—-37=4m: and (X,Y) + (4X,16Y) goes from Y2 = 4X°—3J
to the curve

ry: y? =a° —28. 37
So for n = 5 only j = (2k — 3) mod 10 € {1,3,5,7,9} matters, and for n = 4 only
(2k — 3) mod 4.

The exponent 4.

Proof of Theorem 12.3 (a). If z =0 then y = —z and |z| = ged(z,y) = 1. Let 2 # 0 and k
odd. Then 2k —3 = 3 (mod 4), and Theorem 12.12 with the maps above gives an affine
rational point of

H: Y?=4X*-3".
At such a point Y + 2X? # 0 (otherwise Y2 — 4X% = 0), so we may put u = (Y +2X?)/9
and v = 2X (Y +2X?)/27. From (Y — 2X?)(Y +2X2) = —3" we get Y — 2X? = —-3°/u,
hence 4X? = 9u + 3% /u, and v? = 4X2(Y + 2X?%)?/27? = w3 + 27u. So the elliptic curve

E: v =u®+27u

has a rational point with u # 0. We show that E(Q) = {0, (0,0)}, which is a contradiction.

Torsion. As 27 is not divisible by a fourth power, is not 4, and —27 is not a square,
E(Q)tors = {0,(0,0)} [106, Proposition X.6.1(a)].

Rank. We use the descent by the 2-isogeny ¢: E — E, E: y? = 23 — 108z [106, X.4.9].
With the maps a: EF(Q) — Q*/Q*? and o: E(Q) — Q*/Q*? defined there, rank E(Q) =
log, (|a(E(Q))| - |o/(E(Q))|/4) [107, Chapter III, §6]. The image of a lies in {#1, 43} and
contains 1 and «(0,0) = 27 = 3; a class d lies in it only if N? = dM*+(27/d)e* has a rational
solution with (M, e) # (0,0), and for d = —1, —3 the right side is negative. So |a(E(Q))| = 2.
The image of o/ lies in {£1, 42,43, +6} and contains 1 and /(0,0) = —108 = —3; a class
d lies in it only if N? = dM* — (108/d)e* has a solution in every completion of Q with
(M,e) # (0,0), and we may take (M, e) primitive. For d = —1 and d = 2 there is no
solution in Qs: if 3 ¢ M the right side is = d = 2 (mod 3); if 3 | M then 3 { e and the
right side has 3-adic valuation 3. For d = —2 there is no solution in Q: the right side is
2(27¢* — M*); if exactly one of M, e is even it has 2-adic valuation 1, and if both are odd,
27e* — M* =10 (mod 16) and the right side is 4w with w =5 (mod 8). As the image is a
group containing —3, it contains neither —1 nor 3, neither 2 nor —6, and neither —2 nor
6; so |o/(E(Q))| = 2, and rank E(Q) = 0. Item S18 of the Supplement checks these local
conditions by exhaustion. O

The map (X,Y) ~ (X/3,Y/9) is an isomorphism from H to the curve Cy1: Y2 = 4X*—27
of [26, §§2-3], one of the three curves of genus one to which Bruin’s descent reduces
2% + 93 = 2%; Bruin notes that the other two, C4,—1 and (U4, have rank one, and treats that
equation through curves of higher genus. The proof above shows that Cs; has no affine
rational point.
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The exponent 5: a 2-descent. Let j € {1,3,5,7,9}, f(x) = 2° — A with A = 28 .3/,
J; the Jacobian of I'; (which has one point oo at infinity), L = Q[T]/(f(T")) and 6 the
class of T. We use the 2-descent on Jacobians of curves y? = f(z) with f of odd degree
[98, 108] (see also [29, Chapter 6]). For a field F' O Q, the map that sends the class of
Py +---+ P. — roo (the P; affine with y(P;) # 0) to [[;(z(F;) — ) induces an injective
homomorphism J;(F)/2J;(F) — (L®F)* /(L& F)*?, with image in the kernel of the norm to
F*/F*2. For a place v of Q let Z, be the image for F' = Q,. Then dimp, Z, = dim .J;(Q,)[2]
for v odd, dimZy = dim J;(Q2)[2] + 2 and dim Z, = dim J;(R)[2] — 2, where dim J;(Q,)[2]
is the number of irreducible factors of f over Q, minus one. At an odd prime of good
reduction Z, is the unramified subgroup. The Selmer group

Sel?(J;/Q) = {6 € L*/L**: N(§) € Q*2, § € Z, in (L ®Q,)" /(L ® Q,)*? for all v}

contains the image of J;(Q)/2J;(Q). The torsion subgroup J;(Q)tors injects into J;(IFy) for
every odd prime ¢ of good reduction, that is ¢ 1 30 [73, Appendix].

Proposition 12.13. For j = 9 and j = 3, Sel*(J;/Q) = 0 and J;(Q) = 0. Hence
I'y(Q) = I's(Q) = {oo}-

Proof. j =9. Here L = Q(n) with 7° = 12 and 0 = 3n%; its discriminant is 2% -3%. 5%, and 2,
3, 5 are totally ramified in L. The polynomial f is irreducible over Q2 and Q3 (its Newton
polygons have one slope, 8/5 and 9/5) and over Q5 (A = 23 (mod 25) is not a fifth power in
Qs, since the fifth powers of 5-adic units are = +1,£7 (mod 25)), and it has one real root.
Hence 73 = 75 = 7o = 0 and dimZs = 2: an element of the Selmer group is a square at the
primes above 3 and 5 and positive at the real place of L, and it has even valuation at every
prime of L not above 2. The class group of L is trivial: the Minkowski bound is below 125.3,
and each of the 29 prime ideals of norm at most 125 is principal, with an explicit generator.
The units €1 = %7]4 — %7]3 +3n? —5np—1and eg = —%774 + 213 — 49 + 4n — 1 have norm
—1, and no product of a nonempty subset of {—1,e1,e2} is a square in L; since a subgroup
V > —1 of finite index in Of has odd index if and only if V N O)? = V2, the elements
—1,e1,62 span OF /OF2. Finally 20;, = p3 with po = (m2), m2 = sn* + In° + 9> + 2n + 2.
So the classes with even valuation away from 2 form the Fo-space with basis —1, 1, €9, ma.
Of its sixteen elements, exactly 1, —e1, —e€2, €169 have square norm, are positive at the real
place and are squares at the primes above 3 and 5. The group Zs is spanned by the images
of the points of I'g(Q2) with x = —199 and x = —196, and it contains none of —e1, —2,€1€2.
So Sel?(Jy/Q) = 0 and Jo(Q) is finite of odd order. As #.Jo(F7) = 50 and #.Jo(Fq1) = 2131
are coprime, Jy(Q) = 0.

j = 3. Here L = Q(¢) with €% = 6 and 6 = 2¢3, again of discriminant 2% - 3%.5°; f is
irreducible over Q2, Q3 (slopes 8/5, 3/5) and Q5 (A = 12 (mod 25)), with one real root.
The same computation applies: the class group is trivial (each of the 34 prime ideals of
norm at most 125 is principal, with an explicit generator), —1 and two units of norm 1 span
OF JOF2, 207, = (m2)° with my = —2 + & — €2, four of the sixteen classes pass the conditions
at the norm, the real place, 3 and 5, and only the trivial one lies in Z5, which is spanned by
the images of the points of I'3(Qq) with 2 = —199 and z = —196. So Sel?(J5/Q) = 0; and
#Jg(F7) = 50, #Jg(FH) =41 give J3(Q) =0.

In both cases P — [P — oo] embeds I';(Q) in J;(Q) = 0. The computations in the fields
L and in the groups J;(F) are items S19 and S20 of the Supplement. O
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Proof of Theorem 12.3 (b). If z = 0 then (x,y,z) = £(1,—1,0). Let z # 0 and k = 1 or
3 (mod 5). Then (2k — 3) mod 10 is 9 or 3, and Theorem 12.12 with the maps above gives
an affine rational point of I'g or I's, which Theorem 12.13 excludes. O

The curves I'7, T's and T's are the curves Cy, Cy and C5 of [26, §4], which arise there from
23 + 9% = 2°. Bruin shows that C3 has only its point at infinity, and the proof above for I's
is 1ndependent of his. The curves I'g and I'; do not occur in [26].

The exponent 5 with the coefficient 9. For k = 2 (mod 5) the curve is I'y: y? = x° — 768,
which has the rational points (4,£16), coming from 23 4+ 13 = 9-1°. Write J = Jy,
D =[(4,16) — oo] € J(Q), and let ¢ be the hyperelliptic involution.

Proposition 12.14. T'1(Q) = {00, (4,16), (4, —16)}.

Proof. Step 1: J(Q) is infinite cyclic. Here L = Q(768'/°) = Q(181/%), of discriminant
24.3%. 53 and signature (1,2); its class group is trivial (Minkowski bound below 25.1; every
prime ideal of norm at most 25 has an explicit generator). Over Qo and Q3, f = z° — 768 is
irreducible. Over Q5 it has a root (768 = 3° (mod 25)) and an irreducible factor of degree
4, and it has one real root. So Z3 = Z,, = 0, dimZy = 2 and dimZs = 1, and the Selmer
group lies in the group of classes with even valuation at every prime not above 2, 3 or 5, of
dimension 7 over Fo (generated by —1, two units and generators of the primes above 2, 3
and of the two primes above 5). The group Z» is spanned by the images of the points of
I'1(Q2) with z = —300/7 and x = —299/5, and Zs by the image of the point of I'; (Q5) with
x = —299/2. These local conditions leave a Selmer group of dimension 1, whose nonzero
element is the image of the point D’ of Step 2. As f is irreducible over Q, J(Q)[2] = 0, so
J(Q) has rank at most 1. The orders #.J(Fy), 7 < ¢ < 71, have greatest common divisor 1,
80 J(Q)tors = 0; as D # 0, J(Q) = ZG for a generator G.

Step 2: a half of D. Let Q12 = (£44,16 + 32¢) and D' = [Q1 + Q2 — 2] € J( ),
the class of the Mumford pair (22 + 16, 8 + 16); it is rational because f— (8x+16)? =
(22 + 16)(2® — 162 — 64). With ¢ = —22? + 8z — 16 one has f — ¢*> = (z — 4)(2? + 16)?,
and g(£4i) = 16 £ 32¢ # 0, so the function y — ¢(z) has divisor 2Q1 + 2Q2 + (4, —16) — 500.
Hence 2D’ = —[(4,—16) — co] = D. Write D’ = mG. The image of D’ under the descent
map is the class of #2 + 16, which is not a square in L: at the prime of degree one above
17 at which 6 = 12, it reduces to 7, a non-square modulo 17. So D’ ¢ 2J(Q) and m is odd.
Further #.J(F7) = 50, and the reduction D’ has order 25, so the 5-primary part of J(F7) is
cyclic, generated by D’ and D' ¢ 5J(F7); hence 5 1 m.

Step 3: sieving. The image of J(Q) in J(F7) is (G) = (D'), of order 25, as ged(m,50) = 1.
The points of I';(F7) are oo, (0,%3), (3,0), (4,42), (6,£1). The classes [R — oo] for
R = (3,0),(6,£1) are not in (D'), so no rational point reduces to these. For the others
[R — 0] = tD’ with t = 0 (c0), 2 ((4,2)), 23 ((4,-2)), 15 ((0,3)), 10 ((0,—3)) modulo
25. For R € T'1(Q) write [R — o0] = nG and 7 = n/m € Zs. For every prime ¢ { 30, the
projection 7, of J(F;) onto its 5-primary part satisfies 7¢([R — oc]) = 7 my(D’), and at £ = 7,
7=t (mod 25). At £ =149, #J(F149) = 22500 = 22-32- 5% m149(D’) has order 25, and the
values of 7 modulo 25 realized by the points of I'1 (F149) are 0,2, 5,9, 16, 20,23. So t # 10, 15,
and every rational point reduces modulo 7 to oo or (4, £2). The computations of Steps 1-3
are item S21 of the Supplement.

Step 4: Chabauty’s method at 7. Let w; = x'dx/(2y) (i = 0,1), a basis of the regular
differentials, and log: J(Q7) — Q% the logarithm with respect to it, a homomorphism with

log([P — o)) = (/. £ wo, J. O]z w1) (Coleman integrals); on a residue disc the integrals are given
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by termwise integration of power series [32, 85]. Put (Lo, L1) = log(D). We computed it,
without general Coleman integration, as log(25D)/25: the multiple 25D, computed over Q
by Cantor’s algorithm, is [P} + Py — 200] with z(P1),z(Ps) € Z7, both =6 (mod 7), and
P, in the residue disc of ¢Pj; as t*w; = —w; and 1(o0) = oo, log(25D) = fLPQ (wo,w1) is an
integral inside one residue disc, where x?/(2y) is a power series in @ — 2(P,) with coefficients
in Z7;. Working modulo 7% with 80 terms (the terms left out have valuation at least 79),
this gives
Lo=2-T+7+6-74+0(™), Li=5-7+5-T+5-74+0(

(the Supplement, item S22; Appendix A lists the checks). Since J(Q) = ZG and D = 2mG #
0, the differential 7 = Liwy — Low; satisfies f£n = 0 for every R € I'1(Q). Divided by 7,
n/7 = awy + Pwy with a, 8 € Z7 and a = =5 (mod 7).

On the disc of co take the parameter t = 22 /y; then 1/x = t2(1 + t'9(t)) with g € Z[[]],
and wy = —t2(1 + O(t19)) dt, wy = —(1 + O(t'?)) dt with coefficients in Z[3]. So F(t) =
JEO n/7 = 0oy Mt with Ay = —3 # 0 (mod 7) and i); € Zz. On the discs of (4,£16)
take s = & — 4: then y = £16(1 + (f(4 + s) — 256)/256)1/2 has coefficients in Z7, and
F(s) = fi(j:m) n/7 =351 Ais* with A = (+48)/(£32) # 0 (mod 7) and i); € Z7 (note

that f (4,£16) 77 = 0). On each disc write the parameter as 7r with r € Zz: the coefficient of
r is 7TA1, of valuation 1, and that of r* has valuation at least i — v7(i) > 2 for ¢ > 2. By

Strassmann’s theorem F has at most one zero on each disc, and the known point is one.
With Step 3, I'1(Q) = {0, (4,£16)}. O

Proof of Theorem 12.3 (c). Let (z,y, z) be a solution of 2> + 4% = 3¥2% with k = 2 (mod 5).
If k = 2, Theorem 12.12 gives the point (X,Y) = (b/c?, (x —y)/c’) of Y2 = 4X® — 3, and
(4X,16Y) € T'1(Q) is affine, so X = 1 by Theorem 12.14. Then b = ¢, and ged(b,c) = 1
givesc=+1,b=1: v +y==+3and 2> —zy +y*> = 3,50 (r —y)?> =1, and (z,y, 2) is one
of the four solutions listed (z = ¢). If k = 5m + 2 with m > 1, the point (X/3?™,Y/3%™) of
Y? = 4X5 — 3 gives in the same way X = 32", that is b = 32™c?, against 3 { b. U

The exponent 5 with k = 0 or4 (mod 5). For k =4 (mod 5) the curve is I's: 32 = 2°—62 208,
and for k =0 (mod 5), k > 5, it is I'7: y? = 2% — 559872. The curve I'; has the rational
points (12, 4432), since 12° — 62208 = 186 624 = 4322.1 We use the notation of the 2-descent
above, with j =5 and j = 7; in both cases f is irreducible over Q, so J;(Q)[2] = 0.

Proposition 12.15. I's(Q) = {oo, (12,432), (12, —432)}.

Proof. Write J = J5 and D = [(12,432) — co] € J(Q).

Step 1: J(Q) is infinite cyclic. Here L = Q(21/°), with 6 = 6 - 23/, of discriminant 2* - 5°
and signature (1,2); its class group is trivial (Minkowski bound below 14; each of the five
prime ideals of norm at most 13 has an explicit generator), and —1 and two units of norm 1
span O}/ (’)X2 The polynomial f = x° — 62208 is irreducible over Qs (its Newton polygon
has the one slope 8/5) and over Q5 (62208 = 8 (mod 25) is not a fifth power in Q5); over
Qs it is the product of a linear factor and an irreducible quartic factor, as 62208 = 28 - 3% is
a fifth power in QQ3; and it has one real root. So Zs = Z = 0, dimZ3 = 1 and dimZy = 2; 73
is spanned by the image of the point of I'5(Q3) with z = —300/11, and Z by the images of

In the version of [26] posted by its author, the X-coordinate 12 found in Lemma 10 is set aside in the
sentence that follows, and Lemma 8 states C2(Q) = {oo}; Theorem 2 there is not affected, since these two
points give only solutions with xy = 0, as in the proof of Theorem 12.17 below.
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the points of I's(Q2) with x = —300/7 and = —299/5. The local conditions leave a Selmer
group of dimension 1, so J(Q) has rank at most 1. As #J(F7) = 50 and #J(F11) = 101
are coprime, J(Q)iors = 0; as D # 0, J(Q) = ZG for a generator G. Write D = mG. The
reduction D has order 50 = #.J(F7), so it generates J(F7), and therefore ged(m, 50) = 1.

Step 2: sieving. For R € T'5(Q) write [R — co] = nG and 7 = n/m, an element of Zs and
of Zs. For every prime ¢ 1 30, the projection 7y of J(IFy) onto its {2, 5}-primary part satisfies
mo([R — o0]) = 7 me(D), because m[R — co] = nD and m is invertible on that part. So 7
modulo the order of (D) is among the residues realized by the points of I's(IF;). Combining
these conditions for the primes 7 < ¢ < 199 modulo 2000 = 2* - 53, a common multiple of
the orders of my(D) for these primes, leaves only 7 = 0,41 (mod 50) (the primes 7, 19, 59,
79 and 199 suffice; with ¢ < 149 only, 7 = +10 would also remain). At these five primes the
order of my(D) and the residues of 7 modulo it that the points of I's(IF,) realize are:

¢ order of mp(D) residues of T realized by I's(IF;)

7 50 0,1,10,22,25,28,40,49
19 20 0,1,10,19

59 4 0,1,3

79 80 0,1,79

199 100 0,1,99

)

At £ =7, where D generates J(IF7), this gives [R — o] € {0,4+D}, so R is oo or (5, £5), the
reductions of (12,4+432). The computations of Steps 1 and 2 are item S23 of the Supplement.

Step 8: Chabauty’s method at 7. With wg,w; and log as in Step 4 of the proof of
Theorem 12.14, put (Lo, L1) = log(D). We computed it as log(50D)/50. The multiple 50D,
computed over Q by Cantor’s algorithm, is [Py + P» — 200] with x(Py), z(P») the roots of a
polynomial u with 7-integral coefficients and u = (z — 4)? (mod 7). As f(4) = 3 is not a
square modulo 7, P; and P are conjugate over the unramified quadratic extension of Qr,
and P, and ¢P; lie in one residue disc; so log(50D) = |, 5}2 (wp,w1) is an integral inside one
residue disc, computed as in Step 4 of the proof of Theorem 12.14 (modulo 74°, with 120
terms). This gives

Lo=3-T+5-T+2-740(™), Li=5-7T+6-T7+3-7+0(1

(the Supplement, item S24). So n = Ljwy — Low; satisfies fo]zn = 0 for every R € I';(Q),
and /7 = awy + Pw; with «,8 € Z7, « = 5 and 8 = 4 (mod 7). On the disc of oo,
with the parameter ¢ = x?/y as in the proof of Theorem 12.14, the linear coefficient
of [ .n/Tis —f # 0 (mod 7). On the discs of (12,+432) take s = x — 12: then y =
+432(1 + (f(12+s) — 4322)/4322)1/2 has coefficients in Z7, and the linear coefficient of
Ja2,2a32) /7 is (o +128)/(£864) = £6 # 0 (mod 7). The Strassmann argument of Step 4

of the proof of Theorem 12.14 shows that each of these three discs contains at most one
rational point, and with Step 2, I's(Q) = {00, (12, £432)}. O

Proposition 12.16. I';(Q) = {oo}.

Proof. Write J = J;. The Mumford pair (x? 4 432, 72z + 1296) defines a point G € J(Q)
[26, §4], since f — (72x + 1296)% = (2 + 432)(2® — 432z — 5184).

Step 1. Here L = Q(72'/%), with § =6 - 721/5. of discriminant 2% - 3% - 5° and signature
(1,2); its class group is trivial (each of the 34 prime ideals of norm at most 125 has an
explicit generator), and —1 and two units span O /OF*. The polynomial f = 2° — 559 872
is irreducible over Q2, Q3 (slopes 8/5, 7/5) and Q5 (559872 = 22 (mod 25)), with one real
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root, so Zs = 75 = I, = 0 and dim Zy = 2, spanned by the images of the points of I'7(Qz2)
with £ = —199 and x = —196. Of the four classes with even valuation away from 2 that
have square norm, are positive at the real place and are squares at the primes above 3 and
5, two lie in Zy: the Selmer group has dimension 1. As #.J(F7) = 50 and #J(F;1) = 131 are
coprime, J(Q)iors = 0; as Gy # 0, J(Q) = ZG and G = mG. The reduction Gy has order
50 = #J(F7), so ged(m, 50) = 1.

Step 2. The sieve of Step 2 of the proof of Theorem 12.15, with G in place of D and
the primes 7 < ¢ < 149 (of which 7, 19, 43 and 149 suffice), leaves only 7 =0 (mod 50). At
these four primes the order of 74(G1) and the residues of 7 that the points of I'7(F,) realize
are:

¢ order of m(G1) residues of 7 realized by I'7(FFy)

7 50 0,17,20,24, 25,26, 30, 33
19 20 0,4,16

43 10 0,1,2,3,5,7,8,9

149 50 0,17,33

As G generates J(F7), every R € I'7(Q) reduces modulo 7 to co. The computations of
Steps 1 and 2 are also in item S23 of the Supplement.

Step 3. Put (Lo, L1) = log(G1) = log(50G1)/50. Here 50G1 = [Py + P> — 200| with
u = (z —3)% (mod 7), and f(3) = 0 (mod 7), so P, and P, lie in the residue disc of
the point (e,0) with e € Z7, e = 3 (mod 7), a Weierstrass point. On that disc y is a
parameter and x a power series in y2, and féj 9 w; = 0 because [(e,0) — o] has order 2; so
log(50G1) = f(];lo) (wo,wr) + f(f?o) (wo,w1) is computed by termwise integration in y. This
gives

Lo=4-7T+3-7+0(), Li=5-T+5-T7+5-74+0(1h

(the Supplement, item S24). Then 1/7 = awy + Pw; with f = —Lo/7 =3 # 0 (mod 7), so,
as in Step 3 of the proof of Theorem 12.15, the disc of co contains no rational point other
than oo. 0

Corollary 12.17. Let k > 0 be an integer with k # 2 (mod 5), and let z,y, z be integers
with ged(z,y) =1, 2 # 0 and 23 + y3 = 3k25. Then k =0 and zy = 0.

Proof. For k = 1,3 (mod 5) this is Theorem 12.3 (b). Let £ = 5m + 4 with m > 0.
Then 2k — 3 = 10m + 5, and Theorem 12.12 with the maps above gives the affine point
(4b/(3%mc?), 16(x — y)/(35™c5)) of I's. By Theorem 12.15, 4b/(3*™c?) = 12, that is b =
32mtlc? against 3 1 b. Let k = 5m with m > 1. Then 2k — 3 = 10(m — 1) + 7, and
Theorem 12.12 gives an affine rational point of I'7, which Theorem 12.16 excludes.

Let k=0. As23+y3 = 2+y (mod 3), 3| zifand only if 3 | x+y. If 3| 2, then (z,y, z/3)
is a solution for k = 5, which we have excluded. If 31 z, then = + y and 22 — xy + y? are
coprime (a common prime factor divides 3zy, hence is 3, but 3z + y), so x + y = ¢® and
2?2 — 2y +y? = b with ¢ # 0, b > 1 and ged(b,c) = 1. From 4b° = c!® 4 3(z — y)? we get
the affine point (12b/c?, 432(z — y)/c®) of I's, so b = ¢? by Theorem 12.15, and ged(b,c) = 1
givesc=+1,b=1. Thenz+y=+1land (v +y)? 32y =2> —ay+y?’ =1, 500y =0. O

With Theorem 12.3 (c), Theorem 12.17 determines all the solutions of x3 4 y3 = 3%2°
with ged(z,y) = 1 for every k > 0: those with z = 0, those with zy = 0 (for £ = 0 only), and
the four solutions of Theorem 12.3 (c¢) (for k = 2 only). For k = 0 the corollary is Bruin’s
theorem [26, Theorem 2].
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12.7. The Frey representation for 3¥cP, and p split or inert. If p = 2 (mod 3) we
write v = pO for the prime of K above p; then K, = Q2 is the unramified quadratic
extension of Qp,, and it has two embeddings in @p, which restrict to the two embeddings of
K. We need Theorem 5.6 at this prime.

Lemma 12.18. Theorem 5.6 holds for every prime p > 5 and every prime v of K above p,
split or inert, with “Hodge—Tate weights {0,1,2}” at each of the embeddings of K, in Q,.

Proof. The proof of Theorem 5.6, with Theorems 5.7, 5.8 and 5.9, is written for every
prime p > 5 and every prime v of K above p: the only properties of p it uses are that
p # 3 (Theorem 3.4 is over O[1/3], and the Fermat surface of degree 9 is smooth in residue
characteristic p) and that K, and K,({g) are unramified over Q,. All of this holds for v inert.
For the weights, let 7 be an embedding of F' = K, ({y) in Q,. By the comparison theorem,
compatible with the action of H, the T-part of Dgr of the x™-part of H? is the x’-part of
H2: (X /F) ®p,; Q,, where ' = 771 o Y™ is one of the characters X", m' € (Z)9)* (it is
fixed by Gk and has order 9 on each factor, Theorem 3.1). By Theorem 3.5, which holds for
every m’ € (Z/9)* and every complex embedding, each of these parts has Hodge numbers
(1,1,1). So the Hodge-Tate weights are {0, 1,2} at every embedding of K. O

Let p > 17 be a prime, k > 1, and (a, b, ¢) a solution of 23 4 y> = 3*2P with
v=Fk+puvs(c)>8, thatis,3|c or k>8.

(For k = 1 this holds, since 3 | ¢ by Theorem 12.6 (ii).) As ged(a,b) = 1, p divides at most
one of a,b. Choose (u,w) € {(a,b), (b,a)} with p{u, and put

3kcp w3 n _
=1 (E> eQ~{0,1}, p=Vy @k~ G — GL3(Q,),

with £ = p in Theorem 3.2, and let p be the reduction of p (Section 2). This is Theorem 5.4
with ¢? replaced by 3FcP.

So —

Proposition 12.19. The representation p has the following properties.

(a) p is unramified at every prime q 1 3pabc, and the characteristic polynomial of p(Froby)
has coefficients in O.
(b) p is unramified at every prime q 1 3p.

)

(c)

(d) I, acts on p through H;”C’O\Ip times a unipotent representation.
)

(e) p is unramified at | and [, and the characteristic polynomial of p(Frobg), q € {1},
is P, ({;1T) with & = ky(Frobg) ™" € u3 and Py as in Theorem 3.9.

(f) For each prime v | p of K, plg,, is crystalline, with Hodge-Tate weights {0,1,2} at
each embedding of K, in @p.

Proof. We follow the proof of Theorem 5.5. By Theorem 12.9 (iv), (v), which hold for every
solution, p{ ¢, 71 abc and a® = b3 (mod 7); and 3 { u (Theorem 12.6 (1)), so v3(sg) = v.

(a) If q 1 3pabc, then sy and sg— 1 are g-units and Theorem 5.3 (a) applies; &, is unramified
outside 3u; the coefficients lie in O by Theorem 3.7.

(b) Let q 1 3p lie above the rational prime r. By Theorem 12.6 (i), r divides at most
one of u,w,c. If r f uwe use (a). If r | ¢, then vy(sp) = pvr(c), and by Theorem 5.3 (b) I,
acts on a stable lattice through powers of yg UT(C), which is = 1 (mod p) as in the proof of
Theorem 5.5 (b); K, is unramified at q. If r | u, then sg = zo/u® with zg = 3%¢? prime to
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g, and by Theorem 5.3 (d) I acts on V, by x>, which the twist cancels. If r | w, then
vq(s0 — 1) = 3v,(w) and Theorem 5.3 (c) applies; &, is unramified at q.

(c) Theorem 3.6 (sp € Q) and kS = kL.

(d) v3(sp) = v >8> 15/2, so I, acts unipotently on V4, by Theorem 4.1.

(e) Ttuand (w/u)® =1 (mod 7), so sp =2 (mod 7), and we conclude as in the proof of
Theorem 5.5 (e).

(f) ptuand ptec, sovy(sp) =0. If pfw then so— 1 = (w/u)? is a p-adic unit, and if p | w
then sg — 1 =t} with t; = w/u € PZp)- So Theorem 12.18 applies, and £, is unramified at
v and of finite order. O

So p has the properties (F1)—(F5) of Section 7.1, where, for p inert, {p,v,v} in (F1) is to
be read as {p, v} and (F2) as: p|g,. is crystalline with Hodge-Tate weights {0, 1,2} at both
embeddings of K,. In (F3) the character is kK = k,, ">, and Theorem 6.1 applies to it, as u
is an integer prime to 3. Moreover p is unramified at all but finitely many primes, by (a).

Proposition 12.20. Let p > 17 be a prime, split or inert in K, and let p: Gx — GLg(@p)
be a continuous representation with the properties (F1), (F2), (F3) and (F5) (read as
above if p is inert). Then p is absolutely irreducible. In particular the representation p of
Theorem 12.19 has the properties (F1)—(F6).

Proof. For p split this is the proof of Theorem 6.2, which uses only these properties of p. Let
p be inert, v = pO, and suppose that p has a one-dimensional constituent 6. Let 7y be the
embedding of K, in @p that extends the embedding of K given by ¢,, and mpc the other one.

Steps 1 and 2. By (F2) and Fontaine-Laffaille theory in the normalization of [10, §1.4]
(the weights lie in [0, p — 2]), the argument of Theorem 9.1 (i), (ii), with Q,2 and p in place of
Q25 and 5, shows: 0|g,, is the reduction of a crystalline character of G, with HodgeTate
weights (h, h') € {0,1,2}? at (70, 7oc); on the image of O = Z;Z in the inertia group it is
z — zE0HPR): by (F1) and (F3), 6 is unramified outside {p,v} and 0]1, = K|z, has order
dividing 3. The idele class character of # is trivial on pug C K* and on the units at the
places where # is unramified. The unit —1 acts at v by (—1)"?"" = (—=1)"*' and at p by
an element of order dividing 2 and 3, that is, trivially. So (—1)"** =1 and (h,h’) € T.

Step 3. Among the five Hecke characters 1 of Step 3 of the proof of Theorem 6.2, the
one of infinity type (h,h') or (h/,h), chosen so that its p-adic realization has the same
Hodge-Tate weights at (70, 7oc) as 0|gy, , has a reduction 1 with 69~ unramified at v (two
crystalline characters with the same weights agree on inertia). So 61~ is a character of
Cly2 (K ), which is trivial, and 6 = .

Steps 4 and 5. As in the proof of Theorem 6.2, (F5) gives (k,k") € T and (1,(s € us
with (6.1), where now 8 = pO. By Appendix A, item C2, all the prime factors of the ideal
generated by the two elements of (6.1) lie above 2, 3, 7 or 13, so none is pQO. O

12.8. Part IT at an inert prime. Parts II and III assume p =1 (mod 3), but they use
only the properties (F1)—(F6) of the Frey representation (Section 7.1) and, in the proof of
Theorem 7.4, the fact that p is unramified at all but finitely many primes. For p =2 (mod 3)
two steps have to be redone: the construction of the compatible system (Theorems 7.3
and 7.5), and the proof of Theorem 9.5, which constructs a second system (Section 12.10).

We give a construction through a lifting lemma, Theorem 12.21, whose proof is that of the
lifting theorem of Bellovin and Gee [13, Theorem 5.2.1], written out for the group Gs over
Q. We do not cite that theorem itself: its statement asks that the components at the places
above p be potentially diagonalizable, a notion defined in [10, §1.4] only for GL,-valued
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representations, and at an inert prime the place p of Q does not split in K. The proof below
uses potential diagonalizability only over a field in which the places above p split.

In this subsection and the next, p > 17 is a prime with p = 2 (mod 3), v = pO,
p=e, 25 K/, and p: G — GL3 (Z,) is a continuous representation, unramified at all but
finitely many primes, with the properties (F1)—(F6) read as in Section 12.7.

Polarization. Theorem 7.1 and its proof are unchanged (they use (F4) and (F6)); let
pg: Go — G3(Z,) and pg be the prolongations defined by ¥, and its reduction, with
multiplier &, 25K /Q-

p is reasonable. It is polarized, p > 8 and (, ¢ K. The extension K((,)/K is cyclic of
degree p — 1, which is prime to 3. If ﬁ|GK( o) Were reducible, then by Clifford’s theorem it
would be either isotypic with a constituent of dimension 1, so that p(G K(Cp)) would consist
of scalars and p(G ), generated by it and one more element, would be abelian, contradicting
(F6); or a sum of three distinct characters permuted transitively by G, with a stabilizer
of index 3 in Gk containing G ¢,), which does not exist. (This argument replaces the
Fontaine-Laffaille analysis in the proof of Theorem 7.2.)

The component at p. The restriction pg\G@p is crystalline, in the sense of [13, §2.8] (all
its compositions with representations of Gs are crystalline), because its restriction to the
subgroup G, of index 2 is crystalline by (F2) and K,/Q, is unramified. Its Hodge type
is regular (weights {0, 1,2} at both embeddings of K,). In the generic fiber of the ring of
framed liftings of [)g|GQp to Gz with multiplier €, 25 K/ trivial inertial type and this Hodge
type, the locus where the monodromy operator vanishes is a union of irreducible components,
and it is regular [13, Theorems 3.3.2 and 3.3.7] (these are stated for possibly disconnected
reductive groups and any finite extension of Q). Let C, be its component through pg]GQp.
Every point of C, is crystalline, with Hodge-Tate weights {0,1,2} at both embeddings of
K,, and its restriction to Gk, is potentially diagonalizable by [10, Lemma 1.4.3 (2)] (K,/Q,
is unramified and the weights lie in [0, p — 2]).

12.9. A lifting lemma, and the compatible system.

Lemma 12.21. Let C3 be a polarized component at 3 (Section 7.4), and let C, be the
component at p defined above. There is a continuous homomorphism p: Go — G3(Z,) lifting
pg, unramified outside {3,p}, with mult op = p, whose restrictions to Gg, and to Gg, are
points of C3 and of Cp.

We do not deduce the lemma from [27, Theorem 4.2.11]; Theorem 12.23 says why. Step 1
of the proof checks the hypotheses of [13, Corollary 5.1.1] over K, Step 2 those of [10,
Corollary 4.5.3] over a field F; in which the places above 3 and p split, and Step 5 those of
[7, Theorem A.4.1] and [10, Theorem 2.3.2] over an extension F’ of Fj.

Proof. All framed lifting rings below are taken over the ring of integers Op of a sufficiently
large finite extension E of Q. Their generic fibers are their spectra with p inverted, in which
closed points are dense and have residue fields finite over E [10, §1.2]. Lifting rings commute
with finite extensions of scalars [10, Lemma 1.2.1] (stated there for GL,; the same proof
applies to the Gs-valued rings with fixed multiplier). So, enlarging F (the fields F} and F’ of
Step 2 do not depend on it) and replacing Cs by an irreducible component of its extension
of scalars and C,, by the one through pg]GQp, which only strengthens the conclusion, we may
assume that every irreducible component of the finitely many generic fibers considered below
stays irreducible after any finite extension of scalars; these are then the components over @p
used in [10] and [7]. For an irreducible component C' of a generic fiber we write R for the
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quotient of the lifting ring that is reduced, without p-torsion, and whose generic fiber is C
[10, §§1.3, 1.4], [13, §4.2].

Step 1: a deformation ring of dimension at least one. Let A be the universal ring for
deformations of pg with multiplier 1 that are unramified outside {3, p} and whose restrictions
to G, and G, lie on C3 and C,, that is, the corresponding maps from the framed lifting
rings factor through Re, and Re,. This condition is invariant under conjugation by [13,
Lemma 3.4.1], which is stated for conjugation by residually trivial elements of G3(Op) for
finite extensions £’ of E. The case of elements with values in an arbitrary coefficient ring
follows from it by the density argument in the proof of [10, Lemma 1.2.2], applied to the
reduced, p-torsion-free ring Rc[[ X1, ..., Xi0]] that carries the universal residually trivial
element of Gz, which is how [13, §4.2] use it.

By [13, Corollary 5.1.1], A has Krull dimension at least 1. We check its hypotheses, for
Ft=Q, F = K,n=3,1=pand the set of places {3,p, o0}, which is not required to
consist of places that split in K. The prime p is odd, ¢, ¢ K, and 5|GK( ¢ 1 absolutely
irreducible (paragraph “p is reasonable”). The representation pg is discrete series and odd
in the sense of [13, Definition 4.2.1]: for Gz this means that the multiplier takes the value
—1 on complex conjugation [13, §5.1], and (€)= ,(€) 20 /q(€) = —1. The character y is
a de Rham lift of i, and p and p are unramified outside {3,p} by (F1) and the definition of
i The Hodge type at p is regular [13, Definition 4.2.3], since the weights 0, 1,2 are distinct.
Finally Cs is an irreducible component of the generic fiber of the lifting ring of its inertial
type, by definition, and C, is one of the generic fiber of the lifting ring of trivial inertial type
and this Hodge type, because the locus where the monodromy operator vanishes is a union
of such components [13, Theorem 3.3.7 and the paragraph before it].

Step 2: auziliary fields. Let d # p be a prime with d = 2 (mod 3) and (g) = —(%)
(Dirichlet’s theorem), and put F; = K(v/3d), a CM field with maximal totally real subfield
F' = Q(v3d). As —d =1 (mod 3) is a square in Z3, Q3(v/3d) = Q3(v/—3), so the place
of Fit above 3 splits in Fy. As (%) = —1, p is inert in Fj", with completion Q2 > V-3,
so the place of ;" above p splits in Fy. The field Fy is unramified at p, so (, ¢ Fi; and
ﬁ|GF1(<p) is irreducible, because G, (¢,) has index at most 2 in Gk (c,) (by Clifford’s theorem
a reducible restriction would be scalar, and then p(Gg (c,)) would be abelian).

Apply [10, Corollary 4.5.3] with F' = Fy = F}, the polarized representation (,B\GFI , /jL|GF+),

1

the lift ,u\GF . of its multiplier, the set S; of primes of F above 3 and p (it contains the
1

primes above p and those at which pl,, ramifies, by (F1)), the local lifts p|¢ . ,aty e S1

(polarized by (F4); at y | p crystalline with Hodge—-Tate weights {0, 1,2} at every embedding,
Fy 4 = K, being unramified over Q,, hence potentially diagonalizable [10, Lemma 1.4.3 (2)]),

and F@veid) — Flfkerp(g‘p). Its condition p > 2(d'+1), where d’ < 3 is the largest dimension
of an irreducible constituent of p restricted to the subgroup generated by the Sylow pro-
p-subgroups, holds as p > 17. It gives a finite CM extension F’/F}, linearly disjoint from
Flavoid) oyver By, and a regular algebraic cuspidal polarized automorphic representation
(', X") of GL3(Ap), of level potentially prime to p, unramified at the primes of F’ not above
Sy, whose p-adic Galois representation r(n’) lifts p|¢,, with multiplier ,u\g(m . and satisfies
T(?T,)‘GF& ~ ,O\G% at every place u | p, where ~ is the relation “connects” of [10, §§1.3, 1.4].

As p|g,, is potentially diagonalizable [10, §1.4], so is r(7)|q,, (connecting is an equivalence
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relation, preserved by restriction, loc. cit.). The field F’ has the following properties, which
are used below.

(a) The places of (F')T above 3 and p split in F’, because those of Fj" split in F; and
F' = (F')*F.

(b) The field F” does not contain (p, and p(Grr(,)) = p(Gr(c,)), because F' is linearly
disjoint over F; from the Galois extension F®°d) which contains ¢p and through
which ple,, factors.

(c) By (b), p(Gpr(,)) acts irreducibly, as E|GF1(<p) does, and it is adequate by [10,
Proposition 2.1.2], as p > 2(3 + 1).

Step 3: components over F', and a second deformation ring. Let S’ be the set of places of
(F")* above 3 and p, and for w € S’ fix a place w of F’ above w. As w splits in F’ (Step 2 (a)),
Fl, = (F')};, and this field contains K}, or K,,. So Gy = Gy is contained in G, or G, .
Here a decomposition group at w is Gg-conjugate to a subgroup of the decomposition group
at 3 or p used to define C3 and C,, and we transport these components by the conjugation;
by [13, Lemma 3.4.1], the result does not depend on the choices. The restriction to Gyt

of a lifting of pg|g,, or ﬁg]GQp with multiplier p has values in G = GLg x GL;: it is
o = (r(o),u(o)), with r a lifting of plg,, . If w |3, let D, be an irreducible component
of the generic fiber of the framed lifting rlfng of ﬁ\GF,~ that contains the image of C3 under

this restriction; one exists, the image being irreducible. Tf w | p, let Dy, be the irreducible
component through p|GF,~ of the generic fiber of the ring of crystalline liftings of [)|GF,~ with

Hodge—Tate weights {0, i 2} at every embedding. That generic fiber is formally smooth [10,
§1.4], so its irreducible components are disjoint; the image of C,, lies in it (the points of C,
are crystalline with weights {0, 1,2} at both embeddings of K,), is irreducible and contains
p]GF,~ , S0 it lies in D,,. Let A’ be the universal deformation ring of the deformation problem

Sl = (F//(F/)Jrv Sla {w}wES’a OE7 ﬁg‘G(F/).t,_a /J”G(F/)+7 {Dw}wGS’)

in the sense of [31, §2.3] and [10, §1.5], where D,, consists of the liftings that factor through
Rp, [10, §§1.3, 1.4]. The restriction to G+ of the universal deformation over A is of
type &': it is unramified outside S’; and at w € S’ the map from the framed lifting ring
of ,E\GF,~ to A factors through Re, or Re,, which are reduced and without p-torsion, with

dense sets of closed points in their generic fibers, all of which restrict to points of D,,, so it
kills the kernel of the map to Rp,,. This gives a homomorphism A" — A.

Step 4: A is finite over A'. Let Ly be the field cut out by pg, and €3, the maximal
pro-p extension of Ly unramified outside the places above 3p. Every deformation counted
by A factors through I' = Gal(£23,/Q) (the kernel of G3(A) — G3(F,) is pro-p), and T' is
topologically finitely generated: Gal(€23,/Lo) is a pro-p group with finite Frattini quotient,
as there are finitely many cyclic extensions of degree p of Ly unramified outside 3p (Hermite’s
theorem). Let A = Gal(f23,/K), and let XX C I' be the image of Gp)+, a subgroup of finite
index. It is not contained in A, as (F’)7 is totally real, and ¥ N A contains the image of G,
on which p is absolutely irreducible. By [10, Lemma 1.2.3 (1)], the universal deformation ring
of pg|r is finite over that of pg|y;. The ring A is a quotient of the former. Every deformation
of pgls is, by inflation, a deformation of ﬁglg(p,) . unramified outside ', and the resulting

map from the universal deformation ring of pgla unramified outside S’ to that of pg|s

(FH*
is surjective, because inflation from X to G+ is injective on tangent spaces. So the image
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in A of the universal deformation ring of pg|s, is the image of the universal deformation ring
of ﬁglg(p,) . unramified outside S’, which by Step 3 is the image of A’. Hence A is a finite
A’-algebra.

Step 5: A’ is finite over Op. For w € ' choose a lift p,, of plg,, : if w | p, puw = plc,,

which is potentially diagonalizable with weights {0, 1,2} at every gmbedding (Step 2); if
w | 3, a closed point of D,, that lies on no other irreducible component (the complement
in D,, of the other components is a nonempty open subset). We apply [7, Theorem A.4.1]
with its fields F' and F’ both equal to our F”, its set S equal to S’, the places w, the
character M|g(F,)+, the representation ﬁg|G(F,)+, the lifts py, and (7', y'). Its hypotheses

hold by Step 2 (a)—(c), together with the following: F’ is CM; S’ contains the places above p;
H|G( pry+ 18 continuous, totally odd and de Rham, and unramified outside S’ (the extension

F' = (F')*K of (F')" is unramified outside the places above 3); pgla (et 18 unramified

outside S’, has multiplier ji and maps exactly G into GJ; for w | p, p, is potentially
diagonalizable with three distinct Hodge-Tate numbers at each embedding; and (7/, x’)
is unramified outside the places above S, lifts p|g - with multiplier zz, and is potentially
diagonalizable at the places above p (Step 2).? That y’ is unramified outside the places above
S’ follows from [10, Corollary 4.5.3 (4)]: r(x') = M€§|G(F/)+ is the character of F'/(F')™,
which is unramified at every finite place, as shown below for x”. So [7, Theorem A.4.1]
applies. It gives a lift r": G(pry+ — G3(Zy) of pgla (7 With multiplier 1, unramified outside
S’. Let s” be the GL3-component of r”|g,,. By the theorem, s"|g,, ~ py for w € S’, and

s" =2 r(xn") for a regular algebraic cuspidal polarized automorphic representation (7", x”) of
GL3(Apr) of level potentially prime to p. By [10, Theorem 2.1.1 (2)], 7 is unramified at
the places not above S’, since r” is.

We show that s”|g,, lies on Dy, for every w € S. If w | 3, “~” means that s”|g,, and

)

pw lie on a common irreducible component [10, §1.3], and p,, lies only on D,,. If w | ;, “n
means that s” ’GF’. and p,, are points of the same irreducible component of the generic fiber

of the ring of potgntially crystalline liftings with weights {0, 1,2}, crystalline over K’, for all
sufficiently large finite K'/F; [10, §1.4]; that generic fiber is formally smooth and contains
the crystalline one as a union of irreducible components (loc. cit.), so this component is
D, and s” |G, is crystalline and lies on D,,. Moreover, if w | 3 the point s |G, lies on no

other component: the local components of the cuspidal representation 7 are generic, so the
point is smooth by [10, Lemma 1.3.2 (1)] and [10, Theorem 2.1.1 (2)], and the generic fiber
is regular, hence locally irreducible, at a smooth point [10, §1.3]. So r” defines a point of
A’ and the components D,, are those that [10, Theorem 2.3.2] attaches to 7" and S’. The
remaining hypotheses of that theorem hold by Step 2 (a)—(c), together with the following:
F' is imaginary CM; S’ contains the places above p; and 7" is unramified outside S’ and
has level potentially prime to p.

We may take for x” the quadratic Hecke character dp(pry+ of AFF'W J((F")*)*. Indeed,
s" is polarized with multiplier y, and plg,, = 6;2 as K C ', so (") = (s")V ® 5;2. In
the normalization of [10, Theorem 2.1.1 (2)], applied also to 7 and 7"V, which are again
regular algebraic, cuspidal and polarized, r(7"¢) = r(7”)¢ and r(z"V) = r(z")" ® €,%; so

r(7"¢) = r(7"V), hence mi¢ = 7!V at every finite place w {p of F’, and 7"/ = 7"V by strong

2The hypothesis of [7, Theorem A.4.1] on (', ') is printed as (71, (7), 7. (X)) = (Flaprs Blap); the

1-n

proof there uses r,(x')e; " as the multiplier, and we use the hypothesis in this sense, as [13] do.
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multiplicity one [70, Theorem 4.4]. As dp//(pry+ © Nprjpry+ = 1 and 0pr j(pryt o(—1) = =1 =
(—1)? at every infinite place x of (F')", the pair (7, dp (pr)+) is polarized in the sense of
[10, §2.1]; the character dz /(Fy+ is unramified at every finite place, because only the places
above 3 can ramify in F’ = (F')*K, and they split; and r(0p /(pry+) = 5K/Q’G(F’)+’ both
being the character of G g+ with kernel G+ So the multiplier r(x" ey 2 of the deformation
problem of [10, Theorem 2.3.2] is p|¢ oyt and that problem is S’: two prolongations of
pla,, with multiplier i are conjugate, as the pairing is unique up to a scalar by Schur’s
lemma (Section 7.2). The theorem is stated over the ring of integers Oy, of a finite extension
L of E containing the images of the embeddings of F’ and the coefficients of r(7”) and r(x")
(the components D,, are defined over E by the choice of F); as deformation rings commute
with finite extensions of scalars, A’ is a finite Og-module.

Step 6: the lift. By Steps 4 and 5, A is a finite Og-algebra, and by Step 1 its Krull
dimension is at least 1. So A has a minimal prime q with dim.4/q > 1; then qN O = 0,
and A/q is a domain, finite and torsion free over O, which embeds in the ring of integers
of a finite extension of E. The resulting homomorphism A — Z,, is the lift . O

Proposition 12.22. Let p > 17 be a prime with p = 2 (mod 3), let v = pO, and let
p: Gg — GLg(@p) be a continuous representation, unramified at all but finitely many
primes, with the properties (F1)—(F6) read as in Section 12.7. Then there is a regular,
polarized and odd, weakly irreducible compatible system R = {R)} of three-dimensional
representations of Gy, with multiplier 52251(/@, whose p-adic member R, has the properties:

(P1) Ry is a lift of p and is unramified outside {p,v};

(P2) R, is crystalline at v with Hodge-Tate weights {0,1,2} at both embeddings of K,;
hence Hy = {0,1,2} for both embeddings T of K ;

(P3) Rylr, =k @exp(tpN) for a nilpotent matriz N.

Proof. Let Cg be, as in Section 7.5, an irreducible component through pg|GQ3 of the generic
fiber of the lifting ring of its inertial type, and let g be the lift given by Theorem 12.21 for
Cs and C,,.

The compatible system. Let R, be the representation of G'i defined by p. It is unramified
outside {p, v}, crystalline at v with Hodge-Tate weights {0, 1,2} at both embeddings (it
lies on C,), hence potentially diagonalizable at v. It is polarized and odd with multiplier
Ep 26k /0, and its reduction p is irreducible on G (c,). The proof of Theorem 7.4 applies to
R, in place of p, with the polarization of R, (defined by p) in place of (F4) and of the pairing
of Theorem 7.1, the paragraph “p is reasonable” in place of Theorem 7.2, and the single
place v, with K, = Q2 unramified over Q,, in place of v and v (so [10, Lemma 1.4.3 (2)]
still applies). So R, is the p-adic member of a regular, weakly irreducible compatible system
R, polarized and odd with multiplier 622(5 K/Q- This is how [27, Lemma 4.2.3] obtains a
compatible system from such a lift, when the places above p split.

Then (P1) and (P2) hold by construction, and (P3) follows from Theorem 7.6 applied to
Rp’Gva whose reduction restricted to I, is %[, times a unipotent representation by (F3) (as
in (7.1)). O
Remark 12.23. The theorem of Calegari, Emerton and Gee used in Part II, [27,
Theorem 4.2.11], is stated with no condition on how the places above p decompose
in the CM field [27, §1.5.19, §1.5.25], and its hypotheses hold for p = 2 (mod 3) as well,

with ' = K, S = {3, p}, the component C, and any polarized component at 3. They are
checked as in the proof of Theorem 7.3, with the paragraph “p is reasonable” in place of
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Theorem 7.2, except for the global realizability of C,, [27, Definition 2.1.9]. That holds with
the field K and the place p of Q, as in the proof of Theorem 7.5: the proof of Theorem 7.4,
read with the same substitution and with the single place v in place of v and v, puts p
in a regular, polarized and odd, weakly irreducible compatible system, and pg|G@p lies on
Cp by the definition of C,. We do not use that theorem for p = 2 (mod 3): a more direct
argument suffices. Its proof reaches a globally realizable component at p by swapping
components between compatible systems [27, §4.2]. Here the points of C, are potentially
diagonalizable on Gk, so the lifting argument of Bellovin and Gee [13, Theorem 5.2.1], run
over a field in which the places above p split, gives the lift without that step (Theorem 12.21).
Theorems 12.22 and 12.24 rest on this lemma (see the beginning of Section 12.8).

The same argument proves Theorem 7.3 for p = 1 (mod 3), for the component C, of
Section 7.5 and every polarized component C3 at 3, without [27, Theorem 4.2.11]. Indeed,
Theorem 12.21 and its proof hold for p = 1 (mod 3), with the following changes. The
representation p is that of Section 7.1, and Theorem 7.2 replaces the paragraph “p is
reasonable”. The component C, is that of Section 7.5; by [27, Lemma 1.5.20], as p splits in
K, it is the component defined in Section 12.8. In Step 2 the condition on (%) is not needed,
because, —3 being a square in Q,, the places above p split in every CM field containing K;
and, as F is unramified at p, the completions F 4, y | p, are Q, or Q,2, unramified over
Qp and containing K, or K3, as [10, Lemma 1.4.3 (2)] requires. In Step 3, K, becomes K,
or K3, both equal to Q,. The representation of G defined by the lift is crystalline at v
with Hodge-Tate weights {0, 1,2}, as its restriction to G, lies on Cp, and hence at v, by its
polarization, as in (P2) of Section 7.6. The proof of Theorem 7.4, applied to it, with the
polarization given by the lift in place of (F4) and these properties in place of (F2), gives a
compatible system with the properties stated in Theorem 7.3. With the component Cj of
the proof of Theorem 9.5 in place of Cs, this proves step (5) of that proof as well.

With Theorem 12.22 in place of Theorems 7.3 and 7.5, the rest of Part II holds for
p = 2 (mod 3), with v = pO and v omitted. The proof of Theorem 7.8, which gives
(M1)—(M3), uses Theorem 7.7, which applies to R because it is regular, polarized and odd,
and weakly irreducible. In the proof of that lemma a place y of F’ above v still has Fé = K,,
although y is now inert over (F’)", and [10, Theorem 2.1.1 (2)] and [9, Theorem 1.1]
are stated for all places, split or not. The same situation already occurs in the proof of
(M2) at the inert prime 5. The proof of Theorem 7.9 uses (F5) at the prime B = pO
and item C2, whose ideals have no prime factor above p. Sections 8 and 9, in particular
Theorem 9.3, concern the members above 5 and use only (M1)-(M3), (F3), Theorem 7.9
and the polarization of these members, so p enters them only through 5 ¢ {3,7,p}. That
leaves Theorem 9.5, whose proof applies Theorem 7.3 again with another component at 3.
It is proved for inert p in Section 12.10 (Theorem 12.24).

12.10. Part III at an inert prime. In this subsection p > 17 is a prime with p = 2 (mod 3),
v = pO, and p is as in Theorem 12.22. We first prove Theorem 9.5 for p.

Proposition 12.24. The group p(I,) is not contained in the group of scalar matrices.

Proof. Suppose that it is. We construct a compatible system with the properties stated in
Theorem 12.22 whose matrix N in (P3) is zero. This contradicts Theorem 9.3 (2), which
holds for such systems by the paragraph after Theorem 12.23.

Steps (1)—(4) of the proof of Theorem 9.5 use only the properties (F3), (F4), (F6) of p
and the prolongation pg (Theorem 7.1), and apply unchanged for inert p; the residue field
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F’ there can be taken to contain 2, and the element ¢ = 1 of step (2) exists because p is
odd. They give a lift p’g of ﬁg|GQ3 with multiplier €, 25 K/Q, trivial on an open subgroup of
the inertia group, and an irreducible component C5 through it of the generic fiber of the
lifting ring of its inertial type, at all of whose points the monodromy operator vanishes ([13,
Theorem 3.3.7 and the paragraph before it|, as in step (4) of the proof of Theorem 9.5).
Instead of step (5), apply Theorem 12.21 with C4 in place of Cs; the lemma allows any
polarized component at 3. It gives a lift p': Gg — G3(Z,) of pg, unramified outside {3, p},
with multiplier €, 25 K/Q, Whose restrictions to Gg, and G, lie on C3 and C,. As in the proof
of Theorem 12.22 (the proof of Theorem 7.4, with the substitutions made there, applied
to the representation of Gk defined by 7'), the representation of Gi defined by p' is the
p-adic member of a compatible system R’ with the properties stated in Theorem 12.22. The
restriction of 5’ to G, lies on Cj, so the monodromy of the p-adic member of R’ at p is
zero: N =0 in (P3). O

With Theorem 12.24 in place of Theorem 9.5, Part III holds for p = 2 (mod 3), with
v = pO and v omitted. The proof of Theorem 10.3 uses (F3), (F4), (F6), (P1), (P3) and
Theorem 9.5, and applies Theorem 10.2 with ¢ = p > 17 over a finite field of characteristic
p, which can be taken to contain F,2. Theorems 10.4 and 10.5 rest on Theorem 7.7, which
applies to the system of Theorem 12.22 because it is regular, weakly irreducible, and polarized
and odd (all its members are polarized, by the proof of Theorem 12.22). In the proof of that
lemma, as F' = (F')* K, a place y of F" above p has F;, = K}, and a place y above v has
Fé =Qp®q K = Ky = Q2. Theorems 10.6 and 10.7 and Section 11 concern K, and the
member at 3 only, and do not involve p. Consequently:

Proposition 12.25. Let p > 17 be a prime, split or inert in K. There is no continuous
representation p: Gg — GLg(@p), unramified at all but finitely many primes, with the
properties (F1)~(F6) (read as in Section 12.7 if p is inert). Here (F3) means that ply, is
m\]p times a unipotent representation for some character k: G — puz with kK€ = k=1 whose

restriction to G, is trivial or has conductor p2, and in (F5) the &q are any elements of 3.

Proof. For p = 1 (mod 3) this is what the proof of Theorem 11.18 shows, since it uses
nothing else about p. For p =2 (mod 3), take the system of Theorem 12.22 and argue in
the same way, with Theorem 12.24 and the transfer of Parts II and III described above. [J

12.11. The proof for p > 17, and the equations with k > 2.

Proof of Theorem 12.4. Let p > 17 and k > 1, and let (a,b, c) be a solution with 3 | ¢, or
with k£ > 8; for k = 1, 3 | ¢ holds automatically (Theorem 12.6 (ii)). Then v = k+pwvs(c) > 8.
The representation p of Section 12.7 is unramified at all but finitely many primes and has
the properties (F1)-(F6) (Theorems 12.19 and 12.20). This contradicts Theorem 12.25. [

Remark 12.26 (the equations with k > 2). Let k > 2. If k > p, then 3¥2P = 3¥7P(32)P, so
a solution for k is a solution for k — p with 3 | z; statements (1) and (2) below depend
on k only through 2k — 3 modulo p and through the condition “3 | z or £k > 8”, and are
compatible with this reduction.

(1) For p > 7: there is no solution unless 2k — 3 is a nonzero square modulo p
(Theorem 12.2 (a)). When it is, every solution has z odd, exactly one of z,y
even and = 2 (mod 4), and p 1 z; if p # 7, also 7{ xyz and 23 = y> (mod 7); and,
for a normalized solution, pg; , = pw p (Theorem 12.9, Theorem 12.10 (2)). For
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k> 8 and p € {7,11,13} we know only what Theorem 12.2 gives, directly or after
the reduction of k£ modulo p above.

(2) For p > 17: there is no solution with 3 | z, and none at all if £ > 8 (Theorem 12.4).
So the solutions that are not excluded have 3 1 z and 2 < k < 7, with 2k — 3 €
{1,3,5,7,9,11} a square modulo p.

(3) k = 2. The solution 23413 = 9-17 has 3 { 2, as it must: its parameter has v3(sg) = 2,
outside the disc of Theorem 4.1 (Section 13).

(4) 3 <k <7 and 31z Here vs(sg) =k <7, and Theorem 4.1 gives no information
on Vg, at p. For 7 < p < 10° there is no solution (Theorem 12.2 (c)). There is no
solution with z = +1 for any k > 3: if 23 + y* = £37 with ged(z,y) =1 and j > 1,
then x +y and 22 — zy + y? are, up to sign, powers of 3, and v3(2? — zy +9?) =1
(Theorem 12.6 (ii)), so 2? — xy + y? = 3, whose solutions give 23 + 3 € {0, +9}.

Complements
13. REMARKS

We explain why the Catalan solution 12 + 23 = 32 plays no part in the proofs, how the
arguments of Parts I-III carry over to the exponents p =2 (mod 3), and which questions
remain open.

13.1. The obstructing point. The Catalan solution 1 + 23 = 32, of exponent 2, gives,
with (u,w) = (1,2), the parameter so = 9, and with (u,w) = (2,1) the parameter sp = 9/8;
in both cases v3(sg) = 2, outside the disc of Theorem 4.1. So nothing in the proofs concerns
these points, as must be the case, since 2% + > = 22 has this solution. The exponent
enters through vs(sg) = puvs(c), and also through the conditions p > 17 in Kraus’s results,
p ¢ {2,3,7,13} in Theorem 6.2, p ¢ {2,3,13} in Theorem 7.6, and p > 8 in the theorem of
Calegari, Emerton and Gee.

13.2. Exponents p = 2 (mod 3). For p = 2 (mod 3) the prime p is inert in K. For
23 + y3 = 2P these exponents are settled by Freitas’s theorem [58, Theorem 3]. Part IV
carries out the arguments of Parts I-III at an inert prime, for 23 + 3> = 327 (Sections 12.7
to 12.10). None of the arguments at p, [ and 1, nor those at 5 in Part II, depends on whether
p splits in K. This transfer also proves Theorem A for the prime exponents p > 17 with
p =2 (mod 3), without Freitas’s theorem: Theorems 5.1 and 5.2 hold for every p > 17, and
for such p the proof of Theorem 5.5, with Theorem 12.18 in place of Theorem 5.6, together
with Theorems 6.1 and 12.20, shows that the Frey representation, defined as in Theorem 5.4,
has all the properties that Theorem 12.25 excludes. That proof rests on Theorem 12.21;
Theorem 11.19 uses Freitas’s theorem instead, so that Theorem A does not depend on
Part IV.

13.3. Open questions. Three questions remain open. The first is to find all solutions of
23 + 9% = 92* (Theorem 12.5). The second concerns the equations x® + y® = 3%2P with
k > 2 that Theorem 12.26 leaves open, among them those with 3 < k <7, 31z and p > 105,
on whose parameters Theorem 4.1 gives no information. The third is whether the radius
15/2 of Theorem 4.1 is optimal (Theorem 4.17). Beyond these questions, the method relies
on features of this case: the divisibility 3 | ¢ (Theorem 5.1, Theorem 12.6), which puts the
parameter of a solution in the disc of Theorem 4.1; a reasonable residual representation, so
that a compatible system exists (Theorems 7.3 and 12.21); the Hodge—Tate weights {0, 1, 2},
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which lie in the Fontaine-Laffaille range at 5 and make the member at 3 ordinary once its
monodromy operator is regular (Theorem 10.6); and two features of K: its single prime
above 3 and its class number one imply that an inertia group at p is the whole Galois
group of the maximal pro-3 extension of K unramified outside p (Theorem 11.16), and the
ramification at p bounds the root discriminants of the fields cut out by the reductions of
the member by 3%49/162 < 21,01 (Theorem 11.11), below Odlyzko’s bounds for fields of large
degree. Theorem 4.1 and Theorem 11.21, by contrast, are statements about V and about
representations of G, not about the equation. For another equation the same route would
need a family that separates the solutions from the obstructing ones at some prime, as
Theorem 4.1 does here at p, and then analogues of the other features above.

APPENDIX A. COMPUTATIONS

This appendix lists the computations on which the proofs of Parts I-III depend, with
what each computes and its output: items C1-C3 concern Part I, item C4 Part II, which also
uses C2, and item C5 Part III. They are finite exact computations in Z, Z[w], Z[(g], number
fields, finite fields and the rings Z/7%, except items C4 and C5, which are evaluations of
integrals with certified error bounds, in interval and ball arithmetic [72]. The programs
are written in PARI/GP [111] (version 2.17.3), Python 3.12 (with python-flint 0.8.0 on
FLINT 3.3.0 for ball arithmetic, mpmath 1.4.1 and SymPy 1.14.0), GAP [110] 4.15.1 and
SageMath 10.9 (used only for cross-checks), with one program in C. For each of the items
C1-C5 the record [71] also contains a second, separately written program (for C1, at [ and
for one m’ in each class), which gives the same results. On a laptop each program for items
C1-C5 runs in a minute or less, most in a few seconds, except the program of item C1
that checks Theorem 3.8 for £ = 1 and s = 2 by counting the fixed points of F' o g directly,
which takes about three minutes. The computations for Part IV are items S12-S24 of the
Supplement; the subsection after item C5 summarizes the search of items S14-S16 and
the 7-adic logarithms of items S22 and S24. We write w for the image of w € K in the
coefficients, and identify O/l and O/l with F; by w ~ 2 and w + 4.

C1. Traces of V at the primes above 7. This is the input of Theorem 3.9. For q € {[,T},
each m’ € (Z/9)*, k € {1,2,3} and every s € Fox \ {0, 1}, the sums of Theorem 3.8 were
evaluated exactly, as integer combinations of powers of a primitive ninth root of unity. The
character 1 is the power map 2z +— 238 into pg(F343), identified with the ninth roots of unity
of the coefficients so that the cube roots of unity correspond to the reductions of 1, w,w?.

Every value lies in Z[w]. The results depend only on the class of m’ modulo 3:

class I class II
traces at s =2 (k=1,2,3) 6 — 3w, —99 — 87w, —267 — 486w 9 + 3w, —12 + 87w, 219 + 486w
P(T) at s=2 PH(T) P—(T)
power sums on H! 142w, 95+ 94w, —285 —1—-2w, 1 —9%w, —285
QT) (T —1)(T? — 2wT + 49w?) (T —1)(T? — 2w°T + 49w)

At [, class T is m’ = 2 (mod 3); at [, it is m’ = 1 (mod 3).

C2. The irreducibility test. This is Step 5 of the proof of Theorem 6.2; it is used
again in the proof of Theorem 7.9. With w = 2 — w, for each assignment (P, ) €
{(P*,P7),(P~,P%)}, each type (k, k') € T and each (1, (2) € 3, the elements Py(¢;w* @)

and P[(Cgﬁkwkl) of O are nonzero, and the ideal they generate was factored. The rational
primes below its prime factors, taken together over all ({1, (2), are:
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type (0,00 (L,1) (2,2) (0,2) (2,0)
(PH,P7) 2,3 23,7 2,3,7 23,13 23,7
(P~,P*) 2,3 23,7 2,3,7 23,7 23,13

No prime p > 17 occurs.

C3. Ray class groups. This is used in the proof of Theorem 4.16. The ray class groups
Clyk (K) for k= 1,...,8 have orders 1,1, 3,9,27, 81,243, 729; Cl,a(K) = (Z/3)%. The classes
of [=(2—w) and [ = (3 +w) generate Clya(K). Equivalently, the images of 2 —w and 3 +w
generate (O/p?)* /ug, a group of order 9.

C4. Lower bounds for root discriminants. This is the input of Theorem 8.3. The
right side of (8.2), with r; = 0 and the test function ®y(x/b)/cosh(z/2) of Section 8.3,
was evaluated with certified error bounds in the following cases. The third column gives
the exponential of the value found, truncated, and the last the constant with which it is
compared in the text.

n b bound for rd(L) constant
18 23/4 9.27091... 31/2.5 = 8.66025. ..
120 13 16.98861 ... 31/2.57/5 = 16.48612. ..
2002 36 21.41368. .. 31/2.53/2 = 19.36491 . ..

The values of b are, to within %, those that maximize the bounds.

C5. Root discriminants. This is the input of Theorem 11.12, with the constants of
Theorem 11.11. The right side of (8.2), with r; = 0 and the test function ®¢(z/b)/ cosh(x/2),
was evaluated in two ways, each with certified error bounds. The first uses ball arithmetic
with Arb [72], at 160 bits. With § = 1078, the integral over [4,b] is computed by Arb’s

rigorous numerical integration, and the integral over [0,d] is bounded by 0 < fés (1-

g (z/b)/ cosh(x/2)) 2Sinﬁ’fx/2) < (”;%’52 + %)%, an elementary consequence of ®4(0) = 1,
®)(0) = 0,0 < ®g < 1 and || < 7+ 7%; the integral over [b, o) is — log tanh(b/4) in closed
form, and Iy = 4b/7%. The second uses interval arithmetic with Taylor models of degree 12
on a dyadic subdivision, at 200 bits. The results, truncated:

n b bound for rd(L) constant margin in logrd
1378 63/2 21.1515190...  3%9/162 = 21,0083345... 6.79-1073
674 25  20.4476673... Ty = 3*37/162 = 19.3664184... 5.43-1072
118 12 16.9179477... T, =3'7/54 =16.2358224... 4.11-1072
80 10  15.6281490...  3%/2 =15.5884572. .. 2.54-1073
24 6 10.5939560...  3'1/6 =7.4941485... 0.346
20 6 9.7691231 ... T, = 3%7/18 = 9.5664156. . . 2.09 - 1072
4 2 3.2422670 . . . 31/2 = 1.7320508. .. 0.626

The last column is a lower bound for the logarithm of the bound minus that of the constant.
The smallest margin, 2.54-1073 at n = 80, is more than 10° times the width of the enclosures:
both evaluations enclose each bound in an interval of width below 4 - 10~ in logrd.

Part IV: the search and the 7-adic logarithms. Items S1/-S16. For Theorem 12.2 (b)
and (c) the program takes each prime p in a range and runs through n =2,4,6,... up to a
bound, keeping the n for which ¢ = np + 1 is prime. For such a ¢ it computes aq(W') and
tests (A) of Theorem 12.11; if (A) holds, it runs through the n elements ¢ of 91=% ., (F,),
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tests whether dp = (12¢ —1)/3 is a square in [y, and if it is, computes a4(E;) for one square
root d and compares a4(E¢)? with aq(W)? modulo p. It records the least n for which (A)
and (By) hold. The traces a, are computed by PARI’s ellap, and p,(F,) is generated by
gP for a primitive root g modulo ¢q. For k = 1 the 5761453 primes 5 < p < 108 were treated
with n up to 600, 2000 and 4000 for p < 10°, 10° < p < 107 and 10”7 < p < 10%: such an n
exists except for p = 5 and p = 13, the largest n needed in the three ranges is 112, 234 and
284, and the running times printed by the program add up to about an hour on a laptop
(3787 seconds). A second program, written separately, uses the curves Eéb,b, and W' in place
of E; and W, and generates pu,(F,) by a? for the least 2 > 2 for which 2P has order n; on
each range it gives the same exceptions, the same largest n, and the same number of primes
for each least n. For 3 <k < 7,7 < p <105 and n up to 2000, both programs find such an
n for every prime except those listed in the proof of Theorem 12.2 (c), with largest n equal
to 220; each run takes less than thirty seconds.

Items S22 and S24. In the Chabauty steps of Theorems 12.14, 12.15 and 12.16, (Lo, Ly) is
computed as log(ND)/N (with Gy in place of D for I'7), where N = 25 for I'; and N = 50
for T's and I'7. The multiple ND = [P} + P, — 200] is computed exactly over Q by Cantor’s
algorithm, and log(N D) is computed inside one residue disc by termwise integration of power
series with coefficients in Z7, with 7-adic numbers to precision 74° and 80 terms (for I'7) or
120 terms. This gives Lo and L; modulo 730 at least; the proofs use them only modulo 72.
As checks, the same computation for other multiples of D (and of D', where 2D’ = D, for
I'1) gives the same values of log(D) to that precision, and SageMath’s implementation of
Coleman integration, a different algorithm, gives the same digits of Lo and L; (modulo 72°
for I'1, and 79 for I's and I'7). These programs run in less than half a minute.

Data availability. The programs, their outputs and the commands that run them are in
[71].
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