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Abstract. We study Poisson boundaries associated with normal regular

strongly generating hyperstates on von Neumann algebras with separable
preduals. We establish their rigidity and double ergodicity, characterize the

Choquet–Deny property, and obtain criteria for the weak Dixmier property.

We prove that every continuous factor with separable predual admits irre-
ducible embeddings with the weak Dixmier property into the hyperfinite

factors of type IIIλ, 0 < λ ≤ 1, and into some hyperfinite factor of type

III0. Using techniques developed for these Poisson boundaries, we prove that,
for every inclusion with a faithful normal conditional expectation M ⊂ N ,

M ⊂ c(N) has the weak Dixmier property. By Marrakchi’s characterization,

this gives the relative bicentralizer conjecture.

1. Introduction

Throughout this paper, we assume that all von Neumann algebras have separable
preduals. The main application of the Poisson boundary techniques developed here
is a proof of the relative bicentralizer conjecture (Theorem G). The proof adapts the
arguments for double ergodicity and the weak Dixmier property to the continuous
core.

We construct Poisson boundaries from normal regular strongly generating hy-

perstates, where C[zk]
w
= C[yk]

w
=M ; see Definition 3.7.

Example 3.9 supplies such a hyperstate with any prescribed faithful normal mar-
ginal, together with a modular symmetry and a finite second logarithmic moment.
We use these properties to construct type III Poisson boundaries and, in Section 7,
to identify the harmonic elements of an inner ucp map on the continuous core.
Weak closures of bounded sets are understood in the ultraweak topology.

Theorem A (Theorem 5.2). Let M be a von Neumann algebra with separable
predual and φ be a normal regular strongly generating hyperstate on B(L2(M))
with the Poisson boundary Bφ. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M =MI∞ ⊕MII∞ ⊕MIII;
(ii) M is finite with normal faithful trace τ and φ =

∫
U(M)

⟨ ·uξτ , uξτ ⟩dµ(u) for
some µ ∈ Prob(U(M)).

Then any W∗-inclusion M ⊂ A equipped with a normal faithful ucp map P : A →
Bφ with P|M = idM has the weak Dixmier property.

As a corollary of Theorem A, we recover the classical weak Dixmier property for
W∗-inclusions with expectation [Pop00, Mar21]. The argument uses the existence
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of nrsg hyperstates, double ergodicity, and the passage from inner ucp averaging to
unitary averaging.

Corollary B ([Pop00, Mar21] Corollary 5.3). Any W∗-inclusion M ⊂ A with
normal faithful conditional expectation has the weak Dixmier property.

Definition 1.1. Let M ⊂ A be a W∗-inclusion. A ucp map P : A → A is called
M-inner if

P (a) =
∑
k

zkaz
∗
k,

∑
k

zkz
∗
k = 1,

for a sequence (zk) ⊂M , where the second sum converges strongly and the first con-
verges ultraweakly. We say that M ⊂ A has the inner UCP-Dixmier property
if, for every a ∈ A,

{P (a) : P is an M -inner ucp map}
uw

∩ (M ′ ∩ A) ̸= ∅.

To establish Theorem A(i), our strategy is to first utilize the noncommutative
Poisson boundary theory to deduce that the inclusionM ⊂ A automatically satisfies
the inner UCP-Dixmier property (Corollary 3.12). To bridge the gap from this ucp-
averaging condition to the classical weak Dixmier property, which relies strictly on
unitary averaging, we must prove that these two properties are in fact equivalent.
The following theorem establishes this crucial equivalence for the properly infinite
case.

Theorem C (Theorem 5.1). LetM ⊂ A be a W∗-inclusion such thatM is properly
infinite. Then M ⊂ A has the weak Dixmier property if and only if it has the inner
UCP-Dixmier property.

Theorem D (Theorem 6.3). Let M and φ satisfy either condition (i) or condition
(ii) of Theorem A. Let M ⊂ A be a W∗-inclusion equipped with a normal faithful
semifinite M -bimodular positive map

P : A+ −→ B̂φ+

in the extended-positive-cone sense specified before Lemma 6.1. For every x ∈ A+

for which P(x) is bounded, we have

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.

Remark 1.2. A bounded M -bimodular positive map F : A → B(L2(M)) is com-
pletely positive. Indeed, for [xij ] ∈ Mn(A)+ and a1, . . . , an ∈M ,

∑
i,j

⟨F (xij)ajξϕ, aiξϕ⟩ =

〈
F

∑
i,j

a∗i xijaj

 ξϕ, ξϕ

〉
≥ 0.

Since Mξϕ is dense, [F (xij)] ≥ 0. This observation concerns bounded linear maps;
it is not a claim of ordinary complete positivity for maps defined only on the positive
cone with extended-positive values.

Corollary E ([Iso25] Corollary 6.4). Let M ⊂ A be a W∗-inclusion with a normal

faithful semi-finite operator-valued weight T : A+ → M̂+. Then for any x ∈ A+

with T (x) < +∞, we have

convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.
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We now apply the existence and rigidity of type III Poisson boundaries to irre-
ducible embeddings. A factor is called continuous if it is of type II or type III. For
0 < λ ≤ 1, let Rλ denote the unique hyperfinite type IIIλ factor with separable
predual [Con76, Haa87].

Theorem F (Theorem 8.8). Let M be a continuous factor with separable predual.
For every 0 < λ ≤ 1, there exists a normal unital embedding ιλ : M → Rλ such
that

ιλ(M)′ ∩Rλ = C1.

Moreover, M admits a normal unital irreducible embedding into some hyperfinite
type III0 factor with separable predual. The type III0 target is not prescribed in
advance. Moreover, these irreducible inclusions can be chosen to have the weak
Dixmier property.

The following table records selected earlier results and the cases covered by
Theorem F. Here R is the hyperfinite II1 factor and RII∞ = R⊗̄B(ℓ2).

Source M Target RII∞ Some hyperfinite
III0

Rλ,
0 < λ < 1

Target R1

II1 [Pop81] Thm F Thm F Thm F

II∞ [Pop81] Thm F Thm F Thm F

III0 [Pop21] [Pop85] Thm F Thm F

IIIµ
0 < µ < 1

[Pop81] Thm F [AHHM20] if
λ = µ;

Thm F for all λ

Thm F

III1 [Pop21] Thm F [Mar20] [Mar20]

For target RII∞ , the cases of type II1 and type IIIµ, 0 < µ < 1, already follow from
[Pop81, Theorem 3.2 and Corollary 4.1], as recalled after [Pop21, Corollary 1.3].
The type II∞ case follows by amplifying the type II1 embedding. The remaining
cited results are [Pop21, Corollaries 1.3 and 6.6], [Pop85, Corollary 3.4], [AHHM20,
Corollary 5.7], and [Mar20, Theorem D(i)]. The latter three results are stated
as the existence of irreducible hyperfinite subfactors. Applying them to M ′ in a
standard representation and taking commutants gives the displayed embeddings.
Indeed, P ⊂M ′ and P ′ ∩M ′ = C1 imply M ⊂ P ′ and M ′ ∩ P ′ = C1.

Our construction starts with a rigid type III boundary and uses at most two
crossed products by countable amenable groups. The resulting ambient factors
are not asserted to be Poisson boundaries, and the resulting embeddings are not
asserted to admit normal conditional expectations onto M .

We now apply the Poisson boundary techniques developed above to the rela-
tive bicentralizer conjecture, using the symmetric hyperstate of Example 3.9. For
an inclusion with expectation M ⊂ N , let c(N) denote the continuous core of N .
Marrakchi’s characterization [Mar25, Theorem D] identifies the relative bicentral-
izer conjecture with the weak Dixmier property for M ⊂ c(N). We prove the
following result.
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Theorem G (Theorem 7.1). Let M ⊂ N be a W∗-inclusion with a faithful normal
conditional expectation. Then M ⊂ c(N) has the weak Dixmier property. Conse-
quently, for every faithful normal state ϕ on M ,

B(M ⊂ c(N), ϕ) = {ϕit : t ∈ R}′′ ∨ (M ′ ∩ c(N)).

Here B(M ⊂ c(N), ϕ) is the relative bicentralizer recalled in Section 7, and
(ϕit)t∈R denotes the canonical group of unitaries in cϕ(M) ⊂ c(N) implementing
σϕ. The proof comes from the Poisson boundary arguments for double ergodicity
(Theorem 3.11) and for E(x) ∈ Har(P ) in Lemma 6.1. We apply the symmetric
inner ucp map supplied by Example 3.9 to c(N). Estimates for smooth spectral
cutoffs then identify its harmonic elements with M ′ ∩ c(N). Cesàro averaging and
Theorem 5.1 then give the weak Dixmier property when M is properly infinite;
in the finite case the inner ucp coefficients can be chosen as scalar multiples of
unitaries, so the same Cesàro means are already unitary averages.

Status and relation to the OpenAI Math Release. This preliminary ver-
sion is prepared for submission to Hexagon immediately after the author learned
of the OpenAI Math Release [OAI26a, OAI26b], in order to record the present in-
dependently developed proof. The exposition has not yet been fully polished. The
proof of the relative bicentralizer conjecture was developed independently of those
manuscripts and does not use their results. Its conclusion overlaps with that of
[OAI26a], but its method comes from the Poisson boundary techniques developed
in this paper. The approach in [OAI26a] uses bicentralizer flows and a spectral com-
parison of multiplication maps; our argument uses a symmetric inner ucp map on
the continuous core, estimates for spectral cutoffs, and the passage from harmonic
elements to the weak Dixmier property.

AI assistance statement. Gemini 3.1 Pro and GPT astra 6 were used in the
development and preparation of this manuscript. The author is responsible for the
mathematical content and its presentation.
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2. Preliminaries

2.1 Continuous cores and dual weights Let N be a von Neumann algebra
with separable predual, and let ρ be a faithful normal state on N . Define

A = cρ(N) = N ⋊σρ R.
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Let T : A+ → N̂+ be the canonical operator-valued weight, and let φA = ρ ◦ T be
the dual weight of ρ. Write τ for the canonical trace on A, and let

h =
dφA

dτ
, H = log h, λt = hit = eitH .

Products of measurable operators are understood as closed products. We normalize
the dual action σ̂ and the dual operator-valued weight by

σ̂r(λt) = e−irtλt, T (x) =

∫
R
σ̂r(x) dr.

Proposition 2.1. For every positive integrable function g on R,

(2.1) φA(g(H)) = ρ(T (g(H))) =

∫
R
g(s) ds.

In particular, we have

(2.2) τ(1(s,∞)(h)) =
1

s
(s > 0).

Proof. For r, t ∈ R, functional calculus gives

eitσ̂r(H) = σ̂r(e
itH) = σ̂r(λt) = e−irteitH = eit(H−r).

By uniqueness of the self-adjoint generator of a strongly continuous unitary group,

(2.3) σ̂r(H) = H − r.

Let EH be the spectral measure of H. For a positive integrable function g, (2.3)
gives

(2.4)

T (g(H)) =

∫
R
g(H − r) dr

=

∫
R

(∫
R
g(s− r) dr

)
dEH(s)

=

(∫
R
g(s) ds

)
1.

Since φA = ρ ◦ T and ρ(1) = 1, (2.4) gives (2.1).
For s > 0, the definition of h and (2.1) give

τ(1(s,∞)(h)) = φA
(
h−11(s,∞)(h)

)
= φA

(
e−H1(log s,∞)(H)

)
=

∫ ∞

log s

e−t dt =
1

s
.

See also [Haa79a, Theorem 1.2(2)]. In particular, h is τ -measurable. □

Lemma 2.2. For every 0 ̸= d ∈ A+, there exists x ∈ A+ such that

0 ̸= x ≤ d, φA(x) <∞.

Proof. Choose δ > 0 such that 1[δ,∞)(d) ̸= 0. By semifiniteness of τ , there is a
nonzero projection

p ≤ 1[δ,∞)(d), 0 < τ(p) <∞.

By (2.2), choose s > 0 such that τ(1(s,∞)(h)) < τ(p), and let e = 1[0,s](h) and
q = p ∧ e. Let (1 − e)p = v|(1 − e)p| be the polar decomposition. The kernel of
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(1− e)p inside the range of p is the range of q = p ∧ e, and the range of (1− e)p is
contained in the range of 1− e. Hence

v∗v = p− q, vv∗ ≤ 1− e.

Thus p− q ∼ vv∗ ≤ 1− e, so p− q ≾ 1− e and

τ(q) ≥ τ(p)− τ(1− e) > 0.

Since q ≤ e, we have

φA(q) = τ(qhq) = τ(q(ehe)q) ≤ sτ(q) <∞.

Thus x = δq satisfies

0 ̸= x = δq ≤ δp ≤ d, φA(x) = δφA(q) <∞.

□

3. Poisson boundaries of type III factors

Let M be a von Neumann algebra with separable predual.

Definition 3.1. Let M ⊂ A be a W∗-inclusion. A normal state φ on A is called
an M-hyperstate if its restriction φ|M to M is faithful. Given a fixed normal
faithful state ϕ on M , we say that φ is an (M,ϕ)-hyperstate if φ|M = ϕ.

Proposition 3.2. Let φ ∈ B(L2(M))∗ be a normal M -hyperstate. Set ϕ = φ|M ,
and let ξϕ ∈ L2(M)+ be the canonical cyclic and separating vector implementing
ϕ. Then there exists a unique normal M -bimodular ucp map Pφ : B(L2(M)) →
B(L2(M)) such that for all T ∈ B(L2(M)),

φ(T ) = ⟨Pφ(T )ξϕ, ξϕ⟩.
Moreover, there exists a (not necessarily unique) sequence (zk)

∞
k=1 ⊂M such that

(3.1) Pφ(T ) =
∞∑
k=1

(Jz∗kJ)T (JzkJ)

for all T ∈ B(L2(M)), where J is the modular conjugation operator on L2(M).

Proof. We first prove the existence and construct the explicit form of Pφ.
Since φ ∈ B(L2(M))∗ is a normal state, there exists a positive trace-class op-

erator ρ on L2(M) with Tr(ρ) = 1 such that φ(T ) = Tr(ρT ). We can decompose
ρ =

∑
k λk|ξk⟩⟨ξk|, where (ξk) is an orthonormal system in L2(M), λk > 0, and∑

k λk = 1.
For any x ∈M , since φ|M = ϕ, we have:

∥xξϕ∥2 = ϕ(x∗x) = φ(x∗x) = Tr(ρx∗x) =
∑
k

λk⟨x∗xξk, ξk⟩ =
∑
k

λk∥xξk∥2.

Hence

(3.2) λm∥xξm∥2 ≤ ∥xξϕ∥2 (x ∈M, m ≥ 1).

Define the operator Rm : Mξϕ → L2(M) by Rm(xξϕ) = xξm. By (3.2),
∥Rm(xξϕ)∥ ≤ 1√

λm
∥xξϕ∥, so Rm extends to a bounded operator on L2(M). Fur-

thermore, for any x, y ∈ M , we have Rm(yxξϕ) = yxξm = yRm(xξϕ). Hence
Rm ∈M ′.
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By standard Tomita-Takesaki theory, M ′ = JMJ , so there exists ym ∈M such
that Rm = JymJ .

Now, for any x, y ∈M and T ∈ B(L2(M)), we calculate:

(3.3)

φ(y∗Tx) = Tr(ρy∗Tx) =
∑
k

λk⟨y∗Txξk, ξk⟩ =
∑
k

λk⟨Txξk, yξk⟩

=
∑
k

λk⟨TRk(xξϕ), Rk(yξϕ)⟩

=
∑
k

λk⟨TJykJxξϕ, JykJyξϕ⟩

=

〈(∑
k

λkJy
∗
kJ T JykJ

)
xξϕ, yξϕ

〉
.

Define zk =
√
λkyk ∈M . Let Pφ(T ) =

∑
k(Jz

∗
kJ)T (JzkJ).

By (3.3), φ(y∗Tx) = ⟨Pφ(T )xξϕ, yξϕ⟩.
Taking x = y = 1, we immediately obtain φ(T ) = ⟨Pφ(T )ξϕ, ξϕ⟩.
Since Mξϕ is dense in L2(M), the identity

⟨Pφ(T )xξϕ, yξϕ⟩ = φ(y∗Tx)

uniquely determines Pφ(T ) for every T . Thus Pφ is unique.
Finally, we verify the properties of Pφ. Since JzkJ ∈ M ′, Pφ is structurally

completely positive and M -bimodular. Setting T = 1 gives:

⟨Pφ(1)xξϕ, yξϕ⟩ = φ(y∗x) = ϕ(y∗x) = ⟨xξϕ, yξϕ⟩.

This forces Pφ(1) = 1. Thus
∑
k Jz

∗
kzkJ = 1, which implies J(

∑
k z

∗
kzk)J = 1,

concluding that
∑
k z

∗
kzk = 1. Therefore, Pφ is a ucp map. It is normal: for T ≥ 0,

the partial sums in its defining series increase strongly, and interchanging the two
increasing suprema shows that it preserves bounded increasing nets of positive
operators. □

Definition 3.3. Let Har(Pφ) = {T ∈ B(L2(M)) | Pφ(T ) = T} denote the space
of φ-harmonic operators. The Poisson boundary (Bφ, ζ) is defined as a von
Neumann algebra that is isomorphic to Har(Pφ) as an operator system, together
with the canonical hyperstate ζ := φ|Har(Pφ).

Proposition 3.4. The Poisson boundary Bφ always exists, is unique, and is
amenable.

Proof. Let ω ∈ βN \ N be a free ultrafilter. We define a map E : B(L2(M)) →
Har(Pφ) by taking the ultraweak limit of the Cesàro means:

E(T ) = w- lim
n→ω

1

n

n−1∑
k=0

Pkφ(T ) for all T ∈ B(L2(M)).

Since Pφ is normal, E is a unital completely positive idempotent with range
Har(Pφ). It need not be normal, and its range need not be a subalgebra for the
original product on B(L2(M)). Thus we do not call it a conditional expectation
onto an ordinary von Neumann subalgebra. Its range is injective as an operator
system.
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By the Choi-Effros theorem, equipping the operator system Har(Pφ) with the
Choi-Effros product defined by

x ◦ y = E(xy) for x, y ∈ Har(Pφ)

makes (Har(Pφ), ◦) a C∗-algebra with its original norm. The harmonic opera-
tor system is ultraweakly closed, hence a dual Banach space with the quotient of
B(L2(M))∗ as predual. Sakai’s characterization therefore makes this C∗-algebra a
von Neumann algebra, with its canonical ultraweak topology agreeing with the in-
herited one; see also [Izu02]. The inclusion M ⊂ Har(Pφ) is multiplicative for this
product, since E is M -bimodular. The canonical Poisson transform is a normal
unital complete order isomorphism onto the harmonic operator system. We use
this transform whenever we identify boundary elements with operators on L2(M);
products of two boundary elements must otherwise be taken in the Choi–Effros
algebra.

The uniqueness of Bφ follows from the fact that any two von Neumann algebras
that are completely isometrically isomorphic as operator systems are necessarily
*-isomorphic.

Finally, since Bφ ∼= Har(Pφ) as injective operator systems, Bφ is amenable as a
von Neumann algebra. □

Definition 3.5. We say that an M -hyperstate φ ∈ B(L2(M))∗ is regular if
φ(Jz∗J) = φ(z) for all z ∈M .

Proposition 3.6. Assume that φ ∈ B(L2(M))∗ is a regular M -hyperstate. Let
ϕ = φ|M and ϕo = φ|JMJ . Since ξϕ ∈ L2(M)+ is fixed by J , for z ∈ M , we have
⟨Jz∗Jξϕ, ξϕ⟩ = ϕ(z) = ϕo(Jz∗J). Hence we can naturally identify L2(M,ϕ) =
L2(JMJ, ϕo) sharing the same canonical cyclic vector ξϕ. The same argument as
in Proposition 3.2 guarantees the existence of a JMJ-bimodular ucp map Poφ :

B(L2(M)) → B(L2(M)) such that

φ(T ) = ⟨Poφ(T )ξϕ, ξϕ⟩ for all T ∈ B(L2(M)).

Moreover, there exists a sequence (yk)
∞
k=1 ⊂M satisfying

∑∞
k=1 yky

∗
k = 1 such that

Poφ(T ) =
∑∞
k=1 ykTy

∗
k. Note that we do not necessarily have (yk) = (zk) unless

(M,ϕ) is tracial.

For k ≥ 0, we define the k-th convolution φ∗k by φ∗k(T ) = ⟨Pkφ(T )ξϕ, ξϕ⟩.

Definition 3.7. Let φ be a normal regular M -hyperstate, and write

Pφ(T ) =
∑
k

(Jz∗kJ)T (JzkJ), Poφ(T ) =
∑
k

ykTy
∗
k.

We say that φ is strongly generating if

C[zk]
w
= C[yk]

w
=M.

Here no adjoints are adjoined in forming either algebra. We abbreviate normal,
regular, strongly generating to nrsg. In the nontracial setting we impose both
density conditions; we do not assert that one follows from the other.

These conditions do not depend on the choice of inner ucp coefficients. Indeed,
comparison with a minimal Stinespring representation expresses each coefficient of
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either representation as a square-summable scalar combination of the coefficients
of the other. These combinations converge in norm: for example,∥∥∥∑

k

ckzk

∥∥∥ ≤ ∥(ck)∥2 when
∑
k

z∗kzk = 1,

and the analogous inequality holds for (yk) because
∑
k yky

∗
k = 1. Thus the norm-

closed linear spans, and hence the weakly closed unital algebras, agree. When
ϕ = φ|M is tracial, the same coefficient family can be used for zk and yk, recovering
the tracial definition.

Proposition 3.8. Let φ be a normal regular M -hyperstate. Assume that
C[{zk}k≥1] is weakly dense in M . Then the normal state

φ =

∞∑
n=0

2−n−1φ∗n

is faithful on B(L2(M)). Moreover, M is the largest von Neumann subalgebra of
Har(Pφ) for the original operator product on B(L2(M)).

Proof. Write ϕ = φ|M . Let T ∈ B(L2(M))+ satisfy φ(T ) = 0. Since all the
coefficients are positive, φ∗n(T ) = 0 for every n ≥ 0. Expanding the iterates of Pφ
and using positivity, we obtain

⟨T (JwJ)ξϕ, (JwJ)ξϕ⟩ = 0

for every word w in (zk), including the empty word. The weak density of C[zk]
implies that the vectors (JwJ)ξϕ have dense linear span in L2(M). Thus T = 0,
proving that φ is faithful.

Let N ⊂ Har(Pφ) be a von Neumann subalgebra for the original operator prod-
uct, and let vk = Jz∗kJ . For T ∈ N , the operators T, T ∗, TT ∗ are fixed by Pφ,
so

(3.4)
∑
k

(vkT −Tvk)(vkT −Tvk)∗ = Pφ(TT ∗)−Pφ(T )T ∗−TPφ(T ∗)+TT ∗ = 0.

Thus [T, vk] = 0 for every k. Applying (3.4) to T ∗ also gives [T, v∗k] = 0 for every
k.

The weak density of C[{zk}k≥1] gives T ∈ (JMJ)′ = M . Since M itself is
contained in the harmonic space, it is the largest such subalgebra. □

The following example gives an nrsg hyperstate with any prescribed faithful
normal marginal. The additional modular symmetry and moment bounds will be
used in Proposition 8.4 and in Section 7.

Example 3.9. Let M have separable predual, let ϕ be a faithful normal state on
M , and write ξ = ξϕ. There exists a faithful nrsg (M,ϕ)-hyperstate φ on B(L2(M))
with inner ucp coefficients (yk) ⊂M for Poφ having the following properties:

(i) The series
∑
k yky

∗
k converges strongly to 1, and the normal ucp map

Q(a) =
∑
k

ykay
∗
k, a ∈M,

satisfies ϕ ◦Q = ϕ.



10 SHUOXING ZHOU

(ii) The hyperstate is given by

φ(T ) =
∑
k

⟨Ty∗kξ, y∗kξ⟩, T ∈ B(L2(M)),

and satisfies

(3.5)
φ(JT ∗J) = φ(T ) (T ∈ B(L2(M))),

φ(∆ϕ) = φ(∆−1
ϕ ) <∞, φ((log∆ϕ)

2) <∞.

(iii) Each y∗k admits a bounded modular continuation to i/2, and the map

(3.6) yk 7−→ σϕi/2(y
∗
k)

permutes the family (yk).
(iv) If ϕ is tracial, we may further choose

yk = λkuk, λk > 0, uk ∈ U(M),
∑
k

λ2k = 1.

Expectations of positive unbounded operators are defined by monotone spectral
truncation.

Proof. Choose elements an ∈M , entire analytic for σϕ, whose linear span is weakly
dense in M and such that {anξ : n ≥ 1} has dense linear span in L2(M). One
obtains such a sequence by applying the Gaussian regularizations

a 7−→ (r/π)1/2
∫
R
e−rt

2

σϕt (a) dt, r ∈ N,

to a countable strongly dense subset of the unit ball; see [Tak03].

Let bn = σϕ−i/2(a
∗
n). The standard-form identities give

Janξ = bnξ, anξ = JbnJξ.

Choose cn > 0 such that ∑
n

cn(∥an∥2∞ + ∥bn∥2∞) <∞.

Rescaling the coefficients, we may assume that

(3.7) C =
∑
n

cn(a
∗
nan + b∗nbn), ∥C∥∞ = 1,

where the series converges in norm. In particular, 0 ≤ C ≤ 1. For η ∈ L2(M),
write ωη(T ) = ⟨Tη, η⟩, and set

ψ =
∑
n

cn(ωanξ + ωJanξ)

∣∣∣∣∣
M

.

Since JanJ, JbnJ ∈M ′, for x ∈M+ we have

ψ(x) = ⟨JCJx1/2ξ, x1/2ξ⟩ ≤ ϕ(x).

Let η ∈ L2(M)+ implement ϕ− ψ, and define

φ =
∑
n

cn(ωanξ + ωJanξ) + ωη.

Then φ|M = ϕ. Since Jη = η and ωv(JT
∗J) = ωJv(T ), the state φ is J-symmetric

and hence regular. The totality of (anξ) makes φ faithful on B(L2(M)).
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The inequality ϕ−ψ ≤ ϕ implies that the map xξ 7→ xη extends to a contraction
r ∈M ′. Let p = JrJ ∈M . Then

pξ = η = JpJξ, ∥p∥∞ ≤ 1.

The two coefficient families associated with φ are

(zk) =
(√
cnbn,

√
cnan

)
n≥1

∪ {p},

(yk) =
(√
cna

∗
n,
√
cnb

∗
n

)
n≥1

∪ {p∗}.

The two representations are

(3.8)

φ(T ) =
∑
k

⟨TJzkJξ, JzkJξ⟩

=
∑
k

⟨Ty∗kξ, y∗kξ⟩ (T ∈ B(L2(M))).

Since φ|M = ϕ and φ(Ja∗J) = ϕ(a) for a ∈M ,∑
k

z∗kzk = 1,
∑
k

yky
∗
k = 1

strongly. Moreover,

an ∈ C[zk], a∗n ∈ C[yk], C[zk]
w
= C[yk]

w
=M,

so φ is nrsg. By (3.8),

ϕ(Q(a)) =
∑
k

⟨ay∗kξ, y∗kξ⟩ = φ(a) = ϕ(a), a ∈M.

This proves (i) and the first assertion of (ii).
To verify (iii), note that

σϕi/2(an) = b∗n, σϕi/2(bn) = a∗n.

It remains to treat p∗. For r > 0, define

pr = (r/π)1/2
∫
R
e−rt

2

σϕt (p) dt.

The identity Jpξ = pξ and the commutation relation J∆it
ϕ = ∆it

ϕJ give Jprξ = prξ.
The Tomita identity and the separating property of ξ imply

σϕ−i/2(p
∗
r) = pr, σϕi/2(pr) = p∗r .

The boundary values on the half-strip are bounded by ∥p∥∞. The three-lines the-

orem and the ultraweak closedness of the analytic generator give σϕi/2(p) = p∗; see

[VD14, p. 5]. Thus (3.6) exchanges the paired coefficients and fixes p∗.
We next check (3.5). The vectors anξ, bnξ and pξ belong to the domain of the

Tomita operator Sϕ = J∆
1/2
ϕ . Hence

φ(∆ϕ) =
∑
n

cn
(
∥a∗nξ∥2 + ∥b∗nξ∥2

)
+ ∥p∗ξ∥2

≤
∑
n

cn(∥an∥2∞ + ∥bn∥2∞) + 1 <∞.
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Here the equality follows by monotone spectral truncation. Since J∆ϕJ = ∆−1
ϕ ,

J-symmetry gives φ(∆−1
ϕ ) = φ(∆ϕ). The inequality (log t)2 ≤ t + t−1 − 2, t > 0,

proves φ((log∆ϕ)
2) <∞. In particular,

(3.9) φ(| log∆ϕ|) <∞, φ(log∆ϕ) = 0.

(iv): The modular action σϕ is trivial, so every element of M is entire analytic.
SinceM is linearly spanned by its unitaries, we may choose the an in the preceding
construction to be unitaries with the same density properties. For this choice,
bn = a∗n, and hence

C = 2

(∑
n

cn

)
1.

By (3.7), 2
∑
n cn = 1. Since each ωanξ restricts to ϕ on M , we have ψ = ϕ. Thus

η = 0 and p = 0. Omitting the zero coefficient, the inner ucp coefficients of Q are

y2n−1 =
√
cna

∗
n, y2n =

√
cnan, n ≥ 1.

This has the required form yk = λkuk, with
∑
k λ

2
k = 2

∑
n cn = 1, which finishes

the proof. □

From now on, we fix a normal faithful state ϕ on M and an nrsg (M,ϕ)-
hyperstate φ in the sense of Definition 3.7, and let (Bφ, ζ) denote its
Poisson boundary. By Proposition 3.8, the normal state φ =

∑∞
n=0 2

−n−1φ∗n is
faithful on B(L2(M)). All the states φ∗n agree with φ on Har(Pφ), so the canonical
boundary state ζ is normal and faithful.

Proposition 3.10. We have M ′ ∩ Bφ = Z(M).

Proof. By identifying Bφ with Har(Pφ), we consider elements in M ′ ∩ Har(Pφ).
Note that M ′ ∩B(L2(M)) = JMJ . Thus, it suffices to compute JMJ ∩Har(Pφ).

By the standard form of Pφ, we have Pφ(JMJ) ⊂ JMJ . Since φ is regular, for
any T ∈ JMJ , we have:

ϕo(Pφ(T )) = ⟨Pφ(T )ξϕ, ξϕ⟩ = φ(T ) = ϕo(T ).

Here the first equality uses Pφ(T ) ∈ JMJ and the fact that ξϕ implements ϕo

on JMJ . Hence, the restriction Pφ|JMJ preserves the normal faithful state ϕo on
JMJ . It follows that the fixed-point space Har(JMJ,Pφ|JMJ) is a von Neumann
subalgebra of JMJ .

Because φ is strongly generating, M is the largest von Neumann subalgebra
contained in Har(Pφ). Therefore, Har(Pφ) ∩ JMJ ⊂M , which implies Har(Pφ) ∩
JMJ ⊂ M ∩ JMJ = Z(M). Since Z(M) ⊂ Har(Pφ) is trivial, we conclude
M ′ ∩ Bφ = Z(M). □

Theorem 3.11. Let M ⊂ A be a W∗-inclusion, then Poφ : T 7→
∑
k ykTy

∗
k can be

naturally defined on A. Let

Har(Poφ,A) = {T ∈ A | Poφ(T ) = T}.

Assume there exists a normal faithful ucp map P : A → Bφ such that P|M = idM .
Then we have Har(Poφ,A) =M ′ ∩ A.

In particular, we have the double ergodicity of the Poisson boundary:

Har(Pφ) ∩Har(Poφ) = Z(M).
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Proof. Let ζ be the normal faithful stationary state on the Poisson boundary Bφ.
We define a normal faithful state φA on A by φA = ζ ◦ P.

Recall that the ucp map Poφ acting on A is given by Poφ(T ) =
∑∞
k=1 ykTy

∗
k for

T ∈ A, where (yk)
∞
k=1 ⊂ M and

∑∞
k=1 yky

∗
k = 1. Because P|M = idM , P is an

M -bimodular map. Hence

(3.10) P(Poφ(T )) =
∞∑
k=1

P(ykTy
∗
k) =

∞∑
k=1

ykP(T )y∗k = Poφ(P(T )).

We now verify that ζ is Poφ-invariant on Bφ. Identifying Bφ with Har(Pφ), the
state is implemented by the vector state ζ( · ) = ⟨Pφ( · )ξϕ, ξϕ⟩ = ⟨ · ξϕ, ξϕ⟩, which
coincides with the original hyperstate φ on this space. By the defining construction
of Poφ, we have ⟨Poφ(T )ξϕ, ξϕ⟩ = φ(T ) for any T ∈ B(L2(M)). Thus, for any S ∈ Bφ,
we have:

(3.11) ζ(Poφ(S)) = ⟨Poφ(S)ξϕ, ξϕ⟩ = φ(S) = ζ(S).

By (3.10) and (3.11), for T ∈ A,

φA(Poφ(T )) = ζ(P(Poφ(T ))) = ζ(Poφ(P(T ))) = ζ(P(T )) = φA(T ).

This shows that Poφ preserves the normal faithful state φA. By [DP22, Lemma 2.6],
the fixed-point space A0 = Har(Poφ,A) is a von Neumann subalgebra of A.

Clearly, if T ∈ M ′ ∩ A, then Poφ(T ) =
∑∞
k=1 ykTy

∗
k =

∑∞
k=1 yky

∗
kT = T , so

M ′ ∩ A ⊂ A0.
Conversely, suppose T ∈ A0. Because A0 is an algebra, we also have TT ∗ ∈ A0,

meaning Poφ(T ) = T and Poφ(TT ∗) = TT ∗. We compute the following sum of
positive elements:

(3.12)

∞∑
k=1

(ykT − Tyk)(ykT − Tyk)
∗

=

∞∑
k=1

(ykTT
∗y∗k − ykTy

∗
kT

∗ − TykT
∗y∗k + Tyky

∗
kT

∗)

=Poφ(TT ∗)− Poφ(T )T ∗ − TPoφ(T ∗) + T

( ∞∑
k=1

yky
∗
k

)
T ∗

=TT ∗ − TT ∗ − TT ∗ + TT ∗

=0.

By (3.12), [yk, T ] = 0 for every k. Since C[yk]
w

= M , T ∈ M ′ ∩ A. Thus
Har(Poφ,A) =M ′ ∩ A.

For the ”in particular” statement, we set A = Bφ ∼= Har(Pφ) and let P = idBφ .
The hypothesis is trivially satisfied, yielding:

Har(Pφ) ∩Har(Poφ) = Har(Poφ,Bφ) =M ′ ∩ Bφ.

By Proposition 3.10, M ′ ∩ Bφ = Z(M), which concludes the proof.
□
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Corollary 3.12. Let M ⊂ A be a W∗-inclusion, and assume there exists a normal
faithful ucp map P : A → Bφ such that P|M = idM . Then M ⊂ A has the inner
UCP-Dixmier property.

Proof. Let ω ∈ βN \N be a free ultrafilter. By Theorem 3.11, the fixed space of Poφ
is the ordinary von Neumann subalgebra M ′ ∩A. The following ucp idempotent is
therefore a conditional expectation ontoM ′∩A, without any assertion of normality:

E(x) := w- lim
n→ω

1

n

n∑
k=1

(Poφ)k(x).

Recall that Poφ is an M -inner ucp map. Therefore, E(x) lies in the weak closure
of the inner UCP orbit of x:

E(x) ∈ {P (x) | P is an M -inner ucp map}
w
.

Normality of Poφ gives Poφ(E(x)) = E(x). By Theorem 3.11, E(x) ∈
Har(Poφ,A) =M ′ ∩ A. Hence

E(x) ∈ {P (x) : P is an M -inner ucp map}
w
∩ (M ′ ∩ A).

□

Theorem 3.13. Let C be a weakly closed operator system such that M ⊂ C ⊂ Bφ
and MC + CM ⊂ C. If Ψ : C → Bφ is a normal ucp map such that Ψ|M = idM ,
then Ψ = idC.

Proof. We identify C with its image in Har(Pφ) under the Poisson transform. Then
Ψ is a normal ucp map from C to Har(Pφ). Since Ψ|M = idM , the map Ψ is M -
bimodular. Using the explicit formula Poφ(T ) =

∑∞
k=1 ykTy

∗
k, for any T ∈ C we

have:

⟨Ψ(Poφ(T ))ξϕ, ξϕ⟩ =
∞∑
k=1

⟨Ψ(ykTy
∗
k)ξϕ, ξϕ⟩

=

∞∑
k=1

⟨ykΨ(T )y∗kξϕ, ξϕ⟩

= ⟨Poφ(Ψ(T ))ξϕ, ξϕ⟩.
Since Ψ(T ) ∈ Har(Pφ) and φ is regular, the term on the right evaluates to:

⟨Pφ(Ψ(T ))ξϕ, ξϕ⟩ = ⟨Ψ(T )ξϕ, ξϕ⟩.
Thus, ⟨Ψ(Poφ(T ))ξϕ, ξϕ⟩ = ⟨Ψ(T )ξϕ, ξϕ⟩ for all T ∈ C. By linearity, this invariance
extends to Cesàro means:〈

Ψ

(
1

N

N∑
n=1

(Poφ)n(T )

)
ξϕ, ξϕ

〉
= ⟨Ψ(T )ξϕ, ξϕ⟩.

Define AN (T ) = (1/N)
∑N
n=1(Poφ)n(T ). Since PφPoφ = PoφPφ,

Pφ(AN (T )) = AN (T ), ∥Poφ(AN (T ))−AN (T )∥ ≤ 2∥T∥
N

−→ 0.

Choose an ultraweakly convergent subnet with limit z ∈ C. Normality and Theo-
rem 3.11 give

z ∈ Har(Pφ) ∩Har(Poφ) = Z(M).
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Since z ∈ M , we have Ψ(z) = z. Normality of Ψ gives the first equality below.
The last equality follows from (3.11) and normality of ζ:

⟨Ψ(T )ξϕ, ξϕ⟩ = ⟨Ψ(z)ξϕ, ξϕ⟩ = ⟨zξϕ, ξϕ⟩ = ⟨Tξϕ, ξϕ⟩.
Now, for any a, b ∈ M and T ∈ C, the element b∗Ta is still in C. Using the
M -bimodularity of Ψ, we obtain:

⟨Ψ(T )aξϕ, bξϕ⟩ = ⟨Ψ(b∗Ta)ξϕ, ξϕ⟩ = ⟨b∗Taξϕ, ξϕ⟩ = ⟨Taξϕ, bξϕ⟩.

Because Mξϕ is dense in L2(M), this forces Ψ(T ) = T for all T ∈ C. Hence,
Ψ = idC . □

Lemma 3.14. Let φ be a normal regular strongly generating hyperstate with ϕ =
φ|M , and let 0 < t < 1. Set φ(t) = (1 − t)φ + t⟨ · ξϕ, ξϕ⟩. Then φ(t) is normal,
regular and strongly generating, and its Poisson boundary agrees with that of φ,
as an inclusion containing M . Moreover, if φi is such a hyperstate on Mi, then

φ
(t1)
1 ⊗ φ

(t2)
2 is strongly generating in the sense of Definition 3.7.

Proof. The two coefficient families for φ(t) are obtained by multiplying the original
families by

√
1− t and adjoining

√
t 1. In particular, both nonselfadjoint unital

algebras remain weakly dense. Since Pφ(t) = (1 − t)Pφ + tid, the two harmonic
operator systems coincide, and hence so do their Poisson boundaries. The coefficient
families for the product hyperstate contain nonzero scalar multiples of z1,k ⊗ 1,
1 ⊗ z2,l, and, respectively, y1,k ⊗ 1, 1 ⊗ y2,l. Their unital algebras are therefore
weakly dense in M1⊗̄M2. □

Theorem 3.15. Suppose for each i ∈ {1, 2}, Mi is a von Neumann algebra. Let φi
and φ1 ⊗φ2 be normal regular strongly generating hyperstates for Mi and M1⊗̄M2

on B(L2(Mi)) and B(L2(M1⊗̄M2)), respectively. Then

Har(Pφ1⊗φ2
) = Har(Pφ1

)⊗̄Har(Pφ2
),

and

Bφ1⊗φ2
∼= Bφ1

⊗̄Bφ2
.

Proof. Write Pi = Pφi and H = Har(P1 ⊗ P2). The normal maps P1 ⊗ id and
id⊗P2 preserve H and fixM1⊗̄M2 pointwise. Theorem 3.13, applied to the product
hyperstate, shows that both maps act identically on H. Thus, for x ∈ H,

(id⊗ ω2)(x) ∈ Har(P1), (ω1 ⊗ id)(x) ∈ Har(P2)
(
ωi ∈ B(L2(Mi))∗

)
.

By Proposition 3.4, these harmonic operator systems are normally completely
order isomorphic to injective von Neumann algebras. The slice-map property for
an injective von Neumann algebra, as used in [DP22, Theorem 4.4], now gives

H ⊂ Har(P1)⊗̄Har(P2).

The reverse inclusion follows from normality and the identity (P1 ⊗ P2)(S ⊗ T ) =
S⊗T for harmonic S, T . The tensor product of the Poisson transforms is therefore
a normal complete order isomorphism onto H. Uniqueness of the Choi–Effros von
Neumann algebra structure gives the stated ∗-isomorphism, which fixes M1⊗̄M2.

□
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4. The Choquet-Deny property

Proposition 4.1. Any type I factor M = B(H) is Choquet-Deny.

Proof. Let M = B(H). Since M is a type I factor, its standard representation
B(L2(M)) canonically decomposes as the von Neumann algebra tensor product
M⊗̄M ′. Under this spatial identification, any a ∈M acts as a⊗ 1, and any b ∈M ′

acts as 1⊗ b.
Let φ be a normal regular strongly generating M -hyperstate. The associated

Poisson transform Pφ : B(L2(M)) → B(L2(M)) takes the standard form:

Pφ(T ) =
∞∑
k=1

(Jz∗kJ)T (JzkJ),

where (zk)
∞
k=1 ⊂M and

∑∞
k=1 z

∗
kzk = 1.

Because the inner ucp coefficients JzkJ belong to M ′, they correspond to ele-
ments of the form 1 ⊗ yk in M⊗̄M ′. Consequently, the map Pφ splits as a tensor
product Pφ = idM ⊗ Φ, where Φ : M ′ → M ′ is the normal ucp map defined by
Φ(x) =

∑∞
k=1 y

∗
kxyk.

For a normal ucp map of the form idM ⊗ Φ on a tensor product, its space
of harmonic operators is precisely the tensor product of the respective harmonic
spaces:

Har(Pφ) =M⊗̄Har(Φ).

To determine Har(Φ), note that Φ is simply the restriction of Pφ toM ′. Because
φ is a regular hyperstate, Φ preserves the normal faithful state ϕo onM ′. By [DP22,
Lemma 2.6], preserving a faithful state ensures that the fixed-point space Har(Φ)
is a von Neumann subalgebra of M ′.

For x ∈ Har(Φ), the argument in (3.4) and (3.12) gives [x, yk] = 0 for every k,

or equivalently [x, JzkJ ] = 0 in B(L2(M)). Since C[zk]
w
=M ,

x ∈ (M ′)′ ∩M ′ =M ∩M ′ = Z(M) = C1.

Substituting this back into the tensor product yields:

Har(Pφ) =M⊗̄C1 =M.

This proves that the Poisson boundary Bφ ∼= Har(Pφ) coincides entirely with M ,
meaning it is trivial. Thus, M = B(H) is Choquet-Deny. □

Proposition 4.2. Let M be a von Neumann algebra, and let φ be a normal regular
strongly generating hyperstate on B(L2(M)). Then Har(Pφ) ⊂ Z(M)′.

Proof. Fix a unitary u ∈ U(Z(M)), and define Ψu : Bφ → Bφ by

Ψu(x) = uxu∗, x ∈ Bφ.

Then Ψu is a normal ucp map and Ψu|M = idM . By the rigidity of the Poisson
boundary (Theorem 3.13), we have Ψu = idBφ .

Therefore, for any u ∈ U(Z(M)) and x ∈ Bφ, we have uxu∗ = x. By the
isomorphism Bφ ∼= Har(Pφ), which is M -bimodular, we know that for any u ∈
U(Z(M)) and T ∈ Har(Pφ), uTu∗ = T . Therefore, Har(Pφ) ⊂ Z(M)′. □

For the next theorem, we refer to [Tak02, Chapter IV] for details on direct
integral theory.
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Theorem 4.3. Let M be a von Neumann algebra, and let φ be a normal regular
strongly generating hyperstate on B(L2(M)). Let ϕ = φ|M be the corresponding
normal faithful state on M .

Assume that (M,ϕ) admits a direct integral decomposition on a standard proba-
bility measure space (X,µX):

(M,ϕ) =

∫ ⊕

X

(Mx, ϕx)dµX(x).

By direct integral theory, φ admits the following decomposition when restricted
to the algebra of decomposable operators:

φ|∫ ⊕
X
B(L2(Mx))dµX(x) =

∫ ⊕

X

φxdµX(x).

Then we have that for µX-a.e. x ∈ X, φx is a normal regular strongly generating
hyperstate on B(L2(Mx)). Moreover, we have

Har(Pφ) =
∫ ⊕

X

Har(Pφx)dµX(x)

and

Bφ =

∫ ⊕

X

BφxdµX(x).

Proof. We use a measurable field of standard forms, so that J =
∫ ⊕
X
Jx dµX(x)

and ξϕ =
∫ ⊕
X
ξϕx dµX(x). Choose the two coefficient families (zk) and (yk) in the

definition of strong generation. Outside one null set their decompositions satisfy∑
k

zk(x)
∗zk(x) = 1,

∑
k

yk(x)yk(x)
∗ = 1,

with strong convergence. The representation using (zk) gives

(4.1) φx(T ) =
∑
k

⟨TJxzk(x)Jxξϕx , Jxzk(x)Jxξϕx⟩, T ∈ B(L2(Mx)).

Indeed, integrating (4.1) against arbitrary central projections
recovers the disintegration of φ. In particular, the fiber functionals are normal

states. The representation using (yk) disintegrates in the same way. Testing the
two marginal identities against central projections and a countable fundamental
family of sections shows that

φx|Mx = ϕx, φx(Jxa
∗Jx) = ϕx(a), a ∈Mx,

almost everywhere. Hence the fiber hyperstates are regular.
We next check nonselfadjoint generation. Enumerate the words in (zk), including

the empty word. If the fiber words failed to have ultraweakly dense linear span on a
set of positive measure, Hahn–Banach and measurable selection in the measurable
field of preduals would give a nonzero integrable measurable field x 7→ fx ∈ (Mx)∗
annihilating every fiber word. One may choose ∥fx∥ ≤ 1 and support this field on
that set. Choose a positive-measure subset and one bounded fundamental section
aj(x) on which |fx(aj(x))| > 1/m for some m. Multiplying the functionals by mea-
surable scalar phases makes these values positive real. Their direct integral is then
a nonzero normal functional on M annihilating every global word, contradicting
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strong generation. Here measurable selection applies to the countably many equa-
tions fx(w(x)) = 0; nonzeroness can be tested on a countable fundamental family
of sections. Applying the same argument to (yk) proves both required density
statements almost everywhere.

By Proposition 4.2, every harmonic operator is decomposable.

For T =
∫ ⊕
X
Tx dµX(x), (3.1) gives

Pφ(T ) =
∫ ⊕

X

Pφx(Tx) dµX(x).

Consequently, T is harmonic if and only if Tx is harmonic almost everywhere, prov-
ing the asserted equality of operator systems. This identification also preserves the
boundary products. Indeed, for a harmonic T , the increasing bounded sequence
Pnφ(T ∗T ) converges strongly to its Choi–Effros square; the same construction ap-
plies in every fiber and commutes with the direct integral. Polarization gives the
assertion for all products. Thus the resulting complete order identification is the
stated normal ∗-isomorphism of Poisson boundaries. □

Theorem 4.4. A von Neumann algebra M is Choquet-Deny if and only if it is of
type I.

Proof. Suppose first that M is Choquet-Deny. Example 3.9 supplies an nrsg hy-
perstate; its boundary is M by assumption. Proposition 3.4 therefore implies that
M is injective. Write M = MI ⊕N , where N is the continuous part, and suppose
N ̸= 0.

Every continuous injective factor with separable predual absorbs the hyperfinite
II1 factor R. For semifinite factors this follows from the uniqueness of the injective
II1 factor. In type IIIλ, 0 ≤ λ < 1, tensoring by R does not change the flow
of weights, so the classification of injective factors applies; in type III1 one uses
uniqueness of the injective factor of that type. See [Con76, Haa87]. Disintegrating
N over its center gives this absorption fiberwise. The fiber isomorphisms can be
chosen measurably: in standard form their unitary implementations are selected
from the measurable isomorphism relation, specified by countably many equations
on fundamental operator sections. Integrating them gives

N ∼= N⊗̄R.
By [Zho24, Proposition 5.3], R admits a normal regular strongly generating

hyperstate φR with nontrivial boundary. The cited construction uses a semigroup-
generating measure on group unitaries of S∞; its two coefficient families agree in
the tracial setting, and C[zk] = C[yk] is weakly dense. Choose an nrsg hyperstate
φ0 on N using Example 3.9. Replace both hyperstates by their lazy versions from
Lemma 3.14. Their boundaries do not change, and both coefficient families of their
product now generate N⊗̄R. Theorem 3.15 gives

Bφ0⊗φR
∼= Bφ0

⊗̄BφR .
This inclusion is nontrivial: take a harmonic operator T /∈ R for φR. Then 1⊗T is
product-harmonic and does not belong to N⊗̄R, as is seen by slicing with a normal
state on N . Transport through a standard-form implementation of N ∼= N⊗̄R gives
an nrsg hyperstate φN on B(L2(N)) with nontrivial boundary. This transport need
not preserve a previously chosen marginal, which is immaterial to the definition of
Choquet-Deny.
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If MI = 0, this already contradicts the hypothesis. Otherwise choose an nrsg
hyperstate φI on MI and lazify both summand hyperstates. With respect to
L2(M) = L2(MI)⊕ L2(N) define

(4.2) φ(T ) = 1
2φI(T11) +

1
2φN (T22).

Its marginal is 1
2ϕI ⊕

1
2ϕN . Its two coefficient families (zk) and (yk) are the corre-

sponding summand families extended by zero. Because the summands were lazified,
these families contain nonzero scalar multiples of both central summand projections.
Consequently both C[zk] and C[yk] are weakly dense inM , and φ is nrsg. The maps
Pφ and Poφ kill off-diagonal operators, and on the diagonal they are the direct sums
of the summand maps. Hence

Bφ ∼= BφI ⊕ BφN ̸=M,

a contradiction. Thus N = 0 and M is of type I.
Conversely, let M be of type I and let φ be any nrsg hyperstate. Decompose the

standard form over the center:

(M,ϕ) =

∫ ⊕

X

(Mx, ϕx) dµX(x),

where almost every Mx is a type I factor. Theorem 4.3 gives nrsg fiber hyperstates
φx almost everywhere. Proposition 4.1 gives Har(Pφx) = Mx. Integrating and
using Theorem 4.3 again yields

Har(Pφ) =
∫ ⊕

X

Mx dµX(x) =M.

Therefore M is Choquet-Deny. □

5. Proofs of main results on the weak Dixmier property

Theorem 5.1. Let M ⊂ A be a W∗-inclusion such that M is properly infinite.
Then M ⊂ A has the weak Dixmier property if and only if it has the inner UCP-
Dixmier property.

Proof. We only need to prove the if direction, since every finite convex combination
of unitary conjugations is an M -inner ucp map. Assume that M ⊂ A has the inner
UCP-Dixmier property.

Because M is properly infinite, it contains an infinite sequence of mutually or-
thogonal projections (pk)

∞
k=1 such that pk ∼ 1M for all k and

∑∞
k=1 pk = 1M .

Choose isometries sk ∈ M with sks
∗
k = pk. This partition of unity gives a spatial

isomorphism

Θ : A ∼−→ A⊗̄B(H), Θ(a) = (s∗i asj)i,j≥1,

where H = ℓ2(N). Its restriction maps M onto M⊗̄B(H) and pk to 1M ⊗ ekk,
where (eij)i,j≥1 are the standard matrix units of B(H). Indeed, on a Hilbert space
on which A acts, the unitary ξ ⊗ ek 7→ skξ implements this isomorphism. Thus we
identify the inclusion M ⊂ A with

M⊗̄B(H) ⊂ A⊗̄B(H).

It suffices to prove the weak Dixmier property for an arbitrary element x ∈
A⊗̄B(H). Write

Kx = convw{UxU∗ : U ∈ U(M⊗̄B(H))}.
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First, we can take a weak limit of convex combinations of unitary conjugates of
the form (1M⊗u)x(1M⊗u∗) to average x into the relative commutant A⊗1B(H) of
1A⊗B(H). To see this explicitly, average over the compact group U(Mm(C)) acting
on the first m basis vectors of H and identically on their orthogonal complement.
These averages lie in Kx and are uniformly bounded. Any weak cluster point
commutes with each of these nested unitary groups, and hence with 1A ⊗ B(H).
Thus, for some a ∈ A, we have

a⊗ 1B(H) ∈ Kx.

Since Kx is weakly closed, convex and invariant under these unitary conjugations,
it also contains the weakly closed convex hull of the unitary orbit of a⊗ 1B(H).

To proceed, it is sufficient to prove that for any M -inner ucp map

P (a) =

∞∑
k=1

zkaz
∗
k, zk ∈M,

∞∑
k=1

zkz
∗
k = 1M ,

the element P (a)⊗ 1B(H) is contained in the weak closure of the convex hull of the
unitary orbit of a⊗ 1B(H).

Fix an integer n ≥ 1. We construct a partial isometry Zn ∈M⊗̄B(H) structured
as a block matrix where each block is of size n×n. The first block-row consists of a
zero block followed by scaled identity matrices zkIn, and all subsequent block-rows
are identically zero:

Zn =


0n×n z1In z2In z3In · · ·
0n×n 0n×n 0n×n 0n×n · · ·
0n×n 0n×n 0n×n 0n×n · · ·
...

...
...

...
. . .

 .

The strong convergence of
∑∞
k=1 zkz

∗
k = 1M makes this row a bounded operator.

Multiplying this block matrix by its adjoint yields the identity 1M on the first n×n
diagonal block and zero elsewhere. Letting En denote the projection onto the first
n basis vectors of H, we have

ZnZ
∗
n = 1M ⊗ En.

Thus, Z∗
n is a partial isometry with initial projection 1M ⊗ En. Because the first

block-column of Zn is identically zero, its final projection Z∗
nZn is orthogonal to

1M ⊗ En. Since M is properly infinite, each 1M ⊗ ejj is equivalent to 1M⊗̄B(H).
For j = 1, this is implemented by the strong sum

∑
k sk ⊗ e1k, and the other cases

follow by matrix-unit equivalence. Hence

1− Z∗
nZn ≥ 1M ⊗ En ≥ 1M ⊗ e11 ∼ 1M⊗̄B(H).

We also have

1− (1M ⊗ En) ≥ 1M ⊗ en+1,n+1 ∼ 1M⊗̄B(H).

Therefore, the orthogonal complements of both projections are Murray–von Neu-
mann equivalent to the identity:

1− (1M ⊗ En) ∼ 1− Z∗
nZn ∼ 1M⊗̄B(H).

This guarantees the existence of a partial isometry Wn ∈M⊗̄B(H) with

W ∗
nWn = 1− Z∗

nZn, WnW
∗
n = 1− (1M ⊗ En).
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Define Un = Zn +Wn. Since the initial and final projections of Zn and Wn are
respectively orthogonal, all mixed terms vanish. Therefore,

U∗
nUn = Z∗

nZn +W ∗
nWn = 1, UnU

∗
n = ZnZ

∗
n +WnW

∗
n = 1.

Hence we complete the partial isometry into a unitary Un ∈ U(M⊗̄B(H)). Since
(1M ⊗ En)Wn = 0, the first block-row of Un remains the first block-row of Zn. In
block-row notation, we write

Un =

(
Zn
Wn

)
.

We conjugate a⊗ 1B(H) by Un. Since

Zn(a⊗ 1B(H))Z
∗
n = P (a)⊗ En,

we have, with respect to the first n coordinates and their orthogonal complement,

(5.1) Un(a⊗ 1B(H))U
∗
n =

(
P (a)In ∗

∗ ∗

)
.

To ensure a diagonal output, let D ⊂ B(H) be the abelian von Neumann alge-
bra of diagonal operators, and apply the conditional expectation onto the relative
commutant of 1A ⊗D:

ED′ : A⊗̄B(H) −→ A⊗̄D.
This expectation is approximated weakly by convex combinations of diagonal uni-
tary conjugations. Indeed, for t ∈ [0, 1], let

Ut = 1M ⊗
∞∑
k=1

e2kπitekk ∈ U(1M ⊗D).

Then

(5.2) ED′(T ) =

∫ 1

0

UtTU
∗
t dt,

where the integral is taken ultraweakly. By (5.2) and (5.1),

ED′
(
Un(a⊗ 1B(H))U

∗
n

)
= P (a)⊗ En + bn,

where

bn = (1− 1A ⊗ En)bn(1− 1A ⊗ En), ∥bn∥ ≤ ∥a∥.
As n→ ∞, En ↗ 1B(H) strongly. Thus, the support and uniform norm bound of

bn give bn → 0 strongly, and hence weakly. Concurrently, P (a)⊗En → P (a)⊗1B(H)

weakly. Therefore,

w- lim
n→∞

ED′
(
Un(a⊗ 1B(H))U

∗
n

)
= P (a)⊗ 1B(H).

Because this holds for any M -inner ucp map P , the entire set

{P (a)⊗ 1B(H) | P is an M -inner ucp map}
is contained in Kx.

By the assumption that the original inclusionM ⊂ A has the inner UCP-Dixmier
property, there exists an element

y ∈ {P (a) | P is an M -inner ucp map}
w
∩ (M ′ ∩ A).
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Because the mapping T 7→ T ⊗ 1B(H) is normal, the element y ⊗ 1B(H) lies in the
weak closure of {P (a) ⊗ 1B(H)}. Since Kx is already weakly closed, it contains
y ⊗ 1B(H).

Thus, y ⊗ 1B(H) belongs to

(M⊗̄B(H))′ ∩ (A⊗̄B(H)) = (M ′ ∩ A)⊗̄C1B(H)

and lies in the weakly closed convex hull of the unitary orbit of x, which finishes
the proof. □

Theorem 5.2. Let M be a von Neumann algebra with separable predual and φ
be a normal regular strongly generating hyperstate on B(L2(M)) with the Poisson
boundary Bφ. Assume that one of the following conditions holds:

(i) M is properly infinite, i.e., M =MI∞ ⊕MII∞ ⊕MIII;
(ii) M is finite with normal faithful trace τ and φ =

∫
U(M)

⟨ ·uξτ , uξτ ⟩dµ(u) for
some µ ∈ Prob(U(M)).

Then any W∗-inclusion M ⊂ A equipped with a normal faithful ucp map P : A →
Bφ with P|M = idM has the weak Dixmier property.

Proof. Let M ⊂ A be a W∗-inclusion equipped with a normal faithful ucp map
P : A → Bφ satisfying P|M = idM . By Corollary 3.12, the existence of such
a map P guarantees that the inclusion M ⊂ A automatically satisfies the inner
UCP-Dixmier property.

We now verify that the weak Dixmier property holds under either of the assumed
conditions:

Case (i): Assume M is properly infinite. By Theorem 5.1, for properly infinite
von Neumann algebras, the weak Dixmier property is equivalent to the inner UCP-
Dixmier property. Since M ⊂ A already has the inner UCP-Dixmier property by
Corollary 3.12, it inherently possesses the weak Dixmier property.

Case (ii): Assume M is finite with trace τ , and φ =
∫
U(M)

⟨ ·uξτ , uξτ ⟩dµ(u)
for some probability measure µ ∈ Prob(U(M)). In this setting, the associated
ucp map Poφ : A → A is explicitly given by integrating over unitary conjugates:

Poφ(x) =
∫
U(M)

u∗xu dµ(u) for all x ∈ A. The adjoint direction follows from

the vector-state convention φ =
∫
ωuξτ dµ(u). Because Poφ is constructed solely

from integrals of unitary conjugations, its iterates (Poφ)k and their Cesàro means

ΨN (x) = (1/N)
∑N
k=1(Poφ)k(x) must lie inside the weakly closed convex hull of the

unitary orbit of x:

ΨN (x) ∈ convw{uxu∗ | u ∈ U(M)}.
As established in the proof of Corollary 3.12, any weak limit point z of the sequence
(ΨN (x))∞N=1 is an element of M ′ ∩ A. Since the weakly closed convex hull of the
unitary orbit is weakly closed, the limit point z remains within it. Thus:

z ∈ convw{uxu∗ | u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅,

which satisfies the exact definition of the weak Dixmier property for M ⊂ A.
□

Corollary 5.3 ([Pop00, Mar21]). Any W∗-inclusion M ⊂ A with normal faithful
conditional expectation has the weak Dixmier property.
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Proof. Let E : A → M be the given normal faithful conditional expectation. De-
compose M = Mfin ⊕M∞ into its finite and properly infinite parts, omitting zero
summands, and write p1, p∞ for their units. Averaging by p1 + e2πitp∞ removes
the off-diagonal terms of every x ∈ A:

(5.3)

∫ 1

0

(p1 + e2πitp∞)x(p1 + e2πitp∞)∗ dt = p1xp1 + p∞xp∞.

The restrictions Ei : piApi → piM are normal faithful conditional expectations.
Choose a faithful normal trace τ on Mfin, a countable adjoint-closed family of

unitaries (uk) generating Mfin, and ck > 0 with
∑
k ck = 1. The state

φ1 =
∑
k

ck⟨ ·ukξτ , ukξτ ⟩

is normal and regular. Both strong generation conditions follow from the weak
density of C[uk], since (uk) is adjoint-closed. Composing E1 with Mfin ⊂ Bφ1 ,
Theorem 5.2(ii) gives the weak Dixmier property for Mfin ⊂ p1Ap1.

For M∞, choose an nrsg hyperstate by Example 3.9. Composing E∞ with the
boundary inclusion and applying Theorem 5.2(i) gives the same conclusion for this
corner. Product nets of the two unitary averaging nets, after applying (5.3), give
an element of M ′ ∩ A in the closed convex unitary orbit of x. □

6. A new proof of Isono’s theorem

In this section, an M -bimodular semifinite positive map with values in a von
Neumann algebra B ⊃ M means an additive, positively homogeneous map P :

A+ → B̂+ satisfying

P(a∗xa) = a∗P(x)a (x ∈ A+, a ∈M).

We require normality, meaning preservation of increasing bounded nets, faithful-
ness, and ultraweak density of

m+
P = {x ∈ A+ : P(x) ∈ B+}.

Here B̂+ is the extended positive cone, and P(x) <∞ will always mean that P(x)
is bounded. For every ρ ∈ B+

∗ , the function ρ ◦P is a normal weight. In particular,
its sublevel sets are ultraweakly closed. It follows that, for C <∞, the set

(6.1) {x ∈ A+ : P(x) ≤ C1}

is ultraweakly closed. We use this scalar interpretation of lower semicontinuity
throughout; see [Haa79b, Sections 1–2].

Lemma 6.1. Let φA be a normal faithful semifinite weight on a von Neumann
algebra A, and let P : A→ A be a normal ucp map satisfying φA ◦ P = φA. Fix a
free ultrafilter ω and define

E(x) = uw- lim
n→ω

1

n

n−1∑
k=0

P k(x).

If x ∈ A+ and φA(x) <∞, then P (E(x)) = E(x) and P (E(x)2) = E(x)2.
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Proof. Write An(x) = (1/n)
∑n−1
k=0 P

k(x) and y = E(x). Since ∥P (An(x)) −
An(x)∥ ≤ 2∥x∥/n, normality of P gives P (y) = y. Lower semicontinuity and
invariance of the weight give

φA(y) ≤ φA(x) <∞, φA(y
2) ≤ ∥y∥φA(y) <∞.

By Kadison’s inequality, P (y2)− y2 ≥ 0. Since φA ◦ P = φA and φA(y
2) <∞,

φA(P (y
2)− y2) = φA(P (y

2))− φA(y
2) = 0.

Faithfulness gives P (y2) = y2.
□

Theorem 6.2. LetM ⊂ A be a W∗-inclusion and let φ be a normal regular strongly
generating hyperstate. Assume that there exists a normal faithful semifinite M -

bimodular positive map P : A+ → B̂φ+ in the preceding sense. Set Q = Poφ, acting
on A by Q(x) =

∑
k ykxy

∗
k. For any x ∈ A+ with P(x) < ∞, every ultraweak

cluster point of

(6.2)
1

n

n−1∑
k=0

Qk(x)

belongs to M ′ ∩ A.

Proof. Let ζ be the canonical faithful normal state on Bφ and let φA = ζ ◦ P.
This is a normal faithful weight. It is semifinite because its finite positive domain
contains the ultraweakly dense cone m+

P .
Normality and M -bimodularity give, in the extended positive cone,

P(Q(x)) =
∑
k

ykP(x)y∗k = Q(P(x)).

By (3.11), ζ ◦Q = ζ on (Bφ)+. This identity extends
to the extended positive cone by monotone approximation. Hence φA ◦Q = φA.
Let T be an ultraweak cluster point of (6.2). The proof of Lemma 6.1, applied

along a convergent subnet, gives Q(T ) = T and Q(T 2) = T 2. Consequently,∑
k

(ykT − Tyk)(ykT − Tyk)
∗ = Q(T 2)−Q(T )T − TQ(T ) + T 2 = 0.

Thus [T, yk] = 0 for every k. Since C[yk]
w
=M , T ∈M ′ ∩ A.

□

Theorem 6.3. Let M have separable predual and let φ be a normal regular strongly
generating hyperstate. Assume either that M is properly infinite, or that M is finite
with a faithful normal tracial state τ and

(6.3) φ(T ) =

∫
U(M)

⟨Tuξτ , uξτ ⟩ dµ(u)

for a probability measure µ. LetM ⊂ A be a W∗-inclusion and let P : A+ → B̂φ+

be a normal faithful semifinite M -bimodular positive map. Then, for x ∈ A+ with
P(x) <∞,

convw{uxu∗ : u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.
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Proof. Let C = ∥P(x)∥ and Kx = convw{uxu∗ : u ∈ U(M)}.
For u ∈ U(M), P(uxu∗) ≤ C1. By the ultraweak closedness of (6.1),

P(b) ≤ C1 (b ∈ Kx).

Suppose first that M is properly infinite. Choose isometries (vi) ⊂ M with
v∗i vj = δij1 and

∑
i viv

∗
i = 1, and use the isomorphism

π : A ∼−→ A⊗̄B(ℓ2(N)), π(b) =
∑
i,j

v∗i bvj ⊗ eij .

It maps M onto M⊗̄B(ℓ2(N)). As in the proof of Theorem 5.1, unitary averaging
over the type I tensor factor gives a ⊗ 1 ∈ π(Kx) for some a ∈ A+. Let b =
π−1(a⊗ 1). Since b ∈ Kx and a = v∗1bv1,

P(a) = v∗1P(b)v1 ≤ C1.

By Theorem 6.2, an ultraweak cluster point c of the Cesàro means of (Poφ)k(a)
belongs to M ′ ∩ A.

The matrix-dilation argument in the proof of Theorem 5.1 applies to each M -
inner ucp map. Thus every Cesàro mean of (Poφ)k(a), tensored with 1, belongs to
the weakly closed unitary convex hull of a⊗ 1. That hull is contained in π(Kx), so
c⊗ 1 ∈ π(Kx).

Since c⊗ 1 ∈ (M⊗̄B(ℓ2(N)))′,

π−1(c⊗ 1) ∈ Kx ∩ (M ′ ∩ A).

Suppose now that M is finite and φ satisfies (6.3).
With the present vector-state convention,

Poφ(b) =
∫
U(M)

u∗bu dµ(u).

Its iterates and Cesàro means preserve Kx. Their ultraweak cluster points belong
to M ′ ∩ A by Theorem 6.2, which proves the assertion. □

Corollary 6.4 ([Iso25]). Let M ⊂ A be a W∗-inclusion with M having separable

predual, and let T : A+ → M̂+ be a normal faithful semifinite operator-valued
weight. For every x ∈ A+ such that T (x) is bounded,

convw{uxu∗ : u ∈ U(M)} ∩ (M ′ ∩ A) ̸= ∅.

Proof. Write M = Mfin ⊕M∞ for its finite and properly infinite parts, with units
p1, p∞. Averaging over the unitaries p1+e

2πitp∞ sends x to p1xp1+p∞xp∞ within
its unitary convex hull.

The restrictions Ti : (piApi)+ → p̂iM+ are normal, faithful and semifinite. In-
deed, compression of the ultraweakly dense finite positive domain of T is ultraweakly
dense in (piApi)+, and

Ti(piapi) = piT (a)pi.

Moreover, Ti(pixpi) is bounded.
On Mfin choose an atomic measure on a countable symmetric family of unitaries

generatingMfin, with every atom having positive mass. This gives a normal regular
strongly generating hyperstate with respect to a faithful normal tracial state. On
M∞ use Example 3.9. Compose each Ti with the extension to extended positive
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cones of the canonical embedding piM ⊂ Bφi . These composites satisfy the hy-
potheses of Theorem 6.3; no normalization on piM is required. Apply that theorem
separately to the two positive diagonal blocks.

Finally, block-diagonal unitaries in U(Mfin) ⊕ U(M∞) belong to U(M). Taking
product nets of the two averaging nets gives a limit in M ′ ∩A, still in the original
unitary convex hull. □

We next show that a nontrivial Poisson boundary admits no normal faithful
semifinite operator-valued weight onto the original algebra.

Theorem 6.5. Let M be a von Neumann algebra and Bφ be the Poisson boundary
associated with a normal regular strongly generating hyperstate. If the Poisson
boundary is non-trivial (i.e., Bφ ̸= M), then there exists no normal faithful semi-

finite operator-valued weight T : (Bφ)+ → M̂+.

Proof. Write B = Bφ and Q = Poφ, and suppose that such an operator-valued

weight T : B+ → M̂+ exists. By Proposition 3.10,

M ′ ∩ B = Z(M) = Z(B).

To justify the second equality, let u ∈ U(Z(M)). The normal automorphism Ad(u)
of B fixes M pointwise, so Theorem 3.13 gives Ad(u) = idB. Hence Z(M) ⊂ Z(B);
the reverse inclusion follows from Z(B) ⊂M ′ ∩ B = Z(M).

Let h = T (1). By M -bimodularity, uhu∗ = h for every u ∈ U(M); hence h
belongs to the extended positive cone of Z(M). Let e denote the infinite spectral
projection of h. We first prove that e = 0.

If e ̸= 0, semifiniteness and M -bimodularity of T give a nonzero x ∈ (eB)+
with T (x) ≤ C1 for some C <∞. Every Cesàro mean An(x) = (1/n)

∑n−1
k=0 Q

k(x)
satisfies T (An(x)) ≤ C1. Choose an ultraweak cluster point z of these means.
Normality of Q and Theorem 3.11 give

z ∈ Z(M)+, z = ez, ζ(z) = ζ(x) > 0.

For every ρ ∈M+
∗ , the normal weight ρ◦T is lower semicontinuous. Thus ρ(T (z)) ≤

Cρ(1), and consequently T (z) ≤ C1. Choose ε > 0 such that q = 1[ε,∞)(z) ̸= 0.
Then q ≤ e and

T (q) ≤ ε−1T (z) ≤ ε−1C1.

On the other hand, M -bimodularity gives T (q) = qhq, which has infinite value on
the nonzero projection q ≤ e. This contradiction proves e = 0.

Faithfulness of T also shows that the zero spectral projection of h vanishes.
Therefore

qn = 1[ 1n ,n]
(h) ∈ Z(M), qn ↗ 1.

On each nonzero corner, hn = qnh is bounded and invertible in Z(qnM). Since
T (qn) = hn, the formula

En(a) = h−1/2
n T (a)h−1/2

n , a ∈ (qnB)+,

extends to a normal faithful conditional expectation qnB → qnM . Here bounded-
ness follows from T (a) ≤ ∥a∥hn. Extend En to the normal ucp map

Ψn : B → B, Ψn(b) = En(qnb) + (1− qn)b.
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The centrality of qn makes this a direct-sum map, and Ψn|M = idM . Theorem 3.13
gives Ψn = idB. Hence qnB = qnM for every n. Passing to the strong limit qn ↗ 1
yields B =M , contrary to the hypothesis. □

Corollary 6.6. Every non-type I von Neumann algebra M admits an irreducible
W∗-inclusion M ⊂ A (i.e., M ′ ∩ A = Z(M)) that satisfies the weak Dixmier
property but admits no normal faithful semi-finite operator-valued weight.

Proof. Write M = Mfin ⊕M∞ for its finite and properly infinite parts, omitting
zero summands. On each nonzero finite part fix a faithful normal tracial state.
If Mfin is not of type I, [Zho24, Theorem 5.6, condition (ii)] supplies an atomic
unitary-measure nrsg hyperstate with nontrivial boundary. Reflect the measure if
necessary to use the convention φµ =

∫
ωuξτ dµ(u). This is a relabelling of the

same displayed hyperstate, not a change of its boundary. If Mfin is of type I, use
positive weights on a countable adjoint-closed generating family of unitaries.

On the properly infinite part, if it is not of type I, Theorem 4.4 supplies an
nrsg hyperstate with nontrivial boundary. Otherwise use Example 3.9. Lazify the
chosen states by Lemma 3.14; this preserves their boundaries, and in the finite case
merely adds an atom at the identity.

If both summands are present, form the diagonal hyperstate as in (4.2). The
two identity coefficients ensure both strong generation conditions, as checked in
the proof of Theorem 4.4. If only one summand is present, retain its state. The
resulting boundary is

A = Bφ = Bφ1
⊕ Bφ∞ ,

with absent summands omitted. At least one summand is nontrivial, since M is
not of type I; thus A ̸=M . Proposition 3.10 gives M ′ ∩ A = Z(M).

Theorem 5.2(ii) applies to the finite boundary inclusion, and part (i) applies to
the properly infinite one. Combining their unitary averaging nets gives the weak
Dixmier property for M ⊂ A. Finally, Theorem 6.5 rules out a normal faithful
semifinite operator-valued weight from A to M . □

7. The relative bicentralizer conjecture

Let M ⊂ N be an inclusion of von Neumann algebras with separable preduals
and a faithful normal conditional expectation E : N → M . Fix a faithful normal
state ϕ on M and let ρ = ϕ ◦ E. We use the compatible realizations

cϕ(M) ⊂ cρ(N) = N ⋊σρ R.

Following [Mar25, Definition 7.1], the relative bicentralizer is

B(M ⊂ c(N), ϕ) = (Mω
ϕω )

′ ∩ c(N),

where ω is a free ultrafilter on N and the commutant is taken in the compatible
ultrapower realization. This algebra is independent of ω. We write ϕit for the
canonical implementing unitaries in cϕ(M).

We prove the following theorem.

Theorem 7.1. Let M ⊂ N be a W∗-inclusion with a faithful normal conditional
expectation. Then M ⊂ c(N) has the weak Dixmier property:

(7.1) conv uw{uxu∗ : u ∈ U(M)} ∩ (M ′ ∩ c(N)) ̸= ∅ (x ∈ c(N)).
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Consequently, for every faithful normal state ϕ on M ,

(7.2) B(M ⊂ c(N), ϕ) = {ϕit : t ∈ R}′′ ∨ (M ′ ∩ c(N)).

Fix a normal faithful state ϕ on M , and let ρ = ϕ ◦ E and A = cρ(N). Let

φA = ρ ◦ T be the dual weight of ρ, where T : A+ → N̂+ is the canonical operator-

valued weight. We use the notation h = dφA
dτ and H = log h from Subsection 2.1,

where τ is the canonical trace on A. Here λt = hit = ϕit. The modular action

σφA
t = Ad(λt) restricts to σ

ϕ
t on M . Choose the (M,ϕ)-hyperstate φ and the inner

ucp coefficients (yk) from Example 3.9, and define

(7.3) Q(x) =
∑
k

ykxy
∗
k, x ∈ A.

By [Mar25, Theorem D], it suffices to prove (7.1). To prove that M ⊂ A has
the inner UCP-Dixmier property, it suffices to show that d := Q(aa∗) − aa∗ = 0
for every a ∈ Har(Q). As in the proof of Theorem 3.11 and the argument showing
E(x) ∈ Har(P ) in Lemma 6.1, followed by Cesàro averaging, we have

Q(aa∗) = aa∗ (a ∈ Har(Q))

=⇒ Har(Q) =M ′ ∩ A
=⇒ M ⊂ A has the inner UCP-Dixmier property.

Fix a ∈ Har(Q). By Kadison’s inequality, d ≥ 0. Lemma 2.2 reduces d = 0 to
proving that every x ∈ A+ with 0 ≤ x ≤ d and φA(x) < ∞ must be x = 0. Such
an x satisfies

n−1∑
k=0

Qk(x) ≤
n−1∑
k=0

Qk(d) = Qn(aa∗)− aa∗ ≤ C1, C = ∥a∥2.

After constructing the pairing and the self-adjoint contraction S in Lemma 7.2,
Lemmas 7.3 and 7.4 prove φA(x) = 0 for such x. Faithfulness then gives x = 0.

Theorem 5.1 converts the inner UCP-Dixmier property into (7.1) when M is
properly infinite. For finite M , we choose ϕ tracial so that the Cesàro means are
already unitary averages. The general case follows by decomposingM into its finite
and properly infinite parts.

Since ϕ ◦Q = ϕ, normality and M -bimodularity of E and T give

(7.4) φA ◦Q = ϕ ◦ E ◦ T ◦Q = ϕ ◦Q ◦ E ◦ T = ϕ ◦ E ◦ T = φA,

where the compositions are understood on the extended positive cone.
Define

mφA = span{a ∈ A+ : φA(a) <∞}, ξ(a) = h1/4ah1/4 (a ∈ mφA).

On L2(A, τ) we use the inner product ⟨X,Y ⟩2 = τ(Y ∗X), linear in the first variable.
Define S : D → D, where D = {ξ(a) : a ∈ mφA}, by

(7.5) Sξ(a) = ξ(Q(a)) (a ∈ mφA).

This is well-defined since ξ is injective and Q(mφA) ⊂ mφA by (7.4).

Lemma 7.2. For every a ∈ mφA , we have ξ(a) ∈ L2(A, τ). Let x ∈ A+ satisfy
φA(x) <∞. Then

ωx(a) = τ(h1/2xh1/2a) (a ∈ A)
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defines a finite normal positive functional on A, with ωx(1) = φA(x), and

(7.6) ⟨ξ(a), ξ(x)⟩2 = ωx(a) (a ∈ mφA).

Moreover, S extends to a self-adjoint contraction on L2(A, τ).

Proof. For a ∈ mφA , let

k(a) = h1/2ah1/2 ∈ L1(A, τ).

We first verify the assertions about ξ and ωx. Both ah1/2 and h1/2a belong to
L2(A, τ). Traciality and the Cauchy–Schwarz inequality give

(7.7)

∥ξ(a)∥22 = τ(h1/4a∗h1/2ah1/4)

= τ
(
(ah1/2)∗(h1/2a)

)
≤ ∥ah1/2∥2∥h1/2a∥2
= τ(h1/2a∗ah1/2)1/2τ(h1/2aa∗h1/2)1/2

= φA(a
∗a)1/2φA(aa

∗)1/2.

The calculation is first made for an = enaen, where en = 1[1/n,n](h). The conver-

gences anh
1/2 → ah1/2 and h1/2an → h1/2a in L2 justify passage to the limit.

Since k(x) ∈ L1(A, τ)+ and τ(k(x)) = φA(x), ωx is a finite normal positive
functional with ωx(1) = φA(x). To prove (7.6), let

en = 1[ 1n ,n]
(h), xn = enxen, an = enaen.

By (2.2), the projections en have finite trace. Traciality in enAen gives

⟨ξ(an), ξ(xn)⟩2 = τ(h1/2xnh
1/2an).

Since enh = hen and en ↗ 1 strongly,

k(xn) = enk(x)en −→ k(x) in L1,

ξ(xn) = enξ(x)en −→ ξ(x) in L2,

ξ(an) −→ ξ(a) in L2.

Moreover,

sup
n

∥an∥ ≤ ∥a∥, an −→ a ∗-strongly.

Passing to the limit proves (7.6).
We next prove that S extends to a self-adjoint contraction. Identifying A∗ with

L1(A, τ), we first show that the preadjoint of Q satisfies

(7.8) Q∗k(a) = k(Q(a)) (a ∈ mφA).

Let vk = σϕi/2(y
∗
k). By Example 3.9, (vk) is a permutation of (yk). We have

(7.9) y∗kh
1/2 = h1/2vk, h1/2yk = v∗kh

1/2.

Formula (7.9) follows first on compact spectral vectors for H, and then for the
closed measurable products. For a ∈ A+ with φA(a) <∞, we obtain

y∗kk(a)yk = k(vkav
∗
k).
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By (7.9), the positive partial sums
∑
k≤n y

∗
kk(a)yk converge in L1, since

τ

∑
k≤n

y∗kk(a)yk

 = τ

k(a)∑
k≤n

yky
∗
k

↗ φA(a).

Monotone convergence of the corresponding quadratic forms gives

Q∗k(a) =
∑
k

y∗kk(a)yk = k

(∑
k

vkav
∗
k

)
= k(Q(a)).

This proves (7.8) for positive a, and the general case follows by linearity.
By (7.8) and (7.6), for a, b ∈ mφA ∩ A+,

⟨Sξ(a), ξ(b)⟩2 = τ(k(b)Q(a)) = τ(Q∗k(b)a)

= τ(k(Q(b))a) = ⟨ξ(a), Sξ(b)⟩2.

Linearity gives ⟨Sv,w⟩2 = ⟨v, Sw⟩2 for v, w ∈ D. Also S(D) ⊂ D by (7.4). For
a ∈ mφA , (7.5), (7.7), Kadison’s inequality for Qn, and φA ◦Qn = φA give

∥Snξ(a)∥22 = ∥ξ(Qn(a))∥22
= ∥h1/4Qn(a)h1/4∥22
= τ(h1/2Qn(a)∗h1/2Qn(a))

≤ φA((Q
n(a))∗Qn(a))1/2φA(Q

n(a)(Qn(a))∗)1/2

≤ φA(Q
n(a∗a))1/2φA(Q

n(aa∗))1/2

= φA(a
∗a)1/2φA(aa

∗)1/2.

Thus

Cv := sup
m≥0

∥Smv∥2 <∞ (v ∈ D).

For v ∈ D, symmetry gives

(7.10) ∥Sv∥22 = ⟨S2v, v⟩2 ≤ ∥S2v∥2∥v∥2.

Iterating (7.10), we obtain

∥Sv∥2 ≤ ∥S2nv∥1/2
n

2 ∥v∥1−1/2n

2 ≤ C1/2n

v ∥v∥1−1/2n

2 −→ ∥v∥2.

It remains to check that D is dense. With en = 1[1/n,n](h), both h and h−1 are
bounded on en, and τ(en) <∞. Every bounded b ∈ enAen has the form

b = ξ(h−1/4bh−1/4), h−1/4bh−1/4 ∈ enAen ⊂ mφA .

These finite-corner elements are dense in L2(A, τ). Therefore S extends to a self-
adjoint contraction. □

Let f ∈ C∞
c (R) be real with 0 ≤ f ≤ 1, equal to 1 near 0, even and nonincreasing

in |s|. Define HR = f(H/R), R ≥ 1. Then HR ↗ 1 strongly as R → ∞, and (2.1)
gives

φA(HR) = R

∫
R
f(s) ds <∞.
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Lemma 7.3. Let x ∈ A+ satisfy φA(x) < ∞. Assume that there is a constant
0 ≤ C <∞ such that

(7.11)

n−1∑
k=0

Qk(x) ≤ C1 (n ≥ 1).

Then

(7.12) φA(x) ≤ lim inf
R→∞

C∥(1− S)1/2ξ(HR)∥22.

Proof. The case φA(x) = 0 is immediate. Assume that φA(x) > 0. Let an =∑n−1
k=0 Q

k(x) ≤ C1. By (7.4) and (7.5),

φA(an) = nφA(x) <∞, (1− S)ξ(an) = ξ(x−Qn(x)).

By (7.6) and positivity,

(7.13)

∥(1− S)1/2ξ(an)∥22 = ⟨ξ(x−Qn(x)), ξ(an)⟩2
= ωx(an)− ωan(Q

n(x))

≤ ωx(an)

≤ Cωx(1) = CφA(x).

Fix R ≥ 1. By (7.6) and positivity, ωx(HR) = ωHR(x) = ωHR(x). Since an −
Q(an) = x−Qn(x) and 1− S ≥ 0, (7.5) and (7.13) give

(7.14)

|ωx(HR)− ωHR(Q
n(x))|2

=
∣∣ωHR(x−Qn(x))

∣∣2
=
∣∣⟨ξ(x−Qn(x)), ξ(HR)⟩2

∣∣2
=
∣∣⟨(1− S)ξ(an), ξ(HR)⟩2

∣∣2
=
∣∣⟨(1− S)1/2ξ(an), (1− S)1/2ξ(HR)⟩2

∣∣2
≤∥(1− S)1/2ξ(an)∥22∥(1− S)1/2ξ(HR)∥22
≤CφA(x)∥(1− S)1/2ξ(HR)∥22.

By (7.11), for every N ≥ 1,

N−1∑
n=0

ωHR(Q
n(x)) = ωHR

(
N−1∑
n=0

Qn(x)

)
≤ CωHR(1) = CφA(HR) <∞.

Letting N → ∞, we obtain

∞∑
n=0

ωHR(Q
n(x)) ≤ CφA(HR) <∞,

so ωHR(Q
n(x)) → 0 as n→ ∞. Letting n→ ∞ in (7.14) gives

(7.15) |ωx(HR)|2 ≤ CφA(x)∥(1− S)1/2ξ(HR)∥22 (R ≥ 1).
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Since HR ↗ 1 strongly as R→ ∞, normality of ωx and (7.15) give

φA(x)
2 = |ωx(1)|2

= lim
R→∞

|ωx(HR)|2

≤ lim inf
R→∞

CφA(x)∥(1− S)1/2ξ(HR)∥22.

Dividing by φA(x) proves (7.12). □

Let ν be the spectral distribution of log∆ϕ under φ. By (3.5),

m2 :=

∫
R
s2 dν(s) = φ((log∆ϕ)

2) <∞.

Lemma 7.4. For every R ≥ 1,

(7.16) ∥(1− S)1/2ξ(HR)∥22 ≤ m2∥f ′∥22
2R

.

Moreover, if x ∈ A+ satisfies φA(x) < ∞ and (7.11) for some 0 ≤ C < ∞, then
φA(x) = 0 and x = 0.

Proof. Let g ∈ C∞
c (R) be real. By (2.1), g(H) ∈ mφA , and g(H) ∈ AφA . Expand-

ing the commutators gives∑
k

[yk, g(H)][yk, g(H)]∗ = Q(g(H)2)−Q(g(H))g(H)− g(H)Q(g(H)) + g(H)2.

By Kadison’s inequality, (7.4), and (2.1),

φA(Q(g(H))2) ≤ φA(Q(g(H)2)) = φA(g(H)2) =

∫
R
|g(s)|2 ds <∞.

Thus all four terms on the right belong to mφA . Applying φA and using the φA-
centralizer property of g(H), the linear extension of (7.6) to self-adjoint elements,
and (7.5), we obtain
(7.17)∑

k

φA([yk, g(H)][yk, g(H)]∗) = 2
(
φA(g(H)2)− φA(g(H)Q(g(H)))

)
= 2
(
⟨ξ(g(H)), ξ(g(H))⟩2 − ⟨Sξ(g(H)), ξ(g(H))⟩2

)
= 2∥(1− S)1/2ξ(g(H))∥22.

We compute the left-hand side by proving

(7.18)
∑
k

φA([yk, g(H)][yk, g(H)]∗) =

∫
R

∫
R
|g(r + s)− g(r)|2 dr dν(s).

We use the unitary Fourier transform

ĝ(t) = (2π)−1/2

∫
R
e−itrg(r) dr.

The crossed-product relation gives

(7.19) [yk, g(H)] = (2π)−1/2

∫
R
ĝ(t)(yk − σϕt (yk))λt dt.

By (2.1), for X = (2π)−1/2
∫
R atλt dt = (2π)−1/2

∫
R ate

itH dt, we have

(7.20) φA(X
∗X) =

∫
R
ρ(a∗tat) dt, φA(XX

∗) =

∫
R
ρ(ata

∗
t ) dt,
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The identities in (7.20) hold first on the crossed-product Hilbert algebra and extend
by its L2 isometry; see [Haa78]. In the first identity in (7.20), the zeroth coefficient
is
∫
R σ

ρ
−t(a

∗
tat) dt, and the modular invariance of ρ removes this twist.

By φ =
∑
k⟨ · y∗kξϕ, y∗kξϕ⟩ and the definition of ν as the spectral distribution of

log∆ϕ under φ, we have∑
k

ϕ
(
(yk − σϕt (yk))(yk − σϕt (yk))

∗) =∑
k

∥(1−∆it
ϕ )y

∗
kξϕ∥2

=
∑
k

〈
(1−∆−it

ϕ )(1−∆it
ϕ )y

∗
kξϕ, y

∗
kξϕ
〉

= φ
(
(1−∆−it

ϕ )(1−∆it
ϕ )
)

=

∫
R
(1− e−its)(1− eits) dν(s)

=

∫
R
|1− eits|2 dν(s).

By (7.19), (7.20), and scalar Plancherel,∑
k

φA([yk, g(H)][yk, g(H)]∗) =

∫
R
|ĝ(t)|2

∫
R
|1− eits|2 dν(s) dt

=

∫
R

∫
R
|ĝ(t)|2|1− eits|2 dt dν(s)

=

∫
R

∫
R
|g(r + s)− g(r)|2 dr dν(s).

This proves (7.18). Now take g(r) = f(r/R), so g(H) = HR. Since ∥g( ·+s)−g∥2 ≤
|s|∥g′∥2 = |s|√

R
∥f ′∥2, (7.18) gives

(7.21)
∑
k

φA([yk, HR][yk, HR]
∗) ≤ m2∥f ′∥22

R
.

Combining (7.17) with g(H) = HR and (7.21) proves (7.16).
Now let x satisfy the hypotheses of Lemma 7.3. By (7.12) and (7.16),

0 ≤ φA(x) ≤ lim inf
R→∞

Cm2∥f ′∥22
2R

= 0.

Thus φA(x) = 0, and faithfulness of φA gives x = 0. □

We can now identify Har(Q).

Proposition 7.5. The fixed-point space of Q is

Har(Q) =M ′ ∩ A.

Proof. We only need to prove that Har(Q) ⊂M ′∩A. Let a ∈ Har(Q). By Kadison’s
inequality,

d := Q(aa∗)− aa∗ = Q(aa∗)−Q(a)Q(a)∗ ≥ 0.

We have
n−1∑
k=0

Qk(d) = Qn(aa∗)− aa∗ ≤ ∥a∥21 (n ≥ 1).
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Suppose that d ̸= 0. By Lemma 2.2, choose 0 ̸= x ≤ d with φA(x) <∞. Then

n−1∑
k=0

Qk(x) ≤
n−1∑
k=0

Qk(d) ≤ ∥a∥21 (n ≥ 1).

Lemma 7.4 gives x = 0, a contradiction. Hence Q(aa∗) = aa∗. Applying the same
argument to a∗ ∈ Har(Q) gives Q(a∗a) = a∗a, so a belongs to the multiplicative
domain of Q. Expanding as in (3.12), we obtain∑

k

(yka− ayk)(yka− ayk)
∗ = 0.

Thus [a, yk] = 0 for every k. Since C[yk]
w
=M , a ∈M ′ ∩ A. □

We can now finish the proof by applying the equivalence established in Theo-
rem 5.1.

Proof of Theorem 7.1. Suppose first that M is either finite or properly infinite.
Choose a faithful normal state ϕ on M , taking ϕ tracial when M is finite. Let Q be
the map in (7.3) on A = cϕ◦E(N), with coefficients from Example 3.9. For x ∈ A,
define

Qn(x) =
1

n

n−1∑
k=0

Qk(x), Kx = conv uw{uxu∗ : u ∈ U(M)}.

Since

∥Q(Qn(x))−Qn(x)∥ ≤ 2∥x∥
n

,

normality of Q and Proposition 7.5 imply that every ultraweak cluster point of
(Qn(x)) belongs to M

′ ∩ A.
If M is properly infinite, each Qn is an M -inner ucp map. Thus M ⊂ A has the

inner UCP-Dixmier property, and Theorem 5.1 gives the weak Dixmier property.
If M is finite, the tracial choice in Example 3.9 gives

yk = λkuk, Q(x) =
∑
k

λ2kukxu
∗
k,

∑
k

λ2k = 1.

Thus Q(Kx) ⊂ Kx and Qn(x) ∈ Kx for every n. Every ultraweak cluster point
belongs to Kx ∩ (M ′ ∩ A), which proves the finite case.

For general M , write
M =Mfin ⊕M∞

for its finite and properly infinite parts. We may assume that both summands are
nonzero. Let p1, p2 be their units and let Ni = piNpi. There is a faithful normal
conditional expectation

F : N → N1 ⊕N2, F (a) = p1ap1 + p2ap2.

The restrictions

E1 = E|N1
: N1 →Mfin, E2 = E|N2

: N2 →M∞

are faithful normal conditional expectations.
Choose a faithful normal state ϕ on M whose restriction to Mfin is tracial, and

let ρ = ϕ ◦ E, A = cρ(N), and ρi = ρ|Ni/ρ(pi). Since pi ∈ Mϕ, bimodularity
gives pi ∈ Nρ. Thus F preserves ρ and extends to a faithful normal conditional
expectation

F̃ : A → p1Ap1 ⊕ p2Ap2, piApi ∼= cρi(Ni).
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For x ∈ A, since p1 − p2 ∈ U(M),

F̃ (x) = p1xp1 + p2xp2 =
1

2

(
x+ (p1 − p2)x(p1 − p2)

)
∈ Kx.

The finite and properly infinite cases give the weak Dixmier property for Mfin ⊂
p1Ap1 and M∞ ⊂ p2Ap2, respectively. As in the proof of Corollary 5.3, taking
product nets of the two unitary averaging nets gives

Kx ∩ (M ′ ∩ A) ̸= ∅.
This proves (7.1).

Finally, [Mar25, Theorem D] gives (7.2) for every faithful normal state ϕ on M ,
which finishes the proof. □

8. Irreducible embeddings into hyperfinite factors

To construct the desired irreducible inclusion M ⊂ Rλ, we first choose a Poisson
boundary Bφ of M and then take crossed products. When a single crossed product
suffices, the construction has the form

M ⊂ Bφ ⊂ Bφ ⋊α G ∼= Rλ.

Here M ⊂ Bφ is irreducible by Proposition 3.10 and rigid by Theorem 3.13. We
choose a suitable outer action α of a countable discrete abelian group G to obtain
the hyperfinite factor of the desired type. The following Lemma 8.1 then shows that
M ⊂ Rλ is irreducible. The cases requiring a second crossed product are treated
in Lemma 8.7.

Lemma 8.1. Let M ⊂ B be an irreducible inclusion of factors. Assume that every
normal automorphism of B which fixes M pointwise is the identity. Let G be a
countable discrete group and let α : G ↷ B be an action such that αg is outer for
every g ̸= e. Then

M ′ ∩ (B ⋊α G) = C1.

Proof. We first observe that, for β ∈ Aut(B),
(8.1) {x ∈ B : mx = xβ(m) for all m ∈M} ̸= {0} =⇒ β is inner.

Indeed, for a nonzero such x,

xx∗ ∈M ′ ∩ B = C1, x∗x ∈ β(M)′ ∩ B = C1.
Thus x = cv for some c > 0 and v ∈ U(B). The automorphism Ad(v) ◦ β fixes M
pointwise, so it is the identity on B.

Let EB : B ⋊α G → B be the canonical faithful normal conditional expectation
and let ug be the implementing unitaries. For x ∈ M ′ ∩ (B ⋊α G), define xg =
EB(xu

∗
g). Bimodularity gives

mxg = xgαg(m) (m ∈M).

By (8.1), xg = 0 for g ̸= e, while xe ∈ M ′ ∩ B = C1. Uniqueness of Fourier
coefficients gives x = xe ∈ C1. □

We first establish the type and existence results for Poisson boundaries needed
below.

Theorem 8.2. Let M be a semifinite factor and let φ be a normal regular strongly
generating hyperstate. If Bφ ̸=M , then Bφ is a type III factor.
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Proof. By Proposition 3.10, Bφ is a factor. If it were semifinite, Haagerup’s the-
orem [Haa79b, Theorem 2.7], applied to the inclusion M ⊂ Bφ and faithful nor-
mal semifinite traces on its two algebras, would give a normal faithful semifinite
operator-valued weight

T : (Bφ)+ −→ M̂+.

This contradicts Theorem 6.5. Hence Bφ is of type III. □

We next prove an existence result for type III source factors. The argument uses
the symmetric hyperstates constructed in Example 3.9, rather than trace estimates
for unitary averages.

Lemma 8.3. Let B be a semifinite von Neumann algebra, let ζ be a faithful normal
state on B, and let JB and ∆ζ be its modular conjugation and modular operator.
Suppose that Ω is a normal state on B(L2(B, ζ)) satisfying

Ω(b) = ζ(b) = Ω(JBbJB) (b ∈ B+).

If Ω(∆ζ) <∞, then

Ω(| log∆ζ |) <∞, Ω(log∆ζ) = 0.

Proof. Choose a faithful normal semifinite trace τ on B and write ζ = τ(h ·), where
h ∈ L1(B, τ)+ has support 1. In the tracial standard form, ξζ = h1/2 and

∆ζ = LhR
−1
h , log∆ζ = Llog h −Rlog h.

The two operators on the right strongly commute. Their joint spectral measure,
evaluated against Ω, gives a probability measure on R2. Let X and Y denote its
coordinate functions. The two marginal distributions agree by the hypothesis on
Ω, applied to the spectral projections of log h.

Since X and Y have the same distribution, for t ∈ R,
P(Y ≤ t < X) = P(Y ≤ t)− P(X ≤ t, Y ≤ t)

= P(X ≤ t)− P(X ≤ t, Y ≤ t) = P(X ≤ t < Y ).

Integrating in t gives

E((X − Y )+) =

∫
R
P(Y ≤ t < X) dt

=

∫
R
P(X ≤ t < Y ) dt = E((Y −X)+),

initially allowing infinite values. Since (log s)+ ≤ s for s > 0,

E((X − Y )+) = Ω((log∆ζ)+) ≤ Ω(∆ζ) <∞.

Hence

Ω(| log∆ζ |) = 2E((X − Y )+) <∞, Ω(log∆ζ) = 0.

No integrability of h log h is required. □

Proposition 8.4. Let M have separable predual, and let φ be a faithful normal
regular strongly generating hyperstate on B(L2(M)). Let ϕ = φ|M . Assume that

φ(JT ∗J) = φ(T ) (T ∈ B(L2(M))), φ(∆ϕ) <∞.

If Bφ is semifinite, then Bφ =M . Consequently, if M is a type III factor, then Bφ
is a type III factor.
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Proof. Write B = Bφ, and suppose that B is semifinite. Let ζ be its canonical faith-
ful normal state. Denote the modular objects for (M,ϕ) and (B, ζ) by SM , JM ,∆M

and SB, JB,∆B, respectively. Since ζ|M = ϕ, there is an isometry

V : L2(M,ϕ) −→ L2(B, ζ), V (xξϕ) = xξζ .

Define the normal state Ω(T ) = φ(V ∗TV ) on B(L2(B, ζ)). Writing Q = Poφ, we
have

Q(b) =
∑
k

ykby
∗
k, φ =

∑
k

ωy∗kξϕ , Ω =
∑
k

ωy∗kξζ .

By (3.11), ζ ◦Q = ζ.
Thus, for b ∈ B+,

Ω(b) =
∑
k

ζ(ykby
∗
k) = ζ(b).

Since JBbJB commutes with every yk, the identity
∑
k yky

∗
k = 1 also gives

Ω(JBbJB) = ⟨JBbJBξζ , ξζ⟩ = ζ(b).

We next prove (8.2) and (8.3). The Tomita identities on the individual vectors
give

Ω(∆B) =
∑
k

∥SB(y
∗
kξζ)∥2 =

∑
k

ζ(y∗kyk)

=
∑
k

ϕ(y∗kyk) =
∑
k

∥SM (y∗kξϕ)∥2 = φ(∆M ) <∞.

All sums here are understood through monotone spectral truncation. Lemma 8.3
gives

(8.2) Ω(| log∆B|) <∞, Ω(log∆B) = 0.

Similarly, JM -symmetry and JM∆MJM = ∆−1
M imply

(8.3) φ(| log∆M |) <∞, φ(log∆M ) = 0.

We now compare the modular resolvents. On Mξϕ,

SBV (xξϕ) = x∗ξζ = V SM (xξϕ).

Because Mξϕ is a core for SM and SB is closed, this identity extends to Dom(SM ).
In particular,

(8.4) ∥∆1/2
B V η∥ = ∥∆1/2

M η∥ (η ∈ Dom(∆
1/2
M )).

For a nonnegative self-adjoint operator A and s > 0,

(8.5) ⟨(A+ s)−1ξ, ξ⟩ = sup
η∈Dom(A1/2)

(
2Re⟨ξ, η⟩ − ∥A1/2η∥2 − s∥η∥2

)
.

By (8.4), restricting the supremum in (8.5) for A = ∆B to V Dom(∆
1/2
M ) gives

(8.6) Ds := V ∗(∆B + s)−1V − (∆M + s)−1 ≥ 0 (s > 0).

This argument does not assert equality of the domains of the compressed modular
operators.
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For 0 < a < b <∞, define

ga,b(r) =

∫ b

a

(
1

1 + s
− 1

r + s

)
ds (r > 0).

The integrand has the sign of r − 1, so |ga,b(r)| ≤ | log r|. Moreover, g1/n,n(r) →
log r. By (8.2), (8.3), and dominated convergence,

lim
n→∞

∫ n

1
n

φ(Ds) ds = lim
n→∞

(
φ(g 1

n ,n
(∆M ))− Ω(g 1

n ,n
(∆B))

)
= φ(log∆M )− Ω(log∆B) = 0.

The integrand is nonnegative and norm continuous in s. Hence φ(Ds) = 0 for every
s > 0. Faithfulness of φ on B(L2(M)) implies Ds = 0 for every s > 0.

Let Rs = (∆B + s)−1 and e = V V ∗. Since Ds = 0, (8.6) gives V ∗RsV =
(∆M + s)−1. Differentiating in operator norm yields

V ∗R2
sV = (∆M + s)−2 = (V ∗RsV )2.

Consequently V ∗Rs(1− e)RsV = 0, and hence (1− e)RsV = 0. It follows that

RsV = V (∆M + s)−1, ∆it
BV = V∆it

M (t ∈ R).

For x ∈M , we obtain

σζt (x)ξζ = ∆it
BV (xξϕ) = V (σϕt (x)ξϕ) = σϕt (x)ξζ .

Since ξζ is separating for B, this proves σζt (x) = σϕt (x). Thus σ
ζ
t (M) =M for every

t ∈ R. Takesaki’s theorem [Tak03, Theorem IX.4.2] gives a ζ-preserving faithful
normal conditional expectation E : B → M . Composing E with M ⊂ B and
applying Theorem 3.13 gives E = idB, so B =M .

Finally, if M is a type III factor, a semifinite B would contradict this equality.
Proposition 3.10 says that B is a factor, so it must have type III. □

Corollary 8.5. Every type III factor M with separable predual admits a normal
regular strongly generating hyperstate whose Poisson boundary is a nontrivial type
III factor. Moreover, for every prescribed faithful normal state ϕ on M , there
exists a faithful nrsg (M,ϕ)-hyperstate with a type III Poisson boundary, without
an assertion of nontriviality for this prescribed-marginal choice.

Proof. For a prescribed ϕ, choose the hyperstate of Example 3.9. It satisfies the
hypotheses of Proposition 8.4, so its boundary has type III. This proves the last
assertion.

If M is not injective, this boundary is nontrivial, since Poisson boundaries are
injective by Proposition 3.4. Suppose therefore that M is injective. Let R be the
hyperfinite II1 factor. The classification of injective factors gives

M ∼=M⊗̄R;

the absorption statement and the relevant type III0 case are recalled in the proof
of Theorem 4.4. Choose a hyperstate φ0 on M as above, with type III boundary
B0. By [Zho24, Proposition 5.3], choose an nrsg hyperstate ψ on R with Bψ ̸= R.
Replace both hyperstates by their lazy versions from Lemma 3.14. Their boundaries
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do not change, and their product is nrsg. Theorem 3.15 gives an isomorphism of
inclusions

M⊗̄R ⊂ Bφ0⊗ψ
∼= M⊗̄R ⊂ B0⊗̄Bψ.

The tensor product is a type III factor, since B0 is a type III factor. It strictly con-
tains M⊗̄R: if b ∈ Bψ \R, then 1⊗ b /∈M⊗̄R, as follows by slicing with a normal
state on B0. Transporting this hyperstate through a standard-form implementa-
tion of M ∼= M⊗̄R proves the first assertion. This transport need not preserve a
previously prescribed marginal. □

Remark 8.6. Corollary 8.5 proves existence of a nontrivial type III Poisson bound-
ary for every type III factor. It does not prove that the boundary of every nrsg hyper-
state has type III. Proposition 8.4 uses faithfulness of the hyperstate on B(L2(M)),
its J-symmetry, and its finite modular moment. These are additional properties of
the chosen hyperstate, not consequences of regularity alone.

For an arbitrary nrsg hyperstate on a type III factor, the boundary is a properly
infinite factor and is not of type I. Indeed, if Bφ ∼= B(H), irreducibility and the
bicommutant theorem would force M = B(H). Thus the remaining possibilities in
the arbitrary case are type II∞ and type III. The weak Dixmier property does not
identify its scalar unitary-average limit with ζ(x)1, and it is not used to exclude
semifiniteness in the preceding modular argument.

The next lemma provides the required changes of type. We allow an iterated
crossed product: after the first enlargement, rigidity need not persist, so the second
step requires an additional intertwiner argument.

Lemma 8.7. Let B be a hyperfinite type III factor with separable predual. For
every 0 ≤ λ ≤ 1, there exists a hyperfinite type IIIλ factor Nλ with separable
predual containing B, obtained by at most two crossed products by countable discrete
amenable groups. Each nontrivial crossed-product action is outer, and B ⊂ Nλ has
a faithful normal conditional expectation.

Moreover, if M ⊂ B is irreducible and every normal automorphism of B fixing
M pointwise is the identity, the construction satisfies

M ′ ∩Nλ = C1.

For λ = 0, only the existence of some type III0 target is asserted.

Proof. We first fix the modular conventions. For a faithful normal state ω on B,
write

D = B ⋊σω R, C = Z(D),

and denote the canonical implementing unitaries by ℓω(r). The dual action is
normalized by

σ̂s(b) = b, σ̂s(ℓω(r)) = e−isrℓω(r).

Let θ = σ̂|C . The flow (C, θ) is ergodic. It is the one-point flow in type III1, the
circle flow of period | logµ| in type IIIµ, 0 < µ < 1, and a properly ergodic flow in
type III0 [CT77].

Write

T(B) = {r ∈ R : σωr is inner}.
We use its point-spectrum description

(8.7) T(B) = {r ∈ R : ∃z ∈ U(C), θs(z) = e−isrz for all s ∈ R}.



40 SHUOXING ZHOU

To check (8.7), suppose σωr = Ad(v). Since ω ◦ Ad(v) = ω, the unitary v belongs
to the centralizer of ω. Hence v∗ℓω(r) is central in D and has the stated eigenfre-
quency. Conversely, for such an eigenunitary z, the unitary z∗ℓω(r) is fixed by the
dual action, hence belongs to B, and implements σωr . See also [GS85, p. 210]. In
particular,

T(B) = {0} in type III1, T(B) = 2π

| logµ|
Z in type IIIµ.

A type IIIµ factor, 0 < µ < 1, admits a faithful normal periodic state with this
fundamental modular period, by the discrete decomposition [Tak03].

By the splitting theorem of Sutherland–Takesaki [ST98, Theorem 1.1 and Corol-
lary 1.3], the module has a group-homomorphic section

s : Autθ(C) −→ Aut(B), mod(s(g)) = g.

Here Autθ(C) consists of the automorphisms of C commuting with θ. This is a
genuine group section, including on finite cyclic subgroups.

Lifting time-maps. Let G be a countable subgroup of the group of actual time-maps
{θh : h ∈ R}, with the discrete topology, and define

αg = s(g), A = B ⋊α G.

If g ̸= e, then mod(αg) = g ̸= idC , so αg is outer. Hence A is a factor. If M is as
in the statement, Lemma 8.1 gives M ′ ∩A = C1.

The core of A is

c(A) ∼= D ⋊α̃ G, α̃g|C = g,

with the compatible dual action [Sek90, Proposition 2.1]. We claim that

(8.8) Z(c(A)) = CG, the weight flow of A is θ|CG .

A nonidentity time-map acts essentially freely on C: in a standard measurable
realization of the flow, its fixed-point set is invariant under the whole flow, hence null
or conull; the conull case would make the time-map the identity. If z ∈ Z(D⋊α̃G)
and zg ∈ D is a Fourier coefficient, then

czg = zgg(c) (c ∈ C).

Testing on a countable family of measurable projections separating points shows
that the central support of zg is contained in the fixed-point set of g. Thus zg = 0
for g ̸= e.

The remaining coefficient belongs to CG, and conversely each element of CG is
central. This proves (8.8).

We also need the following relative statement, for every faithful normal state ψ
on A:

(8.9) r /∈ T(B) =⇒ {y ∈ A : my = yσψr (m) for all m ∈M} = {0}.

First take ψ0 = ω ◦ EB, so that σψ0
r |B = σωr . The Fourier coefficients of such a y

satisfy

myg = ygαg(σ
ω
r (m)) (m ∈M).

If yg ̸= 0, (8.1) implies that αg ◦ σωr is inner. A modular automorphism has trivial
module, since its canonical extension is Ad(ℓω(r)). Therefore g = e, and then
r ∈ T(B), a contradiction. For an arbitrary ψ, let wr = [Dψ : Dψ0]r.
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Since σψr = Ad(wr) ◦ σψ0
r ,

m(ywr) = yσψr (m)wr = (ywr)σ
ψ0
r (m) (m ∈M).

The case ψ0 gives ywr = 0, hence y = 0.
This proves (8.9). The same argument is available with M = B.

The target type III1. Take G = {θq : q ∈ Q} and set N1 = B ⋊s|G G.
By (8.8), continuity, and ergodicity,

Z(c(N1)) = Cθ(Q) = Cθ = C1.
Thus N1 is of type III1, and Lemma 8.1 gives M ′ ∩N1 = C1. If the original flow

is trivial, this simply gives N1 = B.
The target type III0. If B is already of type III0, take N0 = B. Otherwise let H ⊂ R
be a countable additive subgroup with H ∩T(B) = {0} and let N = B⋊σω H. The
action is outer. We verify that

(8.10) T(N) = H +T(B).

In type IIIµ, choose ω periodic with fundamental period Tµ = 2π/| log µ|. Changing
the state only cocycle conjugates the modular action and gives an isomorphism of
crossed products fixing B. For ω̃ = ω ◦ EB,

σω̃r (b) = σωr (b), σω̃r (uh) = uh.

If r = h + q with h ∈ H and q ∈ T(B), then σω̃r = Ad(uh); in type III1 one has
q = 0. Conversely, if σω̃r = Ad(v), a nonzero Fourier coefficient vh satisfies

vhσ
ω
h (b) = σωr (b)vh (b ∈ B).

Factoriality makes vh a nonzero scalar multiple of a unitary, so r− h ∈ T(B). This
proves (8.10).

For type III1, choose H = Q. For type IIIµ, choose H = cQ with c/Tµ /∈ Q. In
both cases T(N) is a countable dense proper subgroup of R. It is neither R, nor
{0}, nor a nonzero discrete cyclic subgroup. Thus N is neither semifinite, nor of
type III1, nor of type IIIν with 0 < ν < 1. It has type III0. Lemma 8.1 preserves
irreducibility over M .

A prescribed target type IIIλ, 0 < λ < 1. Let

a = | log λ|, t =
2π

a
, K = T(B) ∩ tZ.

Either K = {0} or K = dtZ for an integer d ≥ 1. Take the actual cyclic group
G = ⟨θa⟩ and set A = B ⋊s|G G. Using actual time-maps means that the kernel of
n 7→ θna has already been divided out. By (8.8), the flow of A is the restriction of
θ to Cθa .

This restricted flow is ergodic and factors through R/aZ. Its eigenfrequency
group is K, by (8.7). To identify the whole flow, average a faithful normal state
on Cθa over this compact group. Its L2-space decomposes into character spaces.
Each nonzero character space is one-dimensional: the modulus of an eigenfunction
is invariant and hence constant, and the quotient of two eigenunitaries of the same
frequency is invariant. If K = {0}, only constants occur, and A has type III1. If
K = dtZ, an eigenunitary of frequency dt generates Cθa . The flow has smallest
positive period a/d, so A has type IIIλ1/d .
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Suppose first that K = {0}. Choose a faithful normal state ψ on A and let
Nλ = A ⋊σψ tZ. This action is outer because T(A) = {0}. We compute the flow
rather than infer the type only from T(Nλ). Let DA = c(A) and v = ℓψ(t). The
canonical extension of the generator is Ad(v). If U is the implementing unitary in
DA ⋊Ad(v) Z, then w = v∗U is central and untwists the inner action. Since DA is
a factor,

c(Nλ) ∼= DA⊗̄L(Z), Z(c(Nλ)) =W ∗(w), θs(w) = eistw.

The weight flow is the circle flow of period 2π/t = a, so Nλ has type IIIλ. If
x ∈M ′ ∩Nλ, its coefficient xk ∈ A at kt satisfies

mxk = xkσ
ψ
kt(m) (m ∈M).

For k ̸= 0, kt /∈ T(B), so (8.9) gives xk = 0. The zeroth coefficient is scalar.
Suppose next that K = dtZ. For d = 1, take Nλ = A. For d ≥ 2, choose a

faithful normal state χ on A with modular period exactly dt, and set

Nλ = A⋊σχt Z/dZ.

This is a genuine outer action, since T(A) = dtZ. Let DA = c(A) and v = ℓχ(t).
Then vd = ℓχ(dt) is central and generates Z(DA): it is an eigenunitary at the
fundamental frequency dt of the circle flow of period a/d. In DA ⋊Ad(v) Z/dZ,
let Ud = 1 be the implementing unitary. The unitary w = v∗U is central and
wd = v−d. For a central element with Fourier coefficients zj ∈ DA, commutation
with DA implies zjv

j ∈ Z(DA). Since Z(DA) =W ∗(vd) =W ∗(wd), this proves

Z(c(Nλ)) =W ∗(w).

The dual action fixes U and satisfies θs(w) = eistw. The spectrum of w is nonempty
and invariant under all rotations, hence is the full circle. The weight flow has
smallest positive period a, so Nλ has type IIIλ. Finally, if x ∈ M ′ ∩ Nλ, its
coefficients satisfy

mxj = xjσ
χ
jt(m) (m ∈M).

For 1 ≤ j < d, jt /∈ T(B), so (8.9) makes xj = 0. Again the zeroth coefficient is
scalar.

All groups used above are countable and abelian, hence amenable. Crossed
products therefore preserve injectivity and separability; the resulting factors are
hyperfinite [Con76]. Composing their canonical faithful normal expectations gives
an expectation onto B. Taking M = B in the arguments also proves the assertions
without an intermediate subfactor. □

We are now ready to prove the embedding theorem.

Theorem 8.8. Let M be a continuous factor with separable predual. For every 0 <
λ ≤ 1, there exists a normal unital irreducible embedding of M into the hyperfinite
type IIIλ factor Rλ. Moreover, M admits such an embedding into some hyperfinite
type III0 factor with separable predual. Moreover, these irreducible inclusions can
be chosen to have the weak Dixmier property.

Proof. Suppose first thatM is of type II1. By [Zho24, Theorem 5.6], there exists an
atomic unitary-measure nrsg hyperstate with nontrivial Poisson boundary B = Bφ.
In the tracial setting both C[zk] and C[yk] in Definition 3.7 are weakly dense; taking
adjoints of the coefficient algebra verifies the second condition. The boundary is a
type III factor by [DP22, Corollary 4.3].
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Suppose next thatM is of type II∞. By Theorem 4.4, choose an nrsg hyperstate
with nontrivial Poisson boundary B = Bφ. Since M is semifinite, Theorem 8.2
shows that B is a type III factor.

Finally, if M is of type III, choose the nontrivial type III boundary supplied by
Corollary 8.5.

In all three cases, B is injective by Proposition 3.4 and M ′∩B = C1 by Proposi-
tion 3.10. It has separable predual: its normal Poisson transform identifies it with
an ultraweakly closed operator system in B(L2(M)), whose predual is a quotient
of the separable trace class. Theorem 3.13 says that every normal automorphism
of B fixing M pointwise is the identity. Lemma 8.7 therefore gives all the required
irreducible embeddings.

Let N be any of the ambient factors just constructed. By Lemma 8.7, there is a
faithful normal conditional expectation
E : N → B = Bφ, which fixes M pointwise. If M is of type II1, the chosen

hyperstate comes from an atomic probability measure on U(M), so Theorem 5.2(ii)
applies. If M is of type II∞ or III, it is properly infinite, so Theorem 5.2(i) applies.
Thus, in all cases, M ⊂ N has the weak Dixmier property.

For 0 < λ < 1, uniqueness follows from [Con76]; for λ = 1, it follows from
[Haa87]. For λ = 0, no uniqueness or prescribed target is needed. This finishes the
proof. □

Remark 8.9. The modular automorphisms used in the second crossed product have
trivial Connes–Takesaki module. They must not be confused with the lifts of time-
maps used in the first crossed product. Also, a nontrivial last crossed product by an
abelian group has nontrivial dual automorphisms fixing the preceding algebra, and
hence fixing M pointwise. By Theorem 3.13, such a final inclusion is not itself a
Poisson-boundary inclusion over M . The expectations in Lemma 8.7 are onto the
original boundary B, not onto M .
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