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authors ’ note

This manuscript is the result of a methodological experiment in using large lan-
guage models to develop the rigorous mathematical theory of the negative per-
ceptron, which has received significant attention in the physics literature as an
accessible model for studying jamming and related phenomena.

With the exception of this note, the entire document is machine written. We
have taken care to supervise this writing to ensure that the proofs meet a mini-
mum standard of readability and that previous literature is appropriately cited.
However, the resulting document still leaves much to be desired in terms of ex-
position and overall coherence. We are nonetheless releasing this manuscript on
Hexagon to disseminate the results as quickly as possible, because we believe they
may be of interest to the mathematics and physics communities.

We plan to take some time to write the results in this manuscript carefully
for publication. While we focus on writing, we do not intend to produce further
results for the negative perceptron. However, we invite readers to do so, because
we believe there is much more to be done. Notably, it remains to establish
the scaling solution of Franz, Parisi, Sevelev, Urbani, and Zamponi [59] for the
Parisi minimizers as κ ↑ κc and the predictions that follow from it. We welcome
emails from anyone who obtains such results and will update the references
accordingly. We also welcome suggestions concerning mathematical corrections,
omitted citations, and attribution of ideas.

P.L. was partially supported by NSF grant DMS-2450004.
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Notation

Shared notation. Both Parts use the following. G is a standard Gaussian variable, ϕ

and Φ are its density and distribution function, R = ϕ/Φ, R̄(z) = z + R(z), V = RR̄,
m(k) = E(k − G)2

+, and m1(k) = E(k − G)+. An order parameter is a right-continuous
nondecreasing γ : [0, 1] → [0, 1] with γ = 1 near one; µγ is the measure with distribution
function γ, Qγ (often written Q) is the top of its support, δ = 1 − Qγ, and λγ(q) =

∫ 1
q γ;

1[q,1] is a replica-symmetric order parameter. U and Ur are the classes of order parameters,
Pκ is the Parisi functional, P∗(κ) its infimum (the Parisi value in Part I), PRS

κ (q) = Pκ(1[q,1])

Gardner’s replica-symmetric functional, u the solution of the Parisi equation, X the Parisi
diffusion, D, S, and Hγ the functions of the first-order conditions, Tm,s one Gaussian
step of the Parisi recursion, mj the values of a step order parameter, K = (1 − r)−1 the
constant of the class Ur, and b = ∂xu. The margins are the critical margin κc, Gardner’s
prediction κRS, and the de Almeida–Thouless margin κd; near α = 2 we write α = 2 + e.
The free energy is N−1 log ZN(U) for a soft activation U (Part I) and N−1 log VN(κ) at a
hard margin κ. In Part II the rescaled profile of γ is ζ(s) = γ(1 − e2s).
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Notation vii

The table lists the letters whose meaning differs between the two Parts. Many letters, for
example τ, ϑ, ρ, Y, ε, η, and c0, c1, . . . , also carry local meanings that are fixed where they
appear.

Symbol Part I Part II

ℓ level of the soft penalty −β(ℓ− x)2
+;

width of the top layer near α = 2
ℓ(s), ℓ0: rescaled masses λγ/e2

β leaves of the cascade tree; strength of
the soft penalty and of the source term

β =
√
(1 − q)/q for replica-symmetric

order parameters; also δ/λ

J Jℓ(k) = Jk(ℓ−11[1−ℓ,1)); the level at
which two replicas branch

Jk: the zero-temperature functional; J :
the jamming coefficient

C0 − log Φ(−1); the growth constant 2L of
an activation

a growth constant for terminal data; the
constant in the a priori bound
s0 ≤ C0e−2/3

U the activation U = Uζ , the solution in rescaled
variables

A a constant bounding an activation; the
pattern matrix

A(ζ), the entropy term of the flat limit;
a function A(k) of the margin

K, K ∥U′′∥∞; the number of atoms of a
cascade; an operator-norm constant,
Cop; K a cone or convex set; KN a
polyhedron

Ke, a constant; K = γ/λ; K(d1, S), the
compact class of profiles

S, s S(q) = αλγ(q)2E ∂xxuγ(q, Xq)2; s a
sparsity level

Sγ, the same; the depth parameter S in
K(d1, S) and the bound S∗;
s = (1 − q)/e2, the rescaled overlap

m mN(σ), the minimal margin of σ m∗, a bound on γ below the top of the
support

ζ ζl , conditional means of the response
overlap; the limiting overlap law

the rescaled profile

b also the rows ba = ga/
√

N and the top
precision b of a cascade

only b = ∂xu



part i

Parisi formula, capacity, and isostaticity for the
negative spherical perceptron

We study the spherical perceptron with Gaussian patterns at negative margins,
a mean-field model of jamming in which the set of solutions is not convex. We
prove the Parisi formula for its free energy for bounded-above C2 activations
with bounded second derivative and either bounded first derivative or concavity,
without any monotonicity assumption on the activation. For every constraint
density α > 2, we show that the normalized logarithm of the volume of solutions
converges in probability to the Parisi value at every margin below a critical margin
κc(α) < 0, that this value tends to −∞ continuously as the margin increases to
κc(α), and that the largest achievable margin converges in probability to κc(α). At
sufficiently negative margins, Gardner’s replica-symmetric formula for the free
energy is exact. For α slightly above two, the limit κc(α) lies below Gardner’s
prediction by at least a constant times (α − 2)3; with Part II, this order is exact.
At the optimal margin, with probability exponentially close to one, every optimal
configuration has exactly N contacts: the jamming point is isostatic. The empirical
gap measures of optimal configurations, normalized by N, converge weakly in
probability to a deterministic measure with an atom of mass exactly one at zero.
At a fixed margin below κc(α), the gap statistics of all but an exponentially small
fraction of the feasible set are given by the Parisi diffusion.



chapter 1

Introduction

The perceptron is the simplest model of a neural network and a basic example of a
random constraint satisfaction problem. Given M random patterns g1, . . . , gM ∈ RN and
a margin κ ∈ R, the spherical perceptron asks for a vector σ on the sphere of radius

√
N

such that
ga · σ√

N
≥ κ for every a ≤ M.

Two questions are classical: how large the set of such vectors is, and what the largest
achievable margin is when M/N → α. Gardner and Derrida computed the answers with
the replica method, under the assumption of replica symmetry [62, 63]. In particular,
Gardner’s formula predicts that the largest achievable margin converges to the solution
κRS(α) of

α E(κRS − G)2
+ = 1,

where G is a standard Gaussian variable.
For κ ≥ 0 each constraint cuts out a geodesically convex spherical cap, and replica

symmetry is expected to hold throughout the satisfiable phase. In this regime Gardner’s
formula for the free energy was proved by Shcherbina and Tirozzi [115] and by Talagrand
[128, Chapter 8], and Stojnic gave another proof of the formula for the capacity [118]. For
κ < 0, which is the relevant regime when α > 2, each constraint removes a cap smaller
than a hemisphere, and the feasible set is a nonconvex intersection of the complements
of such caps. Franz and Parisi proposed this negative spherical perceptron as the simplest
model of jamming [58]. Franz, Parisi, Sevelev, Urbani, and Zamponi argued that its
satisfiability threshold belongs to the same universality class as the jamming transition of
hard spheres in infinite dimension [59]. The same model describes linear classification
with a negative margin, a basic example of an overparametrized learning problem [60, 90].

In the physical picture, replica symmetry is lost at negative margins before the sat-
isfiability threshold is reached. The stability of the replica-symmetric solution of the
perceptron was studied in [23, 63]. Close to κ = 0 replica symmetry is lost at a de
Almeida–Thouless line [45], through a continuous transition to full replica symmetry
breaking in the sense of Parisi [104, 105], and the whole jamming line lies in the broken
phase [58, 59]. The physics literature therefore predicts that Gardner’s formula for the
critical margin is exact only for κ ≥ 0. At the critical margin, jammed configurations are
predicted to be isostatic: they are in contact with as many constraints as there are degrees

2



part i 3

of freedom. Franz and Parisi predicted that jamming is hypostatic in the convex regime
κ > 0 and isostatic in the nonconvex regime κ < 0 [58]; for the isostatic counting in
jammed packings see [2, 91]. The gaps and contact forces of jammed configurations are
predicted to have power-law distributions with universal exponents [29, 30, 58, 59, 107],
related to marginal stability [106, 132] and to the jamming of soft spheres [95]. Annesi,
Malatesta, and Zamponi computed the satisfiability threshold numerically from the equa-
tions of full replica symmetry breaking, and located the region of the phase diagram in
which the overlap distribution of typical solutions has connected support [3].

Rigorous results for negative margins have so far been partial. In [118], Stojnic used
Gordon’s comparison inequality [66] to show that Gardner’s formula gives an upper
bound on the capacity at every margin. He also proved a sharper bound by applying
Gordon’s inequality to an exponential of the cost; its improvement over the replica-
symmetric bound was shown numerically [117]. El Alaoui and Sellke conjectured that
the Parisi variational problem for the hard-margin perceptron, in the form used below,
gives the free energy and the capacity [54, Conjecture 1]; they trace this conjecture to
[59]. Assuming that some Parisi minimizer γ has no overlap gap, and given oracle access
to it, their algorithm constructs vectors of norm close to

√
QγN with a small vector of

constraint violations, where Qγ < 1 is the top of the support of γ [54, Theorem 1]; see
also [55]. Montanari, Zhong, and Zhou proved upper and lower bounds on the capacity
that agree to leading order as κ → −∞, and studied its algorithmic tractability [90].
Their upper bound [90, Theorem 4.2] shows that Gardner’s prediction overestimates
the capacity when α is large. Near α = 2, where κRS(α) is close to zero, the cited
bounds do not quantify this separation. Stojnic later proposed a characterization of
the capacity through fully lifted random duality theory, and computed the resulting
values numerically at finite levels of a stationarized lifting [119]. Huang, Sellke, and Sun
characterized the empirical distributions of the margins that algorithms with dimension-
free Lipschitz dependence on the Gaussian data can achieve [73].

For the Ising perceptron, where σ ∈ {−1, 1}N, the capacity predicted by Krauth and
Mézard [83] was studied by Ding and Sun and by Huang, who proved lower and upper
bounds matching the prediction, subject in part to numerical conditions [48, 72]. Xu
proved a sharp threshold for the Ising perceptron with Bernoulli disorder [133]. At small
constraint densities, Talagrand proved that the free energy of the Ising perceptron is given
by the replica-symmetric formula, for a class of activations that includes the one-sided
threshold [123], [127, Chapter 2], [128, Chapter 9]; his treatment of the Shcherbina–
Tirozzi model, whose spins are continuous, is in [127, Chapter 3]. Bolthausen, Nakajima,
Sun, and Xu gave another proof of this replica-symmetric formula, for a larger class
of activations [20]. In the Bayes-optimal (teacher–student) setting, replica-symmetric
formulas for perceptron-type generalized linear models were established by Barbier,
Krzakala, Macris, Miolane, and Zdeborová [13].
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The Parisi formula for mean-field spin glasses was predicted in [104, 105] (see also
[31, 88]) and proved by Guerra and Talagrand for the Sherrington–Kirkpatrick model [68,
124]. Talagrand and W.-K. Chen proved the Crisanti–Sommers formula [44] for spherical
models, the latter through the Aizenman–Sims–Starr scheme [1, 37, 125], and Panchenko
proved the formula for general mixed p-spin models, building on the ultrametricity
theorem [97–99]. The perceptron differs from these models in a basic way. Its Hamiltonian
∑a U(ga · σ/

√
N) is a nonlinear function of Gaussian fields, and it is not itself a Gaussian

process in σ. Structurally the model is closer to multi-species or bipartite spin glasses,
with one species formed by the coordinates and the other by the constraints. For such
models Guerra’s interpolation gives an upper bound when the interaction is convex
[14, 16, 100]. The matching lower bound by the Aizenman–Sims–Starr scheme requires
synchronization of the overlaps of the species [100, 101], and it needs no convexity, for
Ising spins [100] and for spherical spins [16]; see also [15, 17]. The interaction of the
bipartite model, which the perceptron resembles, is not convex. For spherical bipartite
models see [6, 82, 122]. Mourrat proved that the solution of an infinite-dimensional
Hamilton–Jacobi equation bounds the free energy of bipartite models from above, and
conjectured that it is the limit [92]; see also [49]. Our upper bound follows the proof of
the upper bound in [92]. That work also contains a quantitative synchronization estimate
for pairs of overlap arrays, which is an input to both bounds below. Mourrat later proved
an upper bound of the same kind for vector spin glasses whose energy is a Gaussian
field [94]; the energy ∑a U(ga · σ/

√
N) is not of this form. For nonconvex vector models,

H.-B. Chen and Mourrat showed that the limit of the free energy, if it exists, is a critical
value of a Parisi-type functional [34], and H.-B. Chen proved the same for nonconvex
multi-species models [33]. H.-B. Chen, Issa, and Mourrat identified the free energy of
nonconvex multi-species models with centered Ising spins [36]. H.-B. Chen and Mourrat
then identified the limit of the free energy of all multi-species spherical spin glasses, with
no convexity assumption [35]. Ho proved that the enriched free energy of vector spin
glasses converges without convexity, so the critical-point representation of H.-B. Chen
and Mourrat holds without assuming convergence [69].

Our contribution is a Parisi formula for the free energy, an identification of the limit
of the largest achievable margin, and a description of the gap statistics and contacts
of optimal configurations for the negative spherical perceptron. We prove the Parisi
formula for smooth activations, including activations that are neither monotone nor
concave (Theorem 1.1). For α > 2 we identify the exponential volume of the feasible set
at every margin below the critical margin κc(α) of the Parisi functional, and we prove
that the largest achievable margin converges to κc(α) (Theorem 1.2). For α slightly above
two, we show that κc(α) lies below Gardner’s prediction by at least a constant times
(α − 2)3 (Theorem 1.4). Combined with the matching upper bound on κRS − κc (Part II,
Theorem 1.1), this order is exact (Corollary 1.6).
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Our main result on the geometry of solutions concerns the configurations of maxi-
mal margin. With probability exponentially close to one, every optimal configuration
has exactly N contacts. All configurations whose margin is close to optimal share a
deterministic limiting distribution of gaps, and this distribution has an atom of mass
exactly one at zero (Theorem 1.8). Thus, in the limit, no macroscopic set of constraints
beyond the N contacts accumulates near contact. This is a rigorous form of the predicted
isostaticity of the jamming point recalled above. The link between the random model
and the limiting gap law is a collapse of Parisi minimizers. As the margin increases to
κc(α), the minimal value of the Parisi functional tends to −∞ continuously, and the mass
of every minimizer (defined in §1.1) tends to zero at a power rate (Theorem 1.3). This is a
rigorous counterpart of the physical picture of jamming, in which the overlap of solutions
tends to one and the weight of the overlaps below any fixed level tends to zero [58].

1.1 Model and the Parisi functional

Fix α > 0 and integers M = MN with MN/N → α. Let G = (gai)a≤M, i≤N have
independent standard Gaussian entries, write ga for its a-th row, and put ba = ga/

√
N.

Let µN be the uniform probability measure on

SN = {σ ∈ RN : ∥σ∥2 = N}.

For σ ∈ SN, the number ba · σ is the margin of the constraint a at σ; for each fixed σ ∈ SN
it is a standard Gaussian variable. For an activation U : R → [−∞, ∞) that is bounded
above, define

ZN(U) =
∫

SN

exp
{ M

∑
a=1

U(ba · σ)
}

µN(dσ),

fN(U) =
1
N

log ZN(U), FN(U) = E fN(U).

(1.1)

For a margin κ ∈ R, the feasible set, its volume, and the largest achievable margin are

SN(κ) = {σ ∈ SN : ba · σ ≥ κ for all a ≤ M},

VN(κ) = µN(SN(κ)), κN = max
σ∈SN

min
a≤M

ba · σ. (1.2)

We use the convention log 0 = −∞. Thus VN(κ) = ZN(Hκ) for the hard constraint
Hκ(x) = log 1{x≥κ}. For σ ∈ SN let mN(σ) = mina≤M ba · σ, so that κN = maxSN mN. The
gaps of σ are the numbers ba · σ − mN(σ) ≥ 0, and the empirical gap measure of σ is

νN,σ =
1
N

M

∑
a=1

δ ba·σ−mN(σ),
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a measure on [0, ∞) of total mass M/N. A constraint with gap zero is called a contact of
σ.

An order parameter is a nondecreasing, right-continuous function γ : [0, 1] → [0, 1] that
is identically one on [q̄, 1] for some q̄ < 1. We write U for the set of order parameters and

Qγ = inf{q ∈ [0, 1] : γ(q) = 1} < 1, λγ(q) =
∫ 1

q
γ(t)dt.

Thus γ is the distribution function of a probability measure µγ on [0, Qγ], and Qγ is the
top of its support. We call λγ(0) the mass of γ. Given γ ∈ U and an activation U, let
uγ = uγ(q, x; U) solve the Parisi equation

∂quγ +
1
2

∂xxuγ +
γ(q)

2
(∂xuγ)

2 = 0, uγ(1, x; U) = U(x). (1.3)

When γ is a step function, (1.3) is solved by an explicit backward recursion of Gaussian
integrals, the Cole–Hopf transformation [42, 71] on each step; for general γ, and for
the terminal data used in this part, the solution is defined by approximation. Both are
recalled in Chapter 2. For the Sherrington–Kirkpatrick model these constructions are in
[52, 67, 68, 105] and [76]. The Crisanti–Sommers entropy [44, 125] and the Parisi functional
are

CS(γ) =
1
2

∫ q̄

0

dq
λγ(q)

+
1
2

log(1 − q̄),

PU(γ) = αuγ(0, 0; U) + CS(γ), P∗(U) = inf
γ∈U

PU(γ),
(1.4)

where q̄ is any number in [Qγ, 1). The value of CS(γ) does not depend on this choice,
since λγ(q) = 1 − q on [Qγ, 1]. The first term in PU(γ) accounts for the constraints and
the second for the spherical entropy.

For the hard constraint, let ϕ and Φ denote the standard Gaussian density and
distribution function. For γ ∈ U , q̄ ∈ [Qγ, 1) and κ ∈ R, let uγ(q, x; κ) solve (1.3) on
[0, q̄]× R with the terminal datum

uγ(q̄, x; κ) = log P
{

x +
√

1 − q̄ G ≥ κ
}
= log Φ

( x − κ√
1 − q̄

)
, (1.5)

where G is a standard Gaussian variable, and set

Pκ(γ) = αuγ(0, 0; κ) + CS(γ), P∗(κ) = inf
γ∈U

Pκ(γ),

κc(α) = sup{κ ∈ R : P∗(κ) > −∞}.
(1.6)

Again the value does not depend on q̄ ∈ [Qγ, 1). The terminal datum (1.5) is what one
obtains by running the equation with U = Hκ from time 1 to time q̄ with γ = 1, which
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avoids a singular terminal problem. This variational problem appears in the physics
literature [58, 59], and it was stated in the form (1.5)–(1.6) by El Alaoui and Sellke [54].
For the terminal datum (1.5), they constructed a classical solution of (1.3), with bounds on
its derivatives, and proved that its derivatives depend continuously on γ [54, Section 4].
We call P∗(κ) the Parisi value and κc(α) the critical margin.

The replica-symmetric order parameters 1[q,1], q ∈ [0, 1), give Gardner’s replica-
symmetric functional:

PRS
κ (q) = Pκ(1[q,1]) = αE log Φ

(√q G − κ√
1 − q

)
+

q
2(1 − q)

+
1
2

log(1 − q). (1.7)

Recall that κRS(α) is the unique solution of αE(κRS − G)2
+ = 1. It is Gardner’s prediction

for the limit of κN [62], and κRS(α) < 0 if and only if α > 2, since EG2
− = 1

2 . The value
α = 2 at κ = 0 is Cover’s capacity of the perceptron [43].

Finally, for γ ∈ U and κ ∈ R we define the Parisi diffusion X = Xγ,κ as follows. On
[0, Qγ] it is the unique strong solution of

dXq = γ(q) ∂xuγ(q, Xq; κ)dq + dBq, X0 = 0, (1.8)

for a standard Brownian motion B. Conditionally on (Xq)q≤Qγ
, the endpoint X1 has the

law of XQγ
+

√
1 − Qγ G conditioned on the event {XQγ

+
√

1 − Qγ G ≥ κ}, where G
is a standard Gaussian variable independent of B. The equation (1.8) is well posed by
Lemmas 2.6 and 2.7. For mixed p-spin models this diffusion appears in the work of
Auffinger and W.-K. Chen [7, Theorem 3 and (17)], and for the terminal datum (1.5) it
appears in [54, (2.8)]. For step order parameters, X observed at the breakpoints of γ and
at time 1 is a Markov chain with explicit tilted Gaussian transitions (Lemma 9.3). The
variable X1 − κ ≥ 0 plays the role of the gap of a typical constraint.

1.2 Main results

Our first result is the Parisi formula for smooth activations. We consider two classes of
activations:

(A) U ∈ C2(R), sup U < ∞, and ∥U′∥∞ + ∥U′′∥∞ < ∞;
(B) U ∈ C2(R) is concave, sup U < ∞, and ∥U′′∥∞ < ∞.

No sign condition is imposed on U′ in class (A), and the activations in class (B) may tend
to −∞ quadratically.

Theorem 1.1. Let α > 0 and let U belong to class (A) or class (B). Then

lim
N→∞

FN(U) = P∗(U), fN(U) −→ P∗(U) in probability.
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Moreover, the infimum defining P∗(U) is attained, and every minimizer γ satisfies Qγ ≤ rU,
where rU < 1 is an explicit number depending only on α and U, defined in (5.1). If U belongs to
class (A), then rU ≤ α∥U′∥2

∞/(1 + α∥U′∥2
∞).

Class (A) contains activations that are neither monotone nor concave. This generality
is used for the gaps: adding a bounded source term to a smooth approximation of
the hard wall destroys monotonicity and concavity. Class (B) contains smooth concave
penalties comparable to −β(ℓ− x)2

+, which we use to pass to hard constraints. The bound
on Qγ says that the minimizers for a smooth activation stay a fixed distance away from
overlap one. For the hard wall this fails as the margin approaches the critical margin; see
Theorem 1.3(iv).

For α > 2 the critical margin is negative, and the feasible sets SN(κ) with κ < 0 are not
convex. Our second result identifies their exponential volume and the largest achievable
margin.

Theorem 1.2. Let α > 2. Then −∞ < κc(α) < 0, and the following statements hold.

(i) For every κ < κc(α), N−1 log VN(κ) → P∗(κ) in probability.
(ii) κN → κc(α) in probability.

(iii) For every κ ≥ κc(α) and every C < ∞, P{N−1 log VN(κ) > −C} → 0.

Part (iii) states that the normalized log volume tends to −∞ at the critical margin itself;
it does not assert that SN(κc) is empty. The assumption α > 2 enters only through the
inequality κc(α) < 0; for every α > 0, part (i) holds at the margins κ < min{κc(α), 0} (see
the end of §8.4). For α > 2, parts (i) and (iii) confirm the free-energy part of a conjecture
of El Alaoui and Sellke [54, Conjecture 1], and part (ii) confirms its capacity part in the
form κN → κc(α).

The proofs of Theorem 1.2 and of the gap theorems below rest on the following
properties of the variational problem, which hold for every α > 0. For κ ∈ R put
Cκ = 1

2

(
κ +

√
κ2 + 4

)
, and let C0 = − log Φ(−1).

Theorem 1.3. Let α > 0.

(i) If P∗(κ) > −∞, then the infimum defining P∗(κ) is attained, every minimizer γ satisfies
1 − Qγ > e2P∗(κ), and the set of minimizers is compact in L1([0, 1]).

(ii) −∞ < κc(α) ≤ κRS(α) < ∞. If α > 2, then κc(α) < 0.
(iii) P∗ is finite, nonincreasing, concave, and continuous on (−∞, κc), and P∗(κ) = −∞ for

κ ≥ κc. More precisely, with C∗ = Cκc , for all sufficiently small η > 0,

P∗(κc − η) ≤ 1
2

log η +
1
2

log(2αC∗) +
1
2

.
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(iv) If P∗(κ) > −∞ and γ is a minimizer, then

P∗(κ) ≥
1 + α

2
log(1 − Qγ)− α

(
C0 + log(1 + Cκ)

)
.

Consequently there are C, η0 > 0, depending only on α, such that for 0 < η ≤ η0 every
minimizer γ of Pκc−η satisfies

1 − Qγ ≤ Cη1/(1+α), λγ(0) ≤ Cη1/(2+2α).

(v) There is κ0(α) < κc(α) such that, for every κ ≤ κ0(α), every minimizer of Pκ equals 1[q,1]

for some q ∈ (0, 1). In particular P∗(κ) = minq∈[0,1) PRS
κ (q). If α ≤ 1, the same holds for

every κ < κc(α).

Part (iii) says that the jamming transition is continuous on the exponential scale:
the Parisi value tends to −∞ as the margin increases to κc, and it does so at least
logarithmically fast. Part (iv) shows that a very negative value pins the top of the support
of every minimizer close to one. Together, (iii) and (iv) give the collapse of minimizers at
the critical margin: their tops tend to one and their masses tend to zero, at power rates.
This collapse is the input for the gap theorems. By part (v) and Theorem 1.2(i), for α > 2
and κ ≤ κ0(α),

1
N

log VN(κ) −→ min
q∈[0,1)

PRS
κ (q) in probability,

which is Gardner’s replica-symmetric formula for the free energy [62]. Thus Gardner’s
formula holds at sufficiently negative margins; the margin κ0(α) is not explicit. Theo-
rem 1.3 is proved in §6.6, and part (v) is Corollary 6.9. Two structural facts behind it hold
for every order parameter: an exact value identity (Lemma 6.2) and the universal slope
bound 0 < λγ(0) ∂xuγ(0, 0; κ) < Cκ (Lemma 6.4).

Our next result concerns constraint densities slightly above two. There κRS(α) is close
to zero, and Gardner’s prediction is closest to being correct. We write α = 2 + e.

Theorem 1.4. There are numerical constants e0 > 0 and c > 0 such that, for 0 < e < e0,

κc(2 + e) ≤ κRS(2 + e)− c e3. (1.9)

Theorem 1.4 is a statement about the variational problem alone, and it is proved in
Chapter 7. Combined with Theorem 1.2(ii), it gives the following.

Corollary 1.5. Let e0 and c be as in Theorem 1.4, let 0 < e < e0, and put α = 2 + e. Then
κN → κc(α) in probability, and κc(α) ≤ κRS(α)− c e3. In particular,

lim
N→∞

P
{

κN ≥ κRS(α)−
c
2

e3
}
= 0.
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For large α, comparing the asymptotics as κ → −∞ of the upper bound of Montanari,
Zhong, and Zhou, recalled above, with the relation αE(κRS − G)2

+ = 1 shows that, for
all sufficiently large α, with probability tending to one no configuration has margin at
least κRS(α)− 1/|κRS(α)|. Together with Theorem 1.2(ii), this gives κc(α) < κRS(α) for all
sufficiently large α. Corollary 1.5 shows that the failure of Gardner’s formula extends to
α close to two, where κRS(2 + e) = −

√
2π
8 e + O(e2) is itself close to zero (see (7.3)). The

proof of Theorem 1.4 evaluates the functional at an explicit order parameter with two
support points near one.

In Part II we study the minimizers of Pκ for α slightly above two. We show that the
replica-symmetric solution loses its stability at a de Almeida–Thouless margin κd(α) <

κc(α), and that immediately beyond κd(α) every minimizer exhibits full replica symmetry
breaking: its Parisi measure is supported on a nondegenerate interval, with a positive
continuous density in the interior and atoms at both endpoints (Part II, Theorem 1.2).
We also determine the distances between the three margins κd < κc < κRS (Part II,
Theorem 1.1). We now restate the results of that part that we use.

Let R = ϕ/Φ and V(z) = R(z)
(
z + R(z)

)
, so that 0 < V < 1, and put

c0 =
∫

R
V(z)

(
1 − V(z)

)
dz, θd =

(2π)3/2

128 c2
0

.

By Part II, Lemma 3.5 and Lemma 3.3(c), for e > 0 sufficiently small and every κ < κRS(α)

the function PRS
κ of (1.7) has a unique minimizer q∗(κ) on [0, 1), and q∗(κ) ∈ (0, 1). By

Part II, Proposition 3.8, there is also a numerical constant c2 > 0 such that exactly one
margin κ ∈ (κRS(α)− c2, κRS(α)) satisfies

αEV(Z∗)2 = 1, Z∗ =

√
q∗ G − κ√

1 − q∗
, q∗ = q∗(κ).

This margin is the de Almeida–Thouless margin κd(α). The displayed condition says
that the replicon eigenvalue of the replica-symmetric solution vanishes (see [23, 59]);
on (κd, κRS) this eigenvalue is negative, and the replica-symmetric solution is unstable
(Part II, Proposition 3.8). The ordering of thresholds (Part II, Theorem 1.1) states that
there are numerical constants e0, c, C > 0 such that, for 0 < e < e0 and α = 2 + e,

κRS(α)− κd(α) = θd e2 + O
(
e3 log(1/e)

)
, c e3 ≤ κRS(α)− κc(α) ≤ C e3. (1.10)

The lower bound on κRS − κc is Theorem 1.4, which Part II proves again through the zero-
temperature functional (Part II, Theorem 3.13). The upper bound rests on a dual certificate
for this zero-temperature version of the variational problem (Part II, Theorems 3.10
and 3.11). Zero-temperature Parisi functionals were introduced for the ground state
energy of mixed p-spin models by Auffinger and W.-K. Chen [9], and for spherical
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models by W.-K. Chen and Sen [40] and by Jagannath and Tobasco [78]; see also [75].
Franz and Parisi described the jamming limit of the perceptron through the boundary
condition that the replica equations take as the overlap tends to one [58, (15)]. Part II
also shows that for κ ∈ (κd(α), κc(α)) no minimizer of Pκ is replica symmetric (Part II,
Corollary 3.14). Combining Theorems 1.2 and 1.3 with Part II, Theorem 1.1, and with this
absence of replica-symmetric minimizers gives the following.

Corollary 1.6. Let e0, c, C be as in (1.10), let 0 < e < e0, and put α = 2 + e. Then the following
hold.

(i) κN → κc(α) in probability, c e3 ≤ κRS(α)− κc(α) ≤ C e3, and

κc(α)− κd(α) = θd e2 + O
(
e3 log(1/e)

)
. (1.11)

(ii) For every κ ∈ (κd(α), κRS(α)), Gardner’s replica-symmetric formula minq∈[0,1) PRS
κ (q) is

finite, and there is ε > 0 such that

P
{ 1

N
log VN(κ) ≤ min

q∈[0,1)
PRS

κ (q)− ε
}
−→ 1.

Part (i) sharpens Corollary 1.5 to exact order: the largest achievable margin converges
to a limit that lies below Gardner’s prediction by an amount of exact order (α − 2)3,
and above the de Almeida–Thouless margin by an amount of order (α − 2)2. The
thermodynamic limit is taken at fixed e, and part (i) describes the subsequent behavior
of the limit κc(2 + e) as e ↓ 0. Part (ii) shows that Gardner’s formula for the free energy
fails on the whole interval (κd(α), κRS(α)). By Theorem 1.3(v) it holds at sufficiently
negative margins, and by Theorem 1.2(i) and Part II, Theorem 1.2(i), it holds at the
margins in [κd(α)− c′e2, κd(α)] for a numerical constant c′ > 0. The corollary follows
directly from the results above. Part (i) is Theorem 1.2(ii) together with (1.10), since
κc − κd = (κRS − κd)− (κRS − κc). For part (ii), the minimum of PRS

κ is attained at q∗(κ),
so it is finite. Let κ ∈ (κd, κc). By Theorem 1.3(i),(iii), minimizers of Pκ exist, and by
Part II, Corollary 3.14, none of them is replica symmetric. Hence P∗(κ) < PRS

κ (q∗(κ)), and
Theorem 1.2(i) gives the claim. For κ ∈ [κc, κRS) the claim follows from Theorem 1.2(iii).

Part II also proves a lower bound on the Parisi value that matches Theorem 1.3(iii) up
to the constant in front of the logarithm, through a comparison with a zero-temperature
functional (Part II, Proposition 2.24): for every α > 2 there are C, η0 > 0, depending only
on α, such that

α log η − C ≤ P∗(κc − η) ≤ 1
2

log η + C (0 < η ≤ η0). (1.12)

Together with Theorem 1.2(i), this logarithmic divergence gives the following.
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Corollary 1.7. Let α > 2. There are C, η0 > 0, depending only on α, such that for every
0 < η ≤ η0,

P
{

α log η − C ≤ 1
N

log VN(κc − η) ≤ 1
2

log η + C
}
−→ 1.

Equivalently, with probability tending to one, e−CNηαN ≤ VN(κc − η) ≤ eCNηN/2. On
the exponential scale the feasible volume thus vanishes polynomially in the distance η

to the critical margin. The upper bound uses only Theorems 1.2 and 1.3, and we do not
claim that either exponent is optimal.

We next describe the configurations that nearly achieve the maximal margin, through
their empirical gap measures νN,σ.

Theorem 1.8. Let α > 2. There is a deterministic measure να on [0, ∞) with να([0, ∞)) = α

and να({0}) = 1, whose positive part satisfies

να((0, t]) ≤ α log 3
log(

√
2π/t)

(0 < t <
√

2π), (1.13)

such that the following statements hold.

(i) For every bounded Lipschitz ψ : [0, ∞) → R and every ε > 0 there is ρ > 0 such that

P
{

sup
σ∈SN : mN(σ)≥κc−ρ

∣∣∣∫ ψ dνN,σ −
∫

ψ dνα

∣∣∣ ≤ ε
}
−→ 1.

(ii) For every c < (α − 2)2/(2α) and all sufficiently large N, with probability at least 1 − e−cN

every maximizer σ∗ of mN has exactly N contacts. For any choice of maximizers, νN,σ∗ → να

weakly in probability, and

1
N

#{a ≤ M : 0 < ba · σ∗ − κN ≤ t} −→ να((0, t]) in probability

at every continuity point t > 0 of να.

(iii) For every choice of margins k ↑ κc(α) and minimizers γk of Pk, the measures α Law(Xγk,k
1 −

k) converge weakly to να.

Here νN,σ∗ → να weakly in probability means that
∫

ψ dνN,σ∗ →
∫

ψ dνα in probability
for every bounded continuous ψ, uniformly over the maximizers. The count N in part
(ii) is isostatic in the sense recalled above: it equals the N − 1 degrees of freedom on the
sphere plus one for the optimized margin. The identity να({0}) = 1 and the bound (1.13)
show that, in the limit, no additional macroscopic set of constraints has small positive
gaps: the mass να((0, t]) of the small positive gaps tends to zero as t ↓ 0, at least as fast
as a constant times 1/ log(1/t). Nearly optimal configurations need not have exactly N
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contacts, but by part (i) their gap statistics are close to να, and by part (iii) the limiting gap
law is identified through Parisi minimizers approaching the critical margin. The theorem
does not identify the behavior of να near zero, where physics predicts a power law.

The last theorem identifies the gap statistics of typical feasible configurations at a
fixed margin below the critical one.

Theorem 1.9. Let α > 2 and κ < κc(α), let γ be a minimizer of Pκ, and let ψ : [0, ∞) → R

be bounded and L-Lipschitz with L > 0. For every ε > 0, with probability tending to one,
VN(κ) > 0 and

µN

({
σ ∈ SN(κ) :

∣∣∣ 1
N

M

∑
a=1

ψ(ba · σ − κ)− αEψ(Xγ,κ
1 − κ)

∣∣∣ > ε
})

≤ exp
{
− ε2N

8αL2λγ(0)

}
VN(κ). (1.14)

Consequently, writing ⟨·⟩N,κ for expectation under the uniform probability measure on SN(κ),〈 1
N

M

∑
a=1

ψ(ba · σ − κ)
〉

N,κ
−→ αEψ(Xγ,κ

1 − κ) in probability, (1.15)

and all minimizers of Pκ induce the same law of Xγ,κ
1 .

Applied to finitely many test functions at once, the theorem shows that all but an
exponentially small fraction of the feasible set has the gap statistics of the Parisi diffusion.
The rate in (1.14) depends on the minimizer only through its mass λγ(0), and any
minimizer may be used. We do not prove that the minimizers of Pκ are unique, and
none of our arguments requires it; the last assertion of the theorem shows that they all
induce the same terminal law. For mixed p-spin models, uniqueness follows from strict
convexity of the Parisi functional [7, 76], which is not known for Pκ. For generic mixed
p-spin models, Auffinger and Jagannath expressed spin statistics through solutions of
partial differential equations [10].

Throughout, C and c denote positive constants. A numerical constant depends on
nothing; otherwise the dependence of a constant is indicated in the statement where it
appears, as in “depending only on α”. Their values may change from one occurrence to
the next. Limits in probability refer to the joint law of the patterns and of any auxiliary
randomness introduced in the proofs.

1.3 Ideas of the proof

The proof has three parts. Steps 1 and 2 below prove the Parisi formula for smooth
activations. Steps 3 and 4 analyze the deterministic variational problem for the hard wall.
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Steps 5 and 6 transfer these results to the hard constraints of the random model and to
the gaps. Figure 1.1 shows how the steps depend on one another.

Step 1 · Ch. 3
The upper bound

Guerra interpolation on a
Ruelle probability cascade

Step 2 · Ch. 4
The lower bound

Aizenman–Sims–Starr
scheme, rotation invariance

Step 3 · Ch. 6
Hard margins

value identity, slope bound
⇒ Theorem 1.3

Step 4 · Ch. 7
Critical margin near α = 2
a two-point order parameter

⇒ Theorem 1.4

Ch. 5: the Parisi formula
for smooth activations

⇒ Theorem 1.1

with Part II, Theorem 1.1
and Corollary 3.14
⇒ Corollary 1.6:

the order (α − 2)3 is exact

Step 5 · Ch. 8
From soft to hard volume

repair and Gaussian
smoothing

⇒ Theorem 1.2

with Part II,
Proposition 2.24
⇒ Corollary 1.7:

logarithmic volume

Step 6 · Ch. 9
Gap statistics

quadratic source estimate
⇒ Theorems 1.8 and 1.9

tail
bound

concave
penalties

finite κc , divergence
of P∗ at κc collapse of

minimizers

Theorem 1.2(i)

hard-wall
upper

bounds

source
terms

Figure 1.1. Selected dependencies among the steps of the proof. Each solid box names a step or
chapter and, where there is one, the main result it proves; an arrow runs from a box to a box
that uses it. The dashed boxes are the corollaries that also use results of Part II. Corollary 1.5
combines Theorems 1.2 and 1.4 and is not drawn, and neither are the analytic properties of the
Parisi functional collected in Chapter 2, which are used throughout. Among them, the lemmas of
§2.3 are derived from Part II, §§2.1–2.5 and Chapter A, which do not use Part I.

Step 1: The upper bound. The argument follows the proof of [92, Theorem 4.1], a step
in Mourrat’s upper bound for bipartite models; the opening of Chapter 3 compares our
argument with his. We use a Guerra-type interpolation [68] between the perceptron and
a decoupled system on a Ruelle probability cascade [19, 112]. Since PU is continuous in
the order parameter, it suffices to treat order parameters γh with finitely many atoms
h0 ≤ · · · ≤ hk of equal mass. As the interpolation time t runs from 0 to 1, the argument of
each activation moves from a Gaussian field on the leaves of the cascade, with covariance
hl between two leaves that branch at level l, to ba · σ. The coordinates are coupled to a
second cascade field, whose levels p = (p0, . . . , pk) are free parameters. The derivative in
t of the interpolating free energy uN is expressed through two overlaps: the spin overlap
R12 = σ1 · σ2/N, and the response overlap X12 = M−1 ∑a U′(S1

a)U′(S2
a), where Sl

a is the
interpolated field of constraint a for replica l. Overlaps of the derivatives of the activation
enter in a similar way in Talagrand’s treatment of the perceptron [127, Chapters 2 and 3],
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[128, Chapter 8]. Let J be the level at which the leaves of two replicas branch, wl the
probability that J = l, and rl and ζl the conditional means of R12 and of αNX12 given
J = l, where αN = M/N. Then

∂tuN = −1
2

k

∑
l=0

wl

[
(rl − hl)ζl + Cov

(
R12, αNX12

∣∣ J = l
)]

.

Neither term has a sign. We control the products through the choice of p. At a maximizer
over p of uN + 1

2 ∑l wlhl pl, the first-order conditions, together with the monotonicity
0 ≤ ζ0 ≤ · · · ≤ ζk, make the total contribution of the products nonpositive. This
monotonicity holds for every activation in class (A); we derive it from an exact change of
measure on a cascade with marks. For Gaussian fields the corresponding monotonicity
is [128, Proposition 14.3.2] and [92, Lemma 2.4]. A maximum principle in t alone then
bounds the free energy by the maximum over p at t = 0, up to the covariance terms. To
control these, small Gaussian perturbations of the Hamiltonian, of the form used in [92,
Section 4], enforce approximate Ghirlanda–Guerra identities [64] for the pair of overlap
arrays at the points where the maximum principle is applied. Mourrat’s quantitative
synchronization [92], which builds on Panchenko’s synchronization mechanism [100, 101],
then makes the conditional variance of R12 small, and the Cauchy–Schwarz inequality
makes the covariances small whatever the sign of U′. This is why no sign condition on
U′ is needed. At t = 0 the system splits into the row term αNuγh(0, 0; U) and a spherical
term. An exact computation with Gaussian cascades bounds the spherical term plus
1
2 ∑l wlhl pl, maximized over p, by CS(γh) + o(1); a computation of this kind for spherical
spin glasses is in [125]. This is carried out in Chapter 3.

Step 2: The lower bound. We use the Aizenman–Sims–Starr scheme [1] in the spherical
form of [37]. For multi-species spherical models, Bates and Sohn combined W.-K. Chen’s
cavity computation with Panchenko’s synchronization [100, 101] to prove the lower bound
[16]. We follow the same route, with the response overlap in the role of the overlap of
the second species. The scheme bounds the free energy from below by the increment of
the expected log partition function when n coordinates, and about αn constraints, are
added to a system with N coordinates. We write the sphere of dimension N + n exactly
as a product of the sphere of dimension N and a density for the n new coordinates
(compare [47]). The increment then splits into a row term and a coordinate term. In the
limit the row term is at least αn uζ(0, 0; U), where ζ is the limiting overlap law. After a
Gaussian interpolation, the coordinate term becomes a Gaussian integral over the new
coordinates ε ∈ Rn. After a perturbation (see [98] and [100, (24)–(28)]), the joint law of
the spin overlap and the response overlap satisfies the Ghirlanda–Guerra identities. By
synchronization and the characterization of such arrays [49, 92, 97, 100, 101], it is a limit
of Ruelle probability cascades with paired nondecreasing levels. On such a cascade the
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coordinate term is an explicit Gaussian integral, which for general paired levels is not the
entropy of any order parameter.

Two identities of the system determine the result. First, a Gaussian integration by
parts in the rows expresses the mean effective precision of the new coordinates through
the two overlaps. In the limit, this precision identity shows that the smallest precision is at
least one, so that the Gaussian integral is finite, and it cancels the constant terms. Second,
the law of the patterns is invariant under rotations. Under a uniformly random rotation,
the overlap ε1 · ε2/n of the new coordinates of two replicas is close to their full overlap,
with mean squared error at most 3/n in the limit. Further, E∥ε∥2/n = 1, and this norm
identity turns the coordinate term into n CS(γ), where γ is the law of the mean overlap
of the new coordinates at the branching level, and the overlap estimate makes γ close to
ζ. Hence, as N → ∞, the increment per added coordinate is at least

PU(γ)− O(n−1/2) ≥ P∗(U)− O(n−1/2).

Rotation invariance thus forces the cavity term to equal the Crisanti–Sommers entropy,
and no minimizer or critical point of a cavity functional has to be identified. The main
technical issue is the unbounded Gaussian integral over ε. We compute it on balls, pass
to the limit N → ∞ there, evaluate the limit on finite cascades, and remove the cutoff on
these cascades, where the precision identity gives uniform control. This is carried out
in Chapter 4. Chapter 5 combines the two bounds. There a truncation argument, which
moves the mass of an order parameter above the level rU down to rU and so decreases
PU, gives the attainment of the infimum and the bound Qγ ≤ rU for minimizers.

Step 3: The variational problem at hard margins. For the hard wall we prove an exact
value identity, valid for every order parameter:

Pκ(γ) =
1
2

log δ + αEh(Z)− δ

2
D(Q)− 1

2

∫ Q

0
γ(q)D(q)dq.

Here Q = Qγ, δ = 1 − Q, Z = (XQ − κ)/
√

δ is the normalized top position of the Parisi
diffusion, h(z) = log Φ(z) + 1

2 R(z)2 < 0, and D(q) = αE ∂xuγ(q, Xq; κ)2 −
∫ q

0 λ−2
γ is twice

the density of the first variation of Pκ. El Alaoui and Sellke computed this first variation
at a minimizer whose support is an interval, in directions supported on that interval [54,
Proposition 16] (see the opening of Chapter 2). Here it is used at every order parameter
and in every direction that keeps the top of the support below a fixed level; Chapter 6
recalls the first-order conditions known for mixed p-spin models. At a minimizer over
the order parameters whose top is at most a fixed level r < 1, the last two terms are
nonpositive, so Pκ(γ) <

1
2 log δ. A finite value therefore keeps the top of every minimizer

away from one, which gives existence and compactness of minimizers. The second tool
is the universal slope bound

0 < λγ(0) ∂xuγ(0, 0; κ) < Cκ,
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valid for every order parameter and proved by a maximum principle for an explicit
combination of ∂xuγ and ∂xxuγ. The map κ 7→ Pκ(γ) is concave, by Prékopa’s theorem
[108, Theorem 6], with derivative −α ∂xuγ(0, 0; κ), and λγ(0) ≥ δ, so the two tools
transport values between margins. Take a constrained minimizer γ with a prescribed
value w at a margin k > κc, where the unconstrained value is −∞. The value identity
gives 1 − Qγ > e2w, so its slope in the margin is at most αCke−2w. Concavity and the
limit k ↓ κc give P∗(κc − η) ≤ w + αηCκce

−2w, and the choice w = 1
2 log(2αCκcη) gives

Theorem 1.3(iii).
For a minimizer over all order parameters, the value identity holds without the last two

terms. Since h(z) is bounded below by − log(1 + z−) up to an additive constant, and the
slope bound controls the negative part of Z, Jensen’s inequality gives the pinning bound
of Theorem 1.3(iv). Combined with (iii) at the margin κc − η, it forces 1− Qγ ≤ Cη1/(1+α).
Finally, weak top stability, a lower bound on the quantity S(Q) = αδ2E ∂xxuγ(Q, XQ; κ)2

for constrained minimizers with more than one support point, gives λγ(0) ≤ C(1 −
Qγ)1/2. At very negative margins the same lower bound cannot hold, so every minimizer
is replica symmetric; this gives κc > −∞ and Theorem 1.3(v). No zero-temperature
functional is needed. This is carried out in Chapter 6.

Step 4: The critical margin near α = 2. To go below Gardner’s prediction we evaluate
Pκ at an explicit order parameter with two support points near one,

γδ = a1[p,Q) + 1[Q,1], Q = 1 − δ, p = Q(1 − ℓ), a =
δ

Qℓ
,

which splits the atom of a replica-symmetric order parameter and places a thin layer of
relative width ℓ below the top. The homogeneity and the monotonicity of the Cole–Hopf
step and a Gaussian tail bound give δPκ(γδ) ≤ Q Jℓ(κ/

√
Q) + 1

2 δ log δ for an explicit
Gaussian integral Jℓ, and

Jℓ(k) =
1 − αE(k − G)2

+

4
− ℓ

2

(
log 2 − 1

2

)(
αΦ(k)− 1

)
+ O(ℓ3/2).

If Jℓ(k) < 0, then Pκ(γδ) → −∞ as δ ↓ 0 for every κ > k, so that κc ≤ k. At k = κRS the
first term vanishes, while αΦ(κRS)− 1 is of exact order e = α − 2. The layer therefore
gains an amount of order eℓ at a cost of order ℓ3/2, and the choice ℓ ≍ e2 makes Jℓ(κRS)

negative, of order e3. Lowering the margin by a small multiple of e3 keeps it negative.
The argument uses no minimizer and no regularity theory beyond the recursion for this
single order parameter. Unlike the bounds of Stojnic and of Montanari, Zhong, and Zhou
recalled at the beginning of this chapter, the bound comes from the Parisi functional
at an explicit order parameter, and the thin layer of width ℓ ≍ e2 gives the order e3

near α = 2. An explicit trial order parameter was used in the same way by Toninelli to
show that the Sherrington–Kirkpatrick model is not replica symmetric beyond the de
Almeida–Thouless line [129]. This is carried out in Chapter 7.
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Step 5: From soft free energy to hard feasible volume. The upper bounds on the
volume and on κN come from Step 1, applied to smooth approximations of the hard wall
from above, together with a lemma showing that a single feasible configuration forces
an exponentially nonnegligible feasible volume after a fixed decrease of the margin. For
the lower bound, the Parisi formula for a concave penalty comparable to −β(ℓ− x)2

+

bounds from below the volume of the configurations whose total squared violation
∑a(k0 − ba · σ)2

+, at a level k0 slightly below ℓ, is at most tN, for small t > 0. Two
geometric facts turn this into feasible volume. First, a small violation can be repaired by
a small displacement. Using the smallest singular value of the pattern matrix over sparse
sets of rows (see [130]), a separation argument moves such a configuration by at most
4
√

tN to a point that satisfies every constraint at a slightly smaller margin. The opening
of Chapter 8 compares this repair with that of El Alaoui and Sellke [54, Lemma 11].
Second, the repair map may collapse volume, so we do not use its image. Instead we
add to the configuration a Gaussian vector tangent to the sphere, with variance ρ2 in
each direction, and project back to SN. This preserves µN. Translating the Gaussian
vector by a displacement d lowers the probability of a symmetric set by at most the factor
e−∥d∥2/(2ρ2), and Šidák’s inequality [116] shows that, with probability at least e−Nϵ for
a small ϵ > 0, the Gaussian vector moves no constraint by more than a small amount.
Hence the perturbed point is feasible at a slightly smaller margin with probability at least
e−Nϵ′ , where ϵ′ is small when t is small compared with ρ2. The upper bounds are proved
in §§3.8 and 3.9 and the lower bound in Chapter 8.

Step 6: Gap statistics. Gap averages enter through the free energy of the feasible set
with a source term β ∑a ψ(ba · σ − k), for a bounded Lipschitz test function ψ. Adding
the source to a smooth approximation of the hard wall destroys monotonicity, and this is
where the generality of class (A) is used. We prove a quadratic source estimate: the Parisi
functional at γ with the source exceeds its linearization in β, whose slope is αEψ(Xγ,k

1 − k),
by at most 1

2 α Lip(ψ)2β2λγ(0). For a step order parameter the effect of the source is an
iterated logarithmic moment along the Parisi diffusion observed at the breakpoints of
γ. The transitions of this Markov chain are Gaussian laws tilted by log-concave weights.
Like Gaussian laws, they have sub-Gaussian linear statistics and map Lipschitz functions
to Lipschitz functions with the same constant (for log-concave tilts of Gaussian laws see
[25, 27]), and a backward induction with a second-order expansion at each step gives the
estimate. Combined with Jensen’s inequality and the upper bound of Step 1, it yields
one deviation inequality. With probability tending to one, simultaneously for every set
T ⊆ SN(k) of positive volume, the average over T of N−1 ∑a ψ(ba · σ − k) differs from
αEψ(Xγ,k

1 − k) by at most

Pk(γ)− N−1 log µN(T)
β

+
α Lip(ψ)2β

2
λγ(0) + ε.
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For Theorem 1.9 we apply it at a fixed margin κ < κc to the set of feasible configurations
whose gap average deviates by more than ε, and Theorem 1.2(i) shows that this set is
an exponentially small fraction of SN(κ). For Theorem 1.8, a single configuration of
nearly maximal margin is surrounded by a set of configurations that are feasible at a
margin smaller by η, have almost the same gaps, and have volume at least e−N(log(1/η)+C).
Optimizing over β leaves an error of order η + {λγ(0)(1 + log(1/η))}1/2, which tends to
zero by the collapse of minimizers in Theorem 1.3(iv).

The exact count of contacts does not use the variational problem. By Wendel’s theorem
[131], κN < 0 with probability exponentially close to one when α > 2. The maximizers of
mN then correspond to the points of the polytope {y ∈ RN : ga · y ≥ −1 for all a} farthest
from the origin. These are vertices, and Gaussian general position gives exactly N contacts.
A union bound over sets of N rows gives a finite-N form of (1.13) (Proposition 9.2). This
is carried out in Chapter 9.

Chapter 2 collects the analytic properties of the Parisi functional used throughout:
the Cole–Hopf recursion for step order parameters, Lipschitz continuity in the order
parameter, and, for the hard wall, a priori bounds, signs of derivatives, and the first
variation. Theorem 1.1 is proved in Chapter 5, Theorem 1.3 in Chapter 6, Theorem 1.4
in Chapter 7, Theorem 1.2 in Chapter 8, and Theorems 1.8 and 1.9 in Chapter 9. The
corollaries follow from these theorems and, for Corollaries 1.6 and 1.7, from Part II, as
explained next to their statements. The lemmas of §2.3, parts (i)–(iv) of Lemma 6.1, one
Gaussian bound in the proof of Lemma 6.6 and the expansions of Chapter 7 are derived
from Part II, §§2.1–2.5, Lemma 3.1 and Chapter A, which do not use Part I. Through
them, Theorems 1.2–1.4, 1.8, and 1.9 also rest on Part II; Theorem 1.1 does not.



chapter 2

The Parisi functional

This chapter collects the deterministic facts about the Parisi functional that are used
in the rest of this part. §2.1 introduces the Cole–Hopf step Tm,s and the backward
recursion that solves the Parisi equation (1.3) when the order parameter is a step function.
It records the monotonicity of the recursion in its terminal datum, which is used in
Chapters 3, 5, 8, and 9, and the homogeneity of the Cole–Hopf step, which is used in
Chapter 7. It also shows that neither the Crisanti–Sommers entropy nor the hard-wall
value depends on the cutoff used to define it. §2.2 proves that, for activations in class (A)
or class (B), the value uγ(0, 0; U) is Lipschitz in γ for the L1 distance, with an explicit
constant (Lemmas 2.3 and 2.4). This defines uγ for general order parameters, and it lets
the upper bound (Chapter 3), the lower bound (Chapter 4), the truncation argument of
Chapter 5 and the passage to hard constraints in Chapter 8 move between step order
parameters and general ones. These continuity estimates rest on one identity, (2.15) in
Lemma 2.2, which writes the difference of two solutions with the same terminal datum
as an integral along a diffusion. Its only input is a formula for the derivatives of one
Cole–Hopf step (Lemma 2.1). §2.3 treats the hard-wall functional Pκ on order parameters
that equal one above a fixed level r < 1. There we state a priori bounds on the solution
and on the associated diffusion (Lemma 2.6), Lipschitz continuity in the order parameter
(Lemma 2.7), signs and a martingale (Lemma 2.8), and the first variation (Lemma 2.9).
These are the inputs for the analysis of the variational problem in Chapter 6 and for the
gap statistics in Chapter 9. Most of them are derived from Part II, as explained at the
beginning of §2.3.

The hard-wall functional Pκ was studied by El Alaoui and Sellke in [54, Section 4].
For step order parameters they solved the Parisi equation with the terminal datum (1.5)
by the Cole–Hopf recursion [54, (4.16)] and proved a priori bounds on the solution [54,
Proposition 12]. They proved Lipschitz continuity in the order parameter [54, Propo-
sition 13], extended the solution to general order parameters [54, (4.12)], and proved
that it has one-sided derivatives in time [54, Lemma 14]. They also computed the first
variation of Pκ in terms of the Parisi diffusion [54, (2.8), (4.13), and (4.15)], at a minimizer
whose support is an interval, in directions supported on that interval, and deduced the
first-order conditions D = 0 and S = 1 on that interval [54, Proposition 16], with D and
S as in (2.29). Their arguments build on work on the Sherrington–Kirkpatrick and mixed
p-spin models: Guerra’s Lipschitz bound in the order parameter [67], the Feynman–Kac

20
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proof of it by Jagannath and Tobasco [76, Lemma 14 and Remark 15], the diffusion
and the regularity estimates of Auffinger and W.-K. Chen [7, 8], and the first-variation
formulas of W.-K. Chen [38] and of El Alaoui, Montanari, and Sellke [55, Proposition 6.8].
This chapter and Part II, Chapter 2 follow the same route, with the following differences.
Concavity of the solution is obtained from Prékopa’s theorem (Lemma 2.1) rather than
from an explicit computation along the recursion, which uses that the order parameter is
nondecreasing [54, proof of (4.6)]. The bound −∂xxuγ ≤ (1 − q̄)−1 of [54, (4.6)] is sharp-
ened to the strict bound −∂xxuγ < 1/λγ (Lemma 2.8). The constants in §2.3 are uniform
for κ in a compact interval. The first variation is computed at every order parameter in
the class Ur of order parameters equal to one on [r, 1], in every direction that stays in Ur

(Lemma 2.9), and not only at a minimizer. Finally, the Lipschitz estimates of §2.2 cover
activations in class (B), which are concave and may tend to −∞ quadratically.

Throughout this chapter, G denotes a standard Gaussian variable and G′ an inde-
pendent copy of it, and ϕ and Φ denote the standard Gaussian density and distribution
function. All functions are Borel measurable, and ∥·∥L1 is the norm of L1([0, 1]).

2.1 Order parameters and the Cole–Hopf recursion

Recall from §1.1 that an order parameter is a nondecreasing, right-continuous function
γ : [0, 1] → [0, 1] that is identically one on [q̄, 1] for some q̄ < 1, and that U is the set of
order parameters. For γ ∈ U we write

Qγ = inf{q ∈ [0, 1] : γ(q) = 1} < 1, λγ(q) =
∫ 1

q
γ(t)dt.

Thus γ is the distribution function of a probability measure on [0, Qγ]. More generally, we
identify every probability measure on [0, 1] with its distribution function, a nondecreasing
right-continuous function γ : [0, 1] → [0, 1] with γ(1) = 1.

The Cole–Hopf step. For m ≥ 0, s ≥ 0, and a function f : R → [−∞, ∞) that is bounded
above, define

Tm,s f (x) =


1
m

log Eem f (x+
√

s G), m > 0,

E f (x +
√

s G), m = 0,
(2.1)

with the conventions e−∞ = 0 and log 0 = −∞. The expectations exist because f is
bounded above, Tm,s f takes values in [−∞, sup f ], and Tm,0 f = f . For functions f , g that
are bounded above, a ∈ R, m ≥ 0, and s, s′ ≥ 0, the following hold.

(T1) If f ≤ g + a on R, then Tm,s f ≤ Tm,sg + a on R.
(T2) Tm,sTm,s′ f = Tm,s+s′ f .
(T3) t Tm,s f = Tm/t,s(t f ) for every t > 0.
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(T4) Tm,s f ≥ T0,s f .

If f ≡ −∞, then Tm,s f ≡ −∞ for all m, s, and (T2)–(T4) for f are immediate; below
we assume f ̸≡ −∞, so that sup f is finite. Property (T1) holds because y 7→ emy is
nondecreasing and Tm,s(g + a) = Tm,sg + a. For (T2), write x +

√
s + s′ G as x +

√
s G +√

s′ G′. If m > 0, Tonelli’s theorem applied to em f ≥ 0 gives

E exp
{

m Tm,s′ f (x +
√

s G)
}
= E em f (x+

√
s G+

√
s′ G′) = E em f (x+

√
s+s′ G),

and if m = 0 the same argument applies to sup f − f ≥ 0. Property (T3) follows from
(2.1), and (T4) is Jensen’s inequality Eem f ≥ emE f for m > 0 and an equality for m = 0.

The operator Tm,s solves the Parisi equation over an interval on which the order
parameter equals a constant m; this is the Cole–Hopf transformation. Indeed, if u solves
(1.3) with γ = m > 0, then h = emu satisfies

∂qh +
1
2

∂xxh = mh
(

∂qu +
1
2

∂xxu +
m
2
(∂xu)2

)
= 0,

the backward heat equation, whose solutions are Gaussian averages of their later values.
When m = 0 the equation is itself the backward heat equation. The recursion below turns
this computation into a definition.

The step recursion. Let T ∈ [0, 1]. A step function on [0, T) is a function γ =

∑n
j=0 mj1[tj,tj+1)

with 0 = t0 < t1 < · · · < tn+1 = T and mj ≥ 0. For such γ and a
function F : R → [−∞, ∞) that is bounded above, define uγ(·, · ; F) on [0, T]× R by the
backward recursion

uγ(T, · ; F) = F, uγ(q, · ; F) = Tmj,tj+1−q uγ(tj+1, · ; F) (q ∈ [tj, tj+1)). (2.2)

We call F the terminal datum and T the terminal time; the terminal time is always clear
from the context. By (T2), two consecutive steps with the same value compose into one
step, so inserting a breakpoint does not change uγ. Since two representations of γ have
a common refinement, uγ(·, · ; F) depends only on γ and F. For T = 0 there are no
steps and uγ(0, · ; F) = F. The recursion goes back to Parisi [105]; see also [68], [128,
Chapter 14], and [98, Chapter 3].

A step order parameter is an order parameter of the form

γ(q) = mj for q ∈ [tj, tj+1), 0 ≤ j ≤ n, 0 = t0 < t1 < · · · < tn < tn+1 = 1, (2.3)

with 0 ≤ m0 ≤ · · · ≤ mn = 1 and γ(1) = 1. For such γ and an activation U that is
bounded above, uγ(·, · ; U) is given by (2.2) with T = 1 and F = U. The same definition
applies to every step function γ that is the distribution function of a probability measure
on [0, 1]; its value mn on the last interval [tn, 1) need not be one.
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The properties of Tm,s pass to the recursion. By (T1), for functions F, F′ bounded
above and a ∈ R,

F ≤ F′ + a on R =⇒ uγ(q, x; F) ≤ uγ(q, x; F′) + a on [0, T]× R. (2.4)

In particular F 7→ uγ(q, x; F) is nondecreasing and commutes with the addition of con-
stants. For real-valued F, F′ whose recursions are finite on [0, T]× R (in particular, when
both terminal data are bounded below by a quadratic),

sup
x∈R

|uγ(q, x; F)− uγ(q, x; F′)| ≤ sup
x∈R

|F − F′|. (2.5)

By (T4), (T1) and the case m = 0 of (T2), uγ(q, x; F) ≥ EF(x +
√

T − q G). Hence, if
F(y) ≥ −C(1 + y2) for all y, then

uγ(q, x; F) ≥ EF
(
x +

√
T − q G

)
≥ −C(1 + x2 + T − q) ≥ −C(2 + x2). (2.6)

If γ = 1 on [q̄, T) for some q̄ ∈ [0, T), then (T2) gives

uγ(q̄, x; F) = T1,T−q̄F(x) = log EeF(x+
√

T−q̄ G). (2.7)

We next record the regularity of the recursion. Suppose that F is real-valued and
continuous, and that −C(1 + y2) ≤ F(y) ≤ C for a constant C. Then u = uγ(·, · ; F) is
real-valued and continuous on [0, T]× R, and on each open interval (tj, tj+1) it is C∞ and
solves

∂qu +
1
2

∂xxu +
mj

2
(∂xu)2 = 0. (2.8)

By (2.6) and induction over the steps, it suffices to prove the following for a continuous
function f with −C′(1 + y2) ≤ f (y) ≤ C′, a number m ≥ 0, and g(s, x) = Tm,s f (x):
the function g is C∞ on (0, ∞)× R with ∂sg = 1

2 ∂xxg + m
2 (∂xg)2, and g(s, x) → f (x0) as

(s, x) → (0, x0). For m > 0 and s > 0,

emg(s,x) =
∫

R

e−(y−x)2/(2s)
√

2πs
em f (y) dy, 0 < em f ≤ emC′

.

Differentiation under the integral shows that the right side is positive, C∞ in (s, x), and
solves ∂sh = 1

2 ∂xxh; reading the Cole–Hopf computation backwards gives the equation
for g. For m = 0 the same argument applies to g itself, since | f (y)| ≤ C′(1 + y2). For the
limit, fix ρ > 0. For m > 0,

|Eem f (x+
√

s G) − em f (x)| ≤ sup
|y−x|≤ρ

|em f (y) − em f (x)|+ 2emC′
P{

√
s|G| > ρ},

and for m = 0 the last term is replaced by E[| f (x +
√

s G)− f (x)|;
√

s|G| > ρ], which
is at most C′′(1 + x2)P{

√
s|G| > ρ}1/2 for s ≤ 1, with C′′ depending only on C′, by the

Cauchy–Schwarz inequality. Letting s ↓ 0 and then ρ ↓ 0, the continuity of f shows that
Tm,s f → f locally uniformly as s ↓ 0 (for m > 0 because em f is continuous and positive),
and hence g(s, x) → f (x0).
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General order parameters. For γ ∈ U choose q̄ ∈ [Qγ, 1). There are step order param-
eters γn with γn = 1 on [q̄, 1] and ∥γn − γ∥L1 ≤ 1/n. Indeed, let 0 = t0 < · · · < tℓ = q̄
have mesh at most 1/n, and put γn(q) = γ(tj) on [tj, tj+1) for j < ℓ and γn = 1 on [q̄, 1].
Since γ is nondecreasing,∫ 1

0
|γ − γn|dq ≤ ∑

j<ℓ

(tj+1 − tj)
(
γ(tj+1)− γ(tj)

)
≤ 1

n
.

Further breakpoints may be added to the partition without affecting this bound. The
same construction with q̄ = 1 (and γn(1) = 1) approximates the distribution function of
any probability measure on [0, 1] by nondecreasing step functions with values in [0, 1].
For general γ, and for the terminal data treated below (activations in class (A) or class (B),
and the hard wall), the solution uγ is defined as the limit of uγn . That the limit exists and
does not depend on the approximating sequence follows from the Lipschitz estimates
in γ: Lemma 2.3 for class (A), Lemma 2.4 for class (B), and Lemma 2.7 for the hard
wall. The properties (2.4), (2.5) and (2.6) pass to these limits. For mixed p-spin models,
Auffinger and W.-K. Chen define the solution for general order parameters in the same
way [8, Section 2].

The entropy and the cutoff. The definitions (1.4) and (1.5) involve a number q̄ ∈ [Qγ, 1),
and neither CS(γ) nor uγ(·, · ; κ) depends on this choice. We prove this here for the
entropy and for step order parameters; the extension to general γ ∈ U is given after
Lemma 2.7. For CS, let Qγ ≤ q̄ < q̄′ < 1. Since λγ(q) = 1 − q on [Qγ, 1],

1
2

∫ q̄′

q̄

dq
λγ(q)

+
1
2

log(1 − q̄′) =
1
2

log
1 − q̄
1 − q̄′

+
1
2

log(1 − q̄′) =
1
2

log(1 − q̄).

Equivalently, since the integrand below vanishes on [Qγ, 1],

CS(γ) =
1
2

∫ 1

0

( 1
λγ(q)

− 1
1 − q

)
dq. (2.9)

For the hard wall, put

fq̄(x) = log Φ
( x − κ√

1 − q̄

)
= log P

{
x +

√
1 − q̄ G ≥ κ

}
,

the terminal datum (1.5) at time q̄; its dependence on κ is suppressed. Let γ be a step
order parameter and Qγ ≤ q̄ < q̄′ < 1. Since γ = 1 on [q̄, q̄′], (2.7) with terminal time q̄′

gives
T1,q̄′−q̄ fq̄′(x) = log P

{
x +

√
q̄′ − q̄ G′ +

√
1 − q̄′ G ≥ κ

}
= fq̄(x).

Thus the recursion from fq̄′ at time q̄′ produces fq̄ at time q̄, and the two definitions of
uγ(q, x; κ) agree on [0, q̄]. The same computation with the hard constraint Hκ = log 1[κ,∞)
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of §1.1 as terminal datum at time one gives T1,1−q̄Hκ = fq̄, so for every step order
parameter γ and q̄ ∈ [Qγ, 1),

uγ(q, x; Hκ) = uγ(q, x; κ) (q ∈ [0, q̄]), hence Pκ(γ) = αuγ(0, 0; Hκ) + CS(γ).
(2.10)

Taking q̄ = q in the definition, we obtain for every step order parameter

uγ(q, x; κ) = log Φ
( x − κ√

1 − q

)
, Qγ ≤ q < 1. (2.11)

Classes with a common cutoff. For 0 ≤ r < 1 let

Ur = {γ ∈ U : γ = 1 on [r, 1]} = {γ ∈ U : Qγ ≤ r}.

The entropy is Lipschitz on each Ur. For γ1, γ2 ∈ Ur use the common cutoff q̄ = r. On
[0, r] we have λγi ≥ λγi(r) = 1 − r, and |λγ1(q)− λγ2(q)| ≤ ∥γ1 − γ2∥L1 . Hence

|CS(γ1)− CS(γ2)| ≤
1
2

∫ r

0

|λγ1 − λγ2 |
λγ1λγ2

dq ≤ r
2(1 − r)2∥γ1 − γ2∥L1 (γ1, γ2 ∈ Ur).

(2.12)
Each Ur is a compact metric space for the L1 distance. The L1 distance is a metric on
Ur, because two right-continuous functions that agree almost everywhere agree on [0, 1).
By Helly’s selection theorem, a sequence in Ur has a subsequence converging at every
point of [0, 1] to a nondecreasing function g with values in [0, 1] and g = 1 on [r, 1]. The
right-continuous version of g lies in Ur and differs from g at countably many points only,
so the subsequence converges to it in L1 by dominated convergence.

2.2 Continuity in the order parameter for smooth activations

We now show that γ 7→ uγ(0, 0; U) is Lipschitz for the L1 distance when U belongs to
class (A) or class (B). Three arguments need this. The upper bound of Chapter 3 is proved
for step order parameters and is transferred to all of U within a class Ur. The lower
bound of Chapter 4 compares two overlap laws in the Wasserstein distance, and these
laws need not equal one near q = 1. The truncation argument of Chapter 5 needs an
explicit Lipschitz constant. We therefore allow distribution functions γ, ν of arbitrary
probability measures on [0, 1], for which

W1(γ, ν) =
∫ 1

0
|γ(q)− ν(q)|dq.

We use one pathwise bound for diffusions whose drift has linear growth. Let B
be a standard Brownian motion on [0, 1] and B∗ = supt≤1|Bt|, so that E(B∗)2 ≤ 4 by
Doob’s inequality. If 0 ≤ q ≤ T ≤ 1 and dYs = β(s, Ys)ds + dBs on [q, T] with Yq = x
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and |β(s, y)| ≤ a + K′|y|, then |Ys| ≤ |x|+ 2B∗ + a + K′ ∫ s
q |Yt|dt, since T − q ≤ 1, and

Gronwall’s inequality gives

sup
s∈[q,T]

|Ys| ≤
(
|x|+ 2B∗ + a

)
eK′

. (2.13)

The next lemma computes the first two derivatives of one Cole–Hopf step. It is the
only place where the form of Tm,s enters the continuity estimates.

Lemma 2.1. Let f ∈ C2(R) be bounded above with f ′′ bounded, let m ≥ 0 and s > 0, and
put g = Tm,s f . For x ∈ R let Px be the law of Y = x +

√
s G tilted by em f (Y), that is,

dPx/ d Law(Y) = em f (Y)/Eem f (Y). Then g ∈ C2(R), g ≤ sup f , and

g′(x) = EPx f ′(Y), g′′(x) = EPx f ′′(Y) + m VarPx

(
f ′(Y)

)
. (2.14)

Consequently the following hold.

(a) If | f ′| ≤ L on R, then |g′| ≤ L and |g′′| ≤ sup| f ′′|+ mL2.
(b) If f is concave and f ′′ ≥ −K on R, then g is concave and g′′ ≥ −K.

Proof. Since f ′ has at most linear growth, f ′′ is bounded, and em f ≤ em sup f , the function
em f and its first two derivatives m f ′em f and (m f ′′ + m2 f ′2)em f , evaluated at x +

√
s G,

are dominated by C(1 + |G|)2 for x in a compact set, where C depends on the compact
set. Hence we may differentiate Eem f (x+

√
s G) twice under the expectation, and dividing

by Eem f (Y) gives (2.14) for m > 0. For m = 0 we have Px = Law(Y), and the same
argument applied to E f (x +

√
s G) gives g′ = E f ′(Y) and g′′ = E f ′′(Y). Part (a) follows

from (2.14) and VarPx f ′(Y) ≤ L2. In part (b), g′′ ≥ −K by (2.14). If m = 0, then g is an
average of concave functions. If m > 0, put h(x, y) = exp{m f (y)− (y − x)2/(2s)}. Its
logarithm is concave in (x, y), and

∫
R

h(x, y)dy =
√

2πs emg(x). By Prékopa’s theorem
[108, Theorem 6], the marginal of a log-concave function on R2 is log-concave, so mg is
concave.

For the hard-wall terminal datum, the formula for g′′ in (2.14) appears in [54, (4.17)].
Part II, Lemma A.1 proves the same formulas for concave nondecreasing f ; here part (a)
also covers data that are neither concave nor monotone, as in class (A). As in Part II,
Lemma A.1, part (b) gives concavity one step at a time. Hence Lemma 2.2(i) holds for all
step functions with values in [0, 1], whereas Part II, Lemma A.2 and [54, proof of (4.6)]
assume the coefficient nondecreasing.

The next lemma compares the solutions for two step coefficients with the same
terminal datum, at a general terminal time T. Part II, Lemma A.2 proves the identity
(2.15) for a class of concave nondecreasing terminal data that contains the hard-wall
datum.
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Lemma 2.2. Let T ∈ (0, 1] and let F ∈ C2(R) be bounded above with F′′ bounded. Let
γ, ν : [0, T) → [0, 1] be step functions, let uγ = uγ(·, · ; F) and uν = uν(·, · ; F) be given by (2.2)
with terminal datum F at time T, and put w = uγ − uν. Assume one of the following.

(A) |F′| ≤ L on R.
(B) F is concave and F′′ ≥ −K on R for a constant K ≥ 0. In this case put A = sup F −

F(0) + |F′(0)|+ K.

Then the following hold for all (q, x) ∈ [0, T]× R.

(i) In case (A), uγ(q, ·) ∈ C2(R) and |∂xuγ| ≤ L. In case (B), uγ(q, ·) ∈ C2(R) and

−K ≤ ∂xxuγ ≤ 0, F(0)− |F′(0)||x| − K
2
(1 + x2) ≤ uγ(q, x) ≤ sup F,

|∂xuγ(q, x)| ≤ A + K|x|.

The same holds for uν.
(ii) Let B be a standard Brownian motion and let Y solve dYs = β(s, Ys)ds + dBs on [q, T]

with Yq = x, where β = γ
2 (∂xuγ + ∂xuν). This equation has a unique strong solution, and

w(q, x) =
1
2

∫ T

q
(γ − ν)(s)E

[
(∂xuν)

2(s, Ys)
]

ds. (2.15)

(iii) In case (A), |w(q, x)| ≤ L2

2

∫ T
q |γ − ν|ds. In case (B),

|w(q, x)| ≤ CA,K(1 + x2)
∫ T

q
|γ − ν|ds, CA,K = A2 + 3K2e2K(16 + A2).

Proof. Refining the partitions, we may assume that γ and ν are constant on the intervals
[tj, tj+1) of a common partition 0 = t0 < · · · < tn+1 = T. We divide the proof into four
steps.

Step 1. Proof of (i). For q ∈ [tj, tj+1), uγ(q, ·) is Tγ(tj),tj+1−q applied to uγ(tj+1, ·). Induction
over the intervals, starting from the last, and Lemma 2.1 give the following: in case (A),
uγ(q, ·) ∈ C2, |∂xuγ| ≤ L, and |∂xxuγ| ≤ sup|F′′|+ (n + 1)L2 on [0, T]× R; in case (B),
uγ(q, ·) ∈ C2 is concave with ∂xxuγ ≥ −K. In case (B), uγ ≤ sup F, and (2.6) together
with F(y) ≥ F(0) + F′(0)y − K

2 y2 gives

uγ(q, x) ≥ EF
(
x +

√
T − q G

)
≥ F(0) + F′(0)x − K

2
(
x2 + T − q

)
,

which is the asserted lower bound, since T − q ≤ 1. For x ∈ {−1, 0, 1} the right side is at
least F(0)− |F′(0)| − K. By concavity,

uγ(q, 1)− uγ(q, 0) ≤ ∂xuγ(q, 0) ≤ uγ(q, 0)− uγ(q,−1),
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so |∂xuγ(q, 0)| ≤ sup F − F(0) + |F′(0)|+ K = A, and |∂xxuγ| ≤ K gives |∂xuγ(q, x)| ≤
A + K|x|.

Step 2. The equation for w. By §2.1, uγ and uν are continuous on [0, T]× R, and on each
open interval (tj, tj+1) they are smooth and solve (2.8) with the constant coefficients γ

and ν. Subtracting the two equations and using

γ

2
(∂xuγ)

2 − ν

2
(∂xuν)

2 = β ∂xw +
γ − ν

2
(∂xuν)

2,

we obtain on each (tj, tj+1)× R

∂qw +
1
2

∂xxw + β ∂xw = −γ − ν

2
(∂xuν)

2, w(T, ·) = 0. (2.16)

By Step 1, β is Lipschitz in y uniformly in s, and |β(s, y)| ≤ a + K′|y| with (a, K′) = (L, 0)
in case (A) and (a, K′) = (A, K) in case (B). It is Borel, since ∂xuγ and ∂xuν are pointwise
limits of difference quotients of continuous functions. Hence the equation for Y has a
unique strong solution [79, Theorems 5.2.5 and 5.2.9], and (2.13) gives E sups∈[q,T] Y2

s < ∞.
Moreover |∂xw(s, y)| ≤ 2(a + K′|y|) by (i), and |w(s, y)| ≤ C(1 + y2) for a constant C,
because uγ and uν lie between the lower bound in (2.6) and sup F (in case (A), F(y) ≥
F(0)− L|y|).

Step 3. Itô’s formula and the passage through the breakpoints. Fix j with tj+1 > q, put t′j =
max{q, tj}, and let t′j < s1 < s2 < tj+1. On [s1, s2]× R the function w is smooth, so Itô’s
formula applies to w(s, Ys) on [s1, s2]. The stochastic integral

∫ s2
s1

∂xw(s, Ys)dBs has mean
zero, because E

∫ s2
s1
(∂xw)2(s, Ys)ds ≤ 4E(a + K′ sups|Ys|)2 < ∞. Taking expectations and

using (2.16),

Ew(s2, Ys2)− Ew(s1, Ys1) = −1
2

∫ s2

s1

(γ − ν)(s)E(∂xuν)
2(s, Ys)ds.

Now let s1 ↓ t′j and s2 ↑ tj+1. The function w is continuous on [0, T] × R and Y has
continuous paths. Since |w| ≤ C(1 + y2) and (∂xuν)2(s, y) ≤ (a + K′|y|)2 are dominated
along Y by C′(1 + sups Y2

s ), which is integrable, dominated convergence gives the same
identity with s1 = t′j and s2 = tj+1. Summing over j, and using Yq = x and w(T, ·) = 0,
gives (2.15).

Step 4. Proof of (iii). In case (A), (∂xuν)2 ≤ L2 in (2.15). In case (B), (∂xuν)2(s, y) ≤
2A2 + 2K2y2 by (i). By (2.13) with (a, K′) = (A, K) and E(B∗)2 ≤ 4,

EY2
s ≤ e2KE

(
|x|+ 2B∗ + A

)2 ≤ 3e2K(x2 + 16 + A2),

so
E(∂xuν)

2(s, Ys) ≤ 2A2 + 6K2e2K(x2 + 16 + A2) ≤ 2CA,K(1 + x2),

and (2.15) gives the bound.
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The identity (2.15) is the Feynman–Kac formula of Jagannath and Tobasco [76,
Lemma 14], and part (iii) is the analogue of Guerra’s bound (see the beginning of
this chapter). Case (B) covers concave terminal data whose derivative grows linearly, such
as the hard-wall datum and the activations in class (B).

For activations in class (A), the Lipschitz estimate holds in the uniform norm and at
every time; this is the form used in the upper bound.

Lemma 2.3. Let U belong to class (A) and put L = ∥U′∥∞. Then for all q ∈ [0, 1] and all
distribution functions γ1, γ2 of probability measures on [0, 1], in particular for all γ1, γ2 ∈ U ,

sup
x∈R

|uγ1(q, x; U)− uγ2(q, x; U)| ≤ L2

2

∫ 1

q
|γ1 − γ2|ds. (2.17)

If moreover γ1, γ2 ∈ Uq̄ for some q̄ < 1, then

|PU(γ1)−PU(γ2)| ≤
(αL2

2
+

q̄
2(1 − q̄)2

)
∥γ1 − γ2∥L1 . (2.18)

Proof. For step functions, (2.17) is Lemma 2.2(iii) in case (A), with T = 1 and F = U.
For general γ1, γ2, let γi,n be step approximations as in §2.1. By (2.17) for step functions,
(uγi,n(q, · ; U))n is Cauchy in the uniform norm, and two approximating sequences of γi
have the same limit, since they can be interleaved. This proves that uγi is well defined,
and (2.17) passes to the limit. Finally, (2.18) is α times (2.17) at (q, x) = (0, 0) plus (2.12)
with r = q̄.

The next lemma gives the Lipschitz estimate for both classes at the origin, with an
explicit constant.

Lemma 2.4. Let U belong to class (A) or class (B). If U belongs to class (A), put CA
U = L2/2

with L = ∥U′∥∞. If U belongs to class (B), put CB
U = CA,K, the constant of Lemma 2.2(iii) with

K = ∥U′′∥∞, A = sup U − U(0) + |U′(0)|+ K.

Let CU be the smallest of the numbers CA
U , CB

U that are defined. Then, for any two probability
measures γ, ν on [0, 1],

|uγ(0, 0; U)− uν(0, 0; U)| ≤ CU W1(γ, ν). (2.19)

Consequently, for r ∈ [0, 1) and γ, ν ∈ Ur,

|PU(γ)−PU(ν)| ≤
(

αCU +
r

2(1 − r)2

)
∥γ − ν∥L1 . (2.20)
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Proof. If U belongs to class (A), (2.19) with the constant CA
U is (2.17) at (q, x) = (0, 0). Let

U belong to class (B). Then F = U satisfies case (B) of Lemma 2.2 with T = 1 and the
constants K and A above. For step functions γ, ν with values in [0, 1], Lemma 2.2(iii) gives

|uγ(q, x; U)− uν(q, x; U)| ≤ CA,K(1 + x2)
∫ 1

q
|γ − ν|ds for all (q, x) ∈ [0, 1]× R.

For general γ, approximate it by step functions as in §2.1. By this estimate the values at
(q, x) form a Cauchy sequence, locally uniformly in (q, x), and the limit does not depend
on the approximating sequence. This defines uγ(q, x; U) (for U in both classes it agrees
with the limit in Lemma 2.3), and the estimate passes to the limit. At (q, x) = (0, 0)
it gives (2.19) with the constant CB

U. Finally, (2.20) follows from (2.19), the identity
W1(γ, ν) = ∥γ − ν∥L1 and (2.12).

2.3 The hard-wall functional at a finite cutoff

We now study Pκ(γ) as a deterministic functional of the order parameter. The top Qγ

of the support is not continuous for the L1 distance, since adding a small mass near one
moves it. We therefore work on the classes Ur, 0 ≤ r < 1, and evaluate every γ ∈ Ur

with the common terminal time r. All constants below depend on r and on a compact
interval I containing κ, but not on the number of steps of a step order parameter. None
of the results concerns the limit r → 1. Part II, §§2.1–2.5 and Appendix A, which do
not use Part I, prove the results of this section other than the martingale identity (2.28),
in a stronger form with constants that are uniform for |κ| ≤ K0, and we derive them
from there. Part II defines the hard-wall solution for step order parameters by the same
recursion, with the terminal datum fr defined below, and for general order parameters
by the same approximation within Ur (Part II, Definition 2.2(iii)), so the two definitions
agree.

Gaussian quantities. We use the functions

R(z) =
ϕ(z)
Φ(z)

, R̄(z) = z + R(z), V(z) = R(z)R̄(z) (z ∈ R).

Lemma 2.5. The following statements hold.

(i) For t > 0,

tϕ(t)
1 + t2 < Φ(−t) <

ϕ(t)
t

, equivalently t < R(−t) < t +
1
t

.

(ii) R′ = −V and R̄′ = 1 − V.
(iii) For z ∈ R let Tz have the law of z+ G conditioned on the event {z+ G ≥ 0}, that is, the law

on [0, ∞) with density proportional to ezt−t2/2. Then ETz = R̄(z) and Var(Tz) = 1−V(z).
Consequently R̄ > 0 and 0 < V < 1.
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Proof. The functions R, R̄, V, and the variable Tz are those of Part II, §2.1. Part (i) is
Part II, Lemma 2.1(b), and parts (ii) and (iii) are contained in Part II, Lemma 2.1(a).

Part (i) consists of Gordon’s bounds for the Mills ratio [65], and the bound V < 1 in
part (iii) is due to Sampford [113]. El Alaoui and Sellke collect these facts, in terms of the
inverse Mills ratio, in [54, Lemma 17].

The terminal datum. Fix r ∈ [0, 1). For γ ∈ Ur, the hard-wall solution uγ(·, · ; κ) on
[0, r]× R is given by the recursion (2.2) with terminal time r and terminal datum

fr(x) = log Φ
( x − κ√

1 − r

)
,

by (1.5) with q̄ = r; for step order parameters this is the definition, and for general γ ∈ Ur

it is completed in Lemma 2.7. Using the same terminal time for all of Ur avoids the
discontinuity of γ 7→ Qγ. With z = (x − κ)/

√
1 − r, Lemma 2.5 gives

fr(x) ≤ 0, f ′r(x) =
R(z)√
1 − r

> 0, 0 < − f ′′r (x) =
V(z)
1 − r

<
1

1 − r
. (2.21)

Every derivative of fr has polynomial growth, uniformly for κ in a compact interval;
this gives the case r = 0 of Lemma 2.6(v). Indeed, R′ = −zR − R2, so every derivative
of R is a polynomial in z and R, and 0 < R(z) ≤ R(0) + |z| because −1 < R′ < 0 by
Lemma 2.5(ii),(iii). Throughout the rest of this section, I is a compact interval, κ ∈ I,
K = (1 − r)−1, and constants depend only on r and I unless stated otherwise.

Notation. The following abbreviations are used in this section and in Chapter 6. We fix
κ ∈ R and γ ∈ U , and write

Q = Qγ, δ = 1 − Q, λ = λγ, u = uγ(·, · ; κ),

b = ∂xu, c = −∂xxu, v = λc.

Thus λ(q) ≥ λ(Q) = δ > 0 for q ∈ [0, Q], and u is defined on [0, 1)× R by (2.11). We
write

L = ∂q +
1
2

∂xx + γb ∂x

for the generator of the diffusion

dXq = γ(q) b(q, Xq)dq + dBq, X0 = 0, (2.22)

where B is a standard Brownian motion. For γ ∈ Ur we consider X on [0, r], and we write
Xs,x for the solution of the equation in (2.22) on [s, r] with Xs,x

s = x; it exists and is unique
by Lemma 2.6(iii) for step order parameters and by Lemma 2.7 in general. On [0, Q], X is
the Parisi diffusion (1.8) of §1.1, and the processes defined with two admissible values
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of r agree on their common interval. It is also the diffusion of Part II, (2.14). When two
order parameters γ, γ̃ are compared, we indicate the order parameter as a subscript, as in
uγ̃, bγ, or Xγ̃. With this notation, the hard-wall functional (1.6) with cutoff q̄ = Q reads

Pκ(γ) = αu(0, 0) +
1
2

∫ Q

0

dq
λ(q)

+
1
2

log δ = αu(0, 0) +
1
2

∫ 1

0

( 1
λ(q)

− 1
1 − q

)
dq, (2.23)

the second form by (2.9), and P∗(κ) = infγ∈U Pκ(γ).

A priori bounds and continuity. The next lemma collects the bounds on the solution
and the diffusion that justify Itô’s formula and the Feynman–Kac formula in the rest of
this part.

Lemma 2.6. Fix r ∈ [0, 1) and a compact interval I. There is a constant C, and for each p ≥ 1
and k ≥ 1 there are constants Cp and C′

k, depending only on r, I, and p or k, such that for every
κ ∈ I and every step order parameter γ ∈ Ur the following hold on [0, r]× R.

(i) −C(1 + x2) ≤ u(q, x) ≤ 0.
(ii) On each open interval where γ is constant, u is smooth and

Lb = 0, Lc = γc2.

(iii) 0 ≤ c ≤ (1 − r)−1 and |b(q, x)| ≤ C(1 + |x|). In particular the drift γb in (2.22) is
Lipschitz in x with constant (1 − r)−1 and has linear growth, so the equation in (2.22) has a
unique strong solution Xs,x from every starting point (s, x) ∈ [0, r]× R.

(iv) E supt∈[s,r]|X
s,x
t |p ≤ Cp(1 + |x|)p; in particular E supq≤r|Xq|p ≤ Cp.

(v) |∂k
xu(q, x)| ≤ C′

k(1 + |x|)C′
k , and ∂k

xu is continuous on [0, r]× R.

Proof. For r = 0 the statements concern u = f0 only and follow from (2.21) and the
polynomial growth of the derivatives of f0 noted after it; let r > 0. Every statement is
contained in Part II, Chapter 2, applied with K0 = maxκ∈I |κ|; the constants there depend
only on r, K0, and p or k. Part (i) and the bound on b in (iii) are Part II, Lemma 2.4(b). By
Part II, Lemma 2.4(c), 0 < c < 1/λ ≤ (1 − r)−1 on [0, r]× R, since λ ≥ λ(r) = 1 − r there.
Hence |∂x(γb)| = γc ≤ (1 − r)−1, and the drift γb has linear growth. Strong existence
and uniqueness for (2.22) are stated in Part II after (2.14). Part (ii) is Part II, Lemma 2.4(a)
and Lemma 2.9(a). Part (iv) is Part II, Lemma 2.6(a), since 1 + |x|p ≤ (1 + |x|)p for p ≥ 1.
Part (v) is Part II, Lemma 2.4(a),(b): the bound there is Ck(1 + |x|pk) ≤ 2Ck(1 + |x|)pk , so
one may take C′

k = max{2Ck, pk}.

Parts (i) and (iii) correspond to the bounds [54, (4.4)–(4.6)], and part (v) is a weaker
form of [54, (4.7)], with polynomial growth in place of boundedness.

The next lemma is the hard-wall counterpart of Lemma 2.4. It extends the solution,
its derivatives, and the diffusion to general order parameters, and it is the source of the
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compactness and continuity used in Chapter 6. For mixed p-spin models, the conver-
gence of all spatial derivatives of the solution as the order parameter converges is [8,
Proposition 1].

Lemma 2.7. Fix r ∈ [0, 1) and a compact interval I. There is a constant C depending only on r
and I, and for each p ≥ 1 a constant Cp depending only on r, I, and p, such that for all κ ∈ I
and all step order parameters γ, γ̃ ∈ Ur, with ε = ∥γ̃ − γ∥L1 ,

|uγ̃(q, x)− uγ(q, x)| ≤ Cε(1 + x2), |bγ̃(q, x)− bγ(q, x)| ≤ Cε(1 + |x|) (2.24)

on [0, r]× R. For every k ≥ 2 and A0 > 0,

sup
{
|∂k

xuγ̃(q, x)− ∂k
xuγ(q, x)| : q ∈ [0, r], |x| ≤ A0

}
−→ 0 as ε → 0,

uniformly in κ ∈ I and in the step order parameters. When Xγ̃ and Xγ start from the same point
(s, x) ∈ [0, r]× R and are driven by the same Brownian motion,

E sup
t∈[s,r]

|Xγ̃
t − Xγ

t |
p ≤ Cpεp(1 + |x|)p. (2.25)

Consequently the solution u, its spatial derivatives, and the diffusion X extend from step order
parameters to every γ ∈ Ur by L1 approximation within Ur, and the bounds of Lemma 2.6(i),
(iii)–(v) and of this lemma hold for all γ, γ̃ ∈ Ur. If γ ∈ Ur equals a constant m on an interval
[a, a′) ⊂ [0, r], then u(q, ·) = Tm,a′−qu(a′, ·) for q ∈ [a, a′), and u is smooth and satisfies Lb = 0
and Lc = γc2 on (a, a′)× R. Finally,

|Pκ(γ̃)−Pκ(γ)| ≤
(

αC +
r

2(1 − r)2

)
∥γ̃ − γ∥L1 (γ, γ̃ ∈ Ur, κ ∈ I). (2.26)

In particular Pκ is continuous on the compact set Ur, uniformly for κ ∈ I, and attains its
minimum over Ur.

Proof. For r = 0 the class U0 has one element; let r > 0. We apply the results of Part II,
Chapter 2 with K0 = maxκ∈I |κ|; they hold for all γ, γ̃ ∈ Ur, and their constants depend
only on r, K0, and p or k. The solution for general γ ∈ Ur is the limit of the solutions for
step approximations in Ur (Part II, Definition 2.2(iii)). By Part II, Lemma 2.4(f), for every
k ≥ 0,

|∂k
xuγ̃(q, x)− ∂k

xuγ(q, x)| ≤ Ckε(1 + |x|pk) on [0, r]× R,

with p0 = 2 and p1 = 1. The cases k = 0, 1 give (2.24), the cases k ≥ 2 give the
convergence of the higher derivatives, and the derivatives of uγ are the limits of those
of its step approximations. The bound (2.25) is Part II, Lemma 2.6(b); in particular
the diffusions of step approximations converge to Xγ. Part II, Lemma 2.4(a)–(c) and
Lemma 2.6(a) hold for general γ ∈ Ur, so the proof of Lemma 2.6 gives its parts (i) and
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(iii)–(v) for all γ ∈ Ur. If γ = m on [a, a′), then u(q, ·) = Tm,a′−qu(a′, ·) for q ∈ [a, a′) by
Part II, Lemma 2.5(a), and u is smooth and satisfies Lb = 0 and Lc = γc2 on (a, a′)× R

by Part II, Lemma 2.4(a) and Lemma 2.9(a). Finally, the first bound in (2.24) at (0, 0)
controls the energy term of Pκ, and (2.12) controls the entropy term; this proves (2.26).
Compactness of Ur was shown in §2.1.

We record a consequence of Lemma 2.7. If γ ∈ Ur ⊂ Ur′ with r < r′ < 1, then the
step approximations of γ in Ur also lie in Ur′ , and for them the solutions computed with
the cutoffs r and r′ agree on [0, r] by the discussion before (2.10). Passing to the limit,
uγ(·, · ; κ) and Pκ(γ) do not depend on the cutoff for any γ ∈ U , and (2.11) holds for
every γ ∈ U . This is also Part II, Lemma 2.3.

We next record the signs of b, c, and 1 − v, which sharpen Lemma 2.6(iii) to strict
inequalities, and the martingale structure along the diffusion. They are the starting point
of the analysis in Chapter 6.

Lemma 2.8. Let r ∈ [0, 1), κ ∈ R, and γ ∈ Ur. Then, on [0, r]× R,

b > 0, 0 < v < 1, so that 0 < c <
1
λ
≤ 1

1 − r
. (2.27)

Moreover, for q ∈ [0, r],

b(q, Xq) = b(0, 0)−
∫ q

0
c(s, Xs)dBs; (2.28)

in particular b(q, Xq) is a square-integrable martingale on [0, r].

Proof. The signs (2.27) are Part II, Lemma 2.4(b),(c), applied with K0 = |κ|; the last
inequality holds because λ ≥ λ(r) = 1 − r on [0, r]. It remains to prove (2.28). For r = 0
there is nothing to prove; let r > 0 and take I = {κ}.

Step order parameters. Let γ be a step order parameter and fix (s, x) ∈ [0, r]× R. By Itô’s
formula on each open interval of constancy and Lb = 0, db(t, Xs,x

t ) = ∂xb(t, Xs,x
t )dBt =

−c(t, Xs,x
t )dBt there. Since b is continuous on [0, r]×R with linear growth and 0 ≤ c ≤ K

by Lemma 2.6(iii),(v), the identity extends to the endpoints of the intervals as in Step 3 of
the proof of Lemma 2.2, and

b(t, Xs,x
t ) = b(s, x)−

∫ t

s
c(t′, Xs,x

t′ )dBt′ (t ∈ [s, r]).

With (s, x) = (0, 0) this is (2.28), and since 0 ≤ c ≤ K the stochastic integral is a square-
integrable martingale on [0, r].

General order parameters. Let γ ∈ Ur, let γn ∈ Ur be step approximations, and write
Xn = Xγn , bn = bγn , and cn = cγn . By Lemma 2.7, cn → c uniformly on compact
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subsets of [0, r]× R, and Xn → X in every moment, uniformly on [0, r]. By (2.24) and the
Lipschitz bound |∂xb| ≤ K,

|bn(q, Xn
q )− b(q, Xq)| ≤ Cεn(1 + |Xn

q |) + K|Xn
q − Xq|,

with εn = ∥γn − γ∥L1 , so bn(q, Xn
q ) → b(q, Xq) in L2. Moreover cn(s, Xn

s ) → c(s, Xs) in
probability for each s, by the locally uniform convergence of cn, the continuity of c, and
the convergence of Xn; since 0 ≤ cn, c ≤ K, dominated convergence and Itô’s isometry
give

∫ q
0 cn(s, Xn

s )dBs →
∫ q

0 c(s, Xs)dBs in L2. The identity (2.28) for γn therefore passes
to the limit, almost surely for each fixed q ∈ [0, r]. Both sides of (2.28) have continuous
paths, since b and X are continuous and the stochastic integral has a continuous version,
so the identity holds simultaneously for all rational q on one event of probability one,
and then for all q ∈ [0, r] by continuity.

The martingale identity (2.28) is the hard-wall form of [7, Lemma 2]. Part II,
Lemma 2.9(b) states the martingale property of b(q, Xq) without the stochastic integral.

The first variation. For γ ∈ Ur and q ∈ [0, r] set

D(q) = αEb(q, Xq)
2 −

∫ q

0
λ(t)−2 dt, S(q) = αλ(q)2Ec(q, Xq)

2. (2.29)

The first term of D comes from the energy term of Pκ and the second from the entropy
term, as the proof of Part II, Proposition 2.11(a) shows. Since v = λc, these are the
functions D and S of Part II, (2.22). The function D and the first variation below are the
basic tools of Chapter 6.

Lemma 2.9. Let r ∈ [0, 1), κ ∈ R, and γ, γ̃ ∈ Ur. The function D is continuously differentiable
on [0, r] with

D′ =
S − 1

λ2 .

Moreover, with γθ = γ + θ(γ̃ − γ) ∈ Ur for θ ∈ [0, 1],

d
dθ

Pκ(γθ)

∣∣∣∣
θ=0+

=
1
2

∫ r

0
(γ̃ − γ)(q) D(q)dq. (2.30)

Proof. The formula for D′ is among the generator identities of Part II, Lemma 2.9(c)(i),
and (2.30) is the first equality in Part II, (2.28) (Proposition 2.11(a)); both hold for all
γ, γ̃ ∈ Ur and κ ∈ R.

Formula (2.30) is the hard-wall analogue of the directional derivative of the Parisi
functional of mixed p-spin models computed by W.-K. Chen [38, Theorem 2]; see also
[55, Proposition 6.8]. The first variation of El Alaoui and Sellke [54, (4.15)] involves the
same function D; the beginning of this chapter compares the two. The formula for D′
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is the analogue of [8, Proposition 3], where Auffinger and W.-K. Chen differentiate the
corresponding function for mixed p-spin models. Talagrand computed the derivative
of the Parisi functional when the order parameter is transported by a map close to the
identity [126].



chapter 3

The upper bound

This chapter proves that PU(γ) bounds the free energy from above for every order
parameter γ and every activation U in class (A) (Theorem 3.1), and deduces upper
bounds for the feasible volume and for the maximal margin. Lemma 3.2 is a change
of measure on a Ruelle probability cascade with marks, which turns Gibbs averages
over the leaves into expectations along a Markov chain, and Corollary 3.3 deduces that
conditional overlaps are nondecreasing in the branching level. Lemma 3.4 computes
a Gaussian cascade exactly. Lemma 3.5 gives the derivatives of the interpolating free
energy. Lemma 3.6 proves concentration of the free energy and computes its derivatives
in the perturbation parameters, and Lemmas 3.7 and 3.8 use it to control the conditional
covariance of the two overlaps. Lemma 3.9 bounds the spherical term by the Crisanti–
Sommers entropy. Proposition 3.10 combines these facts through a maximum principle
in the interpolation time. Corollary 3.11 passes to the hard wall, with a bounded source
term, and Lemma 3.13 and Corollary 3.14, with Lemma 3.12, bound the maximal margin.

Step 1 of §1.3 outlines the argument and introduces the notation used below. The
proof follows that of [92, Theorem 4.1], a step in Mourrat’s proof that the Hamilton–
Jacobi limit bounds the free energy of bipartite models from above [92, Theorem 1.1]. As
there, the atoms of the order parameter have equal mass, the derivative in t is a sum of
products of conditional overlap means and a conditional covariance (see [92, (2.23)]), and
Mourrat’s perturbation enforces the Ghirlanda–Guerra identities only at contact points
(§§3.3 and 3.4). Four things differ. The row side carries a non-Gaussian activation U, with
no sign condition on U′, in place of Mourrat’s bilinear Gaussian energy. Only the spin
side has free cascade levels, so the viscosity argument becomes a maximum principle in t
for the maximum over p (§3.7). The monotonicity of the response overlaps ζl follows from
a change of measure on a marked cascade; its Gaussian analogue is the monotonicity
of the normalized derivatives of the enriched free energy in the cascade parameters [92,
Lemma 2.4] (see also [128, Proposition 14.3.2]). The bound closes on the Parisi functional
PU(γh) instead of the solution of a Hamilton–Jacobi equation.

Throughout this chapter, ba = ga/
√

N for the rows ga of G, αN = M/N → α, and
α′ = supN αN < ∞. For U in class (A) we write Umax = sup U and L = ∥U′∥∞.

Theorem 3.1. Let U belong to class (A). For every γ ∈ U ,

lim sup
N→∞

FN(U) ≤ PU(γ). (3.1)

37
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Moreover, P{ fN(U) > PU(γ) + ε} → 0 for every ε > 0.

Chapter 5 combines Theorem 3.1 with the lower bound of Chapter 4.

3.1 A change of measure on a marked cascade

The interpolation places Gaussian fields on the nodes of a Ruelle probability cascade.
Its free energy is an iterated logarithmic moment over the levels of the tree, and to
differentiate it we need to express averages over the cascade weights as expectations
along a Markov chain on the marks. The following change-of-measure identity does this.
It also gives the law of the branching level of two leaves sampled from the weights, and
it shows that conditional overlaps are nondecreasing in the level.

The cascade. Fix k ≥ 0 and 0 < θ1 < · · · < θk < 1, and set θ0 = 0, θk+1 = 1, and
wl = θl+1 − θl for 0 ≤ l ≤ k. The nodes of depth l are the strings β ∈ Nl

∗, with the empty
string as the root, and the leaves are the nodes of depth k. For a leaf β we write β|l for
its ancestor at depth l, and for two leaves we put β ∧ β′ = max{l : β|l = β′|l}. At every
node of depth l − 1, independently, place a Poisson point process on (0, ∞) with intensity
measure θlx−1−θl dx. Its points, in decreasing order, are attached to the edges from that
node to its children; πβ denotes the point attached to the edge into the node β. For a leaf
β put

Πβ =
k

∏
l=1

πβ|l, Π = ∑
β

Πβ, vβ =
Πβ

Π
.

The weights (vβ) are the Ruelle probability cascade [112]. For k = 0 the root is the only
leaf, and Π = v = 1.

Independently of the cascade, attach to each node β of depth l ≥ 1 a random mark eβ

with law Pl on a standard Borel space; marks at different nodes are independent. The
root mark e0 is fixed for now; below it contains the disorder shared by all leaves. For a
leaf β write e[β] = (e0, eβ|1, . . . , eβ|k) for the marks along its path. Let Xk(e0, . . . , ek) be a
measurable function of a path of marks, and define backwards, for l = k, . . . , 1,

Xl−1(e0, . . . , el−1) =
1
θl

log
∫

eθl Xl dPl(el), Kl(del | e0, . . . , el−1) = eθl(Xl−Xl−1)Pl(del).

(3.2)
We assume that every Xl is finite on every path. Then each Kl is a probability kernel.
We write EK for expectation over the Markov chain (e0, e1, . . . , ek) started from e0 with
the kernels K1, . . . , Kk, and, for 0 ≤ l ≤ k, EK,l for expectation over two paths (e, e′) that
coincide up to depth l, follow the chain up to depth l, and then continue independently
with the kernels Kl+1, . . . , Kk.
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Lemma 3.2. The quantities Π and W = ∑β vβeXk(e[β]) are positive and finite almost surely. Let

ωβ = vβeXk(e[β])/W be the associated Gibbs weights on the leaves. Then, for every measurable φ

that is nonnegative, or integrable under the law on the right side,

E ∑
β

ωβ φ(e[β]) = EKφ(e), (3.3)

E ∑
β,β′

ωβωβ′1{β∧β′=l}φ(e[β], e[β′]) = wl EK,l φ(e, e′), 0 ≤ l ≤ k. (3.4)

Moreover, conditionally on every value of the root mark e0,

log W = X0(e0) + log Π′ − log Π, Π′ d
= Π, E|log Π|2 < ∞. (3.5)

In words, (3.3) says that the path of marks of a leaf sampled from the Gibbs weights
is distributed as the chain with the kernels Kl, and (3.4) says that two independently
sampled leaves branch at depth l with probability wl, whatever the function Xk, and that
their paths then share the first l marks and continue independently.

These are known properties of Ruelle probability cascades, and they rest on the
invariance property of Bolthausen and Sznitman [19]; see [98, Chapter 2]. With marks
and the kernels Kl, (3.3) and (3.4) correspond to [103, Theorems 6 and 7], and (3.5) to
[103, (3.12)–(3.13)]; Panchenko and Talagrand use them to write Guerra’s interpolation
on a cascade. See also [4]. Steps 1 and 3 of the proof follow [103, Lemmas 2 and 3], and
Step 4 follows Mourrat’s derivation of the law of β ∧ β′ by Gaussian integration by parts
[93], which adapts the derivation of [98, (2.82)].

Proof. For k = 0 we have W = eX0(e0), ω = 1, and w0 = 1, and all assertions hold with
Π = Π′ = 1. Let k ≥ 1. We divide the proof into four steps.

Step 1. A Poisson computation. Let (xn) be a Poisson process with intensity θx−1−θ dx, let
(en) be independent marks with law P, and let f be measurable with c =

∫
eθ f dP < ∞.

By the mapping and marking theorems for Poisson processes [81, Chapters 2 and 5], the
pairs (xne f (en), en) form a Poisson process with intensity

c θy−1−θ dy ⊗ c−1eθ f (e)P(de).

Indeed, for a test function χ the substitution y = xe f (e) gives∫∫
χ(xe f (e), e) θx−1−θ dx P(de) =

∫∫
χ(y, e) θy−1−θeθ f (e) dy P(de).

After the first coordinate is multiplied by c−1/θ, the first factor becomes θy−1−θ dy again.
Since the intensity is a product, after ranking the first coordinates the marks are indepen-
dent with law c−1eθ f P and independent of the ranked points. If each mark also carries
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an independent subtree and f depends only on the first component of the mark, the
conditional law of the subtree given the first component is unchanged.

Step 2. The totals. The sum Sθ of the points of one process satisfies Ee−uSθ = exp{−Γ(1−
θ)uθ} for u ≥ 0, so it is positive and finite almost surely. The identities

x−a =
1

Γ(a)

∫ ∞

0
ua−1e−ux du (a > 0),

xa =
a

Γ(1 − a)

∫ ∞

0
(1 − e−ux)u−a−1 du (0 < a < 1),

applied to x = Sθ and integrated, show that Sθ has negative moments of all orders and
positive moments of all orders a < θ; the second integral converges at u = 0 because
1 − e−Γ(1−θ)uθ

is of order uθ. In particular E|log Sθ|2 < ∞. Next, Π is a deterministic
multiple of a copy of Sθ1 . If Sn denotes the total of the subtree below the n-th child
of the root, then Π = ∑n xnSn, and by Step 1 with f = log Sn the points xnSn form a
Poisson process with intensity E[Sθ1 ] θ1x−1−θ1 dx. By induction on k, the subtree total S
is a multiple of a copy of Sθ2 , so ESθ1 < ∞ because θ1 < θ2. This proves the assertions
about Π.

Step 3. The change of measure. For a node β of depth l ≥ 1 with parent β−, replace the
edge weight by

π̃β = πβ eXl(e[β])−Xl−1(e[β− ]),

where e[β] denotes the marks along the path from the root to β. Given the ancestors of
β, the multiplier depends only on the mark eβ, and

∫
eθl(Xl−Xl−1) dPl = 1 by (3.2). Apply

Step 1 at the root with c = 1, carrying the independent subtree of each child as part of its
mark, and then apply it recursively below each child. By induction on the depth, after
ranking at each node the modified weights π̃ form a cascade with the same law as the
original one and independent of the marks, while the mark of a child of depth l has
conditional law Kl given its ancestors. The relabeling by ranks preserves the ancestry.
The multipliers telescope along a path:

ΠβeXk(e[β]) = eX0(e0)
k

∏
l=1

π̃β|l.

Summing over β gives W = eX0(e0)Π′/Π with Π′ = ∑β ∏l π̃β|l, which has the law of Π.
This is (3.5), including the positivity and finiteness of W. Moreover, ωβ = ∏l π̃β|l/Π′ are
the weights of the relabeled cascade, which is independent of the marks. This proves
(3.3). It also proves (3.4) with the coefficient w̄l = E ∑β∧β′=l vβvβ′ in place of wl, because,
given the relabeled cascade, the marks along the paths to two leaves with β ∧ β′ = l share
the first l marks and then continue independently.
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Step 4. The branching probabilities. The coefficient w̄l does not depend on the marks, so
we may compute it with a convenient choice. Fix 1 ≤ l ≤ k and s > 0, let the mark of
each node ν of depth l be a standard Gaussian variable Gν (the other marks play no role),
and take Xk(e[β]) = sGβ|l. Then Xm = sGβ|l for m ≥ l and Xl−1 = θls2/2, so Kl is the law
N(θls, 1), and (3.3) gives

E ∑
|ν|=l

ωνGν = θls, ων = ∑
β|l=ν

ωβ.

The sum over nodes is absolutely integrable, by (3.3) applied to the path function |Gβ|l|.
Conditionally on all other variables, ων = AesGν /(AesGν + B) with A, B independent of
Gν, so Gaussian integration by parts gives E[Gνων] = s E[ων(1 − ων)]. Summing over ν

and using ∑ν ων = 1 gives E ∑ν ω2
ν = 1 − θl. By (3.4) with the coefficients w̄m and φ = 1,

the left side equals ∑m≥l w̄m. Hence ∑m≥l w̄m = 1 − θl for 1 ≤ l ≤ k, and also for l = 0
since ∑m w̄m = 1. Taking differences gives w̄l = θl+1 − θl = wl.

We write ⟨·⟩ for averages under the Gibbs weights and their independent replicas,
that is, leaves β1, β2, . . . sampled independently from (ωβ). Conditional averages given
β1 ∧ β2 = l are taken with respect to the probability E⟨ · 1{β1∧β2=l}⟩/wl.

Corollary 3.3. Let f be a bounded function of a path of marks with values in a Euclidean space,
and let Fl = EK[ f | e0, . . . , el]. Then

E
〈

f (e[β1]) · f (e[β2])
∣∣ β1 ∧ β2 = l

〉
= EK∥Fl∥2,

and the right side is nonnegative and nondecreasing in l. Moreover,

E[log W | e0] = X0(e0), Var(log W | e0) ≤ 4 Var(log Π). (3.6)

Proof. In (3.4), condition on the common part of the two paths. Their continuations are
independent, so the conditional expectation of f (e) · f (e′) is ∥Fl∥2. The sequence (Fl) is
a martingale for the chain, so EK∥Fl∥2 is nondecreasing by conditional Jensen. For (3.6),

take conditional expectations in (3.5), using Π′ d
= Π given e0. For the variance, center

both logarithms at E log Π and use (x − y)2 ≤ 2x2 + 2y2; independence of Π and Π′ is
not needed.

In Lemma 3.5(iv) we apply the monotonicity in l to the response overlap of the
activation.

3.2 Gaussian cascades

Both bounds on the free energy use one explicit computation: a Gaussian field on a
cascade, integrated against a Gaussian weight at each leaf. In this chapter it bounds
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the spherical term (Lemma 3.9); in Chapter 4 it evaluates the cavity term. The use-
ful observation is that the field along a sampled path, divided by its precision, is a
Gaussian martingale. Its variances give every overlap of the added coordinates, and
the normalization of their squared norm identifies the value with a Crisanti–Sommers
entropy.

Let K = {p ∈ Rk+1 : 0 ≤ p0 ≤ · · · ≤ pk}, and put ∆p0 = p0 and ∆pl = pl − pl−1 for
1 ≤ l ≤ k. For x ∈ K with xk < 1 let

γx(q) =
k

∑
l=0

wl1{q≥xl}, λγx(s) =
∫ 1

s
γx(q)dq = 1 −

k

∑
l=0

wl max(xl, s);

γx ∈ U is the order parameter with atoms of mass wl at xl.
Fix n ≥ 1 and p ∈ K. Let (yν) be independent standard Gaussian vectors in Rn

indexed by all nodes ν of the tree, including the root, independent of the cascade, and
put

Yβ =
k

∑
l=0

√
∆pl yβ|l, Yβ,l =

l

∑
j=0

√
∆pj yβ|j (0 ≤ l ≤ k),

for a leaf β. The coordinates of Y are independent, and each has covariance pβ∧β′ between
the leaves β and β′. We call Y the Gaussian cascade field with levels p. Summation by parts
gives

k

∑
l=1

θl∆pl = pk −
k

∑
l=0

wl pl. (3.7)

For b > ∑k
l=1 θl∆pl define, for 0 ≤ l ≤ k,

dl = b −
k

∑
j=l+1

θj∆pj, ml =
p0

d2
0
+

l

∑
j=1

∆pj

dj−1dj
, G(b, p) =

p0

2d0
+

1
2

k

∑
j=1

1
θj

log
dj

dj−1
,

(3.8)
and put ϱ = mk + 1/b. Since dl − dl−1 = θl∆pl ≥ 0 and d0 = b − pk + ∑l wl pl > 0, we
have 0 < d0 ≤ · · · ≤ dk = b and 0 ≤ m0 ≤ · · · ≤ mk. We call dl the precision at depth l.
The top precision b is a scalar and is unrelated to the rows ba. Let νn be the standard
Gaussian measure on Rn, and let M be the random probability measure on pairs (β, ε)

of a leaf and a vector of Rn given by

M(β, dε) ∝ vβ νn(dε) exp
{

ε · Yβ −
b − 1

2
∥ε∥2

}
.

We write EM and PM for expectation and probability over the cascade, the field Y, and
independent samples (β1, ε1), (β2, ε2), . . . from M, and we put J = β1 ∧ β2. Conditional
expectations given J = l are taken with respect to EM[ · 1{J=l}]/PM(J = l).

Lemma 3.4. In this setting the following hold.
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(i) The normalization of M is finite, and

1
n

E log ∑
β

vβe∥Yβ∥2/(2b) = G(b, p), (3.9)

1
n

E log ∑
β

vβ

∫
νn(dε) eε·Yβ−(b−1)∥ε∥2/2 = G(b, p)− 1

2
log b. (3.10)

(ii) Under PM, the process Ml = Yβ1,l/dl, 0 ≤ l ≤ k, is a centered Gaussian martingale with
independent increments and

M0 ∼ N(0, m0 In), Ml − Ml−1 ∼ N
(
0, (ml − ml−1)In

)
(1 ≤ l ≤ k), (3.11)

and conditionally on β1 and Y the vector ε1 has the law N(Mk, b−1 In). In particular,

LawM(ε1) = N(0, ϱIn), (3.12)

PM(J = l) = wl, EM
[ ε1 · ε2

n

∣∣∣ J = l
]
= ml (0 ≤ l ≤ k). (3.13)

(iii) The levels satisfy the duality identity

ϱ pk −
k

∑
l=0

wlml pl = bϱ − 1. (3.14)

(iv) The order parameter γm/ϱ, with atoms of mass wl at ml/ϱ, belongs to U , its largest atom is
mk/ϱ = 1 − 1/(ϱb), and

G(b, p)− 1
2

log b = CS(γm/ϱ) +
1
2

log ϱ. (3.15)

If ϱ = 1, then moreover, for 0 ≤ l ≤ k,

λγm(ml) =
1
dl

, pl =
∫ ml

0

ds
λγm(s)2 , CS(γm) = G(b, p)− 1

2
log b, (3.16)

pk −
k

∑
l=0

wlml pl = b − 1, (3.17)

and dl ≥ 1, 1 ≤ b ≤ 1 + pk, and mk ≤ 1 − (1 + pk)
−1.

(v) If Yc is a real Gaussian cascade field with levels c ∈ K (the case n = 1), then

E log ∑
β

vβeYc
β =

1
2

(
ck −

k

∑
l=0

wlcl

)
. (3.18)
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By (3.4), the branching probabilities wl do not depend on the function integrated at
the leaves. In particular, they remain wl when the ε-integral in the definition of M is
restricted to a ball. The restricted measure, used in §4.5, is defined for every b, including
the case d0 ≤ 0 in which M is not defined. In (3.15), ϱ is the mean of ∥ε1∥2/n under PM,
by (3.12); when it equals one, the value (3.10) is exactly the Crisanti–Sommers entropy of
the law of the conditional overlaps mJ .

The value G(b, p), together with the term (b − 1 − log b)/2, is the spherical part of the
expression minimized over b in the Parisi formula for spherical models of Talagrand [125]
and W.-K. Chen [37]. Parts (iii) and (iv) identify it with a Crisanti–Sommers entropy, in
line with Talagrand’s theorem that the spherical Parisi formula agrees with the Crisanti–
Sommers formula [44, 125]. Part (v) is the linear case computed by Arguin [4]; see also
[100, (22)].

Proof. We divide the proof into five steps. Steps 1, 2, and 5 apply Lemma 3.2 to the
Gaussian increments; Steps 3 and 4 are algebraic.

Step 1. The recursion. We use the marks e0 =
√

p0 y∅ at the root and eν =
√

∆pl yν

at a node ν of depth l ≥ 1, with laws Pl = N(0, ∆pl In), and write xl = e0 + e1 +

· · ·+ el for the partial sums along a path, so that Yβ,l = xl along the path of β. Since∫
νn(dε)eε·x−(b−1)∥ε∥2/2 = b−n/2e∥x∥2/(2b) for b > 0, the leaf function of (3.10) is Xk =

∥xk∥2/(2b)− n
2 log b, and that of (3.9) is ∥xk∥2/(2b). For one coordinate, θ ∈ (0, 1), ∆ ≥ 0,

d > θ∆, and a standard Gaussian variable G, completing the square gives

1
θ

log E exp
(θ(x +

√
∆ G)2

2d

)
=

x2

2(d − θ∆)
+

1
2θ

log
d

d − θ∆
.

Since dl − θl∆pl = dl−1 > 0, backward induction in (3.2) shows that Xl(e0, . . . , el) =

∥xl∥2/(2dl) + al with al−1 = al +
n

2θl
log(dl/dl−1), where ak = −n

2 log b for (3.10) and
ak = 0 for (3.9). All values are finite, so Lemma 3.2 applies. By (3.5), n times the left
side of (3.10) equals EX0(e0) = np0/(2d0) + a0 = n[G(b, p) − 1

2 log b], and the same
computation with ak = 0 gives (3.9). This proves (i).

Step 2. The law of a sampled path. Under M the leaf β1 is sampled from the Gibbs weights
of Lemma 3.2 with the leaf function Xk of (3.10), and, given the leaf and Y, the vector ε1

has density proportional to eε·Y
β1−b∥ε∥2/2 with respect to Lebesgue measure, that is, the

law N(Yβ1/b, b−1 In). By (3.2), the kernel Kl(del | e0, . . . , el−1) has density proportional to
exp{θl∥xl−1 + el∥2/(2dl)− ∥el∥2/(2∆pl)}. The coefficient of −∥el∥2/2 in the exponent is
1/∆pl − θl/dl = dl−1/(dl∆pl), so Kl is the Gaussian law with mean θl∆pl xl−1/dl−1 and
covariance (∆pldl/dl−1)In (the point mass at 0 if ∆pl = 0). Since dl−1 + θl∆pl = dl, under
the chain

xl =
dl

dl−1
xl−1 +

(∆pldl
dl−1

)1/2
ξl, hence

xl
dl

=
xl−1

dl−1
+

( ∆pl
dl−1dl

)1/2
ξl,
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with independent standard Gaussian vectors ξl that are independent of the root mark. The
root mark keeps its law N(0, p0 In), so x0/d0 ∼ N(0, (p0/d2

0)In). By (3.3), averaged over
the root mark, the process Ml = xl/dl along the path of β1 has this law, which is (3.11) by
the definition of ml. Since Yβ1/b = Mk, the vector ε1 is Mk + b−1/2ξ ′ with an independent
standard Gaussian vector ξ ′, which gives (3.12). By (3.4), J = l with probability wl, and
the two paths then share x0, . . . , xl and continue independently with the same kernels.
Given xl, the vectors M1

k and M2
k of the two paths are therefore independent, each with

conditional mean Ml = xl/dl, and EM[ε1 · ε2 | J = l] = E∥Ml∥2 = nml. All functions
involved are polynomials in Gaussian vectors, so the integrability required in Lemma 3.2
holds. This proves (ii).

Step 3. The duality identity. Let λϱ(s) = ϱ − ∑l wl max(ml, s) for s ∈ [0, mk]. This function
is nonincreasing, with λ′

ϱ(s) = −∑l:ml<s wl for s /∈ {ml}; it is constant on [0, m0] and
affine with slope −θj on [mj−1, mj]. Moreover λϱ(mk) = ϱ − mk = 1/b = 1/dk, and

λϱ(mj−1)− λϱ(mj) = θj(mj − mj−1) =
θj∆pj

dj−1dj
=

1
dj−1

− 1
dj

,

since dj − dj−1 = θj∆pj. By downward induction, λϱ(mj) = 1/dj for all j; in particular
λϱ ≥ 1/b > 0 on [0, mk]. On [0, m0] we have λϱ = 1/d0, and on [mj−1, mj] we have
(1/λϱ)′ = θj/λ2

ϱ and (log λϱ)′ = −θj/λϱ. Hence the constant piece contributes m0d2
0 =

p0 and m0d0 = p0/d0, and the j-th affine piece contributes (dj − dj−1)/θj = ∆pj and
θ−1

j log(dj/dj−1), to the two integrals

∫ ml

0

ds
λϱ(s)2 = pl (0 ≤ l ≤ k),

∫ mk

0

ds
λϱ(s)

= 2G(b, p). (3.19)

(If mj−1 = mj, then ∆pj = 0 and dj = dj−1, and both contributions vanish.) Insert the first
identity of (3.19) into the left side of (3.14) and use Fubini’s theorem:

ϱ pk − ∑
l

wlml pl =
∫ mk

0

ϱ − ∑l:ml>s wlml

λϱ(s)2 ds.

The numerator equals λϱ(s) + s ∑l:ml≤s wl = λϱ(s) − sλ′
ϱ(s) for almost every s, so the

integrand is (s/λϱ(s))′, and the integral is mk/λϱ(mk) = bmk = bϱ − 1. This proves (3.14)
and (iii).

Step 4. The entropy. Suppose first that ϱ = 1. Then mk = 1 − 1/b < 1, γm ∈ U , and
λϱ = λγm on [0, mk]. Step 3 gives the first two identities in (3.16), and (3.14) becomes
(3.17). By (3.19) and the definition of CS with the cutoff mk ∈ [Qγm , 1),

CS(γm) =
1
2

∫ mk

0

ds
λγm(s)

+
1
2

log(1 − mk) = G(b, p)− 1
2

log b.
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Moreover 1/dl = λγm(ml) ≤ λγm(0) ≤ 1, so b = dk ≥ dl ≥ 1; since ml, pl ≥ 0, (3.17)
gives b − 1 ≤ pk, and then mk = 1 − 1/b ≤ 1 − (1 + pk)

−1. For general ϱ > 0, multiply
the levels and the top precision by ϱ. The parameters (ϱb, ϱp) satisfy the standing
condition, and by (3.8) they have precisions ϱdl, conditional levels ml/ϱ, and the same
value G(ϱb, ϱp) = G(b, p), because p0/d0 and the ratios dj/dj−1 do not change. Their top
level satisfies mk/ϱ + 1/(ϱb) = 1. The case ϱ = 1, applied to them, shows that γm/ϱ ∈ U
with largest atom mk/ϱ = 1 − 1/(ϱb), and

CS(γm/ϱ) = G(ϱb, ϱp)− 1
2

log(ϱb) = G(b, p)− 1
2

log b − 1
2

log ϱ.

This proves (iv).

Step 5. The linear field. Apply Lemma 3.2 with the marks of Step 1 for the levels c (with
n = 1) and the leaf function Xk = xk. For θ ∈ (0, 1) and ∆ ≥ 0, θ−1 log Eeθ(x+

√
∆ G) =

x + θ∆/2, so Xl = xl +
1
2 ∑j>l θj∆cj and EX0(e0) =

1
2 ∑k

j=1 θj∆cj. By (3.5) and (3.7) for c,
this is (3.18). For k = 0 both sides of (3.18) vanish.

3.3 The interpolation and its derivatives

We now define the interpolating free energy and compute its derivatives. Throughout
this section the activation U is in class (A). From now on we fix an integer K ≥ 2 and use
the cascade of §3.1 with

k = K − 1, θl =
l
K

(0 ≤ l ≤ K), so that wl =
1
K

(0 ≤ l ≤ k).

We keep writing wl, which makes the role of each factor visible. We also fix the levels of
the row field,

h = (h0, . . . , hk) ∈ K, hk < 1,

so that γh is the order parameter with atoms of mass wl at hl. The spin field has levels
p ∈ K. At every node β of the cascade, including the root, take independent standard
Gaussian vectors yβ ∈ RN and zβ ∈ RM, independent of G, and set, for a leaf β,

Yβ =
k

∑
l=0

√
∆pl yβ|l, Ξβ =

k

∑
l=0

√
∆hl zβ|l,

where ∆h0 = h0 and ∆hl = hl − hl−1. Thus Y and Ξ are the Gaussian cascade fields
with levels p and h in dimensions N and M. The remaining variance 1 − hk of the row
field is carried by an auxiliary standard Gaussian vector ξ ∈ RM inside each leaf, so that
each coordinate of Ξβ +

√
1 − hk ξ has variance one, as does ba · σ for fixed σ ∈ SN. This

equality of variances is what makes the diagonal terms cancel when the activation is
differentiated in t. Without the cascade, interpolations of this form were used for the
perceptron by Talagrand [127, Chapter 2].
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The perturbation. To obtain approximate Ghirlanda–Guerra identities we add a small
Gaussian field whose covariance is a polynomial in the spin overlap and in the branching
level. Fix an enumeration (ϑn)n≥1 of Q ∩ [0, 1] and an integer j+ ≥ 1, and let I =

{1, . . . , j+}3. For j = (j1, j2, j3) ∈ I put

cj(R, q) = (ϑj1 R + ϑj2q)j3 , so that |cj(R, q)| ≤ 2j3 (|R| ≤ 1, 0 ≤ q ≤ 1).

We use centered Gaussian fields H j(σ, β), j ∈ I , indexed by σ ∈ SN and leaves β,
independent of each other and of all previous variables, with covariance

EH j(σ, β)H j(σ′, β′) = N cj
(

R, J/k
)
, R =

σ · σ′

N
, J = β ∧ β′. (3.20)

This perturbation, together with the prefactor sN = N−1/16 used below, is the one of
Mourrat [92, (4.4)–(4.5)]. It has the form of Panchenko’s perturbation for multi-species
models [100, (24)–(28)] (see [98] for one species), with the branching level J/k in place
of the overlap of a second species. Panchenko averages over random coefficients in the
perturbation; here, as in [92], the perturbation coefficients are chosen at a contact point
(§3.4). Mourrat proves that such a field exists in [92, Lemma A.2]; the construction below
places its Gaussian tensors on the nodes of the cascade, so that they become part of the
marks. For integrability we use the following explicit construction. For m ≥ 1 let am,0 = 0
and am,l = (l/k)m − ((l − 1)/k)m for 1 ≤ l ≤ k, and let a0,0 = 1 and a0,l = 0 for l ≥ 1.
Thus am,l ≥ 0 and ∑l≤J am,l = (J/k)m for all m ≥ 0 and 0 ≤ J ≤ k. Attach to each node β

independent standard Gaussian tensors gj,i
β ∈ (RN)⊗i, 0 ≤ i ≤ j3, and set

H j(σ, β) =
j3

∑
i=0

k

∑
l=0

cj,i,l N−i/2〈gj,i
β|l, σ⊗i〉, c2

j,i,l = N
(

j3
i

)
ϑi

j1ϑ
j3−i
j2

aj3−i,l.

Only the nodes β|l with l ≤ β ∧ β′ are shared by two leaves, so the covariance is

j3

∑
i=0

(
j3
i

)
ϑi

j1ϑ
j3−i
j2

N1−i(σ · σ′)i ∑
l≤J

aj3−i,l = N
j3

∑
i=0

(
j3
i

)
(ϑj1 R)i(ϑj2 J/k)j3−i,

which is (3.20) by the binomial theorem. Since am,0 = 0 unless m = 0, only the tensor of
order i = j3 has a root component, with c2

j,j3,0 = Nϑ
j3
j1
≤ N.

The interpolating free energy. Let sN = N−1/16 and x = (xj)j∈I ∈ RI . A configuration
is a triple (σ, ξ, β) with σ ∈ SN , ξ ∈ RM, and β a leaf, with prior µN(dσ) N(0, IM)(dξ) vβ.
For t ∈ [0, 1], p ∈ K, and x ∈ RI the Hamiltonian is

H (σ, ξ, β) =
M

∑
a=1

U(Sa) + Yβ · σ + sN ∑
j∈I

xjH j(σ, β),

Sa =
√

t ba · σ +
√

1 − t
(
Ξβ,a +

√
1 − hk ξa

)
.
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Let W = ∑β vβ

∫∫
eH (σ,ξ,β) µN(dσ) N(0, IM)(dξ) be the partition function, and put

uN(t, p, x) =
1
N

E log W − pk
2

, ψσ,N(p) =
1
N

E log ∑
β

vβ

∫
eYβ·σµN(dσ)− pk

2
.

The function ψσ,N is the spherical part of uN at t = 0 (see (3.25)), and the subtraction of
pk/2 normalizes it: ψσ,N(0) = 0. This is a marked cascade in the sense of §3.1. The root
mark consists of G, y∅, z∅, and the root tensors; the mark of a node β of depth l ≥ 1
consists of yβ, zβ, and the tensors gj,i

β ; and Xk = log
∫∫

eH dµN dN(0, IM) is the logarithm
of the leaf integral. From now on ⟨·⟩ denotes the Gibbs measure on configurations,
proportional to vβeH times the product prior, together with its independent replicas
(σl, ξ l, βl). We write

R12 =
σ1 · σ2

N
, J = J12 = β1 ∧ β2, X12 =

1
M

M

∑
a=1

U′(S1
a)U

′(S2
a),

where Sl
a is Sa evaluated at the l-th replica, and

rl = E⟨R12 | J = l⟩, ζl = αNE⟨X12 | J = l⟩.

By Lemma 3.2, E⟨1{J=l}⟩ = wl whatever the parameters, and conditional averages given
J = l are as in §3.1. For random variables A, B of two replicas we write Cov(A, B | J =
l) = E⟨AB | J = l⟩ − E⟨A | J = l⟩E⟨B | J = l⟩.

The next lemma collects what the comparison uses: continuity, Guerra’s formula for
the derivative in t, the right derivatives in p in the directions 1≥m, and the monotonicity
of ζl. For 0 ≤ m ≤ k let 1≥m ∈ K be the vector with coordinates 1{l≥m}; moving p in this
direction increases ∆pm and leaves the other increments unchanged.

Lemma 3.5. The following hold.

(i) The function uN is continuous on [0, 1] × K × RI , and so is E⟨ f (R12, J12)⟩ for every
bounded measurable function f on [−1, 1]× {0, . . . , k}.

(ii) For 0 < t < 1, uN is differentiable in t, and

∂tuN = −αN

2
E
〈

X12
(

R12 − hJ
)〉

= −1
2

k

∑
l=0

wl

[
(rl − hl)ζl + Cov

(
R12, αNX12

∣∣ J = l
)]

.

(3.21)
(iii) For every (t, p, x) and 0 ≤ m ≤ k, the function ϵ 7→ uN(t, p + ϵ1≥m, x) on [0, ∞) has right

derivative at ϵ = 0 equal to

−1
2

E
〈

R121{J≥m}
〉
= −1

2

k

∑
l=m

wlrl. (3.22)
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(iv) The conditional response overlaps are ordered:

0 ≤ ζ0 ≤ ζ1 ≤ · · · ≤ ζk ≤ αN L2. (3.23)

Proof. Given its leaf β, a replica (σ, ξ) has the leaf measure, proportional to eH (σ,ξ,β) times
the prior µN ⊗ N(0, IM). It depends only on the path of marks e[β], and we write ⟨·⟩β for
averages under it. Given the leaves, replicas are independent. We divide the proof into
six steps.

Step 1. Integrability. For a node β of depth m let Θm(eβ) be the sum of the Euclidean

norms of yβ, zβ, and all tensors gj,i
β ; at the root add the Frobenius norm ∥G∥F. On any

compact set of parameters there is C, depending also on N, such that

|Xl(e0, . . . , el)| ≤ C
(

1 +
l

∑
m=0

Θm(em)
)

, 0 ≤ l ≤ k. (3.24)

For l = k, the upper bound follows from U ≤ Umax, |Yβ · σ| ≤
√

N|Yβ|, and |⟨g, σ⊗i⟩| ≤
Ni/2∥g∥, which hold uniformly in (σ, ξ). For the lower bound, apply Jensen’s inequality
to the leaf integral and use U(y) ≥ U(0)− L|y|,

∫
|ba · σ|dµN ≤ |ba| (since

∫
σσT dµN =

IN),
∫
|ξa|dN(0, IM) ≤ 1,

∫
Yβ · σ dµN = 0, and the bound on the tensors. Backward

induction in (3.2) gives (3.24) at every level: Jensen’s inequality gives the lower bound,
and the upper bound uses that each Θm has finite exponential moments of all orders. In
particular the hypotheses of Lemma 3.2 hold, and each kernel density eθl(Xl−Xl−1) is at
most exp{C(1 + ∑m≤l Θm)}.

Step 2. Continuity. Fix the marks. The leaf integral is continuous in (t, p, x) by dominated
convergence, since its integrand is continuous in the parameters and bounded, uniformly
in (σ, ξ) and on compact parameter sets, by exp{C(1 + ∑m Θm)}. Backward induction
in (3.2), with dominated convergence justified by (3.24), shows that every Xl and every
kernel density is continuous in the parameters. Since E log W = EX0(e0) by (3.5) and
|X0| ≤ C(1 + Θ0), uN is continuous. For the second claim in (i), let φ(e, e′) be the
average of f (σ · σ′/N, l) under the product of the leaf measures of two paths e, e′. It is
bounded by sup| f | and continuous in the parameters. By (3.4), applied for a fixed root
mark, E⟨ f (R12, J)1{J=l}⟩ = wlE EK,l φ, and EK,l integrates φ against a product of kernel
densities, each continuous and bounded by exp{C(1+∑m Θm)}. Dominated convergence
proves (i).

Step 3. Differentiation under the recursion. Let ∂ denote the derivative in one of the pa-
rameters t ∈ (0, 1) and ∆pm, the latter in the range ∆pm > 0. Locally uniformly in
the parameters, |∂H | ≤ C(1 + |ξ| + ∑m Θm). Hence ∂Xk = ⟨∂H ⟩β, and, bounding
⟨|ξ|⟩β ≤ esup H −Xk

∫
|ξ|dN(0, IM) with (3.24), we get |∂Xk| ≤ exp{C(1 + ∑m Θm)}. Dif-

ferentiating (3.2) gives ∂Xl−1 =
∫

∂Xl dKl, and the same kind of bound propagates to
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every level, which justifies each differentiation under the integral. Hence ∂X0 = EK∂Xk,
and by (3.5) and (3.3)

∂E log W = E EK∂Xk = E⟨∂H ⟩.

Step 4. Gaussian integration by parts. Each Gaussian coordinate at a node of depth m
enters the leaf integrals of all leaves below that node, and only those. Fix one such
coordinate and let it vary in a compact set. Since |U′| ≤ L and |σ| =

√
N, the derivative

of each descendant Hamiltonian in this coordinate is bounded, uniformly over the spin
and auxiliary variables. Thus the perturbed descendant leaf integrals are bounded above
and below by common finite multiples of their original values, their first derivatives
satisfy the same domination, and so do their second derivatives, by the bound on U′′.
The series over leaves defining the Gibbs averages therefore converge locally uniformly
together with their derivatives, and by (3.3) and (3.24) the sum over nodes of the expected
absolute contributions is finite. This justifies Gaussian integration by parts node by node.
Summing over nodes and coordinates gives, for every row a and every 0 ≤ m ≤ k,

E⟨yβ|m · σ⟩ =
√

∆pm N
(
1 − E⟨R121{J≥m}⟩

)
,

E⟨zβ|m,aU′(Sa)⟩ =
√
(1 − t)∆hm

(
E⟨U′′(Sa) + U′(Sa)

2⟩ − E⟨U′(S1
a)U

′(S2
a)1{J≥m}⟩

)
,

E⟨ξaU′(Sa)⟩ =
√
(1 − t)(1 − hk)E⟨U′′(Sa) + U′(Sa)

2⟩,
N

∑
i=1

E⟨gaiU′(Sa)σi⟩ =
√

tN
(
E⟨U′′(Sa) + U′(Sa)

2⟩ − E⟨U′(S1
a)U

′(S2
a)R12⟩

)
.

Here β is the leaf of the sampled configuration. In the first line, the derivative of
⟨σi1{β|m=ν}⟩ in the coordinate yν,i produces the one-replica term

√
∆pm⟨σ2

i 1{β|m=ν}⟩ and
the two-replica term −

√
∆pm⟨σ1

i σ2
i 1{β1|m=β2|m=ν}⟩; summing over i and over the nodes ν

of depth m gives the formula, because |σ|2 = N and 1{β1|m=β2|m} = 1{J≥m}. The second
and fourth lines are obtained in the same way; there the factor U′′ + (U′)2 comes from
differentiating U′(Sa)eU(Sa). The variable ξ is integrated inside the leaf measure, so in the
third line only the one-replica term appears.

Step 5. The derivative in t. For 0 < t < 1, ∂tH = ∑a U′(Sa)∂tSa with

∂tSa =
ba · σ

2
√

t
−

Ξβ,a +
√

1 − hk ξa

2
√

1 − t
, ba · σ = N−1/2 ∑

i
gaiσi, Ξβ,a = ∑

m

√
∆hm zβ|m,a.

The last three identities of Step 4, together with ∑m ∆hm = hk and ∑m ∆hm1{J≥m} = hJ ,
give for each row a

E⟨U′(Sa)∂tSa⟩ =
1
2

(
E⟨U′′ + (U′)2⟩ − E⟨U′(S1

a)U
′(S2

a)R12⟩
)

− 1
2

(
E⟨U′′ + (U′)2⟩ − E⟨U′(S1

a)U
′(S2

a)hJ⟩
)

,
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with U′′ + (U′)2 evaluated at Sa. The one-replica terms cancel because ba · σ and Ξβ,a +√
1 − hk ξa both have variance one. Summing over a and dividing by N gives the first

identity in (3.21), by Step 3; the term −pk/2 of uN does not depend on t. For the
second, split the average according to the value of J and use E⟨R12αNX12 | J = l⟩ =

rlζl + Cov(R12, αNX12 | J = l). This proves (ii).

Step 6. The derivatives in p and the monotonicity. Moving p along 1≥m increases ∆pm

and pk at unit rate and leaves the other increments fixed. If ∆pm > 0, then ∂∆pmH =

yβ|m · σ/(2
√

∆pm), and the first identity of Step 4 and Step 3 show that 1
N E log W has

derivative 1
2(1−E⟨R121{J≥m}⟩); subtracting 1

2 for the term −pk/2 gives (3.22). If ∆pm = 0,
this formula holds at p+ ϵ1≥m for every ϵ > 0, and by (i), applied with f (R, l) = R1{l≥m},
both uN and the right side of (3.22) are continuous as ϵ ↓ 0. The mean value theorem then
gives the right derivative at ϵ = 0. Finally, E⟨R121{J≥m}⟩ = ∑l≥m wlrl by the definition of
rl. This proves (iii).

For (iv), fix the root mark and apply Corollary 3.3 to the path function with coordinates
⟨U′(Sa)⟩β/

√
M, a ≤ M, whose norm is at most L. Since replicas are independent given

their leaves, ⟨U′(S1
a)U′(S2

a)⟩ given the two leaves equals ⟨U′(Sa)⟩β1⟨U′(Sa)⟩β2 , so for fixed
root mark E⟨X12 | J = l⟩ is the quantity EK∥Fl∥2 of that corollary. It is nonnegative,
nondecreasing in l, and at most L2. These properties survive averaging over the root
mark, because wl does not depend on it. This proves (3.23).

The endpoints. At t = 1, p = 0, and x = 0 the Hamiltonian is ∑a U(ba · σ), which
depends neither on ξ nor on the leaf, so W = ZN(U). At t = 0 and x = 0 the leaf integral
is the product of

∫
eYβ·σµN(dσ), which depends only on the vectors y, and of

M

∏
a=1

∫
exp

{
U
(
Ξβ,a +

√
1 − hk ξa

)}
N(0, 1)(dξa),

which depends only on the vectors z; these are independent components of the marks.
For independent F, F′ we have θ−1 log Eeθ(F+F′) = θ−1 log EeθF + θ−1 log EeθF′

, so the
recursion (3.2) factorizes into a spin part and a row part, and by (3.5) so does E log W.
The spin part is Nψσ,N(p) + Npk/2. The row part factorizes in the same way over the
rows, whose coordinates z·,a of the node vectors are independent. For one row it is the
recursion (2.2) for the order parameter γh, evaluated at (0, 0): the auxiliary variable gives
the step T1,1−hk

over [hk, 1]; the level l ≥ 1 gives the step Tθl ,∆hl
over [hl−1, hl), where

γh = θl; and the root gives the heat step T0,h0 over [0, h0), where γh = 0. Levels with
∆hl = 0 give empty intervals and the identity step Tθl ,0, so they can be omitted. Hence

uN(0, p, 0) = ψσ,N(p) + αN uγh(0, 0; U), uN(1, 0, 0) = FN(U). (3.25)

The identification of the row part with the recursion (2.2) is the representation of the
Parisi functional through Ruelle probability cascades (see [98, Chapter 2] and [4]).
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3.4 Concentration and identities at a contact

The comparison argument evaluates the interpolation only at maximum points of a
deterministic function of the parameters. At such points we need the Ghirlanda–Guerra
identities for the perturbed Gibbs measure to hold approximately. They follow from
concentration of the derivatives of log W in the perturbation parameters x. Since the
points are deterministic, concentration at each fixed parameter suffices.

This section follows Steps 1–3 of the proof of [92, Theorem 4.1]. There a quadratic
penalty around the point (1, . . . , 1) [92, (4.18)–(4.19)] keeps the perturbation coefficients
at the contact point close to one; the bound on the Hessian in x at a contact point
and the concentration of the free energy [92, Proposition 4.2] control the fluctuations
of the perturbation Hamiltonians; and Gaussian integration by parts gives approximate
Ghirlanda–Guerra identities [92, (4.28)]. Lemmas 3.6 and 3.7 carry out these steps for the
present interpolation, and the penalty appears in the proof of Proposition 3.10.

Lemma 3.6. Fix K, h, and I , and a compact subset of [0, 1]×K× RI . There is a constant C
such that

Var
( 1

N
log W

)
≤ C

N
on this set. Moreover, almost surely x 7→ log W is convex and C2 on RI , with

∂xj log W = sN⟨H j⟩, (3.26)

∂2
xj

log W = s2
N Var⟨·⟩(H j). (3.27)

The function uN is convex and differentiable in x, with N∂xj uN = sNE⟨H j⟩, |∂xj uN| ≤
2j++1N−1/8|xj|, and, with Cj+ = 2j+ ,

|uN(t, p, x)− uN(t, p, 0)| ≤ Cj+N−1/8|x|2 ((t, p, x) ∈ [0, 1]×K× RI). (3.28)

Proof. We divide the proof into three steps.

Step 1. The variance. By the law of total variance, Var(log W) = E Var(log W | e0) +

Var(E[log W | e0]). By (3.6) the first term is at most 4 Var(log Π), a constant depending
only on the cascade, and E[log W | e0] = X0(e0) is a function of the root Gaussian
variables G, y∅, z∅, and the root tensors. As in Steps 2 and 3 of the proof of Lemma 3.5,
applied to these variables (the derivatives of H in them are bounded), X0 is continuously
differentiable in them and its gradient is the EK-average of the gradient of the leaf
logarithm, so by Jensen’s inequality its squared norm is at most the EK-average of
the squared norm of the leaf gradient. The derivative of the leaf logarithm in gai is√

t/N ⟨U′(Sa)σi⟩β; by Jensen’s inequality and |σ|2 = N the sum of its squares over
a, i is at most (t/N)MNL2 = NtαN L2. The derivative in y∅ is

√
p0⟨σ⟩β, with squared

norm at most Np0. The derivative in z∅,a is
√
(1 − t)h0 ⟨U′(Sa)⟩β, with squared norm
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summed over a at most NαNh0L2. The root tensor of H j has coefficient c2
j,j3,0 ≤ N, and

the derivative of the leaf logarithm in it has squared norm at most s2
Nx2

j c2
j,j3,0N−j3 |σ|2j3 ≤

s2
N Nx2

j . Altogether

|∇X0|2 ≤ N
(
tαN L2 + p0 + αNh0L2 + N−1/8|x|2

)
,

and the Gaussian Poincaré inequality [21, Theorem 3.20] gives Var(X0) ≤ E|∇X0|2 ≤ CN
on the compact set. Hence Var(N−1 log W) ≤ N−2(4 Var log Π + CN) ≤ C/N.

Step 2. The derivatives in x. Let Θ̄β = ∑j∈I ∑i,l cj,i,l∥gj,i
β|l∥, so that ∑j supσ|H j(σ, β)| ≤ Θ̄β,

and let Aβ(x) be the leaf integral. For each x0 ∈ QI and each integer n ≥ 1,

∑
β

vβ Aβ(x0)
(
1 + Θ̄β + Θ̄2

β

)
esNnΘ̄β < ∞ almost surely.

Indeed, the sum equals W(x0) times a Gibbs average whose expectation, by (3.3), is an
EK-expectation of (1 + Θ̄ + Θ̄2)esNnΘ̄, which is finite by the kernel density bound of
Step 1 in the proof of Lemma 3.5. On the intersection of these countably many events,
since Aβ(x) ≤ Aβ(x0)esN |x−x0|1Θ̄β , the series defining W(x) and the series of its first two
derivatives converge locally uniformly in x. Termwise differentiation gives (3.26) and
(3.27). More generally, the Hessian of log W in x is s2

N times the covariance matrix of
(H j)j∈I under ⟨·⟩, which is positive semidefinite, so log W is convex in x. For a convex
function the difference quotients (log W(x)− log W(x − ϵej))/ϵ and (log W(x + ϵej)−
log W(x))/ϵ, where ej is the j-th coordinate vector of RI , bound ∂xj log W from below
and above, are integrable, and converge monotonically as ϵ ↓ 0. Hence ∂xjE log W =

E∂xj log W, and uN is convex in x. A convex function on RI whose partial derivatives
exist is differentiable, so uN is differentiable in x.

Step 3. Replica integration by parts. For a bounded measurable function f of the overlap
arrays (Rll′ , Jll′)l,l′≤n of n replicas, Gaussian integration by parts in the tensors gives

E⟨ f H j(1)⟩ = sNxjN
( n

∑
l=1

E
〈

f cj(R1l, J1l/k)
〉
− nE

〈
f cj(R1,n+1, J1,n+1/k)

〉)
, (3.29)

where H j(1) = H j(σ1, β1). To justify the exchange of the sum over nodes with the
expectation, differentiate with respect to one tensor gj,i

ν at one node ν of depth m. Each
replica l contributes the indicator that βl descends from ν, and contracting the two
tensors gives NiRi

1l. Summing the indicators over the nodes of depth m gives 1{J1l≥m},
and summing the squared coefficients over i and m gives the covariance (3.20). The
expected absolute sum over nodes is bounded by a constant times E⟨∥gj,i

β|m∥⟩, which is

finite by (3.3) and (3.24). Taking n = 1 and f = 1 in (3.29), and using |cj| ≤ 2j3 , gives
|E⟨H j⟩| ≤ 2j3+1sN|xj|N, hence |∂xj uN| = sN N−1|E⟨H j⟩| ≤ 2j3+1N−1/8|xj|. Integrating
along the segment from 0 to x gives (3.28), since j3 ≤ j+.
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For two families of overlap arrays All′ , Bll′ , a test function f of the arrays of the first n
replicas, and a function c of two real variables, the Ghirlanda–Guerra discrepancy is

Dn( f , c) = E⟨ f c(A1,n+1, B1,n+1)⟩ − 1
n

E⟨ f ⟩E⟨c(A12, B12)⟩ − 1
n

n

∑
l=2

E⟨ f c(A1l, B1l)⟩.

The Ghirlanda–Guerra identities [64] state that Dn( f , c) = 0. For c = cj this is the
form used in [92, (4.28) and (5.6)], and it is the analogue, for two overlap arrays, of the
multi-species discrepancy in [100, (31)].

Lemma 3.7. Fix a compact set of parameters (t, p) ∈ [0, 1]×K. There is a constant C with the
following property. Suppose that (t, p) lies in this set, that |x − 1| ≤ 1/2, where 1 ∈ RI has all
coordinates equal to one, and that for every y ∈ RI

0 ≤ uN(x + y)− uN(x)−∇xuN(x) · y ≤ |y|2, (3.30)

where uN(x) abbreviates uN(t, p, x). Then for A = R and B = J/k, every j ∈ I , every n ≥ 1,
and every measurable function f of the overlap arrays of n replicas with | f | ≤ 1,

|Dn( f , cj)| ≤ CN−1/8.

Proof. We show that H j has small fluctuations, both under the Gibbs measure and over
the disorder, at the scale relevant to (3.29). We divide the proof into three steps.

Step 1. Thermal fluctuation. Adding (3.30) at y = ±ϵej gives uN(x + ϵej) + uN(x − ϵej)−
2uN(x) ≤ 2ϵ2, and the expectation of the corresponding second difference of log W is N
times the left side. This second difference is nonnegative by convexity, and, divided by
ϵ2, it converges to s2

N Var⟨·⟩(H j) by (3.27). Fatou’s lemma gives E Var⟨·⟩(H j) ≤ 2Ns−2
N =

2N9/8.

Step 2. Disorder fluctuation. Put ûN = N−1 log W − pk/2, so that uN = EûN, and fix
ϵ ∈ (0, 1]. Let ∆ = max|ûN(z)− uN(z)| over the three points z ∈ {x, x + ϵej, x − ϵej}. By
convexity of ûN in xj and the upper bound in (3.30),

∂jûN(x) ≤
ûN(x + ϵej)− ûN(x)

ϵ
≤

uN(x + ϵej)− uN(x) + 2∆
ϵ

≤ ∂juN(x) + ϵ +
2∆
ϵ

,

and in the same way, with the secant through x − ϵej, ∂jûN(x) ≥ ∂juN(x)− ϵ − 2∆/ϵ.
The three points are deterministic and lie in a fixed compact set, so Lemma 3.6 gives
E∆2 ≤ C/N. With ϵ = N−1/4,

E
(
∂jûN(x)− ∂juN(x)

)2 ≤ 2ϵ2 +
8E∆2

ϵ2 ≤ CN−1/2.

By (3.26), ∂jûN = N−1sN⟨H j⟩ and ∂juN = N−1sNE⟨H j⟩, so E(⟨H j⟩ − E⟨H j⟩)2 ≤
N2s−2

N CN−1/2 = CN13/8. Adding the thermal fluctuation, E⟨(H j − E⟨H j⟩)2⟩ ≤ CN13/8.
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Step 3. Conclusion. Subtract from (3.29) for n replicas the same identity with n = 1 and
f = 1, multiplied by E⟨ f ⟩. The terms with l = 1 cancel, because cj(R11, J11/k) = cj(1, 1)
is a constant, and what remains is

E
〈

f
(

H j(1)− E⟨H j⟩
)〉

= −sNxjN nDn( f , cj).

By the Cauchy–Schwarz inequality the left side is at most CN13/16. Dividing by nsNxjN ≥
1
2 N15/16, which uses xj ≥ 1/2, gives |Dn( f , cj)| ≤ CN−1/8.

3.5 Synchronization

We use Panchenko’s synchronization of overlaps, in the quantitative form proved by
Mourrat. Panchenko proved that, under the Ghirlanda–Guerra identities, the overlap of
each species in a multi-species model is a nondecreasing Lipschitz function of the total
overlap [100, Theorem 4]. The proof rests on his theorem that the Ghirlanda–Guerra
identities imply ultrametricity [97]. He proved the analogue for vector spins in [101].
Mourrat’s synchronization theorem [92, Theorem 5.3] is a variant for two overlap arrays
under approximate identities. The following form of it bounds the conditional variance
of one overlap given the other, once approximate Ghirlanda–Guerra identities hold for a
sufficiently rich finite family of test functions. Chapter 4 uses the same synchronization
in the lower bound.

Lemma 3.8. Fix an enumeration (ϑn) of Q ∩ [0, 1]. For every ε > 0 there is an integer nε ≥ 1
with the following property. Let a random probability measure be supported on the product of
the unit balls of two Hilbert spaces, and let All′ and Bll′ be the two inner-product arrays of
independent samples from it. Suppose that

|Dn( f , cj)| ≤
1
nε

for all n ≤ nε and j ∈ {1, . . . , nε}3,

and every continuous test function f of the arrays of n samples with | f | ≤ 1, where cj(u, v) =
(ϑj1u+ ϑj2v)j3 . If the averaged law of B12 is K−1 ∑K

l=1 δql , where −1 = q0 < q1 < · · · < qK ≤ 1,
then

E
〈(

A12 − E⟨A12 | B12⟩
)2〉 ≤ 12

K
+ εK2 max

0≤l<K
(ql+1 − ql)

−1. (3.31)

Proof. This is [92, Proposition 5.5 and (5.13)], stated there with a number δ > 0 in place
of 1/nε and with the conditions required for n, j1, j2, j3 ≤ ⌊δ−1⌋; its hypothesis on the
test functions and on the law of B12 is the one above, and E⟨A12 | B12⟩ is the conditional
expectation under the averaged measure. Our form follows by taking nε = ⌈δ−1⌉, because
then 1/nε ≤ δ and ⌊δ−1⌋ ≤ nε.
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We apply Lemma 3.8 with the following choices. Recall that K = k + 1 and wl = 1/K
for 0 ≤ l ≤ k. The maps σ 7→ σ/

√
N and β 7→ k−1/2 ∑k

l=1 uβ|l, where (uν) is an
orthonormal family indexed by the nodes of depth at least one, represent R and J/k as
inner products of unit vectors, since k−1#{1 ≤ l ≤ k : β|l = β′|l} = (β ∧ β′)/k. Up to the
factor k−1/2, this is the embedding of [92, (A.7)]. The image of the Gibbs measure under
the product of these maps is a random probability measure on the product of two unit
balls. By Lemma 3.2, J/k has averaged law exactly uniform on {0, 1/k, . . . , 1}, for every
value of the parameters, including the perturbation. In the notation of Lemma 3.8 this is
ql = (l − 1)/k for 1 ≤ l ≤ K, so the gaps ql+1 − ql are 1 (for l = 0) and 1/k, and the right
side of (3.31) is at most 12/K + εK3.

We choose the parameters in the following order. Given K, let ε = K−4, let nK = nε be
given by Lemma 3.8, and take j+ = nK, so that the functions cj, j ∈ I , are exactly those
of Lemma 3.8. At any point satisfying the hypotheses of Lemma 3.7, and for N so large
that CN−1/8 ≤ 1/nK, the hypotheses of Lemma 3.8 hold. The left side of (3.31) equals
∑l wl Var(R12 | J = l), since E⟨R12 | J⟩ = rJ , and 12/K + K−4K3 = 13/K. Hence, with

EN =
1
2

k

∑
l=0

wl Cov
(

R12, αNX12
∣∣ J = l

)
and ηN =

αN L2

2

√
13
K

, (3.32)

we have ∑l wl Var(R12 | J = l) ≤ 13/K and |EN| ≤ ηN at such a point. The second bound
follows from the first: since |X12| ≤ L2, the conditional Cauchy–Schwarz inequality
gives |Cov(R12, αNX12 | J = l)| ≤ αN L2 Var(R12 | J = l)1/2, and the Cauchy–Schwarz
inequality over l, with ∑l wl = 1, gives ∑l wl Var(R12 | J = l)1/2 ≤ (13/K)1/2. By (3.21),

∂tuN = −1
2

k

∑
l=0

wl(rl − hl)ζl − EN. (3.33)

The tolerance ε = K−4 and the bound 13/K are those of Mourrat [92, (4.31)]. There the
conditional variances of both overlaps enter. Here only the spin overlap is synchronized
with J, and the response overlap enters through the bound |X12| ≤ L2, which gives the
square root in ηN.

3.6 The spherical term

At t = 0 the spins interact only with the cascade field Y, through the term ψσ,N(p) of (3.25).
This is the only geometric term in the comparison. It enters through the maximum over p
of ψσ,N(p) + 1

2 ∑l wlhl pl, and we show that this maximum is at most CS(γh) + oN(1). The
idea is to replace the uniform measure on the sphere by a Gaussian measure with a well-
chosen variance 1/b, for which the cascade recursion is computed exactly by Lemma 3.4.
This replacement, at the cost (b − 1 − log b)/2, is the large deviation argument behind
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the Parisi formula for spherical models [125]; see also [37, 93]. Here only an upper bound
is needed, and it holds for each N with an error of order log N/N.

Lemma 3.9. The following hold.

(i) For every N and every p ∈ K, ψσ,N(p) ≤ √
pk − 1

2 ∑l wl pl.
(ii) For h ∈ K with hk < 1,

ψ̄N := sup
p∈K

{
ψσ,N(p) +

1
2

k

∑
l=0

wlhl pl

}
≤ CS(γh) + oN(1), (3.34)

where oN(1) depends only on K and h.

Proof. Part (ii) rests on part (i).

Proof of (i). The leaf logarithm log
∫

eYβ·σ dµN is
√

N∆pl-Lipschitz in the Gaussian vector
yβ|l, since its gradient is

√
∆pl⟨σ⟩β. Differentiating (3.2) shows that each Xl−1 keeps

these Lipschitz bounds in the earlier vectors, since its gradient is a Kl-average. Gaussian
concentration in the form Eeθ(F−EF) ≤ eθ2ℓ2/2 for an ℓ-Lipschitz function F of a standard
Gaussian vector [21, Theorem 5.5], applied at each level l = k, . . . , 1, shows that Xl−1
exceeds the plain average of Xl over yβ|l by at most Nθl∆pl/2. The root is averaged
without a logarithm. Therefore, by (3.5),

1
N

E log ∑
β

vβ

∫
eYβ·σ dµN ≤ 1

N
E log

∫
eY·σ dµN +

1
2

k

∑
l=1

θl∆pl ≤
√

pk +
1
2

k

∑
l=1

θl∆pl,

where Y ∼ N(0, pk IN), and we used Y · σ ≤
√

N|Y| and E|Y| ≤
√

Npk. By (3.7) this
proves (i).

Proof of (ii). We divide the proof into three steps.

Step 1. Localization. By (i), since hl ≤ hk and pl ≥ 0,

ψσ,N(p) + 1
2 ∑

l
wlhl pl ≤

√
pk − 1

2 ∑
l

wl(1 − hl)pl ≤
√

pk − 1
2 wk(1 − hk)pk.

The value at p = 0 is zero, and the right side is negative when pk > p̄ := 4/[wk(1 − hk)]
2.

So the supremum may be restricted to the set {p ∈ K : pk ≤ p̄}, and we prove the bound
uniformly over this set. Fix such a p.

Step 2. Choice of the variance. In the notation of (3.8) with n = N, as b increases every dl
increases, so mk + 1/b decreases continuously. It tends to zero as b → ∞, and to infinity
as b ↓ ∑j≥1 θj∆pj: if p0 > 0, the term p0/d2

0 diverges; if p0 = 0 and p ̸= 0, then for the first
index j∗ with ∆pj∗ > 0 we have dj∗−1 = b − ∑j≥1 θj∆pj, and the j∗-th term of mk diverges;
if p = 0, the term 1/b diverges. We choose b as the unique solution of mk + 1/b = 1,
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so that Lemma 3.4(iv) with ϱ = 1 applies. In particular b ≥ 1. Also b < 2( p̄ + 1): since
dl ≥ d0 ≥ b − pk ≥ b − p̄, we have mk ≤ pk/(b − p̄)2 ≤ p̄/(b − p̄)2 for b > p̄, and at
b = 2( p̄ + 1) this plus 1/b is at most 1

8 +
1
2 < 1, because ( p̄ + 2)2 ≥ 8p̄.

Step 3. Comparison with the sphere. For fixed Y, the average of eρY·σ over σ ∈ SN is
nondecreasing in ρ ≥ 0: by the symmetry σ 7→ −σ it equals the average of cosh(ρY · σ),
whose derivative in ρ is nonnegative. If ε ∼ N(0, b−1 IN), then ε = |ε|N−1/2σ with σ

uniform on SN and independent of |ε|, and b|ε|2 has the chi-square law χ2
N with N degrees

of freedom. Restricting EeY·ε = e|Y|
2/(2b) to {|ε|2 ≥ N} and using the monotonicity gives,

pathwise,

log ∑
β

vβ

∫
eYβ·σ dµN ≤ log ∑

β

vβe|Yβ|2/(2b) − log P{χ2
N ≥ bN}.

For N ≥ 2 and b ≥ 1,

− 1
N

log P{χ2
N ≥ bN} ≤ b − 1 − log b

2
+

1
2 log(πN) + log b + 1 + 1

6N
N

. (3.35)

Indeed, the chi-square density xN/2−1e−x/2/(2N/2Γ(N/2)) is nonincreasing on [N −
2, ∞), so P{χ2

N ≥ bN} is at least twice its value at bN + 2. Then (3.35) follows from
(bN + 2)N/2−1 ≥ (bN)N/2−1 and Stirling’s bound Γ(z) ≤

√
2πzz−1/2e−z+1/(12z) with

z = N/2, after collecting terms. Take expectations, divide by N, and use (3.9) (with
n = N), (3.16) and (3.17) in the form b−1

2 − pk
2 = −1

2 ∑l wlml pl. Since 1 ≤ b < 2( p̄ + 1),
this gives

ψσ,N(p) + 1
2 ∑

l
wlhl pl ≤ CS(γm) +

1
2 ∑

l
wl pl(hl − ml) + Cp̄

log N
N

.

It remains to show that CS(γh) ≥ CS(γm) +
1
2 ∑l wl pl(hl − ml). The map x 7→ CS(γx)

is convex on the convex set {x ∈ K : xk < 1}. Indeed, compute the entropies at
two points x, x′ with a common cutoff q′ ∈ [max(xk, x′k), 1): for each s < q′, λγx(s) =

1 − ∑l wl max(xl, s) is positive and concave in x, so its reciprocal is convex. Hence
f (ϵ) = CS(γm+ϵ(h−m)) is convex on [0, 1], and CS(γh) ≥ CS(γm) + f ′(0+); this one-sided
derivative is all we need, also when m lies on the boundary of K. With the common
cutoff q′ = max(hk, mk), all the functions λ involved are at least 1 − q′ > 0 on [0, q′],
and |max(ml + ϵ(hl − ml), s) − max(ml, s)| ≤ ϵ|hl − ml|. For almost every s, the right
derivative of max(ml + ϵ(hl −ml), s) at ϵ = 0 is (hl −ml)1{ml>s}. Dominated convergence
and (3.16) give

f ′(0+) = ∑
l

wl
2
(hl − ml)

∫ ml

0

ds
λγm(s)2 =

1
2 ∑

l
wl pl(hl − ml).

This bounds the left side of the previous display by CS(γh) + Cp̄ log N/N, uniformly
over p ∈ K with pk ≤ p̄, and proves (ii).
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3.7 The comparison

We now show that, up to the synchronization error, the free energy at t = 1 is at most the
maximum over p of the interpolation at t = 0. The reason is the following. At a point
where p maximizes uN(t, · , x) + 1

2 ∑l wlhl pl, the product term in (3.33) has a sign, so ∂tuN
is at most the synchronization error. A maximum principle in t turns this into a bound
on the growth of the maximum over p. Maximizing also over x, with a quadratic penalty,
selects a perturbation at which Lemma 3.7 applies.

This is a finite-N form of Step 5 of the proof of [92, Theorem 4.1], where the first-order
conditions [92, (4.39)–(4.40)] at a contact point and the monotonicity of [92, Lemma 2.4]
give the sign [92, (4.32)] needed for the supersolution property. Here the maximum
principle in t for the maximum over p takes the place of viscosity solutions and of the
comparison principle [92, Proposition 3.2]. The use of first-order conditions in the levels
to control the derivative in t also parallels the stationarization of Stojnic’s fully lifted
interpolation for bilinearly indexed random processes [120, 121]. There the levels on both
sides are chosen at stationary points along the interpolation path, and the derivative in t
vanishes when the overlaps concentrate.

Proposition 3.10. Let U belong to class (A), let K ≥ 2 and h ∈ K with hk < 1, let nK and
j+ = nK be as in §3.5, and let ηN and ψ̄N be given by (3.32) and (3.34). There is N0, depending
only on U, K, h, and α′, such that for N ≥ N0

FN(U) ≤ ψ̄N + αNuγh(0, 0; U) + ηN + 3Cj+ |I|N
−1/8. (3.36)

Consequently,

lim sup
N→∞

FN(U) ≤ PU(γh) +
αL2

2

√
13
K

. (3.37)

Proof. Fix t0 ∈ (0, 1) and ς ∈ (0, 1], and consider on [0, t0]×K× RI the function

Ψ(t, p, x) = uN(t, p, x) +
1
2 ∑

l
wlhl pl − |x − 1|2 − (ηN + ς)t.

We divide the proof into four steps.

Step 1. Localization. We show that Ψ attains its maximum and that all maximum points
lie in a compact set that does not depend on N, t0, or ς. We take N ≥ N0, with N0 fixed
at the end of this step; in particular

(a) 2Cj+N−1/8 ≤ min{1
2 , |I|−1},

where Cj+ is the constant of (3.28). Then Cj+N−1/8|x|2 ≤ 2Cj+N−1/8(|x − 1|2 + |I|) ≤
1
2 |x − 1|2 + 1. Since U ≤ Umax, the leaf integral is at most eMUmax

∫
eYβ·σ dµN when x = 0,

so uN(t, p, 0) ≤ αNUmax + ψσ,N(p). With (3.28), Lemma 3.9(i) and hl ≤ hk,

Ψ(t, p, x) ≤ α′U+
max + 1 +

√
pk − 1

2 wk(1 − hk)pk − 1
2 |x − 1|2.
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On the other hand, by (3.28), (3.25), ψσ,N(0) = 0, and the bound uγh(0, 0; U) ≥ EU(G) ≥
U(0)− L from (2.6),

Ψ(0, 0, 1) ≥ uN(0, 0, 0)− Cj+N−1/8|I| ≥ −α′(|U(0)|+ L)− 1.

Since wk(1− hk) > 0 and 0 ≤ pl ≤ pk on K, we have Ψ < Ψ(0, 0, 1) outside [0, t0]×K0, for
a compact set K0 ⊂ K× RI that depends only on U, K, h, I , and α′. As Ψ is continuous
by Lemma 3.5(i), it attains its maximum, and every maximum point lies in [0, t0]×K0.
Let N0 be the least integer such that, for all N ≥ N0, condition (a) holds and also

(b) 2j+N−1/8|x| ≤ 1
2 for all (p, x) ∈ K0, and

(c) CN−1/8 ≤ 1/nK, where C is the constant of Lemma 3.7 for the compact set [0, 1]×{p :
(p, x) ∈ K0 for some x}.

Since K0, I , and nK are determined by U, K, h, and α′, so is N0; it does not depend on t0

or ς.

Step 2. Conditions at a maximum point. Let (t∗, p∗, x∗) be a maximum point. First, x∗
maximizes x 7→ uN(t∗, p∗, x)− |x − 1|2, so ∇xuN = 2(x∗ − 1) there. The derivative bound
of Lemma 3.6 gives |x∗ − 1| ≤ 2j+N−1/8|x∗|, so |x∗ − 1| ≤ 1

2 by (b). Maximality in x gives
uN(x∗ + y)− uN(x∗) ≤ |x∗ + y − 1|2 − |x∗ − 1|2 = ∇xuN(x∗) · y + |y|2 for all y ∈ RI , and
convexity of uN in x gives the lower bound in (3.30). Thus Lemma 3.7 applies, and by (c)
and §3.5, |EN| ≤ ηN at (t∗, p∗, x∗).

Second, p∗ maximizes p 7→ uN(t∗, p, x∗) + 1
2 ∑l wlhl pl over K. Since p∗ + ϵ1≥m ∈ K

for ϵ ≥ 0, the right derivative in this direction is nonpositive, and by (3.22)

Am :=
1
2

k

∑
l=m

wl(hl − rl) ≤ 0 (0 ≤ m ≤ k). (3.38)

Third, t∗ maximizes t 7→ Ψ(t, p∗, x∗) over [0, t0].

Step 3. Every maximum point has t∗ = 0. Suppose that t∗ > 0. Since t∗ ≤ t0 < 1,
uN is differentiable in t at (t∗, p∗, x∗) by Lemma 3.5(ii), and maximality in t gives
∂tuN(t∗, p∗, x∗) ≥ ηN + ς. We now show the opposite inequality. Put ζ−1 = 0, so
that ζl = ∑m≤l(ζm − ζm−1). Summation by parts, (3.23) and (3.38) give

∑
l

wl(rl − hl)ζl =
k

∑
m=0

(ζm − ζm−1)
k

∑
l=m

wl(rl − hl) = −2
k

∑
m=0

(ζm − ζm−1)Am ≥ 0.

By (3.33) and Step 2, ∂tuN = − 1
2 ∑l wl(rl − hl)ζl − EN ≤ |EN| ≤ ηN, a contradiction.

Hence t∗ = 0.



part i 3.8 Hard constraints 61

Step 4. Conclusion. Compare Ψ at (t0, 0, 1) with its value at a maximum point, which has
t∗ = 0. By (3.28) and (3.25),

uN(t0, 0, 1)− (ηN + ς)t0 ≤ Ψ(0, p∗, x∗)

≤ ψσ,N(p∗) + 1
2 ∑

l
wlhl p∗,l + αNuγh(0, 0; U)

+ Cj+N−1/8|x∗|2 − |x∗ − 1|2.

By (a), the last two terms are at most 2Cj+N−1/8|I|, and the first two are at most ψ̄N.
Letting t0 ↑ 1, by continuity of uN, and then ς ↓ 0,

uN(1, 0, 1) ≤ ψ̄N + αNuγh(0, 0; U) + ηN + 2Cj+N−1/8|I|.

Finally, FN(U) = uN(1, 0, 0) ≤ uN(1, 0, 1) + Cj+N−1/8|I| by (3.25) and (3.28). This proves
(3.36). By Lemma 3.9(ii), ψ̄N ≤ CS(γh) + oN(1), and αN → α, so (3.36) gives (3.37).

Proof of Theorem 3.1. Let γ ∈ U and K ≥ 2. Approximate γ by the order parameter γK =

⌊Kγ⌋/K, which has K atoms of mass 1/K at the quantiles hl = inf{q : γ(q) ≥ (l + 1)/K},
0 ≤ l ≤ k = K − 1. Indeed, by right-continuity hl ≤ q if and only if γ(q) ≥ (l + 1)/K, so
γh(q) = K−1#{l : hl ≤ q} = ⌊Kγ(q)⌋/K. Thus h ∈ K, hk = Qγ < 1, γ − 1/K < γK ≤ γ,
so that ∥γK − γ∥L1 ≤ 1/K, and γK = γ = 1 on [Qγ, 1]. By (3.37) for this h, and by (2.18)
with q̄ = Qγ, since γ, γK ∈ UQγ

,

lim sup
N→∞

FN(U) ≤ PU(γ) +
1
K

(αL2

2
+

Qγ

2(1 − Qγ)2

)
+

αL2

2

√
13
K

.

Letting K → ∞ proves (3.1).
If L = 0, the activation is constant and fN(U) = FN(U), so the probability bound

follows from (3.1). Let L > 0. The map G 7→ fN(U) is Lipschitz: its derivative in gai
is N−3/2⟨U′(ba · σ)σi⟩, where now ⟨·⟩ is the Gibbs measure of ZN(U), and by Jensen’s
inequality and |σ|2 = N the sum of the squares is at most αN L2/N. Gaussian concen-
tration [21, Theorem 5.6] gives P{ fN(U)− FN(U) > ε/2} ≤ exp(−ε2N/(8αN L2)), and
FN(U) ≤ PU(γ) + ε/2 for large N by (3.1).

The parameters and limits are chosen, with U and γ fixed, in the following order:
first K (and with it h), then the synchronization tolerance ε = K−4, the integer nK, and
the perturbation family I ; then, for each N ≥ N0, the auxiliary t0 ↑ 1 and ς ↓ 0 inside the
proof of Proposition 3.10; then N → ∞; and finally K → ∞.

3.8 Hard constraints

We now pass to the hard wall. Recall that VN(κ) = ZN(Hκ) with Hκ = log 1[κ,∞) and
log 0 = −∞. Chapter 9 also needs the feasible volume weighted by a bounded function
of the fields, so we allow a source term from the start.
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Terminal data with a hard wall. Let γ be a step order parameter as in (2.3), and let
φ : R → R be bounded and measurable. The terminal datum Hκ + φ is bounded above
by ∥φ∥∞, so the recursion (2.2) with T = 1 defines uγ(·, · ; Hκ + φ), independently of the
representation of γ, and we put

PHκ+φ(γ) = αuγ(0, 0; Hκ + φ) + CS(γ).

The function uγ(q, x; Hκ) is finite for q < 1: for q ≤ tn, the last breakpoint of γ, it
equals uγ(q, x; κ) by (2.10), and for tn ≤ q < 1 it equals log P{x +

√
1 − q G ≥ κ} by

(2.7). By (2.4), applied in both directions, for bounded measurable φ, φ′ the functions
uγ(·, · ; Hκ + φ) are finite on [0, 1)× R, and

|uγ(q, x; Hκ + φ)− uγ(q, x; Hκ + φ′)| ≤ sup
y∈R

|φ(y)− φ′(y)|, (q, x) ∈ [0, 1)× R. (3.39)

By (2.10), PHκ(γ) = Pκ(γ).

The wall approximation. We approximate the hard wall from above by activations in
class (A) that decrease to it. Let

Ω(y) = y+ − arctan(y+), Uℓ(y; κ) = −ℓΩ(κ − y) (ℓ ≥ 1). (3.40)

The function Ω vanishes on (−∞, 0], is positive on (0, ∞), and is C2 with Ω′(y) =

(y+)2/(1+(y+)2) ∈ [0, 1] and Ω′′(y) = 2y+/(1+(y+)2)2 ∈ [0, 1]. Hence Uℓ(· ; κ) belongs
to class (A), with sup Uℓ = 0 and |U′

ℓ|, |U′′
ℓ | ≤ ℓ. Moreover, eUℓ = 1 on [κ, ∞), and eUℓ(y)

decreases to zero as ℓ → ∞ for y < κ. Thus eUℓ ↓ 1[κ,∞) pointwise.

Corollary 3.11. Let κ ∈ R and ε > 0.

(i) For every γ ∈ U ,

P
{ 1

N
log VN(κ) > Pκ(γ) + ε

}
−→ 0.

(ii) Let γ be a step order parameter and let φ : R → R be bounded and Lipschitz. Then

P

{
1
N

log
∫

SN(κ)
exp

{ M

∑
a=1

φ(ba · σ)
}

µN(dσ) > PHκ+φ(γ) + ε

}
−→ 0.

Part (ii) with φ = 0 is part (i) for step order parameters. Chapter 9 uses part (ii) with
φ a real multiple of a bounded Lipschitz test function translated by κ, and Chapter 8 uses
part (i).

Proof. We prove (ii) first, since (i) is deduced from it.

Proof of (ii). Let φ be Lφ-Lipschitz. The activation must be C2, so we first smooth φ. Let χ

be a smooth probability density supported in [−1, 1], and for τ ∈ (0, 1] let φτ = φ ∗ χτ
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with χτ(y) = τ−1χ(y/τ). Then φτ is smooth, ∥φτ∥∞ ≤ ∥φ∥∞, and |φτ − φ| ≤ Lφτ.
Moreover φ′

τ = φ′ ∗ χτ and φ′′
τ = φ′ ∗ χ′

τ, where φ′ is the almost everywhere derivative,
so |φ′

τ| ≤ Lφ and |φ′′
τ | ≤ Lφ∥χ′∥L1/τ. Hence Ũℓ = Uℓ(· ; κ) + φτ, with Uℓ from (3.40),

belongs to class (A) for every ℓ.
Since Uℓ(· ; κ) = 0 on [κ, ∞) and the integrand of ZN(Ũℓ) is positive,∫

SN(κ)
e∑a φ(ba·σ) µN(dσ) ≤ eMLφτ

∫
SN(κ)

e∑a φτ(ba·σ) µN(dσ) ≤ eMLφτZN(Ũℓ).

So the normalized logarithm in (ii) is at most fN(Ũℓ) + α′Lφτ.
We show that uγ(0, 0; Ũℓ) decreases to uγ(0, 0; Hκ + φτ) as ℓ → ∞. The terminal

data satisfy eŨℓ ↓ 1[κ,∞)eφτ = eHκ+φτ pointwise, with values in (0, e∥φ∥∞ ]. The recursion
(2.2) applies the same operators Tm,s to both terminal data. Each is nondecreasing,
so by induction over the steps the functions obtained from Ũℓ decrease in ℓ; they are
bounded above by ∥φ∥∞, and their limits are the functions obtained from Hκ + φτ,
which are finite by (3.39). Indeed, at a step with m > 0 the functions em fℓ ∈ (0, em∥φ∥∞ ]

decrease to em f , and at a step with m = 0 the functions ∥φ∥∞ − fℓ ≥ 0 increase to
∥φ∥∞ − f ; bounded and monotone convergence apply. Hence PŨℓ

(γ) ↓ PHκ+φτ(γ), and
PHκ+φτ(γ) ≤ PHκ+φ(γ) + αLφτ by (3.39).

Now choose τ with (α′ + α)Lφτ ≤ ε/3, and then ℓ with PŨℓ
(γ) ≤ PHκ+φτ(γ) + ε/3.

Then PŨℓ
(γ) + α′Lφτ ≤ PHκ+φ(γ) + 2ε/3, and Theorem 3.1, applied to Ũℓ and γ, gives

P

{
1
N

log
∫

SN(κ)
e∑a φ(ba·σ) µN(dσ) > PHκ+φ(γ) + ε

}
≤ P

{
fN(Ũℓ) > PŨℓ

(γ) +
ε

3

}
−→ 0.

Proof of (i). Let γ ∈ U and r = Qγ < 1. The step order parameters γn ∈ Ur of §2.1
converge to γ in L1([0, 1]), so uγn(0, 0; κ) → uγ(0, 0; κ) by the definition of uγ through
Lemma 2.7, and CS(γn) → CS(γ) by (2.12). Hence there is a step order parameter γ′ ∈ Ur

with Pκ(γ′) ≤ Pκ(γ) + ε/2. Part (ii) with φ = 0, the order parameter γ′, and ε/2 gives
the claim, since PHκ(γ

′) = Pκ(γ′).

3.9 Volume from one feasible point

A bound on the volume does not by itself bound the largest feasible margin, because a
feasible set may have zero spherical volume. Lemma 3.13 shows that one feasible point
at margin κ produces exponentially small, but not superexponentially small, volume
at margin κ − η, on a set where the fields ba · σ change little. The set it constructs is
used again in Chapter 9. The proof uses Šidák’s inequality for a Gaussian vector whose
covariance may be singular; Chapter 8 uses the same extension.



part i 3.9 Volume from one feasible point 64

Lemma 3.12. Let (ξ1, . . . , ξM) be a centered Gaussian vector with an arbitrary, possibly singular,
covariance matrix, and let c1, . . . , cM ≥ 0. Then

P
{
|ξa| ≤ ca for all a ≤ M

}
≥

M

∏
a=1

P{|ξa| ≤ ca}.

Proof. For a nonsingular covariance matrix this is Šidák’s inequality [116, Corollary 1],
proved independently by Khatri [80]. If ca = 0 and Var ξa > 0 for some a, the right side
vanishes, and a coordinate with ca = 0 and ξa = 0 contributes the factor one to both
sides and may be removed. So we may assume that all ca > 0. Let ξ ′ ∼ N(0, IM) be
independent of ξ, and for ϵ > 0 put ξϵ = ξ + ϵξ ′, whose covariance matrix is nonsingular.
Then P{|ξϵ

a| ≤ ca ∀a} ≥ ∏a P{|ξϵ
a| ≤ ca}. Let ϵ ↓ 0 along a sequence. Each factor

converges to P{|ξa| ≤ ca}: if Var ξa > 0, because ξϵ
a and ξa are centered Gaussian with

variances converging and a continuous limiting law; if ξa = 0, because P{|ϵξ ′a| ≤ ca} → 1.
Since ξϵ → ξ pointwise and the intervals are closed, the indicator of {|ξϵ

a| ≤ ca ∀a} has
lim sup at most the indicator of {|ξa| ≤ ca ∀a}. Fatou’s lemma, applied to one minus the
indicators, proves the lemma.

Lemma 3.13. Fix α′ < ∞. There are constants Kcap ≥ 1, Ccap < ∞, and N0, depending
only on α′, with the following property. Let N ≥ N0, M ≤ α′N, and let b1, . . . , bM ∈ RN be
deterministic vectors with |ba|2 ≤ 2. Let κ ∈ R and η ∈ (0, 1], suppose that some σ0 ∈ SN
satisfies ba · σ0 ≥ κ for all a, and put

s0 = min
{ η

2Kcap
,
√

η

2|κ|+ 1

}
.

There is a Borel set T ⊂ {σ ∈ SN : ba · σ ≥ κ − η for all a} with

µN(T) ≥ exp
{
− N

(
log(2/s0) + Ccap

)}
,

|ba · σ − ba · σ0| ≤ s2
0|ba · σ0|+ s0Kcap (σ ∈ T, a ≤ M).

(3.41)

If κ ranges over a compact interval I, then log(2/s0) ≤ log(1/η) + CI with CI depending only
on α′ and I.

Proof. We divide the proof into four steps.

Step 1. Constants. Let c0 = 1
2(log 2 − 1

2) > 0. For X ∼ χ2
d and 0 < y < 1, Markov’s

inequality applied to e−uX with u = (1− y)/(2y) gives the Chernoff bound P{X ≤ yd} ≤
euyd(1 + 2u)−d/2 = exp{− d

2 (y − 1 − log y)}; with y = 1
2 this is P{X ≤ d/2} ≤ e−c0d. Let

π(z) = P{|
√

2 G| ≤ z/2}, and choose Kcap ≥ 1 with α′ log(1/π(Kcap)) ≤ c0/4, which is
possible because π(z) → 1 as z → ∞. Put Ccap = c0/4 + log 2, and let N0 ≥ 3 be such
that e−c0(N−1) ≤ 1

2e−c0N/4 for N ≥ N0.



part i 3.9 Volume from one feasible point 65

Step 2. Coordinates. Let P be the orthogonal projection onto σ⊥
0 . Every σ ∈ SN with

|σ · σ0| < N can be written uniquely as

σ = ρ σ0 + s
√

N υ, ρ =
σ · σ0

N
∈ (−1, 1), s =

√
1 − ρ2, υ ∈ σ⊥

0 , |υ| = 1.

Under µN, ρ and υ are independent, υ is uniform on the unit sphere of σ⊥
0 , and ρ

has density c′N(1 − ρ2)(N−3)/2 on (−1, 1), with c′N = Γ(N/2)/(
√

π Γ((N − 1)/2)). This
constant is nondecreasing in N by log-convexity of Γ, and equals 1/2 at N = 3. Let

T =
{

σ : ρ ∈
[√

1 − s2
0,
√

1 − s2
0/4

]
,
√

N|ba · υ| ≤ Kcap for all a ≤ M
}

.

It is a Borel set, and on it s ∈ [s0/2, s0] and ρ ≥ 0. Also s0 ≤ η/(2Kcap) ≤ 1/2.

Step 3. Fields. For σ ∈ T, ba · σ− ba · σ0 = (ρ− 1)ba · σ0 + s
√

N ba · υ, and 0 ≤ 1− ρ ≤ s2 ≤
s2

0 because ρ =
√

1 − s2 ≥ 1 − s2. This gives the second bound in (3.41). For feasibility,
ba · σ0 ≥ κ and ρ ∈ [1 − s2, 1] imply ρ ba · σ0 ≥ κ − s2|κ|: if κ > 0, then ρ ba · σ0 ≥ (1 − s2)κ;
if ba · σ0 ≥ 0 ≥ κ, the left side is nonnegative; and if κ ≤ ba · σ0 < 0, then ρ ba · σ0 ≥ ba · σ0.
Therefore

ba · σ ≥ κ − s2
0|κ| − s0Kcap ≥ κ − η

2
− η

2
,

using s2
0 ≤ η/(2|κ|+ 1) and s0 ≤ η/(2Kcap). Thus every σ ∈ T is feasible at margin κ − η.

Step 4. Volume. On the interval of ρ defining T we have 1 − ρ2 ≥ s2
0/4, and the in-

terval has length 3
4 s2

0/(
√

1 − s2
0/4 +

√
1 − s2

0) ≥ 3
8 s2

0. Hence its probability is at least
1
2(s0/2)N−3 · 3

8 s2
0 = 3

2s0
(s0/2)N ≥ (s0/2)N. For the direction, represent υ = Pξ/|Pξ| with

ξ ∼ N(0, IN), so that ba · υ = (Pba) · ξ/|Pξ|. On the event {|Pξ|2 ≥ N/4} ∩ {|(Pba) · ξ| ≤
Kcap/2 for all a} we have

√
N|ba · υ| ≤ Kcap for all a. The variables (Pba) · ξ are cen-

tered and jointly Gaussian with variances |Pba|2 ≤ 2, and P{|N(0, v)| ≤ Kcap/2} is
nonincreasing in v. By Lemma 3.12, the choice of Kcap, and M ≤ α′N,

P
{
|(Pba) · ξ| ≤ Kcap/2 for all a

}
≥ π(Kcap)

M ≥ e−c0N/4.

Since |Pξ|2 has the law χ2
N−1 and N/4 ≤ (N − 1)/2, Step 1 gives P{|Pξ|2 < N/4} ≤

e−c0(N−1) ≤ 1
2e−c0N/4. The directional event therefore has probability at least 1

2e−c0N/4.
By independence of ρ and υ,

µN(T) ≥
( s0

2

)N 1
2

e−c0N/4 ≥ exp
{
− N

(
log(2/s0) + Ccap

)}
.

Finally, for κ ∈ I and η ≤ 1 we have
√

η/(2|κ|+ 1) ≥ η/
√

2|κ|+ 1, so s0 ≥ cIη with
cI = min{1/(2Kcap), (2 supκ∈I |κ|+ 1)−1/2}, and log(2/s0) ≤ log(1/η) + log(2/cI).

Corollary 3.14. Let α > 0. For every real κ > κc(α), P{κN ≥ κ} → 0.
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Proof. Choose η ∈ (0, 1] with κ − η > κc, and let N0 and CV = log(2/s0) + Ccap be
given by Lemma 3.13 for α′ = supN αN, the margin κ, and this η. Since κ − η > κc, the
definition of κc gives P∗(κ − η) = −∞, so there is γ ∈ U with Pκ−η(γ) < −CV − 1. By
Corollary 3.11(i) with ε = 1,

P
{ 1

N
log VN(κ − η) ≥ −CV

}
≤ P

{ 1
N

log VN(κ − η) > Pκ−η(γ) + 1
}
−→ 0.

On the other hand, suppose that N ≥ N0, κN ≥ κ, and maxa|ba|2 ≤ 2. A maximizer
σ0 of mina ba · σ over the compact set SN satisfies ba · σ0 ≥ κ for all a, so Lemma 3.13
gives VN(κ − η) ≥ µN(T) ≥ e−NCV . Finally, N|ba|2 has the law χ2

N, and the Chernoff
bound P{χ2

N ≥ 2N} ≤ e−N(1−log 2)/2 (the upper-tail analogue of Step 1 in the proof of
Lemma 3.13) gives

P
{

max
a

|ba|2 > 2
}
≤ α′Ne−N(1−log 2)/2 −→ 0.

Hence P{κN ≥ κ} ≤ P{N−1 log VN(κ − η) ≥ −CV}+ P{maxa|ba|2 > 2} → 0.



chapter 4

The lower bound

In this chapter we prove the lower bound lim infN FN(U) ≥ P∗(U) for smooth activations
U (Theorem 4.1). Together with the upper bound of Chapter 3, it gives the Parisi formula
in Chapter 5. The argument is outlined in Step 2 of §1.3.

§4.1 introduces the spherical coordinates, the Poisson row count, and the three systems
that are compared, and §4.2 proves the overlap representation theorem (Theorem 4.6) from
the external results behind it. §4.3 defines the perturbation and states the perturbation,
continuity, and precision lemmas, which are proved in §4.8. §4.4 reduces the increment to
the row term and the coordinate term. §4.5 evaluates them on cascades with Lemma 3.4
and removes the cutoff on ∥ε∥ there (Lemma 4.10). §4.6 proves the rotation estimate, and
§4.7 proves Theorem 4.1.

The two cavity steps, adding constraints and adding coordinates, follow the cavity
method for the perceptron in the replica-symmetric regime [115], [127, Chapters 2 and 3],
[128, Chapter 8]. As in [37, 99], the trial order parameter comes from the limiting
overlap law of the system. Compared with W.-K. Chen’s spherical form [37] of the
Aizenman–Sims–Starr scheme and with its multi-species version by Bates and Sohn
[16], two points differ. First, in both works the cavity functional is identified with
the spherical Parisi functional, as the number of cavity coordinates grows, through
Talagrand’s computation [125]; here the coordinate term is an explicit Gaussian integral
on cascades, and the rotation invariance of the patterns identifies it with the Crisanti–
Sommers entropy. Second, the other species in the Ghirlanda–Guerra identities is not a
group of coordinates, as in [16, 100], but the response vector.

Activation class. Throughout this chapter, U satisfies, for some Umax < ∞ and L < ∞
(enlarged, if necessary, so that L ≥ 1 + |U(0)|),

U ∈ C4(R), U ≤ Umax, |U′(x)| ≤ L(1 + |x|), |U(j)(x)| ≤ L (2 ≤ j ≤ 4),
(4.1)

and in addition either U′ is bounded or U is concave. In the first case U belongs to
class (A), and in the second to class (B). The derivatives of orders three and four are
used only in the perturbation of §4.3, in the error estimates of the cavity interpolation,
and in Lemma 4.9. They control the first and second derivatives of xU′(x) and U′(x)2.
In Chapter 5 this extra smoothness is removed by mollification. By (4.1) and Taylor’s

67
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formula,
−C0(1 + x2) ≤ U(x) ≤ Umax, C0 = 2L. (4.2)

Conventions. Throughout this chapter, C and c denote positive constants that may
depend on α, Umax, and L, but not on N; their values may change from one occurrence
to the next. A dependence on the cavity dimension n or on the cutoff Λ is indicated
by a subscript, as in Cn,Λ or On,Λ(·). The cavity dimension n is fixed until the last
step of the proof. We write νn for the standard Gaussian measure on Rn and G for a
standard Gaussian variable. The letter a is a row index, and G, G′, G′′ denote Gaussian
matrices with rows ga, g′a, g′′a . The letter b, with or without subscripts, denotes a precision
parameter of a Gaussian integral, as in Lemma 3.4. The rows ba = ga/

√
N of Chapter 1

and the derivative b = ∂xu of §2.3 are not used in this chapter.
The goal of the chapter is the following theorem.

Theorem 4.1. For every α > 0 and every activation U satisfying (4.1), with either bounded U′

or concave U,
lim inf

N→∞
FN(U) ≥ P∗(U) = inf

γ∈U

{
αuγ(0, 0; U) + CS(γ)

}
.

4.1 Spherical coordinates, the row count, and the three systems

We first separate the added coordinates without changing the surface measure. Through-
out this chapter

N′ = N + n.

For σ ∈ SN and ε ∈ Rn with ∥ε∥2 < N′, define

χ(ε) =

√
N′ − ∥ε∥2

N
, ρ(σ, ε) = (χ(ε)σ, ε) ∈ SN′ .

The uniform probability measure µN′ on SN′ is the image of µN(dσ)⊗ fN,n(ε)dε under
(σ, ε) 7→ ρ(σ, ε), where

fN,n(ε) =
Γ(N′/2)

Γ(N/2)(N′/2)n/2
1

(2π)n/2

(
1 − ∥ε∥2

N′

)N/2−1
1{∥ε∥2<N′}. (4.3)

Indeed, write a uniform point of SN′ as
√

N′ η/∥η∥ for a standard Gaussian vector η =

(η1, η2) ∈ RN × Rn. Its last n coordinates are ε =
√

N′η2/∥η∥, and its first N coordinates
are χ(ε)σ with σ =

√
Nη1/∥η1∥. The vector σ is uniform on SN and independent of

(∥η1∥, η2), hence of ε. The variable ∥ε∥2/N′ = ∥η2∥2/∥η∥2 has the beta distribution with
parameters n/2 and N/2, and the direction of ε is uniform and independent of its norm.
Writing the beta density in polar coordinates on Rn gives (4.3). For Λ ≥ 1 let

BΛ = {ε ∈ Rn : ∥ε∥2 ≤ Λn}.
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Stirling’s formula, Γ(N′/2)/Γ(N/2) = (N′/2)n/2(1 + On(N−1)), and the expansion
(N/2 − 1) log(1 − ∥ε∥2/N′) = −∥ε∥2/2 + On,Λ(N−1) give, uniformly on BΛ,

fN,n(ε) =
e−∥ε∥2/2

(2π)n/2

(
1 + On,Λ(N−1)

)
, χ(ε) = 1 +

n − ∥ε∥2

2N
+ On,Λ(N−2). (4.4)

W.-K. Chen [37] separates the cavity coordinates of spherical models by a decomposition
of the uniform measure of the same kind. The expansion of fN,n reflects the classical fact
that a fixed number of coordinates of a uniform point on a high-dimensional sphere are
asymptotically independent standard Gaussian variables; see [47].

Gaussian matrices. We use the following standard bound on the operator norm of a
Gaussian matrix [130, Corollary 5.35], here and in Chapters 5 and 8.

Lemma 4.2. Let A be an M × N matrix with independent standard Gaussian entries. For every
t ≥ 0,

P
{
∥A∥op >

√
M +

√
N + t

}
≤ 2e−t2/2.

Consequently E∥A∥2
op ≤ 4(M + N) + 8, and E exp(c∥A∥2

op/N) ≤ 3 exp(4c(M + N)/N) for
0 < c ≤ N/8.

Proof. The tail bound is the upper half of [130, Corollary 5.35]. Put T = (∥A∥op −√
M −

√
N)+, so that P(T > t) ≤ 2e−t2/2 and ∥A∥2

op ≤ 4(M + N) + 2T2. Then ET2 =∫ ∞
0 2tP(T > t)dt ≤ 4, which gives the second bound. For 0 < s ≤ 1/4,

EesT2
= 1 +

∫ ∞

0
2st est2

P(T > t)dt ≤ 1 +
2s

1/2 − s
≤ 3,

and the choice s = 2c/N gives the third bound.

Poissonization. We replace the number MN of rows by a Poisson variable M ∼ Poi(αN),
and when passing to dimension N′ we add independently π ∼ Poi(αn) rows, so that the
N′-dimensional system has M + π ∼ Poi(αN′) rows; from now on the letter π denotes
this count. This changes the free energy by o(1). To check this, let hN(j) be the expected
log partition function in dimension N with j rows. Adding a fresh row g changes hN by
E log⟨eU(g·σ/

√
N)⟩, where ⟨·⟩ is the Gibbs measure before the row is added. By Jensen’s

inequality and U ≤ Umax, this lies between EU(G) and Umax, because g · σ/
√

N is
standard Gaussian for every fixed σ and g is independent of the Gibbs measure. By (4.2),
|EU(G)| < ∞. Hence hN is Lipschitz with a constant independent of N, and

|EhN(M)− hN(MN)| ≤ C E|M − MN| ≤ C
(√

αN + |αN − MN|
)
= o(N).

Poisson numbers of constraints are standard in the study of diluted spin glasses [57, 102].
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Conditioning on the number of rows. The concentration estimates below are proved
at a fixed number of rows, so we carry out the cavity computation conditionally on the
value of M, for values in the window

WN = {j ∈ N : |j − αN| ≤ N2/3}.

The Poisson tail bound P(|M − αN| > t) ≤ 2 exp(−t2/(2(αN + t))) gives P(M /∈ WN) ≤
2e−cN1/3

, and for large N every j ∈ WN satisfies j ≤ 2αN. Step 2 of §4.7 reduces the proof
to one value of M in WN . From §4.3 on, M denotes a fixed integer in WN , expectations are
conditional on this value, and all bounds and all terms o(1) are uniform in M ∈ WN; the
exceptions are Lemma 4.7(i) and the quantities ΞN of Step 1 of §4.7, which concern the
Poissonized systems. The number π ∼ Poi(αn) of rows added in dimension N′ remains
Poisson throughout.

The three systems. We compare three systems. Each has M rows, and the N′-
dimensional system has π further rows.

(a) The N-dimensional system has configuration space SN, rows g(N)
a ∈ RN for a ≤ M,

and Hamiltonian ∑a≤M U(g(N)
a · σ/

√
N).

(b) The N′-dimensional system has configuration space SN′ and rows (ga, g′a) ∈ RN × Rn

for a ≤ M, together with π further rows g̃i ∈ RN′
. We write ⟨·⟩N′ for its Gibbs

measure with the first M rows only.
(c) The reference system has configuration space SN, the rows ga ∈ RN for a ≤ M (the

first N coordinates of the rows of the N′-dimensional system), and the fields

Sa(σ) =
ga · σ√

N′
.

All rows are independent standard Gaussian vectors. We write G, G′ for the M × N
and M × n matrices with rows ga and g′a. In the coordinates ρ = ρ(σ, ε) the fields of the
N′-dimensional system are

(ga, g′a) · ρ√
N′

= χ(ε)Sa(σ) + wa(ε), wa(ε) =
g′a · ε√

N′
. (4.5)

The fields of the N-dimensional system can be realized from the same rows. Let g′′a ∈ RN

be independent standard Gaussian vectors, forming the matrix G′′, and put

ηa(σ) = cN g′′a · σ, c2
N =

1
N

− 1
N′ =

n
NN′ . (4.6)

As processes indexed by σ ∈ SN, the centered Gaussian families (Sa + ηa)a≤M and
(g(N)

a · σ/
√

N)a≤M have the same covariance σ · σ′/N, hence the same law. Both the
N′-dimensional and the N-dimensional partition functions are therefore integrals against
the reference system with modified fields.
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Observables of the reference system. The following quantities determine the coordinate
term:

AN(σ) =
1
N ∑

a≤M
Sa(σ)U′(Sa(σ)), BN(σ) =

1
N′ ∑

a≤M
U′′(Sa(σ)),

XN(σ, σ′) =
1

N′ ∑
a≤M

U′(Sa(σ))U′(Sa(σ
′)), RN(σ, σ′) =

σ · σ′

N
,

bN(σ) = 1 + AN(σ)− BN(σ).

(4.7)

The spin overlap is RN . We call XN the response overlap; it is a Gram matrix, hence positive
semidefinite, and its diagonal is XN(σ, σ) = N′−1 ∑a U′(Sa(σ))2. The terms AN and BN
arise below from the radial factor χ(ε) and from the second-order term of a Gaussian
integration by parts, respectively, and bN − 1 will be the coefficient of −(∥ε∥2 − n)/2 in
the exponent of the Gaussian integral over ε.

Let ΩN be the event on which the operator norms of G, G′′, and G′ are at most C1
√

N.
Since M ≤ 2αN, Lemma 4.2 with t =

√
N shows that P(Ωc

N) ≤ 6e−N/2 for N ≥ n, with
the constant C1 =

√
2α + 4. Since ∑a Sa(σ)2 = ∥Gσ∥2/N′ ≤ ∥G∥2

op, the growth bounds
in (4.1) give, for every σ ∈ SN,

∑
a≤M

Sa(σ)
2 ≤ ∥G∥2

op, |bN(σ)|+ XN(σ, σ) + |BN(σ)| ≤ C
(

1 +
∥G∥2

op

N

)
. (4.8)

On ΩN the right sides are at most CN and C. By Lemma 4.2, for every c > 0 and
N ≥ N0(c),

E exp
(

c sup
σ∈SN

(
|bN(σ)|+ XN(σ, σ)

))
≤ Cc, (4.9)

uniformly in M ≤ 2αN. In particular, all polynomial moments of these quantities and of
∥G∥2

op/N are bounded.

4.2 The overlap representation theorem

The cavity computation requires a description of the limiting joint law of the spin overlap
RN and the response overlap XN. We use a general result about random probability
measures on Hilbert spaces, which does not involve the perceptron Hamiltonian. In this
section we state it, recall the three external results on which it rests, and derive it from
them.

Setting. For each N ≥ 1, let GN be a random probability measure on the product of the
unit balls of two separable Hilbert spaces, which may depend on N. For independent
samples (xℓN, yℓN)ℓ≥1 from GN put

R1,N
ℓℓ′ = xℓN · xℓ

′
N, R2,N

ℓℓ′ = yℓN · yℓ
′

N (ℓ, ℓ′ ≥ 1).
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We write E⟨·⟩N for expectation over the random measure and its samples. The arrays
take values in [−1, 1], they are positive semidefinite, and they are invariant in law under
finite permutations of the sample labels. Suppose that the pair of arrays converges in
finite-dimensional distribution to a pair (R1, R2), and write E⟨·⟩ for expectations of the
limiting arrays. The limiting arrays have the same three properties. For r ≥ 1, rational
v1, v2 ≥ 0 and an integer m ≥ 1 put Q(x, y) = (v1x + v2y)m. For a bounded measurable
function f of the arrays of the first r samples, the Ghirlanda–Guerra discrepancy of §3.4,
written with r replicas since n is the cavity dimension here, is

DN
r ( f , Q) = E⟨ f Q(R1,N

1,r+1, R2,N
1,r+1)⟩N − 1

r
E⟨ f ⟩NE⟨Q(R1,N

12 , R2,N
12 )⟩N

− 1
r

r

∑
ℓ=2

E⟨ f Q(R1,N
1ℓ , R2,N

1ℓ )⟩N.
(4.10)

Here f may depend on the diagonal entries of the arrays. For a single random measure
G we drop the index N and write Dr( f , Q).

Ruelle probability cascade arrays with paired levels. We use the Ruelle probability
cascade of §3.1: a depth k ≥ 0, parameters 0 = θ0 < θ1 < · · · < θk < θk+1 = 1, masses
wl = θl+1 − θl for 0 ≤ l ≤ k, weights (vβ) indexed by the leaves β of the infinitely
branching tree of depth k, and the depth β ∧ β′ of the last common ancestor of two
leaves. If β1 and β2 are sampled independently from the weights (vβ), then the averaged
probability that β1 ∧ β2 = l is wl, by (3.4) with the leaf function zero. Given levels
0 ≤ q0 ≤ · · · ≤ qk and 0 ≤ p0 ≤ · · · ≤ pk, the Ruelle probability cascade array with paired
levels (ql, pl) is the pair of arrays with off-diagonal entries (qβℓ∧βℓ

′ , pβℓ∧βℓ
′ ), ℓ ̸= ℓ′, where

β1, β2, . . . are independent samples from (vβ). The law of its pair of (1, 2) entries is
∑k

l=0 wlδ(ql ,pl)
. A single sequence of levels 0 ≤ s0 < · · · < sk gives the Ruelle probability

cascade array with levels (sl), whose overlap law is ∑l wlδsl ; every probability measure with
finite support in [0, ∞) is of this form.

External results. We use three results from the literature. The first is the Dovbysh–
Sudakov representation [51] of positive semidefinite exchangeable arrays, in the form
of [96, Proposition 1]. A random array (Rℓℓ′)ℓ,ℓ′≥1 is called a Gram–de Finetti array if
it is symmetric, every finite principal submatrix is positive semidefinite, and its law is
invariant under finite permutations of the indices.

Lemma 4.3. Let (Rℓℓ′) be a Gram–de Finetti array with Rℓℓ ≤ 1 almost surely. There is a random
probability measure G on the unit ball of a separable Hilbert space such that, for independent
samples σ1, σ2, . . . from G, the off-diagonal array (Rℓℓ′)ℓ ̸=ℓ′ has the law of (σℓ · σℓ′)ℓ ̸=ℓ′ .

Proof. By [96, Proposition 1], the law of the array is a mixture over a random parameter
ω of the laws of (hℓ · hℓ′ + aℓδℓℓ′)ℓ,ℓ′ , where (hℓ, aℓ) are independent samples from a
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probability measure ηω on ℓ2 × [0, ∞). Since ∥hℓ∥2 ≤ ∥hℓ∥2 + aℓ = Rℓℓ ≤ 1 almost
surely, ηω is concentrated on pairs with ∥h∥ ≤ 1 for almost every ω. The law of the first
coordinate under ηω is the required random measure.

The second result, from [49, Sections 5.6–5.7], characterizes the scalar arrays that
satisfy the Ghirlanda–Guerra identities. Let G be a random probability measure on the
unit ball of a separable Hilbert space, with overlap array R = (σℓ · σℓ′)ℓ ̸=ℓ′ and overlap
law ζ(A) = E⟨1{R12∈A}⟩. We say that G satisfies the Ghirlanda–Guerra identities [64] if for
every r ≥ 1, every bounded measurable function f of (Rℓℓ′)ℓ ̸=ℓ′≤r, and every bounded
measurable ψ : R → R,

E⟨ f ψ(R1,r+1)⟩ =
1
r

E⟨ f ⟩E⟨ψ(R12)⟩+
1
r

r

∑
ℓ=2

E⟨ f ψ(R1ℓ)⟩. (4.11)

Part (a) of the following lemma is Panchenko’s characterization of such measures, which
rests on his proof of ultrametricity [97] (see also [98, Theorem 2.14]); the positivity of
the overlap is Talagrand’s positivity principle (see [98, Theorem 2.16]). The identities for
Ruelle probability cascades used in part (b), [49, Theorem 5.28], are due to Bovier and
Kurkova [24].

Lemma 4.4. Let G satisfy the Ghirlanda–Guerra identities, with overlap array R and overlap
law ζ.

(a) The measure ζ is supported in [0, 1], and the law of R is determined by ζ.
(b) If ζh, h ≥ 1, are probability measures with finite support in [0, 1] that converge weakly

to ζ, then the Ruelle probability cascade arrays whose overlap laws are ζh converge in
finite-dimensional distribution to R.

Proof. Part (a) is [49, Theorem 5.29], together with |R12| ≤ 1. For (b), [49, Corollary 5.32]
shows that the cascade arrays converge in finite-dimensional distribution (the Poisson–
Dirichlet cascades of [49] are the Ruelle probability cascades of §3.1). The limit has
overlap law ζ, and it satisfies the identities (4.11): each cascade array satisfies them by
[49, Theorem 5.28], so the limit satisfies them for continuous f and ψ, and hence for
bounded measurable f and ψ, because for fixed ψ (respectively f ) both sides are integrals
against finite signed measures. The cascade array with levels s0 < · · · < sk in [0, 1] is the
off-diagonal part of the Gram array of independent samples from the random measure
∑β vβδhβ

, where hβ = ∑k
l=0(sl − sl−1)

1/2eβ|l with s−1 = 0 and an orthonormal family (eν)

indexed by the nodes; its diagonal entries equal sk ≤ 1. Along a subsequence these Gram
arrays converge in finite-dimensional distribution, and the limit is a Gram–de Finetti
array with diagonal entries at most one whose off-diagonal part is the limit of the cascade
arrays. By Lemma 4.3 this off-diagonal part is the overlap array of a random measure
on a unit ball, and this measure satisfies the Ghirlanda–Guerra identities, since these are
statements about the law of the off-diagonal array. By (a), the limit has the law of R.
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The third result is Mourrat’s quantitative synchronization theorem [92, Theorem 5.3],
a finitary variant of Panchenko’s synchronization theorem; see §3.5. For a real random
variable Y let F−1

Y (v) = inf{s ∈ R : P(Y ≤ s) ≥ v} for v ∈ [0, 1], and let V be uniform on
[0, 1]. The pair (F−1

Y1
(V), F−1

Y2
(V)) is the monotone coupling of the laws of Y1 and Y2.

Lemma 4.5. Fix an enumeration (ϑi)i≥1 of Q ∩ [0, 1], and put cj(x, y) = (ϑj1 x + ϑj2y)j3 for
j = (j1, j2, j3), as in Lemma 3.8.

(a) For every ϵ > 0 there is δ > 0 with the following property. Let G be a random probability
measure on the product of the unit balls of two Hilbert spaces, with arrays R1, R2 as above.
Suppose that |Dr( f , cj)| ≤ δ for all r, j1, j2, j3 ≤ ⌊δ−1⌋ and all continuous functions f of the
arrays of r samples with ∥ f ∥∞ ≤ 1, where Dr is (4.10) for G. Then, for every φ ∈ C∞(R2),∣∣∣E⟨φ(R1

12, R2
12)⟩ − Eφ

(
F−1

1 (V), F−1
2 (V)

)∣∣∣ ≤ ϵ
(
∥φ∥∞ + ∥∇φ∥∞

)
,

where F−1
a is the function F−1

Y for the law of Ra
12 under E⟨·⟩.

(b) If Y1,N → Y1 and Y2,N → Y2 in law, then the monotone couplings converge in law:
(F−1

Y1,N
(V), F−1

Y2,N
(V)) → (F−1

Y1
(V), F−1

Y2
(V)).

Proof. Part (a) is [92, Theorem 5.3], whose hypothesis is formulated with the same defects,
for continuous test functions of the arrays of r samples including their diagonal entries.
Part (b) is [92, Lemma 5.4].

Theorem 4.6. In the setting above, assume that for every r ≥ 1, every integer m ≥ 1, and all
rational v1, v2 ≥ 0,

sup
∥ f ∥∞≤1

|DN
r ( f , Q)| −→ 0 (N → ∞), (4.12)

where the supremum is over bounded measurable functions of the arrays of the first r samples.
Then the limiting pair satisfies the Ghirlanda–Guerra identities

E⟨ f Q(R1
1,r+1, R2

1,r+1)⟩ =
1
r

E⟨ f ⟩E⟨Q(R1
12, R2

12)⟩+
1
r

r

∑
ℓ=2

E⟨ f Q(R1
1ℓ, R2

1ℓ)⟩ (4.13)

for every bounded measurable f of the arrays of its first r samples. Moreover:

(i) The off-diagonal entries of R1 and R2 are nonnegative almost surely.
(ii) The off-diagonal pair of arrays is a limit in finite-dimensional distribution of Ruelle probability

cascade arrays with paired nondecreasing levels (ql, pl) ∈ [0, 1]2.

Part (ii) is the form, for a pair of Gram arrays, of Panchenko’s synchronization
combined with his approximation by Ruelle probability cascades [100]. Step 1 of the
proof follows the proof of [100, Theorem 3] in Section 3 there, Step 2 the positivity
argument of [100, Section 4], and Step 4 the approximation by cascades in [100, Section 5].
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In Step 3 we use Mourrat’s quantitative form, Lemma 4.5(a). It applies to the Gram pairs
at finite N, before passing to the limit, so no representing measure of the limiting arrays
needs to preserve their diagonal values.

Proof. We divide the proof into four steps.

Step 1. The identities in the limit. For continuous f , finite-dimensional convergence
and (4.12) give (4.13), since all arrays take values in [−1, 1]. Both sides of (4.13) are
integrals of f against finite signed measures on the arrays of r samples, and they agree on
continuous functions, so they agree for bounded measurable f . Choosing (v1, v2) = (1, 0),
(0, 1) and (1/2, 1/2) gives (4.11) with ψ(x) = xm, m ≥ 1, for the scalar arrays R1, R2, and
S/2, where S = R1 + R2, and for test functions f of their off-diagonal entries. It also
holds for constant ψ, since the sum of its three coefficients is one. By Weierstrass approxi-
mation it holds for continuous ψ on [−1, 1], and, again by equality of finite measures, for
bounded measurable ψ.

Step 2. Positivity. Each of the arrays R1, R2, and S/2 is a Gram–de Finetti array with
diagonal entries at most one, as a limit of such arrays. By Lemma 4.3, its off-diagonal
part is the overlap array of a random measure on a unit ball, and this measure satisfies
the Ghirlanda–Guerra identities by Step 1. Lemma 4.4(a) gives (i), and it shows that the
law of the off-diagonal array S/2 is determined by the law of S12/2.

Step 3. Monotone coupling. Let ϵ > 0, and let δ > 0 be given by Lemma 4.5(a). The
hypothesis of Lemma 4.5(a) involves finitely many tuples (r, j1, j2, j3), and by (4.12) it
holds for GN for all sufficiently large N. Hence, for φ ∈ C∞(R2),∣∣∣E⟨φ(R1,N

12 , R2,N
12 )⟩N − Eφ

(
F−1

1,N(V), F−1
2,N(V)

)∣∣∣ ≤ ϵ
(
∥φ∥∞ + ∥∇φ∥∞

)
,

where F−1
a,N is defined from the law of Ra,N

12 . As N → ∞, the first term converges to
E⟨φ(R1

12, R2
12)⟩, and by Lemma 4.5(b) the second converges to Eφ(F−1

1 (V), F−1
2 (V)). Since

ϵ is arbitrary, the law of (R1
12, R2

12) is the monotone coupling of its marginals. The maps
F−1

1 and F−1
2 are nondecreasing, so the image of (0, 1) under v 7→ (F−1

1 (v), F−1
2 (v)) is

totally ordered for the coordinatewise order, and so is its closure. Thus the support C
of the law of (R1

12, R2
12), a compact subset of [0, 1]2 by (i), is totally ordered. Two points

(x, y) and (x′, y′) of C with x + y ≤ x′ + y′ therefore satisfy

0 ≤ x′ − x ≤ (x′ + y′)− (x + y), 0 ≤ y′ − y ≤ (x′ + y′)− (x + y).

In particular the sum determines both coordinates: on the compact set {x+ y : (x, y) ∈ C},
which is the support of the law of S12, there are nondecreasing 1-Lipschitz functions
Q1, Q2 with (x, y) = (Q1(x + y), Q2(x + y)) on C. We extend them to nondecreasing
1-Lipschitz functions on R, by linear interpolation across the gaps of this compact set
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and by constants outside its hull. Almost surely R1
12 = Q1(S12) and R2

12 = Q2(S12). By
exchangeability and a countable intersection, the same holds for every off-diagonal pair
of indices.

Step 4. Approximation by cascades. Let F−1 be the function F−1
Y for the law ζS of S12/2,

and let ζh be the law of F−1(⌈hV⌉/h). It has finite support contained in the support of
ζS, and it converges weakly to ζS as h → ∞, since 0 ≤ ⌈hV⌉/h − V < 1/h almost surely
and F−1 is continuous at almost every point of (0, 1). By Steps 1 and 2 and Lemma 4.4(b),
the cascade arrays with overlap laws ζh, with levels sh

0 < · · · < sh
k in [0, 1], converge in

finite-dimensional distribution to (Sℓℓ′/2)ℓ ̸=ℓ′ . Apply the maps s 7→ (Q1(2s), Q2(2s)) to
their entries. The resulting arrays are the cascade arrays with the paired levels (ql, pl) =

(Q1(2sh
l ), Q2(2sh

l )), which are nondecreasing in l and lie in [0, 1]2, because 2sh
l lies in the

support of the law of S12. By continuity of Q1 and Q2 they converge in finite-dimensional
distribution to (Q1(Sℓℓ′), Q2(Sℓℓ′))ℓ ̸=ℓ′ = (R1

ℓℓ′ , R2
ℓℓ′)ℓ ̸=ℓ′ . This proves (ii).

4.3 Perturbations, continuity, and the precision identity

The cavity computation needs three properties of the Gibbs measures, which we obtain
by adding a small perturbation to each Hamiltonian. First, the Ghirlanda–Guerra identi-
ties (4.13) for the spin and response overlaps must hold in the limit, so that Theorem 4.6
applies. Second, the per-configuration observables bN and XN(σ, σ) must concentrate,
so that they can be replaced by constants in the limit. Third, the perturbations must be
compatible with adding coordinates and rows. In this section we define the perturbation
and state its properties (Lemma 4.7), a continuity lemma for the functionals that appear in
the cavity computation (Lemma 4.8), and an identity for the mean precision (Lemma 4.9).
We then explain how these lemmas are combined with Theorem 4.6. The three lemmas
are proved in §4.8. Every assertion in this section concerns a fixed number n of added
coordinates and a fixed cutoff Λ for their squared norm; removing the cutoff is a separate
step.

The perturbation. Consider a d-dimensional system, d ∈ {N, N′}, with configurations
ρ ∈ Sd and rows ga ∈ Rd indexed by a finite set A (in the N′-dimensional system,
A = {1, . . . , M} for the Gibbs measure ⟨·⟩N′ , and A also contains the π added rows when
these are present), and write xa(ρ) = ga · ρ/

√
d. The perturbation has two parts.

Scalar part. Put

τ1(x) = xU′(x)− U′′(x), τ2(x) = U′(x)2, ξd = d−1/4,

and add ξd ∑a∈A(u1τ1 + u2τ2)(xa(ρ)) to the Hamiltonian, where u1, u2 ∈ [1, 2] are param-
eters. Equivalently, the activation U is replaced by

Uξ = U + ξ(u1τ1 + u2τ2), ξ = ξd. (4.14)
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By (4.1), |τi(x)| ≤ Cτ(1 + x2) for a constant Cτ depending only on L, and the first and
second derivatives of τi grow at most linearly. The derivative of the Hamiltonian in ui is
ξd ∑a τi(xa(ρ)). For the reference fields these sums are exactly

∑
a≤M

τ2(Sa) = N′XN(σ, σ), ∑
a≤M

τ1(Sa) = NAN − N′BN = N(bN − 1)− nBN, (4.15)

so concentration of these derivatives gives concentration of XN(σ, σ) and bN.

Gaussian part. We first bound the response vectors without changing them on a typical
event. Fix a smooth function ψ0 : [0, ∞) → (0, 1] with ψ0 = 1 on [0, 3/4], ψ0(t) ≤ 1/t for
t ≥ 1, and ψ0(t) = 1/t for t ≥ 2, and define ϖ(y) = ψ0(∥y∥)y on every Euclidean space.
Then ϖ equals the identity on the ball of radius 3/4, takes values in the closed unit ball,
and its first and second derivatives are bounded by a constant that does not depend on
the dimension. Put

Ψd(ρ) =
(U′(xa(ρ)))a∈A√

CXd
,

where CX is a constant depending only on α and L. We choose CX so large that, on the
event ΩN , the vector Ψd(ρ) with A = {1, . . . , M} has norm at most 1/

√
2 for every ρ ∈ Sd

in each of the three systems. We also require the same bound in the N′-dimensional
system when A contains the π added rows as well, on the event

Ω′
N = ΩN ∩

{
π ≤ N, ∥G̃∥op ≤ C1

√
N
}

,

where G̃ is the π × N′ matrix with rows g̃i. This is possible because ∥Ψd(ρ)∥2 ≤ 2L2(#A+

∑a xa(ρ)2)/(CXd) by (4.1), on ΩN the fields of the three systems ((a)–(c) of §4.1, with the
fields Sa + ηa for the N-dimensional system) satisfy ∑a≤M xa(ρ)2 ≤ CN, and the fields of
the added rows satisfy ∑i≤π(g̃i · ρ)2/N′ ≤ ∥G̃∥2

op. By Lemma 4.2 and the Poisson tail of
π, P(Ω′ c

N) ≤ Cne−N/2. Set

Ψ̂d = ϖ ◦ Ψd, X̂d(ρ, ρ′) = Ψ̂d(ρ) · Ψ̂d(ρ
′), R(ρ, ρ′) =

ρ · ρ′

d
.

Since 1/
√

2 < 3/4, we have Ψ̂d = Ψd on ΩN when A = {1, . . . , M}. Hence, on ΩN , X̂d is
the response overlap d−1 ∑a U′(xa(ρ))U′(xa(ρ′)) of the d-dimensional system divided by
CX.

Enumerate the pairs v = (v1, v2) of nonnegative rationals with v1 + v2 ≤ 1 as
v(1), v(2), . . . , write j(v) for the index of v, and put cv,m = 2−j(v)−m for integers m ≥ 1. Let
hv,m be independent (conditionally on the rows) centered Gaussian processes on Sd with
covariance

Qv,m(ρ, ρ′) =
(
v1R(ρ, ρ′) + v2X̂d(ρ, ρ′)

)m.
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These processes exist. Indeed, by the binomial theorem

Qv,m =
m

∑
i=0

(
m
i

)
vi

1vm−i
2 RiX̂ m−i

d ,

and R(ρ, ρ′)iX̂d(ρ, ρ′)m−i is the inner product of the tensors (ρ/
√

d)⊗i ⊗ Ψ̂d(ρ)
⊗(m−i) and

(ρ′/
√

d)⊗i ⊗ Ψ̂d(ρ
′)⊗(m−i). Hence

hv,m(ρ) = ⟨Tv,m, Fv,m(ρ)⟩,

Fv,m(ρ) =
(
(m

i )
1/2vi/2

1 v(m−i)/2
2 (ρ/

√
d)⊗i ⊗ Ψ̂d(ρ)

⊗(m−i)
)

0≤i≤m
,

(4.16)

where Tv,m = (Tv,m,i)0≤i≤m is a family of independent standard Gaussian tensors of
the matching shapes, has covariance Fv,m(ρ) · Fv,m(ρ′) = Qv,m(ρ, ρ′). Every diagonal
covariance satisfies ∥Fv,m(ρ)∥2 = Qv,m(ρ, ρ) ≤ 1, since R(ρ, ρ) = 1, X̂d(ρ, ρ) ≤ 1 and
v1 + v2 ≤ 1. With sd = d1/3 and parameters uv,m ∈ [1, 2] we add

sd ∑
v,m

cv,muv,mhv,m(ρ)

to the Hamiltonian. The series converges almost surely, uniformly in ρ (see (4.41) be-
low). The Gaussian part is modeled on Panchenko’s perturbation for the multi-species
Sherrington–Kirkpatrick model [100, (24)–(28)], which has weights of the same form
2−j−m, parameters uniform on [1, 2], and a strength Nγ with 1/4 < γ < 1/2 (here
sd = d1/3). In [100] the covariance is a power of a weighted sum of the overlaps within
the species. Here it is a power of a weighted sum of the spin overlap and the overlap of
the response vectors, which the cutoff ϖ keeps in the unit ball.

Parameters and the three systems. The parameters u1, u2 and uv,m are independent and
uniform on [1, 2], and they take the same values in the N-dimensional, the N′-dimensional,
and the reference system. The first two systems use the construction above with d = N
and d = N′. The reference system uses the scalar part ξN′ ∑a≤M(u1τ1 + u2τ2)(Sa(σ)), and
as its Gaussian part it uses, by definition, the Gaussian part of the N′-dimensional system
with the rows a ≤ M, evaluated at ρ(σ, 0) = (

√
N′/N σ, 0). This common restriction is

what makes the comparison in Lemma 4.7(iv) possible. We have R(ρ(σ, 0), ρ(σ′, 0)) =

RN(σ, σ′) and xa(ρ(σ, 0)) =
√

N′/N Sa(σ). Thus the response vector of the reference
perturbation is built from U′(

√
N′/N Sa) rather than U′(Sa). Since |U′(

√
N′/N S) −

U′(S)| ≤ L|S| n/N, the Cauchy–Schwarz inequality shows that on ΩN∣∣∣X̂N′
(
ρ(σ, 0), ρ(σ′, 0)

)
− XN(σ, σ′)

CX

∣∣∣ ≤ Cn
N

(σ, σ′ ∈ SN). (4.17)

Finally, the reference system is tilted by exp(nBN(σ)/2). We write ⟨·⟩ref for the Gibbs
measure of the perturbed and tilted reference system. The tilt will cancel between the
two cavity terms in §4.4.
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Invariance. The Gaussian tensors are invariant in law under orthogonal transformations
of their spin slots, and Ψd(Oρ) computed with the rows ga equals Ψd(ρ) computed
with the rows OTga. Since the rows are standard Gaussian vectors, the perturbed N′-
dimensional system is invariant in law under a simultaneous orthogonal transformation
of the configurations and of the rows. In particular, for every orthogonal O of RN′

and
every bounded measurable F,

E⟨F(Oρ1, . . . , Oρr)⟩N′ = E⟨F(ρ1, . . . , ρr)⟩N′ . (4.18)

Properties of the perturbation. For a system with Gibbs measure ⟨·⟩ and a Gaussian
component with covariance Q = Qv,m, write Qℓℓ′ = Q(ρℓ, ρℓ

′
). For a bounded measur-

able function f of the arrays (R(ρℓ, ρℓ
′
), X̂d(ρ

ℓ, ρℓ
′
))ℓ,ℓ′≤r of r replicas, the defect in the

identity (4.13) is |Dr( f , Q)|, where Dr is the discrepancy (4.10) of the pair (R, X̂d) with
(v1, v2) = v; its terms Q(R1

ℓℓ′ , R2
ℓℓ′) are then the values Qℓℓ′ . For the reference system the

arrays are those of the points ρ(σℓ, 0).

Lemma 4.7. Fix n and Λ. In the following statements o(1) denotes a quantity that tends to zero
as N → ∞, uniformly in the perturbation parameters and in M ∈ WN , except where a statement
specifies otherwise: in (ii) the defects tend to zero after averaging over the parameters, and in (iii)
uniformly on the sets GN(M).

(i) For the N-dimensional system with M ∼ Poi(αN) rows, the perturbation changes the
expected log partition function by o(N).

(ii) For the reference system let Ai(σ) = N′−1 ∑a≤M τi(Sa(σ)), i = 1, 2. After averaging over
the perturbation parameters, E⟨|Ai − E⟨Ai⟩ref|⟩ref → 0. By (4.15), the observables bN and
XN(σ, σ) therefore concentrate under ⟨·⟩ref about their expectations, and so does the diagonal
entry X̂N′(ρ(σ, 0), ρ(σ, 0)) of its perturbation.

(iii) There are sets GN = GN(M) of perturbation parameters with infM∈WN P(GN(M)) → 1
such that

sup
M∈WN

sup
GN(M)

sup
∥ f ∥∞≤1

|Dr( f , Qv,m)| → 0

for the reference system and every fixed r and (v, m), and for the N′-dimensional system
with the Gibbs measure ⟨·⟩N′ and every fixed r and (v, m) with v2 = 0, and such that
the concentration defects of (ii), without the average over the parameters, also tend to zero
uniformly on GN(M) and in M ∈ WN. The sets GN(M) do not depend on Λ.

(iv) Comparison with the reference perturbation. (a) In the partition function of the N′-
dimensional system with M rows, restricted to ε ∈ BΛ, replacing the Gaussian part of the
perturbation at ρ(σ, ε) by its value at ρ(σ, 0) changes the expected logarithm by o(1), and
changes the Gibbs expectations of bounded measurable functions of finitely many spin overlaps
and cavity coordinates by o(1) times their supremum norm. (b) In the representation of the
N-dimensional system through the fields Sa + ηa of (4.6), replacing its Gaussian perturbation
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by that of the reference system, and the strengths sN, ξN by sN′ , ξN′ , changes the expected
log partition function by o(1).

(v) Rows. Adding the π further rows to the N′-dimensional system, including the corresponding
change of its perturbation, increases the expected log partition function by at least

E log
〈

exp
{

∑
i≤π

U(yi(ρ))
}〉

N′
− o(1),

where yi(ρ) = g̃i · ρ/
√

N′ are the fields of the added rows. Moreover, for N ≥ N0(n) the
difference between the expected log partition functions of the N′-dimensional system with
M + π rows and of the N-dimensional system with M rows is at least −Cn, uniformly in
the perturbation parameters and in M ∈ WN , and for every N and every number M of rows
it is at most Cn(N + M) in absolute value.

The second lemma provides continuity of the quantities in the cavity computation
under convergence of overlap arrays. We apply it both to the Gibbs measures of §4.4
and to finite Ruelle probability cascades, so we state it for a random probability measure
G on a measurable space E. We write ⟨·⟩ for the average over independent samples
ρ1, ρ2, . . . from G (replicas) and E⟨·⟩ for the expectation over G and the replicas. Let
R and X be random positive semidefinite kernels on E with R(ρ, ρ) = 1, let b be a
random function on E, and let z : E → Rn and y, y1, y2, · · · : E → R be random fields,
all defined on one probability space with G and jointly measurable. For r replicas
write Ar = (R(ρℓ, ρℓ

′
), X(ρℓ, ρℓ

′
), b(ρℓ))ℓ,ℓ′≤r for their arrays. For such an array a let Na

be the centered Gaussian law of vectors (zℓ, yℓ, yℓ1, yℓ2, . . . )ℓ≤r under which the families
z, y, y1, y2, . . . are independent and

Ezℓi zℓ
′

j = δijXℓℓ′ , Eyℓyℓ
′
= nRℓℓ′Xℓℓ′ , Eyℓi yℓ

′
i = Rℓℓ′ ;

these matrices are positive semidefinite by the Schur product theorem. We assume:

(G) For every r and every bounded measurable function Φ of Ar and of the values at
ρ1, . . . , ρr of z, y, and finitely many yi, E⟨Φ⟩ = E⟨Φ̄(Ar)⟩, where Φ̄(a) is the integral
of Φ(a, ·) against Na.

This holds, for instance, if E = Sd and, conditionally on (G, R, X, b), the fields are
independent centered Gaussian processes with covariances δijX, nRX, and R, and are
independent of the replicas. This is the situation in §4.4. The numerator, or cavity partition
function on BΛ, and the denominator are

NΛ =
〈 ∫

BΛ

νn(dε)eε·z(ρ)−(∥ε∥2−n)(b(ρ)−1)/2
〉

, D = ⟨ey(ρ)⟩,

and the cavity measure is the random probability measure on E × BΛ with density propor-
tional to the integrand of NΛ with respect to G⊗ νn.
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Lemma 4.8. Consider a sequence of such random measures satisfying (G) for which, for every
c > 0, the quantities

E
〈
exp

(
cX(ρ, ρ) + c|b(ρ)|

)〉
are bounded along the sequence from some index on, and suppose that the finite-dimensional
distributions of the arrays converge. Then the following quantities converge, and their limits
depend only on the limiting law of the arrays:

(i) E logNΛ and E logD;
(ii) expectations under the cavity measure of bounded continuous functions of the arrays and the

cavity coordinates of finitely many replicas;
(iii) the expected logarithmic increment E log⟨exp{∑i≤π U(yi(ρ))}⟩, for π ∼ Poi(αn) inde-

pendent of the other variables, whenever U is continuous and satisfies (4.2).

In particular, if E⟨|b− b̄N|⟩ → 0 for constants b̄N → b∞, then b may be replaced by the constant
b∞ in these limits.

Lemma 4.8 is the analogue for the perceptron of the continuity of the cavity functionals
in the law of the overlap array, proved for mixed p-spin models in [99, Lemma 3] and for
spherical models in [37]. The difference is that the functionals here also depend on the
response overlap and on the precision b, and that part (iii) treats the row term, whose
activation may be unbounded below.

The third lemma is an identity for the mean of bN under the reference system, obtained
by Gaussian integration by parts in the rows ga; it turns SaU′(Sa) into U′′(Sa) + U′(Sa)2

minus a two-replica term. In the limit it shows that the smallest precision of the Gaussian
integral over the added coordinates is at least one (Step 3 of §4.7).

Lemma 4.9. Fix n. For two replicas σ1, σ2 of the reference system, uniformly in the perturbation
parameters and in M ∈ WN,

E⟨bN⟩ref = 1 + E⟨XN(σ, σ)⟩ref − E
〈

RN(σ
1, σ2)XN(σ

1, σ2)
〉

ref + o(1).

Finite cascades as random measures. Lemma 4.8 is also applied to finite Ruelle prob-
ability cascades carrying prescribed diagonal values. Take a cascade as in §4.2, with
depth k, weights (vβ), and paired levels 0 ≤ q0 ≤ · · · ≤ qk ≤ 1 and 0 ≤ p0 ≤ · · · ≤ pk,
and let p̄ ≥ pk and b̄ ∈ R. Independently of (vβ), let Yp, Yc, and Yq,1, Yq,2, . . . be
independent Gaussian cascade fields (§3.2), with values in Rn, R, and R, and with
levels p, c = (nql pl)l≤k, and q, respectively; the levels cl are nonnegative and nonde-
creasing. The cascade realization with diagonal values (1, p̄, b̄) is the random measure
G = ∑β vβ δβ ⊗ νn ⊗ ν1 ⊗ ν⊗N

1 on E = Nk
∗ × Rn × R × RN, with b ≡ b̄, with kernels R

and X equal to qβ∧β′ and pβ∧β′ at distinct points with leaves β, β′ and to 1 and p̄ at equal
points, and with the fields

z(ρ) = Yp
β +

√
p̄ − pk x, y(ρ) = Yc

β +
√

n( p̄ − qk pk) x′, yi(ρ) = Yq,i
β +

√
1 − qk x′′i
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at ρ = (β, x, x′, x′′). The within-state coordinates x, x′, x′′ carry the nonnegative differ-
ences between the diagonal values and the top levels. Two independent samples from
G are distinct points almost surely, so the arrays of the replicas are cascade arrays with
paired levels (ql, pl) off the diagonal, with diagonal values 1, p̄, and b̄. Given the cascade
weights and the leaves of the replicas, the values of the fields at the replicas are centered
Gaussian with the covariances in (G), because the cascade fields are independent of
the weights and the within-state coordinates are independent standard Gaussian. This
gives (G), and the moment condition of Lemma 4.8 holds because X(ρ, ρ) = p̄ and b = b̄
are constant.

How the lemmas are combined with the overlap theorem. Fix M ∈ WN and parameters
in the set GN(M) of Lemma 4.7(iii) (in §4.7, M = MN depends on N), and pass to a
subsequence along which the finite-dimensional distributions of the arrays (RN, XN, bN)

under E⟨·⟩ref converge; they are tight by (4.8) and (4.9). The reference system satisfies (G)
with G = ⟨·⟩ref, R = RN, X = XN, and b = bN, for fields that are, conditionally on the
disorder, independent Gaussian processes with the covariances in (G); for instance

zi(σ) = ∑
a≤M

U′(Sa(σ))√
N′

gai, y(σ) =
√

n ∑
a≤M

∑
i≤N

σiU′(Sa(σ))√
NN′

g′ai,

yj(σ) = ∑
i≤N

σi√
N

g′′ji,

with independent standard Gaussian variables gai, g′ai, g′′ji, independent of the reference
system. By (4.9), it satisfies the moment condition of Lemma 4.8. We apply Theorem 4.6
to the Gram pairs generated by σ/

√
N and Ψ̂N′(ρ(σ, 0)). Their limiting arrays have

R1 = R and R2 = X/CX, where (R, X) is the limit of (RN, XN), for three reasons.

(a) Both feature vectors lie in unit balls, and on ΩN the response Gram array differs
from XN/CX by O(n/N), by (4.17); moreover P(Ωc

N) → 0.
(b) The diagonals concentrate by Lemma 4.7(ii)–(iii), so the limiting diagonal values are

1 and p∞/CX, where
p∞ = lim E⟨XN(σ, σ)⟩ref

along a further subsequence.
(c) Lemma 4.7(iii) gives vanishing discrepancies DN

r ( f , Q) of (4.10), uniformly over
bounded tests, for each fixed number of replicas and each Q = Qv,m, that is, for
v1 + v2 ≤ 1. Homogeneity of degree m extends the conclusion to every nonnegative
rational pair (v1, v2), so (4.12) holds.

By Theorem 4.6(ii), after multiplying the second levels of its approximating cascades by
CX, the off-diagonal limit of (RN , XN) is a limit in finite-dimensional distribution of Ruelle
probability cascade arrays with paired nondecreasing levels (ql, pl). The observable bN
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concentrates about E⟨bN⟩ref, which converges along a further subsequence to a constant
b∞; by the last assertion of Lemma 4.8, bN may be replaced by b∞ in all limits.

In the limit, 0 ≤ R12 ≤ 1 and 0 ≤ X12 ≤ p∞ almost surely. Nonnegativity
is Theorem 4.6(i), and RN ≤ 1. For the last bound, the Cauchy–Schwarz inequal-
ity gives XN(σ

1, σ2) ≤ (XN(σ
1, σ1) + XN(σ

2, σ2))/2, so E⟨(XN(σ
1, σ2) − p∞)+⟩ref ≤

E⟨|XN(σ, σ) − p∞|⟩ref → 0, and the left side converges to the corresponding expecta-
tion in the limit by uniform integrability. Projecting the levels of the approximating
cascades onto [0, 1]× [0, p∞], which is monotone, continuous, and the identity on the
values of the limiting arrays, we may assume 0 ≤ ql ≤ 1 and 0 ≤ pl ≤ p∞. The cascade
realizations of these cascades with diagonal values (1, p∞, b∞) then have arrays converg-
ing to the limiting arrays of (RN, XN, bN). We apply Lemma 4.8 to the sequence that
alternates the reference systems along our subsequence (with bN replaced by b∞) and
these cascade realizations, whose arrays converge to the same limit. We conclude that
the limits along our subsequence of the quantities in Lemma 4.8(i)–(ii) for the reference
system are the limits of their values on the cascade realizations.

For the spin overlaps of the N′-dimensional system we apply Theorem 4.6 to the Gram
pairs generated by ρ/

√
N′ and the zero vector. Then every Q in its hypothesis is (v1x)m =

vm
1 xm, so the hypothesis reduces to the defects with v = (1, 0) of Lemma 4.7(iii). By

parts (i)–(ii) of the theorem, the limiting spin overlap array is a limit in finite-dimensional
distribution of Ruelle probability cascade arrays with nondecreasing levels in [0, 1], and
the overlap laws of these cascades converge to the limiting overlap law ζ̃ of the N′-
dimensional system.

4.4 The two cavity terms

We now compute the increment of the expected log partition function from dimension N
to dimension N′ at fixed perturbation parameters and a fixed number M ∈ WN of rows.
Write log ZM+π

N′ , log ZM
N′ , and log ZM

N for the log partition functions of the perturbed
N′-dimensional system with all M + π rows, of the same system with its first M rows
only, and of the perturbed N-dimensional system. The increment splits as

E log ZM+π
N′ − E log ZM

N =
(
E log ZM+π

N′ − E log ZM
N′
)︸ ︷︷ ︸

row term

+
(
E log ZM

N′ − E log ZM
N
)︸ ︷︷ ︸

coordinate term

. (4.19)

The row term. By Lemma 4.7(v), the row term is at least E log⟨exp{∑i≤π U(yi(ρ))}⟩N′ −
o(1), where the fields yi of the added rows are centered Gaussian with covariance ρ · ρ′/N′

and are independent of ⟨·⟩N′ . Thus ⟨·⟩N′ , with R(ρ, ρ′) = ρ · ρ′/N′, X ≡ 0, b ≡ 0, and
the fields yi of the added rows, satisfies (G) and the moment condition of Lemma 4.8.
By Lemma 4.8(iii), which applies by (4.2), the limit of this quantity along a subsequence
along which the spin overlap array converges depends only on the limiting law of that
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array. For parameters in GN(M) this array is a limit of Ruelle probability cascade arrays
with nondecreasing levels in [0, 1] whose overlap laws ζh converge to the limiting overlap
law ζ̃ (§4.3). Consider the h-th of these cascades, with levels 0 ≤ q0 ≤ · · · ≤ qk ≤ 1 (we
drop the index h from its levels and masses), and its cascade realization with diagonal
values (1, 0, 0) and p ≡ 0. Given π, the fields yi(ρ) = Yq,i

β +
√

1 − qk x′′i of different rows
are independent, so〈

exp
{

∑
i≤π

U(yi(ρ))
}〉

= ∑
β

vβ ∏
i≤π

E
[
eU(Yq,i

β +
√

1−qk G) ∣∣ Yq,i].
Apply Lemma 3.2 with the marks (e(i)ν )i≤π, where e(i)ν are the Gaussian increments of
Yq,i at the node ν (with variance q0 at the root and ql − ql−1 at depth l), and with
the leaf function ∑i≤π T1,1−qkU(Yq,i

β ). The leaf function is bounded above and at least

−C ∑i(1 + (Yq,i
β )2) by (4.2) and (2.6), so all quantities in (3.2) are finite. Since the marks

of different rows are independent and the leaf function is a sum over the rows, the
recursion (3.2) factorizes over the rows. For one row, its steps are Tθl ,ql−ql−1 at depth l,
and the average over the root mark is T0,q0 . By (3.5) and the recursion (2.2), the expected
logarithm of the display equals

π
[
T0,q0Tθ1,q1−q0 · · · Tθk,qk−qk−1T1,1−qkU

]
(0) = π uζh(0, 0; U),

where ζh = ∑l wlδql is the overlap law of the cascade, a probability measure on [0, 1]
whose distribution function equals 0 on [0, q0) and θl+1 on [ql, ql+1) for 0 ≤ l ≤ k, with
qk+1 = 1 (some of these intervals may be empty); its steps are exactly the operators in
the display. Averaging over π ∼ Poi(αn) gives αn uζh(0, 0; U). As h → ∞, these values
converge, by Lemma 4.8(iii) applied to the sequence that alternates the N′-dimensional
systems and the cascade realizations, to the limit of the lower bound for the row term.
Moreover uζh(0, 0; U) → uζ̃(0, 0; U) by Lemma 2.4, since the laws ζh converge weakly on
[0, 1] and hence in the Wasserstein distance. Thus, along the subsequences used below,

lim inf
N

(row term) ≥ αn uζ̃(0, 0; U). (4.20)

In §4.7 we show that ζ̃ equals the limiting overlap law ζ of the reference system.

Reduction of the coordinate term to the reference system. By (4.3) and (4.5), ZM
N′ is

an integral over (σ, ε) against µN(dσ) fN,n(ε)dε. Restricting ε to the ball BΛ decreases
it, so the coordinate term is bounded below by the same expression with ZM

N′ replaced
by its restriction to BΛ. By Lemma 4.7(iv)(a) we may replace the Gaussian part of the
perturbation at ρ(σ, ε) by its value at ρ(σ, 0), at a cost o(1). After this replacement the
Gaussian part depends only on σ. We add and subtract the activation terms ∑a Uξ(Sa)

at the reference fields, with ξ = ξN′ , which include the scalar part, and factor out the
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partition function of the tilted reference system. Similarly, by Lemma 4.7(iv)(b) the N-
dimensional system may be written, at a cost o(1), with the fields Sa + ηa of (4.6), the
reference perturbation, and the strength ξN′ . Since the reference partition function is
common to both terms, it cancels, and the coordinate term is at least

E log
〈 ∫

BΛ

fN,n(ε)e∑a[Uξ(χ(ε)Sa+wa(ε))−Uξ(Sa)] dε e−nBN/2
〉

ref

− E log
〈

e∑a[Uξ(Sa+ηa)−Uξ(Sa)]e−nBN/2
〉

ref
− o(1). (4.21)

The factors e−nBN/2 undo the tilt of ⟨·⟩ref; they appear in both terms. Here Sa = Sa(σ),
BN = BN(σ), and ⟨·⟩ref acts on σ.

Gaussian interpolation for the numerator. We replace the activation increment in the
first term of (4.21) by a Gaussian field. Let z(σ) = (z1(σ), . . . , zn(σ)) be, conditionally on
the disorder, a centered Gaussian process with Ezi(σ)zj(σ

′) = δijXN(σ, σ′), independent
of everything else (for instance the process z of §4.3). For 0 ≤ t ≤ 1 put St

a = χ(ε)Sa +√
t wa(ε) and

∆t = ∑
a

[
Uξ(St

a)− Uξ(Sa)
]
+
√

1 − t ε · z(σ) + (1 − t)
∥ε∥2

2
BN(σ),

and let φ(t) be the first term of (4.21) with the exponent replaced by ∆t; thus φ(1) is that
term. Write ⟨·⟩t for the associated Gibbs measure on SN × BΛ. We first discuss the terms
produced by the unperturbed activation U and then the terms that carry a factor ξ or ξ2.

The field wa(ε) is centered Gaussian with Ewa(ε)wa(ε′) = ε · ε′/N′, independently
over a, and it is independent of the reference system. Gaussian integration by parts
in the fresh columns g′a produces the diagonal terms ∥ε∥2(U′′ + U′2)(St

a) (the U′′ part
from differentiating U′, the U′2 part from differentiating the Gibbs density of the same
replica) and a two-replica term. Integration by parts in z produces the U′2 part and the
two-replica term at the reference fields Sa, with the opposite sign, and the derivative of
the explicit term (1 − t)∥ε∥2BN/2 supplies the U′′ part at the reference fields, also with
the opposite sign. The result, for the activation U, is

φ′(t) =
1

2N′ ∑
a

E
〈
∥ε∥2[(U′′ + U′2)(St

a)− (U′′ + U′2)(Sa)
]〉

t

− 1
2N′ ∑

a
E
〈
(ε1 · ε2)

[
U′(St,1

a )U′(St,2
a )− U′(S1

a)U
′(S2

a)
]〉

t,
(4.22)

where the superscripts 1, 2 refer to two replicas (σ1, ε1), (σ2, ε2). The first line collects the
diagonal contributions and the second the two-replica covariance contributions.

We bound (4.22) on ΩN. Uniformly on SN × BΛ,

∑
a

S2
a ≤ CN, ∑

a
|St

a − Sa|2 ≤ Cn,Λ.
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The second bound follows from St
a − Sa = (χ(ε) − 1)Sa +

√
t wa(ε), from χ(ε) − 1 =

On,Λ(N−1), and from ∑a wa(ε)2 ≤ ∥G′∥2
op∥ε∥2/N′ ≤ C∥ε∥2. Since |U′| grows at most lin-

early and U′′, U′′′ are bounded, the function ωU = U′′ +U′2 satisfies |ωU(x)− ωU(x′)| ≤
C(1 + |x|+ |x − x′|)|x − x′|, and the Cauchy–Schwarz inequality gives

1
N′ ∑

a
|ωU(St

a)− ωU(Sa)| ≤
C
N′

(
∑

a
(1 + |Sa|+ |St

a − Sa|)2
)1/2(

∑
a
|St

a − Sa|2
)1/2

≤ Cn,ΛN−1/2.

The product difference in the second line obeys the same estimate, after writing it as
[U′(St,1

a )− U′(S1
a)]U′(St,2

a ) + U′(S1
a)[U′(St,2

a )− U′(S2
a)]. Since ∥ε∥2 ≤ Λn and |ε1 · ε2| ≤

Λn on BΛ, the right side of (4.22) is On,Λ(N−1/2) on ΩN. On Ωc
N the integrand is

bounded by a polynomial in the operator norms, whose moments are bounded, so its
contribution is at most Cn,ΛP(Ωc

N)
1/2.

The terms carrying ξ or ξ2 arise because the interpolation uses the activation Uξ

of (4.14) while BN and XN are defined with U. In (4.22) they replace ωU(St
a) by ωUξ (St

a)

and U′(St,1
a )U′(St,2

a ) by (Uξ)′(St,1
a )(Uξ)′(St,2

a ). By (4.1) the first and second derivatives of
τ1 and τ2 grow at most linearly, and the first derivatives of U as well; hence |ωUξ (x)−
ωU(x)| ≤ C(ξ + ξ2)(1 + x2) and |(Uξ)′(x)(Uξ)′(x′)− U′(x)U′(x′)| ≤ C(ξ + ξ2)(1 + x2 +

x′2). Since N′−1 ∑a(1 + (St
a)

2) ≤ C on ΩN , these terms contribute On,Λ(ξN′ + ξ2
N′) = o(1)

on ΩN; this is sufficient, although it is weaker than the rate N−1/2 available for the
activation U.

We conclude that φ(1) − φ(0) = o(1) for fixed n and Λ. The same holds for
Gibbs expectations: differentiating E⟨F⟩t for a bounded measurable function F of the
spin overlaps and cavity coordinates of r replicas, which does not depend on the
fresh Gaussian variables, inserts at most r + 2 replicas and the same covariance dif-
ferences, so |∂tE⟨F⟩t| ≤ Cr,n,Λ∥F∥∞(N−1/2 + ξN′ + ξ2

N′) on ΩN, up to a contribution
Cr,n,Λ∥F∥∞P(Ωc

N)
1/2.

The numerator at t = 0. By Taylor’s formula and (4.4), uniformly on BΛ and on ΩN,

∑
a

[
U(χ(ε)Sa)− U(Sa)

]
= (χ(ε)− 1)∑

a
SaU′(Sa) + O

(
(χ(ε)− 1)2 ∑

a
S2

a

)
=

n − ∥ε∥2

2
AN + On,Λ(N−1),

and the corresponding terms carrying ξ are On,Λ(ξN′). Adding ∥ε∥2BN/2 and using
bN − 1 = AN − BN, the exponent ∆0 equals

ε · z(σ)− ∥ε∥2 − n
2

(bN − 1) +
n
2

BN + o(1).

The term nBN/2 cancels the factor e−nBN/2 in (4.21), and fN,n(ε)dε may be replaced by
νn(dε) by (4.4). This explains the definitions of AN, BN, and bN.
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Gaussian interpolation for the denominator. The second term of (4.21) is treated by the
same interpolation. The field ηa(σ) = cNg′′a · σ has covariance c2

N σ · σ′ = (n/N′)RN(σ, σ′),
and on ΩN we have ∑a η2

a ≤ c2
N∥G′′∥2

opN ≤ Cn. Let y(σ) be, conditionally on the disorder,
a centered Gaussian process with covariance nRN(σ, σ′)XN(σ, σ′), and interpolate with

∑
a

[
Uξ(Sa +

√
t ηa)− Uξ(Sa)

]
+
√

1 − t y(σ) + (1 − t)
n
2

BN(σ).

Integration by parts gives (4.22) with ∥ε∥2 replaced by n and ε1 · ε2 replaced by
nRN(σ

1, σ2), and the same estimates show that the two endpoints differ by o(1). At
t = 0 the activation increment is replaced by y(σ) + nBN(σ)/2, and nBN/2 again cancels
the factor e−nBN/2.

The coordinate term. Combining the preceding paragraphs, for fixed n and Λ the
coordinate term is at least

E log
〈 ∫

BΛ

νn(dε) eε·z(σ)−(∥ε∥2−n)(bN(σ)−1)/2
〉

ref
− E log

〈
ey(σ)〉

ref − o(1). (4.23)

The same comparison holds for Gibbs expectations of bounded continuous functions
of finitely many replicas, including their cavity coordinates: under the Gibbs measure
of the N′-dimensional system with M rows, conditioned on ε ∈ BΛ for each replica,
such expectations differ by o(1) from those under the cavity measure of the first term
of (4.23), where the spin overlaps are RN(σ

ℓ, σℓ′). Indeed, the chain of comparisons above
consists of Lemma 4.7(iv)(a), the interpolation, whose effect on Gibbs expectations was
bounded above, and the replacement of an exponent and a density by quantities that
differ from them by o(1) uniformly on ΩN × BΛ. Moreover, on BΛ the spin overlap
ρℓ · ρℓ

′
/N′ = [χ(εℓ)χ(εℓ

′
)NRN(σ

ℓ, σℓ′) + εℓ · εℓ
′
]/N′ of the N′-dimensional system differs

from RN(σ
ℓ, σℓ′) by On,Λ(N−1), and a continuous function is uniformly continuous on

the compact set of overlaps in [−1, 1] and cavity coordinates in BΛ.
For parameters in GN(M) and along the subsequences of §4.3, Lemma 4.8 allows us

to replace bN by its limit b∞. Thus, for fixed n and Λ, the coordinate term is bounded
below, up to o(1), by

E log
〈 ∫

BΛ

νn(dε) eε·z(σ)−(∥ε∥2−n)(b∞−1)/2
〉

ref
− E log

〈
ey(σ)〉

ref, (4.24)

where, conditionally on the reference system, z and y are centered Gaussian with

Ezi(σ)zj(σ
′) = δijXN(σ, σ′), Ey(σ)y(σ′) = nRN(σ, σ′)XN(σ, σ′).

The first term of (4.24) is the expected logarithm of the numerator NΛ of Lemma 4.8 for
the reference system with b = b∞, and the second is minus that of the denominator D; we
call the two expected logarithms the numerator and the denominator. By Lemma 4.8(i),
both converge along the subsequence, and by §4.3 their limits are the limits of their values
on cascade realizations. We compute these values next.



part i 4.5 The cavity quantities on cascades 88

4.5 The cavity quantities on cascades

We evaluate the numerator and the denominator of (4.24) on a cascade realization, using
Lemma 3.4, and we show that the cutoff Λ can be removed when the smallest precision is
bounded below. Throughout this section we use the notation of §3.2: a Ruelle probability
cascade of depth k with parameters θl and masses wl, the branching level J = β1 ∧ β2 of
two replicas, and, for levels p ∈ K and a precision b, the precisions dl, the mean levels
ml, the function G(b, p), the mean squared norm ϱ = mk + 1/b, and the tilted measure
M defined in (3.8) and below it.

Fix a cascade with paired levels 0 ≤ q0 ≤ · · · ≤ qk ≤ 1 and 0 ≤ p0 ≤ · · · ≤ pk,
and its cascade realization with diagonal values (1, p̄, b̄) (§4.3). The overlap law of the
cascade is ∑l wlδql , and the law of the response overlap is ∑l wlδpl . On the realization, the
response field z is the cascade field Yp

β plus the within-state variable
√

p̄ − pk x. Averaging

x inside the Gibbs average multiplies the integrand of the numerator by e( p̄−pk)∥ε∥2/2,
which changes the coefficient of −∥ε∥2/2 from b̄ − 1 to b − 1, where

b = b̄ − ( p̄ − pk). (4.25)

By (3.7), the smallest precision d0 = b − ∑l≥1 θl∆pl of (3.8) is expressed through the mean
of the response overlap:

d0 = b − pk +
k

∑
l=0

wl pl. (4.26)

When d0 > 0, all precisions are positive and Lemma 3.4 applies.

The cavity quantities on a cascade realization. Averaging the within-state coordinates
inside the Gibbs average gives the following values. The numerator of (4.24), with b∞

replaced by b̄, equals ΘΛ + n(b̄ − 1)/2, where

ΘΛ = E log ∑
β

vβ

∫
BΛ

νn(dε)eε·Yp
β−(b−1)∥ε∥2/2,

and we write Θ for the same quantity with ε integrated over Rn. When d0 > 0, (3.10)
gives Θ = n[G(b, p)− 1

2 log b]. The denominator equals

E log ∑
β

vβeYc
β+n( p̄−qk pk)/2

=
n
2

(
p̄ −

k

∑
l=0

wlql pl

)
,

by (3.18) with the levels cl = nql pl; here p̄ ≥ pk ≥ qk pk. Hence, when d0 > 0, the
unrestricted numerator minus the denominator, divided by n, is

G(b, p)− 1
2

log b +
1
2

(
b̄ − 1 − p̄ +

k

∑
l=0

wlql pl

)
. (4.27)
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The last term vanishes in the limit by Lemma 4.9 (Step 3 of §4.7).
The cutoff is removed with the following lemma. It concerns the unrestricted

tilted measure M of §3.2 with the field Y = Yp, defined when d0 > 0, and
the random probability measure MΛ on pairs (β, ε) with density proportional to
vβνn(dε)eε·Yβ−(b−1)∥ε∥2/21BΛ(ε), which is defined for every b; when d0 > 0, MΛ is M
conditioned on {ε ∈ BΛ}.

Lemma 4.10. Fix the cavity dimension n and constants P0, B0, c0 > 0, and consider finite
cascades with

0 ≤ pk ≤ P0, d0 ≥ c0, b ≤ B0.

There are constants C, c′ > 0, depending only on n, P0, B0, c0, such that for all Λ ≥ 1

0 ≤ Θ − ΘΛ ≤ Ce−c′Λ, PM(ε1 /∈ BΛ) ≤ Ce−c′Λ. (4.28)

Moreover ϱ = mk + 1/b ≤ P0/c2
0 + 1/c0.

Proof. Every denominator dl−1dl and d2
0 in (3.8) is at least c2

0, and the increments of p sum
to pk ≤ P0, so mk ≤ P0/c2

0; also 1/b ≤ 1/d0 ≤ 1/c0. By (3.12), one replica ε1 has the law
N(0, ϱIn) under PM, and the Gaussian tail bound for ∥ε1∥2 gives the second estimate
in (4.28), for Λ larger than a constant; enlarging C covers the remaining Λ ≥ 1.

A small averaged probability of {ε /∈ BΛ} alone would not bound Θ − ΘΛ, so we use
convexity. Define the leaf functions

f(y) = log
∫

νn(dε)eε·y−(b−1)∥ε∥2/2,

fΛ(y) = log
∫

BΛ

νn(dε)eε·y−(b−1)∥ε∥2/2 (y ∈ Rn).

Then fΛ ≤ f, so ΘΛ ≤ Θ. The map φ 7→ E log ∑β vβeφ(Yβ) is convex on leaf functions, and
for a bounded direction ψ its derivative at f is EMψ(Yβ1), by dominated convergence.
Applying convexity with the bounded direction ψt = max{fΛ, f − t} − f ∈ [−t, 0] gives

Θ − E log ∑
β

vβemax{fΛ,f−t}(Yβ) ≤ EM
[
f(Yβ1)− fΛ(Yβ1)

]
,

and letting t → ∞, by monotone convergence, Θ − ΘΛ ≤ EM[f(Yβ1)− fΛ(Yβ1)]. Now
exp(fΛ − f)(y) is the probability that a vector with law N(y/b, b−1 In) lies in BΛ, and by
Lemma 3.4(ii), Yβ1/b = Mk ∼ N(0, mk In) under PM. Hence

Θ − ΘΛ ≤ E
[
− log P

{
Mk + b−1/2G′ ∈ BΛ

∣∣ Mk
}]

,

where G′ is a standard Gaussian vector in Rn independent of Mk ∼ N(0, mk In).
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We split the last expectation according to the size of Mk. On {∥Mk∥ ≤
√

Λn/2},
the conditional probability of leaving BΛ is at most P(∥G′∥2 > bΛn/4) ≤ P(∥G′∥2 >

c0Λn/4) ≤ Ce−c′Λ, and for Λ larger than a constant the negative logarithm is at most
twice this bound, since − log(1 − x) ≤ 2x for 0 ≤ x ≤ 1/2. For all Mk and Λ ≥
1, integrating the Gaussian density of Mk + b−1/2G′ over the fixed ball B1 and using
∥x − Mk∥2 ≤ 2∥x∥2 + 2∥Mk∥2 gives

P
{

Mk + b−1/2G′ ∈ BΛ
∣∣ Mk

}
≥ c2 exp

[
−C2(1 + ∥Mk∥2)

]
,

with c2, C2 depending only on n, c0, B0, since c0 ≤ b ≤ B0. The contribution of {∥Mk∥ >√
Λn/2} is therefore bounded by a Gaussian tail expectation of log(1/c2) + C2(1 +

∥Mk∥2), which is also at most Ce−c′Λ uniformly for mk ≤ P0/c2
0. Enlarging C covers the

remaining Λ ≥ 1.

The measure MΛ is the law of the leaves and cavity coordinates under the cavity
measure of the cascade realization on BΛ, after the within-state coordinates are integrated
out. For r replicas, MΛ is M conditioned on the event that εℓ ∈ BΛ for ℓ ≤ r, realization
by realization. If a probability measure gives mass 1 − δ to an event, then conditioning
each of r replicas on this event changes the expectation of a bounded function F of the r
replicas by at most 2r∥F∥∞δ, because the conditioning event for the r replicas has mass
at least 1 − rδ. Since this bound is linear in δ, it survives averaging over the disorder:

|EMΛ F − EMF| ≤ 2r∥F∥∞PM(ε1 /∈ BΛ). (4.29)

4.6 Rotation invariance

The two identities that determine the entropy come from the following lemma. It uses
only the invariance (4.18) of the N′-dimensional system under simultaneous rotations of
the configurations and the rows. In the coordinates ρ = ρ(σ, ε), the quantity Rcav below
is the overlap ε1 · ε2/n of the added coordinates.

Lemma 4.11. Suppose that the disorder-averaged law of a random Gibbs measure on SN′ is
invariant under simultaneous orthogonal transformations of its replicas. For two replicas ρ1, ρ2

define

R =
ρ1 · ρ2

N′ , Rcav =
1
n

N′

∑
i=N+1

ρ1
i ρ2

i .

Then

E⟨(Rcav − R)2⟩ ≤ 3N′

n(N′ − 1)
. (4.30)

Moreover, the averaged one-replica law is uniform on SN′ , and the law of its last n coordinates
converges to νn as N → ∞.



part i 4.7 Proof of the lower bound 91

Proof. By the invariance, we may replace two given replicas by their images under an
independent Haar-distributed rotation without changing the averaged law. Condition
on two unit vectors ρ1/

√
N′ and ρ2/

√
N′ with inner product R. Their images can

be written as x and Rx +
√

1 − R2 x⊥, where x is uniform on the unit sphere of RN′

and, given x, x⊥ is uniform on the unit sphere of the orthogonal complement of x.
For the n coordinate indices i ∈ {N + 1, . . . , N′} put A = ∑i x2

i and B = ∑i xix⊥i , so
that Rcav = (N′/n)(RA +

√
1 − R2 B). The variable A has the beta distribution with

parameters n/2 and N/2, so

EA =
n
N′ , Var(A) =

2nN
N′2(N′ + 2)

≤ 2n
N′(N′ − 1)

.

Given x, E[x⊥i x⊥j | x] = (δij − xixj)/(N′ − 1), hence E[B | x] = 0 and E[B2 | x] =

(A − A2)/(N′ − 1). Therefore

EB2 ≤ n
N′(N′ − 1)

, E[(A − n/N′)B] = 0.

Consequently

E
[
(RA +

√
1 − R2 B − Rn/N′)2] = R2 Var(A) + (1 − R2)EB2 ≤ 3n

N′(N′ − 1)
,

and multiplying by (N′/n)2 gives (4.30). The averaged one-replica law is a rotation-
invariant probability measure on SN′ , hence uniform. By (4.3) its last n coordinates
have the density fN,n, which converges pointwise to the standard Gaussian density; by
Scheffé’s lemma the laws converge to νn in total variation.

4.7 Proof of the lower bound

The order of the limits matters, because the Gaussian integral over all of Rn in the
numerator is not a bounded function of the overlaps. For fixed n we first let N → ∞
along a subsequence at a fixed cutoff Λ, then let the index h of the approximating cascades
tend to infinity, then let Λ → ∞; the cavity dimension n is sent to infinity last.

Proof of Theorem 4.1. We divide the proof into eight steps.

Step 1. Increments. Let ΞN be the expected log partition function of the perturbed N-
dimensional system with M ∼ Poi(αN) rows, averaged also over the perturbation param-
eters. By the Poissonization estimate of §4.1 and Lemma 4.7(i),

ΞN

N
= FN(U) + o(1). (4.31)



part i 4.7 Proof of the lower bound 92

For every fixed n,

lim inf
N→∞

ΞN

N
≥ 1

n
lim inf

N→∞
(ΞN+n − ΞN). (4.32)

To verify this, let ℓ′ be smaller than n times the right side. Then ΞN+n − ΞN ≥ ℓ′ for all
N ≥ N0. Every N ≥ N0 + n can be written as N = N1 + jn with N0 ≤ N1 < N0 + n and
j ≥ 1, and telescoping along the residue class of N1 gives ΞN ≥ minN0≤N1<N0+n ΞN1 + jℓ′.
Since j/N → 1/n, the left side of (4.32) is at least ℓ′/n. This is the inequality on which
the Aizenman–Sims–Starr scheme rests; see [100, (53)].

Let ℓn = lim infN(ΞN+n − ΞN). Then ℓn < ∞, since ΞN/N is bounded above by
αUmax + o(1) and (4.32) holds; and ℓn ≥ −Cn by Step 2.

Step 2. Choice of parameters and row count. For fixed perturbation parameters and a num-
ber M of rows, let ∆N(M) be the increment on the left of (4.19), computed conditionally
on the number of rows; thus ΞN+n − ΞN is the average of ∆N(M) over the parameters
and over M ∼ Poi(αN), because M + π ∼ Poi(αN′). By Lemma 4.7(v), ∆N(M) ≥ −Cn

uniformly in the parameters and in M ∈ WN, and |∆N(M)| ≤ Cn(N + M) for every M.
Since P(M /∈ WN) ≤ 2e−cN1/3

and E(N + M)2 ≤ CN2, the Cauchy–Schwarz inequality
shows that the event {M /∈ WN} contributes o(1) to the average; in particular ℓn ≥ −Cn.
Choose a subsequence along which ΞN+n − ΞN → ℓn. Let G ′

N be the event that M ∈ WN
and that the parameters lie in the set GN(M) of Lemma 4.7(iii). Its probability is at least
P(M ∈ WN) infM∈WN P(GN(M)) → 1. Since ∆N ≥ −Cn on {M ∈ WN}, the average of
∆N(M) over G ′

N is at most

ΞN+n − ΞN + CnP(G ′c
N) + o(1)

P(G ′
N)

= ℓn + o(1)

along the subsequence. Hence we can choose MN ∈ WN and parameters in GN(MN)

whose increment satisfies ∆N(MN) ≤ ℓn + o(1). We fix these parameters and this row
count from now on.

Step 3. One limit of the overlap arrays, and positive precision. Along a further subsequence,
the finite-dimensional distributions of the arrays (RN, XN, bN) under E⟨·⟩ref converge,
E⟨bN⟩ref → b∞, E⟨XN(σ, σ)⟩ref → p∞, and the spin overlap array of the N′-dimensional
system under E⟨·⟩N′ converges. Write L for the limiting law of the arrays of the reference
system, with diagonal values (1, p∞, b∞), and EL for expectations under it; let ζ be the
law of R12 under L, and ζ̃ the limiting overlap law of the N′-dimensional system. These
limits do not depend on Λ. The error terms o(1) of §4.4 depend on Λ, but for every fixed
Λ they tend to zero along the whole sequence.

By §4.3, there are finite cascades, indexed by h ≥ 1, with depths kh and paired
levels 0 ≤ qh

l ≤ 1 and 0 ≤ ph
l ≤ p∞, whose cascade realizations with diagonal val-

ues (1, p∞, b∞) have arrays converging to L. We attach the index h to the quantities
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of §4.5 for the h-th cascade, and write ELh for expectations under its arrays; the law
of (R12, X12) under it is ∑l wh

l δ(qh
l ,ph

l )
, and its precision (4.25) is bh = b∞ − p∞ + ph

kh
.

The product RN(σ
1, σ2)XN(σ

1, σ2) has bounded second moments by (4.8) and (4.9), so
E⟨RN(σ

1, σ2)XN(σ
1, σ2)⟩ref → EL[R12X12], and Lemma 4.9 gives

b∞ = 1 + p∞ − EL[R12X12]. (4.33)

This has two consequences. First, by (4.26) the smallest precision of the h-th cascade is
dh

0 = b∞ − p∞ + ELh [X12], and as h → ∞

dh
0 −→ b∞ − p∞ + EL[X12] = 1 + EL

[
X12(1 − R12)

]
≥ 1,

because X12 ≥ 0 and R12 ≤ 1 under L (§4.3); the convergence holds because X12 takes
values in [0, p∞] under all these laws. Also bh = 1 + ph

kh
− EL[R12X12] ≤ 1 + p∞, since

R12X12 ≥ 0 under L. So there is h0 such that, for h ≥ h0, the tilted measure Mh of §3.2 is
defined, Lemma 3.4 applies, and Lemma 4.10 applies with c0 = 1/2 and P0 = B0 = 1+ p∞,
with constants C, c′ independent of h. Second, by (4.33) the last term of (4.27) tends to
zero:

b∞ − 1 − p∞ + ∑
l

wh
l qh

l ph
l = ELh [R12X12]− EL[R12X12] −→ 0. (4.34)

Step 4. The increment and the cutoff. Fix Λ ≥ 1. By the choice of parameters in Step 2,
(4.19), (4.20) and (4.24), ℓn is at least αn uζ̃(0, 0; U) plus the limit of the numerator minus
the limit of the denominator. By §4.3, these limits are the limits as h → ∞ of the values
Θh

Λ + n(b∞ − 1)/2 and n
2 (p∞ − ∑l wh

l qh
l ph

l ) on the cascade realizations (§4.5). By (4.34)
their difference is Θh

Λ + oh(1), so limh Θh
Λ exists and ℓn ≥ αn uζ̃(0, 0; U) + limh Θh

Λ. For

h ≥ h0, (4.28) and (3.10) give Θh
Λ ≥ n[G(bh, ph)− 1

2 log bh]− Ce−c′Λ. Letting Λ → ∞,

ℓn

n
≥ αuζ̃(0, 0; U) + lim sup

h→∞

[
G(bh, ph)− 1

2
log bh

]
. (4.35)

Step 5. The rotation identities on the cascades. Let ϱh = mh
kh
+ 1/bh, the mean of ∥ε1∥2/n

under Mh by (3.12). We show that ζ̃ = ζ and

ϱh → 1, lim sup
h→∞

EMh
[
(ε1 · ε2/n − qh

J )
2] ≤ 3

n
. (4.36)

All three follow from the fact that, for every bounded continuous function F of the spin
overlaps and the cavity coordinates of r replicas,

lim
h→∞

EMh F = lim
N→∞

E⟨F⟩N′ , (4.37)

where both limits exist, the second along our subsequence. Here the spin overlap of two
distinct replicas is ρℓ · ρℓ

′
/N′ for the N′-dimensional system and qh

βℓ∧βℓ
′ for Mh, and the

cavity coordinates are the last n coordinates of ρℓ and the vectors εℓ, respectively.
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To prove (4.37), fix Λ. We condition the Gibbs measure ⟨·⟩N′ on {ε ∈ BΛ} for each
replica. As for (4.29), this changes E⟨F⟩N′ by at most 2r∥F∥∞E⟨1{ε/∈BΛ}⟩N′ , and by
Lemma 4.11, whose hypothesis holds by (4.18), this expected missing mass tends to
νn(Bc

Λ). By the comparison statement after (4.23), the conditioned expectation differs
by o(1) from the expectation of F under the cavity measure of the reference system,
computed with the spin overlaps RN . By the last assertion of Lemma 4.8, by Lemma 4.8(ii)
and by §4.3, the latter converges to the limit as h → ∞ of the expectation of F under the
cavity measures of the cascade realizations on BΛ, which is limh EMh

Λ
F (§4.5). For h ≥ h0,

(4.29) and (4.28) give |EMh
Λ

F − EMh F| ≤ 2r∥F∥∞Ce−c′Λ. Hence the upper and lower

limits of EMh F and of E⟨F⟩N′ all lie within 2r∥F∥∞(νn(Bc
Λ) + Ce−c′Λ) of limh EMh

Λ
F.

Since Λ is arbitrary, the four limits coincide, which proves (4.37). We apply it three times.

(a) F = f (R12) for a continuous function f on [−1, 1]. The right side of (4.37) is
∫

f dζ̃.
Under Mh the level J has law (wh

l ) by (3.13), so the left side is limh ELh f (R12) =∫
f dζ. Hence ζ̃ = ζ.

(b) F = min{∥ε∥2/n, T} for T > 0. By Lemma 4.11, the averaged one-replica law of the
last n coordinates of the N′-dimensional system converges to νn, so the right side is
E min{∥G′∥2/n, T} for a standard Gaussian vector G′. For h ≥ h0, ε1 ∼ N(0, ϱh In)

under Mh with ϱh ≤ ϱ̄ = P0/c2
0 + 1/c0 (Lemma 4.10), and E[(∥G′∥2/n)2] = 1 +

2/n ≤ 3. So removing the truncation changes the two sides by at most 3ϱ̄2/T and
3/T. Letting T → ∞ gives ϱh → 1.

(c) F = min{(ε1 · ε2/n− R12)
2, T}. In the N′-dimensional system ε1 · ε2/n is the quantity

Rcav of Lemma 4.11, so E⟨F⟩N′ ≤ 3N′/(n(N′ − 1)), and the left side of (4.37) is at
most 3/n. For h ≥ h0 the fourth moment of ε1 · ε2/n − qh

J under Mh is bounded
uniformly in h, since 0 ≤ qh

J ≤ 1 and ε1, ε2 have the law N(0, ϱh In) with ϱh ≤ ϱ̄. So
removing the truncation costs O(1/T) uniformly in h. This gives (4.36).

In particular, the row term in (4.35) is αuζ(0, 0; U).

Step 6. The entropy. For h ≥ h0, Lemma 3.4(iv) gives

G(bh, ph)− 1
2

log bh = CS(γh) +
1
2

log ϱh, γh = γmh/ϱh
∈ U , (4.38)

where γh is the order parameter with atoms of mass wh
l at mh

l /ϱh. The trial order
parameters γh are close to ζ. The law ζh = ∑l wh

l δqh
l

of R12 under the h-th cascade array
converges weakly to ζ, hence in the Wasserstein distance W1 on [0, 1]. Under PMh the level
J has law (wh

l ), so (qh
J , mh

J /ϱh) is a coupling of ζh and γh, and since 0 ≤ mh
J ≤ mh

kh
≤ ϱh,

W1(ζh, γh) ≤ E|qh
J − mh

J |+ |ϱh − 1| ≤
(
E(qh

J − mh
J )

2)1/2
+ |ϱh − 1|,
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with expectations under PMh . By (3.13), mh
J is the conditional mean of ε1 · ε2/n given J,

and qh
J is a function of J. So conditional Jensen’s inequality and (4.36) give lim suph E(qh

J −
mh

J )
2 ≤ 3/n. Hence

lim sup
h→∞

W1(ζ, γh) ≤
√

3/n. (4.39)

Step 7. The lower bound for fixed n. Let δ > 0. By (4.35), ζ̃ = ζ, (4.38), ϱh → 1, and (4.39),
there is h such that γ = γh ∈ U satisfies

αuζ(0, 0; U) + CS(γ) ≤ ℓn

n
+ δ, W1(ζ, γ) ≤

√
3/n + δ.

Lemma 2.4 gives a constant CU with |uζ(0, 0; U)− uγ(0, 0; U)| ≤ CUW1(ζ, γ), so

PU(γ) = αuγ(0, 0; U) + CS(γ) ≤ ℓn

n
+ αCU

√
3/n + (1 + αCU)δ.

Since γ ∈ U , the left side is at least P∗(U). Letting δ → 0 and using (4.31) and (4.32),

lim inf
N→∞

FN(U) ≥ ℓn

n
≥ P∗(U)− αCU

√
3/n. (4.40)

Step 8. The limit n → ∞. The constant CU does not depend on n. Letting n → ∞ in (4.40)
proves Theorem 4.1. The perturbation and the Poissonization were already removed
in (4.31). Neither a minimizer of PU nor the upper bound of Chapter 3 was used.

4.8 Proofs of the perturbation, continuity, and precision lemmas

We keep the notation of §4.3. Throughout, d ∈ {N, N′}, A is the set of rows of the system
under consideration, Gd is its matrix of rows, and constants may depend on U, α, n, and
Λ, but not on N. Since M ∈ WN, the number of rows satisfies #A ≤ 2αN, except in
part (i), where M is Poisson, and in part (v), where the π added rows are included. All
bounds on the log partition function hold uniformly for parameters ui, uv,m in [1/2, 5/2],
which allows difference quotients at the endpoints of [1, 2]. We use the Gaussian Poincaré
inequality [21, Theorem 3.20]: for a standard Gaussian vector g in a Euclidean space and
a continuously differentiable function Φ with E∥∇Φ(g)∥2 < ∞, Var Φ(g) ≤ E∥∇Φ(g)∥2.

We first record an elementary estimate for replacing an activation by a smaller one on
fresh rows. It is used in part (v) of Lemma 4.7 and in part (iii) of Lemma 4.8.

Lemma 4.12. Let ⟨·⟩ be a random probability measure, and let V1 ≤ V2 and Y ≥ 0 be random
functions on its space such that V2 ≤ A for a constant A, V1 ≥ −Y, and E[⟨Y⟩2] < ∞. Then,
for every T > 0,

0 ≤ E log⟨eV2⟩ − E log⟨eV1⟩ ≤ eT E⟨eV2 − eV1⟩+ E[(A+ + ⟨Y⟩)2]

T
.
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Proof. Put Zi = ⟨eVi⟩ and ∆ = log Z2 − log Z1 ≥ 0. By Jensen’s inequality log Z1 ≥
⟨V1⟩ ≥ −⟨Y⟩, and log Z2 ≤ A; so both logarithms are integrable and ∆ ≤ A+ + ⟨Y⟩.
Since log x ≤ x − 1, also ∆ ≤ (Z2 − Z1)/Z1. On {Z1 ≥ e−T} this gives ∆ ≤ eT(Z2 − Z1).
On {Z1 < e−T} we have ⟨Y⟩ ≥ − log Z1 > T, so ∆ ≤ A++ ⟨Y⟩ ≤ (A++ ⟨Y⟩)2/T. Taking
expectations proves the claim.

In both applications V1 and V2 are sums of activations over π fresh rows yi, and each
yi(ρ) is standard Gaussian for one replica, so that E⟨(1 + y2

i )
2⟩ = 6. Recall the constant

C0 of (4.2).

Proof of Lemma 4.7. We divide the proof into eight steps.

Step 1. Tensor estimates. We first record a bound that controls both the countable sum of
Gaussian components and the derivatives of the Gaussian perturbation in the rows. If T
is a standard Gaussian multilinear form with m slots, each of dimension at most d + #A,
its injective norm ∥T∥inj (the supremum of |T(x1, . . . , xm)| over unit vectors) satisfies

E∥T∥2
inj ≤ Cm(d + #A) log(12m). (4.41)

Indeed, a 1/(4m)-net of the unit ball of RD can be chosen with at most (12m)D points, so
the product net over the m slots has logarithmic cardinality at most m(d + #A) log(12m).
Changing one argument at a time from a point of the unit balls to a nearest net point
changes T by at most ∥T∥inj/(4m) per slot, so ∥T∥inj is at most 4/3 times the maximum
over the net. The values of T at the net points are centered Gaussian with variance at
most one, and E maxi≤K g2

i ≤ 4 log K + 2 for K such variables gi, by Eeg2
i /4 ≤

√
2. This

proves (4.41). Differentiating a tensor contraction in its response argument y = Ψ̂d(ρ)

frees one slot and sums over at most m positions; the other arguments are contracted
with vectors of norm at most one, and the coefficients in (4.16) are at most one because
∑i (

m
i )v

i
1vm−i

2 ≤ 1. Hence supρ∥∂yhv,m(ρ)∥ ≤ m ∑i≤m∥Tv,m,i∥inj, and by (4.41), with no
attempt to optimize the power of m,

E sup
ρ
∥∂yhv,m(ρ)∥2 ≤ C(m + 1)5 log(12(m + 1))(d + #A). (4.42)

These polynomial factors are summable against cv,m = 2−j(v)−m. In the
same way supρ|hv,m(ρ)| ≤ ∑i≤m∥Tv,m,i∥inj, so

(
E supρ|hv,m(ρ)|2

)1/2 ≤ C(m +

1)3/2 log(12(m + 1))1/2(d + #A)1/2 by the Cauchy–Schwarz inequality and (4.41).
Hence ∑v,m cv,m

(
E supρ|hv,m|2

)1/2
< ∞. By Tonelli’s theorem the series defining the

Gaussian part converges absolutely almost surely, uniformly in ρ, and by Minkowski’s
inequality the supremum over ρ of its tail after finitely many components tends to zero
in L2. The same summable majorants, with the polynomial factors of (4.42), apply to the
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derivatives of the finite truncations used below. Every statement below is first proved
with finitely many components and then passes to the limit.

Step 2. Part (i). Since |τi(x)| ≤ Cτ(1 + x2), the scalar part changes log Z by at most
Cξd ∑a(1 + xa(ρ)2) ≤ Cξd(#A + ∥Gd∥2

op), whose expectation is at most CξdN by
Lemma 4.2 (averaged over M). For the Gaussian part, Jensen’s inequality, condition-
ally on everything except the tensors, shows that its expected effect lies between 0 and
s2

d supρ ∑v,m c2
v,mu2

v,mQv,m(ρ, ρ)/2 ≤ Cs2
d: the lower bound because the Gibbs average of

the Gaussian part under the unperturbed measure has mean zero, the upper bound
because Eeh = eVar(h)/2 for a centered Gaussian variable h. The total expected cost is
therefore O(d3/4 + d2/3) = o(d).

Step 3. Concentration of the free energy. For the reference and the N′-dimensional system
with A = {1, . . . , M}, we show that

Var(log Z) ≤ Cd, vd := sup E|log Z − E log Z| ≤ C
√

d, (4.43)

where the supremum is over the parameters. Apply the Gaussian Poincaré inequality,
with finitely many tensors, in the rows and the tensor entries. Its right side is the expected
squared gradient, which has three parts. The gradient in the rows through the activation
contributes at most C(M + ∥Gd∥2

op), because ∑i ρ2
i = d and the first derivative of Uξ

grows at most linearly. The gradient in the tensor entries contributes at most Cs2
d, because

each hv,m is linear in its tensor with coefficient vector of norm at most one. For the
gradient in the rows through the response vector, write y = Ψ̂d(ρ); then

∂gai hv,m =
[
Dϖ(Ψd)

T∂yhv,m
]

a U′′(xa(ρ))
ρi

d
√

CX
.

Summing the squares over a and i and using ∥ρ∥2 = d, (4.42) bounds the expected
contribution by Cs2

d(1 + M/d). For the reference system, the tilt nBN/2 adds a row
gradient of squared norm at most CnM/d2. Since E∥Gd∥2

op ≤ C(M + d) by Lemma 4.2
and M ≤ 2αN, the variance is at most C(M + d) + Cs2

d(1 + M/d) ≤ Cd. The bound
passes to infinitely many components by Step 1, which proves (4.43).

Step 4. Part (ii). Steps 4 and 5 follow the proof of the Ghirlanda–Guerra identities in
[98, Theorem 3.2]; see also [100, Theorem 2]. Consider a scalar parameter u = ui. In a
d-dimensional system it enters the Hamiltonian as dξd u A(ρ) with A = d−1 ∑a τi(xa(ρ));
for the reference system d = N′, xa = Sa, and A = Ai. The function u 7→ log Z is convex,
with first derivative dξd⟨A⟩ and second derivative (dξd)

2⟨(A − ⟨A⟩)2⟩. Integrating the
second derivative over [1, 2] and using that E⟨|A|⟩ is bounded by (4.8),∫ 2

1
E⟨(A − ⟨A⟩)2⟩du ≤ C

dξd
.
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For the fluctuation of ⟨A⟩ with the disorder we use the following consequence of convex-
ity: if f , g are convex and differentiable, then for t > 0

| f ′(u)− g′(u)| ≤ g′(u + t)− g′(u − t) +
| f − g|(u + t) + | f − g|(u − t) + 2| f − g|(u)

t
.

(Bound f ′(u) above by ( f (u + t)− f (u))/t and below by ( f (u)− f (u − t))/t, compare
with g, and use that g′ is nondecreasing.) Apply it to f = log Z and g = E log Z as
functions of u and integrate over u ∈ [1, 2]. For 0 < t ≤ 1/2, the boundary integrals give∫ 2

1
(g′(u + t)− g′(u − t))du =

∫ 2+t

2−t
g′(u)du −

∫ 1+t

1−t
g′(u)du ≤ 4t sup|g′| ≤ Ctdξd,

where the supremum is over [1/2, 5/2]. Together with (4.43) this gives
∫ 2

1 E|⟨A⟩ −
E⟨A⟩|du ≤ Ct + 4vd/(tdξd), and the choice t = (vd/(dξd))

1/2, which is at most 1/2 for
large N, gives ∫ 2

1
E|⟨A⟩ − E⟨A⟩|du ≤ C

√
vd/(dξd) = O(d−1/8).

Together with the thermal bound,
∫ 2

1 E⟨|A − E⟨A⟩|⟩du → 0, uniformly in the other
parameters and in M ∈ WN. For the reference system, (4.15) gives A2 = XN(σ, σ) and
A1 = (N/N′)(bN − 1)− (n/N′)BN, and (n/N′)BN = O(n/N) by (4.8), so XN(σ, σ) and
bN concentrate. By (4.17), the diagonal entry of the reference perturbation differs from
XN(σ, σ)/CX by O(n/N) on ΩN , and both are bounded by polynomial moments off ΩN ;
so it concentrates as well.

Step 5. Part (iii). Fix one Gaussian component, write λ = sdcv,muv,m, h = hv,m and
Q = Qv,m. Gaussian integration by parts in the entries of its tensor, conditionally on
the rows (so that the dependence of Q on the rows produces no extra derivative), gives
E⟨ f h(ρ1)⟩ = λ E⟨ f (∑ℓ≤r Q1ℓ − rQ1,r+1)⟩ for a test function f of the arrays of r replicas,
which does not depend on the tensors, and E⟨h⟩ = λ(E⟨Q11⟩ − E⟨Q12⟩). Subtracting
E⟨ f ⟩ times the second identity from the first and rearranging, we obtain for ∥ f ∥∞ ≤ 1

r|Dr( f , Q)| ≤ E⟨|Q11 − E⟨Q11⟩|⟩+ λ−1E⟨|h − E⟨h⟩|⟩.

The function uv,m 7→ log Z is convex, with derivative sdcv,m⟨h⟩ and second derivative
(sdcv,m)2⟨(h − ⟨h⟩)2⟩. As in Step 4, since |E⟨h⟩| ≤ 2λ, the thermal part of the second term,
integrated over uv,m ∈ [1, 2], is at most C/(sdcv,m), and the difference quotient inequality
bounds the disorder part by C

√
vd/(sdcv,m). For each fixed component the resulting

bound C(1 +
√

vd)/(sdcv,m) tends to zero, since d1/4/sd = d−1/12. For the reference
system, the diagonal term tends to zero after averaging over the parameters, because
Q11 = (v1 + v2X̂N′(ρ(σ, 0), ρ(σ, 0)))m is an m-Lipschitz function of this diagonal entry on
[0, 1], and the entry concentrates by Step 4. For the N′-dimensional system we only need
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v2 = 0; then Q11 = vm
1 is constant and the diagonal term vanishes. The bound does not

depend on f , so the supremum over ∥ f ∥∞ ≤ 1 may be taken before averaging over the
parameters.

We now construct the sets GN(M). As in [99, Lemma 1], we combine the defects
in a weighted sum; there the parameters are also chosen so that the cavity increment
is controlled, as in Step 2 of §4.7. Enumerate the countably many defects under con-
sideration: the suprema over ∥ f ∥∞ ≤ 1 of the defects |Dr( f , Qv,m)| of the two systems
for all r and (v, m) (with v2 = 0 for the N′-dimensional system), and the concentration
defects E⟨|Ai − E⟨Ai⟩|⟩ at fixed parameters. Each defect is a measurable function of the
parameters. For fixed disorder the Hamiltonian is continuous in the parameters, because
the series defining the Gaussian part converges uniformly by Step 1, so Gibbs averages of
jointly measurable functions are jointly measurable in the disorder and the parameters.
By Tonelli’s theorem E⟨g⟩ is then measurable in the parameters for every nonnegative
jointly measurable g. This covers the concentration defects, since |Ai − E⟨Ai⟩| is jointly
measurable in the disorder, the configuration, and the parameters. For fixed parameters,
f 7→ Dr( f , Qv,m) is the integral of f against a finite signed measure on the compact space
of arrays of r replicas, so the supremum over ∥ f ∥∞ ≤ 1 is the total variation norm of this
measure. It equals the supremum of Dr(1A − 1Ac , Qv,m) over the sets A of a countable
algebra that generates the Borel sets of this space, and is therefore measurable. Each
defect di is bounded by a constant c̄i independent of N and M (the Ghirlanda–Guerra
defects by 2, the concentration defects by (4.8)), and its average over the parameters tends
to zero uniformly in M ∈ WN, by the bounds above, which depend on M only through
M ≤ 2αN. Choose weights wi > 0 with ∑i wi c̄i < ∞, and let ϵN(M) be the average over
the parameters of ∑i widi. By dominated convergence, applied to the weighted sum of
the suprema over M ∈ WN of the averaged defects, ϵ̄N = supM∈WN

ϵN(M) → 0. By
Markov’s inequality, the set GN(M) where ∑i widi ≤ ϵ̄1/2

N has probability at least 1 − ϵ̄1/2
N ,

and on GN(M) each fixed defect di is at most ϵ̄1/2
N /wi. None of these defects involves Λ,

so neither does GN(M). This proves (iii).

Step 6. Part (iv)(a). We first retain a finite set B of components β = (v, m); no constant
below depends on B. Write s = sN′ , λβ = cv,muv,m, and hβ = hv,m, and let Cϖ be
a common bound for the operator norm of Dϖ(z) and the norm of the bilinear map
D2ϖ(z), uniform in z and in the dimension. Use the path ρt = ρ(σ, tε), 0 ≤ t ≤ 1,
on SN′ . Keep the activation part of the Hamiltonian at ρ(σ, ε) fixed, and evaluate the
Gaussian part Pt(σ, ε) = s ∑β λβhβ(ρ

t) at ρt. Let Zt be the partition function restricted
to ε ∈ BΛ and ⟨·⟩t its Gibbs measure, and assume N ≥ 2Λn. For a replica (σp, εp) put
ρp = ρ(σp, tεp), rp = ρp/

√
N′, ζ p = εp/

√
N′, and

xpa = xa(ρp), x̄pa = xa(ρ(σ
p, εp)), Ψp = ΨN′(ρp), yp = ϖ(Ψp), Jp = Dϖ(Ψp).

The fields x̄pa enter the activation part, and ∑j|ζ
p
j ζ

q
j | ≤ Λn/N′. A dot denotes ∂t.
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The derivative. By (4.16), Fβ(ρ) · Fβ(ρ
′) is the polynomial (v1r · r′ + v2y · y′)m in the spin

arguments r = ρ/
√

N′, r′ and the response arguments y, y′. Differentiating in the first
pair of arguments,

Dβ
pq := ∂tFβ(ρp) · Fβ(ρq) = mKm−1

pq
(
v1ṙp · rq + v2ẏp · yq

)
, Kpq = v1rp · rq + v2yp · yq,

(4.44)
and |Kpq| ≤ 1. Since ∂t log Zt = ⟨∂tPt⟩t, Gaussian integration by parts in the tensor
entries, conditionally on the rows, gives

d
dt

E log Zt = s2 ∑
β

λ2
β E⟨Dβ

11 − Dβ
12⟩t.

Let f be a bounded measurable function of the configurations of r replicas. The derivative
of E⟨ f ⟩t is E⟨ f ∑p≤r+1 ap∂tPt(σp, εp)⟩t, with ap = 1 for p ≤ r and ar+1 = −r. Integration
by parts in the tensor entries, now with r + 1 replicas in the Gibbs average, gives

d
dt

E⟨ f ⟩t = s2 ∑
β

λ2
β ∑

p≤r+1
∑

q≤r+2
apbq E⟨ f Dβ

pq⟩t,

with bq = 1 for q ≤ r + 1 and br+2 = −(r + 1), so that ∑p|ap| = 2r and ∑q|bq| = 2(r + 1).
With finitely many components, ∂tPt and all derivatives in the rows used below are
bounded by polynomials in ∥[G, G′]∥op, where [G, G′] is the M × N′ matrix with rows
(ga, g′a), and the injective norms of the tensors, which have moments of all orders. This
justifies the differentiation under E and the integrations by parts. Both derivatives are
therefore controlled by the following bound: if f is a bounded measurable function of the
configurations of k replicas, which depends neither on t nor on the disorder, and p, q ≤ k,
then

|E⟨ f Dβ
pq⟩t| ≤ Cn,Λk∥ f ∥∞

(m2

N
+

ms
N3/2

)
. (4.45)

Spin and radial parts. We have ρ̇p = (χ̇pσp, εp) with χp = χ(tεp) and χ̇p = −t∥εp∥2/(Nχp).
Since N ≥ 2Λn, we have 1/2 ≤ χ2

p ≤ N′/N ≤ 2, so |χ̇p| ≤ 2Λn/N and χp ≤
√

2. Since
∥ρp∥2 = N′, the diagonal term ṙp · rp vanishes, and for p ̸= q

|ṙp · rq| =
|χ̇pχq σp · σq + t εp · εq|

N′ ≤ 4Λn
N

.

So the spin part of Dβ
pq is at most 4Λnm/N. For the response part, ẏp = JpΨ̇p and

Ψ̇pa = U′′(xpa)ẋpa/
√

CX N′, where by (4.5)

ẋpa = χ̇pSa(σ
p) + ∑

j≤n
g′ajζ

p
j .

Put Ypq = JT
p yq ∈ RM, so that ∥Ypq∥ ≤ Cϖ and ẏp · yq = ∑a Ypq

a U′′(xpa)ẋpa/
√

CX N′.
Since ∑a Sa(σ)2 ≤ ∥G∥2

op, the radial part of mv2Km−1
pq ẏp · yq is at most
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2ΛnmLCϖ∥G∥op/(N
√

CX N′), and E∥G∥op ≤ C
√

N by Lemma 4.2. Both parts
contribute at most Cn,Λm∥ f ∥∞/N to (4.45).

Integration by parts in the fresh columns. The remaining part of Dβ
pq is ∑a,j g′aj A

pq
aj , where

Apq
aj =

mv2√
CX N′ ζ

p
j Km−1

pq U′′(xpa)Ypq
a .

Write ∂aj = ∂/∂g′aj and let Ht(σ, ε) = ∑a Uξ(xa(ρ(σ, ε))) + Pt(σ, ε) be the Hamiltonian.
The function f does not depend on g′aj. Gaussian integration by parts in g′aj gives

E
〈

f ∑
a,j

g′aj A
pq
aj

〉
t
= ∑

a,j
E⟨ f ∂aj A

pq
aj ⟩t + ∑

ℓ≤k+1
ηℓ ∑

a,j
E
〈

f Apq
aj ∂ajHt(σ

ℓ, εℓ)
〉

t, (4.46)

where ηℓ = 1 for ℓ ≤ k and ηk+1 = −k. The terms ℓ ≤ k come from the Gibbs densities
of the replicas of f Apq (the same replica when ℓ ∈ {p, q}, another replica otherwise),
and the term ℓ = k + 1 comes from the normalization; ∑ℓ|ηℓ| = 2k. Only the a-th field
depends on g′aj, and

∂ajxpa = tζ p
j , ∂aj x̄pa = ζ

p
j , ∂ajΨp =

tζ p
j U′′(xpa)
√

CX N′ ea,

where ea is the a-th unit vector of RM. In the following bounds we use |U′′|, |U′′′| ≤ L,
|Kpq| ≤ 1, t, v2 ≤ 1, and ∑j|ζ

p
j ζ

q
j | ≤ Λn/N′.

Derivatives of the coefficient. The coefficient Apq
aj depends on g′aj through four factors.

(a) Through U′′(xpa) the derivative is U′′′(xpa)tζ
p
j . This is the only term with

the ℓ1 norm of Ypq, and ∑a|Y
pq
a | ≤

√
M∥Ypq∥. Its sum over a, j is at most

mLΛnCϖ

√
M/(

√
CX N′3/2), which is On,Λ(m/N) since M ≤ 2αN.

(b) Through the cutoff Jacobian Jp in Ypq
a = ∑b(Jp)bayqb, the derivative of Ypq

a is
tζ p

j U′′(xpa) D2ϖ(Ψp)[ea, ea] · yq/
√

CX N′. Each term |D2ϖ(Ψp)[ea, ea] · yq| is at most
Cϖ, so the sum over a of this Hessian trace costs a factor M. The sum over a, j is at
most mL2ΛnMCϖ/(CX N′2) = On,Λ(m/N).

(c) Through the other response vector yq, whose derivative is tζq
j U′′(xqa)Jqea/

√
CX N′,

the derivative of Ypq
a is tζq

j U′′(xqa)(JT
p Jq)aa/

√
CX N′. Since ∑a|(JT

p Jq)aa| ≤
∥Jp∥F∥Jq∥F ≤ MC2

ϖ, the sum over a, j is at most mL2ΛnMC2
ϖ/(CX N′2) = On,Λ(m/N).

When p = q, (b) and (c) are the two derivatives of JT
p yp.

(d) Through the remaining tensor slots, that is, through Km−1
pq , with

∂ajKpq =
v2t√
CX N′

(
ζ

p
j U′′(xpa)Y

pq
a + ζ

q
j U′′(xqa)Y

qp
a
)
,
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since the spin part of Kpq does not depend on the rows. The two row vectors in each
product are paired before norms are taken: ∑a|Y

pq
a |(|Ypq

a |+ |Yqp
a |) ≤ 2C2

ϖ, with no
factor M. The sum over a, j is at most 2m(m − 1)L2ΛnC2

ϖ/(CX N′2) = On,Λ(m2/N2).

The first sum on the right of (4.46) is therefore at most Cn,Λ∥ f ∥∞m2/N.

The activation part of the Gibbs density. The activation part of ∂ajHt(σℓ, εℓ) is (Uξ)′(x̄ℓa)ζ
ℓ
j ,

and

∑
a,j

Apq
aj (U

ξ)′(x̄ℓa)ζ
ℓ
j =

mv2Km−1
pq ζ p · ζℓ

√
CX N′ ∑

a
U′′(xpa)Y

pq
a (Uξ)′(x̄ℓa).

By (4.1) and the growth of the derivatives of τ1 and τ2, |(Uξ)′(x)| ≤ C(1 + |x|). Since
∑a x̄2

ℓa ≤ ∥[G, G′]∥2
op for every configuration, the Cauchy–Schwarz inequality bounds

this sum by CmLΛnCϖ(
√

M + ∥[G, G′]∥op)/(
√

CX N′3/2). By Lemma 4.2, E∥[G, G′]∥op ≤
C
√

N, so each replica ℓ contributes Cn,Λ∥ f ∥∞m/N.

The Gaussian part of the Gibbs density. Let Γℓ = ∑β′ λβ′∂yhβ′ , evaluated at ρℓ, be
the response gradient of the Gaussian part. Then ∂ajPt(σℓ, εℓ) = sΓℓ · ∂ajyℓ =

stζℓj U′′(xℓa)(JT
ℓ Γℓ)a/

√
CX N′, and

∑
a,j

Apq
aj ∂ajPt(σ

ℓ, εℓ) =
stmv2Km−1

pq ζ p · ζℓ

CX N′ ∑
a

U′′(xpa)U′′(xℓa)Y
pq
a (JT

ℓ Γℓ)a.

We bound Γℓ by a pathwise envelope. By Step 1, ∥∂yhv,m∥ ≤ m ∑i≤m∥Tv,m,i∥inj at all
arguments in the unit balls. Hence ∥Γℓ∥ ≤ W for every configuration, where W =

∑v,m λv,mm ∑i≤m∥Tv,m,i∥inj does not depend on the Gibbs measure. By (4.41) with d = N′

and #A = M,

EW ≤ B∗
√

N′ + M, B∗ =
5
2

C1/2 ∑
v,m

cv,m m(m + 1)
(
m log(12m)

)1/2
< ∞.

The Cauchy–Schwarz inequality in a bounds the last sum by L2C2
ϖW, so each replica ℓ

contributes at most smL2ΛnC2
ϖ∥ f ∥∞EW/(CX N′2) ≤ Cn,Λ∥ f ∥∞ms/N3/2. Bounding the

coordinates of JT
ℓ Γℓ one at a time would lose a factor

√
M.

Summing over ℓ with the weights ηℓ and adding the previous parts proves (4.45).

Summation over the components. Since uv,m ≤ 5/2 and cv,m = 2−j(v)−m with j(v) ≥ 1,

∑
v,m

λ2
v,mm2 ≤ 25

4 ∑
j≥1

4−j ∑
m≥1

m24−m =
125
81

.

By (4.45) with k = 2 and m ≤ m2, the derivative of E log Zt is at most Cn,Λ(s2/N +

s3/N3/2). Integrating over t ∈ [0, 1], the complete error is bounded by

Cn,Λ
(
s2

N′/N + s3
N′/N3/2) = o(1). (4.47)
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For a bounded measurable function f of the spin overlaps and cavity coordinates of r
replicas, (4.45) applies with k = r + 2, and the integration by parts in the fresh columns
introduces the replica r + 3. So |∂tE⟨ f ⟩t| ≤ 4r(r + 1)(r + 2)Cn,Λ∥ f ∥∞(s2/N + s3/N3/2).

Infinitely many components and rare events. The bounds above do not depend on B. Let BK
be the set of the first K components and δK = s ∑β/∈BK

λβ supρ|hβ(ρ)|. By Step 1, δK → 0
almost surely and in L1. Truncating the Gaussian part to BK changes log Zt by at most
δK, and it changes ⟨ f ⟩t by at most ∥ f ∥∞ min(2, e2rδK − 1), since the Gibbs density of r
replicas changes by a factor in [e−2rδK , e2rδK ]. By dominated convergence, the bounds pass
to the full series at t = 0 and t = 1. No restriction to ΩN was used: the bounds on ϖ and
its derivatives hold everywhere, and ∥G∥op, ∥[G, G′]∥op, and W enter only through their
unconditional expectations.

Step 7. Part (iv)(b). In the representation through the fields xa = Sa + ηa, the N-
dimensional system has the activation UξN(xa) and the Gaussian part sN ∑β λβhβ with
the response vector ϖ(Ψ1), where

Ψt(σ) =
(U′(Sa(σ) + tηa(σ)))a≤M√

CX N
(0 ≤ t ≤ 1).

Conditionally on the rows, each Gaussian part considered below consists of independent
centered Gaussian processes on SN with covariances (v1RN(σ, σ′) + v2y(σ) · y(σ′))m for
some response vector y with values in the unit ball. The expected log partition function
depends on the Gaussian part only through these covariances. We retain finitely many
components and pass to the limit as in Step 6, and we make four replacements.

The response vector. Replace ϖ(Ψ1) by ϖ(Ψt), keeping the activation at Sa + ηa, and let t
run from 1 to 0. Define yp, Jp, Kpq, and Ypq as in Step 6, with rp = σp/

√
N, Ψp = Ψt(σp),

xpa = Sa(σp) + tηa(σp), and ζ p = cNσp ∈ RN. Then ∑i|ζ
p
i ζ

q
i | ≤ c2

N N = n/N′. The spin
argument σ/

√
N does not move, so (4.44) has no spin or radial part, and ẋpa = ηa(σp) =

∑i g′′aiζ
p
i . Hence Dβ

pq = ∑a,i g′′ai A
pq
ai with

Apq
ai =

mv2√
CX N

ζ
p
i Km−1

pq U′′(xpa)Ypq
a ,

the coefficient of Step 6 with εp/
√

N′ replaced by cNσp and N′ replaced by N in the nor-
malization of the response vector. Integrate by parts in the entries g′′ai of G′′. Identity (4.46)
holds with ∂g′′ai

xpa = tζ p
i , and the derivative of the activation field x̄ℓa = Sa(σℓ) + ηa(σℓ)

is ζℓi . The bounds (a)–(d) on the coefficient and the bounds on the activation and Gaus-
sian parts of the Gibbs density hold as in Step 6, with three changes: Λn/N′ becomes
n/N′; ∥[G, G′]∥op becomes ∥G∥op + cN

√
N∥G′′∥op, which bounds ∥(x̄ℓa)a∥ and has ex-

pectation at most C
√

N; and W is formed with the tensors of dimension N + M, so
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EW ≤ B∗
√

N + M. Thus (4.45) holds with Cn and s = sN, and the summation of Step 6
bounds the change of E log Z by Cn(s2

N/N + s3
N/N3/2).

Normalization and scaling. At t = 0 the response vector is y0 = ϖ(Ψ0), while that of the
reference perturbation is yref = ϖ(Ψref) with Ψref(σ) = (U′(

√
N′/N Sa(σ)))a/

√
CX N′

(see §4.3). The two differ in the normalization (N instead of N′) and in the factor
√

N′/N
in the argument of U′. Since 1/

√
N − 1/

√
N′ ≤ n/(2N3/2), |U′(

√
N′/N S)− U′(S)| ≤

L|S|n/(2N), and ∥(U′(Sa))a∥ ≤ L(
√

M + ∥G∥op), and since ϖ is Cϖ-Lipschitz,

sup
σ
∥y0(σ)− yref(σ)∥ ≤ δN, δN =

CϖLn(
√

M + ∥G∥op)√
CX N3/2

, EδN ≤ Cn
N

.

All response vectors lie in the unit ball, and |km − k′m| ≤ m|k − k′| for k, k′ ∈ [−1, 1],
so the two covariances of each component differ by at most 2mδN. Let h0

β and href
β

be conditionally independent Gaussian processes with these covariances, and inter-
polate with

√
1 − t h0

β +
√

t href
β . Gaussian integration by parts gives the derivative

(s2
N/2)∑β λ2

βE⟨∆Qβ
11 − ∆Qβ

12⟩, where ∆Qβ is the difference of the two covariances. Its
absolute value is at most 2s2

NEδN ∑β λ2
βm = On(s2

N/N).

The strengths. The derivative of the expected log partition function in s is ∑β λβE⟨hβ⟩ =
s ∑β λ2

βE⟨Qβ
11 − Qβ

12⟩, by integration by parts, hence O(s). Since |sN′ − sN| ≤ nN−2/3,

changing sN to sN′ costs O(nN−1/3). The derivative in ξ is E⟨∑a(u1τ1 + u2τ2)(xa)⟩,
which is at most C(M + E∥G∥2

op + c2
N NE∥G′′∥2

op) = O(N). Since |ξN′ − ξN| ≤ nN−5/4,
changing ξN to ξN′ costs O(nN−1/4). As in Step 6, no restriction to ΩN is needed.

Step 8. Part (v). When rows are added, the response vector gains coordinates, and
we realize the tensors of the system with M rows as the restrictions of those of the
system with M + π rows to the old response coordinates. On the event Ω′

N of §4.3,
which depends only on the rows and on π, the map ϖ is the identity for the old
and the new response vectors, by the choice of CX. There the Gaussian part of the
perturbation changes by a centered Gaussian field that is linear in the tensor entries
involving a new coordinate, and these entries are independent of the old ones. Since
the logarithm of a Gibbs average of eh is at least the Gibbs average of h, averaging
over these entries shows that this change has a nonnegative effect on the expected log
partition function. On the complement, the change of the log partition function is at
most sN′ ∑v,m cv,muv,m times the suprema of the old and new components in absolute
value, whose second moment is at most CN2 by Step 1, while P(Ω′ c

N) ≤ Cne−N/2;
by the Cauchy–Schwarz inequality the complement contributes o(1). The added rows
carry the activation UξN′ . Since |τi(x)| ≤ Cτ(1 + x2), u1 ≤ 5/2, u2 ≥ 0, and τ2 ≥ 0,
we have UξN′ ≥ U − c(1 + x2) with c = 4CτξN′ , and c ≤ 1 for N large; the expected
logarithmic increment is monotone in the activation. The fields yi of the added rows
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are standard Gaussian for each configuration and independent of ⟨·⟩N′ . Conditionally
on π, apply Lemma 4.12 to ⟨·⟩N′ with V2 = ∑i≤π U(yi), V1 = ∑i≤π[U(yi)− c(1 + y2

i )],
A = πUmax, and Y = (C0 + 1)∑i≤π(1 + y2

i ). Then E[⟨Y⟩2] ≤ E⟨Y2⟩ ≤ 6(C0 + 1)2π2,
and eV2 − eV1 ≤ eπU+

maxc ∑i≤π(1 + y2
i ) has expectation at most 2πc eπU+

max . Averaging over
π ∼ Poi(αn), whose exponential moments are finite, we obtain for every T > 0

0 ≤ E log
〈

e∑i≤π U(yi)
〉

N′
− E log

〈
e∑i≤π [U(yi)−c(1+y2

i )]
〉

N′
≤ Cn

(
c eT + T−1),

uniformly in the Gibbs measure. Choosing T = TN → ∞ so slowly that ξN′eTN → 0, we
see that replacing UξN′ by U on the added rows costs o(1). This proves the first assertion
of (v).

For the uniform lower bound, take Λ = 2 in the coordinate term. After (4.47),
Lemma 4.7(iv)(b) and the interpolation of §4.4, whose errors are uniform in the pa-
rameters and in M ∈ WN, the coordinate term is at least the difference (4.23) mi-
nus o(1). Jensen’s inequality, for the Gibbs average and for the normalized restric-
tion of νn to the centered ball B2, bounds the logarithm of the numerator below
by log νn(B2) − Cn⟨1 + |bN|⟩, whose expectation is at least −Cn by (4.8). Jensen’s
inequality in the field y bounds the expected logarithm of the denominator above
by E log⟨enXN(σ,σ)/2⟩ ≤ nE supσ XN(σ, σ)/2 ≤ Cn. By the first assertion of (v) and
Jensen’s inequality for the fresh rows, the row term is at least αn EU(G)− o(1) ≥ −Cn.
Combining these bounds proves the lower bound in the last assertion of (v) for
N ≥ N0(n). For the upper bound on the absolute value, for any number of rows
|E log Z| ≤ C(d + #A) + Cs2

d in each system: without its Gaussian part, the Hamiltonian
is at most C(#A+ ∥Gd∥2

op) + Cn#A/d in absolute value, and Jensen’s inequality in the
tensors bounds the effect of the Gaussian part between 0 and Cs2

d.

Proof of Lemma 4.9. We fix the perturbation parameters and the number M ≤ 2αN of
rows. The Gibbs measure ⟨·⟩ref has density proportional to eH with respect to µN , where

H(σ) = ∑
a≤M

Uξ(Sa(σ)) + P(σ) +
n

2N′ ∑
a≤M

U′′(Sa(σ)), ξ = ξN′ ,

P(σ) is the Gaussian part of the perturbation of the N′-dimensional system evaluated at
ρ(σ, 0), and the last sum is the tilt nBN/2. The row ga enters H through Sa = ga · σ/

√
N′

and, in P, through the response coordinate U′(xa)/
√

CX N′ with xa = ga · σ/
√

N. Hence
∂gai H(σ) = (σi/

√
N′) ϕa(σ) with

ϕa = (Uξ)′(Sa) +
n

2N′U
′′′(Sa) + ψa,

ψa =

√
N′

N
U′′(xa)√

CX N′ sN′ ∑
v,m

cv,muv,m
[
Dϖ(ΨN′)T∂yhv,m

]
a,
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all evaluated at σ and ρ(σ, 0). Since SaU′(Sa) = N′−1/2 ∑i gaiσiU′(Sa), Gaussian integra-
tion by parts in gai, conditionally on all other variables, gives

E⟨SaU′(Sa)⟩ref =
N
N′ E

[
⟨U′′(Sa)⟩ref + ⟨U′(Sa)ϕa⟩ref −

〈
RN(σ

1, σ2)U′(Sa(σ
1)) ϕa(σ

2)
〉

ref

]
.

The first term comes from differentiating U′(Sa), and the other two from differentiating
the Gibbs density; we used ∑i σ2

i = N and ∑i σ1
i σ2

i = NRN(σ
1, σ2).

We justify the integration by parts. Write hv,m(ρ) = Hv,m(ρ, Ψ̂N′(ρ)), where
Hv,m(ρ, y) = ⟨Tv,m, Fv,m(ρ, y)⟩ and Fv,m(ρ, y) is (4.16) with Ψ̂d(ρ) replaced by y. For
ρ ∈ SN′ and ∥y∥ ≤ 1, the derivative ∂yHv,m(ρ, y) has norm at most Iv,m = m ∑i∥Tv,m,i∥inj,
as in Step 1 of the previous proof. By (4.41) and Minkowski’s inequality, I = ∑v,m cv,mIv,m

is square integrable, and it does not depend on the rows. Since Ψ̂N′ takes values in
the unit ball, Dϖ is bounded, |U′′| ≤ L, and |σi| ≤

√
N, the derivative in gai of the

term of index (v, m) of P is bounded by CNsN′cv,mIv,m, uniformly in σ and gai. By
the Weierstrass M-test, P is continuously differentiable in gai, jointly continuous with
its derivative in (σ, gai), and its derivative is the termwise one; the other two parts
of H are C1 in gai since U ∈ C4. Differentiating under the integral over the compact
sphere SN shows that F(gai) = ⟨σiU′(Sa)⟩ref, with all other variables fixed, is C1 with
the derivative used above. By |σi| ≤

√
N, |Sa| ≤ ∥ga∥, and the growth bounds in (4.1),

|F|+ |F′| ≤ CN(1 + ∥ga∥)2(1 + I), which is integrable because I is independent of the
rows. Hence Stein’s lemma E[gF(g)] = E[F′(g)] for a standard Gaussian g, valid for
absolutely continuous F with E|F′(g)| < ∞, applies conditionally on the other variables,
and Fubini’s theorem gives the display.

Summing over a ≤ M, dividing by N, and writing ϕa = U′(Sa) + ea, the definitions
in (4.7) give

E⟨bN⟩ref − 1 − E⟨XN(σ, σ)⟩ref + E⟨RN(σ
1, σ2)XN(σ

1, σ2)⟩ref

=
1

N′ ∑
a≤M

E
[
⟨U′(Sa)ea⟩ref −

〈
RN(σ

1, σ2)U′(Sa(σ
1)) ea(σ

2)
〉

ref

]
.

Since |RN| ≤ 1, the Cauchy–Schwarz inequality over a bounds the right side by

2
N′ E

[
sup

σ
∥U′(S(σ))∥ sup

σ
∥e(σ)∥

]
,

with Euclidean norms over a ≤ M. We bound the factors separately, using ∑a S2
a ≤ ∥G∥2

op

and E∥G∥2
op ≤ C(M + N) (Lemma 4.2).

(a) Since |U′(x)| ≤ L(1 + |x|), supσ∥U′(S(σ))∥2 ≤ 2L2(M + ∥G∥2
op).

(b) The scalar perturbation contributes ξ(u1τ′
1 + u2τ′

2)(Sa) to ea. Since τ′
1 = U′ + xU′′ −

U′′′ and τ′
2 = 2U′U′′ grow at most linearly, its norm is at most Cξ(M + ∥G∥2

op)
1/2.
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(c) The tilt contributes n
2N′ U′′′(Sa), of norm at most nL

√
M/(2N′).

(d) The Gaussian part contributes ψa. Since Dϖ is bounded, uv,m ≤ 5/2 and |U′′| ≤ L,
we have ∥ψ∥ ≤ CsN′N−1/2 ∑v,m cv,m supρ∥∂yhv,m(ρ)∥. By (4.42) and the Cauchy–
Schwarz inequality with the summable weights cv,m, E supσ∥ψ(σ)∥2 ≤ Cs2

N′(N′ +
M)/N.

Since M ≤ 2αN, the right side is at most CN−1(CN)1/2(ξ2
N′N + n2/N + s2

N′)1/2 ≤
Cn(ξN′ + N−1 + sN′N−1/2), uniformly in the parameters and in M ∈ WN. This tends to
zero, since ξN′ = N′−1/4 and sN′ = N′1/3.

Proof of Lemma 4.8. We divide the proof into four steps.

Step 1. Reduction to the arrays. Let S be the closed set of arrays in which the R- and X-
blocks are positive semidefinite; all arrays of the random measures and their limits lie in
S. By (G), for every r and every bounded measurable function Φ of the arrays of r replicas
and of the values of the fields at these replicas, E⟨Φ⟩ = E⟨Φ̄(Ar)⟩. If Φ is continuous,
then Φ̄ is continuous on S, since centered Gaussian laws depend continuously on their
covariance matrices. Hence E⟨Φ⟩ converges under convergence of the finite-dimensional
distributions of the arrays, and its limit depends only on the limiting law.

Step 2. Moment bounds. Write W(ρ) =
∫

BΛ
νn(dε)eε·z(ρ)−(∥ε∥2−n)(b(ρ)−1)/2, so that NΛ =

⟨W⟩. On the fixed ball, W ≤ exp{
√

Λn∥z(ρ)∥+Cn,Λ(1+ |b(ρ)|)}, and Jensen’s inequality
for the normalized restriction of νn to the centered ball gives W ≥ νn(BΛ) exp{−Cn,Λ(1 +
|b(ρ)|)}. Under Na, z(ρ1) has the law N(0, X11 In), and Eec∥z∥ ≤ 2nenc2X11/2 for such a
vector. By (G), applied to truncations and by monotone convergence, and by the moment
hypothesis, E⟨Wq⟩ and E⟨W−q⟩ are bounded along the sequence for every fixed q ≥ 1.
By Jensen’s inequality, ⟨W⟩±q ≤ ⟨W±q⟩, so E[N q

Λ +N−q
Λ ] is bounded as well. The same

holds for D = ⟨ey⟩, since y(ρ1) has the law N(0, nX11) under Na.

Step 3. Parts (i) and (ii). Let T ≥ 1, put WT = min{W, T} and NT = ⟨WT⟩. Then 0 ≤
logNΛ − logNT ≤ (NΛ −NT)/NT, with NΛ −NT ≤ ⟨W2⟩/T and NT ≥ ⟨min{W, 1}⟩,
whose negative moments are bounded by Step 2. By the Cauchy–Schwarz inequality,
E|logNΛ − logNT| ≤ C/T uniformly along the sequence. Next let 0 < δ < 1, and
let P be a polynomial with |P(x)− log max{x, δ}| ≤ δ on [0, T]. Since NT ∈ (0, T] and
P(NT < δ) ≤ δ2EN−2

T , the moment bounds of Step 2 give

E|logNT − P(NT)| ≤ δ + E
[
(|logNT|+ |log δ|)1{NT<δ}

]
≤ δ + Cδ|log δ|,

uniformly along the sequence. Finally, E[N j
T] = E⟨∏ℓ≤j WT(ρ

ℓ)⟩ is the expectation of a
bounded continuous function of the arrays of j replicas and of the values of z at them, so
it converges by Step 1, with a limit that depends only on the limiting law. Letting N → ∞,
then δ → 0 and T → ∞, proves the assertion of (i) for NΛ; the denominator D is treated
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in the same way. For (ii), the expectation of a bounded continuous function F of the
arrays and the cavity coordinates of r replicas under the cavity measure is E[⟨ΦF⟩/N r

Λ],
where

ΦF =
∫

Br
Λ

F ∏
ℓ≤r

eεℓ·z(ρℓ)−(∥εℓ∥2−n)(b(ρℓ)−1)/2νn(dεℓ)

satisfies |ΦF| ≤ ∥F∥∞ ∏ℓ W(ρℓ). Let ΦT
F be defined in the same way with each factor

multiplied by WT(ρ
ℓ)/W(ρℓ); it is a bounded continuous function of the arrays and of the

values of z at the r replicas, and |ΦT
F | ≤ ∥F∥∞ ∏ℓ WT(ρ

ℓ). Replacing one factor at a time
gives |⟨ΦF⟩ − ⟨ΦT

F⟩| ≤ r∥F∥∞N r−1
Λ (NΛ −NT), and |N−r

Λ −N−r
T |⟨|ΦT

F |⟩ ≤ r∥F∥∞(NΛ −
NT)/NT. As above, both errors are at most C/T in expectation, uniformly along the
sequence. Finally, |⟨ΦT

F⟩|/N r
T ≤ ∥F∥∞, and replacing x 7→ x−r by a polynomial that

approximates max{x, δ}−r within δ on [0, T] costs at most ∥F∥∞(Trδ + 3P(NT < δ)) in
expectation. The expectations E[⟨ΦT

F⟩N
j
T] = E⟨ΦT

F(ρ
1, . . . , ρr)∏

r+j
ℓ=r+1 WT(ρ

ℓ)⟩ converge
by Step 1, and letting N → ∞, then δ → 0 and T → ∞ proves (ii).

Step 4. Part (iii). A quadratic lower bound on U suffices; negative exponential moments
of U are not needed. Fix π and T > 0, and put UT = max{U,−2T}. Apply Lemma 4.12
with V1 = ∑i≤π U(yi), V2 = ∑i≤π UT(yi), A = πU+

max, and Y = C0 ∑i≤π(1 + y2
i ); by (G)

and R(ρ, ρ) = 1, each yi(ρ) is standard Gaussian for one replica, so E[⟨Y⟩2] ≤ E⟨Y2⟩ ≤
6C2

0π2. Since 0 ≤ eUT − eU ≤ e−2T and all activations are at most U+
max, writing eV2 − eV1

as a telescoping sum over the rows gives eV2 − eV1 ≤ πe(π−1)U+
maxe−2T. Hence

0 ≤ E log⟨eV2⟩ − E log⟨eV1⟩ ≤ πe(π−1)U+
maxe−T +

Cπ2

T

uniformly over the random measures. For fixed T and π the weight eV2 lies between
e−2πT and eπU+

max and is a bounded continuous function of the values of y1, . . . , yπ, so
the argument of Step 3, with log approximated by polynomials on this compact interval,
applies to it. Letting T → ∞ proves (iii) for a fixed number of rows. For a Poisson number
of rows, independent of the other variables, the bounds above are integrable in π, and
|E log⟨eV1⟩| ≤ C(1 + π) given π, so dominated convergence applies.

Finally, if E⟨|b − b̄N|⟩ → 0 and b̄N → b∞, then the arrays with b and with b replaced
by b∞ have the same limiting finite-dimensional distributions, and the random measures
with the constant b∞ satisfy the hypotheses of the lemma. Since the limits depend only
on the limiting law, b may be replaced by b∞.



chapter 5

Proof of the Parisi formula

In this chapter we prove Theorem 1.1: for U in class (A) or class (B), FN(U) → P∗(U)

and fN(U) → P∗(U) in probability, the infimum defining P∗(U) is attained, and every
minimizer γ satisfies

Qγ ≤ rU, rU =
2αCU

1 + 2αCU
, (5.1)

where CU is the constant of Lemma 2.4. In class (A), CU ≤ CA
U = ∥U′∥2

∞/2, and since
x 7→ x/(1 + x) is increasing, rU ≤ α∥U′∥2

∞/(1 + α∥U′∥2
∞), as stated in Theorem 1.1. We

combine the upper bound of Chapter 3 (Theorem 3.1, which applies to every activation
of class (A)) with the lower bound of Chapter 4 (Theorem 4.1). The lower bound was
proved under the additional smoothness (4.1); Lemma 5.1 removes it by mollification.
The upper bound requires a bounded first derivative, which may fail in class (B); there
we approximate U from above by the activations −T + log(1 + eU+T), which belong to
class (A). Convergence in probability follows from the Gaussian Poincaré inequality and
the operator-norm bound of Lemma 4.2. Finally, the truncation lemma (Lemma 5.2)
reduces the infimum to the compact class UrU , on which PU is continuous, and places
every minimizer in UrU .

5.1 Mollification

Fix an even smooth probability density ϑ on R supported in [−1, 1], and for 0 < ϵ ≤ 1
put ϑϵ(x) = ϵ−1ϑ(x/ϵ) and Uϵ = U ∗ ϑϵ.

Lemma 5.1. Let U belong to class (A) or class (B), and put δϵ = ϵ2∥U′′∥∞/2.

(a) Uϵ satisfies (4.1) and belongs to the same class as U.
(b) |Uϵ(x)− U(x)| ≤ δϵ for all x ∈ R.
(c) For every N, pointwise in the disorder, | fN(Uϵ)− fN(U)| ≤ αNδϵ, where αN = MN/N.

For every γ ∈ U , |PUϵ(γ)−PU(γ)| ≤ αδϵ; consequently |P∗(Uϵ)−P∗(U)| ≤ αδϵ.

Proof. We prove the three parts in order.

Proof of (a). The function Uϵ is smooth, and for 2 ≤ j ≤ 4 its derivative U(j)
ϵ = U′′ ∗ ϑ

(j−2)
ϵ

is bounded by ∥U′′∥∞∥ϑ
(j−2)
ϵ ∥L1 ; these bounds depend on ϵ, which is allowed in (4.1).

Since ϑϵ is a probability density supported in [−1, 1], we have sup Uϵ ≤ sup U, ∥U′′
ϵ ∥∞ ≤

109
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∥U′′∥∞, ∥U′
ϵ∥∞ ≤ ∥U′∥∞, and |U′

ϵ(x)| ≤ sup|y|≤1|U′(x − y)| ≤ |U′(0)|+ ∥U′′∥∞(1 + |x|).
Convolution with a nonnegative kernel preserves concavity. Hence Uϵ belongs to the
class of U and satisfies (4.1), with L chosen large in terms of |Uϵ(0)|, |U′(0)|, ∥U′′∥∞, and
ϵ.

Proof of (b). By Taylor’s formula, U(x − y) = U(x) − U′(x)y + 1
2U′′(x̄)y2 for some x̄

between x and x − y. Integrating against ϑϵ(y)dy, the linear term vanishes because ϑϵ is
even, and the quadratic term is at most 1

2∥U′′∥∞
∫

y2ϑϵ(y)dy ≤ δϵ.

Proof of (c). By (b), e−MNδϵ ≤ ZN(Uϵ)/ZN(U) ≤ eMNδϵ , which gives the first assertion. For
the second, (2.5), which holds for every γ ∈ U since U and Uϵ belong to the same class
by (a), and (b) give |uγ(0, 0; Uϵ)− uγ(0, 0; U)| ≤ δϵ. The entropy term does not depend
on the activation, so |PUϵ(γ)−PU(γ)| ≤ αδϵ, and taking the infimum over γ gives the
last assertion.

5.2 Truncation near q = 1

The functional PU is continuous on each compact class Ur, r < 1, by (2.20), but U is not
compact: mass of an order parameter can escape to q = 1. When the mass above the level
rU of (5.1) is moved down to rU, the energy term rises, measured against (1 − γ(s))ds
on [rU, 1], at rate at most αCU, and the entropy falls at rate at least s/(2(1 − s)), which
exceeds αCU for s > rU. The next lemma is the analogue for PU of a fact about the
spherical mixed p-spin model, whose Parisi formula was proved in [37, 125]: its Parisi
measures are supported in an interval [0, q1] with q1 < 1 depending only on the model
(see the discussion in [125] and [8, Section 5]).

Lemma 5.2. Let U belong to class (A) or class (B), and let rU be as in (5.1). For γ ∈ U let
γ̂ = γ on [0, rU) and γ̂ = 1 on [rU, 1]. Then γ̂ ∈ UrU and

PU(γ̂)−PU(γ) ≤ −
∫ 1

rU

(1 − γ(s))
( s

2(1 − s)
− αCU

)
ds ≤ 0. (5.2)

The inequality PU(γ̂) ≤ PU(γ) is strict if Qγ > rU. Consequently P∗(U) = infγ∈UrU
PU(γ),

and every minimizer γ of PU satisfies Qγ ≤ rU.

Proof. Since γ ≤ 1, the function γ̂ is nondecreasing and right-continuous, and it equals
one on [rU, 1]; so γ̂ ∈ UrU . Moreover γ̂ − γ = (1 − γ)1[rU ,1] ≥ 0, and 1 − γ(s) = 0 for
s ≥ Qγ. We divide the rest of the proof into three steps.

Step 1. The energy term. As distribution functions of probability measures on [0, 1], γ and
γ̂ satisfy W1(γ, γ̂) =

∫ 1
0 (γ̂ − γ)ds =

∫ 1
rU
(1 − γ(s))ds, so (2.19) gives

αuγ̂(0, 0; U)− αuγ(0, 0; U) ≤ αCU

∫ 1

rU

(1 − γ(s))ds.
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Step 2. The entropy term. Integrating γ ≤ γ̂ ≤ 1 over [q, 1] gives 0 < λγ(q) ≤ λγ̂(q) ≤
1 − q for q < 1, and

λγ̂(q)− λγ(q) =
∫ 1

max{q,rU}
(1 − γ(s))ds.

The integrands in (2.9) for γ and for γ̂ take values in [0, (1 − Qγ)−1], because λγ̂ ≥ λγ ≥
1 − Qγ on [0, Qγ], and they vanish on [Qγ, 1]. Subtracting the two instances of (2.9) and
using λγλγ̂ ≤ (1 − q)2,

CS(γ)− CS(γ̂) =
1
2

∫ 1

0

λγ̂(q)− λγ(q)
λγ(q)λγ̂(q)

dq ≥ 1
2

∫ 1

0

λγ̂(q)− λγ(q)
(1 − q)2 dq

=
1
2

∫ 1

rU

(1 − γ(s))
s

1 − s
ds.

The last equality is Tonelli’s theorem: the function (1 − γ(s))(1 − q)−2 is nonnegative on
the region {(q, s) : 0 ≤ q ≤ s, rU ≤ s < 1}, and

∫ s
0 (1 − q)−2 dq = s/(1 − s).

Step 3. Conclusion. Adding the two estimates gives the first inequality in (5.2). The
function s 7→ s/(1 − s) is increasing on [0, 1) and equals 2αCU at s = rU, so the integrand
in (5.2) is nonnegative, and it is positive at every s ∈ (rU, Qγ), where γ(s) < 1. If Qγ > rU,
this interval has positive length and the inequality is strict. Since UrU ⊂ U , we obtain
P∗(U) = infUrU

PU. If γ is a minimizer with Qγ > rU, then PU(γ̂) < PU(γ) = P∗(U),
which is impossible. Therefore every minimizer satisfies Qγ ≤ rU.

5.3 The two bounds and attainment of the infimum

Proof of Theorem 1.1. Let U belong to class (A) or class (B). We divide the proof into four
steps: the lower bound, the upper bound, convergence in probability, and attainment
together with (5.1).

Step 1. The lower bound. Let 0 < ϵ ≤ 1. By Lemma 5.1(a), Uϵ satisfies (4.1) and be-
longs to the class of U, so U′

ϵ is bounded or Uϵ is concave; hence Theorem 4.1 gives
lim infN FN(Uϵ) ≥ P∗(Uϵ). By Lemma 5.1(c) and αN → α,

lim inf
N→∞

FN(U) ≥ lim inf
N→∞

FN(Uϵ)− αδϵ ≥ P∗(Uϵ)− αδϵ ≥ P∗(U)− 2αδϵ.

Letting ϵ → 0 gives lim infN FN(U) ≥ P∗(U). The limits are taken in the order: first ϵ is
fixed and N → ∞ (inside Theorem 4.1, the cavity dimension n is sent to infinity after N),
then ϵ → 0.

Step 2. The upper bound. If U belongs to class (A), Theorem 3.1 gives lim supN FN(U) ≤
PU(γ) for every γ ∈ U , hence lim supN FN(U) ≤ P∗(U).
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Let now U belong to class (B), and put B = sup U and K = ∥U′′∥∞. If K = 0, then U
is affine and bounded above, hence constant, and it belongs to class (A). Assume K > 0.
We first show that |U′| is controlled by the distance of U from its supremum:

U′(x)2 ≤ 2K (B − U(x)), x ∈ R. (5.3)

Indeed, Taylor’s formula gives B ≥ U(x + y) ≥ U(x) + U′(x)y − Ky2/2 for every y ∈ R,
and the choice y = U′(x)/K gives B ≥ U(x) + U′(x)2/(2K).

For T > 0 let s(v) = ev/(1 + ev) and

UT(x) = −T + log
(
1 + eU(x)+T).

Then UT ≥ U, since log(1 + ev) ≥ v; UT decreases as T increases, since ∂TUT = s(U +

T)− 1 < 0; and UT ↓ U pointwise, since UT −U = log(1+ e−U−T). Moreover UT belongs
to class (A). It is C2 with sup UT ≤ −T + log(1 + eB+T), and its derivatives are

U′
T = s(U + T)U′, U′′

T = s(U + T)U′′ + s′(U + T) (U′)2.

By (5.3), with v = U(x) + T ≤ B + T,

|U′
T(x)|2 ≤ 2K s(v)2(B + T − v), |U′′

T(x)| ≤ K + 2K s′(v)(B + T − v).

Since s(v) ≤ ev and 0 ≤ s′(v) ≤ ev, both right sides are bounded uniformly in v ≤ B + T.
Hence U′

T and U′′
T are bounded.

Fix a step order parameter γ and T > 0. Since U ≤ UT, we have ZN(U) ≤ ZN(UT),
and Theorem 3.1 applied to UT gives

lim sup
N→∞

FN(U) ≤ lim sup
N→∞

FN(UT) ≤ PUT(γ).

We now let T → ∞. The quantity uγ(0, 0; UT) is computed by the recursion (2.2) started
from the terminal datum UT, and we show by induction over the steps that the interme-
diate functions decrease pointwise to those computed from U; they decrease in T by (2.4).
At a step with positive parameter m, the functions emhT decrease to emh and are bounded
by em sup hT0 for T ≥ T0, so monotone convergence applies. At a step with parameter zero,
the functions hT are bounded above by sup hT0 and below by h, and h(x) ≥ −C(2 + x2)

by (2.6), since U(x) ≥ U(0) + U′(0)x − Kx2/2 ≥ −C(1 + x2). Dominated convergence
therefore applies. Hence uγ(0, 0; UT) ↓ uγ(0, 0; U) and PUT(γ) ↓ PU(γ), so

lim sup
N→∞

FN(U) ≤ PU(γ)

for every step order parameter γ. Finally let γ ∈ U be arbitrary, and fix q̄ ∈ [Qγ, 1).
The step order parameters γj of §2.1 with γj = 1 on [q̄, 1] and ∥γj − γ∥L1 → 0 satisfy
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PU(γj) → PU(γ) by (2.20) with r = q̄. Therefore lim supN FN(U) ≤ PU(γ) for every
γ ∈ U , that is, lim supN FN(U) ≤ P∗(U). The order of limits is: first the step order
parameter γ and T are fixed and N → ∞; then T → ∞; then γ is approximated.

Combining Steps 1 and 2, limN FN(U) = P∗(U) in both classes.

Step 3. Convergence in probability. We apply the Gaussian Poincaré inequality (§4.8)
to fN(U) as a function of the entries gai of G; it is continuously differentiable, with
∂gai fN(U) = N−3/2⟨U′(ga · σ/

√
N)σi⟩, where ⟨·⟩ is the Gibbs measure with density pro-

portional to exp{∑a U(ga · σ/
√

N)}. By the Cauchy–Schwarz inequality and ∥σ∥2 = N,
∑i⟨U′(ga · σ/

√
N)σi⟩2 ≤ N⟨U′(ga · σ/

√
N)2⟩, so

Var( fN(U)) ≤ 1
N2 E

〈
∑

a≤MN

U′(ga · σ/
√

N)2
〉

.

In class (A) the right side is at most αN∥U′∥2
∞/N. In class (B), |U′(x)| ≤ |U′(0)| +

∥U′′∥∞|x| ≤ C(1 + |x|) and ∑a(ga · σ)2/N ≤ ∥G∥2
op, and Lemma 4.2 gives E∥G∥2

op ≤
4(MN + N) + 8. Hence the right side is at most C(MN + E∥G∥2

op)/N2 = O(1/N). In
both cases fN(U)− FN(U) → 0 in probability by Chebyshev’s inequality, and Steps 1
and 2 give fN(U) → P∗(U) in probability.

Step 4. Attainment and the location of minimizers. By Lemma 5.2, P∗(U) is the infimum of
PU over UrU . The class UrU is a compact metric space for the L1 distance (§2.1), and PU is
Lipschitz on it by (2.20). A continuous real function on a compact metric space attains
its infimum, so PU(γ∗) = P∗(U) for some γ∗ ∈ UrU . By Lemma 5.2, every minimizer
satisfies (5.1). This proves Theorem 1.1.



chapter 6

The variational problem at hard margins

This chapter studies the deterministic minimization problem P∗(κ) = infγ∈U Pκ(γ) of
(1.6) and proves Theorem 1.3; Step 3 of §1.3 outlines the argument. No random constraints
appear; the only random objects are the Parisi diffusion and auxiliary Gaussian variables.
§6.1 proves the value identity and the existence of minimizers, §6.2 proves the slope
bound, and §6.3 proves weak top stability, the replica symmetry of constrained minimizers
at very negative margins, and the finiteness of κc. §6.4 proves the divergence of P∗ at κc

and deduces the replica symmetry of minimizers at very negative margins. §6.5 shows
that a very negative value pins the top of every minimizer close to one, and deduces
the collapse of minimizers at κc. Chapter 7 uses the definition of κc and the Gaussian
bounds of Lemma 6.1; Chapter 8 uses the results below to identify the hard-wall volume
and the largest margin, and Chapter 9 uses the collapse of minimizers to identify the gap
law. The value identity (Lemma 6.2), the existence of minimizers (Theorem 6.3), the slope
bound (Lemma 6.4), weak top stability (Lemma 6.5), the finiteness of κc (Proposition 6.7)
and the divergence at κc (Theorem 6.8) are also used in Part II, whose §§2.6 and 2.7
state them and refer to the proofs given here (Part II, Lemmas 2.13–2.15, Theorem 2.16,
Proposition 2.17 and Theorem 2.18).

The stationarity conditions in Lemma 6.2 and (6.9) are the analogues for Pκ of the
first-order and obstacle conditions for Parisi measures of mixed p-spin models, due to
Talagrand [126], to Jagannath and Tobasco [77], and to W.-K. Chen [38, Theorem 2 and
Proposition 1], and of their spherical versions, which appear in the work of Jagannath
and Tobasco [78] and of Auffinger and W.-K. Chen [8, Proposition 4]. Jagannath and
Tobasco characterized Parisi measures as the measures carried by the minimum points
of an antiderivative of the first variation [77, Proposition 1.1]; there, convexity makes the
condition also sufficient. For the spherical model, whose Crisanti–Sommers functional is
the closer analogue of Pκ, the corresponding characterization is due to Talagrand [125,
Proposition 2.1]. For Pκ itself, El Alaoui and Sellke obtained D = 0 and S = 1 at a
minimizer whose support is an interval, in directions supported on that interval [54,
Proposition 16]; see the opening of Chapter 2. Here the conditions on D (Lemma 6.2
and (6.9)) hold for every minimizer over Ur, with no assumption on its support and
including the case Q = r of an active cutoff; the condition S(Q) = 1 appears only at an
accumulation point of the support (proof of Lemma 6.5). The value identity holds for
every order parameter, and so does the slope bound, with a constant depending only
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on κ. These two results, weak top stability, the pinning of the top, and the collapse of
minimizers at κc do not appear in these works.

Conventions. Throughout this chapter, α > 0 is fixed, and we use the notation of §2.3.
For a margin κ ∈ R and γ ∈ U we write

Q = Qγ, δ = 1 − Q, λ = λγ, u = uγ(·, · ; κ),

b = ∂xu, c = −∂xxu, v = λc,

where u is computed with the cutoff Q, so that u(Q, x) = log Φ((x − κ)/
√

δ) by (2.11).
Thus λ(q) = δ +

∫ Q
q γ for q ≤ Q, and in particular λ ≥ δ on [0, Q]. The generator is

L = ∂q +
1
2 ∂xx + γb ∂x, the diffusion X solves dXq = γ(q)b(q, Xq)dq + dBq with X0 = 0,

and D and S are the functions in (2.29). For r < 1, Ur is the class of γ ∈ U with γ = 1
on [r, 1]; for γ ∈ Ur the functions X, D, and S are defined on [0, r]. We write µγ for
the probability measure on [0, 1] with distribution function γ; its support lies in [0, Q].
When the order parameter or the margin varies, we write uγ,κ, bγ,κ, and so on; thus
bγ,κ(0, 0) = ∂xuγ(0, 0; κ). As in §2.3, R = ϕ/Φ, R̄(z) = z + R(z), and V = RR̄; we also
use

h(z) = log Φ(z) +
1
2

R(z)2, m(k) = E(k − G)2
+,

where G denotes a standard Gaussian variable independent of B. Finally, the normalized
top position is

Z =
XQ − κ√

δ
, so that u(Q, XQ) = log Φ(Z), b(Q, XQ) =

R(Z)√
δ

.

We use the following facts from §2.3. For each r < 1 the class Ur is compact in
L1([0, 1]), and Pκ is continuous on Ur, uniformly for κ in compact intervals (Lemma 2.7);
in particular Pκ attains its minimum over Ur. By (2.27), b > 0 and 0 < v < 1, so
0 < c < 1/λ ≤ 1/δ, and by (2.28), b(q, Xq) is a square-integrable martingale. The
function D is continuously differentiable with D′ = (S − 1)/λ2 (Lemma 2.9), and the first
variation of Pκ on Ur is (2.30). The martingale property gives

√
δ b(0, 0) =

√
δ Eb(Q, XQ) = ER(Z). (6.1)

Step approximation with a fixed top. Some identities below are first proved for step
order parameters, for which u is smooth on every interval of constancy of γ and Itô’s
formula applies there; polynomial growth of u and its derivatives (Lemma 2.6) and the
moment bounds for X make every stochastic integral below a true martingale. Let γ ∈ U
with Q > 0 and, for n ≥ 1, put

γn(q) = γ(jQ/n) for q ∈ [jQ/n, (j + 1)Q/n), 0 ≤ j < n, γn = 1 on [Q, 1]. (6.2)
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Then γn ∈ UQ is a step order parameter with γn ≤ γ. Its top is exactly Q, because γ < 1
on [0, Q), and ∥γn − γ∥L1 ≤ Q/n, because γ is nondecreasing with values in [0, 1]. By
Lemma 2.7 with r = Q, the functions uγn , bγn , and cγn converge to u, b, and c locally
uniformly on [0, Q]× R with bounds of polynomial growth that are uniform in n, the
diffusions Xγn converge to X in every moment, uniformly on [0, Q], and Pκ(γn) → Pκ(γ).
Since b and c have spatial derivatives of polynomial growth and 0 < cγn , c < 1/δ,
it follows that Ebγn(q, Xγn

q )2 → Eb(q, Xq)2 and Ecγn(q, Xγn
q )2 → Ec(q, Xq)2 uniformly

in q ∈ [0, Q]. Indeed, for R > 0 split each expectation according to whether |Xγn
q | ∨

|Xq| ≤ R. On this event the integrands differ by at most a constant times the sum of
sup[0,Q]×[−R,R](|bγn − b|+ |cγn − c|) and CR|Xγn

q − Xq|, because the functions and their
spatial derivatives are bounded on [0, Q]× [−R, R] uniformly in n. On the complement
the integrands are bounded by C(1+ |Xγn

q |+ |Xq|)p, whose contribution is at most CpR−1

uniformly in q and n by the uniform moment bounds. Letting n → ∞ and then R → ∞
gives the uniform convergence. Since also λγn → λ uniformly with λγn ≥ δ, the functions
D of γn converge to D uniformly on [0, Q]. Since the top is fixed, the normalized top
positions Zn of γn converge to Z in L2; as 0 < R(z) ≤ R(0) + |z| < 1 + |z| (the derivative
of R lies in (−1, 0) by Lemma 2.5), every function g with |g′| ≤ C(1 + |z|), such as log Φ,
R2, and h, satisfies Eg(Zn) → Eg(Z).

6.1 A value identity and existence of minimizers

We first show that a finite value bounds the top of every minimizer away from one. The
mechanism is an identity (Lemma 6.2) that rewrites the value along the Parisi diffusion.
It involves the function h, whose sign is determined in the next lemma. The lemma also
collects the other Gaussian facts used in this chapter and in Chapter 7. The bound V < 1
in part (i) is Sampford’s inequality, as noted after Lemma 2.5.

Lemma 6.1. The following statements hold.

(i) R′ = −V and 0 < V < 1. The function R̄ is positive and strictly increasing, R is strictly
decreasing, and R(z) > z− = max{−z, 0}.

(ii) V is strictly decreasing.
(iii) V(z)2 ≤ 2R(z) for every z ∈ R.
(iv) h′ = R(1 − V) > 0 and h < 0.
(v) With C0 = − log Φ(−1), for every t ∈ R,

−1
2

t2
+ − log(1 + t+)− C0 ≤ log Φ(−t) ≤ −1

2
t2
+. (6.3)

(vi) For every t ∈ R and θ > 0, with log+ y = max{log y, 0},

log Φ(−t) ≥ −1
2
(t + θ)2

+ − log+

1
θ
− C0. (6.4)



part i 6.1 A value identity and existence of minimizers 117

Proof. The functions R, R̄, V, and h are those of Part II, §2.1.

Proof of (i)–(iv). These are contained in Part II, Lemma 2.1. Its part (a) gives R′ = −V,
0 < V < 1, R̄ > 0, R̄′ = 1 − V > 0, and R(z) > z−, which is (i), since R′ = −V < 0.
Assertion (ii) is the inequality V′ < 0 in (2.2), and assertions (iii) and (iv) are parts (e)
and (d) of that lemma.

Proof of (v). The upper bound holds for t ≤ 0 because Φ ≤ 1, and for t > 0 it is the
Chernoff bound P(G ≥ t) ≤ e−t2

EetG = e−t2/2. For the lower bound, if t ≤ 1 then
log Φ(−t) ≥ log Φ(−1) = −C0. If t ≥ 1, the lower Mills bound of Lemma 2.5(i) and
2t2 ≥ 1 + t2 give

Φ(−t) >
tϕ(t)
1 + t2 ≥ ϕ(t)

2t
≥ e−t2/2

2
√

2π (1 + t)
,

and log(2
√

2π) < 1.62 < 1.84 < C0.

Proof of (vi). If t ≤ 0, the right side is at most −C0, and (v) gives log Φ(−t) ≥ −C0. Let
t > 0. Since 1

2(t + θ)2 ≥ 1
2 t2 + θt, by (v) it suffices to show log(1 + t) ≤ θt + log+(1/θ).

If θ ≥ 1, then log(1 + t) ≤ t ≤ θt. If θ < 1, the concave function t 7→ log(1 + t)− θt is
maximal at t = 1/θ − 1, where it equals log(1/θ)− 1 + θ < log(1/θ).

The value identity below involves the first-variation function D. At a minimizer over
Ur, stationarity says that the antiderivative of −D/2 is minimal on the support of µγ;
this is the source of the sign information, as in the characterizations of Parisi measures
recalled at the start of the chapter. In the proof, (6.7) is the control representation of
Auffinger and W.-K. Chen [7, Theorem 3] and of Jagannath and Tobasco [76, Lemma 18],
evaluated at its optimal control b(q, Xq).

Lemma 6.2. For every κ ∈ R and γ ∈ U ,

Pκ(γ) =
1
2

log δ + αEh(Z)− δ

2
D(Q)− 1

2

∫ Q

0
γ(q)D(q)dq. (6.5)

If r ∈ [0, 1) and γ minimizes Pκ over Ur, then
∫ Q

0 γD dq = 0 and D(Q) ≥ 0, with D(Q) = 0
if Q < r; consequently

Pκ(γ) <
1
2

log δ. (6.6)

If γ minimizes Pκ over U , then D(Q) = 0 and Pκ(γ) =
1
2 log δ + αEh(Z).

Proof. We first prove (6.5). If Q = 0, then γ ≡ 1, δ = 1, Z = −κ, u(0, 0) = log Φ(−κ),
CS(γ) = 0, and D(0) = αb(0, 0)2 = αR(−κ)2, and both sides of (6.5) equal α log Φ(−κ).
Let Q > 0. Both sides of (6.5) converge along the approximations (6.2), so we may assume
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that γ is a step order parameter. By Itô’s formula on each interval of constancy of γ, the
equation (1.3) and the continuity of u,

du(q, Xq) =
(

∂qu +
1
2

∂xxu + γb2
)
(q, Xq)dq + b(q, Xq)dBq

=
1
2

γ(q)b(q, Xq)
2 dq + b(q, Xq)dBq.

The stochastic integral has mean zero because b(q, Xq) is square integrable. Since
u(Q, XQ) = log Φ(Z),

u(0, 0) = E log Φ(Z)− 1
2

∫ Q

0
γ(q)Eb(q, Xq)

2 dq. (6.7)

By (2.29), αEb(q, Xq)2 = D(q) +
∫ q

0 λ(t)−2 dt. Multiplying by γ(q), integrating over [0, Q],
exchanging the order of integration, and using

∫ Q
t γ = λ(t)− δ, we obtain

α
∫ Q

0
γ(q)Eb(q, Xq)

2 dq =
∫ Q

0
γD dq +

∫ Q

0

dt
λ(t)

− δ
∫ Q

0

dt
λ(t)2 .

At the terminal time b(Q, XQ) = R(Z)/
√

δ, so the definition of D(Q) gives δ
∫ Q

0 λ−2 dt =
αER(Z)2 − δD(Q). Substituting these two identities into (6.7) and adding CS(γ) =
1
2

∫ Q
0 λ−1 dq + 1

2 log δ, the integral 1
2

∫ Q
0 λ−1 cancels and we obtain

Pκ(γ) =
1
2

log δ + αE
[

log Φ(Z) +
1
2

R(Z)2
]
− δ

2
D(Q)− 1

2

∫ Q

0
γD dq,

which is (6.5).
Now let γ minimize over Ur, and write µ = µγ. If r = 0, then γ ≡ 1, Q = 0, and

D(0) = αb(0, 0)2 > 0, and the stationarity assertions hold; so let r > 0. Put

H(t) = Hγ(t) = −1
2

∫ t

0
D(q)dq (t ∈ [0, r]),

so that H′ = −D/2. For t ∈ [0, r] the order parameter 1[t,1] belongs to Ur, and so does
γ + θ(1[t,1] − γ) for θ ∈ [0, 1]. Minimality and (2.30) give

∫ r
0 (1[t,1] − γ)D dq ≥ 0. Here∫ r

0 1[t,1]D dq =
∫ r

t D dq = 2(H(t)−H(r)), while, since γ(q) = µ([0, q]), Fubini’s theorem
gives

∫ r
0 γD dq =

∫ ( ∫ r
s D(q)dq

)
µ(ds) = 2

∫
(H(s)−H(r))µ(ds). Hence

H(t) ≥
∫

H dµ (0 ≤ t ≤ r). (6.8)

Since µ is a probability measure on [0, Q] ⊂ [0, r], (6.8) forces
∫
H dµ = min[0,r] H, so H

equals its minimum µ-almost everywhere and, being continuous, on supp µ. The point
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Q belongs to supp µ: if Q > 0, then γ(q) < 1 for q < Q, so µ((q, Q]) > 0 for every q < Q;
if Q = 0, then µ is the point mass at 0. Therefore∫ Q

0
γD dq =

∫ ( ∫ Q

s
D(q)dq

)
µ(ds) = 2

∫ (
H(s)−H(Q)

)
µ(ds) = 0.

Next, D(0) = αb(0, 0)2 > 0 because X0 = 0 and b > 0. Since r > 0, H′(0) = −D(0)/2 < 0,
so 0 is not a minimum point of H on [0, r], and 0 /∈ supp µ; in particular Q > 0. Since
Q is a minimum point of H on [0, r], H(q) ≥ H(Q) for q < Q, and the left derivative
satisfies −D(Q)/2 = H′(Q) ≤ 0; thus D(Q) ≥ 0. If moreover Q < r, then Q is an
interior minimum point of H, so D(Q) = −2H′(Q) = 0. This proves the stationarity
assertions for every r ∈ [0, 1). With h < 0 from Lemma 6.1(iv), they and (6.5) give
Pκ(γ) ≤ 1

2 log δ + αEh(Z) < 1
2 log δ.

Finally, a minimizer γ over U belongs to Ur for every r ∈ (Q, 1) and minimizes
over Ur ⊂ U . Since Q < r, the preceding paragraph gives D(Q) = 0, and (6.5) with∫ Q

0 γD dq = 0 gives the last assertion.

We record for later use two consequences obtained in the proof. If γ minimizes Pκ

over Ur with r > 0, and H is as in the proof (with H′ = −D/2), then

supp µγ ⊂ argmin
[0,r]

H, 0 /∈ supp µγ. (6.9)

For comparison, the order parameter γ ≡ 1 has Q = 0, δ = 1, u(0, 0) = log Φ(−κ) and
CS(γ) = 0. Hence

P∗(κ) ≤ Pκ(1) = α log Φ(−κ) < 0 (κ ∈ R). (6.10)

For r ∈ [0, 1) we write
P r
∗(κ) = min

γ∈Ur
Pκ(γ) (6.11)

for the constrained minimum. Since the classes Ur increase with r and their union is U ,
P r
∗(κ) is nonincreasing in r and decreases to P∗(κ) as r ↑ 1. Also P0

∗(κ) = α log Φ(−κ),
since U0 = {1}.

Theorem 6.3. Let κ ∈ R with P∗(κ) > −∞. Then the infimum defining P∗(κ) is attained.
Every minimizer γ satisfies

1 − Qγ > e2P∗(κ),

that is, every minimizer lies in Ur with r = 1 − e2P∗(κ) ∈ (0, 1), and the set of minimizers is
compact in L1([0, 1]).

Proof. By (6.10), −∞ < P∗(κ) < 0, so r∗ = 1 − e2P∗(κ) lies in (0, 1). For r ∈ [0, 1) let γr

minimize Pκ over Ur, with top Qr and δr = 1 − Qr. By (6.6),

1
2

log δr > Pκ(γr) ≥ P∗(κ),



part i 6.2 The slope in the margin 120

so Qr < r∗, and every γr belongs to the single compact class Ur∗ . Hence P r
∗(κ) ≥ P r∗∗ (κ)

for every r < 1, and letting r ↑ 1 gives P∗(κ) = P r∗∗ (κ), which is attained.
Every minimizer γ over U belongs to Ur for r ∈ (Qγ, 1) and minimizes over this Ur, so

1
2 log(1− Qγ) > Pκ(γ) = P∗(κ) by Lemma 6.2, which is the asserted bound; in particular
γ ∈ Ur∗ . The set of minimizers is {γ ∈ Ur∗ : Pκ(γ) = P∗(κ)}, which is closed in the
compact class Ur∗ by continuity, hence compact.

The theorem concerns minimizers, and (6.6) gives the same bound for constrained
minimizers. Neither says that the tops of an arbitrary minimizing sequence stay away
from one: adding a vanishing mass near one changes the top without changing the L1

limit. Like Lemma 5.2, the theorem is the analogue for Pκ of the fact about spherical
Parisi measures recalled before that lemma: they are supported in an interval [0, q1] with
q1 < 1. Here the bound on the top comes from the value identity, and it depends on
P∗(κ).

6.2 The slope in the margin

To move values between margins we need a bound on how fast Pκ(γ) changes with κ.
The following bound holds for every order parameter, which is what makes it usable for
near-minimizers and for constrained minimizers alike.

Lemma 6.4. Let Cκ = 1
2

(
κ +

√
κ2 + 4

)
. For every γ ∈ U and κ ∈ R,

E(κ − BQ)+ ≤ λ(0) b(0, 0) < Cκ. (6.12)

The map κ 7→ Pκ(γ) is twice continuously differentiable, with ∂κPκ(γ) = −αb(0, 0) < 0
and ∂2

κPκ(γ) = −αc(0, 0) < 0; in particular it is strictly decreasing and strictly concave.
Consequently P∗, as a function with values in [−∞, 0), is nonincreasing and concave, and
κ 7→ bγ,κ(0, 0) is increasing.

Proof. The upper bound comes from a maximum principle for an explicit combination of
b and c. Put τ = 1 − q and

F = τc − λb2 − (x − κ)b

on [0, Q]×R. At q = Q we have τ = λ = δ and, with z = (x− κ)/
√

δ, b(Q, x) = R(z)/
√

δ

and c(Q, x) = −R′(z)/δ = V(z)/δ. Thus

F(Q, x) = V(z)− R(z)2 − zR(z) = V(z)− R(z)R̄(z) = 0.

If Q = 0 this gives F(0, 0) = 0. Let Q > 0, and first let γ be a step order parameter. For
smooth f , g we have L( f g) = fLg + gL f + ∂x f ∂xg. On each interval of constancy of γ,
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Lemma 2.6(ii) gives Lb = 0 and Lc = γc2; together with ∂xb = −c, Lτ = −1, λ′ = −γ,
and L(x − κ) = γb we obtain

L(τc) = −c + γτc2, L(λb2) = −γb2 + λc2, L
(
(x − κ)b

)
= γb2 − c.

For instance, L(b2) = 2bLb + (∂xb)2 = c2, and L((x − κ)b) = (x − κ)Lb + bL(x − κ) +

∂xb. Hence
LF = (γτ − λ)c2 ≤ 0,

because γ is nondecreasing and therefore λ(q) =
∫ 1

q γ ≥ γ(q)(1 − q). Itô’s formula

on each interval of constancy gives F(0, 0) = EF(Q, XQ)− E
∫ Q

0 LF(q, Xq)dq ≥ 0. For
general γ the inequality F(0, 0) ≥ 0 follows from the step approximations (6.2), since
b(0, 0), c(0, 0) and λ(0) converge along them. At (0, 0) this inequality reads c(0, 0) ≥
λ(0)b(0, 0)2 − κb(0, 0), and λ(0)c(0, 0) = v(0, 0) < 1. Multiplying by λ(0) > 0, the
number y = λ(0)b(0, 0) > 0 satisfies y2 − κy < 1. Hence y lies below the positive root Cκ

of y2 − κy − 1.
For the lower bound write XQ = BQ + ∆ with ∆ =

∫ Q
0 γ(q)b(q, Xq)dq ≥ 0. Since

b(q, Xq) is a martingale, E∆ = b(0, 0)
∫ Q

0 γ = b(0, 0)(λ(0)− δ). Since (κ − XQ)+ =
√

δ Z−
and R(z) ≥ z− (Lemma 6.1(i)), (6.1) gives E(κ − XQ)+ ≤

√
δ ER(Z) = δb(0, 0). Finally

(κ − BQ)+ ≤ (κ − XQ)+ + ∆, and adding the two expectations gives E(κ − BQ)+ ≤
λ(0)b(0, 0).

The terminal datum depends on κ only through x − κ, and the recursion (2.2) com-
mutes with translations in x, so uγ,κ(q, x) = uγ,0(q, x − κ). By Lemma 2.6(v), which holds
for every γ ∈ Ur by Lemma 2.7, uγ,0(0, ·) has continuous derivatives of all orders. There-
fore κ 7→ uγ,κ(0, 0) is twice continuously differentiable with ∂κuγ,κ(0, 0) = −b(0, 0) and
∂2

κuγ,κ(0, 0) = −c(0, 0), and ∂κbγ,κ(0, 0) = c(0, 0) > 0. Since CS(γ) does not depend on κ,
∂κPκ(γ) = −αb(0, 0) < 0 and ∂2

κPκ(γ) = −αc(0, 0) < 0. An infimum of nonincreasing
concave functions is nonincreasing and concave.

We use the lemma mostly through the tangent-line inequality: by concavity, for every
γ ∈ U and all margins k, k′,

Pk′(γ) ≤ Pk(γ)− α bγ,k(0, 0) (k′ − k). (6.13)

Recall from (1.6) that κc = sup{κ : P∗(κ) > −∞}. Since P∗ is nonincreasing, P∗(κ) > −∞
for κ < κc and P∗(κ) = −∞ for κ > κc. Proposition 6.7 shows that κc is finite, and
Theorem 6.8 shows that P∗(κc) = −∞.

6.3 Weak top stability and finiteness of the critical margin

To show that κc > −∞ we must find margins with P∗(κ) > −∞. For an order parameter
with a single support point the value is explicit, so it suffices to show that, at very negative
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margins, constrained minimizers have a single support point. The next lemma gives
a quantitative obstruction to a second support point, namely a lower bound on S(Q),
and a lower bound on the slope in terms of S(Q). Together with the slope bound, these
two bounds give λ(0) ≤ C

√
δ for a minimizer; this is used again in Proposition 6.11.

The proof follows the endpoint analysis of Auffinger and W.-K. Chen [8, Proposition 3
and proof of Theorem 4]: when support points accumulate at Q, Rolle’s theorem gives
S(Q) = 1. The differences are that both terms in (6.16) are nonnegative, because c > 0,
while the corresponding cubic term in [8, Proposition 3] enters with a negative sign, and
that an isolated top is handled by the quantitative inequality (6.18).

Lemma 6.5. Let κ ∈ R and r ∈ [0, 1), and let γ minimize Pκ over Ur. If µγ has more than one
support point, then α > 1 and

S(Q) ≥ sα := min
{1

2
,

1
16α

}
.

Moreover, every γ ∈ U satisfies, at every margin κ,

√
δ b(0, 0) ≥ S(Q)

2α
. (6.14)

Consequently, every minimizer γ of Pκ over Ur satisfies

λ(0) ≤ max
{

1,
2αCκ

sα

}√
δ. (6.15)

Proof. We first show that S/λ2 is nondecreasing on [0, r] and that S < α, for every γ ∈ Ur.
Let first γ be a step order parameter. On each interval of constancy of γ, Lc = γc2 gives
L(c2) = 2cLc + (∂xc)2 = 2γc3 + (∂xc)2, so Itô’s formula gives

d
dq

Ec(q, Xq)
2 = E

[
(∂xc)2 + 2γc3](q, Xq) ≥ 0 (6.16)

there, because c > 0. The function q 7→ Ec(q, Xq)2 is continuous, because c is contin-
uous and bounded by (1 − r)−1, so (6.16) shows that it is nondecreasing. For general
γ ∈ Ur take step order parameters γn ∈ Ur with γn → γ in L1. By Lemma 2.7, cγn → c
locally uniformly on [0, r]× R and Xγn

q → Xq in L2; since 0 < cγn < (1 − r)−1, domi-
nated convergence gives Ecγn(q, Xγn

q )2 → Ec(q, Xq)2 for each q, and a pointwise limit
of nondecreasing functions is nondecreasing. Since S(q)/λ(q)2 = αEc(q, Xq)2, the ratio
S/λ2 is nondecreasing. Also S = αEv(q, Xq)2 < α because 0 < v < 1. Recall that D is
continuously differentiable with D′ = (S − 1)/λ2; in particular S is continuous.

Now let γ minimize over Ur, and suppose that µ = µγ has more than one support
point. Then γ ̸= 1, so r > 0, and we use (6.9) with H as in the proof of Lemma 6.2. The
support of µ contains Q and a second point, which lies in (0, Q) because 0 /∈ supp µ. Every
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p ∈ supp µ ∩ (0, Q) is an interior minimum point of H on [0, r], so D(p) = −2H′(p) = 0.
By Lemma 6.2, D(Q) ≥ 0; this includes the case Q = r of an active cutoff. One of two
cases occurs.

Suppose first that there are pn ∈ supp µ with 0 < pn < pn+1 < Q and pn ↑ Q. By
Rolle’s theorem there are θn ∈ (pn, pn+1) with D′(θn) = 0, that is, S(θn) = 1. Continuity
of S gives S(Q) = 1 ≥ sα, and 1 = S(θn) < α.

Otherwise the closed set supp µ ∩ [0, Q) is nonempty and contained in [0, Q − ε] for
some ε > 0, so p = max(supp µ ∩ [0, Q)) exists, 0 < p < Q, and D(p) = 0. Since
µ((p, Q)) = 0, γ is constant on [p, Q), equal to γ(p) = µ([0, p]), and γ(p) > 0 because
every neighborhood of p ∈ supp µ has positive mass while µ((p, Q)) = 0. Then

0 ≤ D(Q)− D(p) =
∫ Q

p

S(q)− 1
λ(q)2 dq. (6.17)

If α ≤ 1, the integrand is negative because S < α, which is impossible; so α > 1. Put

σ = S(Q), λ0 = λ(Q) = δ, λ1 = λ(p) = λ0 + γ(p)(Q − p) > λ0.

On [p, Q] the function λ is affine with λ′ = −γ(p). We change variables to ℓ = λ(q), so
that dℓ = −γ(p)dq, and bound S(q)/λ(q)2 in two ways: by S(Q)/λ(Q)2 = σ/λ2

0, since
S/λ2 is nondecreasing, and by α/ℓ2, since S < α. Multiplying (6.17) by γ(p) we obtain

1
λ0

− 1
λ1

≤
∫ λ1

λ0

min
( σ

λ2
0

,
α

ℓ2

)
dℓ. (6.18)

If λ1 ≤ 2λ0, the left side of (6.18) is (λ1 − λ0)/(λ0λ1) ≥ (λ1 − λ0)/(2λ2
0) and the right

side is at most σ(λ1 − λ0)/λ2
0, so σ ≥ 1

2 . If λ1 > 2λ0, the left side is at least 1/(2λ0), and
the right side is at most the integral over (0, ∞). Since σ > 0 (because c > 0), the two terms
of the minimum agree at ℓ∗ = λ0

√
α/σ, so this integral equals σℓ∗/λ2

0 + α/ℓ∗ = 2
√

ασ/λ0.
Hence 1

2 ≤ 2
√

ασ, that is, σ ≥ 1/(16α). Both cases give S(Q) ≥ sα.
For (6.14), let γ ∈ U . Since λ(Q) = δ and c(Q, x) = V((x − κ)/

√
δ)/δ,

S(Q) = αEV(Z)2. (6.19)

Lemma 6.1(iii) and (6.1) give S(Q) ≤ 2αER(Z) = 2α
√

δ b(0, 0).
Finally, let γ minimize over Ur. If µγ has a single support point, then γ = 1[Q,1] and

λ(0) = δ ≤
√

δ. Otherwise the first assertion and (6.14) give
√

δ b(0, 0) ≥ sα/(2α), and
Lemma 6.4 gives λ(0) < Cκ/b(0, 0) ≤ 2αCκ

√
δ/sα. This proves (6.15).

In the physics literature, the conditions D = 0 and S = 1 appear as the variational
equation for the order parameter and its derivative in [58], where S = 1 on a continuous
part of the support is interpreted as marginal stability. For the replica-symmetric order
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parameter 1[Q,1] with D(Q) = 0, the condition S(Q) = 1, with S(Q) as in (6.19), defines
their de Almeida–Thouless line, the analogue of the instability found in [45] for the
Sherrington–Kirkpatrick model. The replica-symmetric phase at negative margins is the
region below this line in their phase diagram.

For q ∈ [0, 1) the order parameter 1[q,1], which is the distribution function of the point
mass at q, has top q and λ = 1 − q on [0, q]. On [0, q) it vanishes, so u solves the heat
equation there and X = B. Its value is therefore

PRS
κ (q) := Pκ(1[q,1]) = αE log Φ

(√q G − κ√
1 − q

)
+

q
2(1 − q)

+
1
2

log(1 − q). (6.20)

These are the replica-symmetric order parameters. The next lemma shows that at very
negative margins every constrained minimizer is of this form, with values bounded
below. Jagannath and Tobasco used first-order conditions in a similar way to prove replica
symmetry in parts of the phase diagram of mixed p-spin models [77, Theorem 1.9]. Their
argument checks a sufficient condition for optimality, which relies on convexity; here we
instead exclude a second support point for every constrained minimizer.

Lemma 6.6. There is κ0 = κ0(α) ≤ −1 such that for every κ ≤ κ0 and every r ∈ [0, 1), every
minimizer of Pκ over Ur equals 1[q,1] for some q ∈ [0, r], and

PRS
κ (q) ≥ −1

4
− αC0 (0 ≤ q < 1). (6.21)

Proof. For z ≥ 0 we have V(z) ≤ 2ϕ(z)(z + 1) by Part II, Lemma 2.1(e), so V(z) → 0
as z → ∞. Since V is decreasing (Lemma 6.1(ii)), we can choose z0 ≥ 1 with αV(z)2 ≤
αV(z0)

2 < sα/2 for all z ≥ z0. Since Φ and m are increasing, we can then choose κ0 ≤ −z0

with αΦ(κ0 + z0) < sα/2 and αm(κ0 + 1) ≤ 1
2 . Let κ ≤ κ0; then these three inequalities

hold with κ in place of κ0.
Let γ ∈ U with Q > 0. Since γ ≥ 0 and b > 0, XQ = BQ +

∫ Q
0 γb dq ≥ BQ. Using

(6.19), the bound V < 1 on {Z < z0}, and αV2 < sα/2 on {Z ≥ z0}, we get

S(Q) ≤ αP(Z < z0) +
sα

2
≤ αP

(
BQ < κ + z0

√
δ
)
+

sα

2
≤ αΦ(κ + z0) +

sα

2
< sα.

Here P(BQ < κ + z0
√

δ) ≤ P(BQ < κ + z0) = Φ((κ + z0)/
√

Q) because z0
√

δ ≤ z0, and
(κ + z0)/

√
Q ≤ κ + z0 because κ + z0 ≤ 0 and

√
Q ≤ 1. An order parameter with Q = 0

is the point mass at 0. Hence, by Lemma 6.5, for every r ∈ [0, 1) each minimizer of Pκ

over Ur has a single support point, that is, it equals 1[q,1] for some q ∈ [0, r].
To bound (6.20) below, apply (6.4) with t = (κ −√

q G)/
√

1 − q and θ = 1/
√

1 − q ≥
1:

log Φ
(√q G − κ√

1 − q

)
≥ −

(κ + 1 −√
q G)2

+

2(1 − q)
− C0.
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Since κ + 1 ≤ 0 and
√

q ≤ 1, for q > 0 we have E(κ + 1 −√
q G)2

+ = q m
(
(κ + 1)/

√
q
)
≤

q m(κ + 1), and this also holds for q = 0. With αm(κ + 1) ≤ 1
2 and δ = 1 − q we obtain

PRS
κ (q) ≥ q

4δ
+

1
2

log δ − αC0 =
1
4

(1
δ
− 2 log

1
δ

)
− 1

4
− αC0 ≥ −1

4
− αC0,

because y ≥ 2 log y for all y > 0.

Proposition 6.7. For every α > 0,

−∞ < κc(α) ≤ κRS(α) < ∞,

where κRS(α) is the unique solution of α m(κRS) = 1. In particular κc(α) < 0 if α > 2.

Proof. The function m is continuous and strictly increasing, since m′(k) = 2E(k−G)+ > 0,
and it tends to 0 as k → −∞ and to ∞ as k → ∞. Hence κRS exists, is unique, and is finite.

The upper bound. Let αm(κ) > 1. The upper bound in (6.3) gives

PRS
κ (q) ≤

q − αE(κ −√
q G)2

+

2(1 − q)
+

1
2

log(1 − q).

As q ↑ 1 the numerator tends to 1 − αm(κ) < 0 by dominated convergence, so the right
side tends to −∞. Hence P∗(κ) = −∞ whenever αm(κ) > 1, and κc ≤ κRS.

The lower bound. Let κ0 be as in Lemma 6.6. By that lemma and (6.21), P r
∗(κ0) ≥

infq∈[0,1) PRS
κ0
(q) ≥ −1

4 − αC0 for every r < 1. Letting r ↑ 1 gives P∗(κ0) > −∞, hence
κc ≥ κ0 > −∞.

Finally m(0) = EG2
− = 1

2 , so αm(0) > 1 if α > 2. Since m is increasing and αm(κRS) =

1, this gives κc ≤ κRS < 0.

El Alaoui and Sellke observed the bound κc ≤ κRS, stated in terms of the constraint
density, in the remark after [54, Conjecture 1]; their argument is the one above, with
γ = 1[q,1] and q → 1. For α > 2, combined with Theorem 1.2(ii), the bound κc ≤ κRS
recovers the replica-symmetric upper bound on the capacity, which Stojnic proved for
every margin [118, Section 2.3].

6.4 Divergence at the critical margin

Since κc is finite, we can approach it from both sides. Above κc the value is −∞, but
the constrained minima P r

∗(k) of (6.11) take every sufficiently negative finite value. The
value inequality (6.6) and the slope bound transport such a value down to κc − η.
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Theorem 6.8. For every α > 0 the function P∗ is finite, nonincreasing, concave, and continuous
on (−∞, κc), and P∗(κ) = −∞ for κ ≥ κc. More precisely, with C∗ = Cκc , for all sufficiently
small η > 0,

P∗(κc − η) ≤ 1
2

log η +
1
2

log(2αC∗) +
1
2

. (6.22)

Proof. Let κ < κc. By the definition of κc as a supremum there is κ′ > κ with P∗(κ′) > −∞,
and monotonicity (Lemma 6.4) gives P∗(κ) ≥ P∗(κ′) > −∞; also P∗(κ) < 0 by (6.10).
Thus P∗ is finite on the open interval (−∞, κc), which is nonempty by Proposition 6.7,
and it is nonincreasing and concave there by Lemma 6.4; a finite concave function on an
open interval is continuous. For κ > κc, P∗(κ) = −∞ by the definition of κc.

Fix k > κc. We first show that r 7→ P r
∗(k) is continuous on [0, 1). Let r < r′ ≤ r′′ < 1

and let γ′ minimize Pk over Ur′ . The order parameter max{γ′, 1[r,1]} belongs to Ur and is
at L1 distance at most r′ − r from γ′. If ω is a modulus of continuity of Pk on the compact
class Ur′′ , then P r′

∗ (k) ≤ P r
∗(k) ≤ P r′

∗ (k) + ω(r′ − r). This proves continuity on [0, r′′] for
every r′′ < 1.

Moreover P0
∗(k) = α log Φ(−k) < 0, and P r

∗(k) ↓ P∗(k) = −∞ as r ↑ 1. By the
intermediate value theorem, every w < α log Φ(−k) equals P r

∗(k) for some r ∈ [0, 1).
Let γ minimize Pk over this Ur, so that Pk(γ) = w. By (6.6), 1 − Qγ > e2w, and hence
λγ(0) ≥ 1 − Qγ > e2w. For k′ < k, the tangent-line bound (6.13) and the slope bound
(6.12) give

P∗(k′) ≤ Pk′(γ) ≤ w + α(k − k′) bγ,k(0, 0) ≤ w + α(k − k′)Cke−2w.

Now let η > 0 and w < α log Φ(−κc). The function k 7→ α log Φ(−k) is continuous, so
w < α log Φ(−k) for all k > κc sufficiently close to κc, and for such k the bound holds
with k′ = κc − η. Letting k ↓ κc and using the continuity of k 7→ Ck, we obtain

P∗(κc − η) ≤ w + αηC∗e−2w.

The choice w = 1
2 log(2αC∗η) makes the last term equal to 1

2 , and it is admissible when
1
2 log(2αC∗η) < α log Φ(−κc), that is, for all sufficiently small η. This proves (6.22). Since
P∗ is nonincreasing, P∗(κc) ≤ P∗(κc − η) for every such η, so P∗(κc) = −∞.

We return to the deep margins of Lemma 6.6. There the variational problem is replica
symmetric: the infimum is a minimum over the one-parameter family (6.20).

Corollary 6.9. Let κ0 = κ0(α) be as in Lemma 6.6, and let κ ≤ κ0. Then κ < κc, and every
minimizer of Pκ over U equals 1[q,1] for some q ∈ (0, 1). In particular

P∗(κ) = min
q∈[0,1)

PRS
κ (q) > −∞.

If α ≤ 1, the same holds for every κ < κc.
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Proof. By Lemma 6.6 and the proof of Proposition 6.7, P∗(κ) ≥ P∗(κ0) > −∞, so min-
imizers exist by Theorem 6.3, and κ < κc because P∗(κc) = −∞ by Theorem 6.8. A
minimizer γ minimizes Pκ over Ur for every r ∈ (Q, 1), so γ = 1[Q,1] by Lemma 6.6,
and Q > 0 by (6.9). Hence P∗(κ) = PRS

κ (Q) ≥ infq PRS
κ (q) ≥ P∗(κ), and the infimum is

attained at q = Q. If α ≤ 1 and κ < κc, minimizers exist by Theorem 6.3, and Lemma 6.5
shows directly that each of them has a single support point.

6.5 Pinning of the top and collapse of minimizers

By (6.6), a finite value keeps the top of a minimizer away from one. For a minimizer
over all of U the value identity is exact, and it also gives the converse: a very negative
value forces the top close to one. The reason is that the terminal term αEh(Z) is only
logarithmically negative, since h(z) ≥ − log(1 + z−)− C0, and the slope bound controls
the negative part of Z.

Lemma 6.10. Let κ ∈ R with P∗(κ) > −∞, let γ minimize Pκ over U , and put δ = 1 − Qγ.
Then

1 + α

2
log δ − α

(
C0 + log(1 + Cκ)

)
≤ P∗(κ) <

1
2

log δ, (6.23)

with C0 = − log Φ(−1) as in Lemma 6.1 and Cκ as in Lemma 6.4.

Proof. The upper bound in (6.23) is (6.6). For the lower bound, the last assertion of
Lemma 6.2 gives P∗(κ) = Pκ(γ) =

1
2 log δ + αEh(Z). We first show that

h(z) ≥ − log(1 + z−)− C0 (z ∈ R).

For z ≥ 0 this holds because h(z) ≥ log Φ(z) ≥ log 1
2 > −C0. For z = −t < 0,

(6.3) gives log Φ(−t) ≥ −1
2 t2 − log(1 + t) − C0, and R(−t) > t by Lemma 6.1(i), so

1
2 R(z)2 ≥ 1

2 t2. Since x 7→ − log(1 + x) is convex on [0, ∞), Jensen’s inequality gives
Eh(Z) ≥ − log(1 + EZ−)− C0. By Lemma 6.1(i), (6.1), Lemma 6.4 and λ(0) ≥ δ,

EZ− ≤ ER(Z) =
√

δ b(0, 0) <

√
δ Cκ

λ(0)
≤ Cκ√

δ
.

Since δ ≤ 1, 1 + Cκ/
√

δ ≤ (1 + Cκ)/
√

δ. Hence

P∗(κ) ≥
1
2

log δ − α log
1 + Cκ√

δ
− αC0 =

1 + α

2
log δ − α

(
C0 + log(1 + Cκ)

)
.

Combined with the upper bound of Theorem 6.8 at the margin κc − η, the lemma
gives the collapse of minimizers used in Chapter 9.
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Proposition 6.11. Let α > 0. There are constants C, η0 > 0, depending only on α, such that for
0 < η ≤ η0 every minimizer γ of Pκc−η over U satisfies

1 − Qγ ≤ Cη1/(1+α), λγ(0) ≤ Cη1/(2+2α). (6.24)

Proof. Put C∗ = Cκc . Since Cκ is increasing in κ, Cκ ≤ C∗ for κ ≤ κc. By Theorem 6.8
there is η0 ∈ (0, 1] such that P∗(κc − η) ≤ 1

2 log η + C1 for 0 < η ≤ η0, with C1 =
1
2 log(2αC∗) +

1
2 . Fix such η, put k = κc − η, and let γ be a minimizer of Pk over U , which

exists by Theorem 6.3; write δ = 1 − Qγ. By (6.23) with Ck ≤ C∗,

1 + α

2
log δ − C2 ≤ P∗(k) ≤

1
2

log η + C1, C2 = α
(
C0 + log(1 + C∗)

)
,

so δ ≤ C3η1/(1+α) with C3 = e2(C1+C2)/(1+α). The minimizer γ minimizes Pk over Ur

for every r ∈ (Qγ, 1), so (6.15) applies: with C4 = max{1, 2αC∗/sα}, λγ(0) ≤ C4
√

δ ≤
C4C1/2

3 η1/(2+2α).

The proof uses the exact value of P∗ at a minimizer, so it says nothing about the
tops of near-minimizers. For α > 2, the bound 1 − Qγ ≤ Cη1/(1+α) for every γ with
Pκc−η(γ) ≤ P∗(κc − η) + 1, and a lower bound P∗(κc − η) ≥ α log η − C of the same
logarithmic order as (6.22), are proved in Part II through a comparison with the zero-
temperature functional (Part II, Proposition 2.24); in this part only Corollary 1.7 uses the
lower bound.

Theorem 6.8 and Proposition 6.11 are the bounds behind the comparison with the
physical picture of jamming in Chapter 1; the mass λγ(0) measures the order parameter
below the top.

6.6 Proof of the theorem on the variational problem

We collect the results of this chapter; recall that Qγ = 1 − δ is the top of the support of
µγ and that λγ(0) =

∫ 1
0 γ.

Proof of Theorem 1.3. Part (i) is Theorem 6.3, part (ii) is Proposition 6.7, and part (iii) is
Theorem 6.8, with C∗ = Cκc . In part (iv), the pinning inequality is Lemma 6.10, and
the bounds on minimizers at the margin κc − η are (6.24) in Proposition 6.11. Part (v) is
Corollary 6.9. This proves the theorem.



chapter 7

The critical margin near α = 2

This chapter proves Theorem 1.4: for constraint densities slightly above two, the critical
margin lies below Gardner’s prediction κRS by at least a constant times the cube of the
distance to two. Throughout the chapter, α = 2 + e with e > 0 small.

Step 4 of §1.3 outlines the argument. It uses only the definition (1.6) of κc, the
Cole–Hopf recursion of §2.1 for one explicit order parameter, the tail bound (6.3) and
one-dimensional Gaussian calculus, part of which is taken from Part II (Lemmas 2.1
and 3.1). Lemma 7.1 records the behavior of κRS near α = 2. Lemma 7.2 bounds the value
of an explicit order parameter with two support points near one by an explicit Gaussian
integral Jℓ, and deduces that one negative value of Jℓ bounds κc from above. Lemma 7.3
expands Jℓ, and the proof of Theorem 1.4 combines the three lemmas.

In the notation of Part II, Jℓ(k) = Jk(ℓ−11[1−ℓ,1)) is the value of the zero-temperature
functional Jk (Part II, (2.41)) at the coefficient ℓ−1 carried by the block [1 − ℓ, 1). Part II
proves the bound of Theorem 1.4 with this coefficient (Part II, Theorem 3.13), and transfers
it to κc through the characterization of κc as the threshold of Jk (Part II, Theorem 2.21). The
same characterization and a dual certificate for Jk give the matching bound κRS − κc ≤ Ce3,
so the order e3 is sharp (Corollary 1.6). Lemma 7.3 is a two-sided form of the bound in
Step 3 of the proof of Part II, Theorem 3.13. Here Lemma 7.2 bounds Pκ by Jℓ directly, so
we need only the explicit form of Jℓ and no comparison of Pκ with Jk.

Stojnic proved upper bounds on the capacity through a partially lifted version of his
random duality theory, and numerical evaluation indicates that they lie below Gardner’s
prediction [117]; he later proposed fully lifted versions, evaluated numerically at finite
levels of lifting [119]. The upper bound of Montanari, Zhong, and Zhou, discussed after
Corollary 1.5, is expressed through the Gaussian exponential moment E exp(−t(k − G)2

+)

[90, Definition 2], and eE(z) in (7.4) below is this moment at t = 1
2 and k = −z. The

quadratic penalty that replaces the hard-wall datum in Lemma 7.2 is the jamming-limit
boundary condition of Franz and Parisi [58, (15)], whose scaling regime near jamming also
places the relevant overlaps close to one. What differs here is the trial order parameter,
whose second atom sits at the bottom of a thin layer of relative width ℓ ≍ e2 below the
top, and the analysis of the gain of this layer to order e3 near α = 2, where κRS is close to
zero.

Besides m(k) = E(k − G)2
+ we use m1(k) = E(k − G)+ and ϕ0 = ϕ(0) = (2π)−1/2. By

129
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Part II, Lemma 2.1(g),

m(k) = (1 + k2)Φ(k) + kϕ(k), m1(k) = kΦ(k) + ϕ(k), m′ = 2m1, m′
1 = Φ,

(7.1)
and Φ − m = −k m1. In particular m1 > 0, m is increasing and convex, and m1 is increas-
ing. For α = 2 + e, Gardner’s prediction κRS is defined by αm(κRS) = 1 (Proposition 6.7).

Lemma 7.1. There is a numerical constant e1 ∈ (0, 1] such that for 0 < e ≤ e1 and α = 2 + e,

−1
2
< κRS < 0, αΦ(κRS)− 1 = α|κRS|m1(κRS) ≥ cΦ e, cΦ =

m1(−1/2)
4ϕ0

> 0.

(7.2)

Proof. Let eg be the numerical constant of Part II, Lemma 3.1, and put e1 = min{eg, 1}.
For 0 < e ≤ e1, part (a) there gives −1

2 < κRS < 0, and part (b) gives the identity in (7.2)
and the lower bound cΦe, where cΦ > 0 because m1 > 0.

Part II, Lemma 3.1(a), also gives the expansion of κRS quoted in the introduction: for
0 < e ≤ e1,

κRS(2 + e) = − e
8ϕ0

+ O(e2) = −
√

2π

8
e + O(e2). (7.3)

We now introduce the explicit Gaussian integral. For z ∈ R put

E(z) = log E exp
(
− 1

2
(z + G)2

−

)
, (7.4)

and for 0 < ℓ ≤ 1
2 and k ∈ R put

Jℓ(k) = αℓE E
(
Yℓ(k)

)
+

1 − ℓ

4
+

ℓ log 2
2

, Yℓ(k) =
√

1 − ℓ G − k√
ℓ

. (7.5)

Since e−(z+G)2
−/2 ≥ 1{z+G≥0} and (z + G)2

− ≤ (z + G)2, we have E(z) ≥ log Φ(z) and

E(z) ≥ log Ee−(z+G)2/2; the Gaussian integral

E e−(z+G)2/2 =
1√
2π

∫
R

e−(g+z/2)2−z2/4 dg =
e−z2/4
√

2
(7.6)

follows from g2 + (z + g)2 = 2(g + z/2)2 + z2/2. The function E is nondecreasing,
because (z + G)− is nonincreasing in z. Hence 0 ≥ E(z) ≥ E(min{z, 0}) ≥ −1

4 z2
− −

1
2 log 2 for all z, and Jℓ(k) is finite. Since Yℓ(k) is decreasing in k, the map k 7→ Jℓ(k) is
nonincreasing.

The next lemma is the only place where the Parisi functional enters. It evaluates
the functional at an order parameter with atoms at two levels near one, and bounds its
energy term by replacing the hard-wall datum with a quadratic penalty.
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Lemma 7.2. Let κ ∈ R, 0 < ℓ ≤ 1
2 , and δ ∈ (0, 1) with δ < (1 − δ)ℓ. Put

Q = 1 − δ, p = Q(1 − ℓ), a =
δ

Qℓ
∈ (0, 1), γδ = a1[p,Q) + 1[Q,1].

Then γδ ∈ U , Qγδ
= Q, and

Pκ(γδ) ≤
Q
δ

Jℓ
( κ√

Q

)
+

1
2

log δ. (7.7)

Consequently, if Jℓ(k) < 0 for some k ∈ R and ℓ ∈ (0, 1
2 ], then κc ≤ k.

Proof. The function γδ is nondecreasing, right-continuous, equal to one on [Q, 1] and
at most a < 1 on [0, Q), so γδ ∈ U and Qγδ

= Q. It is a step order parameter, so
u = uγδ

(·, · ; κ) is given on [0, Q] by the recursion (2.2) with terminal time Q and terminal
datum f (x) = log Φ((x − κ)/

√
δ):

u(p, ·) = Ta,Qℓ f , u(0, ·) = T0,p u(p, ·),

because Q − p = Qℓ. By the upper bound in (6.3) with t = (κ − x)/
√

δ,

δ f (x) ≤ g(x) := −1
2
(κ − x)2

+ (x ∈ R).

By the homogeneity (T3) with t = δ and the monotonicity (T1), and since a/δ = 1/(Qℓ),

δ u(p, x) = T1/(Qℓ), Qℓ(δ f )(x) ≤ T1/(Qℓ), Qℓ g(x)

= Qℓ log E exp
(
− (κ − x −

√
Qℓ G)2

+

2Qℓ

)
= Qℓ E

(x − κ√
Qℓ

)
,

where in the last step we used (κ − x−
√

Qℓ G)/
√

Qℓ = −(z+G) with z = (x− κ)/
√

Qℓ,
(−(z + G))+ = (z + G)−, and the definition (7.4). Applying the monotone operator T0,p
and using p = Q(1 − ℓ),

δ u(0, 0) ≤ QℓE E
(√p G − κ

√
Qℓ

)
= QℓE E

(
Yℓ

(
κ/

√
Q
))

.

For the entropy term CS(γδ) we use the cutoff Q in (1.4). On [p, Q], λγδ
(q) = δ +

a(Q − q), and on [0, p], λγδ
(q) = δ + aQℓ = 2δ. Hence

CS(γδ) =
1
2

∫ p

0

dq
2δ

+
1
2

∫ Q

p

dq
δ + a(Q − q)

+
1
2

log δ =
p

4δ
+

1
2a

log
δ + aQℓ

δ
+

1
2

log δ

=
Q
δ

(1 − ℓ

4
+

ℓ log 2
2

)
+

1
2

log δ.

Adding αu(0, 0) gives (7.7).
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For the last assertion, let Jℓ(k) < 0 and κ′ > k. As δ ↓ 0 we have Q → 1 and
κ′/

√
Q → κ′ > k, so for all sufficiently small δ the hypothesis δ < (1 − δ)ℓ holds and

κ′/
√

Q ≥ k. For such δ, (7.7) and the monotonicity of Jℓ give

P∗(κ
′) ≤ Pκ′(γδ) ≤

Q
δ

Jℓ(k) +
1
2

log δ,

and the right side tends to −∞ as δ ↓ 0. Hence P∗(κ′) = −∞ for every κ′ > k, and (1.6)
gives κc ≤ k.

The next lemma expands Jℓ in the width ℓ. The first term of the expansion is the
value obtained from the replica-symmetric order parameters, and the second is the gain
produced by the thin layer.

Lemma 7.3. There is a numerical constant CJ such that for 0 < α ≤ 3, 0 < ℓ ≤ 1
2 , and |k| ≤ 1,∣∣∣Jℓ(k)− 1 − αm(k)

4
+

ℓ

2
d
(
αΦ(k)− 1

)∣∣∣ ≤ CJℓ
3/2, d = log 2 − 1

2
. (7.8)

Moreover d > 0.

Proof. We divide the proof into three steps. First we isolate an integrable remainder of E ,
then we rewrite Jℓ exactly with it, and finally we expand the explicit terms.

Step 1. An integrable remainder. Put

R(z) = E(z) + 1
4

z2
− +

log 2
2

1{z<0} (z ∈ R).

Let z < 0 and write A(z) = e−z2/4/
√

2, so that R(z) = log(eE(z)/A(z)) by (7.6). Since
(z + G)2

− ≤ (z + G)2, with equality on {z + G ≤ 0},

0 ≤ eE(z) − A(z) = E
[
1 − e−(z+G)2/2; z + G > 0

]
≤ P(z + G > 0) = Φ(z).

Hence 0 ≤ R(z) ≤ log(1 + Φ(z)/A(z)) ≤
√

2 ez2/4Φ(z). For −1 ≤ z < 0 the right
side is at most

√
2 e1/4, and for z = −t ≤ −1 the Mills bound of Lemma 2.5(i) gives√

2 et2/4Φ(−t) ≤
√

2 et2/4ϕ(t)/t ≤
√

2 ϕ0e−t2/4. Now let z ≥ 0. Then Φ(z) ≤ eE(z) ≤ 1,
so 0 ≤ −R(z) = −E(z) ≤ − log Φ(z) = − log(1 − Φ(−z)) ≤ 2Φ(−z), because Φ(−z) ≤
1
2 and − log(1 − y) ≤ 2y for 0 ≤ y ≤ 1

2 . Since
∫ ∞

0 Φ(−z)dz = EG+ = ϕ0, these bounds
give ∥R∥L1(R) < ∞.

Step 2. An exact formula. Write Y = Yℓ(k) and, as in Part II, put m(k; t) = E(k −
√

t G)2
+

for t > 0, so that m(k; 1) = m(k). Then EY2
− = m(k; 1 − ℓ)/ℓ and P(Y < 0) =

Φ(k/
√

1 − ℓ), so the definitions (7.5) of Jℓ and of R give

Jℓ(k) =
1 − ℓ− αm(k; 1 − ℓ)

4
+

ℓ log 2
2

(
1 − αΦ

(
k/

√
1 − ℓ

))
+ αℓER(Y). (7.9)
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The variable Y is Gaussian with variance (1 − ℓ)/ℓ ≥ 1/(2ℓ), so its density is at most
ϕ0
√

2ℓ, and
|αℓER(Y)| ≤ 3

√
2 ϕ0∥R∥L1 ℓ3/2.

Step 3. Expansion of the explicit terms. Gaussian integration by parts, d
dtEF(

√
t G) =

1
2EF′′(

√
t G) applied to F(y) = (k − y)2

+, gives ∂tm(k; t) = Φ(k/
√

t). For t ∈ [1
2 , 1],∣∣∣ d

dt
Φ
(
k/

√
t
)∣∣∣ = |k| ϕ(k/

√
t)

2t3/2 ≤
√

2 ϕ0|k| ≤ 1,

so |Φ(k/
√

t)− Φ(k)| ≤ 1 − t. Integrating over t ∈ [1 − ℓ, 1] gives |m(k; 1 − ℓ)− m(k) +
ℓΦ(k)| ≤ ℓ2/2, and also |Φ(k/

√
1 − ℓ)− Φ(k)| ≤ ℓ. Inserting these bounds into (7.9),

Jℓ(k) =
1 − αm(k)

4
+

ℓ

4
(
αΦ(k)− 1

)
− ℓ log 2

2
(
αΦ(k)− 1

)
+ ε,

where |ε| ≤ αℓ2

8 +
αℓ2 log 2

2 + 3
√

2 ϕ0∥R∥L1ℓ3/2. The two middle terms combine to
− ℓ

2d(αΦ(k) − 1), and ℓ2 ≤ ℓ3/2, so (7.8) holds with CJ = 3
8 + 3

2 log 2 + 3
√

2 ϕ0∥R∥L1 .
Finally log 2 =

∫ 2
1 t−1 dt > 1

2 , so d > 0.

Proof of Theorem 1.4. Let cΦ, CJ , and d be as in Lemmas 7.1 and 7.3, and put

t =
(d cΦ

4CJ

)2
, c =

t d cΦ

8
.

Let e0 ≤ e1 be so small that te2
0 ≤ 1

2 , ce3
0 ≤ 1

2 , and 3tde2
0 ≤ 1. Fix 0 < e < e0, put

α = 2 + e ≤ 3, ℓ = te2, s = ce3, and k = κRS − s. By Lemma 7.1, −1 < k < 0, so
Lemma 7.3 applies and gives

Jℓ(k) ≤
1 − αm(k)

4
− ℓd

2
(
αΦ(k)− 1

)
+ CJℓ

3/2.

We bound the two explicit terms at k = κRS − s by their values at κRS. Since m is convex
with m′ = 2m1, and m1(κRS) ≤ m1(0) = ϕ0 because κRS < 0,

1 − αm(k) = α
(
m(κRS)− m(k)

)
≤ αm′(κRS) s ≤ 2αϕ0s.

Since Φ′ ≤ ϕ0, (7.2) gives αΦ(k)− 1 ≥ αΦ(κRS)− 1 − αϕ0s ≥ cΦe − αϕ0s. Using αϕ0 ≤
3ϕ0 < 3

2 , we obtain

Jℓ(k) ≤
3
4

s − ℓd
2

cΦe +
3
4

dℓs + CJℓ
3/2 = e3

(3
4

c − tdcΦ

2
+ CJt3/2

)
+

3
4

d t c e5.

By the choice of t, CJt3/2 = 1
4 tdcΦ, and 3

4 c = 3
32 tdcΦ. By the choice of e0, 3

4dtce5 ≤ 1
4 ce3 =

1
32 tdcΦe3. Hence

Jℓ(k) ≤
( 3

32
− 16

32
+

8
32

+
1
32

)
tdcΦe3 = −1

8
t d cΦ e3 < 0.

Since ℓ ≤ 1
2 , Lemma 7.2 gives κc ≤ k = κRS − ce3.
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The constant c is not optimized, and the proof does not identify the limit of (κRS −
κc)/e3.



chapter 8

From soft free energy to hard feasible volume

This chapter proves the lower bounds in Theorem 1.2(i),(ii) and completes the proof of
Theorem 1.2; Step 5 of §1.3 outlines the argument. The matching upper bounds are
Corollaries 3.11 and 3.14; the second rests on the volume estimate from one feasible
point in Lemma 3.13. §8.1 shows that a configuration whose total squared violation
∑a(k0 − ba · σ)2

+ at a level k0 is at most tN can be displaced by a vector of norm at most
4
√

tN to a point that satisfies every constraint at a slightly smaller margin (Lemma 8.2).
This rests on the conditioning of the pattern matrix on sparse sets of rows (Lemma 8.1).
§8.2 transfers volume by a Gaussian perturbation tangent to the sphere (Lemma 8.4). §8.3
combines the two with the Parisi formula for a smooth concave penalty (Theorem 8.5),
and §8.4 proves Theorem 1.2.

For κ ≥ 0 the feasibility problem is convex: a nonzero point of the ball that satisfies
the constraints can be moved out along its ray to the sphere, since ba · (tσ) ≥ ba · σ ≥ κ

for t ≥ 1, so the feasible set on the sphere is nonempty exactly when its convex relaxation
in the ball contains a nonzero point. The passage from smooth concave penalties to the
hard constraints in [115] and [128, Chapter 8] uses this convexity. For negative margins
we replace convexity by a repair of small violations. For the present model, a rounding
step of this kind appears in [54, Lemma 11]. There El Alaoui and Sellke project a point
with small total violation onto the feasible polyhedron, and they bound the distance by
convex duality and the smallest positive singular value of the pattern matrix. Montanari,
Zhong, and Zhou use this rounding step in the proofs of [90, Theorems 4.1 and 5.1].
The repair of Lemma 8.2 also rests on convex duality. Our argument differs in three
respects. The pattern matrix enters through its operator norm and its conditioning on
sparse sets of rows, and not through its smallest positive singular value. The repaired
point satisfies the constraints at a margin lowered by an additive slack 2τ, which allows
the rows with small violation to decrease. Finally, the conclusion is a lower bound on the
feasible volume rather than the existence of one feasible point.

Throughout this chapter, and in Chapter 9, A = N−1/2G denotes the M × N matrix
with rows ba = ga/

√
N, so that (Aσ)a = ba · σ. We write ∥·∥ for the Euclidean norm,

∥A∥op for the operator norm, 1 ∈ RM for the vector with all entries equal to one, and
y+ = max{y, 0}, applied entrywise to vectors. Inequalities between vectors are entrywise.
Thus

SN(κ) = {σ ∈ SN : Aσ ≥ κ1}, VN(κ) = µN(SN(κ)).

135
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Since M/N → α, we may and do assume that N is so large that αN/2 ≤ M ≤ (α + 1)N.

8.1 Repairing a small violation vector

Let u ∈ RN and k0 ∈ R, and let w = (k01 − Au)+ be the vector of violations of the
constraints at margin k0. We look for a displacement d with A(u + d) ≥ (k0 − 2τ)1,
where τ > 0 is small. If ∥w∥2 ≤ tN, then at most tN/τ2 rows have violation larger
than τ. The displacement must raise these rows by almost their violation, while it may
lower every other row by up to τ. A displacement with this property and with norm
comparable to ∥w∥ exists when AT is well conditioned on vectors supported on few rows.
For 1 ≤ m ≤ min{M, N} we therefore define the smallest singular value of AT over
vectors supported on at most m rows,

sm(A) = inf
{
∥ATy∥ : y ∈ RM, ∥y∥ = 1, |supp y| ≤ m

}
.

Lemma 8.1 shows that the Gaussian matrix A has this property, together with a bound
on its operator norm, with overwhelming probability, and Lemma 8.2 then constructs
the displacement. A lower bound on sm(A) is the lower half of the restricted isometry
property [28] for the N × M matrix AT, and we prove it by the net argument of [12]; see
also [130, Theorem 5.65].

The proof of Lemma 8.1 uses the operator-norm bound of Lemma 4.2, nets, and one
chi-square tail bound. For each ε ∈ (0, 1], the unit sphere of Rn contains an ε-net with at
most (1 + 2/ε)n points (volumetric bound). If X has the chi-square law with n degrees of
freedom, then Ee−X/6 = (3/4)n/2, and Markov’s inequality applied to e−X/6 gives

P{X ≤ 3n/4} ≤ en/8
(3

4

)n/2
= e−n( 1

2 log 4
3−

1
8 ) ≤ e−n/64, (8.1)

since 1
2 log 4

3 −
1
8 > 0.018 > 1

64 .

Lemma 8.1. There are constants s ∈ (0, min{α, 1}/4), K ≥ 1, and c > 0, depending only on α,
such that for all sufficiently large N the event

EN =
{
∥A∥op ≤ K, s⌊2sN⌋(A) ≥ 1

2

}
has probability at least 1 − e−cN.

Proof. We divide the proof into two steps: we first treat the operator norm and then the
sparse singular values.

Step 1. The operator norm. Put K =
√

α + 1 + 2. Then K ≥ 1, and K depends only
on α. Lemma 4.2, applied to the matrix G =

√
NA with t =

√
N, gives P{∥A∥op >√

M/N + 2} ≤ 2e−N/2. Since M ≤ (α + 1)N, it follows that P{∥A∥op > K} ≤ 2e−N/2.
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Step 2. Sparse singular values. Let s ∈ (0, min{α, 1}/4), to be chosen below, and put
m = ⌊2sN⌋. For large N we have 1 ≤ m ≤ 2sN ≤ min{M, N}, because M ≥ αN/2. Fix
a set S of m rows, let AS be the m × N submatrix of A formed by the rows in S, and fix
a unit vector v ∈ RS. The vector AT

S v = N−1/2 ∑a∈S vaga has the law N(0, N−1 IN), so
N∥AT

S v∥2 has the chi-square law with N degrees of freedom, and (8.1) gives P{∥AT
S v∥2 ≤

3/4} ≤ e−N/64. Let NS be a 1/(4K)-net of the unit sphere of RS with |NS| ≤ (1 + 8K)m.
Suppose that ∥A∥op ≤ K and that ∥AT

S v0∥2 > 3/4 for every v0 ∈ NS. For a unit vector
v ∈ RS choose v0 ∈ NS with ∥v − v0∥ ≤ 1/(4K). Then

∥AT
S v∥ ≥ ∥AT

S v0∥ − ∥A∥op∥v − v0∥ ≥
√

3
2

− 1
4
>

1
2

.

Every y ∈ RM with |supp y| ≤ m is supported in some set S of exactly m rows, and then
∥ATy∥ = ∥AT

S yS∥. Hence, if ∥A∥op ≤ K and sm(A) < 1/2, then ∥AT
S v0∥2 ≤ 3/4 for some

set S of m rows and some v0 ∈ NS. There are at most (M
m) ≤ (eM/m)m sets S, so a union

bound over S and over v0 ∈ NS gives

P
{
∥A∥op ≤ K, sm(A) < 1

2

}
≤ exp

{
m log

e(1 + 8K)M
m

− N
64

}
.

The map y 7→ y log(e(1+ 8K)M/y) is increasing on (0, (1+ 8K)M], and m ≤ 2sN ≤ M ≤
(α + 1)N. Hence the exponent is at most N{2s log(e(1+ 8K)(α + 1)/(2s))− 1/64}. Since
x log(C/x) → 0 as x ↓ 0, we may choose s, depending only on α and K, so small that
2s log(e(1 + 8K)(α + 1)/(2s)) ≤ 1/128. The probability above is then at most e−N/128.

Adding the two failure probabilities gives P(Ec
N) ≤ 2e−N/2 + e−N/128 ≤ e−N/256 for

large N. This proves the lemma with c = 1/256.

The next lemma is an error bound of Hoffman type [70] for the relaxed system
Ax ≥ (k0 − 2τ)1: if the violation vector (k01 − Au)+ has norm at most

√
tN, then the

distance from u to the solution set is at most 4
√

tN. The constant 4 does not depend on
N, at the price of the slack 2τ and of a smallness condition on t.

Lemma 8.2. Let s and K be as in Lemma 8.1, suppose that the event EN occurs, and let N ≥ 1/s.
Let k0 ∈ R, τ > 0, and t > 0 with

t ≤ τ2s
32K2 .

If u ∈ RN satisfies ∥(k01 − Au)+∥2 ≤ tN, then there is d ∈ RN with

A(u + d) ≥ (k0 − 2τ)1, ∥d∥ ≤ 4
√

tN.

Proof. Put w = (k01 − Au)+ and S = {a : wa > τ}. By the definition of w we have
Au ≥ k01 − w. It therefore suffices to find d ∈ RN with

Ad ≥ w − 2τ1, ∥d∥ ≤ 4∥w∥, (8.2)
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because then A(u + d) ≥ (k0 − 2τ)1 and ∥d∥ ≤ 4
√

tN. The target w − 2τ1 asks that each
row be raised by its violation wa up to an error 2τ. For the rows a /∈ S this allows a
decrease, since wa ≤ τ there. We divide the proof into two steps.

Step 1. Counting. Since τ2|S| ≤ ∥w∥2 ≤ tN and t ≤ τ2s/(32K2) ≤ τ2s/32, we have |S| ≤
sN/32. Put p = ⌊sN⌋ and m = ⌊2sN⌋. As sN ≥ 1, we have p ≥ 1 and p ≥ sN/2. The
integer |S|+ p is at most (33/32)sN ≤ 2sN, hence at most m. Moreover m ≤ min{M, N},
because s < min{α, 1}/4 and M ≥ αN/2. On EN, by the assumption on t,

sm(A)−
∥A∥op∥w∥

τ
√

p
≥ 1

2
− K

√
tN

τ
√

sN/2
=

1
2
−

√
2 K

√
t

τ
√

s
≥ 1

4
. (8.3)

Step 2. Separation. Put R0 = 4∥w∥ and v = w − 2τ1. The required d exists if and only if
v belongs to

K =
{

Ad − z : d ∈ RN, ∥d∥ ≤ R0, z ∈ RM, z ≥ 0
}

,

since v = Ad − z with z ≥ 0 means Ad ≥ v. The set K is convex. It is closed, being the
sum of the compact set {Ad : ∥d∥ ≤ R0} and the closed cone {−z : z ≥ 0}. Its support
function hK(y) = supx∈K y · x equals R0∥ATy∥ if y ≥ 0: the supremum of y · Ad over
∥d∥ ≤ R0 is R0∥ATy∥, and supz≥0(−y · z) = 0. If some ya < 0, then hK(y) = +∞. By
the separating hyperplane theorem, a point lies in the closed convex set K if and only if
y · v ≤ hK(y) for every y ∈ RM. It therefore suffices to prove

y · v ≤ R0∥ATy∥ for every y ∈ RM with y ≥ 0. (8.4)

Fix y ≥ 0, and write yS and ySc for its restrictions to S and to Sc. For a ∈ S we have
va ≤ wa, and for a /∈ S we have va = wa − 2τ ≤ −τ. Hence

y · v ≤ yS · wS − τ∥ySc∥1.

The right side of (8.4) is nonnegative, so we may assume y · v > 0. Then

τ∥ySc∥1 < yS · wS ≤ ∥yS∥∥w∥. (8.5)

Let T ⊆ Sc be the set of indices of the p largest entries of ySc (all of Sc if |Sc| ≤ p), and
write y = y′ + y′′, where y′ is the restriction of y to S ∪ T and y′′ its restriction to Sc \ T.
Each entry of y′′ is at most the p-th largest entry of ySc , and hence at most ∥ySc∥1/p.
Therefore

∥y′′∥2 ≤ ∥ySc∥1

p
∥y′′∥1 ≤

∥ySc∥2
1

p
.
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This splitting of a vector by the sizes of its entries is standard in compressed sensing;
see [56]. The vector y′ has at most |S|+ p ≤ m nonzero entries and ∥y′∥ ≥ ∥yS∥. By the
definition of sm(A), by (8.5) and by (8.3),

∥ATy∥ ≥ ∥ATy′∥ − ∥ATy′′∥ ≥ sm(A)∥yS∥ − ∥A∥op
∥ySc∥1√

p

≥
(

sm(A)−
∥A∥op∥w∥

τ
√

p

)
∥yS∥ ≥ 1

4
∥yS∥.

Combining this with (8.5) gives y · v ≤ ∥yS∥∥w∥ ≤ 4∥w∥∥ATy∥ = R0∥ATy∥. This proves
(8.4), and hence (8.2).

8.2 Transferring volume by a tangent Gaussian perturbation

Let B ⊆ SN, and suppose that every σ ∈ B can be displaced by a vector d of norm at
most r

√
N to a point with A(σ + d) ≥ k1. We want to show that the volume of a slightly

relaxed feasible set is not much smaller than µN(B). The displaced points σ + d may
form a set of small volume, so we perturb σ itself. For σ ∈ SN let Pσ = IN − σσT/N be
the orthogonal projection onto σ⊥ = {x ∈ RN : x · σ = 0}. Fix ρ > 0, let ξ be a standard
Gaussian vector in RN, and put

Y(σ, ξ) =
√

N
σ + ρPσξ

∥σ + ρPσξ∥ ∈ SN.

Since Pσξ ⊥ σ, we have ∥σ + ρPσξ∥2 = N + ρ2∥Pσξ∥2 ≥ N. Thus Y is a continuous map
from SN × RN to SN, and Y(σ, ξ) is obtained from σ + ρPσξ by multiplication with a
number in (0, 1]. In particular, normalization can only raise a negative margin. Two
properties of Y are used. If σ is uniform on SN and independent of ξ, then so is Y(σ, ξ).
For each fixed σ that admits a small repair, the point Y(σ, ξ) is feasible at a slightly
smaller margin with probability at least e−Nε for a small ε > 0. The second property rests
on two Gaussian inequalities. The first compares a symmetric event with its translate.
It is a standard lower bound for the Gaussian measure of a shifted symmetric set; see
[84, 85].

Lemma 8.3. Let ξ be a standard Gaussian vector in RN, let R ⊆ RN be a Borel set with
R = −R, and let y ∈ RN. Then

P{ξ ∈ y +R} ≥ e−∥y∥2/2 P{ξ ∈ R}.

Proof. The standard Gaussian density φN on RN satisfies φN(x + y) = φN(x)e−x·y−∥y∥2/2.
Hence

P{ξ ∈ y +R} =
∫
R

φN(x + y)dx = e−∥y∥2/2 E
[
e−ξ·y1R(ξ)

]
= e−∥y∥2/2 E

[
cosh(ξ · y)1R(ξ)

]
,
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where the last equality holds because ξ and −ξ have the same law and R = −R. Since
cosh ≥ 1, this proves the lemma.

The second is Šidák’s inequality in the form of Lemma 3.12. In the next lemma the
matrix A is fixed, and probabilities refer to ξ and to the auxiliary uniform point in (b).

Lemma 8.4. Let K > 0 be such that maxa∥ba∥ ≤ K. Let k < 0, 0 < r ≤ 1/2, η > 0, and
ρ > 0, suppose that exp(−η2/(2K2ρ2)) ≤ 1/2, and put

k′ =
k

1 − r
− η.

(a) If σ ∈ SN and d ∈ RN satisfy ∥d∥ ≤ r
√

N and A(σ + d) ≥ k1, then

P
{

Y(σ, ξ) ∈ SN(k′)
}
≥ exp

{
−2r2N

ρ2 − 2Me−η2/(2K2ρ2)
}

. (8.6)

(b) If B ⊆ SN is a Borel set such that every σ ∈ B admits a vector d as in (a), then

VN(k′) ≥ µN(B) exp
{
−2r2N

ρ2 − 2Me−η2/(2K2ρ2)
}

. (8.7)

Proof. We divide the proof into four steps. The first three prove (a): we move the repair
displacement into the tangent space, compare the perturbed point with its translate, and
bound the probability of the untranslated event. The fourth proves (b) by integration.

Step 1. A tangent displacement. The Gaussian vector ρPσξ lies in σ⊥, so we first replace d
by a vector in σ⊥. Write d = cσ + Pσd with c = d · σ/N. Then |c| ≤ ∥d∥/

√
N ≤ r ≤ 1/2,

and d′ = Pσd/(1 + c) ∈ σ⊥ satisfies

σ + d′ =
(1 + c)σ + d − cσ

1 + c
=

σ + d
1 + c

.

Since k < 0 and 0 < 1/(1 + c) ≤ 1/(1 − r),

A(σ + d′) =
A(σ + d)

1 + c
≥ k

1 + c
1 ≥ k

1 − r
1, ∥d′∥ ≤ ∥d∥

1 − r
≤ 2r

√
N. (8.8)

Step 2. Shifting the Gaussian vector. Let

R =
{

x ∈ RN : |ba · Pσx| ≤ η/ρ for all a ≤ M
}

,

a closed set with R = −R, and put y = d′/ρ. If ξ ∈ y +R, then, since Pσy = y,

σ + ρPσξ = σ + d′ + ρPσ(ξ − y), A(σ + ρPσξ) ≥ k
1 − r

1 − η1 = k′1,
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by (8.8). Since k′ < 0 and Y(σ, ξ) is obtained from σ + ρPσξ by multiplication with
a number in (0, 1], also AY(σ, ξ) ≥ k′1, that is, Y(σ, ξ) ∈ SN(k′). By Lemma 8.3 and
∥y∥2 = ∥d′∥2/ρ2 ≤ 4r2N/ρ2,

P
{

Y(σ, ξ) ∈ SN(k′)
}
≥ P{ξ ∈ y +R} ≥ e−2r2N/ρ2

P{ξ ∈ R}. (8.9)

Step 3. The untranslated event. The variables ζa = ba · Pσξ = (Pσba) · ξ, a ≤ M, are centered
and jointly Gaussian, with Var ζa = ∥Pσba∥2 ≤ K2, and {ξ ∈ R} = {|ζa| ≤ η/ρ for all a}.
By Lemma 3.12, the probability of this event is at least ∏a P{|ζa| ≤ η/ρ}. For z ≥ 0 the
Gaussian tail bound 2P{G > z} ≤ e−z2/2, together with the fact that P{|N(0, v)| > z} is
nondecreasing in v, gives P{|ζa| > η/ρ} ≤ e−η2/(2K2ρ2) ≤ 1/2. Using log(1 − x) ≥ −2x
for 0 ≤ x ≤ 1/2, we obtain

P{ξ ∈ R} ≥
(
1 − e−η2/(2K2ρ2)

)M ≥ exp
{
−2Me−η2/(2K2ρ2)

}
.

Together with (8.9) this proves (8.6).

Step 4. Integration. Let Σ be a random point with law µN, independent of ξ. We first
show that Y(Σ, ξ) also has law µN. For an orthogonal matrix O we have POσ = OPσOT,
and hence Y(Oσ, Oξ) = OY(σ, ξ). The pair (OΣ, Oξ) has the same law as (Σ, ξ), so
OY(Σ, ξ) = Y(OΣ, Oξ) has the same law as Y(Σ, ξ). The law ν of Y(Σ, ξ) is therefore a
Borel probability measure on SN that is invariant under all orthogonal transformations,
and such a measure equals µN. Indeed, let H be the Haar probability measure on the
compact group O(N), which is invariant under multiplication from the left and from
the right. Let f be a bounded Borel function on SN. For σ, σ′ ∈ SN choose O0 ∈ O(N)

with σ′ = O0σ. The right invariance of H gives
∫

f (Oσ′)H(dO) =
∫

f (OO0σ)H(dO) =∫
f (Oσ)H(dO), so this integral is a constant c f that does not depend on σ. By the

invariance of ν and Fubini’s theorem,
∫

f dν =
∫ ∫

f (Oσ)H(dO) ν(dσ) = c f , and the
same computation gives

∫
f dµN = c f . Hence ν = µN.

The map Y is continuous and SN(k′) is closed, so by independence and Fubini’s
theorem σ 7→ P{Y(σ, ξ) ∈ SN(k′)} is Borel and

VN(k′) = P
{

Y(Σ, ξ) ∈ SN(k′)
}
≥ P

{
Σ ∈ B, Y(Σ, ξ) ∈ SN(k′)

}
=

∫
B

P
{

Y(σ, ξ) ∈ SN(k′)
}

µN(dσ).

By (a), the integrand is at least the right side of (8.6) for every σ ∈ B. This proves (8.7).

No measurable choice of the repair displacement is needed in (b): the lower bound
(8.6) holds at every point of B.
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8.3 The hard-volume lower bound

We now define the penalties to which the Parisi formula is applied. Fix χ ∈ C∞(R) with
values in [0, 1], χ = 0 on (−∞, 0] and χ = 1 on [1, ∞). For ω > 0, β > 0, and ℓ ∈ R put

hω(y) =
∫ y

0

∫ y′

0
2χ(v/ω)dv dy′, Uβ,ℓ(x) = −βhω(ℓ− x).

The dependence of Uβ,ℓ on ω and χ is suppressed. Since h′′ω(y) = 2χ(y/ω) vanishes for
y ≤ 0, lies in [0, 2] and equals 2 for y ≥ ω, and since hω(0) = h′ω(0) = 0, the function
hω vanishes on (−∞, 0] and is nondecreasing. Moreover h′ω(y) ≥ 2(y − ω) for y ≥ ω, so
that hω(y) ≥ (y − ω)2

+ for all y. Consequently:

(P1) Uβ,ℓ = 0 on [ℓ, ∞) and Uβ,ℓ(x) ≤ −β(ℓ− ω − x)2
+ for x ∈ R. In particular Hℓ ≤

Uβ,ℓ ≤ 0, where Hℓ(x) = log 1{x≥ℓ}.
(P2) Uβ,ℓ is smooth and concave, with sup Uβ,ℓ = 0 and −2β ≤ U′′

β,ℓ ≤ 0. Thus Uβ,ℓ
belongs to class (B).

The following theorem gives the lower bounds in Theorem 1.2(i),(ii). The restriction
to negative margins enters only through the transfer of Lemma 8.4.

Theorem 8.5. Let α > 0 and κ < min{κc(α), 0}. Then P∗(κ) is finite, and for every ε > 0,

P
{ 1

N
log VN(κ) ≥ P∗(κ)− ε

}
−→ 1. (8.10)

Consequently P{κN ≥ κ} → 1.

Proof. We may assume ε ≤ 1. We divide the proof into five steps: regularity of P∗, a lower
bound for the free energy of one penalty, the choice of parameters, the passage from the
free energy to the volume of approximately feasible configurations, and the repair and
transfer of Lemmas 8.2 and 8.4.

Step 1. Regularity of P∗. By Theorem 6.8, the function P∗ is finite, nonincreasing, and
continuous on (−∞, κc). In particular P∗(κ) is finite and P∗ is continuous at κ.

Step 2. The penalty free energy. Let ℓ ∈ R and β, ω > 0, and write U = Uβ,ℓ. We show that
for every ε′ > 0,

P
{ 1

N
log ZN(U) ≥ P∗(ℓ)− ε′

}
−→ 1. (8.11)

By (P2) and Theorem 1.1, N−1 log ZN(U) = fN(U) → P∗(U) in probability, so it suffices
to prove P∗(U) ≥ P∗(ℓ). Let γ ∈ U and r ∈ [Qγ, 1). First let γ ∈ Ur be a step order
parameter. By (P1), Hℓ ≤ U, so (2.4) and (2.10) give uγ(0, 0; U) ≥ uγ(0, 0; Hℓ) = uγ(0, 0; ℓ).
The entropy term CS(γ) does not depend on the activation, so PU(γ) ≥ Pℓ(γ) ≥ P∗(ℓ).
For general γ ∈ U , choose step order parameters γn ∈ Ur with γn → γ in L1([0, 1]) (§2.1).
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Then PU(γn) ≥ P∗(ℓ) for every n. Since U belongs to class (B), (2.20) in Lemma 2.4 gives
PU(γn) → PU(γ). Hence PU(γ) ≥ P∗(ℓ) for every γ ∈ U , that is, P∗(U) ≥ P∗(ℓ), and
(8.11) follows.

Step 3. Choice of parameters. Let s and K be the constants of Lemma 8.1. They depend
only on α. We choose the remaining parameters in the following order, and each choice
depends only on the earlier ones and on α, κ, ε.

(i) The level ℓ. By Step 1, choose ℓ ∈ (κ, min{κc, 0}) with P∗(ℓ) ≥ P∗(κ)− ε/4. Then
P∗(ℓ) is finite. Put ϑ = (ℓ− κ)/5. The margin decreases from ℓ to κ in four stages:
the penalty has transition width ω = ϑ, the repair of Lemma 8.2 with τ = ϑ loses
2ϑ, and the transfer of Lemma 8.4 with η = ϑ loses at most ϑ through the factor
1/(1 − r) and ϑ through η.

(ii) The perturbation size ρ > 0, chosen so that 2(α + 1) exp(−ϑ2/(2K2ρ2)) ≤ ε/8.
Since M ≤ (α + 1)N and ε ≤ 1, this gives 2M exp(−ϑ2/(2K2ρ2)) ≤ Nε/8 and
exp(−ϑ2/(2K2ρ2)) ≤ 1/16.

(iii) The violation level t > 0, chosen so small that

t ≤ ϑ2s
32K2 ,

32t
ρ2 ≤ ε

8
, r := 4

√
t ≤ min

{1
2

,
ϑ

2|κ|

}
.

The first condition is the hypothesis of Lemma 8.2 with τ = ϑ. The second bounds
the shift cost 2r2/ρ2 = 32t/ρ2 in Lemma 8.4. The third is the condition r ≤ 1/2 of
that lemma and bounds the margin lost in the factor 1/(1 − r).

(iv) The penalty strength β = (|P∗(ℓ)|+ 1)/t, so that configurations with total squared
violation above tN carry weight at most e−N(|P∗(ℓ)|+1) in ZN(U).

Write U = Uβ,ℓ with ω = ϑ, and put k0 = ℓ− ϑ and k = ℓ− 3ϑ < 0.

Step 4. Approximately feasible configurations. Let

B =
{

σ ∈ SN : ∥(k01 − Aσ)+∥2 ≤ tN
}

,

a closed subset of SN. By (P1), exp{∑a U(ba · σ)} ≤ exp{−β∥(k01 − Aσ)+∥2}, which is
at most 1 on B and at most e−βtN off B. Hence

ZN(U) ≤ µN(B) + e−βtN ≤ µN(B) + eN(P∗(ℓ)−1),

because −βt = −|P∗(ℓ)| − 1 ≤ P∗(ℓ)− 1. On the event in (8.11) with ε′ = ε/8 we have
ZN(U) ≥ eN(P∗(ℓ)−ε/8). Since P∗(ℓ)− 1 ≤ P∗(ℓ)− ε/8 − 7/8,

µN(B) ≥ eN(P∗(ℓ)−ε/8)(1 − e−7N/8) ≥ eN(P∗(ℓ)−ε/4)

as soon as N ≥ 8 log 2/ε, since then 1 − e−7N/8 ≥ 1/2 ≥ e−Nε/8.
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Step 5. Repair and transfer. By Lemma 8.1 and Step 4, with probability tending to one
the event EN occurs and µN(B) ≥ eN(P∗(ℓ)−ε/4). We work on this event, with N ≥
max{1/s, 8 log 2/ε}.

Let σ ∈ B. Lemma 8.2, applied with u = σ, k0 = ℓ − ϑ, τ = ϑ, and t (condition
(iii)), gives d ∈ RN with A(σ + d) ≥ (k0 − 2ϑ)1 = k1 and ∥d∥ ≤ 4

√
tN = r

√
N. On EN

we have maxa∥ba∥ ≤ ∥A∥op ≤ K, because ba = ATea for the a-th unit vector ea of RM.
Condition (ii) gives exp(−ϑ2/(2K2ρ2)) ≤ 1/2, so Lemma 8.4(b) applies with this K, the
margin k < 0, r ≤ 1/2, η = ϑ, and ρ. By conditions (ii) and (iii), it gives

VN(k′) ≥ µN(B) exp
{
−32tN

ρ2 − 2Me−ϑ2/(2K2ρ2)
}
≥ µN(B)e−Nε/4, k′ =

k
1 − r

− ϑ.

The margin k′ is at least κ. Indeed, since κ < k < 0 and r ≤ 1/2,

k
1 − r

= k − r|k|
1 − r

≥ k − 2r|k| ≥ k − 2r|κ| ≥ k − ϑ,

by condition (iii), and so k′ ≥ ℓ− 3ϑ − ϑ − ϑ = κ. Hence SN(k′) ⊆ SN(κ) and

1
N

log VN(κ) ≥
1
N

log µN(B)− ε

4
≥ P∗(ℓ)−

ε

2
≥ P∗(κ)−

3ε

4
.

This proves (8.10).
On the same event VN(κ) ≥ eN(P∗(κ)−ε) > 0, because P∗(κ) is finite. Then SN(κ) is

nonempty, that is, some σ ∈ SN has mina ba · σ ≥ κ, and κN ≥ κ. Hence P{κN ≥ κ} →
1.

8.4 Proof of the capacity theorem

Proof of Theorem 1.2. Let α > 2. By Proposition 6.7, −∞ < κc(α) ≤ κRS(α) < ∞ and, since
α > 2, κc(α) < 0.

Proof of (i). Fix κ < κc and ε > 0. Since κ < κc < 0, Theorem 8.5 shows that P∗(κ) is finite
and that

P
{ 1

N
log VN(κ) ≥ P∗(κ)− ε

}
−→ 1.

For the upper bound choose γ ∈ U with Pκ(γ) ≤ P∗(κ) + ε/2. Corollary 3.11(i), applied
with this γ, the margin κ, and ε/2, gives P{N−1 log VN(κ) > P∗(κ) + ε} → 0. The two
bounds prove (i).

Proof of (ii). Let ε > 0. By Theorem 8.5 at the margin κc − ε < 0, P{κN < κc − ε} → 0. By
Corollary 3.14, P{κN ≥ κc + ε} → 0. Hence κN → κc in probability.
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Proof of (iii). By Theorem 6.8, P∗(κ) = −∞ for every κ ≥ κc. Let κ ≥ κc and C < ∞.
Choose γ ∈ U with Pκ(γ) < −C − 1, and apply Corollary 3.11(i) with this γ, the margin
κ, and ε = 1:

P
{ 1

N
log VN(κ) > −C

}
≤ P

{ 1
N

log VN(κ) > Pκ(γ) + 1
}
−→ 0.

This includes the critical margin κ = κc.

The assumption α > 2 enters the proof of part (i) only through the inequality κc(α) < 0.
Theorem 8.5 and Corollary 3.11 hold for every α > 0, so the proof of part (i) shows that
N−1 log VN(κ) → P∗(κ) in probability for every α > 0 and every κ < min{κc(α), 0}. Such
κ exist because κc(α) > −∞ by Proposition 6.7.



chapter 9

Gap statistics

This chapter proves Theorems 1.8 and 1.9; Step 6 of §1.3 outlines the argument. Both
theorems concern averages of a test function ψ over the gaps ba · σ − k of the constraints,
and both rest on the deviation inequality of Proposition 9.8. It compares such averages
over every set T ⊆ SN(k) of positive volume with αEψ(Xγ,k

1 − k), up to an error that
involves a source strength β > 0, the volume term Pk(γ)− N−1 log µN(T), and the mass
λγ(0).

§9.1 counts the contacts at optimal configurations. §9.2 writes the Parisi equation for
a step order parameter as a finite recursion, introduces the Markov chain that describes
the linearization of this recursion, and identifies that chain with the Parisi diffusion. §9.3
proves the quadratic source estimate, and §9.4 combines it with Jensen’s inequality and
the upper bound of Chapter 3 to prove Proposition 9.8. For Theorem 1.9, at a fixed
margin κ < κc, T consists of the configurations in SN(κ) whose gap averages exceed, or
fall below, αEψ(Xγ,κ

1 − κ) by more than ε, for a minimizer γ of Pκ (§9.5). For Theorem 1.8,
T is the set of Lemma 3.13 near one configuration σ0 of nearly maximal margin (§9.6),
and §9.7 combines this with the collapse of minimizers (Proposition 6.11) and with the
contacts of Proposition 9.2.

Notation. Throughout this chapter, αN = M/N → α and ᾱ = supN αN < ∞, and
A = N−1/2G is the matrix with rows ba, as in Chapter 8. The letter k denotes a real
margin. A test function is a bounded Lipschitz function ψ : [0, ∞) → R; we extend it to R

by ψ(x) = ψ(0) for x < 0, which preserves its bound and its Lipschitz constant. We call
ψ L-Lipschitz if |ψ(x)− ψ(y)| ≤ L|x − y| for all x, y. For σ ∈ SN and k, β ∈ R put

ΨN(σ, k) =
1
N

M

∑
a=1

ψ(ba · σ − k), fN(k, β) =
1
N

log
∫

SN(k)
eNβΨN(σ,k) µN(dσ),

so that fN(k, 0) = N−1 log VN(k), and fN(k, β) = fN(Hk + βψ(· − k)) in the notation of
(1.1). The test function is suppressed from the notation. For a Borel set T ⊆ SN with
µN(T) > 0, ⟨·⟩T denotes expectation under the probability measure µN(· ∩ T)/µN(T),
and ⟨·⟩N,k = ⟨·⟩SN(k) when VN(k) > 0. Thus

∫
ψ dνN,σ = ΨN(σ, mN(σ)), and the average

in Theorem 1.9 is ⟨ΨN(σ, κ)⟩N,κ. Several statements below involve a supremum over a
random set of configurations, such as the set of maximizers of mN . A statement that such
an event has probability tending to one, has probability at least 1− e−cN , or occurs almost

146
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surely means that it contains an event, defined without reference to the random set, with
the same property. In particular no measurable selection of maximizers is needed.

Let Cop = K be the constant of Lemma 8.1, which depends only on α. By that lemma,
∥A∥op ≤ Cop with probability tending to one. Each N∥ba∥2 has the chi-square law with
N degrees of freedom, and Markov’s inequality applied to eN∥ba∥2/4, whose mean is 2N/2,
gives P{N∥ba∥2 ≥ 2N} ≤ e−N/22N/2 = e−N(1−log 2)/2. A union bound over a ≤ M gives
P{maxa∥ba∥2 > 2} ≤ ᾱNe−N(1−log 2)/2 → 0. Hence the event

ΩN =
{
∥A∥op ≤ Cop, max

a≤M
∥ba∥2 ≤ 2

}
has probability tending to one. On ΩN the Cauchy–Schwarz inequality gives, for every
σ ∈ SN,

1
N ∑

a≤M
|ba · σ| ≤

√
M

N
∥Aσ∥ ≤

√
αN Cop. (9.1)

9.1 Contacts at optimal configurations

We first count the contacts at maximizers of mN. The argument uses only the Gaussian
matrix, and not the variational problem. Its probabilistic input is Wendel’s theorem on
random half-spaces, which we restate for Gaussian vectors.

Lemma 9.1. Let M, N ≥ 1 and let g1, . . . , gM be independent standard Gaussian vectors in RN .
Then

P
{

there is y ∈ RN with ga · y > 0 for all a ≤ M
}
= 21−M

N−1

∑
j=0

(
M − 1

j

)
. (9.2)

Proof. This is [131, (1)]. Wendel proved it for random vectors x1, . . . , xM in RN whose
joint law is invariant under the reflection of each xa through the origin and such that, with
probability one, every N of them are linearly independent. The probability computed
there is that of the event that the inner products of all xa with some vector y are positive.
Both hypotheses hold here. The ga are independent and have symmetric laws. For every
set of N rows, the determinant of the corresponding N × N matrix is a nonzero poly-
nomial in its N2 independent Gaussian entries, and therefore vanishes with probability
zero. See also [43, Theorem 1 and (20)].

The right side of (9.2) is the probability that a binomial variable with parameters
M − 1 and 1/2 is at most N − 1. For M/N → α > 2 it tends to zero exponentially fast,
and this is the only place where α > 2 enters the count of contacts.
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To describe the maximizers we use the following objects. For a set S of N rows
such that {ga : a ∈ S} is linearly independent, let yS ∈ RN be the unique solution of
ga · yS = −1 for a ∈ S, and put

uS =
yS

∥yS∥
, kS = − 1

∥yS∥
. (9.3)

Recall that a contact of σ is a row a with ba · σ = mN(σ).

Proposition 9.2. Let α > 2.

(i) For every c < (α − 2)2/(2α) and all sufficiently large N,

P{κN ≥ 0} ≤ e−cN. (9.4)

(ii) Almost surely the following holds. If κN < 0, then every maximizer σ∗ of mN has exactly N
contacts, the set S of its contacts has linearly independent rows {ga : a ∈ S}, and, with the
notation (9.3),

σ∗ =
√

N uS, κN = kS. (9.5)

(iii) Let 0 < t <
√

2π and ε > α log 3/ log(
√

2π/t). With probability tending to one, every
maximizer σ∗ of mN satisfies

#
{

a ≤ M : 0 < ba · σ∗ − κN ≤ t
}
< εN. (9.6)

Proof. Maximizers of mN exist because mN is continuous on the compact set SN. If
M < N, some σ ∈ SN is orthogonal to all rows, so κN ≥ 0 and (ii) is vacuous. Since
α > 2, we have M ≥ N for large N, and we assume M ≥ N from now on. Let G be the
event on which every N of the rows ga are linearly independent and, for every set S of N
rows and every a /∈ S, ga · yS ̸= −1. We claim that P(G) = 1. The first requirement holds
almost surely by the determinant argument in the proof of Lemma 9.1. For the second,
fix S and a /∈ S. Conditionally on the rows in S, the vector ga is standard Gaussian, so
ga · yS is Gaussian with variance ∥yS∥2 > 0 and equals −1 with probability zero. A union
over the finitely many pairs (S, a) proves the claim. We divide the rest of the proof into
four steps.

Step 1. Proof of (i). Suppose that G holds and κN ≥ 0, and let σ be a maximizer of mN,
so that ga · σ ≥ 0 for all a. Let J = {a : ga · σ = 0}. The rows ga, a ∈ J, lie in the (N − 1)-
dimensional space σ⊥. On G every N rows are linearly independent, so |J| ≤ N − 1 and
the rows in J are linearly independent. Hence there is v ∈ RN with ga · v = 1 for all a ∈ J,
and for small τ > 0 the vector y = σ + τv satisfies ga · y > 0 for all a. By Lemma 9.1,

P{κN ≥ 0} ≤ P{YM−1 ≤ N − 1},
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where Yn denotes a binomial variable with parameters n and 1/2. For 0 < h < 1/2 and
s > 0, Markov’s inequality and cosh x ≤ ex2/2 give

P{Yn ≤ n/2 − nh} ≤ es(n/2−nh)Ee−sYn = e−snh cosh(s/2)n ≤ e−snh+ns2/8,

and the choice s = 4h gives P{Yn ≤ n/2 − nh} ≤ e−2nh2
. Apply this with n = M − 1 and

hN = 1
2 − N−1

M−1 , which is positive for large N because (N − 1)/(M − 1) → 1/α < 1/2.
Since

2(M − 1)h2
N

N
−→ 2α

(1
2
− 1

α

)2
=

(α − 2)2

2α
,

this proves (9.4).

Step 2. Maximizers as farthest points of a polytope. Suppose that κN < 0. Consider the
polyhedron

KN = {y ∈ RN : ga · y ≥ −1 for all a ≤ M},

which is closed, convex, and contains 0. It is bounded. Indeed, if yn ∈ KN and ∥yn∥ → ∞,
then a limit point d of yn/∥yn∥ satisfies ∥d∥ = 1 and ga · d ≥ 0 for all a, and σ =√

Nd would have mN(σ) ≥ 0 > κN. For σ ∈ SN we have mN(σ) ≤ κN < 0, and
y = σ/(

√
N|mN(σ)|) lies in KN with ∥y∥ = 1/|mN(σ)|. Conversely, if y ∈ KN \ {0},

then σ =
√

Ny/∥y∥ satisfies mN(σ) ≥ −1/∥y∥, so that ∥y∥ ≤ 1/|mN(σ)| ≤ 1/|κN|.
Hence maxKN∥y∥ = 1/|κN|, the farthest points of KN from the origin are exactly the
points y∗ = σ∗/(

√
N|κN|) for maximizers σ∗, and ba · σ∗ = κN if and only if ga · y∗ = −1.

This description of the largest negative margin through the largest norm of a point of a
polytope appears in [90, Section 2.2].

A farthest point y∗ is an extreme point of KN: if y∗ = 1
2(y1 + y2) with y1 ̸= y2 in

KN, strict convexity gives ∥y∗∥2 < 1
2(∥y1∥2 + ∥y2∥2) ≤ maxKN∥y∥2. At an extreme point

the active rows {ga : ga · y∗ = −1} span RN. Otherwise some v ̸= 0 is orthogonal to
all of them, the inactive rows satisfy ga · y∗ > −1, and y∗ ± τv ∈ KN for small τ > 0.
Hence every maximizer has at least N contacts, and they contain N linearly independent
rows. The relation between extreme points and active constraints is standard in linear
programming; see [18, Theorem 2.3].

Step 3. Proof of (ii). Suppose that G holds and κN < 0, let σ∗ be a maximizer, and let y∗
be as in Step 2. Choose a set S of N linearly independent contacts. Then y∗ = yS. If σ∗
had a further contact a /∈ S, then ga · yS = −1, which is excluded on G. Hence S is the set
of contacts of σ∗, and ∥yS∥ = ∥y∗∥ = 1/|κN| gives (9.5).

Step 4. Proof of (iii). Put jN = ⌈εN⌉. If jN > M − N, then on G ∩ {κN < 0} the asserted
bound is automatic, since there are only M − N noncontacts. We may therefore assume
jN ≤ M − N in the counting argument below. Suppose that G holds, κN < 0, and some
maximizer σ∗ violates (9.6). Let S be its set of contacts. By (9.5), ba · σ∗ − κN = ga · uS − kS
for every a. Hence there are a set S of N linearly independent rows and a set J of jN rows
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outside S such that ga · uS ∈ (kS, kS + t] for all a ∈ J. Fix S and J. Conditionally on the
rows in S, the unit vector uS and the number kS are fixed, and the variables ga · uS, a /∈ S,
are independent standard Gaussian variables. Since the standard Gaussian density is at
most 1/

√
2π, the conditional probability of the event for (S, J) is at most (t/

√
2π)jN . The

number of pairs (S, J) is the multinomial coefficient M!/(N! jN ! (M − N − jN)!), which
is at most 3M. By a union bound, by t/

√
2π < 1, and by (i),

P{some maximizer violates (9.6)} ≤ P{κN ≥ 0}+ 3M
( t√

2π

)εN

= P{κN ≥ 0}+ exp
{
−N

(
ε log

√
2π

t
− αN log 3

)}
.

Both terms tend to zero, the second because αN → α and ε log(
√

2π/t) > α log 3.

Parts (i) and (ii) show that, with probability at least 1 − e−cN, every optimal config-
uration is isostatic in the sense recalled in Chapter 1: its N contacts match the N − 1
degrees of freedom on the sphere together with the optimized margin. In the replica
computation of Franz, Parisi, Sevelev, Urbani, and Zamponi, isostaticity at jamming for
κ < 0 is derived from the scaling of the full replica symmetry breaking solution [59,
(100)]. Part (iii) is elementary but not sharp. In the proof of Theorem 1.8 it gives the
bound (1.13) on the limiting gap law.

9.2 The finite recursion and the Parisi chain

Gap averages enter the Parisi functional through its terminal datum. For a step order
parameter the Parisi equation is an explicit recursion, which accepts a hard wall with
a source as terminal datum. We set up this recursion, define the Markov chain Q that
describes its linearization, and identify Q with the Parisi diffusion.

Let γ ∈ U be a step order parameter. We write

0 = t0 < t1 < · · · < tn < tn+1 = 1, 0 ≤ m0 ≤ m1 ≤ · · · ≤ mn = 1,

γ = mj on [tj, tj+1),

and ∆j = tj+1 − tj. Then Qγ ≤ tn and

λγ(tj) =
n

∑
i=j

mi∆i (0 ≤ j ≤ n), λγ(0) =
n

∑
j=0

mj∆j. (9.7)

The representation need not be minimal: we allow tn > Qγ and consecutive steps with
equal values, so that further breakpoints may always be inserted. For a measurable
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terminal datum F : R → [−∞, ∞) that is bounded above we define uγ(·, · ; F) at the
breakpoints by uγ(1, x; F) = F(x) and, for j = n, n − 1, . . . , 0,

uγ(tj, x; F) =


1

mj
log E exp

{
mj uγ

(
tj+1, x +

√
∆j G; F

)}
, mj > 0,

E uγ

(
tj+1, x +

√
∆j G; F

)
, mj = 0,

(9.8)

where G is a standard Gaussian variable. This is the recursion (2.2) with terminal time one,
evaluated at the breakpoints. Every function in the recursion is bounded above by sup F.
By (T2), inserting breakpoints does not change uγ(tj, · ; F) at the original breakpoints, and
uγ(0, 0; F) does not depend on the representation (§2.1).

The hard wall. For F = Hk = log 1[k,∞), (2.10) with q̄ = tn gives

u0
j := uγ(tj, · ; Hk) = uγ(tj, · ; k), j ≤ n,

the hard-wall solution computed with the cutoff tn; in particular u0
n(x) = log Φ((x −

k)/
√

1 − tn). We put u0
n+1 = Hk. By Lemma 2.6(i), (iii), and (v), applied with r = tn and

κ = k, each u0
j with j ≤ n is smooth and concave on R (since −∂xxu0

j ≥ 0 by (iii)), and
−C(1 + x2) ≤ u0

j (x) ≤ 0.

The source. For a test function ψ and β ∈ R we use the terminal datum Hk + βψ(· − k)
and write uβ

j = uγ(tj, · ; Hk + βψ(· − k)). The source βψ(· − k) is bounded by |β|∥ψ∥∞, so

(2.4), applied in both directions with a = |β|∥ψ∥∞, gives |uβ
j − u0

j | ≤ |β|∥ψ∥∞ for j ≤ n.

In particular every uβ
j with j ≤ n is finite. For a terminal datum F as above we put

PF(γ) = αuγ(0, 0; F) + CS(γ), Pk,βψ(γ) = PHk+βψ(·−k)(γ).

Thus PU(γ) and Pk,0(γ) = Pk(γ) are the functionals of §1.1.

The chain. Fix k ∈ R and let p∆(x, z) = (2π∆)−1/2e−(z−x)2/(2∆) be the Gaussian kernel.
Let Q be the law of the Markov chain Xt0 , Xt1 , . . . , Xtn , X1 with Xt0 = 0 and transitions

Qj(dz | x) = p∆j(x, z) exp
{

mju0
j+1(z)− mju0

j (x)
}

dz, j = 0, . . . , n, (9.9)

from Xtj = x to Xtj+1 . We call Q the Parisi chain. By (9.8), emju0
j (x)

=
∫

p∆j(x, z)emju0
j+1(z) dz,

so each Qj(· | x) is a probability measure. If mj = 0, it is the Gaussian law N(x, ∆j). The
measure Qj(· | x) is carried by Ij, where Ij = R for j < n and In = [k, ∞), and Qn(· | x)
is N(x, ∆n) conditioned on [k, ∞).

The next lemma identifies Q with the Parisi diffusion of §1.1. The reason is that on
an interval where γ = m > 0, the Parisi diffusion is the Doob transform [50, 110] of
Brownian motion by the space-time harmonic function emuγ . Part (a) also shows that the
law of Xγ,k

1 may be computed with any cutoff r ≥ Qγ, which is used for general order
parameters.
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Lemma 9.3. Let γ ∈ U , k ∈ R, and r ∈ [Qγ, 1), and let u = uγ(·, · ; k) be computed with the
cutoff r. Let X solve dXq = γ(q) ∂xu(q, Xq)dq + dBq on [0, r] with X0 = 0, for a standard
Brownian motion B, and let X1 be distributed, given (Xq)q≤r, as Xr +

√
1 − r G conditioned on

{Xr +
√

1 − r G ≥ k}.

(a) ((Xq)q≤Qγ
, X1) has the law of the Parisi diffusion Xγ,k.

(b) If γ is a step order parameter represented as above with tn = r, then (Xt0 , . . . , Xtn , X1) has
the law Q. In particular, for every representation of γ, X1 has the same law under Q as Xγ,k

1 .

Proof. The drift γ(q) ∂xu(q, x) is Lipschitz in x, uniformly in q, and has linear growth.
This is Lemma 2.6(iii), which extends to all of Ur by Lemma 2.7. Hence the equation has
a unique strong solution from every starting point. In particular solutions are unique in
law, and X is a Markov process. We use the following fact.

Doob transform. Let [a, b] ⊆ [0, r] and m > 0 be such that γ = m on [a, b), and suppose
that w = emu satisfies w(q, x) =

∫
pb−q(x, z)w(b, z)dz on [a, b]× R. Then, given Xa = x,

the variable Xb has density pb−a(x, z)w(b, z)/w(a, x). Indeed, let B be a Brownian motion
started from x at time a. Since u ≤ 0 (Lemma 2.6(i)), we have 0 < w ≤ 1. By the
representation of w and the Markov property of B, the process Θq = w(q, Bq)/w(a, x) is a
bounded positive martingale on [a, b] with Θa = 1. The function w is smooth on [a, b)×R

and solves ∂qw + 1
2 ∂xxw = 0 there, and Itô’s formula gives dΘq = Θq ∂x log w(q, Bq)dBq

on [a, b). By Girsanov’s theorem [79, Theorem 3.5.1], under the probability measure
Θb′ · P, for every b′ < b, the process Bq −

∫ q
a ∂x log w(q′, Bq′)dq′ is a Brownian motion

on [a, b′]. Since ∂x log w = m ∂xu = γ ∂xu on [a, b), under Θb · P the process B solves
the equation for X on [a, b′] started from x, for every b′ < b, and by continuity of paths
the laws of (Bq)q≤b under Θb · P and of (Xq)q≤b given Xa = x coincide. Hence Xb given
Xa = x has the law of Bb under Θb · P, whose density is pb−a(x, z)w(b, z)/w(a, x).

Proof of (a). On [0, Qγ] the function u does not depend on r, so the law of (Xq)q≤Qγ

is that of the Parisi diffusion. If Qγ = r there is nothing more to prove. Otherwise,
on [Qγ, r] we have γ = 1 and, by (2.11), eu(q,x) = hk(q, x) := P{x +

√
1 − q G ≥ k}.

This function satisfies hk(q, x) =
∫

pr−q(x, z)hk(r, z)dz, because a sum of independent
centered Gaussian variables is Gaussian. The Doob transform with m = 1 shows that,
given XQγ

= x, the variable Xr has density pr−Qγ
(x, y)hk(r, y)/hk(Qγ, x). Given Xr = y,

the variable X1 has density p1−r(y, z)1{z≥k}/hk(r, y). Multiplying, integrating over y,
and using

∫
pr−Qγ

(x, y)p1−r(y, z)dy = p1−Qγ
(x, z), we find that X1 given XQγ

= x has
density p1−Qγ

(x, z)1{z≥k}/hk(Qγ, x), that is, the law of x +
√

1 − Qγ G conditioned on
{x +

√
1 − Qγ G ≥ k}. By the Markov property this conditional law does not depend on

(Xq)q<Qγ
. This is the definition in §1.1.

Proof of (b). Let j < n. If mj > 0, then w = emju satisfies the hypothesis of the Doob
transform on [tj, tj+1] by the recursion (2.2), so the transition from Xtj to Xtj+1 is Qj. If
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mj = 0, the drift vanishes on [tj, tj+1) and the transition is N(x, ∆j) = Qj(· | x). The last
transition is Qn by construction. By the Markov property, (Xt0 , . . . , Xtn , X1) has the law
Q. The last assertion follows from (a).

Accordingly, for a step order parameter γ we write Eγ for expectation under the Parisi
chain Q. By Lemma 9.3(b), expectations of functions of X1 under Q agree with those
under the Parisi diffusion Xγ,k. A general order parameter is handled by approximation
with step order parameters that share its cutoff: every γ ∈ Ur is the L1([0, 1])-limit of step
order parameters in Ur (§2.1).

Lemma 9.4. Fix r ∈ [0, 1) and k ∈ R. If γi, γ ∈ Ur and γi → γ in L1([0, 1]), then

Pk(γi) → Pk(γ), λγi(0) → λγ(0), Eφ(Xγi,k
1 ) → Eφ(Xγ,k

1 )

for every bounded continuous φ : R → R.

Proof. The first limit is the continuity of Pk on Ur in Lemma 2.7, and |λγi(0)− λγ(0)| ≤
∥γi − γ∥L1 . For the third, let Xγi and Xγ be the diffusions of Lemma 9.3 with cutoff r,
driven by the same Brownian motion. By Lemma 9.3(a),

Eφ(Xγ,k
1 ) = E πφ(Xγ

r ), Eφ(Xγi,k
1 ) = E πφ(Xγi

r ), πφ(x) =

∫ ∞
k φ(z)p1−r(x, z)dz

Φ((x − k)/
√

1 − r)
.

The numerator of πφ is continuous in x by dominated convergence, and the denominator
is continuous and positive, so πφ is bounded and continuous. By Lemma 2.7, E|Xγi

r −
Xγ

r |2 → 0. Hence Xγi
r → Xγ

r in probability, and Eπφ(Xγi
r ) → Eπφ(Xγ

r ) by bounded
convergence.

9.3 A quadratic source estimate

For configurations of nearly maximal margin the source strength will be large compared
with the errors we must control, so we need the dependence of Pk,βψ(γ) on β beyond

first order, with a constant proportional to λγ(0). Write wj = uβ
j − u0

j . By (9.8) and (9.9),

wj(x) equals m−1
j log

∫
emjwj+1 dQj(· | x) when mj > 0: an iterated logarithmic moment

along the Parisi chain. If each transition were the Gaussian law N(x, ∆j), the logarithmic
moment of mjβ times an L-Lipschitz function would exceed mjβ times its mean by at
most m2

j β2L2∆j/2. After division by mj, summing mjβ
2L2∆j/2 over j would give the

bound 1
2 β2L2λγ(0) by (9.7). The transitions of the Parisi chain are Gaussian laws tilted

by the log-concave weights emju0
j+1 . The next lemma shows that they share two properties

of Gaussian laws, and the proof of Lemma 9.6 shows that these properties suffice. The
variance bound in (a), from which (b) follows, is a case of the Brascamp–Lieb inequality
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[25], and the sub-Gaussian bound in (a) also follows from Caffarelli’s contraction theorem
[27] and Gaussian concentration. In one dimension a direct proof is short.

Lemma 9.5. Let γ ∈ U be a step order parameter, k ∈ R, 0 ≤ j ≤ n, and x ∈ R, and let W
have law Qj(· | x).

(a) Eet(W−EW) ≤ et2∆j/2 for every t ∈ R. Consequently Var W ≤ ∆j and E(W − EW)4 ≤
16∆2

j .

(b) If f : Ij → R is bounded and L-Lipschitz, then x 7→
∫

f dQj(· | x) is L-Lipschitz on R.

Proof. Write m = mj and ∆ = ∆j. If m = 0, then j < n (since mn = 1), so Ij = R and W has
the law N(x, ∆). Then (a) holds with equality in the first claim and E(W − EW)4 = 3∆2,
and (b) holds because

∫
f dQj(· | x) = E f (x +

√
∆ G). Let m > 0.

Proof of (a). Completing the square gives etz p∆(x, z) = etx+t2∆/2p∆(x + t∆, z). Since

emu0
j (y) =

∫
p∆(y, z)emu0

j+1(z) dz for every y ∈ R, by (9.8), the definition (9.9) gives

EetW = exp
{

tx + 1
2 t2∆ + mu0

j (x + t∆)− mu0
j (x)

}
, t ∈ R. (9.10)

In particular W has exponential moments of all orders, and differentiating (9.10) at t = 0
gives EW = x + m∆ ∂xu0

j (x). Since u0
j is concave, u0

j (x + t∆)− u0
j (x) ≤ t∆ ∂xu0

j (x), and

therefore Eet(W−EW) ≤ et2∆/2. Put Y = W − EW. Applying this bound at t and at −t
gives E[etY + e−tY − 2] ≤ 2(et2∆/2 − 1). Since ey + e−y − 2 = 2 ∑i≥1 y2i/(2i)! is at least
y2 and at least y4/12, we obtain t2EY2 ≤ 2(et2∆/2 − 1), which gives Var W ≤ ∆ as t → 0,
and, with t2 = 1/∆, EY4 ≤ 24(e1/2 − 1)∆2 ≤ 16∆2.

Proof of (b). By (9.9), Qj(dz | x) is proportional to exz/∆p(z)dz on Ij, with p(z) =

e−z2/(2∆)+mu0
j+1(z) ≤ e−z2/(2∆). The Gaussian bound on p justifies differentiation under

the integral, which gives

d
dx

∫
f dQj(· | x) =

1
∆

Cov
(

f (W), W
)
.

With W ′ an independent copy of W, Cov( f (W), W) = 1
2E[( f (W) − f (W ′))(W − W ′)],

which is at most L
2 E(W − W ′)2 = L Var W ≤ L∆ in absolute value, by (a).

Lemma 9.6. Let γ ∈ U be a step order parameter, k ∈ R, and let ψ be an L-Lipschitz test
function. Put gγ = αEψ(Xγ,k

1 − k). For every β ∈ R,

Pk,βψ(γ) ≤ Pk(γ) + βgγ +
αL2β2

2
λγ(0). (9.11)

Proof. Fix β ∈ R. Since CS(γ) does not depend on β, it suffices to show that

Dβ = uβ
0 (0)− u0

0(0)− βEγψ(X1 − k)
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satisfies Dβ ≤ 1
2 L2β2λγ(0). Neither Dβ nor λγ(0) depends on the representation of γ: the

values uβ
0 (0) and u0

0(0) do not, as shown after (9.8), and the law of X1 under Q does not,
by Lemma 9.3(b). Fix θ ∈ (0, 1] and, by inserting breakpoints, choose a representation
with ∆j ≤ θ for all j. All objects below refer to this representation. We divide the rest of
the proof into three steps.

Step 1. Conditional expectations. Put ψn+1(z) = ψ(z − k) on In and ψj(x) =
∫

ψj+1 dQj(· |
x) for j = n, . . . , 0. Then ψj(x) is the conditional expectation of ψ(X1 − k) given Xtj = x
under Q, and ψ0(0) = Eγψ(X1 − k). Each ψj is bounded by ∥ψ∥∞, and by Lemma 9.5(b)
and backward induction each ψj is L-Lipschitz.

Step 2. The recursion for the difference. Put wj = uβ
j − u0

j on R for j ≤ n, and wn+1 = βψn+1

on In. Then |wj| ≤ |β|∥ψ∥∞ for all j. Let j ≤ n. On Ij we have uβ
j+1 = u0

j+1 + wj+1, and for

j = n both euβ
n+1 and eu0

n+1 vanish outside In. Dividing (9.8) for uβ
j by the same formula

for u0
j and using (9.9) gives

wj(x) =
1

mj
log

∫
emjwj+1 dQj(· | x) (mj > 0),

wj(x) =
∫

wj+1 dQj(· | x) (mj = 0).
(9.12)

Step 3. Induction. Put

εθ =
β2L2

2
+

8
3
|β|3L3e2|β|∥ψ∥∞ θ1/2,

and λγ(tn+1) = λγ(1) = 0. We show by backward induction that

wj ≤ βψj + εθ λγ(tj) (j = n + 1, n, . . . , 0). (9.13)

For j = n + 1 this holds with equality. Assume it for j + 1, and recall from (9.7) that
λγ(tj) = λγ(tj+1) + mj∆j. If mj = 0, integrating against Qj(· | x) gives wj ≤ βψj +

εθλγ(tj+1) = βψj + εθλγ(tj). Let mj > 0, let W have law Qj(· | x), and put Y = ψj+1(W)−
ψj(x), so that EY = 0 and |Y| ≤ 2∥ψ∥∞. By (9.12) and the induction hypothesis,

wj(x) ≤ εθλγ(tj+1) + βψj(x) +
1

mj
log EemjβY.

We bound the last term by a second-order expansion. With a = mjβ, the inequalities
log(1 + y) ≤ y and ey ≤ 1 + y + 1

2 y2 + 1
6 |y|3e|y| give

log EeaY ≤ a2

2
EY2 +

|a|3
6

e2|a|∥ψ∥∞E|Y|3.

Let W ′ be an independent copy of W. The second moment is EY2 = 1
2E(ψj+1(W) −

ψj+1(W ′))2 ≤ L2 Var W ≤ L2∆j, by Lemma 9.5(a). For the third moment, Y is the
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conditional expectation of ψj+1(W) − ψj+1(W ′) given W. By Jensen’s inequality, the
inequality (y − y′)4 ≤ 8(y4 + y′4), and Lemma 9.5(a),

EY4 ≤ L4E(W − W ′)4 ≤ 16L4E(W − EW)4 ≤ 256L4∆2
j ,

and hence E|Y|3 ≤ (EY2 EY4)1/2 ≤ 16L3∆3/2
j . Since 0 < mj ≤ 1, |a| ≤ |β|, and

∆1/2
j ≤ θ1/2,

1
mj

log EemjβY ≤ mj∆j

(β2L2

2
+

8
3
|β|3L3e2|β|∥ψ∥∞ θ1/2

)
= εθ mj∆j,

which completes the induction. At j = 0 and x = 0, (9.13) gives Dβ = w0(0)− βψ0(0) ≤
εθλγ(0). Since Dβ does not depend on θ, letting θ → 0 gives Dβ ≤ 1

2 β2L2λγ(0). Multiply-
ing by α proves (9.11).

9.4 Gap averages on sets of positive volume

We now combine the quadratic source estimate with the upper bound of Chapter 3 for
the feasible volume weighted by a source. The latter is Corollary 3.11(ii), which we restate
in the present notation.

Lemma 9.7. Let k, β ∈ R, let γ ∈ U be a step order parameter, and let ψ be a test function. For
every ε > 0,

P
{

fN(k, β) ≤ Pk,βψ(γ) + ε
}
−→ 1.

Proof. The function βψ(· − k) is bounded and Lipschitz on R, and ∑a βψ(ba · σ − k) =

NβΨN(σ, k). Hence fN(k, β) is the normalized logarithm of the integral in Corol-
lary 3.11(ii) with the margin k and the source βψ(· − k). The value PHk+βψ(·−k)(γ)

there is defined by the recursion (2.2) with the terminal datum Hk + βψ(· − k). Evaluated
at the breakpoints this is (9.8), so it equals Pk,βψ(γ), and it does not depend on the
representation of γ. Corollary 3.11(ii) is therefore the claim.

We now state the deviation inequality that both gap theorems use. It holds for every
order parameter; the step approximation of Lemma 9.4 is performed inside the proof.

Proposition 9.8. Let k ∈ R, γ ∈ U , β > 0, and ε > 0, let ψ be an L-Lipschitz test function,
and put g = αEψ(Xγ,k

1 − k). With probability tending to one, every Borel set T ⊆ SN(k) with
µN(T) > 0 satisfies

∣∣⟨ΨN(σ, k)⟩T − g
∣∣ ≤ Pk(γ)− N−1 log µN(T)

β
+

αL2β

2
λγ(0) + ε. (9.14)
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Proof. We divide the proof into two steps: we first treat step order parameters and then
approximate.

Step 1. Step order parameters. Let γ be a step order parameter. For every Borel T ⊆ SN(k)
with µN(T) > 0, restricting the integral defining fN(k, β) to T and applying Jensen’s
inequality to ⟨eNβΨN(σ,k)⟩T gives

fN(k, β) ≥ 1
N

log µN(T) + β⟨ΨN(σ, k)⟩T.

By Lemma 9.3(b), g = αEγψ(X1 − k). By Lemma 9.7 with βε in place of ε, and by
Lemma 9.6, with probability tending to one,

fN(k, β) ≤ Pk,βψ(γ) + βε ≤ Pk(γ) + βg +
αL2β2

2
λγ(0) + βε.

On this event, which does not depend on T, the two inequalities give

⟨ΨN(σ, k)⟩T − g ≤ Pk(γ)− N−1 log µN(T)
β

+
αL2β

2
λγ(0) + ε

for every such T. The test function −ψ is also L-Lipschitz, and replacing ψ by −ψ replaces
ΨN by −ΨN and g by −g. The same argument therefore bounds g − ⟨ΨN(σ, k)⟩T on a
second event whose probability tends to one. The intersection of the two events has
probability tending to one.

Step 2. General order parameters. Choose r ∈ [Qγ, 1) and step order parameters γi ∈ Ur

with γi → γ in L1([0, 1]). By Lemma 9.4, applied with the bounded continuous function
φ = ψ(· − k), we have Pk(γi) → Pk(γ), λγi(0) → λγ(0), and gi = αEψ(Xγi,k

1 − k) → g.
Fix i such that

|Pk(γi)−Pk(γ)|
β

+
αL2β

2
|λγi(0)− λγ(0)|+ |gi − g| ≤ ε

2
.

Step 1 applied to γi with ε/2 in place of ε proves the proposition for γ.

El Alaoui and Sellke described the empirical law of the fields along the iterates of their
algorithm through the Parisi diffusion [54, Section 3]. Empirical laws of the projections
ba · σ along data-dependent directions σ were also studied by Montanari and Zhou [89];
see also [73]. Montanari and Zhou characterized the laws attainable by a class of efficient
algorithms through a stochastic control problem. They passed between these laws and
the largest averages of test functions by duality, and obtained a variational principle that
extends the Parisi formula. In Proposition 9.8 the test function enters the terminal datum
of the Parisi functional as a source, and the bound applies to every set of positive volume
in the feasible set.
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9.5 Gaps of typical feasible configurations

We apply Proposition 9.8 at a fixed margin κ < κc, with a minimizer γ of Pκ, to the sets
of configurations whose gap average deviates from αEψ(Xγ,κ

1 − κ). The hard-volume
lower bound of Theorem 1.2(i) controls the volume term.

Proof of Theorem 1.9. Let α > 2 and κ < κc(α). We divide the proof into three steps.

Step 1. Preliminaries. By Theorem 6.8, P∗(κ) > −∞. Hence minimizers of Pκ exist
(Theorem 6.3). By Theorem 1.2(i), VN(κ) > 0, so that ⟨·⟩N,κ is well defined, with prob-
ability tending to one. Let γ be a minimizer of Pκ, so that Pκ(γ) = P∗(κ), and put
λ = λγ(0). Then λ ≥ 1 − Qγ > 0. Let ψ be an L-Lipschitz test function with L > 0, put
g = αEψ(Xγ,κ

1 − κ), and fix ε > 0.

Step 2. Deviation sets. Put β = ε/(2αL2λ), so that 1
2 αL2βλ = ε/4. Let EN be the event on

which the conclusion of Proposition 9.8 holds for the margin κ, the minimizer γ, this β,
and ε/8 in place of ε, and on which

1
N

log VN(κ) ≥ P∗(κ)−
βε

8
.

By Proposition 9.8 and Theorem 1.2(i), P(EN) → 1. The function σ 7→ ΨN(σ, κ) is
continuous, so the sets

T± =
{

σ ∈ SN(κ) : ±
(
ΨN(σ, κ)− g

)
> ε

}
are Borel. Suppose that EN holds and µN(T+) > 0. Every σ ∈ T+ has ΨN(σ, κ)− g > ε,
and µN(T+) > 0, so ⟨ΨN(σ, κ)⟩T+ − g > ε. By (9.14) with T = T+,

ε <
P∗(κ)− N−1 log µN(T+)

β
+

ε

4
+

ε

8
, that is,

1
N

log µN(T+) < P∗(κ)−
5βε

8
.

Together with the lower bound on VN(κ) in the definition of EN, this gives µN(T+) <

e−Nβε/2VN(κ). The same bound holds for T−, and it also holds if µN(T±) = 0. Since
βε/2 = ε2/(4αL2λ), on EN

µN
(
{σ ∈ SN(κ) : |ΨN(σ, κ)− g| > ε}

)
≤ 2 exp

{
− ε2N

4αL2λ

}
VN(κ) ≤ exp

{
− ε2N

8αL2λ

}
VN(κ)

as soon as ε2N ≥ 8αL2λ log 2. This proves (1.14).

Step 3. Gibbs averages and the law of X1. On EN, since |ΨN(σ, κ)| ≤ ᾱ∥ψ∥∞ and |g| ≤
α∥ψ∥∞, Step 2 gives, for large N,

∣∣⟨ΨN(σ, κ)⟩N,κ − g
∣∣ ≤ ε + (ᾱ + α)∥ψ∥∞ exp

{
− ε2N

8αL2λ

}
≤ 2ε.
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Since ε > 0 is arbitrary, ⟨ΨN(σ, κ)⟩N,κ → g in probability. The averages ⟨ΨN(σ, κ)⟩N,κ do
not depend on γ, and a limit in probability is unique. Hence Eψ(Xγ,κ

1 − κ) is the same
for all minimizers γ, for every bounded Lipschitz ψ. The variable Xγ,κ

1 − κ takes values
in [0, ∞), and bounded Lipschitz functions determine a finite Borel measure on [0, ∞):
for a closed set F the functions (1 − j dist(·, F))+, j ≥ 1, are bounded and Lipschitz and
decrease to 1F, and a finite Borel measure is determined by its values on closed sets.
Hence all minimizers induce the same law of Xγ,κ

1 .

In the replica computation of Franz, Parisi, Sevelev, Urbani, and Zamponi, the gap
distribution is obtained as the derivative of the free energy with respect to a potential
acting on the gaps, and it is expressed through the solution of the Fokker–Planck equation
of the Parisi diffusion [59, (37)]. The proof of Proposition 9.8 perturbs the hard wall by a
source and compares free energies in the same way. Theorem 1.9 is a rigorous counterpart
of this description for the uniform measure on SN(κ) at a fixed margin κ < κc.

9.6 Configurations near the optimal margin

We turn to configurations of nearly maximal margin. To apply Proposition 9.8 to one
feasible configuration σ0, we need a set of positive volume near σ0 on which the fields
ba · σ, and hence the gap averages, change little. Lemma 3.13 provides such a set: a subset
of a small cap around σ0 that is feasible at a slightly smaller margin and has volume at
least e−N(log(1/η)+C). This volume cost, of order N log(1/η) on the logarithmic scale, is
what must be compared with the collapse of λγ(0) near κc. We record the consequence
for gap averages.

Lemma 9.9. Let I be a compact interval. There are constants N0 and C1 ≥ 0, depending only
on ᾱ and I, with the following property. Let N ≥ N0, suppose that ΩN holds, and let k ∈ I,
σ0 ∈ SN(k), and 0 < η ≤ 1. There is a Borel set T ⊆ SN(k − η) with −N−1 log µN(T) ≤
log(1/η) + C1 such that, for every L-Lipschitz test function ψ and every σ ∈ T,

|ΨN(σ, k − η)− ΨN(σ0, k)| ≤ Cψη, Cψ = L
(√

ᾱ Cop + 2ᾱ
)
. (9.15)

Proof. Let Kcap ≥ 1, Ccap, and N0 be the constants of Lemma 3.13 for α′ = ᾱ, let CI
be the constant there for the interval I, and put C1 = max{Ccap + CI , 0}. On ΩN the
rows satisfy ∥ba∥2 ≤ 2, and M ≤ ᾱN, so Lemma 3.13 applies to the margin k, the
point σ0, and this η. Since k ∈ I, it gives a Borel set T ⊆ SN(k − η) with µN(T) ≥
exp{−N(log(2/s0) + Ccap)} ≥ exp{−N(log(1/η) + C1)} and

|ba · σ − ba · σ0| ≤ s2
0|ba · σ0|+ s0Kcap, σ ∈ T, a ≤ M,
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where s0 ≤ η/(2Kcap) by the definition of s0 there. As Kcap ≥ 1 and η ≤ 1, we have
s0Kcap ≤ η/2 and s2

0 ≤ η2/4 ≤ η/4. Since ψ is L-Lipschitz, for σ ∈ T and a ≤ M,

|ψ(ba · σ − k + η)− ψ(ba · σ0 − k)| ≤ L
(
|ba · σ − ba · σ0|+ η

)
≤ L

(η

4
|ba · σ0|+

3η

2

)
.

Averaging over a, and using (9.1) for σ0 and αN ≤ ᾱ, gives |ΨN(σ, k − η)− ΨN(σ0, k)| ≤
Lη

(1
4

√
ᾱ Cop + 3

2 ᾱ
)
≤ Cψη.

We now combine the cap with Proposition 9.8. The following proposition separates
the probabilistic inputs, which are the convergence of κN and the bounds already proved,
from the deterministic input, which concerns only the variational problem: along some
sequence of margins kn ↑ κc there are order parameters whose mass λγ(0) is small
compared with the volume cost log(1/(κc − kn)) of the cap.

Proposition 9.10. Assume that κN → κc in probability, and let ψ be a test function. Suppose
that there are margins kn < κc with kn → κc and order parameters γn ∈ U such that

λγn(0)
(

1 +
[
Pkn(γn)

]
+
+ log

1
κc − kn

)
−→ 0. (9.16)

Then gn = αEψ(Xγn,kn
1 − kn) converges to a limit g(ψ), and for every ε > 0 there is ρ > 0 such

that
P
{

sup
σ∈SN : mN(σ)≥κc−ρ

∣∣ΨN(σ, mN(σ))− g(ψ)
∣∣ ≤ ε

}
−→ 1. (9.17)

In particular, since mN(σ∗) = κN for every maximizer σ∗ of mN and P{κN ≥ κc − ρ} → 1, the
conclusion applies simultaneously to all maximizers.

Proof. Let ψ be L-Lipschitz with L > 0 (a Lipschitz function is L-Lipschitz for every large
L), and write λn = λγn(0) > 0. Discarding finitely many n, we assume κc − kn ≤ 1, and
we put ηn = (κc − kn)/2 ≤ 1

2 , so that kn + ηn = κc − ηn. Let N0 and C1 be the constants
of Lemma 9.9 for the interval I = [κc − 1, κc], let Cψ be as in (9.15), and put

ℓn = 1 +
[
Pkn(γn) + log

1
ηn

+ C1

]
+

, ωn = L(2αλnℓn)
1/2 + (Cψ + 2ᾱL)ηn.

We divide the proof into four steps.

Step 1. Trapping at the margin κc − ηn. Fix n and ε > 0, and put βn = (2ℓn/(αL2λn))1/2,
so that

ℓn

βn
+

αL2βn

2
λn = L(2αλnℓn)

1/2.

Consider the event on which ΩN holds and the conclusion of Proposition 9.8 holds for the
margin kn, the order parameter γn, the source strength βn, and this ε. Its probability tends
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to one. On this event, for N ≥ N0, let σ0 ∈ SN(κc − ηn), and let T be the set of Lemma 9.9
for the margin k = κc − ηn ∈ I and η = ηn. Then T ⊆ SN(k − ηn) = SN(kn) and
−N−1 log µN(T) ≤ log(1/ηn) + C1, so that Pkn(γn) − N−1 log µN(T) ≤ ℓn. Averaging
(9.15) over T gives |⟨ΨN(σ, kn)⟩T − ΨN(σ0, κc − ηn)| ≤ Cψηn. Therefore (9.14) gives

sup
σ0∈SN(κc−ηn)

|ΨN(σ0, κc − ηn)− gn| ≤ L(2αλnℓn)
1/2 + Cψηn + ε.

Step 2. Changing the reference margin. Since ψ is L-Lipschitz, |ΨN(σ, r) − ΨN(σ, r′)| ≤
αN L|r − r′| ≤ ᾱL|r − r′|. With probability tending to one, κN ≤ κc + ηn. Let σ satisfy
mN(σ) ≥ κc − ηn. Then σ ∈ SN(κc − ηn) and 0 ≤ mN(σ)− (κc − ηn) ≤ κN − κc + ηn ≤ 2ηn.
Together with Step 1 this shows that, with probability tending to one,

sup
σ∈SN : mN(σ)≥κc−ηn

|ΨN(σ, mN(σ))− gn| ≤ ωn + ε. (9.18)

Step 3. The errors vanish. Since log(1/ηn) = log 2 + log(1/(κc − kn)), log(1/(κc − kn)) ≥
0, and C1 ≥ 0,

ℓn ≤ (2 + log 2 + C1)
(

1 +
[
Pkn(γn)

]
+
+ log

1
κc − kn

)
.

Hence λnℓn → 0 by (9.16). Since also ηn → 0, we have ωn → 0.

Step 4. The centers converge. Fix n and n′. With probability tending to one, κN ≥ κc −
min{ηn, ηn′}, and then every maximizer σ∗ of mN lies in both sets in (9.18), for n and for
n′. For large N the three events intersect, which gives |gn − gn′ | ≤ ωn + ωn′ + 2ε. Since
ε is arbitrary, |gn − gn′ | ≤ ωn + ωn′ , and ωn → 0. Thus (gn) is a Cauchy sequence. Let
g(ψ) be its limit. Then |gn − g(ψ)| ≤ ωn.

Given ε > 0, choose n with 2ωn ≤ ε/2 and put ρ = ηn. By (9.18) with ε/2 in place of
ε, with probability tending to one, |ΨN(σ, mN(σ))− g(ψ)| ≤ ωn + ε/2 + |gn − g(ψ)| ≤ ε

for all σ with mN(σ) ≥ κc − ρ. This proves (9.17).

9.7 Gaps of nearly optimal configurations

We first identify the limits of gap averages of near-maximizers, one test function at a time,
by applying Proposition 9.10 to minimizers. The collapse of minimizers, Proposition 6.11,
supplies its hypothesis. The measure να is then obtained by tightness, which we derive
from the operator norm bound (9.1) at maximizers. Finally, Proposition 9.2 gives the
contacts and the small positive gaps at maximizers.

Proof of Theorem 1.8. Let α > 2. By Theorem 1.2, κc < 0 and κN → κc in probability. We
divide the proof into six steps.
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Step 1. Identification along one sequence. Fix a test function ψ and margins kn < κc with
kn → κc. By Theorem 6.8, P∗(kn) > −∞, and by Theorem 6.3 there are minimizers γn of
Pkn ; fix any. By (6.10), Pkn(γn) = P∗(kn) ≤ α log Φ(−kn) < 0, so that [Pkn(γn)]+ = 0. By
Proposition 6.11, applied with η = κc − kn, there are C and η0, depending only on α, such
that λγn(0) ≤ C(κc − kn)1/(2+2α) as soon as κc − kn ≤ η0 (the second bound in (6.24)).
Since x1/(2+2α)(1 + log(1/x)) → 0 as x ↓ 0, the condition (9.16) holds. Proposition 9.10
shows that αEψ(Xγn,kn

1 − kn) converges to a limit g(ψ), and that for every ε > 0 there is
ρ > 0 with

P
{

sup
σ∈SN : mN(σ)≥κc−ρ

∣∣ΨN(σ, mN(σ))− g(ψ)
∣∣ ≤ ε

}
−→ 1. (9.19)

Given two sequences of margins and minimizers, the sequence obtained by interleaving
them is again of this form, so the two limits coincide. Thus g(ψ) depends only on ψ and
α.

Step 2. Mean gap at maximizers. Maximizers of mN exist by compactness, and mN(σ∗) =
κN. For σ ∈ SN, by (9.1),∫

x νN,σ(dx) =
1
N ∑

a

(
ba · σ − mN(σ)

)
≤

√
αN Cop + αN|mN(σ)|

on ΩN. Put C2 =
√

2α Cop + 2α(|κc|+ 1). With probability tending to one, ΩN holds
and |κN| ≤ |κc| + 1. Then, for N so large that αN ≤ 2α, every maximizer satisfies∫

x νN,σ∗(dx) ≤ C2, and hence

νN,σ∗((t, ∞)) ≤ C2

t
(t > 0). (9.20)

Step 3. The measure να; parts (i) and (iii). Let kn and γn be as in Step 1, and let πn =

α Law(Xγn,kn
1 − kn), a measure on [0, ∞) of mass α. For t > 0 let χt(x) = min{1, (x − t)+},

a bounded Lipschitz function with 1[t+1,∞) ≤ χt ≤ 1(t,∞). We first show that g(χt) ≤ C2/t.
Given ε > 0, let ρ be as in (9.19) for χt. With probability tending to one, κN ≥ κc − ρ,
the event in (9.19) holds, and the conclusion of Step 2 holds. For large N these events
intersect, and for a maximizer σ∗ they give

g(χt) ≤
∫

χt dνN,σ∗ + ε ≤ νN,σ∗((t, ∞)) + ε ≤ C2

t
+ ε.

Hence g(χt) ≤ C2/t, and

lim sup
n→∞

πn([t + 1, ∞)) ≤ lim
n→∞

∫
χt dπn = g(χt) ≤

C2

t
.

For every ε > 0, choose t so that C2/t < ε/2. The tail masses above t + 1 are then less
than ε for all sufficiently large n. Enlarging the compact interval to control the finitely
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many remaining measures proves that (πn) is tight. Apply Prokhorov’s theorem [109] to
the probability measures πn/α on the Polish space [0, ∞) and rescale. Every subsequence
has a further subsequence converging weakly to a measure π of mass α, and by Step 1,∫

ψ dπ = g(ψ) for every test function ψ. Bounded Lipschitz functions determine a finite
measure on [0, ∞), as shown in the proof of Theorem 1.9, so π depends neither on
the subsequence nor on the sequence (kn, γn). We call it να. Then να([0, ∞)) = α and∫

ψ dνα = g(ψ) for every test function ψ. Along every such sequence, every subsequence
of (πn) has a further subsequence converging weakly to να, and hence πn → να weakly.
This proves (iii). Since

∫
ψ dνN,σ = ΨN(σ, mN(σ)), (9.19) is (i).

Step 4. Weak convergence at maximizers. Let ψ be a bounded continuous function on
[0, ∞), and let 0 < ε ≤ 1. Choose t ≥ 1 with C2/t ≤ ε and να((t, ∞)) ≤ ε, and let
χ(x) = min{1, (t + 1 − x)+}. The function ψχ is continuous and vanishes on [t + 1, ∞),
hence uniformly continuous. Its piecewise linear interpolation on a sufficiently fine
uniform grid of [0, t + 1], extended by zero, is a bounded Lipschitz function ψ′ with
sup|ψχ − ψ′| ≤ ε. Since |ψ(1 − χ)| ≤ ∥ψ∥∞1(t,∞), every maximizer satisfies∣∣∣∫ ψ dνN,σ∗ −

∫
ψ dνα

∣∣∣ ≤ ∣∣∣∫ ψ′ dνN,σ∗ −
∫

ψ′ dνα

∣∣∣+ ε(αN + α)

+ ∥ψ∥∞
(
νN,σ∗((t, ∞)) + να((t, ∞))

)
.

By part (i), applied to ψ′, and since κN → κc, the first term on the right is at most ε for all
maximizers with probability tending to one. By (9.20) and the choice of t, for N so large
that αN ≤ α + 1 the remaining terms are at most (2α + 1)ε + 2∥ψ∥∞ε with probability
tending to one. Hence, for every bounded continuous ψ, supσ∗

|
∫

ψ dνN,σ∗ −
∫

ψ dνα| → 0
in probability, the supremum being over all maximizers. This is the weak convergence in
(ii).

Step 5. Contacts and the atom at zero. By Proposition 9.2(i) and (ii), for every c < (α −
2)2/(2α) and all sufficiently large N, with probability at least 1 − e−cN every maximizer
has exactly N contacts. This is the first assertion of (ii). On this event νN,σ∗({0}) = 1 for
every maximizer. Let ε > 0, and choose t ∈ (0,

√
2π) so small that α log 3/ log(

√
2π/t) <

ε. By Proposition 9.2(iii), with probability tending to one every maximizer also satisfies
νN,σ∗((0, t]) < ε, and hence νN,σ∗([0, t]) < 1 + ε.

For h > 0 let ψh(x) = (1 − x/h)+, a test function with 1{0} ≤ ψh ≤ 1[0,h). With
probability tending to one,

∫
ψh dνN,σ∗ ≥ νN,σ∗({0}) = 1 and

∫
ψt dνN,σ∗ ≤ νN,σ∗([0, t]) <

1 + ε. By part (i) at maximizers,
∫

ψh dνN,σ∗ →
∫

ψh dνα in probability for every h > 0.
Hence

∫
ψh dνα ≥ 1 for every h > 0, and letting h ↓ 0 gives να({0}) ≥ 1 by dominated

convergence. Also να({0}) ≤
∫

ψt dνα ≤ 1 + ε for every ε > 0. Therefore να({0}) = 1.

Step 6. Small positive gaps. Let t > 0 be a continuity point of να. For 0 < h < t let ψ+ equal
one on [0, t], zero on [t + h, ∞) and be linear in between, and let ψ− equal one on [0, t − h],
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zero on [t, ∞) and be linear in between. Then
∫

ψ− dνN,σ∗ ≤ νN,σ∗([0, t]) ≤
∫

ψ+ dνN,σ∗ .
The outer integrals converge in probability to

∫
ψ± dνα by part (i), and both of these

tend to να([0, t]) as h ↓ 0 because να({t}) = 0. So νN,σ∗([0, t]) → να([0, t]) in probability,
uniformly over maximizers. With probability tending to one νN,σ∗({0}) = 1, and therefore

1
N

#{a ≤ M : 0 < ba · σ∗ − κN ≤ t} = νN,σ∗([0, t])− 1 −→ να([0, t])− να({0}) = να((0, t])
(9.21)

in probability. Together with Steps 4 and 5 this proves (ii).
It remains to prove (1.13). For 0 < t <

√
2π put δ(t) = α log 3/ log(

√
2π/t), a

continuous function of t. Let t1 ∈ (0,
√

2π) and ε > δ(t1), and let t′ ≤ t1 be a continuity
point of να. By Proposition 9.2(iii) with t1 in place of t, with probability tending to one
every maximizer satisfies

1
N

#{a ≤ M : 0 < ba · σ∗ − κN ≤ t′} ≤ 1
N

#{a ≤ M : 0 < ba · σ∗ − κN ≤ t1} < ε.

By (9.21) at t′, this gives να((0, t′]) ≤ ε. Since this holds for every ε > δ(t1), letting ε ↓ δ(t1)

gives να((0, t′]) ≤ δ(t1). The continuity points of να are dense, because να has at most
countably many atoms, so να((0, t1)) ≤ δ(t1) by continuity of measures along increasing
unions. For 0 < t <

√
2π, letting t1 ↓ t gives να((0, t]) = limt1↓t να((0, t1)) ≤ δ(t), by

continuity of δ. This proves (1.13).

The bound (1.13) tends to zero only logarithmically as t ↓ 0. It comes from the
union bound over sets of N rows in Proposition 9.2(iii). The limiting measure να is
identified only through the Parisi minimizers in part (iii), and its behavior near zero
is not determined by our arguments. Franz and Parisi [58] and Franz, Parisi, Sevelev,
Urbani, and Zamponi [59, (75) and (106)] predicted that, at jamming with κ < 0, the gap
distribution consists of an atom carrying the contacts and a density that diverges like
h−0.41269... as h ↓ 0. This is the exponent predicted for hard spheres in infinite dimension
[30]. Theorem 1.8 gives the atom, and the power law remains open.



part ii

Full replica symmetry breaking in the negative
spherical perceptron

We study the Parisi variational problem of the negative spherical perceptron, a
mean-field model of jamming, at constraint densities α = 2 + e with e > 0 small.
We prove that replica symmetry is lost exactly at the de Almeida–Thouless margin,
through a continuous transition to full replica symmetry breaking: in a window
of width of order e2 ending at this margin the replica-symmetric order parameter
is the unique minimizer, and in a window of the same width beyond it every
minimizer has a Parisi measure supported on one interval, with density of order
e−2 and atoms at both endpoints. In the second window the no-overlap-gap
hypothesis of El Alaoui and Sellke holds. The de Almeida–Thouless margin lies
θde2(1+ o(1)) below Gardner’s prediction κRS for the capacity, for an explicit θd >

0, and κRS exceeds the critical margin of the functional by exact order e3. With the
identification of the capacity in Part I, Gardner’s formula therefore overestimates
the capacity by exact order (α − 2)3. The proof rests on a compactness theorem for
minimizers and on a universal flat limit. In the compactness theorem, a balance
law implied by the optimality conditions bounds the depth of the support. A
jamming identity for the functional and a bound on the jump at the top of the
support give the remaining bounds.



chapter 1

Introduction

Let N ≥ 1, and let µN be the uniform probability measure on the sphere SN = {σ ∈
RN : ∥σ∥2 = N}. Fix a constraint density α > 0 and a margin κ ∈ R, let M = MN be
integers with M/N → α, and let g1, . . . , gM be independent standard Gaussian vectors
in RN. The spherical perceptron asks for points of the sphere that satisfy the M random
linear constraints

ga · σ√
N

≥ κ, a = 1, . . . , M. (1.1)

Let SN(κ) be the set of σ ∈ SN that satisfy (1.1), let VN(κ) = µN(SN(κ)) be its volume, and
let κN = maxσ∈SN mina ga · σ/

√
N be the largest achievable margin. The basic questions

are the exponential rate N−1 log VN(κ), called the free energy, and the limit of κN, called
the capacity. For κ ≥ 0 each constraint confines σ to a spherical cap, and the feasible
set is an intersection of geodesically convex sets. For κ < 0 each constraint removes a
spherical cap, and the feasible set need be neither convex nor connected. Franz and Parisi
proposed this negative spherical perceptron as the simplest mean-field model of jamming
[58]: its capacity is a satisfiability (SAT–UNSAT) transition, whose critical behavior was
argued to be that of the jamming of hard spheres [59].

Gardner and Derrida computed the free energy by the replica method, under the
replica-symmetric ansatz [62, 63]. Their formula predicts the capacity κRS(α), the solution
of

α E(κRS − G)2
+ = 1,

where G is a standard Gaussian variable; κRS(α) is negative exactly when α > 2. For
κ ≥ 0 the replica-symmetric formula was proved by Shcherbina and Tirozzi [115] and by
Talagrand [128, Chapter 8]; for this and other rigorous work on perceptrons see Part I,
Chapter 1. For κ < 0 the physical picture is richer [58, 59]. At small constraint densities
the replica-symmetric solution is predicted to be correct. As the constraints become more
demanding, it loses stability on a de Almeida–Thouless line [45], inside the satisfiable
phase. For margins between κ1RSB ≈ −2.05 and zero [58], this instability is predicted
to be a continuous transition to full replica symmetry breaking in the sense of Parisi
[104, 105]. In this phase the order parameter, a probability measure that describes the
overlaps of typical solutions, has an interval in its support. The jamming line then lies
inside the broken phase, and Gardner’s formula for the capacity should be an upper
bound that is not exact. Annesi, Malatesta, and Zamponi computed the satisfiability
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threshold numerically from the full replica-symmetry-breaking equations, and located
the region of the phase diagram in which the overlap distribution of typical solutions has
connected support [3].

Rigorous results for negative margins have been partial. Stojnic proved, using Gor-
don’s comparison inequality [66], that Gardner’s prediction κRS bounds the capacity from
above for every margin [118]. The upper bound of Montanari, Zhong, and Zhou [90,
Theorem 4.2] shows that Gardner’s formula overestimates the capacity when the margin
is sufficiently negative, that is, when α is large. Near α = 2, where κRS(α) is close to zero,
these bounds do not quantify the separation.

El Alaoui and Sellke stated the Parisi variational problem for this model in the
form studied below, and conjectured, following [59], that it gives the free energy and the
capacity [54, Conjecture 1]. In their terms, the model has no overlap gap if some minimizer
has a Parisi measure supported on an interval on which its distribution function is strictly
increasing [54, Definition 2]. Under this hypothesis they constructed an efficient algorithm
that, given oracle access to such a minimizer, produces vectors of norm close to

√
QN

with a small vector of constraint violations, where Q is the top of the support of that
minimizer [54, Theorem 1]; they expect these vectors to approximate barycenters of pure
states. They left open whether the hypothesis holds for any parameters. In Part I we
prove a Parisi formula for this model (Part I, Theorem 1.1), and we deduce that, for
α > 2, the free energy converges to the infimum of the Parisi functional below its critical
margin and κN converges to this critical margin (Part I, Theorem 1.2). This part studies
the variational problem itself.

The structure of Parisi minimizers has been determined rigorously for spin glasses
of Sherrington–Kirkpatrick (SK) type. Following Guerra’s interpolation bound [68],
Talagrand proved the Parisi formula for the SK model and mixed even p-spin models
[124], and Panchenko extended it to general mixtures [98, 99]. For spherical models
with even interactions, Talagrand proved the Crisanti–Sommers formula [125] (see [44]
for the formula), and W.-K. Chen proved it for general mixtures [37]. Auffinger and
W.-K. Chen proved that the Parisi functional is strictly convex, so that its minimizer is
unique [7], and Jagannath and Tobasco gave another proof [76, Theorem 2]. Auffinger
and W.-K. Chen also established structural properties of Parisi measures [8]; see also
[126]. Jagannath and Tobasco recast the Parisi functional through stochastic dynamic
programming, which gives the well-posedness of the Parisi equation and its control
representation [76], and they derived first-variation criteria for its minimizer [77]. W.-K.
Chen developed variational representations and optimality conditions [38]. By strict
convexity, an order parameter that satisfies these first-order conditions is the Parisi
measure. Toninelli proved that the replica-symmetric formula fails below the de Almeida–
Thouless line of the SK model [129]. Jagannath and Tobasco proved that every replica-
symmetric Parisi measure of a mixed p-spin model satisfies the de Almeida–Thouless
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condition, and that replica symmetry holds up to the de Almeida–Thouless line in parts
of the phase diagram [77, Theorems 1.8, 1.9, and 1.13]. W.-K. Chen proved that the
de Almeida–Thouless line is the exact transition line for the SK model with a centered
Gaussian external field [39], and Lopatto proved that replica symmetry holds up to the
de Almeida–Thouless line for the SK model with a uniform external field h > 0 [86].

The support of the Parisi measure has since been determined in several regimes.
Auffinger, W.-K. Chen, and Zeng proved that the zero-temperature Parisi measure of
mixed p-spin models has infinitely many points in its support [11]. Zhou proved full
replica symmetry breaking for the SK model at zero external field and inverse temper-
atures slightly above the critical value (one in the usual SK normalization) [134]. There
the Parisi measure is supported on an interval, with a smooth density below its endpoint
and an atom at the endpoint. A recent preprint extends this description to every inverse
temperature above one [87], and a recent preprint by H.-B. Chen shows that at zero tem-
perature the SK order parameter has full support on [0, 1) [32]. Another recent preprint
constructs mixed even p-spin Ising models whose Parisi measures have exactly k steps
of replica symmetry breaking, for every k, together with transitions from r to r + 1 steps
[5]. These structural results rely on the strict convexity of the Parisi functional and on
the resulting characterization of the unique Parisi measure by its first-order conditions.

The perceptron differs from these models in three ways. First, the terminal datum of
its Parisi equation, (1.2) below, is the logarithm of a Gaussian probability, and it becomes
singular as the top of the support of the Parisi measure approaches one. This hard wall
must be kept at a distance from every minimizer. Second, the functional is not known to
be convex. Its first-order conditions are necessary for minimality but are not known to
be sufficient, and minimizers are not known to be unique. A candidate that satisfies the
first-order conditions therefore cannot be certified as a minimizer, and every minimizer
has to be described. Third, the transition studied here takes place in a singular limit with
several scales. For α = 2 + e the relevant margins lie within O(e2) of κRS, the relevant
overlaps lie within O(e2) of one, and the Parisi measure has a density of order e−2. The
scaling limit is itself a nontrivial variational problem, and the order parameter must be
controlled both near the top of its support and far below it.

To our knowledge, full replica symmetry breaking has not been established for any
perceptron model. Our contribution is to determine the minimizers near the de Almeida–
Thouless line for constraint densities slightly above two. Let α = 2 + e with e > 0 small.
We prove that the replica-symmetric order parameter is the unique minimizer at the de
Almeida–Thouless margin κd and in a window of width of order e2 below it. In a window
of the same width above κd, every minimizer has a Parisi measure supported on a single
interval [q0, Q], with a density of order e−2 on (q0, Q) and atoms at both endpoints
(Theorem 1.2). Thus replica symmetry is lost exactly at the de Almeida–Thouless line,
through a continuous transition that passes directly to full replica symmetry breaking,
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as predicted in [58, 59]. We also locate the three thresholds. The critical margin κc of
the functional satisfies κd < κc < κRS, the distance κRS − κd is θde2 + O(e3 log(1/e)) for
an explicit θd > 0, and κRS − κc is of exact order e3 (Theorem 1.1). Combined with the
capacity theorem of Part I, the last statement shows that Gardner’s formula overestimates
the capacity by an amount of exact order (α − 2)3 (Part I, Corollary 1.6).

The main step is a compactness theorem (Theorem 1.3). In variables adapted to the
scale e2, it places the order parameter of every minimizer, at all margins κRS − θe2 with
θ in a fixed compact subset of (0, ∞), in one compact class. The obstruction is a thin
tail of the support at large depth, which costs little in the value of the functional. We
exclude it with a balance law, obtained by integrating the first-order conditions against
an integrating factor. On the compact class the functional has a universal limit, the flat
functional, whose unique minimizer at the crossing is replica symmetric (Theorem 1.4).
A local analysis of the first-order conditions near the crossing then gives Theorem 1.2.

1.1 The Parisi variational problem

An order parameter is a right-continuous nondecreasing function γ : [0, 1] → [0, 1] with
γ = 1 on a neighborhood of one. We write U for the set of order parameters and µγ for
the probability measure on [0, 1] with distribution function γ, called the Parisi measure of
γ. For γ ∈ U put

Q = inf{q : γ(q) = 1} < 1, δ = 1 − Q,

λγ(q) =
∫ 1

q
γ(t)dt, q0 = min supp µγ.

Thus supp µγ ⊂ [q0, Q] and q0, Q ∈ supp µγ. We call λγ(0) the mass of γ, and we call γ

replica symmetric if µγ is a point mass, that is, if γ = 1[q,1] for some q ∈ [0, 1).
Let ϕ and Φ be the standard Gaussian density and distribution function, and put

ϕ0 = ϕ(0) = (2π)−1/2. Fix α > 0 and κ ∈ R. For γ ∈ U let u = uγ(·, · ; κ) solve the Parisi
equation

∂qu = −1
2
(
∂xxu + γ(q)(∂xu)2) on [0, Q)× R, u(Q, x) = log Φ

(x − κ√
δ

)
. (1.2)

On an interval where γ is constant the equation is solved by a Cole–Hopf transforma-
tion [42, 71], and for general γ the solution is the limit of the solutions for step order
parameters (Chapter 2). This construction goes back to Parisi [105], the equation (1.2)
to Duplantier [52], and the passage to general γ uses Lipschitz continuity in the order
parameter, due to Guerra [67]; see also [76, Lemma 14 and Remark 15]. For this terminal
datum, El Alaoui and Sellke constructed the solution in the same way and proved its
regularity [54, Section 4]. The terminal datum is log P(x +

√
δ G ≥ κ). It is the hard-wall
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form of the constraint (1.1), smoothed by the Gaussian fluctuations of the overlaps above
Q. The Parisi functional and its infimum are

Pκ(γ) = α uγ(0, 0; κ) +
1
2

∫ Q

0

dq
λγ(q)

+
1
2

log δ, P∗(κ) = inf
γ∈U

Pκ(γ). (1.3)

The last two terms of Pκ form the Crisanti–Sommers entropy of spherical spin glasses
[37, 44, 125]. For the replica-symmetric order parameters the functional is explicit:

PRS
κ (q) := Pκ(1[q,1]) = αE log Φ

(√q G − κ√
1 − q

)
+

q
2(1 − q)

+
1
2

log(1 − q) (0 ≤ q < 1).

(1.4)
This is Gardner’s replica-symmetric functional [62, 63], and its minimum over q is Gard-
ner’s formula for the free energy. The critical margin of the functional is

κc(α) = sup{κ ∈ R : P∗(κ) > −∞}. (1.5)

By Proposition 2.17 and Theorems 2.16 and 2.18, κc(α) is finite, κc(α) ≤ κRS(α), and
κc(α) < 0 for α > 2. For κ < κc the infimum P∗(κ) is attained, and every minimizer
satisfies 1 − Q > e2P∗(κ). Moreover P∗(κ) → −∞ as κ ↑ κc.

Every theorem of this part is a deterministic statement about Pκ and its minimizers.
The results of §§2.6 and 2.7 are proved in Part I, Chapter 6, and are only stated here.
No other proof in this part uses Part I. The random model enters only through the
consequences of Part I recalled after Theorems 1.1 and 1.2. Unlike the Parisi functionals
of SK-type models, Pκ is not known to be convex, and its minimizers are not known to
be unique in general. Our theorems therefore describe every minimizer. By a minimizer
we always mean a global minimizer of Pκ over U .

The first-order conditions for minimizers are expressed through the Parisi diffusion

dXq = γ(q) ∂xu(q, Xq)dq + dBq, X0 = 0,

where B is a standard Brownian motion, and through the functions

D(q) = αE
[
∂xu(q, Xq)

2]− ∫ q

0

dt
λγ(t)2 , Hγ(t) = −1

2

∫ t

0
D(q)dq. (1.6)

The right derivative of ϑ 7→ Pκ(γ + ϑ(γ̃ − γ)) at ϑ = 0 equals
∫
Hγ dµγ̃ −

∫
Hγ dµγ.

Consequently every minimizer γ satisfies the obstacle condition supp µγ ⊂ argmin[0,1) Hγ

(Proposition 2.11); in particular D = 0 on supp µγ. These conditions are necessary but, in
the absence of convexity, not known to be sufficient.

For a replica-symmetric order parameter 1[q,1] the diffusion is a Brownian motion up
to the level q, and everything is explicit. Let R = ϕ/Φ, and let

V(z) = R(z)
(
z + R(z)

)
= − d2

dz2 log Φ(z),
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which takes values in (0, 1). The derivative of PRS
κ at q is −1

2 D(q), where D is the function
(1.6) of 1[q,1], and one half of the curvature of the obstacle potential at the atom is

ΛR =
1
2
H′′

1[q,1]
(q) =

1 − αEV(Z)2

4(1 − q)2 , Z =

√
q G − κ√

1 − q
(1.7)

(Lemma 3.3). This is the replicon eigenvalue of the replica-symmetric solution. The
equation αEV(Z)2 = 1 is the de Almeida–Thouless condition of the physics analysis of
this model [59, (52)]; for perceptrons, the stability of the replica-symmetric solution was
studied by Gardner and Derrida [63] and by Bouten [23]. If q is a critical point of PRS

κ

and ΛR < 0, then moving a small amount of mass from the atom at q to a nearby level
lowers the functional, so 1[q,1] is not a minimizer.

1.2 Main results

Three margins organize our results: Gardner’s prediction κRS, the critical margin κc, and
the de Almeida–Thouless margin κd, which we now define. For 0 < α < π2/4 and κ <

κRS(α), the function PRS
κ has exactly one critical point q∗(κ) in (0, 1), which is its unique

minimizer on [0, 1) (Lemma 3.5 and Lemma 3.3(c)). Thus 1[q∗(κ),1] is the only replica-
symmetric order parameter whose atom satisfies D = 0, and PRS

κ (q∗(κ)) = minq PRS
κ (q)

is Gardner’s formula for the free energy. Let ΛR(κ) denote the replicon eigenvalue (1.7)
at q = q∗(κ). For α = 2 + e with e > 0 sufficiently small, there is exactly one margin
κd(α) ∈ (κRS − c2, κRS) with ΛR(κd) = 0, where c2 > 0 is a numerical constant, and

ΛR(κ) < 0 (κd < κ < κRS), ΛR(κ) > 0 (κRS − c2 ≤ κ < κd)

(Proposition 3.8). We call κd(α) the de Almeida–Thouless margin, and put qd = q∗(κd) and
γd = 1[qd,1]. On (κd, κRS) the replica-symmetric solution is unstable. Finally, put

c0 =
∫

R
V(z)

(
1 − V(z)

)
dz ∈ (0, ∞), θd =

(2π)3/2

128 c2
0

.

Our first result is the ordering of the three margins near α = 2.

Theorem 1.1. There are numerical constants e0, c > 0 and C < ∞ such that for every 0 < e < e0

and α = 2 + e,

κRS(α)− κd(α) = θde2 + O
(
e3 log(1/e)

)
, c e3 ≤ κRS(α)− κc(α) ≤ C e3. (1.8)

In particular κd(α) < κc(α) < κRS(α), and κc(α)− κd(α) = θde2 + O
(
e3 log(1/e)

)
.

Since κRS(2 + e) = −e/(8ϕ0) + O(e2) (Lemma 3.1), the three margins are of order
e, and they lie within O(e2) of each other. On the interval (κd, κc), whose length is
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asymptotic to θde2, the replica-symmetric solution is unstable while P∗ is finite and
attained; there no minimizer is replica symmetric (Corollary 3.14). Gardner’s formula
overestimates the critical margin of the functional by an amount of exact order e3: it
is not exact for any small e > 0, yet its error is one order smaller than the length of
the unstable interval. The expansion of κRS − κd is part of Proposition 3.8. The two
cubic bounds use a zero-temperature characterization of κc, as the threshold at which a
functional Jk with the quadratic terminal penalty −1

2(k − x)2
+ first takes a negative value

(Theorem 2.21). The upper bound on κRS − κc comes from an explicit dual certificate
for Jk: a single function g ≥ k − x with αEg(G)2 ≤ 1 and αEg′(G)2 ≤ 1 forces Jk ≥ 0
(Theorems 3.10 and 3.11). The lower bound comes from an explicit coefficient, carried by
a layer of width of order e2 just below the top, at which Jk is negative for k = κRS − ce3

(Theorem 3.13). Part I, Theorem 1.4, proves the same lower bound by evaluating Pκ

directly at an order parameter with two support points near one, whose top layer plays
the role of this coefficient. The constants c and C are not matched, and we do not identify
the limit of (κRS − κc)/e3.

Theorem 1.1 concerns the functional. In Part I we prove that, for every α > 2,

1
N

log VN(κ) −→ P∗(κ) (κ < κc(α)), κN −→ κc(α), (1.9)

in probability, and that P{N−1 log VN(κ) > −C} → 0 for every κ ≥ κc(α) and every
C < ∞ (Part I, Theorem 1.2). In Part I this capacity theorem is combined with Theorem 1.1,
Corollary 3.14 and Proposition 2.24 (Part I, Corollaries 1.6 and 1.7). For α = 2 + e with
e > 0 small enough, the capacity κc(α) satisfies c e3 ≤ κRS(α) − κc(α) ≤ C e3, and
Gardner’s formula for the free energy fails at every margin in (κd, κRS). For every α > 2,
the free energy diverges only logarithmically at the capacity. The limit N → ∞ is taken
at fixed e, and the bounds describe how this limit behaves as e ↓ 0.

Our main theorem describes all minimizers at, below, and above the de Almeida–
Thouless margin. Put

BV =
∫

R
V(z)2(1 − V(z)

)
dz, xf =

1
2
− c0

4BV
.

By Lemma 8.2, xf =
∫

R
V′(z)2 dz

/
(2BV) and 0 < xf <

1
4 .

Theorem 1.2. There are numerical constants e0, c > 0 and C < ∞ such that the following holds
for every 0 < e < e0 and α = 2 + e.

(i) For every κ ∈ [κd − ce2, κd], the replica-symmetric order parameter 1[q∗(κ),1] is the unique
minimizer of Pκ. In particular γd = 1[qd,1] is the unique minimizer of Pκd .

(ii) For every κ ∈ (κd, κd + ce2), the functional Pκ has minimizers, and every minimizer γ has
the following properties.
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(a) The Parisi measure is supported on one nondegenerate interval: supp µγ = [q0, Q] with
0 < q0 < Q < 1.

(b) The distribution function γ is continuously differentiable on (q0, Q), and

c
e2 ≤ γ′(q) ≤ C

e2 (q0 < q < Q).

(c) µγ has an atom at q0 of mass larger than 1
2 xf and an atom at Q of mass larger than 1

4 .
As e → 0 and (κ − κd)/e2 → 0, these masses converge to xf and 1 − xf, uniformly
over minimizers.

(d) Q − q0 ≤ C(κ − κd), |t − qd| ≤ C(κ − κd) for every t ∈ supp µγ, and ∥γ − γd∥L1 ≤
C(κ − κd).

Part (i) says that the replica-symmetric order parameter is optimal at the de Almeida–
Thouless margin and in a window of width ce2 below it. Part (ii) says that immediately
beyond this margin every optimal order parameter has full replica symmetry breaking.
The support of its Parisi measure is an interval, so no order parameter with finitely many
steps of replica symmetry breaking is a minimizer. By (d), the minimizers converge to γd
as κ ↓ κd. Thus the transition out of replica symmetry is continuous, and it passes directly
to full replica symmetry breaking. All constants are numerical, so the two windows
have width ce2 uniformly in α. Since κc − κd = θde2 + O(e3 log(1/e)), the window
(κd, κd + ce2) is a fixed fraction of the interval (κd, κc) on which the replica-symmetric
solution is unstable.

By (b), the order parameter increases at rate of order e−2 across the interval, which
is the scale on which it varies near α = 2. The continuous part of µγ has mass of order
(Q − q0)/e2 (Corollary 8.12), so near the transition most of the mass sits in the two atoms,
and most of it in the top atom. The theorem gives no lower bound on Q − q0, and it
does not assert uniqueness of the minimizer above κd. On the interval of the support,
D ≡ 0, and the density of µγ is given by an explicit formula in terms of the solution of
(1.2) (Theorem 8.13).

Theorem 1.2 verifies the hypothesis of El Alaoui and Sellke, whose functional coincides
with (1.3). For every κ ∈ (κd, κd + ce2) and every minimizer γ, part (ii) shows that q0 < Q
and that γ is strictly increasing on [q0, Q], which is the no-overlap-gap condition of [54,
Definition 2]. Since minimizers exist, their algorithm [54, Theorem 1] applies at these
margins, with any minimizer as the oracle. In part (i) the hypothesis fails, because
the unique minimizer is a point mass. Combined with (1.9), part (i) also shows that
N−1 log VN(κ) → PRS

κ (q∗(κ)) in probability for κ ∈ [κd − ce2, κd]. Hence, near α = 2,
Gardner’s formula for the free energy is exact at the de Almeida–Thouless margin and in
a window of width ce2 below it.
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The proofs rest on control of all minimizers at the natural scales near α = 2, uniformly
in a window of margins. For θ > 0 put

κe(θ) = κRS(2 + e)− e2θ,

and measure overlaps from the top through the rescaled level s = (1 − q)/e2. For γ ∈ U
let

ζ(s) = γ(1 − e2s), d =
1 − Q

e2 , s0 =
1 − q0

e2 , ℓ0 =
λγ(0)

e2

be the rescaled profile, the rescaled top gap, the rescaled depth, and the rescaled mass. The
profile ζ is nonincreasing, equals one on [0, d], vanishes beyond s0, and has integral
ℓ0. A replica-symmetric order parameter has d = s0 = ℓ0. By Theorem 1.1, κd =

κe(θd +O(e log(1/e))), and by Theorem 3.11(iii) the margins κe(θ), θ in a compact interval
Θ ⊂ (0, ∞), lie below κc by at least 1

2 e2 min Θ for small e, so that minimizers exist.

Theorem 1.3. Let Θ ⊂ (0, ∞) be a compact interval. There are constants

0 < d1 ≤ Dtop < ∞, 0 < ℓmin ≤ L < ∞, S∗ < ∞, m∗ < 1, e0 > 0,

depending only on Θ, such that for every 0 < e < e0 and θ ∈ Θ, every minimizer γ of Pκe(θ)

satisfies
d1 < d ≤ Dtop, ℓmin ≤ ℓ0 ≤ L, s0 ≤ S∗, γ(Q−) ≤ m∗.

Moreover, every minimizer that is not replica symmetric satisfies s0 ≤ 1/(4c2
w), where

cw =
3ϕ0

4
[
ϕ(3)− 3Φ(−3)

]
> 0.

In the original variables, the support of every minimizer lies in [1 − S∗e2, 1 − d1e2],
its mass lies between ℓmine2 and Le2, and the jump of γ at the top of the support is at
least 1 − m∗. The difficult statement is the bound on the depth s0; the other bounds use it.
Comparison with replica-symmetric trial order parameters and the first-order condition
at the bottom of the support give only s0 ≤ C0e−2/3 (Theorem 4.11). This leaves room for
minimizers with a large atom near the top, above a thin tail of small mass that extends
to depths much larger than e2. Such a tail costs little in the value of the functional, and
indeed near-minimizers can have tails of vanishing mass at arbitrary depth (Remark 5.5).
Thus no estimate of the minimal value alone yields Theorem 1.3; the proof uses the
first-order conditions of exact minimizers.

Finally, the rescaled problem has a universal limit as e → 0. A profile is a nonincreasing
function ζ : [0, ∞) → [0, 1]; it is normalized if

∫
ζ = 1. The normalized profile of γ is

ζ̃(s) = ζ(ℓ0s) = γ(1 − e2ℓ0s), and the replica-symmetric normalized profile is 1[0,1]. For
normalized profiles ζ with bounded support that equal one on some interval [0, d1], we
define in Definition 7.1 the flat functional

Ft(ζ) = A(ζ) + t I(ζ), t ∈ R.
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Here A(ζ) is an explicit entropy term, and I(ζ) is a renormalized integral over y ∈ R of
the solution U = Uζ of

∂sU =
1
2
(
∂yyU + ζ(s)(∂yU)2), U(s, y) = log Φ

(
y/

√
s
)

(0 < s ≤ d1), (1.10)

which is the Parisi equation in rescaled variables, with neither e nor the margin. In the
limit, the Gaussian law of the bottom of the Parisi diffusion is replaced by Lebesgue
measure in y, which is the reason for the name. The term A is maximized by 1[0,1]
(Corollary 7.6), so it favors replica symmetry breaking, while I is minimized by 1[0,1]
(Theorem 7.13). The parameter at the crossing is td = 1/(4c0).

Theorem 1.4. (i) Let ζ be a normalized profile with bounded support that equals one on a
neighborhood of zero. Then

Ftd(ζ)− Ftd(1[0,1]) ≥
9

1024

∥∥ζ − 1[0,1]
∥∥3

L1 , (1.11)

and more generally Ft(ζ)− Ft(1[0,1]) ≥ 9c0t
256 ∥ζ − 1[0,1]∥3

L1 for every t ≥ td. In particular,
for every t ≥ td the replica-symmetric profile 1[0,1] is the unique minimizer of Ft among such
profiles.

(ii) Let Θ ⊂ (0, ∞) be a compact interval, and let 0 < d1 ≤ S. There are C < ∞ and e0 > 0,
depending only on Θ, d1, and S, such that the following holds for 0 < e < e0 and θ ∈ Θ.
There is a number Ke, depending only on e and θ, such that every γ ∈ U with d ≥ d1 and
s0 ≤ S satisfies∣∣∣Pκe(θ)(γ)− Ke − Ψθ(ℓ0)− e

{(
ϕ0 −

1
8ϕ0

) θ

ℓ0

+
1
8

log ℓ0 + 2ϕ0 + F2ϕ0
√
ℓ0
(ζ̃)

}∣∣∣ ≤ Ce2 log(1/e), (1.12)

where Ψθ(ℓ) = 2ϕ0θ/ℓ+ log ℓ.

The number Ke does not depend on γ; it is defined at the beginning of §7.2. Thus,
to leading order, the value depends on the order parameter only through its mass, via
Ψθ(ℓ0), which is minimized at ℓ0 = 2ϕ0θ. The shape of the profile enters at order e
through Ft at t = 2ϕ0

√
ℓ0, and at θ = θd and ℓ0 = 2ϕ0θd this parameter is exactly td;

see (7.9). The threshold td is sharp: for t < td the profile 1[0,1] is not a minimizer of
Ft, as shown after Proposition 7.12. This is the flat counterpart of the instability of the
replica-symmetric solution beyond κd.

Several ingredients of the proofs hold far from α = 2 and may be of independent
interest. The critical margin κc(α) equals the threshold κJ(α) of the zero-temperature
functional Jk for every α > 0 (Theorem 2.21). For every α > 2 the infimum diverges
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logarithmically at the critical margin, α log η − Cα ≤ P∗(κc − η) ≤ 1
2 log η + Cα for small

η > 0 (Proposition 2.24). Finally, for every α > 0, every margin, and every order
parameter with q0 > 0, the value Pκ(γ) equals the replica-symmetric value PRS

κ (1 −
λγ(0)) of the same mass plus an integral over the levels q ∈ [q0, Q], with weight (1 −
γ(q))/(2λγ(q)), of an explicit coefficient (Lemma 6.3 and (6.14)). We call this the jamming
identity.

Throughout, c and C denote positive numerical constants, and constants with sub-
scripts, such as Cα, depend only on the indicated quantities. Their values may change
from one occurrence to the next. Unless stated otherwise, O(·) refers to e ↓ 0 with
a numerical implied constant. No constant depends on the order parameter under
consideration.

1.3 Ideas of the proof

The proof has two stages. The first is global: it places the rescaled profiles of all minimiz-
ers, at all margins κe(θ) with θ in a compact interval, in one compact class (Steps 1–3). The
second is local: on this class the functional has a universal limit, which forces minimizers
near κd to be close to γd, and the first-order conditions can then be analyzed near γd
(Steps 4 and 5). Figure 1.1 shows how the steps depend on one another. Throughout we
use the function v = −λγ∂xxu, which takes values in (0, 1), and the scalar functions

S(q) = αEv(q, Xq)
2, χ(q) =

αEv(q, Xq)− 1
λγ(q)

, w(q) = αE
[
v(1 − v)

]
(q, Xq).

The function D of (1.6) is continuously differentiable with D′ = (S − 1)/λ2
γ, and every

minimizer satisfies D = 0 and S ≤ 1 on its support (Lemma 2.9 and Proposition 2.11).
For a minimizer whose support is an interval, El Alaoui and Sellke proved D = 0 and
S = 1 on the support; see the remark after Proposition 2.11.

Step 1: A priori bounds. Two inputs give the preliminary bounds. The first is the zero-
temperature functional Jk. The certified margin k∗ ≥ κRS − Ce3 of the dual certificate lies
below κc. The resulting slack of Jk (Corollary 2.22), together with a universal bound on
the mass of minimizers in terms of their top gap (Lemma 2.15), keeps the top away from
the wall: d ≥ ce2 (Theorem 4.10). The second input is the first-order condition D(q0) = 0
at the bottom of the support. Since the Parisi diffusion is a Brownian motion up to the
level q0, this condition is an exact Gaussian identity at a single level. In the rescaled space
variable y = (x − κ)/e, the negative half-line controls the mass, and a window of width
of order

√
s0 to the right of zero controls the depth. This gives ℓ0 ≤ L and s0 ≤ C0e−2/3

(Lemma 4.9 and Theorem 4.11). These bounds are proved in Chapters 2–4.
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Ch. 3: replica-symmetric
order parameters

crossing, dual
certificate, cubic bound

⇒ Theorem 1.1

Step 1 · §§2.6–2.8, Ch. 4
A priori bounds
zero-temperature

slack, bottom identity

Step 2 · Ch. 5
Bounded depth
the balance law

Step 3 · Ch. 6, App. B
Compactness

jamming identity,
top-jump bound
⇒ Theorem 1.3

Step 4 · Ch. 7, App. C
The flat limit

convexity in the
inverse coordinate
⇒ Theorem 1.4

Step 5 · Ch. 8, App. D
Local analysis
at the crossing

localization,
window rigidity
⇒ Theorem 1.2

with Part I, Theorem 1.2
⇒ Part I, Corollary 1.6:

the capacity

global stage: one compact class

local stage: near the crossing
compact class

L1-close
to γd

the obstacle of γd at κd

Figure 1.1. Selected dependencies in the two stages of the proof. Each solid box names a step
(or, at the left, Chapter 3), the chapters or sections that carry it out and, where there is one,
the theorem it proves; an arrow runs from a box to a box that uses it. The dashed box is the
consequence for the random model, proved in Part I. The general facts about the Parisi functional
in §§2.1–2.5 and Chapter A are used throughout and are not drawn. The results of §§2.6 and 2.7
are proved in Part I, Chapter 6.

Step 2: Bounded depth. To exclude thin tails at large depth we use the balance law(
λγD

)′
= χ(0)− w

λγ
almost everywhere on [0, 1), (1.13)

valid for every order parameter that satisfies the first-order conditions (Lemma 5.2). It
follows from D′ = (S − 1)/λ2

γ, the identity S − 1 = λγχ − w, and the relation χ =

χ(0) + γD, which holds because D vanishes on the support. The integrating factor λγ

cancels the unknown term γD exactly. Integrating (1.13) between q0 and Q, where D
vanishes, and passing to rescaled variables gives∫ s0

d

w(s)
ℓ(s)

ds = χ̃ (s0 − d), χ̃ = e2χ(0) =
αEv(s0, Y0)− 1

ℓ0
, (1.14)

where ℓ(s) = λγ(1 − e2s)/e2 ≤ ℓ0 and Y0 is the rescaled position of the diffusion at
the bottom of the support, which is Gaussian. The right side is computed through an
exact cancellation. At every level, v − 1{y<0} has integral zero in the rescaled space
variable y (Lemma 5.4), so the Gaussian average αEv(s0, Y0) equals αP(Y0 < 0) up to
O(e2(1 + s0)), and χ̃ℓ0 = e

4 + o(e). For the left side, a heat-semigroup lower bound for
the rescaled derivative of the solution and a density floor for the diffusion (Lemma 2.7)
give w(s) ≥ cwe

√
s at every level s ∈ [d, s0]. Hence

2cwe
3ℓ0

(
s3/2

0 − d3/2) ≤ e
3ℓ0

(s0 − d),
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and for a minimizer that is not replica symmetric, s0 > d and this forces s0 ≤ 1/(4c2
w).

The factors e and ℓ0 cancel, so no lower bound on the mass or the top gap is needed. This
is carried out in Chapter 5.

Step 3: Compactness. It remains to bound the mass and the top gap from below and the
mass below the top atom from above. The main tool is the jamming identity (Lemma 6.3).
In rescaled variables it reads

Pκ(γ) = Π(ℓ0; q0) +
∫ s0

d

1 − ζ(t)
2ℓ(t)

J (t)dt, (1.15)

where Π(ℓ0; q0) = αE log Φ((
√

q0 G − κ)/
√

λγ(0)) + q0/(2λγ(0)) + 1
2 log λγ(0) is the

replica-symmetric expression (1.4) with the bottom and the mass decoupled, and J is an
explicit jamming coefficient with values in (1 − α, 1). Near α = 2, for profiles of bounded
depth,

J (t) ≥ c e min
{ ℓ0√

ℓ(t)
,

1
2e

}
− Ce

(Lemma 6.7). Thus the coefficient is at least −Ce at every level, and it is large near the
top, where ℓ(t) is small. This gives three bounds. A profile of bounded depth and small
mass has a value above the replica-symmetric value, so ℓ0 ≥ ℓmin (Proposition 6.10). The
first-order conditions express the mass γ(Q−) below the top atom through a ratio of
Gaussian averages of derivatives of u near the top of the support (Lemma 6.11). The
tilted-density representation of the law of the diffusion and a Chebyshev association
inequality [21] bound this ratio, so that γ(Q−) ≤ m∗ < 1 (Theorem 6.13 and Chapter B).
This bound is global: it does not assume closeness to a replica-symmetric order parameter.
Finally, if the top gap is small and γ(Q−) ≤ m∗, the profile is jammed just below the
wall, where J is large, and (1.15) shows that the replica-symmetric order parameter of
the same mass has a smaller value (Proposition 6.14). Hence d > d1. This is carried out
in Chapter 6, which completes the proof of Theorem 1.3.

Step 4: The flat limit. On the compact class, Theorem 1.4(ii) holds (Theorem 7.3). To
prove Theorem 1.4(i) we parametrize a normalized profile by the inverse T = ℓ−1 of
its primitive ℓ. In this coordinate the entropy term A is affine (Proposition 7.5), and
I is convex along every segment from the replica-symmetric profile to a normalized
step profile (Corollary 7.11). The convexity comes from an exact formula for the second
variation (Proposition 7.10), whose integrand is nonnegative because an associated flat
density is monotone (Proposition 7.9). It then suffices that the first variation of Ftd at 1[0,1]
is positive in every admissible direction. Along the segment in the inverse coordinate
from 1[0,1] toward a normalized step profile with inverse profile T, this first variation
equals

∫
(0,1] E(r)dσ̇(r), where σ̇ = (T − id)′ is nonnegative and nondecreasing. The

kernel E(r) is a positive weighted integral, over ρ ∈ (r, 1), of the decrease of
∫

V2 when
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Lebesgue measure is transported for the time log(1/ρ) by the replica-symmetric top
diffusion

dZς =
(

R(Zς) +
Zς

2

)
dς + dBς.

A synchronous coupling with an Ornstein–Uhlenbeck process gives E(r) ≥ (1 − r)3/96
(Proposition 7.12), and convexity turns this cubic contact into the modulus 9

1024 of (1.11).
Combining the expansion with the modulus gives a stability estimate that is uniform

in θ near θd (Proposition 7.14): every minimizer at the margin κe(θ) satisfies(
ℓ0 − 2ϕ0θ

)2
+ e

∥∥ζ̃ − 1[0,1]
∥∥3

L1 ≤ C
(
e2 log(1/e) + e|θ − θd|

)
.

Consequently, for every ε > 0 there is ρ > 0 such that for small e, every minimizer at
every margin within ρe2 of κd is within ε(1− qd) of γd in L1 (Corollary 8.8). The flat-limit
analysis is carried out in Chapters C and 7; the last consequence is proved in §8.4.

Step 5: Local analysis at the crossing. The last step turns closeness in L1 into the
structure asserted in Theorem 1.2. First, the supports localize (Proposition 8.10): for
margins within a small multiple of e2 of κd, every support point of every minimizer lies
within a small multiple of e2 of qd. The mechanism is the obstacle condition, written
through the obstacle potential anchored at a support point and compared with the
obstacle potential of γd at κd. The latter is explicit and has a strict cubic minimum at
qd of depth proportional to e, because the replicon eigenvalue vanishes at the crossing
(Proposition 8.4). The comparison uses continuity of S at the natural scale, uniformly
over order parameters close to γd (Lemma 8.6) and over the margins in the window
(Lemma 8.9).

Second, window rigidity (Proposition 8.11) describes every order parameter that
satisfies the first-order conditions and has its support in such a window. On a gap of
the support the order parameter is constant, and the first-order conditions force a local
curvature Σ̃ to be nonpositive somewhere in the gap (Lemma 2.12 and Lemma 8.3). In the
window, the ratio of Σ̃ to the positive function E[v2(1 − v)](q, Xq) is close to a positive
constant of the flat limit (Lemma 8.6), so Σ̃ > 0 and the support is an interval. On an
interval of the support, D ≡ 0 and S ≡ 1, which give the density of µγ explicitly; it is
of order e−2. Finally, if Q > q0, comparing the bottom of the interval with the replica-
symmetric order parameter of the same mean (Lemma 8.7) gives the width estimate

c e
Q − q0

e2 ≤ −τ(κ), τ(κ) = 4
(
1 − q∗(κ)

)2ΛR(κ),

where τ(κ) has the sign of κd − κ. At and below κd this forces Q = q0, and the minimizer
is replica symmetric. Above κd it gives Q − q0 ≤ C(κ − κd), while q0 = Q is excluded
because the replicon eigenvalue is negative. This is carried out in Chapters D and 8, and
the main theorems are assembled in Chapter 9.
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Steps 3 and 5 follow arguments for the SK model. The top-jump bound of Step 3
follows the endpoint strategy of [8, Theorem 4], as in [87, Proposition 9.3]: the first-order
conditions at the top of the support relate the mass below the top atom to Gaussian
averages of derivatives of u there, and these averages are then bounded. Step 5 follows
the near-critical architecture of Zhou [134]: closeness to the replica-symmetric order
parameter, then positivity of a local curvature, then exclusion of gaps of the support
through the first-order conditions at their endpoints. In [87, Section 9] gaps are excluded
through the same endpoint conditions, combined with a sign condition inside the gap.
Compared to these works, the local analysis differs in three ways. The functional here is
not known to be convex, so the first-order conditions do not identify a minimizer, and
every minimizer has to be localized before the local analysis applies. The windows of
margins have width ce2 with numerical constants, uniformly over all minimizers. The
Parisi measures have atoms at both endpoints of the support, not only at the top. In
every step, the terminal datum is the hard wall, which becomes singular as the top of the
support approaches one. The differences in Step 3 are listed in §6.6.

The steps are arranged so that no step uses a later conclusion; the logical order is
recorded in §9.1. Chapter A proves the regularity of the Parisi equation used in Chapter 2.



chapter 2

The Parisi functional and its optimality conditions

This chapter collects the deterministic facts about the hard-wall Parisi functional on
which the rest of this part is built. §§2.1–2.5 contain general structural facts, valid for
every order parameter and every margin. Lemma 2.1 collects the facts about Gaussian
functions used throughout this part. We define the functional through a finite-cutoff form
of the Parisi equation (Definition 2.2 and Lemma 2.3), prove that its solution is regular
and depends Lipschitz continuously on the order parameter (Lemma 2.4), and record
the Cole–Hopf description on constant blocks together with a comparison principle
(Lemma 2.5). We then introduce the diffusion along which all first-order quantities are
evaluated (Lemma 2.6), describe its law (Lemma 2.7), and state the stochastic control rep-
resentation (Lemma 2.8). Lemma 2.9 gives the generator identities for the derivatives of
the solution along the diffusion, and Lemma 2.10 gives a pointwise sandwich inequality.
Finally, Proposition 2.11 computes the first variation and derives the obstacle conditions,
of Karush–Kuhn–Tucker (KKT) type, satisfied by minimizers, and Lemma 2.12 turns these
conditions into a principle for gaps and intervals of the support. The remaining sections,
§§2.6–2.9, study the variational problem itself; their contents are described at the begin-
ning of §2.6. Besides the first-order conditions, Step 1 in §1.3 uses three results of these
sections: the value inequality (Lemma 2.13), the slack of the zero-temperature functional
(Corollary 2.22) and the bound on the mass in terms of the top gap (Lemma 2.15).

Every statement of §§2.1–2.5 holds for general order parameters, not only for step
order parameters. The one exception is the control representation of Lemma 2.8, which
is stated for step coefficients and is used only through inequalities that extend to general
order parameters by continuity.

The functional Pκ defined in (2.11) below is the Parisi functional of the negative
spherical perceptron with hard-wall activation [54, 58]; see also Part I, §1.1. Nothing in
this part depends on that interpretation.

Many of the facts in §§2.2–2.5 have counterparts in earlier work, which are credited
in remarks next to the individual results. What is specific here is the following. The
terminal datum is the hard wall log Φ((x − κ)/

√
δ), which is increasing and concave in

x rather than even, and which is singular as Q → 1; this is why all estimates are stated in
the classes Ur. The first variation is computed at every γ ∈ Ur in every direction of Ur,
and the obstacle conditions are derived for every global minimizer and every KKT point,
with no assumption on the support; the remark after Proposition 2.11 compares this with

181
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[54, Proposition 16]. Part I, Chapter 2, derives several of its lemmas on the hard-wall
functional from the results of §§2.1–2.5 and Chapter A.

2.1 Gaussian functions and Mills ratios

Throughout, G denotes a standard Gaussian variable, ϕ and Φ denote its density and
distribution function, and ϕ0 = ϕ(0) = (2π)−1/2. For q > 0 let ϕq(x) = q−1/2ϕ(x/q1/2)

be the N(0, q) density. We use the functions

R(z) =
ϕ(z)
Φ(z)

, R̄(z) = z + R(z), V(z) = R(z)R̄(z), h(z) = log Φ(z) + 1
2 R(z)2,

(2.1)
and

m(k) = E(k − G)2
+, m1(k) = E(k − G)+, ϱ(z) = R(z)2 − z2

−.

The function log Φ((x − κ)/
√

δ) will be the terminal datum of the Parisi equation. Its
first two derivatives in x are R/

√
δ and −V/δ, which explains the role of R and V below.

For z ∈ R let Tz be the random variable z + G conditioned on the event {z + G ≥ 0}; its
density on [0, ∞) is proportional to ezt−t2/2.

Lemma 2.1. (a) R > 0, R̄ > 0, 0 < V < 1, R′ = −V, and R̄′ = 1 − V ∈ (0, 1). Hence R is
decreasing, R̄ is increasing, and z− < R(z) ≤ z− + R(0), where R(0) = 2ϕ0. Moreover

V′ = R
(
1 − V − R̄2) < 0, V′′ = −(z + 2R)V′ − 2V(1 − V), (2.2)

so R̄ is strictly convex. Finally ETz = R̄(z), Var Tz = 1 − V(z), and ET2
z = 1 + zR̄(z) >

0, and
1 − V(z) ≥ 1

3 R̄(z)2 (z ≤ 0). (2.3)

(b) For t > 0,
tϕ(t)
1 + t2 < Φ(−t) <

ϕ(t)
t

.

Consequently t < R(−t) < t + t−1 and 0 < R̄(−t) < t−1 for t > 0, and R̄(−t) ≥
t−1 − 3t−3 and 0 < 1 − V(−t) < 3t−2 for t ≥ 2.

(c) For t ≥ 0, −1
2 t2 − log(1 + t) − 2 ≤ log Φ(−t) ≤ −1

2 t2. For z ≥ 0, log Φ(z) ≥
−2Φ(−z).

(d) h < 0 and h′ = R(1 − V) > 0.
(e) V2 ≤ 2R. For z ≥ 0, R(z) ≤ 2ϕ(z) and V(z) ≤ 2(1 + z)ϕ(z).
(f) The constant c0 :=

∫
R

V(1 − V)dz lies in (0, ∞), and∫
R

(
V − 1{z<0}

)
dz = 0,

∫
R

(
V2 − 1{z<0}

)
dz = −c0.
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The function ϱ is continuous and positive, Mϱ := sup ϱ < ∞, and there is a numerical
constant Cg with

|V(z)2 − 1{z<0}|+ |ϱ(z)− 2 · 1{z<0}| ≤
Cg

1 + z2 (z ∈ R).

(g) m(k) = (1 + k2)Φ(k) + kϕ(k), m1(k) = kΦ(k) + ϕ(k) = Φ(k)R̄(k) > 0, m′ = 2m1,
m′

1 = Φ, m′′ = 2Φ, and Φ − m = −k m1.

Most of these facts are classical. The two bounds in (b) are Gordon’s bounds for the
Mills ratio [65], and the bound V < 1 in (a) is due to Sampford [113]. The proof of (2.3)
uses Khintchine’s representation of unimodal distributions (see [46]). Parts of (a)–(e) are
used in Part I, Lemma 2.5 and Lemma 6.1; in Lemma 6.1(v) the constant 2 in the lower
bound of (c) is replaced by − log Φ(−1) < 2.

Proof. (a) Integrating against ϕ on [−z, ∞) and using ϕ′(t) = −tϕ(t) gives E[G | G ≥
−z] = R(z) and E[G2 | G ≥ −z] = 1 − zR(z), so

ETz = R̄(z), Var(Tz) = 1 − zR(z)− R(z)2 = 1 − V(z).

Hence R̄ > 0, V = RR̄ > 0, and V < 1, since Tz is positive and not almost surely constant;
also ET2

z = 1 − V + R̄2 = 1 + R̄(R̄ − R) = 1 + zR̄. The identities R′ = −zR − R2 = −V
and R̄′ = 1 − V follow by differentiation. In particular R is decreasing, so R(z) ≤ R(0) =
2ϕ0 for z ≥ 0, while R(z)− R(0) =

∫ 0
z V ≤ |z| for z < 0; and R > −z (from R̄ > 0) gives

R > z−. Next

V′ = R′R̄ + RR̄′ = R
(
1 − V − R̄2) = R

{
Var(Tz)− (ETz)

2},

and differentiating once more, with V(1 − V − R̄2) = R̄V′,

V′′ = −V(1 − V − R̄2) + R
(
−V′ − 2R̄(1 − V)

)
= −(R̄ + R)V′ − 2V(1 − V),

which is (2.2) because R̄ + R = z + 2R. To see V′ < 0, it suffices that ET2
z < 2(ETz)2. The

survival function H(s) = P(Tz > s) has hazard rate m(s − z), where m(s) = ϕ(s)/Φ(−s).
Since m′ = m(m− s) and m(s) > s (by (b) for s > 0, and because m > 0 for s ≤ 0), the
hazard rate is strictly increasing. Hence H(s + t) < H(s)H(t) for s, t > 0, and integrating
over s, t > 0 gives

1
2ET2

z =
∫ ∞

0
sH(s)ds <

( ∫ ∞

0
H
)2

= (ETz)
2.

Then R̄′′ = −V′ > 0. Finally let z ≤ 0. The density p(t) = c ezt−t2/2 of Tz on [0, ∞) is C1,
nonincreasing, and tends to zero at infinity. Hence

p(t) =
∫ ∞

t

(
−p′(s)

)
ds =

∫
(0,∞)

1{t<s}
s

ν(ds), ν(ds) := s
(
−p′(s)

)
ds ≥ 0,
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and integrating in t (Tonelli) shows that ν is a probability measure. So Tz has the
law of SU, where S ∼ ν and U is uniform on [0, 1] and independent of S. Therefore
ET2

z = 1
3ES2 ≥ 1

3(ES)2 = 4
3(ETz)2, and Var Tz ≥ 1

3(ETz)2 is (2.3).
(b) For t > 0 and j ≥ 0 set Ij(t) =

∫ ∞
t ϕ(s)s−j ds. Since ϕ′(s) = −sϕ(s), integration by

parts gives the recurrence

Ij(t) = ϕ(t)t−j−1 − (j + 1)Ij+2(t), 0 < Ij(t) < ϕ(t)t−j−1. (2.4)

In particular Φ(−t) = ϕ(t)/t − I2(t) and 0 < I2(t) < t−2Φ(−t), which proves Gordon’s
two Mills-ratio bounds and t < R(−t) < t + t−1. Iterating (2.4) gives, for every integer
N ≥ 1,

Φ(−t) = ϕ(t)
N−1

∑
j=0

(−1)j(2j − 1)!! t−2j−1 + (−1)N(2N − 1)!! I2N(t),

where (−1)!! = 1. Take N = 3 and put ε = t−2 ≤ 1
4 . Since I6 > 0, this gives R(−t) >

t(1 − ε + 3ε2)−1 ≥ t(1 + ε − 3ε2), because (1 − ε + 3ε2)(1 + ε − 3ε2) = 1 − (ε − 3ε2)2 ≤ 1
and both factors are positive. Thus R̄(−t) > t−1 − 3t−3. For t ≥ 2 both lower bounds
R(−t) > t and R̄(−t) > t−1 − 3t−3 are positive, so V(−t) = R(−t)R̄(−t) > 1 − 3t−2.

(c) The upper bound is the Chernoff bound P(G ≥ t) ≤ e−t2/2. For t ≥ 1, (b)
gives Φ(−t) ≥ ϕ(t)/(2t) ≥ ϕ(t)/(2(1 + t)), and log(2

√
2π) < 2. For 0 ≤ t ≤ 1,

log Φ(−t) ≥ log Φ(−1) > −2. The last claim follows from log(1 − p) ≥ −2p for
0 ≤ p ≤ 1

2 .
(d) By (a), h′ = R + RR′ = R(1 − V) > 0. As z → ∞, log Φ(z) → 0 and R(z) → 0, so

h < 0.
(e) For z ≤ 0, R̄(z) ≤ R̄(0) = 2ϕ0 < 2, so V2 ≤ V = RR̄ ≤ 2R. For z ≥ 0, Φ(z) ≥ 1

2
gives R ≤ 2ϕ, and R(z) ≤ R(0) < 1 gives R̄(z) ≤ z + 1; hence V = RR̄ ≤ 2(1 + z)ϕ(z).
Moreover V2/R = RR̄2 ≤ 2ϕ(z)(1 + z)2 ≤ 8ϕ(1) < 2, because (1 + z)2ϕ(z) is maximal at
z = 1.

(f) Positivity of c0 follows from 0 < V < 1. By (b) and (e), V(1 − V) ≤ 1 − V ≤ 3/z2

for z ≤ −2 and V(1 − V) ≤ V ≤ 2(1 + z)ϕ(z) for z ≥ 0, so c0 < ∞; the same bounds
show that V − 1{z<0} is integrable. Since V = −R′,

∫ T

−T

(
V − 1{z<0}

)
dz = R(−T)− R(T)− T = R̄(−T)− R(T) −→ 0 (T → ∞),

by (b). Since V2 − 1{z<0} = (V − 1{z<0})− V(1 − V), its integral is −c0. The function ϱ

is continuous because R is. For z ≥ 0, ϱ = R2 > 0; for z < 0, ϱ = R̄(z)(R(z)− z) > 0. For
the pointwise bound, 1 − V2 ≤ 2(1 − V) ≤ 6/z2 for z ≤ −2, and V2 ≤ V ≤ 2(1 + z)ϕ(z)
for z ≥ 0. For z = −t ≤ −2 we have ϱ(−t) = R̄(−t)(R(−t) + t), which by (b) lies
between (1

t −
3
t3 ) · 2t = 2 − 6

t2 and 1
t (2t + 1

t ) = 2 + 1
t2 ; for z ≥ 0, ϱ = R2 ≤ 4ϕ2. On [−2, 0]

both functions are bounded. These estimates also give Mϱ < ∞.
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(g) These are direct computations: m1(k) = kΦ(k) − E[G; G < k] = kΦ(k) + ϕ(k);
m′ = 2m1 by differentiation under the expectation; m′

1 = Φ; the formula for m has
derivative 2m1 and vanishes at −∞; and Φ − m = −k2Φ − kϕ = −k m1.

2.2 Order parameters and the finite-cutoff problem

The hard-wall terminal datum at q = 1 is singular. Its usual finite-cutoff representation
is imposed at the top Q < 1 of the support of the order parameter, where the datum is
smooth. This top does not depend continuously on the order parameter in L1, because
adding a small mass near one moves it. We therefore evaluate every order parameter in a
class Ur with a common terminal time r < 1, where the terminal datum is smooth. The
resulting solution does not depend on r (Lemma 2.3).

Definition 2.2. (i) U is the set of right-continuous nondecreasing functions γ : [0, 1] →
[0, 1] with γ = 1 on a neighborhood of 1. For γ ∈ U put

Q = Qγ = inf{q : γ(q) = 1} < 1, δ = 1 − Q, λ(q) = λγ(q) =
∫ 1

q
γ(t)dt.

Thus λ′ = −γ almost everywhere, λ(q) = 1− q on [Q, 1], γ(q)(1− q) ≤ λ(q) ≤ 1− q,
and λ ≥ δ on [0, Q]. Let µγ be the probability measure on [0, 1] with µγ([0, q]) = γ(q).
Then supp µγ ⊂ [0, Q] and Q ∈ supp µγ; put q0 = min supp µγ.

(ii) For r ∈ [0, 1) let Ur = {γ ∈ U : γ = 1 on [r, 1]}. Every γ ∈ Ur has Q ≤ r, and
U =

⋃
r<1 Ur. A step order parameter is a γ ∈ U that takes finitely many values.

(iii) Fix κ ∈ R and r ∈ [0, 1), and put fr(x) = log Φ
(
(x − κ)/

√
1 − r

)
. For m ≥ 0 set

Tm,0g = g, and for s > 0 define the Gaussian recursion

Tm,sg(x) =
1
m

log E exp
(
m g(x +

√
s G)

)
(m > 0), T0,sg(x) = Eg(x +

√
s G).

(2.5)
If r = 0, then U0 = {1[0,1]}, and we set u(0, ·) = f0. If r > 0 and γ ∈ Ur is a step
order parameter, choose 0 = t0 < t1 < · · · < tn = r such that γ = mj on [tj−1, tj),
and define u = uγ(·, · ; κ) on [0, r]× R by

u(r, ·) = fr, u(q, ·) = Tmj,tj−q u(tj, ·) (q ∈ [tj−1, tj)). (2.6)

For a general γ ∈ Ur, uγ(·, · ; κ) is the limit of uγn(·, · ; κ) along any sequence of step
order parameters γn ∈ Ur with γn → γ in L1(0, 1). The limit exists and does not
depend on the sequence, because the Lipschitz bound of Lemma 2.4(f) is first proved
for step order parameters (§A.3), and there it shows that (uγn) is a Cauchy sequence.

We write u = uγ(·, · ; κ) when γ and κ are fixed, and

b = ∂xu, c = −∂xxu, v = λc.
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The right-continuity of γ gives γ(Q) = 1, while γ < 1 on [0, Q); hence every neigh-
borhood of Q has positive µγ-mass, which is the assertion Q ∈ supp µγ. The inequality
λ(q) ≥ γ(q)(1 − q) holds because γ is nondecreasing.

The expectations in (2.5) are finite for every measurable g that is bounded above and
satisfies g(x) ≥ −C0(1 + x2), and Tm,s preserves these two properties, the lower bound
because Tm,sg ≥ T0,sg by Jensen’s inequality. For such functions g ≤ g′, and for constants
C ∈ R and K > 0,

Tm,sg ≤ Tm,sg′, Tm,s(g + C) = Tm,sg + C, Tm,sg = K−1 Tm/K,s(Kg). (2.7)

The first two properties are immediate from (2.5), and the third follows from
K
m log Ee(m/K)Kg = K

m log Eemg if m > 0, and from linearity if m = 0. Consequently
the recursion (2.6) is nondecreasing in its terminal datum and commutes with the addi-
tion of constants.

On a block where γ = m > 0, the recursion (2.6) says that emu is transported by the
backward heat equation. This is the Cole–Hopf transform of the Parisi equation

uq = −1
2

(
uxx + γ u2

x
)
, (2.8)

since for constant γ = m the function emu solves ∂qemu = −1
2 ∂xxemu exactly when u solves

(2.8). Lemma 2.5 below records the consequences used later. The next lemma shows that
the cutoff r is only a device.

Lemma 2.3. Let γ ∈ Ur and r ≤ r′ < 1. Then γ ∈ Ur′ , and the solutions computed with the
cutoffs r and r′ agree on [0, r]× R. Consequently uγ(·, · ; κ) is defined on [0, 1)× R for every
γ ∈ U , independently of the cutoff, and

uγ(q, x; κ) = log Φ
( x − κ√

1 − q

)
(Q ≤ q < 1). (2.9)

Proof. Since γ = 1 on [r, r′], the recursion with cutoff r′ performs one step with m = 1 on
[r, r′]. With G′ an independent standard Gaussian,

T1,r′−r fr′(x) = log P
(√

1 − r′ G′ ≤ x − κ +
√

r′ − r G
)
= log Φ

( x − κ√
1 − r

)
= fr(x).

Below r the two recursions coincide, which proves the claim for step order parameters.
The general case follows by taking limits in Definition 2.2(iii), since step approximations
in Ur also lie in Ur′ . For q ∈ [Q, 1) we have γ ∈ Uq, and the cutoff q gives u(q, ·) = fq,
which is (2.9).

In particular u(Q, x) = log Φ((x − κ)/
√

δ), which is the usual terminal datum at the
top of the support. We use the notation u, b, c, v on [0, 1)× R without reference to a
cutoff. On [Q, 1), with z = (x − κ)/

√
1 − q, formula (2.9) and λ(q) = 1 − q give

b =
R(z)√
1 − q

, c =
V(z)
1 − q

, v = V(z). (2.10)
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For α > 0 and κ ∈ R the Parisi functional and its infimum are

Pκ(γ) = α uγ(0, 0; κ) + CS(γ), CS(γ) =
1
2

∫ Q

0

dq
λ(q)

+
1
2

log δ,

P∗(κ) = inf
γ∈U

Pκ(γ).
(2.11)

We minimize Pκ. When the dependence on α matters we write Pκ(γ; α) and P∗(κ; α).
Since λ(q) = 1 − q on [Q, 1], the Crisanti–Sommers entropy CS(γ) satisfies, for every
r ∈ [Q, 1),

CS(γ) =
1
2

∫ r

0

dq
λ(q)

+
1
2

log(1 − r) =
1
2

∫ 1

0

( 1
λ(q)

− 1
1 − q

)
dq ≥ 0, (2.12)

where the inequality holds because λ(q) ≤ 1 − q. Thus on Ur the functional involves only
the solution on [0, r] and the entropy term 1

2

∫ r
0 λ−1 + 1

2 log(1 − r), in which λ ≥ 1 − r.
For γ = 1[0,1] one has Q = 0, CS(γ) = 0, and Pκ(γ) = α log Φ(−κ) < 0; hence P∗(κ) < 0
for every κ.

2.3 Regularity, constant blocks, and the diffusion

We first record the properties of u proved in Chapter A. All constants in the following
lemma depend only on the cutoff r, on a bound K0 ≥ |κ|, and on the order of differ-
entiation. They do not depend on γ or, for step order parameters, on the number of
steps.

Lemma 2.4. Fix r ∈ [0, 1) and K0 ≥ 0. Let γ ∈ Ur, |κ| ≤ K0, and u = uγ(·, · ; κ).

(a) Smoothness. For every k ≥ 0, ∂k
xu exists and is continuous on [0, r]× R, and

u(q, x) = fr(x) +
1
2

∫ r

q

(
uxx + γ u2

x
)
(s, x)ds (q ∈ [0, r], x ∈ R).

If γ is constant on an interval [s, t) ⊂ [0, r), then u is C∞ on [s, t)× R, its derivatives from
this block extend continuously to [s, t]× R, and (2.8) holds classically for s < q < t, with
the corresponding one-sided derivatives at the endpoints.

(b) Growth. −C(1 + x2) ≤ u ≤ 0, 0 < b ≤ C(1 + |x|), and |∂k
xu(q, x)| ≤ Ck(1 + |x|pk) for

every k ≥ 1, where pk depends only on k.
(c) Signs. 0 < c < 1/λ, that is, 0 < v < 1; and cx < 0, that is, vx < 0. In particular u(q, ·)

is increasing and strictly concave.
(d) Behavior at +∞. For x ≥ κ, 0 ≥ u(q, x) ≥ −C exp{−(x − κ)2/(8(1 − q))}.
(e) Behavior at −∞. Put

ω(q) = log λ(q)− 1
2 log δ − 1

2

∫ Q

q

dt
λ(t)

− 1
2 log(2π) (0 ≤ q < 1), (2.13)
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where for q > Q the integral is oriented,
∫ Q

q = −
∫ q

Q. There are C, x∞ such that for q ∈ [0, r]
and x ≤ κ − x∞,∣∣∣u(q, x) +

(x − κ)2

2λ(q)
+ log(κ − x)− ω(q)

∣∣∣ ≤ C
(κ − x)2 ,∣∣∣λ(q)b(q, x)− (κ − x)− λ(q)

κ − x

∣∣∣ ≤ C
(κ − x)3 .

(f) Continuity in γ. For γ, γ̃ ∈ Ur and k ≥ 0,∣∣∂k
xuγ̃(q, x; κ)− ∂k

xuγ(q, x; κ)
∣∣ ≤ Ck ∥γ̃ − γ∥L1(0,1) (1 + |x|pk) (q ∈ [0, r]),

where one may take p0 = 2 and p1 = 1. Moreover Ur is compact in L1(0, 1), and |Pκ(γ̃; α)−
Pκ(γ; α)| ≤ C(1 + α)∥γ̃ − γ∥L1 . In particular Pκ is continuous on Ur, uniformly for
|κ| ≤ K0.

(g) Translation. uγ(q, x; κ) = uγ(q, x − κ; 0).

Every γ ∈ U belongs to Ur for all r ∈ [Q, 1), and by Lemma 2.3 the solution does not
depend on r. Hence (a)–(e) describe u on all of [0, 1)×R, with constants that are uniform
on [0, r]. The proofs of (a)–(d), (f), and (g) are in §§A.2 and A.3. The proof of (e) uses
Lemmas 2.9 and 2.10 below, whose proofs do not use (e), and is given in §A.6. On [Q, 1) all
statements can be read off from (2.9). For instance ω(q) = 1

2 log(1 − q)− 1
2 log(2π) there,

which is the constant in the expansion log Φ(z) = −1
2 z2 − log |z| − log

√
2π + O(z−2)

at z = (x − κ)/
√

1 − q → −∞. Below Q the constant evolves by ω′ = (1 − 2γ)/(2λ),
which is what (2.8) forces on the expansion in (e). The construction of u for general γ,
growth bounds, the non-strict form of the bounds on c in (c), and a local form of the
Lipschitz bound (f), for x in bounded sets, are in [54, Propositions 12 and 13, Lemma 14].
The proof of (f) rests on a Feynman–Kac identity for the difference of two solutions
(Lemma A.2). This identity and the resulting Lipschitz bound appear in [76, Lemma 14],
and the Lipschitz bound goes back to Guerra [67] (see [76, Remark 15]).

Next we record the Cole–Hopf description of u on an interval where γ is constant,
and the monotonicity of u in the order parameter. Together they are the form in which
Jensen’s inequality enters later chapters.

Lemma 2.5. Let γ ∈ U and κ ∈ R, and write u = uγ(·, · ; κ).

(a) Constant blocks. If 0 ≤ s < t < 1 and γ = m on [s, t), then λ(q) = λ(t) + m(t − q) and
u(q, ·) = Tm,t−q u(t, ·) for q ∈ [s, t]. For m > 0 this reads emu(q,x) = E emu(t,x+

√
t−q G), so

emu solves the backward heat equation on [s, t]× R.
(b) Comparison. If γ̃ ∈ U , q′ ∈ [0, 1) and γ̃ ≤ γ on [q′, 1], then uγ̃(q′, · ; κ) ≤ uγ(q′, · ; κ).

In particular uγ(q′, · ; κ) depends only on the restriction of γ to [q′, 1].
(c) Heat lower bound. For 0 ≤ q ≤ t < 1 and x ∈ R, u(q, x) ≥ E u(t, x +

√
t − q G).
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Proof. (a) For step order parameters this is the definition (2.6), after refining the grid so
that s and t are grid points. For general γ it is obtained in §A.3 by passing to the limit
along step order parameters equal to m on [s, t). The formula for λ follows from λ′ = −m
on [s, t).

(b) Choose r ∈ (q′, 1) with γ, γ̃ ∈ Ur. Lemma A.2, applied with ξ = γ̃ and ξ̃ = γ,
gives

uγ(q′, x; κ)− uγ̃(q′, x; κ) =
1
2

E

∫ r

q′
(γ − γ̃)(t) bγ̃(t, Yt)

2 dt ≥ 0,

where Y is the diffusion of that lemma started at (q′, x). If γ̃ = γ on [q′, 1], the inequality
holds in both directions.

(c) We may assume q < t. Let γ̃ = γ1[t,1]. Then γ̃ ∈ U , γ̃ ≤ γ, and γ̃ = γ on [t, 1], so
uγ̃(t, ·) = u(t, ·) by (b). By (b), and by (a) applied to γ̃, which vanishes on [q, t),

u(q, x) ≥ uγ̃(q, x) = T0,t−q u(t, ·)(x) = E u(t, x +
√

t − q G).

This proves (c).

We now introduce the diffusion along which all first-order quantities are evaluated.
By Lemma 2.4(b),(c), on [0, r] the drift γ(q)b(q, x) is Lipschitz in x with constant (1− r)−1,
since ∂x(γb) = −γc and 0 < c < 1/λ ≤ (1 − r)−1, and it has linear growth. Hence for
every γ ∈ U the equation

dXq = γ(q) b(q, Xq)dq + dBq, X0 = 0, (2.14)

driven by a standard Brownian motion B, has a unique strong solution on [0, 1). We call
X = Xγ,κ the Parisi diffusion [7, Theorem 3 and (17)]; for this functional see [54, (2.8) and
(4.13)]. For (s, x) ∈ [0, 1)×R we write Xs,x for the solution on [s, 1) started from Xs,x

s = x.
The generator of X acting on smooth functions is

L = ∂q +
1
2 ∂xx + γ b ∂x.

Since b > 0, the drift is nonnegative, and therefore

Xq ≥ Bq and Xs,x
q ≥ x + Bq − Bs (q ≥ s). (2.15)

For a general γ the function u is not differentiable in q at the discontinuities of γ, so
Itô’s formula along X is used in the integrated form below. Let D be the set of functions
of the form

g(q, x) = ∑
i

πi
(
q, x, λ(q), λ(q)−1)∏

j
∂

kij
x u(q, x),

finite sums with polynomials πi and integers kij ≥ 0. For g ∈ D we define Lg for-
mally: we compute ∂q of each factor with the rules ∂q∂k

xu = −1
2 ∂k+2

x u − 1
2 γ ∂k

x(u2
x) (the
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x-derivatives of (2.8)) and λ′ = −γ, and add 1
2 gxx + γbgx. Since these rules are affine in γ,

we can write Lg = L0g + γL1g with L0g,L1g ∈ D not involving γ. Where γ is constant,
Lg is the classical generator applied to g. The formal time derivative is a derivation on
D , and it commutes with ∂x, because the rule for ∂q∂k+1

x u is the x-derivative of the rule
for ∂q∂k

xu. Hence the formal generator obeys the product rule and the commutation rule

L( f g) = f Lg + gL f + fxgx, L(gx) = ∂x(Lg) + γ c gx ( f , g ∈ D), (2.16)

where the second identity uses ∂x(γbgx) = γbgxx − γcgx.

Lemma 2.6. Fix r ∈ [0, 1), K0 ≥ 0, and p ≥ 1; let γ ∈ Ur and |κ| ≤ K0.

(a) E sups≤q≤r |X
s,x
q |p ≤ C(1 + |x|p), with C = C(r, K0, p).

(b) If γ̃ ∈ Ur and X̃s,x is the diffusion of γ̃ driven by the same Brownian motion, then
E sups≤q≤r |X̃

s,x
q − Xs,x

q |p ≤ C(1 + |x|p)∥γ̃ − γ∥p
L1 .

(c) Itô’s formula along X. For g ∈ D and s ≤ t ≤ r,

E g(t, Xs,x
t )− g(s, x) =

∫ t

s
E
[
L0g + γ(q)L1g

]
(q, Xs,x

q )dq,

and q 7→ Eh(q, Xs,x
q ) is continuous on [s, r] for every h ∈ D . Consequently eg(q) =

Eg(q, Xq) is Lipschitz on [0, r]; its right derivative at q is E[L0g + γ(q)L1g](q, Xq) and
its left derivative is E[L0g + γ(q−)L1g](q, Xq). If γ is constant on [s′, t′), then eg is C∞

on [s′, t′] (with one-sided derivatives at the endpoints), and its derivatives are obtained by
iterating L with γ frozen at its value on [s′, t′).

The proof is in §A.4. In particular, if Lg = 0, then g(q, Xq) is a martingale on [0, 1):
applying (c) to the diffusion started from (s, Xs) and using the Markov property gives
E[g(t, Xt) | Xs] = g(s, Xs) for s ≤ t < 1.

The first-order quantities of §§2.4 and 2.5 are expectations over the law of Xq. The
following structural fact about this law is used for lower bounds on densities in Chapter 5
and for the control of the top of the support in Chapter 6. At q = 0 the law of X0 is a
point mass, so the statement concerns q > 0 only.

Lemma 2.7. Let γ ∈ U , κ ∈ R, and q ∈ (0, 1). The law of Xq has a density pq of the form

pq(x) = eγ(q)u(q,x) ϕq(x) gq(x), (2.17)

where gq : R → [0, ∞) is nonincreasing. Moreover gq ≥ 1 and eγ(q)u(q,x) ≥ Φ
(
(x −

κ)/
√

1 − q
)
. Consequently

pq(x) ≥ Φ
( x − κ√

1 − q

)
ϕq(x) (x ∈ R). (2.18)
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Proof. We divide the proof into three steps. First we compute the density when γ is
piecewise constant below q, then we approximate, and finally we prove the two lower
bounds.

Step 1. γ piecewise constant on [0, q). Suppose that γ = mj on [tj−1, tj) for 0 = t0 < · · · <
tn = q, with γ arbitrary on [q, 1]. On a block [tj−1, tj] with mj > 0, the function H = emju

is positive, bounded by one, and solves Hq +
1
2 Hxx = 0 by Lemma 2.5(a). The drift of

X on this block is mjb = Hx/H. Thus X is the Doob transform [50, 110] of Brownian
motion by H on this block: for tj−1 ≤ s < t ≤ tj,

P
(
Xt ∈ dy

∣∣ Xs = x
)
= ϕt−s(y − x)

H(t, y)
H(s, x)

dy. (2.19)

To verify (2.19), fix a bounded continuous F and put W(s′, x) = E[(FH)(t, x + Bt −
Bs′)]/H(s′, x) for s′ ∈ [s, t). The numerator solves the backward heat equation, and
dividing by H gives Ws′ +

1
2Wxx + (Hx/H)Wx = 0. Moreover |W| ≤ sup |F|, because

H(s′, x) = EH(t, x + Bt − Bs′), and W(s′, ·) → F locally uniformly as s′ ↑ t. Itô’s formula
shows that W(s′, Xs′) is a bounded martingale on [s, t), whence E[F(Xt) | Xs = x] =
W(s, x) by bounded convergence. If mj = 0, (2.19) holds with H ≡ 1.

By the Markov property and (2.19), the vector (Xt1 , . . . , Xtn) has the density

n

∏
j=1

ϕtj−tj−1(xj − xj−1) emj(uj−uj−1), x0 = 0, uj = u(tj, xj).

The product of the Gaussian factors is the density of (Bt1 , . . . , Btn). Put mn+1 = γ(q).
Summation by parts gives

n

∑
j=1

mj(uj − uj−1) = γ(q) un − m1u(0, 0) +
n

∑
j=1

(mj+1 − mj)(−uj).

Given Bq = x, the vector (Bt1 , . . . , Btn) has the law of (βx
1, . . . , βx

n), where

βx
j =

tj

q
x +

(
Btj −

tj

q
Bq

)
is the Brownian bridge representation; in particular βx

n = x, and the bridge Btj −
tj
q Bq

does not depend on x. Integrating out x1, . . . , xn−1 therefore gives (2.17) with

gq(x) = e−m1u(0,0) E exp
( n

∑
j=1

(mj+1 − mj)
(
− u(tj, βx

j )
))

.

Since mj+1 ≥ mj, u(tj, ·) is increasing by Lemma 2.4(c), and βx
j is nondecreasing in x,

every summand in the exponent is nonincreasing in x. Hence gq is nonincreasing.
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Step 2. General γ. For partitions 0 = t0 < · · · < tn = q of [0, q] with mesh tending to
zero, let γn(t) = γ(tj) on [tj, tj+1) and γn = γ on [q, 1]. Then γn ∈ U and ∥γn − γ∥L1 →
0. Moreover γn(q) = γ(q) and, by Lemma 2.5(b), uγn(q, ·) = u(q, ·). By Step 1 the
law of Xn

q (the diffusion of γn at time q) has density pgn with p = eγ(q)u(q,·)ϕq and
gn nonincreasing, and by Lemma 2.6(b), Xn

q → Xq in L2. Put P(x) =
∫ x
−∞ p > 0.

Monotonicity gives gn(x)P(x) ≤
∫ x
−∞ pgn ≤ 1, so supn gn ≤ 1/P(x0) on [x0, ∞). By

Helly’s selection theorem and a diagonal argument, a subsequence converges pointwise
on R to a nonincreasing function g ≥ 0. For continuous F with compact support in
(x0, ∞), dominated convergence gives EF(Xn

q ) =
∫

Fpgn →
∫

Fpg, while EF(Xn
q ) →

EF(Xq). Hence the law of Xq coincides with pg dx on every half-line (x0, ∞), and
therefore on R.

Step 3. The lower bounds. Since u ≤ 0 and gq is nonincreasing, for every x

P(Xq > x) =
∫ ∞

x
eγ(q)uϕq gq ≤ gq(x)P(Bq > x),

while P(Xq > x) ≥ P(Bq > x) by (2.15). Hence gq ≥ 1. For the second bound put
m = γ(q). For q ≥ Q equality holds by (2.9), so let q < Q. The order parameter
γ̃ = γ1[0,q) + m1[q,Q) + 1[Q,1] belongs to U , satisfies γ̃ ≤ γ on [q, 1], and equals m on
[q, Q) and 1 on [Q, 1]. Put Y = x +

√
Q − q G. By Lemma 2.5(b),(a) and (2.9), and since

0 ≤ m ≤ 1 and Φ ≤ 1,

emu(q,x) ≥ emuγ̃(q,x) = E Φ
(Y − κ√

δ

)m
≥ E Φ

(Y − κ√
δ

)
= Φ

( x − κ√
1 − q

)
.

For m = 0 the first three expressions equal one. Combining with gq ≥ 1 gives (2.18).

In the Brownian-bridge representation of [87, Proposition 7.1] for the SK model, the
terminal datum is even and the transformed density is even and log-concave. Here the
solution is increasing in x, and the conclusion is that gq is nonincreasing, which gives the
density floor (2.18).

Finally, the Parisi equation is the Hamilton–Jacobi–Bellman equation of a stochastic
control problem [38, 76]. We use this representation for step coefficients and for a class
of terminal data that contains fr and the quadratic penalty −1

2(k − x)2
+ of the zero-

temperature functional. Let F be the set of f ∈ C1(R) such that f ≤ 0, f is nondecreasing
and concave, f ′ is Lipschitz, and f (x) ≥ −C f (1 + x2) for a constant C f . For T > 0, a
nondecreasing right-continuous step function ξ : [0, T) → [0, ∞) and f ∈ F, let Υ = Υξ, f
be defined on [0, T]× R by (2.6) with r replaced by T, fr by f , and γ by ξ. A control is a
progressively measurable process θ on [0, T] with θ = 0 almost everywhere on {ξ = 0}
and E

∫ T
0 θ2

q/ξ(q)dq < ∞, with the convention 0/0 = 0.
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Lemma 2.8. In this setting, Υ and Υx are continuous on [0, T]× R, Υ is smooth and satisfies
Υq = −1

2(Υxx + ξΥ2
x) on each open interval of constancy of ξ, and

E f (x +
√

T − q G) ≤ Υ(q, x) ≤ 0, 0 ≤ Υx(q, x) ≤ C(1 + |x|),
0 ≤ −Υxx ≤ Lip( f ′).

These bounds hold for 0 ≤ q < T; the first two also hold at q = T, while the curvature bound at
T is understood almost everywhere in x. For every control θ and x ∈ R,

Υ(0, x) ≥ E f
(

x + BT +
∫ T

0
θq dq

)
− 1

2
E

∫ T

0

θ2
q

ξ(q)
dq, (2.20)

with equality for the feedback control θ∗q = ξ(q)Υx(q, X∗
q ), where X∗ is the unique strong solution

of dX∗
q = ξ(q)Υx(q, X∗

q )dq + dBq, X∗
0 = x. Moreover Υx(q, X∗

q ) is a square-integrable
martingale on [0, T] with terminal value f ′(X∗

T).

The feedback control θ∗ need not be bounded. It is square integrable because Υx has
linear growth and X∗ has moments of all orders. The proof is in §A.5. For a step order
parameter γ ∈ Ur with r > 0, the lemma applies with T = r, ξ = γ, and f = fr, and then
Υ = uγ(·, · ; κ) and X∗ = X when x = 0. For the SK and mixed p-spin models, Auffinger
and W.-K. Chen proved the control representation with the Boué–Dupuis formula [7,
Theorem 3], [22], and Jagannath and Tobasco proved it by dynamic programming [76,
Lemma 18].

2.4 Generator identities and the sandwich inequality

The first-order optimality conditions are expressed through expectations of derivatives of
u along X. We collect the identities for these expectations here. Besides b, c, v we use the
function

ψ(q, x) = λ(q) b(q, x) + x − κ, (2.21)

which is harmonic for L, and the scalar functions of q ∈ [0, 1)

D(q) = αEb(q, Xq)
2 −

∫ q

0

dt
λ(t)2 , S(q) = αEv(q, Xq)

2, χ(q) =
αEv(q, Xq)− 1

λ(q)
,

w(q) = αE
[
v(1 − v)

]
(q, Xq), N (q) = E vx(q, Xq)

2, B̃(q) = E
[
v2(1 − v)

]
(q, Xq).

(2.22)
Thus S = αλ2Ec(q, Xq)2, and N > 0 and B̃ > 0 by Lemma 2.4(c). For K ∈ R put

Σ(q; K) = E
[
v2

xx + 4K(3v − 1)v2
x + 2K2v2(1 − v)(1 − 3v)

]
(q, Xq), x̃(q) =

λ(q)N (q)
2B̃(q)

.

(2.23)
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Lemma 2.9. Let γ ∈ U and κ ∈ R.

(a) With K = γ/λ, in the sense of the formal generator of Lemma 2.6 (and classically where γ is
constant),

Lu = 1
2 γ b2, Lb = 0, Lc = γ c2, Lcx = 3γ c cx, Lψ = 0,

Lv = −K v(1 − v), Lvx = K(3v − 1)vx, Lvxx = K
(
3v2

x + (4v − 1)vxx
)
.

(b) ψx = 1 − v ∈ (0, 1) and ψxx = −vx > 0, so ψ(q, ·) is increasing and strictly convex
for every q ∈ [0, 1). The processes b(q, Xq) and ψ(q, Xq) are martingales on [0, 1): for
0 ≤ s ≤ t < 1, b(s, x) = Eb(t, Xs,x

t ) and ψ(s, x) = Eψ(t, Xs,x
t ). For s ≤ Q this gives

ψ(s, x) = E ψ(Q, Xs,x
Q ) =

√
δ E R̄

(Xs,x
Q − κ
√

δ

)
≥

√
δ R̄

(√δ (x − κ)

λ(s)

)
> 0, (2.24)

and b(0, 0) = δ−1/2ER(Z) with Z = (XQ − κ)/
√

δ. On [Q, 1), ψ =
√

1 − q R̄
(
(x −

κ)/
√

1 − q
)
> 0.

(c) The functions Eb(q, Xq)2, S, Ev(q, Xq), χ, w, N , and B̃ are Lipschitz on [0, r] for every
r < 1, and the following hold.

(i) d
dq Eb(q, Xq)2 = Ec(q, Xq)2, a continuous function. Hence D ∈ C1([0, 1)) and
D′ = (S − 1)/λ2.

(ii) S/λ2 = αEc(q, Xq)2 is nondecreasing on [0, 1).

(iii) q 7→ Ev(q, Xq) is absolutely continuous with d
dqEv(q, Xq) = −γ(q)

λ(q)E[v(1 −
v)](q, Xq) for almost every q, and χ′ = γD′ almost everywhere.

(iv) At every q ∈ [0, 1) the functions S, N , and B̃ have right derivatives

S′(q+) = α
(
N (q)− 2KB̃(q)

)
, N ′(q+) = E

[
v2

xx + 2K(3v − 1)v2
x
]
(q, Xq),

B̃′(q+) = E
[
(1 − 3v)v2

x − Kv2(1 − v)(2 − 3v)
]
(q, Xq),

with K = γ(q)/λ(q), and left derivatives given by the same formulas with K =

γ(q−)/λ(q).
(v) S − 1 = λχ − w.

(d) If γ = m on [s, t) with 0 ≤ s < t < 1, then S ∈ C∞([s, t]) with one-sided derivatives at the
endpoints, and with K = m/λ(q),

S′ = α
(
N − 2KB̃

)
=

2αB̃
λ

(x̃ − m), S′′ = α Σ(q; K).

Proof. (a) The function u belongs to D , and (2.8) gives Lu = uq +
1
2 uxx + γbux = 1

2 γb2.
By the commutation rule in (2.16),

Lb = ∂x
(1

2 γb2)+ γcb = γbbx + γbc = 0,
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because bx = −c. Next Lc = −L(bx) = −∂x(Lb)− γcbx = γc2, and Lcx = ∂x(γc2) +

γc cx = 3γc cx. Since λ′ = −γ, Lv = −γc + λγc2 = −Kv(1 − v). The identities for vx

and vxx follow from (2.16) and γc = Kv:

Lvx = −K(1 − 2v)vx + Kv vx = K(3v − 1)vx, Lvxx = K
(
3v2

x + (3v − 1)vxx
)
+ Kv vxx.

Finally L(x − κ) = γb, so Lψ = −γb + λLb + γb = 0. These are identities between
formal expressions affine in γ, that is, they hold separately for the parts L0 and L1; they
are valid classically where γ is constant.

(b) ψx = λbx + 1 = 1 − v and ψxx = −vx; the signs come from Lemma 2.4(c). Since
b and ψ belong to D and have zero formal generator, Lemma 2.6(c) applied to the
diffusion started at (s, x) gives the martingale identities. At q = Q, (2.10) gives ψ(Q, x) =√

δ R̄((x − κ)/
√

δ) and b(Q, x) = R((x − κ)/
√

δ)/
√

δ, which yields the equality in (2.24)
and the formula for b(0, 0). In particular ψ > 0, since R̄ > 0. For the lower bound, let
Mq = (Xs,x

q − κ)/λ(q) for q ∈ [s, Q]. Itô’s formula and λ′ = −γ give

dMq =
γ(q)
λ(q)2 ψ(q, Xs,x

q )dq +
dBq

λ(q)
. (2.25)

The drift is nonnegative because ψ > 0, and the martingale part has a deterministic
bounded integrand. Hence EMQ ≥ Ms = (x − κ)/λ(s). Since λ(Q) = δ, we have
(Xs,x

Q − κ)/
√

δ =
√

δMQ, and Jensen’s inequality for the convex increasing function R̄
gives the lower bound. The formula on [Q, 1) is (2.10).

(c) By Lemma 2.6(c) each of the listed functions is Lipschitz on [0, r]; for χ also
use λ ≥ 1 − r. By (2.16), L(b2) = 2bLb + b2

x = c2 contains no factor γ, so Eb2 is C1

with derivative Ec2, which is continuous by Lemma 2.6(c). As S = αλ2Ec2, this gives
D′ = αEc2 − λ−2 = (S − 1)/λ2, which is (i). Next L(c2) = 2cLc + c2

x = 2γc3 + c2
x ≥ 0,

so the Lipschitz function Ec2 has a nonnegative right derivative everywhere and is
nondecreasing; this is (ii). By (a), Lv = −Kv(1 − v), which gives the derivative of Ev at
every continuity point of γ, hence almost everywhere. Then, using (1/λ)′ = γ/λ2,

χ′ =
α d

dq Ev

λ
+

γ(αEv − 1)
λ2 =

γ

λ2

(
− αE[v(1 − v)] + αEv − 1

)
=

γ(S − 1)
λ2 = γD′

almost everywhere, which is (iii). For (iv), (a) and (2.16) give

L(v2) = v2
x − 2Kv2(1 − v), L(v2

x) = v2
xx + 2K(3v − 1)v2

x,

L(v3) = 3v v2
x − 3Kv3(1 − v),

and B̃ = Ev2 −Ev3. Since each of these expressions is affine in γ through K, Lemma 2.6(c)
gives the one-sided derivatives. Identity (v) is λχ − w = αEv − 1 − αEv + αEv2.

(d) On [s, t) we have λ′ = −m, so K′ = K2. By Lemma 2.6(c) the functions S, N , and B̃
are C∞ on [s, t], and their derivatives are given by (c)(iv) with γ = m. The first formula for
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S′ is (c)(iv), and the second is its rewriting with (2.23). Differentiating S′/α = N − 2KB̃
and using K′ = K2,

S′′

α
= Ev2

xx + 2KE[(3v − 1)v2
x]− 2K2B̃

− 2KE[(1 − 3v)v2
x] + 2K2E[v2(1 − v)(2 − 3v)] = Σ(q; K),

since 2 − 3v − 1 = 1 − 3v. This proves (d).

The identities Lb = 0 and Lc = γc2 in (a) are the hard-wall forms of [7, Lemma 2],
and the one-sided derivatives in (c)(iv) are the analogue of [8, Proposition 3]. The process
Xq + λ(q)b(q, Xq) is the conditional expectation of the terminal position in [54, (3.19)],
and (b) extends the positivity ψ(q, Xq) ≥ 0 at levels q ≥ Q of [54, Lemma 10] to all levels.

The next inequality compares bψ with v. It is the main pointwise tool for the rescaled
analysis of later chapters: it controls v, b, and ψ far from κ in terms of the single parameter
1 − q.

Lemma 2.10. Let γ ∈ U and κ ∈ R, and write τ = 1 − q.

(a) For (q, x) ∈ [0, 1)× R,
v ≤ b ψ ≤ τ

λ
v. (2.26)

The upper inequality is equivalent to F := τc − λb2 − (x − κ)b = τc − bψ ≥ 0. More
precisely, for q ≤ Q,

bψ − v = E

∫ Q

q

[
(1 − γ) c (1 − v)

]
(t, Xq,x

t )dt,

F(q, x) = E

∫ Q

q

[
(λ − γτ) c2](t, Xq,x

t )dt,

and both bψ − v and F vanish on [Q, 1). The function F satisfies LF = (γτ − λ)c2 ≤ 0.
(b) For q ∈ [0, 1): 0 < ψ(q, x) ≤ τ/(κ − x) for x < κ; 0 < λb(q, x) ≤ τ/(x − κ) for x > κ;

ψ(q, κ) = λb(q, κ) ≤
√

τ, and ψ(q, κ) ≥ 2ϕ0
√

δ if q ≤ Q;∣∣v(q, x)− 1{x<κ}
∣∣ ≤ min

{
1,

4τ

(x − κ)2

}
;

and∫ κ

−∞
(1 − v)(q, x)dx =

∫ ∞

κ
v(q, x)dx = ψ(q, κ),

∫
R

(
v(q, x)− 1{x<κ}

)
dx = 0.

Proof. (a) The product rule (2.16) and Lemma 2.9(a) give L(bψ) = bxψx = −c(1 − v),
hence

L(v − bψ) = −γ

λ
v(1 − v) + c(1 − v) = (1 − γ) c (1 − v),
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because γ
λ v = γc. Similarly, τ′ = −1 and λ′ = −γ give

L(τc) = −c + γτc2, L(λb2) = −γb2 + λc2, L
(
(x − κ)b

)
= γb2 − c,

so LF = (γτ − λ)c2, which is nonpositive because λ(q) =
∫ 1

q γ ≥ γ(q)τ. On [Q, 1), (2.10)
and λ = τ give bψ = RR̄ = V = v and F = V − RR̄ = 0. The functions v − bψ and F
belong to D , so Lemma 2.6(c) on [q, Q], started at (q, x), gives the two representations.
Their integrands are nonnegative, since γ ≤ 1, c > 0, v < 1, and λ ≥ γτ. This proves
(2.26), the upper bound being F ≥ 0, because τc = τ

λ v.
(b) Put f = λb, so that fx = −v < 0, f > 0, ψ = f + x − κ and, by (2.26), f ψ =

λbψ ≤ τv < τ. For x < κ, f = ψ + κ − x > κ − x since ψ > 0, so ψ ≤ τ/ f ≤ τ/(κ − x).
For x > κ, ψ > x − κ, so f ≤ τ/(x − κ). At x = κ, ψ = f and ψ2 ≤ τ. The lower
bound ψ(q, κ) ≥

√
δ R̄(0) = 2ϕ0

√
δ for q ≤ Q is (2.24). For x < κ let x′ = (x + κ)/2. By

convexity of ψ and ψ > 0,

1 − v(q, x) = ψx(q, x) ≤ ψ(q, x′)
x′ − x

≤ 2τ

κ − x
· 2

κ − x
.

For x > κ let x′ = (x + κ)/2. Since v is decreasing in x,

v(q, x) (x − x′) ≤
∫ x

x′
v = f (x′)− f (x) ≤ f (x′) ≤ 2τ

x − κ
.

Together with 0 < v < 1 this proves the bound on |v − 1{x<κ}|. Finally, ψx = 1 − v and
ψ(q, x) → 0 as x → −∞ give

∫ κ
−∞(1 − v) = ψ(q, κ), and fx = −v and f (q, x) → 0 as

x → ∞ give
∫ ∞

κ v = f (q, κ) = ψ(q, κ). The difference of the two identities is the last one;
all integrals converge absolutely by the bound on |v − 1{x<κ}|.

2.5 First variation and the obstacle conditions

We now differentiate Pκ along segments in Ur. The derivative has the form of a transport
cost for the obstacle potential

H(t) = Hγ(t) = −1
2

∫ t

0
D(q)dq (0 ≤ t < 1). (2.27)

By Lemma 2.9(c), H ∈ C2([0, 1)), H′ = −D/2, and H′′ = (1 − S)/(2λ2). Since D(0) =
αb(0, 0)2 > 0, H is strictly decreasing near 0.

Proposition 2.11. Let α > 0 and κ ∈ R.

(a) First variation. Let r ∈ [0, 1) and γ, γ̃ ∈ Ur. Then

d
dϑ

Pκ

(
γ + ϑ(γ̃ − γ)

)∣∣∣
ϑ=0+

=
1
2

∫ r

0
(γ̃ − γ)(q) D(q)dq =

∫
[0,r]

H dµγ̃ −
∫
[0,r]

H dµγ,

(2.28)
where D and H are those of γ.
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(b) Minimizers at a fixed cutoff. Let r ∈ (0, 1) and let γ minimize Pκ over Ur. Then
supp µγ ⊂ argmin[0,r] H and 0 /∈ supp µγ. Every t ∈ supp µγ with t < r satisfies
D(t) = 0 and S(t) ≤ 1. Moreover D(Q) ≥ 0, with D(Q) = 0 and S(Q) ≤ 1 if Q < r,
and ∫ Q

0
γ(q)D(q)dq = 0.

(c) Global minimizers and KKT points. We call γ ∈ U a KKT point of Pκ if supp µγ ⊂
argmin[0,r] Hγ for some r ∈ (Q, 1). If γ minimizes Pκ over U , then for every r ∈ (Q, 1), γ

minimizes Pκ over Ur and supp µγ ⊂ argmin[0,r] H; in particular γ is a KKT point, and

H(t) ≥ H(Q) (0 ≤ t < 1), H = H(Q) on supp µγ,

that is, supp µγ ⊂ argmin[0,1) H. If γ is a KKT point (in particular, if γ is a global
minimizer), then 0 < q0 ≤ Q < 1, and D(t) = 0 and S(t) ≤ 1 for every t ∈ supp µγ;
in particular D(q0) = D(Q) = 0. Moreover, on [0, q0) one has γ = 0, Xq = Bq, and
λ = λ(0); S is strictly increasing on [0, q0], and D > 0 on [0, q0).

(d) The scalar χ. If γ is a KKT point (in particular, a global minimizer), then χ(q) =

χ(0) + γ(q)D(q) for every q ∈ [0, 1). In particular χ is constant on [0, q0] ∪ supp µγ.

The conditions in (b)–(c) are necessary conditions only. The inequality S ≤ 1 at
support points uses that each support point minimizes H; it does not follow from D = 0
on the support alone. For a global minimizer the conditions are obtained in Ur with
Q < r < 1, so that every support point is interior to [0, r]. Part (d) and Lemma 2.12
below use only the KKT property, so they apply to every KKT point. For this functional,
El Alaoui and Sellke computed the first variation at a minimizer whose support is an
interval, in directions supported on that interval, and deduced D = 0 and S = 1 there [54,
Proposition 16]. Here (a) holds at every γ ∈ Ur in every direction of Ur, and (b)–(c) hold
for every global minimizer and every KKT point, with no assumption on the support.
The first-order and obstacle conditions are the analogues of known conditions for other
models. For mixed p-spin models, Jagannath and Tobasco proved the first-variation
formula and the obstacle condition [77, Lemma 3.2 and Proposition 1.1], and conditions
on the support appear in the work of Talagrand [126], Auffinger and W.-K. Chen [8,
Theorem 5], and W.-K. Chen [38, Theorem 2 and Proposition 1]. For spherical models,
where the Crisanti–Sommers term enters as here, the obstacle condition appears in the
work of Talagrand [125, Proposition 2.1], Jagannath and Tobasco [78], and Auffinger and
W.-K. Chen [8, Proposition 4].

Proof. (a) Put γϑ = γ+ ϑ(γ̃−γ), which lies in the convex set Ur for ϑ ∈ [0, 1]. Lemma A.2,
applied with ξ = γ and ξ̃ = γϑ at (q, x) = (0, 0), gives

uγϑ
(0, 0)− uγ(0, 0) =

ϑ

2

∫ r

0
(γ̃ − γ)(q)E bγ(q, Yϑ

q )
2 dq,
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where Yϑ solves dYϑ
q = 1

2 γϑ(q)(bγϑ
+ bγ)(q, Yϑ

q )dq + dBq with Yϑ
0 = 0. By Lemma 2.4(b)

and (f) with k = 1, this drift differs from the drift γbγ of X by at most Cϑ
(
|γ̃ − γ|(q) +

∥γ̃ − γ∥L1
)
(1 + |y|), and it is Lipschitz in y with constant (1 − r)−1. The Gronwall bound

(A.2) and Lemma 2.6(a) give E supq≤r |Yϑ
q − Xq|2 ≤ Cϑ2. Since |∂x(b2

γ)| = 2bγcγ ≤ C(1 +
|x|), it follows that Ebγ(q, Yϑ

q )
2 → Ebγ(q, Xq)2 uniformly in q ∈ [0, r] as ϑ ↓ 0. Hence the

derivative of the energy term αuγϑ
(0, 0) at ϑ = 0+ is α

2

∫ r
0 (γ̃ − γ)Eb(q, Xq)2 dq. By (2.12)

the entropy term is CS(γϑ) =
1
2

∫ r
0 λ−1

γϑ
+ 1

2 log(1− r), with λγϑ
= λγ + ϑ(λγ̃ −λγ) ≥ 1− r

and λγ̃(q)− λγ(q) =
∫ r

q (γ̃ − γ). Differentiating under the integral and applying Fubini’s
theorem, its derivative is

−1
2

∫ r

0

1
λ(q)2

∫ r

q
(γ̃ − γ)(s)ds dq = −1

2

∫ r

0
(γ̃ − γ)(s)

∫ s

0

dq
λ(q)2 ds.

Adding the two derivatives gives the first equality in (2.28), by the definition (2.22) of D.
For the second, let π be a probability measure on [0, r] with distribution function Fπ. By
Fubini’s theorem,∫ r

0
Fπ(q)D(q)dq =

∫
[0,r]

∫ r

s
D(q)dq dπ(s) = 2

∫
[0,r]

(
H(s)−H(r)

)
dπ(s).

Apply this with π = µγ̃ and π = µγ, whose distribution functions on [0, r] are γ̃ and γ,
and subtract.

(b) Since γ minimizes over the convex set Ur, the right derivative in (2.28) is nonneg-
ative for every γ̃ ∈ Ur. Taking γ̃ = 1[t,1] with t ∈ [0, r], so that µγ̃ is the point mass at
t, gives H(t) ≥

∫
H dµγ. Hence min[0,r] H ≥

∫
H dµγ ≥ min[0,r] H, so H = min[0,r] H

µγ-almost everywhere, and by continuity on supp µγ. Because H′(0) < 0 and r > 0, the
point 0 is not a minimum point, so 0 /∈ supp µγ. A support point t ∈ (0, r) is an interior
minimum point of the C2 function H, so H′(t) = 0 and H′′(t) ≥ 0, that is, D(t) = 0 and
S(t) ≤ 1. Since Q ∈ supp µγ, this applies to Q if Q < r. If Q = r, minimality at the
right endpoint gives H′(r) ≤ 0, that is, D(Q) ≥ 0. Finally, by Fubini’s theorem and the
constancy of H on supp µγ,∫ Q

0
γ(q)D(q)dq =

∫
[0,Q]

∫ Q

s
D(q)dq dµγ(s) = 2

∫ (
H(s)−H(Q)

)
dµγ(s) = 0.

(c) If γ is a global minimizer and r ∈ (Q, 1), then γ ∈ Ur ⊂ U , so γ minimizes over Ur,
and (b) gives supp µγ ⊂ argmin[0,r] H and H(Q) = min[0,r] H. As r ∈ (Q, 1) is arbitrary,
H ≥ H(Q) on [0, 1), and H = H(Q) on supp µγ. Now let γ be a KKT point, with
r ∈ (Q, 1) as in the definition. Since r > 0 and H′(0) < 0, the point 0 does not minimize
H on [0, r], so 0 /∈ supp µγ and q0 > 0. Every support point t lies in (0, Q] ⊂ (0, r) and
is therefore an interior minimum point of H on [0, r]; hence D(t) = 0 and S(t) ≤ 1, as
in (b). For q < q0, γ(q) = µγ([0, q]) = 0, so the drift in (2.14) vanishes, Xq = Bq, and
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λ(q) = λ(0). By Lemma 2.9(c)(iv), S′(q+) = αN (q) > 0 for q ∈ [0, q0). A continuous
function with positive right derivative is strictly increasing, so S is strictly increasing on
[0, q0]. Hence S < S(q0) ≤ 1 on [0, q0), so D′ < 0 there, and D > D(q0) = 0 on [0, q0).

(d) By Lemma 2.9(c)(iii), χ(q)− χ(0) =
∫ q

0 γD′ dt. The integration by parts formula
for the right-continuous function γ of bounded variation and the C1 function D reads

γ(q)D(q)− γ(0)D(0) =
∫
(0,q]

D dµγ +
∫ q

0
γ(t)D′(t)dt.

Here γ(0) = µγ({0}) = 0 because 0 /∈ supp µγ, and the Stieltjes integral vanishes because
D = 0 on supp µγ by (c). Hence χ(q)− χ(0) = γ(q)D(q). The right side vanishes on
[0, q0), where γ = 0, and on supp µγ, where D = 0.

A gap of the support is an interval on which γ is constant. On such an interval
the obstacle conditions force a critical point of S with a sign condition on S′′, which
by Lemma 2.9(d) is a sign condition on Σ. This is the mechanism by which gaps are
excluded in Chapter 8. For the SK model, Zhou excluded gaps of the support through
the first-order conditions at their endpoints [134], and Lopatto added a sign condition
inside the gap [87, Section 9]; Lemma 2.12 combines the two.

Lemma 2.12. Let γ be a KKT point of Pκ in the sense of Proposition 2.11(c), with r ∈ (Q, 1) as
in the definition; for instance, let γ be a global minimizer.

(a) Let p < p′ be points of supp µγ with (p, p′) ∩ supp µγ = ∅. Then γ = m := γ(p)
on [p, p′), with 0 < m < 1. Moreover D(p) = D(p′) = 0, S(p) ≤ 1, S(p′) ≤ 1,
H ≥ H(p) = H(p′) on [p, p′], λ(q) = λ(p′) + m(p′ − q) on [p, p′], and S ∈ C∞([p, p′]).
There is x∗ ∈ (p, p′) with

S(x∗) ≥ 1, S′(x∗) = 0, S′′(x∗) ≤ 0;

equivalently, x̃(x∗) = m and Σ
(
x∗; m/λ(x∗)

)
≤ 0. If D does not vanish identically on

[p, p′], then x∗ can be taken to be a maximum point of S on [p, p′], and S(x∗) > 1. If D ≡ 0
on [p, p′], then S ≡ 1, x̃ ≡ m, and Σ(· ; m/λ) ≡ 0 on [p, p′].

(b) If [c1, c2] ⊂ supp µγ with c1 < c2, then D = 0 and S = 1 on [c1, c2], γ = x̃ on [c1, c2),
and γ(q−) = x̃(q) for q ∈ (c1, c2]. In particular γ is continuous on (c1, c2).

Proof. (a) Since µγ((p, p′)) = 0, γ is constant on [p, p′). As p ∈ supp µγ and µγ((p, p′)) =
0, every interval (p − ε, p] has positive mass, so m = γ(p) > 0. As p′ ∈ supp µγ,
µγ([p′, 1]) > 0 and m = 1 − µγ([p′, 1]) < 1. The statements about D and S at p, p′ are
Proposition 2.11(c). Since p, p′ ∈ supp µγ ⊂ argmin[0,r] H and [p, p′] ⊂ [0, Q] ⊂ [0, r],
we have H ≥ H(p) = H(p′) on [p, p′]. The formula for λ follows from λ′ = −m.
Smoothness of S is Lemma 2.9(d) with [s, t] = [p, p′]. Put G = H−H(p) ≥ 0 on [p, p′],
so G(p) = G(p′) = 0 and G ′ = −D/2. If G ≡ 0, then D ≡ 0 and D′ = (S − 1)/λ2 ≡ 0, so
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S ≡ 1 and S′ ≡ S′′ ≡ 0 on [p, p′]; Lemma 2.9(d) and B̃ > 0 give x̃ ≡ m and Σ(· ; m/λ) ≡ 0.
Otherwise G has a positive maximum at some sM ∈ (p, p′). The mean value theorem gives
t1 ∈ (p, sM) and t2 ∈ (sM, p′) with G ′(t1) > 0 > G ′(t2), that is, D(t1) < 0 < D(t2), and
then x2 ∈ (t1, t2) with D′(x2) > 0, that is, S(x2) > 1. Since S(p), S(p′) ≤ 1, the maximum
of S on [p, p′] exceeds 1 and is attained at an interior point x∗, where S′(x∗) = 0 and
S′′(x∗) ≤ 0. The equivalent form follows from Lemma 2.9(d) with K = m/λ and B̃ > 0.

(b) By Proposition 2.11(c), D = 0 on [c1, c2]; hence D′ = 0 and S = 1 there. For q ∈
[c1, c2) the right derivative of S vanishes, and Lemma 2.9(c)(iv) gives N (q) = 2γ(q)

λ(q) B̃(q),
that is, γ(q) = x̃(q). The left derivative at q ∈ (c1, c2] gives γ(q−) = x̃(q) in the same
way. Since x̃ is continuous, so is γ on (c1, c2).

2.6 The value identity, the slope in the margin, and weak top stability

The rest of this chapter studies the variational problem P∗(κ) = infγ∈U Pκ(γ). §§2.6
and 2.7 contain the value identity (Lemma 2.13), the universal slope bound (Lemma 2.14),
weak top stability (Lemma 2.15), the existence of minimizers (Theorem 2.16), the finiteness
of the critical margin (Proposition 2.17) and the divergence of P∗ at the critical margin
(Theorem 2.18). They appear with the same statements in Part I, Lemmas 6.2, 6.4, and 6.5,
Theorems 6.3 and 6.8, and Proposition 6.7, and we refer to Part I, Chapter 6, for their
proofs. §2.8 introduces the zero-temperature functional Jk, compares Pκ with it through
an order-preserving rescaling of the Cole–Hopf recursion (Lemma 2.20), identifies κc with
the threshold of Jk (Theorem 2.21), and records the slack of Jk below κc (Corollary 2.22),
which enters the top-gap bound of Chapter 4. §2.9 proves that P∗(κc − η) is of logarithmic
order in η for α > 2 (Proposition 2.24); no later chapter uses it, and it enters only the
consequences for the random model stated in §1.2.

Conventions. Throughout the rest of this chapter α > 0 is fixed. For κ ∈ R and γ ∈ U
we use the notation of Definition 2.2: Q = Qγ, δ = 1− Q, λ = λγ, u = uγ(·, · ; κ), b = ∂xu,
c = −∂xxu, and v = λc. The diffusion X of (2.14) is driven by the Brownian motion
B, and D and S are the functions of (2.22). When the order parameter or the margin
varies, we write uγ(q, x; κ) as in Definition 2.2, and bγ,κ = ∂xuγ(·, · ; κ), cγ,κ, and so on.
The normalized top position is

Z =
XQ − κ√

δ
, so that u(Q, XQ) = log Φ(Z), b(Q, XQ) =

R(Z)√
δ

by (2.9) and (2.10), and
√

δ b(0, 0) = ER(Z) by Lemma 2.9(b). Here and below, G
is a standard Gaussian variable independent of B. Besides Lemma 2.1(c) we use the
following shifted form of the Gaussian tail bound: for every t ∈ R and θ > 0, with
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log+ y = max{log y, 0},

log Φ(−t) ≥ −1
2
(t + θ)2

+ − log+

1
θ
− 2. (2.29)

Indeed, if t ≤ 0 the left side is at least log 1
2 > −2. If t > 0, then 1

2(t + θ)2 ≥ 1
2 t2 + θt, and

by Lemma 2.1(c) it suffices to show log(1 + t) ≤ θt + log+(1/θ). For θ ≥ 1 this follows
from log(1 + t) ≤ t; for θ < 1 the concave function t 7→ log(1 + t)− θt is maximal at
t = 1/θ − 1, where it equals log(1/θ)− 1 + θ < log(1/θ). Part I, (6.4), states the same
bound with − log Φ(−1) < 2 in place of 2.

The next identity expresses Pκ(γ) through the terminal law of X and the function D.
For a minimizer the D-terms vanish or have a sign, and the identity then bounds the top
gap δ from below by the value.

Lemma 2.13. For every κ ∈ R and γ ∈ U ,

Pκ(γ) =
1
2

log δ + αEh(Z)− δ

2
D(Q)− 1

2

∫ Q

0
γ(q)D(q)dq. (2.30)

If r ∈ [0, 1) and γ minimizes Pκ over Ur, then
∫ Q

0 γD dq = 0 and D(Q) ≥ 0, with D(Q) = 0
if Q < r; consequently

Pκ(γ) <
1
2

log δ. (2.31)

If γ minimizes Pκ over U , then D(Q) = 0 and Pκ(γ) =
1
2 log δ + αEh(Z).

Proof. This is Part I, Lemma 6.2.

We next study the dependence on the margin. By Lemma 2.4(g), changing κ translates
u, so ∂κ acts as −∂x. The next lemma bounds the slope b(0, 0) for every order parameter,
which is what makes it usable for near-minimizers and constrained minimizers alike. Its
upper bound follows from the inequality F ≥ 0 of Lemma 2.10(a) at (q, x) = (0, 0) and
from v < 1.

Lemma 2.14. Let Cκ = 1
2

(
κ +

√
κ2 + 4

)
. For every γ ∈ U and κ ∈ R,

E(κ − BQ)+ ≤ λ(0) b(0, 0) < Cκ. (2.32)

The map κ 7→ Pκ(γ) is twice continuously differentiable, with ∂κPκ(γ) = −αb(0, 0) < 0
and ∂2

κPκ(γ) = −αc(0, 0) < 0; in particular it is strictly decreasing and strictly concave.
Consequently P∗, as a function with values in [−∞, 0), is nonincreasing and concave, and
κ 7→ bγ,κ(0, 0) is increasing.

Proof. This is Part I, Lemma 6.4.
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We use the lemma mostly through the tangent-line inequality: by concavity, for every
γ ∈ U and all margins k, k′,

Pk′(γ) ≤ Pk(γ)− α bγ,k(0, 0) (k′ − k). (2.33)

When the support of µγ has more than one point, the curvature S at the top cannot
be small; this is the content of the next lemma. Together with Lemma 2.14 it bounds the
mass λ(0) of a minimizer by a multiple of

√
δ.

Lemma 2.15. Let κ ∈ R and r ∈ [0, 1), and let γ minimize Pκ over Ur. If µγ has more than one
support point, then α > 1 and

S(Q) ≥ sα := min
{1

2
,

1
16α

}
.

Moreover, every γ ∈ U satisfies, at every margin κ,
√

δ b(0, 0) ≥ S(Q)

2α
. (2.34)

Consequently, every minimizer γ of Pκ over Ur satisfies

λ(0) ≤ max
{

1,
2αCκ

sα

}√
δ. (2.35)

Proof. This is Part I, Lemma 6.5.

2.7 The critical margin and existence of minimizers

By Lemma 2.14, P∗(· ; α) is nonincreasing. By (2.11) and u ≤ 0, Pκ(γ; α) and P∗(κ; α) are
nonincreasing in α. The critical margin is

κc(α) = sup{κ ∈ R : P∗(κ; α) > −∞}. (2.36)

Thus P∗ > −∞ on (−∞, κc) and P∗ = −∞ on (κc, ∞), and α 7→ κc(α) is nonincreasing.
For r ∈ [0, 1) we write

P r
∗(κ) = min

γ∈Ur
Pκ(γ) (2.37)

for the constrained minimum, which is attained because Ur is compact and Pκ is con-
tinuous on it (Lemma 2.4(f)). Since the classes Ur increase with r and their union is U ,
P r
∗(κ) decreases to P∗(κ) as r ↑ 1. Also P0

∗(κ) = α log Φ(−κ) < 0, since U0 = {1[0,1]}; in
particular P∗(κ) < 0.

Theorem 2.16. Let κ ∈ R with P∗(κ) > −∞. Then the infimum defining P∗(κ) is attained.
Every minimizer γ satisfies

1 − Qγ > e2P∗(κ),

that is, every minimizer lies in Ur with r = 1 − e2P∗(κ) ∈ (0, 1), and the set of minimizers is
compact in L1([0, 1]).
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Proof. This is Part I, Theorem 6.3.

The theorem concerns minimizers. It does not assert that the tops of an arbitrary
minimizing sequence stay away from one: adding a vanishing mass near one changes the
top without changing the L1 limit.

For the replica-symmetric order parameter 1[q,1], 0 ≤ q < 1, the order parameter
vanishes on [0, q), so X = B there and λ = 1 − q on [0, q]. Hence

PRS
κ (q) := Pκ(1[q,1]) = αE log Φ

(√q G − κ√
1 − q

)
+

q
2(1 − q)

+
1
2

log(1 − q). (2.38)

Proposition 2.17. For every α > 0,

−∞ < κc(α) ≤ κRS(α) < ∞,

where κRS(α) is the unique solution of α m(κRS) = 1. In particular κc(α) < 0 if α > 2.

Proof. This is Part I, Proposition 6.7.

The bound κc ≤ κRS comes from the limit q ↑ 1 in (2.38): if αm(κ) > 1, then PRS
κ (q) →

−∞ as q ↑ 1. This is the limit in which Gardner computed the replica-symmetric capacity
[62]. For this functional, El Alaoui and Sellke made the same observation in the remark
after [54, Conjecture 1].

Theorem 2.18. For every α > 0 the function P∗ is finite, nonincreasing, concave, and continuous
on (−∞, κc), and P∗(κ) = −∞ for κ ≥ κc. More precisely, with C∗ = Cκc , for all sufficiently
small η > 0,

P∗(κc − η) ≤ 1
2

log η +
1
2

log(2αC∗) +
1
2

. (2.39)

Proof. This is Part I, Theorem 6.8.

2.8 The zero-temperature functional

The critical margin also has a zero-temperature characterization, which is used to certify
bounds on κc in Chapter 3. It involves the Parisi equation with a quadratic terminal
penalty in place of log Φ. Zero-temperature Parisi functionals were introduced for the
ground state energy of mixed p-spin models by Auffinger and W.-K. Chen [9], and for
spherical models by W.-K. Chen and Sen [40] and by Jagannath and Tobasco [78]; see
also [75]. For the negative perceptron, the quadratic penalty is the boundary condition of
the jamming limit in the replica analysis of Franz and Parisi [58, (15)]; see also [59]. For
k ∈ R let

fk(x) = −1
2
(k − x)2

+,
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which belongs to the class F of Lemma 2.8, with f ′k(x) = (k − x)+. For T > 0 let XT be the
set of bounded, nondecreasing, right-continuous functions ξ : [0, T) → [0, ∞), and put
X = X1; the values of ξ may exceed one. For a step function ξ ∈ XT let Υ = Υk

T,ξ = Υξ, fk

be the solution of the recursion of Lemma 2.8, that is, of

Υq = −1
2
(
Υxx + ξ Υ2

x
)
, Υ(T, x) = fk(x), (2.40)

and for general ξ ∈ XT let Υk
T,ξ be the L1-limit of step approximations (Lemma 2.19(a)).

Define

Jk
T(ξ) = α Υk

T,ξ(0, 0) +
1
2

∫ T

0

dq
Λξ(q)

, Λξ(q) = 1 +
∫ T

q
ξ(t)dt, Jk = Jk

1 , (2.41)

and the thresholds

κJ(α) = inf{k : Jk(ξ) < 0 for some ξ ∈ X},

κ0
c(α) = inf{k : Jk(ξ) < 0 for some step function ξ ∈ X}.

If k < κJ, then Jk(ξ) ≥ 0 for every ξ ∈ X.
Two elementary properties of the Cole–Hopf step Tm,s of (2.5) drive this section. Let

m ≥ 0, s > 0, and let g be bounded above with g(x) ≥ −C(1 + x2). For K > 0 and T > 0,

K Tm,sg = Tm/K,s(Kg),
1
T
(Tm,sg)(

√
T y) = TTm,s/T g♯(y), g♯(y) =

1
T

g(
√

T y).
(2.42)

The first identity is (2.7). For the second, if m > 0 the right side equals
(Tm)−1 log E exp{m g(

√
T y +

√
s G)}, which is the left side, and if m = 0 both

sides equal T−1Eg(
√

T y +
√

s G). By the first identity, multiplying the terminal datum
by K and dividing all coefficients by K multiplies the solution of the recursion by K.
By the second, rescaling time by T and space by

√
T maps a recursion on [0, T] to a

recursion on [0, 1]. Together with the monotonicity in (2.7), these identities are all that
the comparison of Pκ with Jk requires.

Lemma 2.19. Let T > 0, M > 0, and K0 ≥ 0.

(a) For step functions ξ, ξ̃ ∈ XT with ξ, ξ̃ ≤ M and for |k| ≤ K0,

|Υk
T,ξ̃

(q, x)− Υk
T,ξ(q, x)| ≤ C(1 + x2)∥ξ̃ − ξ∥L1(0,T),

|Jk
T(ξ̃)− Jk

T(ξ)| ≤ C(1 + α)∥ξ̃ − ξ∥L1(0,T),

with C = C(T, M, K0). Hence Υk
T,ξ and Jk

T(ξ) extend uniquely to all ξ ∈ XT, continuously
in L1 on {ξ ≤ M}.
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(b) For ξ ∈ X and k < k′,

α

Λξ(0)

∫ k′

k
m1(t)dt ≤ Jk(ξ)− Jk′(ξ) ≤ α

∫ k′

k
m1(t)dt.

In particular k 7→ Jk(ξ) is continuous and strictly decreasing. For step functions ξ, k 7→
Jk(ξ) is continuously differentiable with ∂k Jk(ξ) = −α ∂xΥk

1,ξ(0, 0).

(c) Brownian scaling. For ξ ∈ XT put ξ̃(t) = Tξ(Tt) on [0, 1). Then Jk
T(ξ) = T Jk/

√
T(ξ̃).

(d) κJ(α) = κ0
c(α).

Proof. (a) The datum fk belongs to F, with fk(x) ≥ −(K2
0 + x2) and Lip( f ′k) = 1. Hence

Lemma A.2 gives the first bound, with C depending only on T, M, and K0. Since
Λξ , Λ

ξ̃
≥ 1 and |Λ

ξ̃
− Λξ | ≤ ∥ξ̃ − ξ∥L1 , the entropy terms differ by at most T

2 ∥ξ̃ − ξ∥L1 .
Every ξ ∈ XT with ξ ≤ M is the L1-limit of the nondecreasing step functions ξn ≤ M
that equal ξ(jT/n) on [jT/n, (j + 1)T/n); the two bounds show that Υk

T,ξn
and Jk

T(ξn) are
Cauchy sequences whose limits do not depend on the approximating sequence, and the
bounds pass to the limit.

(b) Let ξ be a step function, and let X∗ be the optimal process of Lemma 2.8 with T = 1,
f = fk, and x = 0. Then Mq = ∂xΥk

1,ξ(q, X∗
q ) ≥ 0 is a martingale with M1 = (k − X∗

1)+.

Write X∗
1 = B1 + ∆ with ∆ =

∫ 1
0 ξ(q)Mq dq ≥ 0, so that E∆ = M0

∫ 1
0 ξ = M0(Λξ(0)−

1). Since (k − X∗
1)+ ≤ (k − B1)+ ≤ (k − X∗

1)+ + ∆, taking expectations gives M0 ≤
m1(k) ≤ Λξ(0)M0. The recursion commutes with translations and fk(x) = f0(x − k),
so Υk

1,ξ(0, 0) = Υ0
1,ξ(0,−k); since ∂xΥ0

1,ξ is continuous (Lemma 2.8), k 7→ Υk
1,ξ(0, 0) is

continuously differentiable with derivative −M0 = −∂xΥk
1,ξ(0, 0). Hence −αm1(k) ≤

∂k Jk(ξ) ≤ −αm1(k)/Λξ(0), and integrating over [k, k′] gives (b) for step functions. By (a)
and the continuity of ξ 7→ Λξ(0) in L1, (b) extends to all ξ ∈ X.

(c) Let ξ be a step function, equal to mj on [tj, tj+1). Then ξ̃ equals Tmj on
[tj/T, tj+1/T), and f ♯k (y) = T−1 fk(

√
T y) = fk/

√
T(y). Applying the second identity

in (2.42) to the steps of the recursion, from the last to the first, gives T−1Υk
T,ξ(Tt,

√
T y) =

Υk/
√

T
1,ξ̃

(t, y) at the breakpoints t = tj/T, and in particular at t = 0. The substitution q = Tt

and Λξ(Tt) = 1 +
∫ 1

t Tξ(Ts)ds = Λ
ξ̃
(t) give 1

2

∫ T
0 Λ−1

ξ dq = T
2

∫ 1
0 Λ−1

ξ̃
dt. This proves (c)

for step functions. For general ξ it follows from (a), since ∥ξ̃1 − ξ̃2∥L1(0,1) = ∥ξ1 − ξ2∥L1(0,T)

and ξ̃ ≤ T∥ξ∥∞.
(d) Since step functions belong to X, κJ ≤ κ0

c . Conversely, if Jk(ξ) < 0 for some ξ ∈ X

with ξ ≤ M, then by (a) the same holds for a nondecreasing step function ξn ≤ M close
to ξ in L1, and ξn can be taken right-continuous.
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The comparison with Pκ rests on the terminal data. By Lemma 2.1(c) and (2.29) with
t = (κ − x)/

√
δ and θ = ρ/

√
δ, for δ > 0, ρ > 0, and x ∈ R,

fκ+ρ(x)− δ
(

2 + log+

√
δ

ρ

)
≤ δ log Φ

(x − κ√
δ

)
≤ fκ(x), (2.43)

because δt2
+ = (κ − x)2

+ and δ(t + θ)2
+ = (κ + ρ − x)2

+. Multiplying the hard-wall datum
by δ therefore turns it into the quadratic penalty, up to a shift of the margin and an
additive error of order δ.

Lemma 2.20. Let κ ∈ R and γ ∈ U with Q > 0, and put ξγ = γ/δ on [0, Q). Then

Pκ(γ) ≤
Jκ
Q(ξγ)

δ
− 1

2
log

1
δ

, (2.44)

and, for every ρ > 0,

Pκ(γ) ≥
Jκ+ρ
Q (ξγ)

δ
+

1
2

log δ − α
(

2 + log+

√
δ

ρ

)
. (2.45)

In particular,

Pκ(γ) ≥
Jκ+ρ
Q (ξγ)

δ
+

1
2

log δ − 2α for every ρ ≥
√

δ. (2.46)

Moreover Jk
Q(ξγ) = Q Jk/

√
Q(ξ̃γ) for every k ∈ R, where ξ̃γ(t) = Qγ(Qt)/δ for t ∈ [0, 1).

Proof. The function ξγ belongs to XQ and is bounded by 1/δ. Since Λξγ
(q) = 1 +

δ−1
∫ Q

q γ = λ(q)/δ, the entropy terms satisfy exactly

1
2

∫ Q

0

dq
λ(q)

=
1
δ
· 1

2

∫ Q

0

dq
Λξγ

(q)
. (2.47)

It remains to prove

Υκ+ρ
Q,ξγ

(0, 0)− δ
(

2 + log+

√
δ

ρ

)
≤ δ u(0, 0) ≤ Υκ

Q,ξγ
(0, 0); (2.48)

multiplying by α/δ and adding (2.47) and 1
2 log δ gives (2.44) and (2.45), and (2.46) is the

case
√

δ/ρ ≤ 1 of (2.45).
Suppose first that γ is a step order parameter. Then γ ∈ UQ, and u is obtained on

[0, Q] from the datum fQ(x) = log Φ((x − κ)/
√

δ) at time Q by the recursion (2.6) with
the blocks of γ. By the first identity in (2.42) with K = δ, applied to the steps from
the last to the first, δu(0, ·) is obtained from the datum δ fQ at time Q by the recursion
with the coefficients γ/δ = ξγ. The recursion with these coefficients is nondecreasing
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in its datum and commutes with the addition of constants (2.7), and Υk
Q,ξγ

is the same
recursion started from fk. Hence (2.43) gives (2.48).

For general γ, choose partitions of [0, Q] containing Q with mesh tending to zero, and
let γn(q) = γ(tj) on [tj, tj+1) and γn = 1 on [Q, 1]. Then γn is a step order parameter
with γn ≤ γ and the same top Q, because γ < 1 on [0, Q); moreover γn → γ in
L1, and ξγn → ξγ in L1(0, Q) with ξγn ≤ 1/δ. Lemma 2.4(f) and Lemma 2.19(a) pass
(2.44) and (2.45) to the limit. The last assertion is Lemma 2.19(c) with T = Q, since
Qξγ(Qt) = ξ̃γ(t).

We can now state the main result of this section, the zero-temperature characterization
of κc.

Theorem 2.21. For every α > 0, κc(α) = κJ(α) = κ0
c(α).

The two directions of Theorem 2.21 play different roles in Chapter 3. The inequality
κc ≤ κ0

c says that a single negative value of Jk at a step coefficient forces κc ≤ k; this gives
the upper bound on κc in Theorem 3.13. The inequality κJ ≤ κc is the converse: if Jk ≥ 0
for all coefficients, then κc ≥ κJ ≥ k; this turns the dual certificate of Chapter 3 into a
lower bound on κc.

Proof. We divide the proof into three steps.

Step 1. The inequality κc ≤ κ0
c . Let ξ ∈ X be a step function with ξ ≤ M and Jk(ξ) < 0,

and let k′ > k. For δ ∈ (0, 1
2) with 2δM < 1 put Q = 1 − δ and γ(q) = δQ−1ξ(q/Q) for

q < Q, γ = 1 on [Q, 1]. Then γ is a step order parameter with values in [0, 2δM] ⊂ [0, 1)
on [0, Q), so its top is Q, and ξ̃γ(t) = Qγ(Qt)/δ = ξ(t). By (2.44) and the last assertion
of Lemma 2.20,

Pk′(γ) ≤
Q
δ

Jk′/
√

Q(ξ) +
1
2

log δ.

As δ ↓ 0, k′/
√

Q → k′ > k, so k′/
√

Q ≥ k for small δ, and then Jk′/
√

Q(ξ) ≤ Jk(ξ) < 0 by
Lemma 2.19(b). Hence Pk′(γ) → −∞, and P∗(k′) = −∞ for every k′ > k. Thus κc ≤ k,
and taking the infimum over k gives κc ≤ κ0

c .

Step 2. The inequality κJ ≤ κc. Fix margins κc < k < k′′. We produce negative values of J
at margins close to k′′ from constrained minimizers at the margin k, where P∗(k) = −∞.
For r ∈ [0, 1) let γr minimize Pk over Ur, and write wr = P r

∗(k), Qr = Qγr , δr = 1 − Qr,
and br = bγr,k(0, 0). We use four facts.

(i) wr → −∞ as r ↑ 1, because P r
∗(k) ↓ P∗(k).

(ii) 1
2 log δr > wr, by (2.31).

(iii) δr → 0 as r ↑ 1. Indeed, for fixed r0 < 1 the minimum P r0∗ (k) is finite; once
wr < P r0∗ (k), the minimizer γr does not belong to Ur0 , that is, Qr > r0.
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(iv) The slope br is large: by (2.33) at the margin κc − 1, where P∗ is finite, P∗(κc − 1) ≤
Pκc−1(γr) ≤ wr + α(k − κc + 1)br.

By (2.33) at the margin k′′ and by (iv), with ϑ = (k′′ − k)/(k − κc + 1) > 0,

Pk′′(γr) ≤ wr − α(k′′ − k)br ≤ wr − ϑ
(
P∗(κc − 1)− wr

)
.

For r close to one, Qr > 0 by (iii), and (2.46) at the margin k′′ with ρ =
√

δr, followed by
(ii), gives

Jk′′+
√

δr
Qr

(ξγr)

δr
≤ Pk′′(γr)−

1
2

log δr + 2α < −ϑ
(
P∗(κc − 1)− wr

)
+ 2α.

By (i) the right side tends to −∞ as r ↑ 1. For r close to one it is negative, and the
last assertion of Lemma 2.20 gives J(k

′′+
√

δr)/
√

Qr(ξ̃γr) < 0 with ξ̃γr ∈ X. Hence κJ ≤
(k′′ +

√
δr)/

√
Qr, and by (iii) this margin tends to k′′. Thus κJ ≤ k′′ for every k′′ > κc, that

is, κJ ≤ κc.

Step 3. Conclusion. By Steps 1 and 2 and Lemma 2.19(d), κc ≤ κ0
c = κJ ≤ κc. This proves

the theorem.

Since Jκc(ξ) ≥ 0 for every ξ ∈ X, Lemma 2.19(b) yields a quantitative lower bound on
J below the critical margin. Combined with (2.46) it bounds Pκ(γ) from below in terms
of λ(0) and δ; this is the form used for the top-gap lower bound in Chapter 4.

Corollary 2.22. For k < κc(α) and every ξ ∈ X,

Jk(ξ) ≥ A(k)
Λξ(0)

, A(k) = α
∫ κc

k
m1(t)dt > 0.

Consequently, for γ ∈ U with Q > 0, ρ ≥
√

δ, and (κ + ρ)/
√

Q ≤ k < κc,

Pκ(γ) ≥
Q A(k)

λ(0)
+

1
2

log δ − 2α.

Proof. If Jκc(ξ) < 0 for some ξ, the continuity in Lemma 2.19(b) gives Jk′(ξ) < 0 for
some k′ < κc = κJ, contradicting the definition of κJ. Hence Jκc(ξ) ≥ 0, and the lower
bound in Lemma 2.19(b) with k′ = κc gives the first claim. For the second, (2.46), the
last assertion of Lemma 2.20, the monotonicity in k, and Λ

ξ̃γ
(0) = Λξγ

(0) = λ(0)/δ give

Jκ+ρ
Q (ξγ) = Q J(κ+ρ)/

√
Q(ξ̃γ) ≥ Q Jk(ξ̃γ) ≥ Q A(k) δ/λ(0).

2.9 Logarithmic divergence at the critical margin

By Theorem 2.18, P∗(κc − η) ≤ 1
2 log η + O(1). For α > 2 the comparison with Jk gives a

lower bound of the same logarithmic order. The reason is that κc < 0 for α > 2: dividing
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a margin below κc by
√

Q ≤ 1, as in the last assertion of Lemma 2.20, moves it further
below κc = κJ, where J ≥ 0. The first lemma records the resulting lower bound, which
holds for every order parameter.

Lemma 2.23. Let α > 2. Let γ ∈ U , κ ∈ R, and ρ > 0 with κ + ρ < κc. Then

Pκ(γ) ≥
1
2

log δ − α
(

2 + log+

√
δ

ρ

)
.

Proof. By Proposition 2.17, κ + ρ < κc < 0. If Q = 0, then γ = 1[0,1], δ = 1, and
Pκ(γ) = α log Φ(−κ) ≥ α log 1

2 > −2α because −κ > ρ > 0. If Q > 0, then 0 <
√

Q ≤ 1
gives (κ + ρ)/

√
Q ≤ κ + ρ < κc = κJ (Theorem 2.21), so J(κ+ρ)/

√
Q(ξ̃γ) ≥ 0. By the last

assertion of Lemma 2.20, Jκ+ρ
Q (ξγ) ≥ 0, and (2.45) gives the claim.

Proposition 2.24. Let α > 2. There are constants C, η0 > 0, depending only on α, such that for
0 < η ≤ η0

α log η − C ≤ P∗(κc − η) ≤ 1
2

log η + C, (2.49)

and every γ ∈ U with Pκc−η(γ) ≤ P∗(κc − η) + 1 satisfies 1 − Qγ ≤ Cη1/(1+α).

Proof. We divide the proof into four steps. First we bound Pκ(γ) below in terms of the
top of γ, for every order parameter. This bounds the tops of near-minimizers. Then we
bound the mass and the slope of minimizers, and finally we bound the value below by
distinguishing two cases for the top gap.

Put C∗ = Cκc ; since Cκ is increasing in κ, Cκ ≤ C∗ for κ ≤ κc. By Theorem 2.18 there is
η1 ∈ (0, 1] such that P∗(κc − η) ≤ 1

2 log η + C1 for 0 < η ≤ η1, with C1 = 1
2 log(2αC∗) +

1
2 .

This is the upper bound in (2.49).

Step 1. A lower bound in terms of the top. We show that for all γ ∈ U and κ ≤ κc,

Pκ(γ) ≥
1 + α

2
log δ − C2, C2 = α(2 + log 2 + C∗). (2.50)

Lemma 2.23 at the margin κc − δ with ρ = δ/2 gives, since
√

δ/ρ = 2/
√

δ ≥ 1,

Pκc−δ(γ) ≥
1
2

log δ − 2α − α log
2√
δ
=

1 + α

2
log δ − α(2 + log 2).

If κ ≤ κc − δ, then Pκ(γ) ≥ Pκc−δ(γ) because P·(γ) is decreasing. If κc − δ <

κ ≤ κc, then Pκ(γ) ≥ Pκc(γ), and on [κc − δ, κc] the derivative of P·(γ) is at least
−αC∗/λ(0) ≥ −αC∗/δ by Lemma 2.14; integrating over this interval of length δ gives
Pκc(γ) ≥ Pκc−δ(γ)− αC∗. This proves (2.50).
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Step 2. Tops of near-minimizers. Let 0 < η ≤ η1, put k = κc − η, and let γ ∈ U satisfy
Pk(γ) ≤ P∗(k) + 1. By (2.50) and the upper bound in (2.49), 1+α

2 log δ − C2 ≤ 1
2 log η +

C1 + 1, that is,

1 − Qγ = δ ≤ C3η1/(1+α), C3 = e2(C1+C2+1)/(1+α).

We fix η0 ∈ (0, η1] with C3η
1/(1+α)
0 ≤ 1

2 . From now on 0 < η ≤ η0, k = κc − η, and γ is a
minimizer of Pk over U , which exists by Theorem 2.16. We write δ, λ, b for its quantities
at the margin k. By the bound just proved, δ ≤ 1

2 , that is, Q ≥ 1
2 .

Step 3. The mass and the slope. The minimizer γ minimizes Pk over Ur for every r ∈
(Q, 1), so (2.35) and Ck ≤ C∗ give λ(0) ≤ C4

√
δ with C4 = max{1, 2αC∗/sα}. By (2.32),

λ(0)b(0, 0) ≥ E(k −
√

Q G)+. Since k ≥ κc − 1, κc − 1 < 0, and 1
2 ≤ Q ≤ 1, we have

(κc − 1)/
√

Q ≥
√

2(κc − 1), and therefore

λ(0)b(0, 0) ≥
√

Q m1

(κc − 1√
Q

)
≥ 1√

2
m1

(√
2(κc − 1)

)
=: c4 > 0.

Step 4. The lower bound in (2.49). Put s =
√

δ ≤ 1. We distinguish two cases.
Case A: s ≥ η/4. Lemma 2.23 at the margin k with ρ = η/2 gives P∗(k) = Pk(γ) ≥

log s − 2α − α log+(2s/η). If 2s ≥ η, the right side equals α log η + (1 − α) log s − α(2 +

log 2) ≥ α log η − α(2 + log 2), because s ≤ 1 and α > 1. If 2s < η, it equals log s − 2α ≥
log η − log 4 − 2α ≥ α log η − log 4 − 2α, because η ≤ 1.

Case B: s < η/4. Here the margin shift in Lemma 2.23 costs nothing, but 1
2 log δ may

be very negative; the slope compensates. By (2.33) and Step 3,

Pk(γ) ≥ Pk+η/2(γ) +
αη

2
b(0, 0) ≥ Pk+η/2(γ) +

αc4η

2λ(0)
.

Lemma 2.23 at the margin k+ η/2 = κc − η/2 with ρ = η/4 gives Pk+η/2(γ) ≥ log s− 2α,
because

√
δ/ρ = 4s/η < 1. With λ(0) ≤ C4s we obtain, with c5 = αc4/(2C4),

P∗(k) ≥ log s +
c5η

s
− 2α ≥ log η + 1 + log c5 − 2α,

since s 7→ log s + c5η/s is minimal at s = c5η. As log η ≥ α log η, both cases give the
lower bound in (2.49) with a constant depending only on α.

The exponent 1/(1 + α) for near-minimizers comes from the factor 1+α
2 in (2.50). The

proposition does not identify the coefficient of log η in P∗(κc − η). For exact minimizers,
Part I, Lemma 6.10 and Proposition 6.11, prove the bound on 1 − Qγ for every α > 0,
directly from the value identity.



chapter 3

Replica-symmetric order parameters,
the de Almeida–Thouless line, and the
ordering of thresholds

This chapter studies the replica-symmetric order parameters 1[q,1] and the three margins
κRS, κd, and κc for α = 2 + e with e > 0 small. The margin κRS is Gardner’s prediction,
and Proposition 2.17 gives κc ≤ κRS. §3.1 expands κRS near α = 2, and §3.2 computes
the functional, the function D, and the replicon eigenvalue at a replica-symmetric order
parameter. In §3.3 an exact formula for the derivative of D along the replica-symmetric
family (Lemma 3.5) shows that, for α < π2/4, every margin below κRS has exactly one
stationary replica-symmetric order parameter, and Proposition 3.8 shows that its replicon
eigenvalue changes sign at a single margin κd, with κRS − κd = θde2 +O(e3 log(1/e)). §3.4
proves a duality bound for the zero-temperature functional Jk of Chapter 2 (Theorem 3.10).
In §3.5 we construct an explicit dual certificate and an explicit negative value of Jk.
This gives κRS − Corde3 ≤ κc ≤ κRS − ccube3 (Theorems 3.11 and 3.13); on the interval
(κd, κc) no minimizer is replica symmetric (Corollary 3.14). In the terms of §1.3, the
certified margin k∗ of Theorem 3.11 enters Step 1 through the top-gap lower bound of
Chapter 4; Theorem 3.11(iii) places every compact window Θ of rescaled margins below
κc (Remark 3.12); and Steps 4 and 5 use the order parameter γd = 1[qd,1] of Proposition 3.8
and the asymptotics of 1 − qd.

3.1 Gardner’s prediction near α = 2

We use the Gaussian functions R, R̄, V, m, m1, and ϱ of §2.1 and the facts collected in
Lemma 2.1. The next lemma expands Gardner’s prediction κRS near α = 2. Its part (b)
identifies the quantity αΦ(κRS)− 1 ≈ e/4, which drives both the de Almeida–Thouless
crossing and the cubic separation below.

Lemma 3.1. There is eg > 0 such that for 0 < e ≤ eg and α = 2 + e:

(a) −1
2 < κRS < 0 and e

4αϕ0
≤ |κRS| ≤ e

8m1(−1/2) ; moreover κRS = − e
8ϕ0

+ O(e2);

(b) αΦ(κRS)− 1 = α|κRS|m1(κRS); in particular 0 < αΦ(κRS)− 1 ≤ αϕ0|κRS|, αΦ(κRS)−
1 ≥ m1(−1/2)

4ϕ0
e, and αΦ(κRS)− 1 = e

4 + O(e2);

212
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(c) αm′(κRS) = 4ϕ0 + e
(
2ϕ0 − 1

4ϕ0

)
+ O(e2).

Proof. (a) From αm(κRS) = 1 and m(0) = 1
2 we get m(0)− m(κRS) =

1
2 −

1
2+e =

e
2α > 0, so

κRS < 0. Since m(−1
2) <

1
2 , for small e we have m(κRS) =

1
2+e > m(−1

2), that is, κRS > −1
2 .

By convexity of m and Lemma 2.1(g),

2m1(−1
2)|κRS| ≤ m′(κRS)|κRS| ≤ m(0)− m(κRS) =

e
2α

≤ m′(0)|κRS| = 2ϕ0|κRS|,

which gives the two-sided bound, since α ≥ 2. Taylor’s formula with 0 < m′′ ≤ 2 gives
|m(κRS)− 1

2 − 2ϕ0κRS| ≤ κ2
RS, and e

2α = e
4 + O(e2); hence κRS = −e/(8ϕ0) + O(e2).

(b) The identity follows from αm(κRS) = 1 and Φ − m = −km1. Since m1 is increasing,
m1(−1

2) ≤ m1(κRS) ≤ m1(0) = ϕ0; combine with (a). For the expansion, m1(κRS) =

ϕ0 + O(e) and α|κRS| = (2 + e)( e
8ϕ0

+ O(e2)).

(c) Since m′
1(0) = Φ(0) = 1

2 and m′′
1 = ϕ is bounded, m′(κRS) = 2m1(κRS) = 2ϕ0 +

κRS + O(κ2
RS); multiply by α = 2 + e and insert (a).

3.2 Replica-symmetric order parameters

Definition 3.2. For q ∈ [0, 1) the replica-symmetric (RS) order parameter is γq := 1[q,1] ∈ U .
Its measure is the point mass at q, so q0 = Q = q and δ = 1 − q =: δq. The RS value is
PRS

κ (q) := Pκ(γq). For q ∈ (0, 1) we use the parameters

k :=
κ
√

q
, β :=

√
1 − q

q
, Zq :=

√
q G − κ√

δq
=

G − k
β

,

and we define, for k ∈ R and β > 0,

FRS(k, β) := β2 ER
(G − k

β

)2
, HRS(k, β) := EV

(G − k
β

)2
.

We call q ∈ (0, 1) RS-stationary at κ if Dγq(q) = 0. At an RS-stationary q the replicon
eigenvalue is

ΛR :=
1 − αHRS(k, β)

4(1 − q)2 .

When κ admits exactly one RS-stationary point, we call it the stationary RS point and
denote it by q∗(κ).

For γq the diffusion is a Brownian motion on [0, q], so Zq is the normalized top
position Z = (XQ − κ)/

√
δ of γq. The quantity HRS is the Gaussian second moment of V;

it should not be confused with the obstacle potential H. The next lemma identifies ΛR

with one half of the curvature of Hγq at the atom, as in (1.7). Its sign decides whether
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moving a small part of the mass of the atom to a nearby point lowers the functional. At
an RS-stationary point, αHRS(k, β) = 1 is the de Almeida–Thouless condition recalled in
§1.1, and the stationarity condition αFRS(k, β) = 1 is [59, (43)].

Lemma 3.3. Let α > 0, κ ∈ R, q ∈ (0, 1), γ = γq, and r ∈ (q, 1).

(a) PRS
κ (q) = αE log Φ

(√q G − κ√
1 − q

)
+

q
2(1 − q)

+
1
2

log(1 − q). The same formula holds at

q = 0.

(b) Dγ(q) =
q
(
αFRS(k, β)− 1

)
(1 − q)2 and Sγ(q) = αHRS(k, β). Moreover Dγ ∈ C1([0, r]) and

D′
γ = (Sγ − 1)/λ2

γ.

(c) q 7→ PRS
κ (q) is C1 on (0, 1) with d

dqP
RS
κ (q) = −1

2 Dγq(q).

(d) If q is RS-stationary, then Hγ(s)−Hγ(q) = ΛR(s − q)2 + o((s − q)2) as s → q.
(e) If q is RS-stationary and ΛR < 0, then q is a strict local maximum of Hγ. For every q′ ̸= q

sufficiently close to q and all sufficiently small t > 0,

Pκ

(
(1 − t)γq + t γq′

)
< Pκ(γq).

In particular γq is neither a global minimizer of Pκ nor a local minimizer for the L1 distance.

Proof. (a) Since γ = 0 on [0, q), Lemma 2.5(a) with m = 0 and (2.9) give uγ(0, 0; κ) =

Euγ(q, Bq; κ) = E log Φ(Zq). Since λγ = 1 − q on [0, q] and λγ(t) = 1 − t on [q, 1],

CS(γ) =
1
2

∫ q

0

( 1
1 − q

− 1
1 − t

)
dt =

q
2(1 − q)

+
1
2

log(1 − q).

At q = 0 both sides equal α log Φ(−κ).
(b) By (2.10) with z = (x − κ)/

√
1 − q we have b(q, x) = R(z)/

√
1 − q and c(q, x) =

V(z)/(1 − q), and Xq = Bq has the law of
√

q G. Hence, as λγ = 1 − q on [0, q],

Dγ(q) =
αER(Zq)2

1 − q
− q

(1 − q)2 =
α(1 − q)ER(Zq)2 − q

(1 − q)2 ,

and α(1 − q)ER(Zq)2 = qαFRS(k, β) because β2 = (1 − q)/q. Similarly Sγ(q) = α(1 −
q)2Ec(q, Xq)2 = αEV(Zq)2. The last claim is Lemma 2.9(c)(i).

(c) The derivative of q
2(1−q) +

1
2 log(1 − q) is q

2(1−q)2 . Next

dZq

dq
=

G
2
√

q(1 − q)
+

Zq

2(1 − q)
,

and Gaussian integration by parts with R′ = −V gives E[R(Zq)G] =

−
√

q/(1 − q)EV(Zq). Since V(z) = zR(z) + R(z)2,

d
dq

E log Φ(Zq) = E
[

R(Zq)
dZq

dq

]
=

E[R(Zq)Zq − V(Zq)]

2(1 − q)
= −ER(Zq)2

2(1 − q)
.
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Differentiation under E is justified by 0 < R(z) ≤ |z|+ 1. Summing,

d
dq

PRS
κ (q) = −α(1 − q)ER(Zq)2 − q

2(1 − q)2 = −1
2

Dγq(q).

(d) By (b), H′
γ = −Dγ/2 is C1 near q, H′

γ(q) = 0, and H′′
γ(q) = −1

2 D′
γ(q) =

1−Sγ(q)
2(1−q)2 =

2ΛR. Taylor’s formula gives the claim.
(e) By (d), Hγ(s) < Hγ(q) for s ̸= q near q. For q′ < q close to q, γq′ − γq = 1[q′,q), and

the first-variation formula (2.28) of Proposition 2.11(a) (both order parameters lie in Ur′

for r′ ∈ (max{q, q′}, 1)) gives the right derivative

d
dt

Pκ

(
(1 − t)γq + tγq′

)∣∣∣
t=0+

=
1
2

∫ q

q′
Dγ(s)ds = Hγ(q′)−Hγ(q) < 0;

the case q′ > q is identical with γq′ − γq = −1[q,q′). Moreover ∥(1 − t)γq + tγq′ − γq∥L1 =

t|q′ − q| → 0.

Part (e) is the analogue for Pκ of the instability of the replica-symmetric solution be-
yond the de Almeida–Thouless line for SK-type models [129], [77, Theorem 1.8], recalled
in Chapter 1.

3.3 The stationary curve and the crossing

We now locate the RS-stationary points. By Lemma 3.3(b), q is RS-stationary exactly
when αFRS(k, β) = 1. Uniqueness of the stationary point comes from an exact formula
for the derivative of Dγq(q) in q (Lemma 3.5); the crossing is then located by following
the replicon eigenvalue along the stationary curve, parametrized by β.

Lemma 3.4. Let k ∈ R and β > 0, and write Z := (G − k)/β.

(a) FRS(k, β) = m(k) + β2Eϱ(Z); hence m(k) < FRS(k, β) ≤ m(k) + Mϱβ2.
(b) |FRS(k, β)− m(k)− 2β2Φ(k)| ≤ CFβ3, with CF := ϕ0∥ϱ − 2 · 1(−∞,0)∥L1 .
(c) FRS is continuous on R × (0, ∞) and strictly increasing in each variable. For fixed β,

FRS(·, β) increases from 0 to ∞.
(d) For α > 0 and β > 0 there is a unique Kα(β) with αFRS(Kα(β), β) = 1. The function

Kα is continuous and strictly decreasing, and m(Kα(β)) ∈ [ 1
α − Mϱβ2, 1

α ). In particular
Kα(β) < κRS(α), and Kα(β) ↑ κRS(α) as β ↓ 0.

Proof. (a) Since βZ− = (k − G)+, we have β2EZ2
− = m(k) and β2ER(Z)2 = m(k) +

β2Eϱ(Z). Use 0 < ϱ ≤ Mϱ.
(b) Z has density z 7→ βϕ(k + βz) ≤ βϕ0, and P(Z < 0) = Φ(k). Hence |Eϱ(Z)−

2Φ(k)| ≤ βϕ0∥ϱ − 2 · 1(−∞,0)∥L1 , which is finite by Lemma 2.1(f).
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(c) FRS(k, β) = E fk,β(G)2 with fk,β(g) := βR((g − k)/β) > 0. For fixed g, fk,β(g) is
strictly increasing in k because R is decreasing. It is strictly increasing in β because, with
z = (g − k)/β,

∂β fk,β(g) = R(z)− zR′(z) = R(z)
(
1 + zR̄(z)

)
= R(z)ET2

z > 0

by Lemma 2.1(a). Since R(z) ≤ z− + R(0) (Lemma 2.1(a)), we have fk,β(g) ≤ (k − g)+ +

βR(0), and dominated convergence gives continuity and FRS → 0 as k → −∞, where
fk,β → 0 pointwise. Finally FRS ≥ m(k) → ∞ as k → ∞.

(d) Existence and uniqueness follow from (c). If β < β′, then αFRS(Kα(β), β′) > 1, so
Kα(β′) < Kα(β). For continuity at β, let ε > 0; the strict inequalities αFRS(Kα(β)− ε, ·) <
1 < αFRS(Kα(β) + ε, ·) hold at β, hence near β, and there |Kα − Kα(β)| < ε. By (a),
m(Kα(β)) = 1

α − β2Eϱ(Z) ∈ [ 1
α − Mϱβ2, 1

α ). Since m is continuous and strictly increasing
and αm(κRS) = 1, this gives Kα(β) < κRS and Kα(β) → κRS as β → 0.

The next lemma is the structural input for the uniqueness of the stationary RS point:
along the RS family, every zero of D is a strict down-crossing. It holds for every margin
below κRS, as soon as α < π2/4.

Lemma 3.5. Let 0 < α < π2/4 and κ < κRS(α). For q ∈ [0, 1) put δq = 1 − q, Zq =

(
√

q G − κ)/
√

δq,

DRS(q; κ) :=
α

δq
ER(Zq)2 − q

δ2
q

, SRS(q; κ) := αEV(Zq)2. (3.1)

Then DRS(q; κ) = Dγq(q) and SRS(q; κ) = Sγq(q).

(a) q 7→ DRS(q; κ) is C1 on [0, 1), and

δ2
q ∂qDRS = αE

[
V2 − 2R2(1 − V)

]
(Zq)− 1 + 2δqDRS. (3.2)

(b) There is exactly one q∗(κ) ∈ (0, 1) with DRS(q∗(κ); κ) = 0. Moreover DRS > 0 on
[0, q∗(κ)) and DRS < 0 on (q∗(κ), 1).

(c) κ 7→ q∗(κ) is continuous and strictly increasing on (−∞, κRS).

Proof. For q > 0 the identities DRS = Dγq(q) and SRS = Sγq(q) are contained in the proof
of Lemma 3.3(b). For q = 0 the order parameter γ0 = 1[0,1] has u(q, x) = log Φ((x −
κ)/

√
1 − q) on [0, 1) by (2.9), so Dγ0(0) = αb(0, 0)2 = αR(−κ)2 and Sγ0(0) = αV(−κ)2,

as claimed.
(a) Let b̄(q, x) := ∂x log Φ

(
(x − κ)/

√
δq
)
= R

(
(x − κ)/

√
δq
)
/
√

δq, so that DRS =

αEb̄(q, Bq)2 − q/δ2
q for a Brownian motion B. The function Φ((x − κ)/

√
δq) = P(x +√

δq G ≥ κ) solves the backward heat equation, so its logarithm ū solves ūq = −1
2(ūxx +

ū2
x), and b̄ = ūx solves b̄q = −1

2(b̄xx + 2b̄b̄x); also b̄x = −V((x − κ)/
√

δq)/δq. On
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[0, r] × R with r < 1 these functions are smooth, b̄ grows at most linearly in x (as
R(z) ≤ z− + R(0)), and b̄x, b̄xx are bounded, because V and V′ = R(1 − V − R̄2) are
bounded by Lemma 2.1(a),(b),(e). By Itô’s formula,

d
dq

Eb̄(q, Bq)
2 = E

[
2b̄b̄q + b̄2

x + b̄b̄xx
]
= E

[
b̄2

x − 2b̄2b̄x
]
= δ−2

q E
[
V2 + 2R2V

]
(Zq),

which is continuous in q. Since ∂q(q/δ2
q) = δ−2

q + 2qδ−3
q and 2qδ−3

q = 2δ−2
q

(
αER(Zq)2 −

δqDRS
)

by the definition of DRS, (3.2) follows.
(b) Put p := V2 − 2R2(1 − V). For z ≥ 0, p ≤ V2 ≤ V(0)2 = 4/π2, because V is

decreasing and V(0) = R(0)2 = 2/π. For z < 0, (2.3) gives 2R2(1 − V) ≥ 2
3 R2R̄2 = 2

3V2,
so p ≤ 1

3V2 < 1
3 < 4

π2 . Hence at every zero q of DRS(·; κ), (a) gives δ2
q∂qDRS ≤ 4α/π2 − 1 <

0. A C1 function on an interval whose zeros are all strict down-crossings has at most
one zero. Indeed, suppose q1 < q2 are zeros, and let q3 be the smallest zero in (q1, q2],
which exists because the function is negative on a right neighborhood of q1. Then the
function is negative on (q1, q3), so its derivative at q3 is nonnegative, a contradiction. For
existence, DRS(0; κ) = αR(−κ)2 > 0, while by Lemma 3.3(b) and Lemma 3.4(a), δ2

q DRS =

q(αFRS(κ/
√

q, β)− 1) with β2 = δq/q and m(κ/
√

q) < FRS(κ/
√

q, β) ≤ m(κ/
√

q) + Mϱβ2.
Thus δ2

q DRS → αm(κ)− 1 < 0 as q ↑ 1. The intermediate value theorem and uniqueness
give the sign pattern.

(c) For fixed q, Zq decreases in κ and R is positive and decreasing, so DRS(q; κ) is
strictly increasing in κ; it is continuous in κ by dominated convergence. If κ < κ′ < κRS,
then DRS(q∗(κ); κ′) > 0, so q∗(κ) < q∗(κ′) by (b). For continuity at κ, let ε > 0. The strict
inequalities DRS(q∗(κ)− ε; ·) > 0 > DRS(q∗(κ) + ε; ·) (the first omitted if q∗(κ) ≤ ε) hold
at κ, hence near κ, and there |q∗ − q∗(κ)| < ε by (b).

The stability function HRS is expanded next. Its first-order term in β comes from the
signed area

∫
(V2 − 1{z<0}) = −c0 of Lemma 2.1(f).

Lemma 3.6. There is a numerical constant CH < ∞ such that, for |k| ≤ 1 and 0 < β ≤ 1
2 ,∣∣HRS(k, β)− Φ(k) + c0βϕ(k)

∣∣ ≤ CHβ2 log(1/β),∣∣∂βHRS(k, β) + c0ϕ(k)
∣∣ ≤ CHβ log(1/β).

Moreover HRS(·, β) is nondecreasing for every β > 0.

Proof. Put v := V2 − 1{z<0}, so that |v(z)| ≤ Cg/(1 + z2) and
∫
v = −c0 by Lemma 2.1(f).

Since Z = (G − k)/β has density βϕ(k + βz) and P(Z < 0) = Φ(k),

HRS(k, β) = Φ(k) + β
∫

R
ϕ(k + βz)v(z)dz

= Φ(k)− c0βϕ(k) + β
∫

R

(
ϕ(k + βz)− ϕ(k)

)
v(z)dz.
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Since |ϕ′| ≤ ϕ0, |ϕ(k + βz)− ϕ(k)| ≤ ϕ0 min{1, β|z|}, and∫
R

min{1, β|z|}
1 + z2 dz ≤ β

∫
|z|≤1/β

|z|
1 + z2 dz +

∫
|z|>1/β

dz
z2

= β log
(
1 + β−2)+ 2β ≤ Cβ log(1/β)

for β ≤ 1
2 . This proves the first bound. Differentiating under the integral, which is

justified by the same majorants,

∂βHRS =
∫

R
ϕ(k + βz)v(z)dz + β

∫
R

z ϕ′(k + βz)v(z)dz.

The first integral is −c0ϕ(k)+O(β log(1/β)) by the estimate above. Since |z|/(1+ z2) ≤ β

for |z| > 1/β and
∫

R
|ϕ′(k + βz)|dz = β−1∥ϕ′∥L1 = 2ϕ0β−1, the second is at most

βCg

[
ϕ0

∫
|z|≤1/β

|z|
1 + z2 dz + β

∫
|z|>1/β

|ϕ′(k + βz)|dz
]
≤ Cβ log(1/β).

Finally, Z = (G− k)/β decreases in k and V is positive and decreasing, so V(Z)2 increases
in k.

For α > 0 and β > 0 put

κα(β) :=
Kα(β)√
1 + β2

, ϖα(β) := αHRS
(
Kα(β), β

)
− 1.

For q ∈ (0, 1) write β(q) =
√
(1 − q)/q, so that κ/

√
q = κ

√
1 + β(q)2. By Lemma 3.3(b)

and part (a) of the next lemma, ϖα(β(q)) = Sγq(q)− 1 = −4(1 − q)2ΛR whenever q is
RS-stationary.

Lemma 3.7. (a) For every α > 0, κ ∈ R, and q ∈ (0, 1), sign Dγq(q) = sign
(
κ − κα(β(q))

)
.

Thus q is RS-stationary at κ exactly when κ = κα(β(q)), and then k = Kα(β) and
αHRS(k, β)− 1 = ϖα(β).

(b) There are numerical constants β0 ∈ (0, 1
4 ], ea > 0, and Cc < ∞ such that for 0 < e ≤ ea,

α = 2 + e, and 0 < β′ < β ≤ β0: |Kα(β)| ≤ 1
4 ,∣∣∣κRS − κα(β)− β2

2ϕ0

∣∣∣ ≤ Cc(eβ2 + β3) ≤ β2

4ϕ0
,∣∣∣ϖα(β)− e

4
+ 2c0ϕ0β

∣∣∣ ≤ Cc
(
e2 + eβ + β2 log(1/β)

)
,

(3.3)

and
ϖα(β) ≤ ϖα(β′)− 1

2 c0ϕ0(β − β′). (3.4)

Moreover ϖα is continuous on (0, ∞) and ϖα(0+) = αΦ(κRS)− 1.
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Proof. (a) By Lemma 3.3(b), sign Dγq(q) = sign(αFRS(k, β)− 1) with k = κ
√

1 + β2. Since
FRS(·, β) is strictly increasing and αFRS(Kα(β), β) = 1, this is the sign of κ

√
1 + β2 −Kα(β).

(b) Size of K. Fix β1 ∈ (0, 1
4 ] with Mϱβ2

1 ≤ 1
2(

1
2 −m(−1

2)) and Mϱβ2
1 ≤ 1

4 m1(−1
2), and let

ea ≤ eg be so small that 1
2+e −

1
2 ≥ −1

2(
1
2 − m(−1

2)) and |κRS| ≤ 1
8 for e ≤ ea (Lemma 3.1).

Let 0 < β ≤ β1 and K = Kα(β). By Lemma 3.4(d), m(K) ≥ 1
α − Mϱβ2 ≥ m(−1

2), so
K ≥ −1

2 , and m(κRS)− m(K) ≤ Mϱβ2. Since m′ = 2m1 ≥ 2m1(−1
2) on [−1

2 , 0],

0 ≤ κRS − K ≤
Mϱβ2

2m1(−1
2)

≤ 1
8

;

hence |K| ≤ 1
4 .

Expansions. Subtract αm(κRS) = 1 from αFRS(K, β) = 1 and use Lemma 3.4(b):

α
(
m(κRS)− m(K)

)
= 2αβ2Φ(K) + O(β3).

The left side equals αm′(ξ)(κRS − K) for some ξ ∈ [K, κRS], and |ξ − κRS| ≤ Cβ2. By
Lemma 3.1(b),(c) and |m′′|, |Φ′| ≤ 2, αm′(ξ) = 4ϕ0 + O(e + β2) and αΦ(K) = 1 + O(e +
β2). Dividing, κRS − K = β2

2ϕ0
+O(eβ2 + β3). Finally K − κα(β) = K(1 − (1 + β2)−1/2) has

absolute value at most |K|β2/2, and |K| ≤ |κRS|+ Cβ2 ≤ C(e + β2). For ϖα, Lemma 3.6
(applicable as |K| ≤ 1

4 and β ≤ 1
4 ) gives ϖα(β) = αΦ(K)− 1− αc0βϕ(K)+O(β2 log(1/β)).

Here αΦ(K) − 1 = αΦ(κRS) − 1 + O(β2) = e
4 + O(e2 + β2) by Lemma 3.1(b), and

αc0ϕ(K) = 2c0ϕ0 + O(e + K2) = 2c0ϕ0 + O(e + β2). This defines Cc, for β ≤ β1 and
e ≤ ea. Now fix β0 ≤ β1 with

Ccβ0 ≤ 1
8ϕ0

, CHβ0 log(1/β0) ≤ 1
4 c0ϕ0,

and decrease ea so that Ccea ≤ 1
8ϕ0

; this gives the second inequality in the first display of
(3.3).

Monotonicity and limits. Let 0 < β′ < β ≤ β0 and K′ = Kα(β′). By Lemma 3.4(d) and
Lemma 3.6, Kα(β) < K′ and HRS(·, β) is nondecreasing, so

HRS(Kα(β), β) ≤ HRS(K′, β) = HRS(K′, β′) +
∫ β

β′
∂bHRS(K′, b)db

≤ HRS(K′, β′)− 1
4 c0ϕ0(β − β′).

Indeed, for b ≤ β0, ∂bHRS(K′, b) ≤ −c0ϕ(K′) + CHb log(1/b) ≤ −1
2 c0ϕ0 +

1
4 c0ϕ0 by

Lemma 3.6, since ϕ(K′) ≥ ϕ(1
4) ≥ 1

2 ϕ0, b log(1/b) is increasing on (0, 1
4 ], and β0 was

chosen accordingly. Multiplying by α ≥ 2 gives (3.4). Since Kα(β) → κRS (Lemma 3.4(d))
and HRS(k, β) → Φ(k) uniformly for |k| ≤ 1 (Lemma 3.6), ϖα(0+) = αΦ(κRS)− 1. Conti-
nuity of ϖα follows from that of Kα and of HRS, the latter by dominated convergence.
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We can now describe the replica-symmetric family near α = 2. Part (i) is global in
the margin; parts (ii)–(iv) locate the crossing and expand the stationary point and the
replicon eigenvalue in the window of margins κe(θ) = κRS(2 + e)− e2θ used in the rest
of this part.

Proposition 3.8. There are numerical constants e1 > 0 and c2 > 0 such that for every 0 < e < e1

and α = 2 + e the following hold.

(i) Stationary points. For every κ < κRS, in particular for κ ∈ [κRS − c2, κRS), there is
exactly one RS-stationary point q∗(κ) ∈ (0, 1). Moreover Dγq(q) > 0 for q ∈ [0, q∗) and
Dγq(q) < 0 for q ∈ (q∗, 1); q∗(κ) is the unique minimizer of PRS

κ on [0, 1); and κ 7→ q∗(κ)
is continuous and strictly increasing.

(ii) The crossing and the replicon eigenvalue. There is exactly one κd = κd(α) ∈ (κRS −
c2, κRS) at which αHRS = 1 at q∗(κd). Put qd := q∗(κd) and γd := 1[qd,1]. The replicon
eigenvalue ΛR(κ) of Definition 3.2 at q∗(κ) satisfies

ΛR(κ) < 0 (κd < κ < κRS), ΛR(κd) = 0, ΛR(κ) > 0 (κRS − c2 ≤ κ < κd).

Consequently, for κ ∈ (κd, κRS) the stationary replica-symmetric order parameter γq∗(κ) is
unstable in the sense of Lemma 3.3(e).

(iii) Asymptotics. As e ↓ 0, with βd := β(qd),

κRS − κd = θde2 + O
(
e3 log(1/e)

)
, θd =

(2π)3/2

128 c2
0

,

βd =
e

8c0ϕ0
+ O

(
e2 log(1/e)

)
,

and the rescaled top gap of γd satisfies

dd :=
1 − qd

e2 =
1

64c2
0ϕ2

0
+ O

(
e log(1/e)

)
= 2ϕ0θd + O

(
e log(1/e)

)
.

(iv) The stationary point in the window. For every compact Θ ⊂ (0, ∞) there are eΘ > 0 and
CΘ < ∞ such that, for 0 < e < eΘ and θ ∈ Θ, κe(θ) ∈ [κRS − c2, κRS) and∣∣∣1 − q∗(κe(θ))

e2 − 2ϕ0θ
∣∣∣ ≤ CΘe.

Moreover, with t(θ) := 2ϕ0
√

2ϕ0θ, the value HRS at q∗(κe(θ)) satisfies∣∣∣(1 − αHRS
)
− e

(
c0 t(θ)− 1

4

)∣∣∣ ≤ CΘe2 log(1/e).

In particular c0t(θd) =
1
4 , that is, t(θd) = td = 1/(4c0).
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Proof. Let β0, ea, Cc be as in Lemma 3.7(b), put c2 := β2
0/(4ϕ0), and let e1 ≤ min{ea, 1

4}, to
be decreased finitely often below. Then α = 2 + e < π2/4.

(i) By Lemma 3.5, applicable because α < π2/4, every κ < κRS has exactly one RS-
stationary point q∗(κ), with the stated sign pattern, and q∗ is continuous and strictly
increasing. By Lemma 3.3(c), PRS

κ strictly decreases on [0, q∗] and strictly increases on
[q∗, 1); it is continuous at 0 by dominated convergence in Lemma 3.3(a).

(ii) For κ < κRS put β∗(κ) := β(q∗(κ)). By (i) it is continuous and strictly decreasing,
and κα(β∗(κ)) = κ by Lemma 3.7(a). Conversely, for β ∈ (0, β0], (3.3) gives κRS − κα(β) ≥
β2/(4ϕ0) > 0, and 1/(1+ β2) is RS-stationary at κα(β) by Lemma 3.7(a); so β∗(κα(β)) = β

by (i). In particular κα(β0) ≤ κRS − c2, hence β∗(κ) ∈ (0, β0] for κ ∈ [κRS − c2, κRS). By
Lemma 3.7(b), ϖα is continuous and strictly decreasing on (0, β0], ϖα(0+) = αΦ(κRS)−
1 > 0 by Lemma 3.1(b), and

ϖα(β0) ≤ αΦ(κRS)− 1 − 1
2 c0ϕ0β0 ≤ αϕ0|κRS| − 1

2 c0ϕ0β0 < 0

after decreasing e1 (Lemma 3.1(a),(b)). Hence ϖα has exactly one zero βd ∈ (0, β0), with
ϖα > 0 on (0, βd) and ϖα < 0 on (βd, β0]. Put κd := κα(βd), so that β∗(κd) = βd. By

(iii) below, βd ≤ β0/2 after decreasing e1, so κRS − κd ≤ 3β2
d

4ϕ0
< c2 by (3.3). At q∗(κ)

we have αHRS − 1 = ϖα(β∗(κ)) by Lemma 3.7(a), so ΛR(κ) = −ϖα(β∗)/(4(1 − q∗)2).
For κ ∈ [κRS − c2, κRS), β∗(κ) < βd exactly when κ > κd. This gives the signs and the
uniqueness of κd, and Lemma 3.3(e) applies for κ ∈ (κd, κRS).

(iii) Letting β′ ↓ 0 in (3.4) and using Lemma 3.1(b), 0 = ϖα(βd) ≤ αϕ0|κRS| − 1
2 c0ϕ0βd,

so βd ≤ 2α|κRS|/c0 ≤ Ce by Lemma 3.1(a). As x2 log(1/x) is increasing on (0, 1
2 ],

β2
d log(1/βd) ≤ Ce2 log(1/e), and the expansion (3.3) of ϖα at βd gives | e

4 − 2c0ϕ0βd| ≤
Ce2 log(1/e). Hence

βd =
e

8c0ϕ0
+ O

(
e2 log(1/e)

)
, β2

d =
e2

64c2
0ϕ2

0
+ O

(
e3 log(1/e)

)
.

By (3.3) at β = βd, κRS − κd = β2
d/(2ϕ0) + O(e3) = e2/(128c2

0ϕ3
0) + O(e3 log(1/e)), and

1/(128ϕ3
0) = (2π)3/2/128. Finally 1 − qd = β2

d/(1 + β2
d), so dd = β2

de−2(1 + O(e2)), and
2ϕ0θd = 1/(64c2

0ϕ2
0).

(iv) Let eΘ ≤ e1 be so small that e2
Θ max Θ ≤ c2; then κe(θ) ∈ [κRS − c2, κRS), and

β∗ := β∗(κe(θ)) ∈ (0, β0] by the proof of (ii). By Lemma 3.7(a) and (3.3),

e2θ = κRS − κα(β∗) =
β∗2

2ϕ0
+ O

(
eβ∗2 + β∗3),

β∗2

4ϕ0
≤ e2θ ≤ 3β∗2

4ϕ0
.

Hence 4
3 ϕ0θe2 ≤ β∗2 ≤ 4ϕ0θe2, and then β∗2 = 2ϕ0θe2 + O(e3), with constants depending

on Θ. Since 1− q∗ = β∗2/(1+ β∗2), the first claim follows. For the second, β∗ = e
√

2ϕ0θ +

O(e2), β∗2 log(1/β∗) ≤ Ce2 log(1/e), and 1 − αHRS = −ϖα(β∗) by Lemma 3.7(a); insert
these into (3.3). Finally 2ϕ0θd = 1/(64c2

0ϕ2
0) gives c0t(θd) = c0 · 2ϕ0 · 1

8c0ϕ0
= 1

4 .
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At the stationary RS point, Hγq∗ (s) − Hγq∗ (q
∗) = ΛR(s − q∗)2 + o((s − q∗)2) by

Lemma 3.3(d). The instability for κ > κd concerns mass split off near the atom. The
longitudinal direction, in which the whole atom moves, is stable on both sides of κd,
since q∗ minimizes PRS

κ . Proposition 3.8 does not assert that γq∗ is a global minimizer for
κ ≤ κd; for κ ∈ [κd − ce2, κd] this is proved in Chapter 8 (Theorem 8.13).

3.4 The zero-temperature functional and a dual certificate

The critical margin is defined through the divergence of P∗, which is not directly com-
putable. Theorem 2.21 characterizes it through the zero-temperature functional Jk of
(2.41), in which the terminal datum log Φ((x − κ)/

√
δ) is replaced by its Gaussian-tail

approximation −(κ − x)2
+/(2δ) and the top gap is scaled out. We first record the con-

sequences of Chapter 2 used below. We then prove a duality bound: a single function
g ≥ k − x satisfying two Gaussian moment constraints forces Jk ≥ 0 for all coefficients at
once, and hence κc ≥ k.

For T ∈ (0, 1] let ST be the set of nondecreasing, right-continuous step functions
ξ : [0, T) → [0, ∞) with finitely many values. For ξ ∈ ST and k ∈ R, Υ = Υk

T,ξ denotes the
solution of (2.40), given by the Cole–Hopf recursion run backwards from the terminal
datum fk(x) = −1

2(k − x)2
+ at time T with coefficient ξ. As in (2.41), Λξ(q) = 1 +

∫ T
q ξ,

Lξ = Λξ(0), Jk
T(ξ) = αΥ(0, 0) + 1

2

∫ T
0 Λξ(q)−1 dq and Jk = Jk

1 . The coefficient ξ may
exceed one. For ξ = 0, Υ(0, 0) = −1

2E(k −
√

TG)2
+, so

Jk(0) = 1
2

(
1 − αm(k)

)
, (3.5)

which vanishes exactly at k = κRS.

Lemma 3.9. Let α > 0 and k ∈ R.

(a) Two criteria. If Jk(ξ) < 0 for some ξ ∈ S1, then κc ≤ k. If Jk(ξ) ≥ 0 for every ξ ∈ S1,
then κc ≥ k.

(b) The optimal process. Let ξ ∈ S1 and Υ = Υk
1,ξ , let B be a Brownian motion with natural

filtration (Fq), and let X∗ be the strong solution of dX∗
q = ξ(q)Υx(q, X∗

q )dq + dBq,
X∗

0 = 0. Then Mq := Υx(q, X∗
q ) is a square-integrable (Fq)-martingale on [0, 1] with

M1 = (k − X∗
1)+, and

Υ(0, 0) = −1
2

E
[

M2
1 +

∫ 1

0
ξ(q)M2

q dq
]
.

Proof. (a) By Theorem 2.21, κc = κ0
c , the infimum of the margins k′ for which Jk′(ξ) < 0

for some nondecreasing step function ξ on [0, 1). The first claim follows. For the second,
k′ 7→ Jk′(ξ) is nonincreasing by Lemma 2.19(b), so Jk′(ξ) ≥ Jk(ξ) ≥ 0 for all k′ ≤ k and
ξ ∈ S1; hence κ0

c ≥ k.
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(b) The terminal datum fk belongs to the class of terminal data of Lemma 2.8, with
f ′k(x) = (k − x)+, and Υ is the solution considered there. By Lemma 2.8, X∗ exists and
M is a square-integrable martingale with M1 = f ′k(X∗

1) = (k − X∗
1)+; it is adapted to

(Fq) because X∗ is a strong solution. Equality holds in the control inequality (2.20) for
the feedback control θ∗q = ξ(q)Mq, whose cost is θ∗2

q /ξ(q) = ξ(q)M2
q . Hence Υ(0, 0) =

E fk(X∗
1)−

1
2E

∫ 1
0 ξM2

q dq, and fk(X∗
1) = −1

2 M2
1.

We now prove the duality bound. A trial control in the variational representation of
Υ(0, 0) (Lemma 2.8) gives a lower bound on Jk(ξ) for a fixed ξ. To obtain a nonnegative
lower bound uniformly in ξ, we use a dual object: a function g lying above k − x that
is small in L2 of the Gaussian measure and has small slope in the same space. Neither
condition involves ξ.

Theorem 3.10. Let α > 0 and k ∈ R, and let g : R → R be Lipschitz with g(x) ≥ k − x for all
x ∈ R. Assume

(C1) αEg(G)2 ≤ 1, (C2) αEg′(G)2 ≤ 1. (3.6)

Then Jk(ξ) ≥ 0 for every ξ ∈ S1.

Proof. Fix ξ ∈ S1, write Λ = Λξ and L = Lξ , and let B, (Ft), Υ, X∗, and M be as in
Lemma 3.9(b). Put ν := M1 = (k − X∗

1)+ ≥ 0, so that Ms = E[ν | Fs]. We divide the
proof into four steps.

Step 0. Martingale representations. Let (Pt) denote the heat semigroup. Since g is Lipschitz,
∂xPtg = Ptg′ for t > 0 and |Ptg′| ≤ Lip(g). The martingale E[g(B1) | Fr] = (P1−rg)(Br)

has terminal value g(B1), and for r′ < 1 Itô’s formula, with ∂r(P1−rg) = −1
2 ∂xxP1−rg,

gives

(P1−r′g)(Br′) = Eg(B1) +
∫ r′

0
(P1−rg′)(Br)dBr.

Letting r′ ↑ 1 in L2, we obtain g(B1) = Eg(B1) +
∫ 1

0 ςr dBr with ςr := (P1−rg′)(Br), which
is the Clark–Ocone formula for g(B1). By Jensen’s inequality and (C2),

Eς2
r ≤ E(P1−rg′2)(Br) = Eg′(G)2 ≤ 1

α
(0 ≤ r < 1). (3.7)

Similarly write ν = Eν +
∫ 1

0 nr dBr (by the martingale representation theorem; see [79]),
so that EM2

s = (Eν)2 +
∫ s

0 En2
r dr.

Step 1. J in terms of ν. Put

Q := Eν2 +
∫ 1

0
ξ(s)EM2

s ds = (Eν)2L +
∫ 1

0
Λ(r)En2

r dr,
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where the second expression follows from the formula for EM2
s , Fubini’s theorem, and

Λ(r) = 1 +
∫ 1

r ξ. By Lemma 3.9(b), Jk(ξ) = 1
2

∫ 1
0 Λ−1 − α

2Q. Moreover Q = E[ν(k − B1)].
Indeed k − B1 = (k − X∗

1) +
∫ 1

0 ξMs ds and ν(k − X∗
1) = ν2, so

E[ν(k − B1)] = Eν2 +
∫ 1

0
ξ(s)E[νMs]ds = Eν2 +

∫ 1

0
ξ(s)EM2

s ds = Q.

Step 2. Comparison with g(B1). Since ν ≥ 0 and g(B1) ≥ k − B1, the Itô isom-
etry and the Cauchy–Schwarz inequality, applied to (

√
L Eν)(Eg(B1)/

√
L) and to

(
√

Λ(r) nr)(ςr/
√

Λ(r)), give

Q ≤ E[νg(B1)] = Eν Eg(B1) +
∫ 1

0
E[nrςr]dr ≤ Q1/2R1/2,

R :=
(Eg(B1))

2

L
+

∫ 1

0

Eς2
r

Λ(r)
dr.

Hence Q ≤ R and Jk(ξ) ≥ 1
2

[∫ 1
0 Λ−1 − αR

]
.

Step 3. The sign. The function Λ−1 is nondecreasing with Λ(0)−1 = 1/L, and
∫ 1

0 Eς2
r dr =

Var g(B1) by the Itô isometry. Hence∫ 1

0

dr
Λ(r)

− αR =
1
L
[
1 − α Var g(B1)− α(Eg(B1))

2]+ ∫ 1

0

( 1
Λ(r)

− 1
L

)(
1 − αEς2

r
)

dr

≥ 1
L
(
1 − αEg(G)2) ≥ 0,

by (3.7) for the integral and (C1) for the last inequality. This proves the theorem.

3.5 Ordering of the thresholds

We now construct an explicit certificate. A natural candidate is g(x) = βR((x − k)/β), the
terminal value of λb for a replica-symmetric order parameter. It satisfies g(x) ≥ (k − x)+,
Eg(G)2 = FRS(k, β) and Eg′(G)2 = HRS(k, β), so (C1) and (C2) read αFRS ≤ 1 and
αHRS ≤ 1. Along the stationary curve αFRS = 1 they hold only for β ≥ βd (on the range

of Lemma 3.7), and the certified margins Kα(β) ≤ Kα(βd) = κd

√
1 + β2

d lie below κd. The

loss comes from the left tail: R(z)2 − z2 → 2 as z → −∞, which costs 2β2Φ(k) in (C1)
(Lemma 3.4(b)). A certificate that equals k − x exactly outside a window of width O(e)
around k avoids this cost. Its price in (C1) is only cubic in the width, while it still lowers
the slope enough to satisfy (C2).

Theorem 3.11. There are numerical constants e2 > 0 and Cord < ∞ such that for 0 < e < e2

and α = 2 + e the following hold.
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(i) There is k∗ = k∗(α) with κRS − Corde3 ≤ k∗ < κRS such that Jk∗(ξ) ≥ 0 for every ξ ∈ S1.
Consequently

κc(α) ≥ k∗(α) ≥ κRS(α)− Corde3. (3.8)

(ii) κc(α)− κd(α) ≥ 1
2 θde2.

(iii) Subcritical window. For every compact Θ ⊂ (0, ∞) there is eΘ > 0 such that, for
0 < e < eΘ and θ ∈ Θ,

k∗(2 + e)− κe(θ) ≥ 1
2 e2 min Θ, in particular κc(2 + e)− κe(θ) ≥ 1

2 e2 min Θ.

(iv) Distance from the crossing. There is a numerical constant Cdc < ∞ such that∣∣κc(α)− κd(α)− θde2∣∣ ≤ Cdc e3 log(1/e), that is,

κc − κd = θde2 + O
(
e3 log(1/e)

)
.

Proof. (i) Let e ≤ eg (Lemma 3.1), and put

β̄ := 2α|κRS|, ∆ :=
3ϕ0β̄3

2m1(−1/2)
, k∗ := κRS − ∆.

By Lemma 3.1(a), β̄ ≤ Ce and ∆ ≤ Corde3, and for small e we have k∗ ≥ −1
2 and

|k∗|+ β̄ ≤ 1
2 . Define g : R → R by g(z) = −z for z ≤ −1, g(z) = 1 for −1 ≤ z ≤ 0, and

g(z) = (1 − z/2)+ for z ≥ 0, and put

g(x) := β̄ g
(x − k∗

β̄

)
.

Since g(z) ≥ −z for all z, g(x) ≥ k∗ − x. The function g is Lipschitz with g′ = −1 on
(−∞, k∗ − β̄), g′ = 0 on (k∗ − β̄, k∗), g′ = −1

2 on (k∗, k∗ + 2β̄) and g′ = 0 on (k∗ + 2β̄, ∞).
Condition (C2). Since ϕ ≥ ϕ(|k∗|+ β̄) on [k∗ − β̄, k∗] and ϕ ≤ ϕ0,

Eg′(G)2 = Φ(k∗ − β̄) + 1
4

(
Φ(k∗ + 2β̄)− Φ(k∗)

)
≤ Φ(k∗)− β̄ ϕ

(
|k∗|+ β̄

)
+ 1

2 β̄ϕ0 ≤ Φ(κRS)− 3
8 β̄ϕ0,

because ϕ(|k∗|+ β̄) ≥ ϕ(1
2) = ϕ0e−1/8 ≥ 7

8 ϕ0 and k∗ < κRS. By Lemma 3.1(b), αΦ(κRS) ≤
1 + αϕ0|κRS|; with β̄ = 2α|κRS| and α ≥ 2,

αEg′(G)2 ≤ 1 + αϕ0|κRS|
(
1 − 3

4 α
)
≤ 1 − 1

2 αϕ0|κRS| < 1.

Condition (C1). With z = (x − k∗)/β̄, we have 0 ≤ g(x)2 − (k∗ − x)2
+ = β̄2(g(z)2 −

z2
−) ≤ β̄21[−1,2](z): on [−1, 0] the difference is 1 − z2, and on [0, 2] it is (1 − z/2)2. Hence

Eg(G)2 ≤ m(k∗) + β̄2P
(
G ∈ [k∗ − β̄, k∗ + 2β̄]

)
≤ m(k∗) + 3ϕ0β̄3.
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By convexity of m and m′ = 2m1 ≥ 2m1(−1
2) on [−1

2 , 0],

αm(k∗) ≤ αm(κRS)− 2αm1(−1
2)∆ = 1 − 3αϕ0β̄3.

Therefore αEg(G)2 ≤ 1. By Theorem 3.10, Jk∗(ξ) ≥ 0 for every ξ ∈ S1, and Lemma 3.9(a)
gives κc ≥ k∗.

(ii) Take e2 ≤ e1. By (i) and Proposition 3.8(iii), κc − κd ≥ κRS − κd − Corde3 =

θde2 − O(e3 log(1/e)) ≥ 1
2 θde2 for small e.

(iii) k∗ − κe(θ) = e2θ − ∆ ≥ e2 min Θ − Corde3 ≥ 1
2 e2 min Θ for small e.

(iv) By Proposition 2.17, κc ≤ κRS; with (i), 0 ≤ κRS − κc ≤ Corde3. Write κc − κd =

(κRS − κd)− (κRS − κc) and use Proposition 3.8(iii): |κc − κd − θde2| ≤ |κRS − κd − θde2|+
Corde3 ≤ Ce3 log(1/e).

Remark 3.12. By Theorem 3.11(iii), every compact interval Θ ⊂ (0, ∞) lies in the subcritical
range: for all sufficiently small e, the margins κe(θ), θ ∈ Θ, lie below κc by at least
1
2 e2 min Θ. This rests on the lower bound (3.8), which is proved with the explicit dual
certificate; every later use of the subcriticality of Θ depends on it. From now on Θ ⊂ (0, ∞)

denotes a fixed compact interval, and we write θ− := min Θ > 0 and θ+ := max Θ. Up
to §7.8, Θ is arbitrary, and all constants depend on Θ only through θ±. From §7.8 on, we
assume in addition that Θ contains θd in its interior; Chapter 8 takes Θ = [1

2 θd, 2θd].

We now prove that the replica-symmetric formula overestimates κc at order e3. The
negative witness is a coefficient carried by a top layer of width ε ≍ e2 and total mass one.
At k = κRS the value JκRS(0) vanishes by (3.5); the layer gains an amount linear in ε with
coefficient proportional to αΦ(κRS)− 1 ≈ e/4, at a cost of order ε3/2, and the choice ε ≍ e2

balances the two. The value of Jk at a one-block coefficient involves exponential moments
of the form E exp(−t(a − G)2

+), which also enter the upper bound on the capacity in [90,
Definition 2 and Theorem 4.2]. The function Jℓ(k) of Part I, Chapter 7, is Jk(ξε) at ε = ℓ,
for the one-block coefficient ξε = ε−11[1−ε,1) of Step 1 below.

Theorem 3.13. There are numerical constants e3 > 0 and ccub > 0 such that for 0 < e < e3 and
α = 2 + e,

κRS(α)− κc(α) ≥ ccube3.

Together with Theorem 3.11(i), ccube3 ≤ κRS − κc ≤ Corde3.

Proof. We divide the proof into four steps.

Step 1. An exact formula. For 0 < ε ≤ 1
2 let ξε := ε−11[1−ε,1) ∈ S1 and p := 1 − ε. Put

f(z) := log E exp
(
−1

2(z + G)2
−
)
= log

[
Φ(z) + 2−1/2e−z2/4Φ(−z/

√
2)
]
,

where the second expression follows by splitting the expectation according to the sign
of z + G and completing the square, (z + g)2 + g2 = 2(g + z/2)2 + z2/2. On the top
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block the coefficient is 1/ε, and (k − x −
√

εG)2
+/ε = (z + G)2

− with z = (x − k)/
√

ε; so
the Cole–Hopf step gives Υ(p, x) = ε f((x − k)/

√
ε). Below p the coefficient vanishes,

so Υ(0, 0) = εEf(Zε) with Zε := (
√

pG − k)/
√

ε. Since Λξε
= 2 on [0, p) and Λξε

(q) =

1 + (1 − q)/ε on [p, 1), the entropy term equals 1
2(

p
2 + ε log 2). Hence

Jk(ξε) = αε Ef(Zε) +
p
4
+

ε log 2
2

.

Step 2. The remainder. Put r(z) := f(z) + 1
4 z2

− +
log 2

2 1{z<0}; only an upper bound on r is

needed. For z ≥ 0, ef ≤ 1, so r(z) = f(z) ≤ 0. For z < 0 let a(z) := E e−(z+G)2/2 =

2−1/2e−z2/4. Then r = log(ef/a), and ef − a = E[1 − e−(z+G)2/2; z + G > 0] ≤ Φ(z),
so r(z) ≤ Φ(z)/a(z). The right side is at most

√
2 e1/4 on [−1, 0), and at most√

2ϕ0e−z2/4/|z| for z ≤ −1 by Lemma 2.1(b). Thus r ≤ r̄ := (Φ/a)1(−∞,0) ∈ L1(R).
Using E(Zε)2

− = m(k; p)/ε with m(k; p) := E(k −√
pG)2

+, so that m(k; 1) = m(k), and
P(Zε < 0) = Φ(k/

√
p),

Jk(ξε) =
p − αm(k; p)

4
+

ε log 2
2

(
1 − αΦ(k/

√
p)
)
+ αε Er(Zε).

Step 3. Expansion. Let |k| ≤ 1 and α ≤ 3. The density of Zε is z 7→
√

ε ϕp(k +
√

εz) ≤√
2ε ϕ0, where ϕp is the N(0, p) density, so αεEr(Zε) ≤ 3

√
2ϕ0∥r̄∥L1ε3/2. By Gaus-

sian integration by parts, ∂tm(k; t) = Φ(k/
√

t). For t ∈ [ 1
2 , 1], |∂tΦ(k/

√
t)| =

|k|ϕ(k/
√

t)/(2t3/2) ≤
√

2ϕ0|k| ≤ |k|, so |Φ(k/
√

t) − Φ(k)| ≤ |k|(1 − t). Since m(k) −
m(k; p) =

∫ 1
p Φ(k/

√
t)dt, this gives |m(k; p) − m(k) + εΦ(k)| ≤ ε2 and |Φ(k/

√
p) −

Φ(k)| ≤ ε. Hence, with p = 1 − ε,

p − αm(k; p)
4

≤ 1 − αm(k)
4

+
ε

4
(
αΦ(k)− 1

)
+

αε2

4
,

ε log 2
2

(
1 − αΦ(k/

√
p)
)
≤ − ε log 2

2
(
αΦ(k)− 1

)
+

α log 2
2

ε2.

Adding these bounds and the bound on αεEr(Zε), and using ε2 ≤ ε3/2 and α ≤ 3, we
obtain, with d := log 2 − 1

2 ,

Jk(ξε) ≤
1 − αm(k)

4
− ε

2
d
(
αΦ(k)− 1

)
+ CJε

3/2, (3.9)

where CJ := 3
4 + 3

2 log 2 + 3
√

2ϕ0∥r̄∥L1 is a numerical constant. Here d > 0 because
log 2 =

∫ 2
1 t−1 dt > 1

2 .

Step 4. Choice of ε. At k = κRS, 1− αm(κRS) = 0 and, by Lemma 3.1(b), αΦ(κRS)− 1 ≥ cΦe
with cΦ := m1(−1

2)/(4ϕ0). Let t∗ := (dcΦ/(4CJ))
2 and ε := t∗e2 ≤ 1

2 . Then (3.9) gives

JκRS(ξε) ≤ −dcΦ

2
t∗e3 + CJt3/2

∗ e3 = −dcΦ

4
t∗e3 =: −c4e3.



part ii 3.5 Ordering of the thresholds 228

Let ccub := c4/3. By Lemma 2.19(b), and since m1(t) ≤ m1(0) = ϕ0 for t ≤ 0 and
αϕ0 ≤ 3ϕ0 ≤ 3

2 ,

JκRS−ccube3
(ξε) ≤ JκRS(ξε) + αϕ0ccube3 ≤ −c4e3 + 1

2 c4e3 < 0.

By Lemma 3.9(a), κc ≤ κRS − ccube3.

The two cubic bounds are statements about the zero-temperature functional J only:
Theorem 3.11(i) certifies Jk∗ ≥ 0 and Theorem 3.13 exhibits JκRS−ccube3

(ξε) < 0; they are
transferred to κc through the characterization κc = κ0

c of Theorem 2.21.

Corollary 3.14. Let 0 < e < min{e1, e2, e3} and α = 2 + e. Then κd < κc < κRS, and for
every κ ∈ (κd, κc) the functional Pκ has global minimizers, and no global minimizer is replica
symmetric: µγ is not a point mass. In particular every global minimizer has at least two support
points.

Proof. The inequalities κd < κc and κc < κRS are Theorem 3.11(ii) and Theorem 3.13.
Minimizers exist by Theorems 2.16 and 2.18. Suppose that γ = γq is a global minimizer at
some κ ∈ (κd, κc). By Proposition 2.11(c), 0 < q < 1 and Dγq(q) = 0, so q is RS-stationary
at κ. Since κ ∈ (κd, κRS), Proposition 3.8(i) gives q = q∗(κ), and Proposition 3.8(ii) gives
ΛR(κ) < 0. By Lemma 3.3(e), γq is not a global minimizer, a contradiction.

Corollary 3.14 says nothing about the structure of the minimizers beyond having two
support points, and it does not use the uniqueness results of later chapters. Their interval
structure for κ immediately above κd is established in Chapter 8.



chapter 4

Rescaled variables and a priori bounds
for minimizers

For α = 2 + e and margins κ = κe(θ) = κRS − e2θ, the relevant overlaps lie within O(e2)

of one, and the relevant values of x − κ are of order e. This chapter introduces variables
adapted to these scales and proves the a priori bounds of Step 1 in §1.3 for all exact
global minimizers. In §§4.1 and 4.2 we restate the identities of Chapter 2 in rescaled
variables (Lemma 4.2) and write the value Pκ(γ) exactly in terms of the rescaled solution
at the bottom of the support (Lemma 4.3). Proposition 4.5 splits this value into a term
Ke(q0) that depends only on q0, three explicit terms that depend on γ only through
the bottom q0, the rescaled mass ℓ0, and an entropy-type quantity Γ̃, and a remainder
αEW(Y0) with W integrable; Lemma 4.6 expands the coefficients to first order in e, and
Lemma 4.7 evaluates the replica-symmetric trial order parameters. In §4.3 we read off
bounds on the mass and the depth from the first-order condition D(q0) = 0 at the
bottom of the support (Lemma 4.9). In §4.4 we prove that every global minimizer satisfies
c e2 ≤ d ≤ Dtop, ℓ0 ≤ L, and s0 ≤ C0e−2/3, uniformly in θ ∈ Θ (Theorems 4.10 and 4.11).
Chapter 5 improves the depth bound to s0 = O(1), and Chapter 6 uses all of these bounds;
Proposition 4.5 and Lemmas 4.6 and 4.7 are also the starting point of the flat limit in
Chapter 7.

Rescalings of a similar kind appear in the physics analysis of the jamming limit [59,
(67)–(68)], where λ is divided by the distance to the jamming line and x − κ is compared
with

√
1 − q; see also [30] for hard spheres.

Throughout this chapter, α = 2 + e with e ∈ (0, 1], Θ ⊂ (0, ∞) is a compact interval
as in Remark 3.12, θ− = min Θ and θ+ = max Θ, and κ = κe(θ) with θ ∈ Θ unless stated
otherwise. Constants c, C depend only on Θ unless stated otherwise.

4.1 Rescaled variables

Definition 4.1. Let e > 0, κ ∈ R, and let γ ∈ U have top Q = 1 − δ and bottom
q0 = min supp µγ; write λ = λγ and u = uγ(·, ·; κ). The level and the rescaled space variable
are

s =
1 − q

e2 , q(s) := 1 − e2s, y =
x − κ

e
.

229
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The rescaled profile and its primitive are

ζ(s) := γ(1 − e2s) (s ∈ [0, e−2]), ℓ(s) :=
∫ s

0
ζ(t)dt,

so that λ(q(s)) = e2ℓ(s). The top gap, the depth, and the mass are

d :=
δ

e2 , s0 :=
1 − q0

e2 , ℓ0 := ℓ(s0) =
λ(0)

e2 .

On (0, e−2]× R we put

U(s, y) := u
(
q(s), κ + ey

)
, v(s, y) := −ℓ(s)Uyy(s, y), Ψ(s, y) := ℓ(s)Uy(s, y) + y,

F(s, y) := s
(
−Uyy(s, y)

)
− Uy(s, y)Ψ(s, y).

The endpoint s = 0 corresponds to the singular hard wall q = 1 and is not in the domain
of these smooth functions; the profile ζ and its primitive ℓ are nevertheless defined at
s = 0. For s ≥ d also put

Γ(s) :=
1
2

log d +
1
2

∫ s

d

dt
ℓ(t)

, Γ̃ := Γ(s0)−
1
2

log ℓ0.

Finally Ys := (Xq(s) − κ)/e for s ∈ [d, e−2], and Y0 := Ys0 . We call γ (or ζ) a step profile if it
takes finitely many values.

Levels s ∈ [d, e−2] correspond to q ∈ [0, Q]. In rescaled variables v = λc becomes
v = −ℓUyy, and the harmonic function ψ = λb + x − κ of (2.21) becomes Ψ = ψ/e. The
rescaled profile ζ is nonincreasing and left-continuous, ζ = 1 on [0, d], ζ < 1 on (d, e−2]

(because Q ∈ supp µγ), ζ > 0 on [0, s0) (because q0 ∈ supp µγ) and ζ = 0 on (s0, e−2];
also ζ(d+) = γ(Q−). Hence ℓ is concave and nondecreasing, ℓ(s) = s on [0, d], ℓ ≤ s,
and d ≤ ℓ0 ≤ s0. Since (log ℓ)′ = ζ/ℓ ≤ 1/ℓ on [d, s0],

Γ̃ =
1
2

log
d
ℓ0

+
1
2

∫ s0

d

dt
ℓ(t)

≥ 0. (4.1)

Lemma 4.2. Let γ ∈ U , κ ∈ R, and e > 0. On [d, e−2]× R:

(a) U ≤ 0, Uy > 0, 0 < v < 1, vy < 0, Ψ > 0, and Ψy = 1 − v; Ψ(s, ·) is convex and
increasing, and ℓUy is decreasing in y, with (ℓUy)y = −v. At the top level,

U(d, y) = log Φ(y/
√

d), Uy(d, y) = R(y/
√

d)/
√

d, Ψ(d, y) =
√

d R̄(y/
√

d).

On every open interval of levels on which ζ ≡ m, U is smooth and Us =
1
2

(
Uyy + mU2

y
)
.

(b) The sandwich.
v ≤ UyΨ ≤ s

ℓ(s)
v; (4.2)

equivalently, F ≥ 0 and v ≤ UyΨ.
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(c) For y < 0: Uy(s, y) ≥ |y|/ℓ(s) and Ψ(s, y) ≤ min{
√

s, s/|y|}. For y > 0: y < Ψ(s, y) ≤
y + min{

√
s, s/y}.

(d) Let q = q(s), x = κ + ey, and let Xq,x be the diffusion (2.14) started from x at time q. Then

Ψ(s, y) = E
[√

d R̄
(Xq,x

Q − κ

e
√

d

)]
≥ max

{
E
(
y +

√
s − d G

)
+

,
√

d R̄
(
y/

√
d
)}

.

Proof. Under the change of variables, b = Uy/e, c = −Uyy/e2, λ = e2ℓ, λc = v, ψ = eΨ,
∂x = e−1∂y, and (1 − q)/λ = s/ℓ.

(a) The signs are Lemma 2.4(b),(c) and Lemma 2.9(b), and (ℓUy)y = ℓUyy = −v. The
top formulas follow from (2.9), R′ = −V, and R̄ = z + R. Since ∂s = −e2∂q, the equation
uq = −1

2(uxx + γu2
x) becomes Us =

1
2(Uyy + ζU2

y) (Lemma 2.4(a)).

(b) The sandwich v ≤ bψ ≤ 1−q
λ v of Lemma 2.10(a) becomes (4.2). Since s(−Uyy) =

s
ℓv,

the upper half is F ≥ 0.
(c) Let y < 0. Since Ψ > 0, ℓUy = Ψ − y > |y|. By (4.2) and v < 1, Ψ ≤ s/(ℓUy) <

s/|y|. At y = 0, Ψ = ℓUy, so Ψ(s, 0)2 = ℓUyΨ ≤ sv < s; since Ψ increases in y,
Ψ(s, y) ≤

√
s for y ≤ 0. Let y > 0. Then Ψ > y because Uy > 0, so ℓUy ≤ s/Ψ < s/y by

(4.2); and ℓUy is decreasing in y, so ℓUy(s, y) ≤ ℓUy(s, 0) = Ψ(s, 0) ≤
√

s.
(d) By Lemma 2.9(b), ψ(q, x) = Eψ(Q, Xq,x

Q ), and ψ(Q, x′) =
√

δ R̄((x′ − κ)/
√

δ);
divide by e. Put Ξ := (Xq,x

Q − κ)/e. Since the drift of X is nonnegative, (2.15) gives Xq,x
Q ≥

x + BQ − Bq, so Ξ ≥ y + (BQ − Bq)/e, a Gaussian variable with mean y and variance s − d.
Since R̄(z) > z, R̄ > 0, and R̄ is increasing,

√
d R̄(Ξ/

√
d) ≥ Ξ+ ≥ (y + (BQ − Bq)/e)+,

which gives the first lower bound. Since R̄ is convex and increasing (Lemma 2.1(a)) and
EΞ ≥ y, Jensen’s inequality gives the second.

4.2 The value formula and the exact decomposition

Below its bottom q0 the order parameter vanishes, so the diffusion X is a Brownian motion
there and u solves the heat equation. This makes the input of the rescaled problem an
explicit Gaussian.

Lemma 4.3. Let α > 0, let γ ∈ U with q0 > 0, let κ ∈ R and e > 0. Then Y0 = (Bq0 − κ)/e
has the Gaussian law N(−κ/e, q0/e2), with density

p0(y) =
e

√
q0

ϕ
( ey + κ

√
q0

)
≤ eϕ0√

q0
,

and
Pκ(γ) = αEU(s0, Y0) + Γ(s0) +

q0

2e2ℓ0
+ log e. (4.3)

Proof. Since γ = 0 on [0, q0), the drift of X vanishes there, so Xq0 = Bq0 ; and by
Lemma 2.5(a) with m = 0, u(0, 0) = Eu(q0, Bq0) = EU(s0, Y0). The entropy is CS(γ) =
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1
2

∫ Q
0 λ−1 + 1

2 log δ. On [0, q0] we have λ = λ(0) = e2ℓ0, so 1
2

∫ q0
0 λ−1 = q0

2e2ℓ0
. Substituting

q = 1− e2t on [q0, Q] gives 1
2

∫ Q
q0

λ−1 dq = 1
2

∫ s0
d ℓ−1 dt. Finally 1

2 log δ = log e+ 1
2 log d.

The proof uses only that γ = 0 on [0, q0). Hence Lemma 4.3, and with it Proposition 4.5
below, remains valid verbatim if q0 is replaced by any level q1 ∈ (0, q0], with s0 replaced
by s1 = (1 − q1)/e2 and Y0 by (Bq1 − κ)/e; the mass is unchanged, ℓ(s1) = ℓ0, because
ζ = 0 on (s0, s1], and (4.1) continues to hold with s1 in place of s0.

The next lemma records the tails of U. In the far left, the terminal datum log Φ(y/
√

d)
behaves like −y2/(2d) − log |y|. Below the top the quadratic coefficient becomes
1/(2ℓ(s)), the logarithm keeps coefficient one, and the constant term records the en-
tropy Γ. This is Lemma 2.4(b),(d),(e) in rescaled variables.

Lemma 4.4. Let γ ∈ U , let κ ∈ R and e > 0, and let r ∈ (Q, 1). There are C, Y1 < ∞,
depending only on e, |κ|, and r, such that for s ∈ [d, e−2]:

(a) 0 ≥ U(s, y) ≥ −C(1 + y2) for all y ∈ R, and U(s, y) ≥ −C e−y2/(8s) for y ≥ 0;
(b) with ω(s) := log ℓ(s)− Γ(s)− log

√
2π,∣∣∣U(s, y) +

y2

2ℓ(s)
+ log |y| − ω(s)

∣∣∣ ≤ C
y2 (y ≤ −Y1).

Proof. Put q = 1 − e2s ∈ [0, Q] and x = κ + ey, and apply Lemma 2.4(b),(d),(e) with
the cutoff r and K0 = |κ|. Part (a) follows from u ≤ 0, the quadratic lower bound
of Lemma 2.4(b), Lemma 2.4(d), and (x − κ)2/(8(1 − q)) = y2/(8s). For (b), we have
(x − κ)2/(2λ(q)) = y2/(2ℓ(s)) and log(κ − x) = log e + log |y|. Since λ = e2ℓ, δ = e2d,
and the substitution t = 1 − e2t′ gives

∫ Q
q λ(t)−1 dt =

∫ s
d ℓ(t′)−1 dt′, the constant (2.13) of

Lemma 2.4(e) equals

log
(
e2ℓ(s)

)
− 1

2 log
(
e2d

)
− 1

2

∫ s

d

dt′

ℓ(t′)
− log

√
2π = log e + ω(s).

The terms log e cancel, and the error C/(κ − x)2 equals Ce−2/y2.

We now split Pκ(γ). The explicit left asymptotics of Lemma 4.4 can be integrated
against the Gaussian law exactly. What remains is a function W that is integrable on
R. The estimate |αEW(Y0)| ≤ αeϕ0q−1/2

0 ∥W∥L1 makes this contribution O(e) on classes
where q0 is bounded away from zero and ∥W∥L1 is uniformly bounded.

Proposition 4.5. Let α > 0, let γ ∈ U with q0 > 0, let κ ∈ R and e > 0. Define

k0 :=
κ

√
q0

, ρ := αΦ(k0), ce(q0) :=
q0
(
1 − αm(k0)

)
2e2 ,

ω(s0) := log ℓ0 − Γ(s0)− log
√

2π,
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Ke(q0) := log e − αE
[
log |Y0|; Y0 ≤ −1

]
− ρ log

√
2π,

W(y) := U(s0, y) +
y2
−

2ℓ0
− ω(s0)1{y≤0} + log |y| 1{y≤−1},

and the profile-independent constant Ke := log e − αE[log |Y∗|; Y∗ ≤ −1]− αΦ(κ) log
√

2π,
where Y∗ := (G − κ)/e; this is Ke(q0) at q0 = 1.

(a) E|W(Y0)| < ∞ and

Pκ(γ) = Ke(q0) +
ce(q0)

ℓ0
+

1 + ρ

2
log ℓ0 + (1 − ρ)Γ̃ + αEW(Y0). (4.4)

Here Ke(q0), ce(q0), and ρ depend on γ only through q0, and Γ̃ ≥ 0.
(b) W is bounded on compact sets, W(y) = O(y−2) as y → −∞, and W(y) = U(s0, y) ∈

[−Cγe−y2/(8s0), 0] for y > 0. In particular W ∈ L1(R). The constants here depend on γ

(through a cutoff r ∈ (Q, 1)) and on e; no bound on ∥W∥L1 uniform in e is claimed at this
stage.

Proof. (a) Put E(y) := − y2
−

2ℓ0
+ω(s0)1{y≤0}− log |y|1{y≤−1}, so that U(s0, ·) = E +W. Both

U(s0, ·) (by Lemma 4.4(a)) and E have at most quadratic growth, so W(Y0) is integrable.
Since e(Y0)− = (κ − Bq0)+ and P(Y0 ≤ 0) = Φ(k0),

αEE(Y0) = −αq0m(k0)

2e2ℓ0
+ ρ ω(s0)− αE

[
log |Y0|; Y0 ≤ −1

]
.

Add Γ(s0) +
q0

2e2ℓ0
+ log e as in (4.3). The first term and q0

2e2ℓ0
combine to ce(q0)/ℓ0. Using

ω(s0) = log ℓ0 − Γ(s0)− log
√

2π and Γ(s0) = Γ̃ + 1
2 log ℓ0,

ρ ω(s0) + Γ(s0) = ρ log ℓ0 + (1 − ρ)
(

Γ̃ +
1
2

log ℓ0

)
− ρ log

√
2π

=
1 + ρ

2
log ℓ0 + (1 − ρ)Γ̃ − ρ log

√
2π.

Collecting the remaining terms gives Ke(q0). Nonnegativity of Γ̃ is (4.1).
(b) U(s0, ·) is continuous (Lemma 2.4(a)), and E is bounded on compact sets. The left

tail is Lemma 4.4(b) at s = s0, and the right tail is Lemma 4.4(a).

The coefficients in (4.4) depend on γ only through q0 = 1 − e2s0. The next lemma
expands them. The main term of ce is 2ϕ0θ, coming from κRS − κ = e2θ and αm′(κRS) ≈
4ϕ0; the correction es0/8 comes from the shift of the effective margin κ/

√
q0 with depth.

Lemma 4.6. There are eL > 0 and CL < ∞, depending only on Θ, such that for 0 < e ≤ eL,
θ ∈ Θ, and κ = κe(θ):

(a) |κRS + e/(8ϕ0)| ≤ CLe2 and −e/2 ≤ κ < 0.
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(b) For every q0 ∈ [1
2 , 1], with s0 = (1 − q0)/e2,∣∣∣αΦ

( κ
√

q0

)
− 1 − e

4

∣∣∣ ≤ CL(e2 + e3s0),

∣∣∣ce(q0)− 2ϕ0θ − e
[(

ϕ0 −
1

8ϕ0

)
θ +

s0

8

]∣∣∣ ≤ CL
(
e2 + e2s0 + e3s2

0
)
,

|Ke(q0)− Ke| ≤ CL e2s0 log(1/e), |Ke − 2 log e| ≤ CL.

(c) For every q ∈ (0, 1), with s = (1 − q)/e2,

0 ≤ ce(q) ≤
5ϕ0

2

(
θ +

1
2

min
{

es,
√

q
e

})
.

Proof. (a) The first bound is Lemma 3.1(a). Since κ = κRS − e2θ < 0 and 1
8ϕ0

=
√

2π
8 < 1

2

(as 2π < 16), κ ≥ − e
8ϕ0

− (CL + θ+)e2 ≥ − e
2 for small e.

(b) Put τ0 := 1− q0 = e2s0 ≤ 1
2 , k0 := κ/

√
q0 and ∆0 := κRS − k0 = e2θ + |κ|(q−1/2

0 − 1).
For τ0 ≤ 1

2 , Taylor’s formula for (1 − τ0)
−1/2 gives 0 ≤ q−1/2

0 − 1 − τ0
2 ≤ 3τ2

0 ; with (a),

∆0 = e2θ +
eτ0

16ϕ0
+ O(e2τ0 + eτ2

0 ), 0 ≤ ∆0 ≤ C(e2 + eτ0).

The factor ρ. We have αΦ(k0)− 1 − e
4 = [αΦ(κRS)− 1 − e

4 ]− α[Φ(κRS)− Φ(k0)]; the first
bracket is O(e2) by Lemma 3.1(b), and the second lies in [0, αϕ0∆0]. The coefficient ce. Since
αm(κRS) = 1 and 0 < m′′ ≤ 2, 1 − αm(k0) = αm′(κRS)∆0 + O(∆2

0). By Lemma 3.1(c),

1 − αm(k0) = 4ϕ0e2θ + e3
(

2ϕ0 −
1

4ϕ0

)
θ +

eτ0

4
+ O

(
e4 + e2τ0 + eτ2

0
)
.

Multiplying by q0/(2e2) = (1 − τ0)/(2e2) and using τ0 = e2s0 gives the expansion of
ce(q0). The constant Ke(q0). For q ∈ [1

2 , 1] write E[log |Yq|; Yq ≤ −1] = El(
√

q G), with
Yq = (

√
q G − κ)/e and l(x) := log((κ − x)/e)1{x≤κ−e}. The function l is continuous,

with l′ = −1/(κ − x) on (−∞, κ − e) and l′ = 0 on (κ − e, ∞). By the heat equation, and
since

∫ κ−e
−∞ (κ − x)−2 dx = 1/e equals the jump of l′ at κ − e,

d
dq

El(
√

q G) =
1
2

∫ κ−e

−∞

ϕq(κ − e)− ϕq(x)
(κ − x)2 dx,

where ϕq is the N(0, q) density of §2.1. Since |ϕq(κ − e) − ϕq(x)| ≤ C min{1, κ − e −
x} for q ∈ [1

2 , 1], this is at most C
∫ ∞

e min{1, u − e}u−2 du ≤ C(1 + log(1/e)). Also
| d

dq Φ(κ/
√

q)| ≤ C|κ| ≤ C. Integrating over [q0, 1] gives the bound on Ke(q0) − Ke.
Finally,

Ke =
(
1 + αΦ(κ − e)

)
log e − αE

[
log(κ − G); G ≤ κ − e

]
− αΦ(κ) log

√
2π;
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the middle term is bounded because log is integrable near zero, and αΦ(κ − e) = 1+O(e).
(c) Let k = κ/

√
q. Since κ < 0, k ≤ κ < κRS, so αm(k) ≤ 1 and ce(q) ≥ 0. By convexity

of m, 1 − αm(k) ≤ αm′(κRS)(κRS − k), and

q(κRS − k) = qe2θ + |κ|(√q − q),
√

q − q ≤ min{1 − q,
√

q}.

With |κ| ≤ e/2 (by (a)) and αm′(κRS) ≤ 5ϕ0 for small e (by Lemma 3.1(c)), this gives the
bound.

The replica-symmetric trial order parameters give an upper bound on the minimal
value.

Lemma 4.7. (a) For e > 0, κ ∈ R, and 0 < d < e−2, the replica-symmetric order parameter
with rescaled top gap d, namely γ = 1[q0,1] with q0 = 1 − e2d, has s0 = ℓ0 = d, Γ̃ = 0,
U(d, ·) = log Φ(·/

√
d) and

Pκ(γ) = αE log Φ
(
Y0/

√
d
)
+

1
2

log d +
q0

2e2d
+ log e.

Its remainder in (4.4) is

WRS,d(y) := log Φ(y/
√

d) +
y2
−

2d
−

(1
2

log d − log
√

2π
)

1{y≤0} + log |y|1{y≤−1},

and ∥WRS,d∥L1(R) ≤ CW(d) with CW bounded on compact subsets of (0, ∞).
(b) There are eR > 0 and CRS < ∞, depending only on Θ, such that for 0 < e ≤ eR and θ ∈ Θ,

P∗(κe(θ)) ≤ Ke + 1 + log(2ϕ0θ) + CRS e,

with Ke as in Proposition 4.5. In particular P∗(κe(θ)) ≤ Ke + C′
RS with C′

RS := 1 +

log(2ϕ0θ+) + CRS.

Proof. (a) The first formula is (4.3) with Γ(d) = 1
2 log d, and the formula for WRS,d is

the definition of W with ω(d) = 1
2 log d − log

√
2π. With z = y/

√
d and w(z) :=

log Φ(z) + z2
−
2 + log

√
2π1{z≤0} + log |z|1{z≤−1},

WRS,d(y) = w(z) + log |z|
(
1{y≤−1} − 1{z≤−1}

)
+ 1

2 log d
(
1{y≤−1} − 1{y≤0}

)
.

For z = −t ≤ −1, w(−t) = log(tM(t)) ∈ (−t−2, 0), where M(t) = Φ(−t)/ϕ(t) and
t2/(1 + t2) < tM(t) < 1 by Lemma 2.1(b); for z ≥ 0, |w| ≤ 2(1 − Φ(z)) by Lemma 2.1(c);
so w ∈ L1. The second term is supported where exactly one of y ≤ −1, y ≤ −

√
d holds,

a set of length at most |1 −
√

d| on which | log |z|| ≤ 1
2 | log d|. Hence

∥WRS,d∥L1 ≤
√

d ∥w∥L1 + 1
2 | log d|

(
|1 −

√
d|+ 1

)
.
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(b) Take d = ℓ∗ := 2ϕ0θ ∈ [2ϕ0θ−, 2ϕ0θ+] and q0 = 1 − e2ℓ∗, which lies in [1
2 , 1] for

small e. By (4.4), (a), and Lemma 4.6(b),

P∗(κ) ≤ Pκ(γ) = Ke +
2ϕ0θ

ℓ∗
+ log ℓ∗ + O(e) + αEWRS,ℓ∗(Y0),

and, since Y0 has density at most eϕ0/
√

q0 ≤
√

2ϕ0e (Lemma 4.3) and α ≤ 3,
|αEWRS,ℓ∗(Y0)| ≤ 3

√
2ϕ0e CW(ℓ∗). The first two explicit terms equal 1 + log(2ϕ0θ).

Finally we record a crude lower bound on Pκ at a fixed top. Together with
Lemma 4.7(b) it shows that the top gap of a global minimizer is small.

Lemma 4.8. For every γ ∈ U with top Q and every κ ∈ R,

Pκ(γ) ≥ α E log Φ
(BQ − κ√

δ

)
+

1
2

log δ.

Proof. The entropy satisfies CS(γ) = 1
2

∫ Q
0 λ−1 + 1

2 log δ ≥ 1
2 log δ. The heat lower bound

of Lemma 2.5(c) with (q, t, x) = (0, Q, 0) and (2.9) give uγ(0, 0; κ) ≥ Euγ(Q, BQ; κ) =

E log Φ((BQ − κ)/
√

δ).

4.3 The stationary bottom

At the bottom q0 of a global minimizer, D(q0) = 0 (Proposition 2.11(c)). As in §4.2, the
diffusion is a Brownian motion below q0, so this condition is an exact Gaussian identity at
the single level s0. For a replica-symmetric order parameter, D(q0) = 0 is the saddle-point
equation of Gardner’s replica-symmetric computation [62] (see Lemma 3.5). For mixed
p-spin models, Auffinger and W.-K. Chen used the same observation, that the order
parameter vanishes below the bottom of the support, in the proof of [8, Theorem 1].

Lemma 4.9. Let 0 < e ≤ eB := min{eL, 1
8}, θ ∈ Θ, and κ = κe(θ), and let γ ∈ U have

bottom q0 ∈ (0, 1) with D(q0) = 0; by Proposition 2.11(c), every global minimizer qualifies. Put
k0 := κ/

√
q0 and

g(y) :=
(
ℓ0Uy(s0, y)

)2 − y2
− =

(
Ψ(s0, y)− y

)2 − y2
−.

(a) g ≥ 0 on R, and 2ce(q0) = αEg(Y0), with ce as in Proposition 4.5.
(b) Depth. s0 ≤ max{2d, C1e−2/3, C2}, where

cG :=
ϕ(1) ϕ3

0
29/2 , C1 :=

(10ϕ0θ+
cG

)2/3
, C2 :=

(5ϕ0

cG

)2
.

(c) Mass. If e
√

s0 ≤ 1
5 , then ℓ0 ≤ 5ϕ0θ+ + e s0 + 4e s3/2

0 .
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Proof. (a) Since γ = 0 on [0, q0), we have Xq0 = Bq0 and λ = λ(0) = e2ℓ0 on [0, q0], so∫ q0
0 λ−2 = q0/(e4ℓ2

0). With b(q0, κ + ey) = Uy(s0, y)/e and Bq0 = κ + eY0, the condition

D(q0) = 0 reads αE
(
ℓ0Uy(s0, Y0)

)2
= q0/e2. Since e(Y0)− = (κ − Bq0)+, E(Y0)

2
− =

q0m(k0)/e2. Subtracting α times this, αEg(Y0) = q0(1 − αm(k0))/e2 = 2ce(q0). The
second expression for g is the definition of Ψ. For y ≥ 0, g = (Ψ − y)2 ≥ 0; for y < 0,
g = Ψ2 + 2|y|Ψ > 0 because Ψ > 0 (Lemma 4.2(a)).

Two further facts are used in (b) and (c). By Lemma 4.3, Y0 has density p0 ≤ eϕ0/
√

q0.
By Lemma 4.6(a),(c), − e

2 ≤ κ < 0 and

2ce(q0) ≤ 5ϕ0θ+ + 5
2 ϕ0 e s0. (4.5)

(b) Suppose that s0 > max{2d, C2}; we show s0 ≤ C1e−2/3. Put σ0 :=
√

s0 − d and
y1 := 1

2 ϕ0σ0. Since s0 > 2d, σ2
0 ≥ s0/2. For y ≥ 0, Lemma 4.2(d) and the monotonicity of

y 7→ E(y + σ0G)+ give Ψ(s0, y) ≥ E(σ0G)+ = ϕ0σ0; hence g(y) = (Ψ − y)2 ≥ 1
4 ϕ2

0σ2
0 for

0 ≤ y ≤ y1. Put x1 := ey1 = 1
2 eϕ0σ0. Then x1 ≤ 1

2 ϕ0 < 1 because e2s0 = 1 − q0 < 1. Also
cG < ϕ3

0 gives C2 > (5/ϕ2
0)

2 > 16π, so σ2
0 ≥ s0/2 > 8π = 4/ϕ2

0 and x1 ≥ e ≥ 2|κ|. As
κ < 0 < κ + x1 ≤ 1 and q0 ≤ 1,

P(0 ≤ Y0 ≤ y1) = P
(
κ ≤ √

q0 G ≤ κ + x1
)
≥ P(0 ≤ G ≤ κ + x1)

≥ ϕ(1)(κ + x1) ≥ 1
2 ϕ(1)x1.

By (a), g ≥ 0 and α ≥ 2,

2ce(q0) ≥ αE
[
g(Y0); 0 ≤ Y0 ≤ y1

]
≥ 2 ·

ϕ2
0σ2

0
4

· ϕ(1)ϕ0eσ0

4
=

ϕ(1)ϕ3
0

8
e σ3

0 ≥ cG e s3/2
0 .

Since s0 > C2, we have 5
2 ϕ0es0 < 1

2 cGes3/2
0 , so (4.5) gives 1

2 cGes3/2
0 < 5ϕ0θ+, that is,

s0 < C1e−2/3.
(c) Let e

√
s0 ≤ 1

5 . Then 1 − q0 = e2s0 ≤ 1
25 , so p0 ≤

√
2ϕ0e and

√
2ϕ0e

√
s0 ≤

√
2ϕ0
5 < 1

8 ;
also |k0| ≤

√
2|κ| ≤ e ≤ 1

8 , so Φ(k0) ≥ Φ(−1
8) > 3

8 . Let y < 0. The lower half of the
sandwich (4.2) at level s0 gives (Ψ + |y|)Ψ = ℓ0UyΨ ≥ ℓ0v, so

g(y) = 2(Ψ + |y|)Ψ − Ψ2 ≥ 2ℓ0 − 2ℓ0(1 − v)− Ψ2.

By Lemma 4.2(a),(c), Ψ(s0, ·) is increasing with Ψy = 1 − v and Ψ(s0, y) ≤
min{√s0, s0/|y|} for y < 0. Hence∫ 0

−∞
(1 − v)(s0, y)dy = Ψ(s0, 0) ≤

√
s0,∫ 0

−∞
Ψ(s0, y)2 dy ≤

∫ ∞

0
min

{
s0,

s2
0

u2

}
du = 2s3/2

0 .
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Using g ≥ 0 on [0, ∞), P(Y0 < 0) = Φ(k0), and p0 ≤
√

2ϕ0e,

2ce(q0) = αEg(Y0) ≥ α
[
2ℓ0

(
Φ(k0)−

√
2ϕ0e

√
s0
)
− 2

√
2ϕ0e s3/2

0

]
≥ ℓ0 − 6

√
2ϕ0e s3/2

0 ,

where we used Φ(k0)−
√

2ϕ0e
√

s0 ≥ 1
4 and 2 ≤ α ≤ 3. Combining with (4.5), and using

5
2 ϕ0 < 1 and 6

√
2ϕ0 < 4, gives (c).

Only the stationarity D(q0) = 0 of the bottom enters Lemma 4.9, not global minimality.
The two parts use disjoint regions of the Gaussian input. On {Y0 < 0} the sandwich
makes g ≥ 2ℓ0v − Ψ2, which forces ℓ0 ≲ ce(q0). On {0 ≤ Y0 ≲

√
s0}, heat smoothing

over the levels [d, s0] makes g of order s0 on a set of probability of order e
√

s0; this gain
of order es3/2

0 cannot be balanced by 2ce(q0) = O(1 + es0) at large depth.

4.4 A priori bounds for global minimizers

The top gap is bounded below by comparison with the certified margin k∗ ≤ κc of
Theorem 3.11. At a distance η ≍ e2 below k∗, the slack bound of Corollary 2.22 makes
Pκ(γ) large when δ ≪ η2, unless λ(0) ≳ η; weak top stability (Lemma 2.15) forces
λ(0) ≲

√
δ for minimizers; and the value inequality of Lemma 2.13 closes the argument.

Theorem 4.10. There are eD > 0, depending only on Θ, and cD > 0, depending only on θ−,
such that for 0 < e < eD and θ ∈ Θ, every global minimizer γ of Pκe(θ) satisfies

δ = 1 − Q ≥ cD e4, that is, d ≥ cD e2.

Proof. Let e be so small that Theorem 3.11 and Lemma 4.6(a) apply, so that k∗ = k∗(2 +

e) < κRS < 0, k∗ ≤ κc, and κ = κe(θ) ∈ [− e
2 , 0). Put η := k∗ − κ. By Theorem 3.11(iii),

which rests on the certificate bound (3.8), η ≥ 1
2 θ−e2; also η ≤ |κ| ≤ 1

2 . If δ > η2/9, then
δ ≥ θ2

−e4/36. Assume from now on that δ ≤ η2/9, so that Q ≥ 35
36 . We divide the rest of

the proof into three steps.

Step 1. A lower bound on λ(0). Apply Corollary 2.22 with the margin shift η/3 ≥
√

δ and
with k := k∗ − η/3 < κc. Its hypothesis holds: κ + η/3 = k∗ − 2

3 η < 0 and Q ≤ 1, so
(κ + η/3)/

√
Q ≤ κ + η/3 ≤ k. Since k∗ ≤ κc and m1 > 0 is increasing, with k ≥ κ ≥ −1,

the constant of Corollary 2.22 satisfies A(k) ≥ α
∫ k∗

k m1(t)dt ≥ αm1(−1)η/3. Hence

Pκ(γ) ≥
Q α m1(−1) η

3λ(0)
+

1
2

log δ − 2α.

Together with Pκ(γ) <
1
2 log δ (Lemma 2.13) and Q ≥ 1

2 , this gives λ(0) > m1(−1)η/12.

Step 2. An upper bound on λ(0). A global minimizer minimizes Pκ over Ur for every r ∈
(Q, 1) (Proposition 2.11(c)), so (2.35) of Lemma 2.15 gives λ(0) ≤ max{1, 2αCκ/sα}

√
δ ≤
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Cλ

√
δ with the numerical constant Cλ := 288. Indeed α ≤ 3, Cκ ≤ 1 for κ ≤ 0, and

sα = min{1
2 , 1

16α} = 1
16α for α ≥ 2, so that 2αCκ/sα ≤ 32α2 ≤ 288.

Step 3. Conclusion. By Steps 1 and 2,
√

δ ≥ m1(−1)η/(12Cλ) ≥ m1(−1)θ−e2/(24Cλ).
Both cases give δ ≥ cDe4 with cD := (m1(−1)θ−/(24Cλ))

2, which is smaller than θ2
−/36

because m1(−1) < 1 < Cλ.

The constants m1(−1) and Cλ do not depend on α ∈ (2, 3]: the only α-dependent input
of weak top stability is sα = min{1

2 , 1
16α} ≥ 1

48 for α ≤ 3. This is why the bound is uniform
as e ↓ 0. The argument uses the value inequality only in the direction Pκ(γ) <

1
2 log δ; it

gives no lower bound on the optimal value P∗, and none is claimed.
The next theorem concerns exact global minimizers. In its proof, global minimality

is used once, through comparison with the replica-symmetric trial order parameter of
Lemma 4.7, to make the top gap small in original units (Step 1). The upper bounds then
follow from the stationarity D(q0) = 0 of the bottom (Lemma 4.9).

Theorem 4.11. There are eU > 0 and Dtop, L, C0 < ∞, depending only on Θ, such that for
0 < e < eU, θ ∈ Θ, and κ = κe(θ), every global minimizer γ of Pκ satisfies

d ≤ Dtop, ℓ0 ≤ L, s0 ≤ C0e−2/3, q0 ≥ 1
2 , |κ| ≤ e.

More precisely, s0 ≤ max{2d, C1e−2/3, C2} with C1, C2 as in Lemma 4.9, and one may take
Dtop = L.

Proof. Let e < eU ≤ min{eB, eR}, with eU further reduced below. The bound |κ| ≤ e is
Lemma 4.6(a). By Proposition 2.11(c), 0 < q0 ≤ Q < 1 and D(q0) = 0, so Lemma 4.9
applies. Fix δ̄ := 2−12. We divide the proof into four steps.

Step 1. δ < δ̄. Let γ ∈ U have δ ≥ δ̄. By Lemma 2.1(c), log Φ(z) ≥ −1
2 z2

− − z− − 2 for
all z. For |κ| ≤ 1 and Q ≤ 1 we have E(κ − BQ)

2
+ ≤ 4 and E(κ − BQ)+ ≤ 2. Hence

Lemma 4.8 and α ≤ 3 give

Pκ(γ) ≥ −3
(2

δ̄
+

2√
δ̄
+ 2

)
+

1
2

log δ̄ =: −C(δ̄).

By Lemma 4.7(b) and Lemma 4.6(b), P∗(κ) ≤ Ke + C′
RS ≤ 2 log e + CL + C′

RS < −C(δ̄) for
small e. Hence every global minimizer has δ < δ̄.

Step 2. Depth. By Lemma 4.9(b), s0 ≤ max{2d, σe} with σe := max{C1e−2/3, C2}. In both
cases e

√
s0 ≤ 1

5 : if s0 ≤ 2d, then e2s0 ≤ 2δ < 2−11; otherwise e2s0 ≤ max{C1e4/3, C2e2} ≤
1
25 for small e. In particular q0 = 1 − e2s0 ≥ 1

2 .

Step 3. Mass. By Step 2 and Lemma 4.9(c), ℓ0 ≤ 5ϕ0θ+ + es0 + 4es3/2
0 . If s0 ≤ 2d, then

s0 ≤ 2ℓ0 (as d ≤ ℓ0), so es0 ≤ 2eℓ0 ≤ 1
4ℓ0 and 4es3/2

0 = 4(e
√

s0)s0 ≤ 4 · 2−11/2 · 2ℓ0 < 1
4ℓ0;
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hence ℓ0 ≤ 10ϕ0θ+. Otherwise s0 ≤ σe, and es0 ≤ 1, es3/2
0 ≤ max{C3/2

1 , C3/2
2 e} ≤ C3/2

1 + 1
for small e; hence ℓ0 ≤ 5ϕ0θ+ + 5 + 4C3/2

1 . In both cases

ℓ0 ≤ L := 10ϕ0θ+ + 5 + 4C3/2
1 .

Step 4. Conclusion. Since d ≤ ℓ0, d ≤ Dtop := L. By Step 2, s0 ≤ max{2L, C1e−2/3, C2} ≤
C0e−2/3 with C0 := 2L + C1 + C2 (as e ≤ 1), and q0 ≥ 1

2 .

The constants are chosen in the following order: Θ (Remark 3.12); the constant Cord
and the thresholds e2, eΘ of Theorem 3.11; C1, C2 (Lemma 4.9); then δ̄ and Dtop = L, C0

(Theorem 4.11); and cD (Theorem 4.10), which does not depend on the upper bounds.
Each threshold for e is chosen after the constants it involves, and none of the constants
depends on the minimizer or on θ ∈ Θ.



chapter 5

Bounded depth of minimizers

The coarse bound s0 ≤ C0e−2/3 of Theorem 4.11 permits thin tails of the support at
unbounded rescaled depth. This chapter excludes them: Theorem 5.1 shows that every
global minimizer in the window of margins has s0 = O(1), which is what places all
minimizers in one compact class in Chapter 6. The proof is Step 2 of §1.3. In §5.1 the
first-order conditions give the balance law of Lemma 5.2, which equates the integral of
the width w = αE[v(1 − v)] over the rescaled levels with a single scalar χ̃ evaluated
at the bottom. In §5.2 a signed-area identity (Lemma 5.4) gives χ̃ to leading order. In
§5.3 we bound w from below on a fixed window and show that the two estimates are
incompatible at large depth.

The condition D = 0 on the support is the analogue for Pκ of the condition satisfied
on the support by Parisi measures, and the term

∫ q
0 λ−2 in D comes from the Crisanti–

Sommers entropy, as for spherical spin glasses; the earlier work is described in the remark
after Proposition 2.11. The formula D′ = (S − 1)/λ2 is the analogue of a derivative
formula of Auffinger and W.-K. Chen (see the remark after Lemma 2.9). In the physics
literature, D = 0 on the support and S = 1 on its intervals are the saddle-point equations
[59, (34)–(35)] of the full replica symmetry breaking solution of the perceptron.

Throughout this chapter, α = 2+ e with e ∈ (0, 1] and κ = κe(θ) with θ ∈ Θ, a compact
window as in Remark 3.12, unless stated otherwise. We use the rescaled variables of
Definition 4.1, and the same letter for a function of q and of s = (1 − q)/e2; thus

w(s) = αE
[
v(1 − v)

]
(s, Ys) (d ≤ s < e−2),

and ps denotes the density of Ys. Recall that γ ∈ U is replica symmetric if µγ is a point
mass, that is, if γ is one of the order parameters 1[q,1] of Chapter 3. Since Q ∈ supp µγ,
this happens exactly when q0 = Q, that is, s0 = d; then ζ = 1[0,d] and ℓ0 = d = s0. Put

cw :=
3ϕ0 m1(−3)

4
=

3ϕ0

4
[
ϕ(3)− 3Φ(−3)

]
> 0; (5.1)

it is positive by the Mills-ratio bound Φ(−3) < ϕ(3)/3 of Lemma 2.1(b).

Theorem 5.1. There is eS > 0, depending only on Θ, such that for 0 < e < eS and θ ∈ Θ every
global minimizer of Pκe(θ) satisfies the following.

(i) If the minimizer is not replica symmetric, then s0 ≤ 1/(4c2
w).

241
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(ii) In all cases, s0 ≤ S∗ := max{L, 1/(4c2
w)}, where L is the mass bound of Theorem 4.11.

Thus 1 − q0 ≤ S∗e2.

The theorem concerns exact global minimizers; Remark 5.5 below shows that near-
minimality of the value alone cannot bound the depth.

5.1 The balance law

The first-order conditions of Proposition 2.11 give D = 0 at every support point and
χ = χ(0) + γD. The next lemma combines them into an identity in which the unknown
term γD cancels.

Lemma 5.2. Let α > 0, κ ∈ R, and let γ be a KKT point of Pκ in the sense of Proposition 2.11(c);
for instance, let γ be a global minimizer. Then λD is absolutely continuous on [0, r] for every
r < 1, and

(λD)′ = χ(0)− w
λ

almost everywhere on [0, 1). (5.2)

Consequently
∫ Q

q0
w/λ dq = χ(0)(Q − q0). If α = 2 + e and χ̃ := e2χ(0), then

χ̃ =
αEv(s0, Y0)− 1

ℓ0
(5.3)

and ∫ s0

d

w(s)
ℓ(s)

ds = χ̃ (s0 − d). (5.4)

Proof. The function λ is Lipschitz with λ′ = −γ almost everywhere, and D ∈ C1([0, 1))
with D′ = (S − 1)/λ2 by Lemma 2.9(c)(i). Hence λD is absolutely continuous on [0, r],
and almost everywhere

(λD)′ = −γD +
S − 1

λ
= −γD +

λχ − w
λ

= −γD + χ(0) + γD − w
λ

,

by the identity S − 1 = λχ − w of Lemma 2.9(c)(v) and by χ = χ(0) + γD from Propo-
sition 2.11(d). The points q0 and Q lie in supp µγ, so D(q0) = D(Q) = 0 by Proposi-
tion 2.11(c), and integrating (5.2) over [q0, Q] gives the integrated identity. By Proposi-
tion 2.11(c),(d), χ is constant on [0, q0], λ = λ(0) = e2ℓ0 there, and Xq0 = Bq0 ; hence

χ(0) = χ(q0) =
αEv(q0, Xq0)− 1

λ(0)
,

and v(q0, Xq0) = v(s0, Y0) gives (5.3). The substitution q = 1 − e2s, λ = e2ℓ has dq =

−e2 ds and maps q0, Q to s0, d; reversing the limits gives (5.4).
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The identity uses D = 0 at every support point, through χ = χ(0) + γD; the endpoint
conditions D(q0) = D(Q) = 0 alone would not suffice.

Remark 5.3. The same argument gives a family of weighted balance laws, which we do
not use below. Let φ : [0, 1] → R be continuous and monotone. The measure d(φ ◦ γ)

is carried by supp µγ, because γ is constant on each component of the complement, and
λD vanishes on supp µγ. Integration by parts therefore gives∫ Q

q0

φ(γ(q))
(

χ(0)− w(q)
λ(q)

)
dq = −

∫
(q0,Q]

λD d(φ ◦ γ) = 0.

The weight φ ≡ 1 is Lemma 5.2. The weight φ(t) = 1− t, together with the representation
of bψ − v in Lemma 2.10(a), the identity c(1 − v) = v(1 − v)/λ, and the Markov property
of X, gives the identity s0/ℓ0 − 1 = αEF(s0, Y0) at the bottom. It involves only the
solution at the level s0 and the Gaussian law of Y0, and it expresses stationarity under
dilations. For c close to one let γc ∈ U have rescaled profile ζ(·/c). Its rescaled solution
at level cs is U(s, y/

√
c), by the Cole–Hopf recursion of Lemma 2.5(a), Brownian scaling,

and approximation in L1 (Lemma 2.4(f)). Differentiating (4.3) for γc at c = 1 gives

d
dc

Pκ(γc)
∣∣∣
c=1

=
1
2

(
αEF(s0, Y0)−

s0

ℓ0
+ 1

)
+

1
2

λ(0)D(q0).

Thus, when D(q0) = 0, stationarity under dilations of the rescaled profile carries no
information beyond the weighted balance laws. The dilation γ 7→ γc pushes µγ forward
by the affine map q 7→ 1 − c(1 − q), so it is a transport variation of the kind used by
Talagrand [126, Lemma 3.7], and by Auffinger and W.-K. Chen to derive the conditions
on the support of Parisi measures [8, Section 3].

5.2 Signed-area cancellation

The bottom scalar χ̃ of (5.3) is a Gaussian average of v(s0, ·). At every level, v passes from
one to zero around y = 0, and the excess of Ψ over its asymptote measures the signed
area between v and the step function 1{y<0}. At a level s ∈ [d, e−2] put

os(y) := Ψ(s, y)− y+ =

{
Ψ(s, y), y ≤ 0,

ℓ(s)Uy(s, y), y > 0,
, (5.5)

the two expressions agreeing at y = 0 because Ψ = ℓUy + y.

Lemma 5.4. Let e > 0, κ ∈ R, γ ∈ U , and s ∈ [d, e−2], and write v = v(s, ·). The function os

is Lipschitz, tends to zero at ±∞, and satisfies

o′s = 1{y<0} − v almost everywhere, 0 < os ≤
√

s, |y| os(y) ≤ s (y ∈ R).
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In particular v − 1{y<0} is integrable, and

∫ 0

−∞

(
1 − v(y)

)
dy = Ψ(s, 0) =

∫ ∞

0
v(y)dy,

∫
R

(
v(y)− 1{y<0}

)
dy = 0. (5.6)

For every Gaussian random variable Y′ with mean ȳ and variance σ2 > 0,

Ev(Y′)− P(Y′ < 0) = −E[os(Y′)(Y′ − ȳ)]
σ2 ,

∣∣Ev(Y′)− P(Y′ < 0)
∣∣ ≤ s + |ȳ|

√
s

σ2 .
(5.7)

Proof. By Lemma 4.2(a), Ψy = 1 − v and (ℓUy)y = −v, with 0 < v < 1; this gives
the formula for o′s and the Lipschitz property. By Lemma 4.2(a),(c), for y ≤ 0 we
have 0 < Ψ(s, y) ≤ min{

√
s, s/|y|}, and for y > 0 we have 0 < ℓUy(s, y) = Ψ(s, y)− y ≤

min{
√

s, s/y}. These are the two bounds, and they give the zero limits at ±∞. Integrating
o′s over each half-line gives (5.6). If pY′ is the density of Y′, then p′Y′ = −(y − ȳ)pY′/σ2

and v − 1{y<0} = −o′s. Integration by parts, in which the boundary terms vanish because
os is bounded and pY′ decays, gives the identity in (5.7). The bounds |y|os ≤ s and
os ≤

√
s give |E[os(Y′)(Y′ − ȳ)]| ≤ s + |ȳ|

√
s.

The cancellation (5.6) is essential below. The cruder bound ∥ps0∥∞
∫

R
|v− 1{y<0}|dy =

2∥ps0∥∞Ψ(s0, 0) is of order e
√

s0, which is the same order as the width contribution in
(5.4).

5.3 Proof of the bounded-depth theorem

Proof of Theorem 5.1. Fix a global minimizer γ. By Theorem 4.11 and Lemma 4.6(a), for e
small enough, depending only on Θ,

q0 ≥ 1
2 , s0 ≤ C0e−2/3, ℓ0 ≤ L, − e

2 ≤ κ < 0.

If γ is replica symmetric, then s0 = d = ℓ0 ≤ L ≤ S∗. Assume from now on that s0 > d.
We divide the rest of the proof into three steps.

Step 1. The bottom scalar. By Lemma 4.3, Y0 is Gaussian with mean −κ/e ∈ (0, 1
2 ] and

variance q0/e2 ≥ 1/(2e2), and P(Y0 < 0) = Φ(κ/
√

q0). Applying (5.7) at the level s0 and
using α ≤ 3 gives∣∣αEv(s0, Y0)− αΦ(κ/

√
q0)

∣∣ ≤ 6e2(s0 +
1
2
√

s0
)
≤ Ce2(1 + s0).

Combined with the expansion αΦ(κ/
√

q0)− 1 = e
4 + O(e2 + e3s0) of Lemma 4.6(b), (5.3)

yields
χ̃ℓ0 =

e
4
+ O

(
e2(1 + s0)

)
≤ e

3
(5.8)
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for small e: since s0 ≤ C0e−2/3, the error is O(e2 + e4/3) = o(e), uniformly in the
minimizer.

Step 2. A fixed positive window. Let s ∈ [d, s0], q = 1 − e2s, and x = κ + ey. By
Lemma 4.2(d) and the pathwise comparison (2.15), since R̄ is increasing,

Ψ(s, y) ≥ E
[√

d R̄
(y +

√
s − d G√
d

)]
.

For every z,
√

d R̄(z/
√

d) ≥
√

d Φ(z/
√

d)R̄(z/
√

d) =
√

d m1(z/
√

d) = E(z +
√

d G′)+
by Lemma 2.1(g), where G′ is a standard Gaussian independent of G. Adding the two
independent Gaussian variances,

Ψ(s, y) ≥ E
(
y +

√
s G

)
+
=

√
s m1

(
y/

√
s
)

(y ∈ R). (5.9)

Since v(s, ·) is decreasing and
∫ ∞

0 v(s, y)dy = Ψ(s, 0) ≤
√

s by (5.6) and Lemma 4.2(c),

v(s, 2
√

s) ≤ 1
2
√

s

∫ 2
√

s

0
v(s, y)dy ≤ 1

2
.

The upper half of the sandwich (4.2) reads sv ≥ ℓUyΨ = (Ψ − y)Ψ. At y = 3
√

s we
have Ψ ≥ 3

√
s by Lemma 4.2(c), and Ψ − 3

√
s ≥

√
s (m1(3)− 3) =

√
s m1(−3) by (5.9),

because m1(k)− m1(−k) = E(k − G) = k. Hence

v(s, 3
√

s) ≥ 3m1(−3).

Since v is decreasing and 3m1(−3) ≤ 1
2 , throughout the interval [2

√
s, 3

√
s]

v(s, y)
(
1 − v(s, y)

)
≥ 3m1(−3)

(
1 − 3m1(−3)

)
≥ 3

2 m1(−3).

On this interval the density floor (2.18), applied to the density pX
q of Xq, gives

ps(y) = e pX
q (κ + ey) ≥ e Φ(y/

√
s) ϕq(κ + ey) ≥ eϕ0

4
.

Indeed Φ(y/
√

s) ≥ Φ(2) ≥ 1
2 ; and q ≥ q0 ≥ 1

2 gives ϕq(x) ≥ ϕ0e−x2
, while |κ + ey| ≤

e
2 + 3e

√
s0 ≤ e

2 + 3
√

C0e2/3, whose square is at most log 2 for small e, so that ϕq(κ + ey) ≥
ϕ0/2. Integrating over the interval, which has length

√
s, and using α ≥ 2 proves

w(s) ≥ 2 · 3
2 m1(−3) · eϕ0

4
·
√

s = cwe
√

s (d ≤ s ≤ s0). (5.10)

Step 3. The scalar inequality. Since ℓ is nondecreasing, ℓ(s) ≤ ℓ0 on [d, s0]. Inserting (5.8)
and (5.10) into (5.4) gives

cwe
ℓ0

· 2
3
(
s3/2

0 − d3/2) ≤ ∫ s0

d

w(s)
ℓ(s)

ds = χ̃(s0 − d) ≤ e
3ℓ0

(s0 − d).
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Cancel e/(3ℓ0) and use s3/2
0 − d3/2 − √

s0(s0 − d) = d(
√

s0 −
√

d) ≥ 0. Since s0 > d,
division by s0 − d gives 2cw

√
s0 ≤ 1. This proves (i), and together with the replica-

symmetric case it proves (ii).

The factors e and ℓ0 cancel in the last display, so the proof uses no lower bound on
d or ℓ0; it also uses no bound on the number of steps of γ and no approximation by
stationary step profiles. The obstacle inequality S ≤ 1 is not used either: the balance law
uses only D = 0 on the support. The coarse depth bound of Theorem 4.11 is used only
to make the bottom error in (5.8) of order o(e) and to keep the window [2

√
s, 3

√
s] in the

region where the density floor is of order e. The conclusion says that the entire rescaled
profile of a global minimizer is supported in [0, S∗].

Remark 5.5. For fixed e and θ, let γ be a global minimizer and choose any S ∈ (s0, e−2).
Put q1 = 1 − e2S and, for 0 < ε < 1, let γε = max{γ, ε1[q1,1]}. Then γε ∈ U has rescaled
depth S, it lies in the same class Ur as γ for every r ∈ (Q, 1), and

∥γε − γ∥L1 ≤ εe2(S − d) −→ 0 (ε ↓ 0).

By Lemma 2.4(f), Pκ(γε) → Pκ(γ) = P∗(κ). Thus profiles of every admissible depth have
values arbitrarily close to the minimum, and near-minimality of the value alone cannot
bound the depth, even for fixed e; exact stationarity is what excludes a tail whose mass
tends to zero.



chapter 6

Compactness of minimizers

This chapter proves that, uniformly for θ ∈ Θ and small e, the rescaled profile of every
global minimizer lies in a fixed compact class. Theorem 5.1 bounds the depth by s0 ≤ S∗.
What remains are lower bounds on the rescaled mass ℓ0 and on the rescaled top gap d,
with constants that do not depend on e or θ.

This is Step 3 of §1.3. The main tool is the jamming identity of Lemma 6.3, which is
exact for every α > 0, every κ ∈ R, and every order parameter γ with q0 > 0. It writes
Pκ(γ) as a replica-symmetric expression Π(ℓ0; q0) in the mass and the bottom, plus an
integral over the jammed levels, where ζ < 1, with weight (1 − ζ)/(2ℓ) and an explicit
jamming coefficient J . Near α = 2 this coefficient is bounded below in Lemma 6.7: a
jammed top is expensive.

The proof of Theorem 6.1 has three steps. First, a profile of bounded depth and
small mass has a value above the replica-symmetric value, so every global minimizer has
ℓ0 ≥ ℓmin (Proposition 6.10). Second, the first-order conditions of Proposition 2.11 bound
the mass γ(Q−) just below the top atom of every global minimizer by a fixed m∗ < 1
(Theorem 6.13); the long estimates for this step are proved in Chapter B. Third, a profile
of bounded depth, with mass at least ℓmin, top jump 1 − γ(Q−) ≥ 1 − m∗, and a small
rescaled top gap, has a larger value than the replica-symmetric order parameter of the
same mass (Proposition 6.14). Hence d > d1 for every global minimizer.

The value comparisons in the first and third steps are inequalities for all profiles;
only their conclusions use minimality. The third step uses the bounds of the first two as
hypotheses, and the first uses the bounded depth. The constants are therefore chosen in
the order

Θ −→ (Dtop, L, C0, cD, C′
RS) −→ S∗ −→ ℓmin −→ m∗ −→ d1, (6.1)

and each is independent of e and θ. The constant m∗ is in fact numerical (Theorem 6.13);
it appears after ℓmin in (6.1) because d1 depends on both. For 0 < d1 ≤ S let K(d1, S) be
the set of nonincreasing functions ζ : [0, ∞) → [0, 1] with ζ = 1 almost everywhere on
[0, d1] and ζ = 0 almost everywhere on (S, ∞), where the rescaled profile of Definition 4.1
is extended by zero to (e−2, ∞). The rescaled profile of γ ∈ U lies in K(d1, S) exactly
when d ≥ d1 and s0 ≤ S. By Helly’s selection theorem and dominated convergence, this
class is compact in L1. It is the setting of the uniform expansion of Chapter 7 and of the
support localization of Chapter 8.
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Theorem 6.1. There are constants ℓmin > 0, m∗ ∈ (0, 1), d1 > 0, and e∗ > 0, depending only
on Θ and chosen in the order (6.1), such that the following holds for 0 < e < e∗ and θ ∈ Θ.
Every global minimizer γ of Pκe(θ) satisfies

s0 ≤ S∗, ℓ0 ≥ ℓmin, γ(Q−) ≤ m∗, d > d1.

In particular the rescaled profile of γ belongs to K(d1, S∗).

The proof is given in §6.8, after the three steps. The relation of the second step to
earlier work is described in §6.6.

6.1 Conventions and inputs

Throughout this chapter, except in §§6.2 and 6.3, α = 2 + e and κ = κe(θ) = κRS(2 +

e)− e2θ with θ ∈ Θ, where Θ ⊂ (0, ∞) is a compact interval as in Remark 3.12; as there,
θ− = min Θ and θ+ = max Θ. Unless stated otherwise, c and C denote positive constants
that depend only on Θ and on the constants named in the statement at hand. They never
depend on e, on θ, or on the profile, and their values may change from line to line.

We use the following inputs from Chapters 4 and 5. Let eI > 0 be smaller than the
thresholds of Theorems 4.10, 4.11, and 5.1, of Lemma 4.6 and of Lemma 4.7(b). For
0 < e < eI, θ ∈ Θ, and every global minimizer γ of Pκe(θ):

(I1) d ≤ Dtop, ℓ0 ≤ L, s0 ≤ C0e−2/3, and q0 ≥ 1
2 (Theorem 4.11);

(I2) d ≥ cDe2 for a constant cD > 0 (Theorem 4.10);
(I3) s0 ≤ S∗ (Theorem 5.1);
(I4) Pκ(γ) = P∗(κ) ≤ Ke + C′

RS, where Ke is the profile-independent constant of
Proposition 4.5 and C′

RS is the constant of Lemma 4.7(b).

Moreover −e/2 ≤ κ < 0 by Lemma 4.6(a). The resulting bound |κ| ≤ e does not
involve the profile, and we use it for every profile. The constant L chosen in the proof of
Theorem 4.11 satisfies L ≥ 5, and S∗ ≥ L by Theorem 5.1; in particular L ≥ 1 and S∗ ≥ 1.

Rescaled variables. We use the rescaled variables s, y, ζ, ℓ, d, s0, ℓ0, U, v, Ψ, Γ, Γ̃, Y0 of Def-
inition 4.1 and the properties of U, v, and Ψ listed in Lemma 4.2. They are defined for
every e > 0, κ ∈ R, and γ ∈ U . Recall that ζ is nonincreasing and left-continuous, that
ζ = 1 on [0, d] and ζ < 1 on (d, ∞), that ζ > 0 on [0, s0) and ζ = 0 on (s0, ∞), and that
ζ(d+) = γ(Q−). Hence ℓ is concave and nondecreasing with ℓ(0) = 0 and ℓ(d) = d, so
that ℓ ≥ d on [d, ∞) and

ℓ0

s0
t ≤ ℓ(t) ≤ t (0 ≤ t ≤ s0). (6.2)
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Since (log ℓ)′ = ζ/ℓ on [d, s0] and Γ(s) = 1
2 log d + 1

2

∫ s
d ℓ−1,

Γ̃ =
1
2

log
d
ℓ0

+
1
2

∫ s0

d

dt
ℓ(t)

=
1
2

∫ s0

d

1 − ζ(t)
ℓ(t)

dt. (6.3)

If q0 > 0, then Y0 is Gaussian with mean −κ/e and variance q0/e2 (Lemma 4.3); we
denote its density by p0.

Coefficients. The quantities Ke(q0), ce(q0), and ρ = αΦ(κ/
√

q0) of Proposition 4.5
depend on the profile only through q0. For q ∈ (0, 1] we write Ke(q), ce(q), and
ρq := αΦ(κ/

√
q) for the same formulas with q in place of q0. Let S ≥ 1. By Lemma 4.6(b)

there are eK(S) ∈ (0, (2S)−1/2] and C′
S < ∞, depending only on S and Θ, such that for

0 < e ≤ eK(S), θ ∈ Θ, and q ∈ [1 − e2S, 1],

ce(q) ≥ 2ϕ0θ − C′
Se, Ke(q) ≥ Ke − C′

Se2 log(1/e). (6.4)

We also use the elementary bound

|ρq − 1| ≤ 3e
(
0 < e ≤ 1, |κ| ≤ e, q ∈ [1

2 , 1]
)
. (6.5)

Indeed, |Φ(κ/
√

q)− 1
2 | ≤ ϕ0|κ|/

√
q ≤

√
2ϕ0e and ρq − 1 = 2(Φ(κ/

√
q)− 1

2)+ eΦ(κ/
√

q),
so |ρq − 1| ≤ 2

√
2ϕ0e + e(1

2 +
√

2ϕ0e) ≤ (3
√

2ϕ0 +
1
2)e ≤ 3e.

6.2 Approximation by step profiles at fixed e

The jamming identity of §6.3 is first proved for step profiles, on whose blocks the solution
is smooth, and then extended by approximation. The following lemma provides the
approximation. It works at a fixed value of e and on one common cutoff, and it preserves
exactly the rescaled quantities on which our constants depend. The approximants are
never asserted to be minimizers or KKT points, and no limit in e is interchanged with the
limit n → ∞.

Lemma 6.2. Fix e > 0, κ ∈ R, and γ ∈ U with q0 > 0, with rescaled data (d, s0, ℓ0). Let
T ⊂ [d, s0] be a finite set containing d and s0. For n ≥ 1 let Pn be the partition of [d, s0] generated
by T and the points d + k2−n(s0 − d), 0 ≤ k ≤ 2n. Define ζn = 1 on [0, d], ζn = 0 on (s0, ∞),
and, on each cell (t′, t′′] of Pn, ζn ≡ (t′′ − t′)−1

∫ t′′

t′ ζ. Let γn(q) = ζn((1 − q)/e2) for q ≥ q0

and γn(q) = 0 for q < q0. Then:

(a) γn ∈ U is a step profile with the same q0, the same top gap d, and the same depth s0 as γ.
Moreover

∫ t
0 ζn =

∫ t
0 ζ for every point t of Pn (in particular ℓn(s0) = ℓ0), ζn(d+) ≤ ζ(d+),

and ζn ≥ ζ(t) on [0, t] for every t ∈ T.
(b) γn and γ belong to Ur with r := 1 − e2d, and ∥γn − γ∥L1(0,1) = e2∥ζn − ζ∥L1(0,∞) → 0.
(c) supt≥0 |ℓn(t)− ℓ(t)| → 0 and Γn(t) → Γ(t) for every t ≥ d.
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(d) Pκ(γn) → Pκ(γ), and Un(t, y) → U(t, y) for every t ∈ [d, e−2] and y ∈ R.

Proof. If s0 = d, the profile is replica symmetric, ζn = ζ = 1[0,d], and every assertion is
immediate. We may therefore assume s0 > d.

(a) Averages of a nonincreasing function over consecutive intervals are nonincreasing,
the first average is at most ζ(d+), and all averages are positive because ζ > 0 on [0, s0).
The first average is smaller than one because ζ < 1 on (d, ∞). Thus ζn is a nonincreasing
left-continuous step function with ζn = 1 exactly on [0, d] and ζn > 0 exactly on [0, s0].
Hence γn ∈ U has the same q0, d, and s0. Integrals over cells are preserved by construction.
If t ∈ T and (t′, t′′] ⊂ [0, t] is a cell, then ζ ≥ ζ(t) on (t′, t′′], so the average over this cell
is at least ζ(t). (b) Both profiles equal one on [1 − e2d, 1]. For every continuity point
s ∈ (d, s0) of ζ, the cell containing s shrinks to s, so ζn(s) → ζ(s). A monotone function
has countably many discontinuities and 0 ≤ ζn ≤ 1, so ζn → ζ in L1. The identity for
∥γn − γ∥L1 is the change of variables q = 1 − e2s. (c) |ℓn(t)− ℓ(t)| ≤ ∥ζn − ζ∥L1 . For
t ≥ d both ℓn and ℓ are at least d on [d, t], so |Γn(t)− Γ(t)| ≤ (t − d) sup |ℓn − ℓ|/(2d2).
(d) By (b) and Lemma 2.4(f), Pκ is continuous on Ur in L1, and uγn(q, x; κ) → uγ(q, x; κ)

for each q ≤ r and x ∈ R.

6.3 The jamming identity

In this section α > 0, κ ∈ R, and e > 0 are arbitrary, and the relation α = 2+ e is not used;
e only fixes the units of the rescaled variables. The next lemma compares the solution
U, at every level, with the replica-symmetric solution of the same mass. For ℓ > 0 and
q ∈ (0, 1] put

Y(q) :=
√

q G − κ

e
, Π(ℓ; q) := αE log Φ

(
Y(q)/

√
ℓ
)
+

q
2e2ℓ

+
1
2

log(e2ℓ). (6.6)

This is the replica-symmetric expression with the mass ℓ and the bottom q decoupled.
If e2ℓ < 1, then Π(ℓ; 1 − e2ℓ) = PRS

κ (1 − e2ℓ) is the value of the replica-symmetric order
parameter 1[1−e2ℓ,1] of rescaled mass ℓ, by Lemma 4.7(a). If γ ∈ U has q0 > 0, then Y(q0)

has the law of Y0. The dependence on the bottom is explicit:

∂qΠ(ℓ; q) =
1 − αEV

(
Y(q)/

√
ℓ
)

2e2ℓ
(0 < q ≤ 1). (6.7)

Indeed, put f (x) := log Φ((x − κ)/(e
√
ℓ)), so that E log Φ(Y(q)/

√
ℓ) = E f (

√
q G). Since

f ′′ = −V((· − κ)/(e
√
ℓ))/(e2ℓ) is bounded and continuous and f has at most quadratic

growth (Lemma 2.1(c)), the heat equation ∂qϕq =
1
2 ϕ′′

q and two integrations by parts give
d
dq E f (

√
q G) = 1

2E f ′′(
√

q G).
The comparison function is

g(s, y) := log Φ
(
y/

√
ℓ(s)

)
+ 1

2 log ℓ(s)− Γ(s) (s ∈ [d, s0], y ∈ R). (6.8)
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It satisfies g(d, ·) = U(d, ·), and it is a subsolution of the rescaled Parisi equation whose
defect is proportional to 1 − ζ; see (6.12) below.

Lemma 6.3. Let α > 0, κ ∈ R, and e > 0, let γ ∈ U with q0 > 0, and put w := U − g on
[d, s0]× R. For (s, y) ∈ [d, s0]× R let Ŷ = Ŷs,y be the solution, indexed by the decreasing level
t, of

Ŷt = y +
∫ s

t

1
2 ζ(r)

(
Uy + gy

)
(r, Ŷr)dr + Bs−t, d ≤ t ≤ s, (6.9)

where (Bτ)τ≥0 is a standard Brownian motion. This equation has a unique strong solution, and
the following hold.

(a) For s ∈ [d, s0] and y ∈ R,

w(s, y) = E

∫ s

d

1 − ζ(t)
2ℓ(t)

(
1 − V

(
Ŷs,y

t /
√
ℓ(t)

))
dt ≥ 0.

(b) Ŷt ≥ y + Bs−t and Ŷt/ℓ(t) ≥ y/ℓ(s) + Nt for t ∈ [d, s], where Nt :=
∫ s−t

0 dBτ/ℓ(s − τ)

is a centered Gaussian variable.
(c) Define the jamming coefficient

J (t) := α
∫

R
p0(y)E

[
1 − V

(
Ŷs0,y

t /
√
ℓ(t)

)]
dy − (α − 1) (d ≤ t ≤ s0). (6.10)

Then
Pκ(γ) = Π(ℓ0; q0) +

∫ s0

d

1 − ζ(t)
2ℓ(t)

J (t)dt. (6.11)

Proof. We divide the proof into five steps. Part (a) is first proved for step profiles and
then extended to all profiles by Lemma 6.2 (Steps 2 and 3); part (b) is proved directly
(Step 4), and part (c) follows from part (a) (Step 5).

Step 1. Well-posedness and the defect of g. Write z = y/
√
ℓ(s). Then gy = R(z)/

√
ℓ and

gyy = −V(z)/ℓ, while Uyy = −v/ℓ with 0 < v < 1 (Lemma 4.2(a)). Since ℓ ≥ d on
[d, s0], the drift b̂ := 1

2 ζ(Uy + gy) of (6.9) is Lipschitz in y with constant 1/d, uniformly
in the level. It is measurable in the level and nonnegative, and it has linear growth,
because 0 < Uy ≤ C(1 + |y|) by Lemma 2.4(b) and 0 < R(z) ≤ |z|+ 2 by Lemma 2.1(b)
(on [−1, ∞) one has R ≤ R(−1) < 2). Hence (6.9) has a unique strong solution, with
moments of every order, which depends continuously on y. Let s be a level at which
ℓ is differentiable with ℓ′(s) = ζ(s). Then ∂sz = −ζz/(2ℓ) and Γ′ = 1/(2ℓ), so gs =

−ζzR(z)/(2ℓ) + (ζ − 1)/(2ℓ). Using V = zR + R2,

2ℓ
(

gs − 1
2gyy − 1

2 ζg2
y

)
= −ζzR + ζ − 1 + V − ζR2 = −(1 − ζ)

(
1 − V(z)

)
. (6.12)

Step 2. Part (a) for step profiles. Let γ be a step profile, with ζ = mj on (tj−1, tj] for
d = t0 < t1 < · · · < tn = s0. On each closed block [tj−1, tj]×R the function U is C∞, with
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one-sided derivatives at the ends, and Us =
1
2(Uyy +mjU2

y) (Lemma 2.4(a), Lemma 4.2(a));
since ℓ is affine on the block, the same smoothness holds for g. Subtracting (6.12) from
the equation for U and writing U2

y − g2
y = (Uy + gy)wy gives, on each block,

ws =
1
2wyy + b̂ wy +

1 − ζ

2ℓ
(
1 − V(z)

)
. (6.13)

Moreover w(d, ·) = 0, because U(d, y) = log Φ(y/
√

d) (Lemma 4.2(a)), ℓ(d) = d, and
Γ(d) = 1

2 log d; and w is continuous on [d, s0]× R. Fix (s, y). By (6.9), τ 7→ Ŷs−τ has drift
b̂(s − τ, ·) and noise dBτ. On each block, Itô’s formula and (6.13) give

d w(s − τ, Ŷs−τ) = −
[1 − ζ

2ℓ

(
1 − V

(
Ŷ/

√
ℓ
))]

(s − τ)dτ + wy(s − τ, Ŷs−τ)dBτ.

The stochastic integral is a martingale, since wy = Uy − gy has linear growth and Ŷ has
moments of every order. Summing over the blocks between d and s, which is possible
because w is continuous, taking expectations, and using w(d, ·) = 0 gives the formula in
(a). The integrand is nonnegative because ζ ≤ 1 and V < 1.

Step 3. Part (a) for general profiles. Let γ ∈ U with q0 > 0, and let γn be the step profiles of
Lemma 6.2 with T = {d, s0}. They have the same q0, d, and s0 as γ. We mark the objects
of γn by an index n. Fix (s, y) and drive Ŷn = Ŷn,s,y and Ŷ = Ŷs,y by the same Brownian
motion. Since b̂n is Lipschitz in y with constant 1/d,

|Ŷn
t − Ŷt| ≤

1
d

∫ s

t
|Ŷn

r − Ŷr|dr +
∫ s

d
|b̂n − b̂|(r, Ŷr)dr,

and Gronwall’s inequality gives supt∈[d,s] |Ŷn
t − Ŷt| ≤ e(s−d)/d ∫ s

d |b̂n − b̂|(r, Ŷr)dr. Now

|b̂n − b̂| ≤ 1
2 |ζn − ζ|

(
|Uy|+ |gy|

)
+ 1

2 |Un,y − Uy|+ 1
2 |gn,y − gy|.

All γn and γ lie in the common class Ur of Lemma 6.2(b). By Lemma 2.4(b),(f), in rescaled
form, |Uy| + |gy| ≤ C(1 + |y|) and |Un,y − Uy| ≤ C∥γn − γ∥L1(1 + |y|) on [d, s0] × R.
Since R is Lipschitz (|R′| = V ≤ 1) and ℓn, ℓ ≥ d on [d, s0], also |gn,y − gy| ≤ C(1 +

|y|) sup |ℓn − ℓ|. Here C depends on γ, e, and κ, but not on n. Since Ŷ has moments of
every order,

E sup
t∈[d,s]

|Ŷn
t − Ŷt| ≤ C

(
∥ζn − ζ∥L1 + ∥γn − γ∥L1 + sup |ℓn − ℓ|

)
−→ 0

by Lemma 6.2(b),(c). As V is bounded and continuous and ℓn → ℓ uniformly,
EV(Ŷn

t /
√
ℓn(t)) → EV(Ŷt/

√
ℓ(t)) for every t. The weights satisfy |(1 − ζn)/ℓn − (1 −

ζ)/ℓ| ≤ |ζn − ζ|/d + |ℓn − ℓ|/d2, so they converge in L1(d, s0), and they are bounded by
1/d. By dominated convergence the right side of (a) for γn converges to the right side for
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γ, while the left side wn(s, y) = Un(s, y)− gn(s, y) converges to w(s, y) by Lemma 6.2(c),(d).
This proves (a) for γ.

Step 4. Part (b). The drift b̂ is nonnegative because Uy > 0 and R > 0; this gives the first
inequality. For the second, ℓ is absolutely continuous with ℓ′ = ζ almost everywhere, so
Itô’s formula for the product of Ŷs−τ with the absolutely continuous function 1/ℓ(s − τ)

gives

d
( Ŷ
ℓ

)
(s − τ) =

[ℓ b̂ + ζŶ
ℓ2

]
(s − τ)dτ +

dBτ

ℓ(s − τ)
,

ℓ b̂ + ζŶ = 1
2 ζ

(
ℓUy + Ŷ

)
+ 1

2 ζ
(
ℓgy + Ŷ

)
= 1

2 ζΨ + 1
2 ζ
√
ℓ R̄(z),

with z = Ŷ/
√
ℓ. This is nonnegative because Ψ > 0 (Lemma 4.2(a)) and R̄ > 0

(Lemma 2.1(a)). Integrating over τ ∈ [0, s − t] gives the claim. The variable Nt is
centered Gaussian with variance

∫ s
t ℓ(r)−2 dr.

Step 5. Part (c). By Lemma 4.3,

Pκ(γ) = αEU(s0, Y0) + Γ(s0) +
q0

2e2ℓ0
+ log e.

Insert U(s0, ·) = g(s0, ·) + w(s0, ·). Since Y0 has the law of Y(q0) and Γ(s0) = Γ̃ + 1
2 log ℓ0,

the terms not involving w equal

αE log Φ
(
Y0/

√
ℓ0
)
+

α

2
log ℓ0 − (α − 1)Γ(s0) +

q0

2e2ℓ0
+ log e = Π(ℓ0; q0)− (α − 1)Γ̃.

By (a) with s = s0, the integrand there being nonnegative, and Tonelli’s theorem,

α
∫

R
p0(y)w(s0, y)dy =

∫ s0

d

1 − ζ(t)
2ℓ(t)

(
J (t) + α − 1

)
dt.

Both sides are finite, since 0 ≤ w(s0, ·) ≤ Γ̃ by (a) and (6.3). Together with (6.3) for
(α − 1)Γ̃, this gives (6.11).

The proof of part (a) follows the argument of [76, Lemma 14]: the difference w solves a
linear equation with the averaged drift of (6.9), and the Feynman–Kac formula represents
w through the source term of that equation. Jagannath and Tobasco use it to compare the
Parisi solutions of two order parameters; the history of the resulting Lipschitz bound is
recalled after Lemma 2.4. Here g solves the rescaled Parisi equation only up to the defect
(6.12), which is proportional to 1 − ζ and is the source term, so the identity isolates the
contribution of the jammed levels.

The identity (6.11) is exact and holds for every order parameter with q0 > 0; its
proof uses nothing specific to α near two. In the original variables the weight 1−ζ(t)

2ℓ(t) dt is
1−γ(q)
2λ(q) dq on [q0, Q], so only the levels where γ < 1 contribute. Each of them contributes
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with the sign of J . Since 0 < 1−V < 1, the jamming coefficient takes values in (1− α, 1),
and (6.11) together with (6.3) gives the two-sided bound

Π(ℓ0; q0)− (α − 1)Γ̃ ≤ Pκ(γ) ≤ Π(ℓ0; q0) + Γ̃.

Part (a) says that U + Γ ≥ log Φ(y/
√
ℓ) + 1

2 log ℓ at every level: the Cole–Hopf steps
never lower U + Γ below the replica-symmetric solution of the same mass.

Below we use (6.11), together with a Lipschitz bound for Π in q (Lemma 6.6(c)).

Remark 6.4. The first term Π(ℓ0; q0) depends on the mass and the bottom separately. The
replica-symmetric order parameter 1[1−λ(0),1] of the same mass has the bottom 1 − e2ℓ0 ≥
q0, and the difference e2(s0 − ℓ0) = e2

∫ s0
d (1 − ζ) is again carried by the jammed levels.

Integrating (6.7) along q̂(t) := 1− e2(ℓ0 + t− ℓ(t)), which decreases from 1− e2ℓ0 at t = d
to q0 at t = s0 with q̂′ = −e2(1 − ζ), turns (6.11) into

Pκ(γ) = PRS
κ

(
1− λ(0)

)
+

∫ s0

d

1 − ζ(t)
2ℓ(t)

[
J (t)− ℓ(t)

ℓ0

(
1− αEV

(
Y(q̂(t))/

√
ℓ0
))]

dt. (6.14)

Thus the value of every order parameter is the replica-symmetric value of the same mass
plus an integral over its jammed levels. This form is not used below.

6.4 The jamming coefficient near α = 2

From now on α = 2 + e again, so that α − 1 = 1 + e and 2 ≤ α ≤ 3 for e ≤ 1. We first
record the Gaussian input and the properties of Π that we need.

Lemma 6.5. Let 0 < e ≤ 1/4, |κ| ≤ e, and q ∈ [ 1
2 , 1]. The density p of Y(q) satisfies p ≤ e/

√
π

on R and p ≥ cpe on [−1/(2e), 1/(2e)], where cp := ϕ(
√

2). Moreover P(Y(q) ≤ 0) =

Φ(κ/
√

q).

Proof. We have p(y) = (e/
√

q) ϕ((ey + κ)/
√

q). Since q ≥ 1
2 , p ≤

√
2ϕ0e = e/

√
π. If

|y| ≤ 1/(2e), then |ey + κ| ≤ 1
2 + e ≤ 3

4 , and hence |ey + κ|/√q ≤ 3
√

2/4 <
√

2. Since
q ≤ 1, also e/

√
q ≥ e, and therefore p(y) ≥ eϕ(

√
2). The last identity holds because

Y(q) ≤ 0 exactly when
√

q G ≤ κ.

For ℓ > 0 let WRS,ℓ be the remainder of Lemma 4.7(a), with d replaced by ℓ:

WRS,ℓ(y) := log Φ
(
y/

√
ℓ
)
+

y2
−

2ℓ
−

(1
2

log ℓ− log
√

2π
)

1{y≤0} + 1{y≤−1} log |y|. (6.15)

Lemma 6.6. Let 0 < e ≤ 1/4, |κ| ≤ e, ℓ > 0, and q, q′ ∈ [1
2 , 1].

(a) Π(ℓ; q) = Ke(q) + ce(q)/ℓ+
1+ρq

2 log ℓ+ αEWRS,ℓ(Y(q)).
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(b) If 0 < ℓ ≤ L′, then WRS,ℓ ≥ − log(1 + L′) on (−∞, 0], and αEWRS,ℓ(Y(q)) ≥ −3 log(1 +
L′)− 3

√
L′ e.

(c) |Π(ℓ; q)− Π(ℓ; q′)| ≤ 3(1 +
√
ℓ) |q − q′|/(2eℓ).

Proof. (a) Write Y = Y(q) and k = κ/
√

q. Since eY− = (κ −√
q G)+, we have EY2

− =

q m(k)/e2; also P(Y ≤ 0) = Φ(k). Hence, by (6.15),

αE log Φ(Y/
√
ℓ) = αEWRS,ℓ(Y)−

αq m(k)
2e2ℓ

+ ρq

(1
2

log ℓ− log
√

2π
)
− αE

[
log |Y|; Y ≤ −1

]
.

Adding q
2e2ℓ

+ log e + 1
2 log ℓ gives Π(ℓ; q) on the left. On the right, q(1−αm(k))

2e2ℓ
= ce(q)/ℓ

and log e− αE[log |Y|; Y ≤ −1]− ρq log
√

2π = Ke(q) by the definitions in Proposition 4.5,
which proves (a).

(b) Put z = y/
√
ℓ. Since log Φ(z) + z2/2 + log

√
2π = − log R(z), for y ≤ 0 we

have WRS,ℓ(y) = − log R(z) − 1
2 log ℓ + 1{y≤−1} log |y|. We use the Mills-ratio bounds

t < R(−t) < t + 1/t for t > 0 of Lemma 2.1(b). If y ≤ −1, then t := |z| ≥ 1/
√
ℓ and

WRS,ℓ(y) = − log(R(−t)/t) ≥ − log(1+ t−2) ≥ − log(1+ ℓ). If −1 < y ≤ 0, then R(z) ≤
R(−1/

√
ℓ) <

√
ℓ+ 1/

√
ℓ because R is decreasing, so WRS,ℓ(y) ≥ − log(1 + ℓ). For y > 0,

WRS,ℓ(y) = log Φ(z) ≥ −2Φ(−z) by Lemma 2.1(c), and
∫ ∞

0 2Φ(−y/
√
ℓ)dy = 2ϕ0

√
ℓ.

With α ≤ 3 and the density bound of Lemma 6.5,

αEWRS,ℓ(Y(q)) ≥ −3 log(1 + L′)− 3e√
π

2ϕ0
√

L′,

and 6ϕ0/
√

π < 3.
(c) By (6.7), it suffices to show |1 − αEV(Y(q)/

√
ℓ)| ≤ 3e(1 +

√
ℓ). By Lemma 6.5 and

(6.5), |1 − αP(Y(q) < 0)| = |1 − ρq| ≤ 3e. By the density bound of Lemma 6.5 and α ≤ 3,

α
∣∣E[

V(Y(q)/
√
ℓ)− 1{Y(q)<0}

]∣∣ ≤ 3e√
π

√
ℓ
∫

R

∣∣V(z)− 1{z<0}
∣∣dz =

3e√
π

√
ℓ · 2R(0) ≤ 3e

√
ℓ.

Here
∫ 0
−∞(1 − V) = R̄(0) = R(0) and

∫ ∞
0 V = R(0) = 2ϕ0, because R̄′ = 1 − V, R′ = −V,

and R̄(−∞) = R(∞) = 0 (Lemma 2.1(a),(b)); and 12ϕ0/
√

π < 3.

In (6.11) every jammed level contributes with the sign of J . The next lemma shows
that J is at least −Ce at every level and is large and positive near the top. The source
of the gain is Lemma 6.3(b): the process Ŷ/ℓ has nonnegative drift, so the diffusion
started at y ∈ [−ℓ0/

√
ℓ(t), 0] reaches level t within

√
ℓ(t) of the wall, or beyond it, with

probability at least 1
2 . The Gaussian input puts mass of order e ℓ0/

√
ℓ(t) on this interval.
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Lemma 6.7. Let S ≥ 1, let 0 < e ≤ 1/4 with e2S ≤ 1
2 , and let |κ| ≤ e. Put

cJ := cp
(
1 − V(−1)

)
> 0, CS := 3 + 3

√
S.

For every γ ∈ U with q0 > 0 and s0 ≤ S, and every t ∈ [d, s0],

J (t) ≥ cJ e min
{ ℓ0√

ℓ(t)
,

1
2e

}
− CSe.

Proof. We have q0 = 1 − e2s0 ∈ [1
2 , 1], so Lemma 6.5 applies to p0. Write Ŷy := Ŷs0,y,

ℓ = ℓ(t), and A := ℓ0/
√
ℓ. Since 1 − V > 0, we may restrict the integral in (6.10) to

{y > 0} ∪ [−A, 0]. We treat the two regions separately and then combine them.

Step 1. The region y > 0. By Lemma 6.3(b) and since V is decreasing, V(Ŷy
t /

√
ℓ) ≤

V((y + Bs0−t)/
√
ℓ) almost surely, and Bs0−t has the law of σG with σ2 = s0 − t ≤ S. For

fixed G, since 0 < V < 1,∫ ∞

0
V
(y + σG√

ℓ

)
dy ≤ σG− +

∫ ∞

0
V
(
u/

√
ℓ
)

du = σG− + 2ϕ0
√
ℓ.

Moreover EG− = ϕ0 and ℓ ≤ s0 ≤ S. With p0 ≤ e/
√

π and α ≤ 3,

α
∫ ∞

0
p0(y)E

[
1 − V(Ŷy

t /
√
ℓ)
]

dy ≥ αP(Y0 > 0)− 3e√
π

3ϕ0
√

S

≥ α
(
1 − Φ(κ/

√
q0)

)
− 3

√
S e,

because 9ϕ0/
√

π < 3.

Step 2. The region −A ≤ y ≤ 0. By Lemma 6.3(b) with s = s0, Ŷy
t ≥ ℓ y/ℓ0 + ℓNt ≥

−
√
ℓ+ ℓNt. The centered Gaussian variable Nt satisfies P(Nt ≥ 0) ≥ 1

2 , with equality
unless its variance vanishes, which happens at t = s0, where P(Nt ≥ 0) = 1. On the
event {Nt ≥ 0} we get Ŷy

t /
√
ℓ ≥ −1, and hence 1 − V(Ŷy

t /
√
ℓ) ≥ 1 − V(−1) because V

is decreasing. By Lemma 6.5, P(−A ≤ Y0 ≤ 0) ≥ cpe min{A, 1/(2e)}. Since α/2 ≥ 1,

α
∫ 0

−A
p0(y)E

[
1 − V(Ŷy

t /
√
ℓ)
]

dy ≥ cJ e min{A, 1/(2e)}.

Step 3. Conclusion. Since α − (α − 1) = 1, we have α(1 − Φ(κ/
√

q0))− (α − 1) = 1 − ρ ≥
−3e by (6.5). Adding the two regions and subtracting α − 1 gives the claim.

Corollary 6.8. Let S ≥ 1, and let cJ , CS be as in Lemma 6.7. Put eJ = eJ(S, Θ) :=
min{eI, 1

4 , (2S)−1/2, cJ /(4CS)}. For 0 < e < eJ and θ ∈ Θ, every γ ∈ U with q0 > 0
and s0 ≤ S satisfies

Pκ(γ) ≥ Π(ℓ0; q0) +
cJ e

4

∫ t1

d

1 − ζ(t)
ℓ(t)

min
{ ℓ0√

ℓ(t)
,

1
2e

}
dt − CSe

s0

2ℓ0
log

s0

t1
, (6.16)

where t1 := min{s0, (cJ ℓ0/(2CS))
2}, and the integral is zero if t1 ≤ d.
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Proof. The choice of eJ gives |κ| ≤ e ≤ 1
4 , e2S ≤ 1

2 , and cJ /(2e) ≥ 2CS, so Lemma 6.7
applies. We use (6.11). For t ∈ [d, t1] we have ℓ(t) ≤ t ≤ t1, so cJ ℓ0/

√
ℓ(t) ≥ 2CS.

Together with cJ /(2e) ≥ 2CS, Lemma 6.7 gives J (t) ≥ 1
2 cJ e min{ℓ0/

√
ℓ(t), 1/(2e)}

there. For t ∈ [max{d, t1}, s0] we use J (t) ≥ −CSe, 1 − ζ ≤ 1, and ℓ(t) ≥ ℓ0t/s0 from
(6.2); the integral of s0/(2ℓ0t) over [max{d, t1}, s0] is at most s0

2ℓ0
log s0

t1
.

6.5 The mass lower bound

We now show that the rescaled mass of a global minimizer of bounded depth cannot be
small. The mechanism is visible in Lemma 6.6(a): the coefficient ce(q0) ≈ 2ϕ0θ of 1/ℓ0 is
positive, so ce(q0)/ℓ0 dominates log ℓ0 as ℓ0 ↓ 0. By (6.16), the jammed levels lower Pκ(γ)

below Π(ℓ0; q0) by at most O(e log(1/e)/ℓ0).

Lemma 6.9. Let S ≥ 1 and L ≥ 1. There are CA, C′
A < ∞ and eA > 0, depending only on S, L,

cD, and Θ, with the following property. Let 0 < e < eA and θ ∈ Θ, and let γ ∈ U with q0 > 0
have rescaled data satisfying

s0 ≤ S, ℓ0 ≤ L, d ≥ cDe2.

Then
Pκ(γ) ≥ Ke +

2ϕ0θ − CAe log(1/e)
ℓ0

+
1 + ρ

2
log ℓ0 − C′

A. (6.17)

Proof. Let eA := min{eJ(S, Θ), eK(S), 1/e}, so that (6.16) and (6.4) apply and log(1/e) ≥ 1.
Drop the nonnegative middle term in (6.16). If t1 < s0, then t1 = (cJ ℓ0/(2CS))

2, and
since ℓ0 ≥ d ≥ cDe2 and s0 ≤ S,

log
s0

t1
≤ log

4C2
SS

c2
J c2

De4
≤ C log(1/e);

if t1 = s0, the logarithm vanishes. Hence Pκ(γ) ≥ Π(ℓ0; q0) − Ce log(1/e)/ℓ0. Now
q0 = 1 − e2s0 ∈ [1 − e2S, 1] ⊂ [1

2 , 1], so Lemma 6.6(a),(b) with L′ = L and (6.4) give

Π(ℓ0; q0) ≥ Ke − C′
Se2 log

1
e
+

2ϕ0θ − C′
Se

ℓ0
+

1 + ρ

2
log ℓ0 − 3 log(1 + L)− 3

√
L e.

Since e ≤ e log(1/e) and e2 log(1/e) ≤ 1, this gives (6.17) with CA := C′
S + C and

C′
A := C′

S + 3 log(1 + L) + 3
√

L.

Proposition 6.10. Let S ≥ 1. There are ℓmin = ℓmin(S, Θ) ∈ (0, 1] and eM > 0 such that for
0 < e < eM and θ ∈ Θ, every global minimizer γ of Pκe(θ) with s0 ≤ S satisfies ℓ0 ≥ ℓmin.

Proof. Let eM ≤ min{eI, eA} be so small that CAe log(1/e) ≤ ϕ0θ− for e < eM, where
CA, C′

A, eA are given by Lemma 6.9 with the constant S and with L the mass bound of
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Theorem 4.11. Since q0 > 0 (Proposition 2.11(c)), (I1) and (I2) show that γ satisfies the
hypotheses of Lemma 6.9. Combining (6.17) with (I4),

ϕ0θ−
ℓ0

+
1 + ρ

2
log ℓ0 ≤ C′

RS + C′
A =: C′′

A.

Suppose ℓ0 < 1. Since 0 < (1 + ρ)/2 ≤ 2, the second term is at least 2 log ℓ0. Let
x0 ∈ (0, 1) be such that 2x log(1/x) ≤ ϕ0θ−/2 for 0 < x ≤ x0. If ℓ0 ≤ x0, then
2 log ℓ0 ≥ −ϕ0θ−/(2ℓ0), hence ϕ0θ−/(2ℓ0) ≤ C′′

A. Therefore

ℓ0 ≥ ℓmin := min
{

x0, ϕ0θ−/(2 max{C′′
A, 1}), 1

}
.

The constant ℓmin depends only on S and Θ, since L and cD depend only on Θ.

We apply Proposition 6.10 with S = S∗ from Theorem 5.1, which fixes ℓmin.

6.6 The top-jump bound

We next bound the top jump of every global minimizer. The argument works in the
original variables (q, x) and holds for every α > 0; only the smallness of κ and of the
mass λ(0) enters. For γ ∈ U let X be its Parisi diffusion. We use the scalar functions N
and B̃ of (2.22) and the breakpoint ratio x̃ of (2.23), with a subscript γ when the dependence
on the order parameter matters:

B̃γ(q) = E
[
v2(1 − v)

]
(q, Xq) > 0, Nγ(q) = E

[
vx(q, Xq)

2], x̃γ(q) =
λ(q)Nγ(q)

2 B̃γ(q)
.

(6.18)
The breakpoint ratio governs the derivative of Sγ(q) := αEv(q, Xq)2, the function S of
(2.22), for which D′ = (Sγ − 1)/λ2. By Lemma 2.9(c)(iv), Sγ has one-sided derivatives at
every q ∈ [0, 1),

S′
γ(q+) =

2αB̃γ(q)
λ(q)

(
x̃γ(q)− γ(q)

)
, S′

γ(q−) =
2αB̃γ(q)

λ(q)
(
x̃γ(q)− γ(q−)

)
, (6.19)

and the functions B̃γ and x̃γ are continuous (Lemma 2.9(c)). These are the analogues of
the one-sided derivatives in [8, Proposition 3], which also differ only through the value
of the distribution function at q or at q−. In the physics literature, x̃ is the formula for
the order parameter on an interval of the support in the full replica symmetry breaking
solution of the perceptron [59, (36)].

The argument of this section follows the strategy of Auffinger and W.-K. Chen in the
proof of [8, Theorem 4]. There, continuity of a Parisi measure at the top of its support
and these one-sided derivatives identify the mass below the top with a ratio of two
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expectations, and Jensen’s inequality shows that this ratio is not one under a condition
on the mixture. The same strategy is used for the Sherrington–Kirkpatrick model at every
β > 1 in [87, Proposition 9.3], where the log-concavity of a transformed density and a
covariance inequality exclude the corresponding relation. The argument here differs from
these works as follows. The functional has a hard wall: at the top of the support the
solution is log Φ((x − κ)/

√
δ), in place of log cosh x up to a constant. When the top is

isolated in the support, γ(Q−) < 1 is automatic but a bound uniform in the minimizer
is not; in this case the gap principle (Lemma 2.12) produces a level x∗ below the top
with x̃γ(x∗) = γ(Q−). The conclusion is a bound γ(Q−) ≤ m∗, not only an atom at the
top, and m∗ is uniform: Proposition 6.12 holds for all order parameters, and m∗ does
not depend on e, θ, or the minimizer. Finally, the monotone weight comes from the
tilted-density representation of Lemma 2.7, not from log-concavity; Auffinger and W.-K.
Chen express the corresponding averages through a Brownian motion and an exponential
weight [8, (18)]. As in [87, Proposition 9.3], the ratio is then bounded by a covariance
inequality, here Chebyshev’s association inequality combined with the monotonicity of
(V′)2/(V2(1 − V)) (Lemma B.2); Auffinger and W.-K. Chen use Jensen’s inequality at
this point.

We first translate the first-order conditions at the top into a statement about x̃γ.

Lemma 6.11. Let γ be a global minimizer of Pκ with top Q and µγ ̸= δQ.

(a) If Q is a limit of points of supp µγ ∩ [0, Q), then γ(Q−) = x̃γ(Q).
(b) Otherwise let p := max(supp µγ ∩ [0, Q)). Then γ ≡ m := γ(Q−) on [p, Q), 0 < m < 1,

and there is x∗ ∈ (p, Q) with x̃γ(x∗) = m.

Proof. (a) Let tn ∈ supp µγ with tn ↑ Q. By Proposition 2.11(c), D(tn) = D(Q) = 0, so
Rolle’s theorem gives sn ∈ (tn, Q) with D′(sn) = 0, that is, Sγ(sn) = 1; by continuity
Sγ(Q) = 1. Hence (Sγ(Q)− Sγ(sn))/(Q − sn) = 0 for all n, and since the left derivative
S′

γ(Q−) exists, it vanishes. By (6.19) and B̃γ(Q) > 0, γ(Q−) = x̃γ(Q). (b) Since Q is
isolated from the left in supp µγ and µγ ̸= δQ, the point p exists and (p, Q)∩ supp µγ = ∅.
The gap principle, Lemma 2.12(a) with p′ = Q, gives γ ≡ m = γ(p) on [p, Q) with
0 < m < 1, and a point x∗ ∈ (p, Q) with x̃γ(x∗) = m. As γ is constant on [p, Q),
m = γ(Q−).

The first-order conditions thus force γ(Q−) to equal the value of x̃γ at Q or at a point
of the last gap. The top-jump bound follows once x̃γ is bounded away from one there.
This is the content of the next proposition, which is a statement about arbitrary order
parameters and is proved in Chapter B. Let

xΦ :=

∫
R

Φ (V′)2 dz
2
∫

R
Φ V2(1 − V)dz

. (6.20)

By Lemma B.3, xΦ < 1.
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Proposition 6.12. For every ε > 0 there is η̄ ∈ (0, 1/4] such that the following holds for every
κ ∈ [−η̄, η̄] and every γ ∈ U with top Q.

(a) If δ = 1 − Q ≤ η̄, then x̃γ(Q) ≤ xΦ + ε.
(b) If γ ≡ m on [p, Q) for some p < Q, with 1 − η̄ ≤ m < 1 and λ(p) ≤ η̄, then x̃γ(q) ≤

xΦ + ε for every q ∈ [p, Q).

The proof, in §B.4, has three ingredients. First, on a last constant piece of mass
m the functions v and vx depend on (q, x) only through the scale-free variable z =

(x − κ)/
√

λ(q) and the ratio δ/λ(q) ∈ (0, 1]. We prove bounds on them that are uniform
in this ratio, including the tails z → ±∞ (Proposition B.5). The left-tail bounds follow by
completing the square in a one-dimensional Gaussian convolution and differentiating its
rescaled tail integral. Second, by the tilted-density representation of Lemma 2.7, the law
of z at level q is a fixed weight multiplied by a nonincreasing function. Third, the ratio
(V′)2/(V2(1 − V)) is nondecreasing (Lemma B.2), so Chebyshev’s association inequality
(Lemma B.6) bounds the weighted average defining x̃γ by its unweighted Gaussian value
xΦ, up to errors that vanish as (κ, λ(p), 1 − m) → 0.

Theorem 6.13. There are a numerical constant m∗ ∈ (0, 1) and eT > 0 depending only on Θ
such that for 0 < e < eT and θ ∈ Θ, every global minimizer γ of Pκe(θ) satisfies γ(Q−) ≤ m∗.

Proof. Apply Proposition 6.12 with ε := (1 − xΦ)/4, which is positive by Lemma B.3,
obtaining η̄, and put

η0 := min{η̄, (1 − xΦ)/2}, m∗ := 1 − η0.

Then xΦ + ε < xΦ + (1 − xΦ)/2 ≤ m∗. Let eT ≤ eI be such that eT ≤ η̄ and e2
TL ≤ η̄. Let

0 < e < eT and θ ∈ Θ, and let γ be a global minimizer. By (I1) and the bound |κ| ≤ e of
§6.1, |κ| ≤ e ≤ η̄ and, since λ is nonincreasing,

λ(q) ≤ λ(0) = e2ℓ0 ≤ e2L ≤ η̄ (q ∈ [0, 1]).

If µγ = δQ, then γ(Q−) = 0. Otherwise we use Lemma 6.11. In case (a), δ = λ(Q) ≤ η̄,
so Proposition 6.12(a) gives γ(Q−) = x̃γ(Q) ≤ xΦ + ε < m∗. In case (b), suppose that
m = γ(Q−) > m∗. Then 1 − η̄ ≤ 1 − η0 < m < 1 and λ(p) ≤ η̄, so Proposition 6.12(b)
at q = x∗ gives m = x̃γ(x∗) ≤ xΦ + ε < m∗. This contradicts m > m∗. Hence γ(Q−) ≤
m∗.

The theorem is global: it assumes neither closeness of γ to a replica-symmetric order
parameter nor any bound on d. The smallness needed in Proposition 6.12 comes only
from λ(p) ≤ λ(0) = e2ℓ0 ≤ e2L and |κ| ≤ e. The modulus in Proposition 6.12 is small
only when κ, λ(p), and 1 − m are all small, which is why m∗ is chosen through η̄ and
is not explicit. The bound uses stationarity and fails for arbitrary order parameters: for
γ = m1[p,Q) + 1[Q,1] the jump 1 − γ(Q−) = 1 − m can be arbitrarily small.
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6.7 The top-gap bound

If the top gap d is small and γ(Q−) ≤ m∗ < 1, then just below the wall the profile is
jammed: on (d, 2d] one has 1 − ζ ≥ 1 − m∗ and ℓ ≤ 2d. By Lemma 6.7 the jamming
coefficient there is of order e min{ℓ0/

√
d, 1/e}, which dominates every other term of

(6.16) once d is small. The competitor is the replica-symmetric order parameter of the
same mass.

Proposition 6.14. Let S ≥ 1, ℓmin ∈ (0, 1] and m∗ ∈ (0, 1). There are d1 > 0 and eE > 0,
depending only on S, ℓmin, m∗, and Θ, such that the following holds for 0 < e < eE and θ ∈ Θ.
Let γ ∈ U with q0 > 0 have rescaled data satisfying

s0 ≤ S, ℓ0 ≥ ℓmin, γ(Q−) = ζ(d+) ≤ m∗, d ≤ d1,

and let γ♮ := 1[1−e2ℓ0,1] be the replica-symmetric order parameter of the same mass. Then
Pκ(γ) > Pκ(γ♮).

Proof. Let cJ , CS be as in Lemma 6.7 and put

tmin := min
{
ℓmin, (cJ ℓmin/(2CS))

2}, C♯ :=
3(1 +

√
S)S

2ℓmin
+

CSS
2ℓmin

log
S

tmin
,

Λ♯ :=
8C♯

cJ (1 − m∗) log 2
, d1 := min

{ tmin

2
,
ℓ2

min
2Λ2

♯

}
, eE := min

{
eJ(S, Θ),

1
2Λ♯

}
.

Let 0 < e < eE and let γ be as in the statement. Since e2ℓ0 ≤ e2S ≤ 1
2 , we have γ♮ ∈ U

and Pκ(γ♮) = Π(ℓ0; 1 − e2ℓ0) by Lemma 4.7(a). Both q0 = 1 − e2s0 and 1 − e2ℓ0 lie
in [1 − e2S, 1] ⊂ [1

2 , 1], and they differ by e2(s0 − ℓ0) ≤ e2S. Hence Lemma 6.6(c) and
ℓmin ≤ ℓ0 ≤ S give

Π(ℓ0; q0) ≥ Pκ(γ
♮)− 3(1 +

√
S)S

2ℓmin
e.

In (6.16), ℓ0 ≥ ℓmin and s0 ≥ ℓ0 ≥ ℓmin give t1 ≥ tmin, so the last term is at least
−e CSS log(S/tmin)/(2ℓmin). Moreover 2d ≤ tmin ≤ t1. On (d, 2d] we have ζ ≤ ζ(d+) ≤
m∗ and ℓ(t) ≤ t ≤ 2d, so∫ t1

d

1 − ζ

ℓ
min

{ ℓ0√
ℓ

,
1
2e

}
dt ≥ (1 − m∗) log 2 min

{ ℓmin√
2d

,
1
2e

}
≥ (1 − m∗) log 2 Λ♯,

by the choices of d1 and eE. Inserting these bounds into (6.16),

Pκ(γ)−Pκ(γ
♮) ≥ e

[ cJ
4
(1 − m∗) log 2 Λ♯ − C♯

]
= e C♯ > 0.

This proves the proposition.
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The proposition is an inequality for all order parameters, and it is combined with
minimality only in the proof of Theorem 6.1. It needs no lower bound on d in terms of e:
when d ≲ e2 the minimum in the gain is 1/(2e), and the gain is of order one. The bounds
ℓ0 ≥ ℓmin and s0 ≤ S enter only through t1 ≥ tmin, the Lipschitz bound of Lemma 6.6(c)
and the factor ℓ0/

√
ℓ in the gain.

6.8 Proof that minimizers lie in a compact class

Proof of Theorem 6.1. We fix the constants in the order (6.1). The window Θ fixes Dtop, L
and C0 (Theorem 4.11), cD (Theorem 4.10), C′

RS (Lemma 4.7(b)), and then S∗ (Theorem 5.1).
Let ℓmin := ℓmin(S∗, Θ) and eM be given by Proposition 6.10 with S = S∗, and let m∗
and eT be given by Theorem 6.13. Let d1 and eE be given by Proposition 6.14 with
(S, ℓmin, m∗) = (S∗, ℓmin, m∗). Put e∗ := min{eI, eM, eT, eE}.

Let 0 < e < e∗ and θ ∈ Θ, and let γ be a global minimizer of Pκe(θ). Then q0 > 0
by Proposition 2.11(c). By Theorem 5.1, s0 ≤ S∗. By Proposition 6.10, ℓ0 ≥ ℓmin. By
Theorem 6.13, γ(Q−) ≤ m∗. Suppose that d ≤ d1. Then γ satisfies all hypotheses of
Proposition 6.14, so Pκ(γ♮) < Pκ(γ) = P∗(κ), which contradicts the definition of P∗(κ).
Hence d > d1, and the rescaled profile of γ lies in K(d1, S∗). Each constant depends only
on the constants preceding it in (6.1), and none depends on e, θ, or the minimizer. This
proves the theorem.



chapter 7

The flat limit

Chapters 5 and 6 show that, for α = 2 + e with e small and θ ∈ Θ, the rescaled profile
of every global minimizer lies in a fixed compact class K(d1, S∗) (Theorem 6.1). This
chapter converts that compactness into closeness to the replica-symmetric crossing order
parameter γd = 1[qd,1]. This is Step 4 of §1.3.

§7.1 defines the flat functional Ft = A + tI (Definition 7.1). In §7.2 we expand Pκ(γ) to
order e, uniformly on compact classes (Theorem 7.3). §§7.3–7.5 pass to the inverse profile
T = ℓ−1 and prove that I is convex along every segment from the replica-symmetric
profile to a normalized step profile. §7.6 computes the first variation of Ftd at 1[0,1], and
§7.7 combines the two into the cubic modulus of Theorem 7.13, for every t ≥ td = 1/(4c0).
In §7.8 the expansion and the modulus give a stability estimate (Proposition 7.14), uniform
in θ near θd, from which Chapter 8 starts.

Throughout this chapter, α = 2 + e, Θ is a compact window as in Remark 3.12, with
endpoints θ− ≤ θ+, and κ = κe(θ) = κRS(2 + e)− e2θ with θ ∈ Θ. We use the rescaled
variables of Definition 4.1, and we write Le = log(1/e). Constants c, C depend only on Θ
and on the parameters named in each statement. The longer proofs are in Chapter C.

7.1 Compact classes and the flat functional

A profile is a nonincreasing function ζ : [0, ∞) → [0, 1]. Profiles that agree almost every-
where are identified, and we use the distance of L1(0, ∞). The class K(d1, S), 0 < d1 ≤ S,
defined before Theorem 6.1, consists of the profiles that equal one almost everywhere
on [0, d1] and vanish almost everywhere on (S, ∞); rescaled profiles ζγ are extended by
zero to (e−2, ∞). For a profile ζ we write d for the largest s with ζ = 1 almost everywhere
on [0, s] and s0 for the smallest s with ζ = 0 almost everywhere on (s, ∞). For ζ = ζγ

these are the top gap and the depth of Definition 4.1, and ζ ∈ K(d1, S) means d ≥ d1 and
s0 ≤ S. The class K(d1, S) is compact in L1. For ζ ∈ K(d1, S) we write ℓ(s) =

∫ s
0 ζ and

call ℓ0 =
∫ ∞

0 ζ its mass. Then

min{s, d1} ≤ ℓ(s) ≤ min{s, ℓ0}, d1 ≤ ℓ0 ≤ S. (7.1)

The normalized class is K1(d1, S) = {ζ ∈ K(d1, S) : ℓ0 = 1}. It is closed in K(d1, S), hence
compact. The normalization of ζ ∈ K(d1, S) is ζ̃(s) = ζ(ℓ0s), and ζ̃ ∈ K1(d1/ℓ0, S/ℓ0). A
step profile is a profile that takes finitely many values.

263
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Step profiles are dense in every class, in a form that preserves the class and the mass.
This is the cell-average construction of Lemma 6.2, which involves only the profile. Let
ζ ∈ K(d1, S), fix e > 0 with e2S < 1, and let γ ∈ U be the right-continuous function
with γ(q) = ζ((1 − q)/e2) for q ≥ 1 − e2S and γ = 0 below. Then ζγ = ζ, the bottom
of the support of µγ is 1 − e2s0 > 0, and γ has rescaled top gap d and depth s0. Apply
Lemma 6.2(a),(b) with the finite set {d, s0}. The rescaled profiles ζn of the step profiles
γn do not depend on e; they are nonincreasing step functions, equal to one on [0, d] and
to zero on (s0, ∞), and they preserve the mass. Thus

ζn ∈ K(d, s0) ⊂ K(d1, S),
∫ ∞

0
ζn =

∫ ∞

0
ζ, ζn → ζ in L1. (7.2)

In particular ζn ∈ K1(d1, S) if ζ ∈ K1(d1, S). We call (ζn) the step approximations of ζ.
For ζ ∈ K(d1, S), let U = Uζ be the solution on (0, S]× R of

Us =
1
2

(
Uyy + ζ U2

y
)

(d1 < s ≤ S), U(s, y) = log Φ
(
y/

√
s
)

(0 < s ≤ d1). (7.3)

By the dilation of Lemma C.2, (7.3) is the finite-cutoff Parisi equation of an order pa-
rameter in Ur, r = 1 − d1/S, at margin zero, written in rescaled variables. This defines
Uζ for every ζ ∈ K(d1, S) (by the Cole–Hopf recursion for step profiles, and as a limit
in general), and Lemmas 2.4, 2.9, and 2.10 apply to it with constants that depend only
on (d1, S). If ζ = ζγ for some γ ∈ U and e2S < 1, then Uζ(s, y) = uγ(1 − e2s, κ + ey) on
[d1, S]× R; so Uζ is the rescaled solution U of Definition 4.1, and it depends neither on e
nor on κ. As in Definition 4.1 we write

v = −ℓUyy ∈ (0, 1), Ψ = ℓUy + y > 0.

The flat functional renormalizes U(S, ·) by its behavior as y → −∞. By Lemma 7.2
below this behavior is −y2/(2ℓ0)− log |y|+ ω(S), where, for s ≥ d1,

Γ(s) = 1
2 log d1 +

1
2

∫ s

d1

dt
ℓ(t)

, ω(s) = log ℓ(s)− Γ(s)− log
√

2π. (7.4)

Since ℓ(t) = t on [d1, d], Γ(s) agrees with 1
2 log d + 1

2

∫ s
d dt/ℓ(t), the function Γ of Defini-

tion 4.1.

Definition 7.1. Let ζ ∈ K(d1, S). Put

Wζ(y) = Uζ(S, y) +
y2
−

2ℓ0
− ω(S)1{y≤0} + log |y| 1{y≤−1},

Ã(ζ) =
1
8

[∫ S

d1

( 1
ℓ0

− 1
ℓ(s)

)
ds +

d1

ℓ0
− log d1

]
, P (1)(ζ) = Ã(ζ) + 2ϕ0

∫
R

Wζ(y)dy.
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For a normalized profile ζ ∈ K1(d1, S) we write A(ζ) = Ã(ζ), I(ζ) =
∫

R
Wζ dy − 1 and,

for t ∈ R,
Ft(ζ) = A(ζ) + t I(ζ).

We call Ft the flat functional. Its crossing parameter is td = 1/(4c0), where c0 =
∫

R
V(1−V).

Lemma 7.2 shows that Wζ ∈ L1(R), and Corollary 7.4 shows that P (1)(ζ) does not
depend on the pair (d1, S) used to compute it. The two terms have different roles. The
term Ã collects the order-e part of the entropy and of the bottom Gaussian term. On
normalized profiles it is maximized by 1[0,1] (Corollary 7.6), so it favors replica symmetry
breaking. The term

∫
Wζ is the order-e part of the energy αEU(s0, Y0). On bounded

sets the law of the bottom position Y0, multiplied by α, has density 2eϕ0(1 + o(1)) by
Lemma 4.3, which is why Lebesgue measure appears.

7.2 The compact-class expansion

Let Ke = log e − αE[log |Y∗|; Y∗ ≤ −1]− αΦ(κ) log
√

2π, with Y∗ = (G − κ)/e, be the
profile-independent constant of Proposition 4.5. For l > 0 put

Ψθ(l) =
2ϕ0θ

l
+ log l, gθ(l) =

(
ϕ0 −

1
8ϕ0

)θ

l
+

1
4

log l. (7.5)

The scalar function Ψθ of the mass always carries the subscript θ; it is unrelated to the
spatial function Ψ(s, y) = ℓUy + y.

The following uniform description of Uζ as y → ±∞ is the analytic input of the
expansion. Parts (a) and (d) are the asymptotics of Lemma 2.4 read through the dilation;
parts (b) and (c) come from Feynman–Kac representations along the rescaled diffusion
and a transport estimate for it. The proof is in §C.2.

Lemma 7.2. Fix 0 < d1 ≤ S. There are C, y∗ < ∞, depending only on (d1, S), such that for
every ζ ∈ K(d1, S) and every s ∈ [d1, S] the following hold.

(a) |Ψ(s, y)− ℓ(s)/|y|| ≤ C|y|−3 for y ≤ −y∗.
(b) 0 ≤ 1 − v(s, y) ≤ C(1 + y2)−1 for y ≤ 0, and 0 ≤ v(s, y) ≤ Ce−y2/C for y ≥ 0.
(c) |vy(s, y)|+ |vyy(s, y)| ≤ C(1 + |y|)−3 for y ≤ 0, and |vy(s, y)|+ |vyy(s, y)| ≤ Ce−y2/C

for y ≥ 0.
(d) |Wζ(y)| ≤ C(1 + y2)−1 for all y ∈ R; in particular Wζ ∈ L1(R).

Moreover ζ 7→ Wζ is continuous from (K(d1, S), L1) to L1(R), and Ã is Lipschitz on
(K(d1, S), L1).

Theorem 7.3. Fix 0 < d1 ≤ S. There are C, ex > 0 such that for 0 < e < ex, θ ∈ Θ, and every
γ ∈ U whose rescaled profile ζ = ζγ lies in K(d1, S),∣∣∣Pκe(θ)(γ)− Ke − Ψθ(ℓ0)− e

{
gθ(ℓ0) + P (1)(ζ)

}∣∣∣ ≤ Ce2Le, (7.6)
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where ℓ0 = λγ(0)/e2 is the mass. The function P (1) is continuous on (K(d1, S), L1), and for
every ζ ∈ K(d1, S)

P (1)(ζ) = F2ϕ0
√
ℓ0
(ζ̃)− 1

8 log ℓ0 + 2ϕ0. (7.7)

The proof is in §C.3. It applies the exact decomposition of Proposition 4.5 at the
declared level q1 = 1 − e2S, which may lie below the bottom of the support, and expands
the scalar coefficients with Lemma 4.6. The only term that is not explicit is αEWζ(Y1),
where Y1 = (Bq1 − κ)/e; it equals 2eϕ0

∫
Wζ + O(e2Le) because of the uniform majorant

of Lemma 7.2(d). The constants depend on Θ only through θ±.

Corollary 7.4. P (1)(ζ) does not depend on the choice of (d1, S) with ζ ∈ K(d1, S).

Proof. Let ζ ∈ K(d1, S) ∩ K(d′1, S′). Then ζ ∈ K(d′′1 , S′′) with d′′1 = min{d1, d′1} and
S′′ = max{S, S′}. Fix θ ∈ Θ. For e < (S′′)−1/2 let γ ∈ U be the right-continuous function
with γ(q) = ζ((1 − q)/e2) for q ≥ 1 − e2S′′ and γ = 0 below, so that ζγ = ζ. Apply
Theorem 7.3 to γ with the pairs (d1, S) and (d′′1 , S′′). Both expansions have the same left
side and the same terms Ke, Ψθ(ℓ0), and gθ(ℓ0). Subtracting, dividing by e, and letting
e → 0 shows that the two values of P (1)(ζ) coincide. The same argument compares
(d′1, S′) with (d′′1 , S′′).

The expansion identifies the minimization problem in two layers. The order-one term
Ψθ(ℓ0) has a unique nondegenerate minimum at

ℓ∗ = 2ϕ0θ, Ψθ(l)− Ψθ(ℓ
∗) =

ℓ∗

l
− 1 − log

ℓ∗

l
≥ 0, (7.8)

so it fixes the mass. At order e the profile is selected by P (1), that is, by the flat func-
tional of the normalized profile at t = 2ϕ0

√
ℓ0. At the crossing margin κd, the parameter

θ = (κRS − κd)/e2 tends to θd = (2π)3/2/(128c2
0) = 1/(128c2

0ϕ3
0) as e → 0 (Proposi-

tion 3.8(iii)). At θ = θd the optimal mass is ℓ∗ = d0 := 2ϕ0θd = 1/(64c2
0ϕ2

0), and, as in
Proposition 3.8(iv),

2ϕ0
√

2ϕ0θd =
2ϕ0

8c0ϕ0
=

1
4c0

= td. (7.9)

7.3 The inverse parametrization

For normalized profiles we change the independent variable from the depth s to the mass
l = ℓ(s) ∈ [0, 1]. This makes the entropy term affine.

Let ζ ∈ K1(d1, S) and let s0 = inf{s : ℓ(s) = 1} ≤ S be the bottom of its support.
Since ζ is nonincreasing and ℓ(s) < 1 = ℓ(s0) for s < s0, ζ > 0 on [0, s0), so ℓ is
strictly increasing on [0, s0]. Let T : [0, 1] → [0, s0] be its inverse. Then T(l) = l on [0, d1],
T(1) = s0, and T′(l) = 1/ζ(T(l)) ≥ 1 for almost every l. Since ζ is nonincreasing,
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ℓ is concave, so its increasing inverse T is convex. The inverse T is continuous on
[0, 1]. Convexity together with continuity at both endpoints implies that T is absolutely
continuous on [0, 1]. Conversely, every continuous convex T on [0, 1] with T(0) = 0,
T′ = 1 on [0, d1] and T(1) < ∞ is the inverse of a unique ζ ∈ K1(d1, T(1)), namely the
derivative of T−1 extended by zero. Normalized step profiles correspond to piecewise
linear T. Bounded support is used here: a normalized profile with unbounded support
has T(1) = ∞. We write σ = T′, a nondecreasing function. In the variable l, σ plays the
role of a diffusivity. The replica-symmetric profile 1[0,1] corresponds to T = id and σ ≡ 1.

Neither A nor I depends on the pair (d1, S) with ζ ∈ K1(d1, S). Indeed, ℓ(s) = s on
[d1, d] and ℓ = ℓ0 on [s0, S], so

8Ã(ζ) =
∫ s0

d

( 1
ℓ0

− 1
ℓ(s)

)
ds +

d
ℓ0

− log d,

which involves neither d1 nor S; and 2ϕ0(I + 1) = P (1) − Ã does not depend on them by
Corollary 7.4. We therefore compute A and I with the cutoff S = s0 = T(1) whenever we
work in the variable l.

Proposition 7.5. Let ζ ∈ K1(d1, S), with inverse profile T and σ = T′. Then

8A(ζ) = 1 −
∫ 1

0
(σ(l)− 1)

1 − l
l

dl, Γ(s0) =
1
2

∫ 1

0

σ(l)− 1
l

dl. (7.10)

Moreover, U (l, y) = Uζ(T(l), y) satisfies U (l, y) = log Φ(y/
√

l) for l ≤ d1, U (1, ·) =

Uζ(s0, ·), and, for almost every l ∈ (d1, 1),

Ul =
1
2U

2
y + σ(l)

2 Uyy. (7.11)

Proof. Substitute s = T(l), ds = σ dl, and ℓ(T(l)) = l. Since (1 − 1/l)σ = −(σ − 1)(1 −
l)/l + (1 − 1/l),∫ s0

d1

(
1 − 1

ℓ(s)

)
ds =

∫ 1

d1

(
1 − 1

l

)
σ dl = −

∫ 1

d1

(σ − 1)
1 − l

l
dl + 1 − d1 + log d1.

Adding d1 − log d1 and using σ = 1 on [0, d1] gives the formula for 8A. Similarly,
Γ(s0) =

1
2 log d1 +

1
2

∫ 1
d1

σ dl/l = 1
2

∫ 1
d1
(σ − 1)dl/l. Finally, Ul = σ Us and σ ζ(T(l)) = 1

give (7.11).

From now on, in the variable l, we write U(l, y) for U (l, y). Since ℓ0 = 1, we have
ω(s0) = −Γ(s0)− log

√
2π, and

I(ζ) =
∫

R

[
U(1, y) +

y2
−
2

+
(
Γσ + log

√
2π

)
1{y≤0} + log |y| 1{y≤−1}

]
dy − 1,

Γσ =
1
2

∫ 1

0

σ − 1
l

dl.
(7.12)

Only U(1, ·) depends nonlinearly on σ; the counterterms are affine in σ.
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Corollary 7.6. For every normalized profile ζ with bounded support and ζ = 1 near 0, A(ζ) ≤
1/8, with equality if and only if ζ = 1[0,1].

Proof. In (7.10), σ − 1 ≥ 0 and (1 − l)/l > 0 on (0, 1). The integral vanishes if and only if
σ = 1 almost everywhere, that is, T = id.

Corollary 7.6 explains why the flat problem is not trivial: moving away from 1[0,1]
always decreases A, and the question is whether tI increases enough to compensate. For
t near 0 it does not.

7.4 Monotonicity of the flat density

We now fix a normalized step profile, that is, a piecewise linear convex T. Its breakpoints
d1 ≤ l0 < l1 < · · · < ln = 1 define blocks (lj−1, lj], on which σ = σj is constant, and σ = 1
on (0, l0]. The statements of this section hold for every positive step function σ of this
form, not only for σ ≥ 1 nondecreasing, and we state them in that generality because the
proofs use only σ > 0.

On a block, F := eU/σj solves the heat equation Fl =
σj
2 Fyy, by (7.11). Hence, with

Pτ f (y) = E f (y +
√

τ G),

U(l, ·) = σj log Pσj(l−lj−1)

[
eU(lj−1,·)/σj

]
, l ∈ (lj−1, lj]. (7.13)

We take (7.13), with U(l, y) = log Φ(y/
√

l) for l ≤ l0, as the definition of U for a general
positive step function σ. Write b = Uy and c = −Uyy, and let

G = b ∂y +
σ

2
∂yy

be the operator that appears in the linearization of (7.11).
The following signs are the rescaled counterparts of Lemma 2.4(c); for σ that comes

from a profile, the upper bound c ≤ 1/l is the rescaled form of the bound c < 1/λ

there. What the lemma adds is that the signs, including c ≤ 1/l, hold for every positive
step function σ. The bound c ≤ 1/l controls the flat density below. For the Sherrington–
Kirkpatrick datum log cosh, the analogous bounds on the first two derivatives are [8,
Proposition 2], [7, Proposition 2], and [76, Lemma 16], and the sign of the third derivative
on the positive half-line is [87, (7.6)].

Lemma 7.7. Let σ > 0 be a step function on a grid of [l0, 1] with σ = 1 on (0, l0], and let U be
defined by (7.13). For every l ∈ (0, 1], U(l, ·) ≤ 0 is smooth, b > 0, and

0 < c(l, y) ≤ 1/l, cy(l, y) ≤ 0.



part ii 7.4 Monotonicity of the flat density 269

Proof. For l ≤ l0 we have U = log Φ(y/
√

l), so b = R(y/
√

l)/
√

l > 0, c = V(y/
√

l)/l ∈
(0, 1/l) and cy = V′(y/

√
l) l−3/2 < 0 by Lemma 2.1(a). We argue by induction over the

blocks. Let l ∈ (lj−1, lj], σ = σj, τ = σ(l − lj−1), and f = eU(lj−1,·)/σ.
We verify the four claims in turn.

Step 1. U ≤ 0 and b > 0. The function f takes values in (0, 1] and is strictly increasing,
and Pτ preserves both properties.

Step 2. c ≥ 0. The function f is log-concave because U(lj−1, ·) is concave. The Gaussian
convolution Pτ f is a marginal of the log-concave function (w, y) 7→ f (w)ϕτ(y−w), where
ϕτ is the N(0, τ) density, and the marginal of a log-concave function is log-concave by
Prékopa’s theorem [108, Theorem 6].

Step 3. c ≤ 1/l. By induction, −(log f )′′ = c(lj−1, ·)/σ ≤ K0 := 1/(σlj−1), so f (w) =

e−K0w2/2g(w) with g log-convex. Completing the square,

Pτ f (y) =
e−K0y2/(2(1+K0τ))

√
1 + K0τ

E g
( y

1 + K0τ
+

√
τ

1 + K0τ
G
)

.

A mixture of log-convex functions is log-convex, so the expectation is log-convex in y.
Hence −(log Pτ f )′′ ≤ K0/(1 + K0τ) = 1/(σl), that is, c ≤ 1/l.

Step 4. c > 0 and cy ≤ 0. Differentiating (7.11) twice and three times in y gives, on each
block,

cl = Gc − c · c, gl = Gg − 3c g (g = cy),

and c, g are continuous in l across the breakpoints. The potentials c and 3c are nonnegative
and bounded by 3/l0, the drift b is Lipschitz in y (because |by| = c ≤ 1/l0), and c, g have
polynomial growth. Let Y solve

Yλ = y +
∫ l

λ
b(λ′, Yλ′)dλ′ +

∫ l

λ

√
σ(λ′) dBλ′ (l0 ≤ λ ≤ l),

where B is a Brownian motion in the reversed time l − λ. This is the diffusion with
generator G run from (l, y) downward in l, and it is well posed because b is Lipschitz in
y. By the Feynman–Kac formula along Y (see [79]),

c(l, y) = E
[
c(l0, Yl0) e−

∫ l
l0

c(λ,Yλ)dλ
]
> 0, g(l, y) = E

[
g(l0, Yl0) e−

∫ l
l0

3c(λ,Yλ)dλ
]
≤ 0,

because c(l0, ·) > 0 and g(l0, ·) < 0.

The diffusion in the Feynman–Kac formula is the rescaled Parisi diffusion of Defini-
tion 4.1, written in the variable l (see (C.1)). Started at the initial level l = 1 (the bottom
of the support), it defines the density that governs the second variation.
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Definition 7.8. Let σ be as in Lemma 7.7. For y ∈ R let (Yy
l )0<l≤1 solve, downward in l,

Yy
1 = y, Yy

l = y +
∫ 1

l
b(λ, Yy

λ)dλ +
∫ 1

l

√
σ(λ) dBλ,

where B is a Brownian motion in the reversed time 1 − l. The flat density pl is the density
of the measure E 7→

∫
R

P(Yy
l ∈ E)dy.

For each Brownian path, y 7→ Yy
l is an increasing C1 bijection of R, because b

is smooth and Lipschitz in y; differentiating the equation gives the Jacobian ∂yYy
l =

exp(−
∫ 1

l c(λ, Yy
λ)dλ), which lies in [l, 1] by Lemma 7.7. The image of Lebesgue measure

under such a map has density 1/∂yYy
l at the point Yy

l , which lies in [1, 1/l]. Averaging
over the Brownian path, pl exists and

1 ≤ pl ≤ 1/l, p1 ≡ 1. (7.14)

When σ comes from a profile, pl plays the role of the law of the rescaled Parisi diffusion
at the level l, with Lebesgue measure at l = 1 in place of the law of the bottom position
Y0 (see the end of §7.1).

On a block, the diffusion is the Doob transform, by the space-time harmonic function
F = eU/σj , of a Brownian motion with variance rate σj (see [50, 110]). Its transition density
from level lj to level l ∈ [lj−1, lj] is ϕ∆(x − y)F(l, x)/F(lj, y), where ∆ = σj(lj − l) and ϕ∆
is the N(0, ∆) density. Integrating against plj ,

pl(x) = F(l, x)
∫

R
ϕ∆(x − y)

plj(y)

F(lj, y)
dy, F(lj, ·) = P∆F(l, ·). (7.15)

The integral converges: plj ≤ 1/lj; by concavity and c ≤ 1/lj, U(lj, y) ≥ U(lj, 0) +
b(lj, 0)y − y2/(2lj), so 1/F(lj, y) ≤ exp((y2/(2lj) + C(1 + |y|))/σj); and ∆ < σjlj.

For the Sherrington–Kirkpatrick model, monotonicity and log-concavity properties
of a density of the Parisi diffusion were proved in [87, Proposition 7.1], for the product
of the density with an exponential of the solution of the Parisi equation, by following
the heat evolution between successive atoms. The next proposition is proved in the same
block-by-block way. Here the initial law is Lebesgue measure, the monotone quantity is
the density itself, and σ is an arbitrary positive step function.

Proposition 7.9. Let σ > 0 be a step function on a grid of [l0, 1] with σ = 1 on (0, l0]. For
every l ∈ [l0, 1] the function y 7→ pl(y) is nonincreasing. In particular y 7→ pl(y)c(l, y) is
nonincreasing.

Proof. We argue by induction from the initial level l = 1 downward. At l = 1, p1 ≡ 1.
Suppose that plj is nonincreasing, and let l ∈ [lj−1, lj). Write σ = σj, ∆ = σ(lj − l), and
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fλ = U(λ, ·)/σ = log F(λ, ·). By Lemma 7.7, at every level λ the function f ′λ = b/σ is
positive, decreasing ( f ′′λ = −c/σ < 0), and convex ( f ′′′λ = −cy/σ ≥ 0).

Fix y and let Qy(dx) ∝ ϕ∆(x − y) plj(x)F(lj, x)−1 dx. Differentiating (7.15) and inte-
grating by parts in x (the boundary terms vanish by the bounds after (7.15)),

(log pl)
′(y) = f ′l (y) + EQy

[X − y
∆

]
= f ′l (y) + EQy

[
(log plj)

′(X)− f ′lj
(X)

]
.

Put r̄ = EQy f ′lj
(X). Since (log plj)

′ ≤ 0, the two expressions for the same expectation give

(log pl)
′(y) ≤ f ′l (y)− r̄, EQy X ≤ y − ∆r̄. (7.16)

Step 1. A lower bound for r̄. By Jensen’s inequality ( f ′lj
is convex), then monotonicity ( f ′lj

is decreasing), and (7.16),

r̄ ≥ f ′lj

(
EQy X

)
≥ f ′lj

(y − ∆r̄).

Step 2. A fixed point. The function R(r) = f ′lj
(y − ∆r)− r is continuous, and by c ≤ 1/lj,

R′(r) =
∆
σ

c(lj, y − ∆r)− 1 = (lj − l) c(lj, y − ∆r)− 1 ≤
lj − l

lj
− 1 = − l

lj
< 0.

Hence R has a unique zero r∗. Step 1 says R(r̄) ≤ 0, so r̄ ≥ r∗. Let x∗ = y − ∆r∗. Then
r∗ = f ′lj

(x∗) and y = x∗ + ∆ f ′lj
(x∗).

Step 3. Tweedie’s formula. Since F(lj, ·) = P∆F(l, ·), the probability measure π(dw) ∝
F(l, w) ϕ∆(w − x∗)dw satisfies

EπW = x∗ + ∆ (log F(lj, ·))′(x∗) = x∗ + ∆ f ′lj
(x∗) = y,

f ′lj
(x∗) =

(P∆F(l, ·))′(x∗)
P∆F(l, ·)(x∗)

= Eπ f ′l (W).

By Jensen’s inequality ( f ′l is convex), r∗ = Eπ f ′l (W) ≥ f ′l (EπW) = f ′l (y). The formula for
EπW is Tweedie’s formula [53, 111].

Combining the three steps with (7.16), (log pl)
′(y) ≤ f ′l (y)− r̄ ≤ f ′l (y)− r∗ ≤ 0. The

flat density is continuous in l at the breakpoints (at l = lj, (7.15) returns plj), so the
induction proceeds block by block. Since pl and c are positive and nonincreasing, so is
plc.

7.5 Convexity along ordered rays

Let T0, T1 be the inverse profiles of two normalized step profiles, on a common grid with
σ = 1 on (0, l0], such that K := T1 − T0 ≥ 0 on [0, 1]. For ϑ ∈ [0, 1] put Tϑ = T0 + ϑK,
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so that σϑ = T′
ϑ = σ0 + ϑσ̇ with σ̇ = K′, and let Uϑ be the corresponding solution

and I(ϑ) = I(ζϑ). The main example is the ray from replica symmetry: T0 = id and
T1 = T the inverse of an arbitrary normalized step profile, for which K = T − id ≥ 0
because T′ ≥ 1. For ϑ ∈ [0, 1], Tϑ is again convex with T′

ϑ ≥ 1, T′
ϑ = 1 on [0, l0] and

Tϑ(1) ≤ max{T0(1), T1(1)}, so every ζϑ lies in the fixed class K1(l0, max{T0(1), T1(1)}).
Write U̇ = ∂ϑUϑ and Ü = ∂2

ϑUϑ. Differentiating (7.11) in ϑ, and using that σϑ is affine
in ϑ,

U̇l = GU̇ − σ̇
2 c, Ül = GÜ + U̇2

y + σ̇ U̇yy, U̇ = Ü = 0 for l ≤ l0. (7.17)

The function that makes the second variation transparent is

Z = U̇ + K
2 c, which solves Zl = GZ − K

2 c2, Z = 0 (l ≤ l0). (7.18)

Indeed, cl = Gc − c2 (proof of Lemma 7.7), K′ = σ̇, and K depends on l only, so
G(Kc) = KGc.

Proposition 7.10. In the setting above, ϑ 7→ I(ϑ) is of class C2 on [0, 1] and

I′′(ϑ) =
∫ 1

l0

∫
R

[
pl Z2

y − 2K (plc)y Zy +
K2

2
pl c2

y

]
dy dl, (7.19)

where p, c, and Z are computed at σϑ.

The proof, in §C.4, starts from I′′ =
∫∫

p (U̇2
y + σ̇U̇yy) and substitutes U̇ = Z − Kc/2.

All terms that involve derivatives in l combine into (∂l − G)(KZyy − K2cyy/4), whose
integral against p vanishes; one integration by parts in y then gives (7.19).

Corollary 7.11. In the setting of Proposition 7.10,

I′′(ϑ) ≥ 1
2

∫ 1

l0
K(l)2

∫
R

pl c2
y dy dl ≥ 0.

Consequently, for every t ≥ 0, ϑ 7→ Ft(ζϑ) is convex on [0, 1].

Proof. We show that each term in (7.19) is nonnegative. By (7.18) and the Feynman–Kac
formula along the diffusion of Definition 7.8,

Z(l, y) = −1
2

E

∫ l

l0
K(λ) c(λ, Yλ)

2 dλ,

where Y starts at (l, y) and runs downward in l. By Lemma 7.7, c2 is nonincreasing in
y, and the flow y 7→ Yλ is increasing; since K ≥ 0, Z is nondecreasing in y, so Zy ≥ 0.
By Proposition 7.9, (plc)y ≤ 0. Hence −2K(plc)yZy ≥ 0, and the other two terms are
nonnegative. The functional A is affine in T by Proposition 7.5, so Ft = A + tI is convex
along the segment for t ≥ 0.
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Only the ordering K ≥ 0 enters the proof. For directions K of both signs the mid-
dle term of (7.19) has no sign, and we do not know whether I is convex along such
segments; the ordered rays from the replica-symmetric profile suffice for Theorem 7.13.
Lemma 7.7 and Proposition 7.9 hold for every positive step function σ, while the proof of
Proposition 7.10 uses the tail estimates of Lemma 7.2, which are proved for profiles.

This convexity differs from the classical convexity of Parisi functionals: of the Crisanti–
Sommers functional for spherical models [125], and of the Parisi functional for Ising spins
[7, Theorem 2] (see Chapter 1). Those results concern linear interpolation of distribution
functions, and the proofs for Ising spins use the convexity of the terminal datum log cosh
in the spatial variable. The terminal datum log Φ of (1.2) is concave (see the opening of
Chapter 2), so these arguments do not apply to Pκ. Corollary 7.11 concerns only the flat
functional, interpolates linearly in the inverse profile T rather than in the profile, and is
proved only along ordered segments.

7.6 The first variation at the replica-symmetric profile

By Corollary 7.11, Ftd(ζ)− Ftd(1[0,1]) is bounded below by the one-sided derivative of Ftd

at T = id in the direction K = T − id. We now compute this derivative and show that it
is positive, with cubic contact at the edge of the admissible cone.

At T = id the solution is U(l, y) = log Φ(y/
√

l), and the diffusion of Definition 7.8 is
the Doob transform of Brownian motion by Φ(·/

√
l). In the variables

Z = Yl/
√

l, ς = log(1/l),

Itô’s formula gives the time-homogeneous diffusion

dZ =
(

R(Z) + Z
2

)
dς + dBς, Gtop = 1

2 ∂zz +
(

R(z) + z
2

)
∂z. (7.20)

It describes the normalized position of the Parisi diffusion above the atom of a replica-
symmetric order parameter, which is why it reappears in Chapter 8; its transition kernel
is computed in Lemma D.1. We write Zz for the solution started at Z0 = z. For 0 < ρ < 1
define

Q(ρ) =
∫

R

[
V(z)2 − E V

(
Zz

log(1/ρ)

)2
]

dz. (7.21)

This is the decrease of
∫

V2 when Lebesgue measure is transported by the diffusion (7.20)
for the time log(1/ρ). The integrand is integrable by the Dynkin calculation in the proof
below, although V2 itself is not integrable.

Proposition 7.12. Let T be the inverse profile of a normalized step profile, let K = T − id, and
let ζϑ be the normalized profile with inverse profile id + ϑK. The function σ̇ = K′ = σ − 1 is a
nonnegative nondecreasing step function that vanishes on [0, l0], and

d
dϑ

Ftd(ζϑ)
∣∣∣
ϑ=0

=
∫
(0,1]

E(r) dσ̇(r), E(r) = 1
8c0

∫ 1

r
Q(ρ)

ρ − r
ρ2 dρ, (7.22)
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where dσ̇ is the Stieltjes measure of σ̇. Moreover Q > 0 on (0, 1), and with cFS = 1/96,

E(r) ≥ cFS(1 − r)3 (0 < r < 1). (7.23)

Proof. We divide the proof into three steps. First, we write the derivative as an integral of
σ̇ against the defect of a transported Lebesgue measure. Second, a Dynkin calculation
expresses that defect through Q. Third, a comparison with an Ornstein–Uhlenbeck
process bounds Q from below.

Step 1. The first variation. By Lemma C.4 at ϑ = 0 and (7.12), I′(0) =
∫

R
[U̇(1, y) +

Γ̇1{y≤0}]dy with Γ̇ = 1
2

∫ 1
0 σ̇(l)dl/l and U̇(1, y) = −1

2E
∫ 1

0 σ̇(l) c(l, Yy
l )dl. At T = id,

c(l, y) = V(y/
√

l)/l and Yy
l /

√
l = Zy

ςl with ςl = log(1/l). Hence

U̇(1, y) + Γ̇1{y≤0} =
1
2

∫ 1

0

σ̇(l)
l

[
1{y≤0} − EV

(
Zy

ςl

)]
dl.

For fixed y the integrand has a constant sign (0 < V < 1), and the left side is bounded by
C(1 + y2)−1 by Lemma C.4(a). Tonelli’s theorem on {y ≤ 0} and on {y > 0} therefore
allows us to integrate first in y. Since

∫
R
(1{y≤0} − V) = 0 by Lemma 2.1(f),

I′(0) =
1
2

∫ 1

0

σ̇(l)
l

M(l)dl, M(l) :=
∫

R

[
V(y)− EV

(
Zy

ςl

)]
dy.

By (7.10), A(ζϑ) =
1
8 −

ϑ
8

∫ 1
0 σ̇(l)(1 − l)l−1 dl. Since td/2 = 1/(8c0),

d
dϑ

Ftd(ζϑ)
∣∣∣
ϑ=0

=
∫ 1

0
σ̇(l) e(l)dl, e(l) =

M(l)− c0(1 − l)
8c0 l

. (7.24)

Step 2. A Dynkin calculation for the transported Lebesgue measure. The drift R(z) + z/2 of
(7.20) has derivative 1

2 − V ∈ (−1
2 , 1

2), so the flow z 7→ Zz
ς is an increasing C1 bijection

with Jacobian in [e−ς/2, eς/2]. Let νς be the density of the image of Lebesgue measure
under this flow; then νς ≤ eς/2. Using the identity (2.2) for V′′,

GtopV = −V(1 − V), Gtop(V2) = k1 := V′2 − 2V2(1 − V),

Gtop
(
V(1 − V)

)
= −V(1 − V)− k1.

(7.25)

All three right sides are bounded and integrable by Lemma C.1(a). For f ∈ {V, V2, V(1 −
V)}, Dynkin’s formula for each starting point, and Fubini’s theorem (justified by νς ≤ eς/2

and Gtop f ∈ L1), give∫
R

[
E f (Zz

ς)− f (z)
]

dz =
∫ ς

0

∫
R

νu Gtop f dz du.

Put j(u) =
∫

νuV(1 − V) and k(u) =
∫

νuk1, which are bounded on bounded intervals.
With f = V, f = V2, and f = V(1 − V) this gives

M(l) =
∫ ςl

0
j(u)du, Q(ρ) = −

∫ ςρ

0
k(u)du, j(u) = c0 −

∫ u

0

(
j+ k

)
.
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The last identity is the integral form of j′ = −j − k, j(0) = c0, so j(u) = c0e−u −∫ u
0 eu′−uk(u′)du′. Integrating over [0, ςl] and applying Fubini’s theorem twice (with

e−ςl = l),

M(l)− c0(1 − l) = −
∫ ςl

0
k(u′)

(
1 − l eu′)

du′ = l
∫ 1

l
Q(ρ)ρ−2 dρ.

The second equality follows by inserting the formula for Q, since u′ ≤ ςρ if and only

if ρ ≤ e−u′
, and l

∫ e−u′

l ρ−2 dρ = 1 − l eu′
. Hence e(l) = (8c0)

−1
∫ 1

l Q(ρ)ρ−2 dρ. Since
σ̇(l) =

∫
(0,l] dσ̇(r), Fubini’s theorem turns (7.24) into (7.22) with E(r) =

∫ 1
r e(l)dl =

(8c0)
−1

∫ 1
r Q(ρ)(ρ − r)ρ−2 dρ.

Step 3. One comparison gives positivity and the cubic bound. Couple (7.20), started at z,
with the Ornstein–Uhlenbeck process dX = −1

2 X dς + dBς, X0 = z, driven by the same
Brownian motion. The difference Ξ = Z − X satisfies Ξ′ = R(Z) + 1

2 Z + 1
2 X = R̄(Z)− 1

2 Ξ
and Ξ0 = 0, so

Ξς =
∫ ς

0
e−(ς−u)/2 R̄(Zu)du > 0,

because R̄ > 0 (Lemma 2.1(a)). Thus Zς ≥ Xς, and Xς ∼ N(
√

ρ z, 1 − ρ) with ρ = e−ς.
This is a pathwise comparison of the type of [74], made explicit here by the linear equation
for Ξ. Since V2 is decreasing, with Pv the convolution with the N(0, v) density,

E V(Zz
ς)

2 ≤ P1−ρ(V2)(
√

ρ z).

This comparison can be integrated despite the nonzero left limit of V2. Put f =

V2 − 1{z<0}. By Lemma 2.1(f), f ∈ L1 and
∫

f = −c0. The function 1{z<0} −
P1−ρ1{·<0}(

√
ρ z) = 1{z<0} − Φ(−az), a =

√
ρ/(1 − ρ), is integrable with integral∫ 0

−∞ Φ(az)dz −
∫ ∞

0 Φ(−az)dz = 0. The substitution w =
√

ρ z +
√

1 − ρ g shows∫
P1−ρ f (

√
ρ z)dz = ρ−1/2

∫
f . Hence∫

R

[
V(z)2 − P1−ρ(V2)(

√
ρ z)

]
dz =

(
1 − ρ−1/2) ∫

R
f = c0

(
ρ−1/2 − 1

)
.

The integrand of (7.21) is integrable by Step 2 and pointwise at least the integrand on the
left. Since ρ−1/2 − 1 ≥ 1 −√

ρ = (1 − ρ)/(1 +
√

ρ) ≥ (1 − ρ)/2,

Q(ρ) ≥ c0
(
ρ−1/2 − 1

)
≥ c0

2 (1 − ρ) > 0 (0 < ρ < 1). (7.26)

With the formula for e from Step 2 and ρ−2 ≥ 1,

e(l) ≥ 1
16

∫ 1

l
(1 − ρ)dρ =

(1 − l)2

32
, E(r) =

∫ 1

r
e(l)dl ≥ (1 − r)3

96
.

This proves (7.23).
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The number E(r) is the derivative of Ftd in the one-step direction K = (l − r)+. Its
positivity for every r is the flat counterpart of the statement that the obstacle potential
of the replica-symmetric crossing order parameter is strictly increasing above its atom
(Proposition 8.4). The contact at r = 1 is cubic because at t = td the term of order 1 − l in
e(l) cancels, which is the flat analogue of the vanishing of the replicon eigenvalue at κd.
More precisely, k is continuous at 0 with k(0) =

∫
k1 = AV − 2BV , where AV =

∫
V′2 and

BV =
∫

V2(1 − V): for f ∈ C2
c , Dynkin’s formula gives |

∫
νu f −

∫
f | ≤ u eu/2∥Gtop f ∥L1 ,

and k1 ∈ L1 is approximated by such f while νu ≤ eu/2. With xf = AV/(2BV) the flat
breakpoint of Definition 8.1, this gives Q(ρ) = 2BV(1 − xf)(1 − ρ) + o(1 − ρ) and

E(r) = BV(1 − xf)

24 c0
(1 − r)3 + o

(
(1 − r)3) (r ↑ 1).

We do not use this expansion. The same computation at a general parameter t shows that
td is sharp. By Step 1, the derivative of Ft(ζϑ) at ϑ = 0 in the direction K = (l − r)+ equals∫ 1

r [tM(l) − 1
4(1 − l)] (2l)−1 dl, and M(l) = c0(1 − l) + O((1 − l)2) by Step 2 (because

|k| ≤ e1/2∥k1∥L1 on [0, 1]). For t < td this derivative is negative for r close to one,
so 1[0,1] is not a minimizer of Ft. This is the flat counterpart of the instability of the
replica-symmetric order parameter beyond κd (Proposition 3.8(ii)).

7.7 Uniqueness of the flat minimizer

We now combine the ray convexity with the first variation. The cubic contact of (7.23)
becomes a cubic L1 modulus.

Theorem 7.13. Let ζ be a normalized profile with bounded support and ζ = 1 on a neighborhood
of 0, that is, ζ ∈ ⋃

0<d1≤S K1(d1, S). Then

Ftd(ζ)− Ftd(1[0,1]) ≥
9

1024

∥∥ζ − 1[0,1]
∥∥3

L1(0,∞)
. (7.27)

Moreover I(ζ) ≥ I(1[0,1]), and for every t ≥ td,

Ft(ζ)− Ft(1[0,1]) ≥
9c0 t
256

∥∥ζ − 1[0,1]
∥∥3

L1(0,∞)
. (7.28)

In particular, for every t ≥ td, 1[0,1] is the unique minimizer of Ft on this class.

Proof. We divide the proof into three steps.

Step 1. Reduction to the first variation for step profiles. Let ζ be a normalized step profile,
with inverse profile T, and let K = T − id and σ̇ = T′ − 1. By Corollary 7.11 with
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t = td > 0, ϑ 7→ Ftd(ζϑ) is convex on [0, 1], where ζϑ has inverse profile id + ϑK; it is
differentiable by Proposition 7.10. By Proposition 7.12,

Ftd(ζ)− Ftd(1[0,1]) ≥
d

dϑ
Ftd(ζϑ)

∣∣∣
ϑ=0

≥ 1
96

∫
(0,1]

(1 − r)3 dσ̇(r).

Step 2. Comparison with the L1 distance. Let l∗ = ℓ(1) ∈ (0, 1], so that T(l∗) = 1. Since∫
ζ = 1 =

∫
1[0,1],

1
2

∥∥ζ − 1[0,1]
∥∥

L1 =
∫ 1

0
(1 − ζ) = 1 − l∗.

From T(l) = l +
∫ l

0 σ̇ and T(l∗) = 1, 1 − l∗ =
∫ l∗

0 σ̇(u)du =
∫
(0,1](l∗ − r)+ dσ̇(r). For

r ≤ l∗ put a = 1 − l∗ and b = l∗ − r. Then (1 − r)3 = (a + b)3 ≥ 27
4 a2b, because

(a + b)3 − 27
4 a2b = (b − a

2)
2(b + 4a) ≥ 0. Therefore∫

(0,1]
(1 − r)3 dσ̇(r) ≥ 27

4
(1 − l∗)2

∫
(0,1]

(l∗ − r)+ dσ̇(r) =
27
4
(1 − l∗)3 =

27
32

∥∥ζ − 1[0,1]
∥∥3

L1 .

With Step 1 and 27
32 ·

1
96 = 9

1024 , this proves (7.27) for step profiles.

Step 3. General profiles and the parameters t ≥ td. Let ζ ∈ K1(d1, S). By (7.1), d1 ≤
1 ≤ S, so 1[0,1] ∈ K1(d1, S). Let ζn ∈ K1(d1, S) be the step approximations (7.2) of ζ.
By Lemma 7.2, A and ζ 7→

∫
Wζ are continuous on K1(d1, S), hence so is Ftd . Both

sides of (7.27) are continuous in L1, so the inequality passes to the limit along ζn → ζ.
Next, td (I(ζ)− I(1[0,1])) = Ftd(ζ)− Ftd(1[0,1]) + A(1[0,1])− A(ζ), and A(ζ) ≤ A(1[0,1]) by
Corollary 7.6; hence I(ζ)− I(1[0,1]) ≥ 9

1024 td
∥ζ − 1[0,1]∥3

L1 ≥ 0. For t ≥ td,

Ft(ζ)− Ft(1[0,1]) = Ftd(ζ)− Ftd(1[0,1]) + (t − td)
(

I(ζ)− I(1[0,1])
)
≥ 9

1024
t
td

∥∥ζ − 1[0,1]
∥∥3

L1 ,

which is (7.28) because t/td = 4c0t.

The constant in (7.27) is 27
32 cFS. The factor 27

32 comes from Step 2 and cannot be
improved there: for the one-step directions σ̇ = 2 · 1(r,1] one has l∗ − r = 1

2(1 − l∗), and
the two sides of the inequality in Step 2 are equal. Without the elementary inequality
(a + b)3 ≥ 27

4 a2b, the same argument gives the constant 1
8 cFS = 1

768 . The theorem is a
statement about one explicit variational problem, in which neither e nor θ appears; its
link with the functional Pκ at finite e is Theorem 7.3.
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7.8 Stability at the crossing

From now on we assume, as announced in Remark 3.12, that θd lies in the interior of Θ.
Put θe = (κRS − κd)/e2, so that κe(θe) = κd. By Proposition 3.8(iii), θe → θd; hence θe ∈ Θ
for small e, and Proposition 3.8(iv) applies at θ = θe, where q∗(κd) = qd. Together,

θe =
κRS − κd

e2 = θd + O(eLe),

dd =
1 − qd

e2 = 2ϕ0θe + O(e) −→ d0 = 2ϕ0θd =
1

64c2
0ϕ2

0
.

(7.29)

The following estimate controls the mass and the shape of a profile at once. It is uniform
in θ near θd, which is what the uniform window of Chapter 8 needs, and at θ = θe it
gives the convergence of minimizers at the crossing.

Proposition 7.14. Fix 0 < m < d0 < M < ∞ and put Θ(m, M) = {θ ∈ Θ : m ≤ 2ϕ0θ ≤
M}. There are C, e0 > 0, depending only on (m, M) and Θ, such that the following holds for
0 < e < e0, θ ∈ Θ(m, M) and ε ≥ 0. Let γ∗

θ = 1[1−2ϕ0θe2,1] be the replica-symmetric order
parameter of rescaled mass 2ϕ0θ. If γ ∈ U has ζγ ∈ K(m, M) and

Pκe(θ)(γ) ≤ Pκe(θ)(γ
∗
θ ) + ε,

then (
ℓ0(γ)− 2ϕ0θ

)2
+ e

∥∥ζ̃γ − 1[0,1]
∥∥3

L1 ≤ C
(
e2Le + e(θd − θ)+ + ε

)
. (7.30)

In particular the left side is at most C(e2Le + e|θ − θd|+ ε), and every global minimizer γ of
Pκe(θ) with ζγ ∈ K(m, M) satisfies (7.30) with ε = 0.

Proof. We divide the proof into five steps.

Step 1. Constants. Let Cx, ex be the constants of Theorem 7.3 for the class K(m, M),
let CI = sup{|I(ζ)| : ζ ∈ K1(m/M, M/m)}, which is finite by the continuity of I on
this compact class (Lemma 7.2), and let Lg = sup{|g′θ(l)| : θ ∈ Θ, l ∈ [m, M]}. Put
a0 = m2/(2M4) and Ct = 2ϕ0

√
2ϕ0/θd. Take e0 ≤ min{ex, e−1} with 2ϕ0θ+e2

0 < 1, so that
γ∗

θ ∈ U and Le ≥ 1.

Step 2. Expansion. Write ℓ∗ = 2ϕ0θ ∈ [m, M], h = ℓ0 − ℓ∗, r = 1[0,1], x = ∥ζ̃ − r∥L1 ,
t = 2ϕ0

√
ℓ0, and t∗ = 2ϕ0

√
ℓ∗. The rescaled profile of γ∗

θ is 1[0,ℓ∗] ∈ K(m, M), and its
normalization is r. Applying Theorem 7.3 to γ and to γ∗

θ , subtracting (the terms Ke

cancel), and using the hypothesis,

Ψθ(ℓ0)− Ψθ(ℓ
∗) + e

[
gθ(ℓ0)− gθ(ℓ

∗) + P (1)(ζ)−P (1)(1[0,ℓ∗])
]
≤ 2Cxe2Le + ε. (7.31)
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Step 3. Mass terms. Let x1 = ℓ∗/ℓ0 ∈ [m/M, M/m]. The function u 7→ u − 1 − log u
vanishes with its derivative at u = 1 and has second derivative u−2 ≥ (m/M)2 on
[m/M, M/m]. By (7.8),

Ψθ(ℓ0)− Ψθ(ℓ
∗) = x1 − 1 − log x1 ≥ m2

2M2 (x1 − 1)2 =
m2

2M2
h2

ℓ2
0
≥ a0h2.

Also |gθ(ℓ0)− gθ(ℓ
∗)| ≤ Lg|h|.

Step 4. Flat terms. By (7.7) for ζ and for 1[0,ℓ∗], and since Fs = A + sI for every s,

P (1)(ζ)−P (1)(1[0,ℓ∗]) = Ftd(ζ̃)− Ftd(r) + (t − t∗)I(ζ̃)

+ (t∗ − td)
[
I(ζ̃)− I(r)

]
− 1

8 log(ℓ0/ℓ∗).

Here ζ̃ ∈ K1(m/ℓ0, M/ℓ0) ⊂ K1(m/M, M/m) and r ∈ K1(m/M, M/m), so
|I(ζ̃)|, |I(r)| ≤ CI . By Theorem 7.13, Ftd(ζ̃) − Ftd(r) ≥ 9

1024 x3 and I(ζ̃) − I(r) ≥ 0.
By (7.9), t∗ − td = 2ϕ0

√
2ϕ0(

√
θ −

√
θd). If θ ≥ θd, the third term is nonnegative. If

θ < θd, it is at least −2CI(td − t∗) ≥ −2CICt(θd − θ), because
√

θd −
√

θ ≤ (θd − θ)/
√

θd.
Finally |t − t∗| = 2ϕ0|h|/(

√
ℓ0 +

√
ℓ∗) ≤ ϕ0|h|/

√
m and | log(ℓ0/ℓ∗)| ≤ |h|/m. Hence

P (1)(ζ)−P (1)(1[0,ℓ∗]) ≥
9

1024
x3 −

(CIϕ0√
m

+
1

8m

)
|h| − 2CICt(θd − θ)+.

Step 5. Conclusion. Inserting the bounds of Steps 3 and 4 into (7.31), with C1 = Lg +

CIϕ0/
√

m + 1/(8m) and C2 = 2CICt,

a0h2 +
9e

1024
x3 ≤ eC1|h|+ eC2(θd − θ)+ + 2Cxe2Le + ε.

Young’s inequality gives eC1|h| ≤ 1
2 a0h2 +

C2
1

2a0
e2, and e2 ≤ e2Le. Hence 1

2 a0h2 +
9e

1024 x3 ≤ C3(e2Le + e(θd − θ)+ + ε) with C3 = max{2Cx + C2
1/(2a0), C2, 1}. Dividing

by min{1
2 a0, 9

1024} gives (7.30). The second statement holds because (θd − θ)+ ≤ |θ − θd|.
A global minimizer satisfies the hypothesis with ε = 0, because Pκe(θ)(γ) = P∗(κe(θ)) ≤
Pκe(θ)(γ

∗
θ ).

The hypothesis holds whenever Pκe(θ)(γ) ≤ P∗(κe(θ))+ ε. At the crossing, κ = κd and
θ = θe ∈ Θ(m, M) for small e, and it also holds whenever Pκd(γ) ≤ Pκd(γd) + ε, because
qd = q∗(κd) minimizes PRS

κd
(Proposition 3.8(i)). The proposition requires ζγ ∈ K(m, M)

as a hypothesis. For global minimizers this follows from Theorem 6.1, and Corollary 8.8
combines the two into closeness to γd in L1 on the scale 1 − qd, uniformly for margins
within a small multiple of e2 of κd.



chapter 8

Uniqueness at the crossing and full replica
symmetry breaking

This chapter proves the local statement behind Theorem 1.2. Theorem 8.13 shows that
there is a numerical constant c > 0 with the following property for all small e = α− 2 > 0.
For every margin in [κd − ce2, κd], the replica-symmetric order parameter is the unique
global minimizer. For every margin in (κd, κd + ce2), every global minimizer has a
Parisi measure supported on one nondegenerate interval, with atoms at both ends
and a distribution function that is continuously differentiable on the interior, where its
derivative is of order e−2. The case κ = κd is recorded separately in Corollary 8.14.

The proof is Step 5 of §1.3. §8.1 writes the KKT condition through anchored obstacles,
which involve only S and λ, and defines the local curvature Σ̃. §8.2 treats the obstacle
potential of the crossing order parameter γd = 1[qd,1] at κd, which has a strict cubic
minimum at qd of depth proportional to e, and the replica-symmetric family near the
crossing. §8.3 proves estimates at the natural scale in the crossing window. In §8.4, the
stability estimate Proposition 7.14 gives closeness of every global minimizer to γd in L1,
on the scale 1− qd ≍ e2 (Corollary 8.8), and a comparison of anchored obstacles upgrades
this to localization of the supports (Proposition 8.10). §8.5 shows that a KKT point with
support in a small window has no gap and satisfies a width estimate (Proposition 8.11),
and §8.6 combines the two steps. The relation to earlier work is discussed at the end of
the chapter.

Throughout this chapter, α = 2 + e, κd = κd(α), and qd, δd = 1 − qd, and γd = 1[qd,1]
are as in Proposition 3.8. We write

ŝ(q) =
1 − q

δd
, Wη =

{
q ∈ [0, 1] : |q − qd| ≤ ηe2}.

Thus ŝ(qd) = 1, and Wη is a window of fixed rescaled width around the atom of γd. In
this chapter we fix the window Θ = [θd/2, 2θd] of Remark 3.12, which contains θd in its
interior, so that the results of Chapters 4–7 apply to it, and every constant that depends
on Θ is numerical. The distance from θd to R \ Θ is ∆Θ = θd/2. Recall from Chapter 7
that Le = log(1/e), θe = (κRS − κd)/e2, dd = δd/e2, and d0 = 2ϕ0θd = 1/(64c2

0ϕ2
0). By

(7.29), which rests on Proposition 3.8(iii),(iv), there are numerical constants Ccr and CΘ
such that

|θe − θd| ≤ Ccr eLe, |dd − 2ϕ0θe| ≤ CΘ e (8.1)

280
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for all small e. We fix est ∈ (0, 1) below the thresholds of Proposition 3.8 and Theo-
rems 3.11 and 6.1 and of (8.1), and such that for 0 < e < est one has dd ∈ [1

2 d0, 2d0],
|κd| ≤ e (by Lemma 3.1(a) and Proposition 3.8(iii)) and CcreLe ≤ 1

2 ∆Θ; in particular
θe ∈ Θ. Every threshold introduced below is at most est. Quantities of an order parameter
γ at a margin κ carry the subscripts γ, κ when both vary, and we write Sd, Dd,Hd, λd for
those of γd at κd. Long proofs are in Chapter D.

8.1 KKT points and the local curvature

Recall from Proposition 2.11(c) that γ ∈ U is a KKT point of Pκ if supp µγ ⊂
argmin[0,r] Hγ for some r ∈ (Q, 1), and that every global minimizer is a KKT point.
The earlier forms of this obstacle condition are discussed after Proposition 2.11; un-
like in those settings, here the condition is only necessary (see §1.1). For a KKT point,
0 < q0 ≤ Q < 1, and every support point t satisfies D(t) = 0 and S(t) ≤ 1. Since Hγ is
C2 on [0, r] with H′

γ = −D/2 and H′′
γ = (1 − S)/(2λ2), Taylor’s formula with integral

remainder gives, for all p, t ∈ [0, r],

Hγ(t)−Hγ(p) = −D(p)
2

(t − p) +Aγ(p, t), Aγ(p, t) =
1
2

∫
[p,t]

|t − r′| 1 − S(r′)
λ(r′)2 dr′,

(8.2)
where [p, t] denotes the closed interval between p and t. We call Aγ the anchored obstacle.
If p and t are support points of a KKT point, both minimize Hγ on [0, r] and D(p) = 0,
so

Aγ(p, t) = 0. (8.3)

This identity involves only S and λ, and not D. This is what makes it usable below:
the natural-scale estimates of §8.3 control S and λ with the required precision, while D,
whose derivative is (S − 1)/λ2, changes by an amount of order e−1 when S − 1 changes
by an amount of order e over a window of width e2.

The local structure of the support is governed by the functions N (q) = Evx(q, Xq)2

and B̃(q) = E[v2(1 − v)](q, Xq), the breakpoint ratio x̃ = λN/(2B̃) of (2.22), and the
quadratic form Σ(q; K) of (2.23). They are defined for every order parameter, without any
stationarity assumption.

Definition 8.1. Let γ ∈ U , κ ∈ R, and q ∈ [0, 1). The local curvature is

Σ̃(q) = λ(q)2 Σ
(
q; x̃(q)/λ(q)

)
= E

[
λ2v2

xx + 4x̃ λ (3v − 1)v2
x + 2x̃ 2v2(1 − v)(1 − 3v)

]
(q, Xq).



part ii 8.1 KKT points and the local curvature 282

The flat constants are AV =
∫

R
V′2, BV =

∫
R

V2(1 − V), I2 =
∫

R
V′′2, the flat breakpoint

xf = AV/(2BV), and

Σflat =
∫

R

[
V′′2 + 4xf(3V − 1)V′2 + 2x2

f V2(1 − V)(1 − 3V)
]

dz, σf =
Σflat

BV
.

The flat breakpoint xf and the ratio σf are the limits of x̃ and Σ̃/B̃ in the crossing
window (Lemma 8.6(b)). Their signs are elementary.

Lemma 8.2. One has xf =
1
2 − c0/(4BV) ∈ (0, 1

4) and

Σflat =
1 + (3xf − 2)2

5
I2 +

3
4

x2
f c0 > 0.

The proof is in §D.1. The breakpoint and the curvature enter through the derivatives
of S. By Lemma 2.9(c)(iv),(d), S is Lipschitz on [0, r] for every r < 1, with one-sided
derivatives

S′(q+) =
2αB̃(q)

λ(q)
(
x̃(q)− γ(q)

)
, S′(q−) =

2αB̃(q)
λ(q)

(
x̃(q)− γ(q−)

)
, (8.4)

and on an interval where γ ≡ m is constant, S′′ = αΣ(q; m/λ). The functions N and B̃ are
Lipschitz on [0, r], and Σ̃ is continuous there, by Lemma 2.6(c); since B̃ > 0 is continuous,
x̃ is Lipschitz on [0, r]. The next lemma restates the gap principle Lemma 2.12 in terms of
Σ̃ and adds the density formula on support intervals. The right and left derivatives in
(8.4) differ only through γ(q) and γ(q−), as in the analogue of [8, Proposition 3] noted
after Lemma 2.9; for spherical models the density on support intervals is given explicitly
in [8, Theorem 6(ii)].

Lemma 8.3. Let γ be a KKT point of Pκ.

(a) If p < p′ are support points with (p, p′) ∩ supp µγ = ∅, then there is x∗ ∈ (p, p′) with
Σ̃(x∗) ≤ 0.

(b) If [p, p′] ⊂ supp µγ with p < p′, then D ≡ 0 and S ≡ 1 on [p, p′], γ = x̃ on [p, p′), γ is
continuously differentiable on (p, p′), and

γ′ =
Σ̃

2λB̃
on (p, p′).

Proof. (a) By Lemma 2.12(a), γ ≡ m on [p, p′) for some m ∈ (0, 1), and there is x∗ ∈
(p, p′) with x̃(x∗) = m and Σ(x∗; m/λ(x∗)) ≤ 0. Since m = x̃(x∗), this says Σ̃(x∗) =

λ(x∗)2Σ(x∗; x̃(x∗)/λ(x∗)) ≤ 0.
(b) By Lemma 2.12(b), D ≡ 0 and S ≡ 1 on [p, p′], γ = x̃ on [p, p′), and γ is continuous

on (p, p′). Put K = γ/λ. By Lemma 2.9(c)(iv), N and B̃ have right and left derivatives at
every q, given by

N ′ = E
[
v2

xx + 2K(3v − 1)v2
x
]
, B̃′ = E

[
(1 − 3v)v2

x − Kv2(1 − v)(2 − 3v)
]
,
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with K = γ(q)/λ(q) and K = γ(q−)/λ(q), respectively. On (p, p′) the two coincide,
and they are continuous there by Lemma 2.6(c). Thus x̃, and hence γ, is continuously
differentiable on (p, p′). Differentiate the identity N = 2(γ/λ)B̃, which is γ = x̃, and
use (γ/λ)′ = γ′/λ + K2:

Ev2
xx + 2KE

[
(3v − 1)v2

x
]
= 2

(γ′

λ
+ K2

)
B̃ + 2K

(
E
[
(1− 3v)v2

x
]
− KE

[
v2(1− v)(2− 3v)

])
.

Collecting terms, this is Σ(q; K) = 2γ′B̃/λ. Since K = x̃/λ, it is γ′ = Σ̃/(2λB̃).

8.2 The replica-symmetric obstacle at the crossing

Put Gd(q) = Hd(q)−Hd(qd). By Definition 3.2 and Proposition 3.8 and Lemma 3.3(b),
Dd(qd) = 0, because qd is RS-stationary at κd, and Sd(qd) = αHRS = 1, which is the
crossing. The next proposition is the source of the cubic separation that confines the
supports. It concerns the single order parameter γd at the single margin κd.

Proposition 8.4. There are eo, co, Co > 0 such that the following holds for 0 < e < eo.

(a) Sd is strictly increasing on [0, qd] and strictly decreasing on [qd, 1); in particular Sd ≤ 1 on
[0, 1). Hence Dd > 0 on [0, qd), Dd < 0 on (qd, 1), and qd is the unique minimum point of
Hd on [0, 1).

(b) For every q ∈ [0, 1),
Gd(q) ≥ co e min

{
|ŝ(q)− 1|, 3

4

}3.

(c) If |ŝ(q)− 1| ≤ 3
4 , then

0 ≤ 1 − Sd(q) ≤ Coe|ŝ(q)− 1|, Gd(q) ≤ Coe|ŝ(q)− 1|3,

|δdDd(q)| ≤ Coe|ŝ(q)− 1|2.

The proof, in §D.2, is explicit. Above qd the law of (Xq − κd)/
√

1 − q evolves by the
transition kernel of the diffusion (7.20), which is explicit and reversible for the weight
Φ2ez2/2 (Lemma D.1). Near α = 2 the initial density βdϕ(kd + βdz), with kd = κd/

√
qd

and βd =
√

δd/qd, is this weight times a strictly decreasing function, and a stochastic-
order comparison shows that Sd = αEV2 decreases. The lower bounds in (b) come from
exact positive formulas for 1 − Sd on both sides of qd. They carry the factor βd ≍ e, and
the potential is cubic because the replicon eigenvalue vanishes at the crossing.

We also need the replica-symmetric family near the crossing. For q ∈ (0, 1) and a
margin κ let γq = 1[q,1], δq = 1 − q, and Zq = (

√
q G − κ)/

√
δq be as in Definition 3.2,

let DRS(q) = DRS(q; κ) and SRS(q) = SRS(q; κ) be the values of D and S of γq at its atom,
given explicitly in (3.1), and put

Aw(q) = EV′(Zq)2.
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The order parameter γq is a KKT point only if DRS(q) = 0. For κ < κRS let q∗(κ) be
the stationary point of Proposition 3.8(i), and put τ(κ) = 1 − SRS(q∗(κ)), the rescaled
replicon eigenvalue. By Lemma 3.3(b) and Definition 3.2, τ(κ) = 4(1 − q∗(κ))2ΛR(κ), so
Proposition 3.8(ii) gives

τ(κ) > 0 (κRS − c2 ≤ κ < κd), τ(κd) = 0, τ(κ) < 0 (κd < κ < κRS). (8.5)

Lemma 8.5. There are η1 ∈ (0, 1
4 d0], η′

1 ∈ (0, η1], er > 0, and cr, Cr > 0 such that the following
holds for 0 < e < er.

(a) If |κ − κd| ≤ η1e2, then ∂qDRS ≤ −cr/δ2
q on Wη1 . If |κ − κd| ≤ η′

1e2, then κ ∈ [κRS −
c2, κRS), q∗(κ) ∈ Wη1 , and |q∗(κ)− qd| ≤ Cr|κ − κd|.

(b) If |κ − κd| ≤ η1e2, then |∂qSRS| ≤ Cr/e and |∂κSRS| ≤ Cr on Wη1 . Consequently
|τ(κ)| ≤ Cr|κ − κd|/e when |κ − κd| ≤ η′

1e2.
(c) If |κ − κd| ≤ η1e2, then cre ≤ Aw(q) ≤ Cre on Wη1 .

The proof is in §D.2; it uses explicit Gaussian formulas for the derivatives of SRS and
DRS.

8.3 Natural-scale estimates in the crossing window

Near the crossing, S − 1, Σ̃, and the relevant differences of H are all of order e, the height
of the Gaussian bottom density on the scale

√
δd ≍ e. Estimates at a fixed α bound errors

in absolute terms and lose this factor. The following lemma keeps it. Both parts come
from one compactness argument in the rescaled variables of Definition 4.1: after the
dilation of Lemma C.2, the Parisi solution of every order parameter whose support has
rescaled depth in a fixed compact interval is an instance of the finite-cutoff problem that
depends neither on e nor on the margin.

Lemma 8.6. (a) Fix 0 < u− < 1 < u+. For every ω > 0 there are ε, ec > 0 such that for
0 < e < ec and every γ ∈ U with ŝ(supp µγ) ⊂ [u−, u+] and ∥γ − γd∥L1 ≤ ε δd,

sup
{
|Sγ,κd(q)− Sd(q)| : ŝ(q) ∈ [u−, u+]

}
≤ ωe.

(b) As η → 0 and e → 0,

x̃(q) −→ xf,
Σ̃(q)
B̃(q)

−→ σf,

uniformly over margins with |κ − κd| ≤ ηe2, order parameters γ ∈ U with supp µγ ⊂ Wη,
and levels q ∈ [qd − ηe2, Q]. Consequently there are η2, en > 0 such that, in this setting
with η = η2 and 0 < e < en,

xf

2
< x̃(q) <

3
4

,
σf

2
≤ Σ̃(q)

B̃(q)
≤ 2σf. (8.6)
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The proof is in §D.3. The consequence (8.6) follows from the first assertion of (b)
because xf ∈ (0, 1

4) and σf > 0 (Lemma 8.2). Part (a) is used only at the margin κd; the
dependence on the margin is controlled separately by Lemma 8.9 below.

The next lemma compares the bottom level of an order parameter supported in a
window with the replica-symmetric order parameter of the same mean. For γ ∈ U with
bottom q0 write

m = 1 − λ(q0) =
∫

t dµγ(t), δm = 1 − m, ℓ̃ =
Q − q0

e2 ,

and let γm = 1[m,1] be the replica-symmetric order parameter with the same mean; it has
the same value λ(q0).

Lemma 8.7. There are η3, ebt, C > 0 such that for 0 < e < ebt, |κ − κd| ≤ η3e2, and every
γ ∈ U with supp µγ ⊂ Wη3 :∣∣∣Sγ(q0)− SRS(m) + α(m − q0)

Aw(m)

δm

∣∣∣ ≤ Ceℓ̃2, sup
r∈[q0,m]

∣∣Sγm(r)− SRS(m)
∣∣ ≤ Ceℓ̃,

∣∣Dγ(q0)− Dγm(q0)
∣∣ ≤ Cℓ̃2

e
, Dγm(q0) = DRS(m)− 1

δ2
m

∫ m

q0

(
Sγm(r)− 1

)
dr.

Both comparisons are of second order in ℓ̃. In the scaled Parisi equation we expand
around the Gaussian reference solution with the current value of λ. The explicit first-
order correction depends on the order parameter only through its mean, so it is the same
for γ and γm, and a weighted parabolic comparison controls the second-order remainder.
The proof is in §D.4.

8.4 Support localization in a window of margins

We first show that every global minimizer at a margin within a small multiple of e2 of κd
is close to γd in L1.

Corollary 8.8. For every ε > 0 there are ρ1(ε) ∈ (0, 1
2 ∆Θ] and e1(ε) > 0 such that for

0 < e < e1 and every κ with |κ − κd| ≤ ρ1e2, every global minimizer γ of Pκ satisfies
∥γ − γd∥L1 ≤ ε δd.

Proof. Let d1, S∗, e∗ be the constants of Theorem 6.1, and put d = min{d1, 1
2 d0} and

d = max{S∗, 2d0}. Then 0 < d < d0 < d and K(d1, S∗) ⊂ K(d, d). Let CB, eB be the
constants C, e0 of Proposition 7.14 for (m, M) = (d, d).

Let |κ − κd| ≤ ρ1e2, with ρ1 ≤ 1
2 ∆Θ = 1

4 θd to be chosen, and put θ = (κRS − κ)/e2.
Then κ = κe(θ) and |θ − θe| = |κ − κd|/e2 ≤ ρ1, so by (8.1)

|θ − θd| ≤ ρ1 + CcreLe ≤ ∆Θ = 1
2 θd
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for e < est. Hence θ ∈ Θ and 2ϕ0θ ∈ [1
2 d0, 3

2 d0] ⊂ [d, d].
Let e < min{e∗, eB} and let γ be a global minimizer of Pκ. By Theorem 6.1, its rescaled

profile ζ lies in K(d1, S∗) ⊂ K(d, d). Put h = ℓ0 − 2ϕ0θ and x = ∥ζ̃ − 1[0,1]∥L1 , where ℓ0

and ζ̃ are the mass and the normalized profile of γ. Since θ ∈ Θ and d ≤ 2ϕ0θ ≤ d,
Proposition 7.14 with ε = 0 gives h2 + e x3 ≤ CB(e2Le + e|θ − θd|), so

x ≤ C1/3
B

(
ρ1 + (1 + Ccr)eLe

)1/3,

|h| ≤ C1/2
B

(
eρ1 + (1 + Ccr)e2Le

)1/2.

The change of variables q = 1 − e2s gives ∥γ − γd∥L1 = e2∥ζ − 1[0,dd]
∥L1 , and the substitu-

tion s = ℓ0s′ gives ∥ζ − 1[0,ℓ0]∥L1 = ℓ0x. Since ℓ0 ≤ S∗ ≤ d, (8.1) gives

∥ζ − 1[0,dd]
∥L1 ≤ ℓ0x + |ℓ0 − dd| ≤ dx + |h|+ 2ϕ0|θ − θe|+ |2ϕ0θe − dd|

≤ dx + |h|+ 2ϕ0ρ1 + CΘe.

Since δd = e2dd and dd ≥ 1
2 d0,

∥γ − γd∥L1

δd
≤ 2

d0

[
dC1/3

B
(
ρ1 + (1 + Ccr)eLe

)1/3
+ 2ϕ0ρ1 + |h|+ CΘe

]
.

Choose ρ1 so that 2
d0
[dC1/3

B (2ρ1)
1/3 + 2ϕ0ρ1] ≤ 1

2 ε. Then choose e1 ≤ min{e∗, eB, est} so
small that for e < e1 one has (1+Ccr)eLe ≤ ρ1 and, by the bound on |h|, 2

d0
[|h|+CΘe] ≤ 1

2 ε.
This proves the corollary.

The localization compares S for a minimizer at the margin κ with S for the crossing
order parameter at the margin κd. Lemma 8.6(a) compares different order parameters at
the same margin κd. The next lemma shows that changing only the margin moves S by
O(|κ − κd|), which is O(e2) in the window and therefore negligible against the tolerance
ωe of Lemma 8.6(a).

Lemma 8.9. Let α ≤ 3, let γ ∈ U have bottom q0 ≥ 1
2 , and let κ, κ′ ∈ R. Then for every

q ∈ [ 1
2 , 1),

|Sγ,κ(q)− Sγ,κ′(q)| ≤
α|κ − κ′|√

π
≤ 2|κ − κ′|.

Proof. By Lemma 2.4(g), uγ,κ(q, x) = uγ,0(q, x − κ), so bγ,κ(q, x) = bγ,0(q, x − κ) and
vγ,κ(q, x) = vγ,0(q, x − κ). Hence Y = Xγ,κ − κ solves dYq = γ(q)bγ,0(q, Yq)dq + dBq

with Y0 = −κ, and

Sγ,κ(q) = αEg(Yq), g = vγ,0(q, ·)2 ∈ [0, 1],

by Lemma 2.4(c). The function g does not depend on κ. Put q′ = min{q, q0} ≥ 1
2 . Since

γ = 0 on [0, q0), the drift vanishes on [0, q′), and Yq′ = −κ + Bq′ has the law N(−κ, q′).
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By the Markov property of the diffusion, Eg(Yq) = Eψ(Yq′), where ψ(y) ∈ [0, 1] is the
expectation of g at level q for the diffusion of (γ, 0) started at level q′ from y; ψ does not
depend on κ. Therefore

|Sγ,κ(q)− Sγ,κ′(q)| = α
∣∣Eψ(−κ +

√
q′G)− Eψ(−κ′ +

√
q′G)

∣∣
≤ α dTV

(
N(−κ, q′), N(−κ′, q′)

)
.

For two Gaussian laws with the same variance σ2 and means at distance ∆, the total
variation distance is 2Φ(∆/(2σ))− 1 ≤ ∆/(σ

√
2π). With σ2 = q′ ≥ 1

2 this proves the
lemma.

The next proposition localizes the supports of all global minimizers at margins within
a small multiple of e2 of κd. The anchored obstacles are always compared with that of the
crossing order parameter γd at the margin κd, so the obstacle estimate Proposition 8.4,
which concerns κd only, suffices.

Proposition 8.10. For every η ∈ (0, 3
4 ] there are ρl(η) > 0 and el(η) > 0 such that for

0 < e < el and every κ with |κ − κd| ≤ ρle2, every global minimizer γ of Pκ satisfies

supp µγ ⊂
{

q : |ŝ(q)− 1| < η
}

.

Proof. We divide the proof into four steps.

Step 1. Choice of constants. Fix η ∈ (0, 3
4 ]. Let d1, S∗, e∗ be the constants of Theorem 6.1,

and put

u− = min
{ d1

2d0
,

1
2

}
, u+ = max

{2S∗
d0

, 2
}

.

Let co, Co, eo be the constants of Proposition 8.4. Choose ω > 0 with

8ω(u+ − u−)2

u2
−

≤ coη3

8
. (8.7)

Let ε0, ec be given by Lemma 8.6(a) for the interval [u−, u+] and the tolerance 1
2 ω. Decrease

ε0 so that ε0 ≤ 1
2 u−, (1 + ε0/u−)−2 ≥ 1

2 , and Co(ε3
0 + (u+ − u−)ε2

0) ≤ 1
4 coη3. Let ρ1 =

ρ1(ε0) and e1 = e1(ε0) be given by Corollary 8.8, and put ρl = min{ρ1, 1}. Finally let
el ≤ min{e∗, eo, ec, e1, 1

4 ω} be so small that u+δd ≤ 1
2 and S∗e2 ≤ 1

2 for e < el.

Step 2. The minimizer. Let 0 < e < el, let |κ − κd| ≤ ρle2, and let γ be a global minimizer
of Pκ. As in the proof of Corollary 8.8, κ = κe(θ) with θ ∈ Θ. By Theorem 6.1, every
support point q of µγ satisfies (1 − q)/e2 ∈ [d1, S∗], hence

ŝ(q) =
1 − q
e2dd

∈
[ d1

2d0
,

2S∗
d0

]
⊂ [u−, u+],
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and q0 ≥ 1 − S∗e2 ≥ 1
2 . By Corollary 8.8, ∥γ − γd∥L1 ≤ ε0δd. Every level q with

ŝ(q) ∈ [u−, u+] satisfies q ≥ 1 − u+δd ≥ 1
2 . Hence Lemma 8.6(a), applied at the margin

κd, and Lemma 8.9 give

sup
ŝ(q)∈[u−,u+]

∣∣Sγ,κ(q)− Sd(q)
∣∣ ≤ 1

2 ωe + 2|κ − κd| ≤ 1
2 ωe + 2e2 ≤ ωe, (8.8)

because ρl ≤ 1 and e ≤ 1
4 ω.

Step 3. An anchor. Since γ and γd = 1[qd,1] are distribution functions of probability
measures on [0, 1], Fubini’s theorem gives

∥γ − γd∥L1 =
∫ qd

0
γ +

∫ 1

qd

(1 − γ) =
∫

|t − qd|dµγ(t) ≤ ε0δd.

Hence there is a support point p with |ŝ(p) − 1| ≤ ε0. Also |λγ(q) − λd(q)| ≤ ∥γ −
γd∥L1 . In the normalized variable λ̂ = λ/δd this reads |λ̂γ − λ̂d| ≤ ε0, where λ̂d(q) =
min{ŝ(q), 1} ≥ u− when ŝ(q) ∈ [u−, u+]. Consequently, for such q,

λ̂−2
γ ≤ 4

u2
−

, λ̂−2
γ ≥

(
1 +

ε0

u−

)−2
λ̂−2

d ≥ 1
2

λ̂−2
d .

Step 4. Comparison of anchored obstacles. Suppose that t is a support point with |ŝ(t)− 1| ≥
η. Since γ is a KKT point of Pκ and p, t are support points, (8.3) gives Aγ(p, t) = 0, where
Aγ is computed at the margin κ. For the crossing order parameter at the margin κd, (8.2)
gives

Ad(p, t) = Gd(t)− Gd(p) +
Dd(p)

2
(t − p).

The linear term is present because p is a stationary point of γ, not of γd. By Proposi-
tion 8.4(b),(c), since |ŝ(p)− 1| ≤ ε0 ≤ 3

4 and |t − p| ≤ δd(u+ − u−),

Ad(p, t) ≥ coeη3 − Coeε3
0 − 1

2Coeε2
0(u+ − u−) ≥ 3

4 coeη3.

Change variables r′ = 1 − δdŝ′ in both anchored obstacles. Each becomes

A(p, t) =
1
2

∫
|ŝ(t)− ŝ′|

(
1 − S(ŝ′)

)
λ̂(ŝ′)−2 dŝ′

over the interval between ŝ(p) and ŝ(t), which lies in [u−, u+] by Step 2. On this interval
1 − Sd ≥ 0 by Proposition 8.4(a), and 1 − Sγ,κ ≥ 1 − Sd − ωe by (8.8). With Step 3,(

1 − Sγ,κ
)
λ̂−2

γ ≥ 1
2

(
1 − Sd

)
λ̂−2

d − 4ωe
u2
−

.

Integrate against 1
2 |ŝ(t)− ŝ′|dŝ′ over an interval of length at most u+ − u−. By (8.7),

0 = Aγ(p, t) ≥ 1
2Ad(p, t)− 2ωe

u2
−
(u+ − u−)

2 ≥ 3
8 coeη3 − 1

32 coeη3 > 0.
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This is a contradiction. Therefore every support point satisfies |ŝ − 1| < η. This proves
the proposition.

The constants are chosen in the order η, ω, (ε0, ec), (ρ1, e1), (ρl, el). The margin enters
only through the KKT identity Aγ(p, t) = 0 at κ and through the error term 2|κ − κd| in
(8.8). In particular no estimate of the replica-symmetric obstacle at margins other than κd
is needed.

8.5 Window rigidity

We now analyze KKT points whose support lies in a window Wη of small rescaled width.
Let η1, η′

1, η2, and η3 be the window sizes of Lemmas 8.5–8.7; recall that η1 ≤ 1
4 d0.

Proposition 8.11. There are η0 ∈ (0, min{η′
1, η2, η3, 1

4 d0, 1
2}], ewin > 0, and c′, C′ > 0 such

that for 0 < e < ewin and |κ − κd| ≤ η0e2 the following holds for every KKT point γ of Pκ with
supp µγ ⊂ Wη0 .

(a) supp µγ = [q0, Q] is an interval, possibly a single point.
(b) If q0 < Q, then D ≡ 0 and S ≡ 1 on [q0, Q]; γ = x̃ on [q0, Q); γ is continuously

differentiable on (q0, Q) with γ′ = Σ̃/(2λB̃) > 0; and µγ({q0}) = x̃(q0) > 1
2 xf,

µγ({Q}) = 1 − x̃(Q) > 1
4 . Moreover, with ℓ̃ = (Q − q0)/e2 and m the mean of µγ,

c′eℓ̃ ≤ −τ(κ), |m − q∗(κ)| ≤ C′e3ℓ̃. (8.9)

(c) If q0 = Q, then q0 = q∗(κ) and τ(κ) ≥ 0.
(d) If κ ≤ κd, then γ = 1[q∗(κ),1]. If κ > κd, then q0 < Q.

Proof. Let cr, Cr be the constants of Lemma 8.5 and Cbt the constant of Lemma 8.7. Take
η0 ≤ min{η′

1, η2, η3, 1
4 d0, 1

2}, to be decreased once at the end of the proof of (b), and
ewin ≤ min{er, en, ebt}. Let |κ − κd| ≤ η0e2. By Lemma 8.5(a), κ ∈ [κRS − c2, κRS), and
q∗(κ) exists and lies in Wη1 .

(a) Let p < p′ be support points with (p, p′) ∩ supp µγ = ∅. By Lemma 8.3(a) there is
x∗ ∈ (p, p′) with Σ̃(x∗) ≤ 0. But x∗ ∈ [qd − η0e2, Q], so (8.6) gives Σ̃(x∗) ≥ 1

2 σfB̃(x∗) > 0.
Hence the support has no gap. It is a closed set that contains every point between its
minimum and its maximum, that is, [q0, Q].

(b) The structure statements are Lemma 8.3(b) with p = q0 and p′ = Q, together with
Σ̃ > 0 and 1

2 xf < x̃ < 3
4 from (8.6). Since γ = 0 on [0, q0), µγ({q0}) = γ(q0) = x̃(q0);

since x̃ is continuous, µγ({Q}) = 1 − γ(Q−) = 1 − x̃(Q).
For the width estimate we record three bounds and then proceed in three steps. First,

m = 1 − λ(q0) = q0 +
∫ Q

q0
(1 − γ) and γ < 3

4 on [q0, Q), so

1
4 e2ℓ̃ ≤ m − q0 ≤ e2ℓ̃.
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Second, m ∈ [q0, Q] ⊂ Wη0 and η0 ≤ 1
4 d0, so δm ∈ [1

4 d0e2, 3d0e2] and m ∈ Wη1 . Third,
ℓ̃ ≤ 2η0 ≤ 1.

Step 1. The S-sector. Since q0 is a support point, Sγ(q0) = 1. By Lemma 8.7, |SRS(m)− 1−
α(m − q0)Aw(m)/δm| ≤ Cbteℓ̃2. By Lemma 8.5(c) and the three bounds, with 2 ≤ α ≤ 3,

cr

6d0
eℓ̃ ≤ α(m − q0)

Aw(m)

δm
≤ 12Cr

d0
eℓ̃.

Hence, with c1 = cr/(6d0) and C1 = 12Cr/d0 + Cbt,

SRS(m)− 1 ≥ e
(
c1ℓ̃− Cbtℓ̃

2), |SRS(m)− 1| ≤ C1eℓ̃. (8.10)

Step 2. The mean. Since Dγ(q0) = 0, Lemma 8.7 gives |Dγm(q0)| ≤ Cbtℓ̃
2/e and

sup[q0,m] |Sγm − 1| ≤ (Cbt + C1)eℓ̃. By the formula for Dγm(q0) in that lemma,

|DRS(m)| ≤ Cbtℓ̃
2

e
+

m − q0

δ2
m

(Cbt + C1)eℓ̃ ≤
C2ℓ̃

e
, C2 = Cbt +

16(Cbt + C1)

d2
0

.

Both m and q∗(κ) lie in the interval Wη1 , on which ∂qDRS ≤ −cr/δ2
q ≤ −cr/(3d0e2)2,

because δq ≤ δd + η1e2 ≤ 3d0e2 there; and DRS(q∗(κ)) = 0. By the mean value theorem,

|m − q∗(κ)| ≤
9d2

0e4

cr
|DRS(m)| ≤ C′e3ℓ̃, C′ =

9d2
0C2

cr
.

Step 3. Conclusion. By Lemma 8.5(b), |SRS(m) − SRS(q∗(κ))| ≤ (Cr/e)|m − q∗(κ)| ≤
CrC′e2ℓ̃. With (8.10),

−τ(κ) = SRS(q∗(κ))− 1 ≥ eℓ̃
(
c1 − Cbtℓ̃− CrC′e

)
.

The constants c1, Cbt, Cr, C′ do not depend on η0. Now decrease η0 so that 2Cbtη0 ≤ 1
4 c1,

and ewin so that CrC′ewin ≤ 1
4 c1. Since ℓ̃ ≤ 2η0, this gives (8.9) with c′ = 1

2 c1.
(c) If supp µγ = {q0}, then γ = 1[q0,1], and D(q0) = 0 says DRS(q0) = 0. Thus q0

is RS-stationary at κ ∈ [κRS − c2, κRS), and Proposition 3.8(i) gives q0 = q∗(κ). Finally
S(q0) ≤ 1 says τ(κ) ≥ 0.

(d) Let κ ≤ κd. Then τ(κ) ≥ 0 by (8.5). If q0 < Q, then ℓ̃ > 0 and (8.9) gives
0 < c′eℓ̃ ≤ −τ(κ) ≤ 0, a contradiction. Hence q0 = Q, and (c) gives γ = 1[q∗(κ),1]. Let
κ > κd. Then τ(κ) < 0 by (8.5), since κ < κRS. If q0 = Q, then (c) gives τ(κ) ≥ 0, a
contradiction. Hence q0 < Q.

The proof of (d) uses the exact bottom conditions S(q0) = 1 and D(q0) = 0, the sta-
tionarity equation of the replica-symmetric family, and the sign of the replicon eigenvalue.
It does not use an expansion of the value of the functional. The window constants of
Lemma 8.6(b) also fix the scale of the continuous part.
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Corollary 8.12. Let e, κ, and γ be as in Proposition 8.11, with q0 < Q. Then

σf

9d0

1
e2 ≤ γ′(q) ≤ 4σf

d0

1
e2 (q0 < q < Q),

and consequently σf
9d0

ℓ̃ ≤ µγ((q0, Q)) ≤ 4σf
d0
ℓ̃.

Proof. By Proposition 8.11(b), γ′ = Σ̃/(2λB̃) on (q0, Q), and 1
2 σf ≤ Σ̃/B̃ ≤ 2σf there by

(8.6). Since dd ∈ [1
2 d0, 2d0], η0 ≤ 1

4 d0, and [q0, Q] ⊂ Wη0 ,

1
4 d0e2 ≤ 1 − Q ≤ λ(q) ≤ 1 − q0 ≤ 9

4 d0e2 (q ∈ [q0, Q]).

These bounds give the bounds on γ′. Integrating γ′ over compact subintervals of (q0, Q)

and passing to the endpoints gives µγ((q0, Q)) = γ(Q−)− γ(q0) =
∫ Q

q0
γ′, which proves

the bounds on the mass.

8.6 A uniform window around the crossing

We can now describe all global minimizers for margins within a fixed multiple of e2 of
κd. Recall from Lemma 8.2 that xf ∈ (0, 1

4).

Theorem 8.13. There are numerical constants e0, c > 0 and C < ∞ such that the following holds
for 0 < e < e0 and α = 2 + e.

(i) For every κ ∈ [κd − ce2, κd], the replica-symmetric order parameter 1[q∗(κ),1] is the unique
global minimizer of Pκ, and |q∗(κ)− qd| ≤ C(κd − κ).

(ii) For every κ ∈ (κd, κd + ce2), global minimizers of Pκ exist, and every global minimizer γ

satisfies the following. Its support is an interval [q0, Q] with 0 < q0 < Q < 1; D ≡ 0 and
S ≡ 1 on [q0, Q]; γ = x̃ on [q0, Q); γ is continuously differentiable on (q0, Q) with

γ′ =
Σ̃

2λB̃
,

c
e2 ≤ γ′ ≤ C

e2 on (q0, Q); (8.11)

and

µγ = x̃(q0) δq0 + γ′(q)dq
∣∣
(q0,Q)

+
(
1 − x̃(Q)

)
δQ, x̃(q0) >

1
2 xf, 1 − x̃(Q) > 1

4 .

Moreover,

Q − q0 ≤ C(κ − κd), sup
t∈supp µγ

|t − qd| ≤ C(κ − κd), ∥γ − γd∥L1 ≤ C(κ − κd).

(8.12)
Finally, for every ε > 0 there is ρa(ε) > 0 such that if also e < ρa(ε) and κ − κd < ρa(ε)e2,
then |µγ({q0})− xf| ≤ ε and |µγ({Q})− (1 − xf)| ≤ ε.
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Proof. We divide the proof into four steps.

Step 1. Choice of constants. Let η0, ewin, c′, C′ be the constants of Proposition 8.11, and
let η′

1, cr, Cr be those of Lemma 8.5. Put η′ = η0/(2d0) ∈ (0, 1
8 ], and let ρl = ρl(η

′) and
el = el(η

′) be given by Proposition 8.10. Put

cW = min
{

ρl, η0, 1
4 θd

}
,

and let e0 ≤ min{ewin, el, est}. All these constants are numerical.

Step 2. Localization in the window. Let 0 < e < e0 and |κ − κd| ≤ cWe2. By Theorem 3.11(ii),
κc − κd ≥ 1

2 θde2 > cWe2, so κ < κc and P∗(κ) > −∞ by (2.36), and global minimizers of
Pκ exist by Theorem 2.16. Let γ be one. By Proposition 8.10 with η′, every support point
q satisfies |ŝ(q)− 1| < η′, that is, |q − qd| < η′δd ≤ 2d0η′e2 = η0e2. Hence

supp µγ ⊂ Wη0 , |κ − κd| ≤ η0e2. (8.13)

By Proposition 2.11(c), γ is a KKT point of Pκ. Thus Proposition 8.11 applies to γ.

Step 3. Replica symmetry below the crossing. Let κ ∈ [κd − cWe2, κd]. By Step 2 and Proposi-
tion 8.11(d), every global minimizer equals 1[q∗(κ),1], and a global minimizer exists. Hence
it is the unique global minimizer. Since |κ − κd| ≤ η0e2 ≤ η′

1e2, Lemma 8.5(a) gives
|q∗(κ)− qd| ≤ Cr(κd − κ). This proves (i).

Step 4. Full replica symmetry breaking above the crossing. Let κ ∈ (κd, κd + cWe2) and let
γ be a global minimizer. By Proposition 8.11(d), q0 < Q, and by Proposition 2.11(c),
0 < q0 and Q < 1. By (8.13) and Proposition 8.11(a),(b), the support is [q0, Q], D ≡ 0
and S ≡ 1 on [q0, Q], γ = x̃ on [q0, Q), γ is continuously differentiable on (q0, Q) with
γ′ = Σ̃/(2λB̃), and

µγ({q0}) = x̃(q0) >
1
2 xf, µγ({Q}) = 1 − x̃(Q) > 1

4 .

Since γ is continuously differentiable on (q0, Q), the restriction of µγ to (q0, Q) has the
density γ′, and µγ has no mass outside [q0, Q]. This proves the decomposition of µγ. The
bounds on γ′ in (8.11) are Corollary 8.12.

For the rates, (8.9) and Lemma 8.5(b) give

c′eℓ̃ ≤ −τ(κ) ≤ Cr(κ − κd)

e
, hence Q − q0 = e2ℓ̃ ≤ Cr

c′
(κ − κd).

The mean m of µγ lies in [q0, Q]. For t ∈ [q0, Q], (8.9) and Lemma 8.5(a) give, since
e3ℓ̃ = e(Q − q0) ≤ Q − q0,

|t − qd| ≤ (Q − q0) + |m − q∗(κ)|+ |q∗(κ)− qd|

≤ (1 + C′)Cr

c′
(κ − κd) + Cr(κ − κd) =: C4(κ − κd).
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Since ∥γ − γd∥L1 =
∫
|t − qd|dµγ(t) (Step 3 of the proof of Proposition 8.10), this proves

(8.12) with C ≥ C4.
It remains to treat the atoms. By (8.12), supp µγ ⊂ Wη with η = C4(κ − κd)/e2. Let

ε > 0. By Lemma 8.6(b) there are η(ε) ∈ (0, η0] and e(ε) > 0 such that |x̃(q)− xf| ≤ ε

whenever e < e(ε), the margin satisfies |κ − κd| ≤ η(ε)e2, the order parameter satisfies
supp µγ ⊂ Wη(ε), and q ∈ [qd − η(ε)e2, Q]. Put ρa(ε) = min{η(ε)/ max{C4, 1}, e(ε)}. If
e < ρa(ε) and κ − κd < ρa(ε)e2, then η ≤ η(ε) and |κ − κd| ≤ η(ε)e2, so these condi-
tions hold, and q0, Q ∈ [qd − η(ε)e2, Q]. Hence |µγ({q0})− xf| = |x̃(q0)− xf| ≤ ε and
|µγ({Q})− (1 − xf)| = |x̃(Q)− xf| ≤ ε. This proves (ii) with c = min{cW , σf/(9d0)} and
C = max{Cr, C4, 4σf/d0}.

The case κ = κd of part (i) is the uniqueness statement of Theorem 1.2(i) at the crossing
itself. We record it separately.

Corollary 8.14. Let e0 be as in Theorem 8.13. For 0 < e < e0, the crossing order parameter
γd = 1[qd,1] is the unique global minimizer of Pκd(2+e).

Proof. Apply Theorem 8.13(i) with κ = κd; here q∗(κd) = qd by Proposition 3.8(ii).

Part (i) of Theorem 8.13 is the analogue of the replica symmetry of the Parisi measure
on the replica-symmetric side of the de Almeida–Thouless line of the SK model, which
was proved in various regions in the works cited in Chapter 1. Those proofs use the strict
convexity of the Parisi functional, through which the first-order conditions characterize
the minimizer. Without convexity (see §1.1), part (i) rests instead on the localization of
every global minimizer (Proposition 8.10) and on Proposition 8.11(d).

As noted in §1.3, the argument of this chapter follows the near-critical argument
of Zhou for the SK model [134]. There the Parisi measure is close to δ0 for inverse
temperatures slightly above the critical value, and this closeness makes an auxiliary
function built from the self-consistency function positive at the right end of every gap
that starts near the origin, which the optimality conditions forbid. In [87], the first-order
conditions at the endpoints of a hypothetical gap are combined with a sign condition
inside the gap ([87, Propositions 4.1 and 5.1] for a gap starting at the origin, and [87,
Propositions 9.1 and 9.2] for the other gaps). Here the sign condition concerns the local
curvature Σ̃ (Lemma 8.3(a)). The three differences from these works are listed in §1.3,
and all three concern this chapter. In the SK model at zero external field, to which the
third refers, the support starts at 0, which carries no mass, and the only atom is at the
top of the support [87, 134].



chapter 9

Proofs of the main theorems

We now assemble the results of Chapters 2–8. In the proofs of Theorems 1.3 and 1.4, Θ is
an arbitrary compact interval as in Remark 3.12; by Theorem 3.11(iii) the margins κe(θ),
θ ∈ Θ, lie below κc(2 + e) by at least 1

2 e2 min Θ for all small e. The proof of Theorem 1.2
uses the window Θ = [θd/2, 2θd] fixed in Chapter 8. We first record the order in which
the results are proved, to make clear that no step uses a later conclusion.

9.1 The logical order

The argument proceeds in the following order.

(1) Foundations (Chapter 2). The finite-cutoff Parisi equation and its regularity, the
generator identities, the law of the diffusion, the first-order (obstacle) conditions and
the gap principle, the existence of minimizers below κc, and the zero-temperature
functional. These hold for each fixed α and involve no asymptotics. (§§2.6 and 2.7
are proved in Part I, Chapter 6, which uses only §§2.1–2.5 and Chapter A of this
part.)

(2) Replica-symmetric analysis and thresholds (Chapter 3). The crossing asymptotics of
Proposition 3.8, the dual certificate and the ordering of Theorem 3.11, and the cubic
lower bound on κRS − κc of Theorem 3.13. These concern replica-symmetric order
parameters and explicit trial functions only.

(3) A priori bounds (Chapter 4). For exact global minimizers at κe(θ), θ ∈ Θ: the top-gap
lower bound Theorem 4.10 and the upper bounds Theorem 4.11.

(4) Bounded depth (Chapter 5). Theorem 5.1 uses (1) and (3).
(5) Compactness (Chapter 6). Theorem 6.1 uses (1), (3), and (4). The top-jump bound

Theorem 6.13 is global; it does not presuppose that the minimizer is close to a
replica-symmetric order parameter.

(6) Flat limit (Chapter 7). The compact-class expansion Theorem 7.3 holds on K(d1, S)
for fixed d1, S, uniformly in θ ∈ Θ. Flat uniqueness, Theorem 7.13, is a statement
about the limiting functional alone. The stability estimate Proposition 7.14 combines
the two, uniformly in θ near θd.

(7) Local analysis (Chapter 8), with Θ = [θd/2, 2θd]. The obstacle of the crossing order
parameter and the replica-symmetric family use (2). Natural-scale continuity uses

294
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the rescaled theory of (6). Localization (Proposition 8.10) uses (5) and, through
Corollary 8.8, (6). Window rigidity (Proposition 8.11) is a statement about KKT
points in a small window. Together they give Theorem 8.13.

Every depth, mass, and top-gap bound in (3)–(5) is proved for exact global minimizers.
None is claimed for near-minimizers; see Remark 5.5.

9.2 Proof of the threshold theorem

Proof of Theorem 1.1. The expansion of κRS − κd is Proposition 3.8(iii). The upper bound
κRS − κc ≤ Ce3 is Theorem 3.11(i), and the lower bound κRS − κc ≥ ce3 is Theorem 3.13.
The expansion of κc − κd is Theorem 3.11(iv). Taking e0 to be the smallest of the three
thresholds proves the theorem.

9.3 Proof of the uniform compactness theorem

Proof of Theorem 1.3. Fix a compact interval Θ ⊂ (0, ∞). As recorded in Remark 3.12, the
results of Chapters 4–6 hold for every such interval, with constants depending on Θ only
through θ±; the condition that θd lies in the interior of Θ is used only from §7.8 on. Let
e0 be the smallest of the thresholds in Theorems 4.11, 5.1, and 6.1, and let γ be a global
minimizer of Pκe(θ) with θ ∈ Θ and 0 < e < e0. Theorem 4.11 gives d ≤ Dtop and ℓ0 ≤ L.
Theorem 5.1 gives s0 ≤ S∗, and s0 ≤ 1/(4c2

w) if γ is not replica symmetric. Theorem 6.1
gives ℓ0 ≥ ℓmin, γ(Q−) ≤ m∗, and d > d1. All constants depend only on Θ.

9.4 Proof of the flat-limit theorem

Proof of Theorem 1.4. The uniqueness statement and the cubic modulus are Theorem 7.13.
They hold for every normalized profile with bounded support that equals one on a
neighborhood of zero. The expansion is Theorem 7.3, combined with the scaling identity
(7.7), which expresses the first-order correction P (1)(ζ) as the flat functional of the
normalized profile at the parameter t = 2ϕ0

√
ℓ0, plus an explicit function of ℓ0. By

Remark 3.12, Theorem 7.3 holds for every compact interval Θ ⊂ (0, ∞).

9.5 Proof of the full replica symmetry breaking theorem

Proof of Theorem 1.2. Let e0, c, C be the numerical constants of Theorem 8.13. Part (i)
of Theorem 1.2 is Theorem 8.13(i); at κ = κd it is Corollary 8.14. For part (ii), let
κ ∈ (κd, κd + ce2). By Theorem 8.13(ii), global minimizers of Pκ exist, and every global
minimizer γ has support [q0, Q] with 0 < q0 < Q < 1, which is (a). It is continuously
differentiable on (q0, Q) with ce−2 ≤ γ′ ≤ Ce−2 by (8.11), which is (b); consequently
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µγ((q0, Q)) is of order (Q − q0)/e2 (Corollary 8.12). Its atoms are µγ({q0}) = x̃(q0) >
1
2 xf

and µγ({Q}) = 1 − x̃(Q) > 1
4 , and the last assertion of Theorem 8.13(ii) gives their

convergence to xf and 1 − xf as e → 0 and (κ − κd)/e2 → 0, uniformly over global
minimizers. The formula xf = 1

2 − c0/(4BV) ∈ (0, 1
4) is Lemma 8.2. This proves (c).

Finally (d) is (8.12).

The constants in Theorems 1.1 and 1.2, and the function ρa of Theorem 8.13, are
numerical; those in Theorem 1.3 depend only on Θ.



appendix a

Regularity of the Parisi equation

This appendix proves Lemmas 2.4, 2.6, and 2.8, together with the coefficient-continuity
identity of Lemma A.2, which is used in Lemma 2.5, Proposition 2.11 and Lemma 2.19.
The argument has three stages. First, for step coefficients, the solution is an explicit
composition of Gaussian integrals (§§A.1 and A.2); this gives smoothness, the signs, and
polynomial bounds whose constants do not depend on the number of steps. Second, a
Feynman–Kac representation of the difference of two solutions gives Lipschitz depen-
dence on the coefficient in L1 for every spatial derivative. This defines the solution for
general coefficients and transfers all properties to it (§§A.3 and A.4); §A.5 proves the
control representation. Third, the expansion at −∞ is derived from the martingale ψ

(§A.6), using Lemmas 2.9 and 2.10, whose proofs do not use Lemma 2.4(e). Throughout,
C and p denote constants that may change from line to line; their dependence is stated in
each section.

For the Sherrington–Kirkpatrick datum log cosh, the construction through step coef-
ficients and the Cole–Hopf transformation, and the passage to general coefficients by a
limit in L1, are standard [8, 68, 76, 98, 105, 124, 128]. El Alaoui and Sellke carried them
out for the present terminal datum log Φ, which is concave and decreases quadratically at
−∞; their results are recalled after Lemma 2.4. This appendix adds three things: the strict
signs in Lemma 2.4(c), including vx < 0; the expansion (e) at −∞; and the bound (f) for
every derivative with a polynomial weight on the whole line, where [54, Proposition 13]
bounds the difference for x in bounded sets. We therefore give the whole argument.

We use three standard facts (see [79]). The first is Itô’s formula for a function that is
C1,2 on [s, t]×R, applied to a continuous semimartingale. The second is the Feynman–Kac
formula. Let Y solve dYq = β(q, Yq)dq + dBq on [s, t] with β Lipschitz in y and of linear
growth, so that E sup[s,t] |Y|p < ∞ for all p. Let φ be continuous on [s, t]× R and C1,2 on
each [ti−1, ti]× R for a finite partition of [s, t], and suppose that φq +

1
2 φyy + βφy + Vφ =

F there, with V bounded and with φ, φy,F of polynomial growth. Then

φ(s, y) = E
[

φ(t, Yt)e
∫ t

s V(q,Yq)dq −
∫ t

s
e
∫ q

s V(q′,Yq′ )dq′F (q, Yq)dq
]
, Ys = y. (A.1)

This follows from Itô’s formula for e
∫ q

s V φ(q, Yq) on each [ti−1, ti], since the stochastic
integral has an integrand of polynomial growth and is therefore a true martingale.
The third fact is a Gronwall comparison of two diffusions. Let Y and Y′ solve dY =

297
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β(q, Y)dq + dB and dY′ = β′(q, Y′)dq + dB on [s, t] with Ys = Y′
s , where β′ is Lipschitz

in y with constant L and |β′(q, y)− β(q, y)| ≤ ∆(q)(1 + |y|). Then |Y′
q − Yq| ≤

∫ q
s L|Y′ −

Y|+
∫ q

s ∆ (1 + |Y|), and Gronwall’s inequality gives

sup
[s,t]

|Y′ − Y| ≤ eL(t−s)
(

1 + sup
[s,t]

|Y|
) ∫ t

s
∆(q)dq. (A.2)

A.1 One Gaussian step

Lemma A.1. Let g ∈ C1(R) be concave and nondecreasing, with g′ Lipschitz with constant K,
g ≤ 0, and g(x) ≥ −Cg(1 + x2). Let m ≥ 0, s > 0, w = Tm,sg and Y = x +

√
s G.

(i) w ∈ C∞(R), Eg(Y) ≤ w(x) ≤ 0, and w is concave and nondecreasing with w′ Lipschitz
with constant K. If g′ > 0, then w′ > 0.

(ii) Let νx be the law with density proportional to emg(y)ϕs(y − x), and write Eν and Varν. Then
w′(x) = Eν[g′(Y)] and −w′′(x) = Eν[−g′′(Y)]− m Varν[g′(Y)], where g′′ is the almost
everywhere derivative of g′. Moreover 0 ≤ w′(x) ≤ Cg(3 + 2s) + K|x|.

(iii) If g ∈ Ck and |g(j)(y)| ≤ L(1 + |y|)p for 1 ≤ j ≤ k, then |w(j)(x)| ≤ L′(1 + |x|)p′ for
1 ≤ j ≤ k, where L′, p′ depend only on L, p, k, m, s, K, Cg and remain bounded for m and s
in bounded sets. As s ↓ 0, ∂

j
xTm,sg → g(j) locally uniformly for 0 ≤ j ≤ k; for j ≤ 1 this

holds without the extra hypothesis.
(iv) The function (s, x) 7→ Tm,sg(x) is C∞ on (0, ∞) × R and satisfies ∂sTm,sg = 1

2

(
∂xx +

m(∂x·)2)Tm,sg.

Proof. Take m > 0; the case m = 0 is the heat equation and is simpler. Since 0 <

emg ≤ 1, the function emw(x) =
∫

emg(y)ϕs(y − x)dy is positive and C∞ in (s, x) for
s > 0, and it solves the heat equation ∂semw = 1

2 ∂xxemw; this gives (iv) and smoothness.
Jensen’s inequality gives w ≥ Eg(Y), and g ≤ 0 gives w ≤ 0. Concavity of w follows
from Prékopa’s theorem that the marginal of a log-concave function is log-concave [108,
Theorem 6], because (x, y) 7→ mg(y) + log ϕs(y − x) is jointly concave. Integrating by
parts in y (the function emg is C1 with emg ≤ 1, and mg′emg has linear growth) gives
∂xemw = E[mg′(Y)emg(Y)], which is the formula for w′. A second integration by parts,
valid since g′emg is locally Lipschitz, gives the formula for w′′. Then w′ ≥ 0, w′ > 0 if
g′ > 0, and −w′′ ≤ Eν[−g′′] ≤ K; also −w′′ ≥ 0 by concavity. By concavity and w ≤ 0,

w′(0) ≤ w(0)− w(−1) ≤ −Eg(−1 +
√

s G) ≤ Cg(2 + s),

and w′(x) ≤ w′(0) + K|x| for x < 0, while w′(x) ≤ w′(0) for x ≥ 0.
For (iii), the density of νx is e−U with U(y) = −mg(y) + (y − x)2/(2s) + const, and

U′ is Lipschitz with s−1 ≤ U′′ ≤ s−1 + mK almost everywhere. Let y∗ be the minimizer
of U. Then y∗ = x + smg′(y∗), so x ≤ y∗ ≤ x + smg′(x) by monotonicity of g′, and
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|y∗| ≤ C(1 + |x|), since 0 ≤ g′(x) ≤ 2Cg + K|x| by concavity of g, as in (ii). The
bounds on U′′ give e−U(y∗)

√
2π/(s−1 + mK) ≤ 1 and e−U(y) ≤ e−U(y∗)e−(y−y∗)2/(2s),

hence Eν|Y − y∗|p ≤ Cp(1 + mKs)1/2sp/2 and Eν|Y|p ≤ C(1 + |x|)p. Differentiating
Eν[F(Y)] = E[F(Y)emg(Y)]/E[emg(Y)] in x gives

d
dx

Eν[F(Y)] = Eν[F′(Y)] + m Covν

(
F(Y), g′(Y)

)
.

Starting from w′ = Eν[g′] and iterating, w(j) is a finite sum of products of νx-expectations
of monomials in g′(Y), . . . , g(j)(Y), with coefficients that are polynomials in m. The
moment bound gives the claimed polynomial bound. As s ↓ 0, νx converges to the point
mass at x locally uniformly in x, by the bounds on y∗ and on Eν|Y − y∗|2, and dominated
convergence in the same representations gives the convergence of derivatives; when νx is
replaced by the point mass, the representation of w(j) becomes g(j)(x).

A.2 Step order parameters

Let γ ∈ Ur be a step order parameter with grid 0 = t0 < · · · < tn = r, and let |κ| ≤ K0. In
this section C and p depend only on r, K0, and the order of differentiation, unless stated
otherwise.

Smoothness and the equation. The datum fr satisfies the hypotheses of Lemma A.1
with K = (1 − r)−1. Indeed, with z = (x − κ)/

√
1 − r, f ′r = R(z)/

√
1 − r > 0 and

− f ′′r = V(z)/(1 − r) ∈ (0, (1 − r)−1) by Lemma 2.1(a), and fr(x) ≥ −C(1 + x2) by
Lemma 2.1(c). Moreover all derivatives of fr have polynomial growth, because (log Φ)′ =
R, R′ = −R(z + R), and 0 < R(z) ≤ |z|+ 2 by Lemma 2.1(b). Applying Lemma A.1 block
by block from tn = r backwards, u(tj, ·) satisfies the same hypotheses with the same K,
and u(q, ·) is C∞ with polynomially bounded derivatives, with constants that may depend
on the grid. By Lemma A.1(iii),(iv), u is C∞ on each [tj−1, tj)× R, all its x-derivatives are
continuous on [0, r]× R (including across grid points), and (2.8) holds classically on each
open block. Integrating in q gives the integrated equation of Lemma 2.4(a).

Zeroth and first order bounds. By Lemma A.1(i) and the semigroup property of the
heat kernel, E fr(x +

√
r − q G) ≤ u(q, x) ≤ 0 and 0 ≤ c ≤ (1 − r)−1. Since E fr(x +√

r − q G) ≥ −C(1 + x2), the quadratic lower bound holds at every grid point with a
constant independent of the grid, and Lemma A.1(ii) applied at each step gives 0 <

b(q, x) ≤ C(1 + |x|). Hence the drift γb is Lipschitz in x with constant (1 − r)−1 and
of linear growth with a constant C, and the diffusion Xs,x satisfies E sup[s,r] |Xs,x|p ≤
C(1 + |x|p) by Gronwall’s inequality.

Signs. On each constant block the identities of Lemma 2.9(a) hold classically; their
derivation there uses only (2.8) and λ′ = −γ. In particular

Lb = 0, Lcx = 3γc cx, L(1 − v)− γ

λ
v (1 − v) = 0, Lv +

γ

λ
(1 − v) v = 0.
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We apply (A.1) along Xq,x on [q, r] to these identities; the potentials are bounded because
0 ≤ c ≤ (1 − r)−1, λ ≥ 1 − r, and hence 0 ≤ v ≤ (1 − r)−1. For b, Lb = 0 gives b(q, x) =
Eb(r, Xq,x

r ). Put Zq,x = (Xq,x
r − κ)/

√
1 − r. Since (1 − v)(r, ·) = 1 − V(Zq,x) > 0, the

identity for 1 − v gives 1 − v(q, x) = E
[
(1 − V(Zq,x)) exp(−

∫ r
q

γ
λ v)

]
> 0. Consequently

0 ≤ v < 1 on [0, r]× R, so that
∫ r

q
γ
λ v ≤ r

1−r along every path, and the identity for v has
the nonnegative potential γ

λ (1 − v). Hence

v(q, x) ≥ E V(Zq,x), 1 − v(q, x) ≥ e−r/(1−r) E
[
1 − V(Zq,x)

]
. (A.3)

For cx, the identity Lcx − 3γc cx = 0 with the potential −3γc ∈ [−3(1 − r)−1, 0] and the
terminal value cx(r, ·) = V′(z)(1 − r)−3/2 < 0 give

E cx(r, Xq,x
r ) ≤ cx(q, x) ≤ e−3r/(1−r) E cx(r, Xq,x

r ) < 0. (A.4)

Uniform polynomial bounds. Write u(k) = ∂k
xu. Differentiating (2.8) k ≥ 3 times gives

∂qu(k) + 1
2 u(k+2) + γb u(k+1) − k γ c u(k) +

γ

2

k−2

∑
j=2

(
k
j

)
u(j+1)u(k−j+1) = 0,

because in ∂k
x(u2

x) = ∑k
j=0 (

k
j)u

(j+1)u(k−j+1) the terms j = 0 and j = k equal 2bu(k+1)

together, and the terms j = 1 and j = k − 1 equal −2kc u(k) together. The potential −kγc
lies in [−k(1 − r)−1, 0], and the sum involves only the orders 3, . . . , k − 1. Since u(2) = −c
is bounded, and |u(3)| = |cx| ≤ E|cx(r, Xr)| ≤ C(1 + |x|p) by (A.4), induction on k with
(A.1) and the moment bounds gives |u(k)(q, x)| ≤ Ck(1 + |x|pk) with Ck, pk independent
of the grid. The growth bound of Lemma 2.4(b) for u follows from u ≥ E fr(x +

√
r − q G)

and fr(y) ≥ −C(1 + y2).
Behavior at +∞. Let t = x − κ ≥ 0 and Z = (t +

√
r − q G)/

√
1 − r. By Lemma 2.1(c),

log Φ(z) ≥ −2Φ(−z) − (z2 + 2)1{z<0} for all z; for z < 0 we also use log(1 + |z|) ≤
1
2(1 + z2) and Φ(−z) ≥ 1

2 . Now EΦ(−Z) = Φ(−t/
√

1 − q) ≤ e−t2/(2(1−q)), and by the
Cauchy–Schwarz inequality

E
[
(Z2 + 2)1{Z<0}

]
≤ C(1 + t2)P(Z < 0)1/2 ≤ C(1 + t2)e−t2/(4(1−q)),

because P(Z < 0) = Φ(−t/
√

r − q) ≤ e−t2/(2(1−q)). Since (1 + t2)e−t2/8 is bounded and
1 − q ≤ 1, we obtain 0 ≥ u(q, x) ≥ E fr(x +

√
r − q G) ≥ −Ce−t2/(8(1−q)).

Translation. The recursion (2.5) commutes with translations in x, and fr depends on
x − κ only.

This proves Lemma 2.4(a)–(d) and (g) for step order parameters.
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A.3 Continuity in the order parameter and the general case

The next identity is the basic tool: it expresses the difference of two solutions with
the same terminal datum through the difference of the coefficients. We state it for the
class F of terminal data of Lemma 2.8. For models of Sherrington–Kirkpatrick type it
appears in the proof of [76, Lemma 14], and for the present datum in the proof of [54,
Proposition 13].

Lemma A.2. Let f ∈ F, let ξ, ξ̃ ≤ M be nonnegative nondecreasing step functions on [0, T),
and put U = Υξ, f and Ũ = Υ

ξ̃, f . Let Y solve

dYt = β(t, Yt)dt + dBt (q ≤ t ≤ T), Yq = x, β = 1
2 ξ̃ (Ũx + Ux).

Then

Ũ(q, x)− U(q, x) =
1
2

E

∫ T

q
(ξ̃ − ξ)(t)Ux(t, Yt)

2 dt,

|Ũ(q, x)− U(q, x)| ≤ C(1 + x2)∥ξ̃ − ξ∥L1(0,T),
(A.5)

where C depends only on T, M, C f , and Lip( f ′). The identity also holds for T = r, f = fr, and
general ξ = γ, ξ̃ = γ̃ in Ur, with U = uγ and Ũ = uγ̃ (see the end of this section). For the
quadratic datum fk(x) = −1

2(k − x)2
+, which belongs to F with Lip( f ′k) = 1 and C fk

≤ 1 + k2,
the bound shows that ξ 7→ Υξ, fk

(q, x) is Lipschitz for the L1 distance on nondecreasing step
functions bounded by M, uniformly for k in bounded sets, and therefore extends uniquely and
continuously to all nondecreasing ξ : [0, T) → [0, M].

Proof. The one-step bounds of Lemma A.1 give 0 ≤ −Uxx,−Ũxx ≤ Lip( f ′) for q < T
and 0 ≤ Ux, Ũx ≤ C(1 + |x|), uniformly in the grids. Indeed, both solutions lie between
the heat evolution of f and zero, so the quadratic lower bound, and with it the constant
Cg of Lemma A.1(ii), remains uniform through the recursion. Thus β is Lipschitz in
y with constant M Lip( f ′), has linear growth, and E supq≤t≤T |Yt|p ≤ Cp(1 + |x|p). On
each open block of a common refinement of the two grids, subtracting the equations and
using Ũ2

x − U2
x = (Ũx + Ux)(Ũx − Ux) gives

wq +
1
2 wxx + βwx = −1

2(ξ̃ − ξ)U2
x, w = Ũ − U, w(T, ·) = 0.

Apply (A.1) with V = 0 on [q, T − ε], and let ε ↓ 0. The common terminal datum, the
continuity of w up to T, and the quadratic bounds make the terminal term vanish by
dominated convergence. This gives the identity, and the linear bound on Ux together
with the second-moment bound on Y gives the estimate. For fk, the bounds Lip( f ′k) = 1
and fk(x) ≥ −1

2(|k| + |x|)2 ≥ −(1 + k2)(1 + x2) are direct, and the extension follows
from the density of nondecreasing step functions bounded by M among nondecreasing
functions bounded by M (left-endpoint approximations over fine partitions).
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Proof of Lemma 2.4(f) for step order parameters. Let γ, γ̃ ∈ Ur be step order parameters
and ε = ∥γ̃ − γ∥L1 . The case k = 0 is Lemma A.2 with T = r and f = fr. Keep its
polarized drift β = 1

2 γ̃(bγ̃ + bγ), and write Wk = ∂k
x(uγ̃ − uγ), b = bγ, c = cγ, and c̃ = cγ̃.

Differentiating the equation for W0 k ≥ 1 times with the Leibniz rule, the term β ∂xW0

produces βWk+1 + kβxWk + ∑k
j=2 (

k
j)(∂

j
xβ)Wk−j+1. This gives the single induction formula

(
∂q +

1
2 ∂xx + β∂x + kβx

)
Wk = −1

2(γ̃ − γ) ∂k
x(b

2)−
k

∑
j=2

(
k
j

)
(∂

j
xβ)Wk−j+1. (A.6)

The sum is empty for k = 1 and otherwise contains only Wi with i < k. Moreover
βx = −1

2 γ̃(c̃ + c) ≤ 0. The uniform polynomial bounds of §A.2 therefore imply that the
right-hand side of (A.6) is bounded by

C(1 + |x|p)
(
|γ̃ − γ|(q) + ∑

i<k
|Wi(q, x)|

)
.

Since Wk(r, ·) = 0, (A.1) along the diffusion with drift β applies with the potential kβx ≤ 0,
so the exponential weight is at most one. The moment bound and induction on k give

|Wk(q, x)| ≤ Ck ε (1 + |x|pk).

For k = 1 the forcing is −(γ̃ − γ)bbx = (γ̃ − γ)bc, which has linear growth because c is
bounded; thus p1 = 1, while p0 = 2 comes from Lemma A.2.

Diffusions. For step order parameters γ, γ̃ ∈ Ur and diffusions driven by the same
Brownian motion, the drift γ̃bγ̃ is Lipschitz in y with constant (1 − r)−1, and

|γ̃bγ̃ − γbγ|(t, y) ≤ |γ̃ − γ|(t) |bγ̃(t, y)|+ |bγ̃ − bγ|(t, y) ≤ C
(
|γ̃ − γ|(t) + ε

)
(1 + |y|)

by the growth bound on bγ̃ and the case k = 1 of (f). By (A.2), sup[s,r] |X̃s,x − Xs,x| ≤
Cε(1 + sup[s,r] |Xs,x|), and Lemma 2.6(b) follows for step order parameters.

General order parameters. Step order parameters are dense in Ur for the L1 distance.
For instance, if 0 = t0 < · · · < tN = 1 is a partition containing r and γn(q) = γ(tj) on
[tj, tj+1), then γn ∈ Ur and ∥γn − γ∥L1 ≤ ∑j(tj+1 − tj)(γ(tj+1)− γ(tj)), which is at most
the mesh. By (f) for step order parameters, for every sequence of step order parameters
γn → γ in L1 the functions ∂k

xuγn form a Cauchy sequence for the weighted norms
sup[0,r]×R | · |/(1 + |x|pk), and two such sequences can be interleaved, so the limit does
not depend on the sequence. This defines uγ(·, · ; κ), shows that its x-derivatives are the
limits of the x-derivatives and are continuous on [0, r]× R, and proves (f) for general
order parameters. The pointwise bounds 0 ≤ c ≤ (1 − r)−1 and 0 ≤ b ≤ C(1 + |x|) pass
to the limit, so the drift γbγ is Lipschitz in x with constant (1− r)−1 and has linear growth.
Together with (f) for k ≤ 1, the argument given above for step order parameters therefore
proves Lemma 2.6(b) for all γ, γ̃ ∈ Ur; in particular the diffusions of step approximations
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converge to the diffusion of the limit. The estimates of (b), (d), and (g), the bounds
(A.3)–(A.4) and the identity b(q, x) = Eb(r, Xq,x

r ) pass to the limit, because the right-hand
sides are continuous under the convergence of the diffusions and the uniform moment
bounds give uniform integrability. This proves (b)–(d), (g), and the strict signs in (c) for
general γ: b(q, x) = E f ′r(Xq,x

r ) > 0, v > 0 and 1− v > 0 by (A.3), and cx < 0 by (A.4). The
integrated equation in (a) passes to the limit since

∫ r
q |γn − γ| u2

x ≤ C∥γn − γ∥L1(1 + x2).
If γ = m on [s, t), choose the partitions to contain s and t, so that γn = m on [s, t) and
uγn(q, ·) = Tm,t−quγn(t, ·) for q ∈ [s, t]. Since uγn → u locally uniformly, 0 < emuγn ≤ 1,
and uγn ≥ −C(1+ x2) uniformly in n, dominated convergence gives u(q, ·) = Tm,t−qu(t, ·)
on [s, t]. This proves Lemma 2.5(a) for general γ, and Lemma A.1(iii),(iv), applied to
the function u(t, ·), which is smooth with polynomially bounded derivatives, gives the
smoothness statement of (a).

The identity (A.5) extends to γ, γ̃ ∈ Ur in the same way. Let γn → γ and γ̃n → γ̃ be
step approximations in Ur, and let Yn be the diffusion of Lemma A.2 for the pair (γn, γ̃n).
The left sides converge by (f). The drifts of Yn are Lipschitz with constant (1− r)−1 and, by
(b) and (f) with k = 1, differ from β = 1

2 γ̃(bγ̃ + bγ) by at most C(|γ̃n − γ̃|(t) + εn)(1+ |y|),
where εn = ∥γn − γ∥L1 + ∥γ̃n − γ̃∥L1 . By (A.2), Yn → Y in every moment, uniformly
on [q, r]. Since |b2

γn − b2
γ| ≤ Cεn(1 + y2) and |∂y(b2

γ)| ≤ C(1 + |y|), the expectations
Ebγn(t, Yn

t )
2 converge to Ebγ(t, Yt)2 uniformly in t, and they are bounded uniformly in

n and t. Together with
∫ r

q |(γ̃n − γn) − (γ̃ − γ)| ≤ εn, this shows that the right sides
converge.

It remains to prove the Lipschitz bound on Pκ and compactness. By (2.12), on Ur the
entropy term is 1

2

∫ r
0 λ−1 + 1

2 log(1 − r) with λ ≥ 1 − r and |λγ̃ − λγ| ≤ ∥γ̃ − γ∥L1 , so
its variation is at most r

2(1−r)2∥γ̃ − γ∥L1 ; the energy term is controlled by (f) with k = 0
at (0, 0). Compactness of Ur follows from Helly’s selection theorem: a sequence in Ur

has a subsequence converging at every point to a nondecreasing function, which after
right-continuous modification lies in Ur, and the convergence holds in L1 by dominated
convergence.

A.4 Itô’s formula along the diffusion

Proof of Lemma 2.6. Part (a) was shown in §A.2 for step order parameters, and the bounds
pass to the limit; (b) was shown in §A.3. For (c), let first γ be a step order parameter.
Then every g ∈ D is C1,2 on each closed block, where ∂qg is the formal expression with
γ equal to its value on the block, and g is continuous across grid points. Itô’s formula
on each block, the polynomial growth of gx, and the moment bounds give the integrated
identity. For general γ ∈ Ur let γn(q) = γ

(
min{(⌊nq⌋+ 1)/n, 1}

)
for 0 ≤ q < 1, and

γn(1) = 1. Then γn ≥ γ is a step order parameter in UQ ⊂ Ur, γn(q) → γ(q) for
every q by right-continuity, and ∥γn − γ∥L1 → 0. The identity holds for γn and the
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corresponding gn ∈ D , given by the same formal expression with uγn and λγn in place
of uγ and λγ. By Lemma 2.4(b),(f), the bounds |λγn − λγ| ≤ ∥γn − γ∥L1 and λγn ≥ 1 − r,
and Lemma 2.6(b), we have gn(q, Xn

q ) → g(q, Xq) in probability with uniformly bounded
moments of every order, and likewise for L0gn and L1gn. Since γn(q) → γ(q) for every q
and the integrands are bounded uniformly in n and q, dominated convergence gives the
identity for γ. The functions h ∈ D are continuous on [0, r]× R with polynomial growth,
and X has continuous paths, so q 7→ Eh(q, Xq) is continuous. Hence eg is Lipschitz,
and the one-sided derivatives follow from the right-continuity of γ and the existence of
γ(q−). If γ = m on [s′, t′), the integrand equals e(L0+mL1)g on [s′, t′), which is continuous
on [s′, t′]; iterating gives eg ∈ C∞([s′, t′]).

A.5 The control representation

The control representation is credited after Lemma 2.8. The proof below is the verification
argument of [76, Lemma 18].

Proof of Lemma 2.8. The regularity statements and the bounds on Υ, Υx, and Υxx follow
from Lemma A.1, applied block by block from T backwards. Each Υ(tj, ·) satisfies the
hypotheses of that lemma with the Lipschitz constant K = Lip( f ′) and with Υ(tj, x) ≥
E f (x +

√
T − tj G) ≥ −C(1 + x2). The bound Υx ≤ C(1 + |x|) is Lemma A.1(ii), and the

continuity of Υ and Υx up to q = T is Lemma A.1(iii) with k ≤ 1.
Let θ be a control and Xθ

q = x + Bq +
∫ q

0 θ. Since ξ ≤ ∥ξ∥∞, E
∫ T

0 θ2 ≤
∥ξ∥∞E

∫ T
0 θ2/ξ < ∞, so E sup[0,T] |Xθ|2 < ∞. On each closed block [tj−1, tj] with tj < T,

and on [tn−1, T − ε], Itô’s formula gives

dΥ(q, Xθ
q) =

(
θqΥx − 1

2 ξΥ2
x
)

dq + Υx dBq ≤
θ2

q

2ξ(q)
dq + Υx dBq,

because θΥx − 1
2 ξΥ2

x = θ2

2ξ − ξ
2(Υx − θ/ξ)2 when ξ > 0, and both sides vanish when

ξ = θ = 0. The stochastic integral has a square-integrable integrand, since Υx has linear
growth, and therefore has mean zero. Taking expectations, summing over blocks, and
letting ε ↓ 0, using the continuity of Υ on [0, T]× R, its quadratic growth, and dominated
convergence, gives (2.20). For θ∗ = ξΥx(q, X∗

q ) the inequality is an equality at every step.
The drift ξΥx is Lipschitz in x with constant ∥ξ∥∞ Lip( f ′) and has linear growth, so X∗

exists, is unique, and has moments of all orders, and θ∗ is a control. Finally, differentiating
the equation of Υ in x on each block shows that Υx solves ∂qΥx +

1
2 ∂xxΥx + ξΥx∂xΥx = 0,

so by Itô’s formula dΥx(q, X∗
q ) = Υxx(q, X∗

q )dBq on [0, T). Since |Υxx| ≤ Lip( f ′), this is a
square-integrable martingale, and its limit as q ↑ T is f ′(X∗

T) by the continuity of Υx up
to T.
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A.6 The expansion at −∞

Proof of Lemma 2.4(e). Constants depend only on r and K0. Write y = κ − x > 0.

Step 1. q ∈ [Q, r]. Here u = log Φ(−t) and ψ =
√

1 − q R̄(−t) with t = y/
√

1 − q, by
(2.9) and Lemma 2.9(b). Since ϕ(t) = e−t2/2/

√
2π,

log Φ(−t) = −1
2 t2 − log t − log

√
2π + log

tΦ(−t)
ϕ(t)

,

and the last term lies in (−t−2, 0), because t2

1+t2 < tΦ(−t)
ϕ(t) < 1 by Lemma 2.1(b). Since

λ(q) = 1 − q and ω(q) = 1
2 log(1 − q)− 1

2 log(2π) on [Q, 1), this is the first claim. By

Lemma 2.1(b), 1−q
y − 3(1−q)2

y3 < ψ < 1−q
y for t ≥ 2, which is the second claim, because

λb − (κ − x) = ψ.

Step 2. The estimate for ψ when q < Q. Let ȳ = y/λ(q) ≥ y and let Mt = (Xq,x
t − κ)/λ(t)

for t ∈ [q, Q]. By (2.25), Mt = −ȳ + At + Nt with

At =
∫ t

q

γ

λ2 ψ(s, Xq,x
s )ds ≥ 0, Nt =

∫ t

q

dBs

λ(s)
,

and N is a Gaussian martingale with ⟨N⟩Q ≤ δ−2 ≤ (1 − r)−2. By (2.24), ψ(q, x) =

E
√

δ R̄(
√

δMQ).
Lower bound. By (2.24) and Lemma 2.1(b), for

√
δ ȳ ≥ 2,

ψ(q, x) ≥
√

δ R̄(−
√

δ ȳ) ≥ 1
ȳ
− 3

δȳ3 ≥ λ(q)
y

− C
y3 .

Upper bound. Let E = {sup[q,Q] |N| ≤ ȳ/4}; the reflection principle gives P(Ec) ≤
4 exp{−(1 − r)2ȳ2/32}. Let T⋆ = inf{t ≥ q : Mt ≥ −ȳ/2} ∧ Q. For t ≤ T⋆ we have
Xt ≤ κ − λ(t)ȳ/2 < κ, so Lemma 2.10(b) gives ψ(t, Xt) ≤ (1 − t)/(κ − Xt) ≤ 2/(λ(t)ȳ),
and hence

AT⋆ ≤
2
ȳ

∫ Q

0
λ−3 ≤ C1

ȳ
, C1 = 2(1 − r)−3.

If ȳ2 ≥ 8C1, then on E we have Mt ≤ −ȳ+ ȳ/8+ ȳ/4 < −ȳ/2 for t ≤ T⋆, so by continuity
T⋆ = Q, and MQ = −ȳ(1 − η) with η = (AQ + NQ)/ȳ ∈ [−1

4 , 3
8 ]. Since 0 < R̄(z) < 1/|z|

for z < 0, on E

√
δ R̄(

√
δMQ) ≤

1
|MQ|

=
1

ȳ(1 − η)
≤ 1

ȳ
(
1 + η + 2η2).

The event E is invariant under B 7→ −B, which maps N to −N; hence E[NQ1E] = 0. Using
AQ ≤ C1/ȳ on E and EN2

Q ≤ (1 − r)−2, we get E[η1E] ≤ C1ȳ−2 and E[η21E] ≤ Cȳ−2. On
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Ec we use R̄(z) ≤ |z|+ 1, the Cauchy–Schwarz inequality, and the moment bound for
XQ:

E
[√

δ R̄(
√

δMQ)1Ec
]
≤ E

[
(|XQ − κ|+ 1)1Ec

]
≤ C(1 + ȳ) e−(1−r)2ȳ2/64.

Altogether ψ(q, x) ≤ ȳ−1 + Cȳ−3 ≤ λ(q)/y + Cy−3 for y large. This proves the second
estimate of (e).

Step 3. The expansion of u. Put Ξq(x) = u(q, x) + y2

2λ(q) + log y. Since b = (ψ + y)/λ,

we have Ξ′
q(x) =

(
ψ − λ/y

)
/λ, so |Ξ′

q(x)| ≤ C(1 − r)−1y−3 by Steps 1 and 2. Hence
ω̃(q) = limx→−∞ Ξq(x) exists and |Ξq(x)− ω̃(q)| ≤ Cy−2. It remains to show ω̃ = ω. By
Steps 1 and 2 and Lemma 2.10(b), uniformly for s ∈ [0, r] and all large y,

u2
x =

(y + ψ)2

λ2 =
y2

λ2 +
2
λ
+ O(y−2), uxx = − v

λ
= −1 − ψx

λ
= − 1

λ
+ O(y−2),

because yψ = λ + O(y−2), ψ2 = O(y−2), and 0 < ψx = 1 − v ≤ 4(1 − s)/y2. For
0 ≤ q < q′ ≤ r, the difference of the integrated equations of Lemma 2.4(a) at q and q′,
together with d

ds λ−1 = γ/λ2, gives

u(q, x)− u(q′, x) =
1
2

∫ q′

q

(
uxx + γu2

x
)
(s, x)ds

=
y2

2

( 1
λ(q′)

− 1
λ(q)

)
+

∫ q′

q

γ(s)− 1
2

λ(s)
ds + O(y−2).

Adding y2

2λ(q) + log y, subtracting y2

2λ(q′) + log y, and letting x → −∞, we obtain

ω̃(q)− ω̃(q′) =
∫ q′

q

γ − 1
2

λ
= ω(q)− ω(q′),

since ω′ = (1 − 2γ)/(2λ) almost everywhere by (2.13). Taking q′ = r ≥ Q and using
Step 1, ω̃ = ω on [0, r]. This proves (e).



appendix b

Estimates for the top-jump bound

This appendix proves Proposition 6.12, which bounds the breakpoint ratio x̃γ on the last
constant piece of an arbitrary order parameter; it is the input to the top-jump bound
of Theorem 6.13. §B.1 collects one-variable facts about R, R̄, and V beyond those of
Lemma 2.1: the monotonicity of (V′)2/(V2(1 − V)) (Lemma B.2) and the bound xΦ < 1
(Lemma B.3). §B.2 shows that on a last constant piece of mass m the functions v and vx

depend only on a scale-free variable z and on the ratio β = δ/λ ∈ (0, 1]. §B.3 proves
bounds on these functions that are uniform in β ∈ [0, 1] and m ∈ [1/2, 1], including
their tails (Proposition B.5). §B.4 combines them with the tilted-density representation of
Lemma 2.7 and Chebyshev’s association inequality (Lemma B.6).

Throughout, G denotes a standard Gaussian variable and ϕs the N(0, s) density, as in
Chapter 2. Constants c, C, Cj are numerical unless stated otherwise.

B.1 Gaussian facts

We use the following facts from Lemma 2.1: R > 0, R̄ > 0, 0 < V < 1, R′ = −V,
R̄′ = 1 − V, the identities (2.2) for V′ < 0 and V′′, and ETz = R̄(z), Var Tz = 1 − V(z) for
the variable Tz with density proportional to ezw−w2/2 on [0, ∞) (part (a)); t < R(−t) <
t + 1/t and 0 < R̄(−t) < 1/t for t > 0, and 0 < 1 − V(−t) < 3t−2 for t ≥ 2 (part (b));
Φ(−t) ≤ e−t2/2 for t ≥ 0 (part (c)); and R(z) ≤ 2ϕ(z) and V(z) ≤ 2(1 + z)ϕ(z) for z ≥ 0
(part (e)). Put

r(z) :=
V′(z)2

V(z)2
(
1 − V(z)

) (z ∈ R).

Lemma B.1. (a) For z ≥ 0: |V′(z)| ≤ 2(2 + z)2ϕ(z) and r(z) ≤ C(1 + z)2.
(b) For t ≥ 2, ∣∣1 − V(−t)− t−2∣∣ ≤ Ct−4,

∣∣V′(−t) + 2t−3∣∣ ≤ Ct−5.

Consequently, for z ≤ 0: c/(1 + z2) ≤ 1 − V(z) ≤ C/(1 + z2), |V′(z)| ≤ C(1 + |z|)−3,
|V′′(z)| ≤ C(1 + |z|)−2, and r(z) ≤ C(1 + z4)−1.

Proof. (a) Let z ≥ 0. Since R ≤ R(0) < 1, R̄ = z + R ≤ 1 + z. As 0 < V < 1,
|V′| ≤ R(1 + R̄2) ≤ 2ϕ(z)(1 + (1 + z)2) ≤ 2(2 + z)2ϕ(z). Moreover |V′/V| = |1 − V −
R̄2|/R̄ ≤ 1/R̄ + R̄ ≤ 1/R(0) + 1 + z, because R̄ is increasing and R̄(0) = R(0); and
1 − V ≥ 1 − V(0) > 0 because V is decreasing. Hence r(z) ≤ C(1 + z)2.

307
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(b) Let t ≥ 2 and Ik :=
∫ ∞

0 wk exp(−tw − w2/2)dw. Then ET−t = I1/I0 and ET2
−t =

I2/I0, so that

1 − V(−t) =
I2 I0 − I2

1
I2
0

, V′(−t) = R(−t)
(
Var T−t − (ET−t)

2) = R(−t)
I2 I0 − 2I2

1
I2
0

,

by (2.2). Since 1 − w2/2 ≤ exp(−w2/2) ≤ 1 − w2/2 + w4/8 and
∫ ∞

0 wje−tw dw = j! t−j−1,

I0 = 1
t
(
1 − t−2 + O(t−4)

)
,

I1 = 1
t2

(
1 − 3t−2 + O(t−4)

)
,

I2 = 2
t3

(
1 − 6t−2 + O(t−4)

)
,

where here and below O(t−j) denotes a quantity bounded by a numerical constant times
t−j for t ≥ 2. Hence

I2 I0 = 2
t4

(
1 − 7t−2 + O(t−4)

)
,

I2
1 = 1

t4

(
1 − 6t−2 + O(t−4)

)
,

I2
0 = 1

t2

(
1 − 2t−2 + O(t−4)

)
,

and I2
0 ≥ 9

16 t−2 because I0 ≥ t−1(1 − t−2). Therefore

1 − V(−t) =
1 − 8t−2 + O(t−4)

t2
(
1 − 2t−2 + O(t−4)

) = t−2 + O(t−4),

I2 I0 − 2I2
1

I2
0

=
−2t−2 + O(t−4)

t2
(
1 + O(t−2)

) = −2t−4 + O(t−6).

With R(−t) = t + O(t−1) this gives V′(−t) = −2t−3 + O(t−5). For the consequences,
let t0 ≥ 2 be a large numerical constant. For z ≤ −t0 the bounds on 1 − V and V′

follow from the expansions. On [−t0, 0] the functions 1 − V and |V′| are continuous, and
1−V ≥ 1−V(−t0) > 0. The bound on V′′ follows from (2.2), since 0 < R(z) ≤ |z|+ 1/|z|
for z ≤ −1 and V(1 − V) ≤ 1 − V. For r, use in addition V ≥ V(0) > 0 on (−∞, 0].

The next lemma is the monotonicity that drives the Chebyshev argument of §B.4.

Lemma B.2. The function r = (V′)2/(V2(1 − V)) is strictly increasing on R.

Proof. Write a = 1 − V > 0 and b = V′/R = 1 − V − R̄2, so that R̄2 = a − b and
R̄(R + R̄) = V + R̄2 = 1 − b.

Step 1. Reduction. Since (log r)′ = 2V′′/V′ − 2V′/V + V′/(1 − V), we have (log r)′ ·
V′V(1 − V) = −C with

C := (V′)2(2 − 3V)− 2V′′V(1 − V).
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As V′V(1 − V) < 0, the derivative (log r)′ has the sign of C. Inserting V′′ = −(R +

R̄)V′ − 2V(1 − V) from (2.2), V′ = Rb, and V = RR̄,

C = R2[b2(3a − 1) + 2(1 − b)ab + 4a2(a − b)
]
= R2(2a − b)(2a2 − ab + b),

where the factorization is verified by expanding both sides to 4a3 − 4a2b + ab2 + 2ab − b2.
Since 2a − b = a + R̄2 > 0, it suffices to show that

Q := 2a2 − ab + b = (1 − V)(2 − V)− VR̄2

is positive on R.

Step 2. An equation for Q. We have Q′ = −V′(3− 2V + R̄2)− 2VR̄(1−V) and V′ = Rb =

(V/R̄)(1 − V − R̄2). Eliminating R̄2 = ((1 − V)(2 − V)−Q)/V, so that 1 − V − R̄2 =

(Q− 2(1 − V)2)/V and 3 − 2V + R̄2 = (2 − V2 −Q)/V, and expanding,

VR̄Q′ = 4(1 − V)3 −Q
(
1 + 3(1 − V)2 −Q

)
. (B.1)

Step 3. Barrier. The function k := (1+ 3(1−V)2 −Q)/(VR̄) is continuous, since VR̄ > 0.
Fix z∗ ∈ R and put F (z) := Q(z) exp

∫ z
z∗
k. By (B.1), F ′ = 4(1 − V)3(VR̄)−1 exp

∫ z
z∗
k > 0,

so F is strictly increasing. As z = −t → −∞ we have R̄2 ≤ t−2 and 1 − V ≤ 3t−2; hence
|Q| ≤ 2(1 − V) + R̄2 → 0, and the numerator of k tends to one. Choosing z∗ sufficiently
negative, k > 0 on (−∞, z∗], and then |F (z)| ≤ |Q(z)| → 0 as z → −∞. An increasing
function with limit zero at −∞ is positive, so Q > 0.

Lemma B.3. The constant xΦ of (6.20) satisfies

xΦ = 1 −
∫

R
ΦV2 dz

4
∫

R
ΦV2(1 − V)dz

< 1.

Proof. Let Gtop f := 1
2 f ′′ + (R + z

2) f ′. This is the generator of the diffusion (7.20) of
Chapter 7, but only the formula is used here. By (2.2),

Gtop(V2) = (V′)2 + VV′′ + (2R + z)VV′ = (V′)2 − 2V2(1 − V).

The formal adjoint is G∗
topw = 1

2 w′′ − ((R + z
2)w)′. With Φ′ = RΦ, Φ′′ = −zRΦ, (R +

z
2)

′ = 1
2 − V, and V = zR + R2,

G∗
topΦ = −1

2 zRΦ − Φ
(1

2 − V + R2 + 1
2 zR

)
= −1

2 Φ.

For N > 0,∫ N

−N

(
Φ Gtop(V2)− V2G∗

topΦ
)

dz =
[

1
2

(
Φ(V2)′ − Φ′V2)+ (

R + z
2

)
ΦV2

]N

−N
.

As N → ∞ the boundary terms vanish: at +N because V and V′ are O(N2ϕ(N)) by
Lemma B.1(a) while Φ and R are bounded, and at −N because Φ(−N) ≤ ϕ(N)/N,
|V| ≤ 1, |V′| ≤ C, and R(−N) ≤ N + 1. All integrands are integrable. Hence

∫
Φ(V′)2 −

2
∫

ΦV2(1 − V) = −1
2

∫
ΦV2, which is the formula, and

∫
ΦV2 > 0.
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B.2 The last constant piece in scale-free form

For m ∈ (0, 1] let Mm be a random variable with distribution function Φm, independent
of G. Its density is fM := mϕΦm−1. For β ∈ [0, 1] put σβ :=

√
(1 − β)/m and

Y :=
√

β Mm + σβG, Fm(z; β) := P(Y ≤ z), f := ∂zFm,

Rm(z; β) := ∂z log Fm(z; β), vm(z; β) := − 1
m

∂2
z log Fm(z; β).

When m and β are fixed we write F, v, and so on.

Lemma B.4. Let γ ∈ U and κ ∈ R, and suppose that γ ≡ m ∈ (0, 1] on [p, Q) for some p < Q.
For q ∈ [p, Q] put λ = λ(q), β := δ/λ ∈ (0, 1] and z := (x − κ)/

√
λ. Then

emu(q,x) = Fm(z; β), b(q, x) =
Rm(z; β)

m
√

λ
,

v(q, x) = vm(z; β), vx(q, x) =
∂zvm(z; β)√

λ
.

Proof. On [q, Q) the order parameter equals m, and u(Q, x) = log Φ((x − κ)/
√

δ). By
Lemma 2.5(a),

emu(q,x) = E Φ
(x − κ +

√
Q − q G√

δ

)m
= P

(√
δMm ≤ x − κ +

√
Q − q G

)
,

and by the symmetry of G this is P(
√

δMm +
√

Q − q G ≤ x − κ). Divide by
√

λ and use
λ = δ + m(Q − q), so that (Q − q)/λ = (1 − β)/m; this gives emu = Fm(z; β). The other
formulas follow from b = ux, v = −λuxx, and ∂x = λ−1/2∂z.

In particular vm(·; 1) = V (then Fm = Φm), vm(·; 0) = V(
√

m ·) (then Y = G/
√

m), and
v1(·; β) = V for every β (then Y is standard Gaussian).

Realization. Some estimates below use the Parisi diffusion of a two-level order parame-
ter. Given m ∈ (0, 1) and β ∈ (0, 1), choose δ ∈ (0, 1

2) so small that δ(1/β − 1)/m ≤ 1 − δ,
and put Q := 1 − δ, q1 := Q − δ(1/β − 1)/m ∈ [0, Q), κ := 0 and

γm,β := m1[q1,Q) + 1[Q,1] ∈ U . (B.2)

Then λ(q) = δ + m(Q − q) on [q1, Q] and λ(q1) = δ/β. By Lemma B.4, v(q, x) =

vm(x/
√

λ(q); βq) for q ∈ [q1, Q], with βq := δ/λ(q) ∈ [β, 1].

B.3 Uniform bounds on the scale-free functions

Fix m0 := 1/2. All constants in this section are numerical; in particular they are uniform
in m ∈ [m0, 1] and β ∈ [0, 1].
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Proposition B.5. For all m ∈ [m0, 1] and β ∈ [0, 1]:

(V0) The maps (m, β, z) 7→ Fm(z; β), vm(z; β), ∂zvm(z; β) are continuous on [m0, 1]× [0, 1]×R,
and 0 < vm < 1.

(V1) Fm(0; β) ≥ 1/4, and Fm(z; β) ≤ 2 exp(−z2/16) for z ≤ 0.
(V2) For z ≥ 0, vm(z; β) + |∂zvm(z; β)| ≤ C exp(−cz2).
(V3) For z ≤ 0, 1 − vm(z; β) ≤ C/(1 + z2).
(V4) For z ≤ 0, 1 − vm(z; β) ≥ c/(1 + z2).
(V5) For z ≤ 0, |∂zvm(z; β)| ≤ C(1 + |z|)−3.

Consequently rm := (∂zvm)2/(v2
m(1 − vm)) satisfies rm(z; β) ≤ C(1 + z4)−1 for z ≤ 0.

Proof. We prove (V0)–(V5) in five steps and deduce the bound on rm in a sixth.

Step 1. Proof of (V0). For β ∈ [0, 1
2 ] we have σ2

β ∈ [1
2 , 2] and f (k)(z) = Eϕ

(k)
σ2

β

(z −
√

βMm)

for k ≤ 2. Realizing Mm = Φ−1(U1/m) with U uniform on (0, 1) couples these variables
continuously in m, and ϕ

(k)
s is bounded and jointly continuous for s ∈ [ 1

2 , 2]; dominated

convergence gives joint continuity. For β ∈ [ 1
2 , 1] we use f (k)(z) = E f (k)√

βM
(z − σβG) with

f (k)√
βM

(t) = β−(k+1)/2 f (k)M (t/
√

β). Here f ′M = fM · (−t + (m − 1)R) and f ′′M = fM · ((−t +

(m − 1)R)2 − 1− (m − 1)V). For t ≤ 0, fM = mϕmR1−m ≤ C(1+ |t|) exp(−mt2/2), while
fM ≤ 2ϕ for t ≥ 0. Hence f (k)M is bounded and jointly continuous in (m, t), and dominated
convergence again gives joint continuity, including at σβ = 0. Also Fm is continuous:
under the coupling above,

√
βMm + σβG varies continuously in (m, β) almost surely, and

its law has no atom, so bounded convergence applies to its distribution function. Its
density is positive, hence Fm > 0, and therefore

vm =
1
m

( f 2

F2 − f ′

F

)
, ∂zvm = − 1

m

( f ′′

F
− 3 f f ′

F2 +
2 f 3

F3

)
are continuous. For m = 1 or β ∈ {0, 1}, vm ∈ (0, 1) because 0 < V < 1. For m ∈ [m0, 1)
and β ∈ (0, 1), vm(z; β) is the value of v at level q1 of the order parameter (B.2), so
0 < vm < 1 by Lemma 2.4(c).

Step 2. Proof of (V1). Write Y = X1 + X2 with X1 =
√

βMm and X2 = σβG. Independence
gives Fm(0; β) ≥ P(X1 ≤ 0)P(X2 ≤ 0) ≥ 2−m/2 ≥ 1/4. For z ≤ 0 and 0 < β < 1, the
union bound gives

Fm(z; β) ≤ P(X1 ≤ z/2) + P(X2 ≤ z/2) ≤ 2 exp(−z2/16).

Indeed, P(X1 ≤ z/2) = Φ(z/(2
√

β))m ≤ Φ(z/2)1/2 ≤ exp(−z2/16) by Lemma 2.1(c),
and X2 is centered Gaussian with variance at most 2. The cases β ∈ {0, 1} follow by
continuity.
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Step 3. A Gaussian factorization; proof of (V3) and (V5). Put m̄ := 1−m ∈ [0, 1
2 ] and g := Rm̄.

We first record the elementary estimates

c(1 + |x|)m̄ ≤ g(x) ≤ C(1 + |x|)m̄, |g(j)(x)| ≤ Cj(1 + |x|)m̄−j (x ≤ 0, 1 ≤ j ≤ 3),
(B.3)

with constants uniform in m̄. Indeed, the Mills-ratio bounds of Lemma 2.1(b) and the
monotonicity of R give c(1+ |x|) ≤ R(x) ≤ C(1+ |x|) on (−∞, 0], while R′ = −V = O(1),
R′′ = −V′ = O((1 + |x|)−3), and R′′′ = −V′′ = O((1 + |x|)−2) there by Lemma B.1(b).
Differentiating Rm̄ three times proves (B.3). On [0, ∞) we have g ≤ 1 and (log R)′ =
−z − R, whose first two derivatives are −1 + V and V′; hence |g(j)(x)| ≤ C(1 + x)j for
x ≥ 0 and j ≤ 3. These observations include m̄ = 0.

For µ ≤ 0 and 0 ≤ σ ≤
√

2, Gaussian averaging preserves these estimates:

c(1 + |µ|)m̄ ≤ Eg(µ + σG) ≤ C(1 + |µ|)m̄,

|Eg(j)(µ + σG)| ≤ Cj(1 + |µ|)m̄−j (1 ≤ j ≤ 3).
(B.4)

For the lower bound, restrict to {G ≤ 0} and use that g is nonincreasing. For the upper
bound, use g(x) ≤ C(1 + x−)m̄ and Gaussian moments. For the derivative bounds with
|µ| ≥ 1, split at µ + σG = µ/2. On the lower side |µ + σG| ≥ |µ|/2, and (B.3) applies;
on the upper side use the polynomial bounds and the Gaussian tail P(σG > |µ|/2) ≤
exp(−µ2/16). For |µ| ≤ 1 uniform Gaussian moments suffice. Thus all constants in (B.4)
are independent of m̄, µ, and σ.

Since fM = mϕmRm̄ and ϕm = (2π)m̄/2m−1/2ϕ1/m, completing the square in the
Gaussian convolution defining f gives

f (z) = Cmϕ1/m(z)H(z), Cm :=
√

m(2π)m̄/2, H(z) := E g
(√

βz + σβG
)
. (B.5)

For 0 < β < 1 this follows by writing the density of
√

βMm as Cmϕβ/m(x)g(x/
√

β)

and using ϕβ/m(x)ϕ(1−β)/m(z − x) = ϕ1/m(z)ϕβ(1−β)/m(x − βz). The same identity holds
at β ∈ {0, 1} by continuity. By (B.4) with µ =

√
βz and σ = σβ ≤

√
2, and since√

β/(1 +
√

βt) ≤ 1/(1 + t) for t ≥ 0, we have for z ≤ 0 and t, u ≥ 0

|H(j)(z)| ≤
CjH(z)
(1 + |z|)j (1 ≤ j ≤ 3),

H(−t − u)
H(−t)

≤ C
(

1 +
u

1 + t

)m̄
. (B.6)

Also H is nonincreasing.
For t ≥ 1, integrate (B.5) over z ≤ −t and substitute z = −t − ρ/(mt). Since

m
2 (t +

ρ
mt )

2 = m
2 t2 + ρ + ρ2

2mt2 ,

F(−t) =
Cm

√
m/(2π)

mt
exp(−mt2/2)Ξ(t),

Ξ(t) :=
∫ ∞

0
exp

(
−ρ − ρ2

2mt2

)
H
(
−t − ρ

mt

)
dρ.

(B.7)
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We claim that

cH(−t) ≤ Ξ(t) ≤ CH(−t), |Ξ(j)(t)| ≤ Cjt−jH(−t) (1 ≤ j ≤ 3). (B.8)

For the lower bound, restrict the integral to 0 ≤ ρ ≤ 1, where the exponential is at least
e−2, and use H(−t − ρ/(mt)) ≥ H(−t). For the upper bounds let ξ(t) = −t − ρ/(mt).
Then |ξ ′| ≤ 1 + 2ρ, |ξ ′′| ≤ 4ρt−3, and |ξ ′′′| ≤ 12ρt−4. Together with |ξ| ≥ t and (B.6), the
chain rule bounds the jth derivative of H(ξ(t)) by Cjt−jPj(ρ)H(ξ(t)), where Pj is a fixed
polynomial. The jth derivative of exp(−ρ2/(2mt2)) has the same type of bound, with that
exponential in place of H(ξ(t)). Finally (B.6) bounds H(ξ(t))/H(−t) by C(1+ 2ρ)m̄. The
integrable majorants Ce−ρP(ρ) justify each differentiation and prove (B.8). Consequently
|(log Ξ)(j)(t)| ≤ Cjt−j for j = 1, 2, 3. Taking logarithms in (B.7),

log F(−t) = constant − m
2

t2 − log t + log Ξ(t).

Its second derivative in t differs from −m by O(t−2), and its third derivative is O(t−3),
uniformly in m and β. Since vm = −m−1(log F)′′, this proves (V3) and (V5) for z ≤ −1.
The compact interval [−1, 0] is covered by (V0).

Step 4. Proof of (V2). The bounds on g, g′, g′′ above give |g(j)(x)| ≤ C(1 + |x|)2 for all x
and j ≤ 2, hence |H(j)(z)| ≤ C(1 + z)2 for z ≥ 0 and j ≤ 2. Thus (B.5) gives | f (j)(z)| ≤
C exp(−cz2) for z ≥ 0 and j ≤ 2. Since F ≥ F(0) ≥ 1/4 there by (V1), the formulas for
vm and ∂zvm in the proof of (V0) prove (V2).

Step 5. Proof of (V4). By (V0) and compactness, 1 − vm ≥ c1 > 0 on [−1, 0], uniformly in
m and β. Let z < −1, and first let m ∈ [m0, 1) and β ∈ (0, 1). We use the realization (B.2)
at level q = q1, where βq = β, and the point x =

√
λ(q) z. Choose q′ ∈ [q, Q] with

β̄ := λ(q′)/λ(q) = max{β, z−2},

which is possible because λ(·)/λ(q) decreases continuously from 1 to β on [q, Q]. Let
X = Xq,x be the Parisi diffusion started at (q, x). The generator identity L(1 − v) =

(m/λ)v(1 − v) (Lemma 2.9(a)) and Itô’s formula on the constant block [q, q′] show that
(1 − v(t, Xt)) exp(−

∫ t
q (m/λ)v), t ∈ [q, q′], is a local martingale bounded by one, hence a

martingale. Since v < 1 and
∫ q′

q m/λ = log(1/β̄),

1 − v(q, x) = E
[(

1 − v(q′, Xq′)
)

exp
(
−

∫ q′

q

m
λ

v dt
)]

≥ β̄ E
[
1 − v(q′, Xq′)

]
.

Moreover ψ = λb + x > 0 (Lemma 2.9(b), with κ = 0), and Itô’s formula with λ′ = −m
gives

d
( Xt

λ(t)

)
=

mψ(t, Xt)

λ(t)2 dt +
dBt

λ(t)
, hence Z′ :=

Xq′√
λ(q′)

≥
√

β̄ z + N,
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where N =
√

λ(q′)
∫ q′

q dBt/λ(t) is centered Gaussian with variance (1 − β̄)/m. By

Lemma B.4, v(q′, ·) = vm(·/
√

λ(q′); β/β̄), and vm is decreasing in z (Lemma 2.4(c)). On
{N ≥ 0}, whose probability is at least 1

2 ,

1 − vm(Z′; β/β̄) ≥ 1 − vm(
√

β̄ z; β/β̄).

If β̄ = z−2, then
√

β̄ z = −1 and the right side is at least c1, which gives 1 − vm(z; β) ≥
c1/(2z2). Otherwise β̄ = β > z−2 and q′ = Q, so vm(·; 1) = V and Lemma B.1(b) gives

1 − vm(z; β) ≥ β

2
(
1 − V(

√
βz)

)
≥ cβ

2(1 + βz2)
≥ c

4z2 ,

because 1 + βz2 ≤ 2βz2. In both cases 1 − vm(z; β) ≥ c/(1 + z2). The cases m = 1 or
β ∈ {0, 1}, where vm is V or V(

√
m ·), follow from Lemma B.1(b). This proves (V4).

Step 6. The bound on rm. By (V3), (V0), and compactness, vm ≥ c > 0 on (−∞, 0]. Together
with (V4) and (V5), this gives rm ≤ C(1 + |z|)−6(1 + z2) ≤ C(1 + z4)−1 for z ≤ 0, and
completes the proof of Proposition B.5.

B.4 Proof of the breakpoint bound

We first record Chebyshev’s association inequality in the form needed here: an average
against a nonincreasing weight is bounded by the largest average over half-lines. For a
nondecreasing integrand it reduces to the classical inequality (see [21]).

Lemma B.6. Let ν be a finite measure on R with a positive density, let g̃ ≥ 0 be nonincreasing
with 0 <

∫
g̃ dν < ∞, and let h ≥ 0 be measurable with

∫
h dν < ∞. For τ ∈ (−∞, ∞] put

Rh(τ) := ν((−∞, τ))−1
∫
(−∞,τ) h dν. Then∫

h g̃ dν∫
g̃ dν

≤ sup
τ∈(−∞,∞]

Rh(τ).

If h is nondecreasing, then Rh(τ) ≤ Rh(∞) for all τ, so the left side is at most
∫

h dν/ν(R).

Proof. Changing g̃ on a countable set does not affect the integrals, so we may assume
that g̃ is right-continuous. Then g̃(z) = g̃(∞) + ς((z, ∞)) for the measure ς ≥ 0 with
ς((z1, z2]) = g̃(z1)− g̃(z2). By Tonelli’s theorem, for every measurable k ≥ 0,∫

k g̃ dν = g̃(∞)
∫

k dν +
∫

ς(dτ)
∫
(−∞,τ)

k dν.
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Taking k = h and k = 1 shows that the ratio is a weighted average of the values Rh(τ),
τ ∈ R, with weights ν((−∞, τ)) ς(dτ), and of Rh(∞), with weight g̃(∞)ν(R). If h is
nondecreasing, then h(z) ≤ h(τ) for z < τ and h(z) ≥ h(τ) for z ≥ τ, so

ν
(
[τ, ∞)

) ∫
(−∞,τ)

h dν ≤ ν
(
(−∞, τ)

) ∫
[τ,∞)

h dν,

which is equivalent to Rh(τ) ≤ Rh(∞).

Proof of Proposition 6.12. We divide the proof into four steps.

Step 1. The law of the scale-free variable. Let ε > 0 be given; η̄ ∈ (0, 1/4] will be chosen at
the end. Let |κ| ≤ η̄ and γ ∈ U .

Case (b). Suppose that γ ≡ m on [p, Q) with 1 − η̄ ≤ m < 1 and λ(p) ≤ η̄, and let
q ∈ [p, Q). Then m ≥ 3/4 ≥ m0. Since γ ≥ m on [p, 1], we have λ(p) ≥ m(1 − p), so
1 − q ≤ 1 − p ≤ 2η̄ ≤ 1

2 and q ≥ 1
2 ; also λ := λ(q) ≤ η̄. Put β := δ/λ. By Lemma 2.7,

Xq has density emu(q,x)ϕq(x)gq(x) with gq nonincreasing, and by Lemma B.4, emu(q,x) =

Fm(z; β) with z = (x − κ)/
√

λ. Hence Zq := (Xq − κ)/
√

λ has density proportional to
Fm(z; β) G(z) g̃(z), where

G(z) :=
ϕq(κ +

√
λz)

ϕq(κ)
= exp

(
−2κ

√
λz + λz2

2q

)
, g̃(z) := gq(κ +

√
λz),

and g̃ is nonincreasing. Since 2|κ|
√

λ ≤ 2η̄3/2 ≤ 1 ≤ 2q and λ ≤ 2q, we have exp(−|z| −
z2) ≤ G(z) ≤ exp(|z|), and G → 1 locally uniformly as η̄ → 0. By Lemma B.4 and (6.18),

x̃γ(q) =
E(∂zvm)2(Zq; β)

2E
[
v2

m(1 − vm)
]
(Zq; β)

=
1
2

∫
rm g̃ dν∫

g̃ dν
,

ν(dz) := Fm(z; β) G(z)
(
v2

m(1 − vm)
)
(z; β)dz.

The measure ν is finite and has a positive density: Fm ≤ 2 exp(−z2/16) for z ≤ 0 and
vm ≤ C exp(−cz2) for z ≥ 0 by Proposition B.5, while G ≤ exp(|z|). Also 0 <

∫
g̃ dν < ∞,

since
∫

g̃FmG dz is a normalizing constant of the density of Zq.
Case (a). Suppose that δ ≤ η̄ and take q = Q. Then Q ≥ 1

2 , γ(Q) = 1, u(Q, x) =

log Φ(z) with z = (x − κ)/
√

δ, and v(Q, x) = V(z). By Lemma 2.7, the same computation
gives x̃γ(Q) = 1

2

∫
r g̃ dνQ/

∫
g̃ dνQ with νQ(dz) := Φ(z)G(z)V2(1 − V)(z)dz, where

λ = δ in G.

Step 2. The main term. Recall r = r1 = (V′)2/(V2(1−V)). In case (b), x̃γ(q) ≤ 1
2M+ 1

2E ,
where

M :=

∫
r g̃ dν∫
g̃ dν

, E :=

∫
|rm − r| g̃ dν∫

g̃ dν
.
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In case (a), x̃γ(Q) = 1
2M with νQ in place of ν, and there is no error term. Since r is

nondecreasing (Lemma B.2) and g̃ is nonincreasing, Lemma B.6 gives M ≤
∫

r dν/ν(R).
We claim that ∫

r dν

ν(R)
−→

∫
Φ(V′)2∫

ΦV2(1 − V)
= 2xΦ as η̄ → 0,

uniformly over all admissible (κ, γ, m, q), and likewise for νQ. Otherwise there are
ε1 > 0 and admissible sequences with η̄n → 0 that violate the claim by ε1. Along a
subsequence βn → β∞ ∈ [0, 1], while mn → 1, κn → 0, λn → 0, and qn ∈ [1

2 , 1]. By
(V0), Fmn(·; βn) → F1(·; β∞) = Φ and vmn(·; βn) → V pointwise, and Gn → 1. The
densities of r νn and νn are dominated by an integrable function independent of n:
for z ≤ 0 by C exp(|z| − z2/16), using r ≤ C there (Lemma B.1(b)); for z ≥ 0 by
C(1 + z)2 exp(|z| − cz2), using r ≤ C(1 + z)2 (Lemma B.1(a)) and (V2). Dominated
convergence gives the claim, since

∫
ΦV2(1 − V) > 0 and

∫
ΦrV2(1 − V) =

∫
Φ(V′)2.

The case of νQ is the same with m = 1.

Step 3. The error term. By Lemma B.6 with h = |rm − r|, E ≤ supτ R|rm−r|(τ). Fix T ≥ 1
and T′ ≥ 1.

Far left. By Proposition B.5 and Lemma B.1(b),

t1(T) := sup
{

rm′(z; β) + r(z) : z ≤ −T, m′ ∈ [m0, 1], β ∈ [0, 1]
}
≤ CT−4.

For τ ≤ −T, bounding the numerator of R|rm−r|(τ) by t1(T) ν((−∞, τ)) gives
R|rm−r|(τ) ≤ t1(T). For τ > −T, the part of the numerator over (−∞,−T) is at most
t1(T) ν((−∞,−T)) ≤ t1(T) ν((−∞, τ)), so after division its contribution is again at most
t1(T). No reciprocal of a small Gaussian mass appears.

Bulk and right tail. For τ > −T the denominator satisfies ν((−∞, τ)) ≥ ν((−T −
1,−T)) ≥ cT > 0, uniformly: on [−T − 1,−T] the factors Fm and v2

m(1− vm) are bounded
below by (V0) and compactness, and G ≥ exp(−|z| − z2). The remaining part of the
numerator is at most

ωT,T′(1 − m) ν(R) +
∫ ∞

T′
(rm + r)dν,

where

ωT,T′(ε′) := sup
{
|rm′(z; β)− r(z)| : 1 − ε′ ≤ m′ ≤ 1, β ∈ [0, 1], z ∈ [−T, T′]

}
.

Here ν(R) ≤ C. By (V0), rm′ is jointly continuous on the compact set [m0, 1]× [0, 1]×
[−T, T′], its denominator being positive there, and r1(·; β) = r for every β; hence
ωT,T′(ε′) → 0 as ε′ → 0. The exact cancellation rm dν = FmG(∂zvm)2 dz and (V2) give a
uniform Gaussian majorant for the rm term, and Lemma B.1(a) and (V2) give one for the
r term. Hence∫ ∞

T′
(rm + r)dν ≤ C

∫ ∞

T′
(1 + z)2 exp(z − cz2)dz =: t2(T′) −→ 0 (T′ → ∞).
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Consequently
E ≤ t1(T) + c−1

T
(
C ωT,T′(η̄) + t2(T′)

)
.

Step 4. Choice of η̄. Given ε > 0, first choose T with t1(T) ≤ ε/2, then T′ with t2(T′) ≤
cTε/4, and then η̄ ∈ (0, 1/4] so small that CωT,T′(η̄) ≤ cTε/4 and, by the claim above,∫

r dν/ν(R) ≤ 2xΦ + ε and
∫

r dνQ/νQ(R) ≤ 2xΦ + ε for all admissible data. Then E ≤ ε

and M ≤ 2xΦ + ε. Hence x̃γ(q) ≤ xΦ + ε in case (b), and x̃γ(Q) ≤ xΦ + ε/2 in case (a).
This proves Proposition 6.12.



appendix c

Proofs for the flat limit

This appendix proves the technical statements of Chapter 7. §C.1 records the decay of the
derivatives of V, which Chapters 7 and 8 use in addition to Lemma 2.1. §C.2 proves the
uniform tail estimates of Lemma 7.2: a dilation turns every profile of a compact class into
one fixed instance of the finite-cutoff problem of Chapter 2, whose asymptotics give parts
(a) and (d), and a transport estimate for the rescaled diffusion gives parts (b) and (c). §C.3
proves the compact-class expansion Theorem 7.3, and §C.4 proves the differentiability of
I along ordered rays and the second-variation identity of Proposition 7.10.

C.1 Tails of V and its derivatives

We use the facts of Lemma 2.1, in particular R′ = −V, R̄′ = 1−V, z− < R(z) ≤ z−+R(0),
and the identity (2.2) for V′′. We also need the decay of all derivatives of V.

Lemma C.1. (a) There is C with 0 < 1 − V(z) ≤ C(1 + z2)−1 for z ≤ 0, and for every
k ≥ 1 there is Ck with |V(k)(z)| ≤ Ck(1 + |z|)−2−k for z ≤ 0. For z ≥ 0 and k ≥ 0,
|V(k)(z)| ≤ Ck(1 + z)k+1ϕ(z).

(b) The numbers AV =
∫

V′2, BV =
∫

V2(1 − V), and
∫

V′′2 are finite and positive.

Proof. (a) Substituting u = z − w in Φ(z) =
∫ z
−∞ ϕ(u)du gives Φ(z) =

ϕ(z)
∫ ∞

0 ezw−w2/2 dw. Hence log Φ = log ϕ + Λ with Λ(z) = log
∫ ∞

0 ezw−w2/2 dw.
The function u 7→ Λ(z + u)− Λ(z) is the cumulant generating function of the variable
Tz of §2.1, whose density is proportional to ezw−w2/2 on [0, ∞), so Λ(j)(z) is the j-th
cumulant cumj(Tz). Since (log Φ)′′ = R′ = −V and (log ϕ)′′ = −1,

1 − V = cum2(Tz), V(k) = −cumk+2(Tz) (k ≥ 1).

For z = −t ≤ −1, T−t has the law of St/t, where St has density proportional to e−s−s2/(2t2)

on [0, ∞). The moments of St are bounded uniformly in t ≥ 1: the numerator of ESi
t

is at most
∫ ∞

0 sie−s ds = i!, and the normalizing integral is at least
∫ 1

0 e−s−1/2 ds ≥
e−1. Cumulants are polynomials in the moments, and cumj(T−t) = t−jcumj(St); hence
|cumj(T−t)| ≤ Cjt−j for t ≥ 1. This gives the bounds for z ≤ −1; on [−1, 0] the
functions are bounded, and 1 − V > 0. For z ≥ 0 we use R ≤ 2ϕ and R ≤ R(0) < 1
(Lemma 2.1(a),(e)). By induction, using R′ = −zR − R2, V(k) = Pk(z, R) for a polynomial

318
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Pk of total degree at most k + 2 each of whose monomials contains R: this holds for
V = zR + R2, and d

dz P(z, R) = ∂zP − (zR + R2)∂RP. A monomial ziRj of Pk has j ≥ 1
and i ≤ k + 1, so |ziRj| ≤ ziR ≤ 2(1 + z)k+1ϕ(z).

(b) The three integrands are nonnegative and continuous, and integrable by (a): on
(−∞, 0] they are bounded by C(1 + |z|)−6, 1 − V, and C(1 + |z|)−8, and on [0, ∞) they
have Gaussian decay. They are not identically zero, because 0 < V < 1, V′ < 0, and V′ is
not constant (it is negative and tends to zero at ±∞).

C.2 Dilation and uniform tails

The rescaled equation (7.3) does not involve e. The following dilation identifies it with
the finite-cutoff problem of Lemma 2.4 at margin zero, with a cutoff that depends only
on the class.

Lemma C.2. Let 0 < slo ≤ shi and let ζ be a profile with ζ = 1 on [0, slo]. Put r = 1 − slo/shi
and let γ̃(q̃) = ζ(shi(1 − q̃)) (right-continuous version). Then γ̃ ∈ Ur, and ∥γ̃ − γ̃′∥L1(0,1) =

s−1
hi ∥ζ − ζ ′∥L1(0,shi)

for two such profiles. If ũ is the solution of Lemma 2.4 for γ̃ at margin 0, then

U(s, y) = ũ
(
1 − s/shi, y/

√
shi

)
solves (7.3) on [slo, shi], with U(slo, y) = log Φ(y/

√
slo). The Parisi diffusion X̃ of γ̃ corre-

sponds, through Y =
√

shi X̃, to the rescaled diffusion

dY = ζ(s)Uy(s, Y) dς + dBς, ς = shi − s, (C.1)

run in the direction of decreasing s. Finally, if γ ∈ U , e > 0, κ ∈ R, e2shi < 1, and ζγ = ζ on
[0, shi], then U(s, y) = uγ(1 − e2s, κ + ey) for s ∈ [slo, shi].

Proof. With q̃ = 1 − s/shi and x̃ = y/
√

shi we have ∂q̃ũ = −shiUs, ũx̃ =
√

shi Uy and
ũx̃x̃ = shiUyy, so the Parisi equation ũq̃ = −1

2(ũx̃x̃ + γ̃ ũ2
x̃) is (7.3). The function γ̃ is

nondecreasing because ζ is nonincreasing, and γ̃ = 1 on [r, 1] because ζ = 1 on [0, slo].
At q̃ = r the terminal datum of Lemma 2.4 is log Φ(x̃/

√
1 − r) = log Φ(y/

√
slo). The

identity for the L1 distance is the substitution q̃ = 1 − s/shi, and the diffusion statement
is Brownian scaling. For the last statement, the affine map (q̃, x̃) 7→ (1 − e2shi(1 − q̃), κ +

e
√

shi x̃) carries each Gaussian step of the Cole–Hopf recursion for γ̃ at margin 0 into
the corresponding step for γ at margin κ on [1 − e2shi, 1), and at level 1 − e2slo ≥ Qγ

both solutions are log Φ of the normalized position, by (2.9). This proves the claim
for step profiles, and the general case follows by the L1 limit that defines the solution
(Definition 2.2(iii)).

Consequently Lemmas 2.4, 2.9, and 2.10 apply to Uζ , with constants that depend only
on (slo, shi). We use them in the following rescaled form, for ζ ∈ K(d1, S) (so slo = d1
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and shi = S), levels s ∈ [d1, S], and Y the rescaled diffusion (C.1) started at (s, y) and
run down to level d1. Expectations are over Y. Under the dilation, λ̃ = ℓ/S, b̃ =

√
S Uy,

ṽ = v, and ψ̃ = Ψ/
√

S, where ψ̃ = λ̃b̃ + x̃ is the function of (2.21).

(R1) Uy(s′, Ys′) and Ψ(s′, Ys′) are martingales. At the wall, Uy(d1, y) = R(y/
√

d1)/
√

d1

and Ψ(d1, y) =
√

d1 R̄(y/
√

d1).
(R2) Ψ > 0, Ψy = 1 − v ∈ (0, 1), Ψyy = −vy ≥ 0, and v ≤ UyΨ ≤ (s/ℓ)v.
(R3) Ŷ = Y/ℓ satisfies dŶ = (ζΨ/ℓ2)dς + ℓ−1 dBς.
(R4) If ζ is a step profile, then

1 − v(s, y) = E
[(

1 − V(Yd1/
√

d1)
)

e−
∫ s

d1
ζ
ℓ v
]
, v(s, y) ≤ ℓ(s)

d1
EV(Yd1/

√
d1),

vy(s, y) = d−1/2
1 E

[
V′(Yd1/

√
d1) e−

∫ s
d1

ζ
ℓ (3v−1)

]
,

vyy(s, y) = d−1
1 E

[
V′′(Yd1/

√
d1) e−

∫ s
d1

ζ
ℓ (4v−1)

]
− 3 E

∫ s

d1

ζ(s′)
ℓ(s′)

vy(s′, Ys′)
2 e−

∫ s
s′

ζ
ℓ (4v−1) ds′.

Here each integral in an exponent is taken along the path, over the levels indicated.
Since

∫ s
d1

ζ/ℓ = log(ℓ(s)/d1) ≤ log(S/d1) and 0 < v < 1, every weight lies in
[(d1/S)3, S/d1].

(R1) and (R2) are Lb = 0, Lψ = 0, ψx = 1 − v, ψ > 0, and vx < 0 from Lemma 2.9(a),(b)
and Lemma 2.4(c), together with the sandwich (2.26), read through the dilation; the wall
values come from U(d1, y) = log Φ(y/

√
d1) and ℓ(d1) = d1. (R3) is Itô’s formula, since

dℓ/ dς = −ζ. For (R4), write Gs = 1
2 ∂yy + ζ Uy∂y. Differentiating (7.3) gives, on each

block of a step profile,

(∂s − Gs)v =
ζ

ℓ
v(1 − v), (∂s − Gs)(−Uyy) = −ζ U2

yy ≤ 0,

and, using ∂y(Gs f ) = Gs fy − (ζv/ℓ) fy,

(∂s − Gs)vy = −ζ

ℓ
(3v − 1)vy, (∂s − Gs)vyy = −ζ

ℓ
(4v − 1)vyy − 3

ζ

ℓ
v2

y.

These are the rescaled forms of Lemma 2.9(a). On each block U is smooth with derivatives
of polynomial growth, the drift ζUy is Lipschitz, and v, vy, vyy are continuous in s at the
breakpoints. Itô’s formula on each block and the Markov property give the Feynman–Kac
representations, with the values v(d1, y) = V(y/

√
d1), vy(d1, y) = V′(y/

√
d1)/

√
d1 and

vyy(d1, y) = V′′(y/
√

d1)/d1 at the wall, and with −Uyy(d1, ·) = V(·/
√

d1)/d1 for the
upper bound on v = −ℓUyy. The analogous bounds for the Sherrington–Kirkpatrick
model are cited before Lemma 7.7.
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The next lemma controls where the rescaled diffusion travels. Paths started far to the
left stay far to the left, and paths started to the right stay to the right, with Gaussian
probability.

Lemma C.3. There is C = C(d1, S) such that for ζ ∈ K(d1, S), s ∈ [d1, S] and Y started at
(s, y) the following hold.

(a) If y ≤ −C, then with probability at least 1 − 2e−y2/C, Ys′ ≤ y/C for all s′ ∈ [d1, s].
(b) If y ≥ 0, then with probability at least 1 − e−y2/C, Ys′ ≥ y/2 for all s′ ∈ [d1, s].
(c) Uy(s′, 0) ≤ C for all s′ ∈ [d1, S], and 0 < Ψ(s′, x)/ℓ(s′) ≤ C for x ≤ 0.

Proof. (c) Start Y at (s′, 0). The drift ζUy is nonnegative, so Yd1 is at least a centered
Gaussian variable N of variance s′ − d1 ≤ S. By (R1), since R is decreasing and R(z) ≤
R(0) + z− (Lemma 2.1(a)),

Uy(s′, 0) = E
R(Yd1/

√
d1)√

d1
≤ R(0) + EN−/

√
d1√

d1
≤ R(0) +

√
S/d1√

d1
=: CΨ.

Next, ∂x(Ψ/ℓ) = (1 − v)/ℓ ≥ 0 by (R2), and Ψ(s′, 0) = ℓUy(s′, 0); so 0 < Ψ(s′, x)/ℓ(s′) ≤
Uy(s′, 0) ≤ CΨ for x ≤ 0.

(a) By (R3) and (c), as long as Y ≤ 0 the drift of Ŷ is (ζ/ℓ)(Ψ/ℓ) ≤ CΨζ/ℓ. Hence Ŷs′ ≤
y/ℓ(s) + CΨ

∫ s
s′ ζ/ℓ+ Ns′ up to the first level at which Y reaches 0, where Ns′ =

∫
ℓ−1 dB

is a continuous Gaussian martingale with quadratic variation at most
∫ S

d1
ℓ−2 ≤ S/d2

1,
and

∫
ζ/ℓ ≤ log(S/d1). By the reflection principle, the event {sup |N| ≤ |y|/(4ℓ(s))}

has probability at least 1 − 2 exp(−y2d2
1/(32S3)), because ℓ(s) ≤ S. On this event, and if

|y| ≥ 4SCΨ log(S/d1), we get Ŷ ≤ y/(2ℓ(s)) < 0 up to that level; hence Y never reaches
0, and Ys′ = ℓ(s′)Ŷs′ ≤ d1y/(2S) for all s′ ∈ [d1, s].

(b) The drift is nonnegative, so Ys′ is at least y plus a Brownian increment over a time
at most S. By the reflection principle, the running minimum of that increment is below
−y/2 with probability at most 2Φ(−y/(2

√
S)) ≤ e−y2/(8S).

Proof of Lemma 7.2. All constants depend only on (d1, S). Let ζ ∈ K(d1, S) and let γ̃ ∈ Ur,
r = 1 − d1/S, be its dilation (Lemma C.2 with slo = d1, shi = S). Level s ∈ [d1, S]
corresponds to q̃ = 1− s/S ∈ [0, r], and x̃ = y/

√
S. Under the dilation λ̃(q̃) = ℓ(s)/S, the

top of γ̃ is 1− d/S with d as in §7.1, and the substitution t = 1− u/S gives
∫ 1−d/S

q̃ λ̃−1 =∫ s
d ℓ−1. Hence the function ω of Lemma 2.4(e), computed for γ̃, is

log
ℓ(s)

S
− 1

2
log

d
S
− 1

2

∫ s

d

du
ℓ(u)

− log
√

2π = ω(s)− 1
2

log S,

with ω(s) from (7.4).
(a) By Lemma 2.4(e) for γ̃ at margin 0, there are C, x∞ such that |λ̃b̃ − (−x̃) −

λ̃/(−x̃)| ≤ C|x̃|−3 for x̃ ≤ −x∞. Here λ̃b̃ = ℓUy/
√

S and −x̃ = |y|/
√

S, and
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Ψ = ℓUy − |y| for y < 0. The inequality becomes |Ψ(s, y) − ℓ(s)/|y|| ≤ CS2|y|−3 for
y ≤ −

√
S x∞.

(d) Left tail. The first estimate of Lemma 2.4(e) at q̃ = 0, together with x̃2/(2λ̃(0)) =
y2/(2ℓ0) and log(−x̃) = log |y| − 1

2 log S, gives∣∣∣U(S, y) +
y2

2ℓ0
+ log |y| − ω(S)

∣∣∣ ≤ CS
y2 (y ≤ −

√
S x∞).

For y ≤ −1 the left side is |Wζ(y)|. Bounded range. By Lemma 2.4(b), −C(1 +

y2/S) ≤ U(S, y) ≤ 0, and |ω(S)| is bounded by (7.1); hence Wζ is bounded on
[−max{1,

√
S x∞}, 0]. Right tail. For y > 0, Wζ(y) = U(S, y), and Lemma 2.4(d) at

q̃ = 0 gives 0 ≥ U(S, y) ≥ −Ce−y2/(8S). Together, |Wζ(y)| ≤ C(1 + y2)−1.
(b) Let first ζ be a step profile, and let CT be the constant of Lemma C.3. For y ≤ −CT,

let E be the event of Lemma C.3(a). On E, Yd1/
√

d1 ≤ y/(CT
√

d1), and since 1 − V is
increasing, Lemma C.1(a) gives 1 − V(Yd1/

√
d1) ≤ C(1 + y2)−1. The weight in (R4) is at

most one, and P(Ec) ≤ 2e−y2/CT . Hence 1 − v(s, y) ≤ C(1 + y2)−1 for y ≤ −CT, and the
same bound holds for −CT ≤ y ≤ 0 because 1 − v ≤ 1. For y ≥ 0, the second formula in
(R4), Lemma C.3(b) and V(z) ≤ 2(1 + z)ϕ(z) ≤ Ce−z2/4 for z ≥ 0 give v(s, y) ≤ Ce−y2/C.

(c) The same argument applies to the representations of vy and vyy in (R4), with the
weights bounded by S/d1, with |V′(z)|+ |V′′(z)| ≤ C(1 + |z|)−3 for z ≤ 0 and Gaussian
decay for z ≥ 0 (Lemma C.1(a)), and, in the source term of vyy, with the bound on vy just
obtained at every level s′: on the event E every Ys′ lies below y/CT.

General profiles in (b) and (c). Let ζn ∈ K(d1, S) be the step approximations (7.2) of ζ, so
that ζn → ζ in L1. By Lemma C.2 their dilations converge in L1(0, 1), so by Lemma 2.4(f)
the derivatives ∂k

yUζn(s, y), k ≤ 4, converge pointwise; also ℓn → ℓ uniformly. Hence v,
vy, vyy of ζn converge pointwise to those of ζ, and the bounds, whose constants do not
depend on n, pass to the limit.

Continuity. Let ζn → ζ in K(d1, S). As in the previous paragraph, Uζn(S, y) → Uζ(S, y)
for every y, and ωn(S) → ω(S) because ℓn → ℓ uniformly and ℓn, ℓ ≥ d1 on [d1, S].
Thus Wζn → Wζ pointwise, and the majorant C(1 + y2)−1 of (d) gives convergence in
L1(R) by dominated convergence. Finally, |ℓn − ℓ| ≤ ∥ζn − ζ∥L1 , so |Ã(ζn)− Ã(ζ)| ≤
1
8(2S + d1)d−2

1 ∥ζn − ζ∥L1 .

C.3 Proof of the compact-class expansion

Proof of Theorem 7.3. Constants below depend only on (d1, S) and on θ±. Let e be so small
that e2S ≤ 1

2 and that Lemma 4.6 applies; in particular |κ| ≤ e/2 by Lemma 4.6(a). Let
γ ∈ U have rescaled profile ζ ∈ K(d1, S), and use the declared level q1 = 1 − e2S ≥ 1

2 ,
with Y1 = (Bq1 − κ)/e and k1 = κ/

√
q1. The level q1 may lie below q0 = min supp µγ;

since ζ = 0 on (S, ∞), γ = 0 on [0, q1). We divide the proof into five steps.
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Step 1. An exact decomposition. By Lemma C.2, Uζ(S, y) = uγ(q1, κ + ey), so Uζ(S, ·) is
the function U(S, ·) of Definition 4.1. Also Γ(S) is the function Γ of Definition 4.1 at
level S (see after (7.4)), so ω(S) is the constant log ℓ0 − Γ(S)− log

√
2π of Proposition 4.5

at that level. Hence Proposition 4.5(a), applied at the declared level q1 (as permitted
by the paragraph after Lemma 4.3), holds with W = Wζ and with Y1 in place of Y0.
Put ρ = αΦ(k1); this is the number ρ of Proposition 4.5 at the declared level. Since
Γ̃ = Γ(S)− 1

2 log ℓ0 at the level S, 1
2(1 + ρ) log ℓ0 + (1 − ρ)Γ̃ = ρ log ℓ0 + (1 − ρ)Γ(S), and

Proposition 4.5(a) reads

Pκ(γ) = Ke(q1) +
ce(q1)

ℓ0
+ ρ log ℓ0 + (1 − ρ)Γ(S) + αEWζ(Y1), (C.2)

where ce(q1) = q1(1 − αm(k1))/(2e2) and Ke(q1) = log e − αE[log |Y1|; Y1 ≤ −1] −
ρ log

√
2π are the coefficients of Proposition 4.5 at the level q1.

Step 2. The coefficients. By Lemma 4.6(b) at the level q1, that is, with s0 replaced by S:

(i) ce(q1) = 2ϕ0θ + e[(ϕ0 − 1
8ϕ0

)θ + S
8 ] + O(e2), and ℓ0 ≥ d1;

(ii) ρ = 1 + e
4 + O(e2); since ℓ0 ∈ [d1, S] and Γ(S) ∈ [1

2 log d1, 1
2 log d1 + S/(2d1)],

ρ log ℓ0 = log ℓ0 +
e
4 log ℓ0 + O(e2) and (1 − ρ)Γ(S) = − e

4 Γ(S) + O(e2);
(iii) |Ke(q1)− Ke| ≤ Ce2Le.

Step 3. The remainder. The density of Y1 is pe(y) = (e/
√

q1) ϕ((ey + κ)/
√

q1). Since
q−1/2

1 ≤ 1 + e2S, ϕ0 − ϕ(w) ≤ ϕ0 min{1, w2/2} and (ey + κ)2/q1 ≤ 2e2(1 + |y|)2,

|αpe(y)− 2eϕ0| ≤ 2eϕ0
∣∣(1 + e

2)q
−1/2
1 − 1

∣∣+ (2 + e)eϕ0√
q1

min
{

1, e2(1 + |y|)2}
≤ Ce

[
e + min{1, e(1 + |y|)}

]
.

By Lemma 7.2(d), splitting the integral at |y| = 1/e,∣∣∣αEWζ(Y1)− 2eϕ0

∫
R

Wζ

∣∣∣ ≤ Ce
∫

R

e + min{1, e(1 + |y|)}
1 + y2 dy ≤ Ce2Le.

Step 4. Summation. Summing Steps 2 and 3 in (C.2), the terms of order one are Ke +

2ϕ0θ/ℓ0 + log ℓ0 = Ke + Ψθ(ℓ0), the other terms are O(e2Le), and the terms of order e are

gθ(ℓ0) +
S

8ℓ0
− Γ(S)

4
+ 2ϕ0

∫
Wζ ,

S
8ℓ0

− Γ(S)
4

=
1
8

[∫ S

d1

( 1
ℓ0

− 1
ℓ(s)

)
ds +

d1

ℓ0
− log d1

]
= Ã(ζ).

This proves (7.6). The continuity of P (1) is part of Lemma 7.2.
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Step 5. The scaling identity. Let c = ℓ0 and ζ̃ = ζ(c ·) ∈ K1(d1/c, S/c). The equation
(7.3), including its initial condition, is invariant under s 7→ cs, y 7→

√
c y, ζ 7→ ζ(c ·), so

Uζ(s, y) = U
ζ̃
(s/c, y/

√
c). Also ℓζ(s) = c ℓ

ζ̃
(s/c), and the substitution s = cs′ in (7.4)

gives Γζ(S) = Γ
ζ̃
(S/c) + 1

2 log c and ωζ(S) = ω
ζ̃
(S/c) + 1

2 log c, where the functions of ζ̃

are computed with the class parameters (d1/c, S/c). Hence, with y =
√

c y′,

Wζ(y) = W
ζ̃
(y′) + 1

2 log c
[
1{y′≤−c−1/2} − 1{y′≤0}

]
+ log |y′|

[
1{y′≤−c−1/2} − 1{y′≤−1}

]
.

Put b = c−1/2, so that 1
2 log c = − log b. The first bracket equals −1(−b,0], and its term

integrates to b log b. If b ≥ 1, the second bracket equals −1(−b,−1], and its term integrates

to −
∫ b

1 log u du = −(b log b − b + 1); if b < 1, it equals 1(−1,−b], and its term integrates

to
∫ 1

b log u du = −1 − b log b + b. In both cases the two terms integrate to b − 1, so∫
Wζ =

√
c
∫

W
ζ̃
+ 1 −

√
c. The substitution s = cs′ also gives Ã(ζ) = A(ζ̃) − 1

8 log c.

Therefore P (1)(ζ) = A(ζ̃) + 2ϕ0
√

c (
∫

W
ζ̃
− 1)− 1

8 log c + 2ϕ0, which is (7.7).

C.4 Differentiability along ordered rays and the second variation

We work in the setting of §7.5: Tϑ = T0 + ϑK, with T0, T1 the inverse profiles of normalized
step profiles on a common grid and K ≥ 0. For ϑ ∈ [0, 1] all ζϑ lie in the fixed class
K1(l0, max{T0(1), T1(1)}), so the constants of Lemmas 7.2 and C.3 are uniform in ϑ. In the
variable l we have v = lc, vy = lcy, and vyy = lcyy, and the diffusion of Definition 7.8 is the
rescaled diffusion (C.1) after the change of variable s = Tϑ(l), because σϑ ζϑ(Tϑ(l)) = 1.

Lemma C.4. For each (l, y), ϑ 7→ Uϑ(l, y) is of class C2, and U̇, Ü solve (7.17), with

U̇(l, y) = −1
2

E

∫ l

l0
σ̇(λ) c(λ, Yλ)dλ, Ü(l, y) = E

∫ l

l0

(
U̇2

y + σ̇ U̇yy
)
(λ, Yλ)dλ,

where Y starts at (l, y) and runs downward in l. Put Γ̇(l) = 1
2

∫ l
0 σ̇(λ)λ−1 dλ. There is C,

uniform in ϑ ∈ [0, 1] and l ∈ [l0, 1], such that:

(a) |U̇(l, y) + Γ̇(l)1{y≤0}|+ |Ü(l, y)| ≤ C(1 + y2)−1;

(b) |cy|+ |cyy|+ |U̇y|+ |U̇yy|+ |Zy|+ |Zyy| ≤ C(1 + |y|)−3 for y ≤ 0, and ≤ Ce−y2/C for
y ≥ 0, where Z = U̇ + K

2 c.

Consequently I ∈ C2([0, 1]), and

I′(ϑ) =
∫

R

[
U̇(1, y) + Γ̇(1)1{y≤0}

]
dy,

I′′(ϑ) =
∫

R
Ü(1, y)dy =

∫ 1

l0

∫
R

pl
(
U̇2

y + σ̇ U̇yy
)

dy dl.
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Proof. Smoothness. On each block, (7.13) expresses Uϑ as σj log of a Gaussian integral of
exp(Uϑ(lj−1, ·)/σj), where σj = σj(ϑ) is affine in ϑ and at least one on [0, 1], hence positive
on a neighborhood of [0, 1]. The integrand is at most one, and derivatives in ϑ and y
produce polynomial factors. The Gaussian integral is at least exp(−C(1 + y2)), because
Uϑ(lj−1, x) ≥ Uϑ(lj−1, 0) + b(lj−1, 0)x − x2/(2lj−1) by concavity and c ≤ 1/l (Lemma 7.7,
which holds for every positive σ). To control derivatives of the logarithm, use the tilted
Gaussian moment argument of Lemma A.1(iii): the negative log density has curvature
between τ−1 and τ−1 + (σjlj−1)

−1, where τ = σj(l − lj−1), and its mode has at most linear
growth in y. Its polynomial moments therefore have polynomial growth in y, uniformly
for block parameters in compact sets. Parameter derivatives of the Gaussian variance can
be taken as ∂τPτ f = 1

2 Pτ fyy, so this argument remains valid as τ ↓ 0. Induction over the
finite set of blocks now shows that Uϑ is smooth in (ϑ, y) on each block, with derivatives
of polynomial growth in y, locally uniformly in ϑ, and continuous in l. Differentiating
(7.11) in ϑ gives (7.17). The drift b is Lipschitz in y, and the equations for U̇, Ü are linear,
without potential, with sources of polynomial growth and zero data at l0; Itô’s formula
on each block and the Markov property give the representations.

Tails. The bounds (b) for cy, cyy are Lemma 7.2(c), because l ≥ l0. Differentiate the
representation of U̇ in y along the flow. Its Jacobian Jλ = ∂yYλ = exp(−

∫ l
λ c(λ′, Yλ′)dλ′)

lies in (0, 1] and satisfies ∂y Jλ = −Jλ

∫ l
λ cy(λ′, Yλ′)Jλ′ dλ′. Since cy and cyy are bounded,

differentiation under the expectation is legitimate, and

|U̇y(l, y)| ≤ C E

∫ l

l0
|cy(λ, Yλ)|dλ, |U̇yy(l, y)| ≤ C E

∫ l

l0

(
|cyy|+ |cy|

∫ l

λ
|cy|

)
(λ, Yλ)dλ.

By Lemma C.3(a),(b), read in the variable l, for y ≤ −C the path stays below y/C with
probability at least 1 − 2e−y2/C, and for y ≥ 0 it stays above y/2 with probability at least
1 − e−y2/C. Since cy and cyy are bounded, this transfers their tails to U̇y and U̇yy, and
hence to Zy = U̇y +

K
2 cy and Zyy = U̇yy +

K
2 cyy. For (a), when y ≤ 0,

U̇(l, y) + Γ̇(l) =
1
2

E

∫ l

l0

σ̇(λ)

λ

(
1 − v(λ, Yλ)

)
dλ,

and 1 − v is bounded by one and by C(1 +Y2
λ)

−1 when Yλ ≤ 0 (Lemma 7.2(b)); bounding
|σ̇| and using the transport estimate gives |U̇ + Γ̇| ≤ C(1 + y2)−1. No sign of σ̇ = K′

is required here: an ordered segment K ≥ 0 can have K′ of both signs. When y > 0,
|U̇| ≤ C E

∫
c(λ, Yλ)dλ, and c = v/λ has Gaussian decay on the right. The bound on Ü

follows from its representation, (b), and the transport estimate.
Derivatives of I. In (7.12), the counterterms are affine in σ, so the first and second

ϑ-derivatives of the integrand are U̇(1, y) + Γ̇(1)1{y≤0} and Ü(1, y). They are continuous
in ϑ and dominated by C(1 + y2)−1 uniformly in ϑ, so we may differentiate under
the integral. Finally, the representation of Ü and Fubini’s theorem give

∫
Ü(1, y)dy =
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l0

∫
pl (U̇2

y + σ̇U̇yy), because pl is the density of the image of Lebesgue measure under the
flow from level 1 to level l. The integrand is absolutely integrable by (b) and pl ≤ 1/l0.

The same argument gives a transport identity for the flat density. Let l0 ≤ l′ < l ≤ 1,
and let g be C1,2 on each block and continuous in the level, such that g and f := gl − Gg
are bounded on [l′, l]×R, g(l, ·) and g(l′, ·) are integrable, and

∫ l
l′
∫

R
| f | < ∞. Integrating

the Feynman–Kac formula g(l, y) = Eg(l′, Yl′) + E
∫ l

l′ f (λ, Yλ)dλ, for Y started at (l, y),
against pl(y)dy, and using that Yλ then has density pλ for λ ≤ l, we obtain∫

R
pl g(l, ·)−

∫
R

pl′ g(l′, ·) =
∫ l

l′

∫
R

pλ f (λ, ·)dλ. (C.3)

Proof of Proposition 7.10. By Lemma C.4, I ∈ C2([0, 1]) and I′′ =
∫∫

p (U̇2
y + K′U̇yy), since

K′ = σ̇. Write D = ∂l − G. The commutator ∂y(G f ) = G fy − c fy gives D( fy) = ∂y(D f )−
c fy. With Dc = −c2 and DZ = −1

2 Kc2 from (7.18), this gives

Dcyy = −3c2
y − 4ccyy, DZyy = −K(c2

y + ccyy)− cyZy − 2cZyy.

Put Ω = KZyy − 1
4 K2cyy. Since K depends on l only, D(K f ) = K′ f + KD f , and therefore

DΩ = K′Zyy − KcyZy − 2KcZyy − 1
2 KK′cyy − 1

4 K2c2
y.

Substituting U̇ = Z − 1
2 Kc, we obtain the pointwise identity

U̇2
y + K′U̇yy =

(
Zy − 1

2 Kcy
)2

+ K′(Zyy − 1
2 Kcyy

)
= Z2

y + 2KcZyy +
1
2 K2c2

y +DΩ.

Every term is integrable against p dy dl on [l0, 1]×R, by Lemma C.4(b), the boundedness
of c, cy, K, K′ and p ≤ 1/l0; the same bounds verify the hypotheses of (C.3) for g = Ω. By
(C.3) with l′ = l0 and l = 1,∫ 1

l0

∫
R

pDΩ =
∫

R
p1Ω(1, ·)−

∫
R

pl0Ω(l0, ·) = 0.

Indeed, K(l0) = 0; and p1 = 1, while
∫

Ω(1, ·) = K(1)
∫
Zyy(1, ·)− 1

4 K(1)2
∫

cyy(1, ·) = 0
because Zy(1, ·) and cy(1, ·) tend to zero at ±∞. Finally, integrating by parts in y,∫

R
plcZyy dy = −

∫
R
(plc)y Zy dy.

The boundary terms vanish because plc is bounded and Zy tends to zero, and the right
side converges because plc is bounded and monotone (Proposition 7.9) and Zy is bounded.
This proves (7.19).
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Proofs for the local analysis at the crossing

This appendix proves the lemmas of Chapter 8. §D.1 proves the signs of the flat constants
(Lemma 8.2). §D.2 computes the transition kernel of the replica-symmetric top diffusion
(Lemma D.1), uses it to prove Proposition 8.4, and proves Lemma 8.5. §D.3 proves the
natural-scale continuity Lemma 8.6 by one compactness argument in rescaled variables.
§D.4 proves the bottom comparison Lemma 8.7 by a weighted parabolic comparison.
Throughout we use the Gaussian facts of Lemmas 2.1 and C.1; in particular R′ = −V,
R̄′ = 1 − V, and the identity (2.2) for V′′.

D.1 Flat constants

Proof of Lemma 8.2. Put pV =
∫
(1− 2V)V′2. By (2.2) and (2R + z)′ = 1− 2V, multiplying

(2.2) by V′′ and integrating by parts gives∫
(2R + z)V′V′′ = −1

2

∫
(1 − 2V)V′2,

∫
V(1 − V)V′′ = −

∫
(1 − 2V)V′2,

where the boundary terms (2R + z)V′2 and V(1 − V)V′ vanish at ±∞ by Lemma C.1(a).
Hence I2 = 1

2 pV + 2pV = 5
2 pV .

Next let F ∈ C2([0, 1]) with F(0) = F(1) = 0. By (2.2), the derivative of F′(V)V′ +
(2R + z)F(V) is F′′(V)V′2 − 2F′(V)V(1 − V) + (1 − 2V)F(V). This function tends to
zero at ±∞: at +∞ by the Gaussian decay of V and V′, and at −∞ because F(V) =

O(1 − V) = O(z−2), 2R + z = O(|z|), and V′ → 0 (Lemma C.1(a)). Hence∫
F′′(V)V′2 =

∫ [
2F′(V)V(1 − V)− (1 − 2V)F(V)

]
.

The choice F(v) = (v2 − v)/2 gives AV =
∫

V(1 − V)(V − 1
2) = BV − 1

2 c0, and the
choice F(v) = v2(1 − v)/2 gives

∫
(1 − 3V)V′2 = 1

2

∫
V2(1 − V)(3 − 4V). Since

∫
VV′2 =

1
2(AV − pV), these identities give∫

(3V − 1)V′2 =
AV − 3pV

2
,

∫
V2(1 − V)(1 − 3V) =

9pV − 3AV − 5BV

4
.

327
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With pV = 2
5I2 we obtain, for every k ∈ R,

∫ [
V′′2 + 4k(3V − 1)V′2 + 2k2V2(1 − V)(1 − 3V)

]
=

1 + (3k − 2)2

5
I2

+
(

2k − 3
2

k2
)

AV − 5
2

k2BV .

At k = xf we have AV = 2xfBV and BV(1 − 2xf) = BV − AV = 1
2 c0, so the last two terms

equal 3
2 x2

f (1 − 2xf)BV = 3
4 x2

f c0. This is the formula for Σflat, which is positive because
I2 > 0. Finally xf = AV/(2BV) =

1
2 − c0/(4BV) is positive because AV > 0, and xf <

1
4

because c0 =
∫

V(1 − V) >
∫

V2(1 − V) = BV , as 0 < V < 1.

D.2 The replica-symmetric kernel, obstacle, and family

For 0 < ρ < 1 and z0, z ∈ R put

Πρ(z0, z) =
√

ρ ϕ1−ρ

(√
ρ z − z0

) Φ(z)
Φ(z0)

, ν(z) = Φ(z)2ez2/2,

where ϕs is the N(0, s) density. For c ∈ R let gc(z0) = Πρ(z0, (−∞, c])− 1{z0≤c}.

Lemma D.1. (a) Πρ(z0, ·) is the law at time log(1/ρ) of the diffusion (7.20) started at z0; in
particular ΠρΠρ′ = Πρρ′ . The detailed balance identity ν(z0)Πρ(z0, z) = ν(z)Πρ(z, z0)

holds, ν is strictly increasing,
∫ c
−∞ ν < ∞ for every c, and Πρ(z0, ·) is strictly increasing in

z0 in the likelihood ratio order. Moreover Πρ(z0, ·) is the law of

√
ρ z0 +

1 − ρ
√

ρ
T +

√
1 − ρ N,

where T has the law of N(z0, 1) conditioned on [0, ∞) and N ∼ N(0, 1) is independent of T.
(b)

∫
ν|gc| ≤ 2

∫ c
−∞ ν and

∫
νgc = 0 for every c.

(c) Put κ1 = min[−1,1](2R(z) + z) and κ2 = ϕ(2)Φ(−4). Then κ1 ≥ min{2ϕ(1), 4ϕ0 −
1} > 0, and gc(z0) ≥ κ2 whenever ρ ∈ [1

4 , 1), c ∈ [−1, 0] and z0 ∈ (c, c +
√

1 − ρ).
(d) Let p0 = ν f0 be a probability density with f0 nonincreasing, let Z0 ∼ p0, and let

Zρ have the law
∫

p0(z0)Πρ(z0, ·)dz0. Then Zρ has the density ν fρ with fρ(z) =∫
Πρ(z, z0) f0(z0)dz0 nonincreasing, and

P(Zρ ≤ c)− P(Z0 ≤ c) =
∫

ν
(

f0 − f0(c)
)

gc ≤ 0 (c ∈ R).

If f0 is strictly decreasing, then fρ is strictly decreasing, the inequality is strict for every c,
and Eh(Zρ) < Eh(Z0) for every bounded, strictly decreasing h ∈ C1(R) with h′ integrable.
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Proof. (a) Consider the order parameter 1[0,1] at the margin 0. By (2.9), u(q, x) =

log H(q, x) with H(q, x) = Φ(x/
√

1 − q) on [0, 1), and Hq +
1
2 Hxx = 0. Hence the

diffusion (2.14) with drift b = Hx/H, started at (0, z0), is the Doob transform of
Brownian motion by H, with transition densities ϕq2−q1(x2 − x1)H(q2, x2)/H(q1, x1)

by (2.19). Put Zς = Xq/
√

1 − q with ς = log(1/(1 − q)). Itô’s formula gives
dZ = (R(Z) + 1

2 Z)dς + (1− q)−1/2 dBq, and the martingale part is a Brownian motion in
the time ς; so Z solves (7.20), whose drift has the bounded derivative 1

2 − V, so that its so-
lution is unique. In the variables xi =

√
1 − qi zi, with ρ = (1− q2)/(1− q1), the transition

density of Z becomes
√

1 − q2 ϕq2−q1(
√

1 − q2 z2 −
√

1 − q1 z1)Φ(z2)/Φ(z1) = Πρ(z1, z2).
This proves the first assertion; the semigroup property follows from the Markov property
and time homogeneity.

For detailed balance, ν(z0)Πρ(z0, z) = Φ(z0)Φ(z)
√

ρ (2π(1 − ρ))−1/2eE with E =

(2
√

ρ zz0 − ρz2 − ρz2
0)/(2(1 − ρ)), which is symmetric in (z0, z). Next (log ν)′ =

2R + z > 0, because R(z) > z− (Lemma 2.1(a)). For z < −1, Φ(z) ≤ ϕ(z)/|z|
(Lemma 2.1(b)) gives ν(z) ≤ e−z2/2/(2πz2), so

∫ c
−∞ ν < ∞. The mixed derivative

∂z∂z0 log Πρ(z0, z) =
√

ρ/(1 − ρ) > 0 gives the strict likelihood ratio order. For the
representation, let Y′ ∼ N(z0/

√
ρ, (1 − ρ)/ρ) and G′ ∼ N(0, 1) be independent. The

density of Y′ is
√

ρ ϕ1−ρ(
√

ρz − z0), and P(G′ ≤ Y′) = Φ(z0), so Πρ(z0, ·) is the
law of Y′ conditioned on {G′ ≤ Y′}. Put W = G′ − Y′, so that Var W = 1/ρ and
Cov(Y′, W) = −(1− ρ)/ρ. Gaussian regression gives Y′ =

√
ρ z0 − (1− ρ)W +

√
1 − ρ N

with N ∼ N(0, 1) independent of W. Writing −W = T/
√

ρ with T ∼ N(z0, 1), the event
{G′ ≤ Y′} is {T ≥ 0}, which proves the representation.

(b) Detailed balance and Tonelli’s theorem give∫
ν(z0)Πρ

(
z0, (−∞, c]

)
dz0 =

∫ c

−∞
ν(z)

(∫
Πρ(z, z0)dz0

)
dz =

∫ c

−∞
ν < ∞.

Subtracting
∫ c
−∞ ν gives

∫
νgc = 0, and the sum of the two integrals bounds

∫
ν|gc|.

(c) On [0, 1], 2R + z ≥ 2R ≥ 2ϕ(1). On [−1, 0], R ≥ R(0) = 2ϕ0, so 2R + z ≥
4ϕ0 − 1 > 0. Let ρ ∈ [1

4 , 1), c ∈ [−1, 0] and z0 ∈ (c, c +
√

1 − ρ) ⊂ (−1, 1). Then
gc(z0) = Πρ(z0, (−∞, c]). On the event {T ≤ 1, N ≤ −4} the variable of (a) is at most√

ρz0 + 2(1 − ρ) − 4
√

1 − ρ, because (1 − ρ)/
√

ρ ≤ 2(1 − ρ). Moreover c − √
ρz0 ≥

c(1 − √
ρ) − √

ρ
√

1 − ρ ≥ −(1 − ρ) −
√

1 − ρ, and 3(1 − ρ) ≤ 3
√

1 − ρ. Hence the
variable is at most c on this event. Since P(T ≤ 1) ≥ Φ(1 − z0)− Φ(−z0) ≥ ϕ(2) and T,
N are independent, gc(z0) ≥ κ2.

(d) By detailed balance,
∫

ν(z0) f0(z0)Πρ(z0, z)dz0 = ν(z) fρ(z). By the likelihood ratio
order (see [114]), Πρ(z, ·) is stochastically increasing in z, strictly because it has a positive
density; so fρ is nonincreasing, and strictly decreasing if f0 is. Next, P(Zρ ≤ c)− P(Z0 ≤
c) =

∫
p0gc =

∫
ν( f0 − f0(c))gc, where we used

∫
νgc = 0 and the integrability of νgc

from (b). The integrand is nonpositive: for z0 ≤ c, gc ≤ 0 and f0(z0) ≥ f0(c); for z0 > c,
gc ≥ 0 and f0(z0) ≤ f0(c). If f0 is strictly decreasing, the integrand is negative on (−∞, c),
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where gc = −Πρ(·, (c, ∞)) < 0. Finally, for h as stated, h(z) = h(+∞) +
∫ ∞

z |h′(c)|dc, and
Tonelli’s theorem gives Eh(Zρ)− Eh(Z0) =

∫
|h′(c)|[P(Zρ ≤ c)− P(Z0 ≤ c)]dc < 0.

We now describe the Parisi diffusion of γd at κd. Write β = βd =
√

δd/qd and
k = κd/

√
qd, and let Zd = (Xqd − κd)/

√
δd. Since Xqd = Bqd , Zd has the density

wd(z) = βϕ(k + βz).
Above the atom. On [qd, 1), γd = 1 and u(q, x) = log Φ((x − κd)/

√
1 − q) by (2.9). The

computation in the proof of Lemma D.1(a), with the margin κd and the initial level qd,
shows that Zρ := (Xq − κd)/

√
1 − q, with ρ = ŝ(q) ∈ (0, 1], starts from Z1 = Zd and has

the transition kernels Π. By (2.10), v(q, Xq) = V(Zρ), so Sd(q) = αEV(Zρ)2.
Below the atom. On [0, qd), γd = 0, X = B, and λd = δd. By Lemma 2.9(a), Lc =

γc2 = 0 there, so c(q, ·) is the heat flow of c(qd, ·). With Z′
q = (Xq − κd)/

√
δd and

t = ŝ(q)− 1 = (qd − q)/δd, this gives v(q, Xq) = E[V(Z′
q +

√
tG) | Z′

q], where G ∼ N(0, 1)
is independent of Z′

q, and Z′
q +

√
tG has the law of Zd.

We use the positive constants κ1,κ2 of Lemma D.1(c) and

κ3 = (2Φ(1)− 1) min
[−2,2]

|V′|,

κ4 =
(V(−1)2 − V(0)2) ν(−1) ϕ(1)κ1κ2

4ν(1)
,

κ5 = 2ϕ(1)κ2
3 ;

they are positive because V′ < 0 (Lemma 2.1(a)).

Proof of Proposition 8.4. By Proposition 3.8(iii) and |κd| ≤ e, we may choose eo so small
that for 0 < e < eo:

β2 ≤ 1
2 , β|k| ≤ ϕ0, β + |k| ≤ 1√

3
, β|k|+ β2 ≤ 1

2κ1,

|κd|+
√

δd ≤
√

qd − δd, cβe ≤ β ≤ Cβe,

with numerical cβ, Cβ > 0.
(a) Below qd. By (8.4) with γd = 0, S′

d = αN > 0 on [0, qd), since vx < 0; so Sd is
strictly increasing on [0, qd].

Above qd. Let f0 = wd/ν. Then (log f0)
′(z) = −β(k + βz)− (2R(z) + z). For z ∈ [0, 1],

2R(z) + z ≥ 2ϕ(1) > ϕ0; for z > 1, 2R + z > 1 > ϕ0; in both cases −β(k + βz) ≤ β|k|. For
z = −t < 0, −β(k + βz) ≤ β|k|+ β2t ≤ β|k|+ 1

2 t, and

2R(−t)− 3
2 t > max

{1
2 t, 4ϕ0 − 3

2 t
}
≥ ϕ0,

because R(−t) > t (Lemma 2.1(b)) and R(−t) > R(0) = 2ϕ0, as R is decreasing. In
all cases (log f0)

′ < β|k| − ϕ0 ≤ 0, so f0 is strictly decreasing. Let 0 < ρ′ < ρ ≤ 1. By
Lemma D.1(d) (with nothing to prove if ρ = 1), Zρ has a density ν fρ with fρ strictly
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decreasing. By the semigroup property, Zρ′ is obtained from Zρ by the kernel Πρ′/ρ.
Applying Lemma D.1(d) again, with the initial density ν fρ and the strictly decreasing
function h = V2 (for which |h′| = 2V|V′| is integrable), gives EV(Zρ′)

2 < EV(Zρ)2.
Hence Sd is strictly decreasing on [qd, 1).

Since Sd(qd) = 1 and Dd(qd) = 0, the function Dd(q) =
∫ q

qd
(Sd − 1)λ−2

d is positive on
[0, qd) and negative on (qd, 1). As H′

d = −Dd/2, the point qd is the unique minimum
point of Hd on [0, 1).

(b) Above qd. Let ρ ∈ [1
4 , 1) and let q be the level with ŝ(q) = ρ. Put h = V2. Since h

is decreasing with h(+∞) = 0, Tonelli’s theorem gives Eh(Z) =
∫
|h′(c)|P(Z ≤ c)dc for

every random variable Z. Since 1− Sd(q) = α(Eh(Z1)−Eh(Zρ)), and since the integrand
in Lemma D.1(d) is nonpositive everywhere,

1 − Sd(q) = α
∫

|h′(c)|
[
P(Z1 ≤ c)− P(Zρ ≤ c)

]
dc,

P(Z1 ≤ c)− P(Zρ ≤ c) =
∫

ν | f0 − f0(c)| |gc|.

Restrict to c ∈ [−1, 0] and z0 ∈ (c, c +
√

1 − ρ) ⊂ (−1, 1). There gc(z0) ≥ κ2 by
Lemma D.1(c), and ν(z0) ≥ ν(−1). On [−1, 1] we have wd ≥ βϕ(1), because |k + βz| ≤ 1,
and ν ≤ ν(1), so f0 ≥ βϕ(1)/ν(1); also |(log f0)

′| ≥ κ1 − β|k| − β2 ≥ 1
2κ1. Hence

| f0(z0) − f0(c)| ≥ βϕ(1)κ1(z0 − c)/(2ν(1)), and integrating over z0 and then over
c ∈ [−1, 0], where

∫ 0
−1 |h

′| = V(−1)2 − V(0)2,

1 − Sd(q) ≥ αβκ4 (1 − ρ) (1
4 ≤ ŝ(q) = ρ < 1).

Since Dd(qd) = 0, (8.2) for γd gives Gd(q) = Ad(qd, q). For q ≥ qd we have λd(r′) =

1 − r′ = δdŝ(r′), and in the variable ŝ′ = ŝ(r′),

Gd(q) =
1
2

∫ 1

ŝ(q)

(
ŝ′ − ŝ(q)

)(
1 − Sd

)
ŝ′−2 dŝ′

≥ αβκ4

2

∫ 1

ŝ(q)
(ŝ′ − ŝ(q))(1 − ŝ′)dŝ′ =

αβκ4

12
(
1 − ŝ(q)

)3

for 1
4 ≤ ŝ(q) ≤ 1.
Below qd. Let q < qd with t = ŝ(q)− 1 ∈ (0, 1]. Since αEV(Zd)

2 = Sd(qd) = 1, the
description below the atom gives

1 − Sd(q) = αE Var
(
V(Z′

q +
√

tG)
∣∣ Z′

q
)
.

For a C1 function F with bounded derivative, the Cauchy–Schwarz inequality and
Gaussian integration by parts give Var F(

√
tG) ≥ (E[F(

√
tG)G])2 = t(EF′(

√
tG))2,

which is the lower bound of [26]. For |z| ≤ 1 and t ≤ 1, |EV′(z +
√

tG)| ≥
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E[|V′(z +
√

tG)|; |G| ≤ 1] ≥ κ3, because V′ < 0. The density of Z′
q at z ∈ [−1, 1] is√

δd/q ϕ((κd +
√

δdz)/
√

q) ≥ βϕ(1), because q ≤ qd and |κd|+
√

δd ≤
√

qd − δd ≤ √
q.

Hence 1 − Sd(q) ≥ αβκ5t for t ∈ (0, 1]. Since λd = δd on [0, qd], in the variable
t′ = ŝ(r′)− 1,

Gd(q) =
1
2

∫ t

0
(t − t′)

(
1 − Sd

)
dt′ ≥ αβκ5

12
t3.

Saturation. By (a), Gd decreases in ŝ on (0, 1] and increases on [1, ∞). For ŝ < 1
4 and

ŝ > 2 we may therefore use the values at 1
4 and at 2. With κo = min{κ4,κ5} this gives

Gd ≥ 1
12 αβκo min{|ŝ − 1|, 3

4}3, and αβ ≥ 2cβe.
(c) Above qd. Let ρ = ŝ(q) ∈ [1

4 , 1) and ς = log(1/ρ). By (7.25), the generator of (7.20)
maps V2 to k1 = V′2 − 2V2(1 − V), which is bounded and integrable. Dynkin’s formula
gives Sd(qd)− Sd(q) = −α

∫ ς
0 Ek1(Ze−r)dr. The drift of (7.20) has derivative 1

2 −V ≥ −1
2 .

Hence two solutions driven by the same Brownian motion and started at z0 < z1 satisfy
Zz1

r − Zz0
r ≥ e−r/2(z1 − z0) by Gronwall’s inequality, so the map z0 7→ Zz0

r is increasing
and the preimage of an interval of length h is an interval of length at most er/2h. Since Z
at time 0 has the density wd and is independent of the driving Brownian motion, the law
of Z at time r has a density at most er/2 sup wd ≤ er/2βϕ0. Therefore

0 ≤ 1 − Sd(q) ≤ αβϕ0∥k1∥L1

∫ ς

0
er/2 dr ≤ 2αβϕ0∥k1∥L1 log

1
ρ
≤ 8αβϕ0∥k1∥L1(1 − ρ),

where the lower bound is (a), and we used ς ≤ log 4 and log(1/ρ) ≤ (1 − ρ)/ρ.
Below qd. The Gaussian Poincaré inequality Var F(

√
tG) ≤ tEF′(

√
tG)2 [41] (see also

[21, Theorem 3.20]) gives 1 − Sd(q) ≤ αtEV′(Zd)
2 ≤ αtβϕ0AV .

In both cases 0 ≤ 1 − Sd ≤ C′
oe|ŝ − 1| for |ŝ − 1| ≤ 3

4 , with a constant C′
o. Since λ̂d =

λd/δd = min{ŝ, 1} ≥ 1
4 there, integration gives |δdDd(q)| = |

∫
[1,ŝ(q)](1 − Sd)λ̂

−2
d dŝ′| ≤

16C′
oe|ŝ − 1|2 and Gd(q) ≤ 8C′

oe|ŝ − 1|3. With Co = 16C′
o this proves (c).

Proof of Lemma 8.5. Throughout, η ≤ 1
4 d0, q ∈ Wη, and |κ − κd| ≤ ηe2, so that δq ∈

[1
4 d0e2, 3d0e2] and q ≥ 1

2 for small e.
Derivative formulas. By (3.2),

∂qDRS =
SRS − 1

δ2
q

− 2α

δ2
q

E
[
R2(1 − V)

]
(Zq) +

2DRS

δq
. (D.1)

Next SRS(q) = αEp(q, Bq) with p(q, x) = V((x − κ)/
√

δq)2, and Itô’s formula, with
∂q

x−κ√
δq

= x−κ

2δ3/2
q

and (2.2), gives

∂qSRS =
α

δq
E
[
V′2 + V(V′′ + zV′)

]
(Zq) =

α

δq
E
[
V′2 − 2RVV′ − 2V2(1 − V)

]
(Zq).
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Differentiation under the expectation, justified by the boundedness of V, V′ and R(z) ≤
R(0) + z−, gives

∂κSRS = − 2α√
δq

E[VV′](Zq), ∂κDRS =
2α

δ3/2
q

E[RV](Zq).

Bounds. The density of Zq is
√

δq/q ϕ((κ +
√

δqz)/
√

q). It is at most
√

2δq ϕ0 ≤ Ce,
and at least

√
δq ϕ(1) ≥ ce on [−1, 1] for small e. The functions V′2, RVV′, V2(1 −

V), and VV′ are integrable by Lemma C.1(a), and V′2 is bounded below on [−1, 1].
Moreover RV ≤ R ≤ R(0) + z− and E|Zq| ≤ (1 + |κ|)/

√
δq. The function R2(1 − V)

is bounded, by Lemma 2.1(a),(b). For z = −t ≤ −2, Lemma 2.1(a),(b) give R(z) > t
and 1 − V(z) ≥ 1

3 R̄(z)2 ≥ 1
3(t

−1 − 3t−3)2 ≥ 1
48 t−2, so R2(1 − V) ≥ 1

48 on (−∞,−2]; and
P(Zq ≤ −2) = Φ((κ − 2

√
δq)/

√
q) ≥ 1

4 for small e. Hence

|∂qSRS| ≤
C
e

, |∂κSRS| ≤ C, |∂κDRS| ≤
C
e4 ,

ce ≤ Aw(q) ≤ Ce, E
[
R2(1 − V)

]
(Zq) ≥ 1

192
.

(D.2)

This proves (c) and the first sentence of (b).
(a) At (qd, κd) we have SRS = 1 and DRS = 0. By (D.2), |SRS − 1| ≤ Cηe on Wη ×

[κd − ηe2, κd + ηe2], and |DRS(qd; κ)| ≤ Cη/e2. The identity (D.1) is a linear differential
equation for DRS in q, with coefficient 2/δq ≤ 8/(d0e2) and with the other terms bounded
by C/e4. Gronwall’s inequality over a q-interval of length at most ηe2 gives |DRS| ≤ Cη/e2

on Wη. Inserting these bounds and α ≥ 2 into (D.1), and using e−2 ≤ 3d0/δq,

∂qDRS ≤
Cηe − 1

48 + Cη

δ2
q

≤ − 1
96 δ2

q

for η = η1 small. Now let |κ − κd| ≤ η′
1e2. By (D.2), |DRS(qd; κ)| ≤ C|κ − κd|/e4, while

∂qDRS ≤ −1/(864d2
0e4) on Wη1 , because δq ≤ 3d0e2. Hence DRS(·; κ) changes sign within

distance C1|κ − κd| of qd, with C1 = 864d2
0C, and has a zero there if C1η′

1 < η1. This
zero is RS-stationary at κ. Since κRS − κd = θde2 + o(e2) by Proposition 3.8(iii), after
decreasing η′

1 (so that η′
1 < 1

2 θd) and er we have κ ∈ [κRS − c2, κRS), and by the uniqueness
in Proposition 3.8(i) the zero is q∗(κ). This proves (a) with cr ≤ 1

96 and Cr ≥ C1.
(b) The segments from (qd, κd) to (qd, κ) and from (qd, κ) to (q∗(κ), κ) lie in Wη1 ×

[κd − η1e2, κd + η1e2]. By (D.2) and (a),

|τ(κ)| =
∣∣SRS(q∗(κ); κ)− SRS(qd; κd)

∣∣ ≤ C
e

C1|κ − κd|+ C|κ − κd| ≤
Cr|κ − κd|

e

after enlarging Cr.
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D.3 Natural-scale continuity

Proof of Lemma 8.6. We divide the proof into four steps. The first two hold for a fixed
interval [u−, u+] with 0 < u− < 1 < u+; for part (b) we take [u−, u+] = [1

2 , 2].

Step 1. Rescaling. Put slo = 1
4 u−d0 and shi = 4u+d0. Let e < est be so small that e2shi ≤ 3

4 ;
then dd ∈ [ 1

2 d0, 2d0] and qhi := 1 − e2shi ≥ 1
4 . Every γ ∈ U with ŝ(supp µγ) ⊂ [u−, u+]

has its support in the levels s = (1 − q)/e2 ∈ [1
2 u−d0, 2u+d0] ⊂ (slo, shi), so its rescaled

profile ζγ (Definition 4.1) equals one on [0, slo] and zero on (shi, ∞); the same holds for
ζd = 1[0,dd]

. Thus all these profiles lie in K(slo, shi). For such ζ let Uζ solve (7.3), and put
vζ = −ℓζUζ,yy ∈ (0, 1). By Lemma C.2, Uζ is an instance of the finite-cutoff problem at
margin zero with cutoff 1 − slo/shi, independent of e and κ, and uγ(q, κ + ey) = Uζγ

(s, y)
for s = (1 − q)/e2 ∈ [slo, shi]. Since λ = e2ℓ and ∂x = e−1∂y,(

v, e vx, e2vxx
)
(q, κ + ey) =

(
vζ , ∂yvζ , ∂2

yvζ

)
(s, y).

Since γ = 0 below qhi, Xqhi = Bqhi , and (Xqhi − κ)/e has the density eπ with

π(y) = πe,κ(y) =
1

√
qhi

ϕ
(κ + ey
√

qhi

)
, 0 < π ≤ 2ϕ0,

and π → ϕ0 locally uniformly as (e, κ) → (0, 0). Let Yζ
s (y), s ≤ shi, be the rescaled

diffusion (C.1) of ζ started at level shi from y. By the Markov property at the level qhi, for
every polynomial P in three variables with P(0, 0, 0) = 0, and with

Pζ = P
(
vζ , ∂yvζ , ∂2

yvζ

)
, rP,ζ(s, z) = Pζ(s, z)− P(1, 0, 0)1{z<0},

we obtain, for s = (1 − q)/e2 ∈ [slo, shi],

1
e

EP
(
v, evx, e2vxx

)
(q, Xq) = P(1, 0, 0)

∫
π(y)P

(
Yζ

s (y) < 0
)

dy

+
∫

π(y)E rP,ζ
(
s, Yζ

s (y)
)

dy,
(D.3)

with ζ = ζγ. Both integrals converge absolutely, by the majorants of Step 2 and
∫

π = 1/e.

Step 2. Majorants. All constants in this step depend only on (slo, shi) and P; they are
uniform over ζ ∈ K(slo, shi), s ∈ [slo, shi], e, and κ. By Lemma C.3(a),(b) for the class
K(slo, shi), applied from the level shi,∣∣P(

Yζ
s (y) < 0

)
− 1{y<0}

∣∣ ≤ Ce−y2/C.

Indeed, for y ≤ −C the diffusion stays below y/C < 0 with probability at least 1 −
2e−y2/C; for y > 0 it stays above y/2 > 0 with probability at least 1 − e−y2/C; and



part ii D.3 Natural-scale continuity 335

bounded |y| is absorbed in the constant. By Lemma 7.2(b),(c), the functions vζ , ∂yvζ , and
∂2

yvζ are bounded, and

|1 − vζ |+ |∂yvζ |+ |∂2
yvζ | ≤ C(1 + z2)−1 (z < 0),

vζ + |∂yvζ |+ |∂2
yvζ | ≤ Ce−z2/C (z ≥ 0),

at (s, z). Since P is Lipschitz on bounded sets and P(0, 0, 0) = 0, |rP,ζ(s, z)| obeys the
same two bounds. With Lemma C.3(a),(b) once more, E|rP,ζ(s, Yζ

s (y))| ≤ C(1 + y2)−1.

Step 3. Convergence. Let en → 0 and κn → 0, let ζn ∈ K(slo, shi) converge in L1 to
ζ0 = 1[0,d0], let sn → s∞ ∈ (slo, shi), and let πn = πen,κn . We claim that∫

πn E rP,ζn

(
sn, Yζn

sn (y)
)

dy −→ ϕ0

∫
E rP,ζ0

(
s∞, Yζ0

s∞(y)
)

dy,∫
πn

[
P
(
Yζn

sn (y) < 0
)
− 1{y<0}

]
dy −→ ϕ0

∫ [
P
(
Yζ0

s∞(y) < 0
)
− 1{y<0}

]
dy.

(D.4)

By Lemma C.2, the dilated order parameters of ζn converge in L1 to that of ζ0. Hence, by
Lemma 2.4(f), ∂k

yUζn → ∂k
yUζ0 for k ≤ 4, uniformly on [slo, shi]× [−M, M] for every M; by

Lemma 2.4(a) the limits are continuous; and ℓζn → ℓζ0 uniformly because |ℓζn − ℓζ0 | ≤
∥ζn − ζ0∥L1 . Since ∂

j
yvζ = −ℓζ∂

j+2
y Uζ , it follows that Pζn(sn, zn) → Pζ0(s∞, z) whenever

zn → z.
Fix a Brownian path. The difference Yζn − Yζ0

of two solutions of (C.1) started from
y solves an ordinary differential equation in the time ς = shi − s, whose right side is
ζnUζn,y(Yζn) − ζ0Uζ0,y(Y

ζ0
). The function Uζn,y is Lipschitz in y with constant 1/slo,

because |Uζ,yy| = vζ/ℓζ ≤ 1/slo on [slo, shi]. The remaining terms ζn|Uζn,y − Uζ0,y|(Yζ0
)

and |ζn − ζ0|Uζ0,y(Y
ζ0
) have integrals over ς ∈ [0, shi − slo] that tend to zero, because the

path of Yζ0
is bounded and ∥ζn − ζ0∥L1 → 0. Gronwall’s inequality gives sups |Y

ζn
s (y)−

Yζ0

s (y)| → 0, and continuity of the path gives Yζn
sn (y) → Yζ0

s∞(y).

The law of Yζ0

s∞(y) has a density, because s∞ < shi: in the dilated variables of
Lemma C.2 it is the Parisi diffusion at a positive level, started from y/

√
shi at level

zero, which by Lemma 2.4(g) is a translate of the diffusion started from zero at the
margin −y/

√
shi, and Lemma 2.7 applies. In particular the law does not charge 0,

so 1{Yζn
sn (y)<0} → 1

{Yζ0
s∞ (y)<0}

almost surely. Hence, for every y, rP,ζn(sn, Yζn
sn (y)) →

rP,ζ0(s∞, Yζ0

s∞(y)) almost surely. These functions are bounded uniformly in n, so bounded
convergence gives convergence of the inner expectations and probabilities for every
y. Since πn → ϕ0 pointwise and πn ≤ 2ϕ0, the majorants of Step 2 and dominated
convergence in y give (D.4).

Step 4. Proof of (a) and (b). (a) Suppose that the claim fails for some ω0 > 0. Then there
are en → 0, order parameters γn with ŝ(supp µγn) ⊂ [u−, u+] and ∥γn − γd∥L1/δd →
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0, and levels qn with ŝ(qn) ∈ [u−, u+] and |Sγn,κd(qn) − Sd(qn)| ≥ ω0en, where κd =

κd(2 + en). Then sn = (1 − qn)/e2
n = ddŝ(qn) ∈ [1

2 u−d0, 2u+d0]; pass to a subsequence
with sn → s∞ ∈ (slo, shi). The change of variables q = 1 − e2

ns gives ∥ζγn − ζd∥L1 =

e−2
n ∥γn − γd∥L1 → 0, and ζd = 1[0,dd]

→ ζ0 because dd → d0. So both ζγn and ζd
converge to ζ0. Both profiles are evaluated at the margin κd → 0, hence with the same
πn. Apply (D.3) with P(a1, a2, a3) = a2

1, for which αe · (left side) = S, to γn and to γd,
writing P(Y < 0) = 1{y<0} + [P(Y < 0)− 1{y<0}], and subtract. The terms

∫
πn1{y<0}

cancel, and by (D.4) for both sequences the remaining terms have the same limit. Hence
(Sγn,κd(qn)− Sd(qn))/(αen) → 0, a contradiction.

(b) Let η ≤ 1
4 d0 and e < est, let |κ − κd| ≤ ηe2, and let supp µγ ⊂ Wη. Then

ŝ(supp µγ) ⊂ [1 − η/dd, 1 + η/dd] ⊂ [1
2 , 2], and ∥ζγ − ζd∥L1 = e−2

∫
|t − qd|dµγ(t) ≤ η.

A level q ∈ [qd − ηe2, Q] has s = (1 − q)/e2 with |s − dd| ≤ η, because 1 − Q ≥ δd − ηe2.
Suppose that the convergence in (b) is not uniform. Then there are ηn, en → 0, margins κn

with |κn − κd(2 + en)| ≤ ηne2
n, so that κn → 0, order parameters γn with supp µγn ⊂ Wηn ,

and levels qn as above, along which x̃(qn) stays away from xf or Σ̃(qn)/B̃(qn) stays away
from σf. Here ζγn → ζ0 in L1 and sn = (1 − qn)/e2

n → d0 ∈ (slo, shi). Each of the
polynomials

a2
1(1 − a1), a2

2, (3a1 − 1)a2
2, a2

3, a2
1(1 − a1)(1 − 3a1),

evaluated at (a1, a2, a3) = (v, evx, e2vxx), vanishes at (1, 0, 0) and at (0, 0, 0). For such P,
rP,ζ = Pζ , and (D.3), (D.4) give

1
en

EP
(
v, envx, e2

nvxx
)
(qn, Xqn) −→ ϕ0

∫
E Pζ0

(
d0, Yζ0

d0
(y)

)
dy.

On (d0, shi], ζ0 = 0, so Yζ0
is a Brownian motion there and Yζ0

d0
(y) = y+Wshi−d0 . On (0, d0],

ζ0 = 1 and Uζ0(s, y) = log Φ(y/
√

s) solves (7.3); hence ℓζ0(d0) = d0 and vζ0(d0, y) =

V(y/
√

d0). The integrand Pζ0(d0, ·) is signed, but by Step 2 it is bounded in abso-
lute value by an integrable function; by Tonelli’s theorem

∫
E|Pζ0(d0, y + Wshi−d0)|dy =∫

|Pζ0(d0, z)|dz < ∞. Fubini’s theorem and the translation invariance of Lebesgue mea-
sure therefore give∫

E Pζ0
(
d0, y + Wshi−d0

)
dy =

∫
Pζ0(d0, z)dz =

√
d0

∫
P
(

V(w),
V′(w)√

d0
,

V′′(w)

d0

)
dw.

Moreover λ(qn)/e2
n = ℓζγn

(sn) → d0. With ℓ = λ/e2,

x̃ =
ℓE(evx)2

2Ev2(1 − v)
, Σ̃ = E

[
ℓ2(e2vxx)

2 + 4x̃ ℓ (3v − 1)(evx)
2 + 2x̃ 2v2(1 − v)(1 − 3v)

]
.

Hence e−1
n B̃(qn) → ϕ0

√
d0 BV > 0, e−1

n E(envx)2 → ϕ0
√

d0 AV/d0, so x̃(qn) → xf, and then
e−1

n Σ̃(qn) → ϕ0
√

d0 Σflat. Thus Σ̃(qn)/B̃(qn) → σf, a contradiction. The consequence (8.6)
follows because xf ∈ (0, 1

4) and σf > 0 (Lemma 8.2).
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D.4 The bottom comparison

We first record a comparison principle for the linear parabolic equations that arise, with
weights adapted to the Gaussian tails. Its first step is the maximum principle for parabolic
equations on unbounded domains, for functions of polynomial growth (see [61]). For
k ≥ 0 and c > 0 put

dk,c(y) = (1 + |y|)−k (y ≤ 0), dk,c(y) = e−cy2
(y > 0).

Then dk,c ≤ dk′,c′ if k ≥ k′ and c ≥ c′, and dk,cdk′,c′ ≤ dk+k′,min{c,c′}.

Lemma D.2. Let 0 < T ≤ 1, k ≥ 0, cH > 0, and C0, CH ≥ 0. Let 0 = t0 < t1 < · · · <
tn = T, and let β1, β0 be functions on [0, T]× R whose restrictions to each (tj−1, tj)× R extend
continuously to [tj−1, tj]× R, with

0 ≤ β1(t, y) ≤ C0(1 + y−), β0 ≤ 0.

Put L = 1
2 ∂yy + β1∂y + β0. Let f be continuous on [0, T] × R, of polynomial growth in y

uniformly in t, of class C1,2 on each [tj−1, tj]× R (with one-sided t-derivatives at the endpoints),
with f (0, ·) = 0 and ∂t f = L f + H on each block.

(i) If |H| ≤ CH, then | f (t, y)| ≤ CHt.
(ii) If |H(t, y)| ≤ CHtdk,cH(y), then | f (t, y)| ≤ Ct2dk,ĉ(y) with ĉ = cH/(1 + 2cH), where C

depends only on k, cH, C0, and CH.

Proof. We divide the proof into three steps.

Step 1. Maximum principle. Let w be continuous on [0, T]× R, of class C1,2 on each block,
with |w| ≤ Cw(1 + |y|)p0 , w(0, ·) ≤ 0, and (∂t − L)w ≤ 0 on each block. We show
that w ≤ 0. Fix p > p0/2 and put Ψ(t, y) = eKt(1 + y2)p. Then |∂yyΨ| ≤ CpΨ, and
|β1∂yΨ| ≤ C0(1+ |y|) 2p|y|(1+ y2)p−1eKt ≤ 4pC0Ψ, because (1+ |y|)|y| ≤ 2(1+ y2); also
−β0Ψ ≥ 0. Hence (∂t − L)Ψ ≥ (K − 1

2Cp − 4pC0)Ψ ≥ Ψ for K = K(p, C0) large. For ε > 0
the function wε = w − εΨ satisfies (∂t − L)wε ≤ −εΨ < 0 on each block, wε(0, ·) < 0, and
wε → −∞ as |y| → ∞, uniformly in t ∈ [0, T]. Suppose that sup wε > 0. The supremum is
then attained at some (t∗, y∗) with t∗ > 0. Choose j with t∗ ∈ (tj−1, tj]. At (t∗, y∗) we have
∂ywε = 0 and ∂yywε ≤ 0, and the left t-derivative on the block [tj−1, tj] is nonnegative.
Since wε(t∗, y∗) > 0 and β0 ≤ 0,

(∂t − L)wε(t∗, y∗) = ∂twε − 1
2 ∂yywε − β1∂ywε − β0wε ≥ 0,

a contradiction. Hence wε ≤ 0, and letting ε → 0 gives w ≤ 0.

Step 2. Bounded sources. Since (∂t − L)(CHt) = CH − β0CHt ≥ CH, the functions w =

± f − CHt satisfy (∂t − L)w ≤ ±H − CH ≤ 0 and w(0, ·) = 0. Step 1 gives (i).
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Step 3. Weighted sources. Let χ ∈ C∞(R) satisfy 0 ≤ χ ≤ 1, χ = 1 on (−∞,−1] and χ = 0
on [1, ∞). Put c(t) = cH/(1 + 2cHt), so that ċ(t) = −2c(t)2 and c(t) ≥ ĉ for t ≤ T, and

w0(t, y) = χ(y)(1 + y2)−k/2 +
(
1 − χ(y)

)
e−c(t)y2

.

For y ≥ 1, w0 = e−c(t)y2
and(

∂t − 1
2 ∂yy

)
w0 =

(
−ċ(t)y2 − 2c(t)2y2 + c(t)

)
w0 = c(t)w0 ≥ 0;

moreover −β1∂yw0 = 2c(t)yβ1w0 ≥ 0 and −β0w0 ≥ 0, so (∂t − L)w0 ≥ 0. For y ≤
−1, w0 = (1 + y2)−k/2 does not depend on t, |∂yw0| = k|y|(1 + y2)−1w0 ≤ k|y|−1w0,
and |∂yyw0| ≤ Ckw0; since β1 ≤ 2C0|y| there, (∂t − L)w0 ≥ −(1

2Ck + 2kC0)w0. On
[0, T]× [−1, 1], w0 is smooth, bounded below by a positive constant, and its derivatives
are bounded, with constants depending only on k and cH (because c(t) ∈ [ĉ, cH]); also
β1 ≤ 2C0 there. Hence (∂t − L)w0 ≥ −C2w0 on [0, T]× R, with C2 depending only on
k, cH, C0. The barrier w = e(C2+1)tw0 therefore satisfies

(∂t − L)w ≥ w.

Comparing the two pieces of w0 with dk,· on y ≤ −1, y ≥ 1, and |y| ≤ 1, and using
(1 + |y|)2 ≤ 2(1 + y2), we find C3, C4, depending only on k, cH, and C2, such that

dk,cH ≤ C3w, w ≤ C4dk,ĉ on [0, T]× R.

Put A = 1
2CHC3. Then (∂t − L)(t2w) = 2tw + t2(∂t − L)w ≥ 2tw ≥ 2tdk,cH /C3, so

w = ± f − At2w satisfies (∂t − L)w ≤ CHtdk,cH − 2Atdk,cH /C3 = 0 and w(0, ·) = 0. Step 1
gives | f | ≤ At2w ≤ AC4t2dk,ĉ. This proves (ii).

We now expand the solution near the top of the support around the Gaussian reference
with the current value of λ. Fix Q ∈ [1

2 , 1), put δ = 1 − Q, and fix a margin κ. For γ′ ∈ U
with γ′ = 1 on [Q, 1], t ∈ [0, 1

8 ] and y ∈ R put

γ̄′(t) = γ′(Q − δt), l(t) =
λγ′(Q − δt)

δ
,

b̂(t, y) =
√

δ bγ′
(
Q − δt, κ +

√
δy

)
, ε(t) = t − l(t) + 1.

Then l(0) = 1 and l′ = γ̄′ ∈ [0, 1], so 1 ≤ l ≤ 1 + t ≤ 9
8 , 0 ≤ ε ≤ t, and ε′ = 1 − γ̄′. The

Gaussian reference is

f (l, y) = l−1/2R
(
y/

√
l
)
= ∂y log Φ

(
y/

√
l
)
, g = 1

2 ∂yy f .

Lemma D.3. There are numerical constants C, c > 0 such that, in this setting, for t ∈ [0, 1
8 ] and

y ∈ R,

b̂(t, y) = f
(
l(t), y

)
+ ε(t) g

(
l(t), y

)
+R(t, y),

|R(t, y)| ≤ Ct2d3,c(y), |∂yR(t, y)| ≤ Ct2d4,c(y).
(D.5)
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Proof. We first let γ′ be a step profile, and write γ̄ = γ̄′. We divide the proof into four
steps.

Step 1. Equations and a priori bounds. By Lemma 2.9(a), Lb = 0, that is, bq = −1
2 bxx −γ′bbx.

Since ∂t = −δ∂q and ∂y =
√

δ∂x, on each block of constancy of γ̄

b̂t =
1
2 b̂yy + γ̄ b̂ b̂y, b̂(0, ·) = f (1, ·),

the initial condition by (2.10). By Lemma 2.4(a),(b), b̂ is of class C1,∞ on each closed block,
and it and its y-derivatives have polynomial growth. By Lemma 2.4(b),(c), b̂ > 0 and b̂y =

−δc = −v/l ∈ [−1, 0]. By Lemma 2.10(b), λb(q, κ) ≤
√

1 − q, so b̂(t, 0) ≤
√

1 + t/l ≤ 2.
Hence

0 < b̂(t, y) ≤ 2 + y−.

Since Φ(y/
√

l) solves ∂l =
1
2 ∂yy, the function log Φ(y/

√
l) solves ∂l =

1
2(∂yy + (∂y ·)2),

and differentiation in y gives

fl =
1
2 fyy + f fy, gl =

1
2 gyy + f gy + 3 fyg,

the second by differentiating the first twice and using ( f fy)yy = f fyyy + 3 fy fyy. More-
over fy = −l−1V(y/

√
l) ∈ [−1, 0] and ∂

j
y f = −l−(j+1)/2V(j−1)(y/

√
l) for j ≥ 1. By

Lemma C.1(a), |V(i)(z)| ≤ Ci(1 + |z|)−2−i for z ≤ 0 and |V(i)(z)| ≤ Cie−z2/4 for z ≥ 0, for
i ≥ 1. Since 1 ≤ l ≤ 9

8 , with c∗ = 2
9 ,

|∂j
y f (l, y)| ≤ Cdj+1,c∗(y) (2 ≤ j ≤ 5).

In particular |g| ≤ Cd3,c∗ , |gy| ≤ Cd4,c∗ , |gyy| ≤ Cd5,c∗ and |gyyy| ≤ Cd6,c∗ .

Step 2. First order. Put ∆ = b̂ − f (l(t), ·). Using d
dt f (l(t), y) = γ̄ fl and b̂b̂y − f fy =

b̂∆y + fy∆, on each block

∆t = L∆ + (1 − γ̄)g, L = 1
2 ∂yy + γ̄b̂ ∂y + γ̄ fy, ∆(0, ·) = 0.

The drift β1 = γ̄b̂ satisfies 0 ≤ β1 ≤ 2 + y−, and the reaction β0 = γ̄ fy is nonpositive.
The source is bounded, so Lemma D.2(i) gives |∆| ≤ Ct. Differentiating in y,

∂t∆y = L′∆y + γ̄ fyy∆ + (1 − γ̄)gy, L′ = 1
2 ∂yy + γ̄b̂ ∂y + γ̄(b̂y + fy),

with the same drift, the nonpositive reaction γ̄(b̂y + fy), and a bounded source. Hence
also |∆y| ≤ Ct.

Step 3. Second order. Put R = ∆ − εg(l(t), ·). Since ε′ = 1 − γ̄ and d
dt g(l(t), y) = γ̄gl, the

equations of Steps 1 and 2 give exactly

Rt = LR+ h, h = ε
[

1
2(1 − γ̄)gyy + γ̄∆gy − 2γ̄ fyg

]
, R(0, ·) = 0.



part ii D.4 The bottom comparison 340

By Steps 1 and 2 and 0 ≤ ε ≤ t,

|h| ≤ Ctd3,c∗ , |hy| =
∣∣∣ε[1

2(1 − γ̄)gyyy + γ̄∆ygy + γ̄∆gyy − 2γ̄ fyyg − 2γ̄ fygy

]∣∣∣ ≤ Ctd4,c∗ .

Lemma D.2(ii) with k = 3 gives |R| ≤ Ct2d3,c1 with c1 = c∗/(1 + 2c∗).

Step 4. The derivative, and general profiles. Differentiating the equation for R in y,

∂tRy = L′Ry + γ̄ fyyR+ hy.

Here |γ̄ fyyR| ≤ Cd3,c∗ t2d3,c1 ≤ Ctd4,c1 and |hy| ≤ Ctd4,c1 , so Lemma D.2(ii) with k = 4
gives |Ry| ≤ Ct2d4,c with c = c1/(1 + 2c1). All constants are numerical. This proves (D.5)
for step profiles.

For a general γ′, choose step profiles γ′
n ∈ UQ with γ′

n → γ′ in L1. For instance, for
partitions 0 = r0 < · · · < rN = Q of mesh at most 1/n put γ′

n = γ′(ri) on [ri, ri+1) and
γ′

n = 1 on [Q, 1]; then 0 ≤ γ′ − γ′
n and ∥γ′

n − γ′∥L1 ≤ 1/n. If γ′ has a positive bottom
q0, one may instead take the profiles of Lemma 6.2, which moreover have the same q0,
the same top, and the same mean. By Lemma 2.4(f), b̂n → b̂ and ∂yb̂n → ∂yb̂ pointwise,
and ln → l, εn → ε uniformly because |λγ′

n
− λγ′ | ≤ ∥γ′

n − γ′∥L1 . Since f , g, and their
y-derivatives are continuous in l, Rn → R and ∂yRn → ∂yR pointwise, and the bounds,
whose constants do not depend on n, pass to the limit.

Proof of Lemma 8.7. Let η3 ≤ min{η1, 1
64 d0}, let e be small, |κ − κd| ≤ η3e2, and let

supp µγ ⊂ Wη3 . Then δ = 1 − Q and δm lie in [1
4 d0e2, 3d0e2], q0 ≥ 1

2 , and t0 =

(Q − q0)/δ = e2ℓ̃/δ ≤ 4ℓ̃/d0 ≤ 8η3/d0 ≤ 1
8 . Also m − q0 ≤ Q − q0 = e2ℓ̃.

Comparison at the bottom. Both γ and γm = 1[m,1] equal one on [Q, 1] and vanish on
[0, q0). At t = t0, which corresponds to the level q0, both have l(t0) = λ(q0)/δ = δm/δ,
and hence the same ε(t0). By Lemma D.3 applied to both profiles, the first two terms in
(D.5) cancel in the difference. Since v = −lb̂y and l(t0) ≤ 9

8 , at x = κ +
√

δy,
√

δ
∣∣bγ − bγm

∣∣(q0, x) ≤ 2Ct2
0d3,c(y),

∣∣vγ − vγm

∣∣(q0, x) ≤ 3Ct2
0d4,c(y). (D.6)

Under both profiles Xq0 = Bq0 , and y = (Bq0 − κ)/
√

δ has the density
√

δ ϕq0(κ +
√

δy) ≤√
δ, as q0 ≥ 1

2 . Since 0 < v < 1, integrating (D.6) gives

|Sγ(q0)− Sγm(q0)| ≤ 2α E|vγ − vγm |(q0, Xq0) ≤ Ct2
0

√
δ ≤ Ceℓ̃2.

Both profiles have λ = δm on [0, q0], so the entropy parts of Dγ(q0) and Dγm(q0) agree.
The bound 0 < b̂ ≤ 2+ y− of Step 1 of the proof of Lemma D.3 uses only Lemma 2.4(b),(c)
and Lemma 2.10(b), so it holds for every profile; hence

√
δ(bγ + bγm) ≤ 2(2 + y−), and

(2 + y−)d3,c(y) is integrable. Hence

|Dγ(q0)− Dγm(q0)| ≤ α E
∣∣b2

γ − b2
γm

∣∣(q0, Xq0) ≤
Ct2

0
δ

√
δ ≤ Cℓ̃2

e
.
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The replica-symmetric order parameter between q0 and m. On [0, m), γm = 0 and λγm = δm.
By (8.4), S′

γm = αNm there, where Nm(r) = Evx(r, Br)2 is computed for γm. At r = m,
v(m, x) = V((x − κ)/

√
δm) by (2.10), so Nm(m) = Aw(m)/δm and Sγm(m) = SRS(m).

By Lemma 2.9(c)(iv) with γm = 0, (Nm)′ = Ev2
xx ≥ 0 on [0, m). Also vxx solves the

backward heat equation there, because Lvxx = 0 where the order parameter vanishes
(Lemma 2.9(a)); by Jensen’s inequality and the density bound

√
δm for (Bm − κ)/

√
δm,

(Nm)′(r) ≤ Evxx(m, Bm)
2 = δ−2

m EV′′
(Bm − κ√

δm

)2
≤ I2 δ−3/2

m .

Hence 0 ≤ Nm(m)−Nm(r) ≤ I2δ−3/2
m (m − r) for r ∈ [q0, m], and∣∣∣SRS(m)− Sγm(q0)− α(m − q0)

Aw(m)

δm

∣∣∣ = α
∫ m

q0

(
Nm(m)−Nm(r)

)
dr

≤ αI2(m − q0)
2

2δ3/2
m

≤ Ceℓ̃2.

Together with the bound on |Sγ(q0) − Sγm(q0)| this proves the first estimate. Since
0 ≤ Nm ≤ Nm(m) on [q0, m], Lemma 8.5(c) gives

sup
r∈[q0,m]

|Sγm(r)− SRS(m)| ≤ α(m − q0)
Aw(m)

δm
≤ Ceℓ̃,

because m ∈ Wη1 . Finally, integrating D′
γm = (Sγm − 1)/δ2

m (Lemma 2.9(c)(i)) from q0 to
m and using Dγm(m) = DRS(m) gives the formula for Dγm(q0).
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