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REFLEXIVE EQUIVALENCE AND REFLEXIVE-MINIMAL ALGEBRAS

HARUHISA ENOMOTO

ABSTRACT. Let A be a finite-dimensional algebra over a field. A finite-dimensional algebra B over
the same field is called reflexively equivalent to A if their categories of reflexive modules are equivalent.
We prove that there is a basic algebra Amin, unique up to isomorphism, such that B is reflexively
equivalent to A if and only if B = Enda,;, (Amin ® X) for some reflexive Amin-module X. Moreover,
we compute Amin explicitly. We extend these results to module-finite algebras over henselian local
rings of dimension at most one under a dominant dimension condition at minimal primes. We
also introduce reflexive modules over additive categories and prove that taking reflexive modules
is idempotent: the reflexive modules over the category of reflexive modules form an equivalent
category. As an application, we show that reflexive equivalence classes of algebras with finitely many
indecomposable reflexive modules correspond bijectively to Morita equivalence classes of algebras
whose reflexive modules are projective.
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1. INTRODUCTION

Let A be a finite-dimensional algebra over a field k. For a right A-module M, put M* =
Hom 4 (M, A). We say that M is reflexive if the canonical evaluation M — M™* is an isomorphism
[AB], and we denote by ref A the additive category of finite-dimensional reflexive right A-modules.
Two finite-dimensional k-algebras A and B are called reflezively equivalent if ref A ~ ref B as k-linear
additive categories.

Morita equivalent algebras are clearly reflexively equivalent, and there are many more examples.
For instance, take any X € ref A. Then A and End4(A®X) are reflexively equivalent (Corollary 2.15),
and we call Ends(A @ X) an enlargement of A. If X is indecomposable and nonprojective, then
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2 H. ENOMOTO

End4(A @ X) has one more simple module than A, so it is not Morita equivalent to A. Thus it is
natural to ask the following.

Question 1.1. When are two finite-dimensional k-algebras reflexively equivalent? How can one
describe all algebras in a reflerive equivalence class?

In this paper, we give a complete answer to these questions. To state it, we use the order on
Morita equivalence classes given by enlargements. We denote by [A] the Morita equivalence class of
A, and write

[A] <(f [B] <= B is Morita equivalent to End (A @ X) for some X € ref A.

Then <,f is a partial order on Morita equivalence classes of finite-dimensional k-algebras, and two
algebras are reflexively equivalent if and only if they have a common upper bound:

ref A~ref B <= there is a finite-dimensional C' with [A] <,¢f [C] and [B] <,ef [C]

(Propositions 2.19 and 2.20). We show that each reflexive equivalence class has the least element
with respect to <,ef, which can be computed explicitly, and that every algebra in the class is an
enlargement of it. We call A reflexive-minimal if [A] is minimal in its reflexive equivalence class
with respect to <.

The least element is a corner algebra of A determined by simple modules. Let A be a basic
finite-dimensional k-algebra, and take a complete set eq, ..., e, of primitive orthogonal idempotents
of A. We write S; = e;A/e;rad A and L; = Ae;/(rad A)e; for the simple right and left modules, and
denote by I.f(A) the set of indices ¢ such that at least one of

Hom(S;, A), Ext}(S;,A), Homgor(L;, A), Extlop(Ls, A)

is nonzero. Equivalently, S; or L; is a direct summand of the socle of the first two terms of the minimal
injective coresolution of A4 or of 4 A, respectively (Remark 3.6). Now we put emin = > _;c Ler(A) € and
Amin = eminAemin. If A is not basic, we put Amin = Bmin for a basic algebra B Morita equivalent to
A. Up to isomorphism, A, does not depend on these choices (Corollary 3.12(2)). Our first main
result is the following.

Theorem A (= Corollary 3.12(2) and Theorem 3.11(1),(2)). Let A be a basic finite-dimensional
k-algebra.

(1) The Morita equivalence class [Amin] s the least element of the reflexive equivalence class of A
under <ief. In particular, Amin s the unique basic reflexive-minimal algebra in this class, up to
isomorphism.

(2) For a basic finite-dimensional k-algebra B, we have ref A ~ ref B if and only if Amin = Bmin-
(3) A finite-dimensional k-algebra B is reflexively equivalent to A if and only if B = Enda,,, (Amin ®
X) for some X € ref Apin.

Thus reflexive equivalence classes are parametrized by basic reflexive-minimal algebras, and the
class of A consists of the algebras End 4, (Amin ® X) for X € ref Apiy. This is an analogue of Morita
theory, where the Morita equivalence class of A consists of the algebras Endp(P) for progenerators
P over a basic algebra B Morita equivalent to A. In particular, Ay, appears as a corner algebra of
every algebra in its class, and it is the unique basic algebra in the class with the smallest number of
simple modules (Corollary 3.12(2)). Let us see an example.

Example 1.2. Multiply paths from left to right, and let A = kQ/(be, ca) and B = kQ'/(be, da),
where

o, Loz 1t
q Lot b
3 / b3

We have Ief(A) = Lef(B) = {1,3} and
Amin = Bmin =k ( 1 # 3 ) /(uv, vu).

The arrows (u,v) are (ab,c) in Ay, and (ab, cd) in Bpi,. Thus Theorem A(2) gives ref A ~ ref B,
although A and B are not Morita equivalent: they have three and four simple modules, respectively.
Examples 3.13 and 3.14 give the computations.
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Let us explain the idea of the proof. For a subset T" of {1,...,n}, put er =3 ;o e;. Then (—)er
restricts to an equivalence ref A — ref(epAer) if and only if the maps A — Ende, 4¢, (Aer) and
A — End (e, aepyor (erA) given by multiplication are bijective, and we show that this happens
exactly when Ief(A) C T' (Theorem 3.5). Hence [Amin] <ref [A4]. To show that [Amnin] is the least
element, we prove that every equivalence F': ref B — ref A satisfies epinA € add F/(B). For this, we
use simple functors on ref A (Section 3.4).

In this second step, we regard ref A as a ring with several objects. In general, for an additive
category C, a right C-module is an additive functor C°® — Ab; we write Mod C for the category of
right C-modules and mod C for its subcategory of finitely presented ones. The conjugate of a right
module F' is the left module F*(X) = Hommodc(F,C(—, X)), and the conjugate of a left module is
defined dually. We say that F' is reflexive if the canonical map F' — F** is invertible, and define
the reflexive completion ref C to consist of the reflexive functors F' such that both F' and F* are
finitely presented. Representables give a fully faithful Yoneda functor C — ref C, and evaluation at A
identifies ref(proj A) with ref A. We call two additive categories reflexively equivalent if their reflexive
completions are equivalent. Our second main result is that reflexive completion is idempotent.

Theorem B (= Theorem 2.5). For every essentially small idempotent-complete additive category C,
the Yoneda functor induces an equivalence
ref C = ref(ref C).
We call C reflexive-rigid if its Yoneda functor C — ref C is an equivalence. By Theorem B, reflexive

completions are exactly reflexive-rigid categories up to equivalence, and C — ref C induces a bijection
(Corollary 2.6)

{additive categories} {reflexive-rigid additive categories} (1.1)
reflexive equivalence additive equivalence ) '

where all categories are essentially small, additive and idempotent complete. In contrast, C — modC
is not idempotent: for C = proj A with A = k[x]/(z?), the category modC ~ mod A has one simple
object, whereas mod(modC) has two (Example 2.9).

This categorical viewpoint allows us to describe all algebras of a reflexive equivalence class at
once, as subcategories of one additive category £. A subcategory C C £ is called refiexively dense
if X — &(—, X)|c induces an equivalence £ ~ ref C, and we denote by ref-dense(€) the poset of
reflexively dense subcategories of £ under inclusion. For £ = ref A with A basic, the greatest element
of ref-dense(€) is & itself, and the least element is add(eminA) (Theorem 3.9). Morita equivalence
classes in the reflexive equivalence class of A correspond to the orbits of those reflexively dense
subcategories of ref A that have an additive generator, under k-linear autoequivalences of ref A
(Proposition 2.22).

Next we consider when ref A ~ projI" holds for some finite-dimensional k-algebra I". We say that
A has finite reflexive type if there are only finitely many isomorphism classes of indecomposable
reflexive A-modules; this is exactly the case when such I' exists (Proposition 2.8(2)). We call A
reflezive-rigid if ref A = proj A. If A has finite reflexive type and add M = ref A, then ref Ends (M) =
proj End (M) ~ ref A by Theorem B. Thus A — End (M) induces a bijection (Corollary 5.3)

finite-dimensional k-algebras finite-dimensional
of finite reflexive type reflexive-rigid algebras

1.2
reflexive equivalence Morita equivalence (1.2)

Moreover, A has finite reflexive type if and only if its reflexive equivalence class contains only finitely
many Morita equivalence classes (Proposition 5.2), and the class consists of a single Morita equivalence
class exactly when A, is reflexive-rigid (Corollary 5.6). The classification of reflexive-rigid algebras
and the recognition of finite reflexive type are left as Problems 5.11 and 5.12.

Our construction of the reflexive-minimal algebra also works over commutative Noetherian base
rings of dimension at most one. For a two-sided Noetherian ring A, we denote by ref A the category of
finitely generated reflexive right A-modules. Over a commutative Noetherian ring R, we use R-linear
functors and equivalences, and define <,.s and reflexive-minimality for module-finite R-algebras as
above. Since module-finite algebras over a henselian local ring are semiperfect [Hash, p. 88], <, is
a partial order on their Morita equivalence classes (Proposition 2.19(3)). For a two-sided Noetherian
ring B, we write dom.dim B > 2 if the first two terms of the minimal injective coresolution of Bp
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are projective, and for a prime ideal p of R, we put Ay = A ®r R,. Our third main result is the
following.

Theorem C (= Theorem 4.5(3),(4)). Let (R, m) be a commutative henselian Noetherian local ring
with dim R < 1, and let A # 0 be a module-finite R-algebra. Assume that dom.dim Ay > 2 for every
minimal prime p # m of R with Ay # 0. Then the following hold, with R-linear reflexive equivalence.

(1) The reflexive equivalence class of A has a least Morita equivalence class under <, represented
by a unique basic reflexive-minimal algebra A, up to R-algebra isomorphism. If A is basic,
then Amin = eminAemin, where Ies(A) is defined by the same Hom and Ext! conditions on simple
modules as Ief(A) above.

(2) For every module-finite R-algebra I, we have
ref ~refA <= T =ZEndp_, (Amin ® X) for some X € ref Apin.

The assumption is automatically satisfied if R is Artinian, and also if A, is self-injective for
every minimal prime p # m. In particular, if R is a one-dimensional domain with fraction field
K, Theorem C applies to every R-order in a self-injective K-algebra, that is, whenever A ® K is
self-injective (Corollary 4.6). Moreover, the assumption is preserved by R-linear reflexive equivalence
(Proposition 4.4). We prove Theorem C as Theorem 4.5 for R of arbitrary dimension, but there the
assumption forces dim(R/anng A) < 1.

The situation is different in higher dimensions. For R = k[[z, y, 2]], the reflexive equivalence class
of R contains R and Endgr(M) for some reflexive R-module M. These are nonisomorphic local
algebras, and both are basic and reflexive-minimal, so the class has no least Morita equivalence class;
correspondingly, ref-dense(ref R) has two minimal elements (Example 4.11). Moreover, for a Hom-
finite additive category, minimal reflexively dense subcategories may not exist at all (Theorem A.1).

min (

Remark 1.3. Let us compare our results with previous work.

e For an idempotent e € A, Fuller [Ful, Theorem 4] and Cunningham, Rutter and Turnidge
[CRT, Theorem 2.6] characterize the bijectivity of the map A — End,4.(Ae) by the vanishing
of Hom and first extensions from the simple right modules annihilated by e into A4, and
Fuller identifies the smallest corner for which this map is bijective [Ful, p. 661]. Our set
Ies(A) is the union of the index sets given by this criterion for A and for A°?. Our new
point is that Apiy is the least among all algebras reflexively equivalent to A, not only among
the corner algebras of A.

e The Morita—Tachikawa correspondence [Mor, Tac|, in the form recalled in [Han, Theorem 4.1
and Proposition 4.2], describes the finite-dimensional algebras A with dom.dim A > 2 as
Endp(G) for generator-cogenerators G € mod B, with ref A ~ mod B. We recover this
description from Theorem A: in this case, Amin is the endomorphism algebra of a basic
additive generator of add(B & DB) (Corollary 4.3).

e Hanihara [Han, Theorem 6.3] describes reflexively equivalent algebras as endomorphism
algebras of generator-cogenerators in the maximal exact structure on the category of reflexive
modules, under the assumption that the first two terms of the minimal injective coresolutions
of the right and left regular modules have projective dimension at most one. Theorem A
does not need such an assumption.

e Over a normal domain R, Iyama and Reiten describe the equivalences between the categories
of those modules over R-algebras that are reflexive as R-modules [IR, Proposition 2.4(2)].
There reflexivity is defined by Homp(—, R), while ours is defined by Hom4(—, A).

e Theorem B is an additive analogue of the idempotence of Isbell’s reflexive completion of a
category, which uses all presheaves [AL, Corollary 9.4]; in our setting we require F' and F*
to be finitely presented.

Organization. Section 2 proves Theorem B and studies reflexively dense subcategories and the
order <. Section 3 proves Theorem A and gives worked computations. Section 4 describes the
reflexive equivalence classes whose reflexive completions are module categories (Corollary 4.3), proves
Theorem C, and computes examples over discrete valuation rings. It also gives examples in which
least or minimal reflexively dense subcategories do not exist. Section 5 relates finite reflexive type to
reflexive-rigidity and formulates Problems 5.11 and 5.12. Appendix A proves Theorem A.1, which is
used in Example 4.12.
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Conventions and notation. Categories are essentially small, additive and idempotent complete.
Subcategories are full, replete, additive and closed under direct summands. Modules are right
modules unless specified otherwise, and a finite module is a finitely generated module. We use the
notation Mod C, modC, ref C and ref A of Section 2.1. Linear structures and finiteness hypotheses
are stated in each section; equivalences preserve the specified scalars. We reserve D = Homy(—, k)
for vector space duality, which differs from the conjugate (—)*. Write add X for finite direct sums
and summands, and ind C for the set of isomorphism classes of indecomposable objects. We identify
indecomposable objects with their isomorphism classes when using set notation. Endomorphisms
are multiplied by composition, fg = f o g. Products of paths in quiver presentations are written
from left to right. In module diagrams, the label i denotes S;, and radical layers are displayed from
top to bottom.

Use of AI. The results and proofs were developed by GPT-6-Astra in research directed by the
author, and the first drafts of the manuscript were written by GPT-6-Astra. Claude Opus 5.5 revised
the manuscript under the author’s direction. The author set the structure and much of the wording
of the present text. The author is responsible for the mathematical content and the final manuscript.

2. REFLEXIVE COMPLETION

In this section R denotes a commutative ring. For R-linear categories, all functors and equivalences
between them are R-linear; the general additive case is R = Z. In applications to k-algebras we use
R = k. We construct ref C and prove that the Yoneda functor ref C — ref(ref C) is an equivalence.
For a subcategory C C U C ref C, we give a criterion for the functor Y — Homyefe(—,Y)|rs to induce
an equivalence ref C — ref .

2.1. Conjugate modules. A right C-module is an additive functor C°? — Ab, and Mod C denotes
the abelian category of right C-modules. If C is R-linear, every additive functor has the canonical
R-action rx = F(rlx)(z) on F(X); with these actions it is an R-linear functor to Mod R. Natural
transformations respect these actions. Thus additive functors to abelian groups and R-linear functors
to R-modules give the same module category. Left C-modules are right C°P-modules. For X € C put
Px =C(—,X) € ModC and PX = C(X,—) € ModC°. By the Yoneda lemma Hompeqc(Pyx, F) =
F(X), and since C is idempotent complete, X +— Py identifies C with the category of finitely
generated projective right C-modules. A right C-module F' is finitely generated if there is an
epimorphism Px, — F, and finitely presented if there is an exact sequence Py, — Px, — F' — 0,
and mod C denotes the category of finitely presented right C-modules. We use three standard facts:
direct summands of finitely presented modules are finitely presented; the cokernel of a morphism
between finitely presented modules is finitely presented; and the kernel of an epimorphism from a
finitely presented module onto a finitely presented module is finitely generated.
For F € Mod C define the conjugate left C-module F* by

F*(X) = HOIIlModc(F, Px),
and for G € Mod C° define G* € Mod C by G*(X) = Hompeq cor (G, PX). The Yoneda lemma gives
(Px)* = PX and (PX)* = Px. The evaluation ép: F — F** sends z € F(X) to the morphism
F* — PX whose component at Y sends ¢ € F*(Y) = Hompmoqgc(F, Py) to ¢x(x) € C(X,Y). For
F € ModC and G € Mod C°P, both Hompegc(F, G*) and Hompmed cor (G, F™*) are identified with the
families of bilinear maps F(X) x G(Y) — C(X,Y) natural in X and Y. The resulting natural
isomorphism

HomModc(F, G*) = HomMod cop (G, F*) (2.1)

says that the conjugation functor

(=)*: ModC — (Mod C°P)°P

is left adjoint to the conjugation functor (—)*: (Mod C°P)°? — Mod C. The unit at F' is dp, and the
counit at G is d¢, read in the opposite category. In particular the triangle identity (0p)* o dp+ = 1p«
holds for every F' € ModC.

Definition 2.1. A right C-module F is reflexive if é¢ is an isomorphism. The reflexive completion
of C is the full subcategory

refC = {F € modC | F* € modC°®P, ¢p is an isomorphism}.
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For a ring A, let M* = Homy4 (M, A). We write ref A for the finitely presented right A-modules M
such that M* is finitely presented as a left module and M — M™** is invertible.

The following lemma collects the basic properties of ref C and identifies ref(proj A) with ref A
for a ring A. Part (4) records the algebras for which every finite module is reflexive; it is used in
Example 2.9 and in Appendix A.

Lemma 2.2. Let C be a category.

(1) The category ref C is essentially small and idempotent complete, and X — Px is a fully faithful
functor C — ref C. If C is R-linear over a commutative coherent ring and C(X,Y) is finitely
presented over R for all X,Y € C, then Hommodc(F, G) is finitely presented over R for all
F.G erefC. In particular, if R =k and C is Hom-finite, then ref C is Hom-finite.

*

(2) Conjugation restricts to a duality (—)*: ref C — ref(C°P) whose quasi-inverse is again conjugation.

(3) Let A be a ring. Evaluation at the object A of proj A induces an equivalence ref(proj A) ~ ref A.
(4) For a finite-dimensional k-algebra A, we have ref A = mod A if and only if A is self-injective.

Proof. (1) Finitely presented modules form a set up to isomorphism. They are closed under finite
direct sums and summands, as is the condition that evaluation is invertible. The same applies to
their conjugates. Thus ref C is essentially small and idempotent complete. The Yoneda lemma gives
(Px)* = PX and § py invertible, so Px € ref C. Over R, presentations show that values of finitely
presented functors are finitely presented R-modules. A presentation of F' expresses Hom(F,G) as a
kernel between two such values of (G; coherence of R gives the assertion.

(2) Let F' € ref C. Then F* € modC® and F** = F' € modC. Since dr is invertible, so is (dr)*, and
the identity (6p)* o dpx = 1p» shows that dp=« is invertible. Thus F* € ref(C°P). The evaluations
give natural isomorphisms from the identity functors to the composites of the two conjugations.
(3) Since End 4(A) = A by left multiplication, evaluation at A is an equivalence Mod(proj A) — Mod A
sending Py to X; under it, finitely presented modules correspond to finitely presented A-modules. The
same holds for left modules. For F' € Mod(proj A) we have F*(A) = Hom(F, P4) = Homyu(F(A), A),
and under these identifications dp at A is the evaluation map F(A) — F(A)**. Hence F € ref(proj A)
if and only if F(A) € ref A.

(4) Suppose that A is self-injective. The modules A4 and 4A are injective, so M — M* is exact
on right and on left modules, and M +— M** is exact. Let P, — Py — M — 0 be a projective
presentation. The evaluations of Py and P; are isomorphisms, so the five lemma shows that d,;
is an isomorphism. Conversely, suppose that ref A = mod A, and let I be an indecomposable
injective module. Choose a surjection @) — I'* from a finitely generated projective left module Q.
Applying (—)* gives an injection I = [** — @Q* into a projective module. This embedding splits,
so every indecomposable injective is projective. There are equally many isomorphism classes of
indecomposable injectives and projectives, namely as many as simple modules, so the indecomposable
injectives are all the indecomposable projectives; hence A is self-injective. O

2.2. Restriction and idempotence. Let X be an additive category and V C X a subcategory.
For Y € X write

Pp(Y) =X(= V), (V) =X(Y, ).
We call ®y,: X — Mod V the restricted Yoneda functor. Section 2.3 uses this notation for subcategories
of an arbitrary category. We identify C with its Yoneda image in & = ref C. For C C U C &, the next
theorem describes ref U as a full subcategory of £. Taking U = £ will prove idempotence.

Theorem 2.3. Let C CU C & = ref C.

(1) The functors ®y: & — ModU and ®Y: E°P — ModU°P are fully faithful. There are natural
isomorphisms Oy (Y )* =2 dU(Y) and &Y (YV)* = &y (Y), and oy, (v) 18 an isomorphism for every
Yeé&.

(2) For every F' € refU, the restriction F|c lies in € and F = Oy (F|c).

(3) The functor @y restricts to an equivalence from the full subcategory of those Y € & with
®y(Y) € modU and 4 (Y) € modUP onto refU.

Proof. Let t*: ModU — ModC be restriction. Its right adjoint is (¢.G)(X) = Hommoedc (X, G),
where X € U is viewed as a C-module via U C ref C. Yoneda gives t*t,G = G. The adjunction
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isomorphism is

HomModu(F, L*G) = HomModc(L*F, G) (2.2)
Similarly, since U(X, c) = X*(c) for X € U and ¢ € C, restriction ModU/°? — Mod C°P has the right
adjoint ¢/ given by

(L;G/) (X) = HomMod cop (X*, G/),

and its counit is invertible.
(1) We have @(Y) = 1.Y. The duality of Lemma 2.2(2) gives £(Y, X) = Hommod cor (X ™, Y™), so
PU(Y) = /,Y*. Since their counits are invertible, the functors ¢, and ¢, are fully faithful, and
conjugation £°P — ref(C°P) is an equivalence by Lemma 2.2(2). Hence ®;; and ®“ are fully faithful.
Consequently, for X € U,

By (Y)"(X) = Hom(®y(Y), By(X)) = E(Y, X) = “(Y)(X).
The opposite calculation gives ®“(Y)* = &, (Y). At X € U, evaluation sends y € £(X,Y) to the
natural transformation whose component at Z € U is
EY,Z)— E(X,2), ar—> aoy.

Under the isomorphism Hom(®Y(Y), ®¥(X)) = £(X,Y) given by full faithfulness of ®“, this
transformation corresponds to y. Hence dg,,(y) is invertible.

(2) Put G = Fl¢. Since U(—,¢) = 1, P, for ¢ € C, (2.2) identifies F*|¢ with G*. Since U(c,—) = ¢/ P
for ¢ € C, the adjunction for left modules identifies F**|¢ with G**. These identifications are restriction
of natural transformations, so they identify 0p|c with dg. Hence d¢ is invertible. Restricting
presentations of F' and F* gives exact sequences

U, — Uy — G—0, Wi — Wy — G —0

where U;, W; € U are regarded as right C-modules via U C ref C, and W are their conjugates over C.
Cokernels of maps between finitely presented modules are finitely presented, so G € ref C. Finally,

naturally in X € U,
F(X) = Hom(F*,®¥ (X)) 2 Hompoeq cor (G*, X*) =2 £(X, G).

Here the three isomorphisms use reflexivity of F', the adjunction for left modules, and the conjugate
duality of Lemma 2.2(2), respectively. Thus F' = &y,(G).

(3) By (1), finite presentation of both functors gives ®y(Y) € refUd. By (2), every object of ref U
arises in this way. O

We now apply Theorem 2.3 with U = ref C. We first define reflexive equivalence and reflexive-
rigidity for categories.

Definition 2.4. Two categories C and C’ are reflexively equivalent if refC ~ refC'. A category
C is reflexive-rigid if its Yoneda functor C — ref C is an equivalence, that is, every object of ref C
is representable. Two rings A and B are reflexively equivalent if ref A ~ ref B, and a ring A is
reflexive-rigid if ref A = proj A.

By Lemma 2.2(3), two rings A and B are reflexively equivalent if and only if the categories proj A
and proj B are, and A is reflexive-rigid if and only if proj A is.
Theorem 2.5. For every category C, the Yoneda functor ref C — ref(ref C) is an equivalence.
Proof. Take U = € = ref C in Theorem 2.3. Then ®y,(Y) and ®“(Y") are representable, hence finitely

presented, and ¥y is the Yoneda functor. Theorem 2.3(3) shows that it is an equivalence onto
ref £. |

Corollary 2.6. A category is equivalent to the reflexive completion of some category if and only if
it is reflexive-rigid. Reflexive completion induces a bijection

{R-linear additive categories} {reflezive-rigid R-linear additive categories}

reflexive equivalence R-linear equivalence

The forward map is [C] w— [ref C], and its inverse sends a reflexive-rigid category to its reflexive
equivalence class. For R = k, the bijection restricts to Hom-finite categories.
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Proof. Theorem 2.5 shows that ref C is reflexive-rigid and reflexively equivalent to C. Conversely, a
reflexive-rigid category &£ is equivalent to ref £. If £ and £’ are reflexive-rigid, then ref £ ~ ref £ if
and only if £ ~ £’. This proves that the two maps are mutually inverse. The last assertion follows
from Lemma 2.2(1). O

Remark 2.7. The first assertion of Corollary 2.6 has the following analogue for Isbell’s reflexive
completion [Isb, AL], which is built from all presheaves: a category is equivalent to such a completion
exactly when every functor on it that is reflexive in Isbell’s sense is representable [AL, Corollary 9.5].
Avery and Leinster call these categories reflexively complete. In our additive setting, we require finite
presentation of both F' and F*. Finite presentation of F' makes ref C essentially small (Lemma 2.2(1)),
and finite presentation of F* makes conjugation a duality between ref C and ref(C°P) (Lemma 2.2(2)).

An additive generator of £ is an object G with & = add G. Its existence decides whether & is
equivalent to projI' for an R-algebra I'.

Proposition 2.8. Let £ = refC.

(1) The category € has an additive generator if and only if £ ~ projI' for a reflexive-rigid R-algebra
I'. In this case ' is unique up to R-linear Morita equivalence, and one can take I' = Endg(G)
for any additive generator G.

(2) Suppose R =k and C is Hom-finite. The conditions in (1) hold if and only if ind £ is finite.
Every algebra T' with € ~ projI' is then finite-dimensional over k.

Proof. (1) If £ = add G, the functor Homg (G, —) gives an equivalence € ~ projI" for I' = End¢(G).
Under this equivalence and Lemma 2.2(3), the Yoneda functor & — ref £ corresponds to the inclusion
projI' C ref I'. Theorem 2.5 therefore gives ref I' = proj . Conversely, projI" = add " has an additive
generator. Two such algebras have equivalent projective categories, hence are Morita equivalent.

(2) By Lemma 2.2(1), £ is Hom-finite and idempotent complete, hence Krull-Schmidt. It has an
additive generator precisely when it has finitely many indecomposable isomorphism classes. For any
equivalence projI" ~ &£, the image G of I'r satisfies I' = Endg(G), which is finite-dimensional. O

Example 2.9. Let A = k[z]/(2?), S = A/(z) and £ = mod A. Every finite A-module is a direct
sum of copies of A and S. Thus £ = add(A @ S), and evaluation at A @ S gives

mod & ~ mod Enda (A @ S).

The endomorphism algebra has two simple modules, one for each indecomposable summand, whereas
the abelian category £ has only one simple object. Hence mod £ is not equivalent to £. Thus
applying C — modC to C = proj A twice changes the category, since mod(projA) ~ £. Since A is
self-injective, Lemma 2.2(4) gives ref A = &, so ref(proj A) ~ £ by Lemma 2.2(3), and Theorem 2.5
gives ref & ~ ref(ref(proj A)) ~ ref(projA) ~ &.

Example 2.10. Even for a Hom-finite category C, a module F' with F' and F'* finitely generated
need not be finitely presented. Thus using finite generation in Definition 2.1 would give a different
category. Let C be the additive hull of the k-linear category

¢ —a—b—d (1>1),

with all paths of length two zero. Each vertex has endomorphism ring &, so this hull is Krull-Schmidst.
Let F' take the value k at a and zero at every other vertex. Then

0— &P, — Po— F—0.
i>1
Thus F is finitely generated but not finitely presented. A morphism F — Py is an element of
C(a, X)) annihilated by composition with every arrow ¢; — a, and up to scalars the only nonzero
such element is the arrow a — b. Hence F* is the left simple functor at b and has the presentation
0 — P4 — P> — F* — 0. Its conjugate is F, and the evaluation of F is invertible. Both F' and F*
are therefore finitely generated, but F' ¢ ref C.
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2.3. Reflexively dense subcategories. For a fixed category £, we consider subcategories C for
which the restricted Yoneda functor ®¢ induces an equivalence & — ref C. For £ = ref A, these
include the essential images of proj B under equivalences ref B ~ ref A, for the rings B reflexively
equivalent to A. Section 2.4 uses these images to compare such rings B.

Definition 2.11. Let & be a category. A subcategory C C & is reflexively dense in £ if the restricted
Yoneda functor induces an equivalence ®¢: & = ref C. These subcategories form a poset ref-dense(&)
under inclusion.

The following lemma records the basic properties of reflexively dense subcategories.

Lemma 2.12. Let £ be a category.

(1) For every category C, both the Yoneda image of C and ref C are reflexively dense subcategories of
ref C. In particular ref C is the greatest element of ref-dense(ref C).

(2) IfC € ref-dense(&), then ®C is an equivalence EP — ref(C°P). In particular C°P € ref-dense(£°P).

(3) An equivalence V: € — &' induces an isomorphism of posets ref-dense(E) — ref-dense(E’) sending
C to the subcategory of objects isomorphic to objects of ¥(C).

(4) Two categories are reflexively equivalent if and only if they are equivalent to two reflexively dense
subcategories of one category.

(5) For every ring A, proj A € ref-dense(ref A).

Proof. (1) By the Yoneda lemma, the functor ®¢: ref C — ModC is isomorphic to the inclusion of
ref C into Mod C. For ref C itself use Theorem 2.5.

(2) Under € =~ ref C, Theorem 2.3(1) identifies ®¢ with ®¢ followed by conjugation.

(3) Transport of functors along an equivalence preserves conjugation, finite presentation, and
evaluation, and hence reflexive density.

(4) Transport the Yoneda image of C’ into ref C using the given equivalence. Conversely, two reflexively
dense subcategories have equivalent completions by definition.

(5) Apply (1) to proj A and use Lemma 2.2(3). O

Theorem 2.3(3) gives the following criterion for U € ref-dense(€) when U contains a reflexively
dense subcategory.

Proposition 2.13. Let C € ref-dense(E) and let U be a subcategory with C C U C E. Then
U € ref-dense(E) if and only if Py (Y) € modU and ®Y(Y) € modUP for every Y € &.

Proof. The equivalence ®¢: & — ref C identifies U with a subcategory of ref C containing the image
of the Yoneda functor, and ®;; with the functor ®;;; of Theorem 2.3, where I/’ is the image of U.
Apply Theorem 2.3(3) to U'. O

We next show that add(C; U --- UC,,) is reflexively dense whenever each C; is reflexively dense.
Under additional finiteness hypotheses, adjoining finitely many arbitrary objects also preserves
reflexive density; this gives Corollary 2.15.

Proposition 2.14. Let Cy,...,C,, € ref-dense(E), where m > 1.

(1) The subcategory add(Cy U ---UCp,) is reflexively dense.

(2) Suppose € is linear over a commutative coherent ring R and E(X,Y") is finitely presented over
R for all X,Y € £. For any X1,...,X, € &, the subcategory add(C; U---UC,, U{X1,..., X} })
is reflexively dense.

Proof. (1) Put U = add(|J; C;). A right U-module is finitely generated whenever its restrictions to all
C; are: take the sum of their finite sets of generators. For H = ®;/(Y") each restriction is finitely
presented, so choose an epimorphism U(—, W) — H. Its kernel restricts to a finitely generated
module on every C;, since both terms restrict to finitely presented modules. Hence the kernel is
finitely generated and H is finitely presented. The argument for left modules is the same. Apply
Proposition 2.13.

(2) Put U’ = add(C1U- - -UC,,,U{ X1, ..., X, }). A right «'-module H' is finitely generated whenever its
restrictions to all C; are finitely generated and every H'(X}) is a finitely generated R-module: finitely
many R-generators of H'(X;) define a morphism from a finite direct sum of copies of U'(—, X;) to H’



10 H. ENOMOTO

which is surjective at X;. For H = ®;/(Y") the R-modules H(X;) = £(X;,Y") are finitely presented,
so we can choose an epimorphism U’'(—, W) — H. Let K be its kernel. As in (1), each restriction
K]|c, is finitely generated. Each K(Xj) is the kernel of an R-linear map £(X;, W) — £(X;,Y)
between finitely presented R-modules, hence is finitely generated because R is coherent. Thus K is
finitely generated and H is finitely presented. Apply the same argument to left modules and use
Proposition 2.13. O

For finite-dimensional k-algebras, the next corollary can also be derived from results of Ma and
Sauter [MS, Lemmas 2.1, 2.2, 2.9 and 3.3].

Corollary 2.15. Let R be commutative coherent and A an R-algebra finitely presented as an
R-module. For X € ref A, the functor Homy(A & X, —) induces an equivalence

ref A ~ ref End4(A @ X).

In particular this holds for finite-dimensional k-algebras and for module-finite algebras over commu-
tative Noetherian rings.

Proof. Finite presentations over A give finite presentations over R. For finitely presented A-modules
M, N, an A-presentation of M expresses Hom 4 (M, N) as a kernel between finite sums of N; hence it is
finitely presented over R. Since proj A € ref-dense(ref A) by Lemma 2.12(5), Proposition 2.14(2) gives
add(A @ X) € ref-dense(ref A). Finally, evaluation at A ® X gives add(A @ X) ~ projEnd (4 @ X),
and Lemma 2.2(3) identifies ref(proj End (A & X)) with ref Enda(A & X). O

When £ has weak kernels and weak cokernels, reflexive density can be tested by approximations.
Recall that a weak kernel of a morphism f: X — Y in £ is a morphism K — X for which
E(— K)—= E(—,X) = E(—,Y) is exact; weak cokernels are defined dually. As for rings, a category
C is two-sided coherent if it has weak kernels and weak cokernels; for C = proj A this means that
the ring A is left and right coherent. A subcategory is functorially finite if every object has a right
approximation by it and a left approximation by it. A right approximation U — Y means that all
maps from objects of the subcategory to Y factor through it; the left condition is dual.

Proposition 2.16. Let C € ref-dense(E) and C CU C E. If € is two-sided coherent, the following
are equivalent.

(1) U € ref-dense(E).

(2) U is functorially finite in .

(3) U is two-sided coherent.

Proof. (1) = (2): Finite generators of ®;(Y) and ®“(Y") give the two approximations.

(2) = (1): Choose a right approximation Uy — Y, a weak kernel W — Uj in &, and a right
approximation U; — W. Then U(—,U;) — U(—,Uy) — P (Y) — 0 is a presentation. The opposite
argument gives a presentation of ®“(Y). Apply Proposition 2.13.

(2) = (3): Approximate in U a weak kernel or weak cokernel computed in &.

(3) = (1): Identify & with refC. Write Y € £ as the kernel of a map between representable
C-modules by applying (—)* to a presentation of Y*. It is also a kernel in £, and the two representing
objects belong to U. Thus ®y(Y) is a kernel between representable ¢/-modules. Two successive
weak kernels in U give a finite presentation of a kernel between representables, so ®y,(Y) is finitely
presented. Use weak cokernels for ®(Y') and apply Proposition 2.13. O

We next give sufficient conditions for a subcategory C C V to be reflexively dense in V. Part (2)
will be applied with V abelian in Proposition 4.2 and Theorem A.1.

Proposition 2.17. Let V be a category and C C V a subcategory. Suppose that the functors
Pe: ¥V — ModC and ®C: VP — ModC°P are fully faithful and take values in modC and mod CP,
respectively.

(1) The functor ®¢ takes values in ref C.

(2) If moreover every morphism of C has a kernel in V, then ®¢: V — ref C is an equivalence, that
is, C € ref-dense(V).
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Proof. (1) Full faithfulness identifies ®¢(Y)* = ®C(Y) and ®°(Y)* = ®¢(Y) by composition. Under
these identifications evaluation sends y: X — Y to (a: Y — Z) — a oy, as in the proof of
Theorem 2.3(1), and hence is invertible. The assumed finite presentations therefore give ®¢(Y') € ref C.
(2) For F € refC, apply (—)* to a presentation P"1 — PWo — F* — 0. If g: Wy — Wy is

the corresponding morphism, this gives 0 — F' — Py, i Pyy,. For its kernel Z in V we have
F = ®¢(Z). Thus ®¢ is essentially surjective as well as fully faithful. O

2.4. An order on Morita equivalence classes. We define a relation on Morita equivalence classes
by requiring an equivalence F': ref A — ref B to satisfy F(proj A) C proj B. Proposition 2.14(1) will
give a common upper bound for any two reflexively equivalent rings. For module-finite algebras
over a Noetherian ring, Proposition 2.20(2) shows that [A] <,ef [B] holds if and only if B is Morita
equivalent to End4(A @ X) for some X € ref A, as in the introduction.

Definition 2.18. For R-algebras A and B, write [A] <, [B] if there is an R-linear equivalence
F: ref A — ref B such that F'(P) € proj B for every P € projA. Here [A] denotes the R-linear
Morita equivalence class of A.

Recall that a ring A is semiperfect precisely when proj A is Krull-Schmidt. In this case proj A has
finitely many indecomposable objects up to isomorphism. We use this finiteness to prove that <. is
antisymmetric for semiperfect rings.

Proposition 2.19. Let A and B be R-algebras.
(1) The relation <, is a preorder on R-linear Morita equivalence classes.

(2) The categories ref A and ref B are R-linearly equivalent if and only if there is an R-algebra C
such that [A] <yef [C] and [B] <,ef [C]. Given F: ref A = ref B, one can take

C =Endp(B® F(A)).
If A and B are semiperfect, then this C' is semiperfect.

(3) The relation <, restricts to a partial order on Morita equivalence classes of semiperfect R-
algebras.

Proof. (1) Morita equivalences induce equivalences of reflexive categories carrying projectives onto
projectives. Thus the relation is well defined on Morita equivalence classes. Identity functors and
composition give reflexivity and transitivity.

(2) Suppose F': ref A — ref B is an equivalence. By Lemma 2.12(3),(5), both proj B and F'(proj A)
are reflexively dense in ref B. Proposition 2.14(1) shows that & = add(B @ F'(A)) is reflexively dense.
Evaluation at B @ F'(A) identifies ref U/ with ref C, and the restricted Yoneda functor ®;; sends both
subcategories into proj C. Hence [A] <, [C] and [B] <, [C]. If A and B are semiperfect, then A
and B are finite direct sums of objects with local endomorphism rings. Full faithfulness of F' gives
such a decomposition of F'(A), hence of B @ F(A). Its endomorphism ring C' is therefore semiperfect.
Conversely, a common upper bound gives ref A ~ ref C' ~ ref B.

(3) For semiperfect A and B, let F': ref A — ref B be an equivalence with F'(proj A) C proj B. Then
F induces an injection ind(proj A) — ind(proj B) between finite sets. If [B] <, [A] also holds, the
two sets have the same cardinality. Thus F'(proj A) = proj B up to isomorphism, and A and B are
Morita equivalent. O

The next proposition characterizes [A] < [B] using idempotents and endomorphism rings.

Proposition 2.20. The relation in Definition 2.18 has the following descriptions.

(1) For semiperfect R-algebras A and B, the condition [A] <, [B] is equivalent to the existence of
an idempotent e € B such that A is R-linearly Morita equivalent to eBe and (—)e restricts to an
equivalence ref B — ref(eBe).

(2) Suppose that R is Noetherian. For module-finite R-algebras A and B, the condition [A] <, [B]
is equivalent to B being R-linearly Morita equivalent to End (A & X) for some X € ref A. The

R-algebra C' in Proposition 2.19(2) is then module-finite; in particular it is finite-dimensional if
R=k.
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Proof. (1) Suppose F': ref A — ref B witnesses [A] <,ef [B]. The subcategory F'(proj A) is generated
by finitely many indecomposable projectives. Since B is semiperfect, their sum is isomorphic to e B for
some idempotent e € B. Hence F'(proj A) = add(eB) up to isomorphism, and A is Morita equivalent
to eBe. This subcategory is reflexively dense by Lemma 2.12(3),(5). Evaluating the restricted
Yoneda functor at eB gives Homp(eB,—) = (—)e, and add(eB) ~ proj(eBe), so Lemma 2.2(3)
shows that this functor induces the required equivalence. Conversely, a quasi-inverse of (—)e sends
proj(eBe) to add(eB) C proj B. Composing with the Morita equivalence for A proves [A] <, [B].

(2) For an equivalence F witnessing [A] <, [B], put M = F~1(B) € ref A. Since F(A) € add B, we
have A € add M. Choose n with M®" = A® X; then X € ref A. Since F is fully faithful and R-linear,
Enda(M) = Endp(B) = B as R-algebras. Hence End4(A® X) = M,,(B), which is Morita equivalent
to B. Conversely, Corollary 2.15 gives an equivalence Hom4(A & X, —): ref A — ref End4(A & X)
sending proj A into projectives. Finally, B @ F'(A) is a finite B-module, so its endomorphism algebra
C' is module-finite over R. O

We can now define minimality using this partial order.

Definition 2.21. A semiperfect R-algebra A is reflexive-minimal if [A] is a minimal element under
<ef among semiperfect R-algebras. Equivalently, every idempotent e € A for which (—)e restricts
to an equivalence ref A — ref(eAe) is full, that is, AeA = A.

The equivalent form follows from Proposition 2.20(1), since for an idempotent e of a semiperfect
algebra A, the corner eAe is Morita equivalent to A if and only if eA has every indecomposable
projective A-module as a direct summand, that is, if and only if e is full. Since [B] <,ef [A] implies
ref B ~ ref A, a semiperfect R-algebra A is reflexive-minimal exactly when [A] is minimal among the
Morita equivalence classes of semiperfect R-algebras reflexively equivalent to A. Extending the last
assertion of Proposition 2.20(2), if R is Noetherian and A is module-finite, then every R-algebra
B with an R-linear equivalence F': ref B — ref A is module-finite, since B = End(F(B)) and
F(B) is a finite A-module. Thus the reflexive equivalence class of a module-finite algebra consists
of module-finite algebras, and that of a finite-dimensional k-algebra consists of finite-dimensional
algebras.

To compare the algebras in a reflexive equivalence class inside one category, note that an equivalence
F: ref B — & sends proj B to the reflexively dense subcategory add F'(B). If G: ref B — £ is another
equivalence, the autoequivalence GF~! of £ sends add F(B) to add G(B).

Proposition 2.22. Let A be a finite-dimensional k-algebra and € = ref A. There is a bijection
{C € ref-dense(€) | C has an additive generator} {B | B is finite-dimensional, ref B ~ £}
autoequivalences of € Morita equivalence ’
sending add M to [Endg(M)]. For C = add M and D = add N in ref-dense(E),

[Endg(M)] <(ef [Endeg(N)] <= VU(C) C D for some autoequivalence ¥ of &.

Proof. For C = add M € ref-dense(£), evaluation at M identifies ref C with ref Endg(M), and
Endg (M) is finite-dimensional. Every algebra B with ref B ~ £ arises by transporting proj B into
&. Two such subcategories give Morita equivalent algebras precisely when they are equivalent. An
equivalence C — D induces ref C ~ ref D; composing with the equivalences @ and ®p gives an
autoequivalence of £ carrying C onto D. This proves the bijection. Under the same identifications,
an equivalence preserving projectives in the sense of Definition 2.18 corresponds exactly to an
autoequivalence ¥ with U(C) C D. O

3. REFLEXIVE-MINIMAL ALGEBRAS AND EQUIVALENCE CRITERIA

We prove Theorem A. By Proposition 2.22, the order <, on Morita equivalence classes in the
reflexive equivalence class of A corresponds to inclusion of reflexively dense subcategories of ref A, up
to autoequivalences of ref A. So we look for a least reflexively dense subcategory. Section 3.1 identifies
indecomposable objects that every reflexively dense subcategory of a Krull-Schmidt category must
contain. Sections 3.2 and 3.3 determine, for an idempotent e of a module-finite algebra A over
a commutative Noetherian ring, when add(eA) is reflexively dense in ref A. Section 3.4 proves
that add(eminA) is the least reflexively dense subcategory and recovers all algebras in the reflexive
equivalence class of A from Anj,. Its arguments are written for module-finite algebras over a



REFLEXIVE EQUIVALENCE AND REFLEXIVE-MINIMAL ALGEBRAS 13

henselian local ring, so that they also apply in the proof of Theorem 4.5. Section 3.5 computes
examples over a field.

3.1. Objects contained in every reflexively dense subcategory. Let £ be a Krull-Schmidt
category. For an indecomposable object U the algebra Endg(U) is local, and a morphism X — U
lies in radg (X, U) if and only if it is not a split epimorphism; dually, a morphism U — X lies in
radg (U, X) if and only if it is not a split monomorphism. The simple functors at U are

Sy =&(—,U)/radg(—,U) € Mod €, SU = £(U,—)/rade(U, —) € Mod £°P.
For X € € we have Sy(X) # 0 if and only if U is isomorphic to a direct summand of X.

Definition 3.1. For a Krull-Schmidt category &, let 3(€) C ind £ consist of the indecomposable
objects U for which there are Y € £ and j € {0,1} such that

Extlyqe(Sus Py) #0  or Ext]yqgon (SY, PY) # 0.

Here Ext" means Hom, and the extension groups are taken in the abelian categories Mod £ and

Mod £°P.

We show that every reflexively dense subcategory of £ contains the objects in X(&£). For £ = ref A,
Theorem 3.9(2) will identify these objects with the projectives e; A indexed by Iref(A) (Construc-
tion 3.4) when (—)emin restricts to an equivalence ref A — ref(eminAemin), for example when A is
Artinian.

Lemma 3.2. Let £ be a Krull-Schmidt category.
(1) Every equivalence F: & — &' induces a bijection X(E) — X(E).
(2) If C € ref-dense(&), then 3(E) CindC.

Proof. (1) An equivalence transports representable and simple functors, and preserves their Hom
and Ext! groups.
(2) Let ¢*: Mod & — ModC be restriction. Its right adjoint satisfies

(L*G)(X) = HOInModc(CI)c(X), G), L*@C(Y) = Py.

If *T = 0, adjunction gives Hom(7T, Py) = 0. Every extension 0 — Py % W — T — 0 splits:
restriction makes (*a invertible, and adjunction sends its inverse to a retraction of a. Hence
Ext!(T, Py) = 0 as well. If U ¢ C, no object of C has U as a summand, so +*Syy = 0, and hence

Hommod e (Sv, Py) = Extyoqe(Su, Py) = 0.
Applying the same argument to C°P € ref-dense(EP) gives
Hompod gor (S, P*') = Extpgoq gor (57, PT) = 0.
Thus U ¢ X(E). 0

3.2. Double centralizers. To determine which projectives generate a reflexively dense subcategory,
we study restriction to a corner. Throughout Sections 3.2 and 3.3, let R be a commutative Noetherian
ring, A a module-finite R-algebra, and e € A an idempotent. The module Ae is a right eAe-module
and eA is a left eAe-module, and we consider the maps

A: A — Endeac(Ae), A(a)(p) = ap, p: A" — End(caeyor (€A), pla)(q) = qa.

A module M over a ring A has the double centralizer property if the map A — Endgpnq, (ar) (M) given
by the action is bijective. Thus A is bijective exactly when the left A-module Ae has the double
centralizer property, and p is bijective exactly when the right A-module eA has it. In Section 3.3
we show that (—)e restricts to an equivalence ref A — ref(eAe) exactly when A and p are bijective.
For Artinian rings, the criterion using simple modules in the next lemma is due to Fuller [Ful,
Theorem 4]; Cunningham, Rutter and Turnidge [CRT, Theorem 2.6] give a version for right perfect
rings. The proof below uses an adjunction to obtain the form over R for all finite modules.
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Lemma 3.3. The map A is bijective if and only if

Hom (Y, A) = Exty (Y, A) =0 for every finite right A-module Y with Ye = 0. (3.1)
The map p is bijective if and only if

Hom gor (Z, A) = Extlop (Z,A) =0  for every finite left A-module Z with eZ = 0.
If A is Artinian, these equivalences become

X is bijective <= Homu(S, A) = Ext}(S,4) =0
for every simple right S with Se =0,

p is bijective <= Hom gop(L, A) = Exthep(L, A) =0
for every simple left L with el = 0.

Proof. The second statement is the first one for A°P, so we prove the first. Let S be the full
subcategory of mod A consisting of the finite modules Y with Ye = 0. The exact functor F =
(—)e: mod A — mod eAe has the right adjoint G = Homea.(Ae, —), where (h - a)(p) = h(ap). The
counit (GZ)e — Z, h — h(e), is an isomorphism, and the unit is

nn: N — G(Ne), nn(n)(p) = np.

By the triangle identity, F'(ny) composed with the counit at Ne is the identity of Ne, so F'(ny) is an
isomorphism. Since F' is exact, Ker ny and Coker ny are annihilated by e. They are finite, since N
and G(Ne) = Home4¢(Ae, Ne) are finite over R. Hence they liein S. For Y € S and Z € mod eAe we
have Hom4 (Y, GZ) = Homea.(Ye, Z) = 0. Moreover Ext}(Y,GZ)=0: if 0 = GZ S W =Y — 0
is exact, then Fa is an isomorphism, and the morphism We — Z obtained from (Fa)~! and
the counit corresponds to a morphism W — GZ which is a retraction of a, as in the proof of
Lemma 3.2(2).

Suppose that Hom4(Y, N) = 0 = Ext} (Y, N) for every Y € S. Then Kerny = 0, and the exact
sequence 0 - N — G(Ne) — Coker ny — 0 splits. Hence Coker ny is isomorphic to a submodule of
G(Ne) lying in S, so it is zero, and 1y is an isomorphism. Conversely, if 7y is an isomorphism then
N = G(Ne) satisfies these vanishing conditions. For N = A the unit n4 is A\. This proves that A is
bijective if and only if (3.1) holds. If A is Artinian, every module in S has a finite filtration with
simple factors in S, and the long exact sequences show that the vanishing for all Y € § is equivalent
to the vanishing for the simple modules S with Se = 0. OJ

3.3. Reflexive equivalence induced by corners. We prove that (—)e restricts to an equivalence
ref A — ref(eAe) if and only if the maps A and p of Section 3.2 are bijective. For Artinian algebras,
we use Lemma 3.3 to express this condition through Hom and first extensions from simple modules.

Construction 3.4. Suppose that A is basic and semiperfect. Choose primitive orthogonal idem-
potents eq,...,e, of A whose sum is 1, let J be the radical of A, and put S; = ¢;A/e;J and
L; = Ae;/Je;. Let Ie(A) consist of the indices i for which at least one of

Hom(S;, A), Ext(S;, A), Homgor(Ls, A), Extlop(Ls, A)
is nonzero. Put e = > ;cpe; for T'C {1,...,n}, and set emin = €le0(A) ANd Amin = eminAemin.
Construction 3.4 applies to basic Artinian algebras and to basic module-finite algebras over a
henselian local ring, since these algebras are semiperfect. For a basic finite-dimensional k-algebra,
Corollary 3.12(2) shows that A, is the unique basic reflexive-minimal algebra in its class; in
particular it is independent of the choices up to isomorphism. By Theorem 4.5(3), the same holds

for the algebras of that theorem. For an Artinian algebra, the next theorem shows that [ef(A) is
the smallest set T" for which (—)er restricts to an equivalence ref A — ref(erAer).

Theorem 3.5. Let R be a commutative Noetherian ring, A a module-finite R-algebra, and e € A an
idempotent. The following conditions are equivalent.

(1) The functor (—)e restricts to an equivalence ref A — ref(eAe).

(2) The subcategory add(eA) is reflexively dense in ref A.

(3) The maps \ and p of Section 3.2 are bijective.

If A is basic and Artinian and e = e, these conditions are equivalent to Ies(A) CT.
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Proof. (1) = (2): Evaluation at eA identifies modules over add(eA) with modules over eAe,
and restricts to add(eA) ~ proj(eAe) on representables. It sends the restricted Yoneda functor to
X — Homy(eA, X) = Xe, and identifies the reflexive subcategories by Lemma 2.2(3). Thus (1) says
that ®,qq(ca): ref A — refadd(eA) is an equivalence, which is (2).
(2) = (3): Put C = add(ed). By (2) and Lemma 2.12(2), the functors ®¢ and ®° are
fully faithful on ref A, and in particular at the object A. Under evaluation at eA, the map
Enda(A) — Hom(®c(A), Pc(A)) becomes End4(A) — Endcae(Ae), which is A under the identifica-
tion Enda(A) = A by left multiplication. Similarly, ®° sends A to Hom (A, eA) = eA, and its map
on End4(A) is p. Hence A and p are bijective.
(3) = (1): Put B = eAe. The right B-module Ae decomposes as Ae = B @ (1 — e)Ae, and A(e)
is the projection onto B. Hence Homp(Ae, B) = A(e) Endp(Ae), and A restricts to a bijection
eA — Homp(Ae, B). Similarly, p restricts to a bijection Ae — Hompor(eA, B). Under these
bijections the evaluation map of Ae is the identity, so Ae € ref B, and )\ identifies A with Endp(B @
(1 —e)Ae). Corollary 2.15 therefore gives an equivalence Homp(Ae,—): ref B — ref A. Since
Homp(Ae, N)e 2 Homp (B, N) = N naturally in N, the functor (—)e sends ref A into ref B and is
a quasi-inverse of this equivalence.

If A is Artinian and e = e, then a simple right module S; satisfies S;e = 0 exactly when i ¢ T,
and similarly for L;. By Lemma 3.3, condition (3) is equivalent to

Hom 4 (S;, A) = Ext!(S;, A) = Hom o (L, A) = Extlop(L;, A) =0 (i ¢ T),
that is, I,ef(A) C T. O

Remark 3.6. Let A be as in Construction 3.4, and let 0 - A — I — I' — ... be a minimal
injective coresolution of A4. For a simple module S the maps Hom 4(S, I/) — Hom4(S, I’*!) vanish
by minimality, so Ext’,(S, A) = Hom4(S, I7). Hence Hom4(S;, A) or Ext}(S;, A) is nonzero exactly
when S; is a direct summand of soc(1° @ I'), and similarly for the left simple modules and the
minimal injective coresolution of 4A. Thus [ef(A) is determined by the socles of the first two terms
of these two coresolutions.

3.4. The least reflexively dense subcategory and reconstruction. We show that add(empinA)
is contained in every reflexively dense subcategory of ref A. By Lemma 3.2(2), it suffices to prove
that e;A € X(ref A) for i € I,f(A). We then recover every algebra reflexively equivalent to A from
Amin- We work in the following setting, which includes basic finite-dimensional k-algebras and the
algebras of Theorem 4.5.

Setting 3.7. Let R be a commutative henselian Noetherian local ring and A a basic module-finite
R-algebra. Equivalences are R-linear. The algebra A is two-sided Noetherian, and it is semiperfect
because every module-finite algebra over a henselian local ring is semiperfect [Hash, p. 88]. The
endomorphism ring of a finite A-module is again module-finite over R, hence semiperfect; the
category of finite A-modules is therefore Krull-Schmidt. We use the idempotents e;, the simple
modules S; and L;, the set Ief(A) and the idempotent ey, of Construction 3.4. The case R = k is
that of basic finite-dimensional k-algebras.

Lemma 3.8. Let A be as in Setting 3.7, E =ref A, i € {1,...,n} and U = ¢;A.

(1) If Homy(S;, A) # 0 or Extl(S;, A) # 0, then Hompmog e (Sy, Pa) # 0 or
Extioq e (St Pa) # 0.

(2) If Hom oo (Li, A) # 0 or Extlop (L, A) # 0, then Hompog gor (SY, PA) # 0 or
Extpjoq gon (SY, PA) # 0.

In particular e; A € X(ref A) for every i € Ies(A).

Proof. (1) Identify Mod(proj A) with Mod A by evaluation at A. Then restriction t*: Mod & — Mod A
is T'— T(A), and its right adjoint, described in the proof of Lemma 3.2(2), is ¢, N = Homu(—, N)|¢
for N € Mod A. In particular +,Y = Py for Y € £. A morphism A — ¢;A is a split epimorphism
if and only if it is surjective, that is, if and only if its image is not contained in e;J. Hence
Sy = ejAje;J = S;, and adjunction gives Hompmod £ (S, Pa) = Hom 4 (S;, A).

Suppose that Ext}(S;, A) # 0, and choose a nonsplit exact sequence 0 — A — N 4,6, — 0 in
mod A. Applying the left exact functor ¢, gives an exact sequence 0 — P4 — 1N =% 1, S;. Let
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m: e;A — S; be the canonical surjection. Composition with 7 defines a morphism Py — ¢,.5;, which
vanishes on radg(—, U) because radical morphisms X — e; A have image in e;J. Let o: Sy — 14.5;
be the induced morphism, and let W be the pullback of t.q along ¢. This gives a commutative
diagram with exact rows

0 Py > W SU
| | &
0 Py s 1L, N —%5 .8,

The morphism W — Sy is surjective: an element of Si(X) is represented by some f: X — e;4;
since e; A is projective, m = ¢q7 for some 7: ¢,A — N, and 7f € (t.N)(X) is mapped to 7 f = o(f).
Thus the upper row is an exact sequence 0 — P4 — W — Sy — 0 in Mod £. Evaluated at A, the
morphism o becomes the identity of S; and ¢.q becomes g, so W(A) = N and the evaluated upper
row is the chosen nonsplit sequence. Since evaluation at A is exact, the upper row does not split,
and Extiyoq s (Str, Pa) # 0.

(2) The duality (—)*: &€ — ref(A°) of Lemma 2.2(2) identifies left £-modules with right ref(A°P)-
modules. It sends e; A to Ae;, the functor SU to the simple functor at Ae;, and P4 to the representable
functor of A* = 4A. Since the simple right A°’-module at i is L;, part (2) is part (1) for A°?. O

The next theorem assumes that (—)emiy restricts to an equivalence ref A — ref(eminAémin)- By
Theorem 3.5, this holds whenever A is Artinian; Theorem 4.5(2) proves it under a hypothesis on the
localizations of A.

Theorem 3.9. Let A be as in Setting 3.7, and put e = epin. Suppose that (—)e restricts to an
equivalence ref A — ref(eAe).

(1) The subcategory add(eA) is the least element of ref-dense(ref A).
(2) X(ref A) = {e;A ] i € Les(A)}.

Proof. (1) Theorem 3.5 gives add(eA) € ref-dense(ref A). By Lemma 3.8, every e; A with ¢ € I,ef(A)
lies in 3(ref A), so by Lemma 3.2(2) every reflexively dense subcategory contains add(eA).

(2) Lemma 3.2(2) applied to add(eA) shows that every object of ¥(ref A) is isomorphic to some e; A
with i € I,f(A), and the converse is Lemma 3.8. O

If add(eA) is the least element of ref-dense(ref A), we can describe every algebra reflexively
equivalent to A as an endomorphism algebra over eAe. The following proposition applies both over
fields and over the local rings of Theorem 4.5.

Proposition 3.10. Let A be as in Setting 3.7. Suppose that add(eA) is the least element of
ref-dense(ref A) for an idempotent e. Put T’ = eAe.

(1) The algebra T is basic and reflexive-minimal, and projI' is the least element of ref-dense(ref I').
Its Morita equivalence class [T'] is the least element under <.f among module-finite R-algebras
reflexively equivalent to A.

(2) A module-finite R-algebra B is reflexively equivalent to A if and only if B = Endp(I' @ X) for
some X € ref I'. For every equivalence F': ref B — ref I', the module I' is a direct summand of
F(B).

(3) Up to R-algebra isomorphism, T is the unique basic reflexive-minimal algebra in the reflexive
equivalence class of A.

Proof. (1) By Theorem 3.5, the functor (—)e gives an equivalence ref A — ref I' sending add(eA)
to projI". By Lemma 2.12(3), projI" is the least element of ref-dense(ref I'). The module eA is a
summand of the basic module A, so its endomorphism algebra I' is basic. It is module-finite over R,
hence semiperfect, so Definition 2.21 applies to it. If f € ' is an idempotent and (—) f restricts to
an equivalence ref I' — ref (fT'f), then add(fT") is reflexively dense by Theorem 3.5. Since projI" is
the least element of ref-dense(ref I'), we get add(fI') = projI', so I'fI" = I'. For any module-finite
R-algebra B and any equivalence F': ref B — ref I, the subcategory add F'(B) is reflexively dense
by Lemma 2.12(3),(5), and therefore contains projI’. Thus F~! sends projI" into proj B, proving
[F] Zref [B]
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(2) For an equivalence F': ref B — ref ', the subcategory add F(B) is reflexively dense by
Lemma 2.12(3),(5). It contains projI" by (1). Since I' is basic and the categories are Krull-
Schmidt, F(B) 2T @ X for some X € ref I'. Full faithfulness gives B = Endp(I' ® X). Conversely,
every such endomorphism algebra is reflexively equivalent to I' by Corollary 2.15, and hence to A.
(3) Suppose that B is basic and reflexive-minimal and choose F' as in (2). The projection of
F(B) =T @ X onto I' corresponds to an idempotent f € B. The equivalence F' identifies add(fB)
with projT', so add(fB) is reflexively dense. By Theorem 3.5 and reflexive-minimality, f is full. Thus
B is Morita equivalent to fBf = I'. Basicness gives B = I'. OJ

For a basic finite-dimensional k-algebra A, Theorem 3.5 shows that (—)emi, restricts to an
equivalence ref A — ref Apy,. Thus Theorem 3.9 and Proposition 3.10 apply and give the following
description of its reflexive equivalence class.

Theorem 3.11. Let A and B be finite-dimensional k-algebras, and suppose that A is basic.

(1) If B is basic, then A and B are reflexively equivalent if and only if Amin = Bumin-

(2) Put A = Apin- Then B is reflezively equivalent to A if and only if B = Endy (A @ X) for some
X e ref A. Moreover, for every equivalence F': ref B — ref A the module A is isomorphic to a
direct summand of F(B).

Proof. (1) By Theorem 3.9 and Proposition 3.10(1),(3), Amin is the unique basic reflexive-minimal
algebra in the reflexive equivalence class of A, and likewise for B. Thus ref A ~ ref B implies A, =
Bin. Conversely, this isomorphism and Theorem 3.5 give ref A ~ ref Ay, ~ ref Byin ~ ref B.

(2) Apply Proposition 3.10(2). O

For an arbitrary finite-dimensional k-algebra A we put Amin = Bmin for a basic algebra B Morita
equivalent to A. By Proposition 3.10(3), Apin is well defined up to isomorphism, independently of
the choice of B and of its idempotents, and A is reflexively equivalent to A, by Theorem 3.5.

Corollary 3.12. Let A be a basic finite-dimensional k-algebra.

(1) Let n be the number of simple A-modules up to isomorphism. The following conditions are
equivalent.
(a) A is reflexive-minimal.
(b) Lef(A) =A{1,...,n}.
(C) A = Amin-

(2) The class [Amin] is the least element under <, in the reflexive equivalence class of A. Up to
isomorphism, Amin 1S the unique basic reflexive-minimal algebra in that class. It is also the
unique basic algebra in that class with the least number of simple modules.

(3) If A is local, then A= Apip.
(4) Iief(Amin) consists of all indices of the simple modules of Amin, that is, (Amin)

= Amin .

Proof. (1) (a) < (b): For every idempotent e € A there is a subset 7' with eA = er A, since eA
is isomorphic to a direct sum of pairwise nonisomorphic summands e; A of A. The ideal AeA and
the subcategory add(eA) depend only on the isomorphism class of eA. Hence, by Definition 2.21
and Theorem 3.5, the algebra A is reflexive-minimal if and only if e is full for every T such that
(—)er restricts to an equivalence ref A — ref(erAer). Since A is basic, er is full exactly when
T ={1,...,n}. By Theorem 3.5, (—)er restricts to such an equivalence exactly when I,(A) C T.
Thus A is reflexive-minimal if and only if [,ef(A) = {1,...,n}.

(b) = (c): In this case epin, = 1 and A = A.

(¢) = (b): The algebra Ay has |Ief(A)| simple modules up to isomorphism, so A = A, forces
Les(A)] = .

(2) By Proposition 3.10(1),(3), the class [Amin] is the least element and A, is the unique basic
reflexive-minimal algebra. By Theorem 3.11(2), every algebra in the class is isomorphic to Enda (A &
X) with A = Apjn. Its number of simple modules is the number of isomorphism classes of
indecomposable direct summands of A @ X. This number is at least that of A, with equality if and
only if X € proj A, in which case Endy (A @ X) is Morita equivalent to A and is isomorphic to A if it
is basic.

(3) The module A4 has a simple submodule, which is isomorphic to S1, so If(A) = {1}.

(4) The algebra Apiy, is reflexive-minimal by (2). Apply (1) to Amin- O

min
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3.5. Computing reflexive-minimal algebras. We compute reflexive-minimal algebras over an
arbitrary field k. We obtain I,f(A) from the minimal injective coresolutions of A4 and 4 A using
Remark 3.6, and then apply Theorem 3.11 to decide reflexive equivalence.

Example 3.13. Let A = kQ/(bc, ca), where
1 —2 =2
b
3
A minimal injective coresolution of A4 begins
®2
0—>A—>51”€B(%) —
3

The assignment e <> e3, es — €2, a <+ b, ¢ — ¢ defines an anti-automorphism of A, so the minimal
injective coresolution of 4A is obtained by interchanging labels 1 and 3. Thus [,ef(A) = {1,3}. With
emin = €1 + €3, u = ab and v = ¢, we obtain

Amin E A=k < 1 i 3 ) /(uv, vu). (3.2)
Thus ref A ~ ref A.
Example 3.14. Let B = kQ'/(bc, da), where
1] —2— 2
d] [b
4 +———3
A minimal injective coresolution of Bg begins
o2 B2
0—>B—>(§) 69(?1) —>§@§1—>~-.
3 1 371
The assignment e; <> €3, ea — ea, e4 — €4, a <> b, ¢ <> d defines an anti-automorphism of B, so
interchanging labels 1 and 3 again gives the minimal injective coresolution of pB. Reading the socles
gives Ief(B) = {1,3}. The corner on these vertices is B, = A from (3.2), with arrows u = ab and

v = cd. Therefore
ref A ~ ref B

for the algebra A of Example 3.13. The algebras A and B are not Morita equivalent, since they have
three and four simple modules, respectively.

The following hereditary example shows that the last assertion of Theorem 3.5 fails if the Ext!
conditions are omitted from the definition of Ief(A).

Example 3.15. Let H be the path algebra of 1 % 2 2, 3. Its minimal injective coresolution is
1\ D3
0—>H—>(§) —1®)—0.

All three indices occur in the socles of these two terms, so lef(H) = {1,2,3} and Hyi, = H. In
particular, Extl (Se, H) = k, although both Homp (So, H) and Homgos (L, H) vanish. The Hom
tests alone select 7' = {1, 3}, since the right socle of H is a sum of copies of S3 and the left socle is a
sum of copies of L;. By Theorem 3.5, the functor (—)er with 7" = {1,3} does not restrict to an
equivalence ref H — ref(epHer).

The next example distinguishes reflexive-minimality from reflexive-rigidity within one reflexive
equivalence class.
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Example 3.16. Let A = k[z]/(2%), S = A/(x) and T = Enda (A @ 9), as in Example 2.9. With

e1, es corresponding to A, S, respectively, I' has quiver 1 = 2 % 1 and relation ba = 0. A minimal
injective coresolution of I'r begins
0—TI — (%)®2—>%—>---.
1 1
The left coresolution has the same layers, since interchanging a and b defines an anti-automorphism
fixing the vertices. Hence
Iref(F) = {1}, Fmin = 61P61 =~ A
Since A is local, Ay, = A by Corollary 3.12(3), and since A is self-injective, ref A = mod A =
add(A @& S) by Lemma 2.2(4) and Example 2.9. Theorem 3.11 therefore gives refI' ~ ref A and
shows that A and I" are the only basic algebras in this class. By Theorem 3.9(1), every reflexively
dense subcategory contains add A, and ref A itself is reflexively dense by Lemma 2.12(1). Thus
ref-dense(ref A) is the two-element chain

add A C add(A & S).

These subcategories are equivalent to proj A and projI', respectively, and I' is reflexive-rigid by
Proposition 2.8(1). Thus A is reflexive-minimal but is not reflexive-rigid, whereas I is reflexive-rigid
but is not reflexive-minimal.

4. MODULE CATEGORIES AND LOCAL BASE RINGS

We first describe reflexive equivalence classes whose completions are module categories; Propo-
sition 4.1, which says when ref B is abelian, is also used in the proof of Theorem C. We then
prove Theorem C, which extends Theorem A to module-finite algebras over local rings, compute
examples over discrete valuation rings, and give examples in which least or minimal reflexively dense
subcategories do not exist.

4.1. Module categories. Dominant dimension characterizes when the category of reflexive modules
is abelian and, for finite-dimensional algebras, when it is a module category. For a two-sided
Noetherian ring B, the condition dom.dim B > 2 means that the first two terms in the minimal
injective coresolution of Bp are projective. This condition is left—right symmetric [Hos, p. 275,
Theorem)].

Proposition 4.1 ([Han, Theorem 3.19, Theorem 4.1 and Proposition 4.2]). For a two-sided
Noetherian ring B, the category ref B is abelian if and only if dom.dim B > 2. Such a ring is
Artinian by a result of Sumioka, recalled in [IS, Proposition 7]. For a finite-dimensional k-algebra A,
the following are equivalent:

(1) dom.dim A > 2;

(2) ref A ~ mod B for some finite-dimensional k-algebra B;

(3) A= Endg(M) for a generator-cogenerator M € mod B over some finite-dimensional k-algebra
B.

If A=Z Endp(M) as in (3), then Homp(M, —) induces an equivalence mod B — ref A.

Hanihara’s reflexive modules are those of Definition 2.1. The first assertion is [Han, Theorem 3.19].
The equivalence (1) < (3) is the Morita—Tachikawa correspondence [Han, Theorem 4.1], and
(3) = (2) with the last sentence is [Han, Proposition 4.2]. Finally, (2) = (1) follows from the first
assertion, since mod B is abelian.

For a finite-dimensional algebra B, the next proposition describes the reflexively dense subcategories
of mod B by functorial finiteness. Unlike Proposition 2.16, it does not assume that the subcategory
contains a given reflexively dense subcategory.

Proposition 4.2. Let B be a finite-dimensional k-algebra. A subcategory C C mod B is reflexively
dense in mod B if and only if add(B @ DB) C C and C is functorially finite in mod B.

Proof. Suppose that C contains B and DB and is functorially finite. We verify the hypotheses of
Proposition 2.17(2) for ¥V = mod B; kernels exist in mod B. Let 6: ®¢(Y) — ®¢(Z) be a morphism.
Its component at B is a B-linear map ¢g: Y — Z, by naturality with respect to Endg(B) = B.
For X € C choose an epimorphism p: B™ — X; naturality with respect to p and injectivity of
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Homp(p, Z) show that Ox(f) = go f for every f: X — Y. Hence ®¢ is full, and it is faithful
by evaluation at B. The dual argument, using monomorphisms into (DB)™, shows that € is
fully faithful. A right C-approximation Uy — Y is surjective because B € C; choosing a right
C-approximation U; of its kernel gives a presentation Py, — Py, — ®¢(Y) — 0. Dually a left
C-approximation is injective because DB € C, and approximating its cokernel gives a presentation of
®€(Y). Hence C € ref-dense(mod B).

Conversely, let C € ref-dense(mod B) and Y € mod B. A presentation Py, — Py, — ®c(Y) — 0

comes from morphisms U; — U 4y, and q is a right C-approximation. For Z € mod B, full
faithfulness of ®¢ identifies Homp(Y, Z) with the morphisms Uy — Z vanishing on Uy, so ¢q is a
cokernel of U; — Uy in mod B. In particular q is surjective, and if Y is projective then ¢ splits
and Y € C. By Lemma 2.12(2) the same argument applies to Y — Homp(Y, —)|c, giving left
approximations and showing that C contains the injective modules. Thus C is functorially finite and
contains add(B @ DB). O

The next corollary describes the reflexive equivalence classes whose reflexive completions are
module categories. By Proposition 4.1, these are the classes of the finite-dimensional algebras A
with dom.dim A4 > 2.

Corollary 4.3. Let B be a finite-dimensional k-algebra, let G be a basic additive generator of
add(B @ DB), and put I' = Endp(G). Then Homp(G, —) induces an equivalence mod B — ref I,
the algebra ' is reflexive-minimal with I' = Iy, and a finite-dimensional k-algebra is reflexively
equivalent to T' if and only if it is isomorphic to Endg(M) for a generator-cogenerator M € mod B.

Proof. By Proposition 4.2, the functor Homp(G, —) induces an equivalence mod B — ref I, and
add G is the least reflexively dense subcategory of mod B. The equivalence sends add G to proj I,
so projI' is the least element of ref-dense(ref I') by Lemma 2.12(3). Since G is basic, I" is basic,
so Proposition 3.10(1), applied to I' with e = 1, shows that I" is reflexive-minimal, and T" = T'j;,
by Corollary 3.12(1). By Theorem 3.11, the algebras reflexively equivalent to I' are exactly the
algebras Endp(I" @ X’) with X’ € ref . Transporting along Homp(G, —), which sends G to T,
these are the algebras Endp(G @ X) with X € mod B, that is, the endomorphism algebras of the
generator-cogenerators of mod B. O

4.2. Module-finite algebras over local rings. We prove Theorem C. Its hypothesis concerns
the localizations A, = A ® g R, at the nonmaximal primes p of the base ring R. We first show that
an R-linear equivalence ref A ~ ref I' induces equivalences after localization at every prime of R.
Consequently, the hypothesis depends only on the reflexive equivalence class of A.

Proposition 4.4. Let R be a commutative Noetherian ring and A,T" module-finite R-algebras. An
R-linear equivalence ref A ~ ref I' induces an Ry-linear equivalence ref Ay ~ ref 'y for every prime
ideal p of R. Consequently

dom.dimA, >2 <= dom.dimI}, >2

whenever these localized algebras are nonzero; one is zero if and only if the other is zero.

Proof. Let F: ref A — ref ' be an equivalence and put @ = Endp(I' @ FA). The projection
idempotents onto I" and F'A have corners isomorphic to I and A, respectively. By Proposition 2.14(1)
and Lemma 2.12(3),(5), the subcategory add(I' @ FA) is reflexively dense in ref I', and under
the resulting equivalence ref I' ~ ref Q) the subcategories projI" and F(projA) correspond to the
subcategories add(ef2) for the two idempotents e. Both are reflexively dense in ref Q. The two
maps A and p of Section 3.2 for each idempotent are therefore isomorphisms by Theorem 3.5. Since
Hom between finite modules commutes with localization, all four maps remain isomorphisms after
localization at p. Apply Theorem 3.5 over R, to obtain the claimed equivalence. The assertion on
dominant dimension follows from Proposition 4.1, since being abelian is preserved by equivalence. A
ring B satisfies ref B = 0 if and only if B = 0, which proves the last assertion. O

Let A be a basic module-finite algebra over a henselian Noetherian local ring. By Lemma 3.3 and
Theorem 3.5, whether (—)er restricts to an equivalence ref A — ref(erAer) depends on Hom and
Ext! into A from all finite modules annihilated by ez, on both sides. The condition Ief(A) C T tests
only the simple modules among them. If A is Artinian, this suffices because these modules have
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finite length. Part (2) of the next theorem proves that it also suffices under a hypothesis on the
nonmaximal localizations of A; parts (3) and (4) then follow from Theorem 3.9 and Proposition 3.10.

Theorem 4.5. Let (R, m) be a commutative henselian Noetherian local ring and A # 0 a module-finite

R-algebra. Suppose dom.dim Ay > 2 whenever p # m and Ay, # 0. Equivalences are R-linear.

(1) dim(R/anngp A) < 1.

(2) Suppose A is basic. Choose primitive orthogonal idempotents ey, ..., e, with sum 1, and define
Lies(A) as in Construction 3.4. For T'C {1,...,n}, the functor (—)er restricts to an equivalence
ref A — ref(erAer) if and only if Les(A) C T.

(3) Suppose A is basic. Put e = epin and Apin = eAe. Then add(eA) is the least element of
ref-dense(ref A). The class [Amin] is the least Morita equivalence class under <, in the reflexive
equivalence class of A, and Amin 1s the unique basic reflexive-minimal algebra in that class, up to
R-algebra isomorphism. A module-finite R-algebra B is reflexively equivalent to A if and only if
B = Endy_,, (Amin @ X) for some X € ref Ayin.

(4) Suppose A is not basic, and let A’ be a basic algebra Morita equivalent to A. Then A’ satisfies
the hypothesis and is reflevively equivalent to A. Put Amin = Al;,, which is well defined up to R-
algebra isomorphism. Then [Amin] is the least Morita equivalence class under <, in the reflexive
equivalence class of A, Amin s the unique basic reflexive-minimal algebra in that class, and a
module-finite R-algebra B is reflexively equivalent to A if and only if B = Endy,_, (Amin & X)
for some X € ref Apin.

(5) The hypothesis on the localizations Ay is invariant under R-linear reflexive equivalence. If a
nonzero module-finite R-algebra B also satisfies it, then ref B ~ ref A if and only if Amin = Bmin
as R-algebras.

Proof. (1) By Proposition 4.1, each nonzero A, with p # m is Artinian. Put R = R/anng A. For
a nonmaximal prime q of R, the algebra A, is Artinian and finite faithful over Ry. Let n be the
maximal ideal of Rq. The descending sequence n" A4 stabilizes. Nakayama’s lemma gives n"Aq = 0
for some r, and faithfulness gives n” = 0. Every nonmaximal prime of R therefore has height zero,
proving the assertion.
(2) Replace R by R, which is again a henselian Noetherian local ring; the hypothesis on A is
unchanged, since the localizations of A at primes of R are those at the corresponding primes of R.
By Lemma 3.3 and Theorem 3.5, (—)er restricts to an equivalence ref A — ref(erAer) if and only
if

Homy (Y, A) = Exti(Y,A) =0 for every finite Y with Yer =0, (4.1)
and the analogous condition holds for left modules. Necessity of I,ef(A) C T follows by taking simple
modules. For sufficiency assume this inclusion. If dim R = 0, all finite A-modules have finite length,
so Lemma 3.3 applies.

Suppose dim R = 1. Choose t € m with vtR = m. The assumed equalities Homy (S;, A) =
Ext} (S;, A) = 0 for i ¢ T extend by induction to every finite-length module annihilated by ez. For a
finite module Y with Yer = 0, let Yo, be its t-power torsion submodule and put Y' = Y/Y;,. Both
Yior and Y’ /tY” have finite length and are annihilated by er. Applying Homy (—, A) to

0—Y LY — Yty —0
shows that ¢ acts surjectively on Homy (Y’, A) and injectively on Ext} (Y’,A). Nakayama’s lemma
gives Homy (Y, A) = 0.
Write R; = R[t™!]. This is a zero-dimensional Noetherian ring, hence an Artinian ring. Its
finitely many local factors are R, for the primes not containing ¢, all of which are nonmaximal
in R. Consequently A; is a finite product of the nonzero A, occurring in the hypothesis. Each

factor has dominant dimension at least two by hypothesis, so the minimal injective coresolution
0— Ay — 10— I' — ... has I° I' € proj A;. Localization gives Homp, (Y, A;) = 0, so

Homy, (Y/,1°) = Homy, (Y{,I') =0,  Exty, (Y/,A;) = 0.
Since Ext) (Y’, A); & Ext) (Y/,A;), the finite R-module Ext} (Y”,A) is thus both ¢-power torsion

and t-torsionfree, so it vanishes. The sequence 0 — Y;o; =& Y — Y’ — 0 proves (4.1). Since the
condition dom.dim A, > 2 is left-right symmetric, the same argument applies to left modules.
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(3) By (2), (—)e restricts to an equivalence ref A — ref Apin. Theorem 3.9 shows that add(eA) is the
least element of ref-dense(ref A). The remaining assertions are Proposition 3.10(1)—(3).

(4) Since A is semiperfect, a basic algebra A’ Morita equivalent to A exists, and it is module-finite
over R. A Morita equivalence induces an R-linear equivalence ref A ~ ref A/, as in the proof of
Proposition 2.19(1). By Proposition 4.4, A" satisfies the hypothesis. The last three assertions of (3)
for A’ concern the reflexive equivalence class of A’, which is that of A; they give the three assertions
of (4). Since AL, is the unique basic reflexive-minimal algebra in this class, it does not depend on
the choice of A’.

(5) Proposition 4.4 gives invariance of the hypothesis. The equivalence criterion follows from (3) and
(4), since an equivalence identifies least reflexively dense subcategories and hence the endomorphism
algebras of their basic generators. O

The hypothesis of Theorem 4.5 can be checked directly in two cases: over an Artinian local base
and over a one-dimensional domain. Over a nonlocal Artinian base, part (3) of the next corollary
obtains the least reflexively dense subcategory by decomposing the base into local rings. For a
one-dimensional domain R with fraction field K, we write Ax = A ®r K for the generic algebra of A.

Corollary 4.6. Let R be a commutative Noetherian ring and A # 0 a module-finite R-algebra.

(1) If R is an Artinian local ring, then A satisfies the hypothesis of Theorem 4.5.

(2) If R is a one-dimensional henselian local domain with fraction field K, then A satisfies the
hypothesis of Theorem 4.5 if and only if Ax = 0 or dom.dim Ag > 2.

(3) If R is Artinian and A is basic, write R = []; R; with R; local and Aj = R; @g A, and let
e € A be the sum of the idempotents emin of the nonzero Aj. Then add(eA) is the least element
of ref-dense(ref A), and eAe = [];(Aj)min is the unique basic reflexive-minimal algebra in the
reflexive equivalence class of A.

Proof. (1) An Artinian local ring is henselian and has no nonmaximal prime.

(2) The only nonmaximal prime of R is (0), and Ay = Ak-.

(3) The ring A is the product of the Rj-algebras A;. Since R-linear functors commute with the
idempotents of R, the category ref A, its reflexively dense subcategories and its R-linear equivalences
are products over the factors. Apply Theorem 4.5(3) to each nonzero A;, using (1). a

For algebras that are free over a discrete valuation ring, the computation of I f(A) simplifies as
follows.

Corollary 4.7. Let R be a henselian discrete valuation ring with uniformizer m and fraction field K.
Let A be a nonzero basic R-algebra that is finite free as an R-module, and assume dom.dim Ax > 2.
Then Theorem 4.5 applies, and ILef(A) is the set of indices i such that S; occurs in the right socle or
L; occurs in the left socle of A/mA. In particular, these conclusions hold if Ax is self-injective.

Proof. For a simple right A-module S, we have 7S = 0 and Homy (S, A) = 0, since 7 is regular on A.
Multiplication by 7 also kills Extllx(S, A). Applying Homy (S, =) to 0 = A = A — A/7A — 0 gives

Homy (S, A) =0, Ext} (S, A) = Homy /-7 (S, A/7A). (4.2)
Apply the same argument to left modules. Thus the four Hom and Ext! conditions defining I ef(A)

reduce to the socle conditions in the statement. Since A is nonzero and free, Ax # 0, and Theorem 4.5
applies by Corollary 4.6(2). A self-injective algebra has dominant dimension at least two. O

In the following example, Corollary 4.7 selects every index, so a nonlocal order is its own reflexive-
minimal algebra.

Example 4.8. Let R, 7w, K be as in Corollary 4.7, and put

R R
=lok A
Then A is basic and finite free of rank four over R, and Ax = M>(K) is semisimple. The algebra
A/mA is the radical-square-zero algebra of the oriented two-cycle: the classes of 1o and wFE2; give
the arrows. Both right simple modules occur in its socle, so Ief(A) = {1,2} and Apin = A.
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The next example gives two algebras with semisimple generic algebras which are reflexively
equivalent but not Morita equivalent.

Example 4.9. Let R, 7w, K be as in Corollary 4.7, with residue field x. Put
A = R[u]/(u® — 7u), X =A/(u), I' = Endy (A & X).

The algebra A is local and finite free of rank two over R, and A = K x K, so Theorem 4.5 applies.
Since A is local, its only idempotents are 0 and 1. Hence A is reflexive-minimal and Apin = A.
Moreover,
Homy (X, A) = R(u — ), Homy (A, X) = R, Endy (X) = R.

Consequently I' is finite free of rank five over R, and I'x = My(K) x K, which is semisimple. Put
A = A/7A = k[u]/(u?), so that X/7X = k. Each of the four R-modules Homy (X, A), Homy (A, X),
Endy(X) and Endy(A) = A is free, and reduction modulo m maps it isomorphically onto the
corresponding Hom space over A. For Endy (A) this is A/7A = A. The other three modules have
rank one, the corresponding Hom spaces over A are one-dimensional, and the generators reduce to
nonzero maps; for instance, u — w reduces to the embedding k — A with image xu. Hence

/7l = Enda (A @ k).

The algebra I' /7T is basic, and 7 lies in the radical of T", so I" is basic. Label the summands A and
X by 1 and 2. As in Example 3.16, over any field, the right and left regular modules of Enda (A & k)
embed into sums of copies of the indecomposable projective-injective module at 1, so both socles are
sums of copies of the simple module at 1. Corollary 4.7 therefore gives

Iref(r) = {1}7 Fmin = e1l'er = A = Apin.

Thus Theorem 4.5(5) gives ref I' o~ ref A. The algebras A and I' have one and two simple modules,
respectively, so they are not Morita equivalent.

Example 4.10. Theorem 4.5 also applies, by Corollary 4.6(2), when the generic algebra is not
semisimple. For R = k[[t]] and A = R[e]/(¢?), the generic algebra k((t))[¢]/(?) is self-injective, so
its minimal injective coresolution is 0 - Ax — Ax — 0 and dom.dim Ax > 2. The algebra A is
local, so it is reflexive-minimal.

4.3. Nonexistence of least and minimal reflexively dense subcategories. We show that the
hypothesis of Theorem 4.5 cannot be omitted, and that minimal reflexively dense subcategories need
not exist. For the regular local ring R = k[[x, y, z]] of dimension three, ref-dense(ref R) has distinct
minimal elements and no least element.

Example 4.11. Let R = kl[z,y, z]] and M = coker(R M) R?). The module M has depth
two and is free away from the maximal ideal. Thus it satisfies Serre’s condition depth M, >
min{2,dim Ry} at every prime p, which characterizes reflexivity over a normal domain [IR, Section 2].
It has rank two and needs three generators, hence is not free. It is indecomposable: an endomorphism
lifts to a matrix T with T(x,y, 2)" = b(z,y,2)" for some b € R. Comparing linear terms gives
T mod m = (b mod m)I3. Thus the endomorphism or one minus that endomorphism is surjective
and hence invertible. Therefore Endgr (M) is local.

We use the following results of Iyama and Reiten for a module-finite algebra A over a normal
Noetherian domain R, where a finite A-module is called reflexive over R if it is reflexive as an
R-module [IR, Proposition 2.4]. First, Homy (X,Y") is reflexive over R for finite A-modules X
and Y with Y reflexive over R. Second, suppose that A is reflexive over R, and let N be a finite
A-module, reflexive over R, such that IV, is a progenerator over A, for every prime p of height
one. Then Homy (N, —) is an equivalence from the finite A-modules reflexive over R to the finite
Endy (N)-modules reflexive over R, and if Homp(A, R) = A as A-bimodules, then the same holds for
EndA (N)

Let N be a nonzero reflexive R-module, and put I' = Endr(N). We apply these results with
A = R. The R-module I is reflexive by the first result. For each prime p of height one, N, is a
nonzero finite torsionfree module over the discrete valuation ring R,, hence free and a progenerator.
Thus Hompg (N, —) is an equivalence from ref R to the category of finite I'-modules which are reflexive
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over R, and Hompz(I', R) = T" as I-bimodules. This bimodule isomorphism and adjunction give
natural isomorphisms

Homp(X,T') 2 Homp (X, Homg(T', R)) =2 Hompg(X, R)

for right and for left I'-modules X, so a finite I'-module is reflexive over I' if and only if it is reflexive
over R. Thus Homp (N, —): ref R — ref I" is an equivalence. It identifies add N with projI", so add N
is reflexively dense by Lemma 2.12(3),(5). Taking N = R and N = M gives the reflexively dense
subcategories add R and add M. Each is minimal since its generator has local endomorphism ring,
and their intersection is zero. Thus ref-dense(ref R) has no least element. On the level of algebras,
R and Endg (M) are reflexively equivalent local algebras, hence basic, and reflexive-minimal because
their only idempotents are 0 and 1. They are not isomorphic, since Endg(M) has rank four over
R. Hence they are not Morita equivalent, and the reflexive equivalence class of R has no least
Morita equivalence class. The hypothesis of Theorem 4.5 fails at a prime p of height one: the ring
Ry, is a discrete valuation ring, and ref R, consists of the finite free modules. This category is not
abelian, since multiplication by a uniformizer is both monic and epic there but is not invertible; so
dom. dim R, < 2 by Proposition 4.1.

In Example 4.11 minimal reflexively dense subcategories exist but are not unique. In the next
example, whose proof is given in Appendix A, they do not exist at all.

Example 4.12. Let & be the category of finite-dimensional k[t]-modules on which ¢ acts nilpotently,
put My = k[t]/(t*), and for T C N5y put Cr = add{M; | s € T'}. By Theorem A.1(1) and (3), the
reflexively dense subcategories of £ are exactly the Cr with 7" unbounded, and ref-dense(&) has
no minimal element. Since £ ~ ref Cr for unbounded T, the category £ is a Hom-finite reflexive
completion without a minimal reflexively dense subcategory.

5. FINITE REFLEXIVE TYPE AND REFLEXIVE-RIGID ALGEBRAS

For a basic finite-dimensional k-algebra A, Theorem 3.9(1) identifies add(eminA) as the least
element of ref-dense(ref A), and the greatest element is ref A itself (Lemma 2.12(1)). The least
element always has an additive generator. We now determine when the greatest element ref A has
one. This relates finite reflexive type to reflexive-rigidity and to the number of Morita equivalence
classes within a reflexive equivalence class. Throughout this section algebras are finite-dimensional
over k, and categories and equivalences are k-linear. The categories under consideration are Hom-
finite.

5.1. Finite reflexive type. For a finite-dimensional k-algebra A, we show that ref A has an additive
generator if and only if there are finitely many Morita equivalence classes of finite-dimensional
k-algebras reflexively equivalent to A.

Definition 5.1. An algebra A has finite reflexive type if ind(ref A) is finite, equivalently, by
Proposition 2.8(2), if ref A has an additive generator.

Proposition 5.2. Let A be a finite-dimensional k-algebra. The following are equivalent.
(1) A has finite reflexive type.
(2) There are finitely many Morita equivalence classes of finite-dimensional algebras reflexively
equivalent to A.
(3) The set
{|ind(proj B)| | B is finite-dimensional, ref B ~ ref A}
is bounded.
(4) A is reflexively equivalent to a reflexive-rigid finite-dimensional algebra.

When these conditions hold, the algebra in (4) is unique up to Morita equivalence, and one may take
Enda(M) for any M with add M = ref A.

Proof. (1) = (2): Put &€ = ref A. Under an equivalence ref B ~ £, the image of proj B is the
additive closure of a subset of the finite set ind £. There are finitely many such subcategories, and
each of their additive equivalence classes determines a Morita equivalence class of B.

(2) = (3): The number |ind(proj B)| is the number of simple B-modules up to isomorphism, and is
Morita invariant.
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(3) = (1): Suppose that ind(ref A) is infinite. For each m > 1, choose pairwise nonisomorphic
indecomposable nonprojective reflexive modules X7, ..., X,,. By Corollary 2.15,

By =EndA(A® X1 @-- @ X,)

is reflexively equivalent to A. Its indecomposable projectives correspond to the distinct indecom-
posable summands of A ® X; & --- & X,,,, so |ind(proj By,)| = |ind(proj A)| + m, contradicting
(3).
(1) = (4): Take M with add M = ref A and put I' = End4(M). Proposition 2.8 gives refI' =
proj I" ~ ref A.
(4) = (1): If ref B = proj B and ref B ~ ref A, then ind(ref A) is finite.

For uniqueness, two reflexive-rigid algebras B and B’ in the class satisfy proj B ~ ref A ~ proj B/,
so they are Morita equivalent. O

Proposition 5.2 gives the following bijection for finite-dimensional k-algebras, analogous to the
categorical bijection in Corollary 2.6.
Corollary 5.3. There is a bijection

finite-dimensional k-algebras finite-dimensional
of finite reflexive type reflexive-rigid algebras

reflexive equivalence Morita equivalence

It sends the reflezive equivalence class of A to the Morita equivalence class of Enda(M), where
add M = ref A. Its inverse sends a reflexive-rigid algebra to its reflexive equivalence class.

Proof. Proposition 5.2 shows that each class on the left contains exactly one Morita equivalence class
of reflexive-rigid algebras. Every reflexive-rigid algebra has finite reflexive type, since its reflexive
modules are projective. (|

By Theorem 3.11, the classes on the left can also be identified with the isomorphism classes of
basic reflexive-minimal algebras of finite reflexive type. Starting with a reflexive-rigid algebra I, this
identification gives I'iin; see Example 3.16.

Hanihara [Han, Remark 6.10] asks for categorical characterizations of categories of reflexive
modules. For categories with finitely many indecomposable objects up to isomorphism, Theorem 2.5
gives the following criterion.

Corollary 5.4. Let C be a Hom-finite k-linear category with finitely many indecomposable iso-
morphism classes, choose an additive generator G, and put I' = Ende(G). The following are
equivalent.

(1) C ~ref A for some finite-dimensional k-algebra A.
(2) C is reflexive-rigid.
(3) T is reflexive-rigid.
Proof. (1) = (2): Apply Theorem 2.5 and Lemma 2.2(3).
(2) < (3): The equivalence C ~ projI' identifies the Yoneda functor of C with the inclusion
projI" C ref I, as in Proposition 2.8(1).
(3) = (1): Take A =T, since C ~ projI" = ref I'. O
5.2. Reflexive equivalence classes consisting of one Morita equivalence class. We determine
when every algebra reflexively equivalent to A is Morita equivalent to A. For a basic algebra A,
the least element of ref-dense(ref A) is add(eminA) by Theorem 3.9(1), and the greatest is ref A by
Lemma 2.12(1). We show that the reflexive equivalence class of A is a single Morita equivalence
class exactly when

add(eminA) = proj A = ref A,
that is, when A is both reflexive-minimal and reflexive-rigid.

Theorem 5.5. Let A be a basic finite-dimensional k-algebra with simple modules indexed by
{1,...,n}. The following conditions are equivalent.

(1) Every finite-dimensional k-algebra reflexively equivalent to A is Morita equivalent to A.
(2) The poset ref-dense(ref A) has exactly one element.
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(3) ref A =proj A and I(A) ={1,...,n}.

Proof. (3) = (2): Since If(A4) = {1,...,n}, proj A is the least element of ref-dense(ref A) by
Theorem 3.9(1), and since ref A = proj A it is also the greatest element.

(2) = (1): Let F: ref B — ref A be an equivalence. By Lemma 2.12(3) and (5), add F(B) €
ref-dense(ref A), hence add F(B) = proj A. Thus proj B ~ proj A, and B is Morita equivalent to A.
(1) = (3): If X is an indecomposable nonprojective reflexive A-module, then End4(A & X) is
reflexively equivalent to A by Corollary 2.15 and has n + 1 simple modules, so it is not Morita
equivalent to A. If Tes(A) # {1,...,n}, then Ap;, is reflexively equivalent to A by Theorem 3.5 and
has fewer than n simple modules, so it is not Morita equivalent to A. O

Corollary 5.6. Let A be a finite-dimensional k-algebra. Every finite-dimensional k-algebra reflexively
equivalent to A is Morita equivalent to A if and only if Amin s reflexive-rigid.

Proof. The algebras A and Ap,;, have the same reflexive equivalence class, and Ief(Amin) consists of
all indices of its simple modules by Corollary 3.12(4). Apply Theorem 5.5. O

For a local algebra A we have I,ef(A) = {1} by Corollary 3.12(1),(3), so the reflexive equivalence
class of A is a single Morita equivalence class exactly when ref A = proj A.

5.3. Algebras whose reflexive modules are projective. We turn to structural conditions for
reflexive-rigidity. A module M is a second syzygy if there is an exact sequence 0 - M — P — Py
with Py, P; projective. Every reflexive module is a second syzygy: if Q1 = Qo - M* — 0 is a
projective presentation of the left module M*, then 0 — M*™* — Qf — @7 is exact. If gl.dim A <2,
then every second syzygy is projective, and therefore ref A = proj A. The converse holds under the
following assumption on the injective envelope of the regular module.

Proposition 5.7. Let A be a finite-dimensional k-algebra such that the injective envelope of the left
reqular module 4 A is projective. Then every second syzyqy is reflexive. Consequently ref A = proj A
if and only if gl. dim A < 2.

Proof. Let I be the injective envelope of 4A. For every X € mod A there is an isomorphism
Hom gop (Ext% (X, A), I) 2 Tord' (X, I). (5.1)

Indeed, let P, be a projective resolution of X. Since I is injective, Hom 4op (—, I) is exact, so the left
side is the second homology of Hom gop (P}, I) = Py ® 4 I. As I is projective, the right side of (5.1)
vanishes, and since A embeds into I we get Hom 4o (Ext? (X, A), A) = 0.

Now let 0 — M 5 P i> Py be exact with Py, P; projective, and put X = Coker f and N =Im f.
Applying (=)* to 0 - M — P} — N — 0 gives an exact sequence

P 5 M - Exty (N, A) > 0,

and ExtY(N, A) = Ext% (X, A). Applying (—)* again, we see that the kernel of i**: M** — P
is isomorphic to Hom o (Ext% (X, A), A), which is zero. As f**i** = 0 and the evaluations of Py
and P, are isomorphisms, ¢** induces an injective map 6: M** — Ker f = M, and naturality of
evaluation gives 8dy; = 157. Hence 6 is bijective, and so is dy.

Thus ref A is the category of second syzygies. If gl. dim A > 2, choose X with projective dimension
at least three; then the second syzygy of X in a minimal projective resolution is reflexive and not
projective. O

The first assertion of Proposition 5.7 also follows from [Han, Lemma 3.8], which shows that every
second syzygy is reflexive if Hom oo (Ext% (X, A), A) = 0 for all X € mod A; the first paragraph of
the proof verifies this condition.

Corollary 5.8. Let A be a Nakayama algebra. Then ref A = proj A if and only if gl.dim A < 2.

Proof. By Proposition 5.7 it suffices to show that the injective envelope I of an indecomposable
projective left module Ae; is projective. Since Ae; is uniserial, it has a simple socle and [ is
indecomposable. Indecomposable injective left modules are of the form D(e;A), and e; A is uniserial,
so I is uniserial and has a projective cover p: Q — I with Q indecomposable. Let U = p~1(Ae;).
The restriction U — Ae; is surjective, hence split, and U is uniserial, hence indecomposable. As
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Ae; # 0, the map U — Ae; is an isomorphism. Its kernel is Ker p, so p is injective and I = @ is
projective. O

The following example combines Corollary 5.8 with Theorem 5.5.

Example 5.9. Let A= k(1 % 2 b 3)/(ab). Its indecomposable right projectives are
1 2 3
2 3 .
This is a Nakayama algebra of global dimension two, so ref A = proj A by Corollary 5.8. The right

socle contains Sa, S3, and the left socle contains L;. Hence I.(A) = {1,2,3}, and Theorem 5.5
shows that every algebra reflexively equivalent to A is Morita equivalent to A.

Without the assumption of Proposition 5.7, global dimension does not decide whether ref A =
proj A. The following example occurs in [Asg, Discussion 4.2]; its reflexive-rigidity also follows from
[Ram, Corollaries 2.5 and 3.3].

Example 5.10. Let A = k[z,y]/(x,y)?, with radical .J spanned by z and y. Then gl. dim A = oo,
since the first syzygy of k is J = k2. Let M be a reflexive A-module. It is a second syzygy, so
M = M’ @ P with P projective and M’ the second syzygy of some module in a minimal projective
resolution. Then M’ is contained in the radical of the projective module in degree one. Since J? = 0,
we have M'J = 0. If M’ # 0, then k is a direct summand of M and hence reflexive. But the left
module k* = soc(4A) = J is isomorphic to k2, so k** = Hom gop (k, A)? has dimension four. Hence
M’ = 0 and ref A = proj A. As A is local, the reflexive equivalence class of A is a single Morita
equivalence class, by Corollaries 3.12(3) and 5.6. The algebra A does not satisfy the hypothesis of
Proposition 5.7: since soc(4A) = J has dimension two, A is not self-injective, so the indecomposable
injective left module D(A4) is not projective, and the injective envelope of 4A is a direct sum of
copies of D(Ay4).

Ramras asked when every finitely generated reflexive module over a two-sided Noetherian ring is
projective; see Huang and Qin [HQ, Section 4] for this question and its homological reformulations.
For split local algebras with radical cube zero, Ringel and Zhang [RZ] give necessary conditions for
the existence of nonprojective reflexive modules. Ringel [Rin] characterizes the existence of such
modules for local algebras of dimension six with radical cube zero over an algebraically closed field.
For finite-dimensional k-algebras, Ramras’s question takes the following form.

Problem 5.11. Characterize the finite-dimensional k-algebras A with ref A = proj A.

By Corollary 5.3, a classification in Problem 5.11, up to Morita equivalence, classifies algebras of
finite reflexive type up to reflexive equivalence. For a given algebra A, constructing the corresponding
reflexive-rigid algebra requires an additive generator of ref A. This leads to a separate recognition
problem.

Problem 5.12. Find structural criteria for a finite-dimensional k-algebra A to have finite reflexive
type, and methods for constructing an additive generator of ref A when A has finite reflexive type.

APPENDIX A. NILPOTENT MODULES AND NONEXISTENCE OF MINIMAL ELEMENTS

We prove the theorem used in Example 4.12, which shows that a Hom-finite reflexive completion
need not have a minimal reflexively dense subcategory. Let £, My and Cr be as in that example.

Theorem A.1. Let £ and Cr be as above.

(1) The reflexively dense subcategories of € are exactly the subcategories Cp with T unbounded.
(2) Every category C with ref C ~ & is equivalent to Cr for exactly one unbounded set T .

(3) The poset ref-dense(E) has no minimal element.

Proof. (1) Let T be unbounded. We verify the hypotheses of Proposition 2.17(2) for V = £ and
C = Cr. Kernels exist since £ is abelian.

To see that ®¢ is fully faithful, let Y, Z € £ and choose | € T with t'Y = 0 = t!Z. Evaluation at 1
identifies £(M;,Y) with Y and £(M;, Z) with Z. A morphism 6: &¢(Y) — P¢(Z) therefore gives a
linear map g = 0py,: Y — Z, which is k[t]-linear by naturality with respect to multiplication by ¢
on M;. For s € T choose I’ € T with I’ > [ and I’ > s. Naturality with respect to the surjections
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My — M; and My — M shows that 0y, (f) = go f for every f: My — Y. Hence 0 = ®¢(g), and P¢
is full; it is faithful because ®¢(Y)(M;) =Y. The duality D preserves £ and Cr, since DMy = Mj,
and £(Y,X) = £(DX, DY) identifies ®¢(Y) with ®¢(DY’) composed with D; so ®€ is fully faithful
as well.

Next, we prove finite presentation of ®¢(Y") and ®°(Y’). For m > 1 let [ be the least element of
T with | > m. Every morphism M, — M,, with s € T and s > m factors through the surjection
M; — M,,, since s > [. Adding a basis of £(Ms, M,,) for the finitely many s € T with s < m, we
obtain a right Cr-approximation of M,,, and it is surjective. Taking direct sums, every Y € &£ has
a surjective right Cr-approximation Uy — Y. Choosing a right Cr-approximation U; of its kernel
gives an exact sequence Py, — Py, — ®¢(Y) — 0 in ModCr, so ®¢(Y') € modCr. Applying D, we
see that ®C(Y") € mod C7P. Now Proposition 2.17(2) shows that Cy € ref-dense(€).

Conversely, let C € ref-dense(E). Then C = Cp for T = {s | My € C}, and T # () since ref 0 = 0.
Suppose that T is bounded, with largest element so. Put Ry = k[t]/(t*°) and X = @ e M.
Then C is equivalent to projEndg,(X), and X has My, = Ry as a direct summand. Since Ry
is self-injective, all finite Rp-modules are reflexive by Lemma 2.2(4), and Corollary 2.15 gives
ref C =~ ref Endp, (X) =~ ref Ry = mod Ry, which has only sy indecomposable objects, contradicting
refC ~ €.

(2) A category C with ref C ~ £ is equivalent to a reflexively dense subcategory of € by Lemma 2.12(1)
and (3), hence to some Cp with 7' unbounded. The set T is determined by the equivalence class of
Cr, since dimy End(M;) = s.

(3) Removing one element from an unbounded set leaves it unbounded. O
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