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POISSON BOUNDARIES OF TYPE III FACTORS AND THE
RELATIVE BICENTRALIZER CONJECTURE

SHUOXING ZHOU

ABSTRACT. We develop the Poisson boundary theory for general von Neumann
algebras with separable preduals. As applications, we generalize and give
new proofs of the results on the weak Dixmier property for inclusions with
expectations or operator-valued weights [Pop00, Mar21, Iso25]. We also prove
that every continuous factor admits irreducible embeddings into the hyperfinite
factors of type III,, 0 < A < 1, and into some hyperfinite factor of type IIlg.
Finally, using the Poisson boundary techniques developed above, we prove
that for every inclusion with faithful normal conditional expectation M C N,
M C ¢(N) has the weak Dixmier property. By Marrakchi’s characterization
[Mar25, Theorem D], this gives the relative bicentralizer conjecture for von
Neumann algebras with separable preduals.

1. INTRODUCTION

Throughout this paper, we assume that all von Neumann algebras have separable
preduals. Das—Peterson initiated the theory of noncommutative Poisson boundaries
for finite von Neumann algebras [DP22]. In Section 3, we develop this theory for
general von Neumann algebras. We establish rigidity and double ergodicity of these
boundaries and characterize the Choquet—Deny property, generalizing results of
[DP22]. As an application, we generalize the results on the weak Dixmier property
for inclusions with expectation in [Pop00, Mar21].

Theorem A (Theorem 5.2). Let M be a von Neumann algebra with separable
predual and ¢ be a normal regular strongly generating hyperstate on B(L?*(M))
with the Poisson boundary B,. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M = My @& My & Min;
(ii) M is finite with normal faithful trace T and p = fu(M)< cubr,ué)dp(u) for
some p € Prob(U(M)).
Then any W*-inclusion M C A equipped with a normal faithful uep map P : A —
B, with P|yr = idas has the weak Dizmier property.
As a corollary of Theorem A, we recover the classical weak Dixmier property for
WH-inclusions with expectation [Pop00, Mar21] with a new proof.

Corollary B ([Pop00, Mar21] Corollary 5.3). Any W*-inclusion M C A with
normal faithful conditional expectation has the weak Dizmier property.

Definition 1.1. Let M C A be a W*-inclusion. A ucp map P : A — A is called

M -inner if
P(a) = szazz, Z zrzp =1,
k k
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for a sequence (z) C M. We say that M C A has the inner UCP-Dizmier
property if, for every a € A,

{P(a) : P is an M-inner ucp map} N (M’ N A) # 0.

To establish Theorem A(i), our strategy is to first utilize the noncommutative
Poisson boundary theory to deduce that the inclusion M C A automatically satisfies
the inner UCP-Dixmier property (Corollary 3.12). To bridge the gap from this ucp-
averaging condition to the classical weak Dixmier property, which relies strictly on
unitary averaging, we must prove that these two properties are in fact equivalent.
The following theorem establishes this crucial equivalence for the properly infinite
case.

Theorem C (Theorem 5.1). Let M C A be a W*-inclusion such that M is properly
infinite. Then M C A has the weak Dixmier property if and only if it has the inner
UCP-Dixmier property.

Using an argument in the same spirit, we also generalize the results of [[s025] on
the partial weak Dixmier property for inclusions with operator-valued weights.

Theorem D (Theorem 6.3). Let M and ¢ satisfy either condition (i) or condition
(ii) of Theorem A. Let M C A be a W*-inclusion equipped with a normal faithful
semifinite M -bimodular positive map

P3A+—>Z§L\p+

in the extended-positive-cone sense specified before Lemma 6.1. For every © € Ay
for which P(x) is bounded, we have

conv{uzu* |u e U(M)} N (M'NA) # 0.

As a corollary of Theorem D, we recover Isono’s result on the partial weak
Dixmier property for inclusions with operator-valued weights.

Corollary E ([Iso25] Corollary 6.4). Let M C A be a W*-inclusion with a normal

faithful semi-finite operator-valued weight T : A, — J\/ZJF. Then for any x € Ay
with T'(z) < 400, we have

conv’ {uzu* |u e UM)} N (M' NA) £ 0.

We next turn to the relative bicentralizer conjecture. Let M C N be an inclusion
with a faithful normal conditional expectation, and let ¢ be a faithful normal state
on M. Let ¢(N) denote the continuous core of N. Recall that B(M C ¢(N), ¢)
consists of those x € ¢(N) such that [z, a,] — 0 strongly for every bounded sequence
(a,) C M satisfying ||an¢ — pa,| — 0; see [Mar25, Definition 7.1]. Let (¢™);cr
denote the canonical unitaries in ¢, (M) C ¢(N) implementing o®.

Conjecture (Relative bicentralizer conjecture, [Mar25, Conjecture C]). Let M C
N be a W*-inclusion with a faithful normal conditional expectation. Then, for every
faithful normal state ¢ on M,

B(M C ¢(N),¢) = {¢" : t € R} v (M’ N e(N)).

When M = N is a type III; factor, this conjecture reduces to Connes’ bicen-
tralizer conjecture, which asserts that B(M,¢) = Cl. Houdayer and Marrakchi
recently proved this conjecture for all type III; factors [HM26, Theorem C].
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By Marrakchi’s characterization [Mar25, Theorem D], the relative bicentralizer
conjecture is equivalent to the weak Dixmier property for M C ¢(N). He also
proved the conjecture, in particular, when M is amenable, has no type III; direct
summand, is a tensor product of two type III; von Neumann algebras, or admits a
Cartan subalgebra [Mar25, Theorem E(1)—(4)].

Using the symmetric hyperstate of Example 3.9 and the Poisson boundary tech-
niques developed above, we confirm the relative bicentralizer conjecture for all
inclusions with separable preduals.

Theorem F (Theorem 7.1). Let M C N be a W*-inclusion with a faithful normal
conditional expectation. Then M C ¢(N) has the weak Dizmier property. Conse-
quently, for every faithful normal state ¢ on M,

B(M C ¢(N),¢) = {¢" : t € R}Y' v (M’ N¢(N)).

The proof is in the same spirit as the proofs of Theorems A and D, with a
modular-theoretic adaptation to the special case A = ¢(N) to prove the full weak
Dixmier property.

Remark 1.2. The proofs of Theorems A, D, and F do not invoke the heavy struc-
tural machinery typically required for type 11 factors. We use the central decom-
position M = Mg, ® My, and treat the finite and properly infinite cases separately.
In the finite case, we choose a faithful normal tracial state and a normal reqular
strongly generating hyperstate whose inner ucp coefficients are scalar multiples of
unitaries, as in Example 3.9 (iv). In the properly infinite case, we first use the M-
inner ucp map associated with the symmetric hyperstate in Example 3.9 to establish
the inner UCP-Dizxmier property and then apply Theorem C.

Finally, we apply the existence and rigidity of type III Poisson boundaries to
irreducible embeddings. A factor is called continuous if it is of type IT or type III.
For 0 < A <1, let Ry denote the unique hyperfinite type III, factor with separable
predual [Con76, Haa87].

Theorem G (Theorem 8.8). Let M be a continuous factor with separable predual.
For every 0 < A < 1, there exists a normal unital embedding 1y : M — Ry such
that

L)\(M)/ N Ry, =Cl1.

Moreover, M admits a normal unital irreducible embedding into some hyperfinite
type 11y factor with separable predual. The type 111y target is not prescribed in
advance. Moreover, these irreducible inclusions can be chosen to have the weak
Dixmier property.

Our construction starts with a rigid type III Poisson boundary and uses at most
two crossed products by countable amenable groups:

MCB¢C(B¢XG1)>¢G2§R)\.

The following table records selected earlier results and the cases covered by
Theorem G. Here R is the hyperfinite II; factor and Ry, = RRB((?).
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Source M Target R, Some hyperfinite Ry, Target R1
111, 0<A<1
II [Pop81] Thm G Thm G Thm G
NS [Pop81] Thm G Thm G Thm G
111, [Pop21] [Pop85] Thm G Thm G
111, [Pop81] Thm G [AHHM20] if Thm G
O<p<l1 A=
Thm G for all A
I1L, [Pop21] Thm G [Mar20] [Mar20]

For target Ry, the cases of type II; and type III,,, 0 < o < 1, already follow from
[Pop81, Theorem 3.2 and Corollary 4.1], as recalled after [Pop21, Corollary 1.3].
The type Il case follows by amplifying the type II; embedding. The remaining
cited results are [Pop21, Corollaries 1.3 and 6.6], [Pop85, Corollary 3.4], [AHHM20,
Corollary 5.7], and [Mar20, Theorem D(i)]. The latter three results are stated
as the existence of irreducible hyperfinite subfactors. Applying them to M’ in a
standard representation and taking commutants gives the displayed embeddings.
Indeed, P € M’ and PN M’ = C1 imply M C P’ and M' N P’ = Cl1.
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2. PRELIMINARIES

2.1 Continuous cores and dual weights Let N be a von Neumann algebra
with separable predual, and let p be a faithful normal state on N. Define

A:Cp(N):NX]o-p R.

Let T: Ay — JVJF be the canonical operator-valued weight, and let ¢ 4 = po T be
the dual weight of p. Write 7 for the canonical trace on A, and let

d , ,
h="PA H=logh, X\ =hi=¢e"
dr
Products of measurable operators are understood as closed products. We normalize
the dual action & and the dual operator-valued weight by

Gr(N) = e N, T(x) = / or(x)dr.
R

Proposition 2.1. For every positive integrable function g on R,

(2.1) o a(g(H)) = p(T(g(H))) = / o(s) ds.

R
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In particular, we have

(2.2) 7(L(s,00)(h)) = % (s > 0).

Proof. For r,t € R, functional calculus gives
G G () — G (\) = e~ irteith — oit(H=7),
By uniqueness of the self-adjoint generator of a strongly continuous unitary group,
(2.3) o-(H)=H —r.
Let £y be the spectral measure of H. For a positive integrable function g, (2.3)

gives

T@H»=Amﬂ—mm

(2.4) = /R < /]R g(s — 1) dr> d€x(s)
_ ( / g<s>ds) 1

Since o4 = poT and p(1) =1, (2.4) gives (2.1).
For s > 0, the definition of h and (2.1) give
T(]l(s,oo) (h)) = PYA (h_l]l(s,oo) (h))
= PA (eiH]l(log 8,00) (H))

e 1
z/ e tdt = ~.
log s S

See also [Haa79a, Theorem 1.2(2)]. In particular, h is T-measurable. O

Lemma 2.2. For every 0 # d € Ay, there exists x € Ay such that
0#2z<d, walx) < oo.

Proof. Choose 0 > 0 such that 1(5.)(d) # 0. By semifiniteness of 7, there is a
nonzero projection

P < 1500y (d), 0 < 7(p) < o0.
By (2.2), choose s > 0 such that 7(1(5.00)(h)) < 7(p), and let e = 1o 4(h) and
g=pAe. Let (1 —e)p = v|(1 —e)p| be the polar decomposition. The kernel of
(1 — e)p inside the range of p is the range of ¢ = p A e, and the range of (1 —¢e)p is
contained in the range of 1 — e. Hence

v'v=p—gq, v <1 —e.
Thusp—qg~wvv*<1l—e,so0p—q¢31—eand
m(q) 2 7(p) —7(1—¢€) > 0.
Since ¢ < e, we have
p.4(q) = 7(qghq) = (q(ehe)q) < s7(q) < occ.
Thus z = dq satisfies
0#£x=09<dp<d,  palr)=0pa(q) < oco.
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3. POISSON BOUNDARIES OF TYPE III FACTORS
Let M be a von Neumann algebra with separable predual.

Definition 3.1. Let M C A be a W*-inclusion. A normal state ¢ on A is called
an M -hyperstate if its restriction p|yp to M is faithful. Given a fized normal
faithful state ¢ on M, we say that ¢ is an (M, ¢)-hyperstate if oy = .

Proposition 3.2. Let ¢ € B(L*(M)). be a normal M -hyperstate. Set ¢ = ¢|n,
and let &5 € L*(M)4 be the canonical cyclic and separating vector implementing

¢. Then there exists a unique normal M-bimodular ucp map P, : B(L*(M)) —
B(L?(M)) such that for all T € B(L*(M)),

P(T) = (Po(T)Es,E0)-
Moreover, there exists a (not necessarily unique) sequence (z)72, C M such that

oo

(3.1) Po(T) =Y (Jzp )T (T2 J)
k=1

for all T € B(L*(M)), where J is the modular conjugation operator on L*(M).

Proof. We first prove the existence and construct the explicit form of P,.

Since ¢ € B(L?*(M)). is a normal state, there exists a positive trace-class op-
erator p on L?(M) with Tr(p) = 1 such that o(T) = Tr(pT). We can decompose
p = > Mel€k) (x|, where (&) is an orthonormal system in L?(M), A, > 0, and
Yok =1

For any x € M, since ¢|y = ¢, we have:

28] = ¢(a*z) = p(a*z) = Tr(pr*z) = > M@ o, &) = > Mello€el|.
k k

Hence
(3.2) Anllz&ml? < llagoll*  (z € M, m >1).

Define the operator R, : M, — L?*(M) by R, (z€s) = x&,. By (3.2),
| Rm (z€g)]| < \/% |z€4]|, s0 Ry, extends to a bounded operator on L?(M). Further-
more, for any z,y € M, we have R,,(yz€s) = yz&m = yRm(2€s). Hence R, € M'.
By standard Tomita-Takesaki theory, M’ = JMJ, so there exists y,, € M such

that R, = JymJ.
Now, for any @,y € M and T € B(L*(M)), we calculate:

oy Ta) = Tr(py Tx) = Y My Tabs, &) = > Ml Tag, y&r)
o K

= M(TRi(w€s), Ri(ys))
(3.3) -

=Y AT Ty 2o, TyrTyéo)
k

- < (Z )\kaZJTJykJ> gy, y€¢> .
k

Define 2, = VA\ryr € M. Let Py (T) = >, (Jz; J)T(J 2z, J). By (3.3), ¢(y*Tx) =
(Py(T)x€p,yEe). Taking x =y = 1, we immediately obtain ¢(T') = (P, (T)s,&s)-
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Since M &, is dense in L?(M), the identity

(Pe(T)s, y€s) = oy Ta)
uniquely determines P,(T") for every T. Thus P, is unique.
Finally, we verify the properties of P,. Since JzpJ € M', P, is structurally
completely positive and M-bimodular. Setting T' =1 gives:

(Po(L)zly, ySs) = o(y"z) = d(y"z) = (x84, y&s)-
This forces P,(1) = 1. Thus ), Jzjz,J = 1, which implies J(}", zjzx)J = 1,
concluding that >, z;2r = 1. Therefore, P, is a ucp map. It is normal: for 7' > 0,
the partial sums in its defining series increase strongly, and interchanging the two
increasing suprema shows that it preserves bounded increasing nets of positive
operators. ([l

Definition 3.3. Let Har(P,) = {T € B(L*(M)) | P,(T) = T} denote the space
of p-harmonic operators. The Poisson boundary (B,,() is defined as a von
Neumann algebra that is isomorphic to Har(P,) as an operator system, together
with the canonical hyperstate ¢ := pluar(p,)-

Proposition 3.4. The Poisson boundary B, always exists, is unique, and is
amenable.

Proof. Let w € BN\ N be a free ultrafilter. We define a map F : B(L*(M)) —
Har(P,) by taking the ultraweak limit of the Cesaro means:
n—1

.1 k 2
E(T) = w- lim - kz PE(T) for all T € B(L*(M)).
=0

Since P, is normal, E is a unital completely positive idempotent with range
Har(P,). It need not be normal, and its range need not be a subalgebra for the
original product on B(L?*(M)). Thus we do not call it a conditional expectation
onto an ordinary von Neumann subalgebra. Its range is injective as an operator
system.

By the Choi-Effros theorem, equipping the operator system Har(P,) with the
Choi-Effros product defined by

zoy= FE(xy) forz,yc Har(P,)

makes (Har(P,),o) a C*-algebra with its original norm. The harmonic opera-
tor system is ultraweakly closed, hence a dual Banach space with the quotient of
B(L?(M)). as predual. Sakai’s characterization therefore makes this C*-algebra a
von Neumann algebra, with its canonical ultraweak topology agreeing with the in-
herited one; see also [Izu02]. The inclusion M C Har(P,) is multiplicative for this
product, since E is M-bimodular. The canonical Poisson transform is a normal
unital complete order isomorphism onto the harmonic operator system. We use
this transform whenever we identify boundary elements with operators on L2?(M);
products of two boundary elements must otherwise be taken in the Choi-Effros
algebra.

The uniqueness of B, follows from the fact that any two von Neumann algebras
that are completely isometrically isomorphic as operator systems are necessarily
*_isomorphic.

Finally, since B, = Har(P,) as injective operator systems, B, is amenable as a
von Neumann algebra. (I
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Definition 3.5. We say that an M-hyperstate ¢ € B(L?*(M)). is regular if
o(Jz*J) = p(z) for all z € M.

Proposition 3.6. Assume that ¢ € B(L*(M)), is a regular M -hyperstate. Let
¢ = |y and ¢° = p|yarg. Since &y € L2(M)4 is fized by J, for z € M, we have
(Jz*J€4,Ep) = ¢(2) = ¢°(J2*J). Hence we can naturally identify L*(M,$) =
L2(JM J, ¢°) sharing the same canonical cyclic vector £s. The same argument as
in Proposition 3.2 guarantees the existence of a JMJ-bimodular ucp map Pg :
B(L*(M)) — B(L*(M)) such that
¢(T) = (Pg(T)€s, &) for all T € B(L*(M)).

Moreover, there exists a sequence (yi)7>, C M satisfying > peq yxyi = 1 such that

PoT) = 3 o2y ykTys. Note that we do not necessarily have (yx) = (2x) unless
(M, @) is tracial.

For k > 0, we define the k-th convolution ¢** by ©**(T') = (PE(T)&y, &s).

Definition 3.7. Let ¢ be a normal regular M -hyperstate, and write

Po(T) = (Jzp NT(Jzd),  PUT) = yTy;.
k k

We say that ¢ is strongly generating if
Clzs] =Clys] = M.

Here no adjoints are adjoined in forming either algebra. We abbreviate normal,
regular, strongly generating to mrsg. In the nontracial setting we impose both
density conditions; we do not assert that one follows from the other.

These conditions do not depend on the choice of inner ucp coefficients. Indeed,
comparison with a minimal Stinespring representation expresses each coefficient of
either representation as a square-summable scalar combination of the coefficients
of the other. These combinations converge in norm: for example,

H S| < lells when 3 ziz =1,
k k

and the analogous inequality holds for (y) because ), yxy; = 1. Thus the norm-
closed linear spans, and hence the weakly closed unital algebras, agree. When
¢ = | is tracial, the same coefficient family can be used for z; and yg, recovering
the tracial definition.

Proposition 3.8. Let ¢ be a normal reqular M-hyperstate.  Assume that
C[{zk }k>1] is weakly dense in M. Then the normal state

@: = 2—n—1(p*n

is faithful on B(L?(M)). Moreover, M is the largest von Neumann subalgebra of
Har(P,) for the original operator product on B(L?*(M)).

Proof. Write ¢ = ¢|p. Let T € B(L?(M)), satisfy $(T) = 0. Since all the
coefficients are positive, ¢*"(T") = 0 for every n > 0. Expanding the iterates of P,
and using positivity, we obtain

(T(JwJ)§¢, (JwJ)£¢> =0
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for every word w in (zp), including the empty word. The weak density of C[z]
implies that the vectors (Jw.J)¢, have dense linear span in L?(M). Thus T = 0,
proving that @ is faithful.

Let N/ C Har(P,) be a von Neumann subalgebra for the original operator prod-
uct, and let vy = JzjJ. For T € N, the operators T, T*,TT* are fixed by P,,
SO
(3.4) > (T = Tvg) (kT — Twg)* = Py(TT*) = Pyp(T)T* = TP, (T*) + TT* = 0.

k
Thus [T, vy] = 0 for every k. Applying (3.4) to T* also gives [T,v}] = 0 for every
k. The weak density of C[{zx}r>1] gives T € (JMJ) = M. Since M itself is
contained in the harmonic space, it is the largest such subalgebra. ([l

The following example gives an nrsg hyperstate with any prescribed faithful
normal marginal. The additional modular symmetry and moment bounds will be
used in Proposition 8.4 and in Section 7.

Example 3.9. Let M have separable predual, let ¢ be a faithful normal state on
M, and write £ = £4. There exists a faithful nrsg (M, ¢)-hyperstate p on B(L?(M))
with inner ucp coefficients (yx) C M for Pg having the following properties:

(i) The series ), yryj, converges strongly to 1, and the normal ucp map
Q(a) => wykayi,  a€M,
k

satisfies ¢ o Q = ¢.
(ii) The hyperstate is given by

o(T) =Y (Tyi&yi&), T € B(IL*(M)),
k

and satisfies
@(JT*J) = ¢(T) (T € B(L*(M))),
P(Ag) = p(A,1) <00,  p((logAy)?) < 0.

(ii) Each y; admits a bounded modular continuation to /2, and the map

(3.5)

(3.6) yk — 0}, (Uk)

permutes the family (y).
(iv) If ¢ is tracial, we may further choose

Yk = ApUk, A >0, ug €UM), ZA%ZL
k
Expectations of positive unbounded operators are defined by monotone spectral
truncation.

Proof. Choose elements a,, € M, entire analytic for ¢®, whose linear span is weakly
dense in M and such that {a,& : n > 1} has dense linear span in L?*(M). One
obtains such a sequence by applying the Gaussian regularizations

a+—> (r/w)l/Q/ e_rtzof(a) dt, reN,
i

to a countable strongly dense subset of the unit ball; see [Tak03].
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Let b, = Ufi /z(a;). The standard-form identities give
Jan& = bp&, an€ = Jb,JE.
Choose ¢, > 0 such that

> culllanllZ + 1ball3) < oo.
n

Rescaling the coefficients, we may assume that

(3.7) C=Y cul@an+b500),  ICle = 1.

where the series converges in norm. In particular, 0 < C < 1. For n € L?(M),
write wy(T) = (T'n,n), and set

Y= cn(Wane +wiane)
n

M
Since JayJ, Jb,J € M’, for x € M, we have

V(@) = (JCIe' ¢ 0! 2¢) < (o).
Let n € L?(M), implement ¢ — ), and define

= cnWane +Wiane) +wy-

n
Then ¢|pr = ¢. Since Jn = n and w,(JT*J) = wy,(T), the state ¢ is J-symmetric
and hence regular. The totality of (a,¢) makes ¢ faithful on B(L?(M)).
The inequality ¢ —¢ < ¢ implies that the map € — xn extends to a contraction
re M'. Let p=JrJ e M. Then

p§=n=JpJ§,  |ple <1

The two coefficient families associated with ¢ are

(Zk) = (\/Clen’ \/aan)n21 U {p}v

(k) = (Venan, venby,), 5, U{p )
The two representations are

P(T) =D (T Tz &, T JE)
(38) ' * * 2
=) (Tyiyi&) (T € B(L*(M))).
k

Since ¢|pr = ¢ and p(Ja*J) = ¢(a) for a € M,

Zzz,zk =1, Zykyz =1
k

k
strongly. Moreover,

an € C[zk]a Cl:; € C[yk]7 (C[Zk] = (C[yk} = Ma
so ¢ is nrsg. By (3.8),

$(Q(a) = D {ayi&,yié) = pla) = ¢(a),  a€ M.

k

This proves (i) and the first assertion of (ii).
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To verify (iii), note that
0ln(an) =05 00(bn) = ajy.

It remains to treat p*. For r > 0, define
2
b= (/2 [ erCoi)at
R

The identity Jpé = p& and the commutation relation J Afg‘ = Ang give Jp,.& = p&.
The Tomita identity and the separating property of £ imply

0?05 =pr  0ln(pr) = pi

The boundary values on the half-strip are bounded by ||p||co- The three-lines the-
orem and the ultraweak closedness of the analytic generator give 032 (p) = p*; see

[VD14, p. 5]. Thus (3.6) exchanges the paired coefficients and fixes p*.
We next check (3.5). The vectors a,&, b,& and p€ belong to the domain of the

Tomita operator Sy = JA(I/Q. Hence

P(8) =D calllanél® + [1b:€01%) + 7€)

n

<> calllanllZ + [1ballZ) +1 < oo.
n

Here the equality follows by monotone spectral truncation. Since JA4J = A;l,
J-symmetry gives @(A;I) = ¢(Ay). The inequality (logt)? <t+t71—2,¢>0,
proves ¢((log Ay)?) < oo. In particular,

(3.9) ¢(|log Ay[) < oo, p(logAy) = 0.

(iv): The modular action o is trivial, so every element of M is entire analytic.
Since M is linearly spanned by its unitaries, we may choose the a,, in the preceding
construction to be unitaries with the same density properties. For this choice,

b, = a}, and hence
cC=2 (Z cn> 1.

By (3.7), 2>, ¢n = 1. Since each wq, ¢ restricts to ¢ on M, we have 1) = ¢. Thus
n =0 and p = 0. Omitting the zero coefficient, the inner ucp coefficients of Q) are

Yon—1 = Cna;km Yon = /Cnln, n Z 1.
This has the required form y; = Ayug, with >, A2 = 23" ¢, = 1, which finishes
the proof. (Il

From now on, we fix a normal faithful state ¢ on M and an nrsg (M, ¢)-
hyperstate ¢ in the sense of Definition 3.7, and let (5,,{) denote its
Poisson boundary. By Proposition 3.8, the normal state g = 27Nl g
faithful on B(L?(M)). All the states ¢*™ agree with ¢ on Har(P,,), so the canonical
boundary state ¢ is normal and faithful.

Proposition 3.10. We have M' N B, = Z(M).
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Proof. By identifying B, with Har(P,), we consider elements in M’ N Har(P,).
Note that M’ N B(L*(M)) = JM.J. Thus, it suffices to compute JM.J N Har(P,).

By the standard form of P, we have P, (JMJ) C JMJ. Since ¢ is regular, for
any T' € JMJ, we have:

¢°(Po(T)) = (Pp(T)Ss,€0) = ¢(T) = ¢°(T).

Here the first equality uses P,(T") € JMJ and the fact that £ implements ¢°
on JMJ. Hence, the restriction P,|sars preserves the normal faithful state ¢° on
JMJ. It follows that the fixed-point space Har(JMJ, P,|sar7) is a von Neumann
subalgebra of JM J.

Because ¢ is strongly generating, M is the largest von Neumann subalgebra
contained in Har(P,). Therefore, Har(P,) N JMJ C M, which implies Har(P,) N
JMJ ¢ MNJMJ = Z(M). Since Z(M) C Har(P,) is trivial, we conclude
M NnB,=2Z(M). O

Theorem 3.11. Let M C A be a W*-inclusion, then Pg : T — >, yiTy; can be
naturally defined on A. Let

Har(P2, A) = {T € A| PY(T) = T}.

Assume there exists a normal faithful ucp map P : A — B, such that P|y =idp.
Then we have Har(P3, A) = M’ N A.
In particular, we have the double ergodicity of the Poisson boundary:

Har(P,) N Har(Pg) = Z(M).

Proof. Let ¢ be the normal faithful stationary state on the Poisson boundary B,.
We define a normal faithful state ¢4 on A by o4 = (o P.

Recall that the ucp map P acting on A is given by Pg(T) = > e ykTy; for
T € A, where (y)72,; C M and > o, yry; = 1. Because P|y = idps, P is an
M-bimodular map. Hence

(3.10) P(PYUT)) = > PwTyi) = > ukP(T)yi = PLP(T)).
k=1 k=1

We now verify that ¢ is PZ-invariant on B,. Identifying B, with Har(P,), the

state is implemented by the vector state ((-) = (Pu(-)&s,8e) = (- &¢,&p), which

coincides with the original hyperstate ¢ on this space. By the defining construction

of7:§7 we have (P2(T)&4,&4) = @(T) for any T € B(L*(M)). Thus, for any S € By,

we have:

(3.11) C(P2(5)) = (PE(5)s, €o) = 9(S) = C(5)-
By (3.10) and (3.11), for T € A,
pa(PZ(T)) = ((P(PS(T))) = C(P(P(T))) = C(P(T)) = a(T).

This shows that Pg preserves the normal faithful state ¢ 4. By [DP22, Lemma 2.6],
the fixed-point space Ay = Har(Pg,.A) is a von Neumann subalgebra of A.
Clearly, if T € M’ N A, then PYUT) = Y22 vk Typ = Yooy Ukl = T, so
MNAC Ay.
Conversely, suppose T' € Ap. Because A is an algebra, we also have TT* € A,
meaning P (T) = T and PL(TT*) = TT*. We compute the following sum of
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positive elements:

> (kT = Tyw) (T — Ty)*

S
Il
_

M

(i TT g — ye Ty T = Ty T yr, + TyryrT*)

(3.12) k=1 .
=P(IT*) — PYUT)T* — TPYUT*) + T (Z yky;;> T*
=TT* -TT*-TT*+TT* -
=0.
By (3.12), [yg,T] = 0 for every k. Since mw =M, T € M'"NnA. Thus

Har(Pg, A) = M' N A.
For the ”in particular” statement, we set A = B, = Har(P,) and let P = idp,,.
The hypothesis is trivially satisfied, yielding:

Har(P,) N Har(PJ) = Har(P3, B,) = M' N B,,.
By Proposition 3.10, M’ N B, = Z(M), which concludes the proof. O

Corollary 3.12. Let M C A be a W*-inclusion, and assume there exists a normal
faithful ucp map P : A — B, such that P|y = idy. Then M C A has the inner
UCP-Dixmier property.

Proof. Let w € SN\ N be a free ultrafilter. By Theorem 3.11, the fixed space of Pg
is the ordinary von Neumann subalgebra M’ N A. The following ucp idempotent is
therefore a conditional expectation onto M'NA, without any assertion of normality:

n

: 1 o\k
B(z) = w- lim — kZ:l%) ().
Recall that P is an M-inner ucp map. Therefore, F(z) lies in the weak closure

of the inner UCP orbit of z:

E(z) € {P(z) | P is an M-inner ucp map} .

Normality of PJ gives PJ(E(z)) = E(r). By Theorem 3.11, E(z) €
Har(Pg, A) = M' N A. Hence

E(z) € {P(x) : P is an M-inner ucp map}uj N(M' NA.
(]

Theorem 3.13. Let C be a weakly closed operator system such that M C C C B,
and MC+CM C C. If ¥ : C — B, is a normal ucp map such that Uy = idyy,
then ¥ =idc¢.

Proof. We identify C with its image in Har(P,) under the Poisson transform. Then
V¥ is a normal ucp map from C to Har(P,). Since ¥|p; = idas, the map ¥ is M-
bimodular. Using the explicit formula Pg(T) = Sore yeTyf, for any T € C we
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have:

oo

(T(PUT))epr€6) = > (W (unTyi)Es, o)

k=1

= > (e U(T)yi&sr o)
k=1

= (Po(V(T))Ep, &)
Since ¥(T') € Har(P,) and ¢ is regular, the term on the right evaluates to:

(Po(W(T))Ep, Eo) = (W(T)Ep,E0)-
Thus, (U(P2(T))Es,Es) = (¥(T)Eg, &) for all T € C. By linearity, this invariance

extends to Cesaro means:

N
<w <}V Z(P:;)"(T)) £¢,£¢> = (W(T)6y &),

n=1
Define Ay (T) = (1/N) SN (P2)™(T). Since Py PS = PIP,,

Po(AN(T)) = AN(T),  [PUAN(D) - Ax()] < 2L

Choose an ultraweakly convergent subnet with limit z € C. Normality and Theo-
rem 3.11 give

z € Har(P,) NHar(Py) = Z(M).

Since z € M, we have U(z) = z. Normality of ¥ gives the first equality below.
The last equality follows from (3.11) and normality of (:

(U(T)Ep, Ep) = (V(2)€p,Ep) = (264, 80) = (T€p, )

Now, for any a,b € M and T € C, the element b*Ta is still in C. Using the
M-bimodularity of ¥, we obtain:

(U(T)a&e, bsp) = (P (" T'a)p,Es) = (b Taly,Es) = (Tals, bEs).

Because M¢y is dense in L%(M), this forces W(T) = T for all T € C. Hence,
U = ide. 0

Lemma 3.14. Let ¢ be a normal reqular strongly generating hyperstate with ¢ =
o, and let 0 < t < 1. Set ) = (1 —t)p + t(-€p,&s). Then o) is normal,
regular and strongly gemerating, and its Poisson boundary agrees with that of ,
as an inclusion containing M. Moreover, if @; is such a hyperstate on M;, then
cpgtl) ® gDétQ) is strongly generating in the sense of Definition 3.7.

Proof. The two coefficient families for p(*) are obtained by multiplying the original
families by /1 — ¢ and adjoining /1. In particular, both nonselfadjoint unital
algebras remain weakly dense. Since P,u = (1 — )P, + tid, the two harmonic
operator systems coincide, and hence so do their Poisson boundaries. The coefficient
families for the product hyperstate contain nonzero scalar multiples of z1; ® 1,
1 ® 2, and, respectively, y11 ® 1, 1 ® y2;. Their unital algebras are therefore
weakly dense in M;®Ms,. O
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Theorem 3.15. Suppose for eachi € {1,2}, M; is a von Neumann algebra. Let p;
and 1 ® w2 be normal reqular strongly generating hyperstates for M; and M1 @M-
on B(L?(M;)) and B(L*(M1®Ms,)), respectively. Then

Har(pwl ®<P2) = Har(P¢1)®Har(’Pip2)7

and
By gp, = By, ®B<p2-

Proof. Write P; = P,, and H = Har(P; ® P»). The normal maps P; ® id and
id® P, preserve H and fix M;®Ms pointwise. Theorem 3.13, applied to the product
hyperstate, shows that both maps act identically on H. Thus, for = € H,

(id ® we)(x) € Har(Py), (w1 ®1id)(z) € Har(P,) (w; € B(L*(M;))).

By Proposition 3.4, these harmonic operator systems are normally completely
order isomorphic to injective von Neumann algebras. The slice-map property for
an injective von Neumann algebra, as used in [DP22, Theorem 4.4], now gives

H C Har(P1)®Har(P2).

The reverse inclusion follows from normality and the identity (P @ P2)(S®T) =
S ®T for harmonic S, T. The tensor product of the Poisson transforms is therefore
a normal complete order isomorphism onto H. Uniqueness of the Choi-Effros von
Neumann algebra structure gives the stated *-isomorphism, which fixes M;&Ms.

O

4. THE CHOQUET-DENY PROPERTY

Definition 4.1. A von Neumann algebra M is Choquet-Deny if any normal
regular strongly generating hyperstate ¢ on B(L?(M)) has trivial Poisson boundary
B, =M.

Proposition 4.2. Any type I factor M = B(H) is Choquet-Deny.

Proof. Let M = B(H). Since M is a type I factor, its standard representation
B(L?(M)) canonically decomposes as the von Neumann algebra tensor product
M®M'’. Under this spatial identification, any a € M acts as a®1, and any b € M’
acts as 1 ® b.

Let ¢ be a normal regular strongly generating M-hyperstate. The associated
Poisson transform P, : B(L?(M)) — B(L?*(M)) takes the standard form:

o0
Po(T) = Y (JzpJ)T (T2 ),
k=1
where (2;)72, C M and Y oo zfz, = 1.

Because the inner ucp coefficients JzpJ belong to M’, they correspond to ele-
ments of the form 1 ® y;, in M®M'. Consequently, the map P, splits as a tensor
product P, = idy ® ®, where ® : M’ — M’ is the normal ucp map defined by
O(x) = 351 ViU

For a normal ucp map of the form idy; ® ® on a tensor product, its space
of harmonic operators is precisely the tensor product of the respective harmonic
spaces:

Har(P,) = M@Har(®).
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To determine Har(®), note that ® is simply the restriction of P, to M’. Because
© is a regular hyperstate, ® preserves the normal faithful state ¢° on M’. By [DP22,
Lemma 2.6], preserving a faithful state ensures that the fixed-point space Har(®)
is a von Neumann subalgebra of M’.

For x € Har(®), the argument in (3.4) and (3.12) gives [z,yx] = 0 for every k,
or equivalently [z, JzJ] = 0 in B(L?*(M)). Since C[z4] Y= M,

ze(M)YNM =MnM =Z(M)=Cl.

Substituting this back into the tensor product yields:
Har(P,) = M®C1 = M.

This proves that the Poisson boundary B, = Har(P,) coincides entirely with M,
meaning it is trivial. Thus, M = B(H) is Choquet-Deny. (Il

Proposition 4.3. Let M be a von Neumann algebra, and let ¢ be a normal regular
strongly generating hyperstate on B(L*(M)). Then Har(P,) C Z(M)'.

Proof. Fix a unitary u € U(Z(M)), and define ¥,, : B, — B, by
U, (x) =uzu™, x € B,.
Then ¥, is a normal ucp map and ¥, |y, = idys. By the rigidity of the Poisson
boundary (Theorem 3.13), we have ¥, = idg,,.
Therefore, for any u € U(Z(M)) and = € B,, we have uzu* = z. By the

isomorphism B, = Har(P,), which is M-bimodular, we know that for any u €
U(Z(M)) and T € Har(P,), uT'u* = T. Therefore, Har(P,) C Z(M)'. O

For the next theorem, we refer to [Tak02, Chapter IV] for details on direct
integral theory.

Theorem 4.4. Let M be a von Neumann algebra, and let ¢ be a normal reqular
strongly generating hyperstate on B(L?*(M)). Let ¢ = |y be the corresponding
normal faithful state on M.

Assume that (M, ¢) admits a direct integral decomposition on a standard proba-
bility measure space (X, px):

(&)
(M. ) = / (M, b )dpix (2).

X

By direct integral theory, ¢ admits the following decomposition when restricted
to the algebra of decomposable operators:

D
¢lre B2 (M) dpx (@) :/X P dpx ().

Then we have that for px-a.e. x € X, o, is a normal regular strongly generating
hyperstate on B(L?(M,)). Moreover, we have

52

Har(Pw):/X Har(P,, )dux (x)

and

@
B, = / B, dpx (x).
X
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Proof. We use a measurable field of standard forms, so that J = [ f Jr dpx ()

and & = fff &s, dux (x). Choose the two coefficient families (zx) and (yx) in the
definition of strong generation. Outside one null set their decompositions satisfy

sz(m)*zk(x) =1, Zyk(x)yk(x)* =1,
k k
with strong convergence. The representation using (zx) gives

(A1) eolT) = ST Toz(@) Jubs, Toma(@) Tubs), T € B(L*(M,)).
k

Indeed, integrating (4.1) against arbitrary central projections recovers the disinte-
gration of . In particular, the fiber functionals are normal states. The representa-
tion using (yx) disintegrates in the same way. Testing the two marginal identities
against central projections and a countable fundamental family of sections shows
that

@mle = Qu, (Pac(Jza*Jas) = (bm((l), a € M,,
almost everywhere. Hence the fiber hyperstates are regular.

We next check nonselfadjoint generation. Enumerate the words in (zy), including
the empty word. If the fiber words failed to have ultraweakly dense linear span on a
set of positive measure, Hahn—Banach and measurable selection in the measurable
field of preduals would give a nonzero integrable measurable field x — f,, € (M, ).
annihilating every fiber word. One may choose ||f.|| < 1 and support this field on
that set. Choose a positive-measure subset and one bounded fundamental section
a;(x) on which |fz(a;(x))| > 1/m for some m. Multiplying the functionals by mea-
surable scalar phases makes these values positive real. Their direct integral is then
a nonzero normal functional on M annihilating every global word, contradicting
strong generation. Here measurable selection applies to the countably many equa-
tions f,(w(z)) = 0; nonzeroness can be tested on a countable fundamental family
of sections. Applying the same argument to (yi) proves both required density
statements almost everywhere.

By Proposition 4.3, every harmonic operator is decomposable. For T =

ff? T, dux(x), (3.1) gives

(&)
Po(T) :/X P, (T) dpx ().

Consequently, T" is harmonic if and only if T}, is harmonic almost everywhere, prov-
ing the asserted equality of operator systems. This identification also preserves the
boundary products. Indeed, for a harmonic 7', the increasing bounded sequence
Pg(T*T) converges strongly to its Choi—Effros square; the same construction ap-
plies in every fiber and commutes with the direct integral. Polarization gives the
assertion for all products. Thus the resulting complete order identification is the
stated normal #-isomorphism of Poisson boundaries. O

Theorem 4.5. A von Neumann algebra M is Choquet-Deny if and only if it is of
type I.

Proof. Suppose first that M is Choquet-Deny. Example 3.9 supplies an nrsg hy-
perstate; its boundary is M by assumption. Proposition 3.4 therefore implies that
M is injective. Write M = M7 & N, where N is the continuous part, and suppose
N #0.
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Every continuous injective factor with separable predual absorbs the hyperfinite
II; factor R. For semifinite factors this follows from the uniqueness of the injective
IT; factor. In type IIIy, 0 < A < 1, tensoring by R does not change the flow
of weights, so the classification of injective factors applies; in type III; one uses
uniqueness of the injective factor of that type. See [Con76, Haa87]. Disintegrating
N over its center gives this absorption fiberwise. The fiber isomorphisms can be
chosen measurably: in standard form their unitary implementations are selected
from the measurable isomorphism relation, specified by countably many equations
on fundamental operator sections. Integrating them gives

N = NQR.

By [Zho24, Proposition 5.3], R admits a normal regular strongly generating
hyperstate @i with nontrivial boundary. The cited construction uses a semigroup-
generating measure on group unitaries of So; its two coefficient families agree in
the tracial setting, and C[zx] = C[yg] is weakly dense. Choose an nrsg hyperstate
wo on N using Example 3.9. Replace both hyperstates by their lazy versions from
Lemma 3.14. Their boundaries do not change, and both coefficient families of their
product now generate N®R. Theorem 3.15 gives

Bs00®soR = Bs@o ®B¢R-

This inclusion is nontrivial: take a harmonic operator T' ¢ R for ¢pg. Then 1®T is
product-harmonic and does not belong to N®R, as is seen by slicing with a normal
state on N. Transport through a standard-form implementation of N = NQR gives
an nrsg hyperstate ¢y on B(L?(N)) with nontrivial boundary. This transport need
not preserve a previously chosen marginal, which is immaterial to the definition of
Choquet-Deny.

If M; = 0, this already contradicts the hypothesis. Otherwise choose an nrsg

hyperstate @1 on Mp and lazify both summand hyperstates. With respect to
L*(M) = L*(M;) & L*(N) define

(4.2) o(T) = %@I(Tll) + %SON(TM)'

Its marginal is $¢1 @ $¢n. Its two coefficient families (z;) and (yx) are the corre-
sponding summand families extended by zero. Because the summands were lazified,
these families contain nonzero scalar multiples of both central summand projections.
Consequently both C[zx] and C[yg] are weakly dense in M, and ¢ is nrsg. The maps
P, and P kill off-diagonal operators, and on the diagonal they are the direct sums
of the summand maps. Hence

BSD gBLPI @BS"N #Mv

a contradiction. Thus N = 0 and M is of type L.
Conversely, let M be of type I and let ¢ be any nrsg hyperstate. Decompose the
standard form over the center:

52]
(M7¢) :/X (Ma:aqba:)dMX(x)7

where almost every M, is a type I factor. Theorem 4.4 gives nrsg fiber hyperstates
¢, almost everywhere. Proposition 4.2 gives Har(P,,) = M,. Integrating and
using Theorem 4.4 again yields

@
Har(P,) = /X M, dux(z) =M.
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Therefore M is Choquet-Deny. O

5. PROOFS OF MAIN RESULTS ON THE WEAK DIXMIER PROPERTY

Theorem 5.1. Let M C A be a W*-inclusion such that M is properly infinite.
Then M C A has the weak Dixmier property if and only if it has the inner UCP-
Dixmier property.

Proof. We only need to prove the if direction, since every finite convex combination
of unitary conjugations is an M-inner ucp map. Assume that M C A has the inner
UCP-Dixmier property.

Because M is properly infinite, it contains an infinite sequence of mutually or-
thogonal projections (pi)7°; such that pr ~ 1a for all k and > o pr = la.
Choose isometries s, € M with sps; = pr. This partition of unity gives a spatial
isomorphism

0: A5 ARB(H),  O(a) = (sfas;)ij>1,

where H = (?(N). Its restriction maps M onto M®@B(H) and px to 1y @ exr,
where (e;;); j>1 are the standard matrix units of B(H). Indeed, on a Hilbert space
on which A acts, the unitary £ ® eg — i€ implements this isomorphism. Thus we
identify the inclusion M C A with

M&B(H) c ASB(H).

It suffices to prove the weak Dixmier property for an arbitrary element x €
ARB(H). Write

K, =conv{UzU" : U e U MRB(H))}.

First, we can take a weak limit of convex combinations of unitary conjugates of
the form (1ps ®u)x(1y ®u*) to average z into the relative commutant A® 15y of
14®B(H). To see this explicitly, average over the compact group U (M,,, (C)) acting
on the first m basis vectors of H and identically on their orthogonal complement.
These averages lie in K, and are uniformly bounded. Any weak cluster point
commutes with each of these nested unitary groups, and hence with 14 ® B(H).
Thus, for some a € A, we have

a®1B(H) S K;c

Since K, is weakly closed, convex and invariant under these unitary conjugations,
it also contains the weakly closed convex hull of the unitary orbit of a ® 1.
To proceed, it is sufficient to prove that for any M-inner ucp map

o0 o
P(a) = szazz, 2 € M, szz;‘ =1y,
k=1 k=1

the element P(a) ® 1p () is contained in the weak closure of the convex hull of the
unitary orbit of a ® 1p ().

Fix an integer n > 1. We construct a partial isometry Z,, € M®B(H) structured
as a block matrix where each block is of size n x n. The first block-row consists of a
zero block followed by scaled identity matrices zil,,, and all subsequent block-rows
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are identically zero:

Onxn 21 In ZQIn ZBIn
0n><n 0n><n Onxn On><n

Z, =

OTLXH Oan O’I’LX7L 07L><7l

The strong convergence of _p- | zxzj; = 1) makes this row a bounded operator.
Multiplying this block matrix by its adjoint yields the identity 15, on the first n xn
diagonal block and zero elsewhere. Letting E,, denote the projection onto the first
n basis vectors of H, we have

7,28 =1y @ E,.

Thus, Z is a partial isometry with initial projection 1 ® E,,. Because the first
block-column of Z,, is identically zero, its final projection Z)Z, is orthogonal to
Iy ® Eyp. Since M is properly infinite, each 1y ® e;; is equivalent to 1y¢p(#)-
For j = 1, this is implemented by the strong sum ), si ® ey, and the other cases
follow by matrix-unit equivalence. Hence

1 =237, 21y @ Ep > 1y ®enn ~ lygp)-
We also have

1=y ®En) > 1y @ enyins1 ~ luesm)-
Therefore, the orthogonal complements of both projections are Murray—von Neu-
mann equivalent to the identity:

1= (1a @ En) ~ 1= Z5 20 ~ Lygpm-
This guarantees the existence of a partial isometry W,, € MQ®B(H) with
WW, =1-2"2Z,, W Wy=1- 1y Q E,).
Define U,, = Z, + W,. Since the initial and final projections of Z,, and W, are
respectively orthogonal, all mixed terms vanish. Therefore,
UU0,=2"Z,+WW, =1, U U =272+ W, W) =1.

Hence we complete the partial isometry into a unitary U, € U(M®B(H)). Since
(1y ® E,)W,, = 0, the first block-row of U,, remains the first block-row of Z,,. In
block-row notation, we write
Zn,
- ().

We conjugate a ® 1g(g) by U,. Since

we have, with respect to the first n coordinates and their orthogonal complement,

" P(a)l,, =
To ensure a diagonal output, let D C B(H) be the abelian von Neumann alge-
bra of diagonal operators, and apply the conditional expectation onto the relative
commutant of 14 ® D:
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This expectation is approximated weakly by convex combinations of diagonal uni-
tary conjugations. Indeed, for ¢t € [0, 1], let

Up=1y® Y e ley € ULy @ D).
k=1
Then
1
(5.2) Ep/(T) = / U, TU; dt,
0
where the integral is taken ultraweakly. By (5.2) and (5.1),
Ep (Up(a ® 1p))Uy) = P(a) @ Ey + by,
where
by =(1-14®@Ep)bn(1 =14 @ En),  |[ball < [lal.
Asn — oo, E,, / 1p(g) strongly. Thus, the support and uniform norm bound of

b, give b, — 0 strongly, and hence weakly. Concurrently, P(a)®E,, — P(a)®1pm)
weakly. Therefore,

w- lim ED/(Un(a & 1B(H))U;) =Pla)® Lp(m)-

n—oo

Because this holds for any M-inner ucp map P, the entire set
{P(a) ® 1pm) | P is an M-inner ucp map}

is contained in K.
By the assumption that the original inclusion M C A has the inner UCP-Dixmier
property, there exists an element

y € {P(a) | P is an M-inner ucp map}w N(M'nA).

Because the mapping 7' +— T ® 1p(y) is normal, the element y ® 1p (g lies in the
weak closure of {P(a) ® 1pm)}. Since K, is already weakly closed, it contains
Y 1lpm)-

Thus, y ® 1p(g) belongs to

(M®B(H))' N (A®B(H)) = (M' N A)&Clgm)

and lies in the weakly closed convex hull of the unitary orbit of x, which finishes
the proof. O

Theorem 5.2. Let M be a von Neumann algebra with separable predual and ¢
be a normal reqular strongly generating hyperstate on B(L?(M)) with the Poisson
boundary B,. Assume that one of the following conditions holds:
(i) M is properly infinite, i.e., M = My ® My, & Mn;
(ii) M is finite with normal faithful trace T and ¢ = fu(M)< culr, u)du(u) for
some p € Prob(U(M)).

Then any W*-inclusion M C A equipped with a normal faithful ucp map P : A —
B, with P|y = idar has the weak Dizmier property.

Proof. Let M C A be a W*-inclusion equipped with a normal faithful ucp map
P : A — B, satisfying P|y = idy. By Corollary 3.12, the existence of such
a map P guarantees that the inclusion M C A automatically satisfies the inner
UCP-Dixmier property.
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We now verify that the weak Dixmier property holds under either of the assumed
conditions:

Case (i): Assume M is properly infinite. By Theorem 5.1, for properly infinite
von Neumann algebras, the weak Dixmier property is equivalent to the inner UCP-
Dixmier property. Since M C A already has the inner UCP-Dixmier property by
Corollary 3.12, it inherently possesses the weak Dixmier property.

Case (ii): Assume M is finite with trace 7, and ¢ = fM(M)<~u§T,u§T>d,u(u)
for some probability measure p € Prob(U(M)). In this setting, the associated
ucp map Pg : A — A is explicitly given by integrating over unitary conjugates:
Po(x) = fu(M) u*rudp(u) for all z € A. The adjoint direction follows from
the vector-state convention ¢ = [ wye, du(u). Because Pg is constructed solely
from integrals of unitary conjugations, its iterates (P;)k and their Cesaro means

Uy (x) = (1/N) Zszl(Pg)k(a:) must lie inside the weakly closed convex hull of the
unitary orbit of x:

Uy (x) € conv?{uzu™ | u e U(M)}.

As established in the proof of Corollary 3.12, any weak limit point z of the sequence
(TN (2))F-y is an element of M’ N A. Since the weakly closed convex hull of the
unitary orbit is weakly closed, the limit point z remains within it. Thus:

z € conv{uzu* |u e U(M)} N (M'NA) #0,

which satisfies the exact definition of the weak Dixmier property for M C A.
O

Corollary 5.3 ([Pop00, Mar21]). Any W*-inclusion M C A with normal faithful
conditional expectation has the weak Dixmier property.

Proof. Let E : A — M be the given normal faithful conditional expectation. De-
compose M = Mg, ® M, into its finite and properly infinite parts, omitting zero
summands, and write p;,peo for their units. Averaging by p; + e?™¥p., removes

the off-diagonal terms of every z € A:

1
(5.3) / (p1 + ¥ po)x(pr + ¥ o )* At = prap1 + PooTPoo-
0

The restrictions E; : p; Ap; — p; M are normal faithful conditional expectations.
Choose a faithful normal trace 7 on Mg, a countable adjoint-closed family of
unitaries (uy) generating Mgy, and ¢ > 0 with ), ¢, = 1. The state

o1 = orl-urbr, uny)
k

is normal and regular. Both strong generation conditions follow from the weak
density of Cluy], since (ux) is adjoint-closed. Composing E; with Mg, C B,,,
Theorem 5.2(ii) gives the weak Dixmier property for Mg, C p1.Ap;.

For M., choose an nrsg hyperstate by Example 3.9. Composing E., with the
boundary inclusion and applying Theorem 5.2(i) gives the same conclusion for this
corner. Product nets of the two unitary averaging nets, after applying (5.3), give
an element of M’ N A in the closed convex unitary orbit of x. ([l
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6. A NEW PROOF OF ISONO’S THEOREM

In this section, an M-bimodular semifinite positive map with values in a von
Neumann algebra B O M means an additive, positively homogeneous map P :
A — By satisfying

P(a*za) = a*P(z)a (x € Ay, ae M).
We require normality, meaning preservation of increasing bounded nets, faithful-
ness, and ultraweak density of

mh = {z € A, : P(z) € B4}

Here B, is the extended positive cone, and P(z) < oo will always mean that P(x)
is bounded. For every p € B, the function po P is a normal weight. In particular,
its sublevel sets are ultraweakly closed. It follows that, for C' < oo, the set

(6.1) {re Ay :Plx) <C1}
is ultraweakly closed. We use this scalar interpretation of lower semicontinuity

throughout; see [Haa79b, Sections 1-2].

Lemma 6.1. Let ¢4 be a normal faithful semifinite weight on a von Neumann
algebra A, and let P: A — A be a normal ucp map satisfying pao P =@a. Fix a
free ultrafilter w and define

n—1
1 k
E(x) = uvx;l&jm - Z P¥(x).

k=0
If v € Ay and pa(x) < oo, then P(E(z)) = E(x) and P(E(z)?) = E(x)?.
Proof. Write A,(x) = (1/n) Z;& Pk(z) and y = E(x). Since ||P(A,(z)) —
Ap(z)|| < 2||z||/n, normality of P gives P(y) = y. Lower semicontinuity and
invariance of the weight give

IN

paly) < wale) <oo,  wa(y?) < yllpaly) < oo
By Kadison’s inequality, P(y?) —y? > 0. Since p4 0 P = p4 and @4 (y?) < oo,

ea(P(y®) —y%) = 0a(P(y) — paly®) = 0.
Faithfulness gives P(y?) = 2. O

Theorem 6.2. Let M C A be a W*-inclusion and let v be a normal regular strongly
generating hyperstate. Assume that there exists a normal faithful semifinite M -
bimodular positive map P : Ay — l§;+ in the preceding sense. Set Q = Pg, acting
on A by Q(z) = >, yexyy. For any x € AL with P(z) < oo, every ultraweak
cluster point of

n—1
1 k
(6:2) ~>_ QM)
k=0
belongs to M' N A.
Proof. Let ¢ be the canonical faithful normal state on B, and let ¢4 = (o P.

This is a normal faithful weight. It is semifinite because its finite positive domain

contains the ultraweakly dense cone m?;.
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Normality and M-bimodularity give, in the extended positive cone,

PQ) = > uP@)yi = Q(P(x)).
k

By (3.11), (0@ = ¢ on (B,)4+. This identity extends to the extended positive cone
by monotone approximation. Hence ¢4 0 Q = ¢ 4.

Let T be an ultraweak cluster point of (6.2). The proof of Lemma 6.1, applied
along a convergent subnet, gives Q(T) = T and Q(T?) = T?. Consequently,

D kT = Tye) (T — Tyr)* = Q(T?) — Q(T)T — TQ(T) + T* = 0.
k

-7 T w

Thus [T, yx] = 0 for every k. Since Clyy] =M, T € M'NA. O

Theorem 6.3. Let M have separable predual and let ¢ be a normal regular strongly
generating hyperstate. Assume either that M is properly infinite, or that M is finite
with a faithful normal tracial state T and

(6.3) o(T) = /u (T )

for a probability measure p. Let M C A be a W*-inclusion and let P : Ay — l§;+
be a normal faithful semifinite M -bimodular positive map. Then, for x € Ay with
P(z) < oo,

conv{uzu* :u € U(M)} N (M'NA) # 0.
Proof. Let C = ||P(z)|| and K, = conv¥{uzu* : v € U(M)}. For u € U(M),
P(uzu*) < C1. By the ultraweak closedness of (6.1),

P(b) <C1 (b e K,).
Suppose first that M is properly infinite. Choose isometries (v;) C M with

L e . .
viv; = d;;1 and Y, v;vf = 1, and use the isomorphism

m: A= ARB(A(N)), m(b) = vabvj ® eij.
2%}

It maps M onto M@B(¢?(N)). As in the proof of Theorem 5.1, unitary averaging
over the type I tensor factor gives a ® 1 € w(K,) for some a € A;. Let b =
7 Y a®1). Since b € K, and a = vibvy,

P(a) = viP(b)v; < CL.

By Theorem 6.2, an ultraweak cluster point c¢ of the Cesaro means of (Pf,)k(a)
belongs to M' N A.

The matrix-dilation argument in the proof of Theorem 5.1 applies to each M-
inner ucp map. Thus every Cesaro mean of (P2)*(a), tensored with 1, belongs to
the weakly closed unitary convex hull of @ ® 1. That hull is contained in 7 (K), so
c®1em(K,). Since c® 1 e (MRB((*(N))),

7 e®1) € K, N (M NA).

Suppose now that M is finite and ¢ satisfies (6.3). With the present vector-state
convention,

Po(b) = / w bu dp(u).
U(M)
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Its iterates and Cesaro means preserve K,. Their ultraweak cluster points belong
to M’ N A by Theorem 6.2, which proves the assertion. (Il

Corollary 6.4 ([Iso25]). Let M C A be a W*-inclusion with M having separable

predual, and let T : Ax — My be a normal faithful semifinite operator-valued
weight. For every x € Ay such that T(x) is bounded,

conv’{uzu* tu e U(M)} N (M' NA) # 0.

Proof. Write M = Mg, @ My for its finite and properly infinite parts, with units
P1,Poo- Averaging over the unitaries p; +e?™py. sends = to p1Tp1 + Poc TPoo Within
its unitary convex hull.

The restrictions T; : (p;Ap;)+ — 1;]\\4 , are normal, faithful and semifinite. In-
deed, compression of the ultraweakly dense finite positive domain of T" is ultraweakly
dense in (p;Ap;)+, and

Ti(piap:) = piT(a)p;.
Moreover, T;(p;xp;) is bounded.

On Mg, choose an atomic measure on a countable symmetric family of unitaries
generating Mgy, with every atom having positive mass. This gives a normal regular
strongly generating hyperstate with respect to a faithful normal tracial state. On
M use Example 3.9. Compose each T; with the extension to extended positive
cones of the canonical embedding p;M C B,,. These composites satisfy the hy-
potheses of Theorem 6.3; no normalization on p; M is required. Apply that theorem
separately to the two positive diagonal blocks.

Finally, block-diagonal unitaries in U(Msgy,) & U(Mo) belong to U(M). Taking
product nets of the two averaging nets gives a limit in M’ N A, still in the original
unitary convex hull. O

We next show that a nontrivial Poisson boundary admits no normal faithful
semifinite operator-valued weight onto the original algebra.

Theorem 6.5. Let M be a von Neumann algebra and B, be the Poisson boundary
associated with a normal regular strongly generating hyperstate. If the Poisson
boundary is non-trivial (i.e., B, # M), then there exists no normal faithful semi-

finite operator-valued weight T : (By,)4+ — M.

Proof. Write B = B, and @) = P2, and suppose that such an operator-valued
weight T': By — ]\//.74r exists. By Proposition 3.10,

M NnB=Z(M)=Z(B).
To justify the second equality, let v € U(Z(M)). The normal automorphism Ad(u)
of B fixes M pointwise, so Theorem 3.13 gives Ad(u) = idg. Hence Z(M) C Z(B);
the reverse inclusion follows from Z(B) C M' N B = Z(M).

Let h = T(1). By M-bimodularity, uhu* = h for every u € U(M); hence h
belongs to the extended positive cone of Z(M). Let e denote the infinite spectral
projection of h. We first prove that e = 0.

If e # 0, semifiniteness and M-bimodularity of T give a nonzero x € (eB)4
with T'(x) < C1 for some C < oo. Every Cesaro mean A, (z) = (1/n) Zz;é Q* ()
satisfies T(A,(x)) < C1. Choose an ultraweak cluster point z of these means.
Normality of Q and Theorem 3.11 give

z€ Z(M)y, z = ez, ¢(z) =((x) > 0.
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For every p € M, the normal weight poT is lower semicontinuous. Thus p(T(z)) <
Cp(1), and consequently T'(z) < C1. Choose ¢ > 0 such that ¢ = 1. o)(2) # 0.
Then ¢ < e and

T(q) <e'T(z) <e7'C1.

On the other hand, M-bimodularity gives T'(¢) = ghg, which has infinite value on
the nonzero projection ¢ < e. This contradiction proves e = 0.

Faithfulness of T also shows that the zero spectral projection of h vanishes.
Therefore

Qn:]l[%,n](h) € Z(M), qn /1.

On each nonzero corner, h,, = g,h is bounded and invertible in Z(g, M). Since
T(qn) = hn, the formula

En(a) = hy'?T(a)h, "2, a € (gaB)s,

extends to a normal faithful conditional expectation ¢, — ¢, M. Here bounded-
ness follows from T'(a) < ||a||h,. Extend E,, to the normal ucp map

U, :B— B, U (b) = En(gnb) + (1 — gn)b.

The centrality of g, makes this a direct-sum map, and ¥,,|p; = idp;. Theorem 3.13
gives ¥,, = idg. Hence ¢,B = ¢, M for every n. Passing to the strong limit ¢, /1
yields B = M, contrary to the hypothesis. ([

Corollary 6.6. FEvery non-type I von Neumann algebra M admits an irreducible
W*-inclusion M C A (i.e., M N A = Z(M)) that satisfies the weak Dixmier
property but admits no normal faithful semi-finite operator-valued weight.

Proof. Write M = Mgz, & M, for its finite and properly infinite parts, omitting
zero summands. On each nonzero finite part fix a faithful normal tracial state.
If Mgy, is not of type I, [Zho24, Theorem 5.6, condition (ii)] supplies an atomic
unitary-measure nrsg hyperstate with nontrivial boundary. Reflect the measure if
necessary to use the convention ¢, = [wye. dp(u). This is a relabelling of the
same displayed hyperstate, not a change of its boundary. If Mg, is of type I, use
positive weights on a countable adjoint-closed generating family of unitaries.

On the properly infinite part, if it is not of type I, Theorem 4.5 supplies an
nrsg hyperstate with nontrivial boundary. Otherwise use Example 3.9. Lazify the
chosen states by Lemma 3.14; this preserves their boundaries, and in the finite case
merely adds an atom at the identity.

If both summands are present, form the diagonal hyperstate as in (4.2). The
two identity coefficients ensure both strong generation conditions, as checked in
the proof of Theorem 4.5. If only one summand is present, retain its state. The
resulting boundary is

A=B, =B, ®B,_,

with absent summands omitted. At least one summand is nontrivial, since M is
not of type I; thus A # M. Proposition 3.10 gives M' N A = Z(M).

Theorem 5.2(ii) applies to the finite boundary inclusion, and part (i) applies to
the properly infinite one. Combining their unitary averaging nets gives the weak
Dixmier property for M C A. Finally, Theorem 6.5 rules out a normal faithful
semifinite operator-valued weight from A to M. ([
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7. THE RELATIVE BICENTRALIZER CONJECTURE

Let M C N be an inclusion of von Neumann algebras with separable preduals
and a faithful normal conditional expectation F : N — M. Fix a faithful normal
state ¢ on M and let p = ¢ o E. We use the compatible realizations

cs(M) C cp(N) =N %100 R.
Following [Mar25, Definition 7.1], the relative bicentralizer is
B(M C ¢(N),¢) = (Mg.)" Ne(N),

where w is a free ultrafilter on N and the commutant is taken in the compatible
ultrapower realization. This algebra is independent of w. We write ¢ for the
canonical implementing unitaries in cq(M).

We prove the following theorem.

Theorem 7.1. Let M C N be a W*-inclusion with a faithful normal conditional
expectation. Then M C ¢(N) has the weak Dizmier property:

(7.1) conv "W {uzu* cu e UM)} N (M Ne(N))#0 (x € ¢(N)).
Consequently, for every faithful normal state ¢ on M,
(7.2) B(M C ¢(N),$) = {¢" : t € R}Y' v (M’ N¢(N)).

Fix a normal faithful state ¢ on M, and let p = ¢ o E and A = ¢,(N). Let
w4 = poT be the dual weight of p, where T': A, — ]\7+ is the canonical operator-
valued weight. We use the notation h = dé’% and H = logh from Subsection 2.1,
where 7 is the canonical trace on A. Here \; = hi* = ¢*. The modular action
of4 = Ad()\,) restricts to of on M. Choose the (M, ¢)-hyperstate ¢ and the inner

ucp coefficients (yx) from Example 3.9, and define

(7.3) Qz) =Y wwayi, zE€A
k

By [Mar25, Theorem D], it suffices to prove (7.1). To prove that M C A has
the inner UCP-Dixmier property, it suffices to show that d := Q(aa*) — aa™ = 0
for every a € Har(Q). As in the proof of Theorem 3.11 and the argument showing
E(z) € Har(P) in Lemma 6.1, followed by Cesaro averaging, we have

Q(aa*) = aa™ (a € Har(Q))
= Har(Q)=M'nA
= M C A has the inner UCP-Dixmier property.

Fix a € Har(Q). By Kadison’s inequality, d > 0. Lemma 2.2 reduces d = 0 to
proving that every z € A4 with 0 <z < d and p4(x) < oo must be x = 0. Such
an x satisfies

n—1

n—1
> QM2) <) QMd)=Q"(ad") —aa* <C1,  C=a|*.
k=0 k=0

After constructing the pairing and the self-adjoint contraction S in Lemma 7.2,

Lemmas 7.3 and 7.4 prove @ 4(x) = 0 for such z. Faithfulness then gives x = 0.
Theorem 5.1 converts the inner UCP-Dixmier property into (7.1) when M is

properly infinite. For finite M, we choose ¢ tracial so that the Cesaro means are
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already unitary averages. The general case follows by decomposing M into its finite
and properly infinite parts.

Since ¢ o Q = ¢, normality and M-bimodularity of F and T' give
(7.4) pa0Q=¢poEoToQ=¢poQoEoT=¢poFEoT = pyu,

where the compositions are understood on the extended positive cone.
Define

m,, =span{a € A, : p4(a) < oo}, €(a) = B *aht* (e e my,).

On L?(A, 7) we use the inner product (X,Y)s = 7(Y*X), linear in the first variable.
Define S : D — D, where D = {{(a) : a € my, }, by

(7.5) S¢(a) =&(Q(a))  (aemy,).
This is well-defined since ¢ is injective and Q(m,,,) C my,, by (7.4).

Lemma 7.2. For every a € m,,, we have &(a) € L*(A, 7). Let x € Ay satisfy
wa(z) < oo. Then

wy(a) = 7(h?zh'?a) (a € A)
defines a finite normal positive functional on A, with w,(1) = @ (), and
(7.6) (§(a),£(x))2 =wa(a)  (a€my,).
Moreover, S extends to a self-adjoint contraction on L?(A,T).
Proof. For a € m,,, let
k(a) = h2ah? e LY(A, 7).

We first verify the assertions about & and w,. Both ah!/? and h'/2a belong to
L?(A, 7). Traciality and the Cauchy—Schwarz inequality give

€(a)l3 = 7(h'*a*h2an’/*)
= 7((ah/?)*(h'/?a))
(7.7) < [lah'/?o]|n*/2ally
_ T(hl/za*ahl/z)l/zT(hl/Qaa*h1/2)1/2
— goA(a*a)l/2apA(aa*)1/2.
The calculation is first made for a,, = e,ae,, where e, = 11/, (k). The conver-
gences anh'/? — ah'/? and h'/%a,, — h'/?a in L? justify passage to the limit.

Since k(z) € L*(A,7);+ and 7(k(z)) = pa(x), w, is a finite normal positive
functional with w,(1) = wa(x). To prove (7.6), let

en =111 (h), Ty = eplen, ap = enaey,.
By (2.2), the projections e,, have finite trace. Traciality in e,.Ae,, gives
(Elan), &(zn))2 = T(h'*z, 0 2ay,).
Since e, h = he,, and e, 1 strongly,
k(z,) = enk(z)e, — k(z) in LY,
&(zn) = ené(2)en, — &(z) in L?,
€(ay) — &(a) in L2
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Moreover,
sup |lan || < |all, an, — a *-strongly.
n

Passing to the limit proves (7.6).
We next prove that S extends to a self-adjoint contraction. Identifying A, with
LY(A, ), we first show that the preadjoint of @ satisfies

(7.8) Q:k(a) = k(Q(a))  (a€my,).
Let vy, = ng(y,’;). By Example 3.9, (vy) is a permutation of (yx). We have
(7.9) yih'? =P, WPy = wpn! 2

Formula (7.9) follows first on compact spectral vectors for H, and then for the
closed measurable products. For a € A, with ¢ 4(a) < co, we obtain

Yik(a)yr = k(vgavy).
By (7.9), the positive partial sums >, ., yik(a)yx converge in L', since

Yo vik(ays | =7 (K@) D i | S eala).

k<n k<n

Monotone convergence of the corresponding quadratic forms gives

Zyk a)yr =k (Z UW%) = k(Q(a)).
This proves (7.8) for positive a, and the general case follows by linearity.
By (7.8) and (7.6), for a,b € m,, N Ay,
(S€(a),£(b))2 = T(k(b)Q(a)) = T(Qxk(b)a)
= 7(k(Q(b))a) = ({(a), SE(b))2.
(D

Linearity gives (Sv,w)s = (v, Sw)s for v,w € D. Also S(D) C D by (7.4). For
a€mg,,, (7.5), (7.7), Kadison’s inequality for Q™, and ¢ 4 0 Q" = p 4 give

187&(@)lI3 = 1€(Q" (a))II3
= [|h*/*Q™(a)h' |13
= 7(h"?Q™(a)*h'*Q"(a))
< a(QM(a)"Q™(@)*pa(Q" (@) (Q" (a))")/?
< pa(Q"(a*a))? o A(Q" (aa"))/?
— pa(a*a) 2 a(aa”) V2.
Thus
Cy = 7snu>% IS vz < oo (ve D).

For v € D, symmetry gives
(7.10) 1Sv]I3 = (S%v,v)2 < [IS%v]|2v]|2-
Iterating (7.10), we obtain

n 1/2™ 1—1/2™ n 1—1/2™
I1Solla < 152" o]l lolls %" < V2" ol %" — [|v]jo-
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It remains to check that D is dense. With e,, = 11/, )(h), both h and ht
bounded on e,, and 7(e,) < co. Every bounded b € e, Ae,, has the form
b=¢(hY4r~V4Y, V4RVt c ey de, Cmy,.
These finite-corner elements are dense in L?(A, 7). Therefore S extends to a self-

adjoint contraction. O

Let f € C°(R) be real with 0 < f < 1, equal to 1 near 0, even and nonincreasing
in |s|. Define Hg = f(H/R), R > 1. Then Hi /' 1 strongly as R — oo, and (2.1)
gives

oA(HR) = R/Rf(s) ds < co.

Lemma 7.3. Let © € Ay satisfy oa(x) < co. Assume that there is a constant
0 < C < oo such that

(7.11) z_: QF(x)y<Cc1  (n>1).
k=0
Then
(7.12) pa(z) < liminf Cf/(1 — S)Y2¢(Hp)| 3.

Proof. The case pa(x) = 0 is immediate. Assume that ¢ 4(z) > 0. Let a, =
SnZo QF(x) < C1. By (7.4) and (7.5),
palan) =npa(z) <oo, (1 -=25)¢(an) =E(x—Q"(x)).

By (7.6) and positivity,
11 = 8)%¢(an) |15 = (€@ = Q"(x)), E(an))s

= wg(an) — wa, (Q"(z))

< wy(an)

< Cuwy 1) CQDA( )

(7.13)

Q(an) =2 — Q"(x) and 1 — § > 0, (7.5) and (7.13) give
lwo(HR) — wir, (Q"(2))[?
=|wrr, (x — Q" ()|
— (e — Q" (@), E(HR))s|”
(7.14) =|{(1 — 5)é(an), €(Hr))2|”
=[((1 = 8)"2¢(an), (1 — $)V?¢(HR))2|”
<[[(1 = 8)2¢(an) 3111 — $)2¢(HR)|3

<Coa(@)(1 = )" 2¢(Ha)|3.
By (7.11), for every N > 1,

S i (Q"(x)) = wiry (Z_ Q"<x>>

< Cwp, (1) = Cpa(HR) < 0.

(

Fix R > 1. By (7.6) and positivity, wy(Hg) = wu,(z) = wu,(z). Since a, —
d (7.13)
)
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Letting N — oo, we obtain
(oo}
> wiy (Q"()) < Cpa(Hp) < oo,
n=0

s0 wh,(Q™(x)) = 0 as n — co. Letting n — oo in (7.14) gives
(7.15) lwe(HR)|> < Coa(@)|(1 = 9)2E(HR);  (R>1).
Since Hr 1 strongly as R — oo, normality of w, and (7.15) give
pa(@)’ = |wa (1)
= lim_|w,(HR)l

<liminf Copa (2)[|(1 = 8)'/2(Hr)|3.
— 00

2

Dividing by ¢ 4(z) proves (7.12). O
Let v be the spectral distribution of log A, under ¢. By (3.5),

Moy := /Rs2 dv(s) = ¢p((log Ag)?) < oo.

Lemma 7.4. For every R > 1,
ma | f']I3
2R
Moreover, if x € Ay satisfies pa(x) < oo and (7.11) for some 0 < C < oo, then
valx) =0 and x = 0.

Proof. Let g € C°(R) be real. By (2.1), g(H) € my,,, and g(H) € A,_,. Expand-
ing the commutators gives

> vk g(H))[yr, g(H))™ = Q(g(H)?) — Q(g(H))g(H) — g(H)Q(g(H)) + g(H)*.

k
By Kadison’s inequality, (7.4), and (2.1),

o4(Qa(H))?) < pa(Q(a(H)?)) = palg(H)?) = / l9(s)|? ds < ox.

Thus all four terms on the right belong to m,,. Applying ¢ 4 and using the ¢ 4-
centralizer property of g(H ), the linear extension of (7.6) to self-adjoint elements,
and (7.5), we obtain

(7.17)

> e allye 9(H))lye, g(H)J™) = 2(.a(g(H)?) — 0 a(9(H)Q(g(H))))
k

= 2((&(g(H)), &(g(H)))2 — (SE(9(H)), E(g(H)))2)
=2||(1 - 9)2¢(g(H))|3-
We compute the left-hand side by proving

718 X pallos o) o)) = / / 9(r + 5) — g(r)? dr du(s).

(7.16) I(1 = 8)2¢(HR)|3 <

We use the unitary Fourier transform

g(t) = (2m)~1/2 / e "g(r)dr.

R
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The crossed-product relation gives

(7.19) [y, g(H)] = (2) 172 / 3(0) vk — o ()M .

With the normalization in (2.1), for X = (27)~/2 [L a;A dt = (2m) 712 [, ae™ dt,
we have

(7200 pu(X*X) = / plaja)dt,  a(XX") = / plagaf) dt,

The identities in (7.20) hold first on the crossed-product Hilbert algebra and extend
by its L2 isometry, see [Haa78]. In the first identity in (7.20), the zeroth coefficient
is [, 0”,(a;a;)dt, and the modular invariance of p removes this twist.

By <p Yk Uie, vike) and the definition of v as the spectral distribution of
log Ay under ¢, we have

> 6wk — of (k) (e — oF (i) Z (1 = AY)yr&sll?

k
_ Z (1= A" (1 = Ao, vils)
=<p(( — 4,1 -47)
_/(1_e*lt5)(1— ¢**) dv(s)

/|1 zts|2 dl/ )
By (7.19), (7.20), and scalar Plancherel,
S eallye oo o)) = [ aor [ 11— evpavs)ar
= [ [aorn - arans)

//|g r+s)—g(r)|*>drdu(s).

This proves (7.18). Now take g(r) = f(r/R), so g(H) = Hg. Since ||g(-+s)—g|l2 <
Islllg’ll2 = LL1 £]l2, (7.18) gives

ma| f'[I3

(7.21) ijw([yk,HRMyk,HRm <=7

Combining (7.17) with g(H) = Hg and (7.21) proves (7.16).
Now let x satisfy the hypotheses of Lemma 7.3. By (7.12) and (7.16),

. Cmall I3
< <1 f——— =
0 < palw) <lminf —=%

Thus p4(z) = 0, and faithfulness of p 4 gives x = 0. O

=0.

We can now identify Har(Q).

Proposition 7.5. The fized-point space of Q is
Har(Q) = M' N A.



34 SHUOXING ZHOU

Proof. We only need to prove that Har(Q) C M'NA. Let a € Har(Q). By Kadison’s
inequality,

d:= Q(aa") — aa” = Q(aa”) — Q(a)Q(a)" > 0.
‘We have

n—1
S QMd) = Q"(aa”) —aa” < [laf’l  (n>1).
k=0

Suppose that d # 0. By Lemma 2.2, choose 0 # x < d with ¢ 4(z) < co. Then
n—1 n—1
Y QM) <) QM) <llaf't (n>1).
k=0 k=0

Lemma 7.4 gives x = 0, a contradiction. Hence Q(aa™) = aa*. Applying the same
argument to a* € Har(Q) gives Q(a*a) = a*a, so a belongs to the multiplicative
domain of Q). Expanding as in (3.12), we obtain

> (yka — ayi) (yea — ayr)* = 0.
k

- T w

Thus [a,yx] = 0 for every k. Since Clyx] =M, a€ M'NA. O

Marrakchi proved the relative bicentralizer conjecture, in particular, when M is
amenable, has no type III; direct summand, is a tensor product of two type III;
von Neumann algebras, or admits a Cartan subalgebra [Mar25, Theorem E(1)—(4)].
For completeness, we give a new proof covering these cases as well. We can now
finish the proof by applying the equivalence established in Theorem 5.1.

Proof of Theorem 7.1. Suppose first that M is either finite or properly infinite.
Choose a faithful normal state ¢ on M, taking ¢ tracial when M is finite. Let @ be
the map in (7.3) on A = cgop(IV), with coefficients from Example 3.9. For z € A,
define

n—1
Qn(z) = % Y QM=) K, =conv ™ {uzu :u € UM)}.
k=0

Since
2|l
normality of @ and Proposition 7.5 imply that every ultraweak cluster point of
(Qn(x)) belongs to M' N A.
If M is properly infinite, each @,, is an M-inner ucp map. Thus M C A has the
inner UCP-Dixmier property, and Theorem 5.1 gives the weak Dixmier property.

If M is finite, the tracial choice in Example 3.9 gives
Yk = AUk, Q) = Z)\iukxuz, Z)\i =1.
k k

Thus Q(K,) C K, and Q,(z) € K, for every n. Every ultraweak cluster point
belongs to K, N (M’ N .A), which proves the finite case.
For general M, write

M = Mg, & Mo
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for its finite and properly infinite parts. We may assume that both summands are
nonzero. Let pi,ps be their units and let N; = p; Np;. There is a faithful normal
conditional expectation

F:N— Niy& N, F(a):p1ap1 + p2apa.
The restrictions
E1:E|N11N1—>Mﬁn7 E2:E|N2ZN2—)MOO

are faithful normal conditional expectations.

Choose a faithful normal state ¢ on M whose restriction to Mg, is tracial, and
let p = ¢oE, A= c,(N), and p; = p|n,/p(p;). Since p; € My, bimodularity
gives p; € N,. Thus F preserves p and extends to a faithful normal conditional
expectation

F: A — prAp1 @ p2Apa, piAp; = ¢y, (Ni).
For = € A, since p; — pa € U(M),

- 1
F(x) = prapr + paaps = 5(9@ + (pr — p2)x(p1 — p2)) € K.

The finite and properly infinite cases give the weak Dixmier property for Mg, C
p1Ap; and My, C poAps, respectively. As in the proof of Corollary 5.3, taking
product nets of the two unitary averaging nets gives

K,.Nn(M'nA)#0.

This proves (7.1).
Finally, [Mar25, Theorem D] gives (7.2) for every faithful normal state ¢ on M,
which finishes the proof. O

8. IRREDUCIBLE EMBEDDINGS INTO HYPERFINITE FACTORS

To construct the desired irreducible inclusion M C R, we first choose a Poisson
boundary B, of M and then take crossed products. When a single crossed product
suffices, the construction has the form

M C B, C B, xq G= Ry

Here M C B, is irreducible by Proposition 3.10 and rigid by Theorem 3.13. We
choose a suitable outer action a of a countable discrete abelian group G to obtain
the hyperfinite factor of the desired type. The following Lemma 8.1 then shows that
M C R,y is irreducible. The cases requiring a second crossed product are treated
in Lemma 8.7.

Lemma 8.1. Let M C B be an irreducible inclusion of factors. Assume that every
normal automorphism of B which fires M pointwise is the identity. Let G be a
countable discrete group and let o : G ~ B be an action such that a4 is outer for
every g # e. Then

M'N(Bx,G)=Cl1.
Proof. We first observe that, for 8 € Aut(B),
(8.1) {r € B:mz=xz8(m) for all m € M} # {0} = ( is inner.
Indeed, for a nonzero such x,

xz* € M'NB=Cl, x*r € B(M)' NnB=Cl.
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Thus z = cv for some ¢ > 0 and v € U(B). The automorphism Ad(v) o 8 fixes M
pointwise, so it is the identity on B.

Let Ep : B x4 G — B be the canonical faithful normal conditional expectation
and let u, be the implementing unitaries. For € M’ N (B x4 G), define z, =
Eg(ruy). Bimodularity gives

mxgy = reag(m) (me M).
By (8.1), x4 = 0 for ¢ # e, while z. € M’ N B = C1. Uniqueness of Fourier
coefficients gives x = x, € C1. O

We first establish the type and existence results for Poisson boundaries needed
below.

Theorem 8.2. Let M be a semifinite factor and let @ be a normal reqular strongly
generating hyperstate. If B, # M, then B, is a type 111 factor.

Proof. By Proposition 3.10, B, is a factor. If it were semifinite, Haagerup’s the-
orem [Haa79b, Theorem 2.7], applied to the inclusion M C B, and faithful nor-
mal semifinite traces on its two algebras, would give a normal faithful semifinite
operator-valued weight -

T:(By)y — M.
This contradicts Theorem 6.5. Hence B, is of type III. ]

We next prove an existence result for type IIT source factors. The argument uses
the symmetric hyperstates constructed in Example 3.9, rather than trace estimates
for unitary averages.

Lemma 8.3. Let B be a semifinite von Neumann algebra, let ¢ be a faithful normal
state on B, and let Jg and A¢ be its modular conjugation and modular operator.
Suppose that ) is a normal state on B(L?(B,()) satisfying

Q) = ¢(b) = Q(JgbJp) (b€ By).
If Q(A¢) < o0, then
Q| log A¢]) < o0, QogA¢) = 0.
Proof. Choose a faithful normal semifinite trace 7 on B and write { = 7(h ), where
h € L*(B,7)+ has support 1. In the tracial standard form, & = h'/2? and
Ac=LyR; "', logA¢ = Liogh — Riogh-

The two operators on the right strongly commute. Their joint spectral measure,
evaluated against €, gives a probability measure on R?. Let X and Y denote its
coordinate functions. The two marginal distributions agree by the hypothesis on
Q, applied to the spectral projections of log h.

Since X and Y have the same distribution, for ¢t € R,

PY<t<X)=PY <t)—-P(X <t,Y <t)
=P(X<t)—-PX<t,Y <) =P(X<t<Y).
Integrating in t gives

E(X —Y);) = /R]P’(Y <t<X)dt

:/p(xgt<Y)dt:1E((Y—X)+),
R
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initially allowing infinite values. Since (logs)y < s for s > 0,
E((X —Y)1) = Q(log Ac)s) < QAA) < .

Hence
Q|log A¢]) =2E((X —Y)4) < o0, QlogA¢) = 0.
No integrability of hlog h is required. O

Proposition 8.4. Let M have separable predual, and let ¢ be a faithful normal
regular strongly generating hyperstate on B(L?(M)). Let ¢ = p|pr. Assume that

p(JT*J) = o(T) (T € B(L*(M))),  ¢(Ay) < oo

If B, is semifinite, then B, = M. Consequently, if M is a type 111 factor, then B,
is a type 111 factor.

Proof. Write B = B, and suppose that B is semifinite. Let ¢ be its canonical faith-
ful normal state. Denote the modular objects for (M, ¢) and (B, ) by Sar, Jar, A
and Sg, Jg, Ap, respectively. Since (|pr = ¢, there is an isometry

VLA (M, ¢) — L*(B,C),  V(x&s) = ae.
Define the normal state Q(T) = (V*TV) on B(L*(B,()). Writing Q = P2, we

(p,
have
Q)= wbyi,  P= wye, Q=) wye
k k k
By (3.11), (o @ = ¢. Thus, for b € By,
Q) = Clywbyz) = C(b).
k

Since JgbJp commutes with every yy, the identity >, yry; = 1 also gives

Q(JpbJp) = (JrbJIgéc, &) = ¢(b).

We next prove (8.2) and (8.3). The Tomita identities on the individual vectors
give

QAg) =Y I1S5wie® =Y CWiyr)
k k
=D oWiye) = D ISuWibo)l® = (L) < 0.
k k

All sums here are understood through monotone spectral truncation. Lemma 8.3
gives

(8.2) Q(|log Agl) < o, Q(log Ag) = 0.
Similarly, Jy;-symmetry and JyAprJpr = AK; imply
(8.3) ¢(llog Ay|) < oo,  ¢(logAp) = 0.

We now compare the modular resolvents. On M¢&,
SBV(1'£¢) = .’ﬂ*fg = VSM(Sde))

Because M¢, is a core for Sy and Sp is closed, this identity extends to Dom(Shy).
In particular,

(8.4) 1AVl =AY 0l (7 € Dom(Ay%)).
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For a nonnegative self-adjoint operator A and s > 0,

(8.5) (A+s)7'¢6 = sup  (2Re(&,n) — [ AY2n) — s||n|?).
n€Dom(Al/2)

By (8.4), restricting the supremum in (8.5) for A = A to VDom(A}V/f) gives
(8.6) Dy:=V*(Ag+s) 'V —(Ay+s) >0 (s >0).

This argument does not assert equality of the domains of the compressed modular
operators.
For 0 < a < b < 00, define

ga,b(r)z/ab<1is—ris) ds  (r>0).

The integrand has the sign of 7 — 1, s0 |g.5(7)| < [logr|. Moreover, g; /., (1) —
logr. By (8.2), (8.3), and dominated convergence,

n

lim [ (Dy)ds = lim (¢(92,(An)) = Qg1 ,(A5)))

n—oo [1 n—oo
= ¢(log Apr) — Q(log Ap) = 0.

The integrand is nonnegative and norm continuous in s. Hence ¢(Dy) = 0 for every
s > 0. Faithfulness of p on B(L?(M)) implies D, = 0 for every s > 0.

Let Ry = (Ag+s)~t and e = VV*. Since D, = 0, (8.6) gives V*R,V =
(Apr + s)~ L. Differentiating in operator norm yields

V*RYV = (Ap +8) 2 = (V*R, V)
Consequently V*Rs(1 —e)R,V =0, and hence (1 — e)R;V = 0. It follows that
RV =V(Ay+s)~', ARV =VAY, (teR).
For x € M, we obtain
of ()& = AV (aty) = V(o] (2)8) = of ()¢

Since & is separating for B, this proves o8 (z) = o (x). Thus o (M) = M for every
t € R. Takesaki’s theorem [Tak03, Theorem 1X.4.2] gives a (-preserving faithful
normal conditional expectation £ : B — M. Composing F with M C B and
applying Theorem 3.13 gives F = idg, so B = M.

Finally, if M is a type III factor, a semifinite B would contradict this equality.
Proposition 3.10 says that B is a factor, so it must have type III. (I

Corollary 8.5. Fvery type III factor M with separable predual admits a normal
regqular strongly generating hyperstate whose Poisson boundary is a nontrivial type
IIT factor. Moreover, for every prescribed faithful normal state ¢ on M, there
exists a faithful nrsg (M, ¢)-hyperstate with a type III Poisson boundary, without
an assertion of nontriviality for this prescribed-marginal choice.

Proof. For a prescribed ¢, choose the hyperstate of Example 3.9. It satisfies the
hypotheses of Proposition 8.4, so its boundary has type III. This proves the last
assertion.
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If M is not injective, this boundary is nontrivial, since Poisson boundaries are
injective by Proposition 3.4. Suppose therefore that M is injective. Let R be the
hyperfinite II; factor. The classification of injective factors gives

M= M&R;
the absorption statement and the relevant type IIly case are recalled in the proof
of Theorem 4.5. Choose a hyperstate @9 on M as above, with type III boundary
By. By [Zho24, Proposition 5.3], choose an nrsg hyperstate ¢ on R with By, # R.
Replace both hyperstates by their lazy versions from Lemma 3.14. Their boundaries
do not change, and their product is nrsg. Theorem 3.15 gives an isomorphism of
inclusions
M®R C Byygy = MR C By@By.

The tensor product is a type I1I factor, since By is a type III factor. It strictly con-
tains MQ@R: if b€ By \ R, then 1 ® b ¢ M®R, as follows by slicing with a normal
state on By. Transporting this hyperstate through a standard-form implementa-
tion of M = M®R proves the first assertion. This transport need not preserve a
previously prescribed marginal. |

Remark 8.6. Corollary 8.5 proves existence of a nontrivial type I11 Poisson bound-
ary for every type 111 factor. It does not prove that the boundary of every nrsg hyper-
state has type 111. Proposition 8.4 uses faithfulness of the hyperstate on B(L*(M)),
its J-symmetry, and its finite modular moment. These are additional properties of
the chosen hyperstate, not consequences of regularity alone.

For an arbitrary nrsg hyperstate on a type 111 factor, the boundary is a properly
infinite factor and is not of type I. Indeed, if B, = B(H), irreducibility and the
bicommutant theorem would force M = B(H). Thus the remaining possibilities in
the arbitrary case are type Il and type III. The weak Dizxmier property does not
identify its scalar unitary-average limit with ((z)1, and it is not used to exclude
semifiniteness in the preceding modular argument.

The next lemma provides the required changes of type. We allow an iterated
crossed product: after the first enlargement, rigidity need not persist, so the second
step requires an additional intertwiner argument.

Lemma 8.7. Let B be a hyperfinite type 111 factor with separable predual. For
every 0 < A < 1, there exists a hyperfinite type 111, factor Ny with separable
predual containing B, obtained by at most two crossed products by countable discrete
amenable groups. Fach nontrivial crossed-product action is outer, and B C Ny has
a faithful normal conditional expectation.

Moreover, if M C B is irreducible and every normal automorphism of B fizing
M pointwise is the identity, the construction satisfies

M’ NNy =Cl.
For A\ =0, only the existence of some type 111y target is asserted.

Proof. We first fix the modular conventions. For a faithful normal state w on B,
write

D =B X, R, C = Z(D),
and denote the canonical implementing unitaries by £,(r). The dual action is

normalized by A
os(b) =b, 0s(Ly,(r)) =e e, (r).
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Let 0 = 7|c. The flow (C,0) is ergodic. It is the one-point flow in type III;, the
circle flow of period |log p| in type III,,, 0 < pr < 1, and a properly ergodic flow in
type 11T, [CT77].
Write
T(B) = {r € R: oy is inner}.
We use its point-spectrum description
(8.7) T(B)={reR:32 cU(C), 0,(z) = e *"z for all s € R}.

To check (8.7), suppose 0¥ = Ad(v). Since wo Ad(v) = w, the unitary v belongs
to the centralizer of w. Hence v*¢,(r) is central in D and has the stated eigenfre-
quency. Conversely, for such an eigenunitary z, the unitary z*¢,,(r) is fixed by the
dual action, hence belongs to B, and implements ¢%. See also [GS85, p. 210]. In
particular,

- 2T

| log p
A type 11, factor, 0 < p < 1, admits a faithful normal periodic state with this
fundamental modular period, by the discrete decomposition [Tak03].

By the splitting theorem of Sutherland—Takesaki [ST98, Theorem 1.1 and Corol-
lary 1.3], the module has a group-homomorphic section

s Auty(C) — Aut(B), mod(s(g)) = g.

Here Auty(C') consists of the automorphisms of C' commuting with §. This is a
genuine group section, including on finite cyclic subgroups.

T(B) = {0} in type IIL;,  T(B) Z in type I11,.

Lifting time-maps. Let G be a countable subgroup of the group of actual time-maps
{01, : h € R}, with the discrete topology, and define

ag = s(g), A=Bx,G.

If g # e, then mod(eyy) = g # id¢, so ¢ is outer. Hence A is a factor. If M is as
in the statement, Lemma 8.1 gives M’ N A = C1.
The core of A is
C(A)gDXIa GY7 &g‘C:g,
with the compatible dual action [Sek90, Proposition 2.1]. We claim that
(8.8) Z(c(A)) = €Y, the weight flow of A is 0|¢e.

A nonidentity time-map acts essentially freely on C: in a standard measurable
realization of the flow, its fixed-point set is invariant under the whole flow, hence null
or conull; the conull case would make the time-map the identity. If z € Z(D x5 Q)
and z, € D is a Fourier coefficient, then

czg = zg9(c) (ce ).
Testing on a countable family of measurable projections separating points shows
that the central support of z, is contained in the fixed-point set of g. Thus z, =0
for g # e. The remaining coefficient belongs to C“, and conversely each element of
C% is central. This proves (8.8).

We also need the following relative statement, for every faithful normal state v
on A:

(8.9) r¢ T(B) = {ye€A:my=uyol(m) forallme M}=/{0}.
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First take 1y = w o Ep, so that o¥°|5 = ¢¢. The Fourier coefficients of such a y
satisfy
myy = ygg(oy (m)) (m € M).

If yg # 0, (8.1) implies that ay o 0¥ is inner. A modular automorphism has trivial
module, since its canonical extension is Ad(¢,(r)). Therefore g = e, and then
r € T(B), a contradiction. For an arbitrary 1, let w, = [D : Dipgl,. Since
o¥ = Ad(w,) o a¥°,

m(yw,) = yo! (m)w, = (yw.)or*(m)  (m e M).
The case 9y gives yw, = 0, hence y = 0. This proves (8.9). The same argument is
available with M = B.
The target type III;. Take G = {0, : ¢ € Q} and set N7 = B %
continuity, and ergodicity,

Z(c¢(Ny)) = C?Q = ¢? = C1.
Thus N7 is of type III;, and Lemma 8.1 gives M’ N N7 = C1. If the original flow is
trivial, this simply gives N; = B.
The target type I11y. If B is already of type I, take Ny = B. Otherwise let H C R

be a countable additive subgroup with H N'T(B) = {0} and let N = B x,« H. The
action is outer. We verify that

(8.10) T(N) = H + T(B).

In type III,, choose w periodic with fundamental period T}, = 27 /|log p|. Changing
the state only cocycle conjugates the modular action and gives an isomorphism of
crossed products fixing B. For @ = w o Eg,

o7 (b) =0¥(b), o (un) = un.

If r = h+ ¢ with h € H and ¢ € T(B), then 0¥ = Ad(uy,); in type III; one has
q = 0. Conversely, if 0¥ = Ad(v), a nonzero Fourier coefficient vy, satisfies

vpoy (b) = oy (b)vn (b e B).

Factoriality makes vj, a nonzero scalar multiple of a unitary, so r —h € T(B). This
proves (8.10).

For type III;, choose H = Q. For type III,,, choose H = cQ with ¢/T,, ¢ Q. In
both cases T(N) is a countable dense proper subgroup of R. It is neither R, nor
{0}, nor a nonzero discrete cyclic subgroup. Thus N is neither semifinite, nor of
type IIIy, nor of type III, with 0 < v < 1. It has type IIly. Lemma 8.1 preserves
irreducibility over M.

A prescribed target type 111, 0 < A < 1. Let

G. By (8.8),

sla

a = |log Al t:%r, K =T(B)NtZ.
Either K = {0} or K = dtZ for an integer d > 1. Take the actual cyclic group
G = (0a) and set A = B x|, G. Using actual time-maps means that the kernel of
n — Oy, has already been divided out. By (8.8), the flow of A is the restriction of
0 to CY%.

This restricted flow is ergodic and factors through R/aZ. Its eigenfrequency
group is K, by (8.7). To identify the whole flow, average a faithful normal state
on C% over this compact group. Its L2-space decomposes into character spaces.
Each nonzero character space is one-dimensional: the modulus of an eigenfunction
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is invariant and hence constant, and the quotient of two eigenunitaries of the same
frequency is invariant. If K = {0}, only constants occur, and A has type III;. If
K = dtZ, an eigenunitary of frequency dt generates C%. The flow has smallest
positive period a/d, so A has type 1111 q.

Suppose first that K = {0}. Choose a faithful normal state 1) on A and let
Ny = A X4 tZ. This action is outer because T(A) = {0}. We compute the flow
rather than infer the type only from T(Ny). Let Dy = c(A) and v = £y(t). The
canonical extension of the generator is Ad(v). If U is the implementing unitary in
D4 X ad(v) Z, then w = v*U is central and untwists the inner action. Since D4 is
a factor,

¢(Nx) = DaRL(Z), Z(c(Ny)) = W*(w), 8, (w) = etw.

The weight flow is the circle flow of period 27/t = a, so Ny has type III). If
x € M' N Ny, its coefficient x;, € A at kt satisfies

mxy = xka;ft(m) (me M).

For k # 0, kt ¢ T(B), so (8.9) gives xy, = 0. The zeroth coefficient is scalar.
Suppose next that K = dtZ. For d = 1, take Ny = A. For d > 2, choose a
faithful normal state y on A with modular period exactly dt, and set

Ny = A x,x Z/dL.

This is a genuine outer action, since T(A) = dtZ. Let Dy = c¢(A) and v = £, (¢).
Then v? = ¢,(dt) is central and generates Z(D,): it is an eigenunitary at the
fundamental frequency dt of the circle flow of period a/d. In Da xaq() Z/dZ,
let U = 1 be the implementing unitary. The unitary w = v*U is central and
w? = v~=¢. For a central element with Fourier coefficients z; € D4, commutation

with D4 implies z;07 € Z(D4). Since Z(Da) = W*(v?) = W*(w?), this proves
Z(c(Ny)) = W*(w).

The dual action fixes U and satisfies 0,(w) = e***w. The spectrum of w is nonempty
and invariant under all rotations, hence is the full circle. The weight flow has
smallest positive period a, so Ny has type III,. Finally, if z € M’ N Ny, its
coefficients satisfy

maj = x;jo5,(m) (me M).
For 1 < j < d, jt ¢ T(B), so (8.9) makes z; = 0. Again the zeroth coefficient is
scalar.

All groups used above are countable and abelian, hence amenable. Crossed
products therefore preserve injectivity and separability; the resulting factors are
hyperfinite [Con76]. Composing their canonical faithful normal expectations gives
an expectation onto B. Taking M = B in the arguments also proves the assertions
without an intermediate subfactor. O

We are now ready to prove the embedding theorem.

Theorem 8.8. Let M be a continuous factor with separable predual. For every 0 <
A < 1, there exists a normal unital irreducible embedding of M into the hyperfinite
type 111 factor Ry. Moreover, M admits such an embedding into some hyperfinite
type 111y factor with separable predual. Moreover, these irreducible inclusions can
be chosen to have the weak Dixmier property.
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Proof. Suppose first that M is of type IIy. By [Zho24, Theorem 5.6], there exists an
atomic unitary-measure nrsg hyperstate with nontrivial Poisson boundary B = B,.
In the tracial setting both C[z;] and C[yg] in Definition 3.7 are weakly dense; taking
adjoints of the coefficient algebra verifies the second condition. The boundary is a
type III factor by [DP22, Corollary 4.3].

Suppose next that M is of type I1,,. By Theorem 4.5, choose an nrsg hyperstate
with nontrivial Poisson boundary B = B,. Since M is semifinite, Theorem 8.2
shows that B is a type III factor.

Finally, if M is of type III, choose the nontrivial type III boundary supplied by
Corollary 8.5.

In all three cases, B is injective by Proposition 3.4 and M’ NB = C1 by Proposi-
tion 3.10. It has separable predual: its normal Poisson transform identifies it with
an ultraweakly closed operator system in B(L?(M)), whose predual is a quotient
of the separable trace class. Theorem 3.13 says that every normal automorphism
of B fixing M pointwise is the identity. Lemma 8.7 therefore gives all the required
irreducible embeddings.

Let N be any of the ambient factors just constructed. By Lemma 8.7, there is a
faithful normal conditional expectation E : N — B = B, which fixes M pointwise.
If M is of type Iy, the chosen hyperstate comes from an atomic probability measure
on U(M), so Theorem 5.2(ii) applies. If M is of type Il or III, it is properly
infinite, so Theorem 5.2(i) applies. Thus, in all cases, M C N has the weak Dixmier
property.

For 0 < A < 1, uniqueness follows from [Con76]; for A\ = 1, it follows from
[Haa87]. For A = 0, no uniqueness or prescribed target is needed. This finishes the
proof. O

Remark 8.9. The modular automorphisms used in the second crossed product have
trivial Connes—Takesaki module. They must not be confused with the lifts of time-
maps used in the first crossed product. Also, a nontrivial last crossed product by an
abelian group has nontrivial dual automorphisms fizing the preceding algebra, and
hence fizing M pointwise. By Theorem 3.13, such a final inclusion is not itself a
Poisson-boundary inclusion over M. The expectations in Lemma 8.7 are onto the
original boundary B, not onto M.
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