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Abstract. We develop Poisson boundary theory for general von Neumann algebras with separable predu-

als. As an application, we prove that, for every inclusion M ⊂ P of countably decomposable von Neumann
algebras with a normal faithful conditional expectation, M ⊂ c(P ) has the weak Dixmier property, where

c(P ) is the continuous core of P . As direct consequences, via the characterizations of Haagerup and Mar-

rakchi, we have a completely new proof of Connes’ bicentralizer conjecture and prove Marrakchi’s relative
bicentralizer conjecture. We also give a new proof of the solution to Kadison’s problem on maximal abelian

subalgebras for inclusions of von Neumann algebras with expectation.

1. Introduction

1.1 Connes’ bicentralizer conjecture and the weak Dixmier property. In the theory of von Neu-
mann algebras, as in many areas of mathematics, averaging and averagable objects are a central theme of
research. Amenability is the property that describes the possibility of averaging and is a central property in
geometric and ergodic group theory. A discrete group Γ is amenable if and only if there exists a Γ-invariant
mean on ℓ∞(Γ) [vN29].

For von Neumann algebras, amenability is equivalent to injectivity. A von Neumann algebra M ⊂
B(H) is injective if and only if there exists a conditional expectation from B(H) ontoM . The weak Dixmier
property is an averaging property of inclusions of von Neumann algebras. An inclusion M ⊂ A has the
weak Dixmier property if every x ∈ A can be averaged by unitaries of M into the relative commutant
M ′ ∩ A, that is,

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅ (x ∈ A).

In his celebrated work, Connes [Con76] proved that a von Neumann algebra M ⊂ B(H) with separable
predual is injective if and only if the inclusion M ⊂ B(H) has the weak Dixmier property. These conditions
are further equivalent to M being hyperfinite, meaning that it can be approximated by finite-dimensional
subalgebras. This connects averaging with finite-dimensional approximation and makes it a tool for the
classification of amenable von Neumann algebras.

The classification of von Neumann algebras was a central goal of the work of Murray–von Neumann
[MvN36]. Von Neumann algebras with separable predual decompose as direct integrals of factors, which
are von Neumann algebras M with trivial center, i.e., Z(M) = M ′ ∩ M = C1. Murray–von Neumann
divided factors into types I, II1, II∞, and III. A type I factor is isomorphic to B(H) for some Hilbert space
H. A type II1 factor admits a normal faithful finite trace, while a type II∞ factor admits a normal faithful
semifinite trace τ with τ(1) = ∞. Type III factors admit no nonzero normal semifinite trace. Murray–von
Neumann [MvN43] proved that, up to isomorphism, there is a unique hyperfinite II1 factor.

Connes [Con73] refined this classification by dividing type III into types IIIλ for 0 ≤ λ ≤ 1. He sub-
sequently classified the amenable factors with separable predual of types II1, II∞, and IIIλ for 0 ≤ λ < 1
[Con76]. For the remaining type III1 case, Connes [Con85] introduced the bicentralizer conjecture and
showed that a positive solution for amenable factors would imply the uniqueness of the amenable type III1
factor. Let M be a countably decomposable von Neumann algebra and let ϕ be a normal faithful state on
M . The bicentralizer B(M,ϕ) consists of the x ∈ M such that [x, an] → 0 strongly for every bounded

1

h
e
x
a
g
o
n
:
2
6
1
0
.
0
0
1
3
4
v
3

https://hexagonmath.org/abs/2610.00134v3


2 SHUOXING ZHOU

sequence (an) ⊂ M satisfying ∥anϕ− ϕan∥ → 0; see Subsection 2.2. Connes’ bicentralizer conjecture states
that B(M,ϕ) = C1 for every type III1 factor M and every normal faithful state ϕ on M .

The finite trace τ on a type II1 factor M makes the analogous bicentralizer statement immediate:
B(M, τ) = Z(M) = C1. More generally, much of the power of averaging in finite von Neumann algebras
comes from the trace: it provides an invariant Hilbert-space geometry in which convexity produces fixed
points. Type III algebras have no such trace. For factors with separable predual of type IIIλ, 0 < λ < 1,
the periodic modular structure gives a discrete decomposition as a crossed product of a type II∞ factor by
Z [Con73]. This reduces many structural questions to the semifinite setting. Such a periodic reduction is
not available in general for type III1 factors. One must therefore find methods that work without either a
trace on the original algebra or such a discrete reduction. This is one reason why the type III1 case often
presents the greatest difficulty.

The same difficulty appears in Popa’s problem on the weak Dixmier property (Corollary E) and Kadison’s
problem on MASA (Theorem G), discussed below. For inclusionsM ⊂ A with expectation and finiteM , the
weak Dixmier property follows from classical averaging arguments. The type II1 case of Kadison’s problem
was established by Popa [Pop81] in 1981. The type III1 cases of these problems were resolved only much
later, in 2019 and 2026, respectively.

Haagerup [Haa87, Theorem 2.3] solved the bicentralizer problem for amenable factors, thereby proving
the uniqueness of the amenable type III1 factor and completing the classification of amenable factors with
separable predual. Haagerup [Haa87, Theorem 3.1] proved that a type III1 factor M with separable predual
has trivial bicentralizer if and only if M ⊂ c(M) has the weak Dixmier property, where c(M) =M ⋊σϕ R is
the continuous core of M . Here σϕ is the modular automorphism group associated with ϕ; we refer
to Subsection 2.3 for background on modular theory and continuous cores. For amenable M , hyperfiniteness
allows us to average each element of c(M) by unitaries of M into M ′ ∩ c(M) in the weak topology, so
M ⊂ c(M) has the weak Dixmier property and hence M has trivial bicentralizer.

Houdayer–Marrakchi [HM26, Theorem C] recently solved Connes’ bicentralizer conjecture for arbitrary
type III1 factors. Their proof does not follow Haagerup’s approach. It relies on the bicentralizer flow
[AHHM20], on the ergodicity theorems for this flow proved by Marrakchi [Mar20, Theorem D], [Mar26,
Theorem C], and on a resonance phenomenon, discovered in [HM26], for the joint action of the modular flow
and the dual bicentralizer flow. In particular, their proof does not use Haagerup’s theorem. It is therefore
also a new proof that amenable type III1 factors have trivial bicentralizer, and hence, by [Con85], a new
proof of the uniqueness of the amenable type III1 factor.

In this paper, we follow Haagerup’s approach to give a new proof of Connes’ bicentralizer conjecture,
independent of [HM26]. We prove the weak Dixmier property forM ⊂ c(M) directly, and more generally for
M ⊂ c(P ) whenever M ⊂ P admits a normal faithful conditional expectation, and then apply Haagerup’s
characterization. Our proof treats all factors uniformly, with only minor adjustments between the finite
and properly infinite cases. In particular, the previously most difficult type III1 case is treated by the same
argument as the other properly infinite cases, without using any recent advances in modular and bicentralizer
theory.

Theorem A. Let M ⊂ P be an inclusion of countably decomposable von Neumann algebras with a normal
faithful conditional expectation. Then M ⊂ c(P ) has the weak Dixmier property. In particular, M ⊂ c(M)
has the weak Dixmier property.

By the result of Haagerup [Haa87, Theorem 3.1], Theorem A implies Connes’ bicentralizer conjecture.

Corollary B (Connes’ bicentralizer conjecture [HM26]). Let M be a countably decomposable factor of type
III1. Then

B(M,ϕ) = C1

for every normal faithful state ϕ on M .
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By [Mar25, Theorem D], Theorem A also implies Marrakchi’s relative bicentralizer conjecture [Mar25,
Conjecture C], which generalizes Connes’ bicentralizer conjecture. We refer to Subsection 2.2 for the defini-
tion of the relative bicentralizer and the statement of the relative bicentralizer conjecture.

Corollary C (The relative bicentralizer conjecture). Let M ⊂ P be an inclusion of countably decomposable
von Neumann algebras with a normal faithful conditional expectation. Then M ⊂ P satisfies the relative
bicentralizer conjecture.

The generating inner ucp maps and cutoff arguments used in the proof of Theorem A also apply to
crossed products by more general actions. We first obtain the following result for R2-actions on semifinite
von Neumann algebras.

Theorem A.1. Let M ⊂ N be an inclusion of von Neumann algebras. Assume that M has separable
predual, that τ is a normal faithful semifinite trace on M , and that E : N → M is a normal faithful
conditional expectation. Let α : R2 ↷ N be an ultraweakly continuous action such that

αt(M) =M, τ ◦ αt|M = eℓ(t)τ (t ∈ R2),

with ℓ : R2 → R linear. Then M ⊂ N ⋊α R2 has the weak Dixmier property.

Passing to compatible continuous cores and applying Takesaki duality, we then obtain the following result
for general flows.

Theorem A.2. Let M ⊂ N be an inclusion of von Neumann algebras. Assume that M is properly infinite
with separable predual and that E : N → M is a normal faithful conditional expectation. Let α : R ↷ N be
an ultraweakly continuous action such that

αt(M) = M, E ◦ αt = αt|M ◦ E (t ∈ R).

Then M ⊂ N ⋊α R has the weak Dixmier property.

We present these extensions in Appendix A to keep the main text focused on the direct proof of Theorem A
and its bicentralizer consequences. The appendix explains how the same averaging argument combines with
two-dimensional cutoff estimates and passage to compatible continuous cores to treat more general actions.

1.2 The weak Dixmier property via Poisson boundaries. The Poisson boundary of a group is
also an object defined through averaging. Let Γ be a countable discrete group, and let µ ∈ Prob(Γ) be a
generating probability measure, i.e.,

⋃
n≥1(suppµ)

n = Γ. Define the Markov operator Pµ on ℓ∞(Γ) by

Pµ(f)(g) =
∑
s∈Γ

µ(s)f(gs) (g ∈ Γ).

Hence Pµ can be viewed as a µ-weighted averaging operator. Let Har(Γ, µ) = {f ∈ ℓ∞(Γ) | Pµ(f) = f} be
the space of bounded µ-harmonic functions.

The Poisson boundary of (Γ, µ) is the essentially unique nonsingular Γ-probability space (B, νB) such
that the Poisson transform

PνB : L∞(B, νB) −→ Har(Γ, µ), PνB (F )(g) =

∫
B

F (gb) dνB(b)

is an isometric isomorphism [Fur63].
For example, let Γ be a non-elementary hyperbolic group with a finite generating set S, and let µ be

a generating probability measure supported on S. Then its Poisson boundary can be identified with the
Gromov boundary (∂∞Γ, ν∞) of the Cayley graph with respect to S, where ν∞ is the hitting measure of the
µ-random walk [Kai00, Theorems 7.6 and 7.7].

Another example comes from lattices in semisimple Lie groups. Furstenberg [Fur67] proved that, for
every irreducible lattice Γ < G in a connected semisimple real Lie group with finite center and no compact
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factors, there exists a fully supported probability measure µ on Γ such that the (Γ, µ)-Poisson boundary is
(G/P, νP ), where P < G is a minimal parabolic subgroup. A major application of Poisson boundary theory
is the proof of Margulis’ superrigidity theorem for irreducible lattices in higher rank semisimple Lie groups
[Mar91, Chapter VII].

Izumi [Izu02, Izu04] developed a noncommutative Poisson boundary construction for normal ucp maps
on von Neumann algebras, motivated by the study of discrete quantum groups. Building on Izumi’s con-
struction, Das–Peterson [DP22] initiated Poisson boundary theory for finite von Neumann algebras, which
was subsequently studied in [Zho24b, Zho24a, Zho24c, Zho25]. We extend this theory to general von Neu-
mann algebras M with separable preduals. In this general setting, as analogues of generating probability
measures on groups, our main objects are normal, regular, strongly generating (nrsg) hyperstates
on B(L2(M)) (Definition 3.8). More concretely (see Example 3.10), given any normal faithful state ϕ on M
with canonical cyclic vector ξϕ ∈ L2(M), we can always construct a normal faithful state φ on B(L2(M))
with φ|M = ϕ and sequences (zk), (yk) ⊂M such that

C[zk]
w
= C[yk]

w
=M,

∑
k

z∗kzk =
∑
k

yky
∗
k = 1.

The corresponding normal inner ucp maps

Pφ(T ) =
∑
k

(Jz∗kJ)T (JzkJ), Poφ(T ) =
∑
k

ykTy
∗
k

satisfy

(1.1) φ(T ) = ⟨Pφ(T )ξϕ, ξϕ⟩ = ⟨Poφ(T )ξϕ, ξϕ⟩ (T ∈ B(L2(M))).

Here J is the modular conjugation on L2(M), and C[zk] and C[yk] are the unital subalgebras (rather than
the unital ∗-subalgebras) generated by (zk) and (yk), respectively.

Let Har(Pφ) = {T ∈ B(L2(M)) | Pφ(T ) = T}. We define the Poisson boundary Bφ to be the von
Neumann algebra isomorphic to Har(Pφ) as operator systems (Definition 3.3). Its existence and uniqueness
are proved in Proposition 3.4. Under this identification, M is a von Neumann subalgebra of Bφ.

For example, let Γ be a countable discrete group, let µ ∈ Prob(Γ) be a generating probability measure,
and let (B, νB) be its Poisson boundary. For M = L(Γ), consider the hyperstate φ ∈ B(ℓ2(Γ))∗ defined
by φ(T ) =

∑
g∈Γ µ(g)⟨Tδg, δg⟩. Izumi [Izu04] proved that M ⊂ Bφ is naturally isomorphic to the inclusion

L(Γ) ⊂ L∞(B, νB)⋊ Γ.
We have the following sufficient condition for the weak Dixmier property in terms of maps into Bφ.

Theorem D (Theorem 4.2). Let M be a von Neumann algebra with separable predual, and let φ be an nrsg
hyperstate on B(L2(M)) with Poisson boundary Bφ. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M =MI∞ ⊕MII∞ ⊕MIII;
(ii) M is finite with a normal faithful trace τ , and φ =

∫
U(M)

⟨ ·uξτ , uξτ ⟩ dµ(u) for some µ ∈ Prob(U(M)).

Then every W∗-inclusion M ⊂ A equipped with a normal faithful ucp map P : A → Bφ satisfying P|M = idM
has the weak Dixmier property.

As a direct corollary, we give a new proof of the weak Dixmier property for W∗-inclusions with a normal
faithful conditional expectation, a problem posed by Popa [Pop00, Remark 1.5] and solved by Marrakchi
[Mar21].

Corollary E ([Pop00, Mar21], Corollary 4.3). Let M ⊂ A be an inclusion of countably decomposable von
Neumann algebras with a normal faithful conditional expectation. Then M ⊂ A has the weak Dixmier
property.

We also prove a semifinite version of Theorem D, replacing the normal faithful ucp map into Bφ by a

normal faithful semifinite M -bimodular positive map T : A+ → B̂φ+, with the averaging conclusion for
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positive elements x such that T (x) is bounded (Theorem 4.7). In particular, we have a new proof of the
weak Dixmier result of Isono [Iso25] for inclusionsM ⊂ A of countably decomposable von Neumann algebras
with a normal faithful semifinite operator-valued weight (Corollary 4.8).

The proof of Theorem D is rather simple. We explain the key case where M is properly infinite with
separable predual, and there is a normal faithful conditional expectation E : A →M . Fix a normal faithful
state ϕ on M and take an nrsg hyperstate φ extending ϕ as above. Using the coefficients (yk) of Poφ, we
define the normal M -inner ucp map

Q : A → A, Q(a) =
∑
k

ykay
∗
k (a ∈ A),

and let Har(Q,A) = {a ∈ A | Q(a) = a}. We first prove that Har(Q,A) =M ′ ∩ A.
Define φA = ϕ ◦ E. For a ∈ A with Q(a) = a, by Kadison’s inequality we have

Q(aa∗)− aa∗ = Q(aa∗)−Q(a)Q(a)∗ ≥ 0.

By (1.1), ϕ ◦Q|M = ϕ. Since E is M -bimodular, we also have

(1.2) φA ◦Q = ϕ ◦ E ◦Q = ϕ ◦Q ◦ E = ϕ ◦ E = φA.

Hence φA(Q(aa∗)− aa∗) = 0, and by faithfulness we have Q(aa∗) = aa∗. Since Q(a∗) = a∗, we have

(1.3)

∑
k

(yka− ayk)(yka− ayk)
∗

=
∑
k

(
ykaa

∗y∗k − ykay
∗
ka

∗ − ayka
∗y∗k + ayky

∗
ka

∗)
= Q(aa∗)−Q(a)a∗ − aQ(a∗) + aa∗ = 0.

Hence yka = ayk for every k. Since C[yk] is weakly dense in M , we have a ∈ M ′ ∩ A, proving Har(Q,A) =
M ′ ∩ A.

For every a ∈ A, any weak cluster point of the Cesàro averages (1/n)
∑n−1
j=0 Q

j(a) lies in Har(Q,A) =

M ′ ∩ A. If yk = ∥yk∥uk with uk ∈ U(M), these averages would lie in the weakly closed convex hull of the
unitary orbit of a, giving the weak Dixmier property for M ⊂ A directly. In general, the coefficients (yk)
need not have this form. Nevertheless, the same argument shows that M ⊂ A has the inner UCP-Dixmier
property defined below.

Definition 1.1. Let M ⊂ A be a W∗-inclusion. A ucp map P : A → A is called M-inner if

P(a) =
∑
k

zkaz
∗
k,

∑
k

zkz
∗
k = 1,

for a sequence (zk) ⊂M . We say that M ⊂ A has the inner UCP-Dixmier property if, for every a ∈ A,

{P(a) | P is an M -inner ucp map}
w
∩ (M ′ ∩ A) ̸= ∅.

Indeed, each Cesàro averaging map (1/n)
∑n−1
j=0 Q

j is M -inner, so M ⊂ A has the inner UCP-Dixmier
property.

We prove that the two properties are equivalent when M is properly infinite, which completes the proof
in the case considered above. The proof uses proper infiniteness to pass from inner ucp maps to unitary
averages, an idea similar to that used by Haagerup [Haa85, Section 2].

Theorem F (Theorem 4.1). Let M ⊂ A be a W∗-inclusion such that M is properly infinite. Then M ⊂ A
has the weak Dixmier property if and only if it has the inner UCP-Dixmier property.

To summarize, the Poisson boundary theory provides inner ucp maps with the properties needed to prove
the inner UCP-Dixmier property in Definition 1.1; when M is properly infinite, we then apply Theorem F
to obtain the weak Dixmier property.
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1.3 Proof strategy for Theorem A. Let M ⊂ P be a W∗-inclusion with a normal faithful conditional
expectation E : P → M as in Theorem A. The proof of the weak Dixmier property for M ⊂ c(P ) is in the
same spirit as the preceding argument, with modular-theoretic adaptations to the special case A = c(P ).

We again focus on the key case where M is properly infinite with separable predual. Fix a normal
faithful state ϕ on M , and let ρ = ϕ ◦ E. We take a more special nrsg (M,ϕ)-hyperstate φ with symmetry
from Example 3.10. Let A = cρ(P ), and define Q(x) =

∑
k ykxy

∗
k (x ∈ A) using the coefficients (yk) of

Poφ. As in Subsection 1.2, to prove the weak Dixmier property for M ⊂ A, we only need to prove that
Har(Q,A) =M ′ ∩ A.

Let T : A+ → P̂+ be the canonical normal faithful semifinite operator-valued weight of the continuous
core. Define φA = ρ◦T , the dual weight of ρ; see Subsection 2.3. By (1.3), to prove Har(Q,A) =M ′∩A, we
only need to prove that Q(aa∗) = aa∗ for every a ∈ Har(Q,A). Fix such an a, and let d := Q(aa∗)−aa∗ ≥ 0.

As in (1.2), we have φA ◦Q = φA. Intuitively, this would give φA(d) = φA(Q(aa∗))− φA(aa
∗) = 0, but

this calculation is justified only when φA(aa
∗) <∞. Instead, Lemma 2.2 shows that, for every 0 ̸= d′ ∈ A+,

there exists x′ ∈ A+ such that 0 ̸= x′ ≤ d′ and 0 < φA(x
′) < ∞. Hence we only need to prove that

every x ∈ A+ satisfying x ≤ d and φA(x) < ∞ must satisfy x = 0. Since x ≤ d = Q(aa∗) − aa∗ and∑n−1
k=0 Q

k(d) = Qn(aa∗)− aa∗, we have

n−1∑
k=0

Qk(x) ≤ C1 with C = ∥a∥2 (n ≥ 1).

We prove in Lemmas 5.2 and 5.3 that such an x must be 0.
The estimates use a noncommutative analogue of the classical cutoff argument for recurrence of symmet-

ric Markov operators; see [FOT11, Section 1.6, Theorem 1.6.3]. To explain this argument, we present a
commutative model in which L∞(R, dt), equipped with the weight induced by Lebesgue measure, plays the
role of (A, φA). Our choice of a symmetric measure ν ∈ Prob(R) corresponds to the choice of a symmetric
nrsg hyperstate φ.

Proposition 1.2. Let ν ∈ Prob(R) be symmetric, and assume that m2 =
∫
R s

2 dν(s) < ∞. Define the
Markov operator Q on L∞(R, dt) by

Q(b)(t) =

∫
R
b(t+ s) dν(s) (b ∈ L∞(R, dt)).

Let x ∈ L∞(R, dt)+ with
∫
R x(t) dt <∞. If there exists 0 ≤ C <∞ such that

(1.4)

n−1∑
k=0

Qk(x) ≤ C1 (n ≥ 1),

then x = 0.

Proof. We first prove that Q preserves the integral and is a self-adjoint contraction on L2(R) (cf. Lemma 5.1).
Tonelli’s theorem and translation invariance give

∫
RQ(b) dt =

∫
R b dt for b ∈ L1(R)+. By Kadison’s inequal-

ity, we then have ∥Q(b)∥2 ≤ ∥b∥2 for b ∈ L2 ∩L∞(R), and hence on L2(R) by density. Since ν is symmetric,
Q is self-adjoint, so 1−Q ≥ 0.

We may assume that
∫
R x dt > 0. Take a real f ∈ C∞

c (R) with 0 ≤ f ≤ 1, equal to 1 near 0, even and

nonincreasing in |t|. Let FR(t) = f(t/R) for R ≥ 1. Then FR ↗ 1 pointwise (R→ ∞) and
∫
R FR dt <∞.

We next prove the partial-sum estimate (cf. Lemma 5.2)

(1.5)

∫
R
x dt ≤ lim inf

R→∞
C∥(1−Q)1/2FR∥22.
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Let an =
∑n−1
k=0 Q

k(x). Then 0 ≤ an ≤ C1,
∫
R an dt = n

∫
R x dt, and an ∈ L1 ∩ L∞(R) ⊂ L2(R). Since

(1−Q)an = x−Qn(x),

∥(1−Q)1/2an∥22 =

∫
R
an
(
x−Qn(x)

)
dt ≤ C

∫
R
x dt.

For fixed R, by the Cauchy–Schwarz inequality we therefore have

(1.6)

∣∣∣∣∫
R
FR
(
x−Qn(x)

)
dt

∣∣∣∣2 ≤ C

(∫
R
x dt

)
∥(1−Q)1/2FR∥22.

By (1.4) and monotone convergence,
∞∑
n=0

∫
R
FRQ

n(x) dt ≤ C

∫
R
FR dt <∞.

Hence
∫
R FRQ

n(x) dt→ 0 (n→ ∞), so by (1.6) we have(∫
R
FRx dt

)2

≤ C

(∫
R
x dt

)
∥(1−Q)1/2FR∥22.

Dominated convergence as R→ ∞ and division by
∫
R x dt > 0 give (1.5).

We now prove the cutoff estimate (cf. Lemma 5.3). Expanding the squared difference, for b ∈ L2(R) we
have

(1.7) ∥(1−Q)1/2b∥22 =
1

2

∫
R
∥b( · + s)− b∥22 dν(s).

The fundamental theorem of calculus and the Cauchy–Schwarz inequality give

(1.8) ∥FR( · + s)− FR∥2 ≤ |s|∥F ′
R∥2 =

|s|√
R
∥f ′∥2 (s ∈ R).

Recall that m2 =
∫
R s

2 dν(s) <∞. By (1.7) and (1.8), we have

(1.9) ∥(1−Q)1/2FR∥22 ≤ ∥f ′∥22
2R

∫
R
s2 dν(s) =

m2∥f ′∥22
2R

.

Hence ∥(1−Q)1/2FR∥22 → 0 (R→ ∞), so by (1.5) we have
∫
R x dt = 0 and x = 0. □

Remark 1.3. Symmetry of Q is essential in Proposition 1.2. Indeed, let S(f)(t) = f(t− 1) be the nonsym-
metric translation on L∞(R), and let x = 1[0,1). Then x ̸= 0, but

∞∑
n=0

Sn(x) = 1[0,∞) ≤ 1.

This is why our proof of Theorem A uses the symmetric nrsg hyperstate constructed in Example 3.10, whereas
the argument in Subsection 1.2 works with an arbitrary nrsg hyperstate.

1.4 Kadison’s problem on MASA. Our Poisson boundary theory has another important application:
a new and highly simplified proof of the solution to Kadison’s problem on maximal abelian subalgebras
(MASA). In 1967, Kadison [Kad67] asked whether, for every inclusion of factors M ⊂ P with M ′ ∩P = C1,
there is a maximal abelian subalgebra A ⊂ M which is maximal abelian in P , that is, A′ ∩ P = A. In
1981, Popa [Pop81] answered this question affirmatively when M is of type II and there is a normal faithful
conditional expectation from P ontoM , by constructing the desired maximal abelian subalgebra as the limit
of an increasing sequence of finite-dimensional abelian subalgebras. Ge–Popa [GP98, Corollary 5.1] showed
that the answer can be negative without such a conditional expectation, even when M is a type II1 factor
and P is a type II∞ factor, and asked whether the existence of a normal faithful conditional expectation
suffices for factors of arbitrary type; see the discussion after [GP98, Corollary 5.1] and [Pop21, Problem 7.6].
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Marrakchi [Mar25, Theorem A] solved this problem when M is not of type III1, or when M is a type III1
factor with trivial bicentralizer. Marrakchi [Mar26, Theorem A(2)] completed the solution for arbitrary type
III1 factors, by reducing to the case of approximately finite-dimensional subalgebras [Mar26, Theorem B],
which relies on the ergodicity of the relative bicentralizer flow [Mar26, Theorem C].

We give a new proof of the solution to Kadison’s problem, different from the proofs of Marrakchi [Mar25,
Mar26]. As in our proof of Theorem A, we treat all factors uniformly, with only minor adjustments for
finite factors and factors of type I∞. In particular, the most difficult type III1 case is treated by the same
argument as the other continuous properly infinite cases, without using any recent advances in modular
and bicentralizer theory. Moreover, this proof is completely independent of our proof of the bicentralizer
conjecture (Theorem A and Corollaries B and C).

Theorem G ([Pop81, Mar25, Mar26]). Let M ⊂ P be an inclusion of von Neumann algebras with separable
preduals. Assume thatM ′∩P = Z(M) and that there is a normal faithful conditional expectation E : P →M .
Then there is an abelian von Neumann subalgebra A ⊂M such that

A′ ∩ P = A.

We briefly explain the proof of Theorem G in the key case where M is continuous and properly infinite.
Let Q be the map of Subsection 1.2 for A = P , that is, Q(x) =

∑
k ykxy

∗
k (x ∈ P ). The argument given

there shows that Har(Q,P ) = M ′ ∩ P = Z(M). Hence the Cesàro means Cn = (1/n)
∑n−1
ℓ=0 Q

ℓ satisfy
∥θ ◦ Cn∥ → 0 for every θ ∈ P∗ with θ|Z(M) = 0 (Corollary 6.1). The key point is that we use these Cesàro
means to construct matrix algebras in M . Each Cn is a normal M -inner ucp map. Since M is properly
infinite, Lemmas 6.2 and 6.3 approximate θ ◦Cn by θ ◦α, where α is a normal unital injective endomorphism
of P with α(P ) = F ′ ∩ P for a unital full matrix algebra F ⊂ M . Since ∥θ|F ′∩P ∥ = ∥θ ◦ α∥, for such θ and
every ε > 0 we have a unital full matrix algebra Fθ,ε ⊂M such that ∥θ|F ′

θ,ε∩P ∥ < ε (Proposition 6.4). This

construction replaces the passage used by Marrakchi [Mar26, Theorem B] through an approximately finite-
dimensional subalgebra with the same relative commutant, where the ergodicity of the relative bicentralizer
flow [Mar26, Theorem C] was used.

Once the matrix algebras Fθ,ε are constructed, the remaining argument follows the well-established route of
Popa [Pop81]. We pass from Fθ,ε to finite-dimensional abelian subalgebras D ⊂M with ∥θ|D′∩P ∥ < ε. Along
a norm dense sequence (θj) in {θ ∈ P∗ | θ|M = 0}, we then construct finite-dimensional abelian subalgebras
D1 ⊂ D2 ⊂ · · · of M such that A0 =

∨
nDn satisfies θj |A′

0∩P = 0 for every j. Hence A′
0 ∩P ⊂M , and every

maximal abelian subalgebra A of M containing A0 satisfies A′ ∩ P = A.

Independent and concurrent work. Our solution to the relative bicentralizer conjecture (Theorem A
and Corollary C) was obtained in parallel with and independently of the concurrent work [Ope26], using a
completely different approach. Their proof builds on [HM26], while ours is based on the Poisson boundary
techniques developed here.

Acknowledgments. The author thanks Cyril Houdayer, Amine Marrakchi, Soham Chakraborty and Stuart
White for many helpful discussions and encouragement. Proposition 3.2 benefited from a short note writ-
ten by Soham Chakraborty and Se-Jin (Sam) Kim. Theorem 4.1 benefited from a discussion with Amine
Marrakchi during the author’s visit to ENS Lyon in October 2025.

AI-assisted research methodology. It is well known that AI can help solve a given problem by identi-
fying techniques whose relevance had previously gone unnoticed. Our solution to the relative bicentralizer
conjecture, however, illustrates the reverse process: starting from a given body of techniques, AI helped
identify a solvable problem whose connection with these techniques the author had not previously noticed.

The underlying Poisson boundary theory in Section 3 and the weak Dixmier arguments through Section 4
were developed by the author between February 2025 and May 2026, benefiting from helpful discussions
with Cyril Houdayer, Amine Marrakchi, and Soham Chakraborty, and with limited assistance from the $20
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version of Gemini 3.1 Pro during April 2026 for language editing only (in the current version). GPT-6 Astra
was subsequently used to help identify and repair gaps in this draft.

In September 2026, the author began using GPT-6 Astra to investigate whether every type II1 factor
admits a type III1 Poisson boundary, a question that had interested the author since the early stages of
his doctoral studies. This investigation did not resolve the original question. The author then asked the
model to consider the weaker conclusion that every type II1 factor admits an irreducible embedding into
the hyperfinite type III1 factor. This led to a construction using Poisson boundaries and crossed products.
To extend this construction to arbitrary continuous factors, the author supplied the model with his existing
manuscript on Poisson boundaries of type III factors. The model then helped develop the corresponding
embedding arguments. To keep this paper concise and focused, these irreducible embedding results are not
included in the present version. We refer interested readers to a preliminary version of the paper [hex26].

Having recognized Poisson boundaries as an extremely powerful tool, the author then asked GPT-6 Astra
on 26 September 2026 which other open problems might be solved using the existing Poisson boundary
theory. The model suggested three problems that were still open at the time, before OpenAI’s public release
on 6 October 2026:

(1) the relative bicentralizer conjecture;
(2) the free group factor problem;
(3) the vanishing cohomology conjecture of Kadison–Ringrose.

The author chose the relative bicentralizer conjecture for further study. The investigation proceeded smoothly
and yielded a proof on 27 September 2026, since most of the tools needed for the proof had already been
developed in the Poisson boundary manuscript. The author later also asked GPT-6 Astra to investigate the
other two problems, but neither attempt was successful. In particular, for the free group factor problem, the
author had steered the investigation in the wrong direction by seeking to prove nonisomorphism.

Following the successful treatment of the weak Dixmier property for inclusions with expectation and the
relative bicentralizer conjecture, the author recognized the parallels between these two problems: both are
formulated for general von Neumann algebras, with classical type II1 cases but extremely difficult type III1
cases. The author himself then identified Kadison’s problem on MASA as another problem in a similar
situation. On 9 October 2026, with AI assistance, the author obtained a substantially simplified proof of the
solution to Kadison’s problem using inner ucp maps associated with Poisson boundaries.

Lean was also used to check a formalization of a short note consisting of the preliminaries in Subsection 2.3,
Example 3.10, Theorem 4.1, and the whole of Section 5. These components form the main line of the proof
of Theorem A. Results from the published literature were taken as explicit assumptions.

The author is responsible for the mathematical claims, citations, and final presentation.
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1 Introduction 1
2 Preliminaries 10
3 Poisson boundaries of general von Neumann algebras 12
4 Weak Dixmier properties via Poisson boundaries 20
5 The relative bicentralizer conjecture 26
6 Kadison’s problem on MASA 33
A Weak Dixmier properties for actions of R and R2 44



10 SHUOXING ZHOU

2. Preliminaries

2.1 The standard form of von Neumann algebras. Let M be a countably decomposable von Neu-
mann algebra. Following [Haa75], the standard form of M is a quadruple (M,H, J, P ) such that H is a
Hilbert space with M ⊂ B(H); J : H → H is an anti-unitary with J2 = 1; P ⊂ H is a self-dual cone, i.e.,
its dual cone P o := {ξ ∈ H | ⟨ξ, η⟩ ≥ 0, ∀η ∈ P} satisfies P o = P ; and the following conditions hold:

(1) JMJ =M ′ ∩B(H);
(2) JcJ = c∗ for any c ∈ Z(M), the center of M ;
(3) Jξ = ξ for any ξ ∈ P ;
(4) a(JaJ)P ⊂ P for any a ∈M .

The standard form is unique up to unitary equivalence. Assume that (M, H̃, J̃ , P̃ ) is another quadruple

satisfying the above conditions. Then there exists a unique unitary u : H → H̃ such that

(a) πH̃(a) = uπH(a)u∗ (a ∈ M), where πH : M → B(H) and πH̃ : M → B(H̃) are the representations

of M on H and H̃, respectively;
(b) J̃ = uJu∗;

(c) P̃ = uP .

Therefore, the standard form ofM depends only onM itself, and we denote it by (M,L2(M), JM , L
2(M)+).

In particular, for any normal faithful state φ on M , we can take

(M,L2(M), JM , L
2(M)+) = (M,L2(M,φ), Jφ, L

2(M,φ)+),

where Jφ is the modular conjugation operator determined by the polar decomposition Sφ = Jφ∆
1/2
φ of the

Tomita operator, and L2(M,φ)+ is the closure of {a(JφaJφ)ξφ | a ∈M} [Haa75, Lemma 2.9].
By [Haa75, Lemma 2.10], any normal positive functional ω ∈ M+

∗ admits a unique representing vector
ξω ∈ L2(M)+, i.e., ω = ⟨ · ξω, ξω⟩. Moreover, ξ 7→ ωξ = ⟨ · ξ, ξ⟩ is a homeomorphism between L2(M)+ and
M+

∗ .

2.2 Centralizers and bicentralizers. Let M be a countably decomposable von Neumann algebra, and
let ϕ be a normal faithful state on M . The centralizer of ϕ is

Mϕ = {a ∈M | ϕ(ax) = ϕ(xa), ∀x ∈M} = {a ∈M | σϕt (a) = a, ∀t ∈ R}.

The asymptotic centralizer of ϕ is

AC(M,ϕ) = {(an) ∈ ℓ∞(N,M) | ∥anϕ− ϕan∥M∗ → 0},

where (aϕ)(x) = ϕ(xa) and (ϕa)(x) = ϕ(ax) for a, x ∈ M . For a W∗-inclusion M ⊂ P , the relative
bicentralizer is defined by

B(M ⊂ P, ϕ) = {x ∈ P | [x, an]
s−→ 0, ∀(an) ∈ AC(M,ϕ)},

where s denotes strong operator convergence; see [AHHM20, Definition 3.1]. For P = M , we have the
bicentralizer of ϕ:

B(M,ϕ) = B(M ⊂M,ϕ).

Marrakchi’s relative bicentralizer conjecture [Mar25, Conjecture C] asserts that, for every inclusion
M ⊂ P of countably decomposable von Neumann algebras with a normal faithful conditional expectation
E : P →M and every normal faithful state ϕ on M ,

(2.1) B(M ⊂ c(P ), ϕ) = {ϕit | t ∈ R}′′ ∨ (M ′ ∩ c(P )).

Here we use the compatible realizations cϕ(M) ⊂ cϕ◦E(P ) = c(P ), and ϕit denotes the canonical implement-
ing unitary in cϕ(M). We refer to Subsection 2.3 for the definition of the continuous core.
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2.3 Continuous cores and dual weights. For background on modular theory and continuous cores, we
refer to [Tak03].

Let P be a countably decomposable von Neumann algebra, and let ρ be a normal faithful state on P . Let
ξρ ∈ L2(P )+ be the vector representing ρ. The Tomita operator Sρ is the closure on L2(P ) of the densely
defined antilinear map xξρ 7→ x∗ξρ (x ∈ P ). Define the modular operator by ∆ρ = S∗

ρSρ. The modular
automorphism group σρ : R → Aut(P ) is given by

σρt (x) = ∆it
ρ x∆

−it
ρ (x ∈ P, t ∈ R).

We say that x ∈ P is entire analytic for σρ if t 7→ σρt (x) extends to a map z 7→ σρz (x) from C to P such
that z 7→ ω(σρz (x)) is entire for every ω ∈ P∗.

Define the continuous core of P by

A = cρ(P ) = P ⋊σρ R.
We identify P with its canonical image in A and denote by (λt)t∈R the canonical implementing unitaries,
satisfying λtxλ

∗
t = σρt (x) (x ∈ P , t ∈ R). The dual action σ̂ : R ↷ A is determined by

σ̂r(x) = x, σ̂r(λt) = e−irtλt (x ∈ P, r, t ∈ R).

The canonical operator-valued weight T : A+ → P̂+ is defined by

T (x) =

∫
R
σ̂r(x) dr (x ∈ A+).

The dual weight of ρ is φA = ρ ◦ T . Write τA for the canonical trace on A, and let

h =
dφA

dτA
, H = log h, λt = hit = eitH .

Products of measurable operators are understood as closed products.
We next prove two lemmas that will be used in Section 5.

Lemma 2.1. For every positive integrable function g on R,

(2.2) φA(g(H)) = ρ(T (g(H))) =

∫
R
g(s) ds.

In particular, we have

(2.3) τA(1(s,∞)(h)) =
1

s
(s > 0).

Proof. For r, t ∈ R, by functional calculus we have

eitσ̂r(H) = σ̂r(e
itH) = σ̂r(λt) = e−irteitH = eit(H−r).

By uniqueness of the self-adjoint generator of a strongly continuous unitary group,

(2.4) σ̂r(H) = H − r.

Let EH be the spectral measure of H. For a positive integrable function g, by (2.4) we have

(2.5) T (g(H)) =

∫
R
g(H − r) dr =

∫
R

(∫
R
g(s− r) dr

)
dEH(s) =

(∫
R
g(s) ds

)
1.

Since φA = ρ ◦ T and ρ(1) = 1, by (2.5) we have (2.2).
For s > 0, the definition of h and (2.2) give

τA(1(s,∞)(h)) = φA
(
h−11(s,∞)(h)

)
= φA

(
e−H1(log s,∞)(H)

)
=

∫ ∞

log s

e−t dt =
1

s
.

See also [Haa79a, Theorem 1.2(2)]. In particular, h is τA-measurable. □
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Lemma 2.2. For every 0 ̸= d ∈ A+, there exists x ∈ A+ such that

0 ̸= x ≤ d, φA(x) <∞.

Proof. Take δ > 0 such that 1[δ,∞)(d) ̸= 0. By semifiniteness of τA, there is a nonzero projection

p ≤ 1[δ,∞)(d), 0 < τA(p) <∞.

By (2.3), take s > 0 such that τA(1(s,∞)(h)) < τA(p), and let e = 1[0,s](h) and q = p ∧ e. Let (1 − e)p =
v|(1− e)p| be the polar decomposition. The kernel of (1− e)p inside the range of p is the range of q = p∧ e,
and the range of (1− e)p is contained in the range of 1− e. Hence

v∗v = p− q, vv∗ ≤ 1− e.

Hence p− q ∼ vv∗ ≤ 1− e, so p− q ≾ 1− e and

τA(q) ≥ τA(p)− τA(1− e) > 0.

Since q ≤ e, we have

φA(q) = τA(qhq) = τA(q(ehe)q) ≤ sτA(q) <∞.

Hence x = δq satisfies

0 ̸= x = δq ≤ δp ≤ d, φA(x) = δφA(q) <∞.

□

3. Poisson boundaries of general von Neumann algebras

In this section, we develop the Poisson boundary theory for general von Neumann algebras, following
the framework of Das–Peterson [DP22] for tracial von Neumann algebras. The proofs of ergodicity, double
ergodicity, and rigidity are in the same spirit as those of [DP22]. However, the coefficient families (zk) and
(yk) for Pφ and Poφ need not coincide in the nontracial case, whereas we can take yk = zk if φ|M is tracial
(Remark 3.7). Thus, in the general setting, we cannot recover all the results obtained in [DP22] for finite
von Neumann algebras.

Throughout this section, we fix a von Neumann algebra M with separable predual.

Definition 3.1. Let M ⊂ A be a W∗-inclusion. A normal state φ on A is called an M-hyperstate if
its restriction φ|M to M is faithful. Given a fixed normal faithful state ϕ on M , we say that φ is an
(M,ϕ)-hyperstate if φ|M = ϕ.

The framework of Das–Peterson [DP22] concerns (M, τ)-hyperstates for tracial von Neumann algebras
(M, τ), whereas we work with general M -hyperstates without fixing a normal faithful state ϕ on M in
advance.

The following proposition associates with each normal M -hyperstate on B(L2(M)) an M -bimodular ucp
map, which we use to define the Poisson boundary.

Proposition 3.2. Let φ ∈ B(L2(M))∗ be a normal M -hyperstate. Set ϕ = φ|M , and let ξϕ ∈ L2(M)+ be
the canonical cyclic and separating vector implementing ϕ. Then there exists a unique normal M -bimodular
ucp map Pφ : B(L2(M)) → B(L2(M)) such that for all T ∈ B(L2(M)),

φ(T ) = ⟨Pφ(T )ξϕ, ξϕ⟩.

Moreover, there exists a (not necessarily unique) sequence (zk)
∞
k=1 ⊂M such that

Pφ(T ) =
∞∑
k=1

(Jz∗kJ)T (JzkJ)

for all T ∈ B(L2(M)), where J is the modular conjugation operator on L2(M).
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Proof. We first prove the existence and construct the explicit form of Pφ.
Since φ is normal, there exists a sequence (ξk) ⊂ L2(M) such that

φ(T ) =
∑
k

⟨Tξk, ξk⟩ (T ∈ B(L2(M))).

For any x ∈M , since φ|M = ϕ, we have:

∥xξϕ∥2 = ϕ(x∗x) = φ(x∗x) =
∑
k

∥xξk∥2.

Hence

(3.1) ∥xξn∥2 ≤ ∥xξϕ∥2 (x ∈M, n ≥ 1).

Define the operator Rn :Mξϕ → L2(M) by Rn(xξϕ) = xξn. By (3.1), ∥Rn(xξϕ)∥ ≤ ∥xξϕ∥, so Rn extends
to a contraction on L2(M). Furthermore, for any x, y ∈ M , we have Rn(yxξϕ) = yxξn = yRn(xξϕ). Hence
Rn ∈M ′. By standard Tomita–Takesaki theory, M ′ = JMJ , so there exists zn ∈M such that Rn = JznJ .

Now, for any x, y ∈M and T ∈ B(L2(M)), we calculate:

(3.2)

φ(y∗Tx) =
∑
k

⟨Txξk, yξk⟩ =
∑
k

⟨TRk(xξϕ), Rk(yξϕ)⟩

=
∑
k

⟨TJzkJxξϕ, JzkJyξϕ⟩

=

〈(∑
k

Jz∗kJ T JzkJ

)
xξϕ, yξϕ

〉
.

Let Pφ(T ) =
∑
k(Jz

∗
kJ)T (JzkJ). By (3.2), φ(y∗Tx) = ⟨Pφ(T )xξϕ, yξϕ⟩. Taking x = y = 1, we immedi-

ately obtain φ(T ) = ⟨Pφ(T )ξϕ, ξϕ⟩.
Since Mξϕ is dense in L2(M), the identity

⟨Pφ(T )xξϕ, yξϕ⟩ = φ(y∗Tx)

uniquely determines Pφ(T ) for every T . Hence Pφ is unique.
Taking T = 1 in (3.2) and using φ|M = ϕ, we have

∑
k z

∗
kzk = 1. Since JzkJ ∈ M ′, Pφ is a normal

M -bimodular ucp map. □

Definition 3.3. Let φ be a normal M -hyperstate on B(L2(M)). Let Har(Pφ) = {T ∈ B(L2(M)) | Pφ(T ) =
T} denote the space of φ-harmonic operators. The Poisson boundary (Bφ, ζ) is defined as a von
Neumann algebra that is isomorphic to Har(Pφ) as an operator system, together with the canonical hyperstate
ζ := φ|Har(Pφ).

The next proposition shows that the Poisson boundary is well defined and amenable.

Proposition 3.4. Let φ be a normal M -hyperstate on B(L2(M)). The Poisson boundary Bφ always exists,
is unique, and is amenable.

Proof. Let ω ∈ βN \ N be a free ultrafilter. We define a conditional expectation E : B(L2(M)) → Har(Pφ)
by

E(T ) = wo-lim
n→ω

1

n

n−1∑
k=0

Pkφ(T ) for all T ∈ B(L2(M)).

By the Choi–Effros theorem [CE77], equipping the operator system Har(Pφ) with the Choi–Effros
product defined by

x ◦ y = E(xy) for x, y ∈ Har(Pφ)
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makes (Har(Pφ), ◦) a C∗-algebra with its original norm. The harmonic operator system is ultraweakly closed,
hence this C∗-algebra is a von Neumann algebra, with its canonical ultraweak topology agreeing with the
inherited one; see also [Izu02]. The inclusion M ⊂ Har(Pφ) is multiplicative for this product, since E is
M -bimodular.

The uniqueness of Bφ follows from the fact that any two von Neumann algebras that are completely
isometrically isomorphic as operator systems are necessarily *-isomorphic.

Finally, since Bφ ∼= Har(Pφ) as injective operator systems, Bφ is amenable as a von Neumann algebra. □

The following symmetry condition allows us to represent φ also by an M -inner ucp map.

Definition 3.5. We say that a normal M -hyperstate φ ∈ B(L2(M))∗ is regular if φ(Jz∗J) = φ(z) for all
z ∈M .

For regular hyperstates, Proposition 3.2 has the following counterpart, with M and JMJ interchanged.

Proposition 3.6. Let φ ∈ B(L2(M))∗ be a normal regular M -hyperstate, and let ϕ = φ|M . Then there
exists a sequence (yk)

∞
k=1 ⊂M with

∑
k yky

∗
k = 1 such that

Poφ(T ) =
∑
k

ykTy
∗
k (T ∈ B(L2(M)))

defines a normal JMJ-bimodular ucp map satisfying

φ(T ) = ⟨Poφ(T )ξϕ, ξϕ⟩ (T ∈ B(L2(M))).

Proof. Let ϕo = φ|JMJ . Since φ is regular and Jξϕ = ξϕ, we have

⟨Jz∗Jξϕ, ξϕ⟩ = ϕ(z) = ϕo(Jz∗J) (z ∈M).

Hence ξϕ is the canonical cyclic and separating vector implementing ϕo. By applying Proposition 3.2 to
JMJ , we have the required map and coefficients. □

Remark 3.7. In general, (yk) need not coincide with (zk) from Proposition 3.2. If ϕ is tracial, we can take
yk = zk. This is the main case studied in the Das–Peterson framework [DP22].

Definition 3.8. Let φ be a normal regular M -hyperstate. We say that φ is strongly generating if there
exist sequences (zk), (yk) ⊂M with

C[zk]
w
= C[yk]

w
=M

such that Pφ and Poφ have the standard forms

Pφ(T ) =
∑
k

(Jz∗kJ)T (JzkJ), Poφ(T ) =
∑
k

ykTy
∗
k (T ∈ B(L2(M))).

Here C[zk] and C[yk] are the unital subalgebras (rather than ∗-algebras) generated by (zk) and (yk), re-
spectively. We abbreviate normal regular strongly generating hyperstate as nrsg hyperstate. In the
nontracial setting we assume both density conditions; we do not assert that one follows from the other.

We next prove some basic properties of nrsg hyperstates.

Proposition 3.9. Let φ be an nrsg M -hyperstate. For k ≥ 0, we define the k-th convolution φ∗k by
φ∗k(T ) = ⟨Pkφ(T )ξϕ, ξϕ⟩. Then the normal state

φ =

∞∑
n=0

2−n−1φ∗n

is faithful on B(L2(M)). In particular, ζ = φ|Har(Pφ) is a normal faithful state on the Poisson boundary
Bφ. Moreover, M is the largest von Neumann subalgebra of Har(Pφ) for the original operator product on
B(L2(M)).
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Proof. Write ϕ = φ|M . Let T ∈ B(L2(M))+ satisfy φ(T ) = 0. Since all the coefficients are positive,
φ∗n(T ) = 0 for every n ≥ 0. Expanding the iterates of Pφ and using positivity, we have

⟨T (JwJ)ξϕ, (JwJ)ξϕ⟩ = 0

for every word w in (zk), including the empty word. The weak density of C[zk] implies that the vectors
(JwJ)ξϕ have dense linear span in L2(M). Hence T = 0, proving that φ is faithful. Since φ∗n(T ) = φ(T )
for T ∈ Har(Pφ) and n ≥ 0, we have ζ = φ|Har(Pφ). Hence ζ is normal and faithful on Bφ.

Let N ⊂ Har(Pφ) be a von Neumann subalgebra for the original operator product, and let vk = Jz∗kJ .
For T ∈ N , the operators T, T ∗, TT ∗ are fixed by Pφ, so

(3.3)
∑
k

(vkT − Tvk)(vkT − Tvk)
∗ = Pφ(TT ∗)− Pφ(T )T ∗ − TPφ(T ∗) + TT ∗ = 0.

Hence [T, vk] = 0 for every k. By applying (3.3) to T ∗, we also have [T, v∗k] = 0 for every k. By the weak
density of C[{zk}k≥1], we have T ∈ (JMJ)′ = M . Since M itself is contained in the harmonic space, it is
the largest such subalgebra. □

In the following example, we construct an nrsg hyperstate for any pair (M,ϕ). The additional conditions
(3.4) and (3.5) will be used in Section 5. The generating inner ucp map will also be used in Section 6.

Example 3.10. Let ϕ be a normal faithful state onM , and write ξ = ξϕ. There exists a faithful nrsg (M,ϕ)-
hyperstate φ on B(L2(M)) with inner ucp coefficients (yk) ⊂M for Poφ having the following properties:

(i) The series
∑
k yky

∗
k converges strongly to 1, and the normal ucp map

Q(a) =
∑
k

ykay
∗
k (a ∈M),

satisfies ϕ ◦Q = ϕ.
(ii) The hyperstate is given by

φ(T ) =
∑
k

⟨Ty∗kξ, y∗kξ⟩ (T ∈ B(L2(M))),

and satisfies

(3.4)
φ(JT ∗J) = φ(T ) (T ∈ B(L2(M))),

φ(∆ϕ) = φ(∆−1
ϕ ) <∞, φ((log∆ϕ)

2) <∞.

(iii) Each y∗k admits a bounded modular continuation to i/2, and the map

(3.5) yk 7−→ σϕi/2(y
∗
k)

permutes the family (yk).
(iv) If ϕ is tracial, we may further take

yk = λkuk, λk > 0, uk ∈ U(M),
∑
k

λ2k = 1.

Expectations of positive unbounded operators are defined by monotone spectral truncation.

Proof. Take elements an ∈ M , entire analytic for σϕ, whose linear span is weakly dense in M and such
that {anξ | n ≥ 1} has dense linear span in L2(M). One obtains such a sequence by applying the Gaussian
regularizations

a 7−→ (r/π)1/2
∫
R
e−rt

2

σϕt (a) dt (r ∈ N),

to a countable strongly dense subset of the unit ball; see [Tak03, Lemma VIII.2.3 and its proof, pp. 98–99].
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Let bn = σϕ−i/2(a
∗
n). The standard-form identities give

Janξ = bnξ, anξ = JbnJξ.

Take cn > 0 such that ∑
n

cn(∥an∥2∞ + ∥bn∥2∞) <∞.

Rescaling the coefficients, we may assume that

(3.6) C =
∑
n

cn(a
∗
nan + b∗nbn), ∥C∥∞ = 1,

where the series converges in norm. In particular, 0 ≤ C ≤ 1. For η ∈ L2(M), write ωη(T ) = ⟨Tη, η⟩, and
set

ψ =
∑
n

cn(ωanξ + ωJanξ)

∣∣∣∣∣
M

.

Since JanJ, JbnJ ∈M ′, for x ∈M+ we have

ψ(x) = ⟨JCJx1/2ξ, x1/2ξ⟩ ≤ ϕ(x).

By [Haa75, Lemma 2.10(1)], let η ∈ L2(M)+ with ϕ− ψ = ⟨ · η, η⟩, and define

φ =
∑
n

cn(ωanξ + ωJanξ) + ωη.

Then φ|M = ϕ. Since Jη = η and ωv(JT
∗J) = ωJv(T ), the state φ is J-symmetric and hence regular. The

totality of (anξ) makes φ faithful on B(L2(M)).
By the same argument as in the proof of Proposition 3.2, the inequality ϕ− ψ ≤ ϕ implies that the map

xξ 7→ xη extends to a contraction JwJ ∈M ′ with w ∈M . Then

wξ = η = JwJξ, ∥w∥∞ ≤ 1.

The two coefficient families associated with φ are

(zk) =
(√
cnbn,

√
cnan

)
n≥1

∪ {w}, (yk) =
(√
cna

∗
n,
√
cnb

∗
n

)
n≥1

∪ {w∗}.

The two representations are

(3.7) φ(T ) =
∑
k

⟨TJzkJξ, JzkJξ⟩ =
∑
k

⟨Ty∗kξ, y∗kξ⟩ (T ∈ B(L2(M))).

Since φ|M = ϕ and φ(Ja∗J) = ϕ(a) for a ∈M ,∑
k

z∗kzk = 1,
∑
k

yky
∗
k = 1

strongly. Moreover,

an ∈ C[zk], a∗n ∈ C[yk], C[zk]
w
= C[yk]

w
=M,

so φ is nrsg. By (3.7),

ϕ(Q(a)) =
∑
k

⟨ay∗kξ, y∗kξ⟩ = φ(a) = ϕ(a) (a ∈M).

This proves (i) and the first assertion of (ii).
To prove (iii), note that

σϕi/2(an) = b∗n, σϕi/2(bn) = a∗n.

It remains to treat w∗. For r > 0, define

wr = (r/π)1/2
∫
R
e−rt

2

σϕt (w) dt.
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The identity Jwξ = wξ and the commutation relation J∆it
ϕ = ∆it

ϕJ give Jwrξ = wrξ. The Tomita identity
and the separating property of ξ imply

σϕ−i/2(w
∗
r) = wr, σϕi/2(wr) = w∗

r .

The boundary values on the half-strip are bounded by ∥w∥∞. The three-lines theorem and the ultraweak

closedness of the analytic generator give σϕi/2(w) = w∗; see [VD14, p. 5]. Hence (3.5) exchanges the paired

coefficients and fixes w∗.
We next check (3.4). The vectors anξ, bnξ and wξ belong to the domain of the Tomita operator Sϕ =

J∆
1/2
ϕ . Hence

φ(∆ϕ) =
∑
n

cn
(
∥a∗nξ∥2 + ∥b∗nξ∥2

)
+ ∥w∗ξ∥2 ≤

∑
n

cn(∥an∥2∞ + ∥bn∥2∞) + 1 <∞.

Here the equality follows by monotone spectral truncation. Since J∆ϕJ = ∆−1
ϕ , by J-symmetry we have

φ(∆−1
ϕ ) = φ(∆ϕ). The inequality (log t)2 ≤ t+ t−1 − 2 (t > 0) proves φ((log∆ϕ)

2) <∞. In particular,

φ(| log∆ϕ|) <∞, φ(log∆ϕ) = 0.

Indeed, J(log∆ϕ)J = − log∆ϕ, so by J-symmetry we have φ(log∆ϕ) = −φ(log∆ϕ).
(iv): Assume that ϕ is tracial. The modular action σϕ is trivial, so every element of M is entire analytic.

Since M is linearly spanned by its unitaries, we may take an ∈ U(M) in the preceding construction with the
same density properties. For this choice, bn = a∗n, and hence

C = 2

(∑
n

cn

)
1.

By (3.6), 2
∑
n cn = 1. Since each ωanξ restricts to ϕ on M , we have ψ = ϕ. Hence η = 0 and w = 0.

Omitting the zero coefficient, the inner ucp coefficients of Q are

y2n−1 =
√
cna

∗
n, y2n =

√
cnan (n ≥ 1).

This has the required form yk = λkuk, with
∑
k λ

2
k = 2

∑
n cn = 1, which finishes the proof. □

Remark 3.11. The construction in Example 3.10 is natural. Although regularity only concerns the re-
strictions to M and JMJ , it is easier to impose J-symmetry on all of B(L2(M)). Indeed, for any normal
faithful state φ0 on B(L2(M)), the state φ(T ) = 1

2

(
φ0(T )+φ0(JT

∗J)
)
(T ∈ B(L2(M))) is a normal faithful

J-symmetric M -hyperstate, and hence regular.
Let ξ = ξϕ. To construct a strongly generating symmetric hyperstate, we want the coefficient families (zk)

and (yk) in (3.7) to generate M and satisfy∑
k

⟨Ty∗kξ, y∗kξ⟩ =
∑
k

⟨TJy∗kξ, Jy∗kξ⟩ (T ∈ B(L2(M))).

This equality holds if (Jy∗kξ) is a permutation of (y∗kξ). For analytic coefficients, we have

Jy∗kξ = σϕ−i/2(yk)ξ =
(
σϕi/2(y

∗
k)
)∗
ξ.

Hence we ask that yk 7→ σϕi/2(y
∗
k) permute the coefficient family, as in (3.5). On the zk side, the corresponding

identity is Jzkξ = σϕ−i/2(z
∗
k)ξ. We therefore take an analytic family (an) with weakly dense linear span and

pair each an with bn = σϕ−i/2(a
∗
n), using the same weight cn for the two vector states ωanξ and ωbnξ.

For a prescribed restriction φ|M = ϕ, we take these weights small enough that the restriction ψ of the
paired sum satisfies ψ ≤ ϕ. Let η ∈ L2(M)+ represent ϕ − ψ. Since Jη = η, the sum of the paired vector
states and ωη is still J-symmetric and restricts to ϕ on M .
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Finally, the finiteness φ(∆ϕ) = φ(∆−1
ϕ ) < ∞ follows from simply taking cn such that

∑
n cn(∥an∥2∞ +

∥bn∥2∞) <∞.

From now on, we fix a normal faithful state ϕ on M and an nrsg (M,ϕ)-hyperstate φ in the
sense of Definition 3.8, and let (Bφ, ζ) denote its Poisson boundary.

We prove ergodicity, double ergodicity, and rigidity for Poisson boundaries. The proofs are in the same
spirit as Das–Peterson [DP22].

The following is a well-known result [DP22, Lemma 2.6], which also appears in earlier literature such as
[FNW94], [BJKW00, Lemma 3.4], and [CD20, Lemma 3.1].

Lemma 3.12. Let A be a unital C∗-algebra, and let P : A → A be a ucp map preserving a faithful state on
A. Then

Har(A,P) = {x ∈ A | P(x) = x}
is a C∗-subalgebra of A. If A is a von Neumann algebra and P is normal, then Har(A,P) is a von Neumann
subalgebra of A.

Proposition 3.13. We have the ergodicity of the Poisson boundary, that is, M ′ ∩ Bφ = Z(M).

Proof. By identifying Bφ with Har(Pφ), we consider elements inM ′∩Har(Pφ). Note thatM ′∩B(L2(M)) =
JMJ . Hence, we only need to compute JMJ ∩Har(Pφ).

By the standard form of Pφ, we have Pφ(JMJ) ⊂ JMJ . Since φ is regular, for any T ∈ JMJ , we have:

ϕo(Pφ(T )) = ⟨Pφ(T )ξϕ, ξϕ⟩ = φ(T ) = ϕo(T ).

Here the first equality uses Pφ(T ) ∈ JMJ and the fact that ξϕ implements ϕo on JMJ . Hence, the
restriction Pφ|JMJ preserves the normal faithful state ϕo on JMJ . By Lemma 3.12, the fixed-point space
Har(JMJ,Pφ|JMJ) is a von Neumann subalgebra of JMJ .

Because φ is strongly generating,M is the largest von Neumann subalgebra contained in Har(Pφ). There-
fore, Har(Pφ) ∩ JMJ ⊂ M , which implies Har(Pφ) ∩ JMJ ⊂ M ∩ JMJ = Z(M). Since Z(M) ⊂ Har(Pφ)
is trivial, we conclude M ′ ∩ Bφ = Z(M). □

We next prove the double ergodicity of the Poisson boundary.

Proposition 3.14. Let M ⊂ A be a W∗-inclusion, then Poφ : T 7→
∑
k ykTy

∗
k can be naturally defined on

A. Let
Har(Poφ,A) = {T ∈ A | Poφ(T ) = T}.

Assume there exists a normal faithful ucp map P : A → Bφ such that P|M = idM . Then we have
Har(Poφ,A) =M ′ ∩ A.

In particular, we have the double ergodicity of the Poisson boundary:

Har(Pφ) ∩Har(Poφ) = Z(M).

Proof. Let ζ be the normal faithful stationary state on the Poisson boundary Bφ. We define a normal faithful
state φA on A by φA = ζ ◦ P.

Because P|M = idM , P is an M -bimodular map. Hence

(3.8) P(Poφ(T )) =
∞∑
k=1

P(ykTy
∗
k) =

∞∑
k=1

ykP(T )y∗k = Poφ(P(T )).

We now prove that ζ is Poφ-invariant on Bφ. Identifying Bφ with Har(Pφ), the state is implemented by the
vector state ζ( · ) = ⟨Pφ( · )ξϕ, ξϕ⟩ = ⟨ · ξϕ, ξϕ⟩, which coincides with the original hyperstate φ on this space.
By the defining construction of Poφ, we have ⟨Poφ(T )ξϕ, ξϕ⟩ = φ(T ) for any T ∈ B(L2(M)). Hence, for any
S ∈ Bφ, we have:

(3.9) ζ(Poφ(S)) = ⟨Poφ(S)ξϕ, ξϕ⟩ = φ(S) = ζ(S).
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By (3.8) and (3.9), for T ∈ A,

φA(Poφ(T )) = ζ(P(Poφ(T ))) = ζ(Poφ(P(T ))) = ζ(P(T )) = φA(T ).

This shows that Poφ preserves the normal faithful state φA. By Lemma 3.12, the fixed-point space A0 =
Har(Poφ,A) is a von Neumann subalgebra of A.

Clearly, if T ∈M ′ ∩ A, then Poφ(T ) =
∑∞
k=1 ykTy

∗
k =

∑∞
k=1 yky

∗
kT = T , so M ′ ∩ A ⊂ A0.

Conversely, suppose T ∈ A0. Because A0 is a von Neumann subalgebra, we also have TT ∗ ∈ A0, meaning
Poφ(T ) = T and Poφ(TT ∗) = TT ∗. We compute the following sum of positive elements:

(3.10)

∞∑
k=1

(ykT − Tyk)(ykT − Tyk)
∗

=

∞∑
k=1

(ykTT
∗y∗k − ykTy

∗
kT

∗ − TykT
∗y∗k + Tyky

∗
kT

∗)

=Poφ(TT ∗)− Poφ(T )T ∗ − TPoφ(T ∗) + T

( ∞∑
k=1

yky
∗
k

)
T ∗

=TT ∗ − TT ∗ − TT ∗ + TT ∗

=0.

By (3.10), [yk, T ] = 0 for every k. Since C[yk]
w
=M , T ∈M ′ ∩ A. Hence Har(Poφ,A) =M ′ ∩ A.

For the double ergodicity of Bφ, we set A = Bφ ∼= Har(Pφ) and let P = idBφ
. The hypothesis is trivially

satisfied, yielding:
Har(Pφ) ∩Har(Poφ) = Har(Poφ,Bφ) =M ′ ∩ Bφ.

By Proposition 3.13, M ′ ∩ Bφ = Z(M), which concludes the proof. □

As a consequence, the Cesàro means of Poφ give the inner UCP-Dixmier property.

Corollary 3.15. Let M ⊂ A be a W∗-inclusion, and assume there exists a normal faithful ucp map P :
A → Bφ such that P|M = idM . Then M ⊂ A has the inner UCP-Dixmier property.

Proof. Let ω ∈ βN \ N be a free ultrafilter. By Proposition 3.14, we can define a conditional expectation
E : A →M ′ ∩ A by

E(x) := wo-lim
n→ω

1

n

n∑
k=1

(Poφ)k(x).

Recall that Poφ is an M -inner ucp map. Therefore, E(x) lies in the weak closure of the inner UCP orbit
of x:

E(x) ∈ {P(x) | P is an M -inner ucp map}
w
∩ (M ′ ∩ A).

Hence M ⊂ A has the inner UCP-Dixmier property. □

We now prove the rigidity of the Poisson boundary.

Theorem 3.16. Let C be a weakly closed operator system such that M ⊂ C ⊂ Bφ and MC + CM ⊂ C. If
Ψ : C → Bφ is a normal ucp map such that Ψ|M = idM , then Ψ = idC.

Proof. We identify C with its image under the isomorphism Bφ ∼= Har(Pφ). Then Ψ is a normal ucp
map from C to Har(Pφ). Since Ψ|M = idM , the map Ψ is M -bimodular. Using the explicit formula
Poφ(T ) =

∑∞
k=1 ykTy

∗
k, for any T ∈ C we have:

⟨Ψ(Poφ(T ))ξϕ, ξϕ⟩ =
∞∑
k=1

⟨Ψ(ykTy
∗
k)ξϕ, ξϕ⟩ =

∞∑
k=1

⟨ykΨ(T )y∗kξϕ, ξϕ⟩ = ⟨Poφ(Ψ(T ))ξϕ, ξϕ⟩.
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Since Ψ(T ) ∈ Har(Pφ) and φ is regular, the term on the right evaluates to:

⟨Pφ(Ψ(T ))ξϕ, ξϕ⟩ = ⟨Ψ(T )ξϕ, ξϕ⟩.
Hence, ⟨Ψ(Poφ(T ))ξϕ, ξϕ⟩ = ⟨Ψ(T )ξϕ, ξϕ⟩ for all T ∈ C. By linearity, this invariance extends to Cesàro means:〈

Ψ

(
1

N

N∑
n=1

(Poφ)n(T )

)
ξϕ, ξϕ

〉
= ⟨Ψ(T )ξϕ, ξϕ⟩.

Let ω ∈ βN \ N be a free ultrafilter. By normality and Proposition 3.14, we have

z := wo-lim
N→ω

1

N

N∑
n=1

(Poφ)n(T ) ∈ Har(Pφ) ∩Har(Poφ) = Z(M).

Since z ∈ M , we have Ψ(z) = z. By normality of Ψ, we have the first equality below. The last equality
follows from (3.9) and normality of ζ:

⟨Ψ(T )ξϕ, ξϕ⟩ = ⟨Ψ(z)ξϕ, ξϕ⟩ = ⟨zξϕ, ξϕ⟩ = ⟨Tξϕ, ξϕ⟩.
Now, for any a, b ∈M and T ∈ C, the element b∗Ta is still in C. Using the M -bimodularity of Ψ, we have:

⟨Ψ(T )aξϕ, bξϕ⟩ = ⟨Ψ(b∗Ta)ξϕ, ξϕ⟩ = ⟨b∗Taξϕ, ξϕ⟩ = ⟨Taξϕ, bξϕ⟩.
Because Mξϕ is dense in L2(M), this forces Ψ(T ) = T for all T ∈ C. Hence, Ψ = idC . □

4. Weak Dixmier properties via Poisson boundaries

In this section, we use Poisson boundaries to give a sufficient condition for a W∗-inclusion M ⊂ A to have
the weak Dixmier property. We begin by proving Theorem F, which shows that, for properly infinite M ,
inner ucp averages can be replaced by unitary averages.

Theorem 4.1 (Thm. F). Let M ⊂ A be a W∗-inclusion such that M is properly infinite. Then M ⊂ A
has the weak Dixmier property if and only if it has the inner UCP-Dixmier property. Here A need not have
separable predual.

Proof. We use a dilation argument similar to that of Haagerup [Haa85, Proposition 2.1 and the proof of
Theorem 2.2], passing from completely positive maps to unitary conjugations by using proper infiniteness.
We only need to prove the if direction, since every finite convex combination of unitary conjugations is an
M -inner ucp map. Assume that M ⊂ A has the inner UCP-Dixmier property.

BecauseM is properly infinite, it contains an infinite sequence of mutually orthogonal projections (pk)
∞
k=1

such that pk ∼ 1M for all k and
∑∞
k=1 pk = 1M . Take isometries vk ∈ M with vkv

∗
k = pk. By this partition

of unity, we have a spatial isomorphism

Θ : A ∼−→ A⊗̄B(H), Θ(a) = (v∗i avj)i,j≥1,

where H = ℓ2(N). Its restriction maps M onto M⊗̄B(H) and pk to 1M ⊗ ekk, where (eij)i,j≥1 are the
standard matrix units of B(H). Indeed, on a Hilbert space on which A acts, the unitary ξ ⊗ ek 7→ vkξ
implements this isomorphism. Hence we identify the inclusion M ⊂ A with

M⊗̄B(H) ⊂ A⊗̄B(H).

We only need to prove the weak Dixmier property for an arbitrary element x ∈ A⊗̄B(H). Write

Kx = convw{UxU∗ | U ∈ U(M⊗̄B(H))}.
Since B(H) is hyperfinite, take increasing unital full matrix algebras Fn ∼= M2n(C) in B(H) with

(
⋃
n Fn)

′′ = B(H). For a free ultrafilter ω on N, by normalized Haar averaging we have

a⊗ 1B(H) := wo-lim
n→ω

∫
U(Fn)

(1M ⊗ u)x(1M ⊗ u∗) du ∈ Kx (a ∈ A).
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Since Kx is weakly closed, convex and invariant under these unitary conjugations, it also contains the weakly
closed convex hull of the unitary orbit of a⊗ 1B(H).

We only need to prove that for any M -inner ucp map

P(a) =

∞∑
k=1

zkaz
∗
k, zk ∈M,

∞∑
k=1

zkz
∗
k = 1M ,

the element P(a)⊗1B(H) is contained in the weak closure of the convex hull of the unitary orbit of a⊗1B(H).
Fix an integer n ≥ 1. We construct a partial isometry Zn ∈M⊗̄B(H) structured as a block matrix where

each block is of size n× n. The first block-row consists of a zero block followed by scaled identity matrices
zkIn, and all subsequent block-rows are identically zero:

Zn =


0n×n z1In z2In z3In · · ·
0n×n 0n×n 0n×n 0n×n · · ·
0n×n 0n×n 0n×n 0n×n · · ·
...

...
...

...
. . .

 .

The strong convergence of
∑∞
k=1 zkz

∗
k = 1M makes this row a bounded operator. Let En =

∑n
j=1 ejj .

Then

ZnZ
∗
n = 1M ⊗ En.

Hence, Z∗
n is a partial isometry with initial projection 1M ⊗ En. Because the first block-column of Zn is

identically zero, its final projection Z∗
nZn is orthogonal to 1M ⊗ En. Since M is properly infinite, each

1M ⊗ ejj is equivalent to 1M⊗̄B(H). Hence

1− Z∗
nZn ≥ 1M ⊗ En ≥ 1M ⊗ e11 ∼ 1M⊗̄B(H).

We also have

1− (1M ⊗ En) ≥ 1M ⊗ en+1,n+1 ∼ 1M⊗̄B(H).

Therefore, the orthogonal complements of both projections are Murray–von Neumann equivalent to the
identity:

1− (1M ⊗ En) ∼ 1− Z∗
nZn ∼ 1M⊗̄B(H).

Hence there exists a partial isometry Wn ∈M⊗̄B(H) with

W ∗
nWn = 1− Z∗

nZn, WnW
∗
n = 1− (1M ⊗ En).

Define Un = Zn +Wn. Since the initial and final projections of Zn and Wn are respectively orthogonal, all
mixed terms vanish. Therefore,

U∗
nUn = Z∗

nZn +W ∗
nWn = 1, UnU

∗
n = ZnZ

∗
n +WnW

∗
n = 1.

Hence we complete the partial isometry into a unitary Un ∈ U(M⊗̄B(H)). Since (1M ⊗ En)Wn = 0, the
first block-row of Un remains the first block-row of Zn. In block-row notation, we write

Un =

(
Zn
Wn

)
.

We conjugate a⊗ 1B(H) by Un. Since

Zn(a⊗ 1B(H))Z
∗
n = P(a)⊗ En,

we have, with respect to the first n coordinates and their orthogonal complement,

(4.1) Un(a⊗ 1B(H))U
∗
n =

(
P(a)In ∗

∗ ∗

)
.
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Let D ⊂ B(H) be the abelian von Neumann algebra of diagonal operators, and apply the conditional
expectation onto the relative commutant of 1A ⊗D:

ED′ : A⊗̄B(H) −→ A⊗̄D.

This expectation is approximated weakly by convex combinations of diagonal unitary conjugations. Indeed,
for t ∈ [0, 1], let

Ut = 1M ⊗
∞∑
k=1

e2kπitekk ∈ U(1M ⊗D).

Then

(4.2) ED′(T ) =

∫ 1

0

UtTU
∗
t dt,

where the integral is taken ultraweakly. By (4.2) and (4.1),

ED′
(
Un(a⊗ 1B(H))U

∗
n

)
= P(a)⊗ En + bn,

where

bn = (1− 1A ⊗ En)bn(1− 1A ⊗ En), ∥bn∥ ≤ ∥a∥.

As n→ ∞, En ↗ 1B(H) strongly. Hence, the support and uniform norm bound of bn give bn → 0 strongly,
and hence weakly. Moreover, P(a)⊗ En → P(a)⊗ 1B(H) weakly. Therefore,

wo-lim
n→∞

ED′
(
Un(a⊗ 1B(H))U

∗
n

)
= P(a)⊗ 1B(H).

Because this holds for any M -inner ucp map P, the entire set

{P(a)⊗ 1B(H) | P is an M -inner ucp map}

is contained in Kx.
By the assumption that the original inclusion M ⊂ A has the inner UCP-Dixmier property, there exists

an element

y ∈ {P(a) | P is an M -inner ucp map}
w
∩ (M ′ ∩ A).

Because the mapping T 7→ T ⊗ 1B(H) is normal, the element y ⊗ 1B(H) lies in the weak closure of {P(a)⊗
1B(H)}. Since Kx is already weakly closed, it contains y ⊗ 1B(H).

Hence, y ⊗ 1B(H) belongs to

(M⊗̄B(H))′ ∩ (A⊗̄B(H)) = (M ′ ∩ A)⊗̄C1B(H)

and lies in the weakly closed convex hull of the unitary orbit of x, which finishes the proof. □

Combining Theorem 4.1 with Corollary 3.15, we have the weak Dixmier property for inclusions that map
into a Poisson boundary.

Theorem 4.2 (Thm. D). Let M be a von Neumann algebra with separable predual and φ be an nrsg
hyperstate on B(L2(M)) with the Poisson boundary Bφ. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M =MI∞ ⊕MII∞ ⊕MIII;
(ii) M is finite with normal faithful trace τ and φ =

∫
U(M)

⟨ ·uξτ , uξτ ⟩dµ(u) for some µ ∈ Prob(U(M)).

Then any W∗-inclusion M ⊂ A equipped with a normal faithful ucp map P : A → Bφ with P|M = idM has
the weak Dixmier property.
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Proof. Let M ⊂ A be a W∗-inclusion equipped with a normal faithful ucp map P : A → Bφ satisfying
P|M = idM . By Corollary 3.15, M ⊂ A has the inner UCP-Dixmier property.

We consider the two cases separately.
Case (i): Assume M is properly infinite. By Theorem 4.1, for properly infinite von Neumann algebras,

the weak Dixmier property is equivalent to the inner UCP-Dixmier property. Since M ⊂ A already has the
inner UCP-Dixmier property by Corollary 3.15, it has the weak Dixmier property.

Case (ii): Assume M is finite with trace τ , and φ =
∫
U(M)

⟨ ·uξτ , uξτ ⟩dµ(u) for some probabil-

ity measure µ ∈ Prob(U(M)). In this setting, the associated ucp map Poφ : A → A is given by

Poφ(x) =
∫
U(M)

u∗xu dµ(u) for all x ∈ A. The adjoint direction follows from the vector-state convention

φ =
∫
ωuξτ dµ(u). Because Poφ is an integral of unitary conjugations, its iterates (Poφ)k and their Cesàro

means CN (x) = (1/N)
∑N
k=1(Poφ)k(x) lie in the weakly closed convex hull of the unitary orbit of x:

CN (x) ∈ convw{uxu∗ | u ∈ U(M)}.

By the proof of Corollary 3.15, any weak limit point z of the sequence (CN (x))∞N=1 is an element of M ′ ∩A.
Since the weakly closed convex hull of the unitary orbit is weakly closed, the limit point z remains within
it. Hence:

z ∈ convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.
This proves that M ⊂ A has the weak Dixmier property.

□

As a first application, we recover the weak Dixmier property for inclusions with expectation.

Corollary 4.3 (Cor. E, [Pop00, Mar21]). Let M ⊂ A be an inclusion of countably decomposable von
Neumann algebras with a normal faithful conditional expectation. Then M ⊂ A has the weak Dixmier
property.

Proof. Let E : A → M be the given normal faithful conditional expectation. As in [Mar21, p. 122, proof
of the main theorem], take an increasing net (Mi)i∈I of von Neumann subalgebras with separable preduals
and normal faithful conditional expectations EMi :M →Mi, such that (

⋃
iMi)

′′ =M . For x ∈ A, let

Ki
x = convw{uxu∗ | u ∈ U(Mi)}.

We only need to prove that Ki
x ∩M ′

i ̸= ∅ for every i: by weak compactness, any choice yi ∈ Ki
x ∩M ′

i has a
weak cluster point in

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A).

Since EMi ◦ E : A →Mi is a normal faithful conditional expectation, we may therefore assume that M has
separable predual. No separability assumption on A is needed in the argument below or in the auxiliary
averaging results used here. Decompose M =Mfin ⊕M∞ into its finite and properly infinite parts, omitting
zero summands, and write p1, p∞ for their units. Averaging by p1 + e2πitp∞ removes the off-diagonal terms
of every x ∈ A:

(4.3)

∫ 1

0

(p1 + e2πitp∞)x(p1 + e2πitp∞)∗ dt = p1xp1 + p∞xp∞.

The restrictions Ei : piApi → piM are normal faithful conditional expectations.
Take a normal faithful trace τ onMfin, a countable adjoint-closed family of unitaries (uk) generatingMfin,

and ck > 0 with
∑
k ck = 1. The state

φ1 =
∑
k

ck⟨ ·ukξτ , ukξτ ⟩
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is normal and regular. Both strong generation conditions follow from the weak density of C[uk], since (uk)
is adjoint-closed. Composing E1 with Mfin ⊂ Bφ1 , by Theorem 4.2(ii), we have that Mfin ⊂ p1Ap1 has the
weak Dixmier property.

For M∞, take an nrsg hyperstate by Example 3.10. Composing E∞ with the boundary inclusion and
applying Theorem 4.2(i), we have the same conclusion for this corner. Product nets of the two unitary
averaging nets, after applying (4.3), give an element of M ′ ∩ A in the closed convex unitary orbit of x. □

We now turn to the partial weak Dixmier property.

Definition 4.4. Let M ⊂ A and M ⊂ B be W∗-inclusions. A map T : A+ → B̂+ is called an M-bimodular
semifinite positive map if it is additive, positively homogeneous and satisfies

T (a∗xa) = a∗T (x)a (x ∈ A+, a ∈M).

We require normality, meaning preservation of increasing bounded nets, faithfulness, and ultraweak density
of

m+
T = {x ∈ A+ | T (x) ∈ B+}.

Here B̂+ is the extended positive cone, and T (x) <∞ will always mean that T (x) is bounded.

For every ρ ∈ B+
∗ , the function ρ ◦ T is a normal weight. In particular, its sublevel sets are ultraweakly

closed. It follows that, for C <∞, the set

(4.4) {x ∈ A+ | T (x) ≤ C1}

is ultraweakly closed. We use this scalar interpretation of lower semicontinuity throughout; see [Haa79b,
Sections 1–2].

When the invariant state is replaced by an invariant semifinite weight, Cesàro limits still satisfy the
following multiplicativity.

Lemma 4.5. Let φA be a normal faithful semifinite weight on a von Neumann algebra A, and let P : A → A
be a normal ucp map satisfying φA ◦ P = φA. Fix a free ultrafilter ω and define

E(x) = wo-lim
n→ω

1

n

n−1∑
k=0

Pk(x).

If x ∈ A+ and φA(x) <∞, then P(E(x)) = E(x) and P(E(x)2) = E(x)2.

Proof. Write Cn(x) = (1/n)
∑n−1
k=0 Pk(x) and y = E(x). Since ∥P(Cn(x))−Cn(x)∥ ≤ 2∥x∥/n, by normality

of P, we have P(y) = y. Lower semicontinuity and invariance of the weight give

φA(y) ≤ φA(x) <∞, φA(y
2) ≤ ∥y∥φA(y) <∞.

By Kadison’s inequality, P(y2)− y2 ≥ 0. Since φA ◦ P = φA and φA(y
2) <∞,

φA(P(y2)− y2) = φA(P(y2))− φA(y
2) = 0.

By faithfulness, we have P(y2) = y2. □

By this lemma, we have the following semifinite version of Proposition 3.14.

Theorem 4.6. LetM ⊂ A be a W∗-inclusion. Assume thatM has separable predual, and let φ be an nrsgM -

hyperstate. Assume that there exists a normal faithful semifinite M -bimodular positive map T : A+ → B̂φ+

in the preceding sense. Set Q = Poφ, acting on A by Q(x) =
∑
k ykxy

∗
k. For any x ∈ A+ with T (x) < ∞,

every ultraweak cluster point of (1/n)
∑n−1
k=0 Q

k(x) belongs to M ′ ∩ A.
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Proof. Let ζ be the canonical normal faithful state on Bφ and let φA = ζ ◦ T . This is a normal faithful
weight. It is semifinite because its finite positive domain contains the ultraweakly dense cone m+

T .
Normality and M -bimodularity give, in the extended positive cone,

T (Q(x)) =
∑
k

ykT (x)y∗k = Q(T (x)).

By (3.9), ζ◦Q = ζ on (Bφ)+. This identity extends to the extended positive cone by monotone approximation.
Hence φA ◦Q = φA.

Let T be an ultraweak cluster point of (1/n)
∑n−1
k=0 Q

k(x). By the proof of Lemma 4.5, applied along a
convergent subnet, we have Q(T ) = T and Q(T 2) = T 2. Hence,∑

k

(ykT − Tyk)(ykT − Tyk)
∗ = Q(T 2)−Q(T )T − TQ(T ) + T 2 = 0.

Hence [T, yk] = 0 for every k. Since C[yk]
w
=M , T ∈M ′ ∩ A. □

As in Theorem 4.2, we can convert these Cesàro limits into unitary averages.

Theorem 4.7. Let M have separable predual and let φ be an nrsg hyperstate. Assume that one of the
following conditions holds:

(i) M is properly infinite;
(ii) M is finite with a normal faithful tracial state τ and

(4.5) φ(T ) =

∫
U(M)

⟨Tuξτ , uξτ ⟩ dµ(u)

for some µ ∈ Prob(U(M)).

Let M ⊂ A be a W∗-inclusion and let T : A+ → B̂φ+ be a normal faithful semifinite M -bimodular positive

map. Then, for x ∈ A+ with T (x) <∞,

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.

Proof. Let C = ∥T (x)∥ and Kx = convw{uxu∗ | u ∈ U(M)}. For u ∈ U(M), T (uxu∗) = uT (x)u∗ ≤ C1. By
the ultraweak closedness of (4.4),

T (b) ≤ C1 (b ∈ Kx).

Suppose first that M is properly infinite. Take isometries (vi) ⊂ M with v∗i vj = δij1 and
∑
i viv

∗
i = 1,

and use the isomorphism

Θ : A ∼−→ A⊗̄B(ℓ2(N)), Θ(b) =
∑
i,j

v∗i bvj ⊗ eij .

It maps M onto M⊗̄B(ℓ2(N)). As in the proof of Theorem 4.1, by unitary averaging over the type I tensor
factor, we have a⊗ 1 ∈ Θ(Kx) for some a ∈ A+. Let b = Θ−1(a⊗ 1). Since b ∈ Kx and a = v∗1bv1,

T (a) = v∗1T (b)v1 ≤ C1.

By Theorem 4.6, an ultraweak cluster point c of the Cesàro means of (Poφ)k(a) belongs to M ′ ∩ A.
The matrix-dilation argument in the proof of Theorem 4.1 applies to eachM -inner ucp map. Hence every

Cesàro mean of (Poφ)k(a), tensored with 1, belongs to the weakly closed unitary convex hull of a⊗ 1. That

hull is contained in Θ(Kx), so c⊗ 1 ∈ Θ(Kx). Since c⊗ 1 ∈ (M⊗̄B(ℓ2(N)))′,
Θ−1(c⊗ 1) ∈ Kx ∩ (M ′ ∩ A).

Suppose now that M is finite and φ satisfies (4.5). With the present vector-state convention,

Poφ(b) =
∫
U(M)

u∗bu dµ(u).
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Its iterates and Cesàro means preserve Kx. Their ultraweak cluster points belong toM ′∩A by Theorem 4.6,
which proves the assertion. □

Composing an operator-valued weight onto M with the boundary inclusion recovers Isono’s result.

Corollary 4.8 ([Iso25]). Let M ⊂ A be an inclusion of countably decomposable von Neumann algebras, and

let T : A+ → M̂+ be a normal faithful semifinite operator-valued weight. For every x ∈ A+ such that T (x)
is bounded,

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.
Proof. As in the beginning of the proof of Corollary 4.3, we may assume thatM has separable predual. Write
M = Mfin ⊕M∞ for its finite and properly infinite parts, with units p1, p∞. Averaging over the unitaries
p1 + e2πitp∞ sends x to p1xp1 + p∞xp∞ within its unitary convex hull.

The restrictions Ti : (piApi)+ → p̂iM+ are normal, faithful and semifinite. Indeed, compression of the
ultraweakly dense finite positive domain of T is ultraweakly dense in (piApi)+, and

Ti(piapi) = piT (a)pi.

Moreover, Ti(pixpi) is bounded.
OnMfin take an atomic measure on a countable symmetric family of unitaries generatingMfin, with every

atom having positive mass. Then we have an nrsg hyperstate with respect to a normal faithful tracial state.
On M∞ use Example 3.10. Compose each Ti with the extension to extended positive cones of the canonical
embedding piM ⊂ Bφi . These composites satisfy the hypotheses of Theorem 4.7; no normalization on piM
is required. Apply that theorem separately to the two positive diagonal blocks.

Finally, block-diagonal unitaries in U(Mfin) ⊕ U(M∞) belong to U(M). Taking product nets of the two
averaging nets, we have a limit in M ′ ∩ A, still in the original unitary convex hull. □

5. The relative bicentralizer conjecture

In this section, we prove Theorem A. Fix an inclusion M ⊂ P of countably decomposable von Neumann
algebras with a normal faithful conditional expectation E : P →M . We only need to prove that M ⊂ c(P )
has the weak Dixmier property.

By the same argument as in the beginning of the proof of Corollary 4.3, we may assume that M has
separable predual; see also [Mar25, Theorems D and E(6)]. For the remainder of this section, we therefore
assume that M has separable predual, while P need only be countably decomposable. Fix a normal faithful
state ϕ on M , and let ρ = ϕ ◦ E. We use the compatible realizations

cϕ(M) ⊂ cρ(P ) = P ⋊σρ R.
We write ϕit for the canonical implementing unitaries in cϕ(M). Let A = cρ(P ), and let φA = ρ ◦ T be the

dual weight of ρ, where T : A+ → P̂+ is the canonical operator-valued weight. We use the notation h = dφA
dτA

and H = log h from Subsection 2.3, where τA is the canonical trace on A. Here λt = hit = ϕit. The modular

action σφA
t = Ad(λt) restricts to σ

ϕ
t on M . Take the (M,ϕ)-hyperstate φ and the inner ucp coefficients (yk)

from Example 3.10, and define

(5.1) Q(x) =
∑
k

ykxy
∗
k (x ∈ A).

To prove thatM ⊂ A has the inner UCP-Dixmier property, we only need to prove that d := Q(aa∗)−aa∗ =
0 for every a ∈ Har(Q,A). As in the proof of Proposition 3.14 and the argument showing E(x) ∈ Har(P) in
Lemma 4.5, followed by Cesàro averaging, we have

Q(aa∗) = aa∗ (a ∈ Har(Q,A))

=⇒ Har(Q,A) =M ′ ∩ A
=⇒ M ⊂ A has the inner UCP-Dixmier property.



POISSON BOUNDARIES, BICENTRALIZERS, AND KADISON’S PROBLEM 27

Fix a ∈ Har(Q,A). By Kadison’s inequality, d ≥ 0. Lemma 2.2 reduces d = 0 to proving that every
x ∈ A+ with 0 ≤ x ≤ d and φA(x) <∞ must be x = 0. Such an x satisfies

n−1∑
k=0

Qk(x) ≤
n−1∑
k=0

Qk(d) = Qn(aa∗)− aa∗ ≤ C1 with C = ∥a∥2.

After constructing the pairing and the self-adjoint contraction S in Lemma 5.1, Lemmas 5.2 and 5.3 prove
φA(x) = 0 for such x. By faithfulness, we then have x = 0.

Theorem 4.1 converts the inner UCP-Dixmier property into the weak Dixmier property whenM is properly
infinite. For finite M , we take ϕ tracial so that the Cesàro means are already unitary averages. The general
case follows by decomposing M into its finite and properly infinite parts.

Since ϕ ◦Q = ϕ, normality and M -bimodularity of E and T give

(5.2) φA ◦Q = ϕ ◦ E ◦ T ◦Q = ϕ ◦Q ◦ E ◦ T = ϕ ◦ E ◦ T = φA,

where the compositions are understood on the extended positive cone.
Define

mφA = span{a ∈ A+ | φA(a) <∞}, ξ(a) = h1/4ah1/4 (a ∈ mφA).

On L2(A, τA) we use the inner product ⟨X,Y ⟩2 = τA(Y
∗X), linear in the first variable.

Define S : D → D, where D = {ξ(a) | a ∈ mφA}, by

(5.3) Sξ(a) = ξ(Q(a)) (a ∈ mφA).

This is well-defined since ξ is injective and Q(mφA) ⊂ mφA by (5.2).

Lemma 5.1. For every a ∈ mφA , we have ξ(a) ∈ L2(A, τA). Let x ∈ A+ satisfy φA(x) <∞. Then

ωx(a) = τA(h
1/2xh1/2a) (a ∈ A)

defines a finite normal positive functional on A, with ωx(1) = φA(x), and

(5.4) ⟨ξ(a), ξ(x)⟩2 = ωx(a) (a ∈ mφA).

Moreover, S extends to a self-adjoint contraction on L2(A, τA).

Proof. For a ∈ mφA , let

k(a) = h1/2ah1/2 ∈ L1(A, τA).
We first prove the assertions about ξ and ωx. Both ah

1/2 and h1/2a belong to L2(A, τA). Traciality and the
Cauchy–Schwarz inequality give

(5.5)

∥ξ(a)∥22 = τA(h
1/4a∗h1/2ah1/4)

= τA
(
(ah1/2)∗(h1/2a)

)
≤ ∥ah1/2∥2∥h1/2a∥2
= τA(h

1/2a∗ah1/2)1/2τA(h
1/2aa∗h1/2)1/2

= φA(a
∗a)1/2φA(aa

∗)1/2.

The calculation is first made for an = enaen, where en = 1[1/n,n](h). The convergences anh
1/2 → ah1/2 and

h1/2an → h1/2a in L2 justify passage to the limit.
Since k(x) ∈ L1(A, τA)+ and τA(k(x)) = φA(x), ωx is a finite normal positive functional with ωx(1) =

φA(x). To prove (5.4), let

en = 1[ 1n ,n]
(h), xn = enxen, an = enaen.
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By (2.3), the projections en have finite trace. By traciality in enAen, we have

⟨ξ(an), ξ(xn)⟩2 = τA(h
1/2xnh

1/2an).

Since enh = hen and en ↗ 1 strongly,

k(xn) = enk(x)en −→ k(x) in L1, ξ(xn) = enξ(x)en −→ ξ(x) in L2, ξ(an) −→ ξ(a) in L2.

Moreover,

sup
n

∥an∥ ≤ ∥a∥, an −→ a ∗-strongly.

Passing to the limit proves (5.4).
We next prove that S extends to a self-adjoint contraction. Identifying A∗ with L1(A, τA), we first show

that the preadjoint of Q satisfies

(5.6) Q∗k(a) = k(Q(a)) (a ∈ mφA).

Let vk = σϕi/2(y
∗
k). By Example 3.10, (vk) is a permutation of (yk). We have

(5.7) y∗kh
1/2 = h1/2vk, h1/2yk = v∗kh

1/2.

Formula (5.7) follows first on compact spectral vectors for H, and then for the closed measurable products.
For a ∈ A+ with φA(a) <∞, we have

y∗kk(a)yk = k(vkav
∗
k).

By (5.7), the positive partial sums
∑
k≤n y

∗
kk(a)yk converge in L1, since

τA

∑
k≤n

y∗kk(a)yk

 = τA

k(a)∑
k≤n

yky
∗
k

↗ φA(a).

By monotone convergence of the corresponding quadratic forms, we have

Q∗k(a) =
∑
k

y∗kk(a)yk = k

(∑
k

vkav
∗
k

)
= k(Q(a)).

This proves (5.6) for positive a, and the general case follows by linearity.
By (5.6) and (5.4), for a, b ∈ mφA ∩ A+,

⟨Sξ(a), ξ(b)⟩2 = τA(k(b)Q(a)) = τA(Q∗k(b)a) = τA(k(Q(b))a) = ⟨ξ(a), Sξ(b)⟩2.
By linearity, we have ⟨Sv,w⟩2 = ⟨v, Sw⟩2 for v, w ∈ D. Also S(D) ⊂ D by (5.2). For a ∈ mφA , (5.3), (5.5),
Kadison’s inequality for Qn, and φA ◦Qn = φA give

∥Snξ(a)∥22 = ∥ξ(Qn(a))∥22
= ∥h1/4Qn(a)h1/4∥22
= τA(h

1/2Qn(a)∗h1/2Qn(a))

≤ φA((Q
n(a))∗Qn(a))1/2φA(Q

n(a)(Qn(a))∗)1/2

≤ φA(Q
n(a∗a))1/2φA(Q

n(aa∗))1/2

= φA(a
∗a)1/2φA(aa

∗)1/2.

Hence

Cv := sup
m≥0

∥Smv∥2 <∞ (v ∈ D).

For v ∈ D, by symmetry, we have

(5.8) ∥Sv∥22 = ⟨S2v, v⟩2 ≤ ∥S2v∥2∥v∥2.
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Iterating (5.8), we have

∥Sv∥2 ≤ ∥S2nv∥1/2
n

2 ∥v∥1−1/2n

2 ≤ C1/2n

v ∥v∥1−1/2n

2 −→ ∥v∥2.

It remains to check that D is dense. With en = 1[1/n,n](h), both h and h−1 are bounded on en, and
τA(en) <∞. Every bounded b ∈ enAen has the form

b = ξ(h−1/4bh−1/4), h−1/4bh−1/4 ∈ enAen ⊂ mφA .

These finite-corner elements are dense in L2(A, τA). Therefore S extends to a self-adjoint contraction. □

Let f ∈ C∞
c (R) be real with 0 ≤ f ≤ 1, equal to 1 near 0, even and nonincreasing in |s|. Define

HR = f(H/R), R ≥ 1. Then HR ↗ 1 strongly as R→ ∞, and by (2.2), we have

φA(HR) = R

∫
R
f(s) ds <∞.

Lemma 5.2. Let x ∈ A+ satisfy φA(x) <∞. Assume that there is a constant 0 ≤ C <∞ such that

(5.9)

n−1∑
k=0

Qk(x) ≤ C1 (n ≥ 1).

Then

(5.10) φA(x) ≤ lim inf
R→∞

C∥(1− S)1/2ξ(HR)∥22.

Proof. The case φA(x) = 0 is immediate. Assume that φA(x) > 0. Let an =
∑n−1
k=0 Q

k(x) ≤ C1. By (5.2)
and (5.3),

φA(an) = nφA(x) <∞, (1− S)ξ(an) = ξ(x−Qn(x)).

By (5.4) and positivity,

(5.11) ∥(1−S)1/2ξ(an)∥22 = ⟨ξ(x−Qn(x)), ξ(an)⟩2 = ωx(an)−ωan(Qn(x)) ≤ ωx(an) ≤ Cωx(1) = CφA(x).

Fix R ≥ 1. By (5.4) and positivity, ωx(HR) = ωHR
(x) = ωHR

(x). Since an − Q(an) = x − Qn(x) and
1− S ≥ 0, (5.3) and (5.11) give

(5.12)

|ωx(HR)− ωHR
(Qn(x))|2

=
∣∣ωHR

(x−Qn(x))
∣∣2

=
∣∣⟨ξ(x−Qn(x)), ξ(HR)⟩2

∣∣2
=
∣∣⟨(1− S)ξ(an), ξ(HR)⟩2

∣∣2
=
∣∣⟨(1− S)1/2ξ(an), (1− S)1/2ξ(HR)⟩2

∣∣2
≤∥(1− S)1/2ξ(an)∥22∥(1− S)1/2ξ(HR)∥22
≤CφA(x)∥(1− S)1/2ξ(HR)∥22.

By (5.9), for every N ≥ 1,

N−1∑
n=0

ωHR
(Qn(x)) = ωHR

(
N−1∑
n=0

Qn(x)

)
≤ CωHR

(1) = CφA(HR) <∞.

Letting N → ∞, we have
∞∑
n=0

ωHR
(Qn(x)) ≤ CφA(HR) <∞,
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so ωHR
(Qn(x)) → 0 as n→ ∞. Letting n→ ∞ in (5.12), we have

(5.13) |ωx(HR)|2 ≤ CφA(x)∥(1− S)1/2ξ(HR)∥22 (R ≥ 1).

Since HR ↗ 1 strongly as R→ ∞, normality of ωx and (5.13) give

φA(x)
2 = |ωx(1)|2 = lim

R→∞
|ωx(HR)|2 ≤ lim inf

R→∞
CφA(x)∥(1− S)1/2ξ(HR)∥22.

Dividing by φA(x) proves (5.10). □

Let ν be the spectral distribution of log∆ϕ under φ. By (3.4),

m2 :=

∫
R
s2 dν(s) = φ((log∆ϕ)

2) <∞.

Lemma 5.3. For every R ≥ 1,

(5.14) ∥(1− S)1/2ξ(HR)∥22 ≤ m2∥f ′∥22
2R

.

Moreover, if x ∈ A+ satisfies φA(x) < ∞ and
∑n−1
k=0 Q

k(x) ≤ C1 for some 0 ≤ C < ∞ and every n ≥ 1,
then x = 0.

Proof. Let g ∈ C∞
c (R) be real. By (2.2), g(H) ∈ mφA , and g(H) ∈ AφA . Expanding the commutators, we

have ∑
k

[yk, g(H)][yk, g(H)]∗ = Q(g(H)2)−Q(g(H))g(H)− g(H)Q(g(H)) + g(H)2.

By Kadison’s inequality, (5.2), and (2.2),

φA(Q(g(H))2) ≤ φA(Q(g(H)2)) = φA(g(H)2) =

∫
R
|g(s)|2 ds <∞.

Hence all four terms on the right belong to mφA . Applying φA and using the φA-centralizer property of
g(H), the linear extension of (5.4) to self-adjoint elements, and (5.3), we have

(5.15)

∑
k

φA([yk, g(H)][yk, g(H)]∗) = 2
(
φA(g(H)2)− φA(g(H)Q(g(H)))

)
= 2
(
⟨ξ(g(H)), ξ(g(H))⟩2 − ⟨Sξ(g(H)), ξ(g(H))⟩2

)
= 2∥(1− S)1/2ξ(g(H))∥22.

We compute the left-hand side by proving

(5.16)
∑
k

φA([yk, g(H)][yk, g(H)]∗) =

∫
R

∫
R
|g(r + s)− g(r)|2 dr dν(s).

We use the unitary Fourier transform

ĝ(t) = (2π)−1/2

∫
R
e−itrg(r) dr.

By the crossed-product relation, we have

(5.17) [yk, g(H)] = (2π)−1/2

∫
R
ĝ(t)(yk − σϕt (yk))λt dt.

With the normalization in (2.2), for X = (2π)−1/2
∫
R atλt dt = (2π)−1/2

∫
R ate

itH dt, we have

(5.18) φA(X
∗X) =

∫
R
ρ(a∗tat) dt, φA(XX

∗) =

∫
R
ρ(ata

∗
t ) dt,
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The identities in (5.18) hold first on the crossed-product Hilbert algebra and extend by its L2 isometry; see
[Haa78a]. In the first identity in (5.18), the zeroth coefficient is

∫
R σ

ρ
−t(a

∗
tat) dt, and the modular invariance

of ρ removes this twist.
By φ =

∑
k⟨ · y∗kξϕ, y∗kξϕ⟩ and the definition of ν as the spectral distribution of log∆ϕ under φ, we have∑

k

ϕ
(
(yk − σϕt (yk))(yk − σϕt (yk))

∗) =∑
k

∥(1−∆it
ϕ )y

∗
kξϕ∥2

=
∑
k

〈
(1−∆−it

ϕ )(1−∆it
ϕ )y

∗
kξϕ, y

∗
kξϕ
〉

= φ
(
(1−∆−it

ϕ )(1−∆it
ϕ )
)

=

∫
R
(1− e−its)(1− eits) dν(s)

=

∫
R
|1− eits|2 dν(s).

By (5.17), (5.18), and scalar Plancherel,∑
k

φA([yk, g(H)][yk, g(H)]∗) =

∫
R
|ĝ(t)|2

∫
R
|1− eits|2 dν(s) dt

=

∫
R

∫
R
|ĝ(t)|2|1− eits|2 dt dν(s)

=

∫
R

∫
R
|g(r + s)− g(r)|2 dr dν(s).

This proves (5.16). Now take g(r) = f(r/R), so g(H) = HR. Since ∥g( · + s) − g∥2 ≤ |s|∥g′∥2 = |s|√
R
∥f ′∥2,

by (5.16), we have

(5.19)
∑
k

φA([yk, HR][yk, HR]
∗) ≤ m2∥f ′∥22

R
.

Combining (5.15) with g(H) = HR and (5.19) proves (5.14).
Now let x satisfy the hypotheses of Lemma 5.2. By (5.10) and (5.14),

0 ≤ φA(x) ≤ lim inf
R→∞

Cm2∥f ′∥22
2R

= 0.

Hence φA(x) = 0, and by faithfulness of φA, we have x = 0. □

We can now identify Har(Q,A).

Proposition 5.4. The fixed-point space of Q is

Har(Q,A) =M ′ ∩ A.

Proof. We only need to prove that Har(Q,A) ⊂M ′ ∩ A. Let a ∈ Har(Q,A). By Kadison’s inequality,

d := Q(aa∗)− aa∗ = Q(aa∗)−Q(a)Q(a)∗ ≥ 0.

We have
n−1∑
k=0

Qk(d) = Qn(aa∗)− aa∗ ≤ ∥a∥21 (n ≥ 1).
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Suppose that d ̸= 0. By Lemma 2.2, take 0 ̸= x ≤ d with φA(x) <∞. Then

n−1∑
k=0

Qk(x) ≤
n−1∑
k=0

Qk(d) ≤ ∥a∥21 (n ≥ 1).

By Lemma 5.3, we have x = 0, a contradiction. Hence Q(aa∗) = aa∗. Applying the same argument to
a∗ ∈ Har(Q,A), we have Q(a∗a) = a∗a, so a belongs to the multiplicative domain of Q. Expanding as in
(3.10), we have ∑

k

(yka− ayk)(yka− ayk)
∗ = 0.

Hence [a, yk] = 0 for every k. Since C[yk]
w
=M , a ∈M ′ ∩ A. □

Marrakchi proved the relative bicentralizer conjecture, in particular, whenM is amenable, has no type III1
direct summand, is a tensor product of two type III1 von Neumann algebras, or admits a Cartan subalgebra
[Mar25, Theorem E(1)–(4)]. For completeness, we give a new proof covering these cases as well. We now
finish the proof by applying Theorem 4.1.

Proof of Theorem A. As in the beginning of the proof of Corollary 4.3, we may assume thatM has separable
predual.

Suppose first that M is either finite or properly infinite. Fix a normal faithful state ϕ on M , taking ϕ
tracial when M is finite. Let Q be the map in (5.1) on A = cϕ◦E(P ), with coefficients from Example 3.10.
For x ∈ A, define

Cn(x) =
1

n

n−1∑
k=0

Qk(x), Kx = convw{uxu∗ | u ∈ U(M)}.

Since

∥Q(Cn(x))− Cn(x)∥ ≤ 2∥x∥
n

,

normality of Q and Proposition 5.4 imply that every ultraweak cluster point of (Cn(x)) belongs to M
′ ∩A.

If M is properly infinite, each Cn is an M -inner ucp map. Hence M ⊂ A has the inner UCP-Dixmier
property, and by Theorem 4.1, we have the weak Dixmier property.

If M is finite, by the tracial choice in Example 3.10, we have

yk = λkuk, Q(x) =
∑
k

λ2kukxu
∗
k,

∑
k

λ2k = 1.

Hence Q(Kx) ⊂ Kx and Cn(x) ∈ Kx for every n. Every ultraweak cluster point belongs to Kx ∩ (M ′ ∩ A),
which proves the finite case.

For general M , write
M =Mfin ⊕M∞

for its finite and properly infinite parts. We may assume that both summands are nonzero. Let p1, p2 be
their units and let Pi = piPpi. There is a normal faithful conditional expectation

F : P → P1 ⊕ P2, F (a) = p1ap1 + p2ap2.

The restrictions
E1 = E|P1

: P1 →Mfin, E2 = E|P2
: P2 →M∞

are normal faithful conditional expectations.
Take a normal faithful state ϕ on M whose restriction to Mfin is tracial, and let ρ = ϕ ◦ E, A = cρ(P ),

and ρi = ρ|Pi/ρ(pi). Since pi ∈Mϕ, by bimodularity, we have pi ∈ Pρ. Hence F preserves ρ and extends to
a normal faithful conditional expectation

F̃ : A → p1Ap1 ⊕ p2Ap2, piApi ∼= cρi(Pi).
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For x ∈ A, since p1 − p2 ∈ U(M),

F̃ (x) = p1xp1 + p2xp2 =
1

2

(
x+ (p1 − p2)x(p1 − p2)

)
∈ Kx.

The finite and properly infinite cases give the weak Dixmier property for Mfin ⊂ p1Ap1 and M∞ ⊂ p2Ap2,
respectively. As in the proof of Corollary 4.3, taking product nets of the two unitary averaging nets, we have

Kx ∩ (M ′ ∩ A) ̸= ∅.
This proves that M ⊂ c(P ) has the weak Dixmier property. Taking P =M , we have the last assertion. □

Proof of Corollary B. By Theorem A, M ⊂ c(M) has the weak Dixmier property. Since M is of type III1,
by [Haa87, Theorem 3.1], we have B(M,ϕ) = C1 for every normal faithful state ϕ on M . □

Proof of Corollary C. By Theorem A, we have the weak Dixmier property for M ⊂ c(P ). Hence by [Mar25,
Theorem D], we have (2.1) for every normal faithful state ϕ on M . □

6. Kadison’s problem on MASA

In this section, we use the generating inner ucp map associated with an nrsg hyperstate to give a new
proof of the solution to Kadison’s problem (Theorem G).

Fix an inclusion M ⊂ P of von Neumann algebras with separable preduals and a normal faithful condi-
tional expectation E : P → M as in Theorem G. Fix a normal faithful state ϕ on M , and let ρ = ϕ ◦ E.
Since ρ is faithful, the only x ∈ P with ρ(ax) = 0 for all a ∈ P is x = 0. By the Hahn–Banach theorem,

(6.1) {ρ(a · ) | a ∈ P}
∥ · ∥

= P∗.

For a unital finite-dimensional subalgebra F ⊂ P , define

ΨF (x) =

∫
U(F )

uxu∗ du (x ∈ P ),

where du is the normalized Haar measure on U(F ). Then ΨF is the normal conditional expectation onto
F ′ ∩ P . For a finite-dimensional unital abelian subalgebra D ⊂ P , let At(D) denote the set of minimal
projections of D, and define

ΦD(x) =
∑

p∈At(D)

pxp (x ∈ P ).

Then ΦD = ΨD is the normal conditional expectation onto D′ ∩ P . In particular,

(6.2) ∥θ ◦ ΦD∥ = ∥θ|D′∩P ∥ (θ ∈ P∗).

We use the same notation for a corner ePe in place of P .
Take an nrsg (M,ϕ)-hyperstate φ with inner ucp coefficients (yk) ⊂ M . For example, we can take the

hyperstate constructed in Example 3.10. In particular,∑
k

yky
∗
k = 1, C[yk]

w
=M.

Define the normal M -inner ucp map

(6.3) Q(x) =
∑
k

ykxy
∗
k (x ∈ P ).

The restriction of Q to M preserves ϕ, and Q is the map Poφ of Proposition 3.14 for A = P . We will also
use this construction for the corners and central summands in Lemma 6.12 and Proposition 6.11.

We first outline the proof. Let Cn = (1/n)
∑n−1
ℓ=0 Q

ℓ be the Cesàro means of Q, and let

M⊥ = {θ ∈ P∗ | θ|M = 0}.
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Since P∗ is separable, we can take a sequence (θn)n≥1 which is norm dense in M⊥. Let θ ∈ M⊥ and ε > 0;
finitely many functionals, such as θ1, . . . , θn, are treated simultaneously. When M is continuous (i.e., M
has no type I direct summand) and properly infinite, the proof follows the chain

Har(Q,P ) = Z(M) (Proposition 3.14)

=⇒ ∥θ ◦ Cn∥ → 0 (n→ ∞) (Corollary 6.1)(6.4)

=⇒ ∃ matrix algebra Fθ,ε ⊂M :(6.5)

∥θ|F ′
θ,ε∩P ∥ < ε (Proposition 6.4)

=⇒ ∃ finite-dimensional abelian Dθ,ε ⊂M :(6.6)

∥θ ◦ ΦDθ,ε
∥ = ∥θ|D′

θ,ε∩P ∥ < ε (Corollary 6.8)

=⇒ ∃ finite-dimensional abelian D1 ⊂ D2 ⊂ · · · ⊂M :(6.7)

∥θj |D′
n∩P ∥ < 2−n (j ≤ n) (Lemma 6.12)

=⇒ θj |A′
0∩P = 0 for A0 =

∨
nDn (j ≥ 1) (proof of Theorem G)(6.8)

=⇒ A′
0 ∩ P ⊂M (proof of Theorem G)(6.9)

=⇒ every MASA A of M containing A0 satisfies(6.10)

A′ ∩ P = A (proof of Theorem G).

The Poisson boundary method gives the generating inner ucp map Q and, by Proposition 3.14 and
M ′ ∩ P = Z(M), the fixed-point equality Har(Q,P ) = Z(M). The passage to (6.4) is the standard
predual Cesàro argument. The main simplification is the passage from (6.4) to (6.5): we obtain the matrix
approximation directly from the inner ucp maps, without passing through an AFD subalgebra with the same
relative commutant as in [Mar26, Theorem B]. The steps (6.6)–(6.10) are well-established steps originating in
Popa’s work [Pop81] and also used by Marrakchi [Mar25, Mar26]. For the passage to (6.6), we give a separate
argument in Proposition 6.7, which has the same purpose as [Mar26, Lemma 1.1] but uses a different proof:
we enlarge F inside the centralizer of a suitable state and use (6.13). By (6.2), (6.6) is the formulation
of local quantization for normal functionals vanishing on M ′ ∩ P = Z(M); see [Mar25, Definition 10.2].
The recursive refinement (6.7) follows Popa’s construction [Pop81] and is essentially the same as [Mar26,
Lemma 1.3], while the passage through (6.8) and (6.9) to (6.10) follows Popa’s construction and the predual
argument in [Mar25, Proposition 10.5] and [Mar26, Theorem 1.4]. We include these steps for completeness.
For finite M , Lemma 6.10 is essentially Popa’s averaging and refinement argument [Pop81], using the tracial
case of Example 3.10 to express unitary averaging through an inner ucp map.

The following corollary follows from Proposition 3.14 and M ′ ∩ P = Z(M).

Corollary 6.1. Let M ⊂ P be as in Theorem G, and let Q be defined by (6.3). Then Har(Q,P ) = Z(M).

Moreover, the Cesàro means Cn = (1/n)
∑n−1
j=0 Q

j satisfy

∥θ ◦ Cn∥ −→ 0 (n→ ∞)

for every θ ∈ P∗ with θ|Z(M) = 0.

Proof. The composition P
E−→M ⊂ Bφ is a normal faithful ucp map whose restriction to M is the identity.

By Proposition 3.14, Har(Q,P ) =M ′ ∩ P = Z(M).
Let T = Q∗ be the predual map on P∗, so that Tθ = θ ◦Q. The annihilator of Ran(id− T ) in P = (P∗)

∗

is Har(Q,P ) = Z(M). Hence by the Hahn–Banach theorem, we have

Ran(id− T )
∥ · ∥

= {θ ∈ P∗ | θ|Z(M) = 0}.
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If θ = (id− T )η for some η ∈ P∗, then we have

∥θ ◦ Cn∥ =

∥∥∥∥∥∥ 1n
n−1∑
j=0

T jθ

∥∥∥∥∥∥ =
1

n
∥η − Tnη∥ ≤ 2∥η∥

n
.

Since ∥θ ◦Cn∥ ≤ ∥θ∥ for all θ ∈ P∗ and n ≥ 1, the convergence extends to the norm closure of Ran(id− T ),
which finishes the proof. □

We next approximate normal M -inner ucp maps by M -inner ucp maps with finitely many inner ucp
coefficients.

Lemma 6.2. Let M ⊂ P be a W∗-inclusion, and let R(x) =
∑
i≥1 aixa

∗
i be a normal M -inner ucp map on

P . Then there are M -inner ucp maps Rm on P , each with finitely many inner ucp coefficients, such that

∥θ ◦Rm − θ ◦R∥ −→ 0 (m→ ∞)

for every θ ∈ P∗.

Proof. For m ≥ 1, define

bm =

(
1−

m∑
i=1

aia
∗
i

)1/2

, Rm(x) =

m∑
i=1

aixa
∗
i + bmxbm.

Since bm ∈ M , each Rm is an M -inner ucp map with m + 1 inner ucp coefficients. For θ ∈ P+
∗ , the

functional θ ◦Rm − θ ◦R is the difference of the positive functionals θ(bm · bm) and
∑
i>m θ(ai · a∗i ). Since∑

i>m aia
∗
i = b2m, we have

∥θ ◦Rm − θ ◦R∥ ≤ 2θ(b2m) −→ 0 (m→ ∞).

Every normal functional is a linear combination of positive normal functionals, which proves the lemma. □

WhenM is properly infinite, anM -inner ucp map with finitely many inner ucp coefficients is a compression
of an endomorphism of P whose range is the relative commutant of a full matrix algebra inM . The following
lemma removes the compression asymptotically.

Lemma 6.3. Let M ⊂ P be a W∗-inclusion such that M is a properly infinite von Neumann algebra with
separable predual. Let R(x) =

∑r
i=1 aixa

∗
i be an M -inner ucp map on P . Then there are normal unital

injective endomorphisms αn : P → P and unital full matrix algebras Fn ⊂M such that

αn(P ) = F ′
n ∩ P, ∥θ ◦ αn − θ ◦R∥ −→ 0 (n→ ∞, θ ∈ P∗).

Proof. We use the same matrix construction as in the proof of Theorem 4.1. Let d = r + 1, and fix a
projection e ∈M with e ∼ 1− e ∼ 1. Take matrix units (eij)1≤i,j≤d in Md(C)⊗1. Take an isometry ve ∈M
with vev

∗
e = e and an isomorphism

Θe :M
∼−→ Md(C)⊗̄M, Θe(e) = e11,

which extends to an isomorphism P
∼−→ Md(C)⊗̄P , still denoted by Θe, such that

Θ−1
e

(
x 01×r

0r×1 0r×r

)
= vexv

∗
e (x ∈ P ).

In Md(C)⊗̄M , let

Z =


0 a1 · · · ar
0 0 · · · 0
...

...
...

0 0 · · · 0

 .
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Since
∑r
i=1 aia

∗
i = 1 and the first column of Z is 0,

ZZ∗ = e11, 1− Z∗Z ≥ e11 ∼ 1, 1− e11 ∼ 1.

Take a partial isometry W ∈ Md(C)⊗̄M with

W ∗W = 1− Z∗Z, WW ∗ = 1− e11.

Then U = Z +W is unitary and its first row is (0, a1, . . . , ar). For x ∈ P , by matrix multiplication, we have

U


x 0 · · · 0
0 x · · · 0
...

...
. . .

...
0 0 · · · x

U∗ =

(
R(x) ∗
∗ ∗

)
.

Define

αe(x) = Θ−1
e

(
U(1d ⊗ x)U∗), Fe = Θ−1

e

(
U(Md(C)⊗ 1)U∗).

Then αe is a normal unital injective endomorphism, Fe ⊂M is a unital full matrix algebra, and

αe(P ) = F ′
e ∩ P.

Since Θe(e) = e11, we have

(6.11) eαe(x)e = Θ−1
e

(
R(x) 0
0 0

)
= veR(x)v

∗
e (x ∈ P ).

Finally, take projections en ↗ 1 in M with

en − en−1 ∼ 1− en ∼ 1 (n ≥ 1).

Take partial isometries vn ∈M with

v∗nvn = 1− en−1, vnv
∗
n = en − en−1,

and use ven = en−1 + vn in the construction above. Then

v∗enven = 1, venv
∗
en = en, venen−1 = v∗enen−1 = en−1,

so ven → 1 ∗-strongly. Let αn = αen and Fn = Fen . For θ ∈ P∗, by (6.11), we have

θ ◦ αn − θ ◦R = (θ − θ(en · en)) ◦ αn + (θ(ven · v∗en)− θ) ◦R,
and hence

∥θ ◦ αn − θ ◦R∥ ≤ ∥θ − θ(en · en)∥+ ∥θ(ven · v∗en)− θ∥ −→ 0 (n→ ∞).

The convergence follows from en → 1 strongly and ven → 1 ∗-strongly, first for vector functionals and then
for every θ ∈ P∗ by norm approximation. This finishes the proof. □

We now combine Corollary 6.1 with Lemmas 6.2 and 6.3.

Proposition 6.4. Let M ⊂ P be as in Theorem G, and assume that M is properly infinite. Let θ1, . . . , θs ∈
P∗ satisfy θj |Z(M) = 0, and let ε > 0. Then there is a unital full matrix algebra F ⊂M such that

∥θj
∣∣
F ′∩P ∥ < ε (1 ≤ j ≤ s).

Proof. For n ≥ 1, let Cn = (1/n)
∑n−1
ℓ=0 Q

ℓ as in Corollary 6.1. Each Cn is a normal M -inner ucp map. By
Corollary 6.1 and Lemmas 6.2 and 6.3, we can successively take n ≥ 1, an M -inner ucp map R with finitely
many inner ucp coefficients, and a normal unital injective endomorphism α : P → P with α(P ) = F ′ ∩P for
a unital full matrix algebra F ⊂M , such that

∥θj ◦ Cn∥ <
ε

3
, ∥θj ◦R− θj ◦ Cn∥ <

ε

3
, ∥θj ◦ α− θj ◦R∥ <

ε

3
(1 ≤ j ≤ s).
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Since α is a ∗-isomorphism of P onto F ′ ∩ P , it maps the unit ball of P onto that of F ′ ∩ P . Therefore

∥θj
∣∣
F ′∩P ∥ = ∥θj ◦ α∥ ≤ ∥θj ◦ α− θj ◦R∥+ ∥θj ◦R− θj ◦ Cn∥+ ∥θj ◦ Cn∥ < ε

for 1 ≤ j ≤ s, which proves the proposition. □

The next lemma computes the average of the maps ΦD over the diagonal subalgebras of a matrix algebra.

Lemma 6.5. Let F ⊂ P be a unital full matrix algebra with F ∼= Md(C), and let D ⊂ F be a maximal
abelian subalgebra. Then

(6.12)

∫
U(F )

ΦuDu∗ du =
id + dΨF
d+ 1

.

If ρ is a normal faithful state on P with F ⊂ Pρ, then

(6.13)

∫
U(F )

∥ΦuDu∗(b)∥22,ρ du =
∥b∥22,ρ
d+ 1

for every b ∈ P with ΨF (b) = 0.

Proof. Throughout this section, trn denotes the normalized trace on Mn(C). Under the identification P =
F ⊗̄(F ′ ∩ P ), both sides of (6.12) act only on the first tensor factor. Hence we only need to treat P =
F = Md(C), where ΨF (x) = trd(x)1. The case d = 1 is immediate, so assume that d ≥ 2. By [AP17,

Theorem 3.1.4], we may take matrix units (eij) such that D =
⊕d

i=1 Ceii. Hence

ΦD(x) =

d∑
i=1

eiixeii = diag(x11, . . . , xdd).

Let Ψ denote the left-hand side of (6.12). For v ∈ U(F ), by the invariance of Haar measure under u 7→ vu,
we have

Ad(v) ◦Ψ ◦Ad(v∗) =

∫
U(F )

Ad(v) ◦ ΦuDu∗ ◦Ad(v∗) du =

∫
U(F )

Φ(vu)D(vu)∗ du = Ψ.

Hence Ψ(vxv∗) = vΨ(x)v∗ for x ∈ F and v ∈ U(F ). Fix i ̸= j, and write Ψ(eij) =
∑
p,q cpqepq. For

w = diag(z1, . . . , zd) with |zℓ| = 1, we have

wΨ(eij)w
∗ = Ψ(weijw

∗) = zizjΨ(eij),

so, by comparing the (p, q) entries, we have

cpq
(
zpzq − zizj

)
= 0 (|z1| = · · · = |zd| = 1).

Varying z1, . . . , zd independently shows that cpq = 0 unless (p, q) = (i, j). Hence Ψ(eij) = tijeij . For a
permutation σ of {1, . . . , d}, let uσ be its permutation matrix. Then

Ψ(eσ(i)σ(j)) = Ψ(uσeiju
∗
σ) = uσΨ(eij)u

∗
σ = tijeσ(i)σ(j).

Hence tσ(i)σ(j) = tij . Since permutations act transitively on ordered pairs of distinct indices, there is t ∈ C
such that

Ψ(eij) = teij (i ̸= j).

Let

v =
1√
2

(
1 1
1 −1

)
⊕ 1d−2.

Since v(e12 + e21)v
∗ = e11 − e22, we have

Ψ(e11 − e22) = t(e11 − e22).
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By conjugating by permutation matrices, we have the same identity for eii − ejj . Since Ψ(1) = 1, it follows
that

Ψ(x) = trd(x)1 + t
(
x− trd(x)1

)
(x ∈ Md(C)).

Each ΦuDu∗ is an idempotent of rank d. Taking traces as linear operators on the d2-dimensional space
Md(C), we have

1 + t(d2 − 1) = d, t =
1

d+ 1
.

Hence

Ψ(x) =
x+ d trd(x)1

d+ 1
,

which proves (6.12).
Assume now that F ⊂ Pρ. Then each ΦuDu∗ is the ρ-preserving conditional expectation onto (uDu∗)′∩P ,

and hence acts as an orthogonal projection on L2(P, ρ). For b ∈ P with ΨF (b) = 0, by (6.12) we have∫
U(F )

∥ΦuDu∗(b)∥22,ρ du =

∫
U(F )

⟨ΦuDu∗(b), b⟩2,ρ du =
⟨b+ dΨF (b), b⟩2,ρ

d+ 1
=

∥b∥22,ρ
d+ 1

.

This proves (6.13). □

We next construct matrix algebras in the centralizer of a suitable state.

Lemma 6.6. Let N be a continuous von Neumann algebra with separable predual. Then there is a normal
faithful state χ on N such that, for every integer k ≥ 1, the centralizer Nχ contains a unital subalgebra
isomorphic to Mk(C).

Proof. By [HS90, Theorem 11.1], there is a normal faithful state χ on N such that Nχ is of type II1. Fix
k ≥ 1. Since Nχ is of type II1, we can take mutually orthogonal projections p1, . . . , pk ∈ Nχ such that

k∑
i=1

pi = 1, τNχ
(pi) =

1

k
1,

where τNχ
is its normalized center-valued trace. By [AP17, Proposition 9.1.8], the pi are equivalent. Take

partial isometries vi ∈ Nχ with v∗i vi = p1 and viv
∗
i = pi. Then eij = viv

∗
j form matrix units, and

K = span{eij | 1 ≤ i, j ≤ k} ∼= Mk(C),
k∑
i=1

eii = 1.

□

We can now replace the matrix algebra in Proposition 6.4 by a finite-dimensional abelian subalgebra, at
the cost of an arbitrarily small error.

Proposition 6.7. Let M ⊂ P be a W∗-inclusion with a normal faithful conditional expectation E : P →M .
Assume that M is a continuous von Neumann algebra with separable predual. Let F ⊂ M be a unital full
matrix algebra. For every finite family θ1, . . . , θs ∈ P∗ and every ε > 0, there is a finite-dimensional unital
abelian subalgebra D ⊂M with

∥θj ◦ ΦD∥ < ∥θj
∣∣
F ′∩P ∥+ ε (1 ≤ j ≤ s).

Proof. Let F ∼= Mr(C) and N = F ′ ∩M . Then M = F ⊗̄N , and N is a continuous von Neumann algebra.
By Lemma 6.6, there is a normal faithful state χ on N such that, for every k ≥ 1, the centralizer Nχ contains
a unital subalgebra isomorphic to Mk(C). Let

ψ = trr ⊗χ ∈M∗, ρ = ψ ◦ E ∈ P∗.
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By (6.1), we can take a1, . . . , as ∈ P and k ≥ 1 such that

∥θj − ρ(aj · )∥ <
ε

4
,

(
4
∑s
j=1 ∥aj∥2

rk + 1

)1/2

<
ε

2
.

Let K ⊂ Nχ be a unital subalgebra with K ∼= Mk(C), and let F1 = F ∨K. Then

F1
∼= Mrk(C), F1 ⊂Mψ ⊂ Pρ.

Let cj = aj − ΨF (aj) for 1 ≤ j ≤ s. Since U(F ) ⊂ U(F1), by the invariance of Haar measure we have
ΨF1

ΨF = ΨF1
, and hence ΨF1

(c∗j ) = 0. Fix a maximal abelian subalgebra A1 ⊂ F1. Since ρ(1) = 1 and
∥ΨF ∥ = 1, we have

∥c∗j∥2,ρ ≤ ∥cj∥ ≤ ∥aj∥+ ∥ΨF (aj)∥ ≤ 2∥aj∥.
Using F1

∼= Mrk(C), F1 ⊂ Pρ and ΨF1
(c∗j ) = 0, by (6.13) we have∫

U(F1)

s∑
j=1

∥ΦuA1u∗(c∗j )∥22,ρ du =

s∑
j=1

∫
U(F1)

∥ΦuA1u∗(c∗j )∥22,ρ du =

∑s
j=1 ∥c∗j∥22,ρ
rk + 1

≤
4
∑s
j=1 ∥aj∥2

rk + 1
<
ε2

4
.

Since du has total mass 1, there is u ∈ U(F1) for which the sum is no greater than its average. Hence the
finite-dimensional unital abelian subalgebra D = uA1u

∗ ⊂M satisfies
s∑
j=1

∥ΦD(c∗j )∥22,ρ ≤
∑s
j=1 ∥c∗j∥22,ρ
rk + 1

<
ε2

4
.

Since F,D ⊂ Pρ, the conditional expectations ΨF and ΦD preserve ρ, and by bimodularity we have

ρ(cj · ) = ρ(aj · ) ◦ (id−ΨF ), ρ(cj · ) ◦ ΦD = ρ(ΦD(cj) · ).

Hence

(6.14) θj ◦ ΦD = θj ◦ΨF ◦ ΦD + ρ(ΦD(cj) · ) + (θj − ρ(aj · )) ◦ (id−ΨF ) ◦ ΦD.

By (6.14), the triangle inequality, and the Cauchy–Schwarz inequality,

∥θj ◦ ΦD∥ ≤ ∥θj ◦ΨF ∥+ ∥ΦD(c∗j )∥2,ρ + 2∥θj − ρ(aj · )∥ < ∥θj
∣∣
F ′∩P ∥+ ε (1 ≤ j ≤ s).

□

Combining Propositions 6.4 and 6.7, we have the continuous properly infinite case.

Corollary 6.8. Let M ⊂ P be as in Theorem G, and assume that M is a properly infinite continuous von
Neumann algebra. For any θ1, . . . , θs ∈ P∗ with θj |Z(M) = 0 and any ε > 0, there is a finite-dimensional
unital abelian subalgebra D ⊂M such that

∥θj ◦ ΦD∥ < ε (1 ≤ j ≤ s).

Proof. By Proposition 6.4, there is a unital full matrix algebra F ⊂ M such that ∥θj
∣∣
F ′∩P ∥ < ε/2 for

1 ≤ j ≤ s. By Proposition 6.7, applied with ε/2, we have a finite-dimensional unital abelian subalgebra
D ⊂M with

∥θj ◦ ΦD∥ < ∥θj
∣∣
F ′∩P ∥+

ε

2
< ε (1 ≤ j ≤ s).

This proves the corollary. □

The following lemma collects the facts on corners used below.

Lemma 6.9. Let M ⊂ P be an inclusion of von Neumann algebras with a normal faithful conditional
expectation E : P →M , and assume that M ′ ∩ P ⊂M . Then M ′ ∩ P = Z(M), and the following hold.
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(i) For every nonzero projection e ∈ M , the restriction E|ePe : ePe → eMe is a normal faithful
conditional expectation, and

(6.15) (eMe)′ ∩ ePe = e(M ′ ∩ P ) = eZ(M) = Z(eMe).

In particular, (eMe)′ ∩ ePe ⊂ eMe.
(ii) For every finite-dimensional unital abelian subalgebra D ⊂M ,

(D′ ∩M)′ ∩ P = D ∨ Z(M) ⊂M.

(iii) Let e1, . . . , em ∈ M be mutually orthogonal nonzero projections with
∑
i ei = 1, and let Di ⊂ eiMei

be finite-dimensional unital abelian subalgebras. Then D =
⊕m

i=1Di is a finite-dimensional unital
abelian subalgebra of M , and

∥θ ◦ ΦD∥ ≤
m∑
i=1

∥θ|eiPei ◦ ΦDi
∥ (θ ∈ P∗).

Proof. Since Z(M) ⊂M ′ ∩ P , by the assumption M ′ ∩ P ⊂M we have M ′ ∩ P = Z(M).
(i) Since E is M -bimodular, E(exe) = eE(x)e for x ∈ P . Hence E|ePe is a normal faithful conditional

expectation onto eMe. By [AP17, Propositions 4.2.1 and 4.2.2] (see also [Jon83]) and M ′ ∩ P = Z(M), we
have (6.15).

(ii) Let e1, . . . , er be the minimal projections of D, and let N = D′ ∩M , so that

D =

r⊕
i=1

Cei, N =

r⊕
i=1

eiMei.

If x ∈ N ′ ∩ P , then x commutes with every ei ∈ N , and by (6.15) we have

x =

r∑
i=1

eixei, eixei ∈ (eiMei)
′ ∩ eiPei = eiZ(M).

Hence N ′ ∩ P ⊂
⊕

i eiZ(M) = D ∨ Z(M). The reverse inclusion follows from D ∨ Z(M) ⊂ Z(N).
(iii) Since At(D) is the disjoint union of the sets At(Di), and p ≤ ei for p ∈ At(Di), we have

ΦD(x) =

m∑
i=1

ΦDi(eixei) (x ∈ P ).

Since the maps x 7→ eixei are contractive, the estimate follows. □

For finite M , the proof of the following lemma is essentially Popa’s averaging and refinement argument
[Pop81]. We include it for completeness, using the tracial case of Example 3.10 to express the unitary
averaging through an inner ucp map.

Lemma 6.10. Let M ⊂ P be as in Theorem G, and assume that M is finite. Let θ1, . . . , θs ∈ P∗ vanish on
M , and let ε > 0. Then there is a finite-dimensional unital abelian subalgebra D ⊂M such that

∥θj ◦ ΦD∥ < ε (1 ≤ j ≤ s).

Proof. Let τ be a normal faithful tracial state on M , and let ρ = τ ◦ E. Since Mτ =M , we have M ⊂ Pρ.
We first reduce the lemma to an L2 estimate. By (6.1), we can take a1, . . . , as ∈ P such that

∥θj − ρ(a∗j · )∥ <
ε

8
.

Let bj = aj − E(aj) and ηj = ρ(b∗j · ). Since ρ ◦ E = ρ and E is M -bimodular,

ρ(a∗jE(x)) = ρ(E(aj)
∗x) (x ∈ P ).
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Using θj ◦ E = 0 and ∥id− E∥ ≤ 2, we have

E(bj) = 0, θj − ηj = (θj − ρ(a∗j · )) ◦ (id− E), ∥θj − ηj∥ <
ε

4
.

Let D ⊂M be a finite-dimensional unital abelian subalgebra. Since D ⊂M ⊂ Pρ, we have

ηj(ΦD(x)) =
∑

p∈At(D)

ρ(b∗jpxp) = ρ(ΦD(bj)
∗x) (x ∈ P ).

By the Cauchy–Schwarz inequality, we have

∥ρ(ΦD(bj)∗ · )∥ ≤ ∥ΦD(bj)∥2,ρ.
Hence, by the triangle inequality and ∥ΦD∥ = 1,

∥θj ◦ ΦD∥ ≤ ∥θj − ηj∥+ ∥ρ(ΦD(bj)∗ · )∥ <
ε

4
+ ∥ΦD(bj)∥2,ρ.

Let D be the family of finite-dimensional unital abelian subalgebras of M , and let

t = inf
D∈D

s∑
j=1

∥ΦD(bj)∥22,ρ.

We only need to prove that t = 0, since then some D ∈ D satisfies ∥ΦD(bj)∥2,ρ < ε/2 for 1 ≤ j ≤ s.
Fix δ > 0, and take D ∈ D such that

s∑
j=1

∥ΦD(bj)∥22,ρ < t+ δ.

Let cj = ΦD(bj) and N = D′ ∩ M . By Lemma 6.9(ii), N ′ ∩ P = D ∨ Z(M) ⊂ M . Moreover, by the
M -bimodularity of E, we have

E(cj) = ΦD(E(bj)) = 0.

The map ΦD◦E : P → N is a normal faithful conditional expectation. Applying Example 3.10 to (N, τ |N )
and then Proposition 3.14, we have

QN (x) =
∑
k

λ2kukxu
∗
k, uk ∈ U(N),

∑
k

λ2k = 1, Har(QN , P ) = N ′ ∩ P = D ∨ Z(M).

Let CNn = (1/n)
∑n−1
ℓ=0 Q

ℓ
N . Since EQN = QNE,

E(CNn (cj)) = 0, ∥CNn (cj)∥ ≤ ∥cj∥, ∥QN (CNn (cj))− CNn (cj)∥ ≤ 2∥cj∥
n

.

Every ultraweak cluster point of (CNn (cj))n belongs to (D∨Z(M))∩kerE = {0}, so CNn (cj) → 0 ultraweakly.
In particular,

s∑
j=1

Re ρ(c∗jC
N
n (cj)) −→ 0 (n→ ∞).

Each CNn is a countable convex combination of conjugations by unitary words in the uk. Hence there is
u ∈ U(N) such that

s∑
j=1

Re ρ(c∗jucju
∗) < δ.

Approximating u in norm by a finite-spectrum unitary v ∈W ∗(u) ⊂ N , we may also arrange

s∑
j=1

Re ρ(c∗jvcjv
∗) < δ.
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Let B = D ∨ W ∗(v). Since D is finite-dimensional and v ∈ D′ ∩ M has finite spectrum, B is a finite-
dimensional unital abelian subalgebra of M containing D, so B ∈ D. Since M ⊂ Pρ, the map ΦB is a
contraction on L2(P, ρ) and ∥vcjv∗∥2,ρ = ∥cj∥2,ρ. Using ΦBΦD = ΦB and ΦB ◦Ad(v) = ΦB , we have

t ≤
∑
j

∥ΦB(bj)∥22,ρ =
∑
j

∥∥∥∥ΦB (cj + vcjv
∗

2

)∥∥∥∥2
2,ρ

≤ 1

2

∑
j

∥cj∥22,ρ +
1

2

∑
j

Re ρ(c∗jvcjv
∗) <

t

2
+ δ.

Letting δ → 0, we have t = 0, which proves the lemma. □

We now combine the three cases.

Proposition 6.11. Let M ⊂ P be as in Theorem G. Let θ1, . . . , θs ∈ P∗ vanish on M , and let ε > 0. Then
there is a finite-dimensional unital abelian subalgebra D ⊂M such that

∥θj ◦ ΦD∥ < ε (1 ≤ j ≤ s).

Proof. Take mutually orthogonal central projections z1, z2, z3 ∈ Z(M) with z1 + z2 + z3 = 1 such that

M =Mfin ⊕MI∞ ⊕Mc,∞,

where Mfin = z1M is finite, MI∞ = z2M is of type I∞, and Mc,∞ = z3M is continuous and properly infinite.
By Lemma 6.9(i), each inclusion ziM ⊂ ziPzi with zi ̸= 0 again satisfies the hypotheses of Theorem G, and
the restrictions θj |ziPzi vanish on ziM . By Lemma 6.9(iii), we only need to find, for each i with zi ̸= 0, a
finite-dimensional unital abelian subalgebra Di ⊂ ziM such that

∥θj |ziPzi ◦ ΦDi∥ <
ε

3
(1 ≤ j ≤ s).

We may therefore assume that M is finite, of type I∞, or continuous and properly infinite.
If M is finite, the assertion is Lemma 6.10. If M is continuous and properly infinite, it follows from

Corollary 6.8, since each θj vanishes on Z(M) ⊂M .
Finally, assume that M is of type I∞. Write M = B(H)⊗̄Z(M) for some separable Hilbert space H,

identify B(H) with B(H)⊗̄C1, and let P0 = Z(M)′ ∩ P . Then

B(H)′ ∩ P0 = (B(H) ∨ Z(M))′ ∩ P =M ′ ∩ P = Z(M).

Since B(H) is a type I factor,

P0 = B(H)⊗̄(B(H)′ ∩ P0) = B(H)⊗̄Z(M) =M.

Let A ⊂M be a maximal abelian subalgebra. Since Z(M) ⊂ A,

A′ ∩ P ⊂ Z(M)′ ∩ P =M, A′ ∩ P = A.

Take increasing finite-dimensional unital abelian subalgebras An ⊂ A with (
⋃
nAn)

′′ = A. Then
⋂
n(A

′
n ∩

P ) = A. By (6.2), ultraweak compactness of the unit ball of P , and normality of θj ,

∥θj ◦ ΦAn
∥ = ∥θj |A′

n∩P ∥ −→ ∥θj |A∥ = 0 (n→ ∞).

We can therefore take D = An for n sufficiently large. □

The cornerwise refinement below is essentially the same as in [Mar26, Lemma 1.3], following Popa’s
construction [Pop81]. We use Proposition 6.11 as the approximation estimate in the corners and include the
refinement argument for completeness.

Lemma 6.12. LetM ⊂ P be as in Theorem G. Let D0 ⊂M be a finite-dimensional unital abelian subalgebra,
let θ1, . . . , θs ∈ P∗ vanish on M , and let ε > 0. Then there is a finite-dimensional unital abelian subalgebra
D1 ⊂M such that

D0 ⊂ D1, ∥θj ◦ ΦD1
∥ < ε (1 ≤ j ≤ s).
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Proof. Let e1, . . . , em be the minimal projections of D0. By Lemma 6.9(i), each inclusion eiMei ⊂ eiPei
satisfies the hypotheses of Theorem G, and the restrictions θj |eiPei vanish on eiMei. By Proposition 6.11,
there are finite-dimensional unital abelian subalgebras D1,i ⊂ eiMei such that

∥θj |eiPei ◦ ΦD1,i
∥ < ε

m
(1 ≤ j ≤ s).

Let D1 =
⊕m

i=1D1,i. Then D0 ⊂ D1 ⊂M , and by Lemma 6.9(iii) we have

∥θj ◦ ΦD1∥ ≤
m∑
i=1

∥θj |eiPei ◦ ΦD1,i∥ < ε (1 ≤ j ≤ s).

□

The final construction follows Popa [Pop81]. The increasing sequence of abelian subalgebras and the
predual argument are essentially the same as in [Mar25, Proposition 10.5] and [Mar26, Theorem 1.4]. We
include the argument for completeness.

Proof of Theorem G. Let M⊥ = {θ ∈ P∗ | θ
∣∣
M

= 0}. Since P∗ is separable, take a norm-dense sequence

(θj)j≥1 in M⊥. Starting with D0 = C1 and applying Lemma 6.12 to θ1, . . . , θn with ε = 2−n at the nth step,
we have finite-dimensional unital abelian subalgebras Dn ⊂M such that

Dn−1 ⊂ Dn, ∥θj ◦ ΦDn
∥ < 2−n (1 ≤ j ≤ n).

Let A0 = (
⋃
nDn)

′′, and let x ∈ A′
0 ∩ P . Then ΦDn(x) = x for every n, and hence

|θj(x)| ≤ ∥θj ◦ ΦDn∥ ∥x∥ ≤ 2−n∥x∥ (n ≥ j).

Letting n → ∞, we have θj(x) = 0 for every j. By density, θ(x) = 0 for every θ ∈ M⊥. Since M is
ultraweakly closed, by the Hahn–Banach theorem we have x ∈M . Hence A′

0 ∩P ⊂M . Let A be a maximal
abelian subalgebra of M containing A0. Then

A′ ∩ P ⊂ A′
0 ∩ P ⊂M,

and hence A′ ∩ P = A′ ∩M = A, which finishes the proof. □



44 SHUOXING ZHOU

A. Weak Dixmier properties for actions of R and R2

We extend the averaging argument to crossed products by actions of R2 on semifinite von Neumann
algebras. We then deduce the weak Dixmier property for crossed products by equivariant actions of R on
inclusions with expectation and properly infinite source algebras.

Theorem A.1. Let M ⊂ N be an inclusion of von Neumann algebras. Assume that M has separable
predual, that τ is a normal faithful semifinite trace on M , and that E : N → M is a normal faithful
conditional expectation. Let α : R2 ↷ N be an ultraweakly continuous action such that

αt(M) =M, τ ◦ αt|M = eℓ(t)τ (t ∈ R2),

with ℓ : R2 → R linear. Then M ⊂ N ⋊α R2 has the weak Dixmier property.

In particular, the trace condition holds with ℓ = 0 for every action on a II1 factor. The following theorem
follows by passing to compatible continuous cores and applying Takesaki duality.

Theorem A.2. Let M ⊂ N be an inclusion of von Neumann algebras. Assume that M is properly infinite
with separable predual and that E : N → M is a normal faithful conditional expectation. Let α : R ↷ N be
an ultraweakly continuous action such that

(A.1) αt(M) = M, E ◦ αt = αt|M ◦ E (t ∈ R).
Then M ⊂ N ⋊α R has the weak Dixmier property.

No α-invariant state is assumed, and N need not have separable predual.

A.1 A commutative model. The estimates use a noncommutative analogue of the classical cutoff ar-
gument for recurrence of symmetric Markov operators; see [FOT11, Section 1.6, Theorem 1.6.3]. To explain
the partial-sum argument and the logarithmic cutoffs, we give a two-dimensional commutative model. Inte-
gration against Lebesgue measure plays the role of the semifinite trace in Lemma A.7, and the symmetric
measure ν corresponds to the symmetric unitary coefficients of Q.

Proposition A.3. Let ν ∈ Prob(R2) be symmetric, and assume that m2 =
∫
R2 |s|2 dν(s) < ∞. Define the

Markov operator Q on L∞(R2, dt) by

Q(b)(t) =

∫
R2

b(t+ s) dν(s) (b ∈ L∞(R2, dt)).

Let x ∈ L∞(R2, dt)+ with
∫
R2 x(t) dt <∞. If there exists 0 ≤ C <∞ such that

(A.2)

n−1∑
k=0

Qk(x) ≤ C1 (n ≥ 1),

then x = 0.

Proof. We first prove that Q preserves the integral and is a self-adjoint contraction on L2 (cf. the discussion
before Lemma A.7). Tonelli’s theorem and translation invariance give

∫
R2 Q(b) dt =

∫
R2 b dt for b ∈ L1

+. By

Kadison’s inequality, Q is contractive on L2, and by symmetry of ν it is self-adjoint. Hence 1−Q ≥ 0.
We may assume that

∫
R2 x dt > 0. Take f ∈ C∞

c (R) with 0 ≤ f ≤ 1, equal to 1 near 0, and nonincreasing
on [0,∞). For R > 1, define

FR(t) = f

(
log(1 + |t|2)

logR

)
(t ∈ R2).

Then FR ∈ C∞
c (R2), 0 ≤ FR ≤ 1, and FR ↗ 1 pointwise (R→ ∞).

We next prove the partial-sum estimate (cf. Lemma A.7)

(A.3)

∫
R2

x dt ≤ lim inf
R→∞

C∥(1−Q)1/2FR∥22.
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Let an =
∑n−1
k=0 Q

k(x). Then 0 ≤ an ≤ C1,
∫
R2 an dt = n

∫
R2 x dt, and an ∈ L1 ∩ L∞ ⊂ L2. Since

(1−Q)an = x−Qn(x),

∥(1−Q)1/2an∥22 =

∫
R2

an
(
x−Qn(x)

)
dt ≤ C

∫
R2

x dt.

For fixed R, by the Cauchy–Schwarz inequality we have

(A.4)

∣∣∣∣∫
R2

FR
(
x−Qn(x)

)
dt

∣∣∣∣2 ≤ C

(∫
R2

x dt

)
∥(1−Q)1/2FR∥22.

By (A.2) and monotone convergence,

∞∑
n=0

∫
R2

FRQ
n(x) dt ≤ C

∫
R2

FR dt <∞.

Hence
∫
R2 FRQ

n(x) dt→ 0 (n→ ∞), so by (A.4) we have(∫
R2

FRx dt

)2

≤ C

(∫
R2

x dt

)
∥(1−Q)1/2FR∥22.

Dominated convergence as R→ ∞ and division by
∫
R2 x dt > 0 give (A.3).

We now prove the cutoff estimate (cf. Lemma A.8). Expanding the squared difference, we have

(A.5) ∥(1−Q)1/2b∥22 =
1

2

∫
R2

∥b( · + s)− b∥22 dν(s) (b ∈ L2).

Polar coordinates give

(A.6) ∥∇FR∥22 =
4π

logR

∫ ∞

0

(1−R−u)|f ′(u)|2 du ≤ 4π

logR

∫ ∞

0

|f ′(u)|2 du.

By the translation estimate for W 1,2(R2), we have

(A.7) ∥FR( · + s)− FR∥2 ≤ |s|∥∇FR∥2 (s ∈ R2).

By (A.5)–(A.7),

(A.8) ∥(1−Q)1/2FR∥22 ≤ 2πm2

logR

∫ ∞

0

|f ′(u)|2 du −→ 0 (R→ ∞).

Combining this with (A.3), we have
∫
R2 x dt = 0, and hence x = 0. □

Remark A.4. We do not extend Theorem A.1 to actions of R3 here because the present cutoff and partial-
sum method no longer applies in general. The cutoff argument used in Theorem A.1 does not extend to R3

in this form. In fact, the conclusion of Proposition A.3 fails in dimension 3. Let ν be the standard Gaussian
probability measure on R3, so that ν is symmetric and

∫
|s|2 dν(s) = 3. Let Q be its convolution operator,

and let x = 1B, where B ⊂ R3 is the unit ball. For every n ≥ 1,

Qn(x)(t) =

∫
B

e−|s−t|2/(2n)

(2πn)3/2
ds ≤ |B|

(2πn)3/2
(t ∈ R3),

with |B| denoting Lebesgue measure. Hence,

∞∑
n=0

Qn(x) ≤ C1 with C = 1 +
|B|

(2π)3/2

∞∑
n=1

n−3/2 <∞,

although x ̸= 0 and
∫
R3 x dt <∞.
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A.2 Proof of Theorem A.1. Recall the assumptions of Theorem A.1. We fix an inclusionM ⊂ N of von
Neumann algebras with M having separable predual, a normal faithful semifinite trace τ on M , a normal
faithful conditional expectation E : N →M , and an ultraweakly continuous action α : R2 ↷ N such that

αt(M) =M, τ ◦ αt|M = eℓ(t)τ (t ∈ R2),

with ℓ : R2 → R linear. Let A = N ⋊αR2, let ρ = τ ◦E, and let φA be the dual weight of ρ on A. Since E is
M -bimodular and τ is tracial, M ⊂ Nρ. The modular group of φA restricts to that of ρ on N , so M ⊂ AφA ;
see [Haa78b]. We write ∥ · ∥2 for the norm of L2(M, τ).

We first construct the coefficients of the unitary averaging map Q.

Lemma A.5. There are unitaries un ∈ M (n ≥ 1) which generate M and satisfy un − 1 ∈ L2(M, τ). For
these unitaries, there exist constants 0 ≤ Dn <∞ such that

(A.9) max{∥αt(un)− un∥22, ∥αt(u∗n)− u∗n∥22} ≤ D2
n|t|2(1 + eℓ(t)) (t ∈ R2).

Proof. Since τ ◦ αt|M = eℓ(t)τ , for b ∈M ∩ L2(M, τ) and t ∈ R2 we have

(A.10) ∥αt(b)∥2 = eℓ(t)/2∥b∥2.

The action on L2(M, τ) is strongly continuous: for bounded b with finite-trace support, the identity

∥αt(b)− b∥22 = (eℓ(t) + 1)∥b∥22 − 2Re τ(b∗αt(b))

proves continuity, and the general case follows by density.
Take finite-trace projections pk ∈M increasing strongly to 1. Let (aj)j≥1 be a strong∗-dense sequence in

the self-adjoint unit ball of M . Take κn ∈ C∞
c (R2)+ such that∫

R2

κn(t) dt = 1, suppκn ⊂ {t ∈ R2 | |t| < 1/n},

and define

bj,k,n =

∫
R2

κn(t)αt(pkajpk) dt (j, k, n ≥ 1).

Since ∥pkajpk∥22 ≤ τ(pk) <∞, each bj,k,n is a self-adjoint contraction in M ∩ L2(M, τ).
For κ ∈ C∞

c (R2) and b ∈M ∩ L2(M, τ), the convolution bκ =
∫
R2 κ(t)αt(b) dt satisfies

∂jbκ = −
∫
R2

(∂jκ)(t)αt(b) dt (j = 1, 2),

where ∂j denotes the derivative of t 7→ αt(bκ) at t = 0 in the jth coordinate. All these derivatives belong to

L2(M, τ), since ∥αt(b)∥2 = eℓ(t)/2∥b∥2 and κ has compact support. Moreover,

bj,k,n
strong∗

−−−−−→
n→∞

pkajpk, pkajpk
strong∗

−−−−−→
k→∞

aj .

Hence the family (bj,k,n)j,k,n≥1 generates M . Enumerating this family, we have self-adjoint contractions
bn ∈M∩L2(M, τ) which generateM and are smooth in L2(M, τ) in the sense that the orbit maps t 7→ αt(bn)
are infinitely differentiable in the L2(M, τ) norm.

Let un = eibn and Dn =
(∑2

j=1 ∥∂jbn∥22
)1/2

. The unitaries un generate M . By the exponential difference

formula, we have ∥eix − eiy∥2 ≤ ∥x − y∥2 for self-adjoint x, y ∈ M with x − y ∈ L2(M, τ). Taking (x, y) =
(bn, 0), we have ∥un − 1∥2 ≤ ∥bn∥2 < ∞, so un − 1 ∈ L2(M, τ). Fix t = (t1, t2) ∈ R2. By integration along
s 7→ st in L2(M, τ), we have

αt(bn)− bn =

∫ 1

0

αst

 2∑
j=1

tj∂jbn

 ds.
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By (A.10), the Cauchy–Schwarz inequality, and the definition of Dn, we have

∥αt(bn)− bn∥2 ≤
∫ 1

0

esℓ(t)/2

∥∥∥∥∥∥
2∑
j=1

tj∂jbn

∥∥∥∥∥∥
2

ds

≤ |t|Dn

∫ 1

0

esℓ(t)/2 ds ≤ |t|Dnmax{1, eℓ(t)/2}.

Applying the exponential difference estimate with (x, y) = (±αt(bn),±bn) proves (A.9). □

Let dn = ∥un − 1∥2, and take

λn =
2−n

Z(1 + d2n +D2
n)

with Z =
∑
n

2−n

1 + d2n +D2
n

.

Then
∑
n λn = 1 and

∑
n λn(d

2
n +D2

n) <∞. Define the normal M -inner ucp map

(A.11) Q(a) =
1

2

∑
n

λn(unau
∗
n + u∗naun) (a ∈ A).

Since un ∈ M ⊂ AφA , the map Q preserves φA, and its implementation on L2(A, φA) is a self-adjoint
contraction.

We first outline the proof. Since Q is a countable convex combination of unitary conjugations by elements
of M , Cesàro averaging reduces the weak Dixmier property to the identity Har(Q,A) = M ′ ∩ A. Let
a ∈ Har(Q,A), and let d = Q(aa∗)− aa∗. By Kadison’s inequality, d ≥ 0, and the partial sums telescope:

r−1∑
j=0

Qj(d) = Qr(aa∗)− aa∗ ≤ C1 with C = ∥a∥2.

We therefore only need to prove that every positive element with bounded partial sums is 0; then (1.3) shows
that a commutes with every un. We first prove Lemma A.6, and then prove the partial-sum estimate in
Lemma A.7. The cutoffs constructed in Lemma A.8 make this estimate tend to 0. Proposition A.9 then
identifies Har(Q,A).

Since φA need not be a trace, we use the continuous core C = cφA(A), with canonical trace τC . Let
h = dφ̂A/dτC , where φ̂A is the dual weight of φA. Fix p = 1[1/2,1](h). The following identity relates the
trace pairing in C to the weight on A.

Lemma A.6. We have

(A.12) τC(pxp) = φA(x) (x ∈ A+),

with equality in [0,∞]. Hence,

(A.13) ∥pXp∥22,τC ≤ φA(X
∗X) (X ∈ A).

Proof. Let θ and T be the dual action and the canonical operator-valued weight of C. The operator-
valued calculation in (2.5) remains valid for normal faithful semifinite weights, so T (p) = (log 2)1. Define
Φp(x) = τC(pxp) for x ∈ A+. Since

∫
R e

−s1[1/2,1](e
sh) ds = h, by (2.4) and the trace-scaling identity

τC ◦ θs = e−sτC [Haa78b], for z ∈ C+ we have

Φp(T (z)) = τC

(
z1/2

[∫
R
e−s1[1/2,1](e

sh) ds

]
z1/2

)
= τC(z

1/2hz1/2) = φA(T (z)).

Taking z = x1/2px1/2, we have T (z) = (log 2)x by A-bimodularity, which proves (A.12). Finally, since
(pXp)∗(pXp) ≤ pX∗Xp, we have (A.13). □
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Extend Q to C by the same coefficient formula (A.11). Since un ∈ AφA , each un commutes with h and
with p. The restriction Qp = Q|pCp is therefore unital, with unit p, and preserves τC . Its implementation on
L2(pCp, τC) is a self-adjoint contraction. Expanding the commutators, we have

(A.14) ∥(1−Qp)
1/2b∥22,τC =

1

4

∑
n

λn
(
∥[un, b]∥22,τC + ∥[u∗n, b]∥22,τC

)
for b ∈ L2(pCp, τC).

We next apply the partial-sum argument of Lemma 5.2 to the tracial algebra pCp.

Lemma A.7. Let x ∈ (pCp)+ satisfy τC(x) <∞, and assume that there is a constant 0 ≤ C <∞ such that

(A.15)

n−1∑
k=0

Qkp(x) ≤ Cp (n ≥ 1).

Then, for every positive contraction z ∈ pCp with τC(z) <∞,

(A.16) |τC(xz)|2 ≤ CτC(x)∥(1−Qp)
1/2z∥22,τC .

Proof. The argument leading to (5.13) in the proof of Lemma 5.2 applies to (pCp, τC), with S = Qp, ξ(b) = b,
ωx(b) = τC(xb), and HR replaced by z. Indeed, Qp preserves τC and is self-adjoint on L2(pCp, τC), while ωx
is a finite normal positive functional. Hence we have (A.16). □

We now construct the cutoffs for the partial-sum estimate. We use the logarithmic cutoffs of Proposi-
tion A.3, with Gaussian smoothing to handle the trace-scaling factor.

Lemma A.8. There are positive contractions an ∈ A such that

(A.17)

an → 1 strongly, φA(an) <∞,

εn :=
1

2

∑
j

λj
(
∥[uj , an]∥22,φA

+ ∥[u∗j , an]∥22,φA

)
−→ 0.

The positive contractions zn = panp satisfy zn → p strongly, τC(zn) <∞, and

(A.18) ∥(1−Qp)
1/2zn∥22,τC ≤ εn

2
−→ 0.

Proof. As in the proof of Proposition A.3, define

Fn(s) = f

(
log(1 + |s|2)

n

)
(s ∈ R2).

Then Fn ∈ C∞
c (R2), 0 ≤ Fn ≤ 1, and Fn ↗ 1 pointwise (n→ ∞). By (A.6),

∥∇Fn∥22 ≤ 4π

n

∫ ∞

0

|f ′(u)|2 du −→ 0 (n→ ∞).

We use the unitary Fourier transform ĝ(t) = (2π)−1
∫
R2 e

−it·sg(s) ds for g ∈ S(R2), extended to L2(R2) by

density. Let η(s) = (4π)−1e−|s|2/4 and define fn = Fn ∗ η. Then f̂n(t) = e−|t|2 F̂n(t), fn is a Schwartz
function, 0 ≤ fn ≤ 1, and fn ↗ 1 pointwise (n→ ∞). Define

(A.19)

Ln =

∫
R2

(1 + e−ℓ(t))|f̂n(t)|2 dt <∞,

Wn =

∫
R2

|t|2(1 + e−ℓ(t))|f̂n(t)|2 dt.
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Let Cℓ = supt∈R2(1 + e−ℓ(t))e−2|t|2 <∞. By Plancherel and (A.6),

Wn =

∫
R2

|t|2(1 + e−ℓ(t))e−2|t|2 |F̂n(t)|2 dt ≤ Cℓ∥∇Fn∥22

≤ 4πCℓ
n

∫ ∞

0

|f ′(u)|2 du −→ 0 (n→ ∞).

We next compute the relevant weight norms. Write vt = eit·H (t ∈ R2) for the implementing unitaries of
A = N ⋊α R2. We take the scalar normalization of the dual weight so that the crossed-product L2 formula
reads

φA(X
∗X) =

∫
R2

ρ
(
α−t(a

∗
tat)

)
dt with X = (2π)−1

∫
R2

atvt dt.

For coefficients at ∈M , we have ρ|M = τ , and hence

(A.20) φA(X
∗X) =

∫
R2

e−ℓ(t)τ(a∗tat) dt.

Only coefficients in M are used below. Let y ∈M ∩ L2(M, τ) and g ∈ L2 ∩ L∞(R2) satisfy∫
R2

(1 + |t|2)(1 + e−ℓ(t))|ĝ(t)|2 dt <∞.

First assume that ĝ ∈ C∞
c (R2). Fourier inversion and vty = αt(y)vt give

yg(H) = (2π)−1

∫
R2

ĝ(t)yvt dt,

g(H)y = (2π)−1

∫
R2

ĝ(t)αt(y)vt dt,

[uj , g(H)] = (2π)−1

∫
R2

ĝ(t)
(
uj − αt(uj)

)
vt dt.

By (A.20) and ∥αt(y)∥22 = eℓ(t)∥y∥22, we have

(A.21)

∥yg(H)∥22,φA
= ∥y∥22

∫
R2

e−ℓ(t)|ĝ(t)|2 dt,

∥g(H)y∥22,φA
= ∥y∥22

∫
R2

|ĝ(t)|2 dt,

∥[uj , g(H)]∥22,φA
=

∫
R2

e−ℓ(t)∥uj − αt(uj)∥22|ĝ(t)|2 dt.

The crossed-product L2 isometry extends these identities to every g satisfying the above conditions; see
[Haa78b]. By (A.9), the last expression with g = fn is at most D2

jWn, and the same bound holds for u∗j .
Finally, we compress the cutoffs by finite-trace projections, since τ(1) may be infinite. Take finite-

trace projections pk ∈ M increasing strongly to 1, and let δk =
∑
j λj∥[uj , pk]∥22. Then δk → 0: use

uj − 1 ∈ L2(M, τ), pk → 1 strongly, and the dominating bound 4d2j . Take k(n) ≥ n with Lnδk(n) ≤ 1/n, and
let an = pk(n)fn(H)pk(n). Then 0 ≤ an ≤ 1 and an − 1 → 0 strongly (n → ∞). Since fn ≥ 0 is a Schwartz

function,
√
fn ∈ L2(R2). Applying the second identity in (A.21) with y = pk(n) and g =

√
fn, using its

extension to L2 ∩ L∞(R2), we have

φA(an) = ∥fn(H)1/2pk(n)∥22,φA
= τ(pk(n))

∫
R2

fn(s) ds <∞.

For e = pk(n) and u ∈ {uj , u∗j}, we have

[u, efn(H)e] = [u, e]fn(H)e+ e[u, fn(H)]e+ efn(H)[u, e].
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Since e ∈ AφA , we have ∥eX∥2,φA , ∥Xe∥2,φA ≤ ∥X∥2,φA . By (A.21) and (A.9),

∥[u, e]fn(H)e∥22,φA
≤ ∥[u, e]∥22

∫
R2

e−ℓ(t)|f̂n(t)|2 dt,

∥e[u, fn(H)]e∥22,φA
≤ D2

jWn,

∥efn(H)[u, e]∥22,φA
≤ ∥[u, e]∥22

∫
R2

|f̂n(t)|2 dt.

Hence, by the Cauchy–Schwarz inequality,

∥[u, an]∥22,φA
≤ 3
(
Ln∥[u, e]∥22 +D2

jWn

)
.

SinceWn → 0 and
∑
j λjD

2
j <∞, using ∥[u∗j , e]∥2 = ∥[uj , e]∥2 and Lnδk(n) ≤ 1/n and summing with weights

λj/2, we have

εn ≤ 3

Lnδk(n) +Wn

∑
j

λjD
2
j

 ≤ 3

n
+ 3Wn

∑
j

λjD
2
j −→ 0 (n→ ∞).

This proves (A.17).
Let zn = panp. By (A.12),

τC(zn) = φA(an) <∞.

Moreover, 0 ≤ zn ≤ p and zn → p strongly. Since [uj , zn] = p[uj , an]p, equations (A.14) and (A.13) give

∥(1−Qp)
1/2zn∥22,τC ≤ 1

4

∑
j

λj
(
∥[uj , an]∥22,φA

+ ∥[u∗j , an]∥22,φA

)
=
εn
2
.

This proves (A.18). □

We can now identify the harmonic space.

Proposition A.9. The fixed-point space of the map Q in (A.11) is

Har(Q,A) =M ′ ∩ A.

Proof. As in the proof of Proposition 5.4, we only need to show that d = Q(aa∗)−aa∗ = 0 for a ∈ Har(Q,A);
Kadison’s inequality and telescoping give

d ≥ 0,

r−1∑
k=0

Qk(d) ≤ ∥a∥21 (r ≥ 1).

Suppose that d ̸= 0. By (A.12) and faithfulness, τC(pdp) = φA(d) > 0, so pdp ̸= 0. By semifiniteness of τC ,
there exists 0 ̸= x ≤ pdp with τC(x) <∞. Since Qkp(pdp) = pQk(d)p, we have

r−1∑
k=0

Qkp(x) ≤ p

(
r−1∑
k=0

Qk(d)

)
p ≤ ∥a∥2p.

Let zn = panp, with an as in Lemma A.8. Applying (A.16) and (A.18), we have

|τC(xzn)|2 ≤ ∥a∥2

2
τC(x)εn −→ 0.

Since zn → p strongly and τC(x) < ∞, the left-hand side tends to τC(x)
2, a contradiction. Hence d = 0.

By the commutator argument at the end of the proof of Proposition 5.4, we have a ∈ M ′ ∩ A, since the un
generate M . The reverse inclusion follows from (A.11). □
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Proof of Theorem A.1. By Proposition A.9, Har(Q,A) =M ′∩A. Since Q is a countable convex combination
of unitary conjugations from M , by the Cesàro averaging argument in the proof of Theorem A we have the
weak Dixmier property for M ⊂ A. □

A.3 Proof of Theorem A.2.

Proof. Fix a normal faithful state ϕ on M and let ρ = ϕ ◦ E. Let M = cϕ(M) ⊂ N = cρ(N ), with the

normal faithful expectation Ê : N → M induced by E and the canonical trace τ on M . Write wr for the
common implementing unitaries, θ for the dual action, and A = N ⋊α R.

By equivariance of E and [Con73, Lemmas 1.4.3–1.4.4],

ct(r) := (D(ρ ◦ α−t) : Dρ)r = (D(ϕ ◦ α−t|M) : Dϕ)r ∈ M.

The canonical extension α̃ to N satisfies α̃t|N = αt and α̃t(wr) = ct(r)wr. It commutes with θ, and its
restriction to M is the canonical extension of α|M, so it preserves τ ; see [HS90, Propositions 12.1–12.2].
It is ultraweakly continuous, as follows from the standard implementation Vt of α and the implementation
(Utξ)(r) = ct(−r)∗Vtξ(r), using continuity of ct(r).

Define β(t,s) = α̃tθs. Then

β(t,s)(M) =M, τ ◦ β(t,s)|M = e−sτ ((t, s) ∈ R2).

Since M has separable predual, Theorem A.1 applies to M ⊂ N , τ , Ê, and β, with ℓ(t, s) = −s. Hence
M ⊂ N ⋊β R2 has the weak Dixmier property. Let µs ∈ N ⋊β R2 implement θ. Since µsMµ∗

s = M , by
further Cesàro averaging under (Adµs)s∈R we have the weak Dixmier property for M ⋊θ R ⊂ N ⋊β R2.

By Takesaki duality [Tak73, Theorem 4.5] and proper infiniteness of M, we have

M ⋊θ R ∼= M⊗̄B(L2R) ∼= M,

N ⋊β R2 ∼= A⊗̄B(L2R) ∼= A.

Since ct(r) ∈ M, these identifications can be taken compatibly with the inclusions. Hence M ⊂ A has the
weak Dixmier property, which finishes the proof. □
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