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Abstract. A systematic way to construct Poisson brackets on moduli stacks in algebraic
geometry is through shifted Poisson structures on derived stacks. The standard construc-
tion, due to Calaque–Pantev–Toën–Vaquié–Vezzosi, imports Gelfand–Kazhdan formal ge-
ometry to derived stacks in order to establish formal descent for polyvector fields. The
result is a graded Lie algebra which we call the “crystalline” polyvector fields on a derived
stack. Using instead the formal derived geometry machinery of Gaitsgory–Rozenblyum,
we construct a graded Lie algebra of “infinitesimal” polyvector fields which has a direct
geometric interpretation: it governs deformations of the formal shifted cotangent stack, to-
gether with its canonical exact symplectic form. Our main result is an equivalence between
crystalline and infinitesimal polyvector fields on a derived stack as graded Lie algebra ob-
jects, providing a deformation-theoretic perspective on the graded Lie algebra constructed
by Calaque–Pantev–Toën–Vaquié–Vezzosi.

1. Introduction

This article is part of the subject of derived symplectic and derived Poisson geometry,
as pioneered by [Pan+13; Cal+17]. Specifically, in [Cal+17], the authors construct a Lie
algebra (actually pn-algebra) of polyvectors on a derived stack. It enables them to define
Poisson structures on derived stacks as something resembling Maurer–Cartan elements, ini-
tiating the study of Poisson structures in derived geometry. The nature of this construction
is in some sense algebraic: the authors set up a suitable kind of descent which allows them
to reduce to derived algebra, where they make the definition after a detailed study of certain
Hodge-filtered de Rham complexes. Following the classical Maurer–Cartan philosophy, one
expects the resulting Lie algebra to govern some sort of formal deformations of a geometric
structure. In this article, we try to address the question: what is a deformation-theoretic
interpretation of the construction of [Cal+17]?

Motivation from differential geometry. To explain the substance of our result, let us
first orient ourselves by analogy with classical differential geometry. A Poisson structure on
a smooth manifold M is a Lie bracket

{−,−} : C∞(M)⊗ C∞(M) −→ C∞(M)

on the algebra of functions which is a derivation in each argument. A key feature of a
Poisson manifold is the collection of Hamiltonian vector fields {f,−} sweeps out a singular
foliation of M , called the symplectic foliation. This foliation can be very complicated and
pathological.

It is well-known that the data of a Poisson bracket is equivalent to the data of a bivector
field

π ∈ Γ(M,Λ2TM)
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satisfying the Maurer–Cartan equation [π, π]S = 0. Here,

[−,−]S : Γ(M,Λ∗TM)⊗ Γ(M,Λ∗TM) −→ Γ(M,Λ∗TM)[−1]

is the Schouten bracket of polyvector fields, which is the unique Lie bracket of degree −1
which restricts to the Lie bracket of vector fields in degree 1 and satisfies the (graded)
Leibniz rule. That is, [−,−]S is itself a type of Poisson bracket, specifically a Gerstenhaber
bracket. Modern (differential) Poisson geometry has the following interpretation for this
phenomenon.

The philosophy is that Poisson manifolds should arise as Lagrangian submanifolds of
symplectic manifolds which are treated as “desingularizations” of the symplectic foliation.
Consider first the zero Poisson structure, π = 0. Here, the symplectic foliation is simply by
the points of M . It naturally embeds as a Lagrangian into the cotangent bundle

M → T∗M,

which is symplectic. The (rather trivial) symplectic foliation on M is encoded by the
submersion

T∗M →M,

together with the additive structure on the cotangent bundle which preserves the fibers.
From the stacky perspective, this data encodes the Lagrangian zero section in the shifted
cotangent bundle

M → T∗[1]M,

which is a graded symplectic manifold forming a “desingularization” of (leaf space of) the
symplectic foliation for the zero Poisson structure on M . The bracket [−,−]S now has a
clear interpretation: it is the Poisson bracket of formal functions on the graded symplectic
manifold T∗[1]M . Nonzero Poisson bivectors, as Maurer–Cartan elements in the resulting
nilpotent dg Lie algebra, are formal deformations of the zero Poisson structure. It is natural
to therefore attempt to reinterpret their deformation theory in terms of T∗[1]M .

The key is the following observation. The graded symplectic form ω on T∗[1]M defines
a Hamiltonian vector field map

v− : C∞(T∗[1]M) = Γ(M,Λ∗TM)→ VF(T∗[1]M),

where we are for now suppressing the grading shifts for clarity. This map is a Lie algebra
morphism and is an injection modulo locally constant functions. Thus, the Schouten bracket
is entirely determined by the Lie bracket of vector fields on T∗[1]M , as long as we can define
the subspace of Hamiltonian vector fields.

To do so, recall that v ∈ VF(T∗[1]M) is Hamiltonian if and only if there is a function
f ∈ Γ(M,Λ∗TM) such that

ιvω = −df,
where ιv denotes interior product. Using the fact that ω = dλ is exact and applying the
Cartan homotopy formula [d, ιv] = Lv, we get

Lvλ = d(ιvλ− f).

Thus, a vector field v is Hamiltonian if and only if its flow preserves λ up to an exact 1-form,
i.e. as a class in the two-term complex

Ω0(M) Ω1(M).d
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Maurer–Cartan elements of the graded Lie algebra of Hamiltonian vector fields on M are,
up to locally constant functions, precisely the Poisson structures on M . The upshot is:

Poisson bivectors are formal deformations of the 1-shifted cotangent bundle
as an exact graded symplectic manifold.

Derived algebraic geometry. Now, let us return to the world of algebraic geometry.
Suppose X is a smooth scheme over a field k of characteristic 0. There is a well-studied
subject of algebraic symplectic structures: Hodge 2-forms

ω ∈ H0(X; Λ2Ω1
X)

such that dω = 0 in Λ3Ω1
X , and the induced map between the tangent and cotangent sheaves

is an isomorphism. On the other hand, a Poisson structure on X can be defined as either
a Poisson bracket on the sheaf of functions

{−,−} : OX ⊗k OX −→ OX ,

or a global section
P ∈ H0(X; Λ2TX)

such that [P, P ]S = 0, where the Schouten bracket has the same definition as in differential
geometry. There is also a rich theory of algebraic Poisson structures on schemes.

Passing to derived stacks, we have a good notion of de Rham theory, namely complete
Hodge-filtered derived de Rham cohomology,

F∗
H dRX ,

defined by smooth descent from affines. As pioneered by [Pan+13], it is the basis of a
theory of symplectic structures in derived algebraic geometry. A 2-form on a derived stack
X is a section of the quasicoherent sheaf Λ2LX ; the condition of having vanishing de Rham
differential becomes the structure of admitting a lift along the canonical map of complexes

F2
H dRX → RΓ(X; Λ2LX).

Finally, the nondegeneracy condition is that the induced map TX → LX is an equivalence
in the ∞-category of quasi-coherent sheaves on X.

In contrast, a serious problem is immediately encountered in an attempt to study Poisson
structures on derived stacks. Namely, as soon as we leave the relatively restrictive world
of Deligne–Mumford stacks, the Lie bracket of vector fields not only doesn’t descend in
the naive way, but isn’t even functorial. The work [Cal+17] solves this problem by instead
using descent of the Lie bracket of vector fields over the space of jets, or more precisely the
sheaf of principal parts together with its canonical flat connection. In practice, this means
studying in detail the geometry of the map

p : X → XdR

to the de Rham stack of X, in particular the extent to which formal neighborhoods of points
descend along p.

One of the accomplishments of [Cal+17] is to produce a sheaf of graded Lie algebras on
XdR, which we denote

PolcrysX ∈ AlggrLie(QCoh(XdR)),

such that its underlying graded sheaf is p∗(Λ
∗TX). On affines this Lie algebra reduces

to the standard definition of polyvectors as multiderivations, justifying its definition. The
superscript stands for “crystalline” — we will explain the reasoning for this later in the
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introduction. Then, Poisson structures on X are defined to be “graded Maurer–Cartan
elements.” More precisely, the space of Poisson structures on X is the mapping space

Poiscrys(X, 0) = MapAlggrLie(XdR)(ins
2OXdR

[−1],PolcrysX ),

where ins2OXdR
[−1] is the trivial Lie algebra object OXdR

[−1] ∈ AlgLie(QCoh(XdR)) placed
in grading 2. This turns out to be the right invariant definition which recovers ordinary
Poisson bivectors on smooth schemes — see [Cal+17; MS18]. We will try to provide a bit
of additional intuition on this point in Theorem 4.6.

The construction. We will borrow the ideas from differential geometry outlined previously
to provide an alternative construction of a graded Lie algebra structure on p∗(Λ

∗TX). As
a feature, it will have a direct deformation-theoretic interpretation. Specifically, given a
derived stack X with perfect cotangent complex, we define a graded Lie algebra

PolinfX ∈ AlggrLie(QCoh(XdR))

governing the deformations of the formal symplectic stack T̂∗[1]X over X and prove its un-
derlying graded sheaf is equivalent to p∗(Λ

∗TX). The superscript stands for “infinitesimal”
to indicate the nature of this Lie algebra as arising from the realm of D-modules.

The conceptual idea of the definition is as follows. Let X be a derived stack with perfect
cotangent complex and write F∗

H dRX/XdR
∈ QCoh(XdR) for the complete Hodge-filtered de

Rham cohomology of the canonical morphismX → XdR. SinceXdR has vanishing cotangent
complex, F∗

H dRX/XdR
is a lift of the absolute Hodge-filtered de Rham cohomology of X to

a sheaf over XdR. By functoriality of F∗
H dR, there is an action

Âut(X) ↷ F∗
H dRX/XdR

over XdR, where Âut(X) is the group of formal automorphisms of X over XdR. The group
of formal automorphisms is the object encoding deformation theory of X. Replacing X by

T̂∗[1]X and recalling that (T̂∗[1]X)dR ≃ XdR, we also have an action

Âut(T̂∗[1]X) ↷ F∗
H dR

T̂∗[1]X/XdR
.

The symplectic structure on T̂∗[1]X is exact, which means it defines a class in the cofiber

(1) coFib
(
F0
H dR

T̂∗[1]X/XdR
→ F2

H dR
T̂∗[1]X/XdR

)
,

on which there is an induced action of Âut(T̂∗[1]X). Moreover, the whole picture is compat-

ible with the fiberwise grading on T̂∗[1]X since the symplectic form is fiberwise linear. The

object PolinfX is defined to be the Lie algebra of the formal group given by an appropriately

defined stabilizer of the symplectic form as a class in (1) under the action of Âut(T̂∗[1]X).
We can now give an alternative definition of Poisson structures as the mapping space

Poisinf(X, 0) = MapAlggrLie(XdR)(ins
2OXdR

[−1],PolinfX ).

A priori, this space is unrelated to the previously defined Poiscrys(X, 0). However, our main
theorem will provide an equivalence of graded Lie algebra objects

PolcrysX ≃ PolinfX

in QCoh(XdR), and therefore an equivalence of spaces

Poisinf(X, 0) ≃ Poiscrys(X, 0).
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Put differently, we prove that the deformation theory of the Poisson structures of [Cal+17]

recovers the deformation theory of the exact symplectic stack T̂∗[1]X.

Cartan homotopy formula. To prove that the resulting object has the right underlying
graded sheaf requires the knowledge that the de Rham differential is dual (in a Koszul
sense) to the Lie bracket of vector fields. In our generality, that means determining the

relationship between the Âut(X)-action on F∗
H dRX over XdR and the duality LX ≃ T∨

X
over X itself — a version of the Cartan homotopy formula. For that purpose, we take
inspiration from [KS04] and re-interpret the Cartan formula as an action on a mapping
stack of a semi-direct product of groups naturally defined in terms of the source and target.

Returning momentarily to differential geometry, let M be a manifold and let R[−1] be
the odd line, i.e. the graded manifold over a point whose graded ring of functions is R[η]
with deg η = −1 (in particular η2 = 0). Then we have an expression for differential forms
on M in terms of (smooth) mapping spaces:

C∞(Map(R[−1],M)) ≃ C∞(T[−1]M) ≃ Ω•(M)

(with reversed grading), and the de Rham differential corresponds to a vector field of degree
1 on the mapping space. Following [KS04], we describe d in terms of group actions.

Specifically, on the mapping space

Map(R[−1],M)

there are actions of two natural groups:

Diff(R[−1]) and Map(R[−1],Diff(M)).

On the level of Lie algebras, it is easy to see that the latter acts by Lie derivatives Lv

(corresponding to the base) and interior products ιv (corresponding to the nilpotent fibers)
by vector fields v ∈ VF(M). On the other hand, the Lie algebra of vector fields on R[−1]
is spanned by two elements:

∂

∂η
and η

∂

∂η
.

One can see that η ∂
∂η governs the degree of differential forms, in that it acts by multiplication

by p on p-forms. On the other hand, the derivation of degree 1 on Ω•(M) induced by ∂
∂η is

precisely the de Rham differential. Finally, a computation reveals that the Cartan homotopy
formula

[d, ιv] = Lv

on Ω•(M) is equivalent to the statement that the actions of the two groups above extend
to an action of the semidirect product

Diff(R[−1])⋉Map(R[−1],Diff(M)).

This idea lends itself to import into derived geometry, and indeed our statement which
helps identify the underlying sheaf of the Lie algebra PolinfX parallels the above discussion.
Working in formal moduli problems, M becomes a derived stack X, diffeomorphism groups
are replaced by groups of formal automorphisms, and the role of R[−1] is played by the
derived stack referred to as the graded circle:

S1gr = [BGa/Gm] ∈ dSt/BGm
,

so named because BGa is the affinization of the constant derived stack S1.
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What is infinitesimal here? We choose to distinguish the two a priori different definitions
of polyvectors with the words “crystalline” and “infinitesimal”, which deserves explanation.
The construction of Polcrys fundamentally involves studying the derived algebra of modules
over the complete Hodge-filtered de Rham algebra

F∗
H dRR/k

for a map of derived rings k→ R. It is well-known that in characteristic p, the underlying
object F0

H dRR/k computes crystalline cohomology of R/k; thus, the algebra of F∗
H dRR/k

has a “crystalline” nature.
The de Rham stack XdR of a smooth scheme X over Q governs Grothendieck’s infini-

tesimal site of X: (XdR)ét ≃ Xinf . Our construction of Polinf fundamentally relies on sheaf
theory on XdR, as studied in [GR17b], without involving modules over a de Rham algebra.
Thus we chose the name “infinitesimal” to emphasize that distinguishing feature of the def-
inition. Our main theorem states simply that Polinf ≃ Polcrys, so that one can immediately
return to the standard notation without superscripts.

We hasten to point out that [Cal+17] do also work over XdR. However, as pointed out
in the original work, the objects they define over XdR are in fact not sheaves. In fact, as
we will see, these objects are a certain kind of ind-coherent sheaves on XdR.

Of course, we work over Q, where there is no difference between the crystalline and
infinitesimal sites. This is one reason to believe that Polinf and Polcrys represent the same
object. On the other hand, in general characteristics there may appear a difference. We
have set up the exposition in a way which hopefully facilitates studying generalizations in
this direction. For example, there are several options away from characteristic 0 for what
replaces the de Rham stack.

Main results. Here, we give somewhat more precise statements of the results we prove.
Recall that we write p : X → XdR for the canonical map.

The first result is independently proven (in greater generality) in a paper in preparation
by N. Rozenblyum, to whom we are grateful for many discussions on the topic.

Theorem 1.1 (Theorem 6.4). Let X be a derived stack admitting a perfect cotangent com-
plex. Let n ∈ Z. There exists a formal group GPX(n) over XdR × BGm such that

PolinfX (n) = Lie(GPX(n)) ∈ AlggrLie(QCoh(XdR))

governs the deformation theory of T̂∗[n+1]X as an exact (n+1)-symplectic derived stack.
Moreover, the underlying graded sheaf satisfies

Forget(PolinfX (n)) ≃ p∗Sym
∗
X(TX [−n− 1])[n+ 1]

in GrQCoh(XdR).

As we have already mentioned, the last point of Theorem 6.4 requires a version of Cartan

calculus adapted to the objects Âut(X) and F∗
H dRX . A general statement of this form

is proved in an upcoming paper of Brav–Rozenblyum, from which ours can be deduced
directly. We will provide an independent proof which will be sufficient for our setup. It for
the most part does not depend on the underlying ∞-category, and so we have chosen to
place it in an appendix where it can be read on its own.

In parallel with the diffeo-geometric discussion and following [TV11], the HKR theorem
becomes the statement that the de Rham differential on p∗Sym

∗
X(LX [1]) corresponds to the
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action of S1gr on

T̂[−1]X ≃ M̂apXdR×BGm
(XdR × S1gr, X × BGm)

by “rotation of formal loops”. This action evidently commutes with the natural action of

Âut(X). The result we require is then the following extension of the HKR theorem.

Theorem 1.2 (Theorem 5.7). Let X be a derived stack admitting a perfect cotangent com-

plex. The S1gr × Âut(X)-action on T̂[−1]X lifts to an action of

S1gr ⋉ T̂[−1]Âut(X)

such that its restriction to T̂[−1]Âut(X) is equivalent to the canonical action on T̂[−1]X.

The existence of the action in Theorem 5.7 is essentially a statement about internal
mapping objects in any∞-category. Thus we have chosen to place that part of the proof in
the Appendix, which does not make reference to the particulars of the categories and objects
involved in the theorem. The geometric significance of Theorem 5.7 for us arises from the
identification of the restricted action of the constituent group objects. In particular, the
(−1)-shift of the formal automorphisms of X is identified with the translation action on the
shifted tangent stack. On the algebra of global functions, the translation action is given by
the duality TX ≃ L∨

X — the interior product.
Finally, the main theorem. We let

PolcrysX (n)

denote the graded Lie algebra object of QCoh(XdR) constructed in [Cal+17] which governs
n-Poisson structures on X1. Write

Poiscrys(X,n) = MapAlggrLie(XdR)(ins
2OXdR

[−1],PolcrysX (n)),

Poisinf(X,n) = MapAlggrLie(XdR)(ins
2OXdR

[−1],PolinfX (n))

for the spaces of crystalline n-Poisson structures and infinitesimal n-Poisson structures on
X respectively.

Theorem 1.3 (Theorem 8.1). Let X be a derived stack with perfect cotangent complex. Let
n ∈ Z. There is an equivalence of Lie algebra objects

PolcrysX (n) ≃ PolinfX (n)

in GrQCoh(XdR). In particular, there is an equivalence of spaces

Poiscrys(X,n) ≃ Poisinf(X,n).

The proof proceeds by comparing both sides to a “hybrid” construction: a graded Lie

algebra of crystalline vector fields on T̂∗[n + 1]X. The idea is to construct morphisms of
Lie algebras

(2) PolcrysX (n)→ gr1Polcrys
T̂∗[n+1]X

(0)← PolinfX (n)

and another Lie algebra

hX(n)→ gr1Polcrys
T̂∗[n+1]X

(0)

1To avoid confusion, we note that this is the graded sheaf on XdR which [Cal+17] denote Pol(BX/DX , n+
1)[n+ 1].
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such that both maps in (2) lift to hX(n), and moreover

PolcrysX (n) ≃ hX(n) ≃ PolinfX (n).

The Lie algebra hX(n) is defined analogously to PolinfX (n) but using the crystalline frame-
work. As such, it is constructed using cofibrant models, and the comparison involves choos-
ing differential graded Lie algebroid models for the formal moduli problems involved.

Outline. In Section 2, we begin with algebraic preliminaries. The material here is largely
standard and serves as a convenient reference for what is to come. Section 3 goes on
to outline the necessary background on derived algebraic geometry. Aside from material
studied in detail in [GR17b], it also summarizes the key features of the perspective on formal
moduli problems from [Nui19b]. In Section 4, we introduce the point of view on derived de
Rham theory and symplectic structures [Pan+13] that we will take. Section 5 goes on to
establish a version of the Cartan homotopy formula for derived stacks from this perspective.
It crucially relies on a basic category-theoretic result, which we deduce from existing results
of [Lur] in Section A. We give the definition of infinitesimal polyvectors in Section 6 and use
the material on Cartan calculus to justify it. In the short Section 7, we remind the reader
of the main definitions of [Cal+17] and orient it within the world of ind-coherent sheaves.
Finally, Section 8 is dedicated to the statement and proof of the main theorem. It contains
a detailed outline of the proof itself.

Relationship to other work. The foundational work [Cal+17] is, of course, what allowed
for the ideas of this article to be developed. The construction of what we call infinitesimal
polyvectors was discovered by and will appear in an upcoming work of Nick Rozenblyum.
It is moreover based on a paper in preparation by Brav–Rozenblyum on a general approach
to Cartan calculus, of which we develop a special case here. We would also like to draw the
attention of the reader to the two preprints [Tom25; Tom26], in which the author proves
a complementary theorem: crystalline Poisson structures on a derived stack X are equiv-
alent to Lagrangian thickenings of X. Lagrangian thickenings of X can be interpreted as
formal symplectic groupoids exhibiting the deformations classified by infinitesimal Pois-
son structures — indeed, they are the correct analogue in formal derived geometry of the
“desingularizations” of symplectic foliations discussed in the introduction.

Acknowledgements. First of all, we wish to thank Ezra Getzler for his continued support
and generosity with time throughout the author’s time in graduate school which directly
resulted in this work. Special appreciation is extended to Nick Rozenblyum for extended
discussions about a plethora of mathematical points, to Ben Antieau for very helpful dis-
cussions and a careful reading of a first draft of the article, to Arpon Raksit for much help
with filtered de Rham functors and to Pavel Safronov for many patient explanations of
nuances of derived Poisson geometry. The author would also like to warmly thank Max-
ine Calle, Sonja Farr, Andres Fernandez Herrero, John Francis, Jiaqi Fu, Marco Gualtieri,
Rajiv Kaipa, Liam Keenan, Daniel Mallory, Deven Manam, Naruki Masuda, Tony Pantev,
Jon Pridham, Chris Rogers, Alex Takeda, Nikola Tomić and Boris Tsygan for mathematical
discussions. This work was partly supported by an NSERC PGS-D award.

2. Preliminaries: algebra

2.1. Assumptions and notation. Fix a field k of characteristic 0 throughout (one can
safely assume k = C). Gradings are cohomological unless otherwise indicated; in particular,
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πn = H−n for linear objects. All categorical notions will be implicitly∞-categorical, unless
otherwise indicated. We use calligraphic letters to denote∞-categories, and any 1-categories
will be denoted in Roman letters. Set-theoretical issues will not exceed those of [Lur], so
we leave sizes of categories implicit.

We mostly use the conventions of [GR17a; GR17b] for derived (pre)stacks and sheaves
on them. In particular, all (derived) schemes are assumed to be separated, and all derived
prestacks are assumed to be locally almost of finite type (laft), convergent and infinitesimally
cohesive. We write

• PrLk for the symmetric monoidal category of stable presentable k-linear categories;
• Modk for the category of k-modules (cochain complexes);
• CAlgk for the category of E∞-algebras (alias: derived commutative algebras) over
k;
• aCAlgk for the category of connective E∞-algebras (alias: animated commutative
algebras) over k;

• Affk = (aCAlgfpk )
op for the category of (finitely presented) affine schemes;

• GrC for the category of graded objects in C;
• FilC for the category of (decreasing) filtered objects in C;
• cFilC for the category of complete (decreasing) filtered objects in C;

When it is relevant, we refer to increasing filtrations as “cofiltrations” and treat them as
filtrations in the opposite category. We generally use the notation Alg,CAlg for algebra and
commutative algebra objects in a (symmetric) monoidal category respectively. Similarly,
we use the notation cAlg, cCAlg for coalgebra and cocommutative algebra objects. We will
tacitly assume coalgebras are conilpotent. We use the notation

cCAlgaug(C) = (cCAlg)1C/

for coaugmented cocommutative coalgebras.

2.2. Derived rings. Let C ∈ CAlg(PrLk ) be a presentable k-linear symmetric monoidal
category. As mentioned in the previous section, we use the notation

CAlgk

for the category of E∞-algebra objects in Modk and refer to them as derived commutative
algebras. Given R ∈ CAlgk, we will similarly write CAlgR for the category of R-algebras,
and ModR for the category of R-modules in Modk.

We refer to the full subcategory aCAlgk ⊂ CAlgk spanned by connective objects as the
category of animated commutative rings. It is well-known that this category has several
convenient models in terms of 1-categorical data; here, we will find the model category
of (cohomologically) nonpositively graded cdgas useful later. We refer to classical (non-
derived) commutative rings, viewed in aCAlgk, as static.

Definition 2.1. We say that an animated commutative ringR ∈ aCAlgk is finitely generated
(finitely presented) if

• π0R is a finitely generated (finitely presented) static k-algebra,
• πiR is a finitely generated (finitely presented) π0R-module for each i, and
• πiR = 0 for i >> 0.

We say an affine SpecA is of finite type (finite presentation) if A is finitely generated (finitely
presented). Let

aCAlgfgk , aCAlgfpk
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denote the full subcategory spanned by finitely generated (finitely presented) animated
commutative rings. The category of affine (derived) schemes is

Affk = (aCAlgfpk )
op.

Thus, we only deal with finitely presented affine schemes. Our stacks will by definition
be defined on such affines. A piece of notation: given a morphism f : A → B of animated
commutative rings, we write N•(f) ∈ Fun(∆, aCAlgk) for its conerve (aka Amitsur complex).

Definition 2.2. The category of derived prestacks (or simply prestacks) is by definition
the presheaf category

dPStk = Fun(Affop
k , Spc) ≃ Fun(aCAlgfpk , Spc).

A derived prestack X : aCAlgfpk → Spc is a derived stack if it satisfies étale descent, i.e. for

every étale cover f : A→ B in aCAlgfpk , the natural map of spaces

X(A)→ lim
∆

X(N•(f))

is an equivalence. Let dStk ⊂ dPStk be the full subcategory spanned by derived stacks.

There is a fully faithful inclusion

Affk ↪→ dStk.

Remark 2.3. (Pre)stacks in the sense used here are related to presheaves defined on all of
aCAlgk via left Kan extension.

Remark 2.4. We first restrict to finitely generated animated commutative rings and assume

all derived stacks are left Kan extended from aCAlgfgk because that is required for the
formalism of [GR17a; GR17b] to work. To apply some of the results of [Nui19b], we require
our rings to be coherent. We thus impose the more severe restriction to finite presentation
out of desire for simplicity, and the reader is free to replace finitely presented animated
commutative rings with coherent ones where it is appropriate.

2.3. Gradings and filtrations. Here, we give a rapid recall of definitions and statements
on filtered objects; see [Rak20, Sec. 3.1] for a detailed discussion. Recall that the graded
category of C is

GrC = Fun(Zds,C),

where Zds is Z viewed as a discrete category, i.e. a set. The filtered category is

FilC = Fun(Z⩾∗,C)

where we now consider the integers as a poset (viewed as a 1-category). Note that our
filtrations are assumed to be decreasing; at some points we work with increasing filtrations,
and refer to them as cofiltrations. An important role is played by the nonnegatively filtered
category,

Fil+C = Fun(N⩾∗,C),

which is in fact a full subcategory of FilC, which can be seen by considering left Kan
extension along N⩾∗ → Z⩾∗. The category Fil+C is equivalently described as the full
subcategory spanned by objects X∗ for which Xi+1 → Xi is an equivalence for all i < 0.
In general, we use the term weight to denote the filtration (grading) degree in a filtered
(graded) object. We will write X∗(j) = X∗+j for the weight shift.
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There are evaluation functors

evn : GrC→ C, evn : FilC→ C

given by restriction to {n} ↪→ Z. They both admit fully faithful left adjoints

insn : C→ GrC, insn : C→ FilC,

called insertion functors. Write also

F−∞ : FilC −→ C

X∗ 7−→ colim
n→−∞

Xn

for the underlying object functor. The functor F−∞ admits a right adjoint which sends an
object A ∈ C to the constant filtration

· · · = A = A = A = A = · · · .

If X∗ ∈ Fil+C then

F−∞X∗ ≃ X0 = ev0X∗.

The associated graded functor is denoted by

gr : FilC→ GrC

and is given by the formula

grnX = coFib(Xn+1 → Xn).

An object X∗ ∈ FilC is complete if

lim
n→∞

Xn ≃ 0.

The full subcategory of FilC (respectively Fil+C) spanned by all complete objects is denoted

by F̂ilC (respectively F̂il
+
C). The inclusion admits a left adjoint, called the completion

functor

(̂−) : FilC→ F̂ilC,

which restricts to

(̂−) : Fil+C→ F̂il
+
C.

Moreover, the restriction

gr : F̂ilC→ GrC

is conservative.

Definition 2.5. Write

D± = Sym∗
k(k[∓1](1)) ∈ GrCAlgk

for the free graded derived commutative k-algebra on a generator of cohomological degree
±1 and weight 1.

The following theorem is a manifestation of Koszul duality, and in particular the fact
that (D+)∨ is the bar construction of the Rees algebra. It can be interpreted as a result on
convergence of spectral sequences — see [Ant24] for precise statements.
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Theorem 2.6 (Ariotta, Raksit). There is a symmetric monoidal equivalence

F̂ilModk →ModD+(GrModk),

making the diagram

F̂ilModk ModD+(GrModk)

GrModk

≃

gr∗

commute. There is a shear equivalence

ModD+(GrModk) ≃ModD−(GrModk).

Proof. See [Ari21] and [Rak20]. □

The above theorem is a precise statement regarding the additional structure present

on the associated graded object of a complete filtered object. Given X∗ ∈ F̂ilModk, the
composition

griX → Xi+1[−1]→ gri+1X[−1],
where the maps are the natural ones coming from the fiber sequences defining gr∗X, defines
a sequence of degree 1 maps

· · · gri−1X → griX → gri+1X → · · · ,

with all compositions being nullhomotopic — a kind of cochain complex. Theorem 2.6 states
that the coherence data for these nullhomotopies, in the form of a D+−module structure,
precisely encodes the original complete filtration.

There is an explicit cochain model for D+ given simply by

D+ = k[ϵ],

where deg ϵ = 1 and wt ϵ = 1. The symmetric monoidal model category of k[ϵ]-modules
in GrC•(k) is described in detail in [Cal+17, Sec. 1.1]; see also [TV20, Sec. 1.2–1.3]. In
the cited references, these are called graded mixed modules2. We also call them (strict) dg
D+-modules. Write

ModD+

for the symmetric monoidal model category of dg D+-modules over k; write also

CAlgD+

for the model category of commutative algebra objects in ModD+ .
Part of the philosophy underlying this article is:

The more fundamental objects are complete filtered modules/algebras, and
graded mixed/dg D+−objects are avatars of filtrations.

Of course, this statement is strictly about interpretations, since Theorem 2.6 states that
the two categories are equivalent.

2It is also worth noting that the graded mixed objects of [Pan+13] correspond to D−-modules, and are thus
related by a shear.
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2.4. de Rham cohomology. We will mostly follow Raksit [Rak20] and Antieau [Ant25a;
Ant25b] in our presentation in this section. Let k be any derived commutative ring. Recall
that the zeroth associated graded functor

gr0 : F̂il
+
CAlgk → CAlgk

admits a left adjoint.

Definition 2.7. We write F∗
H dR(−)/k for the left adjoint of gr0. For R a derived commu-

tative k-algebra, we refer to

F∗
H dRR/k

as the (Hodge-filtered) de Rham cohomology of R over k. We emphasize that we always
take the completed Hodge filtration.

Proposition 2.8 (Raksit). The associated graded of the Hodge filtration is computed by

grpH dRR/k ≃ Symp
R(LR/k[−1]).

Moreover, in the case that k is static and R is an animated commutative k-algebra, F∗
H dRR/k

agrees with the Hodge-complete derived de Rham cohomology.

Proof. See [Ant25a; Rak20]. □

As discussed in [Rak20], Theorem 2.8 goes through with the derived ring k replaced by

any K∗ ∈ F̂ilCAlgk. That is, there is an adjunction

gr0 : F̂il
+
CAlgK∗ ⇄ CAlgK∗ : F∗

H dR(−)/K∗ ,

and for any K∗-algebra R,

gr∗H dRR/K∗ ≃ Sym∗
R(LR/K∗ [−1])

in the category GrCAlgK∗ .

Definition 2.9 (Filtered underlying objects). Let K∗ ∈ F̂ilCAlgk. The underlying object
functor

F−∞ : F̂ilCAlgK∗ → CAlgF−∞K

induces a symmetric monoidal functor

F−∞
K : cFil(F̂ilCAlgK∗)→ F̂ilCAlgF−∞K.

Informally, an object X∗,⋆ ∈ cFil(F̂ilCAlgK∗) is equipped with two filtrations: one from the
K∗-module structure, and an “external” one which we label by ⋆. Then

F−∞
K X⋆ ∈ F̂ilCAlgF−∞K

extracts the “inner” underlying object and retains the “external” filtration.

In particular, suppose R∗ ∈ CAlgK∗ . Then we get an underlying “absolute” de Rham
cohomology

F−∞
K F⋆

H dRR∗/K∗ ∈ F̂ilCAlgF−∞K.

For clarity, we will drop the superscripts on R∗,K∗ and write

F−∞
K F⋆

H dRR/K = F−∞
K F⋆

H dRR∗/K∗ .

This emphasizes which filtration “remains” after taking underlying objects.
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Remark 2.10. In [Cal+17], the analogue of the “inner underlying object” functor F−∞
K

goes by the name Tate realization, denoted | − |t. We will elaborate on this comparison in
a later section.

The de Rham cohomology of more general stacks will feature heavily. As such, it is
expected that we will need a symmetric monoidality statement.

Theorem 2.11 (Base change for Hodge-filtered de Rham cohomology). Suppose given a
commutative diagram

k1 k0 k2

R1 R0 R2

in CAlgk. The natural morphism

F∗
H dRR1/k1 ⊗

F∗
H dRR0/k0

F∗
H dRR2/k2 −→ F∗

H dRR1⊗R0
R2/k1⊗k0k2

in F̂il
+
CAlgk is an equivalence.

Proof. In this form, the statement is proved in [Ant25b, Thm. 2.8]. See also [Cal+17,
Lemma 1.3.18] and [CS24, Cor. 2.8]. □

We will need a particular type of descent statement for de Rham cohomology in the proof
of the main theorem, which we isolate here. The key player is the reduced locus functor.

Definition 2.12. Let R be an animated commutative ring. The associated reduced ring is

Rred = π0R/Nil(π0R),

where Nil is the functor associating to a static ring its ideal of nilpotents. In particular note
that Rred is a static commutative ring.

The following statement is well-known.

Lemma 2.13. The functor

GdR
a : R 7→ Rred

defines a ring stack on aCAlgk valued in 0-truncated objects.

Observe that there is a natural map

R→ Rred

which is connected, i.e. induces a surjection on π0. Connectedness is the property underlying
the following.

Proposition 2.14. Let R → Si be an étale covering family in aCAlgk and let S• denote
its conerve. Then

F∗
H dRRred/R ≃ TotF∗

H dR(S•)red/S• .

Proof. By [Ant25b, Theorem 6.1], it suffices to show that (Rred/R) → (Sred
i /Si) is a cover

for the canonical topology on the category of pairs. This follows from Theorem 2.13. □

The fundamental importance of the object F∗
H dRRred/R arises from the following.
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Theorem 2.15. Let R ∈ aCAlgfpk . Then the canonical map

R→ F−∞
H dRRred/R ≃ F0

H dRRred/R

in CAlgk is an equivalence.

Proof. This follows from [Bha12, Cor. 4.14]. It is also proven directly in [Cal+17, Lemma
2.2.4]. See [Ant25b, Sec. 7] for another perspective. □

2.5. Lie algebras. In this section we gather definitions and structural results to do with
Lie algebra objects which we will be using. See [Hei25] and [GR17b, Ch. 6] for the relevant
details; we use the formalism for (symmetric) operads described in [BCN25]. Let

Com, Lie

denote the commutative and Lie operads in Modk respectively. Let C ∈ CAlg(PrLk ). For
any operad a in Modk, the symmetric monoidal unit map

i : Mod⊗k → C⊗

defines an operad i(a) in C. We will drop the unit map from the notation and denote the
induced operad by the same symbol. Recall that Lie and Com are Koszul dual, so that

Lie ≃ Λ(cCom)⊥,

as operads in Modk. Here, Λ denotes shift of symmetric sequences, (−)⊥ denotes the Koszul
dual operad of a cooperad, and cCom is the operad Com in Cop, treated as a cooperad in
C. We will also use the n-Poisson operad

pn = Com ◦ ΛnLie,

whose algebras have Lie brackets of cohomological degree 1− n.
Write

C∗ : AlgLie(C)→ cCAlg(C)

for the cobar construction on algebras over the Koszul operad Lie. When C = Modk,
C∗ admits an explicit model given by the restriction of the Chevalley–Eilenberg coalgebra
functor to fibrant-cofibrant objects.

We will consider AlgLie(C) together with its Cartesian symmetric monoidal structure. In
particular

Alg(AlgLie(C)) ≃ Mon(AlgLie(C)).

Let

ΩLie : AlgLie(C) −→Alg(AlgLie(C)

g 7−→ 0×
g
0.

Proposition 2.16. The functor ΩLie is an equivalence. Moreover, the composition

AlgLie(C) Alg(AlgLie(C)) AlgLie(C)
ΩLie Forget

factors through the trivial Lie algebra functor

trivLie : C→ AlgLie(C).

Proof. See [Toë13, Lemma 5.3]. □
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We use BLie to denote an inverse of ΩLie. Write

bAlg(C) = Alg(cCAlg(C))

for the category of cocommutative bialgebras in C. Note that the monoidal structure on
coalgebras is the tensor product of the underlying modules and coincides with the categorical
product in cCAlg(C).

Remark 2.17. It is conceptually helpful to keep in mind that if C ∈ CAlg(PrLk ) then the
inclusion

bAlg(C)→ Grp(cCAlg(C))

is an equivalence, so that all cocommutative bialgebras are in fact Hopf algebras. See [Hei25,
Cor. 4.11] for more on this point.

We give a model-independent definition of the universal enveloping algebra, [GR17b, Ch.
6] and [Hei25]. We remark that the functor C∗ admits a symmetric monoidal structure.

Definition 2.18. Let C ∈ CAlg(PrLk ). The universal enveloping algebra functor, denoted
by U, is the composition

AlgLie(C) Alg(AlgLie(C)) bAlg(C).ΩLie C∗

We collect some of the main results of [GR17b, Ch. 6] and [Hei25] in one theorem for
convenience of reference. Note that the former uses a slightly different (but equivalent)
formalism for operads.

Theorem 2.19 (Gaitsgory–Rozenblyum; Heine). Fix C ∈ CAlg(PrLk ).

1. (Primitives) The functor U admits a right adjoint, denoted

prim: bAlg(C)→ AlgLie(C).

2. (PBW theorem) There is a canonical equivalence

U ◦ trivLie ≃ Sym

of functors C→ Alg(C).
3. (Milnor–Moore theorem) The functor

U: AlgLie → bAlg(C)

is fully faithful.

Proof. (1) [GR17b, Ch. 6, 4.4.2], [Hei25, p. 4.14]; (2) [GR17b, Ch. 6, Thm. 5.2.4]; (3)
[GR17b, Ch. 6, Thm. 4.4.6], [Hei25, Thm. 4.28]. □

We record the following convention, matching that of [Cal+17; MS18].

Convention 2.20 (Graded Lie algebras). Let C be a stable presentable k-linear symmetric
monoidal category and consider the Lie operad Lie in C. Recall the unit map

i : Modk → GrModk.

The operad of graded Lie algebras in GrC is by definition the twist

Liegr = i(Lie)(−1)
obtained from i(Lie) by assigning weight −1 to the Lie bracket. Informally, a Liegr-algebra
is a graded module g∗ together with an antisymmetric map

[−,−] : g∗ ⊗ g∗ −→ g∗−1,
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which satisfies the Jacobi identity up to coherent higher homotopy3. The key example
arising in nature is the graded Lie algebra of polyvector fields on a smooth scheme. We
write

AlggrLie(C) ≃ AlgLie(GrC)

for the category of Liegr-algebras in C.

Remark 2.21. A conceptual reason weight −1 Lie brackets arise in the subject is the fact
automorphisms of a smooth scheme should be thought of as having weight 1. This is clear
on the level of neighborhoods of points: module automorphisms are linear.

Finally, we introduce derivations and multiderivations. As they are defined by operadic
formulas, the definition must pass through cofibrant models, which are summarized before
giving the definition. For more details, see [Cal+17, p. 1.4].

Let K be a cofibrant commutative dg algebra over k, and let R → A be a cofibration
of cofibrant commutative dg K -algebras. Then the tangent space

TA /R = HomA (Ω1
A /R ,A )

is equipped with the structure of a dg Lie algebra over R, given by the restriction of the
commutator in EndR(A ). Moreover, this Lie structure is invariant under equivalences of
the triple (K ,R,A ). That is, given any other cofibrant commutative dg algebra K ′ and
cofibration of commutative dg K ′-algebras R′ → A ′ such that K ′ ≃ K and (R′,A ′) ≃
(R,A ) as pairs of K -algebras, we have an equivalence of dg Lie algebras TA ′/R′ ≃ TA /R .

For K ,R,A as above and n ∈ Z, the symmetric algebra

Sym∗
A (TA /R [−n− 1])

acquires the structure of a graded pn+2-algebra by extending the Lie bracket of derivations
via the Leibniz rule; the grading is the symmetric algebra grading. This graded pn+2-algebra
is also invariant under equivalences of cofibrant triples (K ,R,A ), since the Lie bracket of
derivations is.

Finally, observe that the same considerations apply when K (and therefore R,A ) is
equipped with an additional grading, complete filtration or dg D+-module structure.

Definition 2.22. Let C be one of Modk,GrModk, F̂ilModk,ModD+ and fix a base commu-
tative algebra k ∈ CAlg(C). Let R → A be a morphism in CAlg(C). We define the Lie
algebra of derivations of A/R by choosing any cofibrant representative (K ,R,A ) of the
triple (k, R,A) and letting

Der(A/R) = (TA /R , [−,−]),
where [−,−] is the dg Lie structure defined in the paragraph above. Similarly, we define
the graded pn+2-algebra of (n+ 1)-derivations of A/R, MDerp(A/R, n+ 1), to be

MDerp(A/R, n+ 1) = Sym∗
A (Der(A /R)[−n− 1]) ∈ Alggrpn+2

(ModR).

Finally, the graded Lie algebra of (n+ 1)-derivations of A/R is by definition

MDer(A/R, n+ 1) = MDerp(A/R, n+ 1) ∈ AlggrLie(ModR).

In [Cal+17], the graded pn+2-algebra MDer(A /R, n+1) is denoted by Pol(A /R, n+1),
for “polyvectors”. We choose to reserve the notation Pol for when we pass to the geometric
setting in an attempt to keep a clear distinction between several different objects, any of
which may be called “polyvectors”.

3This operad is Koszul dual to the commutative operad with multiplication of weight 1.
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3. Preliminaries: geometry

Here we gather key facts about the geometry of stacks which we will use. See [GR17a;
GR17b] for more details. Recall all our stacks are defined on the category of finitely pre-
sented animated commutative rings.

3.1. The de Rham stack and formal moduli problems. Let X ∈ dPStk.

Definition 3.1. The de Rham stack of X is the prestack given by

XdR(R) = X(GdR
a (R)) = X(Rred).

The prestack XdR is a stack for the étale topology if X is, which follows from Theo-
rem 2.134. The quotient map Ga → GdR

a induces a canonical projection

p : X → XdR.

By convention, we will always denote this morphism by p.
The functor

(−)dR : dStk → dStk

admits a left adjoint, called the reduced stack functor and denoted

(−)red : dStk → dStk.

It satisfies (SpecR)red ≃ Spec(Rred).

Definition 3.2. Let f : X → Y be a morphism of stacks. Then f is a nil-isomorphism if
the induced map

fdR : XdR → YdR

is an equivalence. We note that fdR is an equivalence if and only if fred is an equivalence.

Definition 3.3. Let f : X → Y be a morphism of stacks admitting cotangent complex. We
say that f is a formal moduli problem under X if f is a nil-isomorphism. By the standard
abuse of terminology, we will say that Y is a formal moduli problem under X, with the
morphism f understood. Write

FMPX/ ⊂ dStX/

for the full subcategory of the under-category of X spanned by formal moduli problems
f : X → Y under X.

Definition 3.4. Let π : X→ X be a morphism of stacks with cotangent complex. We say
that π is a formal moduli problem over X if the following two conditions hold:

• π is a nil-isomorphism;
• for any affine scheme S, the base change

X∧
S = X×

X
S

has a cotangent complex and has the property that (X∧
S)red is equivalent to a quasi-

compact scheme.

4We also have that XdR is laft if X is [GR17b, Ch. 4, 1.1.4].
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Write

FMP/X ⊂ dSt/X

for the full subcategory of the over-category of X spanned by the formal moduli problems
over X. Write also

FMP/X,∗ = (FMP/X)X/

for the category of pointed formal moduli problems over X.

Given an object Y ∈ FMPX/, we have automatically that X is a formal moduli problem
over Y . We will often have a fixed stack X and work with the categories FMPX/ and
FMP/XdR

.

3.2. Sheaf theory. We give a brief review of the basic structure of ind-coherent sheaves

that we will use from [GR17a; GR17b]. For an animated commutative ring R ∈ aCAlgfpk ,
the category of quasi-coherent sheaves on the affine scheme SpecR is by definition the
symmetric monoidal category

QCoh(SpecR) = ModR.

It is contravariantly functorial in SpecR: for any map f : SpecR0 → SpecR1, there is a
colimit-preserving symmetric monoidal functor

f∗ : QCoh(SpecR1)→ QCoh(SpecR0),

namely f∗ = − ⊗
R1

R0. We also have the quasi-coherent pushforward

f∗ : QCoh(SpecR0)→ QCoh(SpecR1),

which is right adjoint to f∗.
As is well-known, QCoh(SpecR) has the property that compact objects and dualizable

objects coincide. The full subcategory of compact objects in QCoh(SpecR) is denoted

Perf(SpecR) = PerfR,

and its objects are called perfect complexes over R. Perfect complexes are preserved by base
change, and we have

QCoh(SpecR) ≃ Ind(Perf(SpecR)).

A quasi-coherent sheaf F ∈ QCoh(SpecR) is coherent if πiF is a finitely generated module
over the static ring π0R, and πiF = 0 for all but finitely many i ∈ Z. The full subcategory of
QCoh(SpecR) spanned by coherent sheaves is denoted Coh(SpecR) or sometimes Coh(R).
If R is static, Coh(R) coincides with the derived category of ordinary coherent modules over
R. There is a natural inclusion functor

(3) Perf(SpecR)→ Coh(SpecR)

which is an equivalence when R is a smooth static ring. The category of ind-coherent sheaves
on SpecR is by definition

IndCoh(SpecR) = Ind(Coh(SpecR)).

It is contravariantly functorial in the affine scheme: for any map f : SpecR0 → SpecR1,
there is a colimit-preserving functor

f ! : IndCoh(SpecR1)→ IndCoh(SpecR0).
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There is a symmetric monoidal structure on IndCoh(SpecR), which we denote simply by
⊗ (in [GR17a], this is denoted ⊗!). The dualizing sheaf of S = SpecR

ωS = ωR ∈ IndCoh(S)

is by definition the unit of the symmetric monoidal structure. Equivalently, ωR = π!(k),
where π : SpecR → Spec k is the structure map (note that k is coherent over itself). For
S a smooth classical scheme of dimension d, ωS is represented by the usual dualizing sheaf
Ωd
S [−d].
There is a symmetric monoidal functor

Υ: QCoh(SpecR)→ IndCoh(SpecR),

given by the ind-extension of (3). It is fully faithful and preserves compact objects (recall
R is finitely presented). For any map f in Affk, there is a natural equivalence

Υ ◦ f∗ ≃ f ! ◦Υ.

Let X ∈ dStk. By definition, the (symmetric monoidal) category of quasicoherent sheaves
on X is

QCoh(X) = lim
S∈Aff/X

QCoh(S),

where the limit is taken with respect to the base change functors. For f : X → Y a morphism
of derived stacks, the colimit-preserving pullback functor

f∗ : QCoh(Y )→ QCoh(X)

admits a right adjoint which may not preserve colimits. We denote it by

f∗ = ΓY : QCoh(X)→ QCoh(Y ).

One of the main results of [GR17a; GR17b] is the construction of the (symmetric monoidal)
category of ind-coherent sheaves on X:

IndCoh(X) = lim
S∈Aff/X

Ind(Coh(S)),

where the limit is with respect to !-pullback, together with a plethora of structure on it.
Denote by ωX the symmetric monoidal unit. There is a symmetric monoidal functor

Υ: QCoh(X)→ IndCoh(X)

taking OX to ωX , which is fully faithful and intertwines ∗-pullback of quasicoherent sheaves
with !-pullback of ind-coherent sheaves.

An advantage of IndCoh is it is better suited to dealing with right adjoints of pushforward
functors. For us, this will take the following guise. Suppose π : X → Y is a formal moduli
problem under X. Then by [GR17b, Ch. 3, Thm. 5.4.3], there is an adjunction

π! : IndCoh(X) ⇄ IndCoh(Y ) : π!

in stable presentable k-linear categories, where the right adjoint π! is symmetric monoidal,
hence π! is oplax symmetric monoidal. In particular, the oplax symmetric monoidal struc-
ture on π! induces a functor

π! : cCAlg(IndCoh(X))→ cCAlg(IndCoh(Y )).

Warning: in loc. cit., the functor π! is denoted πIndCoh
∗ . We reserve the notation π∗ for

the (in general discontinuous) right adjoint of π! to keep “ind-coherent notation” distinct
from “quasicoherent notation”.
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Definition 3.5. Let π : X → Y be a formal moduli problem under X. The coalgebra of
distributions on X/Y is

DX/Y = π!ωX ∈ cCAlg(IndCoh(Y )).

When π = p : X → XdR, write

DX = DX/XdR
.

Suppose moreover that π is pointed, i.e. is equipped with a section Y → X. Then DX/Y is
naturally equipped with an augmentation

η : ωY → DX/Y ,

lifting it to an object Da
X/Y ∈ cCAlgaug(IndCoh(Y )), and we write

D+
X/Y = coFib(η).

Definition 3.6. Let X ∈ dStk and suppose X has a cotangent complex. The inf-spectrum
functor

Specinf : cCAlgaug(IndCoh(X))→ FMP/X,∗

is by definition the right adjoint to

Da
X/Y : FMP/X,∗ → cCAlgaug(IndCoh(X)).

We will be dealing with Lie algebra objects in ind-coherent sheaves. These are by defini-
tion objects of the category

AlgLie(IndCoh(X)).

Categories of the type IndCoh(X) are the prime example to which the convention on graded
Lie algebras will be applied.

3.3. Gradings and filtrations, geometrized. Graded and filtered objects of sheaves
over a stack will be integral to the results of this paper. Here, we record the well-known
geometric formulation of graded and filtered objects, as well as verifying certain properties
which we will require.

We begin with graded objects, which we view as living over the smooth stack BGm.

Proposition 3.7. Let X ∈ dStk. There are equivalences of stable presentable k-linear
symmetric monoidal categories

GrQCoh(X) ≃ QCoh(X × BGm)

and

GrIndCoh(X) ≃ IndCoh(X × BGm).

Proof. See, for instance, [Mou21, Thm. 4.1] for the first equivalence. The second follows
from loc. cit. due to

IndCoh(X × BGm) ≃ IndCoh(X)⊗ IndCoh(BGm) ≃ IndCoh(X)⊗ QCoh(BGm),

using the fact that BGm is a smooth stack. □

The analogous statement for filtered sheaves requires replacing the classifying stack BGm

with the Artin stack A1/Gm. This is the main theorem of [Mou21], going back to Simpson.
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Theorem 3.8. Let X ∈ dStk. There is an equivalence of stable presentable k-linear sym-
metric monoidal categories

FilQCoh(X) ≃ QCoh(X ×A1/Gm).

Moreover, it is t-exact for the neutral t-structure on FilQCoh(X) and the standard t-structure
on the right side.

There is an extension of this theorem to complete filtered objects, obtained by introducing
the formal substack

j : Â1/Gm ↪→ A1/Gm,

where Â1 denotes completion at the origin. It is surely well-known to experts, however
the author was unable to locate a written reference. We will make this result explicit for
completeness.

Theorem 3.9 (Folklore). There is a commutative diagram

QCoh(A1/Gm) FilModk

QCoh(Â1/Gm) F̂ilModk,

≃

j∗ (−)∧

γ

where the right vertical arrow is the completion functor. Moreover, γ is an equivalence of
symmetric monoidal categories.

To prove the theorem, we need a little bit of homological algebra — a simple case of
Greenlees–May duality. Write

GrModtorsk[t]

for the category of t-torsion graded k[t]-modules, and

GrModcomp
k[t]

for the category of t-complete graded k[t]-modules.

Lemma 3.10. The completion functor

(−)∧ : GrModk[t] → GrModcomp
k[t]

induces an equivalence of categories

GrModtorsk[t] ≃ GrModcomp
k[t] .

Proof. This is a special case of the main theorem of [PSY14]. However, the proof is consid-
erably simplified for k[t]; see [GM92, Lemma 2.6] and [Stacks, Tag 0A6V]. The core of the
proof is to approximate the (derived) completion of a module using Koszul complexes, and
deduce the statement from the Milnor exact sequence for lim1. □

Proof of Theorem 3.9. Let

QCoh(A1/Gm)BGm = Fib
(
i∗1 : QCoh(A

1/Gm)→ QCoh(Gm/Gm)
)

denote the category of quasicoherent sheaves set-theoretically supported at the special point
BGm. By the graded version of [GR23, Prop. 7.1.3], we have that

QCoh(A1/Gm)BGm ≃ QCoh(Â1/Gm),

https://stacks.math.columbia.edu/tag/0A6V
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induced by the pullback j∗. By Theorem 3.8 and the Rees equivalence,

QCoh(A1/Gm)BGm ≃ GrModtorsk[t] .

On the other hand, the Rees equivalence for complete filtered objects states

F̂ilModk ≃ GrModcomp
k[t] .

By Theorem 3.10, we deduce that γ is an equivalence. Commutativity of the diagram is
deduced from the fact that the functor in Theorem 3.10 is completion. Finally, to upgrade
to a symmetric monoidal equivalence we note that the symmetric monoidal structures on
both sides are obtained by localization from the equivalence of Theorem 3.8. □

Remark 3.11. In fact, the functor

Υ: QCoh(Â1/Gm)→ IndCoh(Â1/Gm)

is a t-exact equivalence of categories. One can verify this by a support argument, together
with the fact that A1/Gm is a smooth stack of dimension 0. A different way to deduce
it comes from Theorem 3.8 and Theorem 3.9: both equivalences are compatible with the
neutral t-structure, and then it suffices to verify the neutral structure is left complete. The
latter follows immediately from the left completeness of the standard t-structure on Modk.

3.4. Formal groups and automorphisms. The main reference for this subsection is
[GR17b, Ch. 7].

Definition 3.12. Let X ∈ dStk have a cotangent complex. The category of formal groups
over X is by definition

Grp(FMP/X).

By [GR17b, Ch. 5, Lemma 1.6.2], the inclusion of this category into Mon(FMP/X) is an
equivalence — compare this with Theorem 2.17.

We will be crucially using the analogue of Lie’s Third Theorem for formal groups, namely
[GR17b, Ch. 7, Thm. 3.1.4]. We collect the most relevant aspects below.

There is a naturally defined loop functor

ΩX : FMP/X,∗ −→Grp(FMP/X)

Y 7−→Y ×
X
Y.

By [GR17b, Ch. 5, Thm. 1.6.4], it is an equivalence; denote the inverse by BX .

Definition 3.13. The Lie differentiation functor is defined to be

LieX = BLie ◦ prim ◦Da
X : Grp(FMP/X)→ AlgLie(IndCoh(X)).

The Lie integration functor is

expX = Specinf ◦ C∗ ◦ ΩLie : AlgLie(IndCoh(X))→ Grp(FMP/X).

Note that this definition uses the fact that Specinf is limit-preserving.

Theorem 3.14 (Gaitsgory–Rozenblyum). The functors LieX and expX are mutually in-
verse equivalences of categories. In particular,

Grp(FMP/X) ≃ AlgLie(IndCoh(X)).

Proof. See [GR17b, Ch. 7]. □
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The most important example of a formal group for us is the following.

Example 3.15. Fix a stack Z with cotangent complex, and let X → Z be a formal moduli
problem over Z. Let

Âut(X/Z) : (Affk)/Z → Spc

be the prestack defined by

(S → Z) 7−→ EndS(X
∧
S ) ×

EndSred
((X∧

S )red)
pt,

where the point maps to the identity. Recall that X∧
S = X ×Z S. In the special case that

X → Z is the canonical map p : X → XdR, we write

Âut(X) = Âut(X/XdR).

Write

VF(X/Z) = LieX(Âut(X/Z)) ∈ AlgLie(IndCoh(Z))

for the Lie algebra. Once again in the “absolute” case, write

VF(X) = VF(X/XdR).

It is proved in [GR17b] that, for π : X → Z a formal moduli problem over Z, the underlying
object of VF(X/Z) satisfies

ForgetVF(X/Z) ≃ π∗TX/Z ∈ IndCoh(Z).

Here, π∗ is the right adjoint of π!, which is not a morphism in PrLk .

3.5. Linear formal stacks. Let F ∈ QCoh(X). There are a priori two ways of associating
a “formally complete total space” of F as a formal moduli problem over X. In the following,
we use the convention that, given

u : SpecR→ X,

we denote by ured the composite morphism

SpecRred → SpecR→ X.

Definition 3.16. Let F ∈ QCoh(X). We define the complete total space of F as the presheaf

T̂otX(F) : (Aff/X)op → Spc

given by

(u : SpecR→ X) 7−→ |u∗F| ×
|u∗

redF|
pt .

Note that this is precisely the formal completion along the zero section of [CS24, Def. 1.19].

Definition 3.17. Assume X ∈ Affk and let G ∈ IndCoh(X). We define the vector prestack
associated to G as the formal moduli problem over X

VX(G) : (Affsm
/X)op → Spc

given by

VX(G) = Specinf(cSym(G)).

As in [GR17b, Ch. 7, 1.4], the definition extends to stacks X by descent of formal moduli
problems.
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Lemma 3.18. The functor

LieX ◦ Ω2
X : FMP/X,∗ → AlgLie(IndCoh(X))

factors through the trivial Lie algebra functor.

Proof. Let Y ∈ FMP/X,∗. Recall that Ω2
XY is naturally an object of Grp(Grp(FMP/X)).

We claim that there is a functorial equivalence

(4) Grp(LieX)(Ω2
XY ) ≃ ΩLieLieX(ΩXY )

in Alg(AlgLie(IndCoh(X))). The lemma then follows from the fact that ForgetLie ◦ ΩLie

factors through the trivial Lie algebra functor [GR17b, Ch. 6, Prop. 1.7.2].
To prove (4), note that by [GR17b, Ch. 7, Cor. 3.2.3] and [GR17b, Ch. 7, Cor. 3.3.2],

Grp(DX) ◦ expX ◦BLie ◦Grp(LieX)(Ω2
XY ) ≃ Grp(C∗ ◦ ΩLie

X )(Ω2
XY )

≃ Grp(Da
X)(BXΩ2

XY ).

Since Grp(Da
X) is fully faithful, we get that

expX BLieGrp(LieX)(Ω2
XY ) ≃ ΩXY,

which implies (4) by applying ΩLie ◦ LieX . □

Proposition 3.19. Let X ∈ dStk have deformation theory, and let E ∈ Perf(X). Then

T̂otX(E) ≃ VX(ΥE)

as pointed formal moduli problems over X.

Proof. We observe that T̂otX(F) defines an object of FMP/X,∗. Indeed, the projection

π : T̂otX(F)→ X

is an inf-schematic nil-isomorphism by construction, and the distinguished X-point is given

by T̂otX(0→ F). Observe moreover that

T̂otX(F) ≃ ΩXT̂otX(F[1]).

Thus, by Theorem 3.18, the Lie algebra structure corresponding to T̂otX(F) is trivial, and
we have

T̂otX(F) ≃ expX(trivLie(ΥF)).

Now the right hand side is easily seen to be equivalent to VX(ΥF) from the construction
of [GR17b, Ch. 7, S.3], since C∗(trivLie(F)) ≃ cSymX(ΥF). □

3.6. de Rham cohomology of stacks. In this short subsection, we record the definition
of de Rham cohomology of arbitrary stacks with cotangent complex.

Definition 3.20 (Hodge-filtered de Rham cohomology of stacks). Let X → Y be a mor-
phism in dStk such that bothX,Y admit a cotangent complex. Given an affine SpecR→ Y ,
write

XY
R = X ×

Y
SpecR.

We define the Hodge-filtered de Rham cohomology of X/Y to be

F∗
H dRX/Y = lim

SpecR→Y
lim

SpecA→XY
R

F∗
H dRA/R ∈ cFil+QCoh(Y ).
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Theorem 3.21 (Calaque–Safronov). Let X → Y be a morphism in dStk such that both
X,Y admit a perfect cotangent complex. The natural map

ΓY (X, Sym∗
X(LX [−1]))→ gr∗H dRX/Y

in GrQCoh(Y ) is an equivalence.

Proof. In our generality, this is [CS24, Thm. 2.6]. See also [Pan+13]. □

Proposition 3.22 (Base change for the de Rham algebra). Let

X ′ X

Y ′ Y

f

g

be a Cartesian square in dStk such that X,Y have perfect cotangent complex. Then the
natural morphism

g∗FH dRX/Y → FH dRX′/Y ′

is an equivalence in F̂ilQCoh(Y ′).

Proof. This is [CS24, Cor. 2.8]; it also follows from the affine statement. □

3.7. Lie algebroids. Let X ∈ dStk. We combine the philosophies of [GR17b, Ch. 8] and
[Nui19b] and give a “tautological” definition of Lie algebroids. Namely, by definition a Lie
algebroid over X is an object

L ∈ FMPX/.

Before we give a more detailed discussion in terms of derived algebra, we briefly address
the relationship to formal groupoids.

Remark 3.23. In [GR17b], the category of Lie algebroids over X is defined to be the
category of Segal groupoid objects in FMP/X , which we denote by LieAbdX . This is
motivated by Theorem 3.14, together with the fundamental idea of differential geometry
that Lie algebroids over smooth manifolds have the same relationship to Lie groupoids that
Lie algebras do to Lie groups. There is a natural (relative) based loops functor,

ΩX : FMPX/ −→LieAbdX

X 7−→X×
X
X

For instance, if X is a smooth scheme then ΩXXdR ≃ (X×X)∧∆, the infinitesimal groupoid.
The result [GR17b, Ch. 5, Thm. 2.3.2] is:

The functor ΩX is an equivalence of categories.

We will not be using the category of formal groupoids in the rest of the article, except for
brief mentions in Theorem 3.36 and Theorem 4.9. See [GR17b, Ch. 5] for details.
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We will now explain the key aspects of the theory which we will use. Fix A ∈ aCAlgfpk
and write X = SpecA. A summary of this subsection is given by the following diagram:

(5)

FMPX/

LAA F̂il
+
CAlgfolF∗

H dRA/k
.

ΩA

F∗
H dRX/−BA

C∗

(gr1)∨

BA◦(gr1)∨

The only aspects which will be required for the main theorems and constructions are the

two functors between FMPX/ and F̂il
+
CAlgF∗

H dRA/k
. However, the rest of the diagram

is required to justify the properties these two functors have, hence its inclusion in this
subsection. We first address the functor F∗

H dRX/−.

Definition 3.24 ([TV25]). Let A ∈ aCAlgfpk and let C∗ ∈ F̂il
+
CAlgk. We say that C∗ is

an affine derived foliation over A if

(1) gr0C ≃ A,
(2) gr1C is a perfect gr0C-module, and
(3) the natural map

Sym∗
gr0C(gr

1C)→ C∗

is an equivalence in GrCalggr0C .

Let K∗ be an affine derived foliation over A. Write

F̂il
+
CAlgfolK∗ ⊂ (F̂il

+
CAlgk)K∗/

for the full subcategory spanned by the set of objects K∗ → C∗ such that C∗ is an affine

derived foliation over A. In particular, set F̂il
+
CAlgfolA = F̂il

+
CAlgfol

ins0A
.

Proposition 3.25. There is a functor

F̂il
+
CAlgfolk : aCAlgk −→Cat

A 7−→F̂il
+
CAlgfolA .

Moreover, F̂il
+
CAlgfolk satisfies descent for the étale topology.

Proof. This is [TV25, Prop. 2.1.3.1]. See also [TV20, Prop. 1.2.3]. □

By Theorem 3.21, we see that for any Z ∈ FMPX/ with TX/Z ∈ Perf(X),

F∗
H dRX/Z ∈ F̂il

+
CAlgfolF∗

H dRX/k
.

We move on to the category LA. As mentioned, its details will not be necessary outside of
this subsection, so we will not give the precise construction. Indeed, this is the main result
of [Nui19a] and requires the use of semi-model categories. However, we will provide the
definition of the 1-category which underlies the semi-model category of [Nui19a] in order to
give a sufficient description of the functor C∗ of (5).
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Definition 3.26. Assume that A is represented by a cofibrant commutative dg algebra of
finite presentation. A dg Lie algebroid over A is an A-module equipped with the structure
of a dg Lie algebra L over k and a dg Lie algebra morphism

ρ : L→ Der(A/k)

(the anchor map) such that ρ is an A-module map, and the equality

[e1, ae2] = (−1)deg e1·deg aa[e1, e2] + ρ(e1)(a)e2

holds for all e1, e2 ∈ L, a ∈ A. A (1-)morphism φ : (L0, ρ0, [−,−]0)→ (L1, ρ1, [−,−]1) of dg
Lie algebroids over A is a dg A-module morphism ϕ : L0 → L1 such that ϕρ0 = ρ1ϕ, and
for all x, y ∈ L0,

[ϕ(x), ϕ(y)]1 = ϕ([x, y]0).

We say φ is an equivalence if ϕ is a quasi-isomorphism of dg A-modules. Write

LAA ⊂ (AlgLie/k)/Der(A/k)

for the 1-category of dg Lie algebroids over A and their morphisms.

With A as above, the A-module Der(A/k) has the structure of a dg Lie algebroid over A,
with the anchor map being the identity. More generally, for a map B → A of commutative
dg algebras, Der(A/B) acquires the structure of a Lie algebroid, the tangent Lie algebroid
of A/B. We will also denote this Lie algebroid by TA/B.

Informally, LAA is the ∞-categorical localization of LAA by the equivalences of dg Lie
algebroids. It is equipped with forgetful functors LAA →ModA and LAA → AlgLie(Modk).
The key for the present discussion is the following result.

Theorem 3.27 (Nuiten). Let A ∈ aCAlgfpk . The tangent complex functor

TSpecA/− : FMPSpecA/ →ModA

lifts to a functor
ΩA : FMPSpecA/ → LAA.

Moreover, ΩA is an equivalence.

Proof. See [Nui19b, Thm. 5.1]. Note that in loc. cit. the theorem is valid more generally
for coherent animated commutative rings. □

Remark 3.28. Under the equivalence ΩA, the tangent Lie algebroid TA/B corresponds to
the formal moduli problem SpecA → ZB, where ZB = (SpecB)∧A. In particular, ZB ≃
SpecB if B → A is a nil-isomorphism.

In the diagram (5), BA denotes an inverse for ΩA. In [Nui19b], this is written as MCA,
by analogy with the Maurer–Cartan set of dg Lie algebras.

We finally address the functor C∗. On cofibrant objects L of LAA, it is familiar. Namely,
it is explicitly computed as the dg D+-algebra

(6) C∗(L) ≃ (Sym∗
A(L

∨[−1]), ∂CE),

where

∂CE(l1 · · · lk) =
∑

(−1)iρ(li) · l1 · · · l̂i · · · lk +
∑

(−1)i+j [li, lj ] l1 · · · l̂i · · · l̂j · · · lk.

In particular, for the tangent Lie algebroid L = TA/B of a formal moduli problem of the
form SpecA→ SpecB, we have

(7) C∗(TA/B) ≃ F∗
H dRA/B .
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Proposition 3.29. There is a functor

C∗ : LAA → F̂il
+
CAlgA,

factoring through F̂il
+
CAlgfolA on perfect objects, such that for a cofibrant perfect dg Lie

algebroid L, the affine derived foliation C∗(L) is given by (6).

Proof. Several attributions could be given. The definition in the discussion above is precisely
written down in [CG19, A.2], expanding on [Nui19b]. See also [Buc25, Sec. 4.1]. □

The data of the anchor map, together with the equivalence (7), now yields a factoriza-
tion of C∗ through the full subcategory of complete filtered commutative algebras under
F∗
H dRA/k. We call the resulting functor

C∗ : LA→ F̂il
+
CAlgF∗

H dRA/k

the Hodge-filtered Chevalley–Eilenberg functor.

Theorem 3.30 (Fu). Let A ∈ aCAlgk be finitely presented. The Hodge-filtered Chevalley–
Eilenberg functor C∗ is fully faithful.

Proof. See [Fu24, Thm. 4.26]. The definition of Lie algebroids in [Fu24] is (at least a
priori) different, however the same proof applies once we verify that 1) C∗ has a left adjoint,
2) every Lie algebroid over A is a sifted colimit of Lie algebras over A (this is [Nui19a,
Cor. 3.8]), and 3) the complete filtered Chevalley–Eilenberg algebra of Lie algebras is a
fully faithful functor. Point (3) can be deduced from the derived Milnor–Moore theorem
Theorem 2.19 by identifying C∗(g) for g ∈ AlgLie/A with a filtered cobar construction over

U(g) as in [Buc25, Rmk. 4.1.7]. □

Finally, we state the results of [Buc25] on sheaves over formal moduli problems, which
will be a key ingredient in the main theorem. First, we define the relevant category of
sheaves after [Ber21].

Definition 3.31 ([Ber21]). Let A ∈ aCAlgfpk , X = SpecA, and let X → Z be a formal
moduli problem under X. Write

IndCohX0 (Z) = IndCoh(Z) ×
IndCoh(X)

QCoh(X).

Note that IndCohX0 (Z)→ IndCoh(Z) is fully faithful.

For our application, we will need a categorical property of IndCoh0, which we record
here.

Proposition 3.32 (Beraldo). Let A ∈ aCAlgfpk , X = SpecA. Let f : X → Z be an object

of FMPX/. Then the category IndCohX0 (Z) is compactly generated by the image of the
quasi-coherent pushforward functor

f∗ : Perf(X)→ IndCohX0 (Z).

Proof. See [Ber21, Cor. 3.1.7]. □
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Definition 3.33. Let A ∈ aCAlgfpk . Suppose C∗ is an affine derived foliation over A. The
category of induced C∗-modules is defined to be the pullback

ModinC∗ ModC∗

ModA Modgr∗C .

⌟
gr∗

−⊗Agr∗C

Note that induced modules are what [Buc25] refers to as constant. By [Buc25, Rmk.
2.2.2], the functor ModinC∗ →ModC∗ is fully faithful.

Theorem 3.34 (Buccisano). Let A ∈ aCAlgfpk and let L ∈ LA be perfect. Let Z = BAL.
There is a symmetric monoidal equivalence of categories

νL : IndCoh
X
0 (BAL) ModinC∗(L)

≃

such that there is a natural equivalence of functors

gr∗ ◦ νL(−) ≃ pr2(−)⊗
A
gr∗C(L),

where pr2 : IndCoh
X
0 (BAL)→ QCoh(X) is the projection.

Proof. This is the main result of [Buc25]. In particular, it follows by combining [Buc25,
Sec. 3.3] with [Buc25, Thm. 4.1]. □

3.8. Actions and representations. In this section, we state some preparatory definitions
about actions of formal groups. First, we remind the reader of the definition of action
objects.

Definition 3.35. ([GR17b, pp. VII, 5.1.1]). LetX be a derived stack admitting a cotangent
complex and letG ∈ Grp(FMP/X), represented by a simplicial object B•G ∈ Fun(∆op,FMP/X).
The category of (left) G-modules is the limit

IndCohG(X) = Tot (IndCoh(B•G)) ,

taken with respect to the !-pullback functors.

The following Lemma is essentially a definition and is easy for readers of [GR17b].

Lemma 3.36. Let X be a derived stack admitting a cotangent complex and let G ∈
Grp(FMP/X). There is a limit-preserving functor

VG
X : IndCohG(X)→ LModG(FMP/X)

such that the diagram

IndCohG(X) LModG(FMP/X)

IndCoh(X) FMP/X

VG
X

VX

commutes.



CRYSTALLINE AND INFINITESIMAL POISSON STACKS 31

Proof. The functor VX preserves limits. It follows that F 7→ (pr : VX(F) → X) upgrades
to a functor

ṼG
X : TotIndCoh(B•G)→ Fun(∆op ×∆1,FMP/X),

whose essential image is contained in the full subcategory of Segal groupoid objects. Given a
Segal groupoid object G in FMP/X , [GR17b, Ch. 5, 2.4.1] gives a functorial construction of
BXG ∈ FMPX/, the “formal quotient stack”. The functor BX is proved to be an equivalence

of categories [GR17b, Ch. 5, Thm. 2.3.2]. The functor VG
X is given by BX ◦ ṼG

X . □

Fix a derived stack X with cotangent complex. In the next section, we will need to
consider semidirect products of formal groups. Here, we record a convenient definition. It
is applicable in some generality, but we focus on the situation at hand. Thus:

For the rest of this subsection, we denote C = FMP/X .

Definition 3.37. Recall that the category Mon(C) ≃ Grp(C) of monoid objects in C itself
has the Cartesian monoidal structure, and there is a functor

t = Mon(trivC) : Mon(C)→ Mon(Mon(C))

which takes the trivial “inner” monoid structure. We write

ActMon(C) = LMod(Mon(C)) ×
Mon(Mon(C))

Mon(C),

where the fiber product is taken with respect to t. There is an evident forgetful functor

UActMon
: ActMon(C)→ Mon(C)×Mon(C)

extracting an underlying pair of monoids. We write

ActGrp(C) = U−1
ActMon

(Grp(C)×Grp(C)) ⊂ ActMon(C)

for the full subcategory on those objects both of whose underlying monoids are group
objects.

Lemma 3.38. There is a functor

G : Arr(Grp(C))→ ActGrp(C)

commuting with the forgetful functors to Grp(C)×2.

Proof. There is an “adjoint action” functor

(−)S1
: Grp(C)→ LMod(C),

namely the cotensoring with the circle S1 ∈ sSet. Cotensoring with the circle commutes

with limits, so (−)S1
lifts to an endofunctor on Grp(C). The functor G can now be defined

as
G : (G→ H) 7−→ (G×H HS1 → G) ∈ ActGrp(C).

Commutation with forgetful functors is manifest. □

Lemma 3.39. The functor G admits a left adjoint

F : ActGrp(C)→ Arr(Grp(C))

such that the composition of F with the forgetful functor Arr(Grp(C))→ Arr(C) is naturally
equivalent to

(G ↷ H) 7−→ (pr : G×H → G),

where pr denotes the canonical projection.
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Proof. We apply the adjoint functor theorem after recalling that (−)S1
preserves filtered

colimits because the circle is a compact object, and fiber products preserve colimits in an
∞-topos. □

Definition 3.40. The semidirect product functor G⋉H ∈ Grp(C) is the composition

ActGrp(C) Arr(Grp(C)) Grp(C),F s

where s is the source map. We denote the image of an object G ↷ H under this functor
by G⋉H.

4. Preliminaries: symplectic geometry

In this section we set up the de Rham theory and symplectic geometry of stacks. Nothing
here is new, but we attempt to give definitions best suited for our purposes. We will define
the graded circle and explain its relationship to de Rham cohomology and deformations. In
the second subsection, we briefly outline the theory of derived symplectic stacks following
[Pan+13; CS24].

4.1. Formal loops and the HKR theorem.

Definition 4.1. Let X be a derived stack with perfect cotangent complex. Define the
formal loop space of X (from now on referred to simply as the loop space) to be the formal
stack

LX = X ×
(X×X)∧∆

X ∈ FMP/X .

It acquires the structure of a formal group over X; we do not distinguish the group object
from the underlying stack notationally.

Lemma 4.2. Let X be a derived stack with perfect cotangent complex. There is an equiv-
alence of derived stacks over X

LX ≃ T̂[−1]X ≃ M̂ap(BGa, X).

Proof. We have LieX(LX) ≃ TX [−1]. But

ForgetGrp(expX(TX [−1])) ≃ T̂[−1]X,

and we conclude by Theorem 3.14. The second equivalence is proved similarly. □

Definition 4.3 (Graded circle and its shear). We adopt the convention that Gm act on
Ga with geometric weight 1, i.e. the coordinate t on Ga has weight −1. Let

T = [BGa/Gm] ∈ Grp(FMP/BGm
),

and

T∨ = [ΩGa/Gm] ∈ Grp(FMP/BGm
),

where ΩGa denotes the based loop group of Ga. We refer to T as the graded circle. We
will also write

BgrT = BBGmT; BgrT∨ = BBGmT
∨

for the corresponding objects under the equivalence

BBGm : Grp(FMP/BGm
) ≃ Ptd(FMP/BGm

).
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Remark 4.4. The graded circle has in addition the structure of a cogroup object in derived
stacks, which may be obtained by taking the conerve of

Spec(k[t, s]/(t2 − s2))→ Spec k.

See [Mou24] for more on this point.

The following justifies the name of T.

Lemma 4.5. There are equivalences

Γ(T,OT) ≃ D+

and

Γ(T∨,OT∨) ≃ D−

in bAlg(GrModk). It follows that there are equivalences of symmetric monoidal categories

(8) QCoh(BT) ≃ModD+ ≃ F̂ilModk ≃ModD− ≃ QCoh(BT∨).

Proof. The computation of the bialgebras of functions is immediate since we are in charac-
teristic 0. The equivalence (8) follows from descent for comodules and Theorem 2.6. □

In particular, the category of representations ofT is equivalent to the category of complete
filtered k-modules. A geometric perspective on this statement is the fact that

(9) BgrT∨ ≃ Â1/Gm,

which can be seen by direct computation. Compare also to [Cal+17, Rmk. 1.1.3].
Let

t+ = LieBGm(T) ∈ AlgLie(IndCoh(BGm)) ≃ AlgLie(GrModk)

be the (graded) Lie algebra of T. It is readily seen that

(10) t+ ≃ trivLie(ωBGm),

and U(t+) ≃ Υ(D+)∨ by Theorem 4.5.

Remark 4.6. Let us relate the appearance of the graded circle to the use of the graded
Lie algebra ins2k[−1] in defining Poisson structures. Let Z be a derived stack and let

H ∈ Grp(FMP/BGm×Z)

be such that Lie(H) ≃ Υh for some h ∈ AlggrLie(QCoh(Z)). We think of H as classifying for-
mal deformations of some geometric structure over Z, for example closed relative differential
forms on a morphism X → Z. Accounting for our convention on graded Lie algebra struc-
tures, ins2k[−1] corresponds to the weight 0 Lie algebra object ins1k[−1] in QCoh(BGm),
and so

MapAlggrLie(QCoh(Z))
(ins2k[−1]⊗k OZ, h) ≃ MapGrp(FMP/BGm×Z)

(T∨ × Z,H)

≃ MapFMP/BGm×Z
(BgrT∨ × Z,BBGmH).

By (9), we see that

MapAlggrLie(QCoh(Z))
(ins2k[−1]⊗k OZ, h) ≃ MapFMP/BGm×Z

(Â1/Gm × Z,BBGmH).

That is, the graded Lie algebra ins2k[−1] corepresents graded formal deformations of objects
classified by BBGmH.
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We will now discuss the graded circle action on the formal cotangent stack in some more
detail.

Definition 4.7. We write
ΓT : dSt/BgrT →ModD+

for the composition of the pushforward ΓBgrT with the equivalence (8). For a derived stack
X, write ΓT

X for the composition

dSt/X×BgrT QCoh(X)⊗ QCoh(BT) QCoh(X)⊗ModD+

≃ModD+(QCoh(X)).

id⊗ΓT

Now equip T̂[−1]X with its fiberwise grading; that is, consider

T̂[−1]Xgr = VX×BGm(ins
1TX [−1]).

It is easy to see that there is an equivalence of formal moduli problems

(11) T̂[−1]Xgr ≃ M̂apBGm
(T, X × BGm).

In particular, we get a T-action on T̂[−1]Xgr induced by left multiplication on T. More
precisely, the left multiplication action is the result of applying the endomorphism − ⋆ [0]
of ∆op to the group object T, which then acts on the functor of maps out of T.

Definition 4.8. Let
L̂X → XdR × BgrT

be the object of FMP/XdR×BgrT given by formal moduli problem corresponding to the action

object XdR ×T ↷ T̂[−1]Xgr. We call it the formal loop stack of X.

Before we state the version of the HKR theorem that we will need, let us record a descent
statement for the formal loop stack.

Lemma 4.9. Let X be a derived stack with perfect cotangent complex. Then the natural
map

η : colim
SpecR→XdR×BgrT

colim
SpecA→X∧

R

L̂ (A/R)→ L̂X,

where X∧
R = (X×BGm)×(XdR×BgrT)SpecR, is an equivalence in the category dStXdR×BgrT.

Proof. First, we verify the graded version, with L̂X → XdR×BgrT replaced by T[−1]Xgr →
XdR × BGm. This is (up to shear) precisely [CS24, Cor. 1.29], whose proof we summarize
briefly. By (11), it suffices to replace tangent stacks by formal mapping stacks. In fact,
we may drop the completion at the zero section, as colimits in stacks commute with pull-
backs. But then the statement reduces to the fact that colimits of presheaves are computed
pointwise.

To deduce the lemma from the graded version, we observe that L̂X is the formal moduli
problem associated to the formal groupoid L•X ∈ (FMP/XdR×BGm

)∆
op
. The category of

formal moduli problems by construction satisfies base change, and geometric realizations
are preserved under pullback, so the formation of this formal groupoid is compatible with
base change. We get that the natural map

colim
SpecR→XdR×BgrT

L̂ (X∧
R/R)→ L̂X

is an equivalence. The lemma then follows because L̂ (X∧
R/R) is a stack. □
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Remark 4.10. We would like to draw the reader’s attention to a subtlety in the construc-

tions of this section. The formal loop stack L̂X is constructed as a sifted colimit in the
category

FMP/XdR×BGm
.

This is not the same as the corresponding sifted colimit in dSt/XdR×BGm
, which is the

ambient category for the colimits featuring in the statement of Theorem 4.9. In particular,
the second step in the proof of Theorem 4.9 involves both types of colimits, and therefore
is not quite tautological.

Lemma 4.11 (Quasicoherent base change for T-equivariant functions). Let Y ∈ dStk have
cotangent complex and let π : X → BgrT× Y be a formal moduli problem. Let

X ′ X

Y × BGm Y × BgrT

ī

π̄ π

i

be a Cartesian square and let FQCoh(X). Then the base change morphism

i∗π∗F → π̄∗ī
∗F

is an equivalence.

Proof. The proof is similar to the proof of [GR17b, Ch. 3, Prop. 2.1.2]. By construction of
the QCoh package, it suffices to base change to an affine

S = SpecR→ Y × BgrT.

Let S′ = S ×
Y×BgrT

Y × BGm and let

X ′
S XS

S′ S

īS

π̄S πS

iS

denote the resulting Cartesian square over S. Because π is inf-schematic, we may write

Xs ≃ colim
α

Xα

in dStk, where for every α Xα is a finite type scheme, and πα : Xα → S is a nil-isomorphism.
In particular, each πα is schematic and quasi-compact, and therefore satisfies the base
change property for quasicoherent sheaves [GR17a, Ch. 3, Prop. 2.2.2]. The sheaf F is
given by a compatible family Fα ∈ QCoh(Xα). Letting X ′

α = X ′ ×S′ Xα, we have the
resulting Cartesian diagram

X ′
α Xα

S′ S.

īα

π̄α πα

iS

Finally, we observe that the morphism iS is affine such that (iS)∗OS′ ∈ Perf(S); indeed,
this follows from the explicit presentation

BgrT ≃ SpecBGm
(Sym(OBGm [2])).
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In particular, the natural morphism

i∗S lim
α

πα
∗ → lim

α
i∗Sπ

α
∗

is an equivalence. Combining the above, we have that the following natural maps are
equivalences:

i∗Sπ
S
∗ F → i∗S lim

α
πα
∗Fα

→ lim
α

i∗Sπ
α
∗Fα

→ lim
α

π̄α
∗ ī

∗
αFα

→ π̄S
∗ ī

∗
SF,

from which the lemma follows. □

The following is essentially a restatement of the equivariant HKR equivalence [TV11],
except that we assume fairly little about our stacks. See also [Mou24], where the loop stacks
are formally complete like in our setting.

Proposition 4.12. Suppose X is a derived stack with perfect cotangent complex. There is
an equivalence of D+-algebras

ΓT
XdR

(L̂X;O
L̂X

) ≃ (gr∗H dRX/XdR
[−2∗], d).

In particular, the T-action on T̂[−1]Xgr induces the de Rham differential on graded func-
tions.

Proof. By definition of and descent for the de Rham algebra,

F∗
H dRX/XdR

≃ lim
SpecR→XdR

lim
SpecA→X∧

R

F∗
H dRA/R,

where X∧
R = (X × BGm)×(XdR×BgrT) SpecR. On the other hand, by Theorem 4.9,

L̂X ≃ colim
SpecR→XdR×BgrT

colim
SpecA→X∧

R

L̂ (A/R)

in dStBgrT. By applying Theorem 4.11, we may replace X → XdR by

X∧
R → SpecR,

and we can furthermore assume that X∧
R ≃ SpecA is affine. Performing base change along

XdR × BGm → XdR × BgrT, we get a natural equivalence of underlying graded objects

(12) gr∗ΓT
SpecR

(
O

L̂ (A/R)

)
≃ gr∗H dRA/R[−2∗].

The universal property of the de Rham algebra then implies there is a natural map of
D+-algebras

σ : (gr∗H dRA/R, d)→ ΓT
SpecR

(
O

L̂ (A/R)

)
.

It suffices to show σ is an equivalence; but it induces the map (12) on graded objects, and
the associated graded functor is conservative. □

Remark 4.13. The geometric formulation of the de Rham differential described above, as
well as the approach to Cartan calculus in the next section, is partly inspired by [KS04]. In
particular, we can re-express the groups involved as

Aut(A1[−1]) ≃ Gm ⋉ BGa,
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and

Âut([A1[−1]/Gm]/BGm) ≃ [BGa/Gm].

Then, as in loc. cit., the grading and de Rham differential on differential forms are re-
expressed as group actions on a mapping space, and the Cartan formula becomes a statement
about interaction of this group action with the action of diffeomorphisms of the codomain.

4.2. Closed and exact forms.

Definition 4.14. Let p ∈ N and X → S be a morphism of stacks. The sheaf of closed
p-forms on X/S is

Fp
H dRX/S ∈ QCoh(S).

The sheaf of exact p-forms on X is

Ωp,ex
X/S = coFib

(
Fp
H dRX/S → F0

H dRX/S

)
∈ QCoh(S).

Observe that the definition of exact p-forms immediately lifts to the filtered setting, en-
dowing Ωp,ex

X with a p-step complete filtration, which we also refer to as the Hodge filtration.
More precisely, we write

F∗
HΩ

p,ex
X/S = coFib

(
F∗+p
H dRX/S → F∗

H dRX/S

)
∈ F̂il

+
QCoh(S),

observing that

gr∗HΩ
p,ex
X/S ≃ 0 when ∗ ≥ p.

There is a natural map

(13) F∗
HΩ

p,ex
X/S → Fp+∗

H dRX/S [1](1),

namely the connecting map of the defining cofiber sequence.

Lemma 4.15. There is a commutative square

grp−1
H Ωp,ex grpH dRX/S

∧p−1LX/S ∧pLX/S [1],

≃ ≃

d

where the top horizontal arrow is the image of (13) under the functor grp−1.

Definition 4.16 (Stacks of differential forms). Let n ∈ Z, p ∈ N. The stack of n-shifted
closed p-forms on X is the complete linear stack

Ωp,cl
X (n) = V̂XdR

(
Fp
H dRX/XdR

[n+ p]
)
∈ FMP/XdR

.

Similarly, the prestack of n-shifted exact p-forms on X is

Ωp,ex
X (n) = V̂XdR

(
Ωp,ex
X/XdR

[n+ p− 1]
)
∈ FMP/XdR

.

For every n, p there is a natural map

Ωp,ex
X (n)→ Ωp,cl

X (n),

thought of as the de Rham differential.
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Definition 4.17. Let

ω ∈ π0F
2
H dRX [2 + n]

be an n-shifted closed 2-form on X. We say that ω is an n-symplectic form on X if the
morphism of sheaves

ω2 : TX → LX [n]

is an equivalence.

Definition 4.18. Let f : L → X and let ω be an n-symplectic form on X. An isotropic
structure on f is a nullhomotopy for f∗ω, i.e. a path

h ∈ π0Pf∗ω,0(τ≥0F
2
H dRL).

An isotropic structure h on f is a Lagrangian structure if the induced morphism of sheaves

h2 : TL → LL/X [n− 1]

is an equivalence. An isotropic (resp. Lagrangian) structure h is said to be an exact isotropic

(resp. exact Lagrangian) structure if ω is exact, and h is in the image of Ω2,ex
L/X .

Remark 4.19. In the above definition, the map h2 is obtained as follows. By composing
with the underlying 2-form map, h induces a nullhomotopy of

f∗ω2 : TL → f∗TX → f∗LX [n]→ LL[n],

and therefore we get a nullhomotopy for the composite

TL/X TL LL[n],
ν f∗ω2

where ν is the natural map. On the other hand, the normal fiber sequence for f yields a
canonical nullhomotopy for ν, and composing the two nullhomotopies yields an element

h2 ∈ π0Ω0MapQCoh(L)(TL/X ,LL[n]) ≃ π0MapQCoh(L)(TL/X ,LL[n− 1]).

Definition 4.20 (Stack of isotropic structures). Let f : L → X be a nil-isomorphism (in
particular fdR : XdR ≃ LdR) and write

If = Fib
(
F2
H dRX/XdR

→ F2
H dRL/LdR

)
∈ QCoh(XdR).

The stack of n-isotropic structures on f : L→ X is the formal stack

Isotf (n) = V̂XdR
(If [n]) ∈ FMP/XdR

.

By construction, there is an “underlying closed 2-form” map of stacks

Isotf (n)→ Ω2,cl
X (n).

Similarly, letting

Iexf = Fib
(
Ω2,ex
X/XdR

→ Ω2,ex
L/LdR

)
,

the stack of exact n-isotropic structures on f : L→ X is the formal stack

Isotexf (n) = V̂XdR
(Iexf [n]) ∈ FMP/XdR

.

It comes with an underlying exact 2-form map

Isotexf (n)→ Ω2,ex
X (n).
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For a morphism f : L → X which is not necessarily a nil-isomorphism, we define n-
isotropic structures on f to be n-isotropic structures on the formal completion

L→ X∧
L = X ×

XdR

LdR.

The following is a combination of results of [Pan+13; Cal19; CS24].

Theorem 4.21 (Pantev–Toën–Vaquié–Vezzosi; Calaque; Calaque–Safronov). Let X be a

derived stack with perfect cotangent complex. Then T̂∗[n]X is equipped with a canonical
exact n-shifted symplectic structure

ω ∈ π0Ω
2,ex

T̂∗[n]X/XdR
[n+ 1].

Moreover, the zero section

ι : X → T̂∗[n]X

is equipped with a canonical exact Lagrangian structure.

5. Differential calculus

It will be crucial for our goals to understand the interaction of formal automorphisms of
a derived stack with the Hodge filtration on de Rham cohomology. This section is therefore
dedicated to studying this interaction, culminating in a version of the Cartan homotopy
formula for derived stacks. The perspective will be through the lens of the HKR theorem:
the associated graded of the Hodge filtration is governed geometrically by the formal tangent
stack, and the de Rham differential corresponds to the graded circle action.

We first treat the easier case of the associated graded, which corresponds to the notion
of precalculus due to Tamarkin–Tsygan. Here most features come down to functoriality of
the formal tangent stack. The most notable feature is that the identity fiber of the tangent
of the automorphism group acts by fiberwise translation, which is the correct geometric
notion of “interior derivative”. In the second subsection, we re-introduce the circle action,
which acts on both the tangent stack and the tangent of the automorphism group. The
main theorem will be an appropriate compatibility between them.

We fix a derived stack X with perfect cotangent complex; recall all of our stacks are left
Kan extended from finitely presented animated commutative rings. We will write

p : X → XdR

for the canonical projection. For a point S → XdR, we write

X∧
S = S ×

XdR

X.

5.1. Precalculus. Consider the abelian formal group

VXdR
(p∗TX [−1]) = expXdR

(trivLie(p∗TX [−1])) ∈ Grp(FMP/XdR
).

The pullback

VXdR
(p∗TX [−1]) ×

XdR

X

is an object of Grp(FMP/X) with trivial multiplication. By perfection of TX and Theo-
rem 3.19,

VXdR
(p∗TX [−1]) ×

XdR

X ≃ T̂otX(p∗p∗TX [−1]),
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where we’ve dropped Υ from the notation. In particular, the canonical map

p∗p∗TX [−1]→ TX [−1]
in QCoh(X) induces a morphism

VXdR
(p∗TX [−1]) ×

XdR

X → T̂[−1]X

over X. By taking the left translation action of T̂[−1]X on itself and pulling back, we thus
get an action

(14) VXdR
(p∗TX [−1]) ×

XdR

X ↷ T̂[−1]X

in FMP/X . The resulting group morphism

VXdR
(p∗TX [−1]) −→ ResXXdR

Âut(T̂[−1]X/X)

over XdR is the Lie exponential of the map

p∗TX [−1]→ p∗π∗π
!TX [−1]

arising from the unit of the (discontinuous) adjunction π! ⊣ π∗

Definition 5.1. We refer to the action (14) as the global fiberwise translation action.

The following statement is the global analogue of the action of

VF(An)⊕VF(An)[−1]
on the graded module Ω∗

An/k given by Lie derivative and interior product.

Proposition 5.2. There is a canonically defined action

T̂[−1]Âut(X)gr ↷ T̂[−1]Xgr,

which lifts the natural action

Âut(X) ↷ T̂[−1]Xgr.

Moreover, the restriction to the identity fiber

ΩXdR
Âut(X) ≃ VXdR

(trivLie(p∗TX [−1]))
is identified with the global fiberwise translation action.

Proof. The functor

T̂[−1](−/Z)gr ≃ M̂apZ(T× Z,−) : FMP/Z → FMP/Z×BGm

preserves limits, and therefore automatically has the structure of a monoidal functor for the

Cartesian product. The action we are after is obtained by applying T̂[−1](−/XdR)
gr to the

tautological action of Âut(X) on X.
It remains to prove the last claim. By (4),

ΩXdR
Âut(X)gr ≃ expXdR×BGm

(ins1ΩLieVF(X)).

So, as formal groups, ΩXdR
Âut(X) ≃ VXdR

(trivLie(p∗TX [−1])), compatibly with the grad-
ing. The action

ΩXdR
Âut(X)gr ×

XdR

X ↷ T̂[−1]Xgr



CRYSTALLINE AND INFINITESIMAL POISSON STACKS 41

is given by the action of

Fib id

(
M̂apXdR×BGm

(T, Âut(X))→ M̂apXdR×BGm
(XdR, Âut(X))

)
on T̂[−1]Xgr over X. Given a point

u : SpecR→ X,

this is the tangent map at (id, u) of the canonical action

Âut(X∧
R) ↷ X∧

R.

Thus the action of ΩXdR
Âut(X)gr on T̂[−1]Xgr is linear over X, and the computation of

Lie(Âut(X)) shows that it is equivalent to the fiberwise translation action. □

Lemma 5.3. The ΩXdR
Âut(X)gr ×

XdR

X-module structure on the graded object

ΥΓX×BGm(T̂[−1]Xgr,O
T̂[−1]Xgr) ≃ ΥSym∗

X×BGm
(ins−1LX [1]) ∈ GrCAlg(IndCoh(X))

induced by the fiberwise translation action is equivalent to the extension of the duality pairing

TX [−1]⊗
X
LX [1] −→ OX .

Proof. Since the group structure here is abelian, by Theorem 4.9 we may assume X is a
derived scheme. Moreover, we may reduce to X = A1, since every derived scheme can
be written as a cosifted limit of products of A1. On the affine line, the statement can be
checked explicitly:

T̂[−1]A1 ≃ A1 ×A1[−1],
and fiberwise translation corresponds to infinitesimal translation in A1[−1], which on the
sheaf of functions is identified with the duality pairing. □

Let us clarify this subsection using the classical example.

Example 5.4. Set X = An with coordinates x1, . . . , xn. We may write

T̂[−1]An = Spec k[x1, . . . , xn, ζ1, . . . , ζn],

where ζi has cohomological degree −1 and weight 1. This defines gr∗H dRX/k. Now let

v = vi ∂
∂xi be a derivation of O(X). Interior product by v is identified with the derivation

ιv = vi
∂

∂ζi
.

Thus, the flow of ιv fixes the zero section and translates the fibers proportionally to the
components, explaining the name “fiberwise translation”.

5.2. Interaction with the circle action. There is a natural T-action on T̂[−1]Âut(X)
as a stack over XdR, defining a morphism of (graded) group objects:

DC : T→ Aut(T̂[−1]Âut(X)gr).

Lemma 5.5. The map DC lifts to

T→ AutGrp(T̂[−1]Âut(X)).

Proof. Follows from the fact that the action of T on T̂[−1]Âut(X) arises from its action on

the monoidal functor T̂[−1](−). □
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Definition 5.6. We define the formal group

Calc(X) = T⋉ T̂[−1]Âut(X)gr ∈ Grp
(
FMP/XdR×BGm

)
using the group action DC . We also write c(X) ∈ AlgLie(GrIndCoh(XdR)) for its Lie algebra.

We arrive at the main theorem of this section. The author is grateful to Nick Rozenblyum
for communicating that this theorem independently follows from much more general results
of an upcoming paper of Brav–Rozenblyum.

Theorem 5.7. There is an action

Calc(X) ↷ T̂[−1]Xgr

in the category FMP/XdR×BGm
which restricts to

(1) the XdR ×T-action defining the formal loop stack L̂X, and

(2) the T̂[−1]Âut(X)-action of Theorem 5.2.

Proof. By construction,

T̂[−1]Xgr = M̂apFMP/XdR×BGm
(XdR ×T, X × BGm)

is an internal mapping object in FMP/XdR×BGm
. Similarly,

(15) T̂[−1]Âut(X)gr ≃ M̂apXdR×BGm
(XdR ×T,EndXdR×BGm

(X × BGm)).

There is a natural group morphism

XdR ×T→ ÂutXdR×BGm(XdR ×T),

which under (15) intertwines the action definining L̂ (Âut(X)) with the standard precom-
position action of the right side.

By Theorem A.1, T̂[−1]Xgr acquires an action of

ÂutXdR×BGm(XdR ×T)⋉ M̂apXdR×BGm
(XdR ×T,EndXdR×BGm

(X × BGm))

≃ ÂutXdR×BGm(XdR ×T)⋉ T̂[−1]Âut(X)gr

which restricts to the action of Theorem 5.2 and the natural action of Âut(XdR×T). To ver-
ify the hypotheses of Theorem A.1, recall that the inclusion Mon(FMP/X)→ Grp(FMP/X)
is an equivalence. Now we pull back the action by

Calc(X)→ Âut(T)⋉ M̂ap(T,End(X × BGm))

and observe that resulting action lifts the XdR ×T-action defining L̂X by design. □

Corollary 5.8 (Cartan homotopy formula). The canonical graded VF(X)-module structure
on gr∗H dRX/XdR

lifts to Modc(IndCoh(XdR)). In particular, for any class

v ∈ πpVF(X) ∼= πp+1Γ(X,TX [−1]),

the following equality holds in πp EndGrIndCoh(XdR)(gr
∗
H dRX/XdR

):

[d, ιv] = Lv.
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Proof. By definition,

c(X) ≃ t+ ⋉ Lie(T̂[−1]Xgr).

The action of Theorem 5.7 yields a Calc(X)-module structure, and therefore a c(X)-module
structure, on

ΓBGm(T̂[−1]Xgr;O
T̂[−1]Xgr) ≃ gr∗H dRX/XdR

.

Write

ρ : πpc(X)→ πp EndGrIndCoh(XdR)(gr
∗
H dRX/XdR

)

for the action morphism on homotopy groups.
Let

ξ : ωBGm → t+

represent a generator. For v ∈ πpVF(X), write

vl ∈ πpLie(T̂[−1]Xgr)

for the class induced by the inclusion of the zero section, and

vi ∈ πp+1Lie(T̂[−1]Xgr)

for the corresponding class induced by the map from the identity fiber. By construction of
DC ,

(16) [ξ, vi] = vl.

We now identify the image of these three classes under ρ. Theorem 4.12 implies

ρ(ξ) = d.

Restricting the action of T̂[−1]Âut(X) to the zero section is precisely the canonical auto-
morphism action, whence

ρ(vl) = Lv.

Finally, Theorem 5.3 yields

ρ(vi) = ιv,

since Theorem 5.2 shows the identity fiber acts by fiberwise translation. Applying ρ to (16)
lets us conclude. □

Remark 5.9. The above corollary can be thought of as generalizing Gelfand–Kazhdan
descent for the classical Cartan homotopy formula on manifolds.

No part of the proof required the base we work over to be of the form XdR. In particular,
all statements go through for the formal moduli problem X → XdR replaced by any formal
moduli problem X → Z, where we keep the standing assumption that cotangent complexes
are perfect. More precisely, we define

Calc(X/Z) = T⋉ T̂[−1]Âut(X/Z)gr ∈ Grp
(
FMP/Z×BGm

)
,

and have the following.

Corollary 5.10. There is a natural action

Calc(X/Z) ↷ T̂[−1](X/Z)gr

such that the restriction to T is the de Rham action, and the restriction to T̂[−1]Âut(X/Z)gr

recovers the action given by functoriality.
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6. Poisson structures

We arrive at the definition of infinitesimal Poisson structures. In the first subsection, we
will construct a formal group of “Hamiltonian” deformations of the cotangent stack, and
use Theorem 5.7 to prove that its tangent space at the identity coincides with the graded
module underlying the polyvectors algebra. In the second section, we will introduce the
relative case, which requires a little bit of care.

6.1. A formal group of Poisson deformations. Let X → Z be a formal moduli problem
over Z. An integral part of the Cartan package is the action

Âut(X/Z) ↷ Ωp,ex
X/Z,

for any p ∈ N, which is already well-defined by functoriality of the filtered de Rham algebra.

One readily sees that it equips Ωp,ex
X/Z with the structure of an Âut(X/Z)-module.

Definition 6.1. Let Z ∈ dStk, let X ∈ FMP/Z and assume both X and Z admit a perfect
cotangent complex. Fix p ∈ N, n ∈ Z. We define

Ω̃p,ex(X/Z, n) = V
Âut(X/Z)
Z (Ωp,ex(X/Z, n)),

where we’ve used the notation of Theorem 3.36. As an action object, it is equipped with a
projection morphism

Ω̃p,ex(X/Z, n)→ BZÂut(X/Z).

We adopt the notational convention

Ω̃p,ex(X,n) = Ω̃p,ex(X/XdR, n).

We finally introduce the most important definition in the article.

Definition 6.2. We define the group of n-Poisson deformations of X to be the based loop
stack

GPX(n) = ΩωΩ̃
2,ex(T̂∗[n+ 1]X,n+ 1)

at the point

ω : XdR → Ω̃2,ex(T̂∗[n+ 1]X,n+ 1)

defined by the standard exact symplectic form. As a based loop construction, it canonically
acquires the structure of a group in FMP/XdR

; we abuse notation and do not distinguish
between the group object and its underlying stack.

Points α ∈ GPX(n) are to be thought of as Hamiltonian vector fields on T̂∗[n + 1]X.
There is a canonical morphism of group objects

vX : GPX(n)→ Âut(T̂∗[n+ 1]X).

We think of vX(α) as the “underlying vector field” of the Hamiltonian vector field α.
Moreover, we have the following.

Lemma 6.3. The underlying formal stack of GPX(n) is given by the fiber at ω of the
morphism

(17) Âut(T̂∗[n+ 1]X)→ Ω2,ex(T̂∗[n+ 1]X,n+ 1)

induced by the action of formal automorphisms of ω.

Proof. Elementary from the definition of based loop stacks of a quotient stack. □
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Theorem 6.4. Let e : XdR → GPX(n) denote the identity section. The underlying sheaf of
Lie(GPX(n)) satisfies

e∗TGPX(n)/XdR
≃ gr0HΩ

2,ex

T̂∗[n+1]X/XdR
[n+ 1] ≃ ΓXdR

(T̂∗[n+ 1]X,O)[n+ 1],

which moreover lifts to an equivalence of graded objects

e∗TGPX(n)gr/XdR
≃ Γgr

XdR
(T̂∗[n+ 1]X,O)[n+ 1]

in GrQCoh(XdR).

Proof. Let

h = e∗TGPX(n)/XdR
, v = e∗T

Âut(T̂∗[n+1]X)/XdR
∈ GrQCoh(XdR).

Write also

f = Ω2,ex

T̂∗[n+1]X/XdR
[n+ 2] ∈ GrQCoh(XdR),

where we will suppress the distinction between the Hodge-filtered object and the underlying
object.

We have by construction that

(18) h→ v→ f

is a fiber sequence of sheaves on XdR. Let w0 denote the composition

w0 : gr
0
Hf gr1Hf[1] v[1]d ρ

where ρ is an inverse for ω♯
2.

Lemma 6.5. There is a factorization

h[1]

gr0Hf v[1].

w

w0

Proof. It suffices to verify that the composition

gr0Hf v[1] f[1]
w0

is nullhomotopic. For that it’s enough to prove that

gr0Hf v[1] gr1Hf[1]
w0

factors through the connecting map

gr0Hf→ gr1Hf[1]

which is identified with the first differential in the homotopy coherent complex

(gr∗H dR
T̂∗[n+1]X/XdR

[n+ 1], d).

By Theorem 5.8, this composite is equivalent to ιρ(d(−))dλ modulo d. But by definition of
ρ and Theorem 5.2, ιρ(d(−)) ≃ d(−), and thus the lemma follows. □
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Now, using Theorem 5.2, we have

h : h[1] v[1] f gr0Hf.
ιλ

We claim that h is an inverse for w. Indeed, h ◦ w ≃ id follows from the lemma and an
application of Theorem 5.8. On the other hand, applying Theorem 5.8 to

v[1] gr0Hf gr1Hf[1] v[1],ιλ d ρ

we see that

h[1] h[1]

v[1] v[1]

id

w0◦ιλ

commutes. By the universal property of the fiber in (18), we must have w ◦h ≃ id, finishing
the proof. □

Remark 6.6. The equivalence

h : h[1] ≃ gr0Hf

in the proof above can informally be thought of as follows. An element of h is a vector
field v together with a function f such that Lvλ = df . The morphism h takes (v, f) to the
function f − ιvλ, which is a Hamiltonian for v by the Cartan homotopy formula.

Definition 6.7 (Infinitesimal polyvectors). Let

PolinfX (n) = Lie (GPX(n)gr) ∈ AlggrLie(QCoh(XdR))

be the graded Lie algebra of the group of n-Poisson deformations of X. We refer to PolinfX (n)
as the Lie algebra of infinitesimal n-polyvectors.

Now we can define a notion of Poisson bivectors.

Definition 6.8 (Infinitesimal Poisson structures). Let X be a derived stack with perfect
cotangent complex. The space of infinitesimal n-Poisson structures on X is the mapping
space

Poisinf(X,n) = MapAlggrLie(QCoh(XdR))(ins
2OXdR

[−1],PolinfX (n)).

Following Theorem 4.6, this definition can be rephrased as

Poisinf(X,n) ≃ MapFMP/BGm×XdR
(Â1/Gm ×XdR,BBGmGPX(n)gr).

Example 6.9 (Classifying stacks). Let G be a reductive group with Lie algebra g and
consider X = BG. As studied in [Saf21], the space of 1-Poisson structures on BG is closely
related to Poisson Lie group structures on G. To illustrate the definition of infinitesimal
1-Poisson structures, we will outline how it works for BG and relate it to Poisson Lie group
structures in the next subsection.

Consider

T̂∗[2]BG ≃ ĝ∨[1]/G.

It is helpful to keep in mind that

T
T̂∗[2]BGgr

∣∣
BGm

≃ g[1]⊕ ins−1g∨[1].
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Graded functions on ĝ∨[1]/G can be computed as

Γ∗
BGm

(
ĝ∨[1]/G;Oĝ∨[1]/G

)
≃ lim

∆

(
O(G×•)⊗

k
Sym∗

k(ins
1g[−1])

)
.

By base change, we have

(19) Γ∗
BGm

(
ĝ∨[1]/G;Tĝ∨[1]/G

)
≃ lim

∆

(
O(G×•)⊗

k
Sym∗

k(ins
1g[−1])

)
⊗
k

(
g[1]⊕ ins−1g∨[1]

)
.

The graded Lie algebra structure on (19) defining

VF(ĝ∨[1]/G)gr

can be checked to be the one induced by the pairing

ins1g[−1]⊗
k
ins−1g∨[1] −→ k

and the action of g[1] on G×• by (usual) invariant vector fields. Observe that this graded
Lie algebra vanishes in weight i for all i < −1.

Infinitesimal 1-Poisson structures are given by Lie algebra morphisms

ins2k[−1] −→ VF(ĝ∨[1]/G) ×
VF(ĝ∨[1]/G)⋉Ω2,ex

ĝ∨[1]/G

VF(ĝ∨[1]/G),

where the right side is the fiber product of the section λ with the zero section — this is
the Lie algebra of GPBG(1), where we have omitted the grading from the notation. Using
the explicit resolution of ins2k[−1] given by [Mel16, Sec. 4] and leveraging the fact that the
weights of VF(ĝ∨[1]/G) are bounded below by −1, one finds that points of

Poisinf(BG, 1)

correspond to pairs

π ∈ O(G)⊗
k
Sym2

k(g[−1]), ϕ ∈ Sym3
k(g[−1]),

which satisfy the equations for a quasi-Poisson Lie group structure on G, the most important
of which is [π, π] = 2ϕ.

6.2. Relative setting and coisotropics. In this section, we introduce a formal group
controlling deformations of coisotropic structures. To do so, we borrow an idea from [Cal19;
CS24]. Let

j : C → X

be a nil-isomorphism of derived stacks with perfect cotangent complex; in general we may
replace any morphism between such stacks by its completion without loss of generality. By
[Cal19, Thm. 2.8] and its extension [CS24, Thm. 3.6], the diagram

T̂∗[n]C/X T̂∗[n+ 1]X

C X

i

πC πX

j

is equipped with the following structure5, all of which is compatible with the fiberwise
grading:

• an exact (n+ 1)-symplectic form λ ∈ π0Ω
2,ex

T̂∗[n+1]X
(n+ 1);

5In [Cal19], such a package is referred to as a nondegenerate isotropic square.
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• an exact (n+ 1)-Lagrangian structure l ∈ π0Isot
ex
i (n+ 1);

• a nondegenerate isotropic fibration structure on πX , i.e. a path

η ∈ Pλ/X ,0(Ω
2,ex

T̂∗[n+1]X/X
(n+ 1)),

such that the induced isotropic structure on TπX → T
T̂∗[n+1]X

is nondegenerate;

and
• a nullhomotopy ξ for the composite path l ◦ (i∗η)−1 in Ω2,ex

πC (n) whose leading term
is nondegenerate.

The existence of l is essentially due to the factorization of i through

iC : T̂∗[n]C/X → T̂∗[n+ 1]X ×
X
C,

namely it is the pullback of the canonical Lagrangian structure on C → T̂∗[n+1]C through
iC . Moreover (see [Cal19, p. 2.3.2]), the paths l, η compose to a formal loop β in

Ω2,ex

(T̂∗[n]C/X)/X
(n+ 1)

based at 0, which is natural. That is, β defines a morphism

β : X → Ω2,ex

(T̂∗[n]C/X)/X
(n)

in FMP/X×BGm
.

Lemma 6.10. There exists a morphism of formal group objects

cj : GPX(n)→ ResXXdR

(
ΩβΩ̃

2,ex

(T̂∗[n]C/X)/X
(n)

)
over XdR.

Proof. We may replace

Ω2,ex

T̂∗[n+1]X
(n+ 1), Ω2,ex

(T̂∗[n]C/X)/X
(n)

by
(Ω2,ex

T̂∗[n+1]X
(n+ 1))∧λ , (Ω

2,ex

(T̂∗[n]C/X)/X
(n))∧β ,

since both based loop spaces are taken in formal moduli problems. Then the construction
of β implies there is a linear map

(Ω2,ex

T̂∗[n+1]X
(n+ 1))∧λ ×

XdR

X → (Ω2,ex

(T̂∗[n]C/X)/X
(n))∧β ,

taking the difference of homotopies. Since β = γη−1, it lifts to Âut(T̂∗[n+1]X)-invariants.
So, we get an induced morphism

(Ω̃2,ex

T̂∗[n+1]X
(n+ 1))∧λ ×

XdR

X → Ω̃2,ex

(T̂∗[n]C/X)/X
(n),

which yields the desired group map upon taking loops. □

Definition 6.11. Let j : C → X be a map of derived stacks with perfect cotangent complex.
The group of n-coisotropic deformations of j, denoted by GCj(n), is defined as the fiber

GCj(n) = Fib(cj) ∈ Grp(FMP/XdR
),

where cj is the morphism of Theorem 6.10. We will often omit the morphism from the
notation and write

GCC/X(n) = GCj(n).



CRYSTALLINE AND INFINITESIMAL POISSON STACKS 49

Theorem 6.12. Let j : C → X be a morphism of stacks with perfect cotangent complex,
and let e : XdR → GCj(n) denote the identity section. The underlying graded object of
Lie(GCj(n)) satisfies

e∗TGCj(n)/XdR
≃ gr0H Fib

(
Ω2,ex
X/XdR

[n+ 1]→ p∗Ω
2,ex
C/X [n+ 1]

)
≃ Fib

(
Γgr
XdR

(T̂∗[n+ 1]X,O[n+ 1])→ Γgr
XdR

(T̂∗[n](C/X),O[n+ 1])
)

in GrIndCoh(XdR).

Proof. It will suffice to compute the relative tangent complex of

GCC/X(n)→ GPX(n)

at the identity. To do this, we employ the same strategy as in Theorem 6.4, replacing

the structure map T̂∗[n + 1]X → XdR with T̂∗[n]C/X → X. The nondegeneracy of ω is
replaced by the nondegeneracy of β [Cal19, Lemma 2.18], and otherwise the proof proceeds
the same way.

The final thing to verify is that the map

e∗TGCC/X(n) → e∗TGPX(n)

is the one claimed. But this follows from the fact that cj is induced by a linear map of
sheaves, hence the tangent maps are identified. □

Definition 6.13 (Relative infinitesimal polyvectors). Let

PolinfC/X(n) = Lie
(
GCC/X(n)gr

)
∈ AlggrLie(QCoh(XdR))

be the graded Lie algebra of the group of n-coisotropic deformations of C → X. We refer
to PolinfC/X(n) as the Lie algebra of infinitesimal relative n-polyvectors.

Definition 6.14 (Infinitesimal coisotropic structures). Let j : C → X be a morphism
of derived stacks with perfect cotangent complex. The space of infinitesimal n-coisson
structures on j is the mapping space

Coisinf(C/X, n) = MapAlggrLie(QCoh(XdR))(ins
2OXdR

[−1],PolinfC/X(n)).

Observe that there is a map

Coisinf(C/X, n)→ Poisinf(X,n).

Suppose moreover thatX is equipped with an infinitesimal n-Poisson structure π ∈ π0 Pois
inf(X,n).

The space of infinitesimal n-coisotropic structures on j is

Coisinfπ (C/X, n) = Fibπ

(
Coisinf(C/X, n)→ Poisinf(X,n)

)
.

Example 6.15 (Classifying stacks). We revisit Theorem 6.9 and consider infinitesimal
1-coisson structures on the canonical morphism

pt→ BG.

What follows is a conceptual explanation; the precise calculations justifying it are omitted
for the sake of space. We have

T̂∗[1](pt /BG) ≃ ĝ∨[1],
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and the conormal square thus takes the form

ĝ∨[1] ĝ∨[1]/G

pt BG.

i

π

Now an infinitesimal 1-Poisson structure on ĝ∨[1]/G yields in particular a deformation of
the Lie algebra

Tĝ∨[1]/G[−1] ≃ g⊕ g∨,

where the bracket on g is the original bracket and restricts to zero on g∨. This is the
deformation of the stack ĝ∨[1]/G underlying the Poisson structure. The deformation of the
symplectic form yields a deformation of the metric on g⊕ g∨ given by the duality pairing,
and exactness states that the deformation is compatible with the (G-equivariant) map of
Lie algebras

g→ g⊕ g∨.

The complex

Ω2,ex

T̂∗[1](pt /BG)gr/BG

is represented by the graded complex

Sym∗
k(ins

1g[−1])⊗ OBG Sym∗
k(ins

1g[−1])⊗ (ins1g[−1]⊕ g∨)⊗ OBG
d

of sheaves on BG. The element ξ is represented by the (G-equivariant) duality pairing
between g[−1] and LBG. The additional freedom to deform ξ in Hodge weight 0 corresponds
to a deformation of the Lie algebra structure on g∨, compatibly with the G-action.

Thus 1-coisson structures on pt→ BG yield deformations of the canonical Manin triple

(g⊕ g∨, g, g∨).

By Drinfeld’s theorem, these correspond to deformations of G as an algebraic Poisson Lie
group. This can be upgraded to an equivalence of spaces, recovering [Saf21, Cor. 2.14].

Remark 6.16. By the discussion in the previous example and results of [Saf21], Theo-
rem 8.1 can be understood as a generalization of Drinfeld’s theorem on the correspondence
between Poisson Lie groups and Manin triples. It is conceivable that this idea can be
generalized to Manin triples of Lie algebroids, which would yield a definition of Lie bialge-
broids over derived stacks based on shifted symplectic geometry. We hope to investigate
this problem in the future.

7. Crystalline and infinitesimal

We will now begin setting the stage for the comparison between infinitesimal polyvectors
and the theory of [Cal+17]. We will first summarize the construction of polyvectors from
loc. cit., which we call crystalline polyvectors. It fundamentally uses the module theory
of certain Hodge-filtered de Rham algebras, i.e. crystals. The construction is traditionally
explained in terms of model categories of graded mixed algebras (or dg D+−algebras), so we
will attempt to spell out exactly how to translate between that language and the complete
filtered world. In particular [Cal+17] define a certain ind-object of presheaves of graded
mixed algebras which is considered the “true receptacle” of Poisson brackets of functions
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on a derived stack. We will explain what happens to it upon passage to complete filtered
categories.

In the second subsection, we explain how to correctly pass between the sheaf theories
underlying crystalline and infinitesimal polyvectors. The upshot, which is essentially due to
[Buc25], is that the “extra” complete filtrations appearing behind the scenes of crystalline
polyvectors play the role of passing to ind-coherent sheaves. Thus the necessity of the
passage to crystals reflects the idea that IndCoh is the natural category on which to do Lie
theory on a stack.

7.1. Crystalline Poisson structures. We review the construction of [Cal+17]. Let X
be a derived stack with perfect cotangent complex. Given a geometric point u ∈ X(k),
the shifted tangent complex at u, TX,u[−1] ∈ Modk, acquires the structure of a Lie al-
gebra. The philosophy of loc. cit. is to repackage the formal geometry of a derived
stack X in terms of derived algebra by studying descent over XdR for the Hodge-filtered
Chevalley–Eilenberg cohomology of this Lie algebra — a vast generalization of Gelfand–
Kazhdan descent. Specifically, the shifted tangent Lie algebra localized over XdR encodes
the Grothendieck flat connection on the sheaf of principal parts p∗OX . The difference be-
tween this approach and that of [GR17b] is that [Cal+17] takes the crystalline perspective:
flat connections are encoded by crystals in the sense of Grothendieck, which in our setting
translates to induced modules over the Hodge-filtered de Rham algebra.

First, we introduce the analogue of the structure sheaf of OXdR
in this picture.

Definition 7.1. The filtered crystalline structure sheaf of X is the presheaf of complete
filtered algebras on XdR defined by

D∗
X(SpecR→ XdR) = F∗

H dRRred/R .

By Theorem 2.15, F−∞D∗
X ≃ OXdR

, explaining the name.

To encode p∗OXdR
, [Cal+17] use the idea that the shifted tangent Lie algebra T[−1]

controls formal neighborhoods of points.

Lemma 7.2. Let Y be a derived stack with perfect cotangent complex. We have

F∗
H dRYred/Y ≃ lim

SpecR→Y
F∗
H dRRred/R .

Proof. By descent for Yred,

(Yred → Y ) ≃ lim
SpecR→Y

(SpecRred → SpecR)

in the category of pairs. The lemma now follows from Theorem 2.14. □

Definition 7.3. The filtered sheaf of principal parts of X is the presheaf of D∗
X -algebras

on XdR given by
B∗

X(SpecR→ XdR) = F∗
H dRRred/X∧

R
.

By Theorem 2.15, F−∞B∗
X ≃ p∗OX . There is a natural morphism of presheaves of complete

filtered algebras D∗
X → B∗

X .

The following is immediate from Theorem 7.2.

Corollary 7.4. Let X be a derived stack with perfect cotangent complex. Then there is an
equivalence

gr∗B ≃ ΓXdR
(X, Sym∗

X(LX/XdR
[−1]))

in GrQCoh(XdR).
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We remark that, in [Cal+17], the above is stated only under the further assumption that
X is an Artin derived stack. That assumption, at least for the results which we use, is
removed by Theorem 7.2.

Recall our notation MDer(−, n) for the Lie algebra of n-shifted multiderivations.

Definition 7.5. Let X be a derived stack with perfect cotangent complex and let n ∈ Z.
Let

F∗
DPol

crys
X (n) = Forget

pgrn+2

Liegr (MDer(B∗
X/D∗

X , n+ 1)) ∈ AlggrLie(F̂ilQCoh(XdR)).

Note that the grading, coming from the graded Poisson operad, is distinct from the complete
filtration degree arising from the crystalline nature of B∗

X . We refer to the underlying object

PolcrysX (n) = F−∞
D PolcrysX (n)

as the Lie algebra of crystalline n-polyvectors on X. Most of the time we will opt to retain
the F−∞

D notation in order to emphasize the fact that we must take underlying objects.

The fact that the presheaf PolcrysX (n) defines a quasi-coherent sheaf is not a priori imme-
diate. See [Cal+17, Rmk. 2.4.10]. We prefer not to take sections and always work over
XdR. A careful comparison of PolcrysX (n) to the objects of [Cal+17] will be given below.

Before stating what we will use about PolcrysX (n), we elaborate on the somewhat confusing
filtration F∗

D . We have

(20) F∗
H dRB⋆

X/D⋆
X
∈ F̂il

+
CAlgD⋆

X
,

where there are two complete filtrations: the “internal” filtration coming from B⋆
X and the

Hodge filtration F∗
H. The underlying object functor

F−∞ : CAlgD⋆
X
→ CAlgF−∞D⋆

X
≃ CAlg(QCoh(XdR))

lifts to complete filtered objects:

F−∞
D : F̂il

+
CAlgD⋆

X
→ F̂il

+
CAlg(QCoh(XdR)).

The notation emphasizes that underlying objects are only taken with respect to the “inter-
nal” filtration. In particular, applying it to (20) yields

F−∞
D F∗

H dRBX/DX
∈ F̂il

+
CAlg(QCoh(XdR)).

We use the same notation for the analogous construction on graded Lie algebra objects, as
in Theorem 7.5.

The following result makes precise the statement that the filtered sheaf of principal parts
governs differential calculus on the stack X.

Theorem 7.6 (Calaque–Pantev–Toën–Vaquié–Vezzosi). Let X be a derived stack with per-
fect cotangent complex and n ∈ Z.

1. There is a natural equivalence of complete filtered commutative algebra objects of
QCoh(XdR)

F−∞
D F∗

H dRBX/DX
≃ F∗

H dRX/XdR
.

2. There is a natural equivalence of graded quasi-coherent sheaves over XdR

F−∞
D PolcrysX (n) ≃ ΓXdR

(X,Sym∗
X(TX/XdR

[−n− 1])).

Proof. See [Cal+17, Thm. 2.3.3, Thm. 2.3.8]. □
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7.2. Explicit comparison to the graded mixed picture. In this extended remark, we
make explicit the correspondence of objects and notation between ours and that of [Cal+17].
A summary is given by the following table:

Object Counterpart in [Cal+17]

F̂il(Modk) ϵ−Modgrk

F−∞ | − |t

ins2OXdR
[−1] k(2)[−1]

D∗
X ,B∗

X DXdR
,BX

F∗
DPol

crys
X (n) Polint(BX/DXdR

, n+ 1)[n+ 1]

F−∞
D PolcrysX (n) Polt(X,n)[n+ 1]

The objects DXdR
and BX are graded mixed algebra models for the presheaves D∗

X
and B∗

X , which follows from the fact that the de Rham graded mixed algebra models the
Hodge-filtered de Rham algebra. The object PolcrysX (n) is a graded Lie algebra object in
the category of presheaves of complete filtered commutative algebras, so it corresponds to
what [Cal+17] denote

Polint(BX/DXdR
, n+ 1)[n+ 1].

Readers of [Cal+17] will notice that we do not consider an analogue of the ind-object
BX(∞) ∈ Ind(ϵ −Modgrk ). Its use is only necessary when one considers the correct notion
of pgrn −algebra structure associated to a given polyvector. In fact it seems more natural not
to introduce ind-objects at all and instead do the following.

For brevity, write PSh(XdR, k) for the category of Modk-valued presheaves on XdR, and

C = GrF̂il (PSh(XdR, k)) .

Let A ∈ CAlg(C) and write

pgrn (A) = Fib
(
MapOp(C)(p

gr
n , end(A)) −→ MapOp(C)(Com, end(A))

)
for the space of lifts of the commutative algebra structure on A to a pgrn −algebra structure,
where end(A) is the endomorphism operad of A. Since objects of C are in particular complete
filtered objects in another category C′, the mapping space

MapC(c, d) ∈ Spc

admits a lift to complete filtered spaces

F∗MapC(c, d) ∈ F̂ilSpc,

such that

F0MapC(c, d) ≃ MapC(c, d).

Now if we replace F0 by F−∞, the latter of which is the correct notion of underlying object,
we get a modified definition of pgrn (A):

Fib
(
F−∞MapOp(C)(p

gr
n , end(A)) −→ F−∞MapOp(C)(Com, end(A))

)
.
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Letting A = B∗
X and working relative to D∗

X yields a modified space of pgrn −algebra struc-
tures, which is the counterpart to pgrn −algebra structures on BX(∞). Indeed, all uses of
the (∞)-twist in [Cal+17] can be replaced by the analogous redefinition of algebras over
operads in graded mixed objects. Namely, given a Koszul dg operad p and graded mixed
complex A, consider the convolution Lie algebra model

Conv(p, A) =
∏
p≥0

HomΣp(Ωp
⊥(p)⊗A⊗p, A)

for the space of p−algebra structures on A. In all definitions, replace the convolution Lie
algebra by

Conv′(p, A) =
∏
p≥0

∣∣∣Homϵ
Σp

(Ωp⊥(p)⊗A⊗p, A)
∣∣∣t ,

where Homϵ denotes the graded mixed complex of morphisms.

Example 7.7. Consider the case of crystalline 2-Poisson structures on a classifying stack
X = BG for G a reductive group. By degree considerations, the graded Lie algebra
Γ(BG; F−∞

D PolcrysBG (2)) is formal, and one verifies

π0 Pois
crys(BG, 2) ≃ (Sym2

k(g))
G.

Fix κ ∈ (Sym2
k(g))

G. As explained in [Cal+17, Sec. 3.6.2], the p3−algebra structure on
B∗

BG defined by κ is equivalent to a GdR-equivariant p3−algebra structure on

B∗
BĜ
≃ F∗

H dR
pt /BĜ

≃ C∗(g).

The Chevalley–Eilenberg complex (
Sym∗

k(g
∨[−1]), ∂CE

)
is a dg D+-algebra model for C∗(g), and an explicit pgr3 −algebra structure on it is uniquely
specified by

κ : Sym2
k(g

∨[−1])→ k.

The key point is this is a Liegr bracket which is itself of weight −1, and therefore defines
an element of

π0F
−1MapOp(C)(p

gr
3 , end(A)),

which is not present in

MapOp(C)(p
gr
3 , end(A)) ≃ F0MapOp(C)(p

gr
3 , end(A)).

We refer the reader to [Saf21, Sec. 1.5] for a detailed discussion of crystalline polyvectors
on BG.

7.3. Crystals and D-modules. With a view towards the main theorem, we will now
explain how to compare the category of modules over the crystalline principal parts to
quasicoherent and ind-coherent sheaves on the original stack. We will first need a precise
statement which expresses the relative de Rham cohomology of a formal moduli problem in
terms of Lie algebroid cohomology. See also [Tom25, Thm. 2.40].

Proposition 7.8. Let S = SpecA be an affine derived scheme and X ∈ FMPS/ given by
a Lie algebroid L over S. Then there is an equivalence of complete filtered commutative
algebras

C∗(L) ≃ F∗
H dRS/X .
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Proof. Consider an affine SpecR and an R-point SpecR → X. Let SR = SpecR ×
X
S, and

let SpecB → SR be an affine over SR:

SpecB SR S

SpecR X.

⌟

By definition of the de Rham algebra,

F∗
H dRS/X ≃ lim

SpecR→X
lim

SpecB→SR

F∗
H dRB/R .

On the other hand, by [Fu24, Thm. 4.26] and [TV22, Prop. 1.2.3], we may in fact write

C∗(L) ≃ lim
SpecR→X

lim
SpecB→SR

C∗(TB/R)

in F̂ilCAlgR, where TB/R is the tangent Lie algebroid. By the universal property of Hodge-
filtered de Rham cohomology, there is a canonical map

F∗
H dRB/R → C∗(TB/R).

In [CG19, Lemma A.4], this map is proven to be an equivalence. We use the descent
statements above to conclude. □

Recall the categories ModinC∗(L) and IndCohX0 (Z) defined in Section 3.7. The following

proposition answers the question of what is the role played by the complete filtration in the
definition of crystalline principal parts.

Proposition 7.9. Let S = SpecA be an affine derived scheme and let f : S → Z be an
object of FMPS/. Assume Z admits a perfect cotangent complex. There is an equivalence
of ∞-categories

C : IndCohS0 (Z) ModinF∗
H dRS/Z

(F̂il
+
QCoh(Z)),≃

such that the diagram

IndCohS0 (Z) ModinF∗
H dRS/Z

(F̂il
+
QCoh(Z))

QCoh(S) Modgr∗H dRS/Z
(Gr+QCoh(Z))

C

pr gr

−⊗A(gr∗H dRS/Z)

commutes.

Proof. Using Theorem 3.27, let L ∈ LAA be a Lie algebroid such that BAL ≃ Z. By
Theorem 3.34, we get an equivalence

νL : IndCoh
S
0 (Z) ≃ModinC∗(L)(F̂il

+
QCoh(Z)).

Applying Theorem 7.8, we obtain a composed equivalence of categories

C : IndCohS0 (Z) ≃ModinF∗
H dRS/Z

(F̂il
+
QCoh(Z))

with the desired commutativity. □
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Corollary 7.10. Let R ∈ aCAlgfpk and consider the natural embedding i : SpecRred →
SpecR; note that i exhibits SpecR as an object of FMPSpecRred/. Then the diagram

ModR

IndCoh0(R) ModinD∗(R)(F̂il
+
ModR)

ΥR

−⊗RD∗(R)

C

commutes.

Proof. By compact generation and continuity of the functors involved, it suffices to restrict
to Perf(R) ⊂ ModR and verify commutativity on the unit R. Using conservativity of gr∗,
we pass to Modgr∗D(R). We may conclude using Theorem 7.8 and the commutativity of the
square in Theorem 7.9. □

Remark 7.11. Theorem 7.10 confirms the conjecture made in [Cal+17, Remark 2.2.6].
Note that one must restrict to ind-coherent sheaves which are quasicoherent over SpecRred

because the crystalline perspective introduces boundedness issues.

8. Identification of deformation theories

In this section, we finally state and prove the main theorem: the equivalence between
crystalline and infinitesimal polyvectors.

Theorem 8.1. Let X be a finite type derived stack with perfect cotangent complex and let
n ∈ Z. Then there is a natural equivalence of Lie algebra objects

F−∞
D PolcrysX (n) ≃ PolinfX (n)

in GrQCoh(XdR) ≃ GrIndCoh(XdR).

The proof will occupy the rest of the section. It will be useful to ponder the following
diagram:

T̂∗[n+ 1](X∧
R/R) T̂∗[n+ 1]X

SpecRred X∧
R X

SpecR XdR

ī

i

j

p̄

ū

⌟
p

u

We note the following:

• The maps i, ī, j are objects of FMPRred/;
• The map p̄ is an object of FMP/R;
• All four downward maps are nil-isomorphisms.

8.1. Conceptual proof outline. The proof is somewhat delicate, so we will attempt to
give the reader a guide here, highlighting the main objects involved. We will give more
precise definitions in the main body of the proof. The construction of crystalline polyvectors
uses strict differential graded models in an essential way: the Lie bracket of multiderivations
is defined by explicit operadic formulas. Thus, the proof must use cofibrant models in order
to construct a Lie algebra map PolcrysX (n)→ PolinfX (n) in the first place.
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It suffices to replace X → XdR with X∧
R → SpecR. Besides D∗(R) and B∗(R), we will

crucially use

A ∗(R) = SymB∗(R)(TB∗(R)/D∗(R)[−n− 1]),

which we think of as a model for T̂∗[n+ 1](X∧
R/R). In particular, it has an exact (n+ 1)-

symplectic form ω. The proof consists of the following sequence of steps:

1. Define a new Lie algebra

Der0(A
∗(R)/D∗(R)),

which models the homotopy stabilizer of ω in |Ω2,ex
A ∗(R)/D∗(R)| under the natural action

of Der(A ∗(R)/D∗(R)).
2. Construct a Lie algebra map

β : PolcrysX (n)→ Der(A ∗(R)/D∗(R)),

which we think of as a Hamiltonian vector field map. Cofibrant models are especially
taken advantage of at this step: we use strict nondegeneracy of ω, as well as a strict
Cartan calculus.

3. Show that β lifts to

κ : PolcrysX (n)→ Der0(A
∗(R)/D∗(R)),

and that κ is an equivalence of Lie algebra objects. This comes down to the Cartan
homotopy formula from step 2.

4. Show that there is an equivalence of Lie algebra objects Der0(A ∗(R)/D∗(R)) ≃
PolinfX (n) by identifying the Lie algebra actions defining each side. The key to
making this work is Theorem 7.9.

The next subsection will describe the cofibrant models in some more detail. The four
subsections which follow correspond to steps 1 through 4 in sequence.

A warning about notation: we will be using dg D+-algebras (aka graded mixed algebras),
and we will write | − | for the total object functor which models F−∞. This is not what is
denoted |−| in [Cal+17], and rather is identified with the functor |−|t of loc. cit. The latter
is the one which is a model for the underlying object of a filtered object in an ∞-category,
thus we reward it with the more natural notation.

8.2. Cofibrant models. Fix once and for all a cofibrant model for R → Rred in non-
positively graded commutative dg algebras; without loss of generality, we assume that Rred

is a semi-free dg algebra, and R is a semi-free subalgebra on a subset of the generators of
Rred. Then the dg D+-algebra of relative differential forms

D = (Sym•
Rred(LRred/R[−1]), ϵ = d)

models the complete filtered algebra D∗(R). Choose a cofibration

D → B

of dg D+-algebras modeling the natural map D∗(R)→ B∗(R).
Define a new commutative D+-algebra A over R by the formula

A = SymB

(
HomB(Ω1

B/D [n+ 1],B)
)
.



58 ALEX KARAPETYAN

By cofibrancy of D → B, it follows that A is a cofibrant model for the (complete) symmetric
algebra over B∗(R) generated by TB∗(R)/D∗(R). Moreover,

B → A

is a cofibration of D+-algebras. By definition, we have

Polcrys
X∧

R
(n) ≃ MDer(B/D , n)

as graded pn+2-algebras.
We will denote the SymB-grading of A by gr∗relA , for “relative”. It coincides with the

fiberwise grading of the shifted cotangent stack. By its definition, the tautological 1-form

on T̂∗[n + 1]X∧
R/R admits a strict model in terms of A . Indeed, it is the gr1relA -linear

section of
A ⊗

B
Ω1

B/D [−n− 1]

corresponding to the duality pairing

(21) Ω1
B/D ⊗

B
gr1relA → B

in the 1-category of D+-dg-modules over B. We denote the resulting (n+1)-shifted 1-form
by θA . Since (21) is a strictly nondegenerate pairing, the induced exact 2-form

λ = dθA

is also strictly nondegenerate. We write

(22) ω−1 : Ω1
A /D → TA /D [−n− 1]

for the equivalence resulting from “raising indices” by λ.
We will now introduce the Cartan calculus defined by classical formulas which will be

useful in the second and third steps of the proof.

Definition 8.2. Let k,A be cofibrant commutative D+-algebras over R and let k→ A be
a cofibration. We define a morphism of A-modules

ι : Der(A/k)→ Der
(
Sym•

A(Ω
1
A/k[−1])

)
[−1](−1)

as the unique extension of the duality pairing

Der(A/k)⊗
A
Ω1
A/k[−1] ≃ TA/k ⊗

A
Ω1
A/k[−1]→ A[−1]

satisfying the Leibniz rule. Note that the weight shift (−1) occurs because it by construction
decreases symmetric power degree by 1. Define also

(23) L = [d, ι] : Der(A/k)→ Der
(
Sym∗(Ω1

A/k[−1])
)
.

We observe that L factors through endomorphisms of the commutative D+-algebra Ω•
A/k,

i.e. commutes with the de Rham differential d.

In particular, specializing now to k = D ,A = A , we get a Lie algebra representation

Der(A /D)→ End(SymA (Ω1
A /D [−1]), d).

Let Ω
[0,1]
A /D denote the D+-dg-subalgebra

Ω
[0,1]
A /D =

(
A ⊕ Ω1

A /D [−1](1), d
)
⊂ (SymA (Ω1

A /D [−1]), d).
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This is an explicit model for the complex of (n+ 1)-shifted exact 2-forms on A . We get a
representation

(24) Der(A /D)→ End(Ω
[0,1]
A /D [n+ 1], d),

and therefore a representation on the underlying object:

(25) a : Der(A /D)→ EndD

(
|Ω[0,1]

A /D [n+ 1]|
)
.

Notice also that we have

I : Der(A /D)→ EndA

(
grΩ

[0,1]
A /D [n+ 1]

)
[−1](−1),

which provides a nullhomotopy for the action map a by the Cartan formula (23).
As a summary, the three distinguished dg D+-algebras are:

• D , which represents F∗
H dRRred/R and is thought of as the structure sheaf (perhaps

more accurately, the dualizing sheaf) of SpecR;
• B, which represents F∗

H dRRred/X∧
R
, is an algebra over D and plays the role of the

structure sheaf of X∧
R;

• A = SymB(TB/D [−n− 1]), which is equipped with an extra grading grrelA by the

symmetric algebra degree and plays the role of the cotangent stack T̂∗[n+1]X∧
R/R.

It is also equipped with an exact (n+1)-symplectic form λ ∈ π0|Ω[0,1]
A /D [n+1]| which

has rel-degree 1.

The algebra D is the “base ring” for all constructions, and in particular we keep in mind
that there may be multiple D+-structures on one object. The derivations of A over D are

thought of as vector fields on T̂∗[n+1]X∧
R/R, and the multiderivations MDer(B/D , n+1)

are thought of as polyvectors on X∧
R.

As a last remark, note that we do not choose any kind of generators over D for our
algebras — indeed, we will only need that the relevant cotangent complexes are dualizable.
In this way, we do not introduce any more formulas than are already required by the operadic
construction of Polcrys.

8.3. Hamiltonian derivations. We are now ready to begin the proof itself. In this sub-
section, we define the dg Lie algebra Der0(A /D). Recall that A is equipped with a “tau-
tological” (n+ 1)-shifted exact 2-form

λ ∈ π0|Ω[0,1]
A /D [n+ 1]|,

which is nondegenerate. We now study the interaction of λ with the action of derivations.
Using the action (25), consider the dg Lie algebra over D defined by

Der(A /D)⋉ |Ω[0,1]
A /D [n+ 1]| = Der(A /D)⊕ |Ω[0,1]

A /D [n+ 1]|,

with Lie bracket

[(ξ, α), (ξ′, α′)] = ([ξ, ξ′],L(ξ)α′ − L(ξ′)α).

Given a class α ∈ π0|Ω[0,1]
A /D [n+1]|, the action morphism induces a dg Lie algebra morphism

ρα : Der(A /D)→ Der(A /D)⋉ |Ω[0,1]
A /D [n+ 1]|

defined by

ρ(ξ) = (ξ,L(ξ)α).
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We use the map ρλ to give a definition of Der0(A /D) as derivations which preserve the
exact (n+ 1)-symplectic form λ up to homotopy. Precisely, it is the following.

Definition 8.3. The dg Lie algebra Der0(A /D) over D is defined to be the homotopy fiber
product

Der0(A /D) Der(A /D)

Der(A /D) Der(A /D)⋉ |Ω[0,1]
A /D [n+ 1]|

⌟
ρ0

ρλ

in AlggrLie(ModD).

We observe that the underlying D-module of Der0(A /D) is equivalent to the homotopy
fiber

Fib
(
L(−)λ : Der(A /D)→ |Ω[0,1]

A /D [n+ 1]|
)
.

The construction is motivated by the fact that it provides a homotopy-invariant definition of
the stabilizer of λ under the action of the dg Lie algebra Der(A /D). Thus, the Lie algebra
Der0(A /D) is a cochain-level definition of Hamiltonian derivations. It should be thought

of as the affine analogue of PolinfX (n); step 4 will turn this comparison into an equivalence
of Lie algebra objects.

8.4. The derivation on A associated to a multiderivation. We now proceed with
step 2: the construction of a dg Lie algebra map

β : MDer(B/D , n+ 1)→ Der(A /D)

over D . First, by definition of multiderivations, there is a provided (strict) isomorphism

σ : MDer(B/D , n+ 1) ≃ A

of commutative dg algebras over D . Recall also the isomorphism (22)

ω−1 : Ω1
A /D ≃ TA /D [−n− 1].

Definition 8.4. We define β to be the composition

MDer(B/D , n+ 1) A Ω1
A /D Der(A /D).σ d ω−1

Since ω−1 is linear with respect to gr∗rel, we see that β intertwines multivector grading with
the grading on Der(A /D) induced by gr∗relA .

The following lemma is key to the existence of the map in the main theorem.

Lemma 8.5. The D-module morphism β is a morphism of (graded) dg Lie algebras.

Proof. This comes down to the classical calculation. The domain Lie algebra is determined
by the bracket in weight 1, i.e. on Der(B/D). For ξ, ξ′ ∈ Der(B/D),

ι[β(ξ),β(ξ′)]ω = [Lβ(ξ), ιβ(ξ′)]ω.

It is quick to see that ιβ(ξ)ω = dσ(ξ) ∈ Ω1
A /D — indeed, λ itself is defined via the duality

pairing ι. But then we see that

ι[β(ξ),β(ξ′)]ω = Lβ(ξ)ιβ(ξ′)ω = d[σ(ξ), σ(ξ′)],

which implies the lemma. □
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8.5. Preservation of the exact symplectic structure. We have constructed the graded
dg Lie algebra Der0(A /D), as well as a graded dg Lie algebra morphism to it from
MDer(B/D , n + 1). We arrive at step 3, which is precisely the content of the following
proposition.

Proposition 8.6. The map β factors through a morphism

(26) κ : MDer(B/D , n+ 1)→ Der0(A /D)

in the homotopy category of dg Lie algebras over D . Moreover, κ is an equivalence.

Proof. Recall the morphism ρλ from step 1 and consider the composition pr2 ◦ρλ ◦β, where
pr2 is the projection onto |Ω[0,1]

A /D |. Explicitly,

pr2 ρλ(β(ξ)) = Lω−1dσ(ξ)λ = dσ(ξ) + dιω−1dσ(ξ)λ.

Let

h : |Ω[0,1]
A /D | → |Ω

[0,1]
A /D |[−1]

be given by

h(ξ) = σ−1(ξ) + ιω−1dσ(ξ)λ

for ξ ∈ A and h(η) = 0 for η ∈ Ω1
A /D . By the Cartan identity6

[Lv, ιw] = ι[v,w],

h is equivariant for the Der(A /B)-action. We thus get a homotopy

ρλ ◦ β ⇒ ρ0 ◦ β
between Lie algebra morphisms. By the construction of Der0(A /D), h induces a dg Lie
algebra map κ as indicated.

To prove κ is an equivalence, it suffices to show it is a homotopy equivalence of D-modules.
The underlying module of Der0(A /D) is given by

(Der(A /D)⊕ |Ω[0,1]
A /D |[−1], ∂c),

where

∂c(v, η) = (∂v,Lvλ+ ∂η − dη0)

is the cocone differential. Here, ∂ denotes internal differentials, and η0 is the projection of

η onto the 0th associated graded of Ω
[0,1]
A /D . Define the D-module map

θ : (Der(A /D)⊕ |Ω[0,1]
A /D |[−1], ∂c)→ A

by the formula

θ(v, η) = −ιvλ+ η0.

By the Cartan homotopy formula, we get θ ◦ κ = id. On the other hand,

κ(θ(v, η)) = (v − ω−1(Lvλ− dη0), η0 − ιω−1(Lvλ−dη0)λ).

For v ∈ Der(A /D) and η ∈ |Ω[0,1]
A /D |, let

h′(v, η) = (ω−1η1, ιω−1η1λ),

6Note that this classical equation shows that the Lie bracket of vector fields is a derived bracket, which
means precisely that it is an appropriate homotopy fiber.
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where η1 is the projection of η onto Ω1
A /D [n + 1]. Noting that h′ commutes with internal

differentials, we have

(∂ch
′ + h′∂c)(v, η) = (ω−1(Lvλ− dη0), ιω−1(Lvλ−dη0)λ)

= (κ ◦ θ − id)(v, η).

This concludes the proof of the proposition. □

8.6. Lifting back to formal moduli. We have now completed steps 1 through 3. In
short, we have constructed an equivalence of dg Lie algebras

κ : MDer(B/D , n+ 1)→ Der0(A /D),

where the target is defined on the cochain level using the natural action of Der(A /D) on
the complex of exact 2-forms. We will now complete the final step: providing an equivalence
of dg Lie algebras Der0(A /D) ≃ PolinfX (n).

Observe that both Der0(A /D) and PolinfX (n) are given by similar-looking constructions:
one is a homotopy pullback defined from a Lie algebra representation on the cochain level,
the other is a pullback in an ∞-category arising from an abstractly defined action of a Lie
algebra object. To identify them, we will invoke Theorem 7.9 to import PolinfX (n) into the
realm of model categories, and identify the constituents of the two constructions. Thus, our

strategy will be to identify the Der(A /D)-action on |Ω[0,1]
A /D [n+1]| with a representative of

the VF(T̂∗[n+ 1]X∧
R/R)-module structure on Ω2,ex

T̂∗[n+1]X∧
R/R

[n+ 1].

First, using Theorem 7.6 and Theorem 7.9, CΩ2,ex

T̂∗[n+1]X∧
R/R

[n+ 1] is equivalent to

|Ω[0,1]
A /D [n+ 1]| ∈ GrModD .

Moreover, the underlying graded ind-coherent sheaf over R of VF(T̂∗[n + 1]X∧
R/R) is

p̄∗TT̂∗[n+1]X∧
R/R

, which we know is modeled by TA /D ∈ GrModD . By the identification

of the T-action with the de Rham differential and using Theorem 5.7 and Eq. (23) respec-
tively, we deduce that it will suffice to show that the Lie bracket on Der(A /D) is a model
of the Lie algebra structure on p̄∗TT̂∗[n+1]X∧

R/R
.

Thus, we have reduced the main theorem to the following.

Proposition 8.7. There is an equivalence

Der(A /D) ≃ C (VF(T̂∗[n+ 1]X∧
R/R))

in the ∞-category AlggrLie(ModD).

Proof. Fix an animated commutative R-algebra A with Ared ≃ Rred and let

MA ∈ LARred

denote a dg Lie algebroid representing (by Theorem 3.27) the formal moduli problem

T̂∗[n+ 1](X∧
R/R)×R A ∈ FMPSpecRred/.

Moreover, by Theorem 3.27, we have

Âut(T̂∗[n+ 1]X∧
R/R)(A) ≃ EndLA/Rred(MA) ×

End
LA/Rred (TRred/A

)
pt .
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Now,

EndLA/Rred(MA) ≃ End
F̂ilCAlgA

(C∗(MA)) ≃ End
F̂ilCAlgA

(F∗
H dR

Rred/T̂∗[n+1](X∧
R/R)×RA

),

where the first equivalence follows from Theorem 3.30, and the second is by Theorem 7.8.
But base change for Hodge-filtered de Rham cohomology implies

ΓBGm(T̂
∗[n+ 1](X∧

R/R)×R A;O) ≃ D ⊗R A,

and so

EndLA/Rred(MA) ≃ End
F̂ilCAlgA

(A ⊗R A).

By the same considerations, we also have

EndLA/Rred(TRred/A) ≃ End
F̂ilCAlgA

(D ⊗R A).

We will now use this to define a map of formal groups over R

ϕ : expR(C
−1Der(A /D))→ Âut(T̂∗[n+ 1]X∧

R/R).

By the identifications we have already made, Der(A /D) is an induced D-module, so the
domain is well-defined. On the level of functors of points, the map

ϕ : expR(C
−1Der(A /D))(A)→ End

F̂ilCAlgA
(A ⊗R A) ×

End
F̂ilCAlgA

(D⊗RA)
pt

is defined as follows. By definition of expR, the domain is identified with

MapFMP/R

(
SpecA, Specinf(U(C−1Der(A /D)))

)
.

Ignoring the formal group structure, we have

expR(C
−1Der(A /D))(A) ≃ MapFMP/R

(
SpecA, Specinf(cSym(C−1Der(A /D)))

)
≃ Map

F̂ilModR
(D ⊗R A,Der(A /D)) ×

Map
F̂ilModR

(A,Der(A /D))
pt .

We remark that D ⊗R A ≃ F∗
H dRRred/A by base change. Consider the map

ϕ0 : Map
F̂ilModR

(D ⊗R A,Der(A /D)) ≃ MapModR (A,Der(A /D))

−→ MapModR(A ⊗R A,A )

arising from the construction of Der(A /D). The Lie bracket of derivations is induced by
composition of maps in the codomain of ϕ0, so we get a map of monoid objects

MapFMP/R

(
SpecA, Specinf(U(C−1Der(A /D)))

)
→ End

F̂ilCAlgA
(A ⊗R A),

and it lies over the identity in End
F̂ilCAlgA

(D⊗RA) as the derivations fix D . We thus obtain

a map ϕ as above. The tangent map of ϕ, after applying C , is the inverse of the canonical
equivalence

TA /D ≃ Der(A /D).

It follows that ϕ is an equivalence of Lie algebra objects, as needed. □
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Appendix A. Actions of semidirect products

As it will suffice for our application, we assume throughout this section that C is a full
subcategory of an∞-topos and assume that the requisite mapping objects exist; the reader
is free to simply take C = FMP/XdR

for X a (laft) derived stack over k. We write

Map
C
(A,B) ∈ C

for the internal mapping object of A,B ∈ C. This appendix is dedicated to proving the
following theorem.

Theorem A.1. Let A,B be two objects of C. Write

E(A) = EndC(A) ∈ C, E(A,B) = Map
C
(A,EndC(B)) ∈ C

and equip E(A), E(A,B) with their natural monoid structures. Write M = Map
C
(A,B).

Suppose E(A) is a group object. Then there exists an object S ∈ LMod(C) ×C {M}
equipped with morphisms

(E(A),M) (E(A,B),M)

S

whose underlying monoid is E(A)⋉ E(A,B).

The proof will occupy the rest of the subsection. Our strategy will be to leverage the
constructions of [Lur, Sec. 4.7.1], to which we refer the reader for the notation (with exact
references to definitions).

We work in the formalism ofA∞-monoidal∞-categories [Lur, p. 4.1.3.6] and for simplicity
refer to them simply as “monoidal∞-categories”. Similarly, we refer to A∞-algebra objects
as “algebra objects”. Suppose p : M⊛ → ∆1 ×∆op exhibits M as weakly enriched over the
planar ∞-operad C⊛. We will assume throughout that p is a coCartesian fibration and
refer to M simply as tensored over C⊛. Write C̃⊛ → ∆op ×∆1 for the coCartesian fibration
defining the canonical tensoring of C over itself. Write also

ArrC = Fun(∆1,C)

for the arrow category of C. Observe that ArrC is tensored over C by the Cartesian product.

This is obtained by starting with the self-tensoring ÃrrC and using the map

C⊛ → ArrC⊛,

given by inclusion of the identity arrows.
Let M be an∞-category tensored over C, and let M ∈M. We briefly recall the definition

of the monoidal ∞-category C[M ] used in the construction of endomorphism objects; see
[Lur, pp. 4.7.1.28, 4.7.1.17] for precise definitions. The objects of C[M ] are pairs of an object
C ∈ C and a morphism η : C ⊗M →M , which are referred to as enriched morphisms. The
monoidal structure can be thought of as a coherent extension of the formula

(C, η)⊗ (C ′, η′) = (C ⊗ C ′, (1⊗ η′) ◦ η).

Namely, there is a coCartesian fibration

q : StrMen → ∆op
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such that the fiber over [n] is a suitably defined simplicial set of n-fold compositions of
enriched morphisms. Moreover, q factors through StrM→ ∆op, where StrM is defined such
that there are canonical isomorphisms Str[n] ≃ Mn. There is a section ∆op → StrM such
that its image under the latter isomorphism is (M, . . . ,M). Then the monoidal structure
on C[M ] is defined by

C[M ]⊛ = ∆op ×
StrM

StrMen.

We write

Map
C
(A,B) ∈ C

for the internal mapping object. The main result of Section 4.7.1 of [Lur] constructs a
canonical algebra structure on

EndC(M) = Map
C
(M,M),

together with an action on M . In particular, EndC(M) is a final object of C[M ].
Recall that we are assuming C is a symmetric monoidal full subcategory of an ∞-topos

together with its Cartesian monoidal structure. Fix A,B ∈ C from now on.

Definition A.2. Write

ArrC = Fun(∆1,C)

for the arrow category of C. We define the ∞-category

ArrC[A,B] = Arr(C)[pr : A×B → A],

equipped with the monoidal structure defined above, denoted ArrC[A,B]⊛.

Lemma A.3. There is a monoidal functor

C[A]⊛ → ArrC[A,B]⊛

taking the object a : C ×A→ A to

C ×A×B A×B

C ×A A.

a×id

a

Proof. By definition of StrCen [Lur, p. 4.7.1.17], the product-preserving functor

(−×B → −) : C→ ArrC,

given by taking A to the projection

pr : A×B → A,

induces a morphism of coCartesian fibrations

StrCen → Str(ArrC)en

over ∆op. Taking fibered products, it yields a monoidal functor

C[A]⊛ → ArrC[A,B]⊛,

which on objects behaves as claimed. □
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It follows that there is an induced action of

EndC(A)

on the object A×B → A of the arrow category. Let

εA : Map
C
(A,EndC(B))× (EndC(A)×A)→Map

C
(A×B,B)×A

denote the map given by the canonical equivalence in the first factor and evaluation in the
second. Write also

εB : Map
C
(A×B,B)×A×B → A×B

for the product of the projection to A and the evaluation morphism to B.

Proposition A.4. Let ε denote the composite

Map
C
(A,EndC(B))× EndC(A)×A×B A×B

εB◦(εA×prB)

and let

γ : EndC(A)×A→ A

be the canonical action map. Then the pair (ϵ, γ) exhibits the projection

Map
C
(A,EndC(B))× EndC(A)→ EndC(A)

as an endomorphism object for (A×B → A) ∈ Arr(C).

Proof. Using the assumption that C is a full subcategory of an ∞-topos, the following
identification of internal mapping objects follows from applying the corresponding result to
mapping spaces pointwise:

Map
Arr(C)

(A×B → A,A×B → A)

≃ eq
(
Map

C
(A×B,A×B)×Map

C
(A,A) ⇒ Map

C
(A×B,A)

)
≃Map

C
(A×B,B)× eq

(
Map

C
(A×B,A)×Map

C
(A,A) ⇒ Map

C
(A×B,A)

)
≃Map

C
(A×B,B)×Map

C
(A,A)

≃Map
C
(A,EndC(B))× EndC(A).

Tracing through the composition pointwise, the evaluation of endomorphisms is identified
with (ε, γ). This implies (ε, γ) is a final object of ArrC[A,B], from which we conclude. □

In particular, by [Lur, Cor. 4.7.1.40], the arrow

Map
C
(A,EndC(B))× EndC(A)→ EndC(A)

acquires the structure of a monoid object in ArrC in an essentially unique way.

Corollary A.5. There exists a monoid object F(A,B) of C whose underlying object is

Map
C
(A,EndC(B))× EndC(A)

and such that A×B is canonically equipped with an action of F(A,B). Moreover, there is
a morphism of monoid objects

F(A,B)→ EndC(A)

and an equivariant structure on the projection A×B → A.
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Proposition A.6. Suppose EndC(A) is a group object. Then there exists

T ∈ LMod(C)×C {Map
C
(A,B)}

whose image in Mon(C) is equivalent to F(A,B).

Proof. We have

(27) Map
C
(A,B) ≃ Fib

(
c : Map

C
(A,A×B)→Map

C
(A,A)

)
,

where the map c is post-composition with the projection A × B → A, and the fiber is
taken at the identity7. First, we claim Map

C
(A,A×B) has the structure of a module over

EndC(A). Indeed, there are functors

C[A] C[A×Map
C
(A,A×B)] C[Map

C
(A,A×B)],

where the first corresponds to the inclusion of enhanced strings [Lur, p. 4.7.1.6], and the
second is induced by the evaluation map. By construction of the monoidal structure [Lur,
p. 4.7.1.17], the composite lifts to a monoidal functor. This in turn implies that

EndC(A) ∈ LMod(C) ×
Mod(C)

{Map
C
(A,A×B)},

as claimed.
Since we assume EndC(A) is a group object, we can convert the left action to a right

action by inversion. Combining it with the action of Theorem A.5, we lift Map
C
(A,A×B)

to an object of

F(A,B)BMod(C)EndC(A).

Using the map F(A,B)→ EndC(A), we get

Map
C
(A,A×B) ∈ F(A,B)BMod(C)F(A,B),

and take the diagonal F(A,B)-module structure. This yields an action of the monoid object

F(A,B)→ EndC(A)

on the arrow c in ArrC, which factors through

F(A,B)→ pt .

We get an induced action on the fiber (27), as needed. □

Corollary A.7. Suppose both EndC(A) and EndC(B) are group objects. Then

F(A,B) ≃ EndC(A)⋉Map
C
(A,EndC(B)).

Proof. Follows from the proof of the previous proposition and the universal property of the
semidirect product. □

7More precisely, by our assumption on C we may take this fiber in some ∞-category of presheaves to obtain
the internal limit.
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