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A POISSON BOUNDARY SOLUTION TO CONNES’ BICENTRALIZER
CONJECTURE AND KADISON’S PROBLEM ON MASA

SHUOXING ZHOU

ABSTRACT. We develop Poisson boundary theory for general von Neumann algebras with separable predu-
als. As an application, we prove that, for every inclusion M C P of countably decomposable von Neumann
algebras with a normal faithful conditional expectation, M C ¢(P) has the weak Dixmier property, where
¢(P) is the continuous core of P. As direct consequences, via the characterizations of Haagerup and Mar-
rakchi, we have a completely new proof of Connes’ bicentralizer conjecture and prove Marrakchi’s relative
bicentralizer conjecture. We also give a new proof of the solution to Kadison’s problem on maximal abelian
subalgebras for inclusions of von Neumann algebras with expectation.

1. INTRODUCTION

1.1 Connes’ bicentralizer conjecture and the weak Dixmier property. In the theory of von Neu-
mann algebras, as in many areas of mathematics, averaging and averagable objects are a central theme of
research. Amenability is the property that describes the possibility of averaging and is a central property in
geometric and ergodic group theory. A discrete group I' is amenable if and only if there exists a I'-invariant
mean on {*(I") [vN29].

For von Neumann algebras, amenability is equivalent to injectivity. A von Neumann algebra M C
B(H) is injective if and only if there exists a conditional expectation from B(H) onto M. The weak Dixmier
property is an averaging property of inclusions of von Neumann algebras. An inclusion M C A has the
weak Dixmier property if every x € A can be averaged by unitaries of M into the relative commutant
M’ N A, that is,

conv" {uzu* |ueUM)}N(M' NA)#0D (x € A).

In his celebrated work, Connes [Con76] proved that a von Neumann algebra M C B(H) with separable
predual is injective if and only if the inclusion M C B(H) has the weak Dixmier property. These conditions
are further equivalent to M being hyperfinite, meaning that it can be approximated by finite-dimensional
subalgebras. This connects averaging with finite-dimensional approximation and makes it a tool for the
classification of amenable von Neumann algebras.

The classification of von Neumann algebras was a central goal of the work of Murray—von Neumann
[MvN36]. Von Neumann algebras with separable predual decompose as direct integrals of factors, which
are von Neumann algebras M with trivial center, i.e., Z(M) = M’ N M = Cl. Murray-von Neumann
divided factors into types I, Iy, 11, and ITI. A type I factor is isomorphic to B(H) for some Hilbert space
H. A type II; factor admits a normal faithful finite trace, while a type Il factor admits a normal faithful
semifinite trace 7 with 7(1) = co. Type III factors admit no nonzero normal semifinite trace. Murray—von
Neumann [MvN43] proved that, up to isomorphism, there is a unique hyperfinite II; factor.

Connes [Con73] refined this classification by dividing type III into types III, for 0 < A < 1. He sub-
sequently classified the amenable factors with separable predual of types II;, I, and III) for 0 < A < 1
[Con76]. For the remaining type III; case, Connes [Con85] introduced the bicentralizer conjecture and
showed that a positive solution for amenable factors would imply the uniqueness of the amenable type 11Ty
factor. Let M be a countably decomposable von Neumann algebra and let ¢ be a normal faithful state on
M. The bicentralizer B(M, ¢) consists of the x € M such that [z,a,] — 0 strongly for every bounded
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sequence (a,) C M satisfying ||lan,¢ — ¢a,|| — 0; see Subsection 2.2. Connes’ bicentralizer conjecture states
that B(M, ¢) = C1 for every type III; factor M and every normal faithful state ¢ on M.

The finite trace 7 on a type II; factor M makes the analogous bicentralizer statement immediate:
B(M,7) = Z(M) = C1. More generally, much of the power of averaging in finite von Neumann algebras
comes from the trace: it provides an invariant Hilbert-space geometry in which convexity produces fixed
points. Type III algebras have no such trace. For factors with separable predual of type III), 0 < A < 1,
the periodic modular structure gives a discrete decomposition as a crossed product of a type Il factor by
Z [ConT73]. This reduces many structural questions to the semifinite setting. Such a periodic reduction is
not available in general for type III; factors. One must therefore find methods that work without either a
trace on the original algebra or such a discrete reduction. This is one reason why the type I1I; case often
presents the greatest difficulty.

The same difficulty appears in Popa’s problem on the weak Dixmier property (Corollary E) and Kadison’s
problem on MASA (Theorem G), discussed below. For inclusions M C A with expectation and finite M, the
weak Dixmier property follows from classical averaging arguments. The type II; case of Kadison’s problem
was established by Popa [Pop81] in 1981. The type III; cases of these problems were resolved only much
later, in 2019 and 2026, respectively.

Haagerup [Haa87, Theorem 2.3] solved the bicentralizer problem for amenable factors, thereby proving
the uniqueness of the amenable type III; factor and completing the classification of amenable factors with
separable predual. Haagerup [Haa87, Theorem 3.1] proved that a type III; factor M with separable predual
has trivial bicentralizer if and only if M C ¢(M) has the weak Dixmier property, where ¢(M) = M x,4 R is
the continuous core of M. Here 0 is the modular automorphism group associated with ¢; we refer
to Subsection 2.3 for background on modular theory and continuous cores. For amenable M, hyperfiniteness
allows us to average each element of ¢(M) by unitaries of M into M’ N ¢(M) in the weak topology, so
M C ¢(M) has the weak Dixmier property and hence M has trivial bicentralizer.

Houdayer—Marrakchi [HM26, Theorem C] recently solved Connes’ bicentralizer conjecture for arbitrary
type III; factors. Their proof does not follow Haagerup’s approach. It relies on the bicentralizer flow
[AHHM20], on the ergodicity theorems for this flow proved by Marrakchi [Mar20, Theorem D], [Mar26,
Theorem C], and on a resonance phenomenon, discovered in [HM26], for the joint action of the modular flow
and the dual bicentralizer flow. In particular, their proof does not use Haagerup’s theorem. It is therefore
also a new proof that amenable type III; factors have trivial bicentralizer, and hence, by [Con85], a new
proof of the uniqueness of the amenable type III; factor.

In this paper, we follow Haagerup’s approach to give a new proof of Connes’ bicentralizer conjecture,
independent of [HM26]. We prove the weak Dixmier property for M C ¢(M) directly, and more generally for
M C ¢(P) whenever M C P admits a normal faithful conditional expectation, and then apply Haagerup’s
characterization. Our proof treats all factors uniformly, with only minor adjustments between the finite
and properly infinite cases. In particular, the previously most difficult type III; case is treated by the same
argument as the other properly infinite cases, without using any recent advances in modular and bicentralizer
theory.

Theorem A. Let M C P be an inclusion of countably decomposable von Neumann algebras with a normal
faithful conditional expectation. Then M C ¢(P) has the weak Dizmier property. In particular, M C c(M)
has the weak Dizmier property.

By the result of Haagerup [Haa87, Theorem 3.1], Theorem A implies Connes’ bicentralizer conjecture.

Corollary B (Connes’ bicentralizer conjecture [HM26]). Let M be a countably decomposable factor of type
II1,. Then

B(M,$) = C1
for every normal faithful state ¢ on M.
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By [Mar25, Theorem D], Theorem A also implies Marrakchi’s relative bicentralizer conjecture [Mar25,
Conjecture C], which generalizes Connes’ bicentralizer conjecture. We refer to Subsection 2.2 for the defini-
tion of the relative bicentralizer and the statement of the relative bicentralizer conjecture.

Corollary C (The relative bicentralizer conjecture). Let M C P be an inclusion of countably decomposable
von Neumann algebras with a normal faithful conditional expectation. Then M C P satisfies the relative
bicentralizer conjecture.

The generating inner ucp maps and cutoff arguments used in the proof of Theorem A also apply to
crossed products by more general actions. We first obtain the following result for R2-actions on semifinite
von Neumann algebras.

Theorem A.1. Let M C N be an inclusion of von Neumann algebras. Assume that M has separable
predual, that T is a normal faithful semifinite trace on M, and that E : N — M is a normal faithful
conditional expectation. Let o : R? ~ N be an ultraweakly continuous action such that

a (M) =M, Toayly =eWr (t € R?),
with £ : R? — R linear. Then M C N x, R? has the weak Dizmier property.

Passing to compatible continuous cores and applying Takesaki duality, we then obtain the following result
for general flows.

Theorem A.2. Let M C N be an inclusion of von Neumann algebras. Assume that M is properly infinite
with separable predual and that E : N' — M is a normal faithful conditional expectation. Let oo : R ~ N be
an ultraweakly continuous action such that

a (M) =M, Eoa;=aimoFE (t eR).
Then M C N x4 R has the weak Dizmier property.

We present these extensions in Appendix A to keep the main text focused on the direct proof of Theorem A
and its bicentralizer consequences. The appendix explains how the same averaging argument combines with
two-dimensional cutoff estimates and passage to compatible continuous cores to treat more general actions.

1.2 The weak Dixmier property via Poisson boundaries. The Poisson boundary of a group is
also an object defined through averaging. Let I' be a countable discrete group, and let p € Prob(T') be a
generating probability measure, i.e., {J, 5, (supp u)" = I'. Define the Markov operator P, on ¢>°(I') by

Puf)(9) =S us)flgs)  (geT),
sel’
Hence P, can be viewed as a y-weighted averaging operator. Let Har(T', p) = {f € £>°(T") | P,(f) = f} be
the space of bounded p-harmonic functions.
The Poisson boundary of (T, 1) is the essentially unique nonsingular I-probability space (B, vg) such
that the Poisson transform

P, : L*(B,vg) — Har(T', u), P,.(F)(g) = /BF(gb) dvg(b)

is an isometric isomorphism [Fur63].

For example, let I' be a non-elementary hyperbolic group with a finite generating set S, and let p be
a generating probability measure supported on S. Then its Poisson boundary can be identified with the
Gromov boundary (0T, Vo) of the Cayley graph with respect to S, where v, is the hitting measure of the
p-random walk [Kai00, Theorems 7.6 and 7.7].

Another example comes from lattices in semisimple Lie groups. Furstenberg [Fur67] proved that, for
every irreducible lattice I' < G in a connected semisimple real Lie group with finite center and no compact
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factors, there exists a fully supported probability measure p on T' such that the (T', u)-Poisson boundary is
(G/P,vp), where P < G is a minimal parabolic subgroup. A major application of Poisson boundary theory
is the proof of Margulis’ superrigidity theorem for irreducible lattices in higher rank semisimple Lie groups
[Mar91, Chapter VII].

Izumi [Izu02, Tzu04] developed a noncommutative Poisson boundary construction for normal ucp maps
on von Neumann algebras, motivated by the study of discrete quantum groups. Building on Izumi’s con-
struction, Das—Peterson [DP22] initiated Poisson boundary theory for finite von Neumann algebras, which
was subsequently studied in [Zho24b, Zho24a, Zho24c, Zho25]. We extend this theory to general von Neu-
mann algebras M with separable preduals. In this general setting, as analogues of generating probability
measures on groups, our main objects are normal, regular, strongly generating (nrsg) hyperstates
on B(L?(M)) (Definition 3.8). More concretely (see Example 3.10), given any normal faithful state ¢ on M
with canonical cyclic vector &, € L?(M), we can always construct a normal faithful state ¢ on B(L*(M))
with ¢|pr = ¢ and sequences (zi), (yr) C M such that

Cla] =Clyel =M, > zize=> wmyp=1.
k k

The corresponding normal inner ucp maps

Po(T) =Y ()T (Jzd),  PUT) = uTy;
k k

satisfy
(1.1) o(T) = (Pp(T)€s,&0) = (Po(T)s, &) (T € B(L*(M))).

Here J is the modular conjugation on L?(M), and C|z;] and C[y,] are the unital subalgebras (rather than
the unital x-subalgebras) generated by (zx) and (yx), respectively.

Let Har(P,) = {T € B(L*(M)) | P,(T) = T}. We define the Poisson boundary B, to be the von
Neumann algebra isomorphic to Har(P,) as operator systems (Definition 3.3). Its existence and uniqueness
are proved in Proposition 3.4. Under this identification, M is a von Neumann subalgebra of B,,.

For example, let T' be a countable discrete group, let u € Prob(T") be a generating probability measure,
and let (B,vg) be its Poisson boundary. For M = L(T'), consider the hyperstate ¢ € B(£*(T)), defined
by o(T) = >_,er 1(9)(T'0g,dg). Izumi [Izu04] proved that M C B, is naturally isomorphic to the inclusion
L(T) Cc L=(B,vp) xT.

We have the following sufficient condition for the weak Dixmier property in terms of maps into B,.

Theorem D (Theorem 4.2). Let M be a von Neumann algebra with separable predual, and let ¢ be an nrsg
hyperstate on B(L*(M)) with Poisson boundary B,. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M = My ® M & M;

(il) M is finite with a normal faithful trace T, and p = fu(M)< ~ubr, ué&r) dp(u) for some p € Prob(U(M)).

Then every W*-inclusion M C A equipped with a normal faithful uecp map P : A — B, satisfying P|y = idm
has the weak Dizmier property.

As a direct corollary, we give a new proof of the weak Dixmier property for W*-inclusions with a normal
faithful conditional expectation, a problem posed by Popa [Pop00, Remark 1.5] and solved by Marrakchi
[Mar21].

Corollary E ([Pop00, Mar21], Corollary 4.3). Let M C A be an inclusion of countably decomposable von
Neumann algebras with a mormal faithful conditional expectation. Then M C A has the weak Dizmier

property.

We also prove a semifinite version of Theorem D, replacing the normal faithful ucp map into B, by a

o~

normal faithful semifinite M-bimodular positive map 7 : A, — B with the averaging conclusion for

[
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positive elements = such that 7 (x) is bounded (Theorem 4.7). In particular, we have a new proof of the
weak Dixmier result of Isono [Is025] for inclusions M C A of countably decomposable von Neumann algebras
with a normal faithful semifinite operator-valued weight (Corollary 4.8).

The proof of Theorem D is rather simple. We explain the key case where M is properly infinite with
separable predual, and there is a normal faithful conditional expectation E : A — M. Fix a normal faithful
state ¢ on M and take an nrsg hyperstate ¢ extending ¢ as above. Using the coefficients (yx) of Py, we
define the normal M-inner ucp map

Q: A=A Qa)=) way; (a€A,
k

and let Har(Q,A) = {a € A| Q(a) = a}. We first prove that Har(Q,.A4) = M’ N A.
Define ¢4 = ¢ o E. For a € A with Q(a) = a, by Kadison’s inequality we have
Q(aa”) —aa” = Q(aa”) — Q(a)Q(a)” = 0.
By (1.1), ¢ o Q|p = ¢. Since E is M-bimodular, we also have

(1.2) paoQ=¢poFEoQ=¢oQoE=¢p0oFE =ypy4.
Hence ¢ 4(Q(aa*) — aa*) = 0, and by faithfulness we have Q(aa*) = aa*. Since Q(a*) = a*, we have

> (yra — ayr) (yva — ayr)*
p

(1.3) = Z(ykaa*yZ — yrayra® — aypa*yi + ayryia®)
k
= Q(aa™) — Q(a)a™ —aQ(a) + aa™ = 0.
Hence yra = ayy, for every k. Since C[yy] is weakly dense in M, we have a € M’ N A, proving Har(Q, A) =
M'n A.

For every a € A, any weak cluster point of the Cesaro averages (1/n) E;:Ol Q’(a) lies in Har(Q,A) =
M N A If y, = |lyellug with u, € U(M), these averages would lie in the weakly closed convex hull of the
unitary orbit of a, giving the weak Dixmier property for M C A directly. In general, the coefficients (yy)
need not have this form. Nevertheless, the same argument shows that M C A has the inner UCP-Dixmier
property defined below.

Definition 1.1. Let M C A be a W*-inclusion. A ucp map P : A — A is called M-inner if

Pla) =Y zazi, > mz =1,
k

k
for a sequence (z) C M. We say that M C A has the inner UCP-Dixmier property if, for every a € A,

{P(a) | P is an M-inner ucp map} N (M'N.A)# 0.

Indeed, each Cesaro averaging map (1/n) Z?:_Ol @’ is M-inner, so M C A has the inner UCP-Dixmier
property.

We prove that the two properties are equivalent when M is properly infinite, which completes the proof
in the case considered above. The proof uses proper infiniteness to pass from inner ucp maps to unitary
averages, an idea similar to that used by Haagerup [Haa85, Section 2].

Theorem F (Theorem 4.1). Let M C A be a W*-inclusion such that M is properly infinite. Then M C A
has the weak Dixmier property if and only if it has the inner UCP-Dixmier property.

To summarize, the Poisson boundary theory provides inner ucp maps with the properties needed to prove
the inner UCP-Dixmier property in Definition 1.1; when M is properly infinite, we then apply Theorem F
to obtain the weak Dixmier property.
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1.3 Proof strategy for Theorem A. Let M C P be a W*-inclusion with a normal faithful conditional
expectation £ : P — M as in Theorem A. The proof of the weak Dixmier property for M C ¢(P) is in the
same spirit as the preceding argument, with modular-theoretic adaptations to the special case A = ¢(P).

We again focus on the key case where M is properly infinite with separable predual. Fix a normal
faithful state ¢ on M, and let p = ¢ o E. We take a more special nrsg (M, ¢)-hyperstate ¢ with symmetry
from Example 3.10. Let A = ¢,(P), and define Q(z) = ), yray; (z € A) using the coefficients (y;) of
PZ. As in Subsection 1.2, to prove the weak Dixmier property for M C A, we only need to prove that
Har(Q, A) = M'n A.

Let T: Ay — }3+ be the canonical normal faithful semifinite operator-valued weight of the continuous
core. Define p 4 = po T, the dual weight of p; see Subsection 2.3. By (1.3), to prove Har(Q, A) = M'NA, we
only need to prove that Q(aa*) = aa* for every a € Har(Q, A). Fix such an a, and let d := Q(aa*) —aa* > 0.

As in (1.2), we have ¢4 0 Q = @ 4. Intuitively, this would give p 4(d) = 4 (Q(aa*)) — pa(aa*) = 0, but
this calculation is justified only when ¢ 4(aa*) < co. Instead, Lemma 2.2 shows that, for every 0 # d' € A,
there exists 2/ € A, such that 0 # 2/ < d and 0 < @ 4(2') < co. Hence we only need to prove that
every © € Ay satisfying z < d and p4(x) < oo must satisfy 2 = 0. Since 2 < d = Q(aa*) — aa* and
S e Q%(d) = Q"(aa*) — aa*, we have

n—1
Y QFw)<C1 withC=lla|*  (n>1).
k=0

We prove in Lemmas 5.2 and 5.3 that such an = must be 0.

The estimates use a noncommutative analogue of the classical cutoff argument for recurrence of symmet-
ric Markov operators; see [FOT11, Section 1.6, Theorem 1.6.3]. To explain this argument, we present a
commutative model in which L (R, dt), equipped with the weight induced by Lebesgue measure, plays the
role of (A, ¢4). Our choice of a symmetric measure v € Prob(R) corresponds to the choice of a symmetric
nrsg hyperstate .

Proposition 1.2. Let v € Prob(R) be symmetric, and assume that my = [, s*dv(s) < co. Define the
Markov operator Q on L (R,dt) by

Q) (t) = / bt+s)du(s)  (be LR, dt)).

R

Let x € L™ (R,dt)y with [, x(t)dt < oo. If there exists 0 < C' < oo such that

n—1
(1.4) d Qa1 (n>1),
k=0

then © = 0.

Proof. We first prove that @ preserves the integral and is a self-adjoint contraction on L?(R) (cf. Lemma 5.1).
Tonelli’s theorem and translation invariance give [ Q(b)dt = [, bdt for b € L'(R),. By Kadison’s inequal-
ity, we then have ||Q(b)||2 < ||b]|2 for b € L?> N L>(R), and hence on L*(R) by density. Since v is symmetric,
Q is self-adjoint, so 1 — Q > 0.
We may assume that fodt > 0. Take a real f € C*(R) with 0 < f < 1, equal to 1 near 0, even and
nonincreasing in |t|. Let Fr(t) = f(t/R) for R > 1. Then Fr /1 pointwise (R — 00) and [, Frdt < oc.
We next prove the partial-sum estimate (cf. Lemma 5.2)

(1.5) / xdt < liminf C||(1 — Q)2 Fg|2.
R R— o0
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Let a, = Y3—o Q"(x). Then 0 < a, < C1, [ya,dt = n [, xdt, and a, € L' N L®(R) C L*(R). Since
(1-Q)an =2—Q"(z),

10 Q) 0, = [ an(e- @ @)dr<C [ o
R R
For fixed R, by the Cauchy—Schwarz inequality we therefore have
2
[ Fele—rna <o [ea)io-@rs
R R

By (1.4) and monotone convergence,

Z/FRQ"(gc)dtgc/FRdt<oo.
n=0 R R

Hence [ FrQ™(x)dt — 0 (n — o0), so by (1.6) we have

(/RFRIdt>2 <C (/Rxdt> (1 — Q)2 Fgl2.

Dominated convergence as R — oo and division by fR xdt > 0 give (1.5).
We now prove the cutoff estimate (cf. Lemma 5.3). Expanding the squared difference, for b € L?(R) we
have

(1.6)

1
(17) 0= Q)01 = 5 [ 10 +9) = 3 au(s)
The fundamental theorem of calculus and the Cauchy—Schwarz inequality give
(1.8) IFR(- +5) = Frll2 < |s[llFgll2 = ol Ifllz (s €R).

Vi
Recall that my = [, s? dv(s) < co. By (1.7) and (1.8), we have

7112 112
1. 1— OV 2F,|12 < Hf||2/ 2 _ m2||fH2.
(19) -y raly < 1B [ a2l
Hence [|(1 — Q)Y?Fg||3 — 0 (R — o0), so by (1.5) we have [, zdt =0 and z = 0. O

Remark 1.3. Symmetry of Q is essential in Proposition 1.2. Indeed, let S(f)(t) = f(t — 1) be the nonsym-
metric translation on L>(R), and let x = 1y 1y. Then x # 0, but

ZS" ) =1jp,00) < 1.

This is why our proof of Theorem A uses the symmetmc nrsg hyperstate constructed in Example 3.10, whereas
the argument in Subsection 1.2 works with an arbitrary nrsg hyperstate.

1.4 Kadison’s problem on MASA. Our Poisson boundary theory has another important application:
a new and highly simplified proof of the solution to Kadison’s problem on maximal abelian subalgebras
(MASA). In 1967, Kadison [Kad67] asked whether, for every inclusion of factors M C P with M’ NP = C1,
there is a maximal abelian subalgebra A C M which is maximal abelian in P, that is, A NP = A. In
1981, Popa [Pop81] answered this question affirmatively when M is of type II and there is a normal faithful
conditional expectation from P onto M, by constructing the desired maximal abelian subalgebra as the limit
of an increasing sequence of finite-dimensional abelian subalgebras. Ge-Popa [GP98, Corollary 5.1] showed
that the answer can be negative without such a conditional expectation, even when M is a type II; factor
and P is a type Il factor, and asked whether the existence of a normal faithful conditional expectation
suffices for factors of arbitrary type; see the discussion after [GP98, Corollary 5.1] and [Pop21, Problem 7.6].
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Marrakchi [Mar25, Theorem A] solved this problem when M is not of type III;, or when M is a type IIIy
factor with trivial bicentralizer. Marrakchi [Mar26, Theorem A(2)] completed the solution for arbitrary type
III; factors, by reducing to the case of approximately finite-dimensional subalgebras [Mar26, Theorem B],
which relies on the ergodicity of the relative bicentralizer flow [Mar26, Theorem C|.

We give a new proof of the solution to Kadison’s problem, different from the proofs of Marrakchi [Mar25,
Mar26]. As in our proof of Theorem A, we treat all factors uniformly, with only minor adjustments for
finite factors and factors of type I. In particular, the most difficult type III; case is treated by the same
argument as the other continuous properly infinite cases, without using any recent advances in modular
and bicentralizer theory. Moreover, this proof is completely independent of our proof of the bicentralizer
conjecture (Theorem A and Corollaries B and C).

Theorem G ([Pop81, Mar25, Mar26]). Let M C P be an inclusion of von Neumann algebras with separable
preduals. Assume that M'NP = Z(M) and that there is a normal faithful conditional expectation E : P — M.
Then there is an abelian von Neumann subalgebra A C M such that

A'NP=A.

We briefly explain the proof of Theorem G in the key case where M is continuous and properly infinite.
Let @ be the map of Subsection 1.2 for A = P, that is, Q(x) = >, yrzy; (x € P). The argument given
there shows that Har(Q,P) = M’ NP = Z(M). Hence the Cesaro means C,, = (1/n) ZZ;Ol Q' satisfy
|60 Cnl| — 0 for every 6 € P, with 6|z = 0 (Corollary 6.1). The key point is that we use these Cesaro
means to construct matrix algebras in M. Each C), is a normal M-inner ucp map. Since M is properly
infinite, Lemmas 6.2 and 6.3 approximate 6 o C,, by 6 o o, where « is a normal unital injective endomorphism
of P with a(P) = F’ N P for a unital full matrix algebra F' C M. Since ||0|pAp|| = ||0 o «|, for such § and
every € > 0 we have a unital full matrix algebra Fy . C M such that [|6|r; ~p|| <e (Proposition 6.4). This
construction replaces the passage used by Marrakchi [Mar26, Theorem B] through an approximately finite-
dimensional subalgebra with the same relative commutant, where the ergodicity of the relative bicentralizer
flow [Mar26, Theorem C] was used.

Once the matrix algebras Fj . are constructed, the remaining argument follows the well-established route of
Popa [Pop81]. We pass from Fy . to finite-dimensional abelian subalgebras D C M with ||0]| p:np|| < &. Along
a norm dense sequence (0;) in {6 € P, | 6|, = 0}, we then construct finite-dimensional abelian subalgebras
Dy C Dy C--- of M such that Ag = \/,, D, satisfies 0| 4;~p = 0 for every j. Hence AjN P C M, and every
maximal abelian subalgebra A of M containing Aq satisfies A’ N P = A.

Independent and concurrent work. Our solution to the relative bicentralizer conjecture (Theorem A
and Corollary C) was obtained in parallel with and independently of the concurrent work [Ope26], using a
completely different approach. Their proof builds on [HM26], while ours is based on the Poisson boundary
techniques developed here.

Acknowledgments. The author thanks Cyril Houdayer, Amine Marrakchi, Soham Chakraborty and Stuart
White for many helpful discussions and encouragement. Proposition 3.2 benefited from a short note writ-
ten by Soham Chakraborty and Se-Jin (Sam) Kim. Theorem 4.1 benefited from a discussion with Amine
Marrakchi during the author’s visit to ENS Lyon in October 2025.
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conjecture, however, illustrates the reverse process: starting from a given body of techniques, AI helped
identify a solvable problem whose connection with these techniques the author had not previously noticed.

The underlying Poisson boundary theory in Section 3 and the weak Dixmier arguments through Section 4
were developed by the author between February 2025 and May 2026, benefiting from helpful discussions
with Cyril Houdayer, Amine Marrakchi, and Soham Chakraborty, and with limited assistance from the $20
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version of Gemini 3.1 Pro during April 2026 for language editing only (in the current version). GPT-6 Astra
was subsequently used to help identify and repair gaps in this draft.

In September 2026, the author began using GPT-6 Astra to investigate whether every type II; factor
admits a type III; Poisson boundary, a question that had interested the author since the early stages of
his doctoral studies. This investigation did not resolve the original question. The author then asked the
model to consider the weaker conclusion that every type II; factor admits an irreducible embedding into
the hyperfinite type III; factor. This led to a construction using Poisson boundaries and crossed products.
To extend this construction to arbitrary continuous factors, the author supplied the model with his existing
manuscript on Poisson boundaries of type III factors. The model then helped develop the corresponding
embedding arguments. To keep this paper concise and focused, these irreducible embedding results are not
included in the present version. We refer interested readers to a preliminary version of the paper [hex26].

Having recognized Poisson boundaries as an extremely powerful tool, the author then asked GPT-6 Astra
on 26 September 2026 which other open problems might be solved using the existing Poisson boundary
theory. The model suggested three problems that were still open at the time, before OpenAl’s public release
on 6 October 2026:

(1) the relative bicentralizer conjecture;
(2) the free group factor problem;
(3) the vanishing cohomology conjecture of Kadison—Ringrose.

The author chose the relative bicentralizer conjecture for further study. The investigation proceeded smoothly
and yielded a proof on 27 September 2026, since most of the tools needed for the proof had already been
developed in the Poisson boundary manuscript. The author later also asked GPT-6 Astra to investigate the
other two problems, but neither attempt was successful. In particular, for the free group factor problem, the
author had steered the investigation in the wrong direction by seeking to prove nonisomorphism.

Following the successful treatment of the weak Dixmier property for inclusions with expectation and the
relative bicentralizer conjecture, the author recognized the parallels between these two problems: both are
formulated for general von Neumann algebras, with classical type II; cases but extremely difficult type III;
cases. The author himself then identified Kadison’s problem on MASA as another problem in a similar
situation. On 9 October 2026, with AI assistance, the author obtained a substantially simplified proof of the
solution to Kadison’s problem using inner ucp maps associated with Poisson boundaries.

Lean was also used to check a formalization of a short note consisting of the preliminaries in Subsection 2.3,
Example 3.10, Theorem 4.1, and the whole of Section 5. These components form the main line of the proof
of Theorem A. Results from the published literature were taken as explicit assumptions.

The author is responsible for the mathematical claims, citations, and final presentation.

CONTENTS
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2 Preliminaries 10
3 Poisson boundaries of general von Neumann algebras 12
4 Weak Dixmier properties via Poisson boundaries 20
5 The relative bicentralizer conjecture 26
6 Kadison’s problem on MASA 33
A Weak Dixmier properties for actions of R and R? 44
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2. PRELIMINARIES

2.1 The standard form of von Neumann algebras. Let M be a countably decomposable von Neu-
mann algebra. Following [Haa75], the standard form of M is a quadruple (M, H, J, P) such that H is a
Hilbert space with M C B(H); J : H — H is an anti-unitary with J? = 1; P C H is a self-dual cone, i.e.,
its dual cone P°:={¢ € H | (¢,n) > 0, Vn € P} satisfies P° = P; and the following conditions hold:

(1) JMJ =M'NB(H);

(2) JedJ = c¢* for any ¢ € Z(M), the center of M;

(3) JE =& for any £ € P;

(4) a(JaJ)P C P for any a € M.
The standard form is unique up to unitary equivalence. Assume that (M JH,J, ]5) is another quadruple
satisfying the above conditions. Then there exists a unique unitary v : H — H such that

(a) mg(a) = uwH(a)y* (a € M), where 7 : M — B(H) and w5 : M — B(H) are the representations
of M on H and H, respectively;

(b) ‘i: uJu*;
(¢c) P=uP.
Therefore, the standard form of M depends only on M itself, and we denote it by (M, L?(M), Jyr, L?(M) ).
In particular, for any normal faithful state ¢ on M, we can take
(Ma L2(M)7 JMv LQ(M)Jr) = (Mv L2(M7 90)7 JAP) L2(M7 ‘p)Jr),

where J,, is the modular conjugation operator determined by the polar decomposition S, = JWAQID/ % of the
Tomita operator, and L*(M, ) is the closure of {a(J,aJ,)é, | a € M} [Haa75, Lemma 2.9].

By [Haa75, Lemma 2.10], any normal positive functional w € M} admits a unique representing vector
(o € L*(M)4, ie.,, w = (-&,,&,). Moreover, & — we = (-, &) is a homeomorphism between L?(M); and

2.2 Centralizers and bicentralizers. Let M be a countably decomposable von Neumann algebra, and
let ¢ be a normal faithful state on M. The centralizer of ¢ is

My ={a € M| ¢(ax) = ¢(za), Yo € M} = {a € M | 6} (a) = a, Vt € R}.
The asymptotic centralizer of ¢ is
AC(M’ (b) = {(a’n) € EOO(Nv M) | Han¢ - (ba'nlll\/f* - 0}7

where (a¢)(x) = ¢(za) and (¢a)(z) = ¢(azx) for a,x € M. For a W*-inclusion M C P, the relative
bicentralizer is defined by

B(M C P,¢)={x € P|[zr,a,] >0, Y(a,) € AC(M,¢)},

where s denotes strong operator convergence; see [AHHM20, Definition 3.1]. For P = M, we have the
bicentralizer of ¢:

B(M,¢) =B(M C M, ).

Marrakehi’s relative bicentralizer conjecture [Mar25, Conjecture C] asserts that, for every inclusion
M C P of countably decomposable von Neumann algebras with a normal faithful conditional expectation
E : P — M and every normal faithful state ¢ on M,

(2.1) B(M C ¢(P),¢) = {¢" | t € R}Y' v (M’ N¢(P)).

Here we use the compatible realizations cs(M) C cpor(P) = ¢(P), and ¢" denotes the canonical implement-
ing unitary in c4(M). We refer to Subsection 2.3 for the definition of the continuous core.



POISSON BOUNDARIES, BICENTRALIZERS, AND KADISON’S PROBLEM 11

2.3 Continuous cores and dual weights. For background on modular theory and continuous cores, we
refer to [Tak03].

Let P be a countably decomposable von Neumann algebra, and let p be a normal faithful state on P. Let
¢, € L*(P)4+ be the vector representing p. The Tomita operator S, is the closure on L?*(P) of the densely
defined antilinear map z§, — z*§, (z € P). Define the modular operator by A, = S75,. The modular
automorphism group o” : R — Aut(P) is given by

of (x) = Atz A" (x € P, t €R).
We say that o € P is entire analytic for o” if ¢ — of(x) extends to a map z — o?(z) from C to P such
that z — w(o?(x)) is entire for every w € P,.
Define the continuous core of P by
A=c,(P)=P % R.
We identify P with its canonical image in A and denote by (A;)ier the canonical implementing unitaries,
satisfying Az A; = of (z) (x € P, t € R). The dual action 7 : R ~ A is determined by
or(z) =z, Gr(\) =e N, (x € P, r,t € R).

The canonical operator-valued weight 7' : A, — ]3+ is defined by

T(x) = / op(z)dr (x € Ay).
R
The dual weight of p is o4 = poT. Write 74 for the canonical trace on A, and let

b dpa

= , H =logh, A = bt = ¢t
dr g

Products of measurable operators are understood as closed products.
We next prove two lemmas that will be used in Section 5.

Lemma 2.1. For every positive integrable function g on R,

(2.2) palg(H)) = p(T(g(H))) :/Rg(s) ds.

In particular, we have

(23) il () =1 (> 0)
Proof. For r,;t € R, by functional calculus we have

it (H) _ G, (etH) = G, () = e~ irteit = pIt(H=T)
By uniqueness of the self-adjoint generator of a strongly continuous unitary group,
(2.4) o.(H)=H —r.

Let £y be the spectral measure of H. For a positive integrable function g, by (2.4) we have

(25) rio() = [ atir = ryar= [ ([ ats=nar) aguts) = ([ atsas) .

Since 4 = poT and p(1) =1, by (2.5) we have (2.2).
For s > 0, the definition of h and (2.2) give

_ _ < 1
T.A(]l(s,oo)(h)) = QD_A(}L 1]1(3700)(/1)) = QD_A(G H]l(logs,oo)(H)) = _/1 e tdt = =

og s S
See also [Haa79a, Theorem 1.2(2)]. In particular, h is 74-measurable. O
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Lemma 2.2. For every 0 # d € Ay, there exists © € Ay such that
0#2z<d, walx) < 0.
Proof. Take § > 0 such that 15..)(d) # 0. By semifiniteness of 74, there is a nonzero projection
P < 1500y (d), 0 < 7a(p) < 0.

By (2.3), take s > 0 such that 74(1(s5,00)(h)) < 74(p), and let e = 1 q(h) and ¢ = pAe. Let (1 —e)p =
v|(1 — e)p| be the polar decomposition. The kernel of (1 — e)p inside the range of p is the range of ¢ = pAe,
and the range of (1 — e)p is contained in the range of 1 — e. Hence

v'v=p—gq, " <1-—e.
Hencep—g~wvv*<1l—e,so0p—q=31—eand
TA(q) > Ta(p) — Ta(l —e) > 0.

Since q < e, we have

pa(a) = Talqhq) = Talq(ehe)q) < sTa(q) < oo
Hence = = dq satisfies

0#z=00<0p<d,  @alz)=20dpa(q) < oo.

3. POISSON BOUNDARIES OF GENERAL VON NEUMANN ALGEBRAS

In this section, we develop the Poisson boundary theory for general von Neumann algebras, following
the framework of Das—Peterson [DP22] for tracial von Neumann algebras. The proofs of ergodicity, double
ergodicity, and rigidity are in the same spirit as those of [DP22]. However, the coefficient families (z) and
(yx) for P, and P; need not coincide in the nontracial case, whereas we can take y, = zj, if ¢y is tracial
(Remark 3.7). Thus, in the general setting, we cannot recover all the results obtained in [DP22] for finite
von Neumann algebras.

Throughout this section, we fix a von Neumann algebra M with separable predual.

Definition 3.1. Let M C A be a W*-inclusion. A normal state ¢ on A is called an M-hyperstate if
its restriction |y to M s faithful. Given a fized normal faithful state ¢ on M, we say that ¢ is an
(M, ¢)-hyperstate if p|p = ¢.

The framework of Das—Peterson [DP22] concerns (M, 7)-hyperstates for tracial von Neumann algebras
(M, 1), whereas we work with general M-hyperstates without fixing a normal faithful state ¢ on M in
advance.

The following proposition associates with each normal M-hyperstate on B(L?(M)) an M-bimodular ucp
map, which we use to define the Poisson boundary.

Proposition 3.2. Let ¢ € B(L*(M)). be a normal M-hyperstate. Set ¢ = o|n, and let &g € L2(M)4 be
the canonical cyclic and separating vector implementing ¢. Then there exists a unique normal M -bimodular
ucp map Py : B(L?(M)) — B(L*(M)) such that for all T € B(L*(M)),

P(T) = (Po(T)Es,E6)-
Moreover, there exists a (not necessarily unique) sequence (z)72.; C M such that

oo

Po(T) =Y (Jap )T (T2 J)

k=1
for all T € B(L*(M)), where J is the modular conjugation operator on L*(M).
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Proof. We first prove the existence and construct the explicit form of P,.
Since ¢ is normal, there exists a sequence (£;) C L?(M) such that

p(T) = (Té, &) (T € B(L*(M))).
For any x € M, since ¢|y = ¢, we hav::
266 )% = d(a*a) = p(a*z) = Y ||,
Hence k

(3.1) l2€nll® < llz&oll*  (z € M, n>1).

Define the operator R,, : M&s — L?(M) by R, (z€s) = 2&,. By (3.1), ||Rn(2&s)| < ||2€s]l, s0 R, extends
to a contraction on L?(M). Furthermore, for any =,y € M, we have R, (yzs) = yz&, = yR,(xs). Hence
R, € M’'. By standard Tomita—Takesaki theory, M’ = JMJ, so there exists z, € M such that R,, = Jz,J.

Now, for any @,y € M and T € B(L*(M)), we calculate:

Py Ta) = > (Ta,yé) = > (TRi(ws), Ri(ys))

k k
- Z(szka§¢, Jz JyEs)
%

< (Z JZJT Jsz> x4y, y§¢>

Let Pu(T) = >, (Jz; )T (JzJ). By (3.2), o(y*Tx) = (Po(T)xe, yés). Taking z =y = 1, we immedi-

ately obtain ¢(T') = (Pu(T)&s,Ee)-
Since M¢, is dense in L?(M), the identity

(Po(T)a&e, y&o) = p(y"T)
uniquely determines P, (T") for every T. Hence P, is unique.
Taking 7' = 1 in (3.2) and using ¢|p = ¢, we have >, zizr = 1. Since JzpJ € M’, P, is a normal
M-bimodular ucp map. ([l

Definition 3.3. Let ¢ be a normal M -hyperstate on B(L?*(M)). Let Har(P,) = {T € B(L*(M)) | P,(T) =
T} denote the space of p-harmonic operators. The Poisson boundary (B,,() is defined as a von
Neumann algebra that is isomorphic to Har(P,) as an operator system, together with the canonical hyperstate
¢:= 90|Har(7’¢)'

The next proposition shows that the Poisson boundary is well defined and amenable.

Proposition 3.4. Let ¢ be a normal M -hyperstate on B(L*(M)). The Poisson boundary B, always exists,
is unique, and is amenable.

Proof. Let w € BN\ N be a free ultrafilter. We define a conditional expectation E : B(L*(M)) — Har(P,)
by
1 n—1
k 2
E(T) = wo-lim — Z PE(T) for all T € B(L*(M)).

By the Choi-Effros theorem [CE77], equipping the operator system Har(P,) with the Choi-Effros

product defined by
zoy= FE(zy) forz,y € Har(P,)
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makes (Har(P,), o) a C*-algebra with its original norm. The harmonic operator system is ultraweakly closed,
hence this C*-algebra is a von Neumann algebra, with its canonical ultraweak topology agreeing with the
inherited one; see also [Izu02]. The inclusion M C Har(P,) is multiplicative for this product, since E is
M-bimodular.

The uniqueness of B, follows from the fact that any two von Neumann algebras that are completely
isometrically isomorphic as operator systems are necessarily *-isomorphic.

Finally, since B, = Har(P,) as injective operator systems, B, is amenable as a von Neumann algebra. O

The following symmetry condition allows us to represent ¢ also by an M-inner ucp map.

Definition 3.5. We say that a normal M-hyperstate p € B(L*(M)), is regular if ¢(Jz*J) = p(z) for all
ze M.

For regular hyperstates, Proposition 3.2 has the following counterpart, with M and JMJ interchanged.
Proposition 3.6. Let ¢ € B(L?*(M)). be a normal reqular M -hyperstate, and let ¢ = p|pr. Then there

oo

exists a sequence (yi)7>, C M with Y, yry; = 1 such that
PUT) = wTyi (T € B(L*(M)))
k

defines a normal JM J-bimodular ucp map satisfying
p(T) = (PYUT)Ep: &) (T € B(L*(M))).
Proof. Let ¢° = ¢| .. Since @ is regular and J&y = &4, we have
(J2"J84,80) = ¢(2) = ¢°(J2"T) (2 € M).

Hence & is the canonical cyclic and separating vector implementing ¢°. By applying Proposition 3.2 to
JM J, we have the required map and coefficients. O

Remark 3.7. In general, (yx) need not coincide with (zy) from Proposition 3.2. If ¢ is tracial, we can take
Yk = 2k. This is the main case studied in the Das—Peterson framework [DP22].

Definition 3.8. Let ¢ be a normal regular M -hyperstate. We say that ¢ is strongly generating if there
exist sequences (zx), (yr) C M with
Clzw] =Cly] =M
such that Py and Pg have the standard forms
Po(T) =D (I ) T(Jz ), P(T) =Y wTyi (T € B(L*(M))).
k k

Here Clzx] and Clyx] are the unital subalgebras (rather than x-algebras) generated by (zx) and (yg), re-
spectively. We abbreviate normal regular strongly generating hyperstate as nrsg hyperstate. In the
nontracial setting we assume both density conditions; we do not assert that one follows from the other.

We next prove some basic properties of nrsg hyperstates.

Proposition 3.9. Let ¢ be an nrsg M-hyperstate. For k > 0, we define the k-th convolution ¢** by
©*F(T) = (PL(T)Ey, ). Then the normal state

o0
— —n—1, *n
p=>Y 27"
n=0

is faithful on B(L*(M)). In particular, ¢ = @luar(p,) i a normal faithful state on the Poisson boundary
B,. Moreover, M is the largest von Neumann subalgebra of Har(P,) for the original operator product on

B(L*(M)).
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Proof. Write ¢ = |y, Let T € B(L*(M))y satisfy $(T) = 0. Since all the coefficients are positive,
©*™(T') = 0 for every n > 0. Expanding the iterates of P, and using positivity, we have

(T(JwJ)&, (Jw)Ey) =0

for every word w in (z), including the empty word. The weak density of C[zj] implies that the vectors
(JwJ )€y have dense linear span in L*(M). Hence T' = 0, proving that @ is faithful. Since ¢*™(T) = ¢(T)
for T' € Har(P,) and n > 0, we have = @|nar(p,). Hence ¢ is normal and faithful on B.

Let N C Har(P,) be a von Neumann subalgebra for the original operator product, and let vy = Jz;J.
For T € N, the operators T, T*,TT* are fixed by P,, so

(3.3) D (T = To) (kT — Twg)* = Py(TT*) — Pyp(T)T* — TP,(T*) + TT* =0.

k
Hence [T, v;] = 0 for every k. By applying (3.3) to T, we also have [T,v}] = 0 for every k. By the weak
density of C[{z;}r>1], we have T' € (JMJ)' = M. Since M itself is contained in the harmonic space, it is
the largest such subalgebra. O

In the following example, we construct an nrsg hyperstate for any pair (M, ¢). The additional conditions
(3.4) and (3.5) will be used in Section 5. The generating inner ucp map will also be used in Section 6.

Example 3.10. Let ¢ be a normal faithful state on M, and write £ = £4. There exists a faithful nrsg (M, ¢)-
hyperstate ¢ on B(L?(M)) with inner ucp coefficients (yz) C M for Pg having the following properties:

(i) The series ), yryj converges strongly to 1, and the normal ucp map
Q(a) = wykay;  (a €M),
k

satisfies ¢ 0 Q = ¢.
(ii) The hyperstate is given by

p(T) =Y (Tyi&,yi€) (T € B(L*(M))),
k

and satisfies
@(JT*J) = ¢(T) (T € B(L*(M))),
P(Ag) = p(A,1) <00,  p((logAy)?) < 0.

(iii) Each y; admits a bounded modular continuation to i/2, and the map

(3.4)

(3.5) yk > 0}, (Uk)

permutes the family (yg).
(iv) If ¢ is tracial, we may further take

Yk = AU, e >0, wp €UM), Y AN =1
k

Expectations of positive unbounded operators are defined by monotone spectral truncation.

Proof. Take elements a,, € M, entire analytic for o®, whose linear span is weakly dense in M and such
that {a,& | n > 1} has dense linear span in L?(M). One obtains such a sequence by applying the Gaussian
regularizations

a— (r/ﬂ)l/Q/Re*TtQGf(a) dt (r e N),

to a countable strongly dense subset of the unit ball; see [Tak03, Lemma VIII.2.3 and its proof, pp. 98-99].
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Let b, = afi /Q(a;). The standard-form identities give
Jang = by&, ané = Jb, JE.
Take ¢,, > 0 such that
> ealllanllZe + 1ball%) < oe.
Rescaling the coefficients, we may assume that

(3.6) C=> culapan+bibn),  [Cllee =1,

where the series converges in norm. In particular, 0 < C < 1. For n € L*(M), write w,(T) = (I'n,n), and
set

¢ = ch(wanf + W,]anﬁ)
Since JayJ, Jbp,J € M’, for x € M, we have
Y(x) = (JCTz' ¢, 21 2¢) < p(x).
By [Haa75, Lemma 2.10(1)], let n € L?(M) with ¢ — ¢ = (-1, n), and define

= cn(Wane +Wiane) +wy-

n

M

Then ¢|y = ¢. Since Jn =n and w,(JT*J) = wy,(T), the state ¢ is J-symmetric and hence regular. The
totality of (a,¢) makes ¢ faithful on B(L?(M)).

By the same argument as in the proof of Proposition 3.2, the inequality ¢ — ¢ < ¢ implies that the map
€ — 1 extends to a contraction JwJ € M’ with w € M. Then

wé =n=Jwlg, lw]leo < 1.
The two coefficient families associated with ¢ are
(2k) = (Venbn, v/enan) 5, U{w}, (yr) = (Venan, /enby,) ,5q U{w"}

The two representations are

(3.7) P(T) =D (TJzJE, Tz JE) =Y (Tyil,yié) (T € B(L*(M))).

k k
Since ¢|p = ¢ and p(Ja*J) = ¢(a) for a € M,

Zzsz =1, Zykyz =1
k k

strongly. Moreover,

an € Clzyl, ay, € Clyxl, Clzr] =Clyx] =M,
so ¢ is nrsg. By (3.7),

9(Q(a) = _ayi&,vi&) = p(a) = ¢(a)  (a € M).

k
This proves (i) and the first assertion of (ii).
To prove (iii), note that
032((1”) = b;km 032(1371) = a;.

It remains to treat w*. For r > 0, define

Wy = (r/w)l/Q/ e_TtQUf(w) dt.
R
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The identity Jwé = w and the commutation relation JAY = A%J give Jw,§ = w,§. The Tomita identity
and the separating property of £ imply

in/z(w:) = Wy, Jzz(wr) = w:

The boundary values on the half-strip are bounded by ||w|loo. The three-lines theorem and the ultraweak
closedness of the analytic generator give a?ﬁ(w) = w*; see [VD14, p. 5]. Hence (3.5) exchanges the paired
coefficients and fixes w*.

We next check (3.4). The vectors a,&, b,& and w¢ belong to the domain of the Tomita operator S, =

JA;/Z. Hence

P(Bg) = Y calllanél® + 105601°) + lwell® < D enlllanll + lbal3) +1 < oo

n

Here the equality follows by monotone spectral truncation. Since JAyJ = A;l, by J-symmetry we have
cp(A(;l) = p(Ay). The inequality (logt)? <t -+t~ —2 (t > 0) proves p((log Ay)?) < co. In particular,

p(|log Ag[) < oo, p(log Ay) = 0.

Indeed, J(log Ay)J = —log Ay, so by J-symmetry we have p(log Ay) = —p(log Ay).

(iv): Assume that ¢ is tracial. The modular action o is trivial, so every element of M is entire analytic.
Since M is linearly spanned by its unitaries, we may take a,, € U(M) in the preceding construction with the
same density properties. For this choice, b, = a;, and hence

C=2 (ch> 1.

n

By (3.6), 2, ¢, = 1. Since each wg, ¢ restricts to ¢ on M, we have ¢ = ¢. Hence n = 0 and w = 0.
Omitting the zero coefficient, the inner ucp coefficients of @) are

Yoan—1 = CnCL:;, Yan = \V/Cnln (n > 1)
This has the required form yj, = Agug, with Y, A2 =23" ¢, = 1, which finishes the proof. |

Remark 3.11. The construction in Example 3.10 is natural. Although regularity only concerns the re-
strictions to M and JM.J, it is easier to impose J-symmetry on all of B(L*(M)). Indeed, for any normal
faithful state ¢y on B(L*(M)), the state o(T) = & (¢o(T) +o(JT*J)) (T € B(L*(M))) is a normal faithful
J-symmetric M-hyperstate, and hence regular.

Let £ = £y. To construct a strongly generating symmetric hyperstate, we want the coefficient families (zy,)
and (yx) in (3.7) to generate M and satisfy

D (Tyib i) = Y (TJyi&, Jyi€) (T € B(L*(M))).
k k

This equality holds if (Jy;&) is a permutation of (y;:&). For analytic coefficients, we have
Tyi& = 0%, ()€ = (07,,()) "¢
Hence we ask that yj, — 032 (y3) permute the coefficient family, as in (3.5). On the zy side, the corresponding

identity is Jzp& = Ufi/Q (25)¢. We therefore take an analytic family (a,) with weakly dense linear span and

pair each ay, with b, = ofi/g (a}), using the same weight c,, for the two vector states waq,¢ and wy,¢.

For a prescribed restriction p|yp = ¢, we take these weights small enough that the restriction v of the
paired sum satisfies 1 < ¢. Let n € L2(M), represent ¢ — 1. Since Jn = 0, the sum of the paired vector
states and wy, is still J-symmetric and restricts to ¢ on M.
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Finally, the finiteness p(Ay) = @(Agl) < 0o follows from simply taking c, such that Y., cn(||an|% +
[1ball3) < oo

From now on, we fix a normal faithful state ¢ on M and an nrsg (M, ¢)-hyperstate ¢ in the
sense of Definition 3.8, and let (B,,() denote its Poisson boundary.

We prove ergodicity, double ergodicity, and rigidity for Poisson boundaries. The proofs are in the same
spirit as Das—Peterson [DP22].

The following is a well-known result [DP22, Lemma 2.6], which also appears in earlier literature such as
[FNW94], [BJKWO00, Lemma 3.4], and [CD20, Lemma 3.1].

Lemma 3.12. Let A be a unital C*-algebra, and let P : A — A be a ucp map preserving a faithful state on
A. Then

Har(A,P) ={z € A| P(z) =z}
is a C*-subalgebra of A. If A is a von Neumann algebra and P is normal, then Har(A, P) is a von Neumann
subalgebra of A.

Proposition 3.13. We have the ergodicity of the Poisson boundary, that is, M' N B, = Z(M).

Proof. By identifying B, with Har(P,), we consider elements in M’ NHar(P,). Note that M'NB(L*(M)) =
JMJ. Hence, we only need to compute JM.J N Har(P,).
By the standard form of P, we have P,(JMJ) C JMJ. Since ¢ is regular, for any T' € JMJ, we have:

9°(Po(T)) = (Pp(T)&p, €9) = 0(T) = ¢°(T).
Here the first equality uses P,(T) € JMJ and the fact that £, implements ¢° on JMJ. Hence, the
restriction P, sars preserves the normal faithful state ¢° on JMJ. By Lemma 3.12, the fixed-point space
Har(JMJ, Py|sag) is a von Neumann subalgebra of JM.J.
Because ¢ is strongly generating, M is the largest von Neumann subalgebra contained in Har(P,). There-
fore, Har(P,) N JMJ C M, which implies Har(P,) N JMJ C M NJMJ = Z(M). Since Z(M) C Har(P,)
is trivial, we conclude M’ N B, = Z(M). O

We next prove the double ergodicity of the Poisson boundary.

Proposition 3.14. Let M C A be a W*-inclusion, then Py T — > ow UeTyi can be naturally defined on
A. Let
Har(Pg,A) ={T € A|Py(T) =T}.
Assume there exists a normal faithful ucp map P : A — B, such that Plyr = idy. Then we have
Har(Pg, A) = M' N A.
In particular, we have the double ergodicity of the Poisson boundary:

Har(P,) NHar(Py) = Z(M).

Proof. Let ¢ be the normal faithful stationary state on the Poisson boundary B,. We define a normal faithful
state ¢ 4 on A by o4 =(oP.
Because P|y = idys, P is an M-bimodular map. Hence

(3:8) P(PYTD)) =Y PuTyi) = > uP(T)yi = PHP(T)).
k=1 k=1

We now prove that ¢ is Pg-invariant on B,. Identifying B, with Har(P,), the state is implemented by the

vector state ((+) = (Py(+)&s, &) = (&4, &p), which coincides with the original hyperstate ¢ on this space.

By the defining construction of Pg, we have (P2(T)&y, Ey) = (T') for any T € B(L*(M)). Hence, for any

S € B,, we have:

(3.9) C(P(9) = (PE(5)&s,E0) = #(5) = ((S).
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By (3.8) and (3.9), for T € A,
pa(Po(T)) = ((P(PZ(T))) = C(P(P(T))) = C(P(T)) = pa(T).
This shows that PZ preserves the normal faithful state ¢ 4. By Lemma 3.12, the fixed-point space Ay =
Har(Pg,.A) is a von Neumann subalgebra of A.
Clearly, if T € M' N A, then PI(T) =372 ur Ty = > opeq ur¥a T =T, s0 M' NA C Ay.
Conversely, suppose T € Agy. Because Ay is a von Neumann subalgebra, we also have TT* € Aj, meaning
Po(T) =T and PY(TT*) = TT*. We compute the following sum of positive elements:

NE

(kT — Tyr) (T — Tyx)*
k=1

3

W TT yy, — yrTyp T — Ty Ty + TyryiT™)

Il
_

(3.10) k N
=Po(TT*) — PUT)T* — TPAUT*) + T (Z yky;;> T*
k=1
=TT* -TT* -TT*+TT*
=0.

By (3.10), [y, T] = 0 for every k. Since Clys] = M, T € M’ N A. Hence Har(Pg, A) = M'N A.
For the double ergodicity of B, we set A = B, = Har(P,) and let P = id,. The hypothesis is trivially
satisfied, yielding:
Har(P,) NHar(PJ) = Har(P2, B,) = M' N B,,.
By Proposition 3.13, M’ N B, = Z(M), which concludes the proof. |

As a consequence, the Cesaro means of P give the inner UCP-Dixmier property.

Corollary 3.15. Let M C A be a W*-inclusion, and assume there exists a normal faithful uecp map P :
A = B, such that P|yr =idas. Then M C A has the inner UCP-Dizmier property.

Proof. Let w € BN\ N be a free ultrafilter. By Proposition 3.14, we can define a conditional expectation
E: A— M nNAby

n

: 1 o\k
E(z) := Wr?;lbm - Z(PV’) (z).
k=1
Recall that PJ is an M-inner ucp map. Therefore, E(x) lies in the weak closure of the inner UCP orbit

of x:

E(z) € {P(z) | P is an M-inner ucp map} N (M’ N A).
Hence M C A has the inner UCP-Dixmier property. O

We now prove the rigidity of the Poisson boundary.

Theorem 3.16. Let C be a weakly closed operator system such that M C C C B, and MC+CM C C. If
U :C — By, is a normal ucp map such that ¥|yr = idar, then ¥ =ide.

Proof. We identify C with its image under the isomorphism B, = Har(P,). Then ¥ is a normal ucp
map from C to Har(P,). Since ¥|y = idys, the map ¥ is M-bimodular. Using the explicit formula
PoUT) = o2y yrTyj, for any T € C we have:

(W(PUT)Es Eo) = > _(TWTwi)és:60) = > (We W (D)o, So) = (PLT(T))6,Es)-
k=1

k=1
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Since ¥(T) € Har(P,) and ¢ is regular, the term on the right evaluates to:

(Po(W(T))Ep: E6) = (W(T)Egp, E0)-
Hence, (V(P(T))Ep,E0) = (V(T)E4,8p) for all T' € C. By linearity, this invariance extends to Cesaro means:

N
<\If <zlv Z(P;)"(T)) £¢,€¢> = (U(T)Eg €o)-
n=1

Let w € SN\ N be a free ultrafilter. By normality and Proposition 3.14, we have

N
. 1 o\n o\ __
z:i= wj\gign N ;(PSD) (T) € Har(P,) NHar(Pg) = Z(M).

Since z € M, we have ¥(z) = 2. By normality of ¥, we have the first equality below. The last equality
follows from (3.9) and normality of (:

(W(T)Eg,89) = (V(2)€0, E0) = (284, 89) = (Tp Eo)-
Now, for any a,b € M and T € C, the element b*Ta is still in C. Using the M-bimodularity of ¥, we have:

(U(T)ags, bss) = (P(b"Ta)éy, &s) = (0*Taly, &) = (Taly, bEy).
Because M¢, is dense in L?(M), this forces U(T') =T for all T' € C. Hence, ¥ = idc. O

4. WEAK DIXMIER PROPERTIES VIA POISSON BOUNDARIES

In this section, we use Poisson boundaries to give a sufficient condition for a W*-inclusion M C A to have
the weak Dixmier property. We begin by proving Theorem F, which shows that, for properly infinite M,
inner ucp averages can be replaced by unitary averages.

Theorem 4.1 (Thm. F). Let M C A be a W*-inclusion such that M is properly infinite. Then M C A
has the weak Dixmier property if and only if it has the inner UCP-Dixmier property. Here A need not have
separable predual.

Proof. We use a dilation argument similar to that of Haagerup [Haa85, Proposition 2.1 and the proof of
Theorem 2.2], passing from completely positive maps to unitary conjugations by using proper infiniteness.
We only need to prove the if direction, since every finite convex combination of unitary conjugations is an
M-inner ucp map. Assume that M C A has the inner UCP-Dixmier property.

Because M is properly infinite, it contains an infinite sequence of mutually orthogonal projections (px)32,
such that p ~ 17 for all k and Eiozlpk = 1,7. Take isometries vy, € M with viv), = pi. By this partition
of unity, we have a spatial isomorphism

0: A5 ARB(H),  O(a) = (v;av))i j>1,

where H = (?(N). Its restriction maps M onto M®@B(H) and pj to 1y ® exg, where (e;;); j>1 are the
standard matrix units of B(H). Indeed, on a Hilbert space on which A acts, the unitary £ ® e — v€
implements this isomorphism. Hence we identify the inclusion M C A with

M®B(H) C AQB(H).
We only need to prove the weak Dixmier property for an arbitrary element z € AQB(H). Write
K, =conv'{U2U" |U e U MR®B(H))}.
Since B(H) is hyperfinite, take increasing unital full matrix algebras F,, = My (C) in B(H) with
(U,, Fr)" = B(H). For a free ultrafilter w on N, by normalized Haar averaging we have

a®1B(H) = wo-lim (11V[®U)JJ(1M®U*)du€K$ ((IE.A).
n—=w Jur,)



POISSON BOUNDARIES, BICENTRALIZERS, AND KADISON’S PROBLEM 21

Since K, is weakly closed, convex and invariant under these unitary conjugations, it also contains the weakly
closed convex hull of the unitary orbit of a ® 1p(s).
We only need to prove that for any M-inner ucp map

oo o0
Pla) = E zrazy, zL € M, E zrzp = L,
k=1 k=1

the element P(a) ®1p (g is contained in the weak closure of the convex hull of the unitary orbit of a® 1p(g).
Fix an integer n > 1. We construct a partial isometry Z, € M@B(H) structured as a block matrix where
each block is of size n x n. The first block-row consists of a zero block followed by scaled identity matrices
zil,, and all subsequent block-rows are identically zero:
Onxn ZlIn ZQIn ZSIn
0n><n Oan 0n><n O’I’LXTL

Zp =

O’I’an Oan O’I’LX”L O’I’LXTl

n

The strong convergence of Y.~ | zxzj = 1j makes this row a bounded operator. Let E,, = Zj:1 €jj-

Then
ZnZy =10 @ By

Hence, Z;; is a partial isometry with initial projection 1;; ® E,. Because the first block-column of Z,, is
identically zero, its final projection Z;Z, is orthogonal to 1 ® E,. Since M is properly infinite, each
Iy ® €55 is equivalent to 15,6 p(x). Hence

1 =237, 21y @By > 1y ®enn ~ lygpm)-
We also have

1=y ®En) > 1y @ enying1 ~ luesm)-
Therefore, the orthogonal complements of both projections are Murray—von Neumann equivalent to the
identity:

1— (I @ Bn) ~ 1= Z2 70 ~ Lyg -
Hence there exists a partial isometry W,, € M®B(H) with
WW, =1-2:Z,, W.W:=1- (1 @ E,).

Define U,, = Z,, + W,,. Since the initial and final projections of Z, and W, are respectively orthogonal, all
mixed terms vanish. Therefore,

UiUp = Z2 20 + WiWy =1,  UyUS = 2,25 + W, W = 1.

Hence we complete the partial isometry into a unitary U, € Y(MQB(H)). Since (1p @ En)W,, = 0, the
first block-row of U,, remains the first block-row of Z,,. In block-row notation, we write

Zn
e (2)
We conjugate a ® 1p(g) by U,. Since

we have, with respect to the first n coordinates and their orthogonal complement,

(4.1) Un(a ® 1)Uyt = <P<“)I” *) .

* *
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Let D C B(H) be the abelian von Neumann algebra of diagonal operators, and apply the conditional
expectation onto the relative commutant of 14 ® D:

This expectation is approximated weakly by convex combinations of diagonal unitary conjugations. Indeed,

for ¢t € [0, 1], let

Up=1y® Y e ley € ULy @ D).
k=1
Then

1
(4.2) Ep/(T) = / UTU; dt,
0

where the integral is taken ultraweakly. By (4.2) and (4.1),
Ep: (Un(a ® lB(H))U:;) ="P(a) ® E,, + by,
where
by = (1_1A®En)bn(1_1A®E’n)7 ||an < Ha”

Asn — o0, E,, / 1pg) strongly. Hence, the support and uniform norm bound of b,, give b, — 0 strongly,
and hence weakly. Moreover, P(a) ® E,, — P(a) ® 1ps) weakly. Therefore,

wo-lim Ep: (Un(a © 1p(1))Uy) = P(a) @ 1p(m)-

n—oo
Because this holds for any M-inner ucp map P, the entire set
{P(a) ® 1g(z) | P is an M-inner ucp map}

is contained in K.
By the assumption that the original inclusion M C A has the inner UCP-Dixmier property, there exists
an element

y € {P(a) | P is an M-inner ucp map} N (M’'NA).

Because the mapping T — T ® 1p(g) is normal, the element y ® 1) lies in the weak closure of {P(a) ®
1p(m)}- Since K is already weakly closed, it contains y ® 1p ().
Hence, y ® 1) belongs to

(M®B(H))' N (A®B(H)) = (M' N A)&Clpm)
and lies in the weakly closed convex hull of the unitary orbit of x, which finishes the proof. |

Combining Theorem 4.1 with Corollary 3.15, we have the weak Dixmier property for inclusions that map
into a Poisson boundary.

Theorem 4.2 (Thm. D). Let M be a von Neumann algebra with separable predual and ¢ be an nrsg
hyperstate on B(L?(M)) with the Poisson boundary B,. Assume that one of the following conditions holds:
(i) M is properly infinite, i.e., M = My & My @& Min;
(ii) M is finite with normal faithful trace T and ¢ = fZ/l(M)< ~ulr, uér)dp(u) for some p € Prob(U(M)).
Then any W*-inclusion M C A equipped with a normal faithful uecp map P : A — B, with P|y = idas has
the weak Dizmier property.
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Proof. Let M C A be a W*-inclusion equipped with a normal faithful ucp map P : A — B, satisfying
P|a = idps. By Corollary 3.15, M C A has the inner UCP-Dixmier property.

We consider the two cases separately.

Case (i): Assume M is properly infinite. By Theorem 4.1, for properly infinite von Neumann algebras,
the weak Dixmier property is equivalent to the inner UCP-Dixmier property. Since M C A already has the
inner UCP-Dixmier property by Corollary 3.15, it has the weak Dixmier property.

Case (ii): Assume M is finite with trace 7, and ¢ = fM(M)<'u§T,u§T>du(u) for some probabil-
ity measure p € Prob(U(M)). In this setting, the associated ucp map PJ : A — A is given by
Po(x) = fu( Ay T dp(u) for all x € A. The adjoint direction follows from the vector-state convention

¢ = [wue, du(u). Because P is an integral of unitary conjugations, its iterates (P;)k and their Cesaro
means Cy(z) = (1/N) Z,Igvzl(P;)k(x) lie in the weakly closed convex hull of the unitary orbit of x:

Cn(z) € convV{uzu™ |u € U(M)}.

By the proof of Corollary 3.15, any weak limit point z of the sequence (Cn(x))37_; is an element of M’ N A.
Since the weakly closed convex hull of the unitary orbit is weakly closed, the limit point z remains within
it. Hence:

z € comv" {uzu* |u e U(M)} N (M'NA) # 0.
This proves that M C A has the weak Dixmier property.

As a first application, we recover the weak Dixmier property for inclusions with expectation.

Corollary 4.3 (Cor. E, [Pop00, Mar21]). Let M C A be an inclusion of countably decomposable von
Neumann algebras with a mormal faithful conditional expectation. Then M C A has the weak Dizmier
property.

Proof. Let E: A — M be the given normal faithful conditional expectation. As in [Mar21, p. 122, proof
of the main theorem], take an increasing net (M;);c; of von Neumann subalgebras with separable preduals
and normal faithful conditional expectations Eys, : M — M;, such that (|J, M;)” = M. For x € A, let

K! = conv" {uru® | u € U(M;)}.

We only need to prove that K: N M/ # & for every i: by weak compactness, any choice y; € K: N M/ has a
weak cluster point in

convV{uzu* |u e U(M)} N (M'NA).

Since Epr, 0o B : A — M, is a normal faithful conditional expectation, we may therefore assume that M has
separable predual. No separability assumption on A4 is needed in the argument below or in the auxiliary
averaging results used here. Decompose M = Mz, & M, into its finite and properly infinite parts, omitting
zero summands, and write p;, pso for their units. Averaging by p; + e?"p., removes the off-diagonal terms
of every z € A:

1
(4.3) / (p1 4 €™ poo)(p1 + €™ Poo)* At = P1IP1 + PocTPoo-
0

The restrictions E; : p;Ap; — p; M are normal faithful conditional expectations.
Take a normal faithful trace 7 on My, a countable adjoint-closed family of unitaries (uy) generating Mgy,
and ¢, > 0 with >, ¢, = 1. The state

o1 = ci(-urr, uily)
k
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is normal and regular. Both strong generation conditions follow from the weak density of Cluyg], since (ug)
is adjoint-closed. Composing Ey with Mg, C By, , by Theorem 4.2(ii), we have that Ms, C p1.Ap; has the
weak Dixmier property.

For M., take an nrsg hyperstate by Example 3.10. Composing E., with the boundary inclusion and
applying Theorem 4.2(i), we have the same conclusion for this corner. Product nets of the two unitary
averaging nets, after applying (4.3), give an element of M’ N A in the closed convex unitary orbit of z. [

We now turn to the partial weak Dixmier property.

Definition 4.4. Let M C A and M C B be W*-inclusions. A map T : Ay — EJF is called an M -bimodular
semifinite positive map if it is additive, positively homogeneous and satisfies

T(a*za) =a*T(x)a (re Ay, ae M).

We require normality, meaning preservation of increasing bounded nets, faithfulness, and ultraweak density
of
mi={z €A | T(z) € By}

Here B, is the extended positive cone, and T(x) < oo will always mean that T (x) is bounded.

For every p € B, the function po 7 is a normal weight. In particular, its sublevel sets are ultraweakly
closed. It follows that, for C' < oo, the set

(4.4) {zee AL | T(2) <C1}

is ultraweakly closed. We use this scalar interpretation of lower semicontinuity throughout; see [Haa79b,
Sections 1-2].
When the invariant state is replaced by an invariant semifinite weight, Cesaro limits still satisfy the
following multiplicativity.
Lemma 4.5. Let ¢ 4 be a normal faithful semifinite weight on a von Neumann algebra A, and let P : A — A
be a normal ucp map satisfying paoP = oa. Fiz a free ultrafilter w and define
1 n—1
_ C k
E(x) = wr(l);lgn - Z PE(z).
k=0
If v € Ay and pa(x) < oo, then P(E(z)) = E(z) and P(E(z)?) = E(x)?.
Proof. Write C,,(z) = (1/n) Z;S Pk(x) and y = E(z). Since ||P(Cy(x)) — Cn(2)|| < 2[|x||/n, by normality
of P, we have P(y) = y. Lower semicontinuity and invariance of the weight give

paly) <pal) <oo,  wa?) < lylealy) < oo
By Kadison’s inequality, P(y?) — y? > 0. Since o4 0P = p4 and p4(y?) < oo,
paA(P(y?) —y*) = pa(P(y?)) — paly®) = 0.
By faithfulness, we have P(y?) = 32 O
By this lemma, we have the following semifinite version of Proposition 3.14.

Theorem 4.6. Let M C A be a W*-inclusion. Assume that M has separable predual, and let ¢ be an nrsg M -
hyperstate. Assume that there exists a normal faithful semifinite M -bimodular positive map T : AL — B’;Jr
in the preceding sense. Set Q = Pg, acting on A by Q(z) = >, ypwyj. For any x € Ay with T(x) < oo,
every ultraweak cluster point of (1/n) Z;é Q% (x) belongs to M' N A.
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Proof. Let ¢ be the canonical normal faithful state on B, and let ¢4 = ( o 7. This is a normal faithful
weight. It is semifinite because its finite positive domain contains the ultraweakly dense cone m#.
Normality and M-bimodularity give, in the extended positive cone,

T(Q(2) = > uT ()i = QT ().
k

By (3.9), (oQ = ¢ on (B,)+. This identity extends to the extended positive cone by monotone approximation.
Hence p40Q = @ 4.

Let T be an ultraweak cluster point of (1/n) Z;é Q" (z). By the proof of Lemma 4.5, applied along a
convergent subnet, we have Q(7) = T and Q(T?) = T?. Hence,

> WkT = Ty) (Wi T — Tyr)* = Q(T?) — Q(T)T — TQ(T) + T* = 0.
k

— W

Hence [T, yi] = 0 for every k. Since Clyx] =M, T € M' N A. O
As in Theorem 4.2, we can convert these Cesaro limits into unitary averages.

Theorem 4.7. Let M have separable predual and let ¢ be an nrsg hyperstate. Assume that one of the
following conditions holds:

(i) M is properly infinite;

(ii) M is finite with a normal faithful tracial state T and

(4.5) o= [ o (T 1)

for some p € Prob(U(M)).
Let M C A be a W*-inclusion and let T : Ay — fj’;Jr be a mormal faithful semifinite M -bimodular positive
map. Then, for x € Ay with T (z) < oo,
conv" {uzu* |[u e U M)} N (M' N A) # 0.
Proof. Let C = ||T (z)|| and K, = convV{uzu* | u € U(M)}. For u € U(M), T (uzu*) = uT (z)u* < C1. By
the ultraweak closedness of (4.4),
T(b) <C1 (be K,).

Suppose first that M is properly infinite. Take isometries (v;) C M with vjv; = §;;1 and ), vivf =1,

and use the isomorphism

53

It maps M onto M®@B(¢*(N)). As in the proof of Theorem 4.1, by unitary averaging over the type I tensor
factor, we have a ® 1 € O(K,) for some a € A,. Let b=0"1(a®1). Since b € K, and a = vibvy,

T(a) =viT (b)), < CL.

By Theorem 4.6, an ultraweak cluster point ¢ of the Cesaro means of (’Pg)k(a) belongs to M’ N A.

The matrix-dilation argument in the proof of Theorem 4.1 applies to each M-inner ucp map. Hence every
Cesaro mean of (Pg)k(a), tensored with 1, belongs to the weakly closed unitary convex hull of ¢ ® 1. That
hull is contained in ©(K,), so c® 1 € O(K,). Since c® 1 € (M@B({*(N)))/,

0 e®l) e K, n(M' NA).

Suppose now that M is finite and ¢ satisfies (4.5). With the present vector-state convention,

Po(b) = / whudp(u).
u(M)
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Its iterates and Cesaro means preserve K. Their ultraweak cluster points belong to M’ N.A by Theorem 4.6,
which proves the assertion. O

Composing an operator-valued weight onto M with the boundary inclusion recovers Isono’s result.

Corollary 4.8 ([Iso25]). Let M C A be an inclusion of countably decomposable von Neumann algebras, and

—

let T: Ay — My be a normal faithful semifinite operator-valued weight. For every x € Ay such that T (x)
is bounded,

conv" {uzu* |u e UM)} N (M ' NA)#0.

Proof. Asin the beginning of the proof of Corollary 4.3, we may assume that M has separable predual. Write
M = Mg, ® M, for its finite and properly infinite parts, with units p1, po.. Averaging over the unitaries
p1 + €2 p sends & t0 P1EP1 + PooTPoo Within its unitary convex hull.

The restrictions 7; : (p;Ap;)+ — ]3/1]\\4 . are normal, faithful and semifinite. Indeed, compression of the
ultraweakly dense finite positive domain of T is ultraweakly dense in (p;Ap; )+, and

Ti(piapi) = piT (a)p;.
Moreover, T;(p;xp;) is bounded.

On My, take an atomic measure on a countable symmetric family of unitaries generating Mg, with every
atom having positive mass. Then we have an nrsg hyperstate with respect to a normal faithful tracial state.
On M, use Example 3.10. Compose each 7T; with the extension to extended positive cones of the canonical
embedding p;M C B,,. These composites satisfy the hypotheses of Theorem 4.7; no normalization on p; M
is required. Apply that theorem separately to the two positive diagonal blocks.

Finally, block-diagonal unitaries in U (May) ® U (M) belong to U(M). Taking product nets of the two
averaging nets, we have a limit in M’ N A, still in the original unitary convex hull. O

5. THE RELATIVE BICENTRALIZER CONJECTURE

In this section, we prove Theorem A. Fix an inclusion M C P of countably decomposable von Neumann
algebras with a normal faithful conditional expectation FE : P — M. We only need to prove that M C ¢(P)
has the weak Dixmier property.

By the same argument as in the beginning of the proof of Corollary 4.3, we may assume that M has
separable predual; see also [Mar25, Theorems D and E(6)]. For the remainder of this section, we therefore
assume that M has separable predual, while P need only be countably decomposable. Fix a normal faithful
state ¢ on M, and let p = ¢ o E. We use the compatible realizations

co(M) C c)(P) = P x40 R.

We write ¢** for the canonical implementing unitaries in c,(M). Let A = ¢,(P), and let ¢4 = po T be the

dual weight of p, where T : A, — ]3+ is the canonical operator-valued weight. We use the notation h = ‘3’%
and H = logh from Subsection 2.3, where 74 is the canonical trace on A. Here \; = h'* = ¢*. The modular
action o4 = Ad()\,) restricts to o on M. Take the (M, ¢)-hyperstate ¢ and the inner ucp coefficients (i)

from Example 3.10, and define
(5.1) Q(z) = way;  (z€A).
k

To prove that M C A has the inner UCP-Dixmier property, we only need to prove that d := Q(aa*)—aa* =
0 for every a € Har(Q,.A). As in the proof of Proposition 3.14 and the argument showing E(z) € Har(P) in
Lemma 4.5, followed by Cesaro averaging, we have

Q(aa*) = aa® (a € Har(Q, A))
= Har(Q,A)=MnA
— M C A has the inner UCP-Dixmier property.
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Fix a € Har(Q,.A). By Kadison’s inequality, d > 0. Lemma 2.2 reduces d = 0 to proving that every
x € Ap with 0 <z <d and p4(x) < oo must be x = 0. Such an z satisfies

n—1 n—1
Z Q*(z) < Z Q*(d) = Q"(aa*) — aa* < C1 with C' = ||a|*.
k=0 k=0

After constructing the pairing and the self-adjoint contraction S in Lemma 5.1, Lemmas 5.2 and 5.3 prove
wa(x) =0 for such x. By faithfulness, we then have x = 0.

Theorem 4.1 converts the inner UCP-Dixmier property into the weak Dixmier property when M is properly
infinite. For finite M, we take ¢ tracial so that the Cesaro means are already unitary averages. The general
case follows by decomposing M into its finite and properly infinite parts.

Since ¢ o () = ¢, normality and M-bimodularity of E and T give

(5.2) ppoQ=¢oFEoToQ=¢poQoEocT =¢goEoT =4,
where the compositions are understood on the extended positive cone.
Define
m,, =span{a € A, | pa(a) < oo}, €(a) = RY*ahM* (a € my,,).

On L%(A, 74) we use the inner product (X,Y )y = 74(Y*X), linear in the first variable.
Define S : D — D, where D = {{(a) | a € m, }, by

(53) SE(@) = £(Qa)  (a€my).

This is well-defined since £ is injective and Q(my,) C m,, by (5.2).

Lemma 5.1. For every a € my, ,, we have &(a) € L*(A,74). Let x € Ay satisfy pa(z) < co. Then
wa(a) = 74(h'?zh'?a) (a € A)

defines a finite normal positive functional on A, with w,(1) = p4(x), and

(5-4) (€(a),&(x))2 = wala)  (a€my,).

Moreover, S extends to a self-adjoint contraction on L*(A,74).

Proof. For a € my ,, let
k(a) = hY2ant/? e LY (A, 74).
We first prove the assertions about ¢ and w,. Both ah!/? and h'/2a belong to L?(A, 74). Traciality and the
Cauchy—-Schwarz inequality give
€(@)[13 = Ta(h!*a* k' 2an!/?)

= a((ah*/?)" (/%))
(5.5) < [lah2|l2[|n*all2

— 7a(RY2a*ah /2 27 4 (WY 2aa* h1/2)/?

1/2 1/2

= pala’a)"pa(aa”)

The calculation is first made for a,, = e,ae,, where e,, = ]l[l/nm](h). The convergences anht’? = ah'/? and
h'/%a, — h'/?a in L? justify passage to the limit.

Since k(z) € LY (A, 74)+ and 74(k(z)) = pa(z), w, is a finite normal positive functional with w,(1) =
wa(x). To prove (5.4), let

en =11 n}(h), Ty = €pTen, p = €5,0En.
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By (2.3), the projections e, have finite trace. By traciality in e,.Ae,, we have
(€(an),E(@n))2 = TR Panh! P ay).
Since e, h = he,, and e, 1 strongly,
E(zn) = enk(z)e, — k(z) in L', E(xy) = ené(z)e, — &(x) in L2, ¢(an) — &(a) in L2
Moreover,

sup |lan || < |all, an, — a *-strongly.
n

Passing to the limit proves (5.4).
We next prove that S extends to a self-adjoint contraction. Identifying A, with L!(A,74), we first show
that the preadjoint of () satisfies

(5.6) Qik(a) = k(Q(a))  (aemy,).

Let vy = 0? y;). By Example 3.10, (vg) is a permutation of (yi). We have
i/2\Jk

(5.7) yiht/? = 12y, B2y = upnt/2,

Formula (5.7) follows first on compact spectral vectors for H, and then for the closed measurable products.
For a € A, with p4(a) < oo, we have

yik(a)yr = k(vpavy).
By (5.7), the positive partial sums >, -, yik(a)yx converge in L', since

Ta | Do vik(@ye | =7a | k(@) D wi | S pala).

k<n k<n

By monotone convergence of the corresponding quadratic forms, we have

Q.k(a) = > yik(a)ys = k (Z vww’i) = k(Q(a)).
k k
This proves (5.6) for positive a, and the general case follows by linearity.

By (5.6) and (5.4), for a,b € m,, N Ay,

(S€(a),£(b))2 = Ta(k(b)Q(a)) = Ta(Quk(b)a) = Ta(k(Q(b))a) = (£(a), SE(b))2-
By linearity, we have (Sv, w)s = (v, Sw)s for v,w € D. Also S(D) C D by (5.2). For a € m,,, (5.3), (5.5),
Kadison’s inequality for @™, and ¢4 0 Q™ = ¢ 4 give

15™¢(a)|l5 = [lE(@™ (@) 13
= [RM*Q™ (a)n |13
= 74(h?Q"(a)*h'*Q" (a))
< 0A((Q™(a)*Q™(a))*.A(Q™(a)(Q™(a)")"/?
< 0a(Q™(a*a)) ?o4(Q" (aa™))"/?
= pala*a) P s(aa)'?.
Hence

Cy := sup ||S™v||]2 < o0 (v e D).
m>0

For v € D, by symmetry, we have
(5.8) 1Sv]13 = (S?v,v)2 < [IS0]l2||v]l2-
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Tterating (5.8), we have
U 1/2™ 1—-1/2™ n 1—1/2™
1Svll2 < 182 0ll3"* lolly™*" < C2" |lo]l3 ™% — |lo]lo-

It remains to check that D is dense. With e, = Ty, (h), both h and h~1 are bounded on e,, and
Ta(en) < co. Every bounded b € e, Ae,, has the form

b=~ VApp VY, pVApp VY c e Ae, C .
These finite-corner elements are dense in L?(A,74). Therefore S extends to a self-adjoint contraction. [

Let f € C°(R) be real with 0 < f < 1, equal to 1 near 0, even and nonincreasing in |s|. Define
Hp = f(H/R), R>1. Then Hr /' 1 strongly as R — oo, and by (2.2), we have

vA(HR) = R/Rf(s) ds < 0.

Lemma 5.2. Let z € A, satisfy o 4(x) < 0o. Assume that there is a constant 0 < C' < oo such that

n—1
(5.9) Y QFay<c1 (nx=1).
k=0
Then
(5.10) palx) < liminf C|[(1 - $)"2¢(Hp)|3.

Proof. The case p4(x) = 0 is immediate. Assume that ¢ 4(z) > 0. Let a, = ZZ;S Q%(z) < C1. By (5.2)
and (5.3),

‘P.A(an) = n‘pA(m> < 0, (1- S)f(an) =¢&(x — Qn(x))
By (5.4) and positivity,
(5.11) [[(1=9)¢(an)[l3 = (¢(z = Q" (@), &(an))2 = wa(an) = wa, (Q" (7)) < wa(an) < Cuwy(1) = Cpa(w).

Fix R > 1. By (5.4) and positivity, w,(Hgr) = wny,(z) = wg,(z). Since a, — Q(a,) = z — Q"™ (x) and
1-52>0, (5.3) and (5.11) give

jwo (HR) — wi, (Q" ()]
=|wrn (@ — Q" ()]’
=|(¢(x — Q"(2)),£(Hr))2|”
(5.12) =1 - >§<a>5HR>>2}2
_’ 1/2€ an (1 S)l/Qf(HR»Q‘Z
<Jl(a - )1/25(an)u2||< — S)2¢(Hp)|I3
<Coa()| (1= 9)2¢(HR)|3-

(
);

By (5.9), for every N > 1,

N-1 N-1
> wiy(Q"(2) = why (Z Q”(Q?)) < Cwpp(l) = Cpa(HR) < o0
n=0 n=0

Letting N — oo, we have

ZWHR(Qn(f)) < Cpa(HR) < 0
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s0 wr, (Q™(x)) — 0 as n — oo. Letting n — oo in (5.12), we have
(5.13) lwo(HR)[* < Coa(@)l(1 - 8)V2(HR)3  (R21).
Since Hr 1 strongly as R — oo, normality of w, and (5.13) give
pa(@)® = lwo (D> = lim |w,(Hg)[* < liminf Coa(a)[|(1 - S)"/2E(HR)|3-
R— R—o
Dividing by ¢ 4(z) proves (5.10). O

Let v be the spectral distribution of log A, under ¢. By (3.4),

Moy := / s> dv(s) = p((log Ay)?) < .
R
Lemma 5.3. For every R > 1,

ma | f']I3

2R
Moreover, if v € Ay satisfies pa(x) < 0o and Zz;é QF(x) < C1 for some 0 < C < oo and every n > 1,
then z = 0.

(5.14) 1(1—8)/2¢(HR)|I3 <

Proof. Let g € C°(R) be real. By (2.2), g(H) € m,,, and g(H) € A, ,. Expanding the commutators, we
have

> lyks g(H)]ye ()" = Q(g(H)?) — Q9(H))g(H) — g(H)Q(9(H)) + g(H)*.

k
By Kadison’s inequality, (5.2), and (2.2),

pa(Qg(H))?) < pa(Qg(H)?) = palg(H)?) = /R l9(s)? ds < oo.

Hence all four terms on the right belong to m,,. Applying ¢ 4 and using the ¢ 4-centralizer property of
g(H), the linear extension of (5.4) to self-adjoint elements, and (5.3), we have

> oallye, ()] ye, g(H)T*) = 2(a(g(H)?) — pa(g(H)Q(g(H))))
k

= 2((&(g(H)), &(g(H)))2 — (S&(9(H)),&(9(H)))2)
=2/(1 - 5)"2¢(g(H)13.

(5.15)

We compute the left-hand side by proving
(5.16) S eallye gt oY) = [ [ latr+9) = g(0) P dr o).
k

We use the unitary Fourier transform

a0 = 2m) 2 [ ety ar

R
By the crossed-product relation, we have

(5.17) i, 9(HD)] = (2m) /2 / 3(6) (e — o (i) Ae dt.
With the normalization in (2.2), for X = (2m)~1/2 [L ayA, dt = (2m) /2 [ ae™ dt, we have
(5.18) pa(X"X) = / plaja)dt,  pa(XX") = / plagaf) dt,

R R
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The identities in (5.18) hold first on the crossed-product Hilbert algebra and extend by its L? isometry; see
[Haa78a]. In the first identity in (5.18), the zeroth coefficient is [, 0”,(aja;)dt, and the modular invariance
of p removes this twist.

By ¢ = > 1 (- ¥i&s, yi&s) and the definition of v as the spectral distribution of log Ay under ¢, we have

> 6 ((wr — o (we)) (i — oF () Z 11 = A)yiéol

k
_ Z (1= A7~ Ao, yiks)
_ </;((1 ~ A7 - Al)
= /(1 —e ") (1 — ") du(s)

/ |1 zts|2 dV )
By (5.17), (5.18), and scalar Plancherel,

(I, g (D, g (D) = [ 1G> | 11— €"™|*du(s) dt
zk:m Yo, (H)] Yk 9 /Rg /]R

= [ [ - evp arans)
//\gr+s ()2 dr du(s).

This proves (5.16). Now take g(r) = f(r/R), so g(H) = Hg. Since ||g(- + s) — gll2 < |s|lld'|l2 = %Hf’”g,
by (5.16), we have
. m f/ 2
(519) > eallon. Hallow. Hal) < "201E
k
Combining (5.15) with g(H) = Hg and (5.19) proves (5.14).
Now let x satisfy the hypotheses of Lemma 5.2. By (5.10) and (5.14),
o Cma||f]13
< < —= =0.
OfgoA(x)flgrigéf SR 0
Hence @ 4(x) = 0, and by faithfulness of ¢ 4, we have x = 0. O

We can now identify Har(Q, A).
Proposition 5.4. The fized-point space of Q) is
Har(Q,A) = M' N A.
Proof. We only need to prove that Har(Q, A) C M’ N A. Let a € Har(Q, .A). By Kadison’s inequality,
d = Q(aa™) —aa* = Q(aa™) — Q(a)Q(a)* > 0.
We have

> QFd) = Q"(aa") —aa” < Jla*1  (n>1).
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Suppose that d # 0. By Lemma 2.2, take 0 # 2 < d with p4(x) < co. Then

n—1 n—1
Y QM@ <) Q) <al’t  (n=1)
k=0 k=0

By Lemma 5.3, we have z = 0, a contradiction. Hence Q(aa*) = aa*. Applying the same argument to
a* € Har(Q,.A), we have Q(a*a) = a*a, so a belongs to the multiplicative domain of Q. Expanding as in
(3.10), we have
> (yra — aye)(yea — ayx)” = 0.
k

Hence [a, ;] = 0 for every k. Since Clyx] = M, a € M'N A. O

Marrakchi proved the relative bicentralizer conjecture, in particular, when M is amenable, has no type I1I;
direct summand, is a tensor product of two type III; von Neumann algebras, or admits a Cartan subalgebra
[Mar25, Theorem E(1)—(4)]. For completeness, we give a new proof covering these cases as well. We now
finish the proof by applying Theorem 4.1.

Proof of Theorem A. As in the beginning of the proof of Corollary 4.3, we may assume that M has separable
predual.

Suppose first that M is either finite or properly infinite. Fix a normal faithful state ¢ on M, taking ¢
tracial when M is finite. Let () be the map in (5.1) on A = cgor(P), with coefficients from Example 3.10.
For x € A, define

n—1
Ch(z) = % > Q@) K, =conv " {uzu” | ueU(M)}.
k=0

Since
1Q(Co (@) - Cu(a)] < 20211

n
normality of @ and Proposition 5.4 imply that every ultraweak cluster point of (Cy,(x)) belongs to M’ N A.
If M is properly infinite, each C,, is an M-inner ucp map. Hence M C A has the inner UCP-Dixmier
property, and by Theorem 4.1, we have the weak Dixmier property.
If M is finite, by the tracial choice in Example 3.10, we have

Yk = ApUk, Qx) = Z)\zuko:uz, Z)\z =1.
k k

Hence Q(K,) C K, and C,(z) € K, for every n. Every ultraweak cluster point belongs to K, N (M’ N A),
which proves the finite case.
For general M, write
Al::Aﬂm<BA£m
for its finite and properly infinite parts. We may assume that both summands are nonzero. Let pi,ps be
their units and let P; = p; Pp;. There is a normal faithful conditional expectation

F:P— P @®P,  F(a)=piap: + p2aps.
The restrictions
EliiEh%IfHA%Aﬂm7 Eb:IEhEIIEA%A£n
are normal faithful conditional expectations.
Take a normal faithful state ¢ on M whose restriction to Mg, is tracial, and let p = ¢ o E, A = ¢,(P),

and p; = p|p,/p(p:). Since p; € My, by bimodularity, we have p; € P,. Hence F' preserves p and extends to
a normal faithful conditional expectation

F: A — p1Ap1 ® p2 Apa, piAp; = Cpqz(Pi)-
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For z € A, since p1 — pa € U(M),

- 1
F(z) = p1ap1 + paxpz = 5(9: + (p1 — p2)z(p1 — p2)) € K.
The finite and properly infinite cases give the weak Dixmier property for Mg, C p1 Ap; and My, C paApo,

respectively. As in the proof of Corollary 4.3, taking product nets of the two unitary averaging nets, we have
K,N(M' NnA) #0.
This proves that M C ¢(P) has the weak Dixmier property. Taking P = M, we have the last assertion. [

Proof of Corollary B. By Theorem A, M C ¢(M) has the weak Dixmier property. Since M is of type IIIy,
by [Haa87, Theorem 3.1], we have B(M, ¢) = C1 for every normal faithful state ¢ on M. O

Proof of Corollary C. By Theorem A, we have the weak Dixmier property for M C ¢(P). Hence by [Mar25,
Theorem D], we have (2.1) for every normal faithful state ¢ on M. O

6. KADISON’S PROBLEM ON MASA

In this section, we use the generating inner ucp map associated with an nrsg hyperstate to give a new
proof of the solution to Kadison’s problem (Theorem G).

Fix an inclusion M C P of von Neumann algebras with separable preduals and a normal faithful condi-
tional expectation E : P — M as in Theorem G. Fix a normal faithful state ¢ on M, and let p = ¢ o F.
Since p is faithful, the only z € P with p(axz) =0 for all a € P is = 0. By the Hahn—Banach theorem,

(6.1) a)jacpy ' =p.

For a unital finite-dimensional subalgebra F' C P, define
Up(x) = / uzu” du (x € P),
UF)

where du is the normalized Haar measure on U(F). Then ¥ is the normal conditional expectation onto
F’'Nn P. For a finite-dimensional unital abelian subalgebra D C P, let At(D) denote the set of minimal
projections of D, and define

Op(x) = Z pIP (x € P).

pEAL(D)
Then ®p = ¥p is the normal conditional expectation onto D’ N P. In particular,
(6.2) 160 @pll = l0lpnpll (6 € P).

We use the same notation for a corner ePe in place of P.
Take an nrsg (M, ¢)-hyperstate ¢ with inner ucp coefficients (y;) C M. For example, we can take the
hyperstate constructed in Example 3.10. In particular,

> uwyi=1, Clul] =M.
k

Define the normal M-inner ucp map

(6.3) Q(x)=> wrry;  (z€P).
k

The restriction of @ to M preserves ¢, and @ is the map Pg of Proposition 3.14 for A = P. We will also
use this construction for the corners and central summands in Lemma 6.12 and Proposition 6.11.
We first outline the proof. Let C,, = (1/n) 2;01 Q" be the Cesaro means of @, and let

M, ={0€P, |0y =0}
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Since P, is separable, we can take a sequence (6,,),>1 which is norm dense in M, . Let 6 € M, and ¢ > 0;
finitely many functionals, such as 6y, ...,60,, are treated simultaneously. When M is continuous (i.e., M
has no type I direct summand) and properly infinite, the proof follows the chain

Har(Q, P) = Z(M) (Proposition 3.14)
(6.4) = [|0oCh]| =0 (n— o) (Corollary 6.1)
= 3 matrix algebra Fy . C M :

101 .apll <e (Proposition 6.4)
(6.6) = 3 finite-dimensional abelian Dy . C M :

180 ®p, [l = 1815, rll < ¢ (Corollary 6.)
(6.7) —> 3 finite-dimensional abelian Dy C Dy C --- C M :

10;lp.Apll <27 (j <n) (Lemma 6.12)
(6.8) = Oijlagnp =0for Ag=V, D, (j>1) (proof of Theorem G)
(6.9) = AyNnPCM (proof of Theorem G)
(6.10) = every MASA A of M containing A, satisfies

AnNP=A (proof of Theorem G).

The Poisson boundary method gives the generating inner ucp map ) and, by Proposition 3.14 and
M' NP = Z(M), the fixed-point equality Har(Q, P) = Z(M). The passage to (6.4) is the standard
predual Cesaro argument. The main simplification is the passage from (6.4) to (6.5): we obtain the matrix
approximation directly from the inner ucp maps, without passing through an AFD subalgebra with the same
relative commutant as in [Mar26, Theorem B]. The steps (6.6)-(6.10) are well-established steps originating in
Popa’s work [Pop81] and also used by Marrakchi [Mar25, Mar26]. For the passage to (6.6), we give a separate
argument in Proposition 6.7, which has the same purpose as [Mar26, Lemma 1.1] but uses a different proof:
we enlarge F' inside the centralizer of a suitable state and use (6.13). By (6.2), (6.6) is the formulation
of local quantization for normal functionals vanishing on M’ N P = Z(M); see [Mar25, Definition 10.2].
The recursive refinement (6.7) follows Popa’s construction [Pop81] and is essentially the same as [Mar26,
Lemma 1.3], while the passage through (6.8) and (6.9) to (6.10) follows Popa’s construction and the predual
argument in [Mar25, Proposition 10.5] and [Mar26, Theorem 1.4]. We include these steps for completeness.
For finite M, Lemma 6.10 is essentially Popa’s averaging and refinement argument [Pop81], using the tracial
case of Example 3.10 to express unitary averaging through an inner ucp map.

The following corollary follows from Proposition 3.14 and M' N P = Z(M).

Corollary 6.1. Let M C P be as in Theorem G, and let Q be defined by (6.3). Then Har(Q, P) = Z(M).
Moreover, the Cesdro means C,, = (1/n) Z?:_Ol Q7 satisfy

[0oChll — 0 (n— )

for every 0 € P, with 0|z = 0.

Proof. The composition P EMc B, is a normal faithful ucp map whose restriction to M is the identity.
By Proposition 3.14, Har(Q, P) = M' NP = Z(M).

Let T = Q. be the predual map on P,, so that T6 = 6 o Q. The annihilator of Ran(id —T) in P = (P,)*
is Har(Q, P) = Z(M). Hence by the Hahn—Banach theorem, we have

Ran(id—17) ' = {6 € P. | 8]z = 0}.
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If 0 = (id — T')n for some n € P,, then we have

n—1

1 : 1 2||nl
0oC,ll == Tig|| = =|n — Ty| < 20
oo Cull = 23 g — ) < =

Since [|# o Cy|| < ||0]| for all § € P, and n > 1, the convergence extends to the norm closure of Ran(id — T),
which finishes the proof. O

We next approximate normal M-inner ucp maps by M-inner ucp maps with finitely many inner ucp
coefficients.

Lemma 6.2. Let M C P be a W*-inclusion, and let R(x) = ,<, a;xa; be a normal M-inner ucp map on
P. Then there are M-inner ucp maps R,, on P, each with finitely many inner ucp coefficients, such that

|l0oRy, —00oR|| —0 (m— o)
for every 0 € P,.

Proof. For m > 1, define

by = (1 — Zamf) , Ry (x) = Zaixaf + b, 2by, -
i=1

i=1
Since b,, € M, each R,, is an M-inner ucp map with m + 1 inner ucp coefficients. For § € P, the
functional 6 o R,;, — 6 o R is the difference of the positive functionals 6(b,, - by,) and > .. 0(a; - af). Since
> iom @ial = b2,, we have
|00 R, —00R| <20(b2) — 0 (m — 00).
Every normal functional is a linear combination of positive normal functionals, which proves the lemma. [
When M is properly infinite, an M-inner ucp map with finitely many inner ucp coefficients is a compression

of an endomorphism of P whose range is the relative commutant of a full matrix algebra in M. The following
lemma removes the compression asymptotically.

Lemma 6.3. Let M C P be a W*-inclusion such that M is a properly infinite von Neumann algebra with
separable predual. Let R(z) = Y.._, a;xal be an M-inner ucp map on P. Then there are normal unital
injective endomorphisms o, : P — P and unital full matriz algebras F,, C M such that

an,(P)=F,NP, 0o, —0oR| — 0 (n— o0, 0€P,).

Proof. We use the same matrix construction as in the proof of Theorem 4.1. Let d = r + 1, and fix a
projection e € M with e ~ 1 —e ~ 1. Take matrix units (e;;)1<; j<q in Mg(C) ® 1. Take an isometry v, € M
with v.v} = e and an isomorphism

@e M l> Md(C)®M7 @e(e) = €11,
which extends to an isomorphism P — M4(C)®P, still denoted by ©., such that

rx1 Orxr

o;! <Ox Olw) = V.2V, (x € P).

In My(C)®M, let
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Since Y_'_, a;af =1 and the first column of Z is 0,
27" = ey, 1-2"Z > e ~ 1, 1—e; ~1.
Take a partial isometry W € My(C)@M with
WW =122, WW*=1—e,.

Then U = Z + W is unitary and its first row is (0,a1,...,a,). For € P, by matrix multiplication, we have
z 0 -+ 0
7 DU U*<R(x) )
oo ok
00 - =
Define

ae(z) =0, (U(lg® z)U"), F, =0, (UMy(C)® 1)U").
Then a, is a normal unital injective endomorphism, F, C M is a unital full matrix algebra, and
a.(P)=F.NP.

Since ©¢(e) = e11, we have

0 0
Finally, take projections e, /1 in M with

(6.11) cao(z)e = O (R(""") 0) — v R@w'  (zeP)

en —€pn_1~1—e,~1 (n>1).
Take partial isometries v,, € M with
vpvp =1 —ep_1, UnUp = €n — €n_1,
and use v., = e,_1 + v, in the construction above. Then
v Ve, =1, Ve, Vs = €n, Ve, €n—1 =", €n 1= €n_1,
S0 Ve, — 1 *-strongly. Let o, = e, and F,, = F,,_ . For 6 € P,, by (6.11), we have
foa,—0oR=(0—0(en - en)) 0y + (0(ve, - vl )—0)oR,
and hence
[0can—0oR|<|0—0(en - en)l + [0(ve, - v. )—0] —0 (n — o).
The convergence follows from e,, — 1 strongly and v, — 1 *-strongly, first for vector functionals and then
for every € € P, by norm approximation. This finishes the proof. O

We now combine Corollary 6.1 with Lemmas 6.2 and 6.3.

Proposition 6.4. Let M C P be as in Theorem G, and assume that M is properly infinite. Let 01,...,05 €
P, satisfy 0|z = 0, and let € > 0. Then there is a unital full matriz algebra F' C M such that

110, (1<j<s).

Fapll <€

Proof. For n > 1, let Cp, = (1/n) Z;OI Q" as in Corollary 6.1. Each C,, is a normal M-inner ucp map. By
Corollary 6.1 and Lemmas 6.2 and 6.3, we can successively take n > 1, an M-inner ucp map R with finitely
many inner ucp coefficients, and a normal unital injective endomorphism « : P — P with a(P) = F' N P for
a unital full matrix algebra F' C M, such that

€ € € .
1050 Cull <3, Nl0joR—0;0Cull <5, l0joa-bioR| <3 (1<j<s)
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Since « is a *-isomorphism of P onto F’ N P, it maps the unit ball of P onto that of F’ N P. Therefore
116 | =6 0all <[lfj0a—0j0R|+|6;0R—0;0Cull+0;0Chl <e

for 1 < j <'s, which proves the proposition. (]

’F’OP‘

The next lemma computes the average of the maps ®p over the diagonal subalgebras of a matrix algebra.

Lemma 6.5. Let F' C P be a unital full matriz algebra with F = My(C), and let D C F be a mazimal
abelian subalgebra. Then

id 4+ d¥
(6.12) / B du = S YE
U(F) d+1
If p is a normal faithful state on P with F' C P,, then
U(F) P d+1

for every b € P with U (b) = 0.

Proof. Throughout this section, tr,, denotes the normalized trace on M, (C). Under the identification P =
F®(F' N P), both sides of (6.12) act only on the first tensor factor. Hence we only need to treat P =
F = My(C), where ¥p(xz) = try(z)l. The case d = 1 is immediate, so assume that d > 2. By [AP17,

Theorem 3.1.4], we may take matrix units (e;;) such that D = @j:l Ce;;. Hence

d
(DD(JT) = Z €;; Xy = diag(xu, . ,],‘dd).

i=1
Let ¥ denote the left-hand side of (6.12). For v € U(F), by the invariance of Haar measure under u — vu,
we have

Ad(v) oW o Ad(v*) = /

Ad(’U) o <I>uDu* o Ad(’U*) du = / (I)(Uu)D(vu)* du = W.
U(F)

U(F)
Hence U(vzv*) = v¥(z)v* for x € F and v € U(F). Fix i # j, and write W(e;;) = >  cpgepq. For
w = diag(z1, ..., 2q) with |z¢] = 1, we have
w¥(e;)w" = ¥(we;w*) = 2,7 ¥ (e;5),
so, by comparing the (p, ¢) entries, we have
cpq(2p%q — 2%5) =0 (Jza] =+ =lzal = 1).

Varying z1, ..., zq independently shows that ¢,; = 0 unless (p,q) = (4,7). Hence ¥(e;;) = ti;¢;5. For a
permutation o of {1,...,d}, let u, be its permutation matrix. Then

*_

V(eqiyo)) = Yl(ugeijuy) = usV(eij)uy = tijeq(iyo()-

Hence t,(;)5(;) = tij- Since permutations act transitively on ordered pairs of distinct indices, there is t € C
such that

U(eij) =tei; (i #J).

_L (1Y),
’U—\/§ 1 -1 d—2-

Since v(eq1a + e91)v™ = €17 — eg2, we have
b

Let

V(e — egn) = t(eir — ea).
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By conjugating by permutation matrices, we have the same identity for e;; — e;;. Since ¥(1) = 1, it follows
that
U(z) = trg(x)1 + t(z — trq(z)1) (x € My(C)).
Each ®,p,- is an idempotent of rank d. Taking traces as linear operators on the d2-dimensional space
M4 (C), we have
1
1+td*—1)=d t=——r.
1 )=d, d+1
Hence ()
r+dtrg(x)l
v = —“*
(z) d+1 7’
which proves (6.12).
Assume now that ' C P,. Then each ®,p,- is the p-preserving conditional expectation onto (uDu*) NP,

and hence acts as an orthogonal projection on L?(P, p). For b € P with Wz (b) = 0, by (6.12) we have

@y Doy~ b 2 du —/ Dy Do b ,b du = < ! L Ly
/L{(F) ” Ol u(F)< Du (b), D)2,y du d+1 d+1

This proves (6.13). O

We next construct matrix algebras in the centralizer of a suitable state.

Lemma 6.6. Let N be a continuous von Neumann algebra with separable predual. Then there is a normal
faithful state x on N such that, for every integer k > 1, the centralizer N, contains a unital subalgebra
isomorphic to My (C).

Proof. By [HS90, Theorem 11.1], there is a normal faithful state x on N such that N, is of type II;. Fix
k > 1. Since N, is of type II;, we can take mutually orthogonal projections p1,...,pr € Ny such that

a 1
dopi=1, v (p)= b
=1

where 7y, is its normalized center-valued trace. By [AP17, Proposition 9.1.8], the p; are equivalent. Take
partial isometries v; € N, with v}v; = p; and v;v] = p;. Then e;; = viv;‘ form matrix units, and

k
K =span{e;; | 1 <1, < k} =2 Mg(C), D e =1
i=1

O

We can now replace the matrix algebra in Proposition 6.4 by a finite-dimensional abelian subalgebra, at
the cost of an arbitrarily small error.

Proposition 6.7. Let M C P be a W*-inclusion with a normal faithful conditional expectation £ : P — M.
Assume that M is a continuous von Neumann algebra with separable predual. Let F C M be a unital full
matriz algebra. For every finite family 01,...,0s € P, and every € > 0, there is a finite-dimensional unital
abelian subalgebra D C M with

10; 0 @pll < 10| pipll +e  (1<5<5).

Proof. Let F = M,(C) and N = F' N M. Then M = F®N, and N is a continuous von Neumann algebra.
By Lemma 6.6, there is a normal faithful state x on N such that, for every k > 1, the centralizer N, contains
a unital subalgebra isomorphic to M (C). Let

Y = tr, ®x € M,, p=1vokFE e€P,.
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By (6.1), we can take ai,...,as € P and k > 1 such that

s 1/2
0 play ) < 5, (Ll e
’ 4’ rk+1
Let K C N, be a unital subalgebra with K = My (C), and let F; = F'V K. Then
Flngk((C), F1CM¢CPP.

Let ¢; = a; — ¥p(a;) for 1 < j < s. Since U(F) C U(F1), by the invariance of Haar measure we have
UpVp = Vg, and hence Vp, (cj) = 0. Fix a maximal abelian subalgebra A; C Fj. Since p(1) = 1 and
[¥r| =1, we have

5"

1€5ll2.0 < llesll < Nlasll + 19 r(az)]l < 2flag]l-
Using F = M,x(C), Fi C P, and ¥p, (c}) = 0, by (6.13) we have

3 S5l AT lal?
q)u u* 2 du = @u w* *1(|12 du = J= J 7P< j= <&
/| (HZII @) du =3 [ s €I d0 = TR < S < S

Since du has total mass 1, there is u € U(F}) for which the sum is no greater than its average. Hence the
finite-dimensional unital abelian subalgebra D = uAju* C M satisfies

Z ||(I> || Zj‘:l HC;”%,;; < e
ple)lzp = =0T 4

Since F, D C P,, the conditional expectations ¥ and ®p preserve p, and by bimodularity we have
ples-) = plag) o (id—Wp),  ple;-)o®p = p(@ple) ).
Hence
(6.14) 0;jo®p=0;0V¥po®p+p(Pplc;)-)+ (6, —pla;-))o(id—¥p)o dp.
By (6.14), the triangle inequality, and the Cauchy—Schwarz inequality,
16,0 @]l < 116 0 Crll + [©0(c}) |2+ 2016; — pla; )] < 6,

raplte  (1<5<s).

Combining Propositions 6.4 and 6.7, we have the continuous properly infinite case.

Corollary 6.8. Let M C P be as in Theorem G, and assume that M is a properly infinite continuous von
Neumann algebra. For any 01,...,0, € P, with 0|z = 0 and any € > 0, there is a finite-dimensional
unital abelian subalgebra D C M such that

[6;08p) <c  (1<j<s).
Proof. By Proposition 6.4, there is a unital full matrix algebra F© C M such that [|6;|,, .l < &/2 for

1 < j < s. By Proposition 6.7, applied with /2, we have a finite-dimensional unital abelian subalgebra
D C M with

€ )
F,mP||+§<5 (1<j<s).
This proves the corollary. O
The following lemma collects the facts on corners used below.

Lemma 6.9. Let M C P be an inclusion of von Neumann algebras with a normal faithful conditional

expectation E : P — M, and assume that M' NP C M. Then M' NP = Z(M), and the following hold.
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(i) For every nonzero projection e € M, the restriction Elepe : ePe — eMe is a normal faithful
conditional expectation, and

(6.15) (eMe) NePe=e(M' NP)=eZ(M)=Z(eMe).
In particular, (eMe)' NePe C eMe.
(ii) For every finite-dimensional unital abelian subalgebra D C M,
(D'NnM)YNnP=DVZ(M)C M.

(iii) Let er,...,em € M be mutually orthogonal nonzero projections with ZZ e; =1, and let D; C e;Me;
be finite-dimensional unital abelian subalgebras. Then D = @~ D; is a finite-dimensional unital
abelian subalgebra of M, and

10000l <> [0]ere 0 ®pll (0 € P.).

i=1

Proof. Since Z(M) C M’ N P, by the assumption M’ NP C M we have M' NP = Z(M).

(i) Since E is M-bimodular, E(exe) = eE(x)e for € P. Hence E|.p. is a normal faithful conditional
expectation onto eMe. By [AP17, Propositions 4.2.1 and 4.2.2] (see also [Jon83]) and M' NP = Z(M), we
have (6.15).

(ii) Let ey, ..., e, be the minimal projections of D, and let N = D' N M, so that

Dzé@ei7 N:éeiMei.
=1 =1

If x € N'N P, then x commutes with every e; € N, and by (6.15) we have
T = Z e;re;, eiwe; € (e;Me;) Ne;Pe; = e; Z(M).
i=1
Hence N'NP C @, e;Z(M) =DV Z(M). The reverse inclusion follows from DV Z(M) C Z(N).
(iii) Since At(D) is the disjoint union of the sets At(D;), and p < ¢; for p € At(D;), we have

Op(z) = Z Dp,(e;xe;) (x € P).

Since the maps x — e;re; are contractive, the estimate follows. O

For finite M, the proof of the following lemma is essentially Popa’s averaging and refinement argument
[Pop81]. We include it for completeness, using the tracial case of Example 3.10 to express the unitary
averaging through an inner ucp map.

Lemma 6.10. Let M C P be as in Theorem G, and assume that M is finite. Let 01, ...,05 € P, vanish on
M, and let € > 0. Then there is a finite-dimensional unital abelian subalgebra D C M such that

|6, 0 ®p|l < e (1<j<s).

Proof. Let 7 be a normal faithful tracial state on M, and let p = 7 o E. Since M, = M, we have M C P,,.
We first reduce the lemma to an L? estimate. By (6.1), we can take ay,...,as € P such that

X €
165 = plaj Il < 3-
Let bj = a; — E(a;) and n; = p(b; -). Since po E = p and E is M-bimodular,
plalB(z)) = p(E(aj)*z)  (z € P).
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Using 6, o E =0 and |jid — E|| < 2, we have
* €
E(b;)=0,  0;—n;=(0; —p(aj-))o(id - E), 105 = njll < -
Let D C M be a finite-dimensional unital abelian subalgebra. Since D C M C P,, we have

ni(@p(x)) = Y pb;pxp) = p(®p(b;)*x)  (x€P).
pEAL(D)

By the Cauchy—Schwarz inequality, we have

1p(@p(b;)" )l < [0 (b))ll2.-
Hence, by the triangle inequality and ||®p| = 1,

165 0 @pll < [16; =il + 12(®p(b;)* Il < 7 +||<I>D( bi)ll2,p-

Let D be the family of finite-dimensional unital abelian subalgebras of M, and let

t=jnf Z”‘I’D )13,

We only need to prove that ¢t = 0, since then some D € D satisfies ||®p(b;)||2, <e/2 for 1 < j <s.
Fix § > 0, and take D € D such that

ZH(I)D )3, <t+d.

Let ¢; = ®p(b;) and N = D' N M. By Lemma 6.9(ii), NN P = DV Z(M) C M. Moreover, by the
M-bimodularity of E, we have
E(c;) = @p(E(bj)) = 0.
The map ®poFE : P — N is a normal faithful conditional expectation. Applying Example 3.10 to (N, 7|n)
and then Proposition 3.14, we have

z) =Y Muwrup,  w €UN), Y M =1, Ha(Qn,P)=NnNP=DVZM).
k

Let CN = (1/n) ?;01 QY. Since EQn = QnE,

B(CY () =0, G ()l < il 1@n(CR (e;)) = Cl(ep) | < =

Every ultraweak cluster point of (CY(c;)), belongs to (DV Z(M))Nker E = {0}, so CY(c;) — 0 ultraweakly.
In particular,

S
ZRep(c;C,le(cj)) —0 (n — o0).
j=1
Each CY is a countable convex combination of conjugations by unitary words in the ug. Hence there is
u € U(N) such that

Z Re p(cjucju™) < 4.

Approximating « in norm by a finite-spectrum unitary v € W*(u) C N, we may also arrange

Z Re p(cjvev™) < 6.
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Let B = DV W*(v). Since D is finite-dimensional and v € D’ N M has finite spectrum, B is a finite-

dimensional unital abelian subalgebra of M containing D, so B € D. Since M C P,, the map ®p is a
contraction on L2(P, p) and ||vc;v*|2,, = ||l¢jl|2,,. Using ®p®p = &5 and @5 o Ad(v) = @, we have

2
¢ + ve,v* 1 1 . . t
t< S lon), =5 o (S55) | <SS B, + 5 X Rep(ue) < g 45
j Zp j j

Letting § — 0, we have ¢t = 0, which proves the lemma. ([l

J

We now combine the three cases.

Proposition 6.11. Let M C P be as in Theorem G. Let 04,...,05 € P, vanish on M, and let € > 0. Then
there is a finite-dimensional unital abelian subalgebra D C M such that

10; 0 Ppll < e (1<j<s).
Proof. Take mutually orthogonal central projections 21, 29, 23 € Z(M) with 21 + 23 + 23 = 1 such that
M = Mﬁn @ ]\410o 2] Mc,oo,

where Mg, = 21 M is finite, My_ = 2o M is of type I, and M. o = z3M is continuous and properly infinite.
By Lemma 6.9(i), each inclusion z; M C z; Pz; with z; # 0 again satisfies the hypotheses of Theorem G, and
the restrictions 6;|., p., vanish on z; M. By Lemma 6.9(iii), we only need to find, for each i with z; # 0, a
finite-dimensional unital abelian subalgebra D; C z; M such that

E .
||0j|ziPzi o ‘I)D,iH < g (1 <j< 3)

We may therefore assume that M is finite, of type I, or continuous and properly infinite.

If M is finite, the assertion is Lemma 6.10. If M is continuous and properly infinite, it follows from
Corollary 6.8, since each 6; vanishes on Z(M) C M.

Finally, assume that M is of type 1. Write M = B(H)®Z(M) for some separable Hilbert space H,
identify B(H) with B(H)®C1, and let Py = Z(M)' N P. Then

B(H) NPy = (BH)V Z(M))nP=MnP=2ZM).
Since B(H) is a type I factor,
Py =B(H)®(B(H)' N Py) =B(H)QRZ(M) = M.
Let A C M be a maximal abelian subalgebra. Since Z(M) C A,
ANPCcZM)nNnP=M, A'nP=A.

Take increasing finite-dimensional unital abelian subalgebras A, C A with ({J,, 4»)"” = A. Then N, (4;, N
P) = A. By (6.2), ultraweak compactness of the unit ball of P, and normality of 6;,

16; 0 @, |l = 116;
We can therefore take D = A,, for n sufficiently large. O

arnpll — 1105]al =0 (n— o0).

The cornerwise refinement below is essentially the same as in [Mar26, Lemma 1.3], following Popa’s
construction [Pop81]. We use Proposition 6.11 as the approximation estimate in the corners and include the
refinement argument for completeness.

Lemma 6.12. Let M C P be as in Theorem G. Let Dy C M be a finite-dimensional unital abelian subalgebra,

let 01,...,05 € P, vanish on M, and let € > 0. Then there is a finite-dimensional unital abelian subalgebra
D1 C M such that

Dy C Dy, 60 ®p, || <e (1<j<s).
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Proof. Let eq,..., e, be the minimal projections of Dy. By Lemma 6.9(i), each inclusion e;Me; C e;Pe;
satisfies the hypotheses of Theorem G, and the restrictions 6;|¢, pe, vanish on e;Me;. By Proposition 6.11,
there are finite-dimensional unital abelian subalgebras D; ; C e;Me; such that

€ .
H0j|€ipe1: O(I)Dl,iH < E (1 <Jj< 5)'

Let D1 =@, D1,;. Then Dy C D; C M, and by Lemma 6.9(iii) we have

m
Hej © (I)Dl || < Z ||9j|€iP€i © (I’Dl,iH <e (1 <j< 5)
=1

O

The final construction follows Popa [Pop81]. The increasing sequence of abelian subalgebras and the
predual argument are essentially the same as in [Mar25, Proposition 10.5] and [Mar26, Theorem 1.4]. We
include the argument for completeness.

Proof of Theorem G. Let M, = {6 € P, | ¢9|M = 0}. Since P, is separable, take a norm-dense sequence
(0;)j>1 in M, . Starting with Dy = C1 and applying Lemma 6.12 to 61, ...,6, with e = 27" at the nth step,
we have finite-dimensional unital abelian subalgebras D,, C M such that

Dp1 CDn,  0j0®p,[[<27" (1<j<n)
Let Ag = (U,, Dn)", and let x € Ay N P. Then ®p, (x) =« for every n, and hence
10;(@)] <10 0 @p, [l Izl <27l (n =)

Letting n — oo, we have 0;(z) = 0 for every j. By density, (z) = 0 for every § € M. Since M is
ultraweakly closed, by the Hahn—Banach theorem we have x € M. Hence AN P C M. Let A be a maximal
abelian subalgebra of M containing Ag. Then

ANPCA,NPCM,
and hence A’NP = A'"N M = A, which finishes the proof. O



44 SHUOXING ZHOU

A. WEAK DIXMIER PROPERTIES FOR ACTIONS OF R AND R?

We extend the averaging argument to crossed products by actions of R? on semifinite von Neumann
algebras. We then deduce the weak Dixmier property for crossed products by equivariant actions of R on
inclusions with expectation and properly infinite source algebras.

Theorem A.1. Let M C N be an inclusion of von Neumann algebras. Assume that M has separable
predual, that T is a normal faithful semifinite trace on M, and that E : N — M is a normal faithful
conditional expectation. Let a : R?> ~ N be an ultraweakly continuous action such that

a(M) =M, 7oy =7 (t € R?),
with £ : R? — R linear. Then M C N x, R? has the weak Dizmier property.

In particular, the trace condition holds with ¢ = 0 for every action on a II; factor. The following theorem
follows by passing to compatible continuous cores and applying Takesaki duality.

Theorem A.2. Let M C N be an inclusion of von Neumann algebras. Assume that M is properly infinite
with separable predual and that E : N' — M is a normal faithful conditional expectation. Let o : R ~ N be
an ultraweakly continuous action such that

(Al) Oét(M):M, EOOét:Oét|MOE (tGR)

Then M C N x4 R has the weak Dizmier property.

No a-invariant state is assumed, and N need not have separable predual.

A.1 A commutative model. The estimates use a noncommutative analogue of the classical cutoff ar-
gument for recurrence of symmetric Markov operators; see [FOT11, Section 1.6, Theorem 1.6.3]. To explain
the partial-sum argument and the logarithmic cutoffs, we give a two-dimensional commutative model. Inte-
gration against Lebesgue measure plays the role of the semifinite trace in Lemma A.7, and the symmetric
measure v corresponds to the symmetric unitary coeflicients of Q.

Proposition A.3. Let v € Prob(R?) be symmetric, and assume that mo = [g |s|* dv(s) < oo. Define the
Markov operator Q on L*(R? dt) by

QM)(t) = /R b(t+s)dv(s) (b€ L>®(R? dt)).

Let x € L™ (R?,dt); with [5, z(t)dt < co. If there exists 0 < C' < oo such that
n—1

(A2) Y@Mz <c1 (nx=1),
k=0

then © = 0.

Proof. We first prove that Q preserves the integral and is a self-adjoint contraction on L? (cf. the discussion
before Lemma A.7). Tonelli’s theorem and translation invariance give [5, Q(b)dt = [, bdt for b € L! . By
Kadison’s inequality, Q is contractive on L?, and by symmetry of v it is self-adjoint. Hence 1 — Q > 0.
We may assume that fR2 xdt > 0. Take f € C°(R) with 0 < f <1, equal to 1 near 0, and nonincreasing
on [0,00). For R > 1, define
log(1 + |t2)>

Pt = £ (“EH

Then Fr € C*(R?), 0 < Fg <1, and Fr /1 pointwise (R — 00).
We next prove the partial-sum estimate (cf. Lemma A.7)

(A.3) / xdt < liminf C||(1 — Q)Y2Fg|2.
R2 R—o0

(t € R?).
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Let a, = ZZ;& Q"(). Then 0 < a, < C1, [poandt = n [, xdt, and a, € L' N L>® C L2 Since
(1-Q)ay =z —Q"(x),
H(l—Q)l/QanH%:/ an(z—Q"(x))dt < C [ xdt.
R2 R2
For fixed R, by the Cauchy—Schwarz inequality we have

2
[ rete—@reya] <o ([ sa)ia-a e
R? R?
By (A.2) and monotone convergence,
Z/ FrQ™(z)dt < c/ Frdt < co.
n=0 R? R?
Hence [;, FRQ"(x)dt — 0 (n — c0), so by (A.4) we have

2
(/ FRxdt> §C</ xdt) 10— Q)22
R2 Rz

Dominated convergence as R — oo and division by fRZ xdt > 0 give (A.3).
We now prove the cutoff estimate (cf. Lemma A.8). Expanding the squared difference, we have

(A4)

1
(A.5) 11— @)"?b]15 = B /Rz b+ +5) = bll5dv(s)  (beL?).
Polar coordinates give
dr [
A. Frl? = 1— R )| f < AT )2
(A6) IVERlE = o [ 0= IR des o7 [T 1R P

By the translation estimate for W2(R?), we have
(A7) IFR(- +5) = Frl2 < [s|[VFRllz (s € R?).
By (A.5)—(A.7),

2 o0
(A.8) (1= @Rl < 35 | 1P —o (&),
0
Combining this with (A.3), we have [, 2dt =0, and hence 2 = 0. O

Remark A.4. We do not extend Theorem A.1 to actions of R? here because the present cutoff and partial-
sum method no longer applies in general. The cutoff argument used in Theorem A.1 does not extend to R3
in this form. In fact, the conclusion of Proposition A.3 fails in dimension 3. Let v be the standard Gaussian
probability measure on R3, so that v is symmetric and [ |s|*dv(s) = 3. Let Q be its convolution operator,
and let x = 1, where B C R3 is the unit ball. For everyn > 1,

—ls—t[?/(2n) B
@"(@){t) = /B : (27n)3/2 ds < (27171)3/2 (t € R),

with |B| denoting Lebesgue measure. Hence,

o . ‘ B - )
ZQ (x) <C1 wzth01+(2lr)?|’/2zn 3/2<oo,
n=1

although x© # 0 and [, xdt < co.
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A.2 Proof of Theorem A.1. Recall the assumptions of Theorem A.1. We fix an inclusion M C N of von
Neumann algebras with M having separable predual, a normal faithful semifinite trace 7 on M, a normal
faithful conditional expectation E : N — M, and an ultraweakly continuous action « : R? ~ N such that

a(M)=M, 1oyl =eDr  (teR?),

with ¢ : R? — R linear. Let A = N x,R2, let p = 7o E, and let 4 be the dual weight of p on A. Since E is
M-bimodular and 7 is tracial, M C N,. The modular group of ¢ 4 restricts to that of p on IV, so M C A
see [Haa78b]. We write || - ||2 for the norm of L?(M, 7).

We first construct the coefficients of the unitary averaging map Q.

e

Lemma A.5. There are unitaries u, € M (n > 1) which generate M and satisfy u, — 1 € L*(M,1). For
these unitaries, there exist constants 0 < D,, < oo such that

(A.9) max{[lae(un) — w3, lloe(uy) — up |3} < DR (L+e") (L e R?).

Proof. Since 7o ay|ps = @7, for b€ M N L*(M,7) and t € R? we have

(A.10) leve (B) |2 = €72 [b]].

The action on L?(M,7) is strongly continuous: for bounded b with finite-trace support, the identity
llave (8) = BlI3 = () + 1)[[BlI3 — 2Re T (b (b))

proves continuity, and the general case follows by density.
Take finite-trace projections py € M increasing strongly to 1. Let (a;);>1 be a strong*-dense sequence in
the self-adjoint unit ball of M. Take k,, € C2°(R?), such that

/ Kn(t)dt =1, supp ki, C {t € R? | |t| < 1/n},
R2
and define

bj,k,n - /R2 ’{n(t)at(pkajpk) dt (.77 k,’ﬂ 2 1)

Since ||pra;pkll3 < 7(px) < 0o, each bj i, is a self-adjoint contraction in M ﬂ L3*(M,T).
For € C3°(R?) and b € M N L*(M, 7), the convolution b, =[5, #( b) dt satisfies

o=~ [ @n0a®d (=12,

where 0; denotes the derivative of t — a4 (b) at t = 0 in the jth coordinate. All these derivatives belong to
L?(M, 1), since |Joy(b)||2 = e““/2||b||5 and & has compact support. Moreover,

strong strong™

b k,n —> DL Dk, DPrajpr, —— Q.
n— k— o0

Hence the family (bjk.n)jkn>1 generates M. Enumerating this family, we have self-adjoint contractions
b, € MNL?*(M, 1) which generate M and are smooth in L?(M, 7) in the sense that the orbit maps ¢ — v (b,)
are infinitely differentiable in the L?(M,7) norm.

Let u, = e and D,, = (Z?:l 10;6n113) "2 The unitaries u, generate M. By the exponential difference
formula, we have |[e!® — e[y < ||z — y||2 for self-adjoint z,y € M with  —y € L?(M, 7). Taking (x,y) =
(b, 0), we have ||u, — 1|2 < ||bnll2 < 00, s0 u, —1 € L?(M, 7). Fix t = (t1,t2) € R?. By integration along
s+ stin L?(M,T), we have

1 2
Oét(bn) - bn = / Qg thajb” ds.
0

j=1
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By (A.10), the Cauchy—Schwarz inequality, and the definition of D,,, we have

1 2
Jutba) = balla < [ e 5™ 6,050, | s
0 = ,

1
< |t|Dn/ esé(t)/Q ds < |t‘Dn max{l,eat)/z}.
0

Applying the exponential difference estimate with (z,y) = (£ay(b,), £b,) proves (A.9). O

Let d,, = ||un — 1|2, and take
27774

U S — ith Z =
Zl+d&+D2) Z1+d2+D2

Then Y, A, =1 and Y, A,(d2 + D2) < co. Define the normal M-inner ucp map

(A.11) Qa) = % Z An(unawy, + uy atiy,) (a e A).

Since u, € M C A,,, the map @ preserves ¢4, and its implementation on L?(A,p4) is a self-adjoint
contraction.

We first outline the proof. Since @ is a countable convex combination of unitary conjugations by elements
of M, Cesaro averaging reduces the weak Dixmier property to the identity Har(Q,A) = M’ N A. Let
a € Har(Q, A), and let d = Q(aa*) — aa*. By Kadison’s inequality, d > 0, and the partial sums telescope:

ZQ] =Q"(aa") —aa* < C1 with C = ||a|*.

We therefore only need to prove that every positive element with bounded partial sums is 0; then (1.3) shows
that a commutes with every u,. We first prove Lemma A.6, and then prove the partial-sum estimate in
Lemma A.7. The cutoffs constructed in Lemma A.8 make this estimate tend to 0. Proposition A.9 then
identifies Har(Q, A).

Since ¢4 need not be a trace, we use the continuous core C = ¢, ,(A), with canonical trace 7¢. Let
h = dga/dre, where ¢4 is the dual weight of 4. Fix p = 1[1/2,1j(h). The following identity relates the
trace pairing in C to the weight on A.

Lemma A.6. We have

(A.12) Te(prp) = palr)  (z € Ay),
with equality in [0, 00]. Hence,
(A.13) IpXpl3,7 < pa(X*X) (X €A).

Proof. Let 8 and T be the dual action and the canonical operator-valued weight of C. The operator-
valued calculation in (2.5) remains valid for normal faithful semifinite weights, so T'(p) = (log2)1. Define
P, (x) = 1e(pxp) for € Ay, Since [pe 1 oq1j(e*h)ds = h, by (2.4) and the trace-scaling identity
7c 005 = e *7¢ [Haa78b], for z € C4 we have

D, (T(2)) = 7¢ (21/2 Mesnml] (e*h) ds] 21/2> = 70(21?h2"?) = o A(T(2)).

(log 2)x by A-bimodularity, which proves (A.12). Finally, since

Taking z = 2'/?pz'/?, we have T(z) =
13). O

(pXp)*(pXp) < pX*Xp, we have (A.
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Extend @ to C by the same coefficient formula (A.11). Since u, € A, ,, each u, commutes with h and
with p. The restriction @, = Q|pcp is therefore unital, with unit p, and preserves 7¢. Its implementation on
L?(pCp, 7¢) is a self-adjoint contraction. Expanding the commutators, we have

1 *
(A.14) 11 = @Qp) 2011370 = 7 D Aa (Il 0113 e + e, 015 1)

4

for b € L?(pCp, 7c).
We next apply the partial-sum argument of Lemma 5.2 to the tracial algebra pCp.

Lemma A.7. Let x € (pCp)4 satisfy te(x) < oo, and assume that there is a constant 0 < C' < oo such that

(A15) Y Qi@ <Cp (>0
k=0

Then, for every positive contraction z € pCp with 1¢(z) < oo,
(A.16) Ire(22)* < Cre(@) (1 - Qp)/?213 .-

Proof. The argument leading to (5.13) in the proof of Lemma 5.2 applies to (pCp, 7¢), with S = Q,, £(b) = b,
wy(b) = 7¢(xb), and Hp replaced by z. Indeed, Q, preserves 7¢ and is self-adjoint on L?(pCp,7c), while w,
is a finite normal positive functional. Hence we have (A.16). O

We now construct the cutoffs for the partial-sum estimate. We use the logarithmic cutoffs of Proposi-
tion A.3, with Gaussian smoothing to handle the trace-scaling factor.

Lemma A.8. There are positive contractions a,, € A such that

an, — 1 strongly, wala,) < oo,

A7 1 )
(4.17) eni= 5 2 il anl B g, + 5 0l ) — 0.
J

The positive contractions z, = pa,p satisfy z, — p strongly, 1c(z,) < 00, and

(A.18) 10— Q) 22ull} . < - — 0.

Proof. As in the proof of Proposition A.3, define

rugn - (8Lt 52>>

n
Then F,, € C°(R?), 0 < F, <1, and F,, /1 pointwise (n — 00). By (A.6),

4 [
VAR [P0 ).
0

(s € R?).

We use the unitary Fourier transform g(t) = (2r) ™! [, e "%g(s)ds for g € S(R?), extended to L*(R?) by
density. Let n(s) = (47r)*1e*|5‘2/4 and define f,, = F, xn. Then fn(t) = e"t|2]?',:(t), fn is a Schwartz
function, 0 < f,, <1, and f,, /' 1 pointwise (n — 00). Define

L, = / (14 e MO, ()2 dt < oo,

(A.19) R

W= [ [P +e D) fa(t))dt.
]RQ
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Let Cp = sup;epe (1 + e “@)e~2ltF < oo, By Plancherel and (A.6),
W = / [t2(1 + e~ e By (1) dt < Cil|VF, |3
R2

g‘”ncf/ F)du— 0  (n— oo).
0

We next compute the relevant weight norms. Write v; = e (¢t € R?) for the implementing unitaries of
A = N x, R%2. We take the scalar normalization of the dual weight so that the crossed-product L? formula
reads

pA(X*X) :/ pla—i(aja;))dt  with X = (2%)_1/ agvy dt.
R2 R2

For coeflicients a; € M, we have p|p; = 7, and hence
(A.20) PA(X*X) = / 0 (a¥ay) dt.
R2
Only coefficients in M are used below. Let y € M N L?*(M, 1) and g € L? N L°°(R?) satisfy

/ (1+ [E2)(1 + e~“O)G(1) dt < .
R2
First assume that g € C°(R?). Fourier inversion and vy = ay(y)v; give

yg(H) = (27) ! / Gty dt,

R2

o(H)y = (2m)! / Gt (y)ve dt,

R2

(wjoa(H)) = (207 [ 30 (w5 )t

R2
By (A.20) and [ (y)||3 = e“®||y[3, we have

g () B0 = Il [ "0 .
(A21) loE1B.0.c = 13 | | 360)7 .

g gD e = [ €Oy = el [lace) .

The crossed-product L? isometry extends these identities to every g satisfying the above conditions; see
[Haa78b]. By (A.9), the last expression with g = f,, is at most D?Wn, and the same bound holds for u}.

Finally, we compress the cutoffs by finite-trace projections, since 7(1) may be infinite. Take finite-
trace projections p, € M increasing strongly to 1, and let 6 = > Ajll[us, pilll3. Then 65 — 0: use
u;—1 € L*(M,7), pr — 1 strongly, and the dominating bound 4d§. Take k(n) > n with L,y < 1/n, and
let an = P(n).fn(H)prmn). Then 0 < a, <1 and a, —1 — 0 strongly (n — oo). Since f, > 0 is a Schwartz
function, v/f,, € L?(R?). Applying the second identity in (A.21) with y = Pr(ny and g = /f,, using its
extension to L? N L>°(R?), we have

@A(an) = ”fn(H)l/?pk(n)”g,«pA = T<pk(n)) /]R? fn(s) ds < co.

For e = py(n) and u € {u;, u}}, we have

[, efn(H)e] = [u, e fu(H)e + elu, fn(H)le + e fu(H)[u, €].
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Since e € A, ,, we have [leX||2,,,, || Xe]
el fuH)elB . < el [ e O 0)P .
lefu, fu(H)]ell3 o, < DiWa,
ledu(ED el < el [ 1FuOF

Hence, by the Cauchy—Schwarz inequality,

I, anlll3 g, < 3(Lulllus ell3 + DFWs).

204 < || X|2,04- By (A.21) and (A.9),

Since W, — 0 and }_; )\ijz < oo, using ||[u}, €]l[2 = |[u, €][|2 and Ly, dx(ny < 1/n and summing with weights
Aj/2, we have

3
en <3 | LnSin) + Wa »_ A D} §E+3Wn2/\jDJZ*>O (n — ).

J J

This proves (A.17).
Let z, = pa,p. By (A.12),

TC(Zn) = @A(an) < 0.
Moreover, 0 < z, < p and z, — p strongly. Since [u;, z,] = p[u;, an]p, equations (A.14) and (A.13) give

1 " €
11 = Qp)22n3,00 < 5 DA (lugan]ll3 0 + 1[5 an]3,0.0) = 5
J

Ex
This proves (A.18). O
We can now identify the harmonic space.
Proposition A.9. The fized-point space of the map Q in (A.11) is
Har(Q,A) = M' N A.

Proof. As in the proof of Proposition 5.4, we only need to show that d = Q(aa*) —aa* = 0 for a € Har(Q, A);
Kadison’s inequality and telescoping give

r—1
d>0, > Q¥d)<al’t  (r>1)
k=0

Suppose that d # 0. By (A.12) and faithfulness, 7¢(pdp) = p.4(d) > 0, so pdp # 0. By semifiniteness of ¢,
there exists 0 # x < pdp with 7¢(x) < co. Since Q’; (pdp) = pQ*(d)p, we have

r—1 r—1
> Qi) <p <Z Q’“(d)> p < lla|*p.
k=0 k=0
Let z, = pa,p, with a,, as in Lemma A.8. Applying (A.16) and (A.18), we have
]I
2

Since z, — p strongly and 7¢(z) < oo, the left-hand side tends to 7¢ ()2, a contradiction. Hence d = 0.
By the commutator argument at the end of the proof of Proposition 5.4, we have a € M’ N A, since the u,
generate M. The reverse inclusion follows from (A.11). O

\Tc(a:zn)|2 < Te(x)e, — 0.
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Proof of Theorem A.1. By Proposition A.9, Har(Q, A) = M'N.A. Since @ is a countable convex combination
of unitary conjugations from M, by the Cesaro averaging argument in the proof of Theorem A we have the
weak Dixmier property for M C A. |

A.3 Proof of Theorem A.2.

Proof. Fix a normal faithful state ¢ on M and let p = ¢ o E. Let M = cy(M) C N = ¢,(N), with the

normal faithful expectation £ : N — M induced by E and the canonical trace 7 on M. Write w, for the
common implementing unitaries, # for the dual action, and A = N x, R.
By equivariance of £ and [Con73, Lemmas 1.4.3-1.4.4],

ei(r) = (D(poa) : Dp)y = (D(é 0 a—ilas) : DY) € M.

The canonical extension & to N satisfies ai|y = a¢ and a4 (w,) = ¢ (r)w,. It commutes with 6, and its
restriction to M is the canonical extension of a|aq, so it preserves 7; see [HS90, Propositions 12.1-12.2].
It is ultraweakly continuous, as follows from the standard implementation V; of o and the implementation
(U&)(r) = ¢t (—7)*Vi&(r), using continuity of ¢;(r).

Define §(; 5y = a4fs. Then

B(t,s)(M) =M, T O B(t,s)|M =e°7 ((t7 5) € R2)

Since M has separable predual, Theorem A.1 applies to M C N, T, E, and 8, with £(t,s) = —s. Hence
M C N x5 R? has the weak Dixmier property. Let pus € N x5 R? implement 6. Since usMp: = M, by
further Cesaro averaging under (Ad ps)ser Wwe have the weak Dixmier property for M xg R C N x5 R?.

By Takesaki duality [Tak73, Theorem 4.5] and proper infiniteness of M, we have

M xg R = MRB(L’R) = M,
N x5 R? 2 A®B(L*R) = A.
Since ¢;(r) € M, these identifications can be taken compatibly with the inclusions. Hence M C A has the
weak Dixmier property, which finishes the proof. ([l
REFERENCES

[AHHM20] Hiroshi Ando, Uffe Haagerup, Cyril Houdayer, and Amine Marrakchi. Structure of bicentralizer algebras and inclu-
sions of type III factors. Math. Ann., 376:1145-1194, 2020. arXiv:1804.05706, doi:10.1007/s00208-019-01939-9.

[AP17] Claire Anantharaman and Sorin Popa. An introduction to II; factors. preprint, 8, 2017.

[BJKWO00] O. Bratteli, P. E. T. Jorgensen, A. Kishimoto, and R. F. Werner. Pure states on Og4. J. Operator Theory, 43:97-143,
2000.

[CD20] I. Chifan and S. Das. Rigidity results for von Neumann algebras arising from mixing extensions of profinite actions
of groups on probability spaces. Math. Ann., 378:907-950, 2020.

[CETT] Man-Duen Choi and Edward G. Effros. Injectivity and operator spaces. Journal of Functional Analysis, 24(2):156—

209, 1977. doi:10.1016/0022-1236(77)90052-0.

[ConT3] Alain Connes. Une classification des facteurs de type III. Ann. Sci. Ecole Norm. Sup. (4), 6(2):133-252, 1973.
doi:10.24033/asens.1247.

[ConT6] Alain Connes. Classification of injective factors. cases II1, IIo, III, A # 1. Ann. of Math. (2), 104(1):73-115, 1976.
doi:10.2307/1971057.

[Con85] Alain Connes. Factors of type III1, property L', and closure of inner automorphisms. J. Operator Theory, 14(1):189~
211, 1985.

[DP22] Sayan Das and Jesse Peterson. Poisson boundaries of II; factors. Compos. Math., 158(8):1746-1776, 2022. doi:
10.1112/S0010437X22007539.

[FNW94] M. Fannes, B. Nachtergaele, and R. F. Werner. Finitely correlated pure states. J. Funct. Anal., 120:511-534, 1994.

[FOT11] Masatoshi Fukushima, Yoichi Oshima, and Masayoshi Takeda. Dirichlet Forms and Symmetric Markov Processes,
volume 19 of De Gruyter Studies in Mathematics. Walter de Gruyter, Berlin, second revised and extended edition,
2011. doi:10.1515/9783110218091.

[Fur63] Harry Furstenberg. A Poisson formula for semi-simple Lie groups. Ann. of Math. (2), 77:335-386, 1963. doi:
10.2307/1970220.


https://arxiv.org/abs/1804.05706
https://doi.org/10.1007/s00208-019-01939-9
https://doi.org/10.1016/0022-1236(77)90052-0
https://doi.org/10.24033/asens.1247
https://doi.org/10.2307/1971057
https://doi.org/10.1112/S0010437X22007539
https://doi.org/10.1112/S0010437X22007539
https://doi.org/10.1515/9783110218091
https://doi.org/10.2307/1970220
https://doi.org/10.2307/1970220

52

[Fur67]
[GPYS]
[Haa75]
[Haa78a]
[Haa78b)

[HaaT9a]

[Haa79b)
[Haag5]
[Haag7]
[hex26)
[HM26)
[HS90]
[1s025]
[1zu02]
[1zu04]
[Jon83]
[Kad67]
[Kai00]

[Mar91]

[Mar20]
[Mar21]
[Mar25)
[Mar26)
[MvN36]
[MvN43]

[Ope26]

[Pop81]

[Pop00]

SHUOXING ZHOU

Harry Furstenberg. Poisson boundaries and envelopes of discrete groups. Bull. Amer. Math. Soc., 73(3):350-356,
1967. doi:10.1090/S0002-9904-1967-11748-8.

Liming Ge and Sorin Popa. On some decomposition properties for factors of type II;. Duke Math. J., 94:79-101,
1998. doi:10.1215/50012-7094-98-09405-4.

Uffe Haagerup. The standard form of von Neumann algebras. Math. Scand., 37(2):271-283, 1975. doi:10.7146/
math.scand.a-11606.

Uffe Haagerup. On the dual weights for crossed products of von Neumann algebras. I. Math. Scand., 43:99-118,
1978. doi:10.7146/math.scand.a-11768.

Uffe Haagerup. On the dual weights for crossed products of von Neumann algebras. II. Math. Scand., 43:119-140,
1978. doi:10.7146/math.scand.a-11769.

Uffe Haagerup. LP-spaces associated with an arbitrary von Neumann algebra. In Algébres d’opérateurs et leurs
applications en physique mathématique, volume 274 of Colloques Internationaur du CNRS, pages 175-184. CNRS,
Paris, 1979. URL: https://dmitripavlov.org/scans/haagerup.pdf.

Uffe Haagerup. Operator valued weights in von Neumann algebras. I. J. Funct. Anal., 32(2):175-206, 1979. doi:
10.1016/0022-1236(79)90053-3.

Uffe Haagerup. A new proof of the equivalence of injectivity and hyperfiniteness for factors on a separable Hilbert
space. J. Funct. Anal., 62(2):160-201, 1985. doi:10.1016/0022-1236(85)90002-3.

Uffe Haagerup. Connes’ bicentralizer problem and uniqueness of the injective factor of type IIl;. Acta Math.,
158(1-2):95-148, 1987. doi:10.1007/BF02392257.

Poisson boundaries of type iii factors and the relative bicentralizer conjecture. Hexagon preprint
hexagon:2610.00134v2, 2026. Contributors: Shuoxing Zhou. URL: https://hexagonmath.org/2610.00134v2.

Cyril Houdayer and Amine Marrakchi. The classification of flows on II; factors and Connes’ bicentralizer problem,
2026. URL: https://arxiv.org/abs/2609.11462, arXiv:2609.11462, doi:10.48550/arXiv.2609.11462.

Uffe Haagerup and Erling Stgrmer. Equivalence of normal states on von Neumann algebras and the flow of weights.
Adv. Math., 83(2):180-262, 1990. doi:10.1016/0001-8708(90)90078-2.

Yusuke Isono. Weak relative dixmier property and popa’s intertwining technique for type iii subfactors, 2025. URL:
https://arxiv.org/abs/2508.17592, arXiv:2508.17592.

Masaki Izumi. Non-commutative Poisson boundaries and compact quantum group actions. Adv. Math., 169(1):1-57,
2002. doi:10.1006/aima.2001.2053.

Masaki Izumi. Non-commutative Poisson boundaries. In Discrete geometric analysis, volume 347 of Contemp.
Math., pages 69—81. Amer. Math. Soc., Providence, RI, 2004. doi:10.1090/conm/347/06267.

V. F. R. Jones. Index for subfactors. Invent. Math., 72(1):1-25, 1983. doi:10.1007/BF01389127.

Richard V. Kadison. Problems on von Neumann algebras. Unpublished manuscript, Baton Rouge Conference, 1967.
Vadim A. Kaimanovich. The Poisson formula for groups with hyperbolic properties. Ann. of Math. (2), 152(3):659—
692, 2000. doi:10.2307/2661351.

G. A. Margulis. Discrete subgroups of semisimple Lie groups, volume 17 of Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1991. doi:10.1007/978-
3-642-51445-6.

Amine Marrakchi. Full factors, bicentralizer flow and approximately inner automorphisms. Invent. Math., 222:375—
398, 2020. arXiv:1811.10253, doi:10.1007/s00222-020-00971-w.

Amine Marrakchi. On the weak relative Dixmier property. Proc. Lond. Math. Soc. (8), 122(1):118-123, 2021.
doi:10.1112/plms.12347.

Amine Marrakchi. Kadison’s problem for type IIT subfactors and the bicentralizer conjecture. Invent. Math., 239:79—
163, 2025. arXiv:2308.15163, doi:10.1007/s00222-024-01299-5.

Amine Marrakchi. Kadison’s problem and ergodicity of the bicentralizer flow, 2026. Preprint, version 2. URL:
https://arxiv.org/abs/2606.23636v2, arXiv:2606.23636, doi:10.48550/arXiv.2606.23636.

Francis J. Murray and John von Neumann. On rings of operators. Ann. of Math. (2), 37(1):116-229, 1936. doi:
10.2307/1968693.

Francis J. Murray and John von Neumann. On rings of operators. IV. Ann. of Math. (2), 44:716-808, 1943.
doi:10.2307/1969107.

OpenAl. Expected amenable subalgebras preserving core commutants. OpenAl Math Release preprint, 2026.
September 23, 2026. URL: https://github.com/openai/math/blob/main/preprints/Expected-amenable-
subalgebras-preserving-core-commutants-September-23-2026/Expected-amenable-subalgebras-preserving-
core-commutants-September-23-2026.pdf.

Sorin Popa. On a problem of R. V. Kadison on maximal abelian *-subalgebras in factors. Invent. Math., 65:269-281,
1981. doi:10.1007/BF01389015.

Sorin Popa. On the relative Dixmier property for inclusions of C*-algebras. J. Funct. Anal., 171(1):139-154, 2000.
doi:10.1006/jfan.1999.3536.


https://doi.org/10.1090/S0002-9904-1967-11748-8
https://doi.org/10.1215/S0012-7094-98-09405-4
https://doi.org/10.7146/math.scand.a-11606
https://doi.org/10.7146/math.scand.a-11606
https://doi.org/10.7146/math.scand.a-11768
https://doi.org/10.7146/math.scand.a-11769
https://dmitripavlov.org/scans/haagerup.pdf
https://doi.org/10.1016/0022-1236(79)90053-3
https://doi.org/10.1016/0022-1236(79)90053-3
https://doi.org/10.1016/0022-1236(85)90002-3
https://doi.org/10.1007/BF02392257
https://hexagonmath.org/2610.00134v2
https://arxiv.org/abs/2609.11462
https://arxiv.org/abs/2609.11462
https://doi.org/10.48550/arXiv.2609.11462
https://doi.org/10.1016/0001-8708(90)90078-2
https://arxiv.org/abs/2508.17592
https://arxiv.org/abs/2508.17592
https://doi.org/10.1006/aima.2001.2053
https://doi.org/10.1090/conm/347/06267
https://doi.org/10.1007/BF01389127
https://doi.org/10.2307/2661351
https://doi.org/10.1007/978-3-642-51445-6
https://doi.org/10.1007/978-3-642-51445-6
https://arxiv.org/abs/1811.10253
https://doi.org/10.1007/s00222-020-00971-w
https://doi.org/10.1112/plms.12347
https://arxiv.org/abs/2308.15163
https://doi.org/10.1007/s00222-024-01299-5
https://arxiv.org/abs/2606.23636v2
https://arxiv.org/abs/2606.23636
https://doi.org/10.48550/arXiv.2606.23636
https://doi.org/10.2307/1968693
https://doi.org/10.2307/1968693
https://doi.org/10.2307/1969107
https://github.com/openai/math/blob/main/preprints/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026.pdf
https://github.com/openai/math/blob/main/preprints/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026.pdf
https://github.com/openai/math/blob/main/preprints/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026/Expected-amenable-subalgebras-preserving-core-commutants-September-23-2026.pdf
https://doi.org/10.1007/BF01389015
https://doi.org/10.1006/jfan.1999.3536

[Pop21]
[Tak73]
[Tak03]
[VD14]
[vN29)
[Zho24a]
[Zho24b)
[Zho24c]

[Zho25)

POISSON BOUNDARIES, BICENTRALIZERS, AND KADISON’S PROBLEM 53

Sorin Popa. On ergodic embeddings of factors. Comm. Math. Phys., 384:971-996, 2021. arXiv:1910.06923, doi:
10.1007/s00220-020-03865-3.

Masamichi Takesaki. Duality for crossed products and the structure of von Neumann algebras of type III. Acta
Math., 131:249-310, 1973. doi:10.1007/BF02392041.

M. Takesaki. Theory of operator algebras. II, volume 125 of Encyclopaedia of Mathematical Sciences. Springer-
Verlag, Berlin, 2003. Operator Algebras and Non-commutative Geometry, 6. doi:10.1007/978-3-662-10451-4.
Alfons Van Daele. Locally compact quantum groups. A von Neumann algebra approach. SIGMA, 10:082, 2014. 41
pp. doi:10.3842/SIGMA.2014.082.

John von Neumann. Zur allgemeinen Theorie des Masses. Fund. Math., 13:73-116, 1929. doi:10.4064/fm-13-1-
73-116.

Shuoxing Zhou. Hypertrace and entropy gap characterizations of property (T) for II; factors. J. Funct. Anal.,
287(6):Paper No. 110530, 2024. doi:10.1016/j.jfa.2024.110530.

Shuoxing Zhou. Noncommutative Poisson Boundaries, Ultraproducts, and Entropy. Int. Math. Res. Not. IMRN,
2024(10):8794-8818, 2024. doi:10.1093/imrn/rnae022.

Shuoxing Zhou. Noncommutative topological boundaries and amenable invariant random intermediate subalgebras,
2024. URL: https://arxiv.org/abs/2407.10905, arXiv:2407.10905.

Shuoxing Zhou. Rigidity of Furstenberg entropy under ucp maps, 2025. URL: https://arxiv.org/abs/2503.03424,
arXiv:2503.03424.

MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD, OXFORD, UNITED KINGDOM
Email address: shuoxing.zhou@maths.ox.ac.uk


https://arxiv.org/abs/1910.06923
https://doi.org/10.1007/s00220-020-03865-3
https://doi.org/10.1007/s00220-020-03865-3
https://doi.org/10.1007/BF02392041
https://doi.org/10.1007/978-3-662-10451-4
https://doi.org/10.3842/SIGMA.2014.082
https://doi.org/10.4064/fm-13-1-73-116
https://doi.org/10.4064/fm-13-1-73-116
https://doi.org/10.1016/j.jfa.2024.110530
https://doi.org/10.1093/imrn/rnae022
https://arxiv.org/abs/2407.10905
https://arxiv.org/abs/2407.10905
https://arxiv.org/abs/2503.03424
https://arxiv.org/abs/2503.03424

	Introduction
	Connes' bicentralizer conjecture and the weak Dixmier property.
	The weak Dixmier property via Poisson boundaries.
	Proof strategy for Theorem A.
	Kadison's problem on MASA.

	Preliminaries
	Poisson boundaries of general von Neumann algebras
	Weak Dixmier properties via Poisson boundaries
	The relative bicentralizer conjecture
	Kadison's problem on MASA
	Weak Dixmier properties for actions of R and R2

