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AUTHORS' NOTE
This manuscript is the result of a methodological experiment in using large lan-
guage models to develop the rigorous mathematical theory of the negative per-
ceptron, which has received significant attention in the physics literature as an
accessible model for studying jamming and related phenomena.

With the exception of this note, the entire document is machine written. We
have taken care to supervise this writing to ensure that the proofs meet a mini-
mum standard of readability and that previous literature is appropriately cited.
However, the resulting document still leaves much to be desired in terms of ex-
position and overall coherence. We are nonetheless releasing this manuscript on
Hexagon to disseminate the results as quickly as possible, because we believe they
may be of interest to the mathematics and physics communities.

We plan to take some time to write the results in this manuscript carefully
for publication. While we focus on writing, we do not intend to produce further
results for the negative perceptron. However, we invite readers to do so, because
we believe there is much more to be done. Notably, it remains to establish
the scaling solution of Franz, Parisi, Sevelev, Urbani, and Zamponi [59] for the
Parisi minimizers as « 1 x. and the predictions that follow from it. We welcome
emails from anyone who obtains such results and will update the references
accordingly. We also welcome suggestions concerning mathematical corrections,
omitted citations, and attribution of ideas.
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Notation

Shared notation. Both Parts use the following. G is a standard Gaussian variable, ¢
and @ are its density and distribution function, R = ¢/®, R(z) = z+ R(z), V = RR,
m(k) = E(k— G)2, and m; (k) = E(k — G)+. An order parameter is a right-continuous
nondecreasing 7y : [0,1] — [0, 1] with v = 1 near one; j,, is the measure with distribution
function v, Q, (often written Q) is the top of its support, d =1 — Q,, and A, (q) = fql v
l[q,l] is a replica-symmetric order parameter. I/ and U, are the classes of order parameters,
Py is the Parisi functional, P; (k) its infimum (the Parisi value in PartI), PX5(q) = Pe(1g1))
Gardner’s replica-symmetric functional, u the solution of the Parisi equation, X the Parisi
diffusion, D, S, and H, the functions of the first-order conditions, 7, s one Gaussian
step of the Parisi recursion, m; the values of a step order parameter, K = (1 — r)~! the
constant of the class U, and b = d,u. The margins are the critical margin «., Gardner’s
prediction xgs, and the de Almeida—-Thouless margin x4; near « = 2 we write &« = 2 +e.
The free energy is N~!log Zn(U) for a soft activation U (Part I) and N~ !log Vy (k) at a
hard margin «. In Part II the rescaled profile of 7y is {(s) = (1 — €?s).
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vii

The table lists the letters whose meaning differs between the two Parts. Many letters, for

example 7, ¢, p, Y, &, 17, and ¢, cy, . .

., also carry local meanings that are fixed where they

appear.
Symbol Part I Part II
l level of the soft penalty —B(¢ — x)3; {(s), £o: rescaled masses A, /¢e?
width of the top layer near & = 2
B leaves of the cascade tree; strength of B = /(1 —gq)/q for replica-symmetric
the soft penalty and of the source term  order parameters; also §/A
] Je(k) = ]k(ﬁfll[l,m)) ; the level at J¥: the zero-temperature functional; J:
which two replicas branch the jamming coefficient
Co —log ®(—1); the growth constant 2L of a growth constant for terminal data; the
an activation constant in the a priori bound
s < Coe_z/ 3
u the activation U = Uy, the solution in rescaled
variables
A a constant bounding an activation; the  A({), the entropy term of the flat limit;
pattern matrix a function A(k) of the margin
K, K |U"||co; the number of atoms of a K., a constant; K = v /A; K(dy,S), the
cascade; an operator-norm constant, compact class of profiles
Cop; K a cone or convex set; Ky a
polyhedron
S,s S(q) = vc)w(q)zlE Oxxtiy (4, Xq)z; sa S, the same; the depth parameter S in
sparsity level K(dq,S) and the bound S;
s = (1 —g)/¢?, the rescaled overlap
m my (o), the minimal margin of ¢ m,, a bound on y below the top of the
support
4 {1, conditional means of the response the rescaled profile
overlap; the limiting overlap law
b also the rows b, = g,/ VN and the top only b= 0,u

precision b of a cascade




PART I

Parisi formula, capacity, and isostaticity for the
negative spherical perceptron

We study the spherical perceptron with Gaussian patterns at negative margins,
a mean-field model of jamming in which the set of solutions is not convex. We
prove the Parisi formula for its free energy for bounded-above C? activations
with bounded second derivative and either bounded first derivative or concavity,
without any monotonicity assumption on the activation. For every constraint
density « > 2, we show that the normalized logarithm of the volume of solutions
converges in probability to the Parisi value at every margin below a critical margin
k() < 0, that this value tends to —oo continuously as the margin increases to
kc(a), and that the largest achievable margin converges in probability to x.(x). At
sufficiently negative margins, Gardner’s replica-symmetric formula for the free
energy is exact. For a slightly above two, the limit x.(«) lies below Gardner’s
prediction by at least a constant times (« — 2)3; with Part II, this order is exact.
At the optimal margin, with probability exponentially close to one, every optimal
configuration has exactly N contacts: the jamming point is isostatic. The empirical
gap measures of optimal configurations, normalized by N, converge weakly in
probability to a deterministic measure with an atom of mass exactly one at zero.
At a fixed margin below x.(«), the gap statistics of all but an exponentially small
fraction of the feasible set are given by the Parisi diffusion.



CHAPTER 1

Introduction

The perceptron is the simplest model of a neural network and a basic example of a
random constraint satisfaction problem. Given M random patterns gy, ..., gu € RN and
a margin k¥ € R, the spherical perceptron asks for a vector ¢ on the sphere of radius v N

such that -
&8a >

JN
Two questions are classical: how large the set of such vectors is, and what the largest
achievable margin is when M/N — a. Gardner and Derrida computed the answers with
the replica method, under the assumption of replica symmetry [62, 63]. In particular,
Gardner’s formula predicts that the largest achievable margin converges to the solution

krs(a) of

k  foreverya < M.

aE(kgs — G)2 =1,

where G is a standard Gaussian variable.

For x > 0 each constraint cuts out a geodesically convex spherical cap, and replica
symmetry is expected to hold throughout the satisfiable phase. In this regime Gardner’s
formula for the free energy was proved by Shcherbina and Tirozzi [115] and by Talagrand
[128, Chapter 8], and Stojnic gave another proof of the formula for the capacity [118]. For
x < 0, which is the relevant regime when a > 2, each constraint removes a cap smaller
than a hemisphere, and the feasible set is a nonconvex intersection of the complements
of such caps. Franz and Parisi proposed this negative spherical perceptron as the simplest
model of jamming [58]. Franz, Parisi, Sevelev, Urbani, and Zamponi argued that its
satisfiability threshold belongs to the same universality class as the jamming transition of
hard spheres in infinite dimension [59]. The same model describes linear classification
with a negative margin, a basic example of an overparametrized learning problem [60, 90].

In the physical picture, replica symmetry is lost at negative margins before the sat-
isfiability threshold is reached. The stability of the replica-symmetric solution of the
perceptron was studied in [23, 63]. Close to x = 0 replica symmetry is lost at a de
Almeida-Thouless line [45], through a continuous transition to full replica symmetry
breaking in the sense of Parisi [104, 105], and the whole jamming line lies in the broken
phase [58, 59]. The physics literature therefore predicts that Gardner’s formula for the
critical margin is exact only for x > 0. At the critical margin, jammed configurations are
predicted to be isostatic: they are in contact with as many constraints as there are degrees

2



PART I 3

of freedom. Franz and Parisi predicted that jamming is hypostatic in the convex regime
x > 0 and isostatic in the nonconvex regime x < 0 [58]; for the isostatic counting in
jammed packings see [2, 91]. The gaps and contact forces of jammed configurations are
predicted to have power-law distributions with universal exponents [29, 30, 58, 59, 107],
related to marginal stability [106, 132] and to the jamming of soft spheres [95]. Annesi,
Malatesta, and Zamponi computed the satisfiability threshold numerically from the equa-
tions of full replica symmetry breaking, and located the region of the phase diagram in
which the overlap distribution of typical solutions has connected support [3].

Rigorous results for negative margins have so far been partial. In [118], Stojnic used
Gordon’s comparison inequality [66] to show that Gardner’s formula gives an upper
bound on the capacity at every margin. He also proved a sharper bound by applying
Gordon’s inequality to an exponential of the cost; its improvement over the replica-
symmetric bound was shown numerically [117]. El Alaoui and Sellke conjectured that
the Parisi variational problem for the hard-margin perceptron, in the form used below,
gives the free energy and the capacity [54, Conjecture 1]; they trace this conjecture to
[59]. Assuming that some Parisi minimizer y has no overlap gap, and given oracle access
to it, their algorithm constructs vectors of norm close to \/QW—N with a small vector of
constraint violations, where Q. < 1 is the top of the support of  [54, Theorem 1]; see
also [55]. Montanari, Zhong, and Zhou proved upper and lower bounds on the capacity
that agree to leading order as k — —oo, and studied its algorithmic tractability [90].
Their upper bound [90, Theorem 4.2] shows that Gardner’s prediction overestimates
the capacity when « is large. Near & = 2, where xgg(a) is close to zero, the cited
bounds do not quantify this separation. Stojnic later proposed a characterization of
the capacity through fully lifted random duality theory, and computed the resulting
values numerically at finite levels of a stationarized lifting [119]. Huang, Sellke, and Sun
characterized the empirical distributions of the margins that algorithms with dimension-
free Lipschitz dependence on the Gaussian data can achieve [73].

For the Ising perceptron, where ¢ € {—1,1}, the capacity predicted by Krauth and
Mézard [83] was studied by Ding and Sun and by Huang, who proved lower and upper
bounds matching the prediction, subject in part to numerical conditions [48, 72]. Xu
proved a sharp threshold for the Ising perceptron with Bernoulli disorder [133]. At small
constraint densities, Talagrand proved that the free energy of the Ising perceptron is given
by the replica-symmetric formula, for a class of activations that includes the one-sided
threshold [123], [127, Chapter 2], [128, Chapter 9]; his treatment of the Shcherbina-
Tirozzi model, whose spins are continuous, is in [127, Chapter 3]. Bolthausen, Nakajima,
Sun, and Xu gave another proof of this replica-symmetric formula, for a larger class
of activations [20]. In the Bayes-optimal (teacher—student) setting, replica-symmetric
formulas for perceptron-type generalized linear models were established by Barbier,
Krzakala, Macris, Miolane, and Zdeborova [13].



PART I 4

The Parisi formula for mean-field spin glasses was predicted in [104, 105] (see also
[31, 88]) and proved by Guerra and Talagrand for the Sherrington—Kirkpatrick model [68,
124]. Talagrand and W.-K. Chen proved the Crisanti-Sommers formula [44] for spherical
models, the latter through the Aizenman-Sims-Starr scheme [1, 37, 125], and Panchenko
proved the formula for general mixed p-spin models, building on the ultrametricity
theorem [97-99]. The perceptron differs from these models in a basic way. Its Hamiltonian
Y., U(gq - 0/+/N) is a nonlinear function of Gaussian fields, and it is not itself a Gaussian
process in o. Structurally the model is closer to multi-species or bipartite spin glasses,
with one species formed by the coordinates and the other by the constraints. For such
models Guerra’s interpolation gives an upper bound when the interaction is convex
[14, 16, 100]. The matching lower bound by the Aizenman-Sims-Starr scheme requires
synchronization of the overlaps of the species [100, 101], and it needs no convexity, for
Ising spins [100] and for spherical spins [16]; see also [15, 17]. The interaction of the
bipartite model, which the perceptron resembles, is not convex. For spherical bipartite
models see [6, 82, 122]. Mourrat proved that the solution of an infinite-dimensional
Hamilton—Jacobi equation bounds the free energy of bipartite models from above, and
conjectured that it is the limit [92]; see also [49]. Our upper bound follows the proof of
the upper bound in [92]. That work also contains a quantitative synchronization estimate
for pairs of overlap arrays, which is an input to both bounds below. Mourrat later proved
an upper bound of the same kind for vector spin glasses whose energy is a Gaussian
field [94]; the energy ¥, U(g, - o/+/N) is not of this form. For nonconvex vector models,
H.-B. Chen and Mourrat showed that the limit of the free energy, if it exists, is a critical
value of a Parisi-type functional [34], and H.-B. Chen proved the same for nonconvex
multi-species models [33]. H.-B. Chen, Issa, and Mourrat identified the free energy of
nonconvex multi-species models with centered Ising spins [36]. H.-B. Chen and Mourrat
then identified the limit of the free energy of all multi-species spherical spin glasses, with
no convexity assumption [35]. Ho proved that the enriched free energy of vector spin
glasses converges without convexity, so the critical-point representation of H.-B. Chen
and Mourrat holds without assuming convergence [69].

Our contribution is a Parisi formula for the free energy, an identification of the limit
of the largest achievable margin, and a description of the gap statistics and contacts
of optimal configurations for the negative spherical perceptron. We prove the Parisi
formula for smooth activations, including activations that are neither monotone nor
concave (Theorem 1.1). For a > 2 we identify the exponential volume of the feasible set
at every margin below the critical margin x.(«) of the Parisi functional, and we prove
that the largest achievable margin converges to x(«) (Theorem 1.2). For « slightly above
two, we show that x.(«) lies below Gardner’s prediction by at least a constant times
( —2)3 (Theorem 1.4). Combined with the matching upper bound on «rg — «. (Part II,
Theorem 1.1), this order is exact (Corollary 1.6).
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Our main result on the geometry of solutions concerns the configurations of maxi-
mal margin. With probability exponentially close to one, every optimal configuration
has exactly N contacts. All configurations whose margin is close to optimal share a
deterministic limiting distribution of gaps, and this distribution has an atom of mass
exactly one at zero (Theorem 1.8). Thus, in the limit, no macroscopic set of constraints
beyond the N contacts accumulates near contact. This is a rigorous form of the predicted
isostaticity of the jamming point recalled above. The link between the random model
and the limiting gap law is a collapse of Parisi minimizers. As the margin increases to
kc(«), the minimal value of the Parisi functional tends to —oo continuously, and the mass
of every minimizer (defined in §1.1) tends to zero at a power rate (Theorem 1.3). This is a
rigorous counterpart of the physical picture of jamming, in which the overlap of solutions
tends to one and the weight of the overlaps below any fixed level tends to zero [58].

1.1 Model and the Parisi functional

Fix « > 0 and integers M = My with MN/N — a. Let G = (gui)a<m i<y have
independent standard Gaussian entries, write g, for its a-th row, and put b, = g,/ V/N.
Let un be the uniform probability measure on

Sy = {o e RN : ||o|? = N}.

For 0 € Sy, the number b, - ¢ is the margin of the constraint a at ¢; for each fixed ¢ € Sy
it is a standard Gaussian variable. For an activation U : R — [—0c0,00) that is bounded
above, define

M
Z(th = [, exp{ 1 Ulse-0) (o), (L)

1
n(U) = log Zn(U),  En(U) = Efn(U).
For a margin x € IR, the feasible set, its volume, and the largest achievable margin are

Sn(x) ={oc €SN :b;-0>x«foralla < M},

Vn(x) = un(Sn(x)),  xn = maxminb, - 0. (1.2)
U’ESN a<M
We use the convention log0 = —oo. Thus Vy(x) = Zy(Hy) for the hard constraint

Hy(x) =1og1{y>yy. For o € Sy let my(0) = ming<pm by - 0, so that xy = maxsy my. The
gaps of ¢ are the numbers b, - ¢ — my(0) > 0, and the empirical gap measure of o is

1 M
UN,o = N Z 5ba-a—mN(0)/
=1

a
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a measure on [0, c0) of total mass M/N. A constraint with gap zero is called a contact of
.

An order parameter is a nondecreasing, right-continuous function -y : [0,1] — [0, 1] that
is identically one on [§,1] for some § < 1. We write U for the set of order parameters and

Q, —inf{g e [0,1]:7(q) =1} <1, Ay (q) = /ql (b dt.

Thus 1 is the distribution function of a probability measure ., on [0, Q,], and Q. is the
top of its support. We call A, (0) the mass of . Given v € U and an activation U, let
uy = u,(q,x; U) solve the Parisi equation
1

dgily + Eaxx% + _’7(2‘1) (9xuy)* =0, uy(1,,U) = U(x). (1.3)
When 7 is a step function, (1.3) is solved by an explicit backward recursion of Gaussian
integrals, the Cole-Hopf transformation [42, 71] on each step; for general -y, and for
the terminal data used in this part, the solution is defined by approximation. Both are
recalled in Chapter 2. For the Sherrington—Kirkpatrick model these constructions are in
[52, 67, 68, 105] and [76]. The Crisanti—Sommers entropy [44, 125] and the Parisi functional
are

171 dg 1 _
CS = —log(1—g),
™) 2/0 Ay (9) Talosl =) (1.4)
Pu(y) = auq(0,0;U) + CS(7y), P.(U) = inf Py(7y),

yeu

where j is any number in [Q,1). The value of CS(-y) does not depend on this choice,
since A,(q) =1 —¢q on [Q,,1]. The first term in Py () accounts for the constraints and
the second for the spherical entropy.

For the hard constraint, let ¢ and ® denote the standard Gaussian density and
distribution function. For v € U, § € [Q,,1) and x € R, let u,(q,x;x) solve (1.3) on
0, 4] x R with the terminal datum

uy (4, x;%) = logIP{x + \/1—q'G2K}zlogd>< . ), (1.5)

where G is a standard Gaussian variable, and set

Pr(r) = auq(0,0;x) + CS(7), Pi(x) = inf Px(7y),
TeU (1.6)
k() = sup{x € R: Pi(k) > —oo}.

Again the value does not depend on § € [Q,,1). The terminal datum (1.5) is what one
obtains by running the equation with U = Hj from time 1 to time § with v = 1, which
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avoids a singular terminal problem. This variational problem appears in the physics
literature [58, 59], and it was stated in the form (1.5)—(1.6) by El Alaoui and Sellke [54].
For the terminal datum (1.5), they constructed a classical solution of (1.3), with bounds on
its derivatives, and proved that its derivatives depend continuously on 7y [54, Section 4].
We call P, (k) the Parisi value and x.(«) the critical margin.

The replica-symmetric order parameters 1y,;), ¢ € [0,1), give Gardner’s replica-
symmetric functional:

G—x
PRS(g) = Pr(1jg1)) = aE log¢<\/jl__q ) + 2(117_ 7 + %log(l —q). (1.7)
Recall that xgs(«) is the unique solution of aE(xgs — G)2 = 1. It is Gardner’s prediction
for the limit of xy [62], and xgs(a) < 0 if and only if « > 2, since EG2 = J. The value
a =2 at x = 0 is Cover’s capacity of the perceptron [43].
Finally, for v € ¢ and x« € IR we define the Parisi diffusion X = X"* as follows. On
[0, Q] it is the unique strong solution of

dX, = v(q) 9xu,(q, Xq;%) dg + dBy, Xo =0, (1.8)

for a standard Brownian motion B. Conditionally on (X;);<q,, the endpoint X; has the

law of Xg, + /1 — Q4 G conditioned on the event {Xg + \/1— Q4G > x}, where G
is a standard Gaussian variable independent of B. The equation (1.8) is well posed by

Lemmas 2.6 and 2.7. For mixed p-spin models this diffusion appears in the work of
Auffinger and W.-K. Chen [7, Theorem 3 and (17)], and for the terminal datum (1.5) it
appears in [54, (2.8)]. For step order parameters, X observed at the breakpoints of oy and
at time 1 is a Markov chain with explicit tilted Gaussian transitions (Lemma 9.3). The
variable X; — x > 0 plays the role of the gap of a typical constraint.

1.2 Main results

Our first result is the Parisi formula for smooth activations. We consider two classes of
activations:

(A) U € C*(R),supU < o0, and ||U’ || + [|U"[|eo < 0;
(B) U € C?(R) is concave, sup U < oo, and [|U"||e < 0.

No sign condition is imposed on U’ in class (A), and the activations in class (B) may tend
to —co quadratically.

Theorem 1.1. Let a > 0 and let U belong to class (A) or class (B). Then

lim Fy(U) = P.(U), fn(U) — P« (U) in probability.

N—o0
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Moreover, the infimum defining P.(U) is attained, and every minimizer -y satisfies Q, < ryy,
where ry; < 1 is an explicit number depending only on « and U, defined in (5.1). If U belongs to
class (A), then ry < a||U'||2,/ (1 + a||U']|%,).

Class (A) contains activations that are neither monotone nor concave. This generality
is used for the gaps: adding a bounded source term to a smooth approximation of
the hard wall destroys monotonicity and concavity. Class (B) contains smooth concave
penalties comparable to — (¢ — x)3 , which we use to pass to hard constraints. The bound
on Q. says that the minimizers for a smooth activation stay a fixed distance away from
overlap one. For the hard wall this fails as the margin approaches the critical margin; see
Theorem 1.3(iv).

For a > 2 the critical margin is negative, and the feasible sets Sy(x) with x < 0 are not
convex. Our second result identifies their exponential volume and the largest achievable
margin.

Theorem 1.2. Let « > 2. Then —co < k() < 0, and the following statements hold.
(i) For every x < xc(a), N~'log Viy(x) — Px(k) in probability.

(i) kN — Kc(a) in probability.

(iii) For every x > xc(a) and every C < oo, P{N~'log V(x) > —C} — 0.

Part (iii) states that the normalized log volume tends to —ooc at the critical margin itself;
it does not assert that Sy(x.) is empty. The assumption « > 2 enters only through the
inequality x.(a) < 0; for every a > 0, part (i) holds at the margins ¥ < min{x.(«),0} (see
the end of §8.4). For « > 2, parts (i) and (iii) confirm the free-energy part of a conjecture
of El Alaoui and Sellke [54, Conjecture 1], and part (ii) confirms its capacity part in the
form xy — xc(w).

The proofs of Theorem 1.2 and of the gap theorems below rest on the following
properties of the variational problem, which hold for every « > 0. For x € R put
Ce = 3 (x+ V2 +4), and let Cy = — log P(—1).

Theorem 1.3. Let a > 0.
(i) If P«(x) > —oo, then the infimum defining Py (x) is attained, every minimizer -y satisfies
1—Qy > e, and the set of minimizers is compact in L'(]0,1]).
(i) —oo < Ke(a) < Kkprs(a) < oo. If & > 2, then k(a) < 0.

(iii) P is finite, nonincreasing, concave, and continuous on (—oo, k), and Py (k) = —oo for
K > K. More precisely, with C, = Cy,, for all sufficiently small 7 > 0,

1 1 1
Pi(kc —1n) < 5 logn + 5 log(2aCy) + 5
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(iv) If P«(x) > —oc and vy is a minimizer, then

1+

. Llog(1— Q) — a(Co +log(1 + Cy)).

P (K) >

Consequently there are C,19 > 0, depending only on «, such that for 0 < 1 < 1q every
minimizer 7y of Px.—y satisfies

1— er S Cnl/(1+lx)’ /\W(()) S qu/(2+21x).

(V) There is xo(a) < Kc(a) such that, for every x < xo(a), every minimizer of Py equals 1|, 1)
or some g € (0,1). In particular P, (x) = min PRS (). If & < 1, the same holds for
q P gel0,1) Fx 4
every k < kc(a).

Part (iii) says that the jamming transition is continuous on the exponential scale:
the Parisi value tends to —oo as the margin increases to x., and it does so at least
logarithmically fast. Part (iv) shows that a very negative value pins the top of the support
of every minimizer close to one. Together, (iii) and (iv) give the collapse of minimizers at
the critical margin: their tops tend to one and their masses tend to zero, at power rates.
This collapse is the input for the gap theorems. By part (v) and Theorem 1.2(i), for a > 2

and x < xo(a),
1

N log Vn (k) — qrerhi),rll) PX5(g)  in probability,
which is Gardner’s replica-symmetric formula for the free energy [62]. Thus Gardner’s
formula holds at sufficiently negative margins; the margin xo(«) is not explicit. Theo-
rem 1.3 is proved in §6.6, and part (v) is Corollary 6.9. Two structural facts behind it hold
for every order parameter: an exact value identity (Lemma 6.2) and the universal slope
bound 0 < A (0) dx1,(0,0;x) < Cy (Lemma 6.4).

Our next result concerns constraint densities slightly above two. There xgg(«) is close
to zero, and Gardner’s prediction is closest to being correct. We write a = 2 +e.

Theorem 1.4. There are numerical constants eq > 0 and c > 0 such that, for 0 < e < e,
Kke(2+e) < kgs(2+e) —ce’. (1.9)

Theorem 1.4 is a statement about the variational problem alone, and it is proved in
Chapter 7. Combined with Theorem 1.2(ii), it gives the following.

Corollary 1.5. Let ey and c be as in Theorem 1.4, let 0 < e < e, and put « = 2+ e. Then
kN — Kkc(a) in probability, and x.(x) < krs(a) — ce®. In particular,

lim ]P{KN > Kkrs(a) — %e‘g} =0.

N—oo
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For large «, comparing the asymptotics as k — —oo of the upper bound of Montanari,
Zhong, and Zhou, recalled above, with the relation «lE(xrg — G)%r = 1 shows that, for
all sufficiently large «, with probability tending to one no configuration has margin at
least xrs(a) — 1/ |xkrs(a)|. Together with Theorem 1.2(ii), this gives x.(x) < krg(a) for all
sufficiently large a. Corollary 1.5 shows that the failure of Gardner’s formula extends to
« close to two, where xgrg(2 +¢) = —@e + O(€?) is itself close to zero (see (7.3)). The
proof of Theorem 1.4 evaluates the functional at an explicit order parameter with two
support points near one.

In Part II we study the minimizers of Py for a slightly above two. We show that the
replica-symmetric solution loses its stability at a de Almeida—Thouless margin «q(a) <
kc(a), and that immediately beyond x4(a) every minimizer exhibits full replica symmetry
breaking: its Parisi measure is supported on a nondegenerate interval, with a positive
continuous density in the interior and atoms at both endpoints (Part II, Theorem 1.2).
We also determine the distances between the three margins kg4 < x. < xrg (Part II,
Theorem 1.1). We now restate the results of that part that we use.

Let R = ¢/® and V(z) = R(z)(z + R(z)), so that 0 < V < 1, and put

(27r)3/2

co= /]R V(z)(1-V(z))dz, 04 = W.

By Part II, Lemma 3.5 and Lemma 3.3(c), for e > 0 sufficiently small and every x < xrg(«)
the function PX° of (1.7) has a unique minimizer g*(x) on [0,1), and g*(x) € (0,1). By
Part II, Proposition 3.8, there is also a numerical constant c; > 0 such that exactly one
margin k € (krs(a) — cp, krs()) satisfies

V(2 =1, 2t =YTCETK ),

-7

This margin is the de Almeida-Thouless margin x4(x). The displayed condition says
that the replicon eigenvalue of the replica-symmetric solution vanishes (see [23, 59]);
on (xq, krs) this eigenvalue is negative, and the replica-symmetric solution is unstable
(Part II, Proposition 3.8). The ordering of thresholds (Part II, Theorem 1.1) states that
there are numerical constants ¢y, ¢, C > 0 such that, for0 < e <eyand a =2+ e,

Krs (@) — xg(a) = 0g€* +O(e*log(1/e)), ce’ < xpg(a) — Ke(a) < CeéP. (1.10)

The lower bound on krs — . is Theorem 1.4, which Part II proves again through the zero-
temperature functional (Part I, Theorem 3.13). The upper bound rests on a dual certificate
for this zero-temperature version of the variational problem (Part II, Theorems 3.10
and 3.11). Zero-temperature Parisi functionals were introduced for the ground state
energy of mixed p-spin models by Auffinger and W.-K. Chen [9], and for spherical
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models by W.-K. Chen and Sen [40] and by Jagannath and Tobasco [78]; see also [75].
Franz and Parisi described the jamming limit of the perceptron through the boundary
condition that the replica equations take as the overlap tends to one [58, (15)]. Part II
also shows that for x € (xq(a), kc(«)) no minimizer of Py is replica symmetric (Part II,
Corollary 3.14). Combining Theorems 1.2 and 1.3 with Part II, Theorem 1.1, and with this
absence of replica-symmetric minimizers gives the following.

Corollary 1.6. Let eg, c, C be as in (1.10), let 0 < e < eq, and put & = 2 + e. Then the following
hold.

(i) xn — Ke(w) in probability, ce® < xgs(a) — xc(a) < Ce3, and
Ke(a) — xg(a) = 036> +O(e’log(1/e)). (1.11)

(ii) For every x € (x4(a), krs(a)), Gardner’s replica-symmetric formula mingc(o 1) PRS(q) is
finite, and there is € > O such that

]P{%log Vn(x) < qrerhi)lr}) PRS(g) — s} — 1.

Part (i) sharpens Corollary 1.5 to exact order: the largest achievable margin converges
to a limit that lies below Gardner’s prediction by an amount of exact order (a — 2)3,
and above the de Almeida-Thouless margin by an amount of order (x — 2)%. The
thermodynamic limit is taken at fixed e, and part (i) describes the subsequent behavior
of the limit x.(2 4 ¢) as e | 0. Part (ii) shows that Gardner’s formula for the free energy
fails on the whole interval (xq(«),kgrs(«)). By Theorem 1.3(v) it holds at sufficiently
negative margins, and by Theorem 1.2(i) and Part II, Theorem 1.2(i), it holds at the
margins in [xkq(a) — c’e?,kq(a)] for a numerical constant ¢’ > 0. The corollary follows
directly from the results above. Part (i) is Theorem 1.2(ii) together with (1.10), since
Ke — kg = (krs — kq) — (krs — k). For part (ii), the minimum of PR is attained at g*(x),
so it is finite. Let k € (kgq,k.). By Theorem 1.3(i),(iii), minimizers of Py exist, and by
Part II, Corollary 3.14, none of them is replica symmetric. Hence Px(x) < PR5(g*(x)), and
Theorem 1.2(i) gives the claim. For x € [k, kgrs) the claim follows from Theorem 1.2(iii).

Part II also proves a lower bound on the Parisi value that matches Theorem 1.3(iii) up
to the constant in front of the logarithm, through a comparison with a zero-temperature
functional (Part II, Proposition 2.24): for every a > 2 there are C, 19 > 0, depending only
on «, such that

alogiy—CSP*(KC—q)gélogn—l—C (0 <y <np). (1.12)

Together with Theorem 1.2(i), this logarithmic divergence gives the following.
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Corollary 1.7. Let & > 2. There are C,19 > 0, depending only on a, such that for every
0<n <no

]P{oclogq -C< %logVN(KC —17) < %logiy—l—C} — 1.

Equivalently, with probability tending to one, e"“Ny*N < Vy(x. — 1) < e“NyN/2. On
the exponential scale the feasible volume thus vanishes polynomially in the distance 7
to the critical margin. The upper bound uses only Theorems 1.2 and 1.3, and we do not
claim that either exponent is optimal.

We next describe the configurations that nearly achieve the maximal margin, through
their empirical gap measures vy ;.

Theorem 1.8. Let & > 2. There is a deterministic measure v, on [0,00) with v,([0,00)) = a
and v, ({0}) = 1, whose positive part satisfies

alog3
v ((0,4]) < s (V2D (0 <t <V2m), (1.13)

such that the following statements hold.
(i) For every bounded Lipschitz ¢ : [0,00) — R and every € > 0 there is p > 0 such that

gs}—>1.

]P{ sup ‘/Lpva,a— /tpdvm

ceSN: my(0)>Kc—p

(ii) For every ¢ < (a —2)?/(2a) and all sufficiently large N, with probability at least 1 — e =N
every maximizer oy of my has exactly N contacts. For any choice of maximizers, v 5, — Va
weakly in probability, and

%#{a <M:0<bg-0n—xkN <t} —> v,((0,t]) in probability

at every continuity point t > 0 of v,.

(iii) For every choice of margins k 1 xc(a) and minimizers «y. of Py, the measures a Law (X] ok _
k) converge weakly to vy.

Here vy s, — v, weakly in probability means that [ ¢ dvy e, — [ 1 dv, in probability
for every bounded continuous ¥, uniformly over the maximizers. The count N in part
(ii) is isostatic in the sense recalled above: it equals the N — 1 degrees of freedom on the
sphere plus one for the optimized margin. The identity v,({0}) = 1 and the bound (1.13)
show that, in the limit, no additional macroscopic set of constraints has small positive
gaps: the mass v,((0, t]) of the small positive gaps tends to zero as ¢ | 0, at least as fast
as a constant times 1/ log(1/t). Nearly optimal configurations need not have exactly N
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contacts, but by part (i) their gap statistics are close to v,, and by part (iii) the limiting gap
law is identified through Parisi minimizers approaching the critical margin. The theorem
does not identify the behavior of v, near zero, where physics predicts a power law.

The last theorem identifies the gap statistics of typical feasible configurations at a
tixed margin below the critical one.

Theorem 1.9. Let & > 2 and k < k.(«), let v be a minimizer of Py, and let i : [0,00) — R
be bounded and L-Lipschitz with L > 0. For every ¢ > 0, with probability tending to one,
Vn(x) > 0 and

M

‘uN<{(7 € Sn(x) : ‘% Y p(ba-o—x) —aEp(X]" — K)) > s})

a=1
2N
< exp{——SaLZM(O) } Vi (k). (1.14)

Consequently, writing (-)n « for expectation under the uniform probability measure on Sy (x),
1 4 x
<N 21 P(by -0 — K)>NK — aBy(X]" —x) in probability, (1.15)
a= ’

and all minimizers of Py induce the same law of X" .

Applied to finitely many test functions at once, the theorem shows that all but an
exponentially small fraction of the feasible set has the gap statistics of the Parisi diffusion.
The rate in (1.14) depends on the minimizer only through its mass A,(0), and any
minimizer may be used. We do not prove that the minimizers of Py are unique, and
none of our arguments requires it; the last assertion of the theorem shows that they all
induce the same terminal law. For mixed p-spin models, uniqueness follows from strict
convexity of the Parisi functional [7, 76], which is not known for P,. For generic mixed
p-spin models, Auffinger and Jagannath expressed spin statistics through solutions of
partial differential equations [10].

Throughout, C and ¢ denote positive constants. A numerical constant depends on
nothing; otherwise the dependence of a constant is indicated in the statement where it
appears, as in “depending only on a”. Their values may change from one occurrence to
the next. Limits in probability refer to the joint law of the patterns and of any auxiliary
randomness introduced in the proofs.

1.3 Ideas of the proof

The proof has three parts. Steps 1 and 2 below prove the Parisi formula for smooth
activations. Steps 3 and 4 analyze the deterministic variational problem for the hard wall.
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Steps 5 and 6 transfer these results to the hard constraints of the random model and to
the gaps. Figure 1.1 shows how the steps depend on one another.

Ster 1 - Ch. 3 Ster 2 - Ch. 4 Ster 3 - Ch. 6 tail Step 4 - Ch. 7
The upper bound The lower bound Hard margins bound | Critical margin near a = 2
Guerra interpolation on a Aizenman—Sims—Starr value identity, slope bound a two-point order parameter
Ruelle probability cascade scheme, rotation invariance = Theorem 1.3 = Theorem 1.4
\ / / N ]
. ; ! with Part II, Theorem 1.1
. tai finite k¢, divergence Wi 4
Ch. 5: the PaI'lSl. forlmula of P at xe collapse of | and Corollary 3.14 |
for smooth activations minimizer ! . |
hard-wall The 1.1 | = COI‘OHal‘y 1.6: |
upper = lheorem 1. concave | the order (« —2)3 is exact !
bounds R S
penalties _/
\ Step 5 - Ch. 8 ST o o T T T T )
‘ with Part II,
From soft to hard volume L

Y

repair and Gaussian | = Corollary 1.7:

smoothing : logarithmic volume
= Theorem12 | | - __ 2 ____________ )

|
Proposition 2.24 :
|
|
|

Theorem 1.2(i)

Step 6 - Ch. 9

source - Gap statistics
terms o

A

quadratic source estimate
= Theorems 1.8 and 1.9

Figure 1.1. Selected dependencies among the steps of the proof. Each solid box names a step or
chapter and, where there is one, the main result it proves; an arrow runs from a box to a box
that uses it. The dashed boxes are the corollaries that also use results of Part II. Corollary 1.5
combines Theorems 1.2 and 1.4 and is not drawn, and neither are the analytic properties of the
Parisi functional collected in Chapter 2, which are used throughout. Among them, the lemmas of
§2.3 are derived from Part II, §§2.1-2.5 and Chapter A, which do not use Part L.

Step 1: The upper bound. The argument follows the proof of [92, Theorem 4.1], a step
in Mourrat’s upper bound for bipartite models; the opening of Chapter 3 compares our
argument with his. We use a Guerra-type interpolation [68] between the perceptron and
a decoupled system on a Ruelle probability cascade [19, 112]. Since Py; is continuous in
the order parameter, it suffices to treat order parameters <, with finitely many atoms
hg < --- < hy of equal mass. As the interpolation time ¢ runs from 0 to 1, the argument of
each activation moves from a Gaussian field on the leaves of the cascade, with covariance
h; between two leaves that branch at level /, to b, - ¢. The coordinates are coupled to a
second cascade field, whose levels p = (po, ..., px) are free parameters. The derivative in
t of the interpolating free energy uy is expressed through two overlaps: the spin overlap
Riy = o' -0?/N, and the response overlap X1o = M~1Y, U'(SHU'(S2), where S, is the
interpolated field of constraint a for replica I. Overlaps of the derivatives of the activation
enter in a similar way in Talagrand’s treatment of the perceptron [127, Chapters 2 and 3],
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[128, Chapter 8]. Let | be the level at which the leaves of two replicas branch, w; the
probability that | = [, and r; and {; the conditional means of Ry, and of ayX;, given
] =1, where ay = M/N. Then

k

1
OtUN = —5 Zwl [(1’1 — hl)él —|—COV(R12, anX1o ’ ] = l)] .
1=0

Neither term has a sign. We control the products through the choice of p. At a maximizer
over p of un + %Zl wih;p;, the first-order conditions, together with the monotonicity
0 <o < --- < Ck, make the total contribution of the products nonpositive. This
monotonicity holds for every activation in class (A); we derive it from an exact change of
measure on a cascade with marks. For Gaussian fields the corresponding monotonicity
is [128, Proposition 14.3.2] and [92, Lemma 2.4]. A maximum principle in t alone then
bounds the free energy by the maximum over p at t = 0, up to the covariance terms. To
control these, small Gaussian perturbations of the Hamiltonian, of the form used in [92,
Section 4], enforce approximate Ghirlanda—Guerra identities [64] for the pair of overlap
arrays at the points where the maximum principle is applied. Mourrat’s quantitative
synchronization [92], which builds on Panchenko’s synchronization mechanism [100, 101],
then makes the conditional variance of Rj; small, and the Cauchy-Schwarz inequality
makes the covariances small whatever the sign of U’. This is why no sign condition on
U’ is needed. At t = 0 the system splits into the row term a1z, (0,0; U) and a spherical
term. An exact computation with Gaussian cascades bounds the spherical term plus
% Y wihyp;, maximized over p, by CS(7y;,) + 0(1); a computation of this kind for spherical
spin glasses is in [125]. This is carried out in Chapter 3.

Step 2: The lower bound. We use the Aizenman-Sims-Starr scheme [1] in the spherical
form of [37]. For multi-species spherical models, Bates and Sohn combined W.-K. Chen’s
cavity computation with Panchenko’s synchronization [100, 101] to prove the lower bound
[16]. We follow the same route, with the response overlap in the role of the overlap of
the second species. The scheme bounds the free energy from below by the increment of
the expected log partition function when n coordinates, and about an constraints, are
added to a system with N coordinates. We write the sphere of dimension N + n exactly
as a product of the sphere of dimension N and a density for the n new coordinates
(compare [47]). The increment then splits into a row term and a coordinate term. In the
limit the row term is at least an u;(0,0; U), where ( is the limiting overlap law. After a
Gaussian interpolation, the coordinate term becomes a Gaussian integral over the new
coordinates ¢ € R". After a perturbation (see [98] and [100, (24)—(28)]), the joint law of
the spin overlap and the response overlap satisfies the Ghirlanda—Guerra identities. By
synchronization and the characterization of such arrays [49, 92, 97, 100, 101], it is a limit
of Ruelle probability cascades with paired nondecreasing levels. On such a cascade the
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coordinate term is an explicit Gaussian integral, which for general paired levels is not the
entropy of any order parameter.

Two identities of the system determine the result. First, a Gaussian integration by
parts in the rows expresses the mean effective precision of the new coordinates through
the two overlaps. In the limit, this precision identity shows that the smallest precision is at
least one, so that the Gaussian integral is finite, and it cancels the constant terms. Second,
the law of the patterns is invariant under rotations. Under a uniformly random rotation,
the overlap ¢! - €2 /n of the new coordinates of two replicas is close to their full overlap,
with mean squared error at most 3/ in the limit. Further, E||¢||?>/n = 1, and this norm
identity turns the coordinate term into n CS(vy), where v is the law of the mean overlap
of the new coordinates at the branching level, and the overlap estimate makes <y close to
(. Hence, as N — oo, the increment per added coordinate is at least

Pu(y) —O(n~12) = Pi(U) —O(n~'"?).

Rotation invariance thus forces the cavity term to equal the Crisanti-Sommers entropy,
and no minimizer or critical point of a cavity functional has to be identified. The main
technical issue is the unbounded Gaussian integral over e. We compute it on balls, pass
to the limit N — oo there, evaluate the limit on finite cascades, and remove the cutoff on
these cascades, where the precision identity gives uniform control. This is carried out
in Chapter 4. Chapter 5 combines the two bounds. There a truncation argument, which
moves the mass of an order parameter above the level r;; down to r; and so decreases
Pu, gives the attainment of the infimum and the bound Q. < r{; for minimizers.

Step 3: The variational problem at hard margins. For the hard wall we prove an exact
value identity, valid for every order parameter:

) 1 (Q

Pu(7) = 5 logd +aEh(Z) - 5D(Q) — 5 [ 21(@)D(9) dy.

Here Q=Q,,0=1-Q,Z=(Xg—x)/ \/9 is the normalized top position of the Parisi
diffusion, h(z) = log ®(z) + 3R(z)? < 0, and D(q) = alE 0y, (g, Xg;¥)* — [ A2 is twice
the density of the first variation of Pi. El Alaoui and Sellke computed this first variation
at a minimizer whose support is an interval, in directions supported on that interval [54,
Proposition 16] (see the opening of Chapter 2). Here it is used at every order parameter
and in every direction that keeps the top of the support below a fixed level; Chapter 6
recalls the first-order conditions known for mixed p-spin models. At a minimizer over
the order parameters whose top is at most a fixed level r < 1, the last two terms are
nonpositive, so Py (y) < % logd. A finite value therefore keeps the top of every minimizer
away from one, which gives existence and compactness of minimizers. The second tool
is the universal slope bound

0 < A,(0)9x1u,(0,0;x) < Cy,
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valid for every order parameter and proved by a maximum principle for an explicit
combination of 1+ and dyyu,. The map x — Pi(7) is concave, by Prékopa’s theorem
[108, Theorem 6], with derivative —a dy11,(0,0;x), and A,(0) > J, so the two tools
transport values between margins. Take a constrained minimizer 7y with a prescribed
value w at a margin k > k., where the unconstrained value is —co. The value identity
gives 1 — Q, > e?®, so its slope in the margin is at most aCre~2*. Concavity and the
limit k | x. give Pu(kec — 1) < w + anCy.e™ Y, and the choice w = 1log(2aCy 1) gives
Theorem 1.3(iii).

For a minimizer over all order parameters, the value identity holds without the last two
terms. Since h(z) is bounded below by —log(1 + z_) up to an additive constant, and the
slope bound controls the negative part of Z, Jensen’s inequality gives the pinning bound
of Theorem 1.3(iv). Combined with (iii) at the margin k. — 7, it forces 1 — Q, < Cnl/ (I+a),
Finally, weak top stability, a lower bound on the quantity S(Q) = a6°E 9yt (Q, Xo; «)?
for constrained minimizers with more than one support point, gives A (0) < C(1 —
Q,)'/2. At very negative margins the same lower bound cannot hold, so every minimizer
is replica symmetric; this gives k. > —oo and Theorem 1.3(v). No zero-temperature
functional is needed. This is carried out in Chapter 6.

Step 4: The critical margin near « = 2. To go below Gardner’s prediction we evaluate
Py at an explicit order parameter with two support points near one,

0
@/
which splits the atom of a replica-symmetric order parameter and places a thin layer of
relative width ¢ below the top. The homogeneity and the monotonicity of the Cole-Hopf
step and a Gaussian tail bound give § Pc(775) < QJo(k/+/Q) + 35logé for an explicit
Gaussian integral [, and
2

1,(k) = "‘]E(: O _ g(logZ —2) @@(k) 1) +0(6*72)
If Jo(k) < 0, then Py(ys) — —o0 as 6 | 0 for every k > k, so that k. < k. At k = kgg the
first term vanishes, while a®(xrg) — 1 is of exact order e = a — 2. The layer therefore
gains an amount of order e/ at a cost of order £3/2, and the choice ¢ < ¢? makes J;(kgs)
negative, of order ¢>. Lowering the margin by a small multiple of ¢> keeps it negative.
The argument uses no minimizer and no regularity theory beyond the recursion for this
single order parameter. Unlike the bounds of Stojnic and of Montanari, Zhong, and Zhou
recalled at the beginning of this chapter, the bound comes from the Parisi functional
at an explicit order parameter, and the thin layer of width ¢ =< ¢? gives the order >
near &« = 2. An explicit trial order parameter was used in the same way by Toninelli to
show that the Sherrington—Kirkpatrick model is not replica symmetric beyond the de
Almeida-Thouless line [129]. This is carried out in Chapter 7.

Yo=alp o+ 11, Q=1-6, p=Q(1—¥), a=
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Step 5: From soft free energy to hard feasible volume. The upper bounds on the
volume and on xy come from Step 1, applied to smooth approximations of the hard wall
from above, together with a lemma showing that a single feasible configuration forces
an exponentially nonnegligible feasible volume after a fixed decrease of the margin. For
the lower bound, the Parisi formula for a concave penalty comparable to —B(¢ — x)%
bounds from below the volume of the configurations whose total squared violation
Y. (ko — bg '0')3_, at a level kg slightly below ¢, is at most tN, for small + > 0. Two
geometric facts turn this into feasible volume. First, a small violation can be repaired by
a small displacement. Using the smallest singular value of the pattern matrix over sparse
sets of rows (see [130]), a separation argument moves such a configuration by at most
4+/tN to a point that satisfies every constraint at a slightly smaller margin. The opening
of Chapter 8 compares this repair with that of El Alaoui and Sellke [54, Lemma 11].
Second, the repair map may collapse volume, so we do not use its image. Instead we
add to the configuration a Gaussian vector tangent to the sphere, with variance p? in
each direction, and project back to Sy. This preserves uy. Translating the Gaussian
vector by a displacement d lowers the probability of a symmetric set by at most the factor
e 1417/20%) and Sidak’s inequality [116] shows that, with probability at least e V¢ for
a small € > 0, the Gaussian vector moves no constraint by more than a small amount.
Hence the perturbed point is feasible at a slightly smaller margin with probability at least
e N e/, where €’ is small when t is small compared with pz. The upper bounds are proved
in §§3.8 and 3.9 and the lower bound in Chapter 8.

Step 6: Gap statistics. Gap averages enter through the free energy of the feasible set
with a source term BY_, (b, - o — k), for a bounded Lipschitz test function . Adding
the source to a smooth approximation of the hard wall destroys monotonicity, and this is
where the generality of class (A) is used. We prove a quadratic source estimate: the Parisi
functional at y with the source exceeds its linearization in 8, whose slope is oc]Et/)(XY’k —k),
by at most 3a Lip(1)28%A,(0). For a step order parameter the effect of the source is an
iterated logarithmic moment along the Parisi diffusion observed at the breakpoints of
7. The transitions of this Markov chain are Gaussian laws tilted by log-concave weights.
Like Gaussian laws, they have sub-Gaussian linear statistics and map Lipschitz functions
to Lipschitz functions with the same constant (for log-concave tilts of Gaussian laws see
[25, 27]), and a backward induction with a second-order expansion at each step gives the
estimate. Combined with Jensen’s inequality and the upper bound of Step 1, it yields
one deviation inequality. With probability tending to one, simultaneously for every set
T C Sn(k) of positive volume, the average over T of N~' Y, ¢(b, - ¢ — k) differs from
ocIEl/J(XIY’k — k) by at most

Pi(7) — N~'log un(T) N a Lip(y)*B
B 2

Ay (0) +e.
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For Theorem 1.9 we apply it at a fixed margin x < . to the set of feasible configurations
whose gap average deviates by more than ¢, and Theorem 1.2(i) shows that this set is
an exponentially small fraction of Sy(x). For Theorem 1.8, a single configuration of
nearly maximal margin is surrounded by a set of configurations that are feasible at a
margin smaller by 7, have almost the same gaps, and have volume at least e ~N(10g(1/7)+C),
Optimizing over f leaves an error of order 1 + {A(0)(1 +log(1/7))}'/2, which tends to
zero by the collapse of minimizers in Theorem 1.3(iv).

The exact count of contacts does not use the variational problem. By Wendel’s theorem
[131], kx < 0 with probability exponentially close to one when a > 2. The maximizers of
my then correspond to the points of the polytope {y € RN : g, -y > —1 for all a} farthest
from the origin. These are vertices, and Gaussian general position gives exactly N contacts.
A union bound over sets of N rows gives a finite-N form of (1.13) (Proposition 9.2). This
is carried out in Chapter 9.

Chapter 2 collects the analytic properties of the Parisi functional used throughout:
the Cole-Hopf recursion for step order parameters, Lipschitz continuity in the order
parameter, and, for the hard wall, a priori bounds, signs of derivatives, and the first
variation. Theorem 1.1 is proved in Chapter 5, Theorem 1.3 in Chapter 6, Theorem 1.4
in Chapter 7, Theorem 1.2 in Chapter 8, and Theorems 1.8 and 1.9 in Chapter 9. The
corollaries follow from these theorems and, for Corollaries 1.6 and 1.7, from Part II, as
explained next to their statements. The lemmas of §2.3, parts (i)-(iv) of Lemma 6.1, one
Gaussian bound in the proof of Lemma 6.6 and the expansions of Chapter 7 are derived
from Part II, §§2.1-2.5, Lemma 3.1 and Chapter A, which do not use Part I. Through
them, Theorems 1.2-1.4, 1.8, and 1.9 also rest on Part II; Theorem 1.1 does not.



CHAPTER 2

The Parisi functional

This chapter collects the deterministic facts about the Parisi functional that are used
in the rest of this part. §2.1 introduces the Cole-Hopf step 7, and the backward
recursion that solves the Parisi equation (1.3) when the order parameter is a step function.
It records the monotonicity of the recursion in its terminal datum, which is used in
Chapters 3, 5, 8, and 9, and the homogeneity of the Cole-Hopf step, which is used in
Chapter 7. It also shows that neither the Crisanti-Sommers entropy nor the hard-wall
value depends on the cutoff used to define it. §2.2 proves that, for activations in class (A)
or class (B), the value u,(0,0;U) is Lipschitz in -y for the L! distance, with an explicit
constant (Lemmas 2.3 and 2.4). This defines u, for general order parameters, and it lets
the upper bound (Chapter 3), the lower bound (Chapter 4), the truncation argument of
Chapter 5 and the passage to hard constraints in Chapter 8 move between step order
parameters and general ones. These continuity estimates rest on one identity, (2.15) in
Lemma 2.2, which writes the difference of two solutions with the same terminal datum
as an integral along a diffusion. Its only input is a formula for the derivatives of one
Cole-Hopf step (Lemma 2.1). §2.3 treats the hard-wall functional P, on order parameters
that equal one above a fixed level r < 1. There we state a priori bounds on the solution
and on the associated diffusion (Lemma 2.6), Lipschitz continuity in the order parameter
(Lemma 2.7), signs and a martingale (Lemma 2.8), and the first variation (Lemma 2.9).
These are the inputs for the analysis of the variational problem in Chapter 6 and for the
gap statistics in Chapter 9. Most of them are derived from Part II, as explained at the
beginning of §2.3.

The hard-wall functional P, was studied by El Alaoui and Sellke in [54, Section 4].
For step order parameters they solved the Parisi equation with the terminal datum (1.5)
by the Cole-Hopf recursion [54, (4.16)] and proved a priori bounds on the solution [54,
Proposition 12]. They proved Lipschitz continuity in the order parameter [54, Propo-
sition 13], extended the solution to general order parameters [54, (4.12)], and proved
that it has one-sided derivatives in time [54, Lemma 14]. They also computed the first
variation of Py in terms of the Parisi diffusion [54, (2.8), (4.13), and (4.15)], at a minimizer
whose support is an interval, in directions supported on that interval, and deduced the
tirst-order conditions D = 0 and S = 1 on that interval [54, Proposition 16], with D and
S as in (2.29). Their arguments build on work on the Sherrington—Kirkpatrick and mixed
p-spin models: Guerra’s Lipschitz bound in the order parameter [67], the Feynman-Kac

20
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proof of it by Jagannath and Tobasco [76, Lemma 14 and Remark 15], the diffusion
and the regularity estimates of Auffinger and W.-K. Chen [7, 8], and the first-variation
formulas of W.-K. Chen [38] and of El Alaoui, Montanari, and Sellke [55, Proposition 6.8].
This chapter and Part II, Chapter 2 follow the same route, with the following differences.
Concavity of the solution is obtained from Prékopa’s theorem (Lemma 2.1) rather than
from an explicit computation along the recursion, which uses that the order parameter is
nondecreasing [54, proof of (4.6)]. The bound —0yyu, < (1 — 7)1 of [54, (4.6)] is sharp-
ened to the strict bound —dyyu, < 1/A, (Lemma 2.8). The constants in §2.3 are uniform
for x in a compact interval. The first variation is computed at every order parameter in
the class U, of order parameters equal to one on [r, 1], in every direction that stays in U,
(Lemma 2.9), and not only at a minimizer. Finally, the Lipschitz estimates of §2.2 cover
activations in class (B), which are concave and may tend to —co quadratically.
Throughout this chapter, G denotes a standard Gaussian variable and G’ an inde-
pendent copy of it, and ¢ and ® denote the standard Gaussian density and distribution
function. All functions are Borel measurable, and ||-||;1 is the norm of L!([0,1]).

2.1 Order parameters and the Cole-Hopf recursion

Recall from §1.1 that an order parameter is a nondecreasing, right-continuous function
v :[0,1] — [0,1] that is identically one on [7, 1] for some § < 1, and that U is the set of
order parameters. For y € U/ we write

Q, —inf{g e [0,1]:7(q) =1} <1, Ay (q) = /ql (1) dt.

Thus vy is the distribution function of a probability measure on [0, Q,]. More generally, we
identify every probability measure on [0, 1] with its distribution function, a nondecreasing
right-continuous function v : [0,1] — [0, 1] with (1) = 1.

The Cole-Hopf step. For m >0, s > 0, and a function f : R — [—0c0,00) that is bounded

above, define
1 log Ee™f(*tv5C) ;> 0,
m

Ef(x ++/5G), m=0,

with the conventions e™* = 0 and log0 = —co. The expectations exist because f is
bounded above, 7y, s f takes values in [—oo,sup f], and T,,0f = f. For functions f, g that
are bounded above, a € R, m > 0, and s,s’ > 0, the following hold.

(T1) If f < g+aonR, then Ty sf < Tpsg+aonR.

(T2) Tons T f = Tonsv5f-

(T3) t Tosf = Tmyis(tf) for every t > 0.

Tnsf (%) = (2.1)

o0



PART I 2.1 Order parameters and the Cole—Hopf recursion 22

(T4) Tmsf = Tosf-

If f = —oo, then T,,sf = —oo for all m,s, and (T2)—(T4) for f are immediate; below
we assume f # —oo, so that sup f is finite. Property (T1) holds because y +— €™ is
nondecreasing and Ty, s(¢ + a) = Tmsg + a. For (T2), write x +v/s+s'Gas x + /s G+
Vs’ G'. If m > 0, Tonelli’s theorem applied to e/ > 0 gives

]Eexp{mﬁnsff(x + \/EG)} — [Ee"f(x+V5G+VS'G) _ E o"f (x+Vs+5'G).

and if m = 0 the same argument applies to sup f — f > 0. Property (T3) follows from
(2.1), and (T4) is Jensen’s inequality IEe"f > e™Ef for m > 0 and an equality for m = 0.

The operator 7, solves the Parisi equation over an interval on which the order
parameter equals a constant m; this is the Cole-Hopf transformation. Indeed, if u solves
(1.3) with vy = m > 0, then h = e™" satisfies

m

1 1
Oyl + 50xaht = mh (dgu + St + 3

(8:1)2) =0,

the backward heat equation, whose solutions are Gaussian averages of their later values.
When m = 0 the equation is itself the backward heat equation. The recursion below turns
this computation into a definition.

The step recursion. Let T € [0,1]. A step function on [0,T) is a function v =
Z]T'IZO mjl[t],,tjﬂ) with 0 = tp < #; < --» < ty41 = T and m; > 0. For such 7 and a
function F : R — [—00,0) that is bounded above, define u(-,-;F) on [0, T] x R by the

backward recursion
uy(T,-;F) =F, un(q, 5 F) = Ty —q oy (Ej1, -5 F) (9 € [t tjs1))- (2.2)

We call F the terminal datum and T the terminal time; the terminal time is always clear
from the context. By (T2), two consecutive steps with the same value compose into one
step, so inserting a breakpoint does not change u,,.. Since two representations of - have
a common refinement, u,(-,-;F) depends only on v and F. For T = 0 there are no
steps and u,(0,-;F) = F. The recursion goes back to Parisi [105]; see also [68], [128,
Chapter 14], and [98, Chapter 3].

A step order parameter is an order parameter of the form

'y(q):m] fOI‘C]E [tj,thrl),OSan, O:t0<t1<"'<tn<tn+1:1, (23)

with 0 < mp < --- < m, = 1and y(1) = 1. For such 7 and an activation U that is
bounded above, 1, (-, -;U) is given by (2.2) with T =1 and F = U. The same definition
applies to every step function <y that is the distribution function of a probability measure
on [0,1]; its value m,, on the last interval [t,, 1) need not be one.
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The properties of Ty,s pass to the recursion. By (T1), for functions F, F’ bounded
above and a2 € R,

F<F+aonR = u,(q,5F)<u,(q,xF)+a on[0,T]xR. (2.4)

In particular F — u,(qg, x; F) is nondecreasing and commutes with the addition of con-
stants. For real-valued F, F’ whose recursions are finite on [0, T| x R (in particular, when
both terminal data are bounded below by a quadratic),
sup|uy (g, x; F) — u,(q,x; F')| < sup|F — F'I. (2.5)
x€R x€R
By (T4), (T1) and the case m = 0 of (T2), u,(q,x;F) > EF(x + /T —qG). Hence, if
F(y) > —C(1 + y?) for all y, then

uy(q, % F) > EF(x+/T—qG) > —C(1+x*+T—q) > -C2+x%). (26
If y=1o0n[g,T) for some g € [0, T), then (T2) gives

Uy (7, % F) = T,7—gF(x) = log Bef TV T=1C), 2.7)

We next record the regularity of the recursion. Suppose that F is real-valued and
continuous, and that —C(1 4 y?) < F(y) < C for a constant C. Then u = u,(-,-;F) is
real-valued and continuous on [0, T] x R, and on each open interval (t;, ;1) it is C* and
solves

%(axu)2 =0. (2.8)
By (2.6) and induction over the steps, it suffices to prove the following for a continuous
function f with —C’'(1+y?) < f(y) < C’, a number m > 0, and g(s,x) = Tmsf(x):
the function g is C* on (0,00) X R with 95 = 30xxg + %(9xg)% and g(s, x) — f(xo) as
(s,x) = (0,x9). Form > 0and s > 0,
_ [ e W dy,  0<enf <enC

R \/27s ’ -
Differentiation under the integral shows that the right side is positive, C* in (s, x), and
solves dsh = 30y.h; reading the Cole-Hopf computation backwards gives the equation
for g. For m = 0 the same argument applies to g itself, since |f(y)| < C'(1 + y?). For the
limit, fix p > 0. For m > 0,

|Ee"f(HV56) _omf()| < sup [ W) — emf()| 4 2e"C'P{\/5|G| > p},
ly—x[<p
and for m = 0 the last term is replaced by E[|f(x 4+ /s G) — f(x)|;/s|G| > p], which
is at most C"(1 + x2)P{+/5|G| > p}!/? for s < 1, with C"” depending only on C’, by the
Cauchy-Schwarz inequality. Letting s | 0 and then p | 0, the continuity of f shows that
Tmsf — f locally uniformly as s |, 0 (for m > 0 because e/ is continuous and positive),
and hence g(s,x) — f(xp).

1

eM8(s,x)
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General order parameters. For v € U choose § € [Q,1). There are step order param-
eters v, with v, =1 on [§,1] and ||y, — ¥|[;1 < 1/n. Indeed, let0 =ty < --- <ty =4
have mesh at most 1/7, and put v,(q) = (¢;) on [t;,t;;1) for j < £ and 7, = 1 on [q, 1].
Since <y is nondecreasing,

S

=l < Tt =) 0(t0) = 1(1) <
j<

Further breakpoints may be added to the partition without affecting this bound. The
same construction with § =1 (and 7,(1) = 1) approximates the distribution function of
any probability measure on [0, 1] by nondecreasing step functions with values in [0, 1].
For general v, and for the terminal data treated below (activations in class (A) or class (B),
and the hard wall), the solution u,, is defined as the limit of u.,,. That the limit exists and
does not depend on the approximating sequence follows from the Lipschitz estimates
in 7: Lemma 2.3 for class (A), Lemma 2.4 for class (B), and Lemma 2.7 for the hard
wall. The properties (2.4), (2.5) and (2.6) pass to these limits. For mixed p-spin models,
Auffinger and W.-K. Chen define the solution for general order parameters in the same
way [8, Section 2].

The entropy and the cutoff. The definitions (1.4) and (1.5) involve a number 7 € [Q,,1),
and neither CS(-y) nor u,(-,-;x) depends on this choice. We prove this here for the
entropy and for step order parameters; the extension to general v € U is given after
Lemma 2.7. For CS, let Q, < § < §’ < 1. Since A,(q) =1—gon [Q,,1],

1 (7 dg 1 o 1lo1-g 1 1 o

Ay(q)
Equivalently, since the integrand below vanishes on [Q-, 1],
1 /1 1 1
cs() =5 | - dg. 29
() 2 Jo </\7(q) 1—q> 1 29)
For the hard wall, put

fa(x) = 10g<I><\j1_TKq> =loglP{x+ /1—7G > «},

the terminal datum (1.5) at time g; its dependence on x is suppressed. Let -y be a step
order parameter and Q, < § < § < 1. Since v = 1 on [7, '], (2.7) with terminal time §/

gives
Tig—afy(x) =logP{x+ /7 — 4G +/1—-7 G > «x} = fz(x).

Thus the recursion from f at time §' produces f; at time 4, and the two definitions of
iy (q, x;x) agree on [0, 4]. The same computation with the hard constraint Hx = log 1}, «)
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of §1.1 as terminal datum at time one gives 711 ;Hx = f;, so for every step order
parameter y and 7 € [Q,, 1),

uqy(q,%; He) = uq(q,%6)  (q€10,4]),  hence  Pr(y) = au,/(0,0; He) + CS(7).

(2.10)
Taking § = g in the definition, we obtain for every step order parameter
U~ (g, x;%) zlong( XK ), Q,<g<lL (2.11)

V=1

Classes with a common cutoff. For 0 <r < 1 let
U={yeU:y=1onr 1]} ={yelU:Q, <r}.

The entropy is Lipschitz on each Uf,. For 71,72 € U, use the common cutoff § = r. On
0,7] we have Ay, > Ay (r) =1~ r,and Ay, () — Apy(@)] < |71 — 72/|12. Hence

[CS(711) — CS(72)] < / MA%M:z' q < ﬁ”’h —mllp (v €lh).

(2.12)
Each U, is a compact metric space for the L! distance. The L! distance is a metric on
U,, because two right-continuous functions that agree almost everywhere agree on [0,1).
By Helly’s selection theorem, a sequence in U/, has a subsequence converging at every
point of [0,1] to a nondecreasing function g with values in [0,1] and ¢ =1 on [r, 1]. The
right-continuous version of g lies in ¢/, and differs from g at countably many points only,
so the subsequence converges to it in L! by dominated convergence.

2.2 Continuity in the order parameter for smooth activations

We now show that 7 +— u,/(0,0; U) is Lipschitz for the L! distance when U belongs to
class (A) or class (B). Three arguments need this. The upper bound of Chapter 3 is proved
for step order parameters and is transferred to all of &/ within a class ;. The lower
bound of Chapter 4 compares two overlap laws in the Wasserstein distance, and these
laws need not equal one near g = 1. The truncation argument of Chapter 5 needs an
explicit Lipschitz constant. We therefore allow distribution functions <y, v of arbitrary
probability measures on [0, 1], for which

= ["rta) ~ v@) s

We use one pathwise bound for diffusions whose drift has linear growth. Let B
be a standard Brownian motion on [0,1] and B* = sup,_,|B;|, so that E(B*)* < 4 by
Doob’s inequality. If 0 < g < T <1 and dY; = (s, Ys)ds + dBs on [q, T] with Y; = x
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and |B(s,y)| < a+ K'|y|, then |Y;] < |x| +2B* +a+ K f;|Yt| dt, since T —¢q < 1, and
Gronwall’s inequality gives

sup |Ys| < (|x| +2B* +a)eX. (2.13)
s€(q,T]

The next lemma computes the first two derivatives of one Cole-Hopf step. It is the
only place where the form of 7, s enters the continuity estimates.

Lemma 2.1. Let f € CZ(IR) be bounded above with f" bounded, let m > 0 and s > 0, and
put ¢ = Tusf. For x € R let Py be the law of Y = x + +/5G tilted by e"/(Y), that is,
dP,/ dLaw(Y) = /() /Ee™ (Y), Then ¢ € C3(R), g < sup f, and

§(x)=Epf(Y),  g'(x)=Epf'(Y)+mVarp, (f/(Y)). (2.14)

Consequently the following hold.
@) If|f| <LonR, then |g'| < Land |g"| < sup|f”|+mL>.
(b) If f is concave and f” > —K on R, then g is concave and g’ > —K.

Proof. Since f' has at most linear growth, f” is bounded, and " < 5P/, the function
e"f and its first two derivatives mf’e™f and (mf” + m?f'?)e™f, evaluated at x + /5 G,
are dominated by C(1 + |G|)? for x in a compact set, where C depends on the compact
set. Hence we may differentiate Ee”/(**V5C) twice under the expectation, and dividing
by Ee"™/(Y) gives (2.14) for m > 0. For m = 0 we have P, = Law(Y), and the same
argument applied to Ef (x + /s G) gives ¢ = Ef'(Y) and ¢’ = Ef”(Y). Part (a) follows
from (2.14) and Varp, f'(Y) < L% In part (b), " > —K by (2.14). If m = 0, then g is an
average of concave functions. If m > 0, put h(x,y) = exp{mf(y) — (y — x)?/(2s)}. Its
logarithm is concave in (x,y), and [ h(x,y)dy = v2mse™¥). By Prékopa’s theorem
[108, Theorem 6], the marginal of a log-concave function on R? is log-concave, so mg is
concave. [

For the hard-wall terminal datum, the formula for ¢" in (2.14) appears in [54, (4.17)].
Part II, Lemma A.1 proves the same formulas for concave nondecreasing f; here part (a)
also covers data that are neither concave nor monotone, as in class (A). As in Part II,
Lemma A.1, part (b) gives concavity one step at a time. Hence Lemma 2.2(i) holds for all
step functions with values in [0, 1], whereas Part II, Lemma A.2 and [54, proof of (4.6)]
assume the coefficient nondecreasing.

The next lemma compares the solutions for two step coefficients with the same
terminal datum, at a general terminal time T. Part II, Lemma A.2 proves the identity
(2.15) for a class of concave nondecreasing terminal data that contains the hard-wall
datum.
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Lemma 2.2. Let T € (0,1] and let F € C?(R) be bounded above with F" bounded. Let
v,v:[0,T) = [0,1] be step functions, let u, = u(-,-;F) and u, = u,(-,-; F) be given by (2.2)
with terminal datum F at time T, and put w = u, — u,. Assume one of the following.
(A) |[F'|<LonR.

(B) F is concave and F”" > —K on R for a constant K > 0. In this case put A = sup F —

F(0) + |F'(0)| + K.

Then the following hold for all (q,x) € [0, T] x R.

(i) In case (A), u,(q,-) € C3(R) and |9xu,| < L. In case (B), u(q,-) € C*(R) and

—K < 9xytty <0, F(0) — [F'(0)||x] — %(1 +x2) <u,(q,x) <supF,
0xty (g, x)] < A+ K]x|.

The same holds for u,,.

(ii) Let B be a standard Brownian motion and let Y solve dYs; = B(s,Ys)ds + dBs on [g, T]
with Yy = x, where p = % (951, + dxuy). This equation has a unique strong solution, and

1 rT
w(g,x) = 5 [ (v =)&) E[@:0,)2(s, %)) ds. (2.15)
q
(iii) In case (A), |[w(q,x)| < %2 qu|’y —v|ds. In case (B),

T
w(q,x)| < Cax(l+x%) / [y —vlds,  Cax=A?+3K%(16+ A?).
q

Proof. Refining the partitions, we may assume that oy and v are constant on the intervals
[ti,tj+1) of a common partition 0 =ty < --- < t, 1 = T. We divide the proof into four
steps.

Step 1. Proof of (i). Forq € [tj, tj11), uy(q,) is To(t),4;11—q aPplied to uy(tjy1,-). Induction
over the intervals, starting from the last, and Lemma 2.1 give the following: in case (A),
uy(q,-) € C?, |9xu,| < L, and [dxytiy| < sup|F”| + (n+1)L? on [0, T] x R; in case (B),
u,(q,-) € C2? is concave with dxxity, > —K. In case (B), u, < supF, and (2.6) together
with F(y) > F(0) + F'(0)y — 51 gives

Uy (q,x) > EF(x+ /T —qG) > F(0) + F'(0)x — Ig(xz +T—q),

which is the asserted lower bound, since T — g < 1. For x € {—1,0,1} the right side is at
least F(0) — |F'(0)| — K. By concavity,

uy(q,1) — uy(q,0) < 9x1q(q,0) < 1uq(q,0) —uy(q,—1),
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s0 [0xu,(g,0)| < supF — F(0) + |F'(0)| + K = A, and [9xx1t,| < K gives [0y, (g, x)| <
A+ K|x|.
StEP 2. The equation for w. By §2.1, u., and u, are continuous on [0, T| x R, and on each

open interval (t;,t;,1) they are smooth and solve (2.8) with the constant coefficients -y
and v. Subtracting the two equations and using

1% -V

we obtain on each (t;,tj41) X R

aqw + %axxw + ﬁaxw - — ; V(axuv)zr w(T/ ) = 0. (2.16)

By Step 1, B is Lipschitz in y uniformly in s, and |B(s,y)| < a + K'|y| with (a,K") = (L,0)
in case (A) and (4,K’) = (A, K) in case (B). It is Borel, since dy, and 9y, are pointwise
limits of difference quotients of continuous functions. Hence the equation for Y has a
unique strong solution [79, Theorems 5.2.5 and 5.2.9], and (2.13) gives Esup, |, Y2 < oo
Moreover |dyw(s,y)| < 2(a + K'|y]) by (i), and |w(s,y)| < C(1 + y?) for a constant C,
because 1, and u, lie between the lower bound in (2.6) and sup F (in case (A), F(y) >
F(0) — L[y)).

StEep 3. [t0's formula and the passage through the breakpoints. Fix j with t;,1 > ¢, put t;. =
max{q,t;}, and let t;- <51 <3 < tjy1. On [s1,57] X R the function w is smooth, so 1t6’s
formula applies to w(s, Ys) on [s1,s2]. The stochastic integral fsslz dxw(s,Ys) dBs has mean
zero, because E f:lz(axw)z(s, Y;)ds < 4E(a + K'sup,|Y;s|)? < oo. Taking expectations and
using (2.16),

Euw(sy, Ys,) — Fuw(sy, Ys,) = —% / (= 1)(s) B(3u0)2(s, Ys) ds.

Now let s | t} and sy 1 tj;1. The function w is continuous on [0, T] X R and Y has
continuous paths. Since |w| < C(1+ y?) and (duy)?(s,y) < (a + K'|y|)? are dominated
along Y by C'(1 + sup, Y?), which is integrable, dominated convergence gives the same
identity with s; = t;. and s; = tj;1. Summing over j, and using Y; = x and w(T,-) =0,
gives (2.15).

Ster 4. Proof of (iii). In case (A), (9yuy)? < L? in (2.15). In case (B), (9xuy)?(s,y) <
2A? + 2K?y? by (i). By (2.13) with (a,K") = (A, K) and [E(B*)? < 4,

EY2 < e2¥E(|x| +2B* + A)? < 36X (x2 + 16 + A?),

SO
E(9xy)?(s, Ys) < 2A% + 6K?e* (x® + 16 + A?) < 2Cp k(1 + x?),

and (2.15) gives the bound. ]
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The identity (2.15) is the Feynman-Kac formula of Jagannath and Tobasco [76,
Lemma 14], and part (iii) is the analogue of Guerra’s bound (see the beginning of
this chapter). Case (B) covers concave terminal data whose derivative grows linearly, such
as the hard-wall datum and the activations in class (B).

For activations in class (A), the Lipschitz estimate holds in the uniform norm and at
every time; this is the form used in the upper bound.

Lemma 2.3. Let U belong to class (A) and put L = ||U'||«o. Then for all g € [0,1] and all
distribution functions 71, yo of probability measures on [0,1], in particular for all 1,7, € U,

L? 1
suplity, (9, U) — (g, W) < - [ |11 =72l ds. (2.17)
xe€R q

If moreover 1,2 € Uy for some § < 1, then

wl? 7
Pulr) = Pulr)l < (5 + 502

)2) 71 = 2l (2.18)

Proof. For step functions, (2.17) is Lemma 2.2(iii) in case (A), with T =1 and F = U.
For general 1, 72, let ; , be step approximations as in §2.1. By (2.17) for step functions,
(t4y,,(q,-;U))n is Cauchy in the uniform norm, and two approximating sequences of +y;
have the same limit, since they can be interleaved. This proves that u,, is well defined,
and (2.17) passes to the limit. Finally, (2.18) is « times (2.17) at (g, x) = (0,0) plus (2.12)
withr = 3. O]

The next lemma gives the Lipschitz estimate for both classes at the origin, with an
explicit constant.

Lemma 2.4. Let U belong to class (A) or class (B). If U belongs to class (A), put Cﬁ =12/2
with L = ||U’||e. If U belongs to class (B), put CE = Ca g, the constant of Lemma 2.2(iii) with

K=|U"w A=suplU—U(0)+|U'0)]+K.

Let Cy be the smallest of the numbers Ci}, C that are defined. Then, for any two probability
measures 7y, v on [0,1],

|1, (0,0, U) — 1y, (0,0; U)| < Cyy Wi(7,v). (2.19)

Consequently, for r € [0,1) and v, v € U,,

Pulr) = Pu)l < (aCu+ 5375 ) Iy = vl (2.20)
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Proof. If U belongs to class (A), (2.19) with the constant Cf} is (2.17) at (g, x) = (0,0). Let
U belong to class (B). Then F = U satisfies case (B) of Lemma 2.2 with T = 1 and the
constants K and A above. For step functions -, v with values in [0, 1], Lemma 2.2(iii) gives

1
11/ (g, 2 U) — (g, x; U)| gcA,K(sz)/ ly—v|ds  forall (,x) € [0,1] x R.
q

For general -y, approximate it by step functions as in §2.1. By this estimate the values at
(g, x) form a Cauchy sequence, locally uniformly in (g, x), and the limit does not depend
on the approximating sequence. This defines 1., (g, x; U) (for U in both classes it agrees
with the limit in Lemma 2.3), and the estimate passes to the limit. At (gq,x) = (0,0)
it gives (2.19) with the constant C]f[. Finally, (2.20) follows from (2.19), the identity
Wi(y,v) = ||y — |1 and (2.12). O

2.3 The hard-wall functional at a finite cutoff

We now study Py(y) as a deterministic functional of the order parameter. The top Q,
of the support is not continuous for the L! distance, since adding a small mass near one
moves it. We therefore work on the classes U, 0 < r < 1, and evaluate every v € U,
with the common terminal time r. All constants below depend on r and on a compact
interval I containing x, but not on the number of steps of a step order parameter. None
of the results concerns the limit r — 1. Part II, §§2.1-2.5 and Appendix A, which do
not use Part I, prove the results of this section other than the martingale identity (2.28),
in a stronger form with constants that are uniform for |x| < Kp, and we derive them
from there. Part II defines the hard-wall solution for step order parameters by the same
recursion, with the terminal datum f, defined below, and for general order parameters
by the same approximation within U, (Part II, Definition 2.2(iii)), so the two definitions
agree.

Gaussian quantities. We use the functions

R(z) = i((zz)) R(z)=z+R(z), V(z)=R@ER(E (z€R).

Lemma 2.5. The following statements hold.
(i) Fort >0,

1t¢—)|—(tt)2 <P(—t) < @, equivalently — t < R(—t) < t+ %
(i) RR=-Vand R ' =1-V.
(iii) Forz € R let T, have the law of z 4+ G conditioned on the event {z + G > 0}, that is, the law
on [0, 00 with density proportional to e ~"/2. Then ET, = R(z) and Var(T,) =1 — V(z).
Consequently R > 0and 0 <V < 1.
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Proof. The functions R, R, V, and the variable T, are those of Part II, §2.1. Part (i) is
Part II, Lemma 2.1(b), and parts (ii) and (iii) are contained in Part II, Lemma 2.1(a). [

Part (i) consists of Gordon’s bounds for the Mills ratio [65], and the bound V < 1 in
part (iii) is due to Sampford [113]. El Alaoui and Sellke collect these facts, in terms of the
inverse Mills ratio, in [54, Lemma 17].

The terminal datum. Fix r € [0,1). For v € U,, the hard-wall solution u(-,-;x) on
[0,7] x R is given by the recursion (2.2) with terminal time r and terminal datum

X —K
fr(x) = logCD(\/lT),
by (1.5) with § = r; for step order parameters this is the definition, and for general v € U,
it is completed in Lemma 2.7. Using the same terminal time for all of U, avoids the
discontinuity of v — Q.. With z = (x — x)/+/1 — r, Lemma 2.5 gives
V(z) 1

R(z) ey

fr(x) <0, fi(x) =

Every derivative of f, has polynomial growth, uniformly for x in a compact interval;
this gives the case r = 0 of Lemma 2.6(v). Indeed, R = —zR — R?, so every derivative
of R is a polynomial in z and R, and 0 < R(z) < R(0) + |z| because —1 < R’ < 0 by
Lemma 2.5(ii),(iii). Throughout the rest of this section, I is a compact interval, x € I,
K = (1 —r)"!, and constants depend only on r and I unless stated otherwise.

Notation. The following abbreviations are used in this section and in Chapter 6. We fix
k € R and ¢y € U, and write

Q=0Q, 6=1-Q, A=A,  u=uy(,;x),
b=0.u, C = —Oyxll, v = Ac.

Thus A(g) > A(Q) =6 > 0 for g € [0,Q], and u is defined on [0,1) x R by (2.11). We
write

1
£ = aq + Eaxx +’)/bax
for the generator of the diffusion
dXq = 7(q)b(q, Xg)dg + dBy,  Xo =0, (222)

where B is a standard Brownian motion. For v € U, we consider X on [0, 7], and we write
X% for the solution of the equation in (2.22) on [s, r] with X" = x; it exists and is unique
by Lemma 2.6(iii) for step order parameters and by Lemma 2.7 in general. On [0, Q], X is
the Parisi diffusion (1.8) of §1.1, and the processes defined with two admissible values
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of r agree on their common interval. It is also the diffusion of Part II, (2.14). When two

order parameters v, y are compared, we indicate the order parameter as a subscript, as in

uz, by, or X7. With this notation, the hard-wall functional (1.6) with cutoff g = Q reads
1 /R dg 1

1 1 1,1
PK(/Y):D(M(0,0)_'_E 0 W+§log5:au(0,0)+§/o (Tq)—ﬂ)dq, (2.23)

the second form by (2.9), and Pi(x) = inf,cz Pr (7).

A priori bounds and continuity. The next lemma collects the bounds on the solution
and the diffusion that justify Itd’s formula and the Feynman-Kac formula in the rest of
this part.

Lemma 2.6. Fix r € [0,1) and a compact interval 1. There is a constant C, and for each p > 1
and k > 1 there are constants Cy, and Cy, depending only on r, I, and p or k, such that for every
x € I and every step order parameter v € U, the following hold on [0,7] x R.

(i) —C(1+x%) <u(q,x) <0.
(ii) On each open interval where vy is constant, u is smooth and

Lb=0, Lo = yc?.

(iii)) 0 < ¢ < (1 —r)"Land |b(g,x)| < C(1+ |x|). In particular the drift vb in (2.22) is
Lipschitz in x with constant (1 — )~ and has linear growth, so the equation in (2.22) has a
unique strong solution X from every starting point (s, x) € [0,7] x R.

(iv) Esup,e, | Xp™|P < Cp(1+ [x[)P; in particular Esup,_,[Xq|F < Cp.

(v) |oku(g,x)| < CL(1 + |x|), and 95w is continuous on [0,7] X R.

Proof. For r = 0 the statements concern u = fy only and follow from (2.21) and the
polynomial growth of the derivatives of fy noted after it; let r > 0. Every statement is
contained in Part II, Chapter 2, applied with Ky = max,c|x|; the constants there depend
only on r, Ko, and p or k. Part (i) and the bound on b in (iii) are Part II, Lemma 2.4(b). By
Part II, Lemma 2.4(c), 0 < c < 1/A < (1—r)"ton [0,7] X R, since A > A(r) = 1 — r there.
Hence [9,(7b)| = vc¢ < (1 — )71, and the drift 7b has linear growth. Strong existence
and uniqueness for (2.22) are stated in Part II after (2.14). Part (ii) is Part II, Lemma 2.4(a)
and Lemma 2.9(a). Part (iv) is Part II, Lemma 2.6(a), since 1 + |x|? < (1 + |x|)? for p > 1.
Part (v) is Part II, Lemma 2.4(a),(b): the bound there is Cy(1 + |x|P¥) < 2Ci(1+ |x|)P*, so
one may take C; = max{2Cy, p}- O

Parts (i) and (iii) correspond to the bounds [54, (4.4)—(4.6)], and part (v) is a weaker
form of [54, (4.7)], with polynomial growth in place of boundedness.

The next lemma is the hard-wall counterpart of Lemma 2.4. It extends the solution,
its derivatives, and the diffusion to general order parameters, and it is the source of the
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compactness and continuity used in Chapter 6. For mixed p-spin models, the conver-
gence of all spatial derivatives of the solution as the order parameter converges is [8,
Proposition 1].

Lemma 2.7. Fix r € [0,1) and a compact interval 1. There is a constant C depending only on r
and I, and for each p > 1 a constant C, depending only on r, I, and p, such that for all x € 1
and all step order parameters v,y € Uy, with e = ||7 — v|| 11,

uz (9, %) — 1y (9,%)] < Ce(1+x%),  [b5(q,%) = by(q,x)| < Ce(1+]x])  (224)

on [0,7] x R. For every k > 2 and Ay > 0,
sup {|B§u7(q,x) —fu, (g, %) g €[0,7], |x] < Ao} —0 ase—0,

uniformly in x € I and in the step order parameters. When X7 and X7 start from the same point
(s,x) € [0,7] x R and are driven by the same Brownian motion,

E sup |X] — X]|P < CpeP (1 + |x|)P. (2.25)

te(s,r]

Consequently the solution u, its spatial derivatives, and the diffusion X extend from step order
parameters to every v € U, by L' approximation within U,, and the bounds of Lemma 2.6(i),
(iii)—(v) and of this lemma hold for all v,y € Uy. If v € U, equals a constant m on an interval
[a,a) C [0,7], then u(q,-) = Tyu—qu(a’,-) for q € [a,a’), and u is smooth and satisfies Lb = 0
and Lc = ~yc? on (a,a’) x R. Finally,

Pe®) = Peln)| < (eCt g )IT =l (T €thyxeD.  (@29)

In particular Py is continuous on the compact set Uy, uniformly for x € I, and attains its
minimum over U,.

Proof. For r = 0 the class Uy has one element; let r > 0. We apply the results of Part II,
Chapter 2 with Ky = max¢|«|; they hold for all 7,y € U,, and their constants depend
only on r, Ko, and p or k. The solution for general y € U, is the limit of the solutions for
step approximations in U, (Part II, Definition 2.2(iii)). By Part II, Lemma 2.4(f), for every
k>0,

9uz(q, %) — %y (9,%)| < Cee(1+ |x|")  on[0,1] xR

with pg = 2 and p; = 1. The cases k = 0,1 give (2.24), the cases k > 2 give the
convergence of the higher derivatives, and the derivatives of u., are the limits of those
of its step approximations. The bound (2.25) is Part II, Lemma 2.6(b); in particular
the diffusions of step approximations converge to X7. Part II, Lemma 2.4(a)—(c) and
Lemma 2.6(a) hold for general 7y € U, so the proof of Lemma 2.6 gives its parts (i) and
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(iii)~(v) for all ¥ € U,. If v = m on [a,a’), then u(q, ) = Ty a—_,u(d’,-) for q € [a,a’) by
Part II, Lemma 2.5(a), and u is smooth and satisfies £b = 0 and Lc = c? on (a,a') x R
by Part II, Lemma 2.4(a) and Lemma 2.9(a). Finally, the first bound in (2.24) at (0,0)
controls the energy term of Py, and (2.12) controls the entropy term; this proves (2.26).
Compactness of U, was shown in §2.1. O

We record a consequence of Lemma 2.7. If v € U, C U, with r < ¥’ < 1, then the
step approximations of y in U, also lie in U/,/, and for them the solutions computed with
the cutoffs r and ' agree on [0, 7] by the discussion before (2.10). Passing to the limit,
Uy (-, ;%) and Py(y) do not depend on the cutoff for any v € U, and (2.11) holds for
every vy € U. This is also Part II, Lemma 2.3.

We next record the signs of b, ¢, and 1 — v, which sharpen Lemma 2.6(iii) to strict
inequalities, and the martingale structure along the diffusion. They are the starting point
of the analysis in Chapter 6.

Lemma 2.8. Letr € [0,1), x € R, and v € Uy. Then, on [0,7] X R,

b >0, O<ov<l, so that 0<c<l§ 1 )
A~ 1—7r

(2.27)

Moreover, for q € [0,7],
q
b(g, X,) = b(0,0) —/ c(s, Xs) dB; (2.28)
0

in particular b(q, X;) is a square-integrable martingale on [0, ).

Proof. The signs (2.27) are Part II, Lemma 2.4(b),(c), applied with Ky = |k|; the last
inequality holds because A > A(r) =1 —r on [0, ]. It remains to prove (2.28). For r =0
there is nothing to prove; let r > 0 and take I = {x}.

Step order parameters. Let 7y be a step order parameter and fix (s, x) € [0,r] X R. By It0’s
formula on each open interval of constancy and £b = 0, db(t, X;”") = 9xb(t, X;"*) dB; =
—c(t, X;") dB; there. Since b is continuous on [0, 7] x R with linear growth and 0 < ¢ < K
by Lemma 2.6(iii),(v), the identity extends to the endpoints of the intervals as in Step 3 of
the proof of Lemma 2.2, and

t
b(t, X5%) = b(s, x) — / o(t, XMV dBy (€ [s,7]).

With (s, x) = (0,0) this is (2.28), and since 0 < ¢ < K the stochastic integral is a square-
integrable martingale on [0, r].

General order parameters. Let v € U,, let v, € U, be step approximations, and write
X" = X"™, b, = b,,, and ¢, = ¢,,. By Lemma 2.7, ¢, — ¢ uniformly on compact
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subsets of [0,7] x R, and X" — X in every moment, uniformly on [0, r]. By (2.24) and the
Lipschitz bound |9,b| < K,

ba(q, X2) — b(g, Xg)| < Cen(1+|X2]) + K|XI — X, 1,

with e, = [|7n — Y[l11, 50 bu(q, X)) — b(g, X4) in L. Moreover ¢, (s, X{') — ¢(s, X;) in
probability for each s, by the locally uniform convergence of c;, the continuity of ¢, and
the convergence of X"; since 0 < ¢;,c < K, dominated convergence and Itd’s isometry
give foq cn(s, X)dBs — foq c(s, Xs) dBs in L2. The identity (2.28) for v, therefore passes
to the limit, almost surely for each fixed g € [0, r]. Both sides of (2.28) have continuous
paths, since b and X are continuous and the stochastic integral has a continuous version,
so the identity holds simultaneously for all rational g on one event of probability one,
and then for all 4 € [0, 7] by continuity. O

The martingale identity (2.28) is the hard-wall form of [7, Lemma 2]. Part II,
Lemma 2.9(b) states the martingale property of b(g, X;) without the stochastic integral.

The first variation. For v € U, and g € [0, 7] set
q
D(q) = aEb(q, X,)? — /0 A()72dt, S(q) = aA(q)?Ec(g, X,)2. (2.29)

The first term of D comes from the energy term of P, and the second from the entropy
term, as the proof of Part II, Proposition 2.11(a) shows. Since v = Ac, these are the
functions D and S of Part II, (2.22). The function D and the first variation below are the
basic tools of Chapter 6.

Lemma 2.9. Let r € [0,1), x € R, and v,y € U,. The function D is continuously differentiable
on [0, r] with

S—1
D/:T.
Moreover, with vg = v+ 60(7 — ) € Uy for 6 € [0,1],
2P| =5 [(G-7@)D@)d 230
d9K79 9:0-1-_20’)/ Y)\q q)dq. ’

Proof. The formula for D’ is among the generator identities of Part II, Lemma 2.9(c)(i),
and (2.30) is the first equality in Part II, (2.28) (Proposition 2.11(a)); both hold for all
7,7 € Uy and x € R. O

Formula (2.30) is the hard-wall analogue of the directional derivative of the Parisi
functional of mixed p-spin models computed by W.-K. Chen [38, Theorem 2]; see also
[55, Proposition 6.8]. The first variation of El Alaoui and Sellke [54, (4.15)] involves the
same function D; the beginning of this chapter compares the two. The formula for D’
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is the analogue of [8, Proposition 3], where Auffinger and W.-K. Chen differentiate the
corresponding function for mixed p-spin models. Talagrand computed the derivative
of the Parisi functional when the order parameter is transported by a map close to the
identity [126].



CHAPTER 3

The upper bound

This chapter proves that Py;(y) bounds the free energy from above for every order
parameter 7y and every activation U in class (A) (Theorem 3.1), and deduces upper
bounds for the feasible volume and for the maximal margin. Lemma 3.2 is a change
of measure on a Ruelle probability cascade with marks, which turns Gibbs averages
over the leaves into expectations along a Markov chain, and Corollary 3.3 deduces that
conditional overlaps are nondecreasing in the branching level. Lemma 3.4 computes
a Gaussian cascade exactly. Lemma 3.5 gives the derivatives of the interpolating free
energy. Lemma 3.6 proves concentration of the free energy and computes its derivatives
in the perturbation parameters, and Lemmas 3.7 and 3.8 use it to control the conditional
covariance of the two overlaps. Lemma 3.9 bounds the spherical term by the Crisanti-
Sommers entropy. Proposition 3.10 combines these facts through a maximum principle
in the interpolation time. Corollary 3.11 passes to the hard wall, with a bounded source
term, and Lemma 3.13 and Corollary 3.14, with Lemma 3.12, bound the maximal margin.

Step 1 of §1.3 outlines the argument and introduces the notation used below. The
proof follows that of [92, Theorem 4.1], a step in Mourrat’s proof that the Hamilton—
Jacobi limit bounds the free energy of bipartite models from above [92, Theorem 1.1]. As
there, the atoms of the order parameter have equal mass, the derivative in t is a sum of
products of conditional overlap means and a conditional covariance (see [92, (2.23)]), and
Mourrat’s perturbation enforces the Ghirlanda—Guerra identities only at contact points
(883.3 and 3.4). Four things differ. The row side carries a non-Gaussian activation U, with
no sign condition on U’, in place of Mourrat’s bilinear Gaussian energy. Only the spin
side has free cascade levels, so the viscosity argument becomes a maximum principle in ¢
for the maximum over p (§3.7). The monotonicity of the response overlaps ¢; follows from
a change of measure on a marked cascade; its Gaussian analogue is the monotonicity
of the normalized derivatives of the enriched free energy in the cascade parameters [92,
Lemma 2.4] (see also [128, Proposition 14.3.2]). The bound closes on the Parisi functional
Pu(p) instead of the solution of a Hamilton-Jacobi equation.

Throughout this chapter, b, = g,/+v/N for the rows g, of G, ay = M/N — &, and
a' = supy an < 0. For U in class (A) we write Umax = sup U and L = ||U’||o.

Theorem 3.1. Let U belong to class (A). For every v € U,
limsup Fy(U) < Py(7y). (3.1)

N—oo
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Moreover, P{fn(U) > Pu(y) +¢e} — 0 for every e > 0.

Chapter 5 combines Theorem 3.1 with the lower bound of Chapter 4.

3.1 A change of measure on a marked cascade

The interpolation places Gaussian fields on the nodes of a Ruelle probability cascade.
Its free energy is an iterated logarithmic moment over the levels of the tree, and to
differentiate it we need to express averages over the cascade weights as expectations
along a Markov chain on the marks. The following change-of-measure identity does this.
It also gives the law of the branching level of two leaves sampled from the weights, and
it shows that conditional overlaps are nondecreasing in the level.

The cascade. Fix k > 0and 0 < 0) < --- < 6 < 1, and set 6y = 0, 6,1 = 1, and
w; = 041 — ) for 0 < I < k. The nodes of depth I are the strings 8 € N, with the empty
string as the root, and the leaves are the nodes of depth k. For a leaf  we write p|! for
its ancestor at depth /, and for two leaves we put B A B/ = max{l: B|l = p/|l}. At every
node of depth I — 1, independently, place a Poisson point process on (0, o) with intensity
measure 0;x 7% dx. Its points, in decreasing order, are attached to the edges from that
node to its children; 715 denotes the point attached to the edge into the node B. For a leaf
p put
k I1

Mg =[Jmg, T=YI 5=

1=1 B

The weights (vg) are the Ruelle probability cascade [112]. For k = 0 the root is the only
leaf, and IT = v = 1.

Independently of the cascade, attach to each node § of depth | > 1 a random mark eg
with law P; on a standard Borel space; marks at different nodes are independent. The
root mark e is fixed for now; below it contains the disorder shared by all leaves. For a
leaf B write eg) = (eo, eg|1, - - -, epp) for the marks along its path. Let Xi(eo, ..., e) be a
measurable function of a path of marks, and define backwards, for [l =k,...,1,

1 —
Xl_l(eo,. . .,61_1) = e—llog/eglxl dPl(el), Kl(del ‘ eo, . . .,61_1) = eel(Xl Xl_l)PI(del).

(3.2)
We assume that every X is finite on every path. Then each K; is a probability kernel.
We write [Ek for expectation over the Markov chain (eg, ey, ..., e;) started from ey with
the kernels Ky, ..., Ky, and, for 0 <1 <k, Ex | for expectation over two paths (e, ¢') that
coincide up to depth I, follow the chain up to depth /, and then continue independently
with the kernels K1, ..., K.
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Lemma 3.2. The quantities ITand W = } g vﬁexk(e[ﬁ]) are positive and finite almost surely. Let

wp = vﬁex" €61) /W be the associated Gibbs weights on the leaves. Then, for every measurable ¢
that is nonnegative, or integrable under the law on the right side,

IE %wﬁ p(eg) = Exg(e), (3.3)

E Z wﬁwﬁll{mﬁ/:l}(p(e[ﬁ],e[ﬁ/]) = W ]EK,l(p(e, 6/), 0<I<k. (3.4)
2

Moreover, conditionally on every value of the root mark e,
log W = Xo(ep) +logIT —logII, I LTI,  El[logIl]? < co. (3.5)

In words, (3.3) says that the path of marks of a leaf sampled from the Gibbs weights
is distributed as the chain with the kernels K;, and (3.4) says that two independently
sampled leaves branch at depth | with probability w;, whatever the function X}, and that
their paths then share the first / marks and continue independently.

These are known properties of Ruelle probability cascades, and they rest on the
invariance property of Bolthausen and Sznitman [19]; see [98, Chapter 2]. With marks
and the kernels K;, (3.3) and (3.4) correspond to [103, Theorems 6 and 7], and (3.5) to
[103, (3.12)—(3.13)]; Panchenko and Talagrand use them to write Guerra’s interpolation
on a cascade. See also [4]. Steps 1 and 3 of the proof follow [103, Lemmas 2 and 3], and
Step 4 follows Mourrat’s derivation of the law of B A f' by Gaussian integration by parts
[93], which adapts the derivation of [98, (2.82)].

Proof. For k = 0 we have W = eXo(w) o =1, and wo = 1, and all assertions hold with
I[1=1I"=1. Let k > 1. We divide the proof into four steps.

SteP 1. A Poisson computation. Let (x,) be a Poisson process with intensity x =% dx, let
(en) be independent marks with law P, and let f be measurable with ¢ = | e/ dP < co.
By the mapping and marking theorems for Poisson processes [81, Chapters 2 and 5], the
pairs (x,ef(¢"),e,) form a Poisson process with intensity

cOy 0 dy @ c e 0P (de).

Indeed, for a test function y the substitution y = xe/(¢) gives

//X(xef(e),e) Ox 1 dx P(de) = //)((y,e) gy~ 1% () dy P( de).

~1/8  the first factor becomes 8y ~'~% dy again.

After the first coordinate is multiplied by ¢
Since the intensity is a product, after ranking the first coordinates the marks are indepen-

dent with law ¢~ 'e%/ P and independent of the ranked points. If each mark also carries
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an independent subtree and f depends only on the first component of the mark, the
conditional law of the subtree given the first component is unchanged.

STEP 2. The totals. The sum Sy of the points of one process satisfies Fe "% = exp{—T'(1 —
0)u’} for u > 0, so it is positive and finite almost surely. The identities

1 o0
x = —/ ule ™™ dy  (a>0),
r(a) 0 ( )
a _ a /Oo 1 — e Ux —a—1 1
x Ta—a) ) (1—e " u du (0<a<1),

applied to x = Sy and integrated, show that Sy has negative moments of all orders and
positive moments of all orders a2 < 0; the second integral converges at u = 0 because
1— e T0-01" s of order u’. In particular E[logSy|?> < co. Next, IT is a deterministic
multiple of a copy of Sp,. If S, denotes the total of the subtree below the n-th child
of the root, then Il = ), x,,S,, and by Step 1 with f = log S, the points x,S, form a
Poisson process with intensity IE[S%] 6;x~1~% dx. By induction on k, the subtree total S
is a multiple of a copy of Sp,, so ES"1 < co because ; < 0,. This proves the assertions

about I1.

StEP 3. The change of measure. For a node 8 of depth | > 1 with parent B, replace the
edge weight by
g = 5 eXileip) = Xi-1(epp-))

where e(g denotes the marks along the path from the root to f. Given the ancestors of
B, the multiplier depends only on the mark eg, and [ efXi=Xi-1) 4P, = 1 by (3.2). Apply
Step 1 at the root with ¢ = 1, carrying the independent subtree of each child as part of its
mark, and then apply it recursively below each child. By induction on the depth, after
ranking at each node the modified weights 77 form a cascade with the same law as the
original one and independent of the marks, while the mark of a child of depth I has
conditional law K; given its ancestors. The relabeling by ranks preserves the ancestry.
The multipliers telescope along a path:

k
H‘BeXk(e[ﬂ]) — Xo(eo) IT g1
=1

Summing over B gives W = eXo(«0)IT' /IT with IT' = g I'l; 71, which has the law of I1.
This is (3.5), including the positivity and finiteness of W. Moreover, wg = [T, 7g;/I1" are
the weights of the relabeled cascade, which is independent of the marks. This proves
(3.3). It also proves (3.4) with the coefficient @; = E Yprp'=1 Vgvp in place of w;, because,
given the relabeled cascade, the marks along the paths to two leaves with B A B’ = I share
the first / marks and then continue independently.
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StEr 4. The branching probabilities. The coefficient @; does not depend on the marks, so
we may compute it with a convenient choice. Fix 1 <[ < k and s > 0, let the mark of
each node v of depth [ be a standard Gaussian variable G, (the other marks play no role),
and take Xk(e[m) = sGg|;. Then X, = sGg|; form >l and X; 1 = 0,5%/2, so K| is the law
N(6;s,1), and (3.3) gives

E Y wG, =0, wy =) wg
lv|=1 Bll=v

The sum over nodes is absolutely integrable, by (3.3) applied to the path function [Gg|.
Conditionally on all other variables, w, = AesGv/ (AeSGV + B) with A, B independent of
Gy, so Gaussian integration by parts gives E[G,w,| = s E[w, (1 — wy)]. Summing over v
and using ¥, w, = 1 gives EY, w? = 1 — ;. By (3.4) with the coefficients @,, and ¢ = 1,
the left side equals }_,,~; @;,. Hence }_,,~; @y, =1—0; for 1 <1 <k, and also for [ =0
since ), W, = 1. Taking differences gives @; = 0,1 — 6) = w;. O

We write (-) for averages under the Gibbs weights and their independent replicas,
that is, leaves B!, B2, ... sampled independently from (wg). Conditional averages given
B! A B? = I are taken with respect to the probability E( - Ligipge—ny)/ wr.

Corollary 3.3. Let f be a bounded function of a path of marks with values in a Euclidean space,
and let F; = Ex[f | eo, ..., e]. Then

E(f(ejg) - fleygy) | B A B> =1) = Exl|IE|?,
and the right side is nonnegative and nondecreasing in l. Moreover,
EllogW | eg] = Xo(eo), Var(logW | ep) < 4 Var(logIl). (3.6)

Proof. In (3.4), condition on the common part of the two paths. Their continuations are
independent, so the conditional expectation of f(e) - f(¢') is || F||>. The sequence (F)) is
a martingale for the chain, so Ek||F||? is nondecreasing by conditional Jensen. For (3.6),

take conditional expectations in (3.5), using IT' 41 given ey. For the variance, center
both logarithms at [Elog IT and use (x —y)? < 2x% + 2y?; independence of IT and IT' is
not needed. [

In Lemma 3.5(iv) we apply the monotonicity in [ to the response overlap of the
activation.

3.2 Gaussian cascades

Both bounds on the free energy use one explicit computation: a Gaussian field on a
cascade, integrated against a Gaussian weight at each leaf. In this chapter it bounds
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the spherical term (Lemma 3.9); in Chapter 4 it evaluates the cavity term. The use-
ful observation is that the field along a sampled path, divided by its precision, is a
Gaussian martingale. Its variances give every overlap of the added coordinates, and
the normalization of their squared norm identifies the value with a Crisanti-Sommers
entropy.

Let K= {p € R"1:0< py <--- < pi}, and put Apg = pg and Ap; = p; — p;_; for
1 <[ <k Forx e K with x; <1 let

k 1 k
7x(q) = lZ Wligsyy, A (s) = / Yx(q)dg =1~ lZ w; max(xy, s);
=0 =0
Yx € U is the order parameter with atoms of mass w; at x;.

Fix n > 1 and p € K. Let (y,) be independent standard Gaussian vectors in R”
indexed by all nodes v of the tree, including the root, independent of the cascade, and
put

k l
Yp = ZZ()) VApyg Y=Y \/Bpjvg;  (0<I<K),

j=0

for a leaf B. The coordinates of Y are independent, and each has covariance pg,g between
the leaves B and B’. We call Y the Gaussian cascade field with levels p. Summation by parts
gives

k k
Y 08p = pi— Y wip;. (3.7)
=1 1=0
For b > Zle 0;Ap; define, for 0 <1 <k,
k I Ap; k d.
Po 14 po 11 j
dl:b_ QAP’ mp = — ’ g(blp):_+_ _log_l
j—;ll—l m a5 ]g dj-14j 2dy 2]‘; 0j “dj
(3.8)

and put ¢ = my +1/b. Since d; —d; 1 = 6;Ap; > 0and dy = b — px + Y, wip; > 0, we
have 0 < dy < --- <dy =band 0 < my < --- < my. We call d; the precision at depth I.
The top precision b is a scalar and is unrelated to the rows b,. Let v, be the standard
Gaussian measure on R", and let M be the random probability measure on pairs (8, €)
of a leaf and a vector of R" given by

b—1
M(B, de) o vgv,(de) exp {s SRR ||£||2}.

We write [E y( and IP », for expectation and probability over the cascade, the field Y, and
independent samples (B8!,¢!), (B2, ¢2),... from M, and we put | = B! A g2. Conditional
expectations given | = [ are taken with respect to E[- 11—y ]/P (] = 1).

Lemma 3.4. In this setting the following hold.
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(i) The normalization of M is finite, and
1 2
- Ygll</(20) _
nlElog Eﬁ vge G(b,p), (3.9)

1 [~ 1
EIEIOg;U'B/Vn(dS) e Yg (b-1)| ||2/2 — g(b’ p) . Elogb (310)

(ii) Under P\, the process M; = Yﬁl,l /d;, 0 <1 <k, is a centered Gaussian martingale with
independent increments and

My ~ N(0,mgly), M;—M;_q ~ N(0,(m; —mj_1)I,) (1<I1<k), (311)

and conditionally on B' and Y the vector e has the law N (M, b~'1,). In particular,

Law ¢ (e}) = N(0, 0I,,), (3.12)
el - ¢
Pul(J=0=w, Eu|——|/=I]=m (0<I<k. (13
(iii) The levels satisfy the duality identity
k
opr— Y wymp; =bg—1. (3.14)

I=0

(iv) The order parameter vy, o, with atoms of mass wy at m;/ o, belongs to U, its largest atom is
my/0=1—1/(ob), and

1 1
G(b,p)— 5 logb = CS(vpye) + 5 log o. (3.15)

If 0 = 1, then moreover, for 0 <1 <k,

Ay (my) = & (M S oS(y) = G, p) — Slogh,  (3.16)
Ym / _dl/ pl_ 0 )\,Ym(s)zl ’Ym - ;P 2 Og 7 .
k
pe— Y wmp; =b—1, (3.17)
=0

andd; >1,1<b<1+p,andm <1— (1+pp) L
(V) If Y€ is a real Gaussian cascade field with levels ¢ € IC (the case n = 1), then

. k
Elog ) ope’s = 1(ck - Zwlcl>. (3.18)
B 2 =0
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By (3.4), the branching probabilities w; do not depend on the function integrated at
the leaves. In particular, they remain w; when the e-integral in the definition of M is
restricted to a ball. The restricted measure, used in §4.5, is defined for every b, including
the case dy < 0 in which M is not defined. In (3.15), ¢ is the mean of ||e!||>/n under IP 4,
by (3.12); when it equals one, the value (3.10) is exactly the Crisanti-Sommers entropy of
the law of the conditional overlaps m;.

The value G(b, p), together with the term (b — 1 —logb)/2, is the spherical part of the
expression minimized over b in the Parisi formula for spherical models of Talagrand [125]
and W.-K. Chen [37]. Parts (iii) and (iv) identify it with a Crisanti-Sommers entropy, in
line with Talagrand’s theorem that the spherical Parisi formula agrees with the Crisanti-
Sommers formula [44, 125]. Part (v) is the linear case computed by Arguin [4]; see also
[100, (22)].

Proof. We divide the proof into five steps. Steps 1, 2, and 5 apply Lemma 3.2 to the
Gaussian increments; Steps 3 and 4 are algebraic.

Step 1. The recursion. We use the marks ey = /Poyp at the root and e, = /Ap;y,
at a node v of depth I > 1, with laws P, = N(0,Ap;l,), and write x; = ¢y + e1 +
-+ + ¢ for the partial sums along a path, so that Yy, = x; along the path of p. Since
fvn(df)es'x_(b_l)”snz/2 = b/ 252/ (20) for p > 0, the leaf function of (3.10) is X} =
|x¢]|?/(2b) — % log b, and that of (3.9) is ||x||*/ (2b). For one coordinate, 6 € (0,1), A >0,
d > 6A, and a standard Gaussian variable G, completing the square gives

1 0(x ++AG)? x? 1 d
élogIEexp ( 2 >

= 2d—oa) T20'°8 7 ea

Since d; — 6,Ap; = d;_1 > 0, backward induction in (3.2) shows that X;(eg,...,¢) =
llx:112/(2d;) + a; with a;_; = a; + zigllog(dl/dl_l), where a; = —7logb for (3.10) and
ar = 0 for (3.9). All values are finite, so Lemma 3.2 applies. By (3.5), n times the left
side of (3.10) equals EXo(eg) = npo/(2dg) + a9 = n[G(b,p) — 3logb], and the same
computation with a; = 0 gives (3.9). This proves (i).

SteP 2. The law of a sampled path. Under M the leaf B! is sampled from the Gibbs weights
of Lemma 3.2 with the leaf function Xj of (3.10), and, given the leaf and Y, the vector el
has density proportional to & Yo VIR 2 (i respect to Lebesgue measure, that is, the
law N(Yﬁl /b,b711,). By (3.2), the kernel K;(de; | eo,...,e;_1) has density proportional to
exp{0;|lx—1 +e||>/(2d;) — |le;||?/ (2Ap;)}. The coefficient of —|¢;||>/2 in the exponent is
1/Ap;—6;/d; = d;_1/(d;Ap;), so K; is the Gaussian law with mean 6;,Ap; x;_1/d;_1 and
covariance (Ap;d;/d;_1)I, (the point mass at 0 if Ap; = 0). Since d;_1 + 0;Ap; = d;, under
the chain

4 Apdi\1/2 x| X1 Ap; \1/2
we gt (G) e e S=g=t(GR) 6
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with independent standard Gaussian vectors ¢; that are independent of the root mark. The
root mark keeps its law N(0, pol,), so xo/do ~ N(0, (po/d3)1,). By (3.3), averaged over
the root mark, the process M; = x;/d; along the path of B! has this law, which is (3.11) by
the definition of m;. Since Yﬁl /b = M, the vector ¢! is My + b~ 1/2¢ with an independent
standard Gaussian vector ¢’, which gives (3.12). By (3.4), ] = I with probability w;, and
the two paths then share xo, ..., x; and continue independently with the same kernels.
Given x;, the vectors M] and M? of the two paths are therefore independent, each with
conditional mean M; = x;/d;, and E y[e' - €2 | | = I] = E||M;||> = nm;. All functions
involved are polynomials in Gaussian vectors, so the integrability required in Lemma 3.2
holds. This proves (ii).

Ster 3. The duality identity. Let Ay(s) = 0 — ¥y w; max(m,s) for s € [0, my]. This function
is nonincreasing, with Ay(s) = — Yp,<sw for s ¢ {m;}; it is constant on [0, mo] and
affine with slope —6; on [m;_1,mj]. Moreover A,(my) = ¢ — my = 1/b = 1/dy, and

Ag(mj1) = Ag(mj) = 0j(mj —mj_q) = dj_1d; Tdi df

since d; —d;_1 = 6;Ap;. By downward induction, A,(m;) = 1/d; for all j; in particular
Ag > 1/b > 0 on [0,mg]. On [0,mo] we have A, = 1/dp, and on [m;_q,m;] we have
(1/A0) = Gj//\é and (logA,)" = —6,;/A,. Hence the constant piece contributes mod3 =
po and mody = po/do, and the j-th affine piece contributes (d; —d;_1)/0; = Ap; and
0;1 log(d;/dj_1), to the two integrals

m; ds M ds

o Ml P OSIER R

=2G(b, p). (3.19)

(If mj_1 = mj, then Ap; = 0 and d; = d; 1, and both contributions vanish.) Insert the first
identity of (3.19) into the left side of (3.14) and use Fubini’s theorem:

L[ Q= Limy>s Wit
Q Pk Zl:wlmlpl —/0 Ag()? ds.

The numerator equals Ag(s) + 5 L <s W1 = Ag(s) — sAy(s) for almost every s, so the
integrand is (s/A(s))’, and the integral is 1/ Ay (my) = bmy = bo — 1. This proves (3.14)
and (iii).

Ster 4. The entropy. Suppose first that ¢ = 1. Then my = 1-1/b < 1, 7 € U, and

Ao = Ay, on [0,my]. Step 3 gives the first two identities in (3.16), and (3.14) becomes
(3.17). By (3.19) and the definition of CS with the cutoff my € [Q,,,, 1),

1 /™ ds 1 1
CS(vm) = 5 0 A, (5) + 5 log (1 —my) = G(b, p) — 5 logb.
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Moreover 1/d; = A, (m;) < A,,(0) <1,s0b = dy > d; > 1; since m,p; > 0, (3.17)
gives b —1 < py, and then my =1 —1/b < 1— (1+ p;)~!. For general ¢ > 0, multiply
the levels and the top precision by ¢. The parameters (ob,op) satisfy the standing
condition, and by (3.8) they have precisions od;, conditional levels m;/¢0, and the same
value G(ob, gp) = G (b, p), because py/dy and the ratios d;/d;_ do not change. Their top
level satisfies m /¢ +1/(gb) = 1. The case ¢ = 1, applied to them, shows that 7,,,, € U
with largest atom m /0 =1—1/(ob), and

1 1 1
CS(Ymyo) = G(ab, 0p) — > log(ob) = G(b,p) — 5 logb — 5 log o.
This proves (iv).

Ster 5. The linear field. Apply Lemma 3.2 with the marks of Step 1 for the levels ¢ (with
n = 1) and the leaf function X; = x;. For 8 € (0,1) and A > 0, 67! loglEee(H‘/KG) =
x+0A/2,50 X; = x;+ 3 1 0jAcj and EXo(eg) = %z};l 0iAc. By (3.5) and (3.7) for c,
this is (3.18). For k = 0 both sides of (3.18) vanish. O

3.3 The interpolation and its derivatives

We now define the interpolating free energy and compute its derivatives. Throughout
this section the activation U is in class (A). From now on we fix an integer K > 2 and use
the cascade of §3.1 with

1
k=K-1, Gl:% (0<1<K), sothatwl:E (0 <1<k).
We keep writing w;, which makes the role of each factor visible. We also fix the levels of
the row field,
h:(ho,...,hk)EIC, ]’lk<1,

so that 7 is the order parameter with atoms of mass w; at h;. The spin field has levels
p € K. At every node B of the cascade, including the root, take independent standard
Gaussian vectors yp € RN and zg € RM, independent of G, and set, for a leaf j,

k k
Yg=) VApiyg,  Ep=)_ VAhzgy,
1=0 1=0

where Ahy = hy and Ah; = h; — hj_1. Thus Y and E are the Gaussian cascade fields
with levels p and & in dimensions N and M. The remaining variance 1 — hj of the row
field is carried by an auxiliary standard Gaussian vector & € RM inside each leaf, so that
each coordinate of Zg + /T — it ¢ has variance one, as does b, - ¢ for fixed o € Sy. This
equality of variances is what makes the diagonal terms cancel when the activation is
differentiated in t. Without the cascade, interpolations of this form were used for the
perceptron by Talagrand [127, Chapter 2].
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The perturbation. To obtain approximate Ghirlanda—Guerra identities we add a small
Gaussian field whose covariance is a polynomial in the spin overlap and in the branching
level. Fix an enumeration (¢,),>1 of QN [0,1] and an integer j; > 1, and let Z =

{1, .. .,j+}3. For j = (j1/j2,j3) € 7 put

¢j(R,q) = (9;,R+0,9)%,  sothat |cj(Rq)|<2* (|R|<1,0<qg<1).
We use centered Gaussian fields H/(c, ), j € Z, indexed by ¢ € Sy and leaves 8,
independent of each other and of all previous variables, with covariance

EH/ (0, )HI (¢, ') = Ncj(R,]/K),  R= ‘71'\]‘7 , J=BAE. (3.20)

This perturbation, together with the prefactor sy = N~1/1¢ used below, is the one of

Mourrat [92, (4.4)—(4.5)]. It has the form of Panchenko’s perturbation for multi-species
models [100, (24)-(28)] (see [98] for one species), with the branching level J/k in place
of the overlap of a second species. Panchenko averages over random coefficients in the
perturbation; here, as in [92], the perturbation coefficients are chosen at a contact point
(§83.4). Mourrat proves that such a field exists in [92, Lemma A.2]; the construction below
places its Gaussian tensors on the nodes of the cascade, so that they become part of the
marks. For integrability we use the following explicit construction. For m > 1let a,, 0 = 0
and a,,; = (I/k)™ — ((I =1)/k)™ for 1 <1 <k, and let ag9 = 1 and ay; = 0 for [ > 1.
Thus a,,; > 0and Y ;<;a,,; = (J/k)" for all m > 0 and 0 < | < k. Attach to each node 8

independent standard Gaussian tensors gjl5 € (RN)®,0 <i < j3, and set

Bk ..

' —i/2/ I ' 2 J3

H/(o,B) = 2 012 OC]',i,l N/ <g%l,a®l>, i = N( )19;119;3 la]ri,z.
i=0]=

Only the nodes |l with I < B A B’ are shared by two leaves, so the covariance is

E (]3)19}#953 N (o) L —NZ (]3) 8;,]/k)"",
i=0 I<J
which is (3.20) by the binomial theorem. Since a,,90 = 0 unless m = 0, only the tensor of

— N3
order i = j3 has a root component, with c] 0 =N 19].1 < N.

The interpolating free energy. Let sy = N~'/1% and x = (x;)jez € R. A configuration
is a triple (0, &, ) with o € S, ¢ € RM, and B a leaf, with prior jun(do) N(0, Iyr) (dE) vg.
For t € [0,1], p € K, and x € R? the Hamiltonian is

H(0,E,B) = ZU )+ Yo +sn Y xHI(0,B),
jeT

S, = \/Zba-a+ V1=t (Bga+V1— I la).
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Let W=} 30p [[e #(08B) 11y (do) N(0, Ing) (dE) be the partition function, and put
1 Pk Y Pk
un(t,p,x) = NIE logW — Ex Yo N(p) = —]Elonglg/ Foun(do) — >

The function ¥, y is the spherical part of uy at t = 0 (see (3.25)), and the subtraction of

px/2 normalizes it: P, y(0) = 0. This is a marked cascade in the sense of §3.1. The root
mark consists of G, yp, 2z, and the root tensors; the mark of a node f of depth [ > 1
consists of yg, zg, and the tensors g% ;and Xi = log [[ e dun dN(0, Iy) is the logarithm
of the leaf integral. From now on (-) denotes the Gibbs measure on configurations,

proportional to vﬁe% times the product prior, together with its independent replicas
(c!, &, B1). We write

1 2

o -0

N 7

Rip = J=To=pB"NpB? X1 = — Z u'(syu’'(sz),

where S,lZ is S, evaluated at the I-th replica, and

rn=ERp|]=1), O =anNE(Xy2 | J=1).

By Lemma 3.2, E(1{;_;;) = w; whatever the parameters, and conditional averages given
J = I are as in §3.1. For random variables A, B of two replicas we write Cov(A,B | ] =
)=EAB|]=1) -E(A|]=DEB|]=1).

The next lemma collects what the comparison uses: continuity, Guerra’s formula for
the derivative in ¢, the right derivatives in p in the directions 1>,,, and the monotonicity
of {;. For 0 < m < klet 1>, € K be the vector with coordinates 1 ,,); moving p in this
direction increases Ap,, and leaves the other increments unchanged.

Lemma 3.5. The following hold.

(i) The function uy is continuous on [0,1] x K x R%, and so is E(f(Ryz, J12)) for every
bounded measurable function f on [—1,1] x {0,...,k}.

(ii) For 0 <t < 1, uy is differentiable in t, and

E)tuN = —7E<X12(R12 — h]

I\J|>—‘

k
Z [ — ;) 4 Cov (Rig, anXa2 | ] = Z)]

(3.21)
(iii) For every (t,p,x) and 0 < m < k, the function € — un(t, p + €1>p, x) on [0, 00) has right
derivative at € = 0 equal to

1 1 &
_EIE<R121{]ZTH}> = _E Z wr. (322)
I=m
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(iv) The conditional response overlaps are ordered:
0<g<g < <g <ayl? (3.23)

Proof. Given its leaf B, a replica (o, &) has the leaf measure, proportional to e” (7¢f) times
the prior iy ® N(0, Im). It depends only on the path of marks e|g), and we write (-) for
averages under it. Given the leaves, replicas are independent. We divide the proof into
six steps.

Step 1. Integrability. For a node B of depth m let ©,(eg) be the sum of the Euclidean

norms of yg, zg, and all tensors gj /. at the root add the Frobenius norm |G||r. On any
compact set of parameters there is C, depending also on N, such that

l
X (eo, .- ., e1)] gc(1+ Z@m(em)>, 0<I<k (3.24)
m=0

For | = k, the upper bound follows from U < Umax, |Yg - | < v/N|Yg|, and |(g,0®)| <
N'/2||g||, which hold uniformly in (¢, &). For the lower bound, apply Jensen’s inequality
to the leaf integral and use U(y) > U(0) — Lly|, [|ba - o|dpun < |ba| (since [ oo duy =
In), [18a|AN(0,Ip) < 1, [Yg-oduy = 0, and the bound on the tensors. Backward
induction in (3.2) gives (3.24) at every level: Jensen’s inequality gives the lower bound,
and the upper bound uses that each ®,, has finite exponential moments of all orders. In
particular the hypotheses of Lemma 3.2 hold, and each kernel density % (Xi=Xi-1) is at
most exp{C(1 + ¥,,<; Om) }-

SteP 2. Continuity. Fix the marks. The leaf integral is continuous in (¢, p, x) by dominated
convergence, since its integrand is continuous in the parameters and bounded, uniformly
in (0,¢) and on compact parameter sets, by exp{C(1 + Y, ®,)}. Backward induction
in (3.2), with dominated convergence justified by (3.24), shows that every X; and every
kernel density is continuous in the parameters. Since ElogW = EX(ep) by (3.5) and
|Xo| < C(14 ©p), uy is continuous. For the second claim in (i), let ¢(e,e’) be the
average of f(o-c’/N,I) under the product of the leaf measures of two paths e, ¢’. It is
bounded by sup|f| and continuous in the parameters. By (3.4), applied for a fixed root
mark, E(f(R12,])1{j—py) = wE E 19, and Eg, integrates ¢ against a product of kernel
densities, each continuous and bounded by exp{C(1+}_,, ®,) }. Dominated convergence
proves (i).

Ster 3. Differentiation under the recursion. Let 0 denote the derivative in one of the pa-
rameters t € (0,1) and Ap,,, the latter in the range Ap,, > 0. Locally uniformly in
the parameters, [0.7°| < C(1 + [¢| + X, ®n). Hence 90Xy = (0¢)p, and, bounding
(|g))p < esWP# =Xk [1Z|AN(0, In) with (3.24), we get [0X;| < exp{C(1 + ¥, ©n)}. Dif-
ferentiating (3.2) gives 0X; 1 = [ 0X;dK;, and the same kind of bound propagates to
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every level, which justifies each differentiation under the integral. Hence 0Xy = ExdXj,
and by (3.5) and (3.3)
dElog W = EExdX; = E(0.7).

Ster 4. Gaussian integration by parts. Each Gaussian coordinate at a node of depth m
enters the leaf integrals of all leaves below that node, and only those. Fix one such
coordinate and let it vary in a compact set. Since |U’| < L and |¢| = V/N, the derivative
of each descendant Hamiltonian in this coordinate is bounded, uniformly over the spin
and auxiliary variables. Thus the perturbed descendant leaf integrals are bounded above
and below by common finite multiples of their original values, their first derivatives
satisfy the same domination, and so do their second derivatives, by the bound on u’.
The series over leaves defining the Gibbs averages therefore converge locally uniformly
together with their derivatives, and by (3.3) and (3.24) the sum over nodes of the expected
absolute contributions is finite. This justifies Gaussian integration by parts node by node.
Summing over nodes and coordinates gives, for every row a and every 0 < m <k,

E(Ygm - 0) = /Dpm N(1 = E(Rip1{j51)),
E(zZg), U’ (Sa)> =/ (1= 1) Ay (B(U"(Sg) + U'(S4)%) — B{U' (S)U' (S)Ljzm}) ).

E(Gl'(S0)) = /(1 £)(1 — h) E(U"(Sa) + U'(S0)?),

E(gaill'(Sa)ai) = VN (E(U"(Sa) + U'(S4)%) — E{U'(S;)U' (S3)R1z)).-

™M=

Il
—_

i
Here B is the leaf of the sampled configuration. In the first line, the derivative of
(0i1{gjm=v}) in the coordinate y,; produces the one-replica term VApm (oAl (Blm=v}) and
the two-replica term —/Ap,, (00?1 (= ﬁz‘m:,j}); summing over i and over the nodes v
of depth m gives the formula, because |¢|> = N and g1 u—pg2jmy = 1{j>m})- The second
and fourth lines are obtained in the same way; there the factor U” + (U’)? comes from
differentiating U’(S,)e!(5:). The variable  is integrated inside the leaf measure, so in the
third line only the one-replica term appears.

StEP 5. The derivative in t. For 0 < t < 1, 0;2¢ = Y, U'(S;)9:S,; with
b0 Epat+v1—h&a ~1/2 ./

— — , b,-c =N 0, Hg, = Ah,, z .
2Vt 21—t ’ R

The last three identities of Step 4, together with ), Ahy, = by and Y, Ahy 1>, = hy,
give for each row a

atSa —

(BU” + (U')?) — B(U/(SHU'(SH)R))

(B W) B sHU (S ),

N —

E(U'(S,)0:S,) =
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with U” 4 (U')? evaluated at S,. The one-replica terms cancel because b, - o and Zg, +
v/1 — Iy &, both have variance one. Summing over a4 and dividing by N gives the first
identity in (3.21), by Step 3; the term —py/2 of uy does not depend on t. For the
second, split the average according to the value of | and use E(RpanyXy2 | [ = 1) =
1101 + Cov(R1p, anXyz | ] = 1). This proves (ii).

Ster 6. The derivatives in p and the monotonicity. Moving p along 1>, increases Apy,
and py at unit rate and leaves the other increments fixed. If Ap,, > 0, then aAp,n% =
Ygjm - 0/ (21/Bpm), and the first identity of Step 4 and Step 3 show that IElog W has
derivative (1 — E(R121{j>})); subtracting 1 for the term —py /2 gives (3.22). If Ap,, = 0,
this formula holds at p + €1, for every € > 0, and by (i), applied with f(R,) = R1y;>,),
both 1y and the right side of (3.22) are continuous as € | 0. The mean value theorem then
gives the right derivative at € = 0. Finally, E(R121{j>)) = Y>,, wir; by the definition of
r;. This proves (iii).

For (iv), fix the root mark and apply Corollary 3.3 to the path function with coordinates
(U'(Sa))p/ vV'M, a < M, whose norm is at most L. Since replicas are independent given
their leaves, (U'(S})U’(S2)) given the two leaves equals (U’(S,)) g1 (U'(Sa)) g2, s0 for fixed
root mark E(X1, | ] = I) is the quantity Ex||F||* of that corollary. It is nonnegative,
nondecreasing in /, and at most L2. These properties survive averaging over the root
mark, because w; does not depend on it. This proves (3.23). O

The endpoints. Att = 1, p = 0, and x = 0 the Hamiltonian is }_, U(b, - ¢), which
depends neither on ¢ nor on the leaf, so W = Zy(U). At t = 0 and x = 0 the leaf integral
is the product of [ e’6%un(do), which depends only on the vectors y, and of

M
[T [ exp {U(Ep+ VI=Tite)} NO1(d2),

which depends only on the vectors z; these are independent components of the marks.
For independent F, F' we have §~1logEe?F+F) = 9=1logEe?F + 6~ 1logEe’r, so the
recursion (3.2) factorizes into a spin part and a row part, and by (3.5) so does Elog W.
The spin part is Ni, y(p) + Npx/2. The row part factorizes in the same way over the
rows, whose coordinates z. ;, of the node vectors are independent. For one row it is the
recursion (2.2) for the order parameter -, evaluated at (0,0): the auxiliary variable gives
the step 7q1_p, over [l 1]; the level I > 1 gives the step Ty an, over [hj_1,h;), where
Yn = 6;; and the root gives the heat step 7, over [0,/), where 7;, = 0. Levels with
Ah; = 0 give empty intervals and the identity step 7y, o, so they can be omitted. Hence

un(0,p,0) = Yo n(p) + an u,,(0,0;U), un(1,0,0) = Fy(U). (3.25)

The identification of the row part with the recursion (2.2) is the representation of the
Parisi functional through Ruelle probability cascades (see [98, Chapter 2] and [4]).
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3.4 Concentration and identities at a contact

The comparison argument evaluates the interpolation only at maximum points of a
deterministic function of the parameters. At such points we need the Ghirlanda—Guerra
identities for the perturbed Gibbs measure to hold approximately. They follow from
concentration of the derivatives of log W in the perturbation parameters x. Since the
points are deterministic, concentration at each fixed parameter suffices.

This section follows Steps 1-3 of the proof of [92, Theorem 4.1]. There a quadratic
penalty around the point (1,...,1) [92, (4.18)—(4.19)] keeps the perturbation coefficients
at the contact point close to one; the bound on the Hessian in x at a contact point
and the concentration of the free energy [92, Proposition 4.2] control the fluctuations
of the perturbation Hamiltonians; and Gaussian integration by parts gives approximate
Ghirlanda—Guerra identities [92, (4.28)]. Lemmas 3.6 and 3.7 carry out these steps for the
present interpolation, and the penalty appears in the proof of Proposition 3.10.

Lemma 3.6. Fix K, h, and T, and a compact subset of [0,1] x KC x RZ. There is a constant C
such that

Var (% log W) < %

on this set. Moreover, almost surely x + log W is convex and C? on R, with

dx; log W = sy (H), (3.26)
93 log W = s3 Var, (H/). (3.27)

The function uy is convex and differentiable in x, with Noyun = syE(H/), |0y un| <
2+ FIN8|xi|, and, with C;, = 2+,

un(t, p,x) —un(t,p,0)] < C N8P ((tp,x) € [0,1] x K xRF).  (3.28)

Proof. We divide the proof into three steps.

SteP 1. The variance. By the law of total variance, Var(logW) = E Var(logW | ¢y) +
Var(E[log W | e]). By (3.6) the first term is at most 4 Var(logI1I), a constant depending
only on the cascade, and E[logW | eg] = Xp(ep) is a function of the root Gaussian
variables G, yp, zp, and the root tensors. As in Steps 2 and 3 of the proof of Lemma 3.5,
applied to these variables (the derivatives of .7 in them are bounded), X is continuously
differentiable in them and its gradient is the [Ex-average of the gradient of the leaf
logarithm, so by Jensen’s inequality its squared norm is at most the Ex-average of
the squared norm of the leaf gradient. The derivative of the leaf logarithm in g,; is
Vt/N (U'(S4)0;)g; by Jensen’s inequality and |o|> = N the sum of its squares over
a,iis at most (t/N)MNL? = NtayL?. The derivative in yg is |/po(0) g, with squared
norm at most Npg. The derivative in zg, is /(1 — t)ho (U'(S4))p, with squared norm
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summed over a at most NayhgL2. The root tensor of H/ has coefficient c;r 12,0 < N, and
the derivative of the leaf logarithm in it has squared norm at most S%\]szcjg 0N “Bg|?s <
sy Nx?. Altogether

|VX0|2 < N(ttXNLZ + po + DéNhoLz + N_1/8|x|2),

and the Gaussian Poincaré inequality [21, Theorem 3.20] gives Var(Xp) < [E|VXp|?> < CN
on the compact set. Hence Var(N~'log W) < N~2(4 VarlogI1+ CN) < C/N.

StEp 2. The derivatives in x. Let ®p = Yic1 Y1 Cji ngﬁil I, so that Y; sup, |H/ (0, B)| < Op,
and let Ag(x) be the leaf integral. For each xo € Q? and each integer n > 1,

Y vgAp(xo)(1+Op + @%)ean@ﬁ < oo almost surely.
B

Indeed, the sum equals W(x() times a Gibbs average whose expectation, by (3.3), is an
Ek-expectation of (1+ 0O + ©2)esN"® which is finite by the kernel density bound of
Step 1 in the proof of Lemma 3.5. On the intersection of these countably many events,
since Ag(x) < Ag(xp)e™ x=%1108 the series defining W(x) and the series of its first two
derivatives converge locally uniformly in x. Termwise differentiation gives (3.26) and
(3.27). More generally, the Hessian of logW in x is s3; times the covariance matrix of
(H)jez under (-), which is positive semidefinite, so log W is convex in x. For a convex
function the difference quotients (log W(x) — log W(x — ee;))/e and (log W(x + ee;j) —
log W(x))/e, where e is the j-th coordinate vector of R%, bound dy;log W from below
and above, are integrable, and converge monotonically as € | 0. Hence ox,ElogW =
[Edy; log W, and uy is convex in x. A convex function on R? whose partial derivatives
exist is differentiable, so uy is differentiable in x.

SteP 3. Replica integration by parts. For a bounded measurable function f of the overlap
arrays (Ryy, Jiir); r<n of n replicas, Gaussian integration by parts in the tensors gives

E(fH (1)) = SNXjN<li]E<f ¢j(Rup, Ju/k)) — nE(f Cj(Rl,n+1/]1,n+l/k)>)/ (3.29)
-1

where H/(1) = H/(c!,B'). To justify the exchange of the sum over nodes with the
expectation, differentiate with respect to one tensor g/’ at one node v of depth m. Each
replica | contributes the indicator that B! descends from v, and contracting the two
tensors gives N iRal. Summing the indicators over the nodes of depth m gives 1} -,
and summing the squared coefficients over i and m gives the covariance (3.20). The
expected absolute sum over nodes is bounded by a constant times E(|| gﬂm ||}, which is
finite by (3.3) and (3.24). Taking n = 1 and f = 1 in (3.29), and using |c;| < 23, gives
[E(H/)| < 255*1sy|xj|N, hence |0y, un| = sNTHE(H/)| < 25TIN~1/8|y;|. Integrating
along the segment from 0 to x gives (3.28), since j3 < j,. O
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For two families of overlap arrays A”', B, a test function f of the arrays of the first 1
replicas, and a function c of two real variables, the Ghirlanda—Guerra discrepancy is

1

Du(f,0) = E(f c(AVL, BVT)) — —B(f)E(c(A”, B'?)) -

S

flE<fc(A”,B”)>.
=2

The Ghirlanda-Guerra identities [64] state that ©,(f,c) = 0. For ¢ = ¢; this is the
form used in [92, (4.28) and (5.6)], and it is the analogue, for two overlap arrays, of the
multi-species discrepancy in [100, (31)].

Lemma 3.7. Fix a compact set of parameters (t,p) € [0,1] x K. There is a constant C with the
following property. Suppose that (t, p) lies in this set, that |x — 1| < 1/2, where 1 € R” has all
coordinates equal to one, and that for every y € R?

0 <un(x+y) —un(x) = Vaun(x) -y < |yl (3.30)

where un (x) abbreviates un(t, p, x). Then for A = Rand B = J/k, every j € Z, every n > 1,
and every measurable function f of the overlap arrays of n replicas with |f| <1,

D(f, )| < NS,

Proof. We show that H/ has small fluctuations, both under the Gibbs measure and over
the disorder, at the scale relevant to (3.29). We divide the proof into three steps.

Step 1. Thermal fluctuation. Adding (3.30) at y = +ee; gives un(x + €e;) + un(x — ee;j) —
2upn(x) < 2€2, and the expectation of the corresponding second difference of log W is N
times the left side. This second difference is nonnegative by convexity, and, divided by
€2, 9itgconverges to s3; Var (H/) by (3.27). Fatou’s lemma gives |E Var (H) < 2ng]2 =
2N77e.

Ster 2. Disorder fluctuation. Put iiy = N~ 'logW — px/2, so that uy = FEily, and fix
€ € (0,1]. Let A = max|iin(z) — un(z)| over the three points z € {x, x + €e;, x — €e;}. By
convexity of #y in x; and the upper bound in (3.30),

un(x+eej) —in(x)  un(x+ee;) —un(x)+2A

~ 2A
aj”N(x) < c < c < a]'MN(X) + €+ =

and in the same way, with the secant through x — ee;, 9;iin(x) > djun(x) — € —2A/e.
The three points are deterministic and lie in a fixed compact set, so Lemma 3.6 gives
EA%2 < C/N. With e = N~ 1/4

EA?
]E(a]il\N(x) — ajuN(x))Z < 2¢? + 87 < CN~1/2,
By (3.26), djiix = N~ 'sy(H/) and djuy = N'syE(H/), so E((H/) — E(H/))? <

N25,*CN~1/2 = CN'3/8. Adding the thermal fluctuation, E((H/ — E(H/))?) < CN13/8,
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Step 3. Conclusion. Subtract from (3.29) for n replicas the same identity with n = 1 and
f =1, multiplied by [E(f). The terms with [ = 1 cancel, because c;(R11, J11/k) = ¢;(1,1)
is a constant, and what remains is

E(f(H (1) —E(H))) = —snx;NnD,(f, ;).

By the Cauchy-Schwarz inequality the left side is at most CN''3/16. Dividing by ns NXN >
3N13/16 which uses xj > 1/2, gives |D,(f,cj)| < CN~1/8, O

3.5 Synchronization

We use Panchenko’s synchronization of overlaps, in the quantitative form proved by
Mourrat. Panchenko proved that, under the Ghirlanda—Guerra identities, the overlap of
each species in a multi-species model is a nondecreasing Lipschitz function of the total
overlap [100, Theorem 4]. The proof rests on his theorem that the Ghirlanda—Guerra
identities imply ultrametricity [97]. He proved the analogue for vector spins in [101].
Mourrat’s synchronization theorem [92, Theorem 5.3] is a variant for two overlap arrays
under approximate identities. The following form of it bounds the conditional variance
of one overlap given the other, once approximate Ghirlanda—Guerra identities hold for a
sufficiently rich finite family of test functions. Chapter 4 uses the same synchronization
in the lower bound.

Lemma 3.8. Fix an enumeration (0,) of QN [0,1]. For every € > 0 there is an integer n, > 1
with the following property. Let a random probability measure be supported on the product of
the unit balls of two Hilbert spaces, and let A" and B be the two inner-product arrays of
independent samples from it. Suppose that

Du(f,ci)| < nlg foralln <ngandj € {1,...,n:}>,

and every continuous test function f of the arrays of n samples with |f| < 1, where ¢j(u,v) =
(8,1 + 8),0)5. If the averaged law of B2 is K=1 Y1 | 8,,, where =1 = qg < g1 < -+ < qx < 1,
then 1
E((A”? —E(A"? | B2))?) < =2 4 ¢K? —q) " 31

(( (A% B%))") < % +eK* max (qi1 — 1) (3:31)
Proof. This is [92, Proposition 5.5 and (5.13)], stated there with a number J > 0 in place
of 1/n, and with the conditions required for n, ji,j»,j3 < |67!]; its hypothesis on the
test functions and on the law of B!? is the one above, and [E(A'? | B1?) is the conditional
expectation under the averaged measure. Our form follows by taking n, = [ _1} , because
then 1/n, < éand |7!] < n,. O
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We apply Lemma 3.8 with the following choices. Recall that K = k+ 1 and w; = 1/K
for 0 < I < k. The maps ¢ ~ o/v/N and B — k V/2yF | ug;, where (uy) is an
orthonormal family indexed by the nodes of depth at least one, represent R and J/k as
inner products of unit vectors, since k" '#{1 <1 < k: B|l = B'|I} = (BAB')/k. Up to the
factor k~1/2, this is the embedding of [92, (A.7)]. The image of the Gibbs measure under
the product of these maps is a random probability measure on the product of two unit
balls. By Lemma 3.2, ] /k has averaged law exactly uniform on {0,1/k,...,1}, for every
value of the parameters, including the perturbation. In the notation of Lemma 3.8 this is
g1 =(1—1)/k for 1 <1 <K, so the gaps q;41 — q; are 1 (for I = 0) and 1/k, and the right
side of (3.31) is at most 12/K + eK3.

We choose the parameters in the following order. Given K, let ¢ = K=% let ng = n, be
given by Lemma 3.8, and take j; = ng, so that the functions Cj, j € Z, are exactly those
of Lemma 3.8. At any point satisfying the hypotheses of Lemma 3.7, and for N so large
that CN~1/8 < 1/ng, the hypotheses of Lemma 3.8 hold. The left side of (3.31) equals
Y w; Var(Ryy | ] =1), since E(Ryz | J) = r, and 12/K 4+ K~K® = 13/K. Hence, with

anyL? /13
2 K’

1 k
EN = E Z w; Cov (Rlz, OCNX12 ’ ] = Z) and N = (332)

I=0
we have Y ;w; Var(Ryp | ] =1) <13/K and |En| < 77y at such a point. The second bound
follows from the first: since |X12| < L?, the conditional Cauchy-Schwarz inequality
gives |Cov(Ryp, anX12 | J = )| < anyL?Var(Ry; | J = 1)'/?, and the Cauchy-Schwarz
inequality over [, with ¥, w; = 1, gives Y, w; Var(Ry, | ] = 1)1/? < (13/K)'/2. By (3.21),

N[~

k
dun = —= Y wi(r—h)g — En. (3.33)
1=0

The tolerance ¢ = K~# and the bound 13/K are those of Mourrat [92, (4.31)]. There the
conditional variances of both overlaps enter. Here only the spin overlap is synchronized
with ], and the response overlap enters through the bound |X1;| < L2, which gives the
square root in 7y.

3.6 The spherical term

At t = 0 the spins interact only with the cascade field Y, through the term ¢, 5 (p) of (3.25).
This is the only geometric term in the comparison. It enters through the maximum over p
of YN (p) + 3 Xy wihip;, and we show that this maximum is at most CS(7y;,) + on(1). The
idea is to replace the uniform measure on the sphere by a Gaussian measure with a well-
chosen variance 1/b, for which the cascade recursion is computed exactly by Lemma 3.4.
This replacement, at the cost (b —1 —logb)/2, is the large deviation argument behind
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the Parisi formula for spherical models [125]; see also [37, 93]. Here only an upper bound
is needed, and it holds for each N with an error of order log N/N.

Lemma 3.9. The following hold.

(i) For every N and every p € K, o n(p) < /Pk — 3 Ly Wip)-
(ii) For h € K with hy < 1,

k
Pn = sup {on(p) + 5 Y- wilip b < CS(13) +on (1) (3.34)
peK 1=0

where oy (1) depends only on K and h.

Proof. Part (ii) rests on part (i).

Proof of (i). The leaf logarithm log [ e'#” duy is \/NAp;-Lipschitz in the Gaussian vector
yp)1, since its gradient is \/Ap;(c)g. Differentiating (3.2) shows that each X;_; keeps
these Lipschitz bounds in the earlier vectors, since its gradient is a K;-average. Gaussian
concentration in the form Ee?(F~EF) < ¢#*(*/2 for an (-Lipschitz function F of a standard
Gaussian vector [21, Theorem 5.5], applied at each level | = k,...,1, shows that X; ;
exceeds the plain average of X; over yg; by at most N6;Ap;/2. The root is averaged
without a logarithm. Therefore, by (3.5),

1 1 1 1
—Elog) vg /eyﬂ"f dun < —lElog/eY"T dun+ = Y 0Ap < /pr+ 5 Y 0iAp;,
N 5 N 24 24

where Y ~ N(0, pxIy), and we used Y -0 < v/N|Y| and E|Y| < /Npi. By (3.7) this
proves (i).

Proof of (ii). We divide the proof into three steps.

Ster 1. Localization. By (i), since h; < hy and p; > 0,
Yon(p) + 3 Y _wihip < ok — 3 Y wi(1—h)pr < /P — 3w (1 — hi) pr
) 1

The value at p = 0 is zero, and the right side is negative when py > p := 4/ [wi(1 — Iy)]%
So the supremum may be restricted to the set {p € K : px < p}, and we prove the bound
uniformly over this set. Fix such a p.

StEP 2. Choice of the variance. In the notation of (3.8) with n = N, as b increases every d;
increases, so my + 1/b decreases continuously. It tends to zero as b — oo, and to infinity
asb | ) >10jAp;: if po > 0, the term po/d3 diverges; if pg = 0 and p # 0, then for the first
index j, with Ap;, > 0 we have d;, 1 =b — } ;> 6;Apj, and the j.-th term of my diverges;
if p = 0, the term 1/b diverges. We choose b as the unique solution of m; +1/b = 1,
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so that Lemma 3.4(iv) with ¢ = 1 applies. In particular b > 1. Also b < 2(p + 1): since
d >dy>b—p >b—p, wehave my < pi/(b—p)*> < p/(b—p)? for b > p, and at
b =2(p+1) this plus 1/b is at most § + 3 < 1, because (p +2)? > 8p.

Step 3. Comparison with the sphere. For fixed Y, the average of e’Y"” over ¢ € Sy is
nondecreasing in p > 0: by the symmetry ¢ — —0 it equals the average of cosh(pY - o),
whose derivative in p is nonnegative. If ¢ ~ N(0,b~'Iy), then ¢ = [¢|[N~1/20 with ¢
uniform on Sy and independent of |e|, and b|e|? has the chi-square law x3, with N degrees

Yee _ ofYP/ (20

of freedom. Restricting Ee ) to {|¢|> > N} and using the monotonicity gives,

pathwise,
log ) g /eyﬂ'” duy < longﬁe‘YﬁF/(Zb) —logP{x% > bN}.
p p

For N>2and b > 1,

1—1logh 3log(nmN)+logh+1+ ¢
+ .
2 N
Indeed, the chi-square density xN/2~1e=*/2/(2N/2I'(N/2)) is nonincreasing on [N —
2,00), so P{x% > bN} is at least twice its value at bN + 2. Then (3.35) follows from
(bN 4 2)N/2=1 > (pN)N/2-1 and Stirling’s bound I'(z) < v2mz* 1/2e-#+1/(122) with
z = N/2, after collecting terms. Take expectations, divide by N, and use (3.9) (with
n = N), (3.16) and (3.17) in the form % — % = —%Zl wymp;. Since 1 < b < 2(p+1),
this gives

_%logﬂj{?{%\f > pN} < 20 (3.35)

log N
Yon(p) + 3 Y _wilipy < CS(ym) + 3 Y wipi(hy — my) + Cp Z%f .
I I

It remains to show that CS(7y;) > CS(ym) + 3 2y wipi(hy — m;). The map x — CS(7x)
is convex on the convex set {x € K : x; < 1}. Indeed, compute the entropies at
two points x, ¥’ with a common cutoff 4' € [max(xy, x;),1): for each s < ¢’, A,.(s) =
1 — Y wymax(x;,s) is positive and concave in x, so its reciprocal is convex. Hence
f(€) = CS(Vmre(h—m)) is convex on [0,1], and CS(7) > CS(ym) + f'(0+); this one-sided
derivative is all we need, also when m lies on the boundary of K. With the common
cutoff g/ = max(hy, my), all the functions A involved are at least 1 — 4" > 0 on [0, 4],
and |max(m; + e(h; — m;),s) — max(my,s)| < e|h; — my|. For almost every s, the right
derivative of max(m; + €(h; —m;),s) at e = 0is (b —m;)1yy, ~s). Dominated convergence
and (3.16) give

F0+) = X 5y —m) |

1

mp ds 1
/\’ym(s)z - E;wlpl(hl - ml)'

This bounds the left side of the previous display by CS(7;,) + C;log N/N, uniformly
over p € K with py < p, and proves (ii). O
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3.7 The comparison

We now show that, up to the synchronization error, the free energy at t = 1 is at most the
maximum over p of the interpolation at ¢ = 0. The reason is the following. At a point
where p maximizes uy(t,-,x) + % Y wihyp;, the product term in (3.33) has a sign, so diun
is at most the synchronization error. A maximum principle in ¢ turns this into a bound
on the growth of the maximum over p. Maximizing also over x, with a quadratic penalty,
selects a perturbation at which Lemma 3.7 applies.

This is a finite-N form of Step 5 of the proof of [92, Theorem 4.1], where the first-order
conditions [92, (4.39)—(4.40)] at a contact point and the monotonicity of [92, Lemma 2.4]
give the sign [92, (4.32)] needed for the supersolution property. Here the maximum
principle in ¢ for the maximum over p takes the place of viscosity solutions and of the
comparison principle [92, Proposition 3.2]. The use of first-order conditions in the levels
to control the derivative in t also parallels the stationarization of Stojnic’s fully lifted
interpolation for bilinearly indexed random processes [120, 121]. There the levels on both
sides are chosen at stationary points along the interpolation path, and the derivative in ¢
vanishes when the overlaps concentrate.

Proposition 3.10. Let U belong to class (A), let K > 2 and h € K with h, < 1, let ng and
j+ = ng beas in §3.5, and let yn and Py be given by (3.32) and (3.34). There is Ny, depending
only on U, K, h, and &', such that for N > N

Fy(U) < §n + anity, (0,0;U) + 7y +3C;, |Z|N VB, (3.36)
Consequently,
> /13
limsup Fy(U) < Pu(yn) + ey 2. (3.37)
N—oo 2 K

Proof. Fix ty € (0,1) and ¢ € (0,1], and consider on [0, to] x K x R? the function
1
¥t px) =un(tpx)+5 Y wihpr — |x = 11> = (yn + o)t
I

We divide the proof into four steps.

SteP 1. Localization. We show that ¥ attains its maximum and that all maximum points
lie in a compact set that does not depend on N, ty, or . We take N > N, with Ny fixed
at the end of this step; in particular

(a) 2C]-+N_1/8 < min{}, |Z|71},
where C;, is the constant of (3.28). Then C;, N"V/8|x|2 < 2C;, N"V8(|x — 1>+ |Z]) <
%|x — 1|2+ 1. Since U < Upay, the leaf integral is at most eMUmax f elB7 dun when x =0,
so un(t, p,0) < anUmax + Yo n(p). With (3.28), Lemma 3.9(i) and h; < hy,

T(t/ P,x) < “/ur_;ax +1+ \/P—— %wk(l — hk)pk — %|x — 1|2.
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On the other hand, by (3.28), (3.25), ¢»,n(0) = 0, and the bound u,, (0,0; U) > EU(G) >
U(0) — L from (2.6),

¥(0,0,1) > un(0,0,0) — C;, N"V8|Z| > —a/(|U(0)| + L) — 1.

Since wi(1—hy) > 0and 0 < p; < pron K, we have ¥ < ¥(0,0,1) outside [0, ty] x Ko, for
a compact set g C K x R” that depends only on U, K, h, Z, and «’. As ¥ is continuous
by Lemma 3.5(i), it attains its maximum, and every maximum point lies in [0, to] x Ko.
Let Ny be the least integer such that, for all N > Ny, condition (a) holds and also

(b) 2+N~1/8|x| < 1 forall (p,x) € Ko, and
(c) CN~1/8 < 1/ng, where C is the constant of Lemma 3.7 for the compact set [0,1] x {p :
(p,x) € Ky for some x}.

Since Ky, Z, and ng are determined by U, K, h, and «’, so is Np; it does not depend on ty
or G.

Step 2. Conditions at a maximum point. Let (., px, X+) be a maximum point. First, x,
maximizes x — upn(ts, px, x) — |x —1|%, s0 Vyun = 2(x, — 1) there. The derivative bound
of Lemma 3.6 gives |x, — 1| < 2/*N~1/8|x,|, so |x, — 1| < 3 by (b). Maximality in x gives
un(xs +y) —un(xe) < Jxe +y—17 — |xe — 112 = Voun(xi) -y + |y|? for all y € R%, and
convexity of uy in x gives the lower bound in (3.30). Thus Lemma 3.7 applies, and by (c)
and 8§3.5, |En| < yn at (fs, Ps, Xx)-

Second, p. maximizes p — un/(t, p,x+) + 5 ¥y wihyp; over K. Since p. + €1y, € K
for € > 0, the right derivative in this direction is nonpositive, and by (3.22)

k
:%Zwl(hl—rl) <0 (0<m<Kk). (3.38)
I=m

Third, t, maximizes ¢ — ¥ (t, p., x«) over [0, fy].

Ster 3. Every maximum point has t, = 0. Suppose that t, > 0. Since t. < ty < 1,
uy is differentiable in t at (t., p«, x«) by Lemma 3.5(ii), and maximality in ¢ gives
OruN(ts, Ps, X<) > 1N + 6. We now show the opposite inequality. Put {1 = 0, so
that {; = Y_,</(Cm — {m—1). Summation by parts, (3.23) and (3.38) give

k k

Zwl n—=h)G =Y (Cn—Gqm1) Y, wi(r—h)=-2 Z —Cm-1)Am > 0.
I=m

m=0

By (3.33) and Step 2, diuny = —%Zl wi(r; —h)g —En < |En|] < 7N, a contradiction.
Hence t, = 0.
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Ster 4. Conclusion. Compare ¥ at (to,0,1) with its value at a maximum point, which has
t. = 0. By (3.28) and (3.25),

un(to,0,1) — (yn +¢)to < Y (0, ps, xx)
< Pon(ps) + 5 Y wihyp, + aniy, (0,0;U)
1

By (a), the last two terms are at most 2C;, N ~1/8|7|, and the first two are at most Py.
Letting to 1 1, by continuity of uy, and then ¢ | 0,

un(1,0,1) < G + aniiy, (0,0;U) + 7y +2C;, N~V/8|Z).

Finally, Fyy(U) = un(1,0,0) < un(1,0,1) 4+ Cj, N~'/8|Z| by (3.25) and (3.28). This proves
(3.36). By Lemma 3.9(ii), ¢y < CS(7;) +on(1), and an — «, so (3.36) gives (3.37). O

Proof of Theorem 3.1. Let v € U and K > 2. Approximate -y by the order parameter yx =
| K] /K, which has K atoms of mass 1/K at the quantiles h; = inf{g : v(q) > (I+1)/K},
0 <1 <k =K-—1. Indeed, by right-continuity #; < g if and only if y(q) > (I +1)/K, so
Yu(q) = K W#{l : by < q} = |[Ky(q)]/K. Thush € K,y = Q, <1,y —1/K< vk < 7,
so that |[yx —v||;1 £ 1/K, and yx = v =1 on [Q,,1]. By (3.37) for this /1, and by (2.18)
with 7 = Q,, since 7, vk € Ug,,

<ocL2 Qy > + al? /13

limsup Fy(U) < Pu(y) + > T 2(1—Q,)2 2 VK’

1
N—o0 K
Letting K — oo proves (3.1).

If L = 0, the activation is constant and fy(U) = Fy(U), so the probability bound
follows from (3.1). Let L > 0. The map G > fn(U) is Lipschitz: its derivative in g,;
is N=3/2(U' (b, - 0)0;), where now (-) is the Gibbs measure of Zy(U), and by Jensen’s
inequality and |¢|?> = N the sum of the squares is at most ayL?/N. Gaussian concen-
tration [21, Theorem 5.6] gives IP{fn(U) — Fx(U) > ¢/2} < exp(—e®?N/(8ayL?)), and
Fn(U) < Py(y) +¢€/2 for large N by (3.1).

The parameters and limits are chosen, with U and v fixed, in the following order:
tirst K (and with it /), then the synchronization tolerance ¢ = K% the integer ng, and
the perturbation family Z; then, for each N > N, the auxiliary to T 1 and ¢ | 0 inside the
proof of Proposition 3.10; then N — oo; and finally K — co. O

3.8 Hard constraints

We now pass to the hard wall. Recall that Vi (x) = Zy(Hx) with He = log1, ) and
log 0 = —oo. Chapter 9 also needs the feasible volume weighted by a bounded function
of the fields, so we allow a source term from the start.
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Terminal data with a hard wall. Let oy be a step order parameter as in (2.3), and let
¢ : R — R be bounded and measurable. The terminal datum Hj + ¢ is bounded above
by ||@||co, 5O the recursion (2.2) with T = 1 defines u, (-, - ; Hc + ¢), independently of the
representation of 7, and we put

PH,+¢(7) = auy(0,0; He + @) + CS(7).

The function uy(q, x; Hy) is finite for g < 1: for g < t,, the last breakpoint of v, it
equals u,(q,x;x) by (2.10), and for t, < q < 1 it equals loglP{x + /1 —qG > «} by
(2.7). By (2.4), applied in both directions, for bounded measurable ¢, ¢’ the functions
U~ (-,-; He + @) are finite on [0,1) x R, and

|1y (q,%; He + @) — 111/(q, %, He + ¢')| < suﬂgkv(y) —¢' (W), (g,x)€[0,1) xR. (3.39)
ye

By (2.10), P, (7v) = Px(7)-

The wall approximation. We approximate the hard wall from above by activations in
class (A) that decrease to it. Let

Q(y) =y* —arctan(y ™), U(y;) = —LQ(k—y)  (£>1). (3.40)

The function () vanishes on (—oo,0], is positive on (0,00), and is C?> with (Y (y) =
(yH)2/(1+ (y")?) €[0,1] and Q" (y) = 2y* /(1 + (y*)?)? € [0,1]. Hence U,(-;x) belongs
to class (A), with sup Uy = 0 and |U}], |U}/| < ¢. Moreover, e = 1 on [«, ), and e"()
decreases to zero as £ — oo for y < . Thus et | 1 o) pointwise.

Corollary 3.11. Let k € R and € > 0.
(i) For every v € U,
1
]P{ﬁlog Vn(x) > P(y) +£} — 0.

(ii) Let vy be a step order parameter and let ¢ : R — R be bounded and Lipschitz. Then

H’{llog/ exp{ﬁ(p(ba-a)}yN(da)>73H+ (’y)+€}—>0.
N SN(K) a=1 e

Part (ii) with ¢ = 0 is part (i) for step order parameters. Chapter 9 uses part (ii) with
¢ a real multiple of a bounded Lipschitz test function translated by «x, and Chapter 8 uses

part (i).
Proof. We prove (ii) first, since (i) is deduced from it.

Proof of (ii). Let ¢ be Ly-Lipschitz. The activation must be C?, so we first smooth ¢. Let x
be a smooth probability density supported in [—1,1], and for T € (0,1] let ¢ = ¢ * x¢
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Moreover ¢. = ¢’ * xr and ¢!/ = ¢’ x x., where ¢’ is the almost everywhere derivative,
so |¢l| < Ly and |@¥| < Ly||x||;1/7. Hence U, = Uy(-;x) + ¢, with U, from (3.40),
belongs to class (A) for every /.

Since Uy(-;k) = 0 on [k,c0) and the integrand of Zy(U) is positive,

with x:(y) = T 'x(y/7). Then ¢ is smooth, ||¢c]lc < |||, and |pr — | < LyT.

/ e #(be0) 4 (do) < eML‘PT/ eXa 9e(ba®) 4y (do) < eMEoTZy (U,).
Sn(x) SN (x)

So the normalized logarithm in (ii) is at most fx(U,) + &’ LyT.

We show that u,(0,0; Uy) decreases to u-(0,0; H¢ + ¢) as £ — 0. The terminal
data satisfy el b 0¥ = efst9t pointwise, with values in (0,el?l~]. The recursion
(2.2) applies the same operators 7 to both terminal data. Each is nondecreasing,
so by induction over the steps the functions obtained from U, decrease in ¢; they are
bounded above by ||¢||«, and their limits are the functions obtained from Hy + ¢+,
which are finite by (3.39). Indeed, at a step with m > 0 the functions e"ft € (0, e™/?ll]
decrease to e”f, and at a step with m = 0 the functions ||¢||c — f; > 0 increase to
|¢[lo — f; bounded and monotone convergence apply. Hence Py (7) | Pr,+¢.(7), and
PHet: (7) < Pr,+(7) + aLyT by (3.39). ’

Now choose T with (a' 4+ a)L,T < £/3, and then ¢ with P, (7) < Phe+o.(7) +€/3.
Then Py (7) + &'LyT < Ph,1¢(7) +2¢/3, and Theorem 3.1, applied to U, and 1, gives

]P{llog ela ¢(ba0) yN(da) > PHK+¢('Y) +€} < H){fN(ﬁg) > Pﬁ (’)/) + E} — 0.
N Sn(x) ¢ 3

Proof of (i). Let v € U and r = Q, < 1. The step order parameters 7, € U, of §2.1
converge to vy in L([0,1]), so u,,(0,0;x) — u,(0,0;x) by the definition of u, through
Lemma 2.7, and CS(7y,) — CS(y) by (2.12). Hence there is a step order parameter 7/ € U,
with Py(y") < Pr(7v) + €/2. Part (ii) with ¢ = 0, the order parameter 7/, and ¢/2 gives
the claim, since Py, (7'") = P« (7). O

3.9 Volume from one feasible point

A bound on the volume does not by itself bound the largest feasible margin, because a
feasible set may have zero spherical volume. Lemma 3.13 shows that one feasible point
at margin x produces exponentially small, but not superexponentially small, volume
at margin k¥ — 7, on a set where the fields b, - ¢ change little. The set it constructs is
used again in Chapter 9. The proof uses Sidak’s inequality for a Gaussian vector whose
covariance may be singular; Chapter 8 uses the same extension.
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Lemma 3.12. Let (&q,...,¢pm) be a centered Gaussian vector with an arbitrary, possibly singular,
covariance matrix, and let ¢1,...,cp > 0. Then

P{|&s] < cqforalla < M} > IMIIP{\C,Z\ < ¢t
a=1

Proof. For a nonsingular covariance matrix this is Sidak’s inequality [116, Corollary 1],
proved independently by Khatri [80]. If ¢, = 0 and Var ¢, > 0 for some a, the right side
vanishes, and a coordinate with ¢, = 0 and ¢, = 0 contributes the factor one to both
sides and may be removed. So we may assume that all ¢, > 0. Let ' ~ N(0,Iy) be
independent of ¢, and for € > 0 put ¢ = ¢ + €¢’, whose covariance matrix is nonsingular.
Then P{|¢5] < ¢, Va} > TI,P{|¢S| < ca}. Let e | 0 along a sequence. Each factor
converges to P{|&,| < c,}: if Var&, > 0, because {5 and ¢, are centered Gaussian with
variances converging and a continuous limiting law; if §;, = 0, because P{|e¢}| < ¢;} — 1.
Since ¢¢ — ¢ pointwise and the intervals are closed, the indicator of {|Z5| < ¢, Va} has
lim sup at most the indicator of {|¢,| < c, Va}. Fatou’s lemma, applied to one minus the
indicators, proves the lemma. O

Lemma 3.13. Fix ' < oco. There are constants Keap > 1, Ceap < 00, and Ny, depending
only on !, with the following property. Let N > No, M < &’N, and let by, ..., by € RN be
deterministic vectors with |b,|*> < 2. Let x € R and n € (0,1], suppose that some oy € Sy
satisfies b, - 09 > « for all a, and put

- n n }
Sp = min , .
0 {2Kcap \ 2]x| +1

There is a Borel set T C {0 € Sy : by - 0 > k — 1 for all a} with

un(T) > exp { — N(log(2/s0) + Ceap) },

3.41
‘ba'o-_ba'0-0| SS%lba'UO|+SOKCap (UET, HSM). ( )

If k ranges over a compact interval I, then log(2/s¢) < log(1/#n) + Cr with C; depending only
on «’ and I.

Proof. We divide the proof into four steps.

Ster 1. Constants. Let cp = %(10g2 - %) > 0. For X ~ x4 and 0 < y < 1, Markov’s

inequality applied to e *X with u = (1 —y)/(2y) gives the Chernoff bound P{X < yd} <
(1 +2u)~%2 = exp{—2(y — 1 — logy)}; with y = 1 this is P{X < d/2} < e~%. Let
nt(z) = P{|v2G| < z/2}, and choose Keap > 1 with &’ log(1/7(Keap)) < c9/4, which is
possible because 77(z) — 1 as z — co. Put Ceap = c9/4 +1log2, and let Ny > 3 be such
that e~¢0(N-1) < %e_CON/‘l for N > Nj.
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Step 2. Coordinates. Let P be the orthogonal projection onto cj-

|0 - 09| < N can be written uniquely as

c=poy+sVNuv, p:%e(—l,l), s=4/1-p2, vecay, |v|=1

. BEvery ¢ € Sy with

Under uy, p and v are independent, v is uniform on the unit sphere of 03, and p
has density ¢}, (1 — p?)(N=3)/2 on (—1,1), with ¢}, = T(N/2)/(v/7T((N —1)/2)). This
constant is nondecreasing in N by log-convexity of I', and equals 1/2 at N = 3. Let

T = {(7: pE [\/1—53,\/1—5%/4}, V'N|b, - v] < Keap for all a SM}.

It is a Borel set, and on it s € [s9/2,50] and p > 0. Also sy < 17/ (2Keap) < 1/2.

StEP 3. Fields. Foro € T,b,-0—b, - 09 = (p—l)ba-ao+s\/ﬁba~v,and0 <1-p<s*<
s3 because p = v/1 —s2 > 1 —s%. This gives the second bound in (3.41). For feasibility,
by-0p >xand p € [1 —s%,1] imply pb, - 09 > x — s?|x|: if k > 0, then pb, - 0p > (1 — s?)x;
if b, - 0p > 0 > «, the left side is nonnegative; and if k < b, - 09 < 0, then pb, - 09 > b, - 0p.
Therefore

by, -0 > K—s%|1c| — 50Kcap ZK_g_g’

using s3 < 11/(2|x| + 1) and sy < 17/(2Kcap). Thus every o € T is feasible at margin x — 7.
SteP 4. Volume. On the interval of p defining T we have 1 — p?> > s3/4, and the in-
terval has length 3s3/ (\/ 1-s3/4+ \/ 1—s3) > 2s3. Hence its probability is at least
T(so/2)N-3. %5(2) = %(50/2)N > (s0/2)N. For the direction, represent v = PZ/|PZ| with
& ~ N(0,Iy), so that b, - v = (Pb,) - &/|PZ|. On the event {|P&|?> > N/4} N {|(Pb,) - &| <
Keap/2 for all a} we have v/N|b, - v| < Keap for all a. The variables (Pb,) - ¢ are cen-

tered and jointly Gaussian with variances |Pb,|* < 2, and P{|N(0,v)| < Kep/2} is
nonincreasing in v. By Lemma 3.12, the choice of Keap, and M < a’N,

IP{|(Pby) - &| < Kcap/2 foralla} > ”(Kcap)M > e~CN/4,

Since |P¢|? has the law x%,_; and N/4 < (N —1)/2, Step 1 gives P{|P¢|*> < N/4} <
e (N-1) < Te 0N /4 The directional event therefore has probability at least %e’CON /4,

By independence of p and v,

N
i (1) > ()" e N/ > exp { — N(log(2/50) + Ceap) ).

Finally, for x € I and 7 < 1 we have /5/(2|x|+1) > n/+/2|k| +1, so sp > cyn with
cr = min{1/ (2Keap), (2sup, ;|| +1)"1/2}, and log(2/s9) < log(1/7y) +log(2/c;). O

Corollary 3.14. Let « > 0. For every real x > «c(a), P{xny > x} — 0.
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Proof. Choose 1 € (0,1] with x —#7 > x, and let Ny and Cy = log(2/sg) + Ccap be
given by Lemma 3.13 for o = supy an, the margin «, and this 7. Since x — 1 > ., the
definition of «. gives P.(x — 1) = —oo, so there is ¥ € U with Py, (v) < —Cy — 1. By
Corollary 3.11(i) with e =1,

1 1
H’{ﬁlogVN(K—iy) > —CV} < P{NIOgVN(K—ﬂ) > Pey(7) —1—1} — 0.

On the other hand, suppose that N > Ny, xy > «, and max,|b,|?> < 2. A maximizer
op of min, b, - o over the compact set Sy satisfies b, - 0y > « for all a, so Lemma 3.13
gives Vy(x —n) > un(T) > e NV, Finally, N|b,|? has the law x%;, and the Chernoff
bound P{x3, > 2N} < e N(-log 2)/2 (the upper-tail analogue of Step 1 in the proof of
Lemma 3.13) gives

P2} < N M8

Hence P{xy > x} < P{N~llog Vx(x — ) > —Cy} + P{max,|b,|> > 2} — 0. O



CHAPTER 4

The lower bound

In this chapter we prove the lower bound lim infy Fy(U) > P, (U) for smooth activations
U (Theorem 4.1). Together with the upper bound of Chapter 3, it gives the Parisi formula
in Chapter 5. The argument is outlined in Step 2 of §1.3.

§4.1 introduces the spherical coordinates, the Poisson row count, and the three systems
that are compared, and §4.2 proves the overlap representation theorem (Theorem 4.6) from
the external results behind it. §4.3 defines the perturbation and states the perturbation,
continuity, and precision lemmas, which are proved in §4.8. §4.4 reduces the increment to
the row term and the coordinate term. §4.5 evaluates them on cascades with Lemma 3.4
and removes the cutoff on ||¢]| there (Lemma 4.10). §4.6 proves the rotation estimate, and
§4.7 proves Theorem 4.1.

The two cavity steps, adding constraints and adding coordinates, follow the cavity
method for the perceptron in the replica-symmetric regime [115], [127, Chapters 2 and 3],
[128, Chapter 8]. As in [37, 99], the trial order parameter comes from the limiting
overlap law of the system. Compared with W.-K. Chen’s spherical form [37] of the
Aizenman-Sims-Starr scheme and with its multi-species version by Bates and Sohn
[16], two points differ. First, in both works the cavity functional is identified with
the spherical Parisi functional, as the number of cavity coordinates grows, through
Talagrand’s computation [125]; here the coordinate term is an explicit Gaussian integral
on cascades, and the rotation invariance of the patterns identifies it with the Crisanti—
Sommers entropy. Second, the other species in the Ghirlanda—Guerra identities is not a
group of coordinates, as in [16, 100], but the response vector.

Activation class. Throughout this chapter, U satisfies, for some Umax < o0 and L < oo
(enlarged, if necessary, so that L > 1+ |U(0)]),

UeC'R), U<Una, |[UE)|[<LO+]x]), |[UI)<L 2<j<4),
(4.1)
and in addition either U’ is bounded or U is concave. In the first case U belongs to
class (A), and in the second to class (B). The derivatives of orders three and four are
used only in the perturbation of §4.3, in the error estimates of the cavity interpolation,
and in Lemma 4.9. They control the first and second derivatives of xU’(x) and U’(x)?.
In Chapter 5 this extra smoothness is removed by mollification. By (4.1) and Taylor’s
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formula,
—Co(1+x%) <U(x) € Uma,  Co=2L. (4.2)

Conventions. Throughout this chapter, C and c denote positive constants that may
depend on &, Umax, and L, but not on N; their values may change from one occurrence
to the next. A dependence on the cavity dimension n or on the cutoff A is indicated
by a subscript, as in C, o or O, A(-). The cavity dimension 7 is fixed until the last
step of the proof. We write v, for the standard Gaussian measure on R” and G for a
standard Gaussian variable. The letter a is a row index, and G, G/, G” denote Gaussian
matrices with rows ¢,, ¢, g7 The letter b, with or without subscripts, denotes a precision
parameter of a Gaussian integral, as in Lemma 3.4. The rows b, = g,/+/N of Chapter 1
and the derivative b = dyu of §2.3 are not used in this chapter.
The goal of the chapter is the following theorem.

Theorem 4.1. For every a > 0 and every activation U satisfying (4.1), with either bounded U’

or concave U,
Iliminf Fy(U) > P.(U) = inf {au(0,0;U) + CS .
lN 1 N( )_ ( ) ;Eu{ 7( ) (’Y)}

4.1 Spherical coordinates, the row count, and the three systems

We first separate the added coordinates without changing the surface measure. Through-
out this chapter
N' =N +n.

For o € Sy and ¢ € R" with ||¢||> < N/, define

0@ = VI o0 = (o) € sy

The uniform probability measure yps on Sy is the image of un(do) ® fn . (e) de under
(0,€) — p(0o,€), where

[(N'/2) 1 ( B HgHZ)N/Z—l

fN,n(g) = F(N/Z) (N’/Z)Wz (27T)n/2 N 1{HS||2<N’}‘ (4.3)

Indeed, write a uniform point of Sys as /N’ 7/ ||| for a standard Gaussian vector 7 =
(11, 12) € RN x R”™. Its last 1 coordinates are ¢ = v/N'172/ |||, and its first N' coordinates
are x(e)o with ¢ = v/Nn1/||n1|. The vector ¢ is uniform on Sy and independent of
(l71]l, 72), hence of e. The variable ||¢||>/ N’ = ||12]|?/||n]|* has the beta distribution with
parameters n/2 and N /2, and the direction of ¢ is uniform and independent of its norm.
Writing the beta density in polar coordinates on R" gives (4.3). For A > 1 let

B, = {e € R": ||¢|% < An).
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Stirling’s formula, T(N'/2)/T(N/2) = (N'/2)*?(1 + O,(N~1)), and the expansion

(N/2—1)log(1 — ||e]|?/N") = —|le||*/2 4+ O, A (N~1) give, uniformly on B,
—llell?/2 RRNTPATY
e _ n—|le _
fn(e) = 2072 (1+0ua(N7Y),  x(e)=1+ % +O0ua(N72).  (44)

W.-K. Chen [37] separates the cavity coordinates of spherical models by a decomposition
of the uniform measure of the same kind. The expansion of fy, reflects the classical fact
that a fixed number of coordinates of a uniform point on a high-dimensional sphere are
asymptotically independent standard Gaussian variables; see [47].

Gaussian matrices. We use the following standard bound on the operator norm of a
Gaussian matrix [130, Corollary 5.35], here and in Chapters 5 and 8.

Lemma 4.2. Let A be an M x N matrix with independent standard Gaussian entries. For every
t>0,

P{[|A]lop > VM + VN +t} < 2e7 /2
Consequently ]EHAH%p <4(M+N)+8,and E exp(cHAH%p/N) < 3exp(4c(M+ N)/N) for
0<c<N/8

Proof. The tail bound is the upper half of [130, Corollary 5.35]. Put T = ([|Al[op —
VM — /N) 4, so that P(T > t) < 2e /2 and |A[l3p < 4(M+ N) +2T2. Then ET? =
fooo 2tIP(T > t) dt < 4, which gives the second bound. For 0 < s < 1/4,

2s
<3
1/2—5s —

Ee'T” =1 +/ 25t P(T > t)dt <1+
0

and the choice s = 2c¢/ N gives the third bound. O

Poissonization. We replace the number My of rows by a Poisson variable M ~ Poi(aN),
and when passing to dimension N’ we add independently 7t ~ Poi(an) rows, so that the
N’-dimensional system has M + 7t ~ Poi(aN’) rows; from now on the letter 7t denotes
this count. This changes the free energy by o(1). To check this, let hy(j) be the expected
log partition function in dimension N with j rows. Adding a fresh row g changes hy by
IE log(e!(s:7/ VN)y, where () is the Gibbs measure before the row is added. By Jensen’s
inequality and U < Umay, this lies between EU(G) and Umax, because g - o/ VN is
standard Gaussian for every fixed ¢ and g is independent of the Gibbs measure. By (4.2),
|EU(G)| < co. Hence hy is Lipschitz with a constant independent of N, and

[Ehn (M) — hy(My)| < CE|M — My| < C(VaN + [aN — My]) = o(N).

Poisson numbers of constraints are standard in the study of diluted spin glasses [57, 102].
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Conditioning on the number of rows. The concentration estimates below are proved
at a fixed number of rows, so we carry out the cavity computation conditionally on the
value of M, for values in the window

Wy ={j€N:|j—aN| < N¥3}.

The Poisson tail bound P(|M — aN| > t) < 2exp(—t>/(2(aN +1t))) gives P(M ¢ Wy) <
2e=N"? ‘and for large N every j € Wy satisfies j < 2aN. Step 2 of §4.7 reduces the proof
to one value of M in Wy. From §4.3 on, M denotes a fixed integer in Wy, expectations are
conditional on this value, and all bounds and all terms 0(1) are uniform in M € Wy; the
exceptions are Lemma 4.7(i) and the quantities Zy of Step 1 of §4.7, which concern the
Poissonized systems. The number 7t ~ Poi(an) of rows added in dimension N’ remains

Poisson throughout.

The three systems. We compare three systems. Each has M rows, and the N’-
dimensional system has 7t further rows.

(a) The N-dimensional system has configuration space Sy, rows gL(IN) € RN fora < M,

and Hamiltonian ), U( g,SN) -o/V/N).

(b) The N'-dimensional system has configuration space Sy and rows (ga, g5) € RN x R”"
for a < M, together with 77 further rows §; € RN". We write (-)y for its Gibbs
measure with the first M rows only.

(c) The reference system has configuration space Sy, the rows g, € RN for a < M (the
first N coordinates of the rows of the N’-dimensional system), and the fields

_ 80
Sa(0) = Nk

All rows are independent standard Gaussian vectors. We write G, G’ for the M x N
and M x n matrices with rows g, and g,,. In the coordinates p = p(c, ¢) the fields of the
N’-dimensional system are

/ .

B0 pe)sao) o) wale) = B 5)

The fields of the N-dimensional system can be realized from the same rows. Let ¢ € RN
be independent standard Gaussian vectors, forming the matrix G”, and put

1 1 n
2 _ _
T =eNg T N= TN T NN (46)
As processes indexed by ¢ € Sy, the centered Gaussian families (S, + #,),<m and

( géN) .o//N )ag M have the same covariance ¢ - ¢//N, hence the same law. Both the

N’-dimensional and the N-dimensional partition functions are therefore integrals against
the reference system with modified fields.
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Observables of the reference system. The following quantities determine the coordinate
term:

7=+ T S (S4(0)), Y U (S4(0)

a<M a<M
X u'(s '"(Sa(c")), Rn(o,0) = oo ) (4.7)
N(o H<ZA:4 (¢')), Rn(o,0) N

bN(U') =1+ AN( ) — BN((T).

The spin overlap is Ry. We call Xy the response overlap; it is a Gram matrix, hence positive
semidefinite, and its diagonal is Xy(c,0) = N'=1 Y, U'(S;(0))?. The terms Ay and By
arise below from the radial factor x(¢) and from the second-order term of a Gaussian
integration by parts, respectively, and by — 1 will be the coefficient of —(||¢||> —n)/2 in
the exponent of the Gaussian integral over .

Let Qy be the event on which the operator norms of G, G”, and G’ are at most C; V/N.
Since M < 2aN, Lemma 4.2 with t = v/N shows that P(Qf) < 6eN/2 for N > n, with
the constant C; = /2« + 4. Since ¥, S,(0)? = ||Go||?/N’ < ||G||Op, the growth bounds
in (4.1) give, for every o € Sy,

IGII3
Y Sa(0)? <G5, [bn(0)]+ Xn(o,0) + [Bn(0)] < c(1 + °P) (4.8)
a<M N
On Q) the right sides are at most CN and C. By Lemma 4.2, for every ¢ > 0 and
N Z NO(C)/
E exp <c sup (|bn(0)| + Xn (0, a))> < C,, (4.9)
ceSy

uniformly in M < 2aN. In particular, all polynomial moments of these quantities and of
IIG ||gp/N are bounded.

4.2 The overlap representation theorem

The cavity computation requires a description of the limiting joint law of the spin overlap
Ry and the response overlap Xy. We use a general result about random probability
measures on Hilbert spaces, which does not involve the perceptron Hamiltonian. In this
section we state it, recall the three external results on which it rests, and derive it from
them.

Setting. For each N > 1, let & be a random probability measure on the product of the
unit balls of two separable Hilbert spaces, which may depend on N. For independent
samples (x%;,y%)r>1 from By put

LN _ 0 N _ 0
Ry’ =xy-xy,  Ryp =yn-yn (L0 21).



PART I 4.2 The overlap representation theorem 72

We write E(-)n for expectation over the random measure and its samples. The arrays
take values in [—1, 1], they are positive semidefinite, and they are invariant in law under
tinite permutations of the sample labels. Suppose that the pair of arrays converges in
finite-dimensional distribution to a pair (R!, R?), and write [E{-) for expectations of the
limiting arrays. The limiting arrays have the same three properties. For r > 1, rational
v1,v2 > 0 and an integer m > 1 put Q(x,y) = (v1x + voy)™. For a bounded measurable
function f of the arrays of the first r samples, the Ghirlanda—Guerra discrepancy of §3.4,
written with r replicas since n is the cavity dimension here, is

1
oY (£,Q) = E(FQ(Ry; 1, REyy ) — JE(ANE(Q(RY, Rl )N

17 N o (4.10)
- ; Z IE(fQ(Rllg /Rl,g )>N

(=2
Here f may depend on the diagonal entries of the arrays. For a single random measure
& we drop the index N and write ©,(f, Q).

Ruelle probability cascade arrays with paired levels. We use the Ruelle probability
cascade of §3.1: a depth k > 0, parameters 0 = 6y < 61 < --- < 6 < 011 = 1, masses
w; = 041 — 0 for 0 < I < k, weights (vg) indexed by the leaves B of the infinitely
branching tree of depth k, and the depth B A B’ of the last common ancestor of two
leaves. If B! and B? are sampled independently from the weights (vg), then the averaged
probability that B! A B2 = [ is wj, by (3.4) with the leaf function zero. Given levels
0<qo< - <grand 0 < py < --- < py, the Ruelle probability cascade array with paired
levels (q;, p;) is the pair of arrays with off-diagonal entries (g ginpt P ﬁy), ¢ # (', where
B',B?, ... are independent samples from (vg). The law of its pair of (1,2) entries is
25(20 wid(g,p)- A single sequence of levels 0 < sy < --- < s; gives the Ruelle probability
cascade array with levels (s;), whose overlap law is ), w;ds,; every probability measure with
finite support in [0, c0) is of this form.

External results. We use three results from the literature. The first is the Dovbysh-
Sudakov representation [51] of positive semidefinite exchangeable arrays, in the form
of [96, Proposition 1]. A random array (Ryp)p>1 is called a Gram—de Finetti array if
it is symmetric, every finite principal submatrix is positive semidefinite, and its law is
invariant under finite permutations of the indices.

Lemma 4.3. Let (Ryy) be a Gram—de Finetti array with Ryy < 1 almost surely. There is a random
probability measure & on the unit ball of a separable Hilbert space such that, for independent
samples 01,02, ... from &, the off-diagonal array (Ryp)yze has the law of (o - ') p.

Proof. By [96, Proposition 1], the law of the array is a mixture over a random parameter
w of the laws of (hy-hy + agdyp)s e, where (hy,ay) are independent samples from a
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probability measure 7, on ¢2 x [0,00). Since ||i]|*> < ||h||> +a; = Ry < 1 almost
surely, 7., is concentrated on pairs with ||| < 1 for almost every w. The law of the first
coordinate under 7, is the required random measure. O

The second result, from [49, Sections 5.6-5.7], characterizes the scalar arrays that
satisfy the Ghirlanda—Guerra identities. Let & be a random probability measure on the
unit ball of a separable Hilbert space, with overlap array R = (¢! - %) ¢+¢ and overlap
law {(A) = E(1{g,,ca})- We say that & satisfies the Ghirlanda—Guerra identities [64] if for
every r > 1, every bounded measurable function f of (Rys ). <,, and every bounded
measurable ¢ : R — R,

E(9(Rr) = JEGEW(RR) 1 L Efp(R0) @)

Part (a) of the following lemma is Panchenko’s characterization of such measures, which
rests on his proof of ultrametricity [97] (see also [98, Theorem 2.14]); the positivity of
the overlap is Talagrand’s positivity principle (see [98, Theorem 2.16]). The identities for
Ruelle probability cascades used in part (b), [49, Theorem 5.28], are due to Bovier and
Kurkova [24].

Lemma 4.4. Let & satisfy the Ghirlanda—Guerra identities, with overlap array R and overlap

law .

(@) The measure { is supported in [0,1], and the law of R is determined by (.

(b) If £y, h > 1, are probability measures with finite support in [0,1] that converge weakly
to C, then the Ruelle probability cascade arrays whose overlap laws are {;, converge in
finite-dimensional distribution to R.

Proof. Part (a) is [49, Theorem 5.29], together with |Rq;| < 1. For (b), [49, Corollary 5.32]
shows that the cascade arrays converge in finite-dimensional distribution (the Poisson—
Dirichlet cascades of [49] are the Ruelle probability cascades of §3.1). The limit has
overlap law {, and it satisfies the identities (4.11): each cascade array satisfies them by
[49, Theorem 5.28], so the limit satisfies them for continuous f and i, and hence for
bounded measurable f and ¢, because for fixed i (respectively f) both sides are integrals
against finite signed measures. The cascade array with levels sy < --- < s in [0,1] is the
off-diagonal part of the Gram array of independent samples from the random measure
2.5 Upny, Where hg = 2;(:0(81 — sl_l)l/zeﬁ“ with s_; = 0 and an orthonormal family (e,)
indexed by the nodes; its diagonal entries equal sy < 1. Along a subsequence these Gram
arrays converge in finite-dimensional distribution, and the limit is a Gram—de Finetti
array with diagonal entries at most one whose off-diagonal part is the limit of the cascade
arrays. By Lemma 4.3 this off-diagonal part is the overlap array of a random measure
on a unit ball, and this measure satisfies the Ghirlanda—Guerra identities, since these are
statements about the law of the off-diagonal array. By (a), the limit has the law of R. [
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The third result is Mourrat’s quantitative synchronization theorem [92, Theorem 5.3],
a finitary variant of Panchenko’s synchronization theorem; see §3.5. For a real random
variable Y let F, '(v) = inf{s € R: P(Y < s) > v} for v € [0,1], and let V be uniform on
[0,1]. The pair (Fy, L, Fy, L(V)) is the monotone coupling of the laws of Y; and Ya.

Lemma 4.5. Fix an enumeration (8;)i>1 of Q N [0,1], and put cj(x,y) = (8;,x + 8},y)" for
j = (j1,j2,j3), as in Lemma 3.8.

(a) For every € > 0 there is 6 > 0 with the following property. Let & be a random probability
measure on the product of the unit balls of two Hilbert spaces, with arrays R', R? as above.
Suppose that |9, (f, ¢;)| < é forall v, j1,jo,j3 < [671] and all continuous functions f of the
arrays of r samples with || f||c < 1, where ®, is (4.10) for &. Then, for every ¢ € C®(R?),

E(p(Rly R:,)) — Eo(F (V). F (V)| < e(llglle + [ Vollw),

where F;~ ! is the function F, ' for the law of R%, under E(-).
®) If 1N — Yq and Yon — Y, in law, then the monotone couplings converge in law:

(Fr (V) By (V) = (B H(V), B L (V).

1N
Proof. Part (a) is [92, Theorem 5.3], whose hypothesis is formulated with the same defects,
for continuous test functions of the arrays of r samples including their diagonal entries.
Part (b) is [92, Lemma 5.4]. H

Theorem 4.6. In the setting above, assume that for every r > 1, every integer m > 1, and all
rational vy, vy > 0,
sup |9} (f,Q)) —0 (N — o), (4.12)
1 flleo<1
where the supremum is over bounded measurable functions of the arrays of the first r samples.
Then the limiting pair satisfies the Ghirlanda—Guerra identities

E(FQR] 11 B )) = [EE(QRL RE)) + | LEGQRL R @13
=2

for every bounded measurable f of the arrays of its first v samples. Moreover:

(i) The off-diagonal entries of R' and R? are nonnegative almost surely.
(ii) The off-diagonal pair of arrays is a limit in finite-dimensional distribution of Ruelle probability
cascade arrays with paired nondecreasing levels (q;, p;) € [0,1]%.

Part (ii) is the form, for a pair of Gram arrays, of Panchenko’s synchronization
combined with his approximation by Ruelle probability cascades [100]. Step 1 of the
proof follows the proof of [100, Theorem 3] in Section 3 there, Step 2 the positivity
argument of [100, Section 4], and Step 4 the approximation by cascades in [100, Section 5].



PART I 4.2 The overlap representation theorem 75

In Step 3 we use Mourrat’s quantitative form, Lemma 4.5(a). It applies to the Gram pairs
at finite N, before passing to the limit, so no representing measure of the limiting arrays
needs to preserve their diagonal values.

Proof. We divide the proof into four steps.

Step 1. The identities in the limit. For continuous f, finite-dimensional convergence
and (4.12) give (4.13), since all arrays take values in [—1,1]. Both sides of (4.13) are
integrals of f against finite signed measures on the arrays of r samples, and they agree on
continuous functions, so they agree for bounded measurable f. Choosing (v1,v2) = (1,0),
(0,1) and (1/2,1/2) gives (4.11) with ¢(x) = x™, m > 1, for the scalar arrays R! R?, and
S/2, where S = R! + R?, and for test functions f of their off-diagonal entries. It also
holds for constant 1, since the sum of its three coefficients is one. By Weierstrass approxi-
mation it holds for continuous ¥ on [—1, 1], and, again by equality of finite measures, for
bounded measurable .

Step 2. Positivity. Each of the arrays R!, R?, and S/2 is a Gram—-de Finetti array with
diagonal entries at most one, as a limit of such arrays. By Lemma 4.3, its off-diagonal
part is the overlap array of a random measure on a unit ball, and this measure satisfies
the Ghirlanda—Guerra identities by Step 1. Lemma 4.4(a) gives (i), and it shows that the
law of the off-diagonal array S/2 is determined by the law of S15/2.

StEP 3. Monotone coupling. Let € > 0, and let 6 > 0 be given by Lemma 4.5(a). The
hypothesis of Lemma 4.5(a) involves finitely many tuples (7, j1, j2, j3), and by (4.12) it
holds for &y for all sufficiently large N. Hence, for ¢ € C*(IR?),

E(p(RYy, R))n — Eg(Fy (V), BN (V)| < e(llelle + [V oll),

where F | 13] is defined from the law of R‘f’ZN . As N — oo, the first term converges to
E(¢(R},, R%,)), and by Lemma 4.5(b) the second converges to IE(p(Ff1 (V), E; 1(V)). Since
€ is arbitrary, the law of (R},, R3,) is the monotone coupling of its marginals. The maps
F; ' and F, ! are nondecreasing, so the image of (0,1) under v — (F; *(v),F, *(v)) is
totally ordered for the coordinatewise order, and so is its closure. Thus the support C
of the law of (R{,, R%,), a compact subset of [0,1]2 by (i), is totally ordered. Two points
(x,y) and (x',y’) of C with x + y < x’ + v/ therefore satisfy

0<x'—x<(X+y)—(x+y), 0<y—-y< @ +y)—(x+y).

In particular the sum determines both coordinates: on the compactset {x+y: (x,y) € C},
which is the support of the law of S;,, there are nondecreasing 1-Lipschitz functions
Q1, Q2 with (x,y) = (Qi(x+y), Q2(x+y)) on C. We extend them to nondecreasing
1-Lipschitz functions on R, by linear interpolation across the gaps of this compact set
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and by constants outside its hull. Almost surely R{, = Q;(S12) and R?, = Q2(S12). By
exchangeability and a countable intersection, the same holds for every off-diagonal pair
of indices.

StEP 4. Approximation by cascades. Let F~! be the function F,! for the law {s of 512/2,
and let {;, be the law of F~1([hV]/h). It has finite support contained in the support of
s, and it converges weakly to {s as h — oo, since 0 < [hV'|/h —V < 1/h almost surely
and F~! is continuous at almost every point of (0,1). By Steps 1 and 2 and Lemma 4.4(b),
the cascade arrays with overlap laws {j, with levels st < -+ < SZ in [0,1], converge in
finite-dimensional distribution to (Sy;/2).p. Apply the maps s — (Q1(2s), Q2(2s)) to
their entries. The resulting arrays are the cascade arrays with the paired levels (g;, p;) =
(Qq(2s7), Q2(2s)), which are nondecreasing in I and lie in [0, 1]?, because 2s! lies in the
support of the law of Sj. By continuity of Q; and Q; they converge in finite-dimensional
distribution to (Ql(SM/), Qz(Sgg/))g#gl = (Réf,, R%Z,)g#g/. This proves (ii). [

4.3 Perturbations, continuity, and the precision identity

The cavity computation needs three properties of the Gibbs measures, which we obtain
by adding a small perturbation to each Hamiltonian. First, the Ghirlanda—Guerra identi-
ties (4.13) for the spin and response overlaps must hold in the limit, so that Theorem 4.6
applies. Second, the per-configuration observables by and Xy (o, ) must concentrate,
so that they can be replaced by constants in the limit. Third, the perturbations must be
compatible with adding coordinates and rows. In this section we define the perturbation
and state its properties (Lemma 4.7), a continuity lemma for the functionals that appear in
the cavity computation (Lemma 4.8), and an identity for the mean precision (Lemma 4.9).
We then explain how these lemmas are combined with Theorem 4.6. The three lemmas
are proved in §4.8. Every assertion in this section concerns a fixed number n of added
coordinates and a fixed cutoff A for their squared norm; removing the cutoff is a separate
step.

The perturbation. Consider a d-dimensional system, d € {N, N'}, with configurations
p € S; and rows g, € R? indexed by a finite set A (in the N’-dimensional system,
A ={1,..., M} for the Gibbs measure (-)5, and A also contains the 7t added rows when
these are present), and write x,(p) = g, - 0/V/d. The perturbation has two parts.

Scalar part. Put
n(x) =xl'(x) -U"(x), ) =UE? §=d4d"",

and add ;Y ,c 4(u1T + ux2) (x4(p)) to the Hamiltonian, where uy, uy € [1,2] are param-
eters. Equivalently, the activation U is replaced by

Us = U+ (um + ), & =Cy (4.14)
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By (4.1), |ti(x)| < C(1+ x?) for a constant C; depending only on L, and the first and
second derivatives of T; grow at most linearly. The derivative of the Hamiltonian in u; is
CaY . Ti(x4(p)). For the reference fields these sums are exactly

Y (Sa) = N'Xn(0,0), Y. u(S:) = NAy — N'By = N(by — 1) —nBy, (4.15)
a<M a<M

so concentration of these derivatives gives concentration of Xy (o, o) and by.

Gaussian part. We first bound the response vectors without changing them on a typical
event. Fix a smooth function ¢y : [0,00) — (0,1] with ¢y =1 on [0,3/4], ¢o(t) < 1/t for
t >1,and o(t) = 1/t for t > 2, and define @(y) = ¢Po(||y||)y on every Euclidean space.
Then @ equals the identity on the ball of radius 3/4, takes values in the closed unit ball,
and its first and second derivatives are bounded by a constant that does not depend on
the dimension. Put

_ (U'(xa(p)))aca

Yalp) = o
where Cy is a constant depending only on « and L. We choose Cx so large that, on the
event Oy, the vector ¥,4(p) with A = {1,..., M} has norm at most 1/+/2 for every p € S,
in each of the three systems. We also require the same bound in the N’-dimensional
system when A contains the 7w added rows as well, on the event

Oy = QN {7 <N, |Gllop < C1VN},

where G is the 77 x N’ matrix with rows §;. This is possible because ||'¥;(p)||? < 2L2(#A +
Y. %a(0)?)/(Cxd) by (4.1), on Qp the fields of the three systems ((a)—(c) of §4.1, with the
fields S, + 17, for the N-dimensional system) satisfy Y, x2(p)?> < CN, and the fields of
the added rows satisfy ¥ ;< ,(g; - p)?/N' < ||(~}H(2)p By Lemma 4.2 and the Poisson tail of
7T, P(Q)6) < Cpe N/2. Set

/

Yy=wo¥,  Xalpp)=alp) Tale),  Rlpp)=" .dp '

Since 1/4/2 < 3/4, we have ‘/I\’d =%, on Qy when A = {1,..., M}. Hence, on Qy, Xd is
the response overlap d 1 Y, U’ (x,(0))U’(x4(p")) of the d-dimensional system divided by
Cx.

Enumerate the pairs v = (v1,v2) of nonnegative rationals with v; + v, < 1 as
o) v2) . write j(v) for the index of v, and put ¢y, = 2-j@)=m for integers m > 1. Let
hy,m be independent (conditionally on the rows) centered Gaussian processes on S; with
covariance

Qumlp,p') = (01R(p,0") +v2Xa(p, p"))".
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These processes exist. Indeed, by the binomial theorem
m m . L .
Qum =Y (i)vﬁvzm_lRIXé”_l,
i=0
and R(p, 0')'X4(p,0')" " is the inner product of the tensors (p/v/d)® ® ¥4(0)?"~) and
(! /Vd)® & F4(p')® ). Hence

hom(p) = (To,m, Fom(p)),
Fom(p) = (1) 204/ 200" 2 (0/ V) @ ¥y o))

1

(4.16)

7
0<i<m

where Ty, = (Tymi)o<i<m is a family of independent standard Gaussian tensors of
the matching shapes, has covariance Fy;(p) - Fom(p’) = Qum(p,p’). Every diagonal
covariance satisfies ||Fym(0)[|> = Qum(p,p) < 1, since R(p,p) = 1, X4(p,0) < 1 and
v1 +v2 < 1. With s; = d1/3 and parameters u,, ,, € [1,2] we add

54 Z Cv,muv,mhv,m (P)

v,m

to the Hamiltonian. The series converges almost surely, uniformly in p (see (4.41) be-
low). The Gaussian part is modeled on Panchenko’s perturbation for the multi-species
Sherrington-Kirkpatrick model [100, (24)-(28)], which has weights of the same form
2-j—m parameters uniform on [1,2], and a strength N7 with 1/4 < v < 1/2 (here
s4 = d'/3). In [100] the covariance is a power of a weighted sum of the overlaps within
the species. Here it is a power of a weighted sum of the spin overlap and the overlap of
the response vectors, which the cutoff @ keeps in the unit ball.

Parameters and the three systems. The parameters uy,uy and u,,, are independent and
uniform on [1,2], and they take the same values in the N-dimensional, the N’-dimensional,
and the reference system. The first two systems use the construction above with d = N
and d = N'. The reference system uses the scalar part {ns Y <y (1171 + 272)(Sa(0)), and
as its Gaussian part it uses, by definition, the Gaussian part of the N’-dimensional system
with the rows a < M, evaluated at p(c,0) = (v/N'/N¢,0). This common restriction is
what makes the comparison in Lemma 4.7(iv) possible. We have R(p(c,0),p(c”,0)) =
Ry(o,0’) and x,(p(c,0)) = V/N'/N S;(c). Thus the response vector of the reference
perturbation is built from U’(v/N’/NS,) rather than U’(S,). Since |U'(v/N'/NS) —
U'(S)| < L|S|n/N, the Cauchy-Schwarz inequality shows that on Qy

~ Xn(o,d) < Cn

‘)?N,(p(a,o),p(a’,o)) s x @desy) (4.17)

Finally, the reference system is tilted by exp(nBy(c)/2). We write (-)f for the Gibbs
measure of the perturbed and tilted reference system. The tilt will cancel between the
two cavity terms in §4.4.
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Invariance. The Gaussian tensors are invariant in law under orthogonal transformations
of their spin slots, and ¥;(Op) computed with the rows g, equals ¥;(p) computed
with the rows OTg,. Since the rows are standard Gaussian vectors, the perturbed N’-
dimensional system is invariant in law under a simultaneous orthogonal transformation
of the configurations and of the rows. In particular, for every orthogonal O of RN and
every bounded measurable F,

E(F(Op',...,00"))n» = E(F(0o',...,0")) N (4.18)

Properties of the perturbation. For a system with Gibbs measure (-) and a Gaussian
component with covariance Q = Qy,m, write Qpp = Q(pg,py). For a bounded measur-
able function f of the arrays (R(o%, 0"), X4(0%,0")) o<y of r replicas, the defect in the
identity (4.13) is |D,(f, Q)|, where ®, is the discrepancy (4.10) of the pair (R, X;) with
(v1,v2) = v; its terms Q(R},,, R?,) are then the values Q. For the reference system the
arrays are those of the points p(c?,0).

Lemma 4.7. Fix n and A. In the following statements o(1) denotes a quantity that tends to zero
as N — oo, uniformly in the perturbation parameters and in M € Wy, except where a statement
specifies otherwise: in (ii) the defects tend to zero after averaging over the parameters, and in (iii)
uniformly on the sets Gy(M).

(i) For the N-dimensional system with M ~ Poi(aN) rows, the perturbation changes the
expected log partition function by o(N).
(ii) For the reference system let A;(0) = N'™1 Y,y 1i(Sa(0)), i = 1,2. After averaging over
the perturbation parameters, E(|A; — E(A;)ref|)ret — 0. By (4.15), the observables by and
Xn (o, o) therefore concentrate under () ef about their expectations, and so does the diagonal
entry Xni(0(c,0), p(c,0)) of its perturbation.
(iii) There are sets Gy = Gn(M) of perturbation parameters with infyew, P(Gn(M)) — 1
such that
sup sup sup |D:(f, Qum)| — 0
MeWN GN(M) [fllo<1
for the reference system and every fixed r and (v, m), and for the N'-dimensional system
with the Gibbs measure (-)n: and every fixed v and (v, m) with vy = 0, and such that
the concentration defects of (ii), without the average over the parameters, also tend to zero
uniformly on Gy (M) and in M € Wy. The sets Gy (M) do not depend on A.

(iv) Comparison with the reference perturbation. (a) In the partition function of the N'-
dimensional system with M rows, restricted to e € By, replacing the Gaussian part of the
perturbation at p(c, €) by its value at p(c,0) changes the expected logarithm by o(1), and
changes the Gibbs expectations of bounded measurable functions of finitely many spin overlaps
and cavity coordinates by o(1) times their supremum norm. (b) In the representation of the
N-dimensional system through the fields S, + 1, of (4.6), replacing its Gaussian perturbation
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by that of the reference system, and the strengths sy, SN by sn1, Cnv, changes the expected
log partition function by o(1).

(v) Rows. Adding the 7t further rows to the N'-dimensional system, including the corresponding
change of its perturbation, increases the expected log partition function by at least

Elog (exp { Y U(yi(p)})  —o(1),

!
i<m N

where y;(0) = §; - p//N' are the fields of the added rows. Moreover, for N > Ny(n) the
difference between the expected log partition functions of the N'-dimensional system with
M + 7 rows and of the N-dimensional system with M rows is at least —C,, uniformly in
the perturbation parameters and in M € Wy, and for every N and every number M of rows
it is at most C,(N + M) in absolute value.

The second lemma provides continuity of the quantities in the cavity computation
under convergence of overlap arrays. We apply it both to the Gibbs measures of §4.4
and to finite Ruelle probability cascades, so we state it for a random probability measure
® on a measurable space E. We write (-) for the average over independent samples
pl,0%,... from & (replicas) and [E(-) for the expectation over & and the replicas. Let
R and X be random positive semidefinite kernels on E with R(p,p) = 1, let b be a
random function on E, and let z : E = R" and y,y1,¥2,--- : E = R be random fields,
all defined on one probability space with & and jointly measurable. For r replicas
write A, = (R(o’, "), X (o', 0"),b(0"))¢,¢r<, for their arrays. For such an array a let N,
be the centered Gaussian law of vectors (zé, yf,yf,yg, o) ¢<r under which the families
z,Y,Y1,Y2, ... are independent and

lEzfzf = 51']'ng/, IE.]/E]/ = TIRM/XM/, Eyfyf = R%/;

these matrices are positive semidefinite by the Schur product theorem. We assume:

(G) For every r and every bounded measurable function ® of A, and of the values at
pl,...,p" of z, y, and finitely many y;, E(®) = E(®(A,)), where ®(a) is the integral
of ®(a,-) against N,.

This holds, for instance, if E = S; and, conditionally on (&, R, X,b), the fields are

independent centered Gaussian processes with covariances 6;jX, nRX, and R, and are

independent of the replicas. This is the situation in §4.4. The numerator, or cavity partition

function on B, and the denominator are

Na={ |,

and the cavity measure is the random probability measure on E x B, with density propor-
tional to the integrand of Ny with respect to & & vy,.

U ds)es.z(P)_(H€|\2_n)(b(P)—1)/2>’ D — <e?/(P)>,

A
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Lemma 4.8. Consider a sequence of such random measures satisfying (G) for which, for every
c > 0, the quantities

E(exp(cX(p,0) +c|b(p)|))

are bounded along the sequence from some index on, and suppose that the finite-dimensional
distributions of the arrays converge. Then the following quantities converge, and their limits
depend only on the limiting law of the arrays:

(i) Elog N and ElogD;
(ii) expectations under the cavity measure of bounded continuous functions of the arrays and the
cavity coordinates of finitely many replicas;

(iii) the expected logarithmic increment Elog(exp{¥ ;<. U(vi(p))}), for m ~ Poi(an) inde-
pendent of the other variables, whenever U is continuous and satisfies (4.2).

In particular, if E(|b — by|) — 0 for constants by — beo, then b may be replaced by the constant
beo in these limits.

Lemma 4.8 is the analogue for the perceptron of the continuity of the cavity functionals
in the law of the overlap array, proved for mixed p-spin models in [99, Lemma 3] and for
spherical models in [37]. The difference is that the functionals here also depend on the
response overlap and on the precision b, and that part (iii) treats the row term, whose
activation may be unbounded below.

The third lemma is an identity for the mean of by under the reference system, obtained
by Gaussian integration by parts in the rows g;; it turns S,U’(S,) into U"(S,) + U'(S,)?
minus a two-replica term. In the limit it shows that the smallest precision of the Gaussian
integral over the added coordinates is at least one (Step 3 of §4.7).

Lemma 4.9. Fix n. For two replicas o, 0% of the reference system, uniformly in the perturbation
parameters and in M € Wy,

E(bN)ret = 1+ E(XN(0,0))ref — E(Rn (0, 0*) XN (0, 0%)) . +0(1).

Finite cascades as random measures. Lemma 4.8 is also applied to finite Ruelle prob-
ability cascades carrying prescribed diagonal values. Take a cascade as in §4.2, with
depth k, weights (vg), and paired levels 0 < qo < --- < g <land 0 < pg < -+ < py,
and let p > pr and b € R. Independently of (vﬁ), let YP, Y¢, and Y%!,Y%2, ... be
independent Gaussian cascade fields (§3.2), with values in R”, R, and R, and with
levels p, c = (nq;p;)1<k, and g, respectively; the levels ¢; are nonnegative and nonde-
creasing. The cascade realization with diagonal values (1,p,b) is the random measure
6 = Zﬁ055ﬁ®vn®v1 ®vi®N on E = INﬁ x R" x R x RN, with b = b, with kernels R
and X equal to ggnp and pgag at distinct points with leaves 8, B’ and to 1 and p at equal
points, and with the fields

2(0) =Yg +VP—pkx,  ylo) =Yg+ n(p—qmp . yile) =Y+ V1 —gexf
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at p = (B, x,x',x""). The within-state coordinates x,x’, x” carry the nonnegative differ-
ences between the diagonal values and the top levels. Two independent samples from
& are distinct points almost surely, so the arrays of the replicas are cascade arrays with
paired levels (g;, p;) off the diagonal, with diagonal values 1, f, and b. Given the cascade
weights and the leaves of the replicas, the values of the fields at the replicas are centered
Gaussian with the covariances in (G), because the cascade fields are independent of
the weights and the within-state coordinates are independent standard Gaussian. This
gives (G), and the moment condition of Lemma 4.8 holds because X(p,p) = pand b =5
are constant.

How the lemmas are combined with the overlap theorem. Fix M € Wy and parameters
in the set Gny(M) of Lemma 4.7(iii) (in §4.7, M = My depends on N), and pass to a
subsequence along which the finite-dimensional distributions of the arrays (Ry, Xy, bn)
under E(-)f converge; they are tight by (4.8) and (4.9). The reference system satisfies (G)
with & = (-)er, R = Ry, X = X, and b = by, for fields that are, conditionally on the
disorder, independent Gaussian processes with the covariances in (G); for instance

o) = § Sal0) _ oil'(S.(0)) ,
Z,(U') - gg/j \/ﬁ 8ais y(O') _ \/ﬁag/l i;\I NN/ ai’
v =Y, j"ﬁg;;,

with independent standard Gaussian variables g,;, g/, g%, independent of the reference
system. By (4.9), it satisfies the moment condition of Lemma 4.8. We apply Theorem 4.6
to the Gram pairs generated by o/+/N and ¥/ (o(c,0)). Their limiting arrays have
R' = R and R? = X/Cx, where (R, X) is the limit of (Ry, Xy), for three reasons.

(a) Both feature vectors lie in unit balls, and on Q) the response Gram array differs
from Xy /Cx by O(n/N), by (4.17); moreover IP(Q§;) — 0.
(b) The diagonals concentrate by Lemma 4.7(ii)—(iii), so the limiting diagonal values are
1 and pe/Cx, where
Poo = IME(XN(0,0)) et

along a further subsequence.

(c) Lemma 4.7(iii) gives vanishing discrepancies N (f,Q) of (4.10), uniformly over
bounded tests, for each fixed number of replicas and each Q = Q, that is, for
v1 + vy < 1. Homogeneity of degree m extends the conclusion to every nonnegative
rational pair (v1,v2), so (4.12) holds.

By Theorem 4.6(ii), after multiplying the second levels of its approximating cascades by
Cx, the off-diagonal limit of (Ry, X)) is a limit in finite-dimensional distribution of Ruelle
probability cascade arrays with paired nondecreasing levels (g;, p;). The observable by
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concentrates about E (by ) ef, which converges along a further subsequence to a constant
beo; by the last assertion of Lemma 4.8, by may be replaced by be, in all limits.

In the limit, 0 < R < 1 and 0 < Xj < pe almost surely. Nonnegativity
is Theorem 4.6(i), and Ry < 1. For the last bound, the Cauchy-Schwarz inequal-
ity gives Xn(c',0?) < (Xn(0h,0') + Xn(0?,02))/2, so E((Xn(0",0?) = Poo)+)ref <
E(|Xn(0,0) — pool)ret — 0, and the left side converges to the corresponding expecta-
tion in the limit by uniform integrability. Projecting the levels of the approximating
cascades onto [0,1] X [0, ps], which is monotone, continuous, and the identity on the
values of the limiting arrays, we may assume 0 < q; <1 and 0 < p; < pe. The cascade
realizations of these cascades with diagonal values (1, peo, beo) then have arrays converg-
ing to the limiting arrays of (Ry, X, bn). We apply Lemma 4.8 to the sequence that
alternates the reference systems along our subsequence (with by replaced by b) and
these cascade realizations, whose arrays converge to the same limit. We conclude that
the limits along our subsequence of the quantities in Lemma 4.8(i)—(ii) for the reference
system are the limits of their values on the cascade realizations.

For the spin overlaps of the N’-dimensional system we apply Theorem 4.6 to the Gram
pairs generated by p/+/N’ and the zero vector. Then every Q in its hypothesis is (v1x)" =
v]'x™, so the hypothesis reduces to the defects with v = (1,0) of Lemma 4.7(iii). By
parts (i)—(ii) of the theorem, the limiting spin overlap array is a limit in finite-dimensional
distribution of Ruelle probability cascade arrays with nondecreasing levels in [0, 1], and
the overlap laws of these cascades converge to the limiting overlap law { of the N'-
dimensional system.

4.4 The two cavity terms

We now compute the increment of the expected log partition function from dimension N
to dimension N’ at fixed perturbation parameters and a fixed number M € Wy of rows.
Write log Z%If”, log Z%, and log Z¥ for the log partition functions of the perturbed
N’-dimensional system with all M + 7t rows, of the same system with its first M rows
only, and of the perturbed N-dimensional system. The increment splits as

Elog ZV"™ — Elog Z) = (Elog ZY,"™ — Elog ZX)) + (Elog ZY, —Elog ZX') . (4.19)

.

-~

~
row term coordinate term

The row term. By Lemma 4.7(v), the row term is at least [E log(exp{}_;< U(vi(p))})n' —
0(1), where the fields y; of the added rows are centered Gaussian with covariance p - p’/ N’
and are independent of (-)ns. Thus (), with R(p,p') = p-p'/N’, X =0, b =0, and
the fields y; of the added rows, satisfies (G) and the moment condition of Lemma 4.8.
By Lemma 4.8(iii), which applies by (4.2), the limit of this quantity along a subsequence
along which the spin overlap array converges depends only on the limiting law of that
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array. For parameters in Gy (M) this array is a limit of Ruelle probability cascade arrays
with nondecreasing levels in [0, 1] whose overlap laws (;, converge to the limiting overlap
law 5 (§4.3). Consider the h-th of these cascades, with levels 0 < gp < --- < g <1 (we
drop the index h from its levels and masses), and its cascade realization with diagonal
values (1,0,0) and p = 0. Given 7, the fields y;(p) = Yg’l + /1= gg x! of different rows
are independent, so

<exp { Y. U(yl(p))}> = %vﬁ H]E[eU(Yg/i+ 1-4 G) | Y]

i<m i<m
Apply Lemma 3.2 with the marks (el(,i))ign, where ef,i) are the Gaussian increments of
Y% at the node v (with variance qo at the root and gq; — q;_1 at depth [), and with

the leaf function ) ;, ﬂ/l_qu(Yg’l). The leaf function is bounded above and at least

—CYy;(1+ (Yg’i)z) by (4.2) and (2.6), so all quantities in (3.2) are finite. Since the marks
of different rows are independent and the leaf function is a sum over the rows, the
recursion (3.2) factorizes over the rows. For one row, its steps are Ty, 4,4, , at depth ],
and the average over the root mark is 7o 4,. By (3.5) and the recursion (2.2), the expected
logarithm of the display equals

T [76,1107?91/111*110 T %kzﬂik*b]k—lﬂzl—% U] (0) = 7Tu§h(0, 0; ll),

where j, = Y, w0, is the overlap law of the cascade, a probability measure on [0, 1]
whose distribution function equals 0 on [0, o) and 6;,1 on [q;,4;+1) for 0 <1 < k, with
gk+1 = 1 (some of these intervals may be empty); its steps are exactly the operators in
the display. Averaging over 7t ~ Poi(an) gives anug, (0,0;U). As h — oo, these values
converge, by Lemma 4.8(iii) applied to the sequence that alternates the N’-dimensional
systems and the cascade realizations, to the limit of the lower bound for the row term.
Moreover ug, (0,0, U) — u 5(0, 0; U) by Lemma 2.4, since the laws {;, converge weakly on
[0,1] and hence in the Wasserstein distance. Thus, along the subsequences used below,

lin}\]inf (row term) > anuz(0,0; U). (4.20)

In §4.7 we show that  equals the limiting overlap law { of the reference system.

Reduction of the coordinate term to the reference system. By (4.3) and (4.5), Zf‘\/}, is
an integral over (o, ¢) against un(do)fy »(€) de. Restricting € to the ball B, decreases
it, so the coordinate term is bounded below by the same expression with Z%, replaced
by its restriction to By. By Lemma 4.7(iv)(a) we may replace the Gaussian part of the
perturbation at p(c, ¢) by its value at p(c,0), at a cost 0(1). After this replacement the
Gaussian part depends only on ¢. We add and subtract the activation terms Y, U¢(S,)
at the reference fields, with ¢ = ¢/, which include the scalar part, and factor out the
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partition function of the tilted reference system. Similarly, by Lemma 4.7(iv)(b) the N-
dimensional system may be written, at a cost 0(1), with the fields S, + 7, of (4.6), the
reference perturbation, and the strength ¢\s. Since the reference partition function is
common to both terms, it cancels, and the coordinate term is at least

Elog < /B i (€)eXall (X(©)Satwa(e) ~US (Sa)] g e_”BN/2>
A

— Elog <e2a[U§(5a+77n)—Ué(sa)]e—”BN/2> —o(1). (4.21)

ref

ref

The factors e BN/2 undo the tilt of (-)f; they appear in both terms. Here S, = S,(c),
By = Bn(0), and (-),ef acts on 0.

Gaussian interpolation for the numerator. We replace the activation increment in the
first term of (4.21) by a Gaussian field. Let z(c) = (z1(0),...,zn(0)) be, conditionally on
the disorder, a centered Gaussian process with Ez;(c)z;(¢’) = 6;jXn(c,0”), independent
of everything else (for instance the process z of §4.3). For 0 <t < 1 put S}, = x(¢)S, +

Vtw,(e) and
A= TUE(S) — UE(S,)] + VI Te-2(0) + (1 — 1Ly o),

2
a

and let ¢(t) be the first term of (4.21) with the exponent replaced by Ay; thus ¢(1) is that
term. Write (-); for the associated Gibbs measure on Sy x B,. We first discuss the terms
produced by the unperturbed activation U and then the terms that carry a factor & or &2.

The field w,(¢) is centered Gaussian with Ew,(¢)w,(¢') = ¢-¢'/N’, independently
over a4, and it is independent of the reference system. Gaussian integration by parts
in the fresh columns ¢, produces the diagonal terms ||¢||?(U” + U'?)(S!) (the U" part
from differentiating U’, the U'? part from differentiating the Gibbs density of the same
replica) and a two-replica term. Integration by parts in z produces the U’? part and the
two-replica term at the reference fields S,, with the opposite sign, and the derivative of
the explicit term (1 — t)]|e||?By /2 supplies the U" part at the reference fields, also with
the opposite sign. The result, for the activation U, is

ZN,DE le2[(U" +U)(Sp) — (U" +U?)(Sa)]),
(4.22)
ZN,DE< )W (SHU(SH2) — ' (Shu'($2)]),,

where the superscripts 1,2 refer to two replicas (¢!, e!), (02, €?). The first line collects the
diagonal contributions and the second the two-replica covariance contributions.
We bound (4.22) on Q. Uniformly on Sy x By,

Y S2<CN, Y Si—Si* < Cpa.
a

a
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The second bound follows from S, — S, = (x(e) — 1)S, + Vtw,(e), from x(e) — 1 =
On,a(N71), and from Y-, w,(e)* < [|G'[|3, [le]|*/N" < C|le||*. Since |U'| grows at most lin-
early and U"”, U"" are bounded, the function wy; = U" + U'? satisfies |wy(x) — wy(x')| <
C(1+ |x| + |x — x'|)|x — x’|, and the Cauchy-Schwarz inequality gives

1 C N\ 1/2 N\ 1/2
~ Lleu(S) —wu(Sa)] < 5 (0 + 18al +15; = 8a)?) (LIS = Sif?)
< CyaN"V2

The product difference in the second line obeys the same estimate, after writing it as
[U(SEY) — ur (Shju'(sk%) + u’ (s [U' (S5*) — U'(82)]. Since |e]|2 < An and ¢! - 2| <
An on By, the right side of (4.22) is O, A(N~1/2) on Qpn. On Q) the integrand is
bounded by a polynomial in the operator norms, whose moments are bounded, so its
contribution is at most C,, AIP(Q%,) /2.

The terms carrying & or & arise because the interpolation uses the activation U®
of (4.14) while By and Xy are defined with U. In (4.22) they replace w;(S}) by wz(Sh)
and U'(SEMU'(S5?) by (U) (S5 (US) (SK?). By (4.1) the first and second derivatives of
7) and T, grow at most linearly, and the first derivatives of U as well; hence |w(x) —
wy(x)| < C(&+¢%)(1+2%) and (L)' () (UF)' (') — U'(x)U' (x")]| < C(E+ %) (1 + 2% +
x'?). Since N'~1 Y, (1 + (S£)?) < C on Qy, these terms contribute Oy, A (&nr 4 €3) = 0(1)
on Qy; this is sufficient, although it is weaker than the rate N —1/2 available for the
activation U.

We conclude that ¢(1) — ¢(0) = o(1) for fixed n and A. The same holds for
Gibbs expectations: differentiating IE(F); for a bounded measurable function F of the
spin overlaps and cavity coordinates of r replicas, which does not depend on the
fresh Gaussian variables, inserts at most r + 2 replicas and the same covariance dif-
ferences, so [0{E(F);| < CyuallFllo(N7Y2 4 &y 4+ ¢%,) on Qy, up to a contribution
Conn |l P(5)V/2.

The numerator at t = 0. By Taylor’s formula and (4.4), uniformly on B, and on Qy,

Y [Ux(e)Sa) = U(Sa)] = (x(e) = 1) L 8all/(Sa) + O((x(e) = 1)* 1 82)
n—|lel”

= AN+ O0ua (N,

and the corresponding terms carrying & are O, A(¢xn/). Adding ||¢[|?By/2 and using
by —1 = AN — By, the exponent Ay equals

ell? —n n
—%(quHEBwo(l).

The term 1By /2 cancels the factor e BN/2 in (4.21), and fy ,(¢) de may be replaced by
vn(de) by (4.4). This explains the definitions of Ay, By, and by.

e-z(0)
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Gaussian interpolation for the denominator. The second term of (4.21) is treated by the
same interpolation. The field 17,(¢c’) = cng// - ¢ has covariance ¢3;0 -0’ = (n/N')Rn(c,0"),
and on Oy we have Y, 72 < ¢%/||G” ngN < Cy. Let y(0) be, conditionally on the disorder,
a centered Gaussian process with covariance nRy (o, ') Xn(c,¢’), and interpolate with
n

Z[Ué(Sa + Vi) - Ué(sa)] +vV1-ty(o)+(1- t)EBN(‘T)‘

a
Integration by parts gives (4.22) with ||¢||?> replaced by n and &' - &? replaced by
nRy(c!,0?), and the same estimates show that the two endpoints differ by o(1). At
t = 0 the activation increment is replaced by y(c) + nBy(c) /2, and nBy /2 again cancels
the factor e "BN/2,

The coordinate term. Combining the preceding paragraphs, for fixed n and A the
coordinate term is at least

]E10g< /13 vn( de) ew(tf)—(Hsl\z—n>(bN(a>—1)/z>

A ref

—Elog(e’™) . —o(1). (4.23)

The same comparison holds for Gibbs expectations of bounded continuous functions
of finitely many replicas, including their cavity coordinates: under the Gibbs measure
of the N’-dimensional system with M rows, conditioned on ¢ € B, for each replica,
such expectations differ by 0(1) from those under the cavity measure of the first term
of (4.23), where the spin overlaps are Ry (c?,c"’). Indeed, the chain of comparisons above
consists of Lemma 4.7(iv)(a), the interpolation, whose effect on Gibbs expectations was
bounded above, and the replacement of an exponent and a density by quantities that
differ from them by o(1) uniformly on Qy x BA. Moreover, on B, the spin overlap
ol - 0! /N" = [x(e"x (e )NRy(c!, o) 4+ €' - €]/ N’ of the N'-dimensional system differs
from Ry (cf,0") by O, A(N~1), and a continuous function is uniformly continuous on
the compact set of overlaps in [—1,1] and cavity coordinates in B .

For parameters in Gy (M) and along the subsequences of §4.3, Lemma 4.8 allows us
to replace by by its limit be. Thus, for fixed n and A, the coordinate term is bounded
below, up to o(1), by

]Elog</B

where, conditionally on the reference system, z and y are centered Gaussian with

Ez;i(0)zj(¢') = 6;Xn(0,0"),  Ey(o)y(c') = nRy(c, ") Xn(0o, ).

v de) e (P-m=-0/2)  _Blogler®) (424

A ref

The first term of (4.24) is the expected logarithm of the numerator Ny of Lemma 4.8 for
the reference system with b = b, and the second is minus that of the denominator D; we
call the two expected logarithms the numerator and the denominator. By Lemma 4.8(i),
both converge along the subsequence, and by §4.3 their limits are the limits of their values
on cascade realizations. We compute these values next.
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4.5 The cavity quantities on cascades

We evaluate the numerator and the denominator of (4.24) on a cascade realization, using
Lemma 3.4, and we show that the cutoff A can be removed when the smallest precision is
bounded below. Throughout this section we use the notation of §3.2: a Ruelle probability
cascade of depth k with parameters 6; and masses w, the branching level | = B! A 2 of
two replicas, and, for levels p € K and a precision b, the precisions d;, the mean levels
m;, the function G (b, p), the mean squared norm ¢ = my + 1/b, and the tilted measure
M defined in (3.8) and below it.

Fix a cascade with paired levels 0 < qo < --- < g < Tand 0 < pg < --- < py,
and its cascade realization with diagonal values (1, ,b) (§4.3). The overlap law of the
cascade is ) ; w;éy,, and the law of the response overlap is } ; w;dp,. On the realization, the
response field z is the cascade field Yg plus the within-state variable \/p — py x. Averaging

x inside the Gibbs average multiplies the integrand of the numerator by e(P=pu)llel?/2,
which changes the coefficient of —||¢||?/2 from b — 1 to b — 1, where

b="b—(p—py)- (4.25)

By (3.7), the smallest precision dy = b — ) ;~1 0;Ap; of (3.8) is expressed through the mean
of the response overlap:

k
do=b—pr+ ) wp. (4.26)
=0

When dy > 0, all precisions are positive and Lemma 3.4 applies.

The cavity quantities on a cascade realization. Averaging the within-state coordinates
inside the Gibbs average gives the following values. The numerator of (4.24), with be
replaced by b, equals @, + n(b — 1) /2, where

@A—IElongﬁ/ v de)e M~ E-DIEl/2

and we write © for the same quantity with ¢ integrated over R”. When dy > 0, (3.10)
gives ® = n[G(b, p) — J logb]. The denominator equals

lElong BT P= )/ ( ZW‘]ZPZ)

by (3.18) with the levels ¢; = nq;p;; here p > px > qxpr. Hence, when dy > 0, the
unrestricted numerator minus the denominator, divided by #, is

1 1/- k
Q(b,p)—Elogb+§<b—1—ﬁ+2wlqlpl). (4.27)
1=0
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The last term vanishes in the limit by Lemma 4.9 (Step 3 of §4.7).

The cutoff is removed with the following lemma. It concerns the unrestricted
tilted measure M of §3.2 with the field ¥ = Y?, defined when dy > 0, and
the random probability measure M, on pairs (B,¢) with density proportional to

vﬁvn(de)eg'yﬁ_(b_l)“g”z/zl]BA(s), which is defined for every b; when dy > 0, M, is M
conditioned on {e € Bp }.

Lemma 4.10. Fix the cavity dimension n and constants Py, By,co > 0, and consider finite
cascades with
0<pr <P, do > co, b < By.

There are constants C, ¢’ > 0, depending only on n, Py, By, co, such that for all A > 1
0<@—0, <Ce ", Pulel ¢ By) < Ce A (4.28)
Moreover o = m+1/b < Po/c(z) +1/c¢p.

Proof. Every denominator d;_1d; and d% in (3.8) is at least c%, and the increments of p sum
to px < Py, so my < Po/c%; also 1/b <1/dy < 1/cp. By (3.12), one replica ¢! has the law
N(0, oI,) under P4, and the Gaussian tail bound for ||¢!||? gives the second estimate
in (4.28), for A larger than a constant; enlarging C covers the remaining A > 1.

A small averaged probability of {¢ ¢ B, } alone would not bound ® — ®,, so we use
convexity. Define the leaf functions

f(y) = log [ un(depesv =Dz,

fA(]/) _ log/]B Vn(ds)ee]/*(b—l)usﬂzﬂ (]/ e ]Rﬂ)‘
A

Then fp <f,s0 ®, < ©. The map ¢ — Elog Z/a U,ge(P(Yﬁ) is convex on leaf functions, and
for a bounded direction 1 its derivative at f is E Mgb(Yﬁl), by dominated convergence.
Applying convexity with the bounded direction 1; = max{fs,f —t} —f € [—t,0] gives

© — Elog ) vpe™™ 005 < Iy [f(Yg) — fA(Yp)],
E

and letting t — oo, by monotone convergence, © — ©x < E([f(Yg1) — fa(Yp)]. Now
exp(fa — f)(y) is the probability that a vector with law N(y/b,b~11,) lies in B, and by
Lemma 3.4(ii), Yg1 /b = My ~ N(0, mI,) under P 4. Hence

O -0, < IE[— IOgIP{Mk + b 12G € Ba | Mk}},

where G’ is a standard Gaussian vector in R" independent of My ~ N (0, myI,).
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We split the last expectation according to the size of M. On {||My| < vAn/2},
the conditional probability of leaving B, is at most P(||G'||> > bAn/4) < P(||G'|*> >
coAn/4) < Ce A, and for A larger than a constant the negative logarithm is at most
twice this bound, since —log(l —x) < 2x for 0 < x < 1/2. For all My and A >
1, integrating the Gaussian density of M + b~1/2G’ over the fixed ball B; and using
l22 = Mill> < 2[[x[1* + 2| My ||* gives

P{M;+b""?G' € By | Mi} > crexp[—Ca(1+ || Mk|%)],

with ¢y, C; depending only on 1, ¢, By, since ¢y < b < By. The contribution of { || M| >
V/An/2} is therefore bounded by a Gaussian tail expectation of log(1/cs) 4+ Co(1 +
|| My||?), which is also at most Ce=¢"A uniformly for my < Py/c3. Enlarging C covers the
remaining A > 1. O

The measure M, is the law of the leaves and cavity coordinates under the cavity
measure of the cascade realization on B, after the within-state coordinates are integrated
out. For r replicas, My is M conditioned on the event that ¢! € B for ¢ < r, realization
by realization. If a probability measure gives mass 1 — ¢ to an event, then conditioning
each of r replicas on this event changes the expectation of a bounded function F of the r
replicas by at most 2r||F||«d, because the conditioning event for the r replicas has mass
at least 1 — ré. Since this bound is linear in J, it survives averaging over the disorder:

[EpyF — EAqF| < 20| Fl|ooP s (¢! ¢ B). (429)

4.6 Rotation invariance

The two identities that determine the entropy come from the following lemma. It uses
only the invariance (4.18) of the N’-dimensional system under simultaneous rotations of
the configurations and the rows. In the coordinates p = p(c, ¢), the quantity R below
is the overlap &' - €2/n of the added coordinates.

Lemma 4.11. Suppose that the disorder-averaged law of a random Gibbs measure on Sy is
invariant under simultaneous orthogonal transformations of its replicas. For two replicas p', p*
define
1,2 N’
PP cav 1 1.2
R = ;R == 3" pipi-
N’ mi—Nt1

Then
3N’

n(N'—1)
Moreover, the averaged one-replica law is uniform on Syy, and the law of its last n coordinates
converges to v, as N — 0.

E((R® — R)?) < (4.30)
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Proof. By the invariance, we may replace two given replicas by their images under an
independent Haar-distributed rotation without changing the averaged law. Condition
on two unit vectors p'/v/N’ and p?/+/N’ with inner product R. Their images can
be written as x and Rx 4 v/1 — R2x*, where x is uniform on the unit sphere of RN
and, given x, x* is uniform on the unit sphere of the orthogonal complement of x.
For the n coordinate indices i € {N+1,...,N'} put A =} xl-2 and B = Y xixf, SO
that R = (N'/n)(RA 4+ 1 — R?B). The variable A has the beta distribution with
parameters n/2 and N/2, so

n 2nN 2n

EA = — A) = < ,
N ) = N S v -

Given x, ]E[xijL | x] = (6;j — xixj)/ (N’ — 1), hence E[B | x] = 0 and E[B? | x] =

(A — A?)/(N’ —1). Therefore

2 < L — / —
EB- < NN = 1)/ E[(A—n/N")B] =0.
Consequently
E[(RA+ 11— R2B—Rn/N')?] = R?Var(A) + (1 — R EB? < —N,(If:_ 1)’

and multiplying by (N’/n)? gives (4.30). The averaged one-replica law is a rotation-
invariant probability measure on Sys, hence uniform. By (4.3) its last n coordinates
have the density fy ,, which converges pointwise to the standard Gaussian density; by
Scheffé’s lemma the laws converge to v, in total variation. O

4.7 Proof of the lower bound

The order of the limits matters, because the Gaussian integral over all of R" in the
numerator is not a bounded function of the overlaps. For fixed n we first let N — oo
along a subsequence at a fixed cutoff A, then let the index / of the approximating cascades
tend to infinity, then let A — oo; the cavity dimension 7 is sent to infinity last.

Proof of Theorem 4.1. We divide the proof into eight steps.

StEP 1. Increments. Let Zn be the expected log partition function of the perturbed N-
dimensional system with M ~ Poi(a«N) rows, averaged also over the perturbation param-
eters. By the Poissonization estimate of §4.1 and Lemma 4.7(i),

EI\IIV — Fn(U) + o(1). (431)
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For every fixed n,

.. .8y 1. -
h}\rnlg}f N > Ell}\[nlg}f(.:NJFn —EN). (4.32)

To verify this, let ¢/ be smaller than n times the right side. Then Ey., — Ex > ¢ for all
N > Ny. Every N > Ny + n can be written as N = Nj + jn with Ny < N; < Np +n and
j > 1, and telescoping along the residue class of Ny gives En > miny,<n, <Ny+n En; + £
Since j/N — 1/n, the left side of (4.32) is at least ¢'/n. This is the inequality on which
the Aizenman-Sims-Starr scheme rests; see [100, (53)].

Let ¢, = liminfx(Enty, — EN). Then ¢, < oo, since Ex/N is bounded above by
aUmax + 0(1) and (4.32) holds; and ¢, > —C, by Step 2.

Ster 2. Choice of parameters and row count. For fixed perturbation parameters and a num-
ber M of rows, let Ax (M) be the increment on the left of (4.19), computed conditionally
on the number of rows; thus En, — Ey is the average of Ay(M) over the parameters
and over M ~ Poi(aN), because M + 7t ~ Poi(aN’). By Lemma 4.7(v), Ay(M) > —C,
uniformly in the parameters and in M € Wy, and |Any(M)| < C, (N + M) for every M.
Since P(M ¢ Wy) < 2e~N " and E(N + M)? < CN?, the Cauchy-Schwarz inequality
shows that the event {M ¢ Wy} contributes o(1) to the average; in particular ¢, > —C,.
Choose a subsequence along which En, — En — £,. Let G}, be the event that M € Wy
and that the parameters lie in the set Gy (M) of Lemma 4.7(iii). Its probability is at least
P(M € Wy) infpew, P(Gn(M)) — 1. Since Ay > —C, on {M € Wy}, the average of
AN (M) over G, is at most

ENtn — 2N + Cnﬂj(gf\?) + 0(1)

along the subsequence. Hence we can choose My € Wy and parameters in Gn(My)
whose increment satisfies Ay(My) < ¢, + 0(1). We fix these parameters and this row
count from now on.

StEP 3. One limit of the overlap arrays, and positive precision. Along a further subsequence,
the finite-dimensional distributions of the arrays (Ry, Xy, by) under E(-).f converge,
E(bN)ref — boo, E(XN(0,0))ref — Peo, and the spin overlap array of the N’-dimensional
system under [E(-) \» converges. Write L for the limiting law of the arrays of the reference
system, with diagonal values (1, peo, b0 ), and [E| for expectations under it; let { be the
law of Ry, under L, and { the limiting overlap law of the N’-dimensional system. These
limits do not depend on A. The error terms 0(1) of §4.4 depend on A, but for every fixed
A they tend to zero along the whole sequence.

By §4.3, there are finite cascades, indexed by h > 1, with depths kj, and paired
levels 0 < q? < land 0 < pf‘ < Peo, Whose cascade realizations with diagonal val-
ues (1, peo, beo) have arrays converging to L. We attach the index & to the quantities
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of §4.5 for the h-th cascade, and write [E_, for expectations under its arrays; the law
of (Ryz, X12) under it is Y w?é(q?’p?), and its precision (4.25) is by, = beo — peo + th.
The product Ry(c!,0?)Xn(c!,0?) has bounded second moments by (4.8) and (4.9), so
E(Ry(c!,0?)Xn(0!,02))ref — EL[R12X12], and Lemma 4.9 gives

boo =1+ Poo — ]EL[Rquz]. (4.33)

This has two consequences. First, by (4.26) the smallest precision of the h-th cascade is
dg = beo — Poo —|—]E|_h[X12], and as h — o

df — boo — Poo + EL[X12] = 1+ [X12(1 — Rp2)] > 1,

because Xi, > 0 and Ry < 1 under L (§4.3); the convergence holds because X, takes
values in [0, ps] under all these laws. Also b, = 1+ th — E_[R12X12] < 1+ poo, since
RipX1» > 0 under L. So there is g such that, for h > hy, the tilted measure M" of §3.2 is
defined, Lemma 3.4 applies, and Lemma 4.10 applies with co = 1/2and Py = By = 1+ peo,
with constants C, ¢’ independent of h. Second, by (4.33) the last term of (4.27) tends to
Zero:

boo — 1 — poo + Y wq)'pl = Ey, [R12X12] — B [R12X12] — 0. (4.34)

l

StEP 4. The increment and the cutoff. Fix A > 1. By the choice of parameters in Step 2,
(4.19), (4.20) and (4.24), £, is at least an u;(0,0; U) plus the limit of the numerator minus
the limit of the denominator. By §4.3, these limits are the limits as 1 — oo of the values
O + n(be —1)/2 and % (pe — Ly wi'ql'pl') on the cascade realizations (§4.5). By (4.34)
their difference is @?\ + 05,(1), so limy, @’}\ exists and ¢,, > an ug(O, 0; U) + limy, @’}\. For
h > hy, (4.28) and (3.10) give @i‘\ > n[G(by, p") — %log by — Ce A, Letting A — oo,

Cn

n

. 1
> ocug(O, 0;U) + lim sup [g(bh, ph) — 5 log bh]. (4.35)

h—o00

StEP 5. The rotation identities on the cascades. Let o), = mZh +1/by, the mean of ||e!||?/n
under M" by (3.12). We show that { =  and

S|Ww

on — 1, limsup EE , 4 [(81 &2 /n— q?‘)z] <

h— o0

(4.36)

All three follow from the fact that, for every bounded continuous function F of the spin
overlaps and the cavity coordinates of r replicas,

lim E 4 F = lim E(F)y, (4.37)

h—o0 N—o0

where both limits exist, the second along our subsequence. Here the spin overlap of two

distinct replicas is p’ - p* /N’ for the N’-dimensional system and qf’;‘/\ Y for M", and the
4

cavity coordinates are the last n coordinates of p’ and the vectors ¢, respectively.
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To prove (4.37), fix A. We condition the Gibbs measure (-)ns on {e € B, } for each
replica. As for (4.29), this changes E(F)y/ by at most 2r||F||oE(1(¢p, )N, and by
Lemma 4.11, whose hypothesis holds by (4.18), this expected missing mass tends to
vy (BY). By the comparison statement after (4.23), the conditioned expectation differs
by o(1) from the expectation of F under the cavity measure of the reference system,
computed with the spin overlaps Ry. By the last assertion of Lemma 4.8, by Lemma 4.8(ii)
and by §4.3, the latter converges to the limit as # — co of the expectation of F under the
cavity measures of the cascade realizations on B4, which is limj [E M F (§4.5). For h > hy,
(4.29) and (4.28) give |1EM5,\F —E \uF| < 2r||F||ooCe_C/A. Hence the upper and lower
limits of [E,+F and of IE(F)y all lie within 27| F||e (v (B ) + Ce=“'2) of limy, IEM;}\F.
Since A is arbitrary, the four limits coincide, which proves (4.37). We apply it three times.

(@) F = f(Ry2) for a continuous function f on [—1,1]. The right side of (4.37) is [ fd(.
Under M" the level | has law (w?) by (3.13), so the left side is lim;, E|, f(R12) =
[ fdg. Hence { = ¢.

(b) F = min{||e||?>/n, T} for T > 0. By Lemma 4.11, the averaged one-replica law of the
last n coordinates of the N’-dimensional system converges to vy, so the right side is
IE min{||G'||?/n, T} for a standard Gaussian vector G’. For h > hy, e! ~ N(0, 051,,)
under M" with ¢, < 6 = Py/c3 + 1/co (Lemma 4.10), and E[(||G'[|>/n)?] = 1+
2/n < 3. So removing the truncation changes the two sides by at most 3¢ /T and
3/T. Letting T — oo gives g5, — 1.

(c) F =min{(¢'-€?/n— Ry2)? T}. In the N’-dimensional system ¢! - €2 /7 is the quantity
R of Lemma 4.11, so E(F)\» < 3N'/(n(N’ — 1)), and the left side of (4.37) is at
most 3/n. For h > hy the fourth moment of ¢! - €2/n — q? under M" is bounded
uniformly in £, since 0 < q? < 1 and ¢!, €2 have the law N(0, g, I,;) with g, < ¢. So
removing the truncation costs O(1/T) uniformly in h. This gives (4.36).

In particular, the row term in (4.35) is au;(0,0; U).
StEP 6. The entropy. For h > hy, Lemma 3.4(iv) gives

1 1
Gby,p") = Slogby = CS(7u) + 510gen,  Th = Vo, €U, (4.38)

where 7}, is the order parameter with atoms of mass w? at mf‘ /0p. The trial order
parameters 7y, are close to . The law {j, =) w?é g of Ry under the h-th cascade array
!

converges weakly to {, hence in the Wasserstein distance W; on [0, 1]. Under IP (. the level

] has law (w?), so (q?, m];/gh) is a coupling of {; and 1y, and since 0 < m’; < mzh < op,

1/2
Wi(Zn, vi) < Elgf —mj| +[on — 1| < (E(q} —m})*) "+ low — 11,
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with expectations under P, . By (3.13), m? is the conditional mean of ¢! - ¢2/n given J,
and qlf is a function of J. So conditional Jensen’s inequality and (4.36) give lim sup,, ]E(q’]1 —
m?)2 < 3/n. Hence
lim sup Wy (g, vn) < v3/n. (4.39)
h—o0
SteP 7. The lower bound for fixed n. Let 6 > 0. By (4.35), =10,(4.38), 0, — 1,and (4.39),
there is h such that v = ), € U satisfies

¢
a1z (0,0;U) 4+ CS(7y) < ; +6, Wi(Z,v) < V3/n+4.

Lemma 2.4 gives a constant Cyy with [u(0,0; U) — u,(0,0;U)| < CyWi(Z, ), so

Un
Pu(y) = ity (0,0;U) + CS(7) < ~* +aCyV/3/n + (14 aCu)s.

Since v € U, the left side is at least P.(U). Letting 6 — 0 and using (4.31) and (4.32),

liminf Fy(U) > - > P.(U) ~ aCuv/3/n. (4.40)
—00

Ster 8. The limit n — co. The constant Cy; does not depend on n. Letting n — oo in (4.40)
proves Theorem 4.1. The perturbation and the Poissonization were already removed

in (4.31). Neither a minimizer of Py nor the upper bound of Chapter 3 was used. O

4.8 Proofs of the perturbation, continuity, and precision lemmas

We keep the notation of §4.3. Throughout, d € {N, N'}, A is the set of rows of the system
under consideration, Gy is its matrix of rows, and constants may depend on U, «, 11, and
A, but not on N. Since M € Wy, the number of rows satisfies #4 < 2aN, except in
part (i), where M is Poisson, and in part (v), where the 7w added rows are included. All
bounds on the log partition function hold uniformly for parameters u;, uy,, in [1/2,5/2],
which allows difference quotients at the endpoints of [1,2]. We use the Gaussian Poincaré
inequality [21, Theorem 3.20]: for a standard Gaussian vector g in a Euclidean space and
a continuously differentiable function ® with E||V®(g)|*> < co, Var ®(g) < E||VO(g)|>.

We first record an elementary estimate for replacing an activation by a smaller one on
fresh rows. It is used in part (v) of Lemma 4.7 and in part (iii) of Lemma 4.8.

Lemma 4.12. Let (-) be a random probability measure, and let V1 < V, and Y > 0 be random
functions on its space such that V, < A for a constant A, Vi > =Y, and E[(Y)?] < co. Then,
forevery T > 0,

E[(A: + (V)]

0 < Elog(e"?) — Elog(e") < el E(e"> —e"1) + T
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Proof. Put Z; = (V') and A = logZ, —logZ; > 0. By Jensen’s inequality log Z; >
(Vi) > —(Y), and log Z, < A; so both logarithms are integrable and A < Ay + (Y).
Since logx < x —1,also A < (Zy — Z1)/Z1. On {Z; > e~ T} this gives A < eT(Z, — Z1).
On {Z; <e T} wehave (Y) > —logZ; > T,s0A < A; +(Y) < (A} +(Y))?/T. Taking
expectations proves the claim. O

In both applications V; and V, are sums of activations over 7t fresh rows y;, and each
yi(p) is standard Gaussian for one replica, so that E((1 +y?)?) = 6. Recall the constant
C() of (4.2).

Proof of Lemma 4.7. We divide the proof into eight steps.

Ster 1. Tensor estimates. We first record a bound that controls both the countable sum of
Gaussian components and the derivatives of the Gaussian perturbation in the rows. If T
is a standard Gaussian multilinear form with m slots, each of dimension at most d + #.A4,
its injective norm || T ||iy; (the supremum of |T(xy,...,x;)| over unit vectors) satisfies

E||T|%; < Cm(d +#A) log(12m). (4.41)
Indeed, a 1/ (4m)-net of the unit ball of RP can be chosen with at most (12mm)" points, so
the product net over the m slots has logarithmic cardinality at most m(d 4+ #A) log(12m).
Changing one argument at a time from a point of the unit balls to a nearest net point
changes T by at most || T||inj/ (4m) per slot, so ||T||iy is at most 4/3 times the maximum
over the net. The values of T at the net points are centered Gaussian with variance at
most one, and [E max;<x gi2 < 4log K + 2 for K such variables g;, by [Ee&: /4 < /2. This
proves (4.41). Differentiating a tensor contraction in its response argument y = Fa(p)
frees one slot and sums over at most m positions; the other arguments are contracted
with vectors of norm at most one, and the coefficients in (4.16) are at most one because
i (7)oioy ™" < 1. Hence sup,[|dyhom(0)ll < m Licyl Tom,illinj, and by (4.41), with no
attempt to optimize the power of m,

E sup|[@y/tom(0) |2 < C(m +1)° log(12(m + 1)) (d + #A). (4.42)
©

These polynomial factors are summable against c,, = 27/@-™m In the

same way sup,|fom(p)] < icwlTomilli, so (Esup,|hom(p)?)'* < C(m +
1)32log(12(m + 1))Y/2(d + #A)/2 by the Cauchy-Schwarz inequality and (4.41).
Hence Y, ,, Co,m (IE sup p|hv,m|2)1/2 < 0. By Tonelli’s theorem the series defining the
Gaussian part converges absolutely almost surely, uniformly in p, and by Minkowski’s
inequality the supremum over p of its tail after finitely many components tends to zero
in L2. The same summable majorants, with the polynomial factors of (4.42), apply to the
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derivatives of the finite truncations used below. Every statement below is first proved
with finitely many components and then passes to the limit.

Step 2. Part (i). Since |t;(x)| < C(1 + x?), the scalar part changes log Z by at most
CEY,(1+ x,(0)%) < CEi(#A+ ||Gd|]%p), whose expectation is at most C{;N by
Lemma 4.2 (averaged over M). For the Gaussian part, Jensen’s inequality, condition-
ally on everything except the tensors, shows that its expected effect lies between 0 and
sfi sup, Yoom c%,mu%,m Qom(p,0)/2 < Csﬁ: the lower bound because the Gibbs average of
the Gaussian part under the unperturbed measure has mean zero, the upper bound
because Ee = eVa'()/2 for a centered Gaussian variable . The total expected cost is
therefore O(d%/* + d?/3) = o(d).

SteP 3. Concentration of the free energy. For the reference and the N’-dimensional system
with A = {1,..., M}, we show that

Var(log Z) < Cd, vy :=supE[log Z — Elog Z| < CV/4d, (4.43)

where the supremum is over the parameters. Apply the Gaussian Poincaré inequality,
with finitely many tensors, in the rows and the tensor entries. Its right side is the expected
squared gradient, which has three parts. The gradient in the rows through the activation
contributes at most C(M + [|Gy]|3,,), because };p7 = d and the first derivative of us
grows at most linearly. The gradient in the tensor entries contributes at most Cs3, because
each hy, is linear in its tensor with coefficient vector of norm at most one. For the
gradient in the rows through the response vector, write y = ¥,;(p); then

gultom = [D@ () D], U (3a(0)) 7 7=
Summing the squares over a and i and using ||p||*> = d, (4.42) bounds the expected
contribution by Cs3(1+ M/d). For the reference system, the tilt nBy/2 adds a row
gradient of squared norm at most C,M/d?. Since E||G4(|3, < C(M + d) by Lemma 4.2
and M < 2aN, the variance is at most C(M + d) + Cs%(1 + M/d) < Cd. The bound
passes to infinitely many components by Step 1, which proves (4.43).

Ster 4. Part (ii). Steps 4 and 5 follow the proof of the Ghirlanda—Guerra identities in
[98, Theorem 3.2]; see also [100, Theorem 2]. Consider a scalar parameter u = u;. In a
d-dimensional system it enters the Hamiltonian as d&; u A(p) with A =d~ 1Y, 7;(x,(p));
for the reference system d = N’, x, = S;, and A = A;. The function u — log Z is convex,
with first derivative dZ;(A) and second derivative (d¢;)?((A — (A))?). Integrating the
second derivative over [1,2] and using that [E(|A|) is bounded by (4.8),

2]EA A2d<c
JE( —{A)?)du < g
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For the fluctuation of (A) with the disorder we use the following consequence of convex-
ity: if f, g are convex and differentiable, then for ¢t > 0

—gl(u+t)+|f—gl(u—1t)+2|f —g|(u
|f’(u)—g'(u)|§g’(u—|—t)—g'(u—t)+|f 8|( )+ 1f %’( ) .f — 8l )
(Bound f’(u) above by (f(u+t) — f(u))/t and below by (f(u) — f(u — t))/t, compare
with g, and use that ¢’ is nondecreasing.) Apply it to f = logZ and ¢ = ElogZ as
functions of u and integrate over u € [1,2]. For 0 < t < 1/2, the boundary integrals give

2+t 1+t

¢'(u) du —/ ¢'(u)du < 4tsupl|g’| < Ctdey,
1-t

2
[+ —gw—tyan= [
1 2t
where the supremum is over [1/2,5/2]. Together with (4.43) this gives f12]E|(A> -
E(A)|du < Ct +4v,/(td&;), and the choice t = (vy/(dE;))/?, which is at most 1/2 for

large N, gives
2
[ EIA) —E(A)|du < Cyfou/ (d20) = O@*).

Together with the thermal bound, flzlE(|A —E(A)|)du — 0, uniformly in the other
parameters and in M € Wy. For the reference system, (4.15) gives A, = Xn(c, o) and
Ay = (N/N'")(by —1) — (n/N'")By, and (n/N")By = O(n/N) by (4.8), so Xn(c,0) and
by concentrate. By (4.17), the diagonal entry of the reference perturbation differs from
Xn(o,0)/Cx by O(n/N) on Qy, and both are bounded by polynomial moments off Qy;
so it concentrates as well.

StEP 5. Part (iii). Fix one Gaussian component, write A = s;cymUpm, h = hy, and
Q = Qum- Gaussian integration by parts in the entries of its tensor, conditionally on
the rows (so that the dependence of Q on the rows produces no extra derivative), gives
E(fh(p')) = AE(f(Cy<, Qur — rQ1,+1)) for a test function f of the arrays of r replicas,
which does not depend on the tensors, and E(h) = A(E(Q11) — E(Q12)). Subtracting
E(f) times the second identity from the first and rearranging, we obtain for || f|le <1

r1D:(f, Q)| < E(|Qu1 — E(Qu1)|) + A "E(|h — E(h)]).

The function u,,, — logZ is convex, with derivative s;c,m(h) and second derivative
(sqcom)?{(h — (h))?). Asin Step 4, since [E(h)| < 2A, the thermal part of the second term,
integrated over u,, € [1,2], is at most C/(s4¢y,m), and the difference quotient inequality
bounds the disorder part by C,/v;/(s4com). For each fixed component the resulting
bound C(1 + /v7)/(84¢om) tends to zero, since d'/4/s; = d~1/12. For the reference
system, the diagonal term tends to zero after averaging over the parameters, because
Qi1 = (v1 + v2 XN (0(e,0), p(e,0)))™ is an m-Lipschitz function of this diagonal entry on
[0,1], and the entry concentrates by Step 4. For the N '_dimensional system we only need
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vy = 0; then Q1 = v{" is constant and the diagonal term vanishes. The bound does not
depend on f, so the supremum over || f|l» < 1 may be taken before averaging over the
parameters.

We now construct the sets Gy(M). As in [99, Lemma 1], we combine the defects
in a weighted sum; there the parameters are also chosen so that the cavity increment
is controlled, as in Step 2 of §4.7. Enumerate the countably many defects under con-
sideration: the suprema over ||f|lo < 1 of the defects |D,(f, Qum)| of the two systems
for all r and (v, m) (with v; = 0 for the N’-dimensional system), and the concentration
defects E(|A; —E(A;)|) at fixed parameters. Each defect is a measurable function of the
parameters. For fixed disorder the Hamiltonian is continuous in the parameters, because
the series defining the Gaussian part converges uniformly by Step 1, so Gibbs averages of
jointly measurable functions are jointly measurable in the disorder and the parameters.
By Tonelli’s theorem [E(g) is then measurable in the parameters for every nonnegative
jointly measurable g. This covers the concentration defects, since |A; — [E(A;)| is jointly
measurable in the disorder, the configuration, and the parameters. For fixed parameters,
f = D:(f, Qum) is the integral of f against a finite signed measure on the compact space
of arrays of r replicas, so the supremum over || f||« < 1 is the total variation norm of this
measure. It equals the supremum of ©,(14 — 14¢, Qum) over the sets A of a countable
algebra that generates the Borel sets of this space, and is therefore measurable. Each
defect d; is bounded by a constant ¢; independent of N and M (the Ghirlanda—Guerra
defects by 2, the concentration defects by (4.8)), and its average over the parameters tends
to zero uniformly in M € Wy, by the bounds above, which depend on M only through
M < 2aN. Choose weights w; > 0 with }; w;¢; < oo, and let e (M) be the average over
the parameters of ) ; w;d;. By dominated convergence, applied to the weighted sum of
the suprema over M € Wy of the averaged defects, &y = supycyy, €en(M) — 0. By
Markov’s inequality, the set Gy (M) where Y_; w;d; < &5/% has probability at least 1 — &}/,
and on Gy (M) each fixed defect d; is at most é}\,/z /w;. None of these defects involves A,
so neither does Gy (M). This proves (iii).

STEP 6. Part (iv)(a). We first retain a finite set B of components f = (v, m); no constant
below depends on B. Write s = sy, Ap = Comlym, and hg = hym, and let Cp be
a common bound for the operator norm of D@(z) and the norm of the bilinear map
D?@(z), uniform in z and in the dimension. Use the path pf = p(c,te), 0 < t < 1,
on Syr. Keep the activation part of the Hamiltonian at p(c,¢) fixed, and evaluate the
Gaussian part Pi(c,e) = s )5 Aghg(p’) at p’. Let Z; be the partition function restricted
to ¢ € By and (-); its Gibbs measure, and assume N > 2An. For a replica (07, ¢?) put
pp = p(oP, tef), rp = pp/\/ﬁ, (P =¢P/\/N', and

Xpa = Xa(pp),  Tpa = Xa(p(0?,€")), ¥p=¥ni(pp), yp=a@(¥p), Jp=Da(¥)p).
The fields %, enter the activation part, and };[{ ]’.ﬂ C?| < An/N’. A dot denotes 0.
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The derivative. By (4.16), Fg(p) - Fg(p') is the polynomial (v17 - 7' + vy - y')™ in the spin
arguments r = p/+/N’, v’ and the response arguments y, . Differentiating in the first
pair of arguments,

Dy 1= 0iFg(pyp) - Fy(py) = mKp o1ty 1+ 020p yg),  Kpg = 017p - 1g +02yp - ¥y,
(4.44)
and |K,;| < 1. Since dtlogZ; = (9:P;):, Gaussian integration by parts in the tensor
entries, conditionally on the rows, gives

d 2 2 E(DP p

5 BlogZi = ZA (Dy; — D).

Let f be a bounded measurable function of the configurations of r replicas. The derivative
of IE(f)t is B(f ¥p<,41 ap0: Pr(0?, €P)), with ay, = 1 for p <rand a,,1 = —r. Integration
by parts in the tensor entries, now with r 4 1 replicas in the Gibbs average, gives

FEN=TENG LT b B,

p<r+1g<r+2
with by =1for g <r+1and by12 = —(r + 1), so that }_,[ap| = 2r and }, |bg| = 2(r + 1).
With finitely many components, d;P; and all derivatives in the rows used below are
bounded by polynomials in [|[G, G']||op, where |G, G'] is the M x N’ matrix with rows
(84, 82), and the injective norms of the tensors, which have moments of all orders. This
justifies the differentiation under E and the integrations by parts. Both derivatives are
therefore controlled by the following bound: if f is a bounded measurable function of the
configurations of k replicas, which depends neither on t nor on the disorder, and p,q <k,
then

2
E(FDf)i| < Conklflloo( 7 + 573 (4.45)

Spin and radial parts. We have p, = (X,07,€P) with x, = x(te?) and %, = —t||e”||>/ (Nxp).
Since N > 2An, we have 1/2 < Xz < N'/N <2, s0 |Xpl <2An/N and x, < V2. Since

lopll> = N/, the diagonal term #, - r, vanishes, and for p # g

\Xpxqo? -1 4tel -€l|  4An
7 . p— < .
|rF7 T’q| N/ - N

So the spin part of ng is at most 4Anm/N. For the response part, y, = J,¥, and
Yoa = U" (xpa)%pa//CxN’, where by (4.5)

xpa - XPS Up + Zga]Cp

]<n

Put YV = Jjy, € RM, so that [|[YP1|| < Co and yp - yg = L, Y5 U" (xpa)%pa//CxN'.
Since Y,S.(0)> < HG||OP, the radial part of msz%_ly'p~yq is at most



PART I 4.8 Proofs of the perturbation, continuity, and precision lemmas 101
2AnmLCyp|Gllop/ (NV/CxN'), and E||Gllop < CVN by Lemma 42. Both parts
contribute at most C, A1|| f||oo/ N to (4.45).

Integration by parts in the fresh columns. The remaining part of ng is ), ga]Ap 7, where

maop

vV CxN’

Write 9,,; = E)/E)g;]- and let H;(c,e) = ¥, U%(x,(p(c,€))) + Pi(c, €) be the Hamiltonian.
The function f does not depend on g/ j~ Gaussian integration by parts in g/ ; gives

Al = GF Kpg U (xpa) V3.

<f2ga]qu> = YV B(fa, A+ X e L E(fAN,Hi(ohe)),  (446)
a]

I<k+1 aj

where 17y = 1 for ¢ < k and ;1 = —k. The terms ¢ < k come from the Gibbs densities
of the replicas of fAP7 (the same replica when ¢ € {p,q}, another replica otherwise),
and the term ¢ = k 4+ 1 comes from the normalization; }_y|#y| = 2k. Only the a-th field
depends on g, and

tgPU”(xpa)
i = U], AT =L, Aty =

ear

where e, is the a-th unit vector of RM. In the following bounds we use |U”|, [U"'| < L,
[Kpgl <1, 8,02 <1, and 3[¢C7| < An/N'.

Derivatives of the coefficient. The coefficient A depends on ga] through four factors.

(a) Through U"(xp,) the derivative is U’ " (xpa )t} ;- This is the only term with
the /! norm of YP1, and ¥,|Y!7| < /M| YPI|. Its sum over a,j is at most
mLAnCeopv/M/(1/CxN"3/2), which is O, A (m/N) since M < 2«N.

(b) Through the cutoff Jacobian ], in Y/ = ¥ ( Jp)baYqp, the derivative of YP7T is
thU”(xpa) D?@(¥,)[ea, €a] - vq//CxN'. Each term |D*@(¥,)[eq, €a] - 4| is at most
Co, so the sum over a of this Hessian trace costs a factor M. The sum over 4, is at
most mL2AnMCgp/(CxN"?) = O, a(m/N).

(c) Through the other response vector y,, whose derivative is t§7 U" (xga)Jqea/ /Cx N/,
the derivative of Y}7 is t@?U”(xqa)(];]q)aa/\/W. Since Y,[(J) Jq)aal <
1 TpllEllJ4llF < MC2, the sum over g, j is at most mL2AnMC2 /(CxN"?) = Opp(m/N).
When p = g, (b) and (c) are the two derivatives of ];,r Yp-

(d) Through the remaining tensor slots, that is, through K.~ L, with

\/C N’
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since the spin part of K,; does not depend on the rows. The two row vectors in each
product are paired before norms are taken: ¥, |YY7|(|Y}] + |YJ¥|) < 2C2, with no
factor M. The sum over 4, j is at most 2m(m — 1)L2AnC2 /(CxN"?) = O, o(m?/N?).

The first sum on the right of (4.46) is therefore at most Cy, 5 || f|cc?/ N.

The activation part of the Gibbs density. The activation part of aath(af, et) is (U%)(%4,)7%,
and

{4
A () = A P 0 (1)

By (4.1) and the growth of the derivatives of 71 and 1, |(U®)’(x)| < C(1 + |x|). Since
Y. < |[G,G] ||‘Z;p for every configuration, the Cauchy-Schwarz inequality bounds
this sum by CmLAnCo(vVM + ||[G,G']|lop) / (v/CxN"3/2). By Lemma 4.2, E||[G, G']||op <
Cv/'N, so each replica ¢ contributes C, 4 || f||co/N.

The Gaussian part of the Gibbs density. Let Ty = Y. Agdyhg, evaluated at p,, be
the response gradient of the Gaussian part. Then aa]'Pt(Uf,sf) = sy - dyjyr =

st¢;U" (x¢a) (J/ Te)a/ v/CxN', and

stmop Kot gp - gt

pq é &l
ZA g P (0", €") = e

Z U”(xpa)U”(xgu)qu(]Zl“é)a,

a

We bound Ty by a pathwise envelope. By Step 1, ||0yh1p,ml| < m ¥Yicpl| Tom,illinj at all
arguments in the unit balls. Hence ||I'y|] < W for every configuration, where W =
Yo.m Ao, i<m|| Tom,illinj does not depend on the Gibbs measure. By (4.41) with d = N’
and #4 = M,

EW < B.VN'+ M, B, = ;Cl/z Y comm(m+ 1)(1111055(12111))1/2 < 0.

v,m

The Cauchy-Schwarz inequality in a bounds the last sum by L2C2W, so each replica /
contributes at most smL>AnC3 || f ||« EW/(CxN"?) < Cyallfllcoms/N3/2. Bounding the
coordinates of ]}rg one at a time would lose a factor v/ M.

Summing over ¢ with the weights 77, and adding the previous parts proves (4.45).

Summation over the components. Since Uy, < 5/2 and ¢y, = 2-i(©)=m wwith jlv) > 1,
125

]>1 m>1

By (4.45) with k = 2 and m < m?, the derivative of Elog Z; is at most Cn,A(s2 /N +
s3/N®/2). Integrating over t € [0, 1], the complete error is bounded by

Cua (s%//N + 53, /N*/2) = 0(1). (4.47)
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For a bounded measurable function f of the spin overlaps and cavity coordinates of r
replicas, (4.45) applies with k = r + 2, and the integration by parts in the fresh columns
introduces the replica 7 + 3. So |9 E{(f);| < 4r(r +1)(r + 2)Cyallflleo(s?/ N + 53/ N3/2).

Infinitely many components and rare events. The bounds above do not depend on B. Let Bk
be the set of the first K components and 5k = s} gz, Ap supp|hﬁ(p)|. By Step 1, 6k — 0
almost surely and in L. Truncating the Gaussian part to Bx changes log Z; by at most
Sk, and it changes (f); by at most || f||cc min(2,e*°k — 1), since the Gibbs density of r
replicas changes by a factor in [e 2"k, e2"%k]. By dominated convergence, the bounds pass
to the full series at t = 0 and t = 1. No restriction to Q) was used: the bounds on @ and
its derivatives hold everywhere, and ||G||op, [|[G, G']||op, and W enter only through their
unconditional expectations.

Step 7. Part (iv)(b). In the representation through the fields x, = S; + 7, the N-
dimensional system has the activation UN(x,) and the Gaussian part sy Y.p Aghg with
the response vector @ (¥!), where

(o) = W0 o) e

0<t<1).

Conditionally on the rows, each Gaussian part considered below consists of independent
centered Gaussian processes on Sy with covariances (v1Ry(co, ') + vay (o) - y(o’))™ for
some response vector y with values in the unit ball. The expected log partition function
depends on the Gaussian part only through these covariances. We retain finitely many
components and pass to the limit as in Step 6, and we make four replacements.

The response vector. Replace @(¥1) by @(¥*), keeping the activation at S, + 77,, and let ¢

run from 1 to 0. Define v, J,, Kpg, and YP7 as in Step 6, with 1, = a?/v/N, Y, =¥ ("),

Xpa = Sa(0P) + tya(0?), and ¥ = cyo? € RN. Then Y,|¢7¢?| < ¢4, N = n/N’. The spin

argument ¢’/ +/N does not move, so (4.44) has no spin or radial part, and iy, = 17,(07) =
Y g/.¢". Hence qu Yo g APT with

a—  JCxN 7

the coefficient of Step 6 with ” /+/N’ replaced by cyo? and N’ replaced by N in the nor-
malization of the response vector. Integrate by parts in the entries g of G”. Identlty (4. 46)
holds with dgnxp, = t¢¥, and the derivative of the activation field %;, = Sa(c*) + 17a(c")
is @f . The bounds (a)—(d) on the coefficient and the bounds on the activation and Gaus-
sian parts of the Gibbs density hold as in Step 6, with three changes: An/N’ becomes
n/N'; ||[G, G]||op becomes ||G||op + cnVN||G”||op, which bounds ||(%4,)a|| and has ex-
pectation at most C V/N; and W is formed with the tensors of dimension N + M, so

CP Km 1 u//(xpu) qu,
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EW < B,+v/N + M. Thus (4.45) holds with C,, and s = sy, and the summation of Step 6
bounds the change of Elog Z by Cy(s%,/N +s3,/N3/2).

Normalization and scaling. At t = 0 the response vector is y° = @(¥?), while that of the
reference perturbation is y*f = @(¥*f) with ¥*f(¢) = (U'(VN'/N S,(7)))a//CxN’
(see §4.3). The two differ in the normalization (N instead of N’) and in the factor /N’/N
in the argument of U’. Since 1/v/N —1/v/N' < n/(2N%/2), |U'(v/N'/NS) — U'(S)| <
L|S|n/(2N), and || (U'(Sa))all < L(V M+ ||G|lop), and since @ is Co-Lipschitz,

CoLn(vM + ||G|lop) Cn
0 ref @ op -
S‘;PH}/ (o) =y (o)|| < on, oN = /CxN3/2 ’ Edn < N

All response vectors lie in the unit ball, and k" — k'™| < m|k — k| for k, k' € [-1,1],
so the two covariances of each component differ by at most 2mdy. Let h% and hg’f
be conditionally independent Gaussian processes with these covariances, and inter-
polate with /1 — th% + \/Zhrﬁef. Gaussian integration by parts gives the derivative

(s%\] /2) I )%E(AQ?1 — AQ'132>, where AQP is the difference of the two covariances. Its
absolute value is at most 2s3/Eén Y A%m = On(s%/N).

The strengths. The derivative of the expected log partition function in s is Y. AgE(hg) =
sy A%E(Qlﬁl - Q%), by integration by parts, hence O(s). Since |sy/ — sy| < nN72/3,
changing sy to sy costs O(nN~1/3). The derivative in & is (Y, (u11 + uam)(x,)),
which is at most C(M + E||G||3, + ¢ NE[|G"||3,) = O(N). Since |&x/ — &n| < nN~/4,
changing ¢ to ¢y costs O(nN -1/ 4). Asin Step 6, no restriction to () is needed.

Step 8. Part (v). When rows are added, the response vector gains coordinates, and
we realize the tensors of the system with M rows as the restrictions of those of the
system with M + 7 rows to the old response coordinates. On the event ()}, of §4.3,
which depends only on the rows and on 7, the map @ is the identity for the old
and the new response vectors, by the choice of Cx. There the Gaussian part of the
perturbation changes by a centered Gaussian field that is linear in the tensor entries
involving a new coordinate, and these entries are independent of the old ones. Since
the logarithm of a Gibbs average of e" is at least the Gibbs average of &, averaging
over these entries shows that this change has a nonnegative effect on the expected log
partition function. On the complement, the change of the log partition function is at
most Sn7 Yy, ComUo,m times the suprema of the old and new components in absolute
value, whose second moment is at most CN2 by Step 1, while ]P(Q'I\?) < C,eN/Z
by the Cauchy-Schwarz inequality the complement contributes 0(1). The added rows
carry the activation U%'. Since |7;(x)| < C¢(1+x2), u; < 5/2, up > 0,and 1, > 0,
we have USN > U — c(1+4 x?) with ¢ = 4C:&yr, and ¢ < 1 for N large; the expected
logarithmic increment is monotone in the activation. The fields y; of the added rows
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are standard Gaussian for each configuration and independent of (-)\s. Conditionally
on 77, apply Lemma 4.12 to (-)n\» with Vo = Y,  U(yi), Vi = i< [U(yi) —c(1+ y%)],
A = tlUmax, and Y = (Cp + 1) L (1 +y?). Then E[(Y)?] < E(Y?) < 6(Co +1)*7%,
and e"2 — eVt < eUmaxc i< (1 +y?) has expectation at most 27tc e tmax Averaging over
7t ~ Poi(an), whose exponential moments are finite, we obtain for every T > 0

0 < Elog <e2ign U(yi)>N/ — Elog <eZign[U(yi)fc(1+y?)] >N/ < Culc ol 4 T—l)’

uniformly in the Gibbs measure. Choosing T = Ty — oo so slowly that &y.e’™¥ — 0, we
see that replacing UV by U on the added rows costs o(1). This proves the first assertion
of (v).

For the uniform lower bound, take A = 2 in the coordinate term. After (4.47),
Lemma 4.7(iv)(b) and the interpolation of §4.4, whose errors are uniform in the pa-
rameters and in M € Wy, the coordinate term is at least the difference (4.23) mi-
nus o(1). Jensen’s inequality, for the Gibbs average and for the normalized restric-
tion of v, to the centered ball By, bounds the logarithm of the numerator below
by logv,(By) — Cy(1 + |bn|), whose expectation is at least —C, by (4.8). Jensen’s
inequality in the field y bounds the expected logarithm of the denominator above
by Elog(e"*n(@)/2) < nEsup, Xy(o,0)/2 < Cy. By the first assertion of (v) and
Jensen’s inequality for the fresh rows, the row term is at least an EU(G) — 0(1) > —C,,.
Combining these bounds proves the lower bound in the last assertion of (v) for
N > Ny(n). For the upper bound on the absolute value, for any number of rows
|Elog Z| < C(d + #A) + Cs3 in each system: without its Gaussian part, the Hamiltonian
is at most C(#A4 + ||Gd||(2)p) + Cu#.A/d in absolute value, and Jensen’s inequality in the
tensors bounds the effect of the Gaussian part between 0 and Cs?. O

Proof of Lemma 4.9. We fix the perturbation parameters and the number M < 2aN of
rows. The Gibbs measure (-),¢ has density proportional to e with respect to py, where

H(o) = ¥ U(Si(0) + P0) + 5 L U'(Su(e) €=t

P(0) is the Gaussian part of the perturbation of the N’-dimensional system evaluated at
p(c,0), and the last sum is the tilt nBy /2. The row g, enters H through S, = g, -0/ VN
and, in P, through the response coordinate U’(x;)/+/CxN’ with x, = g, - /+/N. Hence
dg, H(o) = (ai/\/ﬁ) $a(0) with

— (&Y -
(Pll_(u ) (Sﬂ)+2N/

o N/ u”(XQ) D 1]:; Ta h
¢a - W \/WSN/U’ZmCU,muU,m[ (’O( N/) y Urm:|a’

U”/(Sa) + 4]“,
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all evaluated at o and p(c,0). Since S,U’(S;) = N'~V/2¥; ¢,;0;U'(S,), Gaussian integra-
tion by parts in g,;, conditionally on all other variables, gives

N

]E<Sau/(sa)>ref = WIE[<UI/(Sa)>ref+< (Sﬂ)ﬁba ref — <RN ‘7 o )U/(Sa( ))¢“(UZ)>ref]'

The first term comes from differentiating U’(S,), and the other two from differentiating
the Gibbs density; we used ;02 = N and Y; 0}0? = NRy(c?, 02).

We justify the integration by parts. Write hym(0) = Hom(p, ¥ni(p)), where
Hym(0,y) = (Tom, Fom(p,y)) and F, (o, y) is (4.16) with ¥,4(p) replaced by y. For
p € Sy and ||y|| <1, the derivative 0, Hy (0, ) has norm at most Zy = m Y 4| To,m,i|inj,
as in Step 1 of the previous proof. By (4.41) and Minkowski’s inequality, Z = Y, ,, co,uZo,m
is square integrable, and it does not depend on the rows. Since ¥y takes values in
the unit ball, D@ is bounded, |U"| < L, and |o;| < V/N, the derivative in Qqi of the
term of index (v,m) of P is bounded by CnsniComZom, uniformly in ¢ and g,;. By
the Weierstrass M-test, P is continuously differentiable in g,;, jointly continuous with
its derivative in (o, g,;), and its derivative is the termwise one; the other two parts
of H are C! in g, since U € C*. Differentiating under the integral over the compact
sphere Sy shows that F(g,;) = (0;U’(S,)) e, With all other variables fixed, is C! with
the derivative used above. By |o;| < V/N, |S;| < ||gsl, and the growth bounds in (4.1),
IF| 4+ |F'| < Cn(1+]/gal)?(1 + T), which is integrable because Z is independent of the
rows. Hence Stein’s lemma E[¢F(g)] = E[F/(g)] for a standard Gaussian g, valid for
absolutely continuous F with E|F'(g)| < oo, applies conditionally on the other variables,
and Fubini’s theorem gives the display.

Summing over a < M, dividing by N, and writing ¢, = U'(S,) + e,, the definitions
in (4.7) give

E(bn)ref =1 — E(Xn(0, )>ref+]E<R (0, ) XN(T", 0%) )res

= 3 L B[ (U0 = (Rl P U (00" a0 o]

Since |Ry| < 1, the Cauchy-Schwarz inequality over a bounds the right side by
5 E[suplU'(S@))] suple(o)]]
N’ o ’

with Buclidean norms over a4 < M. We bound the factors separately, using Y, S2 < ||G ||%p
and IE||GH(2)p < C(M+ N) (Lemma 4.2).
(a) Since [U'(x)| < L(1 + [x]), sup,[|U'(S(0))||* < 2L (M + [|GI[3,)-
(b) The scalar perturbation contributes & (117 + u27;)(Ss) to e,. Since 7{ = U’ + xU"” —
U" and 7, = 2U'U" grow at most linearly, its norm is at most C&(M + ||G|]0p)1/2.
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(c) The tilt contributes 5% U"'(S;), of norm at most nL+/M/(2N’).
(d) The Gaussian part contributes ¢,. Since D@ is bounded, u,,, < 5/2 and |[U"| <L,
we have [[¢|| < CsyyN~Y2Y,  com sup,,||dyhom(p)||. By (442) and the Cauchy-

Schwarz inequality with the summable weights ¢y, Esup,|[¢(c)[|> < Cs3, (N’ +
M)/N.

Since M < 2aN, the right side is at most CN~1(CN)¥2(&2,N + n?/N + s3,)1/2 <
Cu(En' + N7+ 55y N~1/2), uniformly in the parameters and in M € Wy. This tends to
zero, since &y = N'"1/% and s) = N'1/3, O

Proof of Lemma 4.8. We divide the proof into four steps.

SteP 1. Reduction to the arrays. Let S be the closed set of arrays in which the R- and X-
blocks are positive semidefinite; all arrays of the random measures and their limits lie in
S. By (G), for every r and every bounded measurable function ® of the arrays of r replicas
and of the values of the fields at these replicas, E(®) = E(®(A,)). If ® is continuous,
then @ is continuous on S, since centered Gaussian laws depend continuously on their
covariance matrices. Hence [E(®) converges under convergence of the finite-dimensional
distributions of the arrays, and its limit depends only on the limiting law.

STEP 2. Moment bounds. Write W(p) = [ va( de)ec =)~ lelP=m(B()~1)/2 5o that Ny =

(W). On the fixed ball, W < exp{+v/An||z(p)| +Cna(1+ |b(p)|)}, and Jensen’s inequality
for the normalized restriction of v, to the centered ball gives W > v,,(BBp ) exp{—C,, A (1 +
Ib(0)|)}. Under N,, z(p') has the law N(0, X;11,), and EeclZl < 21enX1/2 for such a
vector. By (G), applied to truncations and by monotone convergence, and by the moment
hypothesis, E(W1) and IE(W~17) are bounded along the sequence for every fixed g > 1.
By Jensen’s inequality, (W)*1 < (W*1), so E[N] + N, 7] is bounded as well. The same
holds for D = (e¥), since y(p') has the law N(0,7X;1) under N,.

SteP 3. Parts (i) and (ii). Let T > 1, put Wy = min{W, T} and N7 = (Wr). Then 0 <
log/\/A — 10gNT < (NA = N7) /N7, with Ny — N1 < <W2>/T and N7 > (min{W, 1}),
whose negative moments are bounded by Step 2. By the Cauchy-Schwarz inequality,
Ellog Np —log N7| < C/T uniformly along the sequence. Next let 0 < § < 1, and
let P be a polynomial with |P(x) — logmax{x,é}| < é on [0, T]. Since Nt € (0, T| and
P(N7 < 8) < 8’EN-2, the moment bounds of Step 2 give

E|log Nt — P(N7)| < 6 +E[([log N7| + [log 8|) 1y, <sy] < 6+ Cd|logd,

uniformly along the sequence. Finally, E[\7] = E(ITs<; Wr(p)) is the expectation of a
bounded continuous function of the arrays of j replicas and of the values of z at them, so
it converges by Step 1, with a limit that depends only on the limiting law. Letting N — oo,
then § — 0 and T — oo, proves the assertion of (i) for \/5; the denominator D is treated
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in the same way. For (ii), the expectation of a bounded continuous function F of the
arrays and the cavity coordinates of r replicas under the cavity measure is E[(®F)/N}],
where ‘
Dy = / FTTe =)= IP=mble)=1)/2y, ( get)
B (<r

satisfies |®f| < ||F||eo [T, W(p?). Let ®L be defined in the same way with each factor
multiplied by Wr(p%) /W (p?); it is a bounded continuous function of the arrays and of the
values of z at the  replicas, and |®F| < ||F|| T, Wr(p"). Replacing one factor at a time
gives | (@) — ()] < rlIF|wA (N — Np), and [N — N5 [([DF) < 7l Flla(Na —
NT)/N7. As above, both errors are at most C/T in expectation, uniformly along the
sequence. Finally, [(®I)|/N% < |F|l«, and replacing x — x~" by a polynomial that
approximates max{x,d} " within § on [0, T| costs at most ||F||e(T" + 3P (N7 < §)) in
expectation. The expectations E[(®L)N]] = E(PL (o}, ...,0") I3

{=r+1
by Step 1, and letting N — oo, then § — 0 and T — oo proves (ii).

Wr(p")) converge

Ster 4. Part (iii). A quadratic lower bound on U suffices; negative exponential moments
of U are not needed. Fix 7t and T > 0, and put Ur = max{U, —2T}. Apply Lemma 4.12
with V; = Zigrc U(yi), Vo, = Zign uT(]/i)/ A= nurjlax, and Y = Zign(l "‘%2)? by (G)
and R(p,p) = 1, each y;(p) is standard Gaussian for one replica, so E[(Y)?] < E(Y?) <

6C372. Since 0 < el — e < e72T and all activations are at most Uy},,, writing "> — e"1

as a telescoping sum over the rows gives e’ —e"1 < e DUnaxe 2T Hence
V- V DT, C70°
0 < Elog(e?) —Elog(e) < e Dmaxe =T | T

uniformly over the random measures. For fixed T and 7 the weight e"2 lies between
e 27T and e™Umax and is a bounded continuous function of the values of Yi,---, Y, SO
the argument of Step 3, with log approximated by polynomials on this compact interval,
applies to it. Letting T — oo proves (iii) for a fixed number of rows. For a Poisson number
of rows, independent of the other variables, the bounds above are integrable in 7r, and
IElog(e"1)| < C(1+ ) given 7, so dominated convergence applies.

Finally, if E(|b — by|) — 0 and by — be, then the arrays with b and with b replaced
by bs, have the same limiting finite-dimensional distributions, and the random measures
with the constant b, satisfy the hypotheses of the lemma. Since the limits depend only
on the limiting law, b may be replaced by beo. O



CHAPTER b5

Proof of the Parisi formula

In this chapter we prove Theorem 1.1: for U in class (A) or class (B), Fy(U) — P (U)
and fy(U) — P« (U) in probability, the infimum defining P.(U) is attained, and every
minimizer <y satisfies

20(Cu
< = — N
Q’Y > Tu, ru 1 —|—2(XCU’ (5 )
where Cy is the constant of Lemma 2.4. In class (A), Cy < Cf} = ||U'||%/2, and since

x +— x/ (1 + x) is increasing, ry < a||U’||2,/ (1 + a||U’||%), as stated in Theorem 1.1. We
combine the upper bound of Chapter 3 (Theorem 3.1, which applies to every activation
of class (A)) with the lower bound of Chapter 4 (Theorem 4.1). The lower bound was
proved under the additional smoothness (4.1); Lemma 5.1 removes it by mollification.
The upper bound requires a bounded first derivative, which may fail in class (B); there
we approximate U from above by the activations —T + log(1 + eY*T), which belong to
class (A). Convergence in probability follows from the Gaussian Poincaré inequality and
the operator-norm bound of Lemma 4.2. Finally, the truncation lemma (Lemma 5.2)
reduces the infimum to the compact class U4, on which Py is continuous, and places
every minimizer in ;.

5.1 Mollification

Fix an even smooth probability density ¢ on R supported in [—1,1], and for 0 < e <1
put 9¢(x) = e 18(x/€) and U = U * Y.

Lemma 5.1. Let U belong to class (A) or class (B), and put 5. = €*||U" || /2.

(a) U, satisfies (4.1) and belongs to the same class as U.

(b) |Ue(x) — U(x)| < d¢ forall x € R.

(c) For every N, pointwise in the disorder, | fn(Ue) — fn(U)| < ande, where any = My /N.
Forevery v € U, |Pu.(v) — Pu(y)| < ade; consequently |Py(Ue) — Pi(U)| < ade.

Proof. We prove the three parts in order.

Proof of (a). The function U, is smooth, and for 2 < j < 4 its derivative u¥ = u s 9U=?
is bounded by || U” Hoo||l9£] -2 ||;1; these bounds depend on €, which is allowed in (4.1).
Since ¥ is a probability density supported in [—1,1], we have sup Ue < sup U, || U/ <

109
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U oo, [[Uelleo < [[U'][eo, and |Ue(x)] < supyy < [U'(x —y)| < [U'(0)] + [[U"[[oo (T 4 [x]).
Convolution with a nonnegative kernel preserves concavity. Hence Ue belongs to the
class of U and satisfies (4.1), with L chosen large in terms of |U¢(0)], |U'(0)], ||U"||c, and
€.

Proof of (b). By Taylor’s formula, U(x —y) = U(x) — U'(x)y + 3U"(x)y? for some x
between x and x — y. Integrating against d¢(y) dy, the linear term vanishes because 9. is
even, and the quadratic term is at most 3 || U"||c [ ¥?0(y) dy < b.

Proof o (c). By (b), e=Mn% < 7y (Ue)/Zn(U) < eMN%, which gives the first assertion. For
the second, (2.5), which holds for every ¢ € U since U and U, belong to the same class
by (a), and (b) give |u,(0,0; Ue) — u(0,0; U)| < de. The entropy term does not depend
on the activation, so |Py_(y) — Pu(y)| < ade, and taking the infimum over v gives the
last assertion. O]

5.2 Truncation near q = 1

The functional Py; is continuous on each compact class U;, r < 1, by (2.20), but ¢/ is not
compact: mass of an order parameter can escape to 4 = 1. When the mass above the level
ry of (5.1) is moved down to r, the energy term rises, measured against (1 — 7y(s)) ds
on [ry, 1], at rate at most aCyy, and the entropy falls at rate at least s/(2(1 —s)), which
exceeds aCyy for s > ryy. The next lemma is the analogue for Py of a fact about the
spherical mixed p-spin model, whose Parisi formula was proved in [37, 125]: its Parisi
measures are supported in an interval [0,4;] with g; < 1 depending only on the model
(see the discussion in [125] and [8, Section 5]).

Lemma 5.2. Let U belong to class (A) or class (B), and let ry; be as in (5.1). For v € U let
¥=von[0,ry)and ¥ =1on [ry,1]. Then ¥ € Uy, and

Puli) = Puln) < - [ (1-9(6) (g0 —aCu)ds <0 (62)

r

The inequality Pu(7) < Puly) is strict if Qy > ru. Consequently P«(U) = infyeyy, Pu(7y),
and every minimizer <y of Py satisfies Q. < ry.

Proof. Since 7y < 1, the function ¥ is nondecreasing and right-continuous, and it equals
one on [ry,1]; so 4 € Uy,. Moreover ¥ — v = (1 — 7)1, 1) = 0, and 1 —(s) = 0 for
s > Q,. We divide the rest of the proof into three steps.

StEP 1. The energy term. As distribution functions of probability measures on [0, 1], v and
7 satisfy Wi(v,7) = fol(’7 —7)ds = frlu(l —7(s)) ds, so (2.19) gives

1
wu5(0,0;U) — au, (0,0;U) < ocCu/ (1—y(s))ds.

ru
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StEP 2. The entropy term. Integrating v < 4 < 1 over [g,1] gives 0 < A,(q) < A5(q) <

1—gforg<1,and -
1

A5(q) — Ay(q) = / (1—(s))ds.

max{q,ry}

The integrands in (2.9) for 7 and for 7 take values in [0, (1 — Q) !], because Ay 2 Ay 2>
1—Q, on [0,Q,], and they vanish on [Q, 1]. Subtracting the two instances of (2.9) and
using Ay A5 < (1—¢)?,

_ 1A=(q) — A 1A=(q) — A
st -8 =1 || Sy 3 g

_ %/r:(l—fy(s))lisds.

The last equality is Tonelli’s theorem: the function (1 — y(s))(1 — g) 2 is nonnegative on
the region {(7,5): 0 < g <s, ry <s<1},and [j(1—¢)"2dg=s/(1—5s).

Ster 3. Conclusion. Adding the two estimates gives the first inequality in (5.2). The
function s — s/ (1 — s) is increasing on [0,1) and equals 2aCy; at s = ryz, so the integrand
in (5.2) is nonnegative, and it is positive at every s € (r;, Q), where y(s) < 1. If Q, > ry,
this interval has positive length and the inequality is strict. Since U,, C U, we obtain
P.(U) = infy, Puy. If v is a minimizer with Q, > ry, then Pu(y) < Pu(y) = P«(U),
which is impossible. Therefore every minimizer satisfies Q < rq;. O

5.3 The two bounds and attainment of the infimum

Proof of Theorem 1.1. Let U belong to class (A) or class (B). We divide the proof into four
steps: the lower bound, the upper bound, convergence in probability, and attainment
together with (5.1).

Ster 1. The lower bound. Let 0 < € < 1. By Lemma 5.1(a), U, satisfies (4.1) and be-
longs to the class of U, so U, is bounded or U, is concave; hence Theorem 4.1 gives
liminfy Fy(Ue) > P« (Ue). By Lemma 5.1(c) and ay — &,

liminf Fy(U) > liminf Fy(Ue) — ade > Pi(Ue) — ade > Pu(U) — 200
N—oo N—o0

Letting € — 0 gives liminfy Fy(U) > P, (U). The limits are taken in the order: first € is

tixed and N — co (inside Theorem 4.1, the cavity dimension 7 is sent to infinity after N),

then € — 0.

StEP 2. The upper bound. If U belongs to class (A), Theorem 3.1 gives limsup,, Fy(U) <
Pu () for every v € U, hence limsup,, Fy(U) < P, (U).
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Let now U belong to class (B), and put B = sup U and K = |U"||. If K= 0, then U
is affine and bounded above, hence constant, and it belongs to class (A). Assume K > 0.
We first show that |U’| is controlled by the distance of U from its supremum:

U'(x)?<2K(B-U(x)), x€R. (5.3)

Indeed, Taylor’s formula gives B > U(x +vy) > U(x) + U'(x)y — Ky?/2 for every y € R,
and the choice y = U’(x)/K gives B > U(x) + U'(x)?/(2K).
For T > 0lets(v) =e”/(1+¢€") and

Ur(x) = —T +log(1 + U047,

Then Ur > U, since log(1 +e”) > v; Ur decreases as T increases, since drUr = s(U +
T) —1 < 0; and Ut | U pointwise, since Ut — U = log(1+e~Y~T). Moreover Ut belongs
to class (A). It is C? with sup Uy < —T + log(1 + eP*7), and its derivatives are

Uy =s(U+T)U, Uf=s(U+T)U"+sU+T)U)>
By (5.3), witho = U(x)+ T < B+ T,
|Uf(x)[? <2Ks(v)>(B+T —v),  |Uf(x)] <K+2Ks' (v)(B+T—0).

Since s(v) < e” and 0 < §'(v) < e?, both right sides are bounded uniformly in v < B+ T.
Hence U} and U/ are bounded.

Fix a step order parameter v and T > 0. Since U < Ur, we have Zx(U) < Zn(Ur),
and Theorem 3.1 applied to Ut gives

limsup Fy(U) < limsup Fx(Ur) < Pu, (7).
N—o0 N—oo

We now let T — oo. The quantity u,,(0,0; Ur) is computed by the recursion (2.2) started
from the terminal datum Ur, and we show by induction over the steps that the interme-
diate functions decrease pointwise to those computed from U; they decrease in T by (2.4).
At a step with positive parameter m, the functions e”"T decrease to ™" and are bounded
by " "P " for T > Ty, so monotone convergence applies. At a step with parameter zero,
the functions /i1 are bounded above by sup h, and below by &, and h(x) > —C(2 + x?)
by (2.6), since U(x) > U(0) + U’(0)x — Kx?/2 > —C(1 + x?). Dominated convergence
therefore applies. Hence 1,(0,0; Ur) | 1,(0,0; U) and Py, () 4 Pu(y), so

limsup Fy(U) < Pu(7y)

N—oo

for every step order parameter . Finally let 4 € U be arbitrary, and fix § € [Q,,1).
The step order parameters 7; of §2.1 with 9; = 1 on [7,1] and ||y; — v[[;1 — O satisfy
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Pu(vj) — Puly) by (2.20) with r = 4. Therefore limsupy, Fy(U) < Py(7) for every

v € U, that is, limsup,, Fx(U) < P.(U). The order of limits is: first the step order

parameter y and T are fixed and N — oo; then T — oo; then vy is approximated.
Combining Steps 1 and 2, limy Fy(U) = P« (U) in both classes.

Ster 3. Convergence in probability. We apply the Gaussian Poincaré inequality (§4.8)
to fy(U) as a function of the entries g,; of G; it is continuously differentiable, with
dg, fn(U) = N73/2(U'(g, - o/v/N)0;), where (-) is the Gibbs measure with density pro-
portional to exp{Y_, U(g, - ¢/+/N)}. By the Cauchy-Schwarz inequality and ||¢||?> = N,
YU’ (ga-0/VN)oi)? < N(U'(ga -0/ V/N)?), s0

Var(fu(U)) < 17 B ¥ U(ga-0/VN)P),

LISMN

In class (A) the right side is at most ay||U’'||%/N. In class (B), |[U'(x)| < |U'(0)] +
U [Joo]x] < C(1 4 |x]) and ¥,(ga - 0)*/N < ||G|3,, and Lemma 4.2 gives E||G|[3, <
4(Mp + N) + 8. Hence the right side is at most C(My + ]E||G||gp)/N2 = O(1/N). In
both cases fn(U) — Fy(U) — 0 in probability by Chebyshev’s inequality, and Steps 1

and 2 give fx(U) — P«(U) in probability.

STEP 4. Attainment and the location of minimizers. By Lemma 5.2, P, (U) is the infimum of
Pu over Uy,,. The class U, is a compact metric space for the L' distance (§2.1), and Py is
Lipschitz on it by (2.20). A continuous real function on a compact metric space attains
its infimum, so Py (v+) = P«(U) for some v, € U,,. By Lemma 5.2, every minimizer
satisfies (5.1). This proves Theorem 1.1. O



CHAPTER 6

The variational problem at hard margins

This chapter studies the deterministic minimization problem P (x) = inf, <y Px(7y) of
(1.6) and proves Theorem 1.3; Step 3 of §1.3 outlines the argument. No random constraints
appear; the only random objects are the Parisi diffusion and auxiliary Gaussian variables.
§6.1 proves the value identity and the existence of minimizers, §6.2 proves the slope
bound, and §6.3 proves weak top stability, the replica symmetry of constrained minimizers
at very negative margins, and the finiteness of x.. §6.4 proves the divergence of P, at .
and deduces the replica symmetry of minimizers at very negative margins. §6.5 shows
that a very negative value pins the top of every minimizer close to one, and deduces
the collapse of minimizers at k.. Chapter 7 uses the definition of x. and the Gaussian
bounds of Lemma 6.1; Chapter 8 uses the results below to identify the hard-wall volume
and the largest margin, and Chapter 9 uses the collapse of minimizers to identify the gap
law. The value identity (Lemma 6.2), the existence of minimizers (Theorem 6.3), the slope
bound (Lemma 6.4), weak top stability (Lemma 6.5), the finiteness of x. (Proposition 6.7)
and the divergence at x. (Theorem 6.8) are also used in Part II, whose §§2.6 and 2.7
state them and refer to the proofs given here (Part II, Lemmas 2.13-2.15, Theorem 2.16,
Proposition 2.17 and Theorem 2.18).

The stationarity conditions in Lemma 6.2 and (6.9) are the analogues for Py of the
tirst-order and obstacle conditions for Parisi measures of mixed p-spin models, due to
Talagrand [126], to Jagannath and Tobasco [77], and to W.-K. Chen [38, Theorem 2 and
Proposition 1], and of their spherical versions, which appear in the work of Jagannath
and Tobasco [78] and of Auffinger and W.-K. Chen [8, Proposition 4]. Jagannath and
Tobasco characterized Parisi measures as the measures carried by the minimum points
of an antiderivative of the first variation [77, Proposition 1.1]; there, convexity makes the
condition also sufficient. For the spherical model, whose Crisanti-Sommers functional is
the closer analogue of Py, the corresponding characterization is due to Talagrand [125,
Proposition 2.1]. For P itself, El Alaoui and Sellke obtained D = 0 and S = 1 at a
minimizer whose support is an interval, in directions supported on that interval [54,
Proposition 16]; see the opening of Chapter 2. Here the conditions on D (Lemma 6.2
and (6.9)) hold for every minimizer over i/, with no assumption on its support and
including the case Q = r of an active cutoff; the condition S(Q) = 1 appears only at an
accumulation point of the support (proof of Lemma 6.5). The value identity holds for
every order parameter, and so does the slope bound, with a constant depending only

114



PART I 115

on k. These two results, weak top stability, the pinning of the top, and the collapse of
minimizers at k. do not appear in these works.

Conventions. Throughout this chapter, « > 0 is fixed, and we use the notation of §2.3.
For a margin ¥ € R and y € U we write

Q:Q')'/ 5:1_Q/ /\:)\7, MZM,Y(-,',‘K),
b=9du, C = —Oyyl, v = Ac,

where u is computed with the cutoff Q, so that u(Q, x) = log ®((x — x)/~/3) by (2.11).
Thus A(q) = 6+ | qQ v for g < Q, and in particular A > ¢ on [0, Q]. The generator is
L=09,+ %axx + b 9y, the diffusion X solves dX,; = y(q)b(q, X,;) dg + dB,; with Xy =0,
and D and S are the functions in (2.29). For r < 1, U, is the class of v € U with v =1
on [r,1]; for v € U, the functions X, D, and S are defined on [0,r]. We write ., for
the probability measure on [0, 1] with distribution function v; its support lies in [0, Q].
When the order parameter or the margin varies, we write i, by, and so on; thus
by «(0,0) = 9x1,(0,0;x). Asin §2.3, R = ¢/P, R(z) = z+ R(z), and V = RR; we also
use
h(z) =log®(z) + R, m(k) = E(k—G)2,

where G denotes a standard Gaussian variable independent of B. Finally, the normalized
top position is

XQ — K R(Z )
= , so that u(Q,Xp) =log®(7Z), b(Q,Xp) = —==.

73 (Q Xq) = log ®(2) (QXo) ===

We use the following facts from §2.3. For each r < 1 the class U, is compact in
Ll([O, 1]), and Py is continuous on U, uniformly for x in compact intervals (Lemma 2.7);
in particular Py attains its minimum over U,. By (227), b > 0 and 0 < v < 1, so
0 <c < 1/A < 1/6, and by (2.28), b(q, X;) is a square-integrable martingale. The
function D is continuously differentiable with D’ = (S —1)/A? (Lemma 2.9), and the first
variation of Py on U, is (2.30). The martingale property gives

Z

V6b(0,0) = VOEb(Q, Xo) = ER(Z). (6.1)

Step approximation with a fixed top. Some identities below are first proved for step
order parameters, for which u is smooth on every interval of constancy of ¢ and Itd’s
formula applies there; polynomial growth of u and its derivatives (Lemma 2.6) and the
moment bounds for X make every stochastic integral below a true martingale. Let v € U
with Q > 0 and, for n > 1, put

1u(q) = v(jQ/n) forqe[jQ/n, (j+1)Q/n), 0<j<n,  ya=Ton[Q1]. (62)
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Then 7, € Ug is a step order parameter with -, < <. Its top is exactly Q, because v < 1
on [0,Q), and ||v» — v|l;1 < Q/n, because v is nondecreasing with values in [0,1]. By
Lemma 2.7 with r = Q, the functions u,,, b,,, and c,, converge to u, b, and c locally
uniformly on [0, Q] x R with bounds of polynomial growth that are uniform in n, the
diffusions X7 converge to X in every moment, uniformly on [0, Q], and P (yn) — Pr(7).
Since b and c have spatial derivatives of polynomial growth and 0 < ¢,,,c < 1/,
it follows that Eb., (g, XJ")* — Eb(q, X;)? and Ec,, (g, X]")* — Ec(q, X4)* uniformly
in g € [0,Q]. Indeed, for R > 0 split each expectation according to whether |X]"| V
|X4] < R. On this event the integrands differ by at most a constant times the sum of
SUP(o o)« [~ R &] (|Pyn — bl + [ey, —¢]) and Cr|XJ" — X,|, because the functions and their
spatial derivatives are bounded on [0, Q] x [—R, R] uniformly in n. On the complement
the integrands are bounded by C(1+ |XJ"| + |X,4|)?, whose contribution is at most C,R
uniformly in g and #n by the uniform moment bounds. Letting n — oo and then R — oo
gives the uniform convergence. Since also A,,, — A uniformly with A, > J, the functions
D of 7, converge to D uniformly on [0, Q]. Since the top is fixed, the normalized top
positions Z, of 7y, converge to Z in L?; as 0 < R(z) < R(0) + |z| < 1+ |z| (the derivative
of R lies in (—1,0) by Lemma 2.5), every function ¢ with [¢’'| < C(1+ |z|), such as log @,
R?, and h, satisfies Eg¢(Z,) — Eg(Z).

6.1 A value identity and existence of minimizers

We first show that a finite value bounds the top of every minimizer away from one. The
mechanism is an identity (Lemma 6.2) that rewrites the value along the Parisi diffusion.
It involves the function /1, whose sign is determined in the next lemma. The lemma also
collects the other Gaussian facts used in this chapter and in Chapter 7. The bound V < 1
in part (i) is Sampford’s inequality, as noted after Lemma 2.5.

Lemma 6.1. The following statements hold.

(i) R" = =V and 0 < V < 1. The function R is positive and strictly increasing, R is strictly
decreasing, and R(z) > z_ = max{—z,0}.
(ii) V is strictly decreasing.
(iii) V(z)? < 2R(z) for every z € R.
(iv) W =R(1—-V)>0and h <O.
(v) With Cp = —log ®(—1), for every t € R,

1 1
—Eti —log(1+t4) —Co <log®(—t) < —Eti. (6.3)
(vi) For every t € R and 6 > 0, with log, y = max{logy,0},

1 1
log ®(—t) > _E(t +6)% —log., i Co. (6.4)
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Proof. The functions R, R, V, and & are those of Part I, §2.1.

Proof of (i)—=(iv). These are contained in Part I, Lemma 2.1. Its part (a) gives R’ = -V,
0<V<1R>0,R =1-V >0,and R(z) > z_, which is (i), since R = -V < 0.
Assertion (ii) is the inequality V' < 0 in (2.2), and assertions (iii) and (iv) are parts (e)
and (d) of that lemma.

Proof of (v). The upper bound holds for t < 0 because ® < 1, and for t > 0 it is the
Chernoff bound P(G > t) < e PEetG = e~*/2. For the lower bound, if + < 1 then
log®(—t) > log®(—1) = —Cp. If t > 1, the lower Mills bound of Lemma 2.5(i) and
212 > 1+ 12 give

(1) _ o(t) e /2
d(—t) > > > ,
(=) 1+ 7 2t = 221 (1+1)
and log(2v2m) < 1.62 < 1.84 < C.
Proof of (vi). If t < 0, the right side is at most —Cp, and (v) gives log ®(—t) > —Cy. Let
t > 0. Since 3(t + 0)% > Jt* + 6t, by (v) it suffices to show log(1 +t) < 6t +log, (1/6).

If 6 > 1, then log(1+1t) <t < 6t. If § < 1, the concave function ¢t — log(1+ t) — 6t is
maximal at t = 1/6 — 1, where it equals log(1/6) — 1+ 6 < log(1/6). O

The value identity below involves the first-variation function D. At a minimizer over
U,, stationarity says that the antiderivative of —D/2 is minimal on the support of j,;
this is the source of the sign information, as in the characterizations of Parisi measures
recalled at the start of the chapter. In the proof, (6.7) is the control representation of
Auffinger and W.-K. Chen [7, Theorem 3] and of Jagannath and Tobasco [76, Lemma 18],
evaluated at its optimal control b(g, X;).

Lemma 6.2. For every x € Rand v € U,

) Q
Pu(7) = 5 logd+aBA(Z) - $D(Q) = 5 [ v(@)D(@) dy. 65)

Ifr € [0,1) and ~y minimizes Py over Uy, then fOQ yDdg =0and D(Q) > 0, with D(Q) =0
if Q < r; consequently

1
Px(7) < 5logs. (6.6)
If v minimizes Py over U, then D(Q) = 0 and Py(vy) = % logé + aEh(Z).

Proof. We first prove (6.5). If Q = 0,theny =1, =1, Z = —«, u(0,0) = log®(—x),
CS(7) = 0, and D(0) = ab(0,0)? = aR(—x)?, and both sides of (6.5) equal a log ®(—x).
Let Q > 0. Both sides of (6.5) converge along the approximations (6.2), so we may assume
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that -y is a step order parameter. By Itd’s formula on each interval of constancy of v, the
equation (1.3) and the continuity of u,

1
du(g, X,) = <aqu + Eaxxu + ’ybz) (9,X4)dg + b(g, X,) dB,

1
= 57(9)b(q, X;)* dq + b(q, X;) dBy.

The stochastic integral has mean zero because b(g,X;) is square integrable. Since

u(Q Xq) = log ®(2),

1 /Q
u(0,0) = Elog ®(2) — 5 [ ~7(q)Eb(q, X, do. 6.7)
By (2.29), aEb(q, X;)* = )+ JJA(H) 2 dt. Multlplymg by v(g), integrating over [0, Q],
exchanging the order of 1ntegrat10n, and using f -7 = A(t) — 9, we obtain

oc/Q (9)Eb(gq, X,)*d —/Q Dd +/Qi—(s ©_dt

At the terminal time b(Q, Xg) = R(Z)/+/3, so the definition of D(Q) gives 6 fOQ A72dt =
«ER(Z)? — (SD(Q). Substituting these two identities into (6.7) and adding CS(y) =

% fOQ “ldg+3 5 1logs, the mtegral fo ! cancels and we obtain
1 1 S 1 /9
Pr(r) = 510g5 +aE [logq)(Z) + ER(Z) } - ED(Q) ~3/, vDdg,

which is (6.5).
Now let y minimize over U,, and write y = p,. If r = 0, then vy =1, Q = 0, and
D(0) = ab(0,0)? > 0, and the stationarity assertions hold; so let r > 0. Put

H(t) =H,(t) = —5 | Dig)dg  (te[01]),

so that H' = —D/2. For t € [0,7] the order parameter 1;,1) belongs to Uy, and so does
Y+ 60(1q) — ) for 0 € [0,1]. Minimality and (2.30) give for(l[t’” —v)Ddg > 0. Here
Jo 1pDdg = [/ Ddg = 2(H(t) — H(r)), while, since v(q) = p([0,q]), Fubini’s theorem
gives [y yDdq = [ ( [] D(q)dq)u(ds) =2 [(H(s) — H(r))u(ds). Hence

Ht)z/”;'-[dy 0<t<r). 6.8)

Since  is a probability measure on [0, Q] C [0,7], (6.8) forces [H du = miny ) H, so H
equals its minimum p-almost everywhere and, being continuous, on supp y. The point
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Q belongs to supp p: if Q > 0, then y(q) < 1 for g < Q, so u((g,QJ]) > 0 for every g < Q;
if Q = 0, then y is the point mass at 0. Therefore

/OQ’YDd‘F/(/QD(q) dq)#(dS) =2/(H(s)—H(Q))y(ds) = 0.

S

Next, D(0) = ab(0,0)? > 0because Xy = 0and b > 0. Sincer > 0, H'(0) = —D(0)/2 < 0,
so 0 is not a minimum point of H on [0,7], and 0 ¢ supp y; in particular Q > 0. Since
Q is a minimum point of H on [0,7], H(q) > H(Q) for g < Q, and the left derivative
satisfies —D(Q)/2 = H'(Q) < 0; thus D(Q) > 0. If moreover Q < 7, then Q is an
interior minimum point of H, so D(Q) = —2H'(Q) = 0. This proves the stationarity
assertions for every r € [0,1). With & < 0 from Lemma 6.1(iv), they and (6.5) give
Pre(y) < 2logd +aEh(Z) < 3logd.

Finally, a minimizer ¢ over U belongs to U, for every r € (Q,1) and minimizes
over Uy C U. Since Q < r, the preceding paragraph gives D(Q) = 0, and (6.5) with
fOQ 7D dgq = 0 gives the last assertion. O

~

We record for later use two consequences obtained in the proof. If v minimizes Py
over U, with r > 0, and H is as in the proof (with H' = —D/2), then

supp u, C argmin H, 0 & supp py. (6.9)
[0,7]

For comparison, the order parameter v = 1has Q =0, = 1, u(0,0) = log P(—«) and
CS(y) = 0. Hence

Pi(x) < Pe(1) = alogP(—x) <0 (kx € R). (6.10)
For r € [0,1) we write
Pr(x) = min Pr(7) (6.11)
yEUy

for the constrained minimum. Since the classes U, increase with r and their union is U/,
PI(x) is nonincreasing in r and decreases to Px(x) as r 1 1. Also P?(x) = alog ®(—x),
since Uy = {1}.

Theorem 6.3. Let k¥ € R with P.(x) > —oo. Then the infimum defining P.(x) is attained.
Every minimizer <y satisfies
1 — Qf)/ > eZP*(K)’

that is, every minimizer lies in U, withr = 1 — e2P:(x) ¢ (0,1), and the set of minimizers is
compact in L1([0,1]).

Proof. By (6.10), —co < P.(k) < 0, s0 r» = 1 — 2P+ lies in (0,1). For r € [0,1) let v,
minimize Py over U,, with top Q, and J, =1 — Q. By (6.6),

%logér > Pi(rr) > Pul(x),
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so Q; < 14, and every 7, belongs to the single compact class Uf,,. Hence PL(x) > Pi* (k)
for every r < 1, and letting r 1 1 gives P, (k) = Pi*(x), which is attained.

Every minimizer <y over U belongs to U, for r € (Q,,1) and minimizes over this U, so
3log(1— Q) > Px(7) = Ps(x) by Lemma 6.2, which is the asserted bound; in particular
v € Uy,. The set of minimizers is {7y € Uy, : Pc(7) = P«(x)}, which is closed in the
compact class U, by continuity, hence compact. O

The theorem concerns minimizers, and (6.6) gives the same bound for constrained
minimizers. Neither says that the tops of an arbitrary minimizing sequence stay away
from one: adding a vanishing mass near one changes the top without changing the L!
limit. Like Lemma 5.2, the theorem is the analogue for Py of the fact about spherical
Parisi measures recalled before that lemma: they are supported in an interval [0, 1] with
g1 < 1. Here the bound on the top comes from the value identity, and it depends on

P (x).

6.2 The slope in the margin

To move values between margins we need a bound on how fast P(y) changes with «.
The following bound holds for every order parameter, which is what makes it usable for
near-minimizers and for constrained minimizers alike.

Lemma 6.4. Let C, = %(K +VKZ+ 4). For every v € U and x € R,

E(x — Bg)+ < A(0) b(0,0) < C. (6.12)
The map x — Px(7y) is twice continuously differentiable, with 0,Py(y) = —ab(0,0) < 0
and 32Pc(v) = —ac(0,0) < 0; in particular it is strictly decreasing and strictly concave.

Consequently Py, as a function with values in [—o0,0), is nonincreasing and concave, and
Kk +— by «(0,0) is increasing.

Proof. The upper bound comes from a maximum principle for an explicit combination of
band c. Putt=1—gand
F=1c—Ab* — (x — k)b

on [0,Q] xR. Atqg = Qwehave T = A = §and, withz = (x —«)/+/3,b(Q,x) = R(z) /¢
and ¢(Q,x) = —R/(z)/8 = V(z)/4. Thus

F(Q,x) = V(z) — R(z)* = zR(z) = V(z) — R(z)R(z) = 0.

If Q = 0 this gives F(0,0) = 0. Let Q > 0, and first let y be a step order parameter. For
smooth f,g we have L(fg) = fLg + gLf + 0xf 9xg. On each interval of constancy of v,
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Lemma 2.6(ii) gives £Lb = 0 and Lc = yc; together with 9,0 = —c, LT = —1, A = —v,
and L(x — k) = yb we obtain

L(tc) = —c+v71c?, LAV?) = —9b* + Ac?, L((x—x)b) =yb* —c.

For instance, £(b?) = 2b Lb + (9,b)? = ¢?, and L((x —x)b) = (x —x)Lb+ b L(x — k) +
d.b. Hence
LF=(yt—A)? <0,

because 7 is nondecreasing and therefore A(g) = |[ ql v > v(q)(1 —gq). Itd’s formula

on each interval of constancy gives F(0,0) = EF(Q, Xp) — E fOQ LF(q,X,)dgq > 0. For
general 7 the inequality F(0,0) > 0 follows from the step approximations (6.2), since
b(0,0), ¢(0,0) and A(0) converge along them. At (0,0) this inequality reads c(0,0) >
A(0)b(0,0)? — xb(0,0), and A(0)c(0,0) = ©(0,0) < 1. Multiplying by A(0) > 0, the
number y = A(0)b(0,0) > 0 satisfies y> — ky < 1. Hence y lies below the positive root Cy
of y> —xy — 1.

For the lower bound write Xo = Bg + A with A = fOQ v(q)b(q,X4)dq > 0. Since
b(q, X,) is a martingale, EA = b(0,0) [iCy = b(0,0)(A(0) — 6). Since (k — Xg)+ = V3 Z_
and R(z) > z_ (Lemma 6.1(i)), (6.1) gives E(x — Xg)+ < VOER(Z) = 6b(0,0). Finally
(k —Bg)+ < (k—Xg)4+ + A, and adding the two expectations gives E(x — Bg); <
A(0)b(0,0).

The terminal datum depends on x only through x — x, and the recursion (2.2) com-
mutes with translations in x, so u,,«(q, X) = 1,(q, x — k). By Lemma 2.6(v), which holds
for every v € U, by Lemma 2.7, u,,0(0, -) has continuous derivatives of all orders. There-
fore k¥ — 1,,(0,0) is twice continuously differentiable with dyu,,(0,0) = —b(0,0) and
0211,(0,0) = —¢(0,0), and 9xb,(0,0) = ¢(0,0) > 0. Since CS(~y) does not depend on «,
9xPi(7) = —ab(0,0) < 0 and 02P(7) = —ac(0,0) < 0. An infimum of nonincreasing
concave functions is nonincreasing and concave. [

We use the lemma mostly through the tangent-line inequality: by concavity, for every
v € U and all margins k, k/,

P (7) < Pr(r) — abyx(0,0) (K = k). (6.13)

Recall from (1.6) that k. = sup{x : Ps(x) > —co}. Since P, is nonincreasing, P (k) > —oo
for x < xc and Pi(x) = —oco for k¥ > k.. Proposition 6.7 shows that «. is finite, and
Theorem 6.8 shows that P, (k.) = —oo.

6.3 Weak top stability and finiteness of the critical margin

To show that k. > —oo we must find margins with P, (x) > —oc. For an order parameter
with a single support point the value is explicit, so it suffices to show that, at very negative
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margins, constrained minimizers have a single support point. The next lemma gives
a quantitative obstruction to a second support point, namely a lower bound on S(Q),
and a lower bound on the slope in terms of S(Q). Together with the slope bound, these
two bounds give A(0) < C+/é for a minimizer; this is used again in Proposition 6.11.
The proof follows the endpoint analysis of Auffinger and W.-K. Chen [8, Proposition 3
and proof of Theorem 4]: when support points accumulate at Q, Rolle’s theorem gives
S(Q) = 1. The differences are that both terms in (6.16) are nonnegative, because ¢ > 0,
while the corresponding cubic term in [8, Proposition 3] enters with a negative sign, and
that an isolated top is handled by the quantitative inequality (6.18).

Lemma 6.5. Let x € Rand r € [0,1), and let -y minimize Py over Uy. If -, has more than one
support point, then o > 1 and

S(Q) > sy := min{%,%}.

Moreover, every «y € U satisfies, at every margin x,

V6 b(0,0) > Q) (6.14)
20
Consequently, every minimizer 7y of Py over U, satisfies
2
A(0) < max {1, aCx }\/5. (6.15)
Sy

Proof. We first show that S/A? is nondecreasing on [0, 7] and that S < a, for every y € U,.
Let first ¢ be a step order parameter. On each interval of constancy of v, Lc = c? gives
L(c?) = 2c Lo+ (9x¢)? = 2793 + (9x¢)?, s0 Itd’s formula gives

diqlEc(q, Xg)* = E[(9xc)* +27¢%] (g, X;) >0 (6.16)
there, because ¢ > 0. The function g — Ec(g, X;)? is continuous, because ¢ is contin-
uous and bounded by (1 — )}, so (6.16) shows that it is nondecreasing. For general
¥ € U, take step order parameters 7y, € U, with 7, — 7 in L. By Lemma 2.7, ¢,, — ¢
locally uniformly on [0,7] x R and X" — X, in L?; since 0 < ¢,, < (1 —r)~!, domi-
nated convergence gives Ec,, (g, XJ")* — Ec(q, X;)? for each ¢, and a pointwise limit
of nondecreasing functions is nondecreasing. Since S(q)/A(9)* = aEc(g, X;)?, the ratio
S/A? is nondecreasing. Also S = alEv(g, X;)? < a because 0 < v < 1. Recall that D is
continuously differentiable with D’ = (S — 1) /A?; in particular S is continuous.

Now let v minimize over U,, and suppose that y = ., has more than one support
point. Then v # 1, so r > 0, and we use (6.9) with H as in the proof of Lemma 6.2. The
support of u contains Q and a second point, which lies in (0, Q) because 0 ¢ supp u. Every
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p € supp 1N (0, Q) is an interior minimum point of H on [0,r], so D(p) = —2H'(p) = 0.
By Lemma 6.2, D(Q) > 0; this includes the case Q = r of an active cutoff. One of two
cases occurs.

Suppose first that there are p, € suppu with 0 < p, < pp41 < Q and p, T Q. By
Rolle’s theorem there are 6, € (py, pny1) with D'(6,) = 0, that is, S(0,) = 1. Continuity
of S gives S(Q) =1 > sy, and 1 = S(6,) < a.

Otherwise the closed set supp i N [0, Q) is nonempty and contained in [0, Q — ¢] for
some ¢ > 0, so p = max(suppuN[0,Q)) exists, 0 < p < Q, and D(p) = 0. Since

1((p,Q)) =0, v is constant on [p, Q), equal to v(p) = ([0, p]), and y(p) > 0 because
every neighborhood of p € supp p has positive mass while u((p, Q)) = 0. Then

0<D(Q)-Dip) = [ S

If « <1, the integrand is negative because S < «, which is impossible; so & > 1. Put

dg. (6.17)

c=5Q), M=AQ) =6  M=A(p)=A+1(P)Q—p)> Ao

On [p, Q] the function A is affine with A’ = —v(p). We change variables to ¢ = A(g), so

that d¢ = —y(p) dg, and bound S(g)/A(q)? in two ways: by S(Q)/A(Q)? = ¢ /A3, since

S/A? is nondecreasing, and by a/ /2, since S < . Multiplying (6.17) by «y(p) we obtain
1 1 M

—— — < min
Ao AT Ao <

o
3 6—2) d. (6.18)
If A; < 2, the left side of (6.18) is (A1 — Ag)/(AoA1) > (A1 — Ag)/(2A3) and the right
side is at most (A1 — Ag) /A3, s0 0 > % If A1 > 2Ag, the left side is at least 1/(2A), and
the right side is at most the integral over (0, c0). Since o > 0 (because ¢ > 0), the two terms
of the minimum agree at £, = Ag Vva /o, so this integral equals o/, / A% +a/ly =2\/ac/Ay.
Hence % < 2y/ao, that is, ¢ > 1/(16a). Both cases give S(Q) > s,.
For (6.14), let v € U. Since A(Q) = and ¢(Q,x) = V((x —k)/\/3) /5,

S(Q) = aEV(Z)>. (6.19)

Lemma 6.1(iii) and (6.1) give S(Q) < 2aER(Z) = 2a+/5b(0,0).

Finally, let v minimize over U,. If j, has a single support point, then v = 1/ ;) and
A(0) = & < /5. Otherwise the first assertion and (6.14) give v/6b(0,0) > s,/ (2&), and
Lemma 6.4 gives A(0) < C,/b(0,0) < 20Cy\/3/5,. This proves (6.15). O

In the physics literature, the conditions D = 0 and S = 1 appear as the variational
equation for the order parameter and its derivative in [58], where S = 1 on a continuous
part of the support is interpreted as marginal stability. For the replica-symmetric order
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parameter 1/ q) with D(Q) = 0, the condition S(Q) = 1, with §(Q) as in (6.19), defines
their de Almeida-Thouless line, the analogue of the instability found in [45] for the
Sherrington-Kirkpatrick model. The replica-symmetric phase at negative margins is the
region below this line in their phase diagram.

For q € [0,1) the order parameter 1|, ;), which is the distribution function of the point
mass at g, has top g and A =1 —g on [0,4]. On [0, g) it vanishes, so u solves the heat
equation there and X = B. Its value is therefore

— K

PRS(q) = Px(1,)) = aE logcb(‘/jf__q ) T 2(1q_ 5+ %log(l —q). (6.20)
These are the replica-symmetric order parameters. The next lemma shows that at very
negative margins every constrained minimizer is of this form, with values bounded
below. Jagannath and Tobasco used first-order conditions in a similar way to prove replica
symmetry in parts of the phase diagram of mixed p-spin models [77, Theorem 1.9]. Their
argument checks a sufficient condition for optimality, which relies on convexity; here we
instead exclude a second support point for every constrained minimizer.

Lemma 6.6. There is ko = ko(a) < —1 such that for every k < kg and every r € [0,1), every
minimizer of Py over Uy equals 1, ) for some g € [0, 7], and

P(q) > —;1 —aCy  (0<g<1). 6.21)

Proof. For z > 0 we have V(z) < 2¢(z)(z + 1) by Part II, Lemma 2.1(e), so V(z) — 0
as z — oo. Since V is decreasing (Lemma 6.1(ii)), we can choose zgp > 1 with aV(z)? <
aV(z9)? < s4/2 for all z > zj. Since ® and m are increasing, we can then choose xg < —zg
with ad (kg + zo) < s«/2 and am(xg+ 1) < 3. Let k < «o; then these three inequalities
hold with « in place of x.

Let v € U with Q > 0. Since v > 0and b > 0, Xo = Bg + fOQ vbdq > Bg. Using
(6.19), the bound V < 1 on {Z < 2z}, and aV? < 5,/2 on {Z > zy}, we get

S(Q) S WP(Z < 20) + 5 < aP(Bg < K +20V8) + 2 < ad(k +20) + 3 < su.

Here P(Bg < x +20V/3) < P(Bg < k +29) = ®((x + 2z0)/+/Q) because z9v/é < zg, and
(K +20)/v/Q < K+ z because k + zgp < 0 and /Q < 1. An order parameter with Q =0
is the point mass at 0. Hence, by Lemma 6.5, for every r € [0,1) each minimizer of Py
over Uy has a single support point, that is, it equals 1y, ;) for some q € [0, 7].

To bound (6.20) below, apply (6.4) with t = (x — ,/§G)/+/1—qand 8 =1/,/1—q >

ViG—x (k+1—,/7G)3
IOgCI)(ﬁ)Z_ 2(1—¢) == Co

1:
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Sincex+1<0and /<1, forg>0wehave E(k+1—,/GG)3 =gqm((x+1)/,/7) <
gm(x + 1), and this also holds for g = 0. With am(x + 1) < 1 and 6 = 1 — g we obtain

RS\~ 1 1 —_ — 1 1_ 1 _ 1 _ > _1 _
P(q) > 5 + 210g5 aCo 4<(5 210g5) 1 aCq > 1 aCo,
because y > 2logy for all y > 0. O

Proposition 6.7. For every o > 0,
—o00 < Ke(o) < krg(a) < oo,
where krs() is the unique solution of a m(xgs) = 1. In particular k() < 0 if a > 2.

Proof. The function m is continuous and strictly increasing, since m’(k) = 2E(k—G)4 > 0,
and it tends to 0 as k = —oo and to oo as k — co. Hence «Rg exists, is unique, and is finite.

The upper bound. Let am(x) > 1. The upper bound in (6.3) gives

q—aB(x—/7G)%

1
RS < Z —q).
As g 1 1 the numerator tends to 1 — am(x) < 0 by dominated convergence, so the right
side tends to —co. Hence P, (k) = —oo whenever am(x) > 1, and x. < kgs.

The lower bound. Let xp be as in Lemma 6.6. By that lemma and (6.21), PL(xg) >
inf,cpo1) PRS(q) > —1 — aCy for every r < 1. Letting r 1 1 gives P (xg) > —oo, hence
Ko 2 Ko > —o0.

Finally m(0) = EG2 = %, so am(0) > 1if « > 2. Since m is increasing and am(kgs) =
1, this gives x. < xgg < 0. O

El Alaoui and Sellke observed the bound x. < kRg, stated in terms of the constraint
density, in the remark after [54, Conjecture 1]; their argument is the one above, with
v =1}y and g — 1. For « > 2, combined with Theorem 1.2(ii), the bound x. < xgs
recovers the replica-symmetric upper bound on the capacity, which Stojnic proved for
every margin [118, Section 2.3].

6.4 Divergence at the critical margin

Since «. is finite, we can approach it from both sides. Above k. the value is —oo, but
the constrained minima PJ (k) of (6.11) take every sufficiently negative finite value. The
value inequality (6.6) and the slope bound transport such a value down to x. — 7.
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Theorem 6.8. For every o > 0 the function Py is finite, nonincreasing, concave, and continuous
on (—oo, k), and Py (k) = —oo for k > k.. More precisely, with C = Cy_, for all sufficiently
small 1 > 0,

1 1 1
Pi(ke—1) < 5 logn + 5 log(2aC,) + > (6.22)

Proof. Letx < k.. By the definition of k. as a supremum there is ¥’ > x with P, (x’) > —oo,
and monotonicity (Lemma 6.4) gives P, (k) > Py (x') > —oo; also Py(x) < 0 by (6.10).
Thus P. is finite on the open interval (—oo, k), which is nonempty by Proposition 6.7,
and it is nonincreasing and concave there by Lemma 6.4; a finite concave function on an
open interval is continuous. For x > «., Ps«(k) = —oo by the definition of ..

Fix k > .. We first show that r — PZ(k) is continuous on [0,1). Letr < v <" < 1
and let 7 minimize Py over U,.. The order parameter max{~’,1},;;} belongs to U, and is
at L! distance at most ' — r from . If w is a modulus of continuity of P, on the compact
class Uy, then P’ (k) < PL(k) < P! (k) 4+ w(r' — r). This proves continuity on [0, "] for
every ' < 1.

Moreover P?(k) = alog®(—k) < 0, and PL(k) | P.(k) = — as r T 1. By the
intermediate value theorem, every w < wlog®(—k) equals Pj(k) for some r € [0,1).
Let oy minimize P over this U, so that Px(y) = w. By (6.6), 1 — Q, > e*, and hence
A,(0) > 1—Q, > e*. For k' < k, the tangent-line bound (6.13) and the slope bound
(6.12) give

Pu(k') < Pp(y) <w+alk— k) by r(0,0) <w+alk—k)Cre .

Now let # > 0 and w < wlog®(—x«.). The function k — alog ®(—k) is continuous, so
w < alog ®(—k) for all k > x. sufficiently close to k., and for such k the bound holds
with k' = k. — 7. Letting k | x. and using the continuity of k — C, we obtain

Pi(ke — 1) < w + agCue 2",

The choice w = § log(2aC,7) makes the last term equal to %, and it is admissible when
3log(2aC.n) < alog ®(—xc), that is, for all sufficiently small 7. This proves (6.22). Since
P, is nonincreasing, Py (k.) < Pi(k. — 1) for every such 7, so Py (kc) = —o0. O

We return to the deep margins of Lemma 6.6. There the variational problem is replica
symmetric: the infimum is a minimum over the one-parameter family (6.20).

Corollary 6.9. Let kg = xo(«) be as in Lemma 6.6, and let k < xo. Then k < k., and every
minimizer of Py over U equals 11, 1) for some g € (0,1). In particular

P.(x) = min PR5(q) > —co.
g€[0,1)

If & <1, the same holds for every x < k.
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Proof. By Lemma 6.6 and the proof of Proposition 6.7, P.(x) > Py(ky) > —oo, so min-
imizers exist by Theorem 6.3, and « < k. because Py(k.) = —oo by Theorem 6.8. A
minimizer 7y minimizes Py over U, for every r € (Q,1), so v = 1|g;) by Lemma 6.6,
and Q > 0 by (6.9). Hence P, (x) = PX5(Q) > inf, PR5(q) > P.(x), and the infimum is
attained at g = Q. If « < 1 and « < k., minimizers exist by Theorem 6.3, and Lemma 6.5
shows directly that each of them has a single support point. O

6.5 Pinning of the top and collapse of minimizers

By (6.6), a finite value keeps the top of a minimizer away from one. For a minimizer
over all of U the value identity is exact, and it also gives the converse: a very negative
value forces the top close to one. The reason is that the terminal term alEh(Z) is only
logarithmically negative, since h(z) > —log(1 +z_) — Cp, and the slope bound controls
the negative part of Z.

Lemma 6.10. Let x € R with Py(x) > —oo, let v minimize Py over U, and put § =1 — Q..

Then
1+«

2
with Cy = —log ®(—1) as in Lemma 6.1 and Cy as in Lemma 6.4.

logd — a(Cp+1log(1+ Cx)) < Pu(x) < %log 5, (6.23)

Proof. The upper bound in (6.23) is (6.6). For the lower bound, the last assertion of
Lemma 6.2 gives P. (k) = Px(7) = logé + alEh(Z). We first show that

h(z) > —log(l+4+2z-) —Cy (z € R).

For z > 0 this holds because h(z) > log®(z) > logs > —Cp. Forz = —t < 0,

(6.3) gives log®(—t) > —1t2 —log(1 +t) — Cp, and R(—t) > t by Lemma 6.1(i), so

TR(z)? > 3t2. Since x + —log(1 + x) is convex on [0,), Jensen’s inequality gives

Eh(Z) > —log(14+EZ_) — Cp. By Lemma 6.1(i), (6.1), Lemma 6.4 and A(0) > J,
VOCk _ G

EZ_ < ER(Z) = V6b(0,0) < A0 S V5

Since 6§ < 1,1+ C/ V6 < (1 —I—CK)/\/E. Hence

1+CK—0¢C 1+«
NG T2

P.(x) > %logé—txlog logé — a(Co +1log(1+ Cx)).

]

Combined with the upper bound of Theorem 6.8 at the margin x. — 7, the lemma
gives the collapse of minimizers used in Chapter 9.
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Proposition 6.11. Let « > 0. There are constants C, 1y > 0, depending only on «, such that for
0 < n < 1o every minimizer <y of Py .y over U satisfies

1—Q, <Cyt/t+a) A (0) < cyl/ (2420, (6.24)

Proof. Put C = Cy_.. Since Cy is increasing in «, C, < C, for ¥ < k.. By Theorem 6.8
there is 779 € (0,1] such that P,(x. — ) < 3logn + C; for 0 < 5 < 19, with C; =
$log(2aC.) + 1. Fix such , put k = x. — 17, and let v be a minimizer of Py over U, which
exists by Theorem 6.3; write 6 = 1 — Q.. By (6.23) with C; < C,,

1+«

1
logé — Cy < Pu(k) < Elogiy—i—Cl, Cr = a(Co+1log(1+Cy)),

s0 6 < Cay'/(1+%) with C3 = eX(C1+C2)/(144)  The minimizer 7 minimizes P} over U,
for every r € (Q,,1), so (6.15) applies: with C; = max{1,2aCs/s4}, A,(0) < C4/6 <
C4C§/2171/(2+2“). o

The proof uses the exact value of P, at a minimizer, so it says nothing about the
tops of near-minimizers. For & > 2, the bound 1 - Q, < Cn!/ (1+2) for every v with
Pre—y (1) < Pi(kc —17) + 1, and a lower bound P, (k. —17) > alogn — C of the same
logarithmic order as (6.22), are proved in Part II through a comparison with the zero-
temperature functional (Part II, Proposition 2.24); in this part only Corollary 1.7 uses the
lower bound.

Theorem 6.8 and Proposition 6.11 are the bounds behind the comparison with the
physical picture of jamming in Chapter 1; the mass A, (0) measures the order parameter
below the top.

6.6 Proof of the theorem on the variational problem

We collect the results of this chapter; recall that Q, = 1 — ¢ is the top of the support of
#, and that A (0) = fol 7.

Proof of Theorem 1.3. Part (i) is Theorem 6.3, part (ii) is Proposition 6.7, and part (iii) is
Theorem 6.8, with C, = C,_. In part (iv), the pinning inequality is Lemma 6.10, and
the bounds on minimizers at the margin x. — # are (6.24) in Proposition 6.11. Part (v) is
Corollary 6.9. This proves the theorem. O



CHAPTER 7

The critical margin near &« = 2

This chapter proves Theorem 1.4: for constraint densities slightly above two, the critical
margin lies below Gardner’s prediction xgg by at least a constant times the cube of the
distance to two. Throughout the chapter, x = 2 + ¢ with ¢ > 0 small.

Step 4 of §1.3 outlines the argument. It uses only the definition (1.6) of «, the
Cole-Hopf recursion of §2.1 for one explicit order parameter, the tail bound (6.3) and
one-dimensional Gaussian calculus, part of which is taken from Part II (Lemmas 2.1
and 3.1). Lemma 7.1 records the behavior of xgg near « = 2. Lemma 7.2 bounds the value
of an explicit order parameter with two support points near one by an explicit Gaussian
integral J,, and deduces that one negative value of J, bounds x. from above. Lemma 7.3
expands |, and the proof of Theorem 1.4 combines the three lemmas.

In the notation of Part II, J,(k) = J*(¢ _11[1_ ¢1)) is the value of the zero-temperature
functional J* (Part II, (2.41)) at the coefficient £~! carried by the block [1 — ¢,1). Part II
proves the bound of Theorem 1.4 with this coefficient (Part II, Theorem 3.13), and transfers
it to x. through the characterization of «, as the threshold of J* (Part II, Theorem 2.21). The
same characterization and a dual certificate for J* give the matching bound xgg — k. < Ce®,
so the order ¢3 is sharp (Corollary 1.6). Lemma 7.3 is a two-sided form of the bound in
Step 3 of the proof of Part II, Theorem 3.13. Here Lemma 7.2 bounds P by ], directly, so
we need only the explicit form of ], and no comparison of P, with J¥.

Stojnic proved upper bounds on the capacity through a partially lifted version of his
random duality theory, and numerical evaluation indicates that they lie below Gardner’s
prediction [117]; he later proposed fully lifted versions, evaluated numerically at finite
levels of lifting [119]. The upper bound of Montanari, Zhong, and Zhou, discussed after
Corollary 1.5, is expressed through the Gaussian exponential moment [E exp(—t(k — G)32))
[90, Definition 2], and e®) in (7.4) below is this moment at t = % and k = —z. The
quadratic penalty that replaces the hard-wall datum in Lemma 7.2 is the jamming-limit
boundary condition of Franz and Parisi [58, (15)], whose scaling regime near jamming also
places the relevant overlaps close to one. What differs here is the trial order parameter,
whose second atom sits at the bottom of a thin layer of relative width ¢ =< ¢? below the
top, and the analysis of the gain of this layer to order ¢® near a = 2, where «gg is close to

Zero.
Besides m(k) = E(k — G)2 we use my (k) = E(k — )~ and ¢ = ¢(0) = (27)~V/2. By

129
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Part II, Lemma 2.1(g),
m(k) = (1+Kk*)®(k) + k¢ (k), my(k) = k®(k) + ¢(k), m' = 2my, my = ®,
(7.1)
and ® — m = —kmj. In particular m; > 0, m is increasing and convex, and m is increas-

ing. For « = 2 + ¢, Gardner’s prediction kg is defined by am(xgrs) = 1 (Proposition 6.7).
Lemma 7.1. There is a numerical constant e; € (0,1] such that for 0 < e < ey and a =2 +e,

1 —-1/2
—5 <trs <0, a®(krs) —1=alkrs|mi(krs) = coe,  co = m=1/2)

4o
(7.2)
Proof. Let eg be the numerical constant of Part II, Lemma 3.1, and put e; = min{eg, 1}.

For 0 < e < ¢y, part (a) there gives —% < kgrs < 0, and part (b) gives the identity in (7.2)
and the lower bound cge, where cg > 0 because mq > 0. O

Part II, Lemma 3.1(a), also gives the expansion of xrs quoted in the introduction: for
0<e<ey,
_V2m
KR5(2+€) =———+ O( )

8(])0 8
We now introduce the explicit Gaussian integral. For z € R put

e +0(e?). (7.3)

E(z) =logEexp ( - %(z + G)2_>, (7.4)

andforO<€§%andk€lRput

1—¢ (log2 VI—IG—k
Jo(k) = Rl E E(Y,(K)) + =~ + gg, Yelk) = (7.5)

Since e~ (*16)2/2 > 11.46>0) and (z + G)2 < (z+ G)?, we have £(z) > log®(z) and
E(z) > log IEe_(Z+G)2/2; the Gaussian integral

—22/4
\/_ / V2

follows from ¢? + (z + g)? = 2(g + z/2)? +z%/2. The function £ is nondecreasing,
because (z + G)_ is nonincreasing in z. Hence 0 > £(z) > &(min{z,0}) > —1z2 —
log?2 for all z, and J,(k) is finite. Since Y, (k) is decreasing in k, the map k ~— J,(k) is

nonincreasing.

e

Ee (ztG)*/ —(g+2/2)2—2%/4 dg =

(7.6)

The next lemma is the only place where the Parisi functional enters. It evaluates
the functional at an order parameter with atoms at two levels near one, and bounds its
energy term by replacing the hard-wall datum with a quadratic penalty.
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Lemma 7.2. Letx € R,0 < ¢ < 3,and 6 € (0,1) with § < (1 — 6)¢. Put

5
Q=1-45 p=Q(1-¢, a= o €(01), 7 =alpg 1y

Then vs € U, Qqs = Q, and

To (%) n %log 5. 7.7)

Consequently, if J,(k) < 0 for some k € R and ¢ € (0, 3], then k. < k.

Proof. The function 75 is nondecreasing, right-continuous, equal to one on [Q, 1] and
at most a < 1 on [0,Q), so 75 € U and Q,, = Q. It is a step order parameter, so
U = U, (-, ;%) is given on [0, Q] by the recursion (2.2) with terminal time Q and terminal

datum f(x) = log®((x —x)/+/3):
u(p,-) = Togef, u(0,-) =Topu(p,-),
because Q — p = QF. By the upper bound in (6.3) with t = (x — x)/V/3,

5f(x) <g(x)i= —3(k—13F  (xER).

By the homogeneity (T3) with t = ¢ and the monotonicity (T1), and since a/5 = 1/(Q¥),

Su(p,x) = Tiyqe),e(0f)(x) < Tiy00), 00 8(%)

B (k—x—VQIG\ X —K
_QﬁloglEexp<— 2010 )—Qﬁg(@),
where in the last step we used (x —x — QI G)//Ql = —(z+ G) withz = (x — k) //QY,
(=(z+G))+ = (z+ G)_, and the definition (7.4). Applying the monotone operator 7,
and using p = Q(1 —¥),

51(0,0) < Qf]ES(%) _ QE]EE,’(YZ(K/\/@D.

For the entropy term CS(7;s) we use the cutoff Q in (1.4). On [p,Q], A,,(q) = 6 +
a(Q —gq), and on [0, p], )\75(11) =6+ aQl = 26. Hence

qu
2 26 2 5—|—a

Lot oy 1

Adding au(0,0) gives (7.7).

4 +l10g5+agg+%log(5

CS(vs) = 5o 5

%logdz
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For the last assertion, let J,(k) < 0 and ¥’ > k. As ¢ | 0 we have Q — 1 and
k'/v/Q — «' > k, so for all sufficiently small é the hypothesis § < (1 —§)¢ holds and
k' /+/Q > k. For such 6, (7.7) and the monotonicity of ], give

PoK') < Pulrs) < 1K) + 5 logs,

o

and the right side tends to —o0 as 4 | 0. Hence P, (k') = —oo for every «’ > k, and (1.6)
gives k. < k. O

The next lemma expands J; in the width ¢. The first term of the expansion is the
value obtained from the replica-symmetric order parameters, and the second is the gain
produced by the thin layer.

Lemma 7.3. There is a numerical constant Cj such that for 0 < a < 3,0 < /£ < %, and |k| <1,

Jo(k) — ““Tm(k) + é d (ad(k) — 1)) <32, d=log2— % (7.8)

Moreover d > 0.

Proof. We divide the proof into three steps. First we isolate an integrable remainder of &,
then we rewrite J; exactly with it, and finally we expand the explicit terms.

Ster 1. An integrable remainder. Put

1 log 2
R(z) = E(2)+ 322 + =51y (ZER).
Let z < 0 and write A(z) = e #/4/4/2, so that R(z) = log(e€®) / A(z)) by (7.6). Since
(z+ G)%2 < (z+ G)?, with equality on {z + G < 0},

oge5<2>—A(z):1E[1 e~ (z+0)/2 z+G>o}<]P(z+G>0):q>(z).

Hence 0 < R(z) < log(1+ ®(z)/A(z)) < V2e#/4d(z). For —1 < z < 0 the right
side is at most v/2e!/4, and for z = —t < —1 the Mills bound of Lemma 2.5(i) gives
\/Eet2/4<b(—t) < \/Eetz/‘l(p(t)/t < \/§¢0e_t2/4. Now let z > 0. Then &(z) < €8 <1,
s00 < —R(z) = —€(z) < —log®(z) = —log(1l — P(—z)) < 2P(—2z), because P(—z) <
7 and —log(1 —y) < 2y for 0 <y < 3. Since foootb(—z) dz = EG4 = ¢y, these bounds
give R g, < .

STEP 2. An exactformula. Write Y = Y (k) and, as in Part II, put m(k; t) = E(k — vt G)%.
for t > 0, so that m(k;1) = m(k). Then EY? = m(k;1—/¢)/¢ and P(Y < 0) =
®(k/+/1— 1), so the definitions (7.5) of ], and of R give

L) = 1202 “T(k;l =94 “C;gz (1-a@(k/VI=0)) + L BR(Y).  (79)
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The variable Y is Gaussian with variance (1 —/¢)/¢ > 1/(2¢), so its density is at most
$ov/2(, and
ACER(Y)| < 3V2 9ol R| 1 €72

StEP 3. Expansion of the explicit terms. Gaussian integration by parts, %IEP (VtG) =
SEF"(VtG) applied to F(y) = (k—y)?2, gives oym(k;t) = ®(k/+/t). For t € [3,1],

‘ dt 2t3/2

so |®(k/v/t) — ®(k)| < 1—t. Integrating over t € [1 — ¢,1] gives |m(k;1— £) —m(k) +
®(k)| < £2/2, and also |®(k/+/1—¢) — ®(k)| < £. Inserting these bounds into (7.9),
1—am(k) /¢ llog?2
Joly = L2204 L iy 1) - LB

where |e] < % + Mzéogz +3v2¢o||R|;1£3/?. The two middle terms combine to
—5d(a®@(k) — 1), and ¢2 < (3/2, s0 (7.8) holds with C; = 3 + 31og2 + 3v2¢o|R|| 11
Finally log?2 = f12 t~1dt > 3,s0d > 0. O

(ad@(k) — 1) +¢,

Proof of Theorem 1.4. Let cg, Cj, and d be as in Lemmas 7.1 and 7.3, and put

d Cop 2 td Cop
t _= —_— — .
(4(:,) T8
Let g < e; be so small that te§ < 3, ced < 3, and 3tde} < 1. Fix 0 < e < ¢, put
n=2+e <3 0=t s =ce and k = Kkrg — 5. By Lemma 7.1, -1 < k < 0, so
Lemma 7.3 applies and gives
1—am(k) ¢d
k)< —n 2 — —
Jo(k) < 1 > (
We bound the two explicit terms at k = krs — s by their values at xrs. Since m is convex
with m’ = 2mq, and my (kgs) < m1(0) = ¢ because kgg < 0,

ad(k) — 1) + Cj03/2.

1—am(k) = a(m(xgs) —m(k)) < am’(xgs)s < 2adyos.
Since @' < ¢y, (7.2) gives a®P (k) — 1 > ad(krs) — 1 — ados > cpe — agps. Using agy <
3¢o < 3, we obtain
3

<25 — —3(2
Jo(k) 15~ 5 el + dﬁs + Cjt e (4c ——

By the choice of ¢, C]t3/2 = }ltdc@, and %c = %tdccp. By the choice of ey, %dtcef’ < zce’ =
3%tqu>€3. Hence

+C t3/2) —I—zdtce

3 16 8 1 3 1 3
< _ —_ = —— .
Jo(k) (32 32+32+32)fd0q>6 8tqu>€ <0

Since ¢ < %, Lemma 7.2 gives k. < k = kgg — ce3. O]



PART I 134

The constant c is not optimized, and the proof does not identify the limit of (xrg —
Ke)/e3.



CHAPTER 8

From soft free energy to hard feasible volume

This chapter proves the lower bounds in Theorem 1.2(i),(ii) and completes the proof of
Theorem 1.2; Step 5 of §1.3 outlines the argument. The matching upper bounds are
Corollaries 3.11 and 3.14; the second rests on the volume estimate from one feasible
point in Lemma 3.13. §8.1 shows that a configuration whose total squared violation
Y.(ko — by - 0)2 at a level kg is at most N can be displaced by a vector of norm at most
4v/tN to a point that satisfies every constraint at a slightly smaller margin (Lemma 8.2).
This rests on the conditioning of the pattern matrix on sparse sets of rows (Lemma 8.1).
§8.2 transfers volume by a Gaussian perturbation tangent to the sphere (Lemma 8.4). §8.3
combines the two with the Parisi formula for a smooth concave penalty (Theorem 8.5),
and §8.4 proves Theorem 1.2.

For x > 0 the feasibility problem is convex: a nonzero point of the ball that satisfies
the constraints can be moved out along its ray to the sphere, since b, - (to) > b, -0 > &
for t > 1, so the feasible set on the sphere is nonempty exactly when its convex relaxation
in the ball contains a nonzero point. The passage from smooth concave penalties to the
hard constraints in [115] and [128, Chapter 8] uses this convexity. For negative margins
we replace convexity by a repair of small violations. For the present model, a rounding
step of this kind appears in [54, Lemma 11]. There El Alaoui and Sellke project a point
with small total violation onto the feasible polyhedron, and they bound the distance by
convex duality and the smallest positive singular value of the pattern matrix. Montanari,
Zhong, and Zhou use this rounding step in the proofs of [90, Theorems 4.1 and 5.1].
The repair of Lemma 8.2 also rests on convex duality. Our argument differs in three
respects. The pattern matrix enters through its operator norm and its conditioning on
sparse sets of rows, and not through its smallest positive singular value. The repaired
point satisfies the constraints at a margin lowered by an additive slack 27, which allows
the rows with small violation to decrease. Finally, the conclusion is a lower bound on the
feasible volume rather than the existence of one feasible point.

Throughout this chapter, and in Chapter 9, A = N~!/2G denotes the M x N matrix
with rows b, = ¢,/V/'N, so that (Ac), = b, - 0. We write ||| for the Euclidean norm,
|Allop for the operator norm, 1 € RM for the vector with all entries equal to one, and
Y+ = max{y, 0}, applied entrywise to vectors. Inequalities between vectors are entrywise.
Thus

Sn(k) ={o € Sy : Aoc > «1}, Vn(x) = un(Sn(x)).

135
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Since M/N — a, we may and do assume that N is so large that aN/2 < M < (a +1)N.

8.1 Repairing a small violation vector

Let u € RN and kg € R, and let w = (ko1 — Au) . be the vector of violations of the
constraints at margin k. We look for a displacement d with A(u+d) > (ko — 27)1,
where T > 0 is small. If [|w||*> < tN, then at most tN /72 rows have violation larger
than 7. The displacement must raise these rows by almost their violation, while it may
lower every other row by up to 7. A displacement with this property and with norm
comparable to ||w|| exists when AT is well conditioned on vectors supported on few rows.
For 1 < m < min{M, N} we therefore define the smallest singular value of AT over
vectors supported on at most m rows,

sm(A) =inf{[|ATy] : y € RY, [lyll =1, [suppy| < m}.

Lemma 8.1 shows that the Gaussian matrix A has this property, together with a bound
on its operator norm, with overwhelming probability, and Lemma 8.2 then constructs
the displacement. A lower bound on s,,(A) is the lower half of the restricted isometry
property [28] for the N x M matrix AT, and we prove it by the net argument of [12]; see
also [130, Theorem 5.65].

The proof of Lemma 8.1 uses the operator-norm bound of Lemma 4.2, nets, and one
chi-square tail bound. For each ¢ € (0, 1], the unit sphere of R” contains an e-net with at
most (1+2/¢)" points (volumetric bound). If X has the chi-square law with n degrees of

freedom, then Ee—X/6 = (3/ 4)”/ 2 and Markov’s inequality applied to e X/6 gives
n/2
PX <3n/4p < e(3)" —eriiosih et (8.1)

since %logg — % > 0.018 > é.

Lemma 8.1. There are constants s € (0, min{a,1}/4), K > 1, and ¢ > 0, depending only on «,
such that for all sufficiently large N the event

En = {llAllop <K son(4) > 3}
has probability at least 1 — e~ N,

Proof. We divide the proof into two steps: we first treat the operator norm and then the
sparse singular values.

Step 1. The operator norm. Put K = /a+1+2. Then K > 1, and K depends only
on a. Lemma 4.2, applied to the matrix G = v/NA with t = /N, gives P{||Alop >
VM/N 42} <2e"N/2 Since M < (a4 1)N, it follows that P{||Allop > K} < 2eN/2,
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STEP 2. Sparse singular values. Let s € (0,min{a,1}/4), to be chosen below, and put
m = |2sN|. For large N we have 1 < m < 2sN < min{M, N}, because M > aN /2. Fix
a set S of m rows, let Ag be the m x N submatrix of A formed by the rows in S, and fix
a unit vector v € RS. The vector A;—v = N~1/2 Y scs Uaga has the law N (0, N~'Iy), so
N| Alv|? has the chi-square law with N degrees of freedom, and (8.1) gives P{||Alv||> <
3/4} < e N/6% Let N be a 1/(4K)-net of the unit sphere of RS with |[As| < (1 + 8K)™.
Suppose that ||Allop < K and that ||Alvo||? > 3/4 for every vy € Ns. For a unit vector
v € RS choose vy € Ng with ||v — vg|| < 1/(4K). Then
JAToll > [ ATooll = [ Allpllo—v0ll = 2~ 1> 1

Every y € RM with [suppy| < m is supported in some set S of exactly m rows, and then
|ATy|| = ||Alys|. Hence, if ||Alop < K and s,,(A) < 1/2, then ||Alv|* < 3/4 for some
set S of m rows and some vy € Ns. There are at most (Anf) < (eM/m)™ sets S, so a union
bound over S and over vy € N gives

e(1+8K)M ﬂ}
m 64J°
The map y — ylog(e(1+8K)M/y) is increasing on (0, (1 +8K)M], and m < 2sN < M <
(e +1)N. Hence the exponent is at most N{2slog(e(1+ 8K)(a+1)/(2s)) —1/64}. Since
xlog(C/x) — 0 as x | 0, we may choose s, depending only on a and K, so small that
2slog(e(1+8K)(a+1)/(2s)) < 1/128. The probability above is then at most e ~N/128,
Adding the two failure probabilities gives IP(E§;) < 2e N/2 4 e N/128 < ¢=N/256 for
large N. This proves the lemma with ¢ = 1/256. O

lP{||A||Op <K, sp(A) < %} < exp{mlog

The next lemma is an error bound of Hoffman type [70] for the relaxed system
Ax > (ko — 27)1: if the violation vector (ko1 — Au) has norm at most v/tN, then the
distance from u to the solution set is at most 4v/tN. The constant 4 does not depend on
N, at the price of the slack 27 and of a smallness condition on ¢.

Lemma 8.2. Let s and K be as in Lemma 8.1, suppose that the event En occurs, and let N > 1/s.

Letkyo € R, T >0, and t > 0 with
[ < 25
— 32K?°

If u € RN satisfies ||(ko1 — Au)||> < tN, then there is d € RN with
Alu+d) > (ko —27)1, |d]| < 4VEN.

Proof. Put w = (ko1 — Au); and S = {a : w, > t}. By the definition of w we have
Au > kol — w. It therefore suffices to find d € RN with

Ad > w — 211, d]| < 4[jwl|, (8.2)
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because then A(u+d) > (ko —27)1 and ||d|| < 4VtN. The target w — 271 asks that each
row be raised by its violation w, up to an error 27. For the rows a ¢ S this allows a
decrease, since w, < T there. We divide the proof into two steps.

Step 1. Counting. Since T2|S| < ||w||?> < tN and t < 1%s/(32K?) < 125/32, we have |S| <
sN/32. Put p = |[sN] and m = [2sN|. As sN > 1, we have p > 1 and p > sN/2. The
integer |S| + p is at most (33/32)sN < 2sN, hence at most m. Moreover m < min{M, N},
because s < min{w,1}/4 and M > aN /2. On Ey;, by the assumption on ¢,

ooy Aol 1 KV 1 VERYE 1

" /P 2 1JsN/2 2 s 4
STEP 2. Separation. Put Ry = 4||w|| and v = w — 271. The required d exists if and only if
v belongs to

(8.3)

K={Ad—z: deR", ||d|| <Ry, ze RM, z >0},

since v = Ad — z with z > 0 means Ad > v. The set K is convex. It is closed, being the
sum of the compact set {Ad : ||d|| < Rp} and the closed cone {—z : z > 0}. Its support
function hy(y) = sup,. ¥ - x equals Ro||ATy|| if y > 0: the supremum of y - Ad over
|d|l < Rg is Ro||ATy|l, and sup,-,(—y-z) = 0. If some y, < O, then h(y) = +oo. By
the separating hyperplane theorem, a point lies in the closed convex set K if and only if
y-v < hi(y) for every y € RM. It therefore suffices to prove

y-v < Ro||ATy|| for every y € RM with y > 0. (8.4)

Fix y > 0, and write ys and ygc for its restrictions to S and to S°. For a € S we have
va < w,, and for a ¢ S we have v, = w, — 2t < —7. Hence

y-v<ys-ws— Tllysels-

The right side of (8.4) is nonnegative, so we may assume y - v > 0. Then

T|lysellr < ys-ws < |lys]|||w]l- (8.5)

Let T C S° be the set of indices of the p largest entries of ygc (all of 5S¢ if |S¢| < p), and
write y =y’ +y”, where i/ is the restriction of y to SU T and y” its restriction to S¢\ T.
Each entry of y” is at most the p-th largest entry of ys., and hence at most ||ygsc||1/p.
Therefore )
//HZ < ”ySCHl ||]///H < HySCHl.

ly p 1 p
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This splitting of a vector by the sizes of its entries is standard in compressed sensing;
see [56]. The vector i’ has at most |S| + p < m nonzero entries and ||y’|| > ||ys||. By the
definition of s,,(A), by (8.5) and by (8.3),

lysell
ATy > [ATY [ = [ATY|| = sm(A)|[ys]| — | AllopZSt

VP
| Allopllzl] 1
> - >
> (sn(4) = 2= 2 lysl = gllvsl
Combining this with (8.5) gives v - v < ||ys]|||w]| < 4||w||||ATy|| = Ro||ATy||. This proves
(8.4), and hence (8.2). O]

8.2 Transferring volume by a tangent Gaussian perturbation

Let B C Sy, and suppose that every ¢ € B can be displaced by a vector d of norm at
most 7v/N to a point with A(c + d) > k1. We want to show that the volume of a slightly
relaxed feasible set is not much smaller than uy(B). The displaced points ¢ + d may
form a set of small volume, so we perturb ¢ itself. For o € Sy let Py = Iy — oo /N be
the orthogonal projection onto o+ = {x € RN : x - ¢ = 0}. Fix p > 0, let & be a standard
Gaussian vector in RY, and put

o+ pPy¢
|o + pPog|

Since Py¢ L o, we have ||o + pPy¢||> = N + 0?||P»¢||> > N. Thus Y is a continuous map
from Sy x RN to Sy, and Y(c,¢) is obtained from o + pP,¢ by multiplication with a
number in (0,1]. In particular, normalization can only raise a negative margin. Two
properties of Y are used. If ¢ is uniform on Sy and independent of ¢, then so is Y(c, §).
For each fixed ¢ that admits a small repair, the point Y(c, ) is feasible at a slightly
smaller margin with probability at least e N¢ for a small e > 0. The second property rests
on two Gaussian inequalities. The first compares a symmetric event with its translate.
It is a standard lower bound for the Gaussian measure of a shifted symmetric set; see

[84, 85].

Y(O’,C) :m € Sn.

Lemma 8.3. Let ¢ be a standard Gaussian vector in RN, let R C RN be a Borel set with
R = —R, and let y € RN. Then

P{¢ cy+R}>e WF/2p{reRr)

Proof. The standard Gaussian density @y on RN satisfies gn (x + 1) = @ (x)e¥v—Iv1%/2,
Hence

P{¢cy+R}= /R on(x+y)dx = e W2 E[etV15(2)]
= e W2 Efcosh(¢ - y)1=(0)],
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where the last equality holds because ¢ and —¢ have the same law and R = —R. Since
cosh > 1, this proves the lemma. O

The second is Sidék’s inequality in the form of Lemma 3.12. In the next lemma the
matrix A is fixed, and probabilities refer to ¢ and to the auxiliary uniform point in (b).

Lemma 8.4. Let K > 0 be such that max,||bs|| < K. Let k < 0,0 <r <1/2, 1 > 0, and
p > 0, suppose that exp(—1>/(2K?0?)) < 1/2, and put

k
/— J—
k - 7.

(a) Ifo € Sy and d € RN satisfy ||d|| < rv/N and A(c +d) > k1, then

2
P{Y(c,&) € Sy(K)} > exp{—zrpzN —2Me "/ <2K2P2>}. (8.6)

(b) If B C Sy is a Borel set such that every o € B admits a vector d as in (a), then

72

ZN —2Me T/ <2K2P2>}. (8.7)
p

Proof. We divide the proof into four steps. The first three prove (a): we move the repair
displacement into the tangent space, compare the perturbed point with its translate, and
bound the probability of the untranslated event. The fourth proves (b) by integration.

Vi(K) > i (B) exp{ -

Step 1. A tangent displacement. The Gaussian vector pP,Z lies in o, so we first replace d

by a vector in o. Write d = co + P,d withc = d -o/N. Then |c| < ||d||/VN <r < 1/2,
and d’ = P,d/(1+c) € o satisfies
(1+c)o+d—coc  o+d

1+c¢ C1+4c

Sincek<0and0<1/(1+c¢) <1/(1—7),

c+d =

Alotd) o k4o krl, ||d’||<’

Al +d) = 1+¢c 7 14c¢ —1-

<2rv/N.  (88)

STEP 2. Shifting the Gaussian vector. Let
R={xeRN:|b Px| <n/pforalla < M},

a closed set with R = —R, and puty = d'/p. If £ € y + R, then, since P,y =y,

k
0+ PPl =0 +d +pPe(C—y), Al +pPl) > 7—1-n1 =K1,



PART I 8.2 Transferring volume by a tangent Gaussian perturbation 141

by (8.8). Since k' < 0 and Y(c,¢) is obtained from ¢ + pPy¢ by multiplication with
a number in (0,1], also AY(c,§) > k1, that is, Y(co,&) € Sy(k'). By Lemma 8.3 and
lyll? = lld'l|?/p* < 4N/ p?,

P{Y(0,&) € SNy(K)} > P{ e y+ R} > e NP P{z e R}. (8.9)

STEP 3. The untranslated event. The variables {, = b, - Ps¢ = (Pyb,) - &, a < M, are centered
and jointly Gaussian, with Var ¢, = ||P,b,||> < K?, and {¢ € R} = {|Z.| < n/p for all a}.
By Lemma 3.12, the probability of this event is at least [T, P{|l.| < #/p}. For z > 0 the
Gaussian tail bound 2P{G > z} < e /2, together with the fact that P{|N(0,0)| > z} is
nondecreasing in v, gives IP{|,| > 1/p} < e 1/ (2K%%) < 1/2, Using log(1 — x) > —2x
for 0 < x <1/2, we obtain

P{E e R} > (1—e /G M > exp{—2Me™/ (K7,

Together with (8.9) this proves (8.6).

Ster 4. Integration. Let ¥ be a random point with law uy, independent of ¢. We first
show that Y (X, &) also has law uy. For an orthogonal matrix O we have Po, = OP,OT,
and hence Y(Oc,0¢) = OY(c,&). The pair (OX,0¢) has the same law as (%,¢), so
OY(%,¢) = Y(OX,0¢) has the same law as Y(Z,¢). The law v of Y(Z, ) is therefore a
Borel probability measure on Sy that is invariant under all orthogonal transformations,
and such a measure equals . Indeed, let H be the Haar probability measure on the
compact group O(N), which is invariant under multiplication from the left and from
the right. Let f be a bounded Borel function on Sy. For 0,0’ € Sy choose Oy € O(N)
with ¢/ = Ogo. The right invariance of H gives [ f(Oc’)H(dO) = [ f(OOpc)H(dO) =
J f(Or)H(dO), so this integral is a constant c¢ that does not depend on ¢. By the
invariance of v and Fubini’s theorem, [ fdv = [ [ f(Oc)H(dO)v(do) = cf, and the
same computation gives [ fdun = cs. Hence v = py.

The map Y is continuous and Sy(k’) is closed, so by independence and Fubini's
theorem o — P{Y(c,¢) € Sy(k')} is Borel and

Vn(K') =P{Y(%,&) € SNy(K')} >P{Z € B, Y(£,&) € Sn(K')}
= [ P{Y(@,8) € SulK)} nn(do).
By (a), the integrand is at least the right side of (8.6) for every ¢ € B. This proves (8.7). [

No measurable choice of the repair displacement is needed in (b): the lower bound
(8.6) holds at every point of B.
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8.3 The hard-volume lower bound

We now define the penalties to which the Parisi formula is applied. Fix x € C*(R) with
values in [0,1], x =0 on (—o0,0] and x =1 on [1,00). Forw >0, B > 0, and ¢ € R put

he(y) = /Oy /Oy 2x(v/w)dody, Ug(x) = —Phe (L — x).

The dependence of Ug ¢ on w and x is suppressed. Since h,(y) = 2x(y/w) vanishes for
y <0, lies in [0,2] and equals 2 for y > w, and since h,(0) = h,,(0) = 0, the function
h, vanishes on (—oo,0] and is nondecreasing. Moreover &, (y) > 2(y — w) for y > w, so
that he (y) > (y — w)? for all y. Consequently:
(P1) Ugy = 0 on [£,c0) and Ug(x) < —p({ —w — x)3 for x € R. In particular H, <
Ug, < 0, where Hy(x) =log 1>
(P2) Ug, is smooth and concave, with supUg, = 0 and —2f < ug,é < 0. Thus Ug,
belongs to class (B).
The following theorem gives the lower bounds in Theorem 1.2(i),(ii). The restriction
to negative margins enters only through the transfer of Lemma 8.4.

Theorem 8.5. Let « > 0 and x < min{x.(«),0}. Then P.(x) is finite, and for every € > 0,
]P{llog Vi (k) > P (k) — s} 1 (8.10)
N >

Consequently P{xy > x} — 1.

Proof. We may assume ¢ < 1. We divide the proof into five steps: regularity of P, a lower
bound for the free energy of one penalty, the choice of parameters, the passage from the
free energy to the volume of approximately feasible configurations, and the repair and
transfer of Lemmas 8.2 and 8.4.

SteP 1. Regularity of Ps«. By Theorem 6.8, the function P is finite, nonincreasing, and
continuous on (—oo, k). In particular P, (k) is finite and Py is continuous at x.

SteP 2. The penalty free energy. Let £ € R and B, w > 0, and write U = Ug . We show that
for every ¢ > 0,

H’{%logZN(U) >P.() ¢} — 1. (8.11)

By (P2) and Theorem 1.1, N~!log Zn(U) = fn(U) — Ps(U) in probability, so it suffices
to prove P, (U) > P.(¢). Lety € U and r € [Q,,1). First let v € U, be a step order
parameter. By (P1), Hy < U, so (2.4) and (2.10) give u+(0,0; U) > u,(0,0; Hy) = u(0,0;¢).
The entropy term CS(7) does not depend on the activation, so Py (y) > Ps(y) > P«(£).
For general ¢ € U, choose step order parameters -y, € U, with v, — v in L1(]0,1]) (§2.1).
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Then Py (yn) > P« (£) for every n. Since U belongs to class (B), (2.20) in Lemma 2.4 gives
Pu(yn) — Pu(y). Hence Py(y) > Ps«(¢) for every v € U, that is, P.(U) > P.(¢), and
(8.11) follows.

Ster 3. Choice of parameters. Let s and K be the constants of Lemma 8.1. They depend
only on a. We choose the remaining parameters in the following order, and each choice
depends only on the earlier ones and on «, x, ¢.

(i) The level ¢. By Step 1, choose ¢ € (x, min{x., 0}) with P.(¢) > P,(x) — e/4. Then
P.(¢) is finite. Put ¢ = (¢ — ) /5. The margin decreases from / to x in four stages:
the penalty has transition width w = 9, the repair of Lemma 8.2 with T = ¢ loses
29, and the transfer of Lemma 8.4 with 7 = ¢ loses at most ¢ through the factor
1/(1 —r) and @ through 7.

(ii) The perturbation size p > 0, chosen so that 2(a + 1) exp(—19%/(2K?0?)) < ¢/8.
Since M < (a+1)N and ¢ < 1, this gives 2M exp(—9?/(2K?0?)) < Ne/8 and
exp(—9%/(2K?0p?)) < 1/16.

(iii) The violation level t > 0, chosen so small that

8% 32t

t< =<

= K2 p2 r::4\/f§rnin{1 9 }

€
8’ 27 2|x|

The first condition is the hypothesis of Lemma 8.2 with T = ¢. The second bounds

the shift cost 212/ p2 = 32t/ p2 in Lemma 8.4. The third is the condition r < 1/2 of
that lemma and bounds the margin lost in the factor 1/(1 —r).

(iv) The penalty strength B = (|P«(¢)| 4+ 1)/t, so that configurations with total squared
violation above tN carry weight at most e N(P-(O1+1) in 7\ (11).

Write U = Ugy with w = 8, and put kg = ¢ — ¢ and k = £ — 39 < 0.
StEP 4. Approximately feasible configurations. Let
B= {0 € Sy:|(kol— Ac)4|?* < tN},

a closed subset of Sy. By (P1), exp{¥, U(b, - 0)} < exp{—B|/(kol — Ac)+|*}, which is
at most 1 on B and at most e PN off B. Hence

Zn(U) < un(B) +e PN < uy(B) + NP0,

because —pt = —|P«(£)] —1 < P.(£) — 1. On the event in (8.11) with ¢ = ¢/8 we have
Zn(U) > eNP-(0)=¢/8) Gince P, (£) —1 < P.(€) —e/8—7/8,

un(B) > eN(P*(é)—s/s)(l _ e—7N/8) > eN(P:(f)—e/4)

as soon as N > 8log?2/e, since then 1 — e 7N/8 > 1/2 > e~Ne/8,
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StEP 5. Repair and transfer. By Lemma 8.1 and Step 4, with probability tending to one
the event Ey occurs and uy(B) > eN(P-()-¢/4) " We work on this event, with N >
max{1/s,8log2/¢}.

Let ¢ € B. Lemma 8.2, applied with u = 0, kg = ¢/ — 9, T = ¢, and t (condition
(iii)), gives d € RN with A(c+d) > (ko —29)1 = k1 and ||d|| < 4VtN = r/N. On Ey
we have max,[|bs|| < [|Allop < K, because b, = ATe, for the a-th unit vector e, of RM.
Condition (ii) gives exp(—82/(2K?p?)) < 1/2, so Lemma 8.4(b) applies with this K, the
margin k < 0,7 <1/2,n =9, and p. By conditions (ii) and (iii), it gives

32tN

Vi(K) > in(B) exp{ — e 2Me /G > iy (B)e Nt K = _ s

1—r
The margin k' is at least k. Indeed, since x < k <0 and r < 1/2,

ke TR ok > k— 2k > k8,
1—7r 1—7r

by condition (iii), and so k' > ¢ — 39 — & — ¢ = x. Hence Sy(k") C Sn(x) and

1 1 € € 3e
— > - ~ > > _
Nlog Vn(x) > NlogyN(B) 12 P.(£) > Pi(x)

This proves (8.10).

On the same event Vyy(x) > eN(P<(©)=8) > 0, because P, (k) is finite. Then Sy/(x) is
nonempty, that is, some ¢ € Sy has min, b, - ¢ > «, and x > k. Hence P{xy > «x} —
1. ]

8.4 Proof of the capacity theorem

Proof of Theorem 1.2. Let & > 2. By Proposition 6.7, —oo < x.(a) < xrg(a) < oo and, since
a>2, k() <O0.
Proof of (i). Fix x < k. and &€ > 0. Since x < k. < 0, Theorem 8.5 shows that P, (k) is finite
and that
]P{llogVN(K) > Pu(x) — s} — 1.
N >

For the upper bound choose v € U with Py () < Pi(x) +€/2. Corollary 3.11(i), applied
with this 7, the margin «, and ¢/2, gives P{N~!log Vi(x) > P.(x) + e} — 0. The two
bounds prove (i).

Proof of (ii). Let ¢ > 0. By Theorem 8.5 at the margin . — ¢ < 0, P{xy < xc — ¢} — 0. By
Corollary 3.14, P{xy > k. + ¢} — 0. Hence k) — k. in probability.
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Proof of (iii). By Theorem 6.8, P,(x) = —co for every x > k.. Let x > x. and C < oo.
Choose v € U with Py(y) < —C — 1, and apply Corollary 3.11(i) with this -y, the margin
kK, and ¢ = 1:

1 1
— —C{ <P{—= .
]P{NlogVN(K) > C} _]P{NlogVN(K) >73K(7)-|—1} —0
This includes the critical margin x = .. O

The assumption & > 2 enters the proof of part (i) only through the inequality x.(a) < 0.
Theorem 8.5 and Corollary 3.11 hold for every a > 0, so the proof of part (i) shows that
N~tlog Vi(x) — Pi(x) in probability for every a > 0 and every x < min{x.(«),0}. Such
k exist because k() > —oco by Proposition 6.7.



CHAPTER 9

Gap statistics

This chapter proves Theorems 1.8 and 1.9; Step 6 of §1.3 outlines the argument. Both
theorems concern averages of a test function i over the gaps b, - ¢ — k of the constraints,
and both rest on the deviation inequality of Proposition 9.8. It compares such averages
over every set T C Sy(k) of positive volume with aEy(X] *k_k), up to an error that
involves a source strength B > 0, the volume term Py () — N~ 'log un(T), and the mass
A, (0).

§9.1 counts the contacts at optimal configurations. §9.2 writes the Parisi equation for
a step order parameter as a finite recursion, introduces the Markov chain that describes
the linearization of this recursion, and identifies that chain with the Parisi diffusion. §9.3
proves the quadratic source estimate, and §9.4 combines it with Jensen’s inequality and
the upper bound of Chapter 3 to prove Proposition 9.8. For Theorem 1.9, at a fixed
margin x < k., T consists of the configurations in Sy(x) whose gap averages exceed, or
fall below, aEy (X[ — k) by more than ¢, for a minimizer vy of Py (§9.5). For Theorem 1.8,
T is the set of Lemma 3.13 near one configuration oj of nearly maximal margin (§9.6),
and §9.7 combines this with the collapse of minimizers (Proposition 6.11) and with the
contacts of Proposition 9.2.

Notation. Throughout this chapter, ay = M/N — a and & = supyany < oo, and
A = N 1/2G is the matrix with rows b,, as in Chapter 8. The letter k denotes a real
margin. A test function is a bounded Lipschitz function ¢ : [0,00) — RR; we extend it to R
by ¢(x) = ¢(0) for x < 0, which preserves its bound and its Lipschitz constant. We call
¢ L-Lipschitz if |(x) — ¢(y)| < L|x —y| for all x,y. For o € Sy and k, B € R put

M
(o k) = Yook, fulkp)= Slog [ S ),
so that fy(k,0) = N~ 'log Vy(k), and fn(k, B) = fn(Hi + By(- — k)) in the notation of
(1.1). The test function is suppressed from the notation. For a Borel set T C Sy with
un(T) > 0, (-)7 denotes expectation under the probability measure un(- N T)/un(T),
and (-)nx = (*)sy (k) When Vx(k) > 0. Thus [ ¢ dvn,e, = ¥n(o,mn(0)), and the average
in Theorem 1.9 is (¥n(0, k)) N «. Several statements below involve a supremum over a
random set of configurations, such as the set of maximizers of my. A statement that such
an event has probability tending to one, has probability at least 1 — e N, or occurs almost

146
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surely means that it contains an event, defined without reference to the random set, with
the same property. In particular no measurable selection of maximizers is needed.

Let Cop = K be the constant of Lemma 8.1, which depends only on «. By that lemma,
|Allop < Cop with probability tending to one. Each N||b,||> has the chi-square law with
N degrees of freedom, and Markov’s inequality applied to eV [ball?/4, whose mean is 2N/2,
gives P{N/||b,||?> > 2N} < e N/22N/2 — ¢=N(1-10g2)/2 " A union bound over a < M gives
IP{max, | b,||> > 2} < aNe N(1-1082)/2 _, 0. Hence the event

— 2
Oy = {[|Aflop < Cop, max][ba* < 2}

has probability tending to one. On Q) the Cauchy-Schwarz inequality gives, for every

o€ Sy,
1 vM
N Y |ba-ol < v l14ell = van Cop. (9.1)
a<M

9.1 Contacts at optimal configurations

We first count the contacts at maximizers of my. The argument uses only the Gaussian
matrix, and not the variational problem. Its probabilistic input is Wendel’s theorem on
random half-spaces, which we restate for Gaussian vectors.

Lemma 9.1. Let M,N > 1and let g1,...,gm be independent standard Gaussian vectors in RN,
Then

N-1 _
IP{there is y € RN with g, -y > 0 foralla < M} =2""M }° (M] 1). (9.2)
=0

Proof. This is [131, (1)]. Wendel proved it for random vectors xq,...,xs in RN whose
joint law is invariant under the reflection of each x, through the origin and such that, with
probability one, every N of them are linearly independent. The probability computed
there is that of the event that the inner products of all x, with some vector y are positive.
Both hypotheses hold here. The g, are independent and have symmetric laws. For every
set of N rows, the determinant of the corresponding N x N matrix is a nonzero poly-
nomial in its N? independent Gaussian entries, and therefore vanishes with probability
zero. See also [43, Theorem 1 and (20)]. O

The right side of (9.2) is the probability that a binomial variable with parameters
M —1and 1/2is at most N — 1. For M/N — «a > 2 it tends to zero exponentially fast,
and this is the only place where o > 2 enters the count of contacts.
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To describe the maximizers we use the following objects. For a set S of N rows
such that {g, : a € S} is linearly independent, let ys € RY be the unique solution of
Sa-Ys = —1fora € S, and put

Ys 1
g =—2>-,  kg=——0. (9.3)
> lys|l * 7 sl

Recall that a contact of ¢ is a row a with b, - 0 = my(0).

Proposition 9.2. Let « > 2.
(i) For every ¢ < (a —2)?/(2«) and all sufficiently large N,

P{xy >0} <e VN, (9.4)

(ii) Almost surely the following holds. If ki < O, then every maximizer oy of my has exactly N
contacts, the set S of its contacts has linearly independent rows {g, : a € S}, and, with the
notation (9.3),

Oy = \/Nus, KN = ks. (9.5)

(iii) Let 0 < t < v/2mand ¢ > alog3/log(v/2m/t). With probability tending to one, every
maximizer o of my satisfies

#{la <M:0<b; 0, —xny <t} <eN. (9.6)

Proof. Maximizers of my exist because my is continuous on the compact set Sy. If
M < N, some ¢ € Sy is orthogonal to all rows, so x5 > 0 and (ii) is vacuous. Since
« > 2, we have M > N for large N, and we assume M > N from now on. Let G be the
event on which every N of the rows g, are linearly independent and, for every set S of N
rows and every a ¢ S, g, - ys # —1. We claim that IP(G) = 1. The first requirement holds
almost surely by the determinant argument in the proof of Lemma 9.1. For the second,
tix S and a ¢ S. Conditionally on the rows in S, the vector g, is standard Gaussian, so
g+ Ys is Gaussian with variance ||ys||?> > 0 and equals —1 with probability zero. A union
over the finitely many pairs (S, a) proves the claim. We divide the rest of the proof into
four steps.

STEP 1. Proof of (i). Suppose that G holds and xx > 0, and let ¢ be a maximizer of my,
sothatg,-0c>0foralla. Let ] = {a: g, -0 = 0}. The rows g,, a € ], lie in the (N — 1)-
dimensional space o*. On G every N rows are linearly independent, so |J| < N — 1 and
the rows in | are linearly independent. Hence there is v € RN with ¢,-v =1foralla € J,
and for small T > 0 the vector y = ¢ + Tv satisfies g, - ¥ > 0 for all 2. By Lemma 9.1,

P{xy >0} <P{Yp_1 < N-1},
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where Y, denotes a binomial variable with parameters n and 1/2. For 0 < h < 1/2 and
s > 0, Markov’s inequality and cosh x < ex/2 give

IP{Yn <n/2- nh} < es(n/2—nh)pa—sYu _ o—snh cosh(s/2)" < e_snh+”52/8,

and the choice s = 4h gives P{Y, < n/2 — nh} < e~2"_ Apply this with n = M — 1 and

hy = 3 — &=%, which is positive for large N because (N —1)/(M —1) — 1/a < 1/2.

2«

2(M —1)h3 1 1\2 —2)?
( o, ( ) _(@=2)7
N 20
this proves (9.4).
STEP 2. Maximizers as farthest points of a polytope. Suppose that xy < 0. Consider the

polyhedron
Kn={yeRN:g,-y>—1foralla < M},

which is closed, convex, and contains 0. It is bounded. Indeed, if y, € Ky and ||y, || — oo,
then a limit point d of y,/||y.| satisfies ||d|| = 1 and g,-d > 0 for all 4, and ¢ =
V/Nd would have my(c) > 0 > xy. For ¢ € Sy we have my(c) < xy < 0, and
y = o/(vV/N|mn(0)|) lies in Ky with ||y|| = 1/|my(c)|. Conversely, if y € Ky \ {0},
then o = V/Ny/||y| satisfies my(c) > —1/||y||, so that ||y|| < 1/|mn(c)| < 1/|xkn|.
Hence maxg, ||y|| = 1/|xn|, the farthest points of Ky from the origin are exactly the
points y, = 0'*/(\/N|KN|) for maximizers oy, and b, - 0, = xy if and only if g, - y« = —1.
This description of the largest negative margin through the largest norm of a point of a
polytope appears in [90, Section 2.2].

A farthest point v, is an extreme point of Ky: if y. = 3(y1 + y2) with y; # y, in
Ky, strict convexity gives ||y.]|> < 3(|[y1]]*> + |ly2]|*) < maxk,|y[|*. At an extreme point
the active rows {g; : g2 -y« = —1} span RN. Otherwise some v # 0 is orthogonal to
all of them, the inactive rows satisfy ¢; -y« > —1, and y. = v € Ky for small T > 0.
Hence every maximizer has at least N contacts, and they contain N linearly independent
rows. The relation between extreme points and active constraints is standard in linear
programming; see [18, Theorem 2.3].

SteP 3. Proof of (ii). Suppose that G holds and xy < 0, let 0, be a maximizer, and let v,
be as in Step 2. Choose a set S of N linearly independent contacts. Then y. = ys. If o
had a further contact a ¢ S, then g, - ys = —1, which is excluded on G. Hence S is the set
of contacts of 0y, and |lys|| = ||y«|| = 1/|xn| gives (9.5).

STEP 4. Proof of (iii). Put jy = [eN]. If jy > M — N, then on G N {xny < 0} the asserted
bound is automatic, since there are only M — N noncontacts. We may therefore assume
jN < M — N in the counting argument below. Suppose that G holds, xy < 0, and some
maximizer o, violates (9.6). Let S be its set of contacts. By (9.5), b, - 0 — kN = ga - s — kg
for every a. Hence there are a set S of N linearly independent rows and a set | of jx rows
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outside S such that g, - us € (kg, ks + t] for all a € J. Fix S and ]. Conditionally on the
rows in S, the unit vector ug and the number kg are fixed, and the variables g, - ug, a ¢ S,
are independent standard Gaussian variables. Since the standard Gaussian density is at
most 1/+/27, the conditional probability of the event for (S, J) is at most (t/+/27r)/N. The
number of pairs (S, ]) is the multinomial coefficient M!/(N!jnN! (M — N — jy)!), which
is at most 3™. By a union bound, by t/+/27 < 1, and by (i),

t eN
IP{some maximizer violates (9.6)} < P{xy > 0} +3M (—)

V2

V21

— > _ _ )
P{xy >0} + exp{ N(s log ; aN log3> }
Both terms tend to zero, the second because ap — a and slog(\/27'[ /t) >« log 3. O

Parts (i) and (ii) show that, with probability at least 1 — e N, every optimal config-
uration is isostatic in the sense recalled in Chapter 1: its N contacts match the N —1
degrees of freedom on the sphere together with the optimized margin. In the replica
computation of Franz, Parisi, Sevelev, Urbani, and Zamponi, isostaticity at jamming for
k < 0 is derived from the scaling of the full replica symmetry breaking solution [59,
(100)]. Part (iii) is elementary but not sharp. In the proof of Theorem 1.8 it gives the
bound (1.13) on the limiting gap law.

9.2 The finite recursion and the Parisi chain

Gap averages enter the Parisi functional through its terminal datum. For a step order
parameter the Parisi equation is an explicit recursion, which accepts a hard wall with
a source as terminal datum. We set up this recursion, define the Markov chain O that
describes its linearization, and identify Q with the Parisi diffusion.

Let v € U be a step order parameter. We write

O=ty <ty <-- <ty <tyy1 =1, 0<mp<my <---<my =1,
Y =m; on [t]',t]'_|_1),

and Aj = tj 1 — . Then Q, < t, and
n n
M) =Y mdi (0<j<n),  Ay(0) =Y mjA; 9.7)
i=j j=0

The representation need not be minimal: we allow ¢, > Q,, and consecutive steps with
equal values, so that further breakpoints may always be inserted. For a measurable
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terminal datum F : R — [—o00,00) that is bounded above we define u,(-,-;F) at the
breakpoints by u,(1,x; F) = F(x) and, for j =n,n—1,...,0,

1
;jlogIEexp{mj Uy (tiz1,x++/AjG;F)}, m; >0,

IEu,Y(th,quw/AjG;F), m]:O,
where G is a standard Gaussian variable. This is the recursion (2.2) with terminal time one,
evaluated at the breakpoints. Every function in the recursion is bounded above by sup F.

By (T2), inserting breakpoints does not change u.(;, - ; F) at the original breakpoints, and
1~ (0,0; F) does not depend on the representation (§2.1).

uy(ty, x; F) = (9.8)

The hard wall. For F = Hy = log1j ), (2.10) with § = t,, gives

u? = uf,(tj, - Hy) = uy(t]-, - k), j<m,
the hard-wall solution computed with the cutoff t,; in particular u(x) = log®((x —
k)/+/1—t,). We put ugﬂ = Hj. By Lemma 2.6(i), (iii), and (v), applied with r = ¢, and
Kk = k, each u]Q with j < n is smooth and concave on R (since —axxu? > 0 by (iii)), and

—C(1+x?) < u?(x) <0.
The source. For a test function ¢ and B € R we use the terminal datum Hy + (- — k)
and write uf = uy(tj,-; He + B (- — k)). The source Bip(- — k) is bounded by |B|||¢|eo, sO

(2.4), applied in both directions with a = |B|||¢||«, gives |uf - u?| < |Bl]|¢]|e for j < m.

p
j

Pr(7) = auqy (0,0 F) +CS(7),  Prpyp(r) = Pty (7)-
Thus Py () and Pro(vy) = Pk(y) are the functionals of §1.1.

In particular every u’ with j < n is finite. For a terminal datum F as above we put

The chain. Fix k € R and let pa(x,z) = (27TA)_1/2e_(Z_x)2/(2A) be the Gaussian kernel.
Let Q be the law of the Markov chain X;, X;, ..., X;,, X1 with X;; = 0 and transitions

Qj(dz | x) = pa,(x,2) exp{mju?H(z) — mju?(x)} dz, j=0,...,n, (9.9)

¢ . .. . maud(x) mju?, | (z)
rom Xt]. = xto Xt,-+1~ We call Q the Parisi chain. By (9.8),e 77"/ = f pA].(x,z)e I dz,
so each Q;(- | x) is a probability measure. If m; = 0, it is the Gaussian law N(x, A;). The
measure Q;(- | x) is carried by I;, where I; = R for j < n and I, = [k,00), and Q,(- | x)
is N(x,A;,) conditioned on [k, o).

The next lemma identifies Q with the Parisi diffusion of §1.1. The reason is that on
an interval where v = m > 0, the Parisi diffusion is the Doob transform [50, 110] of
Brownian motion by the space-time harmonic function e”*r. Part (a) also shows that the
law of Xiy k may be computed with any cutoff r > Q., which is used for general order
parameters.
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Lemma 9.3. Let y c U, k € R, and r € [Q,,1), and let u = u, (-, ; k) be computed with the
cutoff r. Let X solve dX,; = (q) 0xu(q, Xy) dg + dBg on [0, 7] with Xy = 0, for a standard
Brownian motion B, and let Xy be distributed, given (X;)q<r, as Xy + V1 —r G conditioned on
{X, ++v1—1rG > k}.
(@) ((Xg)g<Q,, X1) has the law of the Parisi diffusion Xk,
(b) If 7y is a step order parameter represented as above with t, = r, then (Xy,,..., Xy,, X1) has
the law Q. In particular, for every representation of y, X has the same law under Q as X| k)

Proof. The drift (g) 0xu(q, x) is Lipschitz in x, uniformly in ¢, and has linear growth.
This is Lemma 2.6(iii), which extends to all of U/, by Lemma 2.7. Hence the equation has
a unique strong solution from every starting point. In particular solutions are unique in
law, and X is a Markov process. We use the following fact.

Doob transform. Let [a,b] C [0,r] and m > 0 be such that v = m on [a,b), and suppose
that w = ™" satisfies w(q,x) = [ pp—q(x,z)w(b,z) dz on [a,b] x R. Then, given X, = x,
the variable X}, has density p,_,(x,z)w(b,z) /w(a, x). Indeed, let B be a Brownian motion
started from x at time a. Since u < 0 (Lemma 2.6(i)), we have 0 < w < 1. By the
representation of w and the Markov property of B, the process ®, = w(q, B;)/w(a, x) is a
bounded positive martingale on [a, b] with ®, = 1. The function w is smooth on [2,b) X R
and solves d;w + %8xxw = 0 there, and Itd’s formula gives d©,; = O, dy log w(q, Bq) dB,
on [a,b). By Girsanov’s theorem [79, Theorem 3.5.1], under the probability measure
®y - P, for every b’ < b, the process B, — [79,logw(q',By)dq’ is a Brownian motion
on [a,b']. Since dylogw = mdyu = ydxu on [a,b), under O - P the process B solves
the equation for X on [4, b'] started from x, for every ' < b, and by continuity of paths
the laws of (B, ),<), under ®, - P and of (X;),<p given X, = x coincide. Hence X given
X, = x has the law of B, under ®,, - P, whose density is pp_,(x,z)w(b,z)/w(a, x).

Proof of (a). On [0, Q,] the function u does not depend on 7, so the law of (X;);<0,
is that of the Parisi diffusion. If Q, = r there is nothing more to prove. Otherwise,
on [Q,,7] we have v = 1 and, by (2.11), %) = Iy(gq,x) == P{x+/T—qG > k}.
This function satisfies h(q,x) = [ pr—q(x,2)h(r,z) dz, because a sum of independent
centered Gaussian variables is Gaussian. The Doob transform with m = 1 shows that,
given Xg = x, the variable X, has density p, o (x,y)h(r,y)/h(Q4,x). Given X; =y,
the variable X; has density p1-,(y,z)1;>k}/hk(r,y). Multiplying, integrating over y,
and using [ p,—o,(x,y)p1-+(y,2) dy = p1-g,(x,2z), we find that X; given Xg = x has
density p1_q, (X,2)11;5) /1(Qy, X), that is, the law of x + /T — Q, G conditioned on
{x+/1—0Q, G > k}. By the Markov property this conditional law does not depend on
(Xg)g<0,- This is the definition in §1.1.

Proof of (b). Let j < n. If m; > 0, then w = """ satisfies the hypothesis of the Doob
transform on [t]-, t]-+1] by the recursion (2.2), so the transition from Xt]. to Xt]. 18 Qj. If
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m; = 0, the drift vanishes on [, ;1) and the transition is N(x,A;) = Q;(- | x). The last
transition is Q, by construction. By the Markov property, (Xy,, ..., Xt,, X1) has the law
Q. The last assertion follows from (a). O

Accordingly, for a step order parameter oy we write [E., for expectation under the Parisi
chain Q. By Lemma 9.3(b), expectations of functions of X; under Q agree with those
under the Parisi diffusion X7, A general order parameter is handled by approximation
with step order parameters that share its cutoff: every v € U, is the L!(]0, 1])-limit of step
order parameters in U, (§2.1).

Lemma 9.4. Fixr € [0,1) and k € R. If v;,v € U, and ; — v in L1([0,1]), then
s k
Pe(ri) = Pe(1),  Aqi(0) = A4(0),  Eg(X]™) = Eg(X)
for every bounded continuous ¢ : R — R.

Proof. The first limit is the continuity of Py on U, in Lemma 2.7, and |A,,(0) — A, (0)] <
lvi — v|| 1. For the third, let X7 and X7 be the diffusions of Lemma 9.3 with cutoff r,
driven by the same Brownian motion. By Lemma 9.3(a),

fk Z)p1— rxz)dz
(( K)/Vi-r)

The numerator of 77, is continuous in x by dominated convergence, and the denominator
is continuous and positive, so 77, is bounded and continuous. By Lemma 2.7, IE\X;Y i
X/|*> = 0. Hence X;" — X in probability, and Em,(X;") — Em,(X;) by bounded
convergence. O

E(X{*) = Emy(X]),  E@(X]") =Emy(X)),  my(x) =

9.3 A quadratic source estimate

For configurations of nearly maximal margin the source strength will be large compared
with the errors we must control, so we need the dependence of Py 4, () on B beyond

first order, with a constant proportional to A, (0). Write w; = uf — u?. By (9.8) and (9.9),
wj(x) equals m;l log [ €"i“i*1dQ;(- | x) when m; > 0: an iterated logarithmic moment
along the Parisi chain. If each transition were the Gaussian law N(x, A;), the logarithmic
moment of m;f times an L-Lipschitz function would exceed m;p times its mean by at
most mJZﬁZLZAj /2. After division by m;, summing mjﬁszA]-/ 2 over j would give the
bound % B2L2A.(0) by (9.7). The transitions of the Parisi chain are Gaussian laws tilted
.10
by the log-concave weights e"/"/*1. The next lemma shows that they share two properties

of Gaussian laws, and the proof of Lemma 9.6 shows that these properties suffice. The
variance bound in (a), from which (b) follows, is a case of the Brascamp-Lieb inequality
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[25], and the sub-Gaussian bound in (a) also follows from Caffarelli’s contraction theorem
[27] and Gaussian concentration. In one dimension a direct proof is short.

Lemma 9.5. Let v € U be a step order parameter, k € R, 0 < j < n,and x € R, and let W

have law Q;(- | x).

(@) Ee!(W=EW) < o"Ai/2 for cery t € R. Consequently Var W < Ajand E(W — EW)* <
16A7.

(b) If f : I; = R is bounded and L-Lipschitz, then x — [ fdQ;(- | x) is L-Lipschitz on R.

Proof. Write m = mjand A = A;. If m =0, then j < n (since m, = 1),s0 I; = R and W has
the law N(x,A). Then (a) holds with equality in the first claim and E(W — EW)* = 3A2,
and (b) holds because [ fdQ;(- | x) = Ef(x + VAG). Let m > 0.

Proof of (a). Completing the square gives efZp,(x,z) = e *A/2p, (x + tA,z). Since

m

e uiy) _ [ pa (y,z)em”?ﬂ(z) dz for every y € IR, by (9.8), the definition (9.9) gives

Ee'V = exp{tx + J1?A + mu?(x +tA) — mu?(x)}, teR. (9.10)

In particular W has exponential moments of all orders, and differentiating (9.10) at t = 0
gives EW = x + mA axu?(x). Since u? is concave, u?(x +tA) — u?(x) < tA axu?(x), and
therefore Ee!(W=EW) < o?A/2 pyut Y — W — EW. Applying this bound at t and at —t
gives E[e!Y + e~ —2] < 2(e"/2 - 1). Since e/ + eV —2 = 2Y 51 y%/(2i)! is at least
y? and at least y*/12, we obtain **EY? < 2(et2A/2 — 1), which gives VarW < Aast — 0,
and, with > = 1/A, EY* < 24(e!/? — 1)A? < 16A%.

Proof of (b). By (9.9), Q;(dz | x) is proportional to e*?/8p(z)dz on I;, with p(z) =

_2 0
e 7/ BATMGAE) < o=22/(28)  The Gaussian bound on p justifies differentiation under

the integral, which gives

[ £dQi(- | x) = 5 Cov(F(W), W).

With W’ an independent copy of W, Cov(f(W), W) = IE[(f(W) — f(W))(W — W')],
which is at most LE(W — W’)2 = L Var W < LA in absolute value, by (a). O

Lemma 9.6. Let v € U be a step order parameter, k € R, and let  be an L-Lipschitz test

function. Put g, = oc]E1p(XY’k — k). For every B € R,

o 12 [BZ
2

Proof. Fix B € R. Since CS(-y) does not depend on B, it suffices to show that

Prpy(7r) < Pr(r) + Bgy + Aq(0). (9.11)

Dg = ub(0) — u3(0) — BE, (X1 — k)
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satisfies Dg < FL2B?A,(0). Neither Dg nor A (0) depends on the representation of y: the

values ug (0) and u3(0) do not, as shown after (9.8), and the law of X; under Q does not,

by Lemma 9.3(b). Fix 6 € (0,1] and, by inserting breakpoints, choose a representation
with A; < 6 for all j. All objects below refer to this representation. We divide the rest of
the proof into three steps.

Step 1. Conditional expectations. Put ¢, ,1(z) = ¢(z — k) on I, and ¢;(x) = [ ;1 dQ;(- |
x) for j =mn,...,0. Then ¢;(x) is the conditional expectation of (X1 — k) given Xy, = x
under Q, and 1o(0) = E,¢(X; — k). Each ; is bounded by ||1[|c, and by Lemma 9.5(b)
and backward induction each ¢; is L-Lipschitz.

p

Step 2. The recursion for the difference. Put w; = u [ udon R for j < n,and w11 = BPui1

]

on I,. Then |w;| < [B][[1||« for all j. Let j < n. On I; we have uP

[ ]+1 + wj 1, and for

p

P
j = n both e"»+1 and e Y141 vanish outside . Dividing (9.8) for u i by the same formula

0 . .
for u j and using (9.9) gives

w]-(x)z—log / "W dQ(- | x) (m; > 0),

(9.12)
X) = / w1 dQy(- [ %) () =0).
Ster 3. Induction. Put QL2 g
ep = o+ §|[5‘3L3e2\ﬁ|\|lpllw91/2,
and A (ty41) = Ay (1) = 0. We show by backward induction that
wj < Bpj +eg Ay (1)) (j=n+1mn,...,0). (9.13)

For j = n + 1 this holds with equality. Assume it for j + 1, and recall from (9.7) that
Aqy(t;)) = Ay(tjy1) +mjAj. If m; = 0, integrating against Q;(- | x) gives w; < By; +
egAq (tir1) = BYj+eoA(tj). Let m; > 0,let W have law Q;(- | x), and put Y = ;1 (W) —
¥i(x), so that EY = 0 and Y| < 2[|¢[|ee. By (9.12) and the induction hypothesis,

1 ,
w](x) < 89/\7(15]'_’_1) + ‘BIP](X) + % log ]Eemjﬁy.
]

We bound the last term by a second-order expansion. With a = m;p, the inequalities
log(1+y) <yand el <1+y+ gy°+ glylPell give

jaf®

2
log Ee”’ < %IEYZ + Tez|a‘”¢”°"]E|Y|3.

Let W' be an independent copy of W. The second moment is EY? = JE (9 1(W) —
Pi1(W))? < L2VarW < L2A;, by Lemma 9.5(a). For the third moment, Y is the
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conditional expectation of j1(W) — ¢;.1(W') given W. By Jensen’s inequality, the
inequality (v —y')* < 8(y* + y™), and Lemma 9.5(a),

EY* < LYE(W — W')* <16L*E(W — EW)* < 256L*A%,

and hence E|Y[|? < (EY?2EY*)!/2 < 16L3A§?/2. Since 0 < m; < 1, |a] < |B|, and
AV < g1/2
] _— 7

1 BY BL? 8 1313 2lBllllepl/2
%jloglﬂemf/3 < mjAj(T + §\ﬁ| L3e2lAll¥ll-g ) = egmjAj,
which completes the induction. At j =0 and x = 0, (9.13) gives Dg = wp(0) — Bpo(0) <
egA(0). Since Dg does not depend on 0, letting 6 — 0 gives Dg < 3B*L2A(0). Multiply-
ing by a proves (9.11). O

9.4 Gap averages on sets of positive volume

We now combine the quadratic source estimate with the upper bound of Chapter 3 for
the feasible volume weighted by a source. The latter is Corollary 3.11(ii), which we restate
in the present notation.

Lemma 9.7. Let k, B € R, let -y € U be a step order parameter, and let ¢ be a test function. For
every e > 0,

P{fn(k B) < Prpy(y) +e} — 1.

Proof. The function By (- — k) is bounded and Lipschitz on R, and Y, fy(b, -0 — k) =
NB¥N(o,k). Hence fn(k, B) is the normalized logarithm of the integral in Corol-
lary 3.11(ii) with the margin k and the source By(- — k). The value Py, gy(.—k)(7)
there is defined by the recursion (2.2) with the terminal datum Hy + By(- — k). Evaluated
at the breakpoints this is (9.8), so it equals Pk,ﬁzp(’)’)/ and it does not depend on the
representation of y. Corollary 3.11(ii) is therefore the claim. [

We now state the deviation inequality that both gap theorems use. It holds for every
order parameter; the step approximation of Lemma 9.4 is performed inside the proof.

Proposition 9.8. Let k € R, y € U, B > 0, and € > 0, let i be an L-Lipschitz test function,
and put g = aEp(X] k_ k). With probability tending to one, every Borel set T C Sy (k) with
un(T) > 0 satisfies

Pr(v) — N log un(T) N «L?p

(¥n (o R)r -8 < ; ;

Ay (0) +¢. (9.14)
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Proof. We divide the proof into two steps: we first treat step order parameters and then
approximate.

StEP 1. Step order parameters. Let iy be a step order parameter. For every Borel T C Sy (k)
with pun(T) > 0, restricting the integral defining fx(k, ) to T and applying Jensen'’s
inequality to (eNFYN(TK)) 1 gives

flk B) > < Tog ux (T) + B¥ (@, k).

By Lemma 9.3(b), § = aE,¢(X; — k). By Lemma 9.7 with Be in place of ¢, and by
Lemma 9.6, with probability tending to one,

212
Ik, B) < Prpy(r) + Pe < Pr(y) +Bg + “Lzﬁ Aq(0) + Be.

On this event, which does not depend on T, the two inequalities give

Pe(r) = N"'logun(T) | aL?p
; + A

for every such T. The test function — is also L-Lipschitz, and replacing ¢ by —1 replaces
Yy by =¥y and g by —g. The same argument therefore bounds ¢ — (¥n(c, k))r on a
second event whose probability tends to one. The intersection of the two events has
probability tending to one.

(Yn(o k)T —g <

1(0) +¢

StEP 2. General order parameters. Choose r € [Q,,1) and step order parameters y; € U,
with ; — v in L'([0,1]). By Lemma 9.4, applied with the bounded continuous function

¢ = (- — k), we have Py(y;) = Px(7v), A,(0) = A,(0), and g; = odEglJ(XIY"’k —k) = g.
Fix i such that

Pr(7i) — Pr(7)|
B

Step 1 applied to 7; with £/2 in place of € proves the proposition for +. O

aL? €
P00 - 00+l gl < 5

El Alaoui and Sellke described the empirical law of the fields along the iterates of their
algorithm through the Parisi diffusion [54, Section 3]. Empirical laws of the projections
b, - o along data-dependent directions o were also studied by Montanari and Zhou [89];
see also [73]. Montanari and Zhou characterized the laws attainable by a class of efficient
algorithms through a stochastic control problem. They passed between these laws and
the largest averages of test functions by duality, and obtained a variational principle that
extends the Parisi formula. In Proposition 9.8 the test function enters the terminal datum
of the Parisi functional as a source, and the bound applies to every set of positive volume
in the feasible set.
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9.5 Gaps of typical feasible configurations

We apply Proposition 9.8 at a fixed margin x < k., with a minimizer 7 of P, to the sets
of configurations whose gap average deviates from aE(X]" — «). The hard-volume
lower bound of Theorem 1.2(i) controls the volume term.

Proof of Theorem 1.9. Let & > 2 and « < «.(a). We divide the proof into three steps.

SteP 1. Preliminaries. By Theorem 6.8, P.(x) > —oo. Hence minimizers of Py exist
(Theorem 6.3). By Theorem 1.2(i), Viy(x) > 0, so that (-)n is well defined, with prob-
ability tending to one. Let v be a minimizer of Py, so that Px(7y) = Px«(x), and put
A =A,(0). Then A > 1—Q, > 0. Let ¢ be an L-Lipschitz test function with L > 0, put
g = aBy(X]" —x), and fix ¢ > 0.

StEP 2. Deviation sets. Put B = ¢/(2aL2]A), so that saL2BA = €/4. Let Ey be the event on
which the conclusion of Proposition 9.8 holds for the margin «, the minimizer +, this g,
and ¢/8 in place of ¢, and on which

%log V() > P (x) — %

By Proposition 9.8 and Theorem 1.2(i), P(§y) — 1. The function ¢ — ¥n(c,x) is
continuous, so the sets

Ty = {o € Sn(x) : £(¥n(o, k) — g) > ¢}

are Borel. Suppose that £y holds and un(T+) > 0. Every 0 € T4 has ¥n(0,k) — g > ¢,
and pun(T4) > 0,s0 (¥n(0, k)7, —g > € By (9.14) with T = T,

P.(x) — N~ log un(Ty) L€
B 4
Together with the lower bound on Vx(x) in the definition of €y, this gives un(T4) <

e NPe/2Yy (k). The same bound holds for T_, and it also holds if ux(T+) = 0. Since
Be/2 = 82/(4th2/\), on N

+ g, that is, %logyN(TJr) < Pu(x) — 5_'38

e < 3

2 2
un({o e Sn(x): [¥n(o,x) —gl >¢€}) < 2exp{—%}VN(K) < exp{—%}VN(K)

as soon as e2N > 8aL%Alog?2. This proves (1.14).

StEP 3. Gibbs averages and the law of X;. On Ey;, since [¥n(0,x)| < &||¢p|| and |g|] <
|||, Step 2 gives, for large N,

_ 2N
[(Fn(o,x))Ne— 8| <e+ (a+ Dé)HlpHooexp{—m} < 2.
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Since € > 0 is arbitrary, (¥ (0, «)) N« — g in probability. The averages (¥n (0, «))n « do
not depend on 7, and a limit in probability is unique. Hence Ey(X]"* — «) is the same
for all minimizers v, for every bounded Lipschitz 1. The variable X" — « takes values
in [0, 0), and bounded Lipschitz functions determine a finite Borel measure on [0, c0):
for a closed set F the functions (1 — jdist(-,F))+, j > 1, are bounded and Lipschitz and
decrease to 1r, and a finite Borel measure is determined by its values on closed sets.
Hence all minimizers induce the same law of X]"". [

In the replica computation of Franz, Parisi, Sevelev, Urbani, and Zamponi, the gap
distribution is obtained as the derivative of the free energy with respect to a potential
acting on the gaps, and it is expressed through the solution of the Fokker-Planck equation
of the Parisi diffusion [59, (37)]. The proof of Proposition 9.8 perturbs the hard wall by a
source and compares free energies in the same way. Theorem 1.9 is a rigorous counterpart
of this description for the uniform measure on Sy/(x) at a fixed margin x < x.

9.6 Configurations near the optimal margin

We turn to configurations of nearly maximal margin. To apply Proposition 9.8 to one
tfeasible configuration ¢p, we need a set of positive volume near oy on which the fields
b, - 0, and hence the gap averages, change little. Lemma 3.13 provides such a set: a subset
of a small cap around oy that is feasible at a slightly smaller margin and has volume at
least e~ N(o8(1/1)+C)  This volume cost, of order N log(1/1) on the logarithmic scale, is
what must be compared with the collapse of A (0) near x.. We record the consequence
for gap averages.

Lemma 9.9. Let I be a compact interval. There are constants No and C; > 0, depending only
on & and I, with the following property. Let N > Ny, suppose that Qn holds, and let k € I,
0p € Sn(k), and 0 < 5 < 1. There is a Borel set T C Sn(k — 1) with —N~'log un(T) <
log(1/%) + Cy such that, for every L-Lipschitz test function  and every o € T,

Proof. Let Keap > 1, Ceap, and Ny be the constants of Lemma 3.13 for ' = &, let C;
be the constant there for the interval I, and put C; = max{CCap + C1,0}. On Qy the
rows satisfy ||b,]|> < 2, and M < &N, so Lemma 3.13 applies to the margin k, the
point 0p, and this 7. Since k € I, it gives a Borel set T C Sy(k —77) with un(T) >
exp{—N(log(2/50) + Ceap)} > exp{—N{(log(1/5) + C1)} and

|ba'0—_ba0'()| SS%|ba'OO|+SOKcap, UGT, QSM,
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where so < 17/(2Kcap) by the definition of sy there. As Keap > 1 and 7 < 1, we have
s0Keap < 17/2 and s% < 172/4 < /4. Since ¢ is L-Lipschitz, for c € T and a < M,

3
(b0 —k+1) —9(ba-00 — k)| < L(|ba-0 — by - 00 +77) < L<Z|ba-ao|+717).

Averaging over 4, and using (9.1) for 0y and any < &, gives [¥n(0,k — 1) — ¥n(00, k)| <
Ly (v Cop + 38) < Cyry.

We now combine the cap with Proposition 9.8. The following proposition separates
the probabilistic inputs, which are the convergence of xy and the bounds already proved,
from the deterministic input, which concerns only the variational problem: along some
sequence of margins k, 1 k. there are order parameters whose mass A, (0) is small
compared with the volume cost log(1/ (k. — ky)) of the cap.

[

Proposition 9.10. Assume that kN — «. in probability, and let  be a test function. Suppose
that there are margins k, < k. with k, — x. and order parameters vy, € U such that

A () (1+ [P, ()], +log ) — 0. 016)

Ke — kn

Then g, = oc]Egb(XI’”’k” — ky) converges to a limit (1), and for every € > 0 there is p > 0 such
that
]P{ sup [¥n (o, mn(0)) — g(y)| < s} — 1. (9.17)
ceSN: my(0)>K.—p
In particular, since my (o) = kn for every maximizer o of my and P{xn > k. — p} — 1, the
conclusion applies simultaneously to all maximizers.

Proof. Let ¢ be L-Lipschitz with L > 0 (a Lipschitz function is L-Lipschitz for every large
L), and write A, = A,,(0) > 0. Discarding finitely many 7, we assume x. — k, < 1, and
we put 7, = (ke —kn)/2 < 1 5o that k,, + n = ke — In. Let Np and C; be the constants
of Lemma 9.9 for the interval I = [k. — 1, ], let Cy be as in (9.15), and put

1
ly=1+ [Pkn(vn) -I—logn—n + c1]+, wn = L(20A,ly)? + (Cy + 2&L) 1.

We divide the proof into four steps.

Step 1. Trapping at the margin x. — 1. Fix n and & > 0, and put B, = (2¢,/(xL?A,))'/?,

so that

L N wl?By,
P 2

Consider the event on which () holds and the conclusion of Proposition 9.8 holds for the
margin k;, the order parameter ;, the source strength p,, and this €. Its probability tends

Aw = L(2aA,0,)2.
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to one. On this event, for N > Ny, let 0y € Sy(kc — #7,), and let T be the set of Lemma 9.9
for the margin k = xc —#, € I and 7 = #,. Then T C Sy(k —#n,) = Sn(kn) and
—NYlogun(T) < log(1/1,) + Ci, so that Py, (v4) — N tlogun(T) < £,. Averaging
(9.15) over T gives [(¥n(c, kn))T — ¥n(00, ke — 17n)| < Cytjn. Therefore (9.14) gives

sup YN (00, ke — 1n) — gn| < L(Zoc/\nﬁn)l/2 + Cytin +&.

O’QGSN(KC—ﬂn)

StEP 2. Changing the reference margin. Since ¢ is L-Lipschitz, [¥n(o,7) — ¥n(0o, 1) <
anL|r — 1’| < &L|r —r'|. With probability tending to one, ky < k. + 17,. Let o satisfy
my(0) > ke —1y. Then o € Sy (ke — 1) and 0 < myn(0) — (ke — 1) < KN — Ke + n < 21
Together with Step 1 this shows that, with probability tending to one,

sup YN (o, mn(0)) — gn| < wn +e. (9.18)

ceSN: my(0)>Kke—1n

StEP 3. The errors vanish. Since log(1/1,) = log2 +log(1/ (ke — kn)), log(1/ (ke — kn)) >
0,and C; > 0,

1
b < (2+10g2+Cy) (1+ [Py, (10)], +log —— ).

Hence A, ¢, — 0 by (9.16). Since also 1, — 0, we have w;, — 0.

STEP 4. The centers converge. Fix n and n’. With probability tending to one, xy > x. —
min{#,, 17,» }, and then every maximizer o of my lies in both sets in (9.18), for n and for
n'. For large N the three events intersect, which gives |¢, — ¢,v/| < wy + w,y + 2¢. Since
¢ is arbitrary, |gn — g| < wy + w,y, and w, — 0. Thus (g,) is a Cauchy sequence. Let
<(¢) be its limit. Then |g, — g(¢)| < wy.

Given € > 0, choose n with 2w, < ¢/2 and put p = 77,. By (9.18) with &/2 in place of
¢, with probability tending to one, |¥n (o, mn(0)) —g(¢)| < wn +€/2+ |gn — g(¥)| < ¢
for all o with my(c) > k. — p. This proves (9.17). O

9.7 Gaps of nearly optimal configurations

We first identify the limits of gap averages of near-maximizers, one test function at a time,
by applying Proposition 9.10 to minimizers. The collapse of minimizers, Proposition 6.11,
supplies its hypothesis. The measure v, is then obtained by tightness, which we derive
from the operator norm bound (9.1) at maximizers. Finally, Proposition 9.2 gives the
contacts and the small positive gaps at maximizers.

Proof of Theorem 1.8. Let &« > 2. By Theorem 1.2, x. < 0 and xy — «. in probability. We
divide the proof into six steps.
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Ster 1. Identification along one sequence. Fix a test function ¢ and margins k, < x. with
kn — kc. By Theorem 6.8, P.(k,) > —oo, and by Theorem 6.3 there are minimizers 7y, of
Py,; fix any. By (6.10), Py, (7n) = Px«(kn) < alog ®(—k,) <0, so that [Py, (yn)]+ = 0. By
Proposition 6.11, applied with # = k. — k;;, there are C and 7, depending only on &, such
that A, (0) < C(ke —ky)Y 2% as soon as k. — k, < 1o (the second bound in (6.24)).
Since x'/(2+24) (1 4 log(1/x)) — 0 as x | 0, the condition (9.16) holds. Proposition 9.10
shows that aEy(X] whn _ k,) converges to a limit g(¢), and that for every € > 0 there is
p > 0 with

IP{ sup ¥y (o, my (o)) —g(9)] < s} 1 (9.19)

ceSN: my(0)>Ke—p

Given two sequences of margins and minimizers, the sequence obtained by interleaving
them is again of this form, so the two limits coincide. Thus g(¢) depends only on ¢ and
Q.

STEP 2. Mean gap at maximizers. Maximizers of my exist by compactness, and my /(o) =
kn. For o € Sy, by (9.1),

1

[ xvnel(dx) = (00— mn(0)) < Van Cop+ anlmn (o)
a

on Q. Put C; = v2x Cop + 2a(|xc| +1). With probability tending to one, Qy holds
and |kN| < |kc| + 1. Then, for N so large that ay < 2a, every maximizer satisfies
[ xvng, (dx) < Cp, and hence

UN g, ((£00)) < (t >0). (9.20)

G
t
Ster 3. The measure v,; parts (i) and (iii). Let k,, and -, be as in Step 1, and let 71, =
ocLaw(XY"’k” — ky), a measure on [0, %) of mass a. For t > 0 let x;(x) = min{1, (x — )4},
a bounded Lipschitz function with Lji41,00) < Xt < Lp0)- We first show that g(x:) < Cp/t.
Given € > 0, let p be as in (9.19) for x;. With probability tending to one, x5 > x. — p,
the event in (9.19) holds, and the conclusion of Step 2 holds. For large N these events
intersect, and for a maximizer o, they give

C
800) < [ 20, 6 < v ((f00)) +e < 2 e

Hence ¢(x¢) < Ca/t, and
limsup 77, ([t +1,00)) < lim /Xtdnn =qo(xr) < 9
n—s00 n—00 t

For every e > 0, choose t so that C;/t < ¢/2. The tail masses above t + 1 are then less
than e for all sufficiently large n. Enlarging the compact interval to control the finitely



PART I 9.7 Gaps of nearly optimal configurations 163

many remaining measures proves that (77,,) is tight. Apply Prokhorov’s theorem [109] to
the probability measures 77, /« on the Polish space [0, o) and rescale. Every subsequence
has a further subsequence converging weakly to a measure 7t of mass «, and by Step 1,
[ ¥dm = g(y) for every test function 1. Bounded Lipschitz functions determine a finite
measure on [0,00), as shown in the proof of Theorem 1.9, so 7 depends neither on
the subsequence nor on the sequence (ky,v,). We call it v,. Then v,([0,0)) = a and
[ ¥ dv, = g(¢) for every test function 1. Along every such sequence, every subsequence
of (71,) has a further subsequence converging weakly to v,, and hence 7t, — v, weakly.
This proves (iii). Since [ ¢ dvyne = Fn (o, mn(0)), (9.19) is (i).

STEP 4. Weak convergence at maximizers. Let ¢ be a bounded continuous function on
[0,00), and let 0 < ¢ < 1. Choose t > 1 with Cy/t < € and v,((t,0)) < ¢, and let
x(x) = min{1, (f+1 — x)4 }. The function ¥y is continuous and vanishes on [t + 1,00),
hence uniformly continuous. Its piecewise linear interpolation on a sufficiently fine
uniform grid of [0,t 4 1], extended by zero, is a bounded Lipschitz function 3" with
sup|px — 9’| < e. Since [p(1 — x)| < [[h[loo](1,00), €VEry maximizer satisfies

‘/¢d1/N,(7* —/Hbdva < ‘/lp/vaﬂ* —/lp/dva

+ [ llos (vnvr, (£, 00)) + va((£, 00))).

By part (i), applied to ¢’, and since xy — &, the first term on the right is at most ¢ for all
maximizers with probability tending to one. By (9.20) and the choice of ¢, for N so large
that ay < a + 1 the remaining terms are at most (2a + 1)e + 2||¢||€ with probability
tending to one. Hence, for every bounded continuous ¢, sup,, | [ ¢ dvne, — [ ¢dve| — 0
in probability, the supremum being over all maximizers. This is the weak convergence in
(ii).

SteP 5. Contacts and the atom at zero. By Proposition 9.2(i) and (ii), for every ¢ < (a —
2)2/(2x) and all sufficiently large N, with probability at least 1 — e N every maximizer
has exactly N contacts. This is the first assertion of (ii). On this event vy, ({0}) =1 for
every maximizer. Let ¢ > 0, and choose ¢ € (0,/277) so small that a log 3/ log(v/27/t) <
e. By Proposition 9.2(iii), with probability tending to one every maximizer also satisfies
VN, ((0,1]) < ¢ and hence vy, ([0,1]) < 1+e.

For h > 0 let ¢p,(x) = (1 —x/h)4, a test function with 179, < ¥, < 1jgp). With
probability tending to one, [ ¢, dvn,y, > VN, ({0}) =1and [ ¢rdvne, < vne. ([0, £]) <
1+ ¢. By part (i) at maximizers, [ ¢, dvngs — [ ¢, dv, in probability for every h > 0.
Hence [ ¢, dv, > 1 for every h > 0, and letting 1 | 0 gives 1,({0}) > 1 by dominated
convergence. Also v,({0}) < [ ¢ dvy <1+ ¢ for every € > 0. Therefore v,({0}) = 1.

+e(an + )

StEP 6. Small positive gaps. Lett > 0 be a continuity point of v,. For 0 < h < t let ¢ equal
one on [0, t], zero on [t + h,00) and be linear in between, and let ¢~ equal one on [0, f — h],
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zero on [t,0) and be linear in between. Then [ ¢~ dvyne, < Une. ([0,£]) < [T dung..
The outer integrals converge in probability to [ ¢* dv, by part (i), and both of these
tend to v,([0,¢]) as h | 0 because v4({t}) = 0. So v, ([0,t]) — va([0,t]) in probability,
uniformly over maximizers. With probability tending to one vy, ({0}) = 1, and therefore

%#{a <M:0<b; 00—y <t} =vng ([0,t]) =1 — va([0,t]) — v2({0}) = v ((0, t])
(9.21)
in probability. Together with Steps 4 and 5 this proves (ii).

It remains to prove (1.13). For 0 < t < /27 put 6(t) = alog3/log(\/2m/t), a
continuous function of t. Let t; € (0,+/27) and & > 6(t;), and let #' < t; be a continuity
point of v,. By Proposition 9.2(iii) with t; in place of t, with probability tending to one
every maximizer satisfies

1 1
ﬁ#{QSM:0<ba-O’*—KN§t/}§N#{QSM:0<Z7”-U’*—KN§1L1}<€.

By (9.21) at t/, this gives v, ((0,#]) < e. Since this holds for every ¢ > (t1), letting € | 5(¢1)
gives v, ((0,t']) < é(t1). The continuity points of v, are dense, because v, has at most
countably many atoms, so v,((0,#1)) < d(#1) by continuity of measures along increasing
unions. For 0 < t < /27, letting #; | t gives v4((0,t]) = lim;, ;v2((0,t1)) < &(t), by
continuity of . This proves (1.13). O

The bound (1.13) tends to zero only logarithmically as t | 0. It comes from the
union bound over sets of N rows in Proposition 9.2(iii). The limiting measure v, is
identified only through the Parisi minimizers in part (iii), and its behavior near zero
is not determined by our arguments. Franz and Parisi [58] and Franz, Parisi, Sevelev,
Urbani, and Zamponi [59, (75) and (106)] predicted that, at jamming with x < 0, the gap
distribution consists of an atom carrying the contacts and a density that diverges like
h 041269+ 35 11 | 0. This is the exponent predicted for hard spheres in infinite dimension
[30]. Theorem 1.8 gives the atom, and the power law remains open.



PART II

Full replica symmetry breaking in the negative
spherical perceptron

We study the Parisi variational problem of the negative spherical perceptron, a
mean-field model of jamming, at constraint densities & = 2 + ¢ with e > 0 small.
We prove that replica symmetry is lost exactly at the de Almeida-Thouless margin,
through a continuous transition to full replica symmetry breaking: in a window
of width of order ¢? ending at this margin the replica-symmetric order parameter
is the unique minimizer, and in a window of the same width beyond it every
minimizer has a Parisi measure supported on one interval, with density of order
e~2 and atoms at both endpoints. In the second window the no-overlap-gap
hypothesis of El Alaoui and Sellke holds. The de Almeida-Thouless margin lies
04¢%(1+ 0(1)) below Gardner’s prediction xgs for the capacity, for an explicit 64 >
0, and xgs exceeds the critical margin of the functional by exact order . With the
identification of the capacity in Part I, Gardner’s formula therefore overestimates
the capacity by exact order (a — 2)3. The proof rests on a compactness theorem for
minimizers and on a universal flat limit. In the compactness theorem, a balance
law implied by the optimality conditions bounds the depth of the support. A
jamming identity for the functional and a bound on the jump at the top of the
support give the remaining bounds.



CHAPTER 1

Introduction

Let N > 1, and let puy be the uniform probability measure on the sphere Sy = {0 €
RN : ||o]|> = N}. Fix a constraint density « > 0 and a margin ¥ € R, let M = My be
integers with M/N — «, and let g1, ..., gm be independent standard Gaussian vectors
in RN. The spherical perceptron asks for points of the sphere that satisfy the M random

linear constraints
8a 0 >

JN
Let Sy (x) be the set of o € Sy that satisfy (1.1), let Viy(x) = un(Sn(x)) be its volume, and
let xy = max,es, Ming g, - 0/ VN be the largest achievable margin. The basic questions
are the exponential rate N~!log Vi (), called the free energy, and the limit of xy, called
the capacity. For x > 0 each constraint confines ¢ to a spherical cap, and the feasible
set is an intersection of geodesically convex sets. For ¥ < 0 each constraint removes a
spherical cap, and the feasible set need be neither convex nor connected. Franz and Parisi
proposed this negative spherical perceptron as the simplest mean-field model of jamming
[58]: its capacity is a satisfiability (SAT-UNSAT) transition, whose critical behavior was
argued to be that of the jamming of hard spheres [59].

Gardner and Derrida computed the free energy by the replica method, under the
replica-symmetric ansatz [62, 63]. Their formula predicts the capacity xgs(«), the solution
of

K, a=1,...,M. (1.1)

aTE(kgs — G)% =1,

where G is a standard Gaussian variable; kgs(«) is negative exactly when a > 2. For
x > 0 the replica-symmetric formula was proved by Shcherbina and Tirozzi [115] and by
Talagrand [128, Chapter 8]; for this and other rigorous work on perceptrons see Part I,
Chapter 1. For « < 0 the physical picture is richer [58, 59]. At small constraint densities
the replica-symmetric solution is predicted to be correct. As the constraints become more
demanding, it loses stability on a de Almeida-Thouless line [45], inside the satisfiable
phase. For margins between xjrsp ~ —2.05 and zero [58], this instability is predicted
to be a continuous transition to full replica symmetry breaking in the sense of Parisi
[104, 105]. In this phase the order parameter, a probability measure that describes the
overlaps of typical solutions, has an interval in its support. The jamming line then lies
inside the broken phase, and Gardner’s formula for the capacity should be an upper
bound that is not exact. Annesi, Malatesta, and Zamponi computed the satisfiability

166



PART II 167

threshold numerically from the full replica-symmetry-breaking equations, and located
the region of the phase diagram in which the overlap distribution of typical solutions has
connected support [3].

Rigorous results for negative margins have been partial. Stojnic proved, using Gor-
don’s comparison inequality [66], that Gardner’s prediction xgg bounds the capacity from
above for every margin [118]. The upper bound of Montanari, Zhong, and Zhou [90,
Theorem 4.2] shows that Gardner’s formula overestimates the capacity when the margin
is sufficiently negative, that is, when « is large. Near o = 2, where «gs(a) is close to zero,
these bounds do not quantify the separation.

El Alaoui and Sellke stated the Parisi variational problem for this model in the
form studied below, and conjectured, following [59], that it gives the free energy and the
capacity [54, Conjecture 1]. In their terms, the model has no overlap gap if some minimizer
has a Parisi measure supported on an interval on which its distribution function is strictly
increasing [54, Definition 2]. Under this hypothesis they constructed an efficient algorithm
that, given oracle access to such a minimizer, produces vectors of norm close to v/ON
with a small vector of constraint violations, where Q is the top of the support of that
minimizer [54, Theorem 1]; they expect these vectors to approximate barycenters of pure
states. They left open whether the hypothesis holds for any parameters. In Part I we
prove a Parisi formula for this model (Part I, Theorem 1.1), and we deduce that, for
a > 2, the free energy converges to the infimum of the Parisi functional below its critical
margin and xy converges to this critical margin (Part I, Theorem 1.2). This part studies
the variational problem itself.

The structure of Parisi minimizers has been determined rigorously for spin glasses
of Sherrington—Kirkpatrick (SK) type. Following Guerra’s interpolation bound [68],
Talagrand proved the Parisi formula for the SK model and mixed even p-spin models
[124], and Panchenko extended it to general mixtures [98, 99]. For spherical models
with even interactions, Talagrand proved the Crisanti-Sommers formula [125] (see [44]
for the formula), and W.-K. Chen proved it for general mixtures [37]. Auffinger and
W.-K. Chen proved that the Parisi functional is strictly convex, so that its minimizer is
unique [7], and Jagannath and Tobasco gave another proof [76, Theorem 2]. Auffinger
and W.-K. Chen also established structural properties of Parisi measures [8]; see also
[126]. Jagannath and Tobasco recast the Parisi functional through stochastic dynamic
programming, which gives the well-posedness of the Parisi equation and its control
representation [76], and they derived first-variation criteria for its minimizer [77]. W.-K.
Chen developed variational representations and optimality conditions [38]. By strict
convexity, an order parameter that satisfies these first-order conditions is the Parisi
measure. Toninelli proved that the replica-symmetric formula fails below the de Almeida-
Thouless line of the SK model [129]. Jagannath and Tobasco proved that every replica-
symmetric Parisi measure of a mixed p-spin model satisfies the de Almeida-Thouless
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condition, and that replica symmetry holds up to the de Almeida-Thouless line in parts
of the phase diagram [77, Theorems 1.8, 1.9, and 1.13]. W.-K. Chen proved that the
de Almeida-Thouless line is the exact transition line for the SK model with a centered
Gaussian external field [39], and Lopatto proved that replica symmetry holds up to the
de Almeida-Thouless line for the SK model with a uniform external field 1 > 0 [86].

The support of the Parisi measure has since been determined in several regimes.
Auffinger, W.-K. Chen, and Zeng proved that the zero-temperature Parisi measure of
mixed p-spin models has infinitely many points in its support [11]. Zhou proved full
replica symmetry breaking for the SK model at zero external field and inverse temper-
atures slightly above the critical value (one in the usual SK normalization) [134]. There
the Parisi measure is supported on an interval, with a smooth density below its endpoint
and an atom at the endpoint. A recent preprint extends this description to every inverse
temperature above one [87], and a recent preprint by H.-B. Chen shows that at zero tem-
perature the SK order parameter has full support on [0,1) [32]. Another recent preprint
constructs mixed even p-spin Ising models whose Parisi measures have exactly k steps
of replica symmetry breaking, for every k, together with transitions from r to r + 1 steps
[5]. These structural results rely on the strict convexity of the Parisi functional and on
the resulting characterization of the unique Parisi measure by its first-order conditions.

The perceptron differs from these models in three ways. First, the terminal datum of
its Parisi equation, (1.2) below, is the logarithm of a Gaussian probability, and it becomes
singular as the top of the support of the Parisi measure approaches one. This hard wall
must be kept at a distance from every minimizer. Second, the functional is not known to
be convex. Its first-order conditions are necessary for minimality but are not known to
be sufficient, and minimizers are not known to be unique. A candidate that satisfies the
tirst-order conditions therefore cannot be certified as a minimizer, and every minimizer
has to be described. Third, the transition studied here takes place in a singular limit with
several scales. For a = 2 + e the relevant margins lie within O(e?) of xgs, the relevant
overlaps lie within O(e?) of one, and the Parisi measure has a density of order e~2. The
scaling limit is itself a nontrivial variational problem, and the order parameter must be
controlled both near the top of its support and far below it.

To our knowledge, full replica symmetry breaking has not been established for any
perceptron model. Our contribution is to determine the minimizers near the de Almeida—
Thouless line for constraint densities slightly above two. Let & = 2 + ¢ with e > 0 small.
We prove that the replica-symmetric order parameter is the unique minimizer at the de
Almeida-Thouless margin x4 and in a window of width of order e? below it. In a window
of the same width above x4, every minimizer has a Parisi measure supported on a single
interval [gg, Q], with a density of order e 2 on (go, Q) and atoms at both endpoints
(Theorem 1.2). Thus replica symmetry is lost exactly at the de Almeida-Thouless line,
through a continuous transition that passes directly to full replica symmetry breaking,
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as predicted in [58, 59]. We also locate the three thresholds. The critical margin x. of
the functional satisfies xq < k. < kgs, the distance xgs — xq is 0g¢* + O(e>log(1/e)) for
an explicit 64 > 0, and krg — %, is of exact order ¢ (Theorem 1.1). Combined with the
capacity theorem of Part I, the last statement shows that Gardner’s formula overestimates
the capacity by an amount of exact order (a — 2)3 (Part I, Corollary 1.6).

The main step is a compactness theorem (Theorem 1.3). In variables adapted to the
scale €2, it places the order parameter of every minimizer, at all margins xrg — 0¢? with
6 in a fixed compact subset of (0,0), in one compact class. The obstruction is a thin
tail of the support at large depth, which costs little in the value of the functional. We
exclude it with a balance law, obtained by integrating the first-order conditions against
an integrating factor. On the compact class the functional has a universal limit, the flat
functional, whose unique minimizer at the crossing is replica symmetric (Theorem 1.4).
A local analysis of the first-order conditions near the crossing then gives Theorem 1.2.

1.1 The Parisi variational problem

An order parameter is a right-continuous nondecreasing function «: [0,1] — [0,1] with
v = 1 on a neighborhood of one. We write I/ for the set of order parameters and y., for
the probability measure on [0, 1] with distribution function v, called the Parisi measure of
7. For v € U put

Q=inf{g:v(g) =1} <1, s=1-0Q,

1
Ay(q) = /q y(t)dt,  qo = minsupp j,.

Thus supp 1, C [q0, Q] and g0, Q € supp y,. We call A, (0) the mass of v, and we call -y
replica symmetric if yi, is a point mass, that is, if 7 = 1, ;) for some q € [0,1).

Let ¢ and ® be the standard Gaussian density and distribution function, and put
¢o = ¢(0) = (2r1) /2. Fix a > 0 and x € R. For v € U let u = u,(-,-;«) solve the Parisi
equation

dgu = —5 (et +7(0)@)%) on[0,Q) xR, u(Qx) =log®(* ﬁ"). (12)
On an interval where 7 is constant the equation is solved by a Cole-Hopf transforma-
tion [42, 71], and for general 7y the solution is the limit of the solutions for step order
parameters (Chapter 2). This construction goes back to Parisi [105], the equation (1.2)
to Duplantier [52], and the passage to general y uses Lipschitz continuity in the order
parameter, due to Guerra [67]; see also [76, Lemma 14 and Remark 15]. For this terminal
datum, El Alaoui and Sellke constructed the solution in the same way and proved its
regularity [54, Section 4]. The terminal datum is logP(x + v/6 G > «). It is the hard-wall
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form of the constraint (1.1), smoothed by the Gaussian fluctuations of the overlaps above
Q. The Parisi functional and its infimum are

dg

1 (Q 1 ,
Pen) =auy (0,00 + 5 [* 5t Slogs, () = infPely). (19)

The last two terms of Py form the Crisanti-Sommers entropy of spherical spin glasses
[37, 44, 125]. For the replica-symmetric order parameters the functional is explicit:

G—x 1
PRS(g) = Pi(1yq)) = aE log@(\/ﬁ ) + o 1 + Elog(l —q) (0<g<1).

V1—9q 1—9q)
(1.4)

This is Gardner’s replica-symmetric functional [62, 63], and its minimum over g is Gard-
ner’s formula for the free energy. The critical margin of the functional is

k() = sup{x € R: Py(x) > —o0}. (1.5)

By Proposition 2.17 and Theorems 2.16 and 2.18, «.(«) is finite, x.(a) < kgrs(a), and
kc(w) < 0 for &« > 2. For x < «. the infimum P, (x) is attained, and every minimizer
satisfies 1 — Q > e?P+(¥), Moreover P, (k) — —oo as T k.

Every theorem of this part is a deterministic statement about P and its minimizers.
The results of §§2.6 and 2.7 are proved in Part I, Chapter 6, and are only stated here.
No other proof in this part uses Part I. The random model enters only through the
consequences of Part I recalled after Theorems 1.1 and 1.2. Unlike the Parisi functionals
of SK-type models, Py is not known to be convex, and its minimizers are not known to
be unique in general. Our theorems therefore describe every minimizer. By a minimizer
we always mean a global minimizer of P, over U.

The first-order conditions for minimizers are expressed through the Parisi diffusion

dX,; = v(q) oxu(q, X;) dg + dB, Xp=0,

where B is a standard Brownian motion, and through the functions
dt 1/t
D(g) = aEfoula X,P] [ )= [D@de 6

The right derivative of & — Pr(y + (7 — 7)) at 8 = 0 equals [ H,du; — [ H,dpu,.
Consequently every minimizer <y satisfies the obstacle condition supp y,, C argminy, ;)
(Proposition 2.11); in particular D = 0 on supp . These conditions are necessary but, in
the absence of convexity, not known to be sufficient.

For a replica-symmetric order parameter 1, ;) the diffusion is a Brownian motion up
to the level g, and everything is explicit. Let R = ¢/®, and let

2

V(z) = R(2)(z+R() = — 45

log ®(z),



PART II 1.2 Main results 171

which takes values in (0,1). The derivative of PR at qis —3D(q), where D is the function
(1.6) of 1(,1), and one half of the curvature of the obstacle potential at the atom is

AR:LH// _1_“]EV(Z)2 Z:ﬂG_K

2 M) = g7 Vi-q

(Lemma 3.3). This is the replicon eigenvalue of the replica-symmetric solution. The
equation aEV(Z)? = 1 is the de Almeida-Thouless condition of the physics analysis of
this model [59, (52)]; for perceptrons, the stability of the replica-symmetric solution was
studied by Gardner and Derrida [63] and by Bouten [23]. If g is a critical point of PRS
and AR < 0, then moving a small amount of mass from the atom at g to a nearby level
lowers the functional, so 1|, 1] is not a minimizer.

(1.7)

1.2 Main results

Three margins organize our results: Gardner’s prediction xgg, the critical margin x., and
the de Almeida—-Thouless margin x4, which we now define. For 0 < a < % /4 and k <
xrs (), the function PRS has exactly one critical point g*(x) in (0,1), which is its unique
minimizer on [0,1) (Lemma 3.5 and Lemma 3.3(c)). Thus 1(5+(x),1) is the only replica-
symmetric order parameter whose atom satisfies D = 0, and Po(g%(x)) = min, PRo(q)
is Gardner’s formula for the free energy. Let Agr(x) denote the replicon eigenvalue (1.7)
at g = q*(x). For « = 2+ e with ¢ > 0 sufficiently small, there is exactly one margin
kq(a) € (krs — €2, krs) with Ag(xq) = 0, where ¢, > 0 is a numerical constant, and

Agr(r) <0 (kg <& <Kgs), Ar(x) >0 (krs — 2 <k < Kg)

(Proposition 3.8). We call k4 («) the de Almeida—Thouless margin, and put g4 = q*(xq) and
Y4 = 1j5,1)- On (¥4, krs) the replica-symmetric solution is unstable. Finally, put

c —/ V(z)(1—V(z))dz € (0,00) 0 —M
"7 R T 8
Our first result is the ordering of the three margins near a = 2.

Theorem 1.1. There are numerical constants ey, c > 0 and C < oo such that for every 0 < e < e
and o =2 +e,

Krs (@) — kg(a) = 04e* + O(elog(1/e)),  ce® < xrs(a) —xc(a) < Ce’. (1.8)
In particular xg(a) < kc(a) < kpg(a), and xe(a) — kq(a) = Oqe> + O(e>log(1/e)).

Since xgs(2 +¢) = —e/(8¢o) + O(e?) (Lemma 3.1), the three margins are of order
e, and they lie within O(e?) of each other. On the interval (xq,x.), whose length is
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asymptotic to Gdez, the replica-symmetric solution is unstable while P, is finite and
attained; there no minimizer is replica symmetric (Corollary 3.14). Gardner’s formula
overestimates the critical margin of the functional by an amount of exact order ¢°: it
is not exact for any small e > 0, yet its error is one order smaller than the length of
the unstable interval. The expansion of xgrs — x4 is part of Proposition 3.8. The two
cubic bounds use a zero-temperature characterization of ., as the threshold at which a
functional ¥ with the quadratic terminal penalty —3(k — x)2 first takes a negative value
(Theorem 2.21). The upper bound on xrs — k. comes from an explicit dual certificate
for J*: a single function ¢ > k — x with aEg(G)? < 1 and aEg’(G)? < 1 forces J¥ > 0
(Theorems 3.10 and 3.11). The lower bound comes from an explicit coefficient, carried by
a layer of width of order ¢? just below the top, at which J* is negative for k = xgg — ce
(Theorem 3.13). Part I, Theorem 1.4, proves the same lower bound by evaluating P
directly at an order parameter with two support points near one, whose top layer plays
the role of this coefficient. The constants c and C are not matched, and we do not identify
the limit of (xgg — xc)/é>.
Theorem 1.1 concerns the functional. In Part I we prove that, for every a > 2,

%log Vn(x) — Pulk) (k< ke®), 1 —> Ke(a), (19)

in probability, and that P{N~!log Viy(x) > —C} — 0 for every x > «.(a) and every
C < oo (PartI, Theorem 1.2). In Part I this capacity theorem is combined with Theorem 1.1,
Corollary 3.14 and Proposition 2.24 (Part I, Corollaries 1.6 and 1.7). For & = 2 4 e with
e > 0 small enough, the capacity x.(a) satisfies ce? < xgg(a) — kc(a) < Ce®, and
Gardner’s formula for the free energy fails at every margin in (xq, krs). For every a > 2,
the free energy diverges only logarithmically at the capacity. The limit N — oo is taken
at fixed e, and the bounds describe how this limit behaves as e | 0.

Our main theorem describes all minimizers at, below, and above the de Almeida—
Thouless margin. Put
€0

By = /]R V(2)%(1-V(z))dz Xf = % 1B,

By Lemma 8.2, x; = [, V/(z)?dz/(2By) and 0 < x¢ < .

Theorem 1.2. There are numerical constants ep,c > 0 and C < oo such that the following holds
forevery0 < e <epand o =2+e.
(i) For every x € [kq — ce?,xq], the replica-symmetric order parameter 115(x),1) 1S the unique
minimizer of Py. In particular <yq = 1, q) is the unique minimizer of Py,.
(ii) For every x € (xq,%q + ce?), the functional Py has minimizers, and every minimizer -y has
the following properties.
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(a) The Parisi measure is supported on one nondegenerate interval: supp p, = [go, Q] with
0<go< Q<1
(b) The distribution function vy is continuously differentiable on (g9, Q), and

. C
S<Y@<S5 @<q<Q)

o2
(c) po has an atom at qo of mass larger than %Xf and an atom at Q of mass larger than }1.
As e — 0and (x —xq)/e* — 0, these masses converge to x¢ and 1 — x¢, uniformly
over minimizers.
(d) Q—q0 < C(xk—xq), |t —qq| < C(k—xq) for every t € supp p, and ||y — yql|;1 <
C(x —xq).

Part (i) says that the replica-symmetric order parameter is optimal at the de Almeida-
Thouless margin and in a window of width ce? below it. Part (ii) says that immediately
beyond this margin every optimal order parameter has full replica symmetry breaking.
The support of its Parisi measure is an interval, so no order parameter with finitely many
steps of replica symmetry breaking is a minimizer. By (d), the minimizers converge to y4
as k | xq. Thus the transition out of replica symmetry is continuous, and it passes directly
to full replica symmetry breaking. All constants are numerical, so the two windows
have width ce? uniformly in a. Since k. — kg = 6qe? + O(e>log(1/¢)), the window
(xq,%q + ce?) is a fixed fraction of the interval (x4, kc) on which the replica-symmetric
solution is unstable.

By (b), the order parameter increases at rate of order e~2 across the interval, which
is the scale on which it varies near & = 2. The continuous part of j, has mass of order
(Q—q0) /€ (Corollary 8.12), so near the transition most of the mass sits in the two atoms,
and most of it in the top atom. The theorem gives no lower bound on Q — gp, and it
does not assert uniqueness of the minimizer above x3. On the interval of the support,
D = 0, and the density of y, is given by an explicit formula in terms of the solution of
(1.2) (Theorem 8.13).

Theorem 1.2 verifies the hypothesis of El Alaoui and Sellke, whose functional coincides
with (1.3). For every k € (x4, kg + ce?) and every minimizer v, part (ii) shows that g9 < Q
and that v is strictly increasing on [go, Q], which is the no-overlap-gap condition of [54,
Definition 2]. Since minimizers exist, their algorithm [54, Theorem 1] applies at these
margins, with any minimizer as the oracle. In part (i) the hypothesis fails, because
the unique minimizer is a point mass. Combined with (1.9), part (i) also shows that
N~llog Vn(x) — PRS(g*(x)) in probability for x € [kq — ce?, kgq]. Hence, near a = 2,
Gardner’s formula for the free energy is exact at the de Almeida—Thouless margin and in
a window of width ce? below it.
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The proofs rest on control of all minimizers at the natural scales near a = 2, uniformly
in a window of margins. For 6 > 0 put

Ke(0) = xrs(2 + €) — €20,

and measure overlaps from the top through the rescaled level s = (1 —gq)/¢?. For v € U

let

() =n1-a), a=158 =1o® 4 0
be the rescaled profile, the rescaled top gap, the rescaled depth, and the rescaled mass. The
profile ¢ is nonincreasing, equals one on [0,d], vanishes beyond sy, and has integral
{y. A replica-symmetric order parameter has d = syg = {y. By Theorem 1.1, x4 =
ke(0q+O(elog(1/e))), and by Theorem 3.11(iii) the margins «.(6), 6 in a compact interval
© C (0,00), lie below . by at least %ez min © for small e, so that minimizers exist.

Theorem 1.3. Let ® C (0, c0) be a compact interval. There are constants
0 < dy < Diop < o0, 0 < lmin <L < o0, S, < o0, me <1, eg >0,

depending only on ©, such that for every 0 < e < eg and 6 € ©, every minimizer 7y of Py, g)
satisfies
dp <d< Dtop/ lin < 0o <L, sp < Ss, ’)’(Q_) < M.

Moreover, every minimizer that is not replica symmetric satisfies so < 1/(4c2,), where

o = % [$(3) —30(~3)] > 0.

In the original variables, the support of every minimizer lies in [1 — S.e?, 1 — dye?],
its mass lies between /jine? and Le?, and the jump of v at the top of the support is at
least 1 — m,. The difficult statement is the bound on the depth sp; the other bounds use it.
Comparison with replica-symmetric trial order parameters and the first-order condition
at the bottom of the support give only sg < Coe~2/3 (Theorem 4.11). This leaves room for
minimizers with a large atom near the top, above a thin tail of small mass that extends
to depths much larger than ¢?. Such a tail costs little in the value of the functional, and
indeed near-minimizers can have tails of vanishing mass at arbitrary depth (Remark 5.5).
Thus no estimate of the minimal value alone yields Theorem 1.3; the proof uses the
tirst-order conditions of exact minimizers.

Finally, the rescaled problem has a universal limit as e — 0. A profile is a nonincreasing
function {: [0,00) — [0,1]; it is normalized if [{ = 1. The normalized profile of v is
T(s) = ¢(£ys) = v(1 — e24ys), and the replica-symmetric normalized profile is 10,1)- For
normalized profiles { with bounded support that equal one on some interval [0, d1], we
define in Definition 7.1 the flat functional

F(0) = AQQ) +t1(g), teR
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Here A(() is an explicit entropy term, and I({) is a renormalized integral over y € R of
the solution U = U; of

asu%(ayyuw(s)(aywz), U(s,y) =log®(y/vs) (0<s<dy),  (110)

which is the Parisi equation in rescaled variables, with neither e nor the margin. In the
limit, the Gaussian law of the bottom of the Parisi diffusion is replaced by Lebesgue
measure in y, which is the reason for the name. The term A is maximized by 1[011]
(Corollary 7.6), so it favors replica symmetry breaking, while I is minimized by 1|
(Theorem 7.13). The parameter at the crossing is fq = 1/ (4cp).

Theorem 1.4. (i) Let { be a normalized profile with bounded support that equals one on a
neighborhood of zero. Then

Fy(0) — By (1p01)) = 1024 12— 01}”;' (1.11)

and more generally Fi({) — Fi(1j91)) > 926505 I1C — 1[0 1|13, for every t > tq. In particular,
for every t > tq the replica-symmetric profile 11 q) is the unique minimizer of Fy among such
profiles.

(ii) Let ® C (0,00) be a compact interval, and let 0 < d; < S. There are C < oo and ey > 0,
depending only on ©, dy, and S, such that the following holds for 0 < e < ep and 6 € ©.
There is a number K,, depending only on e and 0, such that every v € U with d > dy and
so < S satisfies

‘%(9)(7) — Ke —¥o(lo) - e{ <(PO N 8%’0>%

1 -
+ glog€0+2¢0+F2¢0%(C)H < Celog(1/e), (1.12)

where Yo(£) = 2¢o0/ ¢ + log {.

The number K, does not depend on +; it is defined at the beginning of §7.2. Thus,
to leading order, the value depends on the order parameter only through its mass, via
Yy(4y), which is minimized at ¢y = 2¢p6. The shape of the profile enters at order e
through F; at t = 2¢g\/0o, and at 0 = 04 and ¢y = 2¢f4 this parameter is exactly tg;
see (7.9). The threshold tq is sharp: for ¢ < fq the profile 1)) is not a minimizer of
F;, as shown after Proposition 7.12. This is the flat counterpart of the instability of the
replica-symmetric solution beyond x4.

Several ingredients of the proofs hold far from a = 2 and may be of independent
interest. The critical margin «.(«) equals the threshold xj(«) of the zero-temperature
functional J* for every & > 0 (Theorem 2.21). For every a > 2 the infimum diverges
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logarithmically at the critical margin, alogn — Cy < Pi(xc —17) < 3 log 1 + C, for small
n > 0 (Proposition 2.24). Finally, for every & > 0, every margin, and every order
parameter with go > 0, the value P,(7) equals the replica-symmetric value PR5(1 —
A,(0)) of the same mass plus an integral over the levels q € [g9, Q], with weight (1 —
¥(q))/ (2A(q)), of an explicit coefficient (Lemma 6.3 and (6.14)). We call this the jamming
identity.

Throughout, ¢ and C denote positive numerical constants, and constants with sub-
scripts, such as C,, depend only on the indicated quantities. Their values may change
from one occurrence to the next. Unless stated otherwise, O(-) refers to e | 0 with
a numerical implied constant. No constant depends on the order parameter under
consideration.

1.3 Ideas of the proof

The proof has two stages. The first is global: it places the rescaled profiles of all minimiz-
ers, at all margins x,(0) with 6 in a compact interval, in one compact class (Steps 1-3). The
second is local: on this class the functional has a universal limit, which forces minimizers
near x4 to be close to 774, and the first-order conditions can then be analyzed near 4
(Steps 4 and 5). Figure 1.1 shows how the steps depend on one another. Throughout we
use the function v = —A,dy,u, which takes values in (0,1), and the scalar functions

() = aBoln, X% xlg) = T,

The function D of (1.6) is continuously differentiable with D’ = (S —1)/A2, and every
minimizer satisties D = 0 and S < 1 on its support (Lemma 2.9 and Proposition 2.11).
For a minimizer whose support is an interval, El Alaoui and Sellke proved D = 0 and
S =1 on the support; see the remark after Proposition 2.11.

w(q) = aE[o(1 - 0)] (4, X,).

Step 1: A priori bounds. Two inputs give the preliminary bounds. The first is the zero-
temperature functional Jk. The certified margin k, > krg — Ce> of the dual certificate lies
below . The resulting slack of J¥ (Corollary 2.22), together with a universal bound on
the mass of minimizers in terms of their top gap (Lemma 2.15), keeps the top away from
the wall: d > ce? (Theorem 4.10). The second input is the first-order condition D(gg) = 0
at the bottom of the support. Since the Parisi diffusion is a Brownian motion up to the
level gy, this condition is an exact Gaussian identity at a single level. In the rescaled space
variable y = (x — k) /¢, the negative half-line controls the mass, and a window of width
of order /sy to the right of zero controls the depth. This gives £y < L and sy < Coe~2/3
(Lemma 4.9 and Theorem 4.11). These bounds are proved in Chapters 2—4.
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GLOBAL STAGE: ONE COMPACT CLASS

Step 3 - Ch. 6, App. B

Ch. 3: replica-symmetric Ster 1 -§§2.6-2.8, Ch. 4
Compactness

order parameters Step 2 - Ch. 5
Bounded depth

the balance law

i A priori bounds
crossing, dual

certificate, cubic bound
= Theorem 1.1

jamming identity,
top-jump bound
= Theorem 1.3

zero-temperature
slack, bottom identity

.

LOCAL STAGE: NEAR THE CROSSING compact class

Y

Step 5 - Ch. 8, App. D

Ster 4 - Ch. 7, App. C

777777777777777 1 1

' with Part T, Theorem 1.2 | The flat limit b close Local analysis
\ ‘ o torq at the crossing
1 = Part I, Corollary 1.6: convexity in the o

| . . ) localization,

| the capacity ‘ inverse coordinate

window rigidity
= Theorem 1.2

the obstacle of v4 at kq Q[

Figure 1.1. Selected dependencies in the two stages of the proof. Each solid box names a step
(o1, at the left, Chapter 3), the chapters or sections that carry it out and, where there is one,
the theorem it proves; an arrow runs from a box to a box that uses it. The dashed box is the
consequence for the random model, proved in Part I. The general facts about the Parisi functional
in §§2.1-2.5 and Chapter A are used throughout and are not drawn. The results of §§2.6 and 2.7
are proved in Part I, Chapter 6.

= Theorem 1.4

Step 2: Bounded depth. To exclude thin tails at large depth we use the balance law

(A,D) = x(0) — Aﬂ almost everywhere on [0, 1), (1.13)
v
valid for every order parameter that satisfies the first-order conditions (Lemma 5.2). It
follows from D' = (S—1)/ /\%, the identity S —1 = A,x — w, and the relation x =
x(0) + vD, which holds because D vanishes on the support. The integrating factor A,
cancels the unknown term D exactly. Integrating (1.13) between qp and Q, where D
vanishes, and passing to rescaled variables gives

S0 N ,Yo) —
d %ds:m—d), %= ex(0) = R = (114)

where £(s) = A, (1 —e€%s)/e? < {y and Yy is the rescaled position of the diffusion at
the bottom of the support, which is Gaussian. The right side is computed through an
exact cancellation. At every level, v — 1y, o, has integral zero in the rescaled space
variable y (Lemma 5.4), so the Gaussian average aEv(sp, Yp) equals alP(Yy < 0) up to
O(e*(1+s9)), and xly = § + o(e). For the left side, a heat-semigroup lower bound for
the rescaled derivative of the solution and a density floor for the diffusion (Lemma 2.7)
give w(s) > cye+/s at every level s € [d, sg]. Hence

2Cw€ 3/2 3/2 e
- i < — _
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and for a minimizer that is not replica symmetric, sp > d and this forces sp < 1/(4c3).
The factors e and ¢ cancel, so no lower bound on the mass or the top gap is needed. This
is carried out in Chapter 5.

Step 3: Compactness. It remains to bound the mass and the top gap from below and the
mass below the top atom from above. The main tool is the jamming identity (Lemma 6.3).
In rescaled variables it reads

Pely) = T1(£o; q0) + /d N 12;(2(;) T dt, (115)

where I1(4o;q0) = aElog®((1/90G — x)/+/A4(0)) + q0/(21,(0)) + 1logA,(0) is the
replica-symmetric expression (1.4) with the bottom and the mass decoupled, and J is an
explicit jamming coefficient with values in (1 — «,1). Near a = 2, for profiles of bounded
depth,
, b1
J(t) > cemm{ NGOk Ze} Ce

(Lemma 6.7). Thus the coefficient is at least —Ce at every level, and it is large near the
top, where ¢(t) is small. This gives three bounds. A profile of bounded depth and small
mass has a value above the replica-symmetric value, so {y > ¢nin (Proposition 6.10). The
first-order conditions express the mass y(Q—) below the top atom through a ratio of
Gaussian averages of derivatives of u near the top of the support (Lemma 6.11). The
tilted-density representation of the law of the diffusion and a Chebyshev association
inequality [21] bound this ratio, so that y(Q—) < m, < 1 (Theorem 6.13 and Chapter B).
This bound is global: it does not assume closeness to a replica-symmetric order parameter.
Finally, if the top gap is small and y(Q—) < m,, the profile is jammed just below the
wall, where J is large, and (1.15) shows that the replica-symmetric order parameter of
the same mass has a smaller value (Proposition 6.14). Hence d > d;. This is carried out
in Chapter 6, which completes the proof of Theorem 1.3.

Step 4: The flat limit. On the compact class, Theorem 1.4(ii) holds (Theorem 7.3). To
prove Theorem 1.4(i) we parametrize a normalized profile by the inverse T = ¢~! of
its primitive /. In this coordinate the entropy term A is affine (Proposition 7.5), and
I is convex along every segment from the replica-symmetric profile to a normalized
step profile (Corollary 7.11). The convexity comes from an exact formula for the second
variation (Proposition 7.10), whose integrand is nonnegative because an associated flat
density is monotone (Proposition 7.9). It then suffices that the first variation of F, at 1)
is positive in every admissible direction. Along the segment in the inverse coordinate
from 1y toward a normalized step profile with inverse profile T, this first variation
equals |, (01] E(r)do(r), where ¢ = (T —id)’ is nonnegative and nondecreasing. The
kernel £(r) is a positive weighted integral, over p € (r,1), of the decrease of [ V2 when
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Lebesgue measure is transported for the time log(1/p) by the replica-symmetric top
diffusion

z
dZ; = (R(Z) + 5 ) dg + dB.

A synchronous coupling with an Ornstein—Uhlenbeck process gives £(r) > (1 —7)3/96
(Proposition 7.12), and convexity turns this cubic contact into the modulus 10% of (1.11).

Combining the expansion with the modulus gives a stability estimate that is uniform
in 0 near 64 (Proposition 7.14): every minimizer at the margin x.(6) satisfies

(6o — 24)09)2 +e|C- 1[011]”?1 < C(e*log(1/e) + el — 64]).

Consequently, for every ¢ > 0 there is p > 0 such that for small ¢, every minimizer at
every margin within pe? of x4 is within (1 — gq) of 74 in L! (Corollary 8.8). The flat-limit
analysis is carried out in Chapters C and 7; the last consequence is proved in §8.4.

Step 5: Local analysis at the crossing. The last step turns closeness in L! into the
structure asserted in Theorem 1.2. First, the supports localize (Proposition 8.10): for
margins within a small multiple of ¢? of x4, every support point of every minimizer lies
within a small multiple of ¢? of g4. The mechanism is the obstacle condition, written
through the obstacle potential anchored at a support point and compared with the
obstacle potential of 4 at k4. The latter is explicit and has a strict cubic minimum at
gq of depth proportional to e, because the replicon eigenvalue vanishes at the crossing
(Proposition 8.4). The comparison uses continuity of S at the natural scale, uniformly
over order parameters close to 74 (Lemma 8.6) and over the margins in the window
(Lemma 8.9).

Second, window rigidity (Proposition 8.11) describes every order parameter that
satisfies the first-order conditions and has its support in such a window. On a gap of
the support the order parameter is constant, and the first-order conditions force a local
curvature . to be nonpositive somewhere in the gap (Lemma 2.12 and Lemma 8.3). In the
window, the ratio of  to the positive function E[v?(1 — v)](g, Xy) is close to a positive
constant of the flat limit (Lemma 8.6), so ¥ > 0 and the support is an interval. On an
interval of the support, D = 0 and S = 1, which give the density of u, explicitly; it is
of order e2. Finally, if Q > g9, comparing the bottom of the interval with the replica-
symmetric order parameter of the same mean (Lemma 8.7) gives the width estimate

Q —qo NS
ce=50 < —7(x),  T(x) =4(1—q"(x)*AR(K),
where 7(x) has the sign of kg4 — k. At and below x4 this forces Q = g¢, and the minimizer
is replica symmetric. Above x4 it gives Q — qo < C(x — xq), while g9 = Q is excluded
because the replicon eigenvalue is negative. This is carried out in Chapters D and 8, and
the main theorems are assembled in Chapter 9.
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Steps 3 and 5 follow arguments for the SK model. The top-jump bound of Step 3
follows the endpoint strategy of [8, Theorem 4], as in [87, Proposition 9.3]: the first-order
conditions at the top of the support relate the mass below the top atom to Gaussian
averages of derivatives of u there, and these averages are then bounded. Step 5 follows
the near-critical architecture of Zhou [134]: closeness to the replica-symmetric order
parameter, then positivity of a local curvature, then exclusion of gaps of the support
through the first-order conditions at their endpoints. In [87, Section 9] gaps are excluded
through the same endpoint conditions, combined with a sign condition inside the gap.
Compared to these works, the local analysis differs in three ways. The functional here is
not known to be convex, so the first-order conditions do not identify a minimizer, and
every minimizer has to be localized before the local analysis applies. The windows of
margins have width ce? with numerical constants, uniformly over all minimizers. The
Parisi measures have atoms at both endpoints of the support, not only at the top. In
every step, the terminal datum is the hard wall, which becomes singular as the top of the
support approaches one. The differences in Step 3 are listed in §6.6.

The steps are arranged so that no step uses a later conclusion; the logical order is
recorded in §9.1. Chapter A proves the regularity of the Parisi equation used in Chapter 2.



CHAPTER 2

The Parisi functional and its optimality conditions

This chapter collects the deterministic facts about the hard-wall Parisi functional on
which the rest of this part is built. §§2.1-2.5 contain general structural facts, valid for
every order parameter and every margin. Lemma 2.1 collects the facts about Gaussian
functions used throughout this part. We define the functional through a finite-cutoff form
of the Parisi equation (Definition 2.2 and Lemma 2.3), prove that its solution is regular
and depends Lipschitz continuously on the order parameter (Lemma 2.4), and record
the Cole-Hopf description on constant blocks together with a comparison principle
(Lemma 2.5). We then introduce the diffusion along which all first-order quantities are
evaluated (Lemma 2.6), describe its law (Lemma 2.7), and state the stochastic control rep-
resentation (Lemma 2.8). Lemma 2.9 gives the generator identities for the derivatives of
the solution along the diffusion, and Lemma 2.10 gives a pointwise sandwich inequality.
Finally, Proposition 2.11 computes the first variation and derives the obstacle conditions,
of Karush-Kuhn-Tucker (KKT) type, satisfied by minimizers, and Lemma 2.12 turns these
conditions into a principle for gaps and intervals of the support. The remaining sections,
§§2.6-2.9, study the variational problem itself; their contents are described at the begin-
ning of §2.6. Besides the first-order conditions, Step 1 in §1.3 uses three results of these
sections: the value inequality (Lemma 2.13), the slack of the zero-temperature functional
(Corollary 2.22) and the bound on the mass in terms of the top gap (Lemma 2.15).

Every statement of §§2.1-2.5 holds for general order parameters, not only for step
order parameters. The one exception is the control representation of Lemma 2.8, which
is stated for step coefficients and is used only through inequalities that extend to general
order parameters by continuity.

The functional Py defined in (2.11) below is the Parisi functional of the negative
spherical perceptron with hard-wall activation [54, 58]; see also Part I, §1.1. Nothing in
this part depends on that interpretation.

Many of the facts in §§2.2-2.5 have counterparts in earlier work, which are credited
in remarks next to the individual results. What is specific here is the following. The
terminal datum is the hard wall log ®((x — «)/+/5), which is increasing and concave in
x rather than even, and which is singular as Q — 1; this is why all estimates are stated in
the classes U,. The first variation is computed at every v € U, in every direction of U,
and the obstacle conditions are derived for every global minimizer and every KKT point,
with no assumption on the support; the remark after Proposition 2.11 compares this with

181
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[54, Proposition 16]. Part I, Chapter 2, derives several of its lemmas on the hard-wall
functional from the results of §§2.1-2.5 and Chapter A.

2.1 Gaussian functions and Mills ratios

Throughout, G denotes a standard Gaussian variable, ¢ and ® denote its density and
distribution function, and ¢g = ¢(0) = (271) /2. For q > 0 let ¢,(x) = g 2¢p(x/q'/?)
be the N(0,q) density. We use the functions

R(z) = P(2) R(z) = z+ R(z), V(z) = R(z)R(z), h(z) =log ®(z) + IR(z)?,
2.1)

m(k) =E(k—G)3,  m(k)=E(k-G)y,  o(z) =R(z)* 2.

The function log ®((x — «)/+/8) will be the terminal datum of the Parisi equation. Its

first two derivatives in x are R/+/6 and —V/ 0, which explains the role of R and V below.

For z € R let T, be the random variable z + G conditioned on the event {z + G > 0}; its

density on [0, %) is proportional to e%~*/2,

Lemma2l. (@ R>0R>00<V <1 R =-V,and R =1—-V € (0,1). Hence R is
decreasing, R is increasing, and z_ < R(z) < z_ + R(0), where R(0) = 2¢. Moreover

V'=R(1-V-R¥) <0, V'=—-(z+2R)V -2V(1-V), (2.2)

so R is strictly convex. Finally ET, = R(z), Var T, = 1 — V(z), and ET?> = 1+ zR(z) >
0, and
1-V(z) > iR(z)> (z<0). (2.3)

(b) Fort >0,

t

Consequently t < R(—t) < t+tltand 0 < R(—t) < t~! fort > 0, and R(—t) >
t1—3t3and 0 < 1—V(—t) <3t 2fort>2.

(c) For t > 0, =32 —log(1+t) —2 < log®(—t) < —1t2 Forz > 0, log®(z) >
—2®(—z).

(d) h<0and W =R(1-V) > 0.

(e) V2 <2R. Forz >0, R(z) < 2¢(z) and V(z) < 2(1 +z)¢(z).

(f) The constant cg := [ V(1 — V) dz lies in (0, 00), and

/]R(V — 1{Z<0}) dz = O, /]R(VZ — 1{z<0}) dz = —CQ-
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The function ¢ is continuous and positive, M, := sup ¢ < oo, and there is a numerical
constant Cg with

[V (2)* = 1pcop] + lo(z) =21,y < 7 +g22 (z € R).
(g) m(k) = (1+k*)®(k) +ko(k), mi(k) = k®(k) + ¢(k) = ®(k)R(k) > 0, m’" = 2my,
my =@, m" =20, and & —m = —km;.

Most of these facts are classical. The two bounds in (b) are Gordon’s bounds for the
Mills ratio [65], and the bound V < 1 in (a) is due to Sampford [113]. The proof of (2.3)
uses Khintchine’s representation of unimodal distributions (see [46]). Parts of (a)—(e) are
used in Part I, Lemma 2.5 and Lemma 6.1; in Lemma 6.1(v) the constant 2 in the lower
bound of (c) is replaced by —log ®(—1) < 2.

Proof. (a) Integrating against ¢ on [—z,o0) and using ¢'(t) = —t¢(t) gives E[G | G >
—z] = R(z) and E[G? | G > —z] =1 —zR(z), so

ET, = R(z),  Var(Ty) =1—-zR(z) —R(2)> =1 - V(2).
Hence R > 0,V = RR > 0, and V < 1, since T is positive and not almost surely constant;
also ET? =1—V + R?> =1+ R(R - R) = 1+ zR. The identities R’ = —zR — R> = -V
and R’ = 1 — V follow by differentiation. In particular R is decreasing, so R(z) < R(0) =
2¢p for z > 0, while R(z) — R(0) = fzo V < |z| for z < 0; and R > —z (from R > 0) gives
R > z_. Next

V' =R'R+RR'=R(1-V —R?) =R{Var(Tz) — (ETz)?},
and differentiating once more, with V(1 —V — R?) = RV,

V'=-V(1-V-R)+R(-V'-2R(1-V)) = —(R+R)V' —2V(1-V),

which is (2.2) because R + R = z + 2R. To see V' < 0, it suffices that ET? < 2(IET;)?. The
survival function H(s) = IP(T; > s) has hazard rate m(s — z), where m(s) = ¢(s)/P(—s).
Since m’ = m(m — s) and m(s) > s (by (b) for s > 0, and because m > 0 for s < 0), the
hazard rate is strictly increasing. Hence H(s +t) < H(s)H(t) for s,t > 0, and integrating
over s, t > ( gives

IET? = /Ooo sH(s)ds < (/000 H>2 = (ET:)*.

Then R” = —V’ > 0. Finally let z < 0. The density p(t) = ce* /2 of T, on [0, 00) is C,
nonincreasing, and tends to zero at infinity. Hence

p(t) = /too(—p'(s)) ds = /(O,oo) @v(ds), v(ds) :=s(—p'(s))ds >0,
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and integrating in t (Tonelli) shows that v is a probability measure. So T, has the
law of SU, where S ~ v and U is uniform on [0,1] and independent of S. Therefore
ET? = 1ES? > 1(ES)? = 3(ET:)? and Var T, > $(ET:)? is (2.3).

(b) For t > 0and j > O set Ii(t) = [ ¢(s)s/ ds. Since ¢'(s) = —s¢(s), integration by
parts gives the recurrence

Li(t) = ot = (G + DIpa(t), 0 < Li(t) < p(t)r /" (2.4)

In particular ®(—t) = ¢(t)/t — Ir(t) and 0 < Ir(t) < t~2®(—t), which proves Gordon’s
two Mills-ratio bounds and t < R(—t) < t + ¢ L. Tterating (2.4) gives, for every integer
N >1,

O(— i Y(2j — D) (= 1)N Q2N — 1)1 Dy (1),

where (—1)!! = 1. Take N = 3 and put e = t~2 < 1. Since Is > 0, this gives R(—t) >
t(1—e+3e2)"1 > t(1 +¢& — 3¢?), because (1 —e+3e?)(14+e—3e2) =1— (e —32)2 < 1
and both factors are positive. Thus R(—t) > t~! —3t=3. For t > 2 both lower bounds
R(—t) > tand R(—t) > t~! — 373 are positive, so V(—t) = R(—t)R(—t) > 1 —3t72

(c) The upper bound is the Chernoff bound P(G > t) < e /2 Fort > 1, (b)
gives ®(—t) > ¢(t)/(2t) > ¢(t)/(2(1 + 1)), and log(2v27) < 2. For 0 < t < 1,
log®(—t) > log®(—1) > —2. The last claim follows from log(1 — p) > —2p for
0<p<i

(d)By (a), " =R+ RR'=R(1—-V) >0. Asz — oo, log®(z) — 0 and R(z) — 0, so
h <O0.

(e) For z < 0, R(z) <
gives R < 2¢, and R( )
Moreover V?/R = RR
z=1

(f) Positivity of cq follows from 0 < V < 1. By (b) and (e), V(1 - V) <1-V < 3/z2
forz < —2and V(1-V) <V <2(1+2z)¢(z) for z > 0, so ¢y < co; the same bounds
show that V — 1y, is integrable. Since V = —R/,

R(0) =2¢p < 2,50 V2 <V =RR < 2R. Forz > 0, ®(z) > 3
R(0) < 1 gives R(z) < z+1; hence V.= RR < 2(1+ z)¢(z).
) 1

<
2 <2¢(z)(1+2)% < 8¢(1) < 2, because (1 + z)?¢(z) is maximal at

/TT(V ~ 1.0 dz =R(~T) =R(T) ~T=R(~T) = R(T) — 0 (T — o),
by (b). Since V2 — 1.0y = (V —1;0y) — V(1 — V), its integral is —co. The function ¢
is continuous because R is. For z > 0, 0 = R? > 0; for z < 0, 0 = R(z)(R(z) — z) > 0. For
the pointwise bound, 1 — V2 < 2(1 - V) < 6/z% forz < —2,and V2 < V < 2(1+2)¢(z)
forz > 0. Forz = —t < —2 we have o(—t) = R(—t)(R(—t) + t), which by (b) lies
between (1 — —) 2t =2-% 2 and 1(2t+ 1) =2+ 1 o for z >0, 0 = R*> < 4¢?. On [—2,0]
both functlons are bounded These estimates also give M, < oo.
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(g) These are direct computations: mq(k) = k®(k) —E[G;G < k] = kD(k) + ¢(k);
m' = 2mj by differentiation under the expectation; mg = ®; the formula for m has
derivative 2m; and vanishes at —oo; and ® — m = —k*® — k¢ = —kmy. O

2.2 Order parameters and the finite-cutoff problem

The hard-wall terminal datum at g = 1 is singular. Its usual finite-cutoff representation
is imposed at the top Q < 1 of the support of the order parameter, where the datum is
smooth. This top does not depend continuously on the order parameter in L!, because
adding a small mass near one moves it. We therefore evaluate every order parameter in a
class U, with a common terminal time r < 1, where the terminal datum is smooth. The
resulting solution does not depend on r (Lemma 2.3).

Definition 2.2. (i) U is the set of right-continuous nondecreasing functions v : [0,1] —
[0,1] with v = 1 on a neighborhood of 1. For v € U put

Q=0 =inflg:7l) =1} <1 §=1-0, M) =A,(0)= [ 2

Thus A’ = —v almost everywhere, A(9) =1 —gon [Q,1], v(9)(1—q) < A(g) <1—q,
and A > J on [0, Q]. Let i, be the probability measure on [0, 1] with 1, ([0,g]) = v(q).
Then supp j1, C [0,Q] and Q € supp u,; put go = minsupp y,.

(i) Forr € [0,1) let Uy = {y € U : v+ = 1on[r,1]}. Every v € U, has Q < r, and
U = U,<1U;. A step order parameter is a -y € U that takes finitely many values.

(iii) Fix « € R and r € [0,1), and put f;(x) = log®((x —x)/+/1—r). For m > 0 set
Tmo8g = & and for s > 0 define the Gaussian recursion

Tmsg(x) = %log]E exp (mg(x++/sG)) (m>0), Tosg(x) = Eg(x ++/5G).

2.5)
If r = 0, then Uy = {1jpy)}, and we set u(0,-) = fo. If r > 0 and 7 € U, is a step
order parameter, choose 0 = fo < t; < --- < t;, = r such that 7 = m; on [tj_l,t]'),
and define u = u,(-,-;x) on [0,7] x R by

u(r,) = fr, u(q,") = Tup—qu(ty,-) (9 € [ti-1,t))). (2.6)

For a general v € U,, u,(+,-;x) is the limit of u,, (-, -; ) along any sequence of step

order parameters 7y, € U, with v, — v in L!(0,1). The limit exists and does not

depend on the sequence, because the Lipschitz bound of Lemma 2.4(f) is first proved

for step order parameters (§A.3), and there it shows that (1, ) is a Cauchy sequence.
We write u = u, (-, -; k) when 7y and « are fixed, and

b=0.u, C = —Oyyl, v = Ac.
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The right-continuity of 7 gives ¢(Q) = 1, while v < 1 on [0, Q); hence every neigh-
borhood of Q has positive y,-mass, which is the assertion Q € supp u,. The inequality
A(g) > v(9)(1 — g) holds because v is nondecreasing.

The expectations in (2.5) are finite for every measurable g that is bounded above and
satisfies g(x) > —Co(1 + x?), and Ty, s preserves these two properties, the lower bound
because Tpnsg > To,s¢ by Jensen’s inequality. For such functions g < ¢, and for constants
CeRand K > 0,

Tm,sg < ﬁn,sg/z 7;n,s (g + C) = Tm,sg +C, 77n,sg =K! Tm/K,s (Kg) (2.7)

The first two properties are immediate from (2.5), and the third follows from
&log Ee("/K)Kg — BlogEe™ if m > 0, and from linearity if m = 0. Consequently
the recursion (2.6) is nondecreasing in its terminal datum and commutes with the addi-
tion of constants.

On a block where v = m > 0, the recursion (2.6) says that e is transported by the
backward heat equation. This is the Cole-Hopf transform of the Parisi equation

Uy = —%(uxx + yui), (2.8)

since for constant v = m the function e”" solves d,e"" = —%axxemu exactly when u solves
(2.8). Lemma 2.5 below records the consequences used later. The next lemma shows that
the cutoff r is only a device.

Lemma 2.3. Let v € Uy and v < v’ < 1. Then v € U, and the solutions computed with the
cutoffs r and r" agree on [0,r] x R. Consequently u.,(-,-;x) is defined on [0,1) x R for every
v € U, independently of the cutoff, and

uy(q,%x) = logCD( Al > (Q<g<1). (2.9)

V1—g

Proof. Since v =1 on [r,7’], the recursion with cutoff ' performs one step with m =1 on
[r,7']. With G" an independent standard Gaussian,

Tiy—rfo(x) =logP(V1—1r'G <x—x+Vr' —rG) = logCID(

X —K
m) - fr(x)'
Below r the two recursions coincide, which proves the claim for step order parameters.
The general case follows by taking limits in Definition 2.2(iii), since step approximations
in U, also lie in U,. For q € [Q,1) we have 7 € U, and the cutoff q gives u(g,-) = f;,
which is (2.9). [

In particular u(Q, x) = log ®((x — «)/+/8), which is the usual terminal datum at the
top of the support. We use the notation u, b, ¢, v on [0,1) x R without reference to a
cutoff. On [Q, 1), with z = (x —x)//1 — g, formula (2.9) and A(q) = 1 — g give

p— K@ Y&y, (2.10)
1—gq 1—¢q
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For « > 0 and « € R the Parisi functional and its infimum are

1 (Q dg
Pre(y) = au,y(0,0;x) +CS(y),  CS(v) = = —+—log(5,

2Jo AMg) 2.11)
Px(x) = ,;25{ Pr(7)-

We minimize P,. When the dependence on a matters we write Py (7y;a) and P.(x; «).
Since A(gq) = 1 —q on [Q, 1], the Crisanti-Sommers entropy CS(+y) satisfies, for every

re[Q,1),
=5 / —log(l —7) =3 / — — 11Tq> dg >0, (2.12)

where the inequality holds because A(g) < 1 — g. Thus on U, the functional involves only
the solution on [0, 7] and the entropy term % for Al %log(l —7r),in which A > 1—7.
For v = 1jg ;) one has Q =0, CS(y) = 0, and Px(y) = alog P(—x) < 0; hence Px(x) <0
for every «.

2.3 Regularity, constant blocks, and the diffusion

We first record the properties of u proved in Chapter A. All constants in the following
lemma depend only on the cutoff r, on a bound Ky > |«|, and on the order of differ-
entiation. They do not depend on 7 or, for step order parameters, on the number of
steps.

Lemma 2.4. Fixr € [0,1) and Ky > 0. Let v € Uy, |x| < Ko, and u = u (-, -;x).

(a) Smoothness. For every k > 0, ak u exists and is continuous on [0,7] X R, and

u(g,x) = fr(x 2/ Uy +yu2) (s, x) ds (g €10,7], x € R).

If 7y is constant on an interval [s,t) C [0,r), then u is C*° on [s,t) x R, its derivatives from
this block extend continuously to [s,t] x R, and (2.8) holds classically for s < q < t, with
the corresponding one-sided derivatives at the endpoints.

(b) Growth. —C(1+x?) <u <0,0<b < C(1+|x|), and |0ku(q, x)| < Ce(1 + |x|Px) for
every k > 1, where py depends only on k.

(c) Signs. 0 < ¢ < 1/A, thatis, 0 < v < 1; and ¢y < 0, that is, vy < 0. In particular u(q, -)
is increasing and strictly concave.

(d) Behavior at +oo. For x > x,0 > u(g,x) > —Cexp{—(x —x)%/(8(1—¢q))}.

(e) Behavior at —co. Put

1 /Q d
wlg) = logA(g) ~ blogo —3 [0 ~Jog2m)  (0<q <1, @13)
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where for q > Q the integral is oriented, | qQ =— 5. There are C, xo such that for g € [0, 7]
and x < K — Xeo,

N2
‘u(q,x) + (;/\(;)) + log(x — x) —w(q)‘ < (x fx)zf
A@bla,0) - (-2 - 2| < E

(f) Continuity in y. For v,y € Uy and k > 0,
5, %55) — Faa (9, %50)| < Ce T — Vo) 1+ KIP) (g € 0,7),

where one may take pg = 2 and py = 1. Moreover U, is compact in L1(0,1), and | P (7; &) —
Pe(y;a)] < CA+a)||[7 — vlp1. In particular Py is continuous on Uy, uniformly for
|K| < Ko.

(g) Translation. u-(q, x;x) = 1,(q, x — x;0).

Every v € U belongs to U, for all ¥ € [Q,1), and by Lemma 2.3 the solution does not
depend on r. Hence (a)-(e) describe u on all of [0,1) x R, with constants that are uniform
on [0,r]. The proofs of (a)—(d), (f), and (g) are in §§A.2 and A.3. The proof of (e) uses
Lemmas 2.9 and 2.10 below, whose proofs do not use (e), and is given in §A.6. On [Q, 1) all
statements can be read off from (2.9). For instance w(q) = 1 log(1 — q) — 1 log(27) there,
which is the constant in the expansion log®(z) = —1z2 — log|z| — log V27t + O(z72)
atz = (x —«)/y/1—g — —oo. Below Q the constant evolves by w' = (1 —27)/(2A),
which is what (2.8) forces on the expansion in (e). The construction of u for general 7,
growth bounds, the non-strict form of the bounds on c in (c), and a local form of the
Lipschitz bound (f), for x in bounded sets, are in [54, Propositions 12 and 13, Lemma 14].
The proof of (f) rests on a Feynman-Kac identity for the difference of two solutions
(Lemma A.2). This identity and the resulting Lipschitz bound appear in [76, Lemma 14],
and the Lipschitz bound goes back to Guerra [67] (see [76, Remark 15]).

Next we record the Cole-Hopf description of u on an interval where -y is constant,
and the monotonicity of u in the order parameter. Together they are the form in which
Jensen’s inequality enters later chapters.

Lemma 2.5. Let v € U and x € R, and write u = u, (-, -;x).
(a) Constant blocks. If0 <s <t < landy=mon [s,t), then A(q) = A(t) + m(t — q) and
u(q,-) = Tmp—qu(t,-) for g € [s,t]. For m > 0 this reads e™*(9%) = E e"#(tLx+VI=4C) g0
e solves the backward heat equation on [s,t] X R.
(b) Comparison. If y € U, q" € [0,1) and § < y on [q,1], then uz(q’,-;x) < uq(q,-;%).
In particular u~(q', - ; x) depends only on the restriction of 7y to [q’,1].
(c) Heat lower bound. For 0 < g <t <1land x € R, u(q,x) > Eu(t,x+/f—qG).
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Proof. (a) For step order parameters this is the definition (2.6), after refining the grid so
that s and t are grid points. For general vy it is obtained in §A.3 by passing to the limit
along step order parameters equal to m on [s, t). The formula for A follows from A = —m
on [s,t).

(b) Choose r € (4/,1) with 4,7 € U,. Lemma A.2, applied with { = 4 and E =7,
gives

1 ¥ _
uq(q',x;%) —uz(q', ;) = S E /q (v —7)(t) by(t, Yp)*dt >0,

where Y is the diffusion of that lemma started at (¢, x). If ¥ =  on [¢/, 1], the inequality
holds in both directions.

(c) We may assume g < t. Let 7 = 91;3). Then y €U, ¥ < 7, and 7 =y on [t,1], so
uz(t,-) = u(t,-) by (b). By (b), and by (a) applied to 7, which vanishes on [g, t),

u(q,x) > uy(q,x) = Tos—qu(t,-)(x) = Eu(t,x +/t —qG).
This proves (c). O

We now introduce the diffusion along which all first-order quantities are evaluated.
By Lemma 2.4(b),(c), on [0, 7] the drift v(q)b(g, x) is Lipschitz in x with constant (1 —r)~1,
since 9y (yb) = —ycand 0 < ¢ < 1/A < (1 — )71, and it has linear growth. Hence for
every v € U the equation

driven by a standard Brownian motion B, has a unique strong solution on [0,1). We call
X = X7* the Parisi diffusion [7, Theorem 3 and (17)]; for this functional see [54, (2.8) and
(4.13)]. For (s,x) € [0,1) X R we write X>* for the solution on [s, 1) started from X" = x.
The generator of X acting on smooth functions is

L =09, + 30xx + 7 b0x.
Since b > 0, the drift is nonnegative, and therefore
X,>B; and XJ*>x+B;—B, (7>5). (2.15)

For a general 7 the function u is not differentiable in g at the discontinuities of 7y, so
Itd’s formula along X is used in the integrated form below. Let Z be the set of functions
of the form

8(3,%) = L mi(a, %, Aq), Ma) ) [T u(q, ),
i j

finite sums with polynomials 7; and integers k;; > 0. For ¢ € 2 we define Lg for-
mally: we compute 9, of each factor with the rules 9,05u = —19%+2u — 14 9% (u2) (the
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x-derivatives of (2.8)) and A’ = —+, and add % Qxx + ybgx. Since these rules are affine in vy,
we can write £g = Log + v £L1g with Log, £1¢ € Z not involving . Where 7y is constant,
Lg is the classical generator applied to g. The formal time derivative is a derivation on
2, and it commutes with d,, because the rule for aqa’;ﬁlu is the x-derivative of the rule
for aqa’;u. Hence the formal generator obeys the product rule and the commutation rule

L(fg)=fLg+SLf+ fxgx,  L(gx) =0x(Lg) +7cgx (f,.8€2),  (216)

where the second identity uses dx(ybgx) = Ybgxx — YCGx-

Lemma 2.6. Fixr € [0,1), Ko > 0, and p > 1; let v € U, and || < Kp.
(a) Esup,,, | Xy [P < C(1+ |x|P), with C = C(r, Ko, p).-

() If ¥ € U, and X>* is the diffusion of 7 driven by the same Brownian motion, then
]Esupsgqgr ‘Xzsa'x - XS/X PSC+ [xP) 1y — ’Y||Z1'
(c) 1to’s formula along X. For g € Yands <t <r,

t
Eg(t, X;”) —g(s,x) = / E[Log +v(9)L18] (g, X7*) dg,

and q — Eh(q, Xy") is continuous on [s,r] for every h € 2. Consequently eq(q) =
IEg(q, X;) is Lipschitz on [0,r]; its right derivative at q is E[Log + v(q) £18](q, Xy) and
its left derivative is B[Log + v(q—)L18](q, Xy)-. If v is constant on [s',t"), then eq is C*°
on [s/, V'] (with one-sided derivatives at the endpoints), and its derivatives are obtained by
iterating L with vy frozen at its value on [s',1').

The proof is in §A.4. In particular, if £Lg = 0, then g(g, X;) is a martingale on [0, 1):
applying (c) to the diffusion started from (s, X;) and using the Markov property gives
El[g(t, Xt) | Xs] = g(s,X;) fors <t < 1.

The first-order quantities of §§2.4 and 2.5 are expectations over the law of X;. The
following structural fact about this law is used for lower bounds on densities in Chapter 5
and for the control of the top of the support in Chapter 6. At g = 0 the law of Xj is a
point mass, so the statement concerns g > 0 only.

Lemma 2.7. Let y € U,k € R, and q € (0,1). The law of X, has a density p, of the form

pa(x) = "0 gy (x) gg (), (2.17)

where g : R — [0,00) is nonincreasing. Moreover g > 1 and e"D"(1%) > &((x —

x)/+/1—q). Consequently
pa(x) > q>( m)qu(x) (x € R). (2.18)
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Proof. We divide the proof into three steps. First we compute the density when 7 is
piecewise constant below g, then we approximate, and finally we prove the two lower
bounds.

StEP 1. 7y piecewise constant on [0,q). Suppose that v = m;on [t;_1,t;) for0 =ty < --- <
tn = q, with y arbitrary on [g,1]. On a block [t;_1,t;] with m; > 0, the function H = ™"
is positive, bounded by one, and solves H, + %Hxx = 0 by Lemma 2.5(a). The drift of
X on this block is mjb = Hy/H. Thus X is the Doob transform [50, 110] of Brownian
motion by H on this block: for tig <s<t<t,

P(X; € dy | Xs =x) = ¢pr—s(y — x) II:II((::Q dy. (2.19)
To verify (2.19), fix a bounded continuous F and put W(s’,x) = E[(FH)(t,x + B; —
By)]/H(s',x) for s’ € [s,t). The numerator solves the backward heat equation, and
dividing by H gives Wy + Wy + (Hy/H)Wy = 0. Moreover |W| < sup |F|, because
H(s',x) =EH(t,x + B — By), and W(s,-) — F locally uniformly as s’ 1 t. It6’s formula
shows that W(s’, Xy) is a bounded martingale on [s, t), whence E[F(X;) | X; = x| =
W(s, x) by bounded convergence. If m; = 0, (2.19) holds with H = 1.

By the Markov property and (2.19), the vector (Xj,, ..., Xt,) has the density

H(Pt —tj_ 1 — Xj— 1) m](u]-—u]-,l)’ xo =0, uj = u(t]', x])

The product of the Gaussian factors is the density of (By,,...,By,). Put m,11 = v(q).
Summation by parts gives

n
Y mj(uj—uj_1) = v(q) un — myu(0,0) Z mj — m;)(—u;).
Given B; = x, the vector (By,, ..., B;,) has the law of (87, ..., B}), where

ti ti
gr= x4 <Bt.——]B )

] q ] q q
is the Brownian bridge representation; in particular f; = x, and the bridge By, — %Bq
does not depend on x. Integrating out x,...,x,_1 therefore gives (2.17) with

n

g9(x) = e O Eexp (Y (mjs1 —my) (—ult;, 7)) )

j=1

Since Mjy1 > mj, u(tj, -) is increasing by Lemma 2.4(c), and [B;‘ is nondecreasing in x,
every summand in the exponent is nonincreasing in x. Hence &g is nonincreasing.
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STEP 2. General «y. For partitions 0 = tp < --- < t, = g of [0,q] with mesh tending to
zero, let v, (t) = (t;) on [tj, tj11) and v, = 7 on [q,1]. Then v, € U and ||y, — ¥| 1 —
0. Moreover v,(q) = v(q) and, by Lemma 2.5(b), u,,(q,-) = u(g,-). By Step 1 the
law of X} (the diffusion of -y, at time ¢) has density pg, with p = e”Y(”’)“(”’")gbq and
gn nonincreasing, and by Lemma 2.6(b), X/ — X, in L2 Put P(x) = [* p > 0,
Monotonicity gives g, (x)PB(x) < ffoo pgn < 1, s0 sup, gn < 1/%P(xg) on [xp,00). By
Helly’s selection theorem and a diagonal argument, a subsequence converges pointwise
on R to a nonincreasing function ¢ > 0. For continuous F with compact support in
(x0,00), dominated convergence gives EF(X}') = [ Fpgn — [ Fpg, while EF(X}) —
EF(X,). Hence the law of X, coincides with pgdx on every half-line (xg, ), and
therefore on RR.

StEP 3. The lower bounds. Since u < 0 and gq 1S nonincreasing, for every x

P(X, > x) = " e < go(x)PP(B, > x),
q : P89 < &q q

while IP(X,; > x) > IP(B; > x) by (2.15). Hence g, > 1. For the second bound put
m = 7(q). For g > Q equality holds by (2.9), so let g4 < Q. The order parameter
Y = 7o) + mly o) + 1o belongs to U, satisfies 7 < v on [g,1], and equals m on
[7,Q) and 1 on [Q,1]. Put Y = x + /Q — g G. By Lemma 2.5(b),(a) and (2.9), and since
0<m<land ® <1,

(%) > gmuz(9.%) — ]Eq)<Y\/—3K>m > ]E@(Y—\/%K) = @(%).

For m = 0 the first three expressions equal one. Combining with g, > 1 gives (2.18). [

In the Brownian-bridge representation of [87, Proposition 7.1] for the SK model, the
terminal datum is even and the transformed density is even and log-concave. Here the
solution is increasing in x, and the conclusion is that g, is nonincreasing, which gives the
density floor (2.18).

Finally, the Parisi equation is the Hamilton—-Jacobi—Bellman equation of a stochastic
control problem [38, 76]. We use this representation for step coefficients and for a class
of terminal data that contains f, and the quadratic penalty —3(k — x)3 of the zero-
temperature functional. Let § be the set of f € C!(IR) such that f <0, f is nondecreasing
and concave, f’ is Lipschitz, and f(x) > —Cs(1+ x?) for a constant C;. For T > 0, a
nondecreasing right-continuous step function ¢ : [0, T) — [0,c0) and f € §, let Y = Y¢ ¢
be defined on [0, T| x R by (2.6) with r replaced by T, f; by f, and by §. A control is a
progressively measurable process 6 on [0, T] with 6 = 0 almost everywhere on {{ = 0}
and E fOT 07/&(q) dg < oo, with the convention 0/0 = 0.
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Lemma 2.8. In this setting, Y and Y are continuous on [0, T| x R, Y is smooth and satisfies
Y, = —%(Yxx + &Y2) on each open interval of constancy of &, and

Ef(x++T—-4qG) <Y(q,x) <0, 0= Yx(q,x) <C(1+[x]),
0< —Ya < Lip(f).

These bounds hold for 0 < g < T; the first two also hold at g = T, while the curvature bound at
T is understood almost everywhere in x. For every control 6 and x € R,

T T §?
Y(0,%) > Bf (x +Br + / 6, dq) / o 40 (2.20)
0

with equality for the feedback control 07 = ¢(q)Yx(q, X7), where X* is the unique strong solution
of dX5 = ¢(q)Yx(q,X7)dg + dBy, X5 = «x. Moreover Yx(q, X3) is a square-integrable
martingale on [0, T] with terminal value f'(X%.).

The feedback control 8* need not be bounded. It is square integrable because Y, has
linear growth and X* has moments of all orders. The proof is in §A.5. For a step order
parameter y € U, with v > 0, the lemma applies with T =r, { = ¢, and f = f;, and then
Y = uq(-,-;x) and X* = X when x = 0. For the SK and mixed p-spin models, Auffinger
and W.-K. Chen proved the control representation with the Boué-Dupuis formula [7,
Theorem 3], [22], and Jagannath and Tobasco proved it by dynamic programming [76,
Lemma 18].

2.4 Generator identities and the sandwich inequality

The first-order optimality conditions are expressed through expectations of derivatives of
u along X. We collect the identities for these expectations here. Besides b, ¢, v we use the
function

(g, x) = A(q) b(g,x) +x —x, (2.21)

which is harmonic for £, and the scalar functions of g € [0,1)

Dlg) = aBb(a, X, - [ 15 S@) = aBoq, xR, ) =

w(q) = aB[o(1-0)](q,X,),  N(q) =Eox(q,Xy)%  B(g) = E[v*(1-0)](q,Xy).
(2.22)

Thus S = aA?Ec(q, X;)?, and A > 0 and B > 0 by Lemma 2.4(c). For K € R put

2(q;K) =E [vix + 4K (30 — 1)02 + 2K%*0?*(1 — v)(1 — 30)] (9,X,), X(q)= —A(q)fv(q)_
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Lemma 2.9. Let v € U and x € R.
(a) With K = «y/A, in the sense of the formal generator of Lemma 2.6 (and classically where y is
constant),
Lu = %’y b?, Lb =0, Lc = ’ycz, Lcy = 3yccy, Ly =0,
Lv=—Kv(l—0), Loy = K(3v —1)vy, Loy = K(305 + (40 — 1)vyy).
(b) P =1—0v € (0,1) and Pxx = —vyx > 0, so Y(q,-) is increasing and strictly convex

for every q € [0,1). The processes b(q, X,) and (q, X,) are martingales on [0,1): for
0<s<t<1b(sx)=Eb(tX]")and (s, x) = E¢p(t, X;""). For s < Q this gives

sz
)
and b(0,0) = 6~V2ER(Z) with Z = (Xg —«)/V6. On [Q,1), ¢ = \/T—qR((x —

x)//1—q) > 0.
(c) The functions Eb(q, X4)?, S, Ev(q,X,), x, w, N, and B are Lipschitz on [0,r] for every
r < 1, and the following hold.
(i) <4 S Eb(q, Xq)* = Ec(q,X,)? a continuous function. Hence D € C'([0,1)) and
D’ = (S—1)/A%
(i) S/A* = alEc(q, X,)? is nondecreasing on [0,1).
(iii) g +— IEv(q,X,) is absolutely continuous with d%]Ev(q, Xy) = —%E[v(l
v)](q, Xy) for almost every q, and x' = yD’ almost everywhere.
(iv) At every q € [0,1) the functions S, N', and B have right derivatives

9(s,x) = Ep(Q Xy) = VOER(=2 > \/SR(M;K)) >0, (2.24)

A(s

S'(q+) = a(N'(q) —2KB(q)),  N'(q+) = E[v3, +2K(3v — 1)03] (4, X,),
B'(q+) = E[(1 - 30)v; — Kv*(1 —0)(2 - 30)] (g, X,),

with K = v(q)/A(q), and left derivatives given by the same formulas with K =

v(g—)/A(q).
(v) S—1=Ax —w.

(d) Ify=mon s, t)with0 <s <t <1, then S € C*([s,t]) with one-sided derivatives at the
endpoints, and with K = m/A(q),

— w(N — 2KB) = ¥ GF—m), S =ax(gK).

Proof. (a) The function u belongs to &, and (2.8) gives Lu = ug + %uxx + ybuy, = %’ybz.
By the commutation rule in (2.16),

Lb = 3y (19b?) + ycb = ybby + ybc = 0,
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because by = —c. Next Lc = —L(by) = —9x(Lb) — ycby = qc?, and Loy = dx(yc?) +
Yccy = 3yccy. Since M = —v, Lo = —yc + Ayc? = —Kov(1 — v). The identities for vy
and v, follow from (2.16) and yc = Kv:

Loy = —K(1 —20)vy + Kooy = K(3v — 1)vy, LUy = K(SUJZC + (30 — 1)vxx) + K0 0xy.

Finally £(x —x) = 9b, so L = —yb+ ALb+ vb = 0. These are identities between
formal expressions affine in <y, that is, they hold separately for the parts £y and L;; they
are valid classically where 7 is constant.

(b) Yy = Aby +1 =1 —v and Pyxx = —vy; the signs come from Lemma 2.4(c). Since
b and ¥ belong to Z and have zero formal generator, Lemma 2.6(c) applied to the
diffusion started at (s, x) gives the martingale identities. At g = Q, (2.10) gives ¥(Q, x) =
VO R((x —x)/+/3) and b(Q,x) = R((x — «)/V/8)//3, which yields the equality in (2.24)
and the formula for b(0,0). In particular ¥ > 0, since R > 0. For the lower bound, let
M, = (Xg" —«)/A(q) for q € [s,Q]. 1td’s formula and A" = —1 give

_ ’Y(q) S,X dB q
dM, = o2 (g, X3%) dg + ) (2.25)
The drift is nonnegative because ¢ > 0, and the martingale part has a deterministic
bounded integrand. Hence EMg > M; = (x — «x)/A(s). Since A(Q) = ¢, we have
(Xg' =)/ V6 = V/6Mp, and Jensen’s inequality for the convex increasing function R
gives the lower bound. The formula on [Q, 1) is (2.10).

(c) By Lemma 2.6(c) each of the listed functions is Lipschitz on [0,r]; for x also
use A > 1—r. By (2.16), L(b?) = 2bLb + b = ¢? contains no factor v, so Eb? is C!
with derivative [Ec?, which is continuous by Lemma 2.6(c). As S = aA?Ec?, this gives
D' = aEc> — A2 = (S — 1)/A?, which is (i). Next £(c?) = 2cLc + 2 = 2yc® +c2 > 0,
so the Lipschitz function Ec?> has a nonnegative right derivative everywhere and is
nondecreasing; this is (ii). By (a), Lv = —Kv(1 — v), which gives the derivative of [Ev at
every continuity point of -y, hence almost everywhere. Then, using (1/1)" = /A2,

d

x—IEv
p_ gt y(aBo—1) 9 _2S=1 _
X=——+——7— = (- eEBp(l-0)]+aBo—1) = —=5— =D

almost everywhere, which is (iii). For (iv), (a) and (2.16) give

L(v?) = v2 — 2Kv*(1 —v), L(v2) = v2, 4+ 2K(3v — 1)22,
L(v®) = 3002 — 3K’ (1 —v),

and B = Ev? — Ev®. Since each of these expressions is affine in y through K, Lemma 2.6(c)
gives the one-sided derivatives. Identity (v) is Ay — w = aEv — 1 — alEv + alEv?.

(d) On [s,t) we have A = —m, so K’ = K2. By Lemma 2.6(c) the functions S, /, and B
are C* on [s, t], and their derivatives are given by (c)(iv) with v = m. The first formula for
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S’ is (c)(iv), and the second is its rewriting with (2.23). Differentiating S'/a = N — 2KB
and using K’ = K2,
s" 2 2 25
= Ev%, + 2KE[(3v — 1)v] — 2K*B
— 2KE[(1 — 30)02] + 2K*E[v*(1 — v)(2 — 30)] = X(¢;K),
since 2 — 3v — 1 = 1 — 3v. This proves (d). O

The identities £b = 0 and Lc = 7c? in (a) are the hard-wall forms of [7, Lemma 2],
and the one-sided derivatives in (c)(iv) are the analogue of [8, Proposition 3]. The process
Xy 4+ A(q)b(gq, Xy) is the conditional expectation of the terminal position in [54, (3.19)],
and (b) extends the positivity (g, X;) > 0 at levels g > Q of [54, Lemma 10] to all levels.

The next inequality compares by with v. It is the main pointwise tool for the rescaled
analysis of later chapters: it controls v, b, and ¢ far from « in terms of the single parameter

1—gq.
Lemma 2.10. Let v € U and x € R, and write Tt =1 —g.
(a) For (g,x) € [0,1) xR,
v<byp< %v. (2.26)

The upper inequality is equivalent to F := tc — Ab> — (x — x)b = Tc — byp > 0. More
precisely, for g < Q,

by — o :E/f (1) c(1—0)] (£ X dt,
Fla.) = [° (0700, X1

and both by — v and F vanish on [Q,1). The function F satisfies LF = (4T — A)c? < 0,
(b) Forqe [0,1): 0 < y(g,x) < T/(x —x) for x < 1,0 < Ab(q,x) < t/(x —x) for x > «;
P(q,%) = Ab(q,%) < /T, and P(q,%) > 290V if 9 < Q;

. 4T
‘v(q,x) — 1{x<K}| < mm{l,m};
and

/Koo(l —0)(g,x)dx = /OO v(g,x)dx = ¢(q,x), /11{ (v(g,x) = 1grey) dx = 0.

K

Proof. (a) The product rule (2.16) and Lemma 2.9(a) give L(by) = by = —c(1 — ),
hence

E(U—bzp):—%v(l—v)—kc(l—v):(1—7)0(1—7}),
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because v = 7c. Similarly, 7/ = —1 and A’ = —1 give
L(tc) = —c+v71c?, LAV?) = —9b* + Ac?, L((x—x)b) =yb* —c,

so LF = (9T — A)c?, which is nonpositive because A(g) = fql v > v(g)t. On [Q, 1), (2.10)
and A = tgive by = RR=V =vand F =V — RR = 0. The functions v — by and F
belong to ¥, so Lemma 2.6(c) on [g, Q], started at (g, x), gives the two representations.
Their integrands are nonnegative, since v <1, ¢ > 0, v < 1, and A > 7. This proves
(2.26), the upper bound being F > 0, because 1c = ;v.

(b) Put f = Ab, so that fy = —v <0, f >0, ¢ = f+x —« and, by (2.26), fyp =
Abp <to<T. Forx <k, f=¢p+x—x>x—xsincep >0,s0¢ <7/f <7/(k— ).
Forx >, > x—x,80 f < 1/(x—x). Atx =«, ¢ = f and ¢?> < 7. The lower
bound ¥(g,x) > v/3 R(0) = 2¢+/3 for g < Q is (2.24). For x < « let x' = (x +x)/2. By
convexity of ¥ and ¢ > 0,

plgx) o 2t 2
1 v(q,X) IPX(%X) — x—x T Kk—x K—x

For x > x let x’ = (x + x)/2. Since v is decreasing in x,

o(g3) (=) < [0 =F) — flx) < ') <

Together with 0 < v < 1 this proves the bound on [v — 1, |. Finally, $» =1 —v and
¥(g,x) = 0as x — —oo give [*_(1—0v) = ¢(q,x), and fr = —v and f(g,x) — 0 as
x = oo give [~ v = f(q,x) = ¢(q,«). The difference of the two identities is the last one;
all integrals converge absolutely by the bound on [v — 1, |- O

2.5 First variation and the obstacle conditions

We now differentiate P, along segments in {/,. The derivative has the form of a transport
cost for the obstacle potential
1 rt
H(t) = H(t) = =3/, D(q)dg (0<t<1). (2.27)
By Lemma 2.9(c), H € C%([0,1)), H' = —D/2, and H" = (1 —S)/(2A?). Since D(0) =
ab(0,0)% > 0, H is strictly decreasing near 0.
Proposition 2.11. Let « > 0 and x € R.

(a) First variation. Let r € [0,1) and y,y € U,. Then

d - 1/
GoP o) =5 [G-n@D@ar= [ Hap— [ Hap,

(2.28)

[01]

where D and ‘H are those of .
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(b) Minimizers at a fixed cutoff. Let r € (0,1) and let 7y minimize Py over U,. Then
supp jt, C argming ;H and 0 ¢ supp p,. Every t € supp j, with t < r satisfies
D(t) = 0and S(t) < 1. Moreover D(Q) > 0, with D(Q) = 0and S(Q) < 1ifQ <,
and

Q
/0 v(q)D(q) dq = 0.

(c) Global minimizers and KKT points. We call v € U a KKT point of Py if supp p, C
argminy, ; H., for some r € (Q,1). If v minimizes Py over U, then for every r € (Q,1), v
minimizes Py over Uy and supp p,, C argminy, 1 H; in particular vy is a KKT point, and

H(t) >H(Q) (0<t<1), H==H(Q)on suppu,,

that is, supp p, C argming ) H. If v is a KKT point (in particular, if -y is a global
minimizer), then 0 < qo < Q < 1, and D(t) = 0 and S(t) < 1 for every t € supp p-;
in particular D(qo) = D(Q) = 0. Moreover, on [0,qo) one has v = 0, X, = By, and
A = A(0); S is strictly increasing on [0, qo], and D > 0 on [0, go).

(d) The scalar x. If v is a KKT point (in particular, a global minimizer), then x(q) =
x(0) +v(q)D(q) for every q € [0,1). In particular x is constant on [0, go] U supp p.

The conditions in (b)-(c) are necessary conditions only. The inequality S < 1 at
support points uses that each support point minimizes H; it does not follow from D =0
on the support alone. For a global minimizer the conditions are obtained in ¢/, with
Q < r < 1, so that every support point is interior to [0,r]. Part (d) and Lemma 2.12
below use only the KKT property, so they apply to every KKT point. For this functional,
El Alaoui and Sellke computed the first variation at a minimizer whose support is an
interval, in directions supported on that interval, and deduced D = 0 and S = 1 there [54,
Proposition 16]. Here (a) holds at every 7y € U, in every direction of U, and (b)—(c) hold
for every global minimizer and every KKT point, with no assumption on the support.
The first-order and obstacle conditions are the analogues of known conditions for other
models. For mixed p-spin models, Jagannath and Tobasco proved the first-variation
formula and the obstacle condition [77, Lemma 3.2 and Proposition 1.1], and conditions
on the support appear in the work of Talagrand [126], Auffinger and W.-K. Chen [8,
Theorem 5], and W.-K. Chen [38, Theorem 2 and Proposition 1]. For spherical models,
where the Crisanti-Sommers term enters as here, the obstacle condition appears in the
work of Talagrand [125, Proposition 2.1], Jagannath and Tobasco [78], and Auffinger and
W.-K. Chen [8, Proposition 4].

Proof. (a) Put vy = v + (7 — ), which lies in the convex set U, for ¢ € [0,1]. Lemma A.2,
applied with ¢ = y and ¢ = g at (g,x) = (0,0), gives

420 0,0) = 1 (0,0) = 3 [ (7= 7)) E by (0,152,
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where Y? solves dY‘9 376(q) (b, +b4)(q, Y,f) dg + dB; with YJ = 0. By Lemma 2.4(b)
and (f) with k =1, thls drift differs from the drift b, of X by at most C8(|7 — v|(q) +
|7 = 7ll.1) (1 + |y|), and it is Lipschitz in y with constant (1 — ) 1. The Gronwall bound
(A.2) and Lemma 2.6(a) give Esup,_, |Y[;9 — Xy|? < C82. Since [9,(b3)| = 2b,c, < C(1+
|x|), it follows that [Eb, (g, Ylf)2 — Eb, (g, X;)? uniformly in g € [0,7] as ¢ | 0. Hence the
derivative of the energy term ocuW(O 0) at 9 =0+ is § [; (7 — 7)Eb(q, X;)*dg. By (2.12)
the entropy term is CS(7g) = 3 [, AL+ Tlog(1—r), with Ay, = Ay +8(A5—Ay) > 1—7
and A5(q) — Ay (q) = f (7 — 7). Differentiating under the integral and applying Fubini’s
theorem, its derivative is

L e [ G @ asar=— ['G-me [ 30 as

Adding the two derivatives gives the first equality in (2.28), by the definition (2.22) of D.
For the second, let 7t be a probability measure on [0, r] with distribution function F,. By
Fubini’s theorem,

/ q)dg = /Or / q)dgdm(s) =2 (H(s) — H(r)) d7n(s).

[0.7]

Apply this with 7w = 5 and 71 = p, whose distribution functions on [0, 7] are 4 and 7,
and subtract.

(b) Since v minimizes over the convex set U, the right derivative in (2.28) is nonneg-
ative for every 7y € U,. Taking ¥ = 14 with t € [0,7], so that p5 is the point mass at
t, gives H(t) > [Hdpu,. Hence ming,jH > [Hdp, > minp, r H, so H = ming ) H
pi-almost everywhere and by continuity on supp . Because #'(0) < 0 and r > 0, the
point 0 is not a minimum point, so 0 ¢ supp y,. A support point ¢t € (0,7) is an interior
minimum point of the C? function H, so H'(t) = 0 and H"(t) > 0, that is, D(t) = 0 and
S(t) < 1. Since Q € supp y,, this applies to Q if Q < r. If Q = r, minimality at the
right endpoint gives H'(r) < 0, that is, D(Q) > 0. Finally, by Fubini’s theorem and the
constancy of H on supp i,

Q Q
J, r@p@da= [ [ D@ dadun(s) =2 [ () - H(Q) dpa(5) =0

(c) If y is a global minimizer and r € (Q, 1), then v € U, C U, so y minimizes over U,
and (b) gives supp i, C argminy; ; H and H(Q) = minyp,) H. As r € (Q,1) is arbitrary,
H > H(Q) on [0,1), and H = H(Q) on supp ji,. Now let ¢ be a KKT point, with
r € (Q,1) as in the definition. Since r > 0 and H'(0) < 0, the point 0 does not minimize
H on [0,7], so 0 ¢ supp p, and go > 0. Every support point f lies in (0, Q] C (0,r) and
is therefore an interior minimum point of H on [0, 7]; hence D(t) = 0 and S(t) < 1, as
in (b). For g < qo, 7(9) = u4([0,9]) = 0, so the drift in (2.14) vanishes, X, = B,, and
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A(g) = A(0). By Lemma 2.9(c)(iv), S'(q+) = aN(q) > 0 for q € [0,40). A continuous
function with positive right derivative is strictly increasing, so S is strictly increasing on
[0,g0]. Hence S < S(g9) < 1on [0,q0), so D’ < 0 there, and D > D(gp) = 0 on [0, o).
(d) By Lemma 2.9(c)(iii), x(q) — x(0) = foq vD’ dt. The integration by parts formula
for the right-continuous function - of bounded variation and the C! function D reads

7(9)D(q) —v(0)D(0) = /M Ddpu., + /Oq'y(t)D’(t) dt.

Here y(0) = p,({0}) = 0 because 0 ¢ supp y, and the Stieltjes integral vanishes because
D = 0 on supp yiy by (c). Hence x(q) — x(0) = v(q)D(q). The right side vanishes on
[0,90), where v = 0, and on supp y, where D = 0. O

A gap of the support is an interval on which 7 is constant. On such an interval
the obstacle conditions force a critical point of S with a sign condition on S”, which
by Lemma 2.9(d) is a sign condition on . This is the mechanism by which gaps are
excluded in Chapter 8. For the SK model, Zhou excluded gaps of the support through
the first-order conditions at their endpoints [134], and Lopatto added a sign condition
inside the gap [87, Section 9]; Lemma 2.12 combines the two.

Lemma 2.12. Let «y be a KKT point of Py in the sense of Proposition 2.11(c), with r € (Q, 1) as
in the definition; for instance, let 7y be a global minimizer.

(a) Let p < p’ be points of supp p, with (p,p’) Nsupp py = @. Then v = m = y(p)
on [p,p'), with 0 < m < 1. Moreover D(p) = D(p') =0, S(p) < 1, S(p/) <
H = H(p) =H(p") on[p,p'], Mq) = A(p") +m(p"—q) on [p,p'], and S € C=([p, p']
There is x* € (p, p') with

1,
).

S(x*)>1,  S(x)=0,  S"(x*) <0;

equivalently, X(x*) = m and L(x*;m/A(x*)) < 0. If D does not vanish identically on
[p, p'], then x* can be taken to be a maximum point of S on [p, p'], and S(x*) > 1. If D =0
onlp,p'l, then S=1,X=m,and X(-;m/A) = 0on [p,p'].

(b) If [c1,c2] C supp py with ¢c; < cp, then D = 0and S = 1 on [c1,¢3], v = X on [c1,¢2),
and v(q—) = X(q) for q € (c1,c2). In particular <y is continuous on (c1,¢2).

Proof. (a) Since p,((p,p")) =0, v is constant on [p, p’). As p € supp pu, and u,((p,p’)) =
0, every interval (p — ¢, p] has positive mass, so m = y(p) > 0. As p’ € supp iy,
ur([p',1]) > 0and m = 1 — u,([p’,1]) < 1. The statements about D and S at p, p’ are
Proposition 2.11(c). Since p,p" € supp p, C argming 1 H and [p,p'] C [0,Q] C [0,7],
we have H > H(p) = H(p') on [p,p']. The formula for A follows from A" = —m.
Smoothness of S is Lemma 2.9(d) with [s, ] = [p,p']. Put G = H — H(p) > 0 on [p, V],
soG(p) =G(p))=0and G' = —D/2. IfG=0,then D=0and D' = (S—1)/A? =0, so
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S=1and S’ =S5" =0on [p,p']; Lemma 2.9(d) and B > 0 give ¥ = m and Z(-;m/A) = 0.
Otherwise G has a positive maximum at some sy € (p, p’). The mean value theorem gives
t1 € (p,sm) and tp € (sp, p') with G'(t1) > 0 > G'(t,), that is, D(#1) < 0 < D(t;), and
then x, € (t,tp) with D’(xp) > 0, that is, S(x;) > 1. Since S(p), S(p') < 1, the maximum
of S on [p, p'] exceeds 1 and is attained at an interior point x*, where §’(x*) = 0 and
§”(x*) < 0. The equivalent form follows from Lemma 2.9(d) with K = n/A and B > 0.
(b) By Proposition 2.11(c), D = 0 on [c1,cp]; hence D' = 0 and S = 1 there. For g €
[c1, c2) the right derivative of S vanishes, and Lemma 2.9(c)(iv) gives N (q) = 2% B(q),
that is, 7(g) = X(g). The left derivative at g € (c1, 2] gives y(g—) = X(g) in the same
way. Since X is continuous, so is y on (c1, ¢2). O

2.6 The value identity, the slope in the margin, and weak top stability

The rest of this chapter studies the variational problem Py (x) = inf, <y Pi(7). §8§2.6
and 2.7 contain the value identity (Lemma 2.13), the universal slope bound (Lemma 2.14),
weak top stability (Lemma 2.15), the existence of minimizers (Theorem 2.16), the finiteness
of the critical margin (Proposition 2.17) and the divergence of P, at the critical margin
(Theorem 2.18). They appear with the same statements in Part I, Lemmas 6.2, 6.4, and 6.5,
Theorems 6.3 and 6.8, and Proposition 6.7, and we refer to Part I, Chapter 6, for their
proofs. §2.8 introduces the zero-temperature functional J¥, compares P, with it through
an order-preserving rescaling of the Cole-Hopf recursion (Lemma 2.20), identifies x. with
the threshold of J* (Theorem 2.21), and records the slack of J* below . (Corollary 2.22),
which enters the top-gap bound of Chapter 4. §2.9 proves that P («. — 1) is of logarithmic
order in 5 for & > 2 (Proposition 2.24); no later chapter uses it, and it enters only the
consequences for the random model stated in §1.2.

Conventions. Throughout the rest of this chapter « > 0 is fixed. For x € R and v € U
we use the notation of Definition2.2: Q =Q,, 6 =1-Q, A=A, u =u,(-,-;x), b = oxu,
c = —0xx, and v = Ac. The diffusion X of (2.14) is driven by the Brownian motion
B, and D and S are the functions of (2.22). When the order parameter or the margin
varies, we write 1, (g, x;x) as in Definition 2.2, and by = 9x11,(+,-; %), ¢, and so on.
The normalized top position is

= XQ\/E K, sothat  u(Q,Xg) =log®(Z), b(Q, Xp) = &\/?

by (2.9) and (2.10), and v/¢5(0,0) = ER(Z) by Lemma 2.9(b). Here and below, G
is a standard Gaussian variable independent of B. Besides Lemma 2.1(c) we use the
following shifted form of the Gaussian tail bound: for every t € R and 6 > 0, with

Z
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log, y = max{logy, 0},
1 ) 1
log®(—t) > —E(t—|—9)+—log+5—2. (2.29)

Indeed, if t < 0 the left side is at least log% > —2.Ift >0, then %(t +6)% > %tz + 6t, and
by Lemma 2.1(c) it suffices to show log(1+t) < 6t +log, (1/0). For 6 > 1 this follows
from log(1+t) < t; for 6 < 1 the concave function ¢ — log(1 + t) — 6t is maximal at
t =1/6 — 1, where it equals log(1/0) — 1+ 6 < log(1/6). Part I, (6.4), states the same
bound with —log ®(—1) < 2 in place of 2.

The next identity expresses Py () through the terminal law of X and the function D.
For a minimizer the D-terms vanish or have a sign, and the identity then bounds the top
gap J from below by the value.

Lemma 2.13. For every x € Rand v € U,

0 Q
Pu(1) = 5 logd +aEh(Z) — 3D(Q) — 5 [ 1(@)D(g) do. 2:30)

If r € [0,1) and v minimizes Py over Uy, then fOQ vDdg =0and D(Q) > 0, with D(Q) =0
if Q < r; consequently

1
Pr(7) < 5 logé. (2.31)
If v minimizes Py over U, then D(Q) = 0 and Py(~) = 3 logé + aEh(Z).
Proof. This is Part I, Lemma 6.2. l

We next study the dependence on the margin. By Lemma 2.4(g), changing « translates
u, so dy acts as —dy. The next lemma bounds the slope b(0,0) for every order parameter,
which is what makes it usable for near-minimizers and constrained minimizers alike. Its
upper bound follows from the inequality F > 0 of Lemma 2.10(a) at (g,x) = (0,0) and
fromv < 1.

Lemma 2.14. Let C, = %(K + Vk%+4). For every y € U and k € R,

E(x — Bg)+ < A(0) b(0,0) < Cx. (2.32)
The map x — Px(7y) is twice continuously differentiable, with 0,Py(y) = —ab(0,0) < 0
and 92P(y) = —ac(0,0) < 0; in particular it is strictly decreasing and strictly concave.

Consequently Py, as a function with values in [—o0,0), is nonincreasing and concave, and
K — b, «(0,0) is increasing.

Proof. This is Part I, Lemma 6.4. O
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We use the lemma mostly through the tangent-line inequality: by concavity, for every
v € U and all margins k, k/,

Pr(r) < Pr(y) —ab,x(0,0) (K" — k). (2.33)

When the support of j, has more than one point, the curvature S at the top cannot
be small; this is the content of the next lemma. Together with Lemma 2.14 it bounds the
mass A(0) of a minimizer by a multiple of v/5.

Lemma 2.15. Let k € Rand r € [0,1), and let oy minimize Py over Uy. If y-, has more than one
support point, then a« > 1 and

S(Q) > sy := min{%,le%a}.

Moreover, every «y € U satisfies, at every margin x,

V6b(0,0) > 5 éf) (2.34)

Consequently, every minimizer 7y of Py over U, satisfies
A(0) < max {1, 20 }\/3. (2.35)

S
Proof. This is Part I, Lemma 6.5. O

2.7 The critical margin and existence of minimizers

By Lemma 2.14, P, (-;«) is nonincreasing. By (2.11) and u < 0, Pi(y; «) and P.(xk;a) are
nonincreasing in «. The critical margin is

k() = sup{x € R: P(x;a) > —oo}. (2.36)
Thus P, > —co on (—oo, %) and P, = —oo on (k, ), and « — «.(a) is nonincreasing.
For r € [0,1) we write
PL(x) = min Py () (2.37)
YEU

for the constrained minimum, which is attained because U/, is compact and Py is con-
tinuous on it (Lemma 2.4(f)). Since the classes U, increase with r and their union is U,
PL(x) decreases to Pi(x) as r T 1. Also PP (k) = alog®(—x) < 0, since Uy = {1g1]}; in
particular P, (x) < 0.

Theorem 2.16. Let k € R with P.(x) > —oo. Then the infimum defining P.(x) is attained.
Every minimizer -y satisfies

1— Qf)/ > eZ'P*(K)’
that is, every minimizer lies in U, withr =1 — e2P«(x) ¢ (0,1), and the set of minimizers is
compact in L'([0,1]).
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Proof. This is Part I, Theorem 6.3. O

The theorem concerns minimizers. It does not assert that the tops of an arbitrary
minimizing sequence stay away from one: adding a vanishing mass near one changes the
top without changing the L' limit.

For the replica-symmetric order parameter 1,1, 0 < g < 1, the order parameter
vanishes on [0,9), so X = B there and A =1 — g on [0, 4|. Hence

G- 1
P&(q) := Pe(151)) = aE 10g<1>(\/ﬁ K) o 1 + 5 log(1—0) (2.38)

Vi-q 1—q

Proposition 2.17. For every a > 0,
—00 < KC(OC) < KRs(ﬂé) < 0o,
where krs() is the unique solution of a m(xgs) = 1. In particular k() < 0 if a > 2.

Proof. This is Part I, Proposition 6.7. [

The bound . < krg comes from the limit g 1 1 in (2.38): if am(x) > 1, then PX3(g) —
—oo as g 1 1. This is the limit in which Gardner computed the replica-symmetric capacity
[62]. For this functional, El Alaoui and Sellke made the same observation in the remark
after [54, Conjecture 1].

Theorem 2.18. For every a > 0 the function P, is finite, nonincreasing, concave, and continuous
on (—oo, k), and Py (x) = —oo for k > xc.. More precisely, with C, = Cy, for all sufficiently
small 1 > 0,

1 1 1
Pi(kc—1n) < 5 logn + 5 log(2aCy) + 5 (2.39)

Proof. This is Part I, Theorem 6.8. O

2.8 The zero-temperature functional

The critical margin also has a zero-temperature characterization, which is used to certify
bounds on k. in Chapter 3. It involves the Parisi equation with a quadratic terminal
penalty in place of log ®. Zero-temperature Parisi functionals were introduced for the
ground state energy of mixed p-spin models by Auffinger and W.-K. Chen [9], and for
spherical models by W.-K. Chen and Sen [40] and by Jagannath and Tobasco [78]; see
also [75]. For the negative perceptron, the quadratic penalty is the boundary condition of
the jamming limit in the replica analysis of Franz and Parisi [58, (15)]; see also [59]. For
k € R let

filtx) = —5 (k= 22,
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which belongs to the class § of Lemma 2.8, with f{(x) = (k—x),. For T > 0let X7 be the
set of bounded, nondecreasing, right-continuous functions ¢ : [0,T) — [0,00), and put
X = Xy; the values of ¢ may exceed one. For a step function ¢ € Xt letY = Yl%,g =Yg 5
be the solution of the recursion of Lemma 2.8, that is, of

Y= (Yt V), Y(Tx) = fil), (2.40)

and for general ¢ € Xt let Yl}lc be the L!-limit of step approximations (Lemma 2.19(a)).
Define

k(x) — vk 1T _dg _ ! k_ gk
BO =¥ 00+ [ ok A =1+ [Tean =g e

and the thresholds

kp(a) = inf{k : JK(&) < 0 for some & € X},
x(a) = inf{k : J¥(&) < 0 for some step function & € X}.

If k < xj, then J¥(&) > 0 for every ¢ € X.
Two elementary properties of the Cole-Hopf step 7, s of (2.5) drive this section. Let
m >0,s > 0, and let ¢ be bounded above with g(x) > —C(1 + x?). For K >0and T > 0,

KTosg = Trs(Ke),  w(Tosg) (VTY) = Tousr8°(y), 8°0) = 28(VTy).

(2.42)
The first identity is (2.7). For the second, if m > 0 the right side equals
(Tm) 'logEexp{mg(v/Ty + +/sG)}, which is the left side, and if m = 0 both
sides equal T"'Eg(v/Ty + /5 G). By the first identity, multiplying the terminal datum
by K and dividing all coefficients by K multiplies the solution of the recursion by K.
By the second, rescaling time by T and space by +/T maps a recursion on [0,T] to a
recursion on [0, 1]. Together with the monotonicity in (2.7), these identities are all that
the comparison of P, with J* requires.

Lemma 2.19. Let T >0, M > 0, and Ky > 0.
(a) For step functions &,& € X with & & < M and for |k| < Ky,
Y5 #(,%) = Y5 2(g,0)] < C(+ IS = Cllro.r).
J5(©) = J5(@)] < CL+a)lIE = Ellaom)

with C = C(T, M, Ky). Hence Y’%,C and JK(&) extend uniquely to all & € X, continuously
in L' on {& < M}.
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(b) For & € X and k < K/,

o K

o [ mtyae < 1@ - @) < o [ miar

In particular k +— J¥(¢) is continuous and strictly decreasing. For step functions &, k v
J¥(€) is continuously differentiable with 9;J*(&) = —a axYlflg(O, 0).

(c) Brownian scaling. For ¢ € Xt put &(t) = TE(Tt) on [0,1). Then J& (&) = T JFVT(&).
(d) xy(a) = xQ(a).

Proof. (a) The datum f; belongs to §, with fi(x) > — (K% + x?) and Lip(f{) = 1. Hence
Lemma A.2 gives the first bound, with C depending only on T, M, and Kp. Since

Ag Az > 1and [Az — Ag| < |€ — €| ,1, the entropy terms differ by at most T ||¢ — &/,

Every & € Xt with & < M is the L!-limit of the nondecreasing step functions ¢, < M
that equal &(jT/n) on [jT/n,(j+1)T/n); the two bounds show that Yl}lén and J%(¢&,) are
Cauchy sequences whose limits do not depend on the approximating sequence, and the
bounds pass to the limit.

(b) Let ¢ be a step function, and let X* be the optimal process of Lemma 2.8 with T =1,

f = fr,and x = 0. Then M, = axY’f,é(q, X3) > 0is a martingale with M; = (k — X7)+.
Write Xi = By + A with A = [ &(q)M,dq > 0, so that EA = My [ & = Mo(Az(0) —
1). Since (k—Xj)+ < (k—By)+ < (k— X{)+ + A, taking expectations gives My <
mi(k) < Ag(0)My. The recursion commutes with translations and fi(x) = fo(x — k),

SO Y’{g(0,0) = Y(ljlg(O, —k); since ang’,g is continuous (Lemma 2.8), k Ylflg(0,0) is
continuously differentiable with derivative —M, = —axY'{’ér(0,0). Hence —am;y (k) <

okJ* (&) < —amy(k)/A¢(0), and integrating over [k, k'] gives (b) for step functions. By (a)
and the continuity of ¢ — Ag#(0) in L!, (b) extends to all £ € X. B

(c) Let ¢ be a step function, equal to m; on [t tj;1). Then ¢ equals Tm; on
[t/ T, tj11/T), and fkjj (y) = T UAR(VTy) = fi,v7(y)- Applying the second identity
in (2.42) to the steps of the recursion, from the last to the first, gives T‘lY’%’g(Tt, VT y) =
Yli/gﬁ(t, y) at the breakpoints t = t;/T, and in particular at ¢t = 0. The substitution g = Tt

1 : T ,— _ .

and Ag(Tt) =1+ [, TG(Ts)ds = Az(t) give e Ag ldg = %fol A§1 dt. This proves (c)
for step functions. For general it follows from (a), since ||&] — & | o1 = 161 =2l o,
and ¢ < T||¢][eo.

(d) Since step functions belong to X, x; < k0. Conversely, if J*(¢) < 0 for some ¢ € X

with ¢ < M, then by (a) the same holds for a nondecreasing step function ¢, < M close
to ¢ in L!, and ¢, can be taken right-continuous. O
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The comparison with Py rests on the terminal data. By Lemma 2.1(c) and (2.29) with
t = (K—x)/\/gandﬂzp/\/g,foré>0,p>0,andx€1R,

X —K

Ve

frap(x) — (5(2 +log,, $> < (5logCI>< ) < fr(x), (2.43)

because 0t% = (x — x)3 and 6(t +0)3 = (x + p — x)%.. Multiplying the hard-wall datum
by ¢ therefore turns it into the quadratic penalty, up to a shift of the margin and an
additive error of order é.

Lemma 2.20. Let k € R and v € U with Q > 0, and put ¢, = v/ on [0, Q). Then

J6@y) 1. 1

Pe(y) < 2 5 Lo 5 log 5, (2.44)

and, for every p > 0,

]ng (C'y) 1 \/5
Pi(y) > T—i—ilogé—tx(Z—Hong 7) (2.45)
In particular,
]gp(év) 1

Pi(y) > 5 + 5 logd — 2« for every p > V4. (2.46)

Moreover ](kg(@) = QI VQ(E,) for every k € R, where &,(t) = Qy(Qt)/d for t € [0,1).

Proof. The function ¢, belongs to Xg and is bounded by 1/4. Since Agz (q) = 1+
st qQ v = A(q)/96, the entropy terms satisfy exactly

1/ L1 , (2.47)
2Jo Mq) 6 2Jo Az (q)
It remains to prove
Vo
Y52 (0,0) 5(2 +log, 7) < 5u(0,0) < Y5, (0,0); (2.48)

multiplying by « /4 and adding (2.47) and %logé gives (2.44) and (2.45), and (2.46) is the
case v/6/p < 1 of (2.45).

Suppose first that <y is a step order parameter. Then v € Ug, and u is obtained on
[0, Q] from the datum fq(x) = log®((x — )/+/9) at time Q by the recursion (2.6) with
the blocks of . By the first identity in (2.42) with K = §, applied to the steps from
the last to the first, 6u(0, -) is obtained from the datum éfg at time Q by the recursion
with the coefficients v/6 = ¢,. The recursion with these coefficients is nondecreasing
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in its datum and commutes with the addition of constants (2.7), and Ylé,g,, is the same
recursion started from f;. Hence (2.43) gives (2.48).

For general 1, choose partitions of [0, Q] containing Q with mesh tending to zero, and
let v,(q) = v(tj) on [tj, tj11) and 7, = 1 on [Q,1]. Then 7, is a step order parameter
with 7, < 7 and the same top Q, because v < 1 on [0,Q); moreover 7, — 7 in
L}, and &,, — &, in L}(0,Q) with &,, < 1/5. Lemma 2.4(f) and Lemma 2.19(a) pass
(2.44) and (2.45) to the limit. The last assertion is Lemma 2.19(c) with T = Q, since

ng(Qt) = ny(t). ]

We can now state the main result of this section, the zero-temperature characterization
of xc.

Theorem 2.21. For every a > 0, k(&) = xy(a) = k().

C

The two directions of Theorem 2.21 play different roles in Chapter 3. The inequality
k. < x¥ says that a single negative value of J* at a step coefficient forces x. < k; this gives
the upper bound on «. in Theorem 3.13. The inequality xj < «. is the converse: if J¢ > 0
for all coefficients, then k. > xj > k; this turns the dual certificate of Chapter 3 into a
lower bound on «..

Proof. We divide the proof into three steps.

StEP 1. The inequality k. < k0. Let & € X be a step function with & < M and J¥(¢) < 0,
and let k' > k. For 6 € (0,3) with 20M < 1 put Q = 1— 6 and 7(q) = 6Q'¢(q/Q) for
g <Q,v=1on[Q,1]. Then 7 is a step order parameter with values in [0,26M] C [0,1)
on [0,Q), so its top is Q, and gv(t) = Qv(Qt)/d = ¢(t). By (2.44) and the last assertion
of Lemma 2.20, 0

(y) < =
7Dk(’Y)_(;

Asd3 10,k /\/Q—= K >k sok'/\/Q > k for small §, and then J¥'/VQ(¢) < J¥(¢) < 0 by
Lemma 2.19(b). Hence Py (y) — —oo, and P. (k') = —oo for every k' > k. Thus «. < k,
and taking the infimum over k gives x. < «.

JIVR@E) + 3 logs.

STEP 2. The inequality xj < k.. Fix margins k. < k < k”’. We produce negative values of |
at margins close to k" from constrained minimizers at the margin k, where P, (k) = —o0.
For r € [0,1) let 7 minimize Py over U;, and write w, = PL(k), Q; = Q,, &, =1 - Q;,
and b, = b,, 1(0,0). We use four facts.
(i) w, - —oo asr 11, because PL(k) | P.(k).
(ii) 3logd, > wy, by (2.31).
(iii) 6, — 0 as r T 1. Indeed, for fixed ry < 1 the minimum P.°(k) is finite; once
w, < P°(k), the minimizer 7, does not belong to U;,, that is, Q, > ry.
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(iv) The slope b, is large: by (2.33) at the margin x. — 1, where P, is finite, Py (x. — 1) <
Pr—1(7r) < wr+a(k — .+ 1)b,.
By (2.33) at the margin k" and by (iv), with ¢ = (k" —k)/(k—x.+1) >0,

Pk//(’)/r) < Wy — [X(k” — k)br < Wy — ﬁ(P*(KC — 1) — wr).
For r close to one, Q, > 0 by (iii), and (2.46) at the margin k" with p = v/3,, followed by
(ii), gives
k// 57’
]Qr—‘r\/i(g')/r)
Oy

By (i) the right side tends to —co as r T 1. For r close to one it is negative, and the
last assertion of Lemma 2.20 gives JK"+V)/VQr (& ) < 0 with &, € X. Hence x; <
(K" + \/3+)//Qr, and by (iii) this margin tends to k”. Thus xj < k"’ for every k" > «., that
is, x5 < K.

1
< Pk//(’)/r) — 510g5r + 20 < —ﬁ(P*(KC - 1) - wr) + 2a.

Step 3. Conclusion. By Steps 1 and 2 and Lemma 2.19(d), k. < KQ = K] < k. This proves
the theorem. O

Since [*<(¢) > 0 for every ¢ € X, Lemma 2.19(b) yields a quantitative lower bound on
] below the critical margin. Combined with (2.46) it bounds Py (y) from below in terms
of A(0) and J; this is the form used for the top-gap lower bound in Chapter 4.

Corollary 2.22. For k < k.(a) and every ¢ € X,

= %, A(k) = a/kkc myq(t) dt > 0.

Consequently, for v € U with Q > 0, p > /8, and (x +p)//Q < k < x,

QA(k)

Pi(y) > 100)

+ %logé —2a.

Proof. If J%(&) < 0 for some &, the continuity in Lemma 2.19(b) gives J¥ (¢) < 0 for
some k' < k. = kj, contradicting the definition of xj. Hence [*(¢) > 0, and the lower
bound in Lemma 2.19(b) with k' = «. gives the first claim. For the second, (2.46), the
last assertion of Lemma 2.20, the monotonicity in k, and AE7 (0) = Ag, (0) = A(0)/6 give

J§(8y) = QJIH/VR(E)) > QJFE,) = QA(K) 6/A(0). O

2.9 Logarithmic divergence at the critical margin

By Theorem 2.18, P; (k. — ) < +logn + O(1). For a > 2 the comparison with J* gives a
lower bound of the same logarithmic order. The reason is that x. < 0 for & > 2: dividing
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a margin below x. by v/O < 1, as in the last assertion of Lemma 2.20, moves it further
below x. = xj, where | > 0. The first lemma records the resulting lower bound, which
holds for every order parameter.

Lemma 2.23. Letx > 2. Let y € U,k € R, and p > 0 with x 4+ p < k.. Then

1 Vo
PK(')’) > Elogé—(x<2+log+ ?)

Proof. By Proposition 2.17, k +p < k. < 0. If Q = 0, then v = 1[011], 6 = 1, and
Pr(7) = alog®(—«x) > alog 3 > —2a because —x > p > 0. If Q > 0, then 0 < /Q < 1
gives (k +0)/v/Q < k +p < ke = kj (Theorem 2.21), so J&+P)/VQ(E,) > 0. By the last
assertion of Lemma 2.20, ]grp (¢y) > 0, and (2.45) gives the claim. O

Proposition 2.24. Let a > 2. There are constants C, 19 > 0, depending only on «, such that for
0<n <10

oclogiy—CSP*(Kc—q)g%logn—kC, (2.49)
and every y € U with Pe.—y(7) < Pi(rc — 1) + 1 satisfies 1 — Q, < Cyl/(1+a),

Proof. We divide the proof into four steps. First we bound Py (y) below in terms of the
top of 7, for every order parameter. This bounds the tops of near-minimizers. Then we
bound the mass and the slope of minimizers, and finally we bound the value below by
distinguishing two cases for the top gap.

Put C, = Cy_; since Cy is increasing in x, C, < Cs for ¥ < k.. By Theorem 2.18 there is
1 € (0,1] such that P, (. — 1) < 3logn + Cy for 0 < 7 < 3, with C; = Jlog(2aC,.) + 5.
This is the upper bound in (2.49).

Ster 1. A lower bound in terms of the top. We show that for all v € U and « < x,

1+«
Pilr) =

logé — Cy, Cy = a(2+1log2+ Cy). (2.50)

Lemma 2.23 at the margin x. — § with p = §/2 gives, since N2Y p=2/ N2 >1,

1 2 1+
> — _ — —_—
Pre—5(7) 2 5 logd —2a —alog N

logd — a(2 +log?2).

If x < kc— 9, then P(y) > Pr._s(y) because P.(7y) is decreasing. If x. —¢6 <
k < k., then Pc(y) > Pi.(v), and on [k. — 6, x| the derivative of P.(vy) is at least
—aCy/A(0) > —aC./é by Lemma 2.14; integrating over this interval of length ¢ gives
Pr.(7) > Py.—s(7v) — aCs. This proves (2.50).
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Step 2. Tops of near-minimizers. Let 0 < n < 11, put k = k. — 1, and let v € U satisfy
Pi(7) < P«(k) + 1. By (2.50) and the upper bound in (2.49), 132 logé — C, < 1logn +
Cq1 +1, that is,

1-Q,=0< C3,71/(1+1X)’ Cs = e2(C1+Co+1)/(14+a)
. . 1/(14a) 1 — i
We fix 19 € (0, 11] with Cs, < 5. Fromnowon 0 <% <1y, k=1#x.—1,and yisa
minimizer of Py over U, which exists by Theorem 2.16. We write J, A, b for its quantities
at the margin k. By the bound just proved, § < %, thatis, Q > %

Ster 3. The mass and the slope. The minimizer 7y minimizes Py over U, for every r €
(Q,1), s0 (2.35) and C; < C. give A(0) < C4v/é with C; = max{1,2aC./s,}. By (2.32),
A(0)b(0,0) > E(k—+/QG)+. Sincek > xc—1, ke —1 < 0, and 3 < Q < 1, we have
(ke —1)/+/Q > v/2(x. — 1), and therefore
Ke— 1 1
A0)6(0,0) > /Qrm 75 )= >
STEP 4. The lower bound in (2.49). Puts = v/6 < 1. We distinguish two cases.

Case A: s > 1/4. Lemma 2.23 at the margin k with p = 7/2 gives P.(k) = Pi(7y) >
logs — 20 — wlog, (2s/1). If 25 > 7, the right side equals alog#n + (1 —a)logs — a(2 +
log2) > alogn — a(2 +1og2), because s < 1 and a > 1. If 25 < 7, it equals logs — 2a >
logn —log4 —2a > alogn —log4 — 2a, because 7 < 1.

Case B: s < n7/4. Here the margin shift in Lemma 2.23 costs nothing, but %log J may
be very negative; the slope compensates. By (2.33) and Step 3,

ml(\/E(KC — 1)) =:c4 > 0.

acyl
2A(0)

b4
Pr(y) > ¢%+n/z(7)‘F'ézb(0,0)§Z Prayr2(y) +

Lemma 2.23 at the margin k +1/2 = x. — 11/2 with p = 1 /4 gives Py, 2(7) > logs — 2a,
because \/3/p = 4s/1 < 1. With A(0) < C4s we obtain, with c5s = acy/(2Cy),

P.(k) > logs + % — 20 > logn +1+1logcs — 2a,
since s > logs + cs17/s is minimal at s = c¢s17. As logny > alogy, both cases give the

lower bound in (2.49) with a constant depending only on «. O

The exponent 1/(1 4 «) for near-minimizers comes from the factor 1% in (2.50). The
proposition does not identify the coefficient of log 77 in P, (k. — 17). For exact minimizers,
Part I, Lemma 6.10 and Proposition 6.11, prove the bound on 1 — Q, for every a > 0,
directly from the value identity.



CHAPTER 3

Replica-symmetric order parameters,
the de Almeida-Thouless line, and the
ordering of thresholds

This chapter studies the replica-symmetric order parameters 1, ;; and the three margins
kRrs, k4, and x. for & = 2 4 e with e > 0 small. The margin xrg is Gardner’s prediction,
and Proposition 2.17 gives x. < xgs. §3.1 expands xgg near « = 2, and §3.2 computes
the functional, the function D, and the replicon eigenvalue at a replica-symmetric order
parameter. In §3.3 an exact formula for the derivative of D along the replica-symmetric
family (Lemma 3.5) shows that, for « < 72/4, every margin below xgs has exactly one
stationary replica-symmetric order parameter, and Proposition 3.8 shows that its replicon
eigenvalue changes sign at a single margin xq, with xgs — kg = 84e> + O(e3log(1/e)). §3.4
proves a duality bound for the zero-temperature functional J* of Chapter 2 (Theorem 3.10).
In §3.5 we construct an explicit dual certificate and an explicit negative value of J*.
This gives xrg — Cord€® < ke < Krg — Ceype® (Theorems 3.11 and 3.13); on the interval
(x4, kc) no minimizer is replica symmetric (Corollary 3.14). In the terms of §1.3, the
certified margin k., of Theorem 3.11 enters Step 1 through the top-gap lower bound of
Chapter 4; Theorem 3.11(iii) places every compact window © of rescaled margins below
k. (Remark 3.12); and Steps 4 and 5 use the order parameter yq = LUPY of Proposition 3.8
and the asymptotics of 1 — g4.

3.1 Gardner’s prediction near a = 2

We use the Gaussian functions R, R, V, m, m1, and ¢ of §2.1 and the facts collected in
Lemma 2.1. The next lemma expands Gardner’s prediction xgrs near « = 2. Its part (b)
identifies the quantity a®(kgrs) — 1 ~ e/4, which drives both the de Almeida-Thouless
crossing and the cubic separation below.

Lemma 3.1. There is eg > 0 such that for 0 < e < egand a =2 +e:
(@) —% < Kkgrg < 0 and ﬁ < |xgrs| < m; moreover Krg = —8%0 + O(ez);
(b) a®(xrs) — 1 = a|kgrs| my(krs); in particular 0 < a®P(krs) — 1 < ado|krs|, aP(krs) —

1> %e, and a®(kgg) — 1 = £ + O(e?);

212
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() am'(krs) = 4o +e(2¢0 — z47) +O(e?).

1 _ e
—m—2a>0,80

), that is, kgg > —%.

Proof. (a) From am(kgs) = 1 and m(0) = J we get m(0) — m(xgs) =
Krs < 0. Since m(—3%) < %, for small e we have m(kgs) = 5 > m(—

+e
By convexity of m and Lemma 2.1(g),

NN =

e

2my(—3%)|xrs| < m'(kgs)|xrs| < m(0) — m(xgs) = o < m'(0)|krs| = 2¢po|xrs|,

which gives the two-sided bound, since & > 2. Taylor’s formula with 0 < m” < 2 gives
Im(xrs) — 3 — 2¢orrs| < K2, and £ = & + O(e?); hence kgs = —e/ (8¢p) + O(e?).

(b) The identity follows from am(xgs) = 1 and & — m = —km;. Since m, is increasing,
my(—3) < my(krs) < my(0) = ¢p; combine with (a). For the expansion, m;(xgs) =
¢o +O(e) and a|xrg| = (2 + e)(% +0(e?)).

(c) Since m}(0) = ®(0) = 3 and m} = ¢ is bounded, m’(krs) = 2m(krs) = 2¢p +
Kkrs + O(K%s); multiply by & = 2 4 e and insert (a). O

3.2 Replica-symmetric order parameters

Definition 3.2. For q € [0, 1) the replica-symmetric (RS) order parameter is v := 1, 9] € U.
Its measure is the point mass at g, so g0 = Q = gand 6 = 1 —q =: §;. The RS value is
PR5(q) := Px(7q)- For g € (0,1) we use the parameters
k::L, B = ﬂ, Zﬂl::\/ﬁG—K:G—k’
Vi 7 Vo p

and we define, for k € Rand B > 0,

G —k\2 G —k\2
a2 —

We call q € (0,1) RS-stationary at « if D, (q) = 0. At an RS-stationary ¢ the replicon
eigenvalue is
Ap = 1-— “HRS(k/ﬁ)

T a1
When « admits exactly one RS-stationary point, we call it the stationary RS point and
denote it by " («).

For 7, the diffusion is a Brownian motion on [0,4], so Z7 is the normalized top
position Z = (Xo — «)/ V4 of Y- The quantity Hgs is the Gaussian second moment of V;
it should not be confused with the obstacle potential H. The next lemma identifies Ar
with one half of the curvature of H,, at the atom, as in (1.7). Its sign decides whether
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moving a small part of the mass of the atom to a nearby point lowers the functional. At
an RS-stationary point, a Hgs(k, B) = 1 is the de Almeida-Thouless condition recalled in
§1.1, and the stationarity condition aFgs(k, f) = 1 is [59, (43)].

Lemma 3.3. Leta >0,k € R, g€ (0,1), v = yg and r € (q,1).

G—
(@) PXS5(q) = aE logCID(\/ﬁ K) + o 4 %log(l —q). The same formula holds at

) V1—y¢ 1—q)
g=0.
(b) Dy(q) = q(aplzi(f'f))z_ Y and S,(q) = aHgs(k, B). Moreover D., € C'([0,r]) and

Dl = (S, —1)/A3.

(©) g+ P(q) is C" on (0,1) with L PE(q) = —3Dy, (q).

(d) If q is RS-stationary, then H.,(s) — H~(q) = Ar(s — q)* +o((s — q)?) as s — q.

(e) If q is RS-stationary and Ar < 0, then q is a strict local maximum of H.,. For every q' # q
sufficiently close to q and all sufficiently small t > 0,
In particular vy, is neither a global minimizer of Py nor a local minimizer for the L distance.

Proof. (a) Since v = 0 on [0,7), Lemma 2.5(a) with m = 0 and (2.9) give u,(0,0;x) =
Eu, (g, Bg;x) = Elog ®(Z1). Since )‘7 =1—-gon[0,g9] and A,(t) =1—ton[q,1],

R S P PR I e
2/ 1—t>dt_2(1—q)+2log(1 )

At g = 0 both sides equal & logCD( K).

(b) By (2.10) with z = (x — x)/+/1 — g we have b(q,x) = R(z)/+/1 —q and ¢(g,x
V(z)/(1—q),and X; = B; has the law of /7 G. Hence, as )‘7 =1—gon|0,q],
D (q) = «ER(Z)*> g a(1-q)ER(Z7)*>—q

A N Ik 1-92

and «(1 — q)ER(Z7)? = qaFgs(k, B) because B> = (1 —gq)/q. Similarly S,(gq) = a(1 —
q7)°Ec(g, X4)* = aEV(Z7)2. The last claim is Lemma 2.9(c)(i).

(c) The derivative of ( =gy T Tlog(1—q) is 2(—) Next

dz7 G n z1
dg  2y/4(1—¢q) 2(1-9)
and Gaussian integration by parts with R’ = -V gives E[R(ZT)G] =

—/q/(1—q)EV(Z9). Since V(z) = zR(z) + R(2)%,
4201 _ BRENZ - V)] _ _ER(Z7)?
dg | — 2(1—gq) - 2(1—9q)

;qlEloqu(Zq) IE[R(Zq)
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Differentiation under E is justified by 0 < R(z) < |z| + 1. Summing,

d ors, oy a(1— 9)ER(Z7)* —q _ 1
(d) By (b), H!, = —D,/2is C! near q, #,(q) = 0, and H//(q) = —3D! () = 2(*15_7;)@ —

2Ag. Taylor’s formula gives the claim.

(e) By (d), H(s) < H,(q) for s # g near q. For ' < q close to q, vy — 75 = 1} 5), and
the first-variation formula (2.28) of Proposition 2.11(a) (both order parameters lie in U,
for v’ € (max{q,4'},1)) gives the right derivative

d

5 P (L= Drg+tyg)

1 r4
T /q Dy (s)ds = Hy(q') = Hy(q) < 0;
the case q' > g is identical with v, — v, = —1,4)- Moreover (X =t)vg+trg — vl =
tlg" —q| — 0. -

Part (e) is the analogue for P, of the instability of the replica-symmetric solution be-
yond the de Almeida-Thouless line for SK-type models [129], [77, Theorem 1.8], recalled
in Chapter 1.

3.3 The stationary curve and the crossing

We now locate the RS-stationary points. By Lemma 3.3(b), g4 is RS-stationary exactly
when aFgs(k, ) = 1. Uniqueness of the stationary point comes from an exact formula
for the derivative of D, (q) in 4 (Lemma 3.5); the crossing is then located by following
the replicon eigenvalue along the stationary curve, parametrized by .

Lemma 3.4. Let k € Rand B > 0, and write Z := (G — k) /B.
(a) Frs(k,B) = m(k) + B*Eo(Z); hence m(k) < Frs(k, B) < m(k) + M,oB?.
(b) |Frs(k, B) — m(k) —2*®(k)| < Cpp?, with Cr := ¢ollo — 2 - 1(_co )l 1-
(c) Frs is continuous on R x (0,00) and strictly increasing in each variable. For fixed P,
Frs(+, B) increases from 0 to oo.
(d) For « > 0 and B > 0 there is a unique K,(B) with aFrs(Ky(B),B) = 1. The function
Ky is continuous and strictly decreasing, and m(Ky(B)) € [1 — MoB?, 1). In particular

Kx(B) < s (x), and Ky(B) T s (x) as B 1 0.

Proof. (a) Since BZ_ = (k — G)., we have B?EZ?> = m(k) and B’ER(Z)?> = m(k) +
B*Eo(Z). Use 0 < 0 < M,.

(b) Z has density z — Bp(k + Bz) < Bpo, and P(Z < 0) = P(k). Hence |Eo(Z) —
20(k)| < Bgolle — 2 - 1(_eo0) |1, which is finite by Lemma 2.1(f).
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(©) Frs(k, B) = Efip(G)* with fip(g) := BR((g —k)/B) > 0. For fixed g, fip(g) is
strictly increasing in k because R is decreasing. It is strictly increasing in  because, with

z=(g—k)/B,
Ipfip(g) = R(z) — zR'(z) = R(z) (1 4+ zR(z)) = R(z) ET? > 0

by Lemma 2.1(a). Since R(z) < z— + R(0) (Lemma 2.1(a)), we have f; 5(g) < (k—g)+ +
BR(0), and dominated convergence gives continuity and Fgg — 0 as k — —oo, where
frp — 0 pointwise. Finally Frs > m (k) — co as k — oco.

(d) Existence and uniqueness follow from (c). If B < p/, then aFrs(Ku(B), ') > 1, so
Ky (B') < Ky(B). For continuity at B, let € > 0; the strict inequalities aFrs(Ku(B) — ¢, ) <
1 < aFrs(Ky(B) +¢,-) hold at B, hence near B, and there |[K, — K,(B)| < & By (a),
m(Ky(B)) = 2 — BPEo(Z) € [ — M,p% 1). Since m is continuous and strictly increasing

and am(kgg) = 1, this gives Ky(B) < krs and Ky (B) — xrs as p — 0. O

The next lemma is the structural input for the uniqueness of the stationary RS point:
along the RS family, every zero of D is a strict down-crossing. It holds for every margin
below «kgs, as soon as & < 772/4.

Lemma 3.5. Let 0 < o < 7?/4 and x < kgg(a). For q € [0,1) put 6, = 1—¢q, Z7 =

(VGG —x)/+\/4,

14
Dgs(q; %) = 5—qlER(Z‘7)2 . g—z Srs(q; %) 1= aEV(Z9)2. (3.1)
q

Then Dgs(g;x) = qu(q) and Sgs(q; %) = Sf,q(q).
(@) g+~ Dgs(g;x) is Clon [0,1), and

87 94Dgs = alE [V* — 2R*(1 — V)] (Z) — 1 + 26, Dgs. (3.2)

(b) There is exactly one q*(x) € (0,1) with Drs(q*(x);x) = 0. Moreover Dgrg > 0 on
[0,9%(x)) and Dgrs < 0 on (g*(x),1).
(c) x +— g*(x) is continuous and strictly increasing on (—oo, kgs).

Proof. For q > 0 the identities Dgs = D, (q) and Sgs = S, (q) are contained in the proof
of Lemma 3.3(b). For g = 0 the order parameter 9 = 1)9q] has u(g,x) = log®((x —
x)/+/1—¢q) on [0,1) by (2.9), so D,,(0) = ab(0,0)? = aR(—«)? and S,,(0) = aV(—x)?,
as claimed.

(a) Let b(q,x) := 0xlog®((x —«)/+/8;) = R((x —x)/+/84)/~/8, so that Dgg =
aEb(q, By)? — q/ég for a Brownian motion B. The function ®((x —«)/\/d;) = P(x +
\/E G > «) solves the backward heat equation, so its logarithm 7 solves ilg = —%(ﬁxx +
72), and b = i solves by = —3(byx + 2bby); also by = —V((x —x)/\/8)/8;. On
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[0,7] x R with r < 1 these functions are smooth, b grows at most linearly in x (as
R(z) < z_ + R(0)), and by, byy are bounded, because V and V' = R(1 — V — R?) are
bounded by Lemma 2.1(a),(b),(e). By Itd’s formula,

diqnzz;(q, By)? = E[2BB, + B2 + Bbe] = E[B2 — 20%h,] = 6,2 E[V2 + 2R2V] (29),
which is continuous in g. Since 8q(q/(5§) = 597’2 + 2q5q’3 and 2q5q’3 = 25;2 («ER(Z7)% —
84Drs) by the definition of Dgg, (3.2) follows.

(b) Put p := V2 —2R?>(1 - V). Forz > 0, p < V? < V(0)? = 4/7?, because V is
decreasing and V(0) = R(0)? = 2/ 7. For z < 0, (2.3) gives 2R*(1 — V) > 3R?R? = V2,
sop < %Vz < % < %. Hence at every zero q of Dgs(+; k), (a) gives (%anRg <da/m?—-1<
0. A C! function on an interval whose zeros are all strict down-crossings has at most
one zero. Indeed, suppose q; < g are zeros, and let g3 be the smallest zero in (41, 42],
which exists because the function is negative on a right neighborhood of g;. Then the
function is negative on (g1, 43), so its derivative at g3 is nonnegative, a contradiction. For
existence, Dgs(0; k) = aR(—x)? > 0, while by Lemma 3.3(b) and Lemma 3.4(a), 62Drg =
9(aFrs(k/ /3, B) — 1) with 2 = 6, /q and m(x/ /) < Frs(x/ /T, ) < m(x/\/7) + Mof?.
Thus 5§DR5 — am(x) —1 < 0as g T 1. The intermediate value theorem and uniqueness
give the sign pattern.

(c) For fixed g, Z9 decreases in « and R is positive and decreasing, so Drs(g;x) is
strictly increasing in «; it is continuous in x by dominated convergence. If x < x’ < kgs,
then Dgs(g*(x);«") > 0, so q*(x) < g*(x") by (b). For continuity at «, let ¢ > 0. The strict
inequalities Dgrs(g*(x) —€;-) > 0 > Drg(q*(x) + ¢; -) (the first omitted if 4*(x) < €) hold
at x, hence near «, and there |g* — g*(x)| < € by (b). O

The stability function Hgs is expanded next. Its first-order term in 8 comes from the
signed area [(V?Z— 11.<0y) = —co of Lemma 2.1(f).

Lemma 3.6. There is a numerical constant Cyy < oo such that, for |k| < 1and 0 < p < %,

|Hrs(k, B) — (k) + cofp(k)| < Cup*log(1/p),
|9pHrs(k, B) + cop(k)| < Cuplog(1/p).

Moreover Hgs(-, B) is nondecreasing for every p > 0.

Proof. Putv := V2 —1¢,_q, so that |o(z)| < Cg/(1+22) and [0 = —co by Lemma 2.1(f).
Since Z = (G — k) /8 has density f¢(k + pz) and P(Z < 0) = &(k),

Hirs(k,B) = @(k) + B [ ¢(k+ B2)o(z) dz
= @ (k) ~ copp(k) + B [ (p(k-+ p2) — 9(0))v(2) d=.
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Since |¢'| < ¢, |p(k+ Bz) — p(k)| < pomin{1,|z|}, and
min{l,‘B|z]}d < |z| d dz
Pl dz :B/ Z—|—/|

R 1+22 = <1/ 14+ 22 z|>1/5z_2
= Blog(1+ ) +2p < CBlog(1/p)

for B < % This proves the first bound. Differentiating under the integral, which is
justified by the same majorants,

aﬁHRS:/]ch(k+ﬁz)u(z) dz+5/]Rz¢'(k+/sz)n(z) dz.

The first integral is —co¢(k) + O(Blog(1/B)) by the estimate above. Since |z| /(1 +2z%) < B
for |z| > 1/B and [ |¢'(k+ Bz)|dz = B~ 1||¢'[|;1 = 2¢0B ", the second is at most

| ,
BCslo [, e th [, W0t pe)ldz] < CBlog(1/p)

Finally, Z = (G — k) /B decreases in k and V is positive and decreasing, so V(Z)? increases
in k. O

For « > 0and B > 0 put

_ _Ku(B) . _
Kﬂé(ﬁ) T m/ (DDC(:B) T “HRS(K“(:B)’:B) 1.

For g € (0,1) write B(q) = /(1 —¢q)/q, so that x/,/q = x\/1+ B(q)%. By Lemma 3.3(b)
and part (a) of the next lemma, @,(B(q)) = S,,(9) —1 = —4(1 — q)*Ag whenever g is
RS-stationary.

Lemma 3.7. (a) For every & >0, k € R, and q € (0,1), sign D, (q) = sign(x — x.(B(q))).
Thus g is RS-stationary at x exactly when x = x,(B(q)), and then k = Ky(B) and
aHgs(k, B) — 1 = @« (B).

(b) There are numerical constants By € (0, }I], ea > 0, and C. < oo such that for 0 < e < ey,
w=2+4eand0 < p' < B < PBo: |[Ku(B)| <1,

2 2
)KRS —xa(B) — 2%0 < Ce(ef? + %) < %, 53)
e

@u(B) — 7 + 200p0B| < Ce(e? + e + B 10g(1/B)),

and
@u(B) < @u(B') - %CO‘PO(.B - B). (3.4)

Moreover @, is continuous on (0,00) and @,(0+) = aP(xgs) — 1.
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Proof. (a) By Lemma 3.3(b), sign D, (q) = sign(aFgs(k, B) — 1) with k = x/1 + p2. Since
Frs(+, B) is strictly increasing and aFrs(Ky(B), B) = 1, this is the sign of /1 + ﬁz — Ky (B)

(b) Size of K. Fix By € (0, 1] with MpB3 < 1(3 —m(—3)) and MQﬁl tm1(—3), and let
ea < eg be so small that Zie —1>—-3(3 —m(—3)) and |kgs| < § fore <e, (Lemma 3.1).
Let 0 < B < By and K = K,(B). By Lemma 3.4(d), m(K) > %—Mg/sz > m(—3), so
K> —%, and m(kgg) — m(K) < Mgﬁz. Since m’ = 2m; > 2m1(—%) on [—%,0],

2
eﬁ<

0< KRS — K <
2my(—%)

1
8’
hence |K| < 1.
Expansions. Subtract am(kgrg) = 1 from aFrs(K, B) = 1 and use Lemma 3.4(b):

a(m(xrs) — m(K)) = 2aB*®(K) + O(B%).

The left side equals am’(&)(krs — K) for some & € [K,kgs], and |& — xgs| < CB%. By
Lemma 3.1(b),(c) and |m”|, |®'| < 2, am’ (&) = 4¢pg + O(e + p?) and a®(K) = 1+ O(e +
F). Dividing, kzs — K = £+ O(ef + 7). Finally K — xy(B) = K(1 — (1+ %) ~V/2) has
absolute value at most |K|/32/2 and |K| < |xgs| + CB* < C(e + B?). For @,, Lemma 3.6
(applicable as |K| < 1 and B < ) gives @4 (B) = a®(K) — 1 — acofp(K) + O(B*log(1/B)).
Here a®(K) —1 = IXCI)(KRs) —140(B*) = £+ 0(e* + p*) by Lemma 3.1(b), and
acop(K) = 2cogo + O(e + K2) = 2coppg + O(e + B?). This defines C, for B < By and
e < ey. Now fix Bo < B1 with

1
Ccfo < 800’ CrPolog(1/Bo) < fcogo,

and decrease e, so that C.e;, < 8}% ; this gives the second inequality in the first display of
(3.3).

Monotonicity and limits. Let 0 < g/ < g < Bp and K’ = K,(p'). By Lemma 3.4(d) and
Lemma 3.6, K, (B) < K’ and Hgs(+, B) is nondecreasing, so

His(Ka(B),B) < His(K',B) = His(K', ) + [ uts(K',0) b
< Hgs(K', B') — jcoo(B — B).-

Indeed, for b < o, dpHrs(K',b) < —cop(K') + Cublog(1/b) < —icodo + scodo by
Lemma 3.6, since ¢(K') > ¢(1) > 1o, blog(1/b) is increasing on (0, 1], and By was
chosen accordingly. Multiplying by a > 2 gives (3.4). Since K, (B) — xrs (Lemma 3.4(d))
and Hgs(k, B) — (k) uniformly for |k| < 1 (Lemma 3.6), @,(0+) = a®(xgg) — 1. Conti-
nuity of @, follows from that of K, and of Hgs, the latter by dominated convergence. [
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We can now describe the replica-symmetric family near « = 2. Part (i) is global in
the margin; parts (ii)—(iv) locate the crossing and expand the stationary point and the
replicon eigenvalue in the window of margins «,(0) = krs(2 + €) — €26 used in the rest
of this part.

Proposition 3.8. There are numerical constants ey > 0 and cy > 0 such that for every 0 < e < e;
and x = 2 + e the following hold.

(i) Stationary points. For every x < kgs, in particular for k € [krs — Cp,Kgrs), there is
exactly one RS-stationary point q*(x) € (0,1). Moreover D., (q) > 0 for q € [0,4%) and
D, (q) <0 for q € (q%,1); q*(x) is the unique minimizer of P> on [0,1); and x — gq* (k)
is continuous and strictly increasing.

(ii) The crossing and the replicon eigenvalue. There is exactly one x4 = kgq(a) € (krs —
C2,kRs) at which aHgs = 1 at q*(xq). Put q4 == q*(xq) and v4 := 1y, 1. The replicon
eigenvalue AR (x) of Definition 3.2 at q* (k) satisfies

ARr(x) <0 (rq < K < Kgs), Ar(xq) =0, ARr(x) >0 (krs—c2 <k < Kq).

Consequently, for k € (kq,xrs) the stationary replica-symmetric order parameter 7y« is
unstable in the sense of Lemma 3.3(e).

(iii) Asymptotics. As e | 0, with Bq := B(494),

27)3/2
—kq = 04¢° +O(3log(1/e)), 0 :(—,
Krs — Kq = 0ge” + O (e’ log(1/e)) q 12802
e
= +0O(e?log(1/e)),
Bd 8codn (e*log(1/e))

and the rescaled top gap of yq satisfies

_1l-qa _ 1 _
dgi=—73° = TR + O(elog(1/e)) = 2¢pbq + O(elog(1/e)).

(iv) The stationary point in the window. For every compact ® C (0, 00) there are eg > 0 and
Co < oo such that, for 0 < e < eg and 0 € O, k.(0) € [krs — C2,Krs) and

‘1—q*(1<e(9))

o2 — 24)09‘ < Cege.

Moreover, with t(0) := 2¢g+/2¢08, the value Hys at q*(x.(6)) satisfies
1 2
‘(1 — aHgs) — e(co t(0) — Z) ‘ < Cee“log(1/e).

In particular cot(04) = §, that is, t(64) = tq = 1/ (4co).
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Proof. Let By, €a, Cc be as in Lemma 3.7(b), put ¢; := ﬁ%/ (4¢0), and let e; < min{e,, }I}, to
be decreased finitely often below. Then a =2 4 ¢ < % /4.

(i) By Lemma 3.5, applicable because « < 712/4, every k < ks has exactly one RS-
stationary point g*(x), with the stated sign pattern, and ¢* is continuous and strictly
increasing. By Lemma 3.3(c), PXS strictly decreases on [0,4*] and strictly increases on
[g%,1); it is continuous at 0 by dominated convergence in Lemma 3.3(a).

(ii) For k¥ < xgrs put p*(x) := B(g*(x)). By (i) it is continuous and strictly decreasing,
and x,(B*(x)) = x by Lemma 3.7(a). Conversely, for g € (0, Bo], (3.3) gives krs — k4 (B) >
B%/(4¢o) > 0,and 1/(1+ B?) is RS-stationary at x,(B) by Lemma 3.7(a); so 8*(x«(B)) = B
by (i). In particular x,(Bo) < krs — ¢z, hence p*(x) € (0, Bo] for x € [krs — 2, kgrs). By
Lemma 3.7(b), @, is continuous and strictly decreasing on (0, Bo], @« (0+) = aP(kgrs) —
1 > 0 by Lemma 3.1(b), and

@x(Bo) < ad(xrs) — 1 — 2cooBo < agolrrs| — FcodoBo < O

after decreasing e; (Lemma 3.1(a),(b)). Hence @, has exactly one zero B4 € (0, Bo), with
@, > 0on (0,8q) and @, < 0 on (Bq,Po]. Put xq := x4(Bq), so that f*(xq) = Bg. By
(iii) below, Bq < Bo/2 after decreasing e;, SO krs — kg < % < ¢y by (3.3). At g*(x)
we have aHgs — 1 = @4(B*(x)) by Lemma 3.7(a), so Agr(x) = —@.(B*)/(4(1 — g*)?).
For k € [krs — ¢2,kRrs), B (k) < Bq exactly when x > xq. This gives the signs and the
uniqueness of x4, and Lemma 3.3(e) applies for x € (xgq, kgs).

(iii) Letting B’ | 0 in (3.4) and using Lemma 3.1(b), 0 = @, (B4) < a¢p|xrs| — %cocpoﬁd,
s0 Bq < 2alxkgs|/co < Ce by Lemma 3.1(a). As x?log(1/x) is increasing on (0, 3],
B3 log(1/B4) < Ce*log(1/e), and the expansion (3.3) of @, at Bq gives | — 2codoPa| <
Ce?log(1/e). Hence

e 2

- 8C0(P0

By (3.3) at B = Bq, krs — kqa = B3/ (2¢0) + O(e3) = €/(128c5¢3) + O(e*log(1/e)), and
1/(128¢3) = (27)%/2/128. Finally 1 —qq = B3/ (1 + B3), so dq = e (1 + O(e?)), and
2¢08q = 1/ (64c3¢3).

(iv) Let eg < e7 be so small that e%) max® < c¢y; then «.(0) € [krs — ¢2, krs), and
B* := B*(x.(0)) € (0, Bo] by the proof of (ii). By Lemma 3.7(a) and (3.3),

Bd +0(log(1/e), B3 = ﬁ%% +0(e’log(1/e)).

e?0 = xkgs — Ko (B*) = p- +0(ep*? + p*) = <e?h < i*z
240 T 4P T T Ao
Hence 3¢o0e? < B2 < 4¢ofe?, and then B*2 = 2¢yy0e® + O(e®), with constants depending
on @. Since 1 — g* = B*2/(1+ B*?), the first claim follows. For the second, B* = e+/2¢00 +
O(e?), B*?1og(1/B*) < Ce?log(1/e), and 1 — aHrs = —@,(B*) by Lemma 3.7(a); insert
these into (3.3). Finally 2¢6q = 1/ (64c3¢3) gives cot(64) = co - 2¢0 - SC(}TJO =1 O
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At the stationary RS point, Hy.(s) — H,.(¢") = Ar(s — ") +o((s — %)) by
Lemma 3.3(d). The instability for x > x4 concerns mass split off near the atom. The
longitudinal direction, in which the whole atom moves, is stable on both sides of x4,
since g* minimizes PR°. Proposition 3.8 does not assert that ;- is a global minimizer for
Kk < kg; for k € [kq — ce?, k4] this is proved in Chapter 8 (Theorem 8.13).

3.4 The zero-temperature functional and a dual certificate

The critical margin is defined through the divergence of P., which is not directly com-
putable. Theorem 2.21 characterizes it through the zero-temperature functional J* of
(2.41), in which the terminal datum log ®((x — x)/+/¢) is replaced by its Gaussian-tail
approximation —(x — x)3 /(26) and the top gap is scaled out. We first record the con-
sequences of Chapter 2 used below. We then prove a duality bound: a single function
g > k — x satisfying two Gaussian moment constraints forces | k> 0 for all coefficients at
once, and hence k. > k.

For T € (0,1] let St be the set of nondecreasing, right-continuous step functions
¢:[0,T) — [0, c0) with finitely many values. For ¢ € Srand k € R, Y = Y% ¢ denotes the
solution of (2.40), given by the Cole-Hopf recursion run backwards from the terminal

datum fi(x) = —1(k — x)% at time T with coefficient ¢. As in (241), Az(q) = 1+ f g,
L; = A:(0), J5(&) = «Y(0,0) zfo Az(q)"1dg and J¥ = J¥. The coefficient ¢ may
exceed one. For ¢ =0, Y(0,0) = —3E(k — \/—G)i, o

75(0) = (1 — am(k)), (3.5)

which vanishes exactly at k = «gs.

Lemma 3.9. Let« > 0and k € R.

(a) Two criteria. If J¥(&) < 0 for some & € Sy, then k. < k. If J§(&) > 0 for every ¢ € Sy,
then k. > k.

(b) The optimal process. Let § € Sy and Y = Yk’é, let B be a Brownian motion with natural
filtration (Fy), and let X* be the strong solution of dX; = ¢(q)Yx(q,X7)dq + dBy,
Xy = 0. Then My := Yx(q, X7) is a square-integrable (JFy)-martingale on [0,1] with
My = (k—X{)4, and

Y(0,0) = —%]E[M% + /Olg(q)z\ﬁ dq].

Proof. (a) By Theorem 2.21, k. = ., the infimum of the margins k’ for which | K(&) <0
for some nondecreasing step function ¢ on [0,1). The first claim follows. For the second,
k' — J¥(Z) is nonincreasing by Lemma 2.19(b), so J¥ (&) > J¥(&) > 0 for all ¥ < k and
& € S1; hence «¥ > k.
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(b) The terminal datum f; belongs to the class of terminal data of Lemma 2.8, with
fi(x) = (k—x)4, and Y is the solution considered there. By Lemma 2.8, X* exists and
M is a square-integrable martingale with M; = f{(X]) = (k — X{); it is adapted to
(F4) because X* is a strong solution. Equality holds in the control inequality (2.20) for
the feedback control 6; = ¢(q) M, whose cost is G;Z/C(q) = C(q)Mg. Hence Y(0,0) =

* 1 *
Efi(X{) — 3B [y ¢M3dg, and fi(X}) = —3M3. O
We now prove the duality bound. A trial control in the variational representation of
Y(0,0) (Lemma 2.8) gives a lower bound on J¥(¢) for a fixed & To obtain a nonnegative
lower bound uniformly in ¢, we use a dual object: a function g lying above k — x that

is small in L2 of the Gaussian measure and has small slope in the same space. Neither
condition involves ¢.

Theorem 3.10. Let « > 0 and k € R, and let g : R — R be Lipschitz with g(x) > k — x for all
x € R. Assume

(C1) aEg(G)* <1, (C2) aEg'(G)?><1. (3.6)
Then JK(&) > 0 for every & € Sy.

Proof. Fix § € Sy, write A = Ag and L = Lg, and let B, (F;), Y, X*, and M be as in
Lemma 3.9(b). Put v := M; = (k— Xj)4+ > 0, so that My = E[v | F;]. We divide the
proof into four steps.

SteP 0. Martingale representations. Let (P;) denote the heat semigroup. Since g is Lipschitz,
dxPig = Pi¢’ for t > 0 and |P;¢’| < Lip(g). The martingale E[g(B1) | F+] = (P1_,¢)(By)
has terminal value ¢(By), and for v’ < 1 Itd’s formula, with 9,(P;_,g) = —%axxpl,rg,
gives

(Py-vg)(Be) = Eg(B1) + [ (P1g')(B,) dB,.

Letting 7 1 1 in L2, we obtain g(B;) = Eg(B;) + fol ¢rdB, with ¢, := (P;_,¢’)(B;), which
is the Clark-Ocone formula for g(Bj). By Jensen’s inequality and (C2),

EQ <E(P,g?)(B) =Eg(GP <. (0<r<1). (3.7)

Similarly write v = Ev fol ny dB, (by the martingale representation theorem; see [79]),
so that EM? = (Ev)? + [; En?dr.

Step 1. | in terms of v. Put

T2 ! 2 30 _ 2 ! 2
Q:=FEv '+ [ &(s)EM:ds= (Ev)°L+ [ A(r)En;dr,
0 0
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where the second expression follows from the formula for EM?, Fubini’s theorem, and
A(r) =1+ frl & By Lemma 3.9(b), J*(¢&) = %fol A~ —4Q. Moreover Q = E[v(k — By)].
Indeed k — By = (k— X;) + fol ¢Msds and v(k — X;) =12, so

E[v(k — B,)] = Ev? +/ E[vM,] ds = B2 +/ (s)EM2ds = Q.

Step 2. Comparison with ¢(B1). Since v > 0 and ¢(B1) > k — By, the It6 isom-
etry and the Cauchy-Schwarz inequality, applied to (vLIEv)(Eg(B;)/vL) and to

(VA(r) ne)(er//A(r)), give
Q < E[vg(By)] = EvEg(B;) + /1]E (g, dr < Q'2RV2,

R :— ]Eg B1 / gr d

A(r

Hence @ < R and J*(&) > 1[[] A~ —aR)].

Step 3. The sign. The function A~! is nondecreasing with A(0)~! = 1/L, and fol Eg2dr =
Var g(Bj) by the It isometry. Hence

L dr 1
; m—oﬂ% L[l—(xVarg(Bl)—oc Eg(By))? —|—/ A 1—udEg,)d
1
> 1(1-aEg(G)) >0,
by (3.7) for the integral and (C1) for the last inequality. This proves the theorem. O

3.5 Ordering of the thresholds

We now construct an explicit certificate. A natural candidate is g(x) = BR((x —k)/p), the
terminal value of Ab for a replica-symmetric order parameter. It satisfies g(x) > (k —x)4,
Eg(G)?> = Fgs(k,B) and E¢’(G)? = Hgs(k,B), so (C1) and (C2) read aFrs < 1 and
aHgs < 1. Along the stationary curve aFgrs = 1 they hold only for > B4 (on the range
of Lemma 3.7), and the certified margins Ky (B) < Ka(Ba) = kq4/1 + B} lie below xq. The
loss comes from the left tail: R(z)? —z?> — 2 as z — —oo, which costs 282®(k) in (C1)
(Lemma 3.4(b)). A certificate that equals k — x exactly outside a window of width O(e)
around k avoids this cost. Its price in (C1) is only cubic in the width, while it still lowers
the slope enough to satisfy (C2).

Theorem 3.11. There are numerical constants ep > 0 and Cypq < oo such that for 0 < e < ey
and o« = 2 + e the following hold.
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(i) There is k, = k.(a) with xgg — Corge® < ki < kgg such that J& (&) > 0 for every & € S;.
Consequently
Ke(a) > ki() > xpg(a) — Copge®. (3.8)

(i) xc(a) —xq(a) > 1042
(iii) Subcritical window. For every compact ® C (0,00) there is eg > 0 such that, for
O<e<egandf € O,

kie(2+e) —Ke(0) > 1e*min @, in particular  K(2+e€) —x.(0) > Je* min ©.
(iv) Distance from the crossing. There is a numerical constant Cyq. < oo such that
|xe(a) — xq () — 0g6| < Cqce®log(1/e),  thatis,
Ke — kg = 0q¢> + O (e’ log(1/e¢)).
Proof. (i) Let e < eg (Lemma 3.1), and put

_ 3¢ 3
=2 A= * = .
B a|KRs|, 2y (—1/2) k Krs — A

By Lemma 3.1(a), B < Ce and A < Cyqe’, and for small e we have k. > —% and
ki| + B < 3. Define g : R — Rby g(z) = —z forz < —1, g(z) = 1 for -1 <z <0, and
9(z) = (1—2/2)4 forz > 0, and put

= (X —ky
8(x)i=Po(5):
Since g(z) > —z for all z, g(x) > ki — x. The function g is Lipschitz with ¢ =—1on
(—oo,ks —B), ¢ =0o0n (ks — B, ki), g :—Qon(k*,k +2B) and ¢’ = 0 on (ks + 2B, ).
Condition (C2). Since ¢ > ¢(|k«| + B) on [k« — B, k] and ¢ < ¢y,

Eg'(G)? = @(k. — B) + 1(®(k. +2B) — ©(k.))
< ®(ks) — BP(lki] + B) + 5Bpo < P(krs) — 3P,

because ¢(|k.| + B)_Z ¢(3) = ¢oe /8 > Z¢pp and k. < xrs. By Lemma 3.1(b), a®(xgs) <
1+ 0(4)()|KR5|,' with = 21X|KR5| and « > 2,

wEg'(G)? <1 + agpolrrs| (1 — %zx) <1-— %Oégb()lKRs| < 1.

Condition (C1). With z = (x —k.)/B, we have 0 < ¢(x)? — (k. — x)2 = B*(g(z)* —
z2) < B*11_1(2): on [—1,0] the difference is 1 — 2, and on [0,2] it is (1 — z/2)*. Hence

Eg(G)? < m(ks) + B°P(G € [ky — B, ks +2B]) < m(k) + 3oB°.
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By convexity of m and m’' = 2my > 2m;(—3) on [—3,0],
am (k) < am(kgs) — 2amy(—3)A =1 — 3agoB°.

Therefore aEg(G)? < 1. By Theorem 3.10, J* (&) > 0 for every & € S, and Lemma 3.9(a)
gives k. > k.

(ii) Take eo < e;. By (i) and Proposition 3.8(iii), kc — kq > krs — kg — Corg€® =
04¢2 — O(elog(1/e)) > 104¢? for small e.

(iii) ks — . (0) = €20 — A > e min ® — Cypqe® > %ez min O for small e.

(iv) By Proposition 2.17, k. < xgs; with (i), 0 < krg — kc < Corqe. Write k. — kg =
(krs — kq) — (krs — %) and use Proposition 3.8(iii): |k — kg — 04€%| < |krs — kg — 04€%| +
Corg€® < Ce?log(1/e). O

Remark 3.12. By Theorem 3.11(iii), every compact interval ® C (0, c0) lies in the subcritical
range: for all sufficiently small ¢, the margins x.(0), 8 € ©, lie below «. by at least
%ez min ®. This rests on the lower bound (3.8), which is proved with the explicit dual
certificate; every later use of the subcriticality of ® depends on it. From now on ® C (0, o)
denotes a fixed compact interval, and we write f_ := min® > 0 and 6, := max©®. Up
to §7.8, O is arbitrary, and all constants depend on ® only through 6. From §7.8 on, we

assume in addition that © contains 84 in its interior; Chapter 8 takes ® = [364,204].

We now prove that the replica-symmetric formula overestimates x. at order ¢3. The
negative witness is a coefficient carried by a top layer of width € < ¢? and total mass one.
At k = Kgg the value J**s(0) vanishes by (3.5); the layer gains an amount linear in € with
coefficient proportional to a®(krg) — 1 ~ e/4, at a cost of order £3/2, and the choice & < ¢?
balances the two. The value of [ at a one-block coefficient involves exponential moments
of the form E exp(—#(a — G)3 ), which also enter the upper bound on the capacity in [90,
Definition 2 and Theorem 4.2]. The function J;(k) of Part I, Chapter 7, is J*(&) ate = ¢,
for the one-block coefficient ¢, = 8_11[1_&1) of Step 1 below.

Theorem 3.13. There are numerical constants e3 > 0 and cqyp > 0 such that for 0 < e < e3 and
x=2+e,
Kkrs (@) — Ko () > coupe’.
Together with Theorem 3.11(i), cqupe® < krs — ke < Corge®.
Proof. We divide the proof into four steps.

Ster 1. An exact formula. For 0 < e < 1 let & := 8_11[1,&1) € S1and p:=1—e. Put
f(z) := logEexp(—1(z + G)2) = log [CID(Z) + 2*1/2e722/4cb(—z/\/§)},

where the second expression follows by splitting the expectation according to the sign
of z+ G and completing the square, (z + ¢)? + ¢> = 2(g +z/2)?> + z2/2. On the top
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block the coefficient is 1/¢, and (k — x — /eG)2. /e = (z + G)% with z = (x — k) /+/; so
the Cole-Hopf step gives Y(p,x) = ef((x — k)/+/e). Below p the coefficient vanishes,
so Y(0,0) = eEf(Z:) with Z := (,/pG —k)/+/e. Since Az, =2 on [0,p) and Ag(q) =
1+ (1—g)/eon [p,1), the entropy term equals (5 + elog?2). Hence

J¥(&e) = ae Ef(Ze) + Z + Slngz.

Step 2. The remainder. Put v(z) := f(z) + 122 + lngzl{Ko}; only an upper bound on t is
needed. For z > 0, ef < 1, s0 t(z) = f(z) < 0. For z < 0 let a(z) := Ee (:+6)"/2 =
2-1/2¢=7*/4 Then ¢ = log(e/a), and ef —a = E[1 — e~ (4622 1L G > 0] < ®(2),
so t(z) < ®(z)/a(z). The right side is at most v/2e'/* on [~1,0), and at most
V2¢poe = /4/|z| for z < —1 by Lemma 2.1(b). Thus v < t := (®/a)1(_p) € L(R).
Using E(Z.)2 = m(k; p)/e with m(k; p) := E(k — \/pG)?%, so that m(k;1) = m(k), and
P(Ze < 0) = ®(k/\/P),

JE(E) = F= “'Z(k;p) + Elzgz (1— a®(k/\/p)) + ae Ex(Ze).

StEP 3. Expansion. Let |k| < 1 and a < 3. The density of Z is z — \/edp(k + \/ez) <
V2e ¢y, where ¢, is the N(0,p) density, so acEr(Z:) < 3v2¢y|| 1>/ By Gaus-
sian integration by parts, dym(k;t) = ®(k/\/t). For t € [1,1], |o:P(k/VE)| =
[klp(k/ V1) /(282) < V2¢olk| < k|, so [®(k//t) = P(k)| < [K|(1 —t). Since m(k) —
m(k;p) = fpl @ (k/+/t)dt, this gives |m(k;p) — m(k) + e®(k)| < € and |®(k//P) —
®(k)| < e. Hence, withp =1 —g¢,

2

p—am(k; p) < 1—am(k) e B ae”
1 < —— @@k —1) + -,
5102‘52 (1—ad(k/\/P)) < —glzgz(zxq)(k) —1) + —“lzgzez.

Adding these bounds and the bound on aeEt(Z;), and using ¢ < £¥/2 and « < 3, we
obtain, with d := log?2 — %,

1) < 1_";—’”(") — 2 d (a(k) —1) + e (3.9)
where C; := 3 + 3log2 + 3v2¢y||F|| 1 is a numerical constant. Here d > 0 because

log2 = flz tldt > 1.

StEP 4. Choice of e. Atk = Kkgs, 1 —am(xrs) = 0 and, by Lemma 3.1(b), a®(kgs) — 1 > coe
with co = m1(—3%)/(4¢o). Let t, := (dco/(4C;))? and € := t,e? < 1. Then (3.9) gives

d d
JS(Ge) < — ke + CpE 2 = — S0 =~y
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Let coyp := c4/3. By Lemma 2.19(b), and since m1(t) < mq1(0) = ¢p for t < 0 and
ago < 3o < 3,

RS et (&) < JRS (&) + adocaune’ < —cae® + hese® < 0.

By Lemma 3.9(a), k¢ < kRs — Ceub®- O

The two cubic bounds are statements about the zero-temperature functional | only:
Theorem 3.11(i) certifies J** > 0 and Theorem 3.13 exhibits | "RS_Ccubes(Cg) < 0; they are
transferred to . through the characterization x. = x of Theorem 2.21.

Corollary 3.14. Let 0 < e < min{ey, ey, e3} and o« = 2+e. Then kq < k. < ks, and for
every k € (Kq,kc) the functional Py has global minimizers, and no global minimizer is replica
symmetric: Y. is not a point mass. In particular every global minimizer has at least two support
points.

Proof. The inequalities x4 < k. and k. < xgg are Theorem 3.11(ii) and Theorem 3.13.
Minimizers exist by Theorems 2.16 and 2.18. Suppose that v = 7, is a global minimizer at
some k € (kq,xc). By Proposition 2.11(c), 0 < g < 1 and D,,(9) = 0, so q is RS-stationary
at k. Since « € (x4, krs), Proposition 3.8(i) gives ¢ = g*(x), and Proposition 3.8(ii) gives
Ag(x) < 0. By Lemma 3.3(e), 7, is not a global minimizer, a contradiction. O

Corollary 3.14 says nothing about the structure of the minimizers beyond having two
support points, and it does not use the uniqueness results of later chapters. Their interval
structure for x immediately above x4 is established in Chapter 8.



CHAPTER 4

Rescaled variables and a priori bounds
for minimizers

For & = 2 + ¢ and margins k = () = xgg — €0, the relevant overlaps lie within O(¢?)
of one, and the relevant values of x — x are of order e. This chapter introduces variables
adapted to these scales and proves the a priori bounds of Step 1 in §1.3 for all exact
global minimizers. In §§4.1 and 4.2 we restate the identities of Chapter 2 in rescaled
variables (Lemma 4.2) and write the value Py(y) exactly in terms of the rescaled solution
at the bottom of the support (Lemma 4.3). Proposition 4.5 splits this value into a term
K.(qo) that depends only on g, three explicit terms that depend on < only through
the bottom gp, the rescaled mass ¢, and an entropy-type quantity T, and a remainder
aEW(Yp) with W integrable; Lemma 4.6 expands the coefficients to first order in e, and
Lemma 4.7 evaluates the replica-symmetric trial order parameters. In §4.3 we read off
bounds on the mass and the depth from the first-order condition D(g9) = 0 at the
bottom of the support (Lemma 4.9). In §4.4 we prove that every global minimizer satisfies
ce?<d< Diop, o < L, and sy < Coe™2/3, uniformly in 6 € ® (Theorems 4.10 and 4.11).
Chapter 5 improves the depth bound to s) = O(1), and Chapter 6 uses all of these bounds;
Proposition 4.5 and Lemmas 4.6 and 4.7 are also the starting point of the flat limit in
Chapter 7.

Rescalings of a similar kind appear in the physics analysis of the jamming limit [59,
(67)—(68)], where A is divided by the distance to the jamming line and x — « is compared
with \/1T ; see also [30] for hard spheres.

Throughout this chapter, « = 2+ e with e € (0,1], ® C (0,00) is a compact interval
as in Remark 3.12, _ = min® and 6, = max©, and « = x.(6) with 8 € ©® unless stated
otherwise. Constants ¢, C depend only on ® unless stated otherwise.

4.1 Rescaled variables

Definition 4.1. Let ¢ > 0, x € R, and let v € U have top Q = 1 — ¢ and bottom
go = minsupp p,; write A = A, and u = u, (-, -;x). The level and the rescaled space variable

are
1—9q 5 X—K

5=~ g(s) :=1—e%s, y=—0

229
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The rescaled profile and its primitive are

(s)i=(1-e%) (seloe?), ()= [ 2t

so that A(q(s)) = e2{(s). The top gap, the depth, and the mass are

) 1- A0
50 = ezqo, fo = E(So) = —6(2)

d .

=
On (0,e7?] x R we put
Uls,y) = u(q(s)x+ey),  ols,y) = —E)Uyls,y),  (s,y) = Ls)Uy(s,9) + 1,
F(s,y) == s(=Uyy(s,y)) — Uy(s,y)¥(s,).

The endpoint s = 0 corresponds to the singular hard wall 4 = 1 and is not in the domain
of these smooth functions; the profile { and its primitive ¢ are nevertheless defined at
s = 0. For s > d also put

1 15 dt 1
I'(s) ._Elogd+§/d WG Tl —gloglo

Finally Y; := (X, ;) —x)/e fors € [d,e72], and Yy := Ys,. We call 7y (or {) a step profile if it
takes finitely many values.

Levels s € [d,e~2] correspond to g € [0,Q]. In rescaled variables v = Ac becomes

v = —{Uyy, and the harmonic function ) = Ab + x — «k of (2.21) becomes ¥ = ¢/e. The

rescaled profile { is nonincreasing and left-continuous, { = 1 on [0,d], { < 1 on (d,e?]

(because Q € supp i,), { > 0 on [0,5) (because qo € supp ) and { = 0 on (sp, e~ 2];

also {(d+) = v(Q—). Hence ¢ is concave and nondecreasing, {(s) = s on [0,d], ¢ < s,
and d < £y < sg. Since (log¥)' = /¢ <1/¢on [d,s],
1 d 1 s dt

I'=-log— + = — > 0. .
r Zlog€0+2d K(t)_o 4.1)

Lemma4.2. Let y €U,k € R, ande > 0. On [d,e ] x R:

@UuU<0oU,>00<v<lLo,<0Y¥Y>0ad¥ =1-v; ¥Y(s,-) is convex and
increasing, and (U, is decreasing in y, with (£Uy), = —v. At the top level,

U(d,y) =log®(y/Vd),  Uy(d,y)=R(y/Vd)/Vd,  ¥(dy)=VdR(y/Vd).

On every open interval of levels on which { = m, U is smooth and Us = %(Uyy + mUﬁ)

(b) The sandwich.

0 < U,¥ < % v; (4.2)

equivalently, F > 0 and v < u,Y.
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(c) Fory < 0: Uy(s,y) > |y|/€(s) and ¥ (s,y) < min{+/s,s/|y|}. Fory > 0: y < ¥(s,y) <
y +min{y/s,s/y}.
(d) Let g = q(s), x = k + ey, and let X7 be the diffusion (2.14) started from x at time q. Then

X
¥(s,y) = [\/_ R( e
Proof. Under the change of variables, b = U, /e, c = —U,,/e*, A = e*l, Ac = v, p = e¥
dx =e 19y, and (1 —q)/A =s/L.

(a) The signs are Lemma 2.4(b),(c) and Lemma 2.9(b), and (¢Uy), = (U, = —v. The
top formulas follow from (2.9), R = =V, and R = z + R. Since 9; = —eza,,, the equation
g = —3(uxx + yu2) becomes US = Uy, + guz) (Lemma 2.4(a)).

(b) The sandwich v < by < < 194 of Lemma 2.10(a) becomes (4.2). Since s(—Uyy) = 30,
the upper half is F > 0.

(c) Lety < 0. Since¥ >0, /Uy, =¥ -y > |y|. By 42)and v < 1, ¥ < s/(LUy) <
s/lyl. Aty =0, ¥ = (U, so ¥(s5,0)2 = (UY < sv < s; since Y increases in y,
¥(s,y) < y/sfory <0.Lety > 0. Then ¥ > y because U, > 0, so U, <s/¥ <s/yby
(4.2); and (U, is decreasing in y, so LUy (s,y) < £Uy(s,0) = ¥(s,0) < /5.

(d) By Lemma 2.9(b), ¢(q,x) = E¢(Q, qu), and ¥(Q,x") = VOR((x' —x)//3);
divide by e. Put & := (ng — x)/e. Since the drift of X is nonnegative, (2.15) gives ng >
X+ Bg—Bgs0E > y+ (Bg — Bq) /e, a Gaussian variable with mean y and variance s —d.
Since R(z) >z, R > 0, and R is increasing, VAR(E/Vd) > E4 > (y+ (Bg — By)/e)+,
which gives the first lower bound. Since R is convex and increasing (Lemma 2.1(a)) and
EE > y, Jensen’s inequality gives the second. O

ﬂ > max{lE(y+mG)+, \/ER(]//\/E)}.

4.2 The value formula and the exact decomposition

Below its bottom g the order parameter vanishes, so the diffusion X is a Brownian motion
there and u solves the heat equation. This makes the input of the rescaled problem an
explicit Gaussian.

Lemma 4.3. Let « > 0, let v € U with qo > 0, let k € Rand e > 0. Then Yo = (By, —x)/e
has the Gaussian law N(—x/e, go/€*), with density

_ ¢ ey + K < edo
po(y) \/q—oﬁl’( \/q_())_\/%’
and
Pi(y) = aEU(s0, Yo) + T'(s0) + Zqu +loge. (4.3)

Proof. Since v = 0 on [0,qo), the drift of X vanishes there, so X;, = By,; and by
Lemma 2.5(a) with m = 0, u(0,0) = Eu(qo, By,) = EU(so, Yp). The entropy is CS(7y) =
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%foQ A7+ 1logé. On [0, 0] we have A = A(O) — 2y, s0 L [T A1 = eze
q =1—¢€*ton [go, Q] gives % qu Aldg = 1 £ Ldt. Fmally 5logd = loge—l— logd. O

Substituting

The proof uses only that y = 0 on [0, o). Hence Lemma 4.3, and with it Proposition 4.5
below, remains valid verbatim if g is replaced by any level q; € (0, go], with sy replaced
by s; = (1 —gq1)/¢* and Yy by (Bg, — x)/e; the mass is unchanged, ¢(s;) = £, because
¢ = 0on (sp,s1], and (4.1) continues to hold with s; in place of sp.

The next lemma records the tails of U. In the far left, the terminal datum log ®(y/v/d)
behaves like —y?/(2d) — log|y|. Below the top the quadratic coefficient becomes
1/(2¢(s)), the logarithm keeps coefficient one, and the constant term records the en-
tropy I'. This is Lemma 2.4(b),(d),(e) in rescaled variables.

Lemma 4.4. Let v € U, let k € Rand e > 0, and let r € (Q,1). There are C,Y; < oo,
depending only on e, |x|, and r, such that for s € [d,e2]:

@ 0> U(s,y) > —C(1+12) forally € R, and U(s,y) > —Ce ¥/ () for y > 0;

(b) with w(s) :=logl(s) —T'(s) —log V2,

2
Y _ < _
U(s,y) + 5y Hlogll —w@)] < 5 (< —Y),

<

Proof. Put g = 1 —e%s € [0,Q] and x = x + ey, and apply Lemma 2.4(b),(d),(e) with
the cutoff r and Ky = |x|. Part (a) follows from u < 0, the quadratic lower bound
of Lemma 2.4(b), Lemma 2.4(d), and (x — x)2/(8(1 — q)) = y?/(8s). For (b), we have
(x —x)%/(2A(q)) = y*/(2£(s)) and log(x — x) = loge + log ly|. Since A = €%¢, 6 = ¢2d,
and the substitution t = 1 — €?t’ gives [ qQ A(t)~tdt = [;¢(t')~1dt, the constant (2.13) of
Lemma 2.4(e) equals

log(e*£(s)) — 21og(e*d) ——/ gdtl —log V2 = loge + w(s).

The terms log e cancel, and the error C/(x — x)? equals Ce™2/y?. O

We now split Py(y). The explicit left asymptotics of Lemma 4.4 can be integrated
against the Gaussian law exactly. What remains is a function W that is integrable on
R. The estimate |#EW (Yp)| < aedoqy /2| W||,1 makes this contribution O(e) on classes
where ¢ is bounded away from zero and ||W]||;1 is uniformly bounded.

Proposition 4.5. Let « > 0, let v € U with g9 > 0, let k € R and e > 0. Define

pim k), aulgn) = MU 0))

w(so) :=logly —T(sg) —log V2,

ko = —
0-— ——/
V0
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Ke(qo) := loge — aE[log |Yo|; Yo < —1] — plog V27,
2
W(y) := U(so,y) + g_f_o — w(50)Lgy<oy +log |y| 11 <_1},

and the profile-independent constant K, := loge — aE[log |Y*|; Y* < —1] — a®(x) log v/271,
where Y* := (G — «)/e; this is K.(qo) at g0 = 1.
(@) E[W(Yy)| < oo and

Pe(y) = Kol(go) + Se400) 4 1Hp

7 S log o+ (1- o)T +aEW(Yp). (4.4)

Here K,(qo), ce(qo), and p depend on « only through qo, and T > 0.

(b) W is bounded on compact sets, W(y) = O(y=2) as y — —oo, and W(y) = U(sg,y) €
[—Cye™Y 2/ (8s0) ,0] for y > 0. In particular W € L}(R). The constants here depend on vy
(through a cutoﬁ‘r € (Q,1)) and on e; no bound on ||W||;1 uniform in e is claimed at this
stage.

2
Proof. (a) Put £(y) := —;’T‘O + w(s0)1gy<oy — log|y|1{y<_1;, so that U(so, ) = £ + W. Both
U(sg, -) (by Lemma 4.4(a)) and € have at most quadratic growth, so W(Yp) is integrable.
Since e(Yp) - = (x — Byy)+ and IP(Yp < 0) = P(ko),

xqom(ko) |
aEE(Yo) = T2, + pw(so) — aE [log |Yol|; Yo < —1].
Add I'(so) + 5, 2[ +loge as in (4.3). The first term and 5 2€ combine to ¢.(qo)/fo. Using

w(so) =logly —T'(sp) —logv2mand I'(sg) = T+ 3 Llog 4o,

~ 1
pw(so) +T(sg) = plogly+ (1—p) (F+ Elogfo) —plog vV2m

> log £+ (1 —p)T — plog V2.

Collecting the remaining terms gives K.(qo). Nonnegativity of T is (4.1).
(b) U(so, -) is continuous (Lemma 2.4(a)), and £ is bounded on compact sets. The left
tail is Lemma 4.4(b) at s = sp, and the right tail is Lemma 4.4(a). O]

The coefficients in (4.4) depend on <y only through g0 = 1 — e%sp. The next lemma
expands them. The main term of c, is 2¢0, coming from xgs — x = 20 and am’(xgs) ~
4¢o; the correction esy/8 comes from the shift of the effective margin x/ /g0 with depth.

Lemma 4.6. There are ep, > 0 and Cp, < oo, depending only on ©, such that for 0 < e < e,
6 € O, and x = x.(0):

(@) |krs + e/ (8¢o)| < Cre? and —e/2 < x < 0.
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(b) For every qo € [3,1], with so = (1 — qg)/€?

‘txq)<\/%> —-1- Z‘ < Cp(e? + €3sp),

ce(qo) — 2¢08 — e [(cpo - 84)0)9 + %0] ’ < Cp(e? + e*sg + €’s3),

Ke(g0) — Ke| < Cpe?splog(1/e), |K, —2loge| < Cp.
(c) Forevery g € (0,1), withs = (1 —q)/é€?,

0 <cg) < >0 <9+ mm{es g})

2
Proof. (a) The first bound is Lemma 3. 1(a). Since k¥ = kgg — €20 < 0 and % = @ < %
(as 2t < 16), k > —g& — (CL + 9+) > —£ for small e.
(b)PutTo :1—q0—650< k() —K/\/_OandAo :KRs—k0_€29+|K’( —1).

-1/2

For 1y < %, Taylor’s formula for (1 — 1 ives 0 < g7 1/2—1— TO < 377%; with (a),
2, 1ay & 9o 0

0—629+—+O(€ T()+€TO) OSA()SC(eZ—l—ETo).
16¢0
The factor p. We have a® (ko) — 1 — § = [a®(krs) — 1 — §] — a[P(xrs) — P(ko)]; the first
bracket is O(e?) by Lemma 3.1(b), and the second lies in [0, xoAg]. The coefficient c,. Since
am(xgs) = 1and 0 < m” <2,1—am(ky) = am’(xgs)Ag + O(A3). By Lemma 3.1(c),

1 —am(kg) = 4¢poe?0 + e <2q>0 — %)9 + ? + 0(64 + %1y + eTg).
Multiplying by qo/(2¢?) = (1 — 1)/ (2¢%) and using 19 = e?sy gives the expansion of
ce(qo). The constant K.(qo). For q € [3,1] write E[log|Y,|; Y, < —1] = EI(,/7G), with

= (4G —x)/e and [(x) := log((x — x)/€)1{y<x_,}- The function [ is continuous,
with ' = —1/(x — x) on (—oco,k —e) and ' = 0 on (x — e, ). By the heat equation, and
since [*_‘(x — x)"2dx = 1/e equals the jump of ' at k — ¢,

=€ g —e) — ‘Pq(x)d

(k — x)2

—]E[(\/_G 2/

where ¢, is the N(0,q) density of §2.1. Since |¢p;(k —e) — ¢y(x)| < Cmin{l,x —e —
x} for q € [§,1], this is at most C [ min{1,u — e}u~2du < C(1 +log(1/e)). Also
|d%CI>(K/\/ﬁ)| < Clx| < C. Integrating over [go,1] gives the bound on K.(g¢) — K.
Finally,

X,

Ke= (1+ad(k—e))loge —aE[log(x — G);G < k —e] — ad(x)log vV27;
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the middle term is bounded because log is integrable near zero, and a®(x —e) = 1+ O(e).
(c) Let k = x/,/q. Since x < 0, k < k¥ < xgs, so am(k) < 1and c.(q) > 0. By convexity
of m, 1 —am(k) < am’(xgs)(krs — k), and

q(crs — k) = qe*0 + [x|(vG—q), /7 —q<min{l—q,\/7}.

With |x| < e/2 (by (a)) and am’(krs) < 5¢¢ for small e (by Lemma 3.1(c)), this gives the
bound. =

The replica-symmetric trial order parameters give an upper bound on the minimal
value.

Lemma4.7. (a) Fore >0,k e R,and 0 < d < e 2, the replica-symmetric order parameter
with rescaled top gap d, namely v = 1, 1) with qo = 1 —e*d, has sg = £p = d, T = 0,

U(d, ) = log ®(-/+/d) and
4o

Pr(v) = aElog @ (Yo/Vd) + —logd+ 223 + loge.
Its remainder in (4.4) is
1
Wrs,a(y) :=log ®(y/Vd) + - <§logd —log v 2ﬂ>1{ys0} +log [y|11,< 1),

and |[Wrs 4|11y < Cw(d) with Cy bounded on compact subsets of (0, o).
(b) There are eg > 0 and Crs < oo, depending only on ©, such that for 0 < e < eg and 6 € O,

Pi(ke(0)) < Ko + 1+ log(2¢00) + Crse,
with K, as in Proposition 4.5. In particular Py (x.(0)) < Ko+ Cpg with Cpg 1= 1+
10g(24709+) + CRs.

Proof. (a) The first formula is (4.3) with I'(d) = %log d, and the formula for Wgg, is
the definition of W with w(d) = llogd —log+2m. With z = y/v/d and w(z) :=

22
log ®(z) + 5 +log V271l ,<q) + log [z[1<_1y,

Wrs,a(y) = w(z) +log |z (11y<_1} — Lz<_1y) + 5logd(1iy<_13 — Iiy<o})-

For z = —t < —1, w(—t) = log(tM(t)) € (—t~2,0), where M(t) = ®(—t)/¢(t) and
t2/(1+ t?) < tM(t) < 1 by Lemma 2.1(b); for z > 0, |w| < 2(1 — ®(z)) by Lemma 2.1(c);
so v € L!. The second term is supported where exactly one of y < —1, y < —+/d holds,
a set of length at most |1 — v/d| on which |log |z|| < 1|logd|. Hence

IWesallpr < Vd ]2 + 3| logd| (|1 — Vid| +1).
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(b) Take d = £* := 2¢0 € [2¢p0-_,2¢0+] and go = 1 — e2(*, which lies in [3,1] for
small e. By (4.4), (a), and Lemma 4.6(b),
2¢0

Pi(x) < Pi(y) = Ke + T log £* 4+ O(e) + aIEWRg ¢+ (Y0),

and, since Yy has density at most epo/ /g0 < V2¢oe (Lemma 4.3) and &« < 3,
|xEWgs ¢+ (Yo)| < 3v/2¢0e Cw (£%). The first two explicit terms equal 1+ log(2¢ef). O

Finally we record a crude lower bound on P, at a fixed top. Together with
Lemma 4.7(b) it shows that the top gap of a global minimizer is small.

Lemma 4.8. For every v € U with top Q and every x € R,
BQ — K
V6

Proof. The entropy satisfies CS(7y) = % fOQ AT+ %logé > %log 6. The heat lower bound
of Lemma 2.5(c) with (q,t,x) = (0,Q,0) and (2.9) give u,(0,0;x) > Eu,(Q,Bg;x) =
]ElogCI)((BQ—K)/\/S). O

PK('y)zleElogCD( )+%10g(5.

4.3 The stationary bottom

At the bottom g of a global minimizer, D(gy) = 0 (Proposition 2.11(c)). As in §4.2, the
diffusion is a Brownian motion below gy, so this condition is an exact Gaussian identity at
the single level sy. For a replica-symmetric order parameter, D(go) = 0 is the saddle-point
equation of Gardner’s replica-symmetric computation [62] (see Lemma 3.5). For mixed
p-spin models, Auffinger and W.-K. Chen used the same observation, that the order
parameter vanishes below the bottom of the support, in the proof of [8, Theorem 1].

Lemma 4.9. Let 0 < e < ep := min{eL,%}, 0 € O, and k = «.(0), and let v € U have
bottom qo € (0,1) with D(qo) = 0; by Proposition 2.11(c), every global minimizer qualifies. Put
ko :=x/./q0 and

g(y) = (boly(s0,y))’ =12 = (¥(s0,y) — ) — 2.

(@) § > 00n R, and 2c.(q0) = «lEg(Yy), with ¢, as in Proposition 4.5.
(b) Depth. sp < max{2d, Cie=2/3, C,}, where

PR, e (100N (B0

CG ‘= —7
¢ 29/2 ’ (or@! cG

(c) Mass. Ife\/so < 1, then Ly < 5o + eso + desd/ .
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Proof. (a) Since v = 0 on [0,4o), we have X, = By, and A = A(0) = e?/y on [0, o], so
A2 = qo/ (e*€5). With b(qo, x + ey) = Uy(so,y)/e and By, = x + eYj, the condition
(qo) = 0 reads oc]E(Eol,ly(so,Yo))2 = go/e*. Since e(Yp)- = (x Bq0)+, E(Yy)% =

gom(ko)/e*. Subtracting & times this, aEg(Yy) = qo(1 — ocm( 0))/e= = 2c.(qo0). The

second expression for g is the definition of ¥. Fory >0, ¢ = (Y —y)? > 0; fory < 0,

¢ =92 +2|y|¥ > 0 because ¥ > 0 (Lemma 4.2(a)).

Two further facts are used in (b) and (c). By Lemma 4.3, Y has density po < e/ /4o

By Lemma 4.6(a),(c), —5 < x < 0 and

2¢e(q0) < 5¢0f+ + 3¢ € so. (4.5)

(b) Suppose that sy > max{2d,C,}; we show sy < Cie=2/3. Put 0y := /59 —d and
Y1 = %470(70. Since sy > 2d, (73 > s0/2. For y > 0, Lemma 4.2(d) and the monotonicity of
vy — E(y + 00G) 4 give ‘I’(so,y) > E(00G)+ = 9170(70, hence g(y) = (¥ —y)? > 1303 for
0 <y < yy. Put x := ey = Fegop. Then x; < Iy < 1 because e?sy =1 — g9 < 1. Also
cg < ¢ gives Co > (5/¢3)* > 167, 50 05 > 50/2 > 8m = 4/¢5 and x; > e > 2|k|. As
k<0<x+x3<landgg <1,

PO<Yy<y1) =Pk <qG<x+x)>P0<G<x+x)
> ¢(1)(k +2x1) = 3¢(1)x1

By (a), g > 0and a > 2,

eag > Ccq esg/z.

Zce(qO) > aF [g(YO)IO <Yy < yl] >0. ‘P%Zg . qb(l)z)oeo'o _ 4)(18)4)8

Since sy > C,, we have %cpoeso < 1c(;esg/ 2 so (4.5) gives 2c(;esg/ 2 < S5¢p8+, that is,

so < Cre~2/3.

(c) Let ey/sp < £. Then 1 — g0 = €259 < 5z, 50 po < V2¢e and v2¢pe /50 < ‘[% <%
also |ko| < V2[x| S e < &, 50 ®(kg) > ®(—%) > 3. Lety < 0. The lower half of the
sandwich (4.2) at level sy gives (¥ + |y|)¥ = Eouy‘P > (v, SO

g(y) =2(Y +|y)Y — ¥* > 20 — 26o(1 —v) — ¥2.

By Lemma 4.2(a),(c), ¥(so,-) is increasing with ¥, = 1 - and ¥(so,y) <
min{/s0,50/|y|} for y < 0. Hence

[ o)) dy = ¥(s0.0) < Vo

—00

0 ) 52
2 4y < / . 0 — 9g3/2.
/_M‘P(so,y) dy < ; mm{so, 2 } du = 2s;
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Using ¢ > 0 on [0, ), P(Yy < 0) = P(ko), and py < \/Eqboe,
2¢.(g0) = aEg(Yp) > a [260 (®(ko) — \/Ecpoe\/%) — 2\/54)06 53/2} >l — 6\/54)0658/2,

where we used ®(kg) — \/§¢oe\/s_g > }L and 2 < a < 3. Combining with (4.5), and using
%(po < 1and 6v2¢y < 4, gives (c). O

Only the stationarity D(qg) = 0 of the bottom enters Lemma 4.9, not global minimality.
The two parts use disjoint regions of the Gaussian input. On {Y; < 0} the sandwich
makes ¢ > 2{pv — Y2, which forces £y < c.(q0). On {0 < Yo < /50}, heat smoothing
over the levels [d, sg] makes g of order sy on a set of probability of order e,/5p; this gain
of order es3/? cannot be balanced by 2c.(qo) = O(1 + esg) at large depth.

4.4 A priori bounds for global minimizers

The top gap is bounded below by comparison with the certified margin k. < x. of
Theorem 3.11. At a distance 77 < e? below k., the slack bound of Corollary 2.22 makes
Px(7) large when § < 72, unless A(0) > 7; weak top stability (Lemma 2.15) forces
A(0) < /6 for minimizers; and the value inequality of Lemma 2.13 closes the argument.

Theorem 4.10. There are ep > 0, depending only on ©, and cp > 0, depending only on 0_,
such that for 0 < e < ep and 6 € ©, every global minimizer <y of Py, (g) satisfies

5=1—Q>cpet that is, d > cpe.

Proof. Let e be so small that Theorem 3.11 and Lemma 4.6(a) apply, so that k., = k.(2+
e) < kgs < 0, kx < ¢, and x = x.(0) € [—5,0). Put 7 := ki — k. By Theorem 3.11(iii),
which rests on the certificate bound (3.8), 7 > %G_ez; alson < |x| < % If § > 1#2/9, then
5 > 0%¢%*/36. Assume from now on that § < 172 /9, so that Q > %. We divide the rest of
the proof into three steps.

SteP 1. A lower bound on A(0). Apply Corollary 2.22 with the margin shift 77/3 > /3 and
with k := k. —1/3 < k.. Its hypothesis holds: ¥ +#/3 = k, — %17 <0and Q <1, so
(k+1/3)/vVQ < x+1/3 <k. Since k. < k. and m; > 0 is increasing, with k > x > —1,
the constant of Corollary 2.22 satisfies A(k) > a [,”* my(t) dt > am;(—1)n/3. Hence

Qamy(—1)n

1
3A(0) +§log5—2(x.

Pr(y) =

Together with Py(7y) < 1logd (Lemma 2.13) and Q > 3, this gives A(0) > mq(—1)y/12.

StTEP 2. An upper bound on A(0). A global minimizer minimizes Py over U, for every r €
(Q,1) (Proposition 2.11(c)), so (2.35) of Lemma 2.15 gives A(0) < max{1,2aCy/s,}vd <
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CA\/S with the numerical constant C) := 288. Indeed &« < 3, C, < 1 for k < 0, and
Sy = min{%, ﬁ} = 16%)( for & > 2, so that 2aC,. /s, < 32a2 < 288.

Step 3. Conclusion. By Steps 1 and 2, v/6 > my(—1)5/(12Cy) > my(—1)0_e?/(24C,).
Both cases give § > cpe* with cp := (my(—1)6_/(24C},))?, which is smaller than 62 /36
because m1(—1) < 1 < C,. O

The constants my(—1) and C, do not depend on a € (2,3]: the only a-dependent input
of weak top stability is s, = min{%, ﬁ} > 41—8 for & < 3. This is why the bound is uniform
as e | 0. The argument uses the value inequality only in the direction Pc(7y) < 3 log; it
gives no lower bound on the optimal value P,, and none is claimed.

The next theorem concerns exact global minimizers. In its proof, global minimality
is used once, through comparison with the replica-symmetric trial order parameter of
Lemma 4.7, to make the top gap small in original units (Step 1). The upper bounds then
follow from the stationarity D(g9) = 0 of the bottom (Lemma 4.9).

Theorem 4.11. There are ey > 0 and Diop, L, Cy < o0, depending only on ®, such that for
0<e<ey 0 €0, andx = x.(0), every global minimizer vy of Py satisfies

d < Diop, bo <L, so < Coe /3, q0 > 3, x| <e.

More precisely, sp < max{2d, Cie~2/3, Cp} with Cy,Cy as in Lemma 4.9, and one may take
Dtop = L.

Proof. Let e < ey < min{eg, er}, with ey further reduced below. The bound |x| < e is
Lemma 4.6(a). By Proposition 2.11(c), 0 < g0 < Q < 1 and D(g9) = 0, so Lemma 4.9
applies. Fix 6 := 2712, We divide the proof into four steps.

Step 1. § < &. Lety € U have § > §. By Lemma 2.1(c), log®(z) > —3z2 —z_ — 2 for
all z. For x| < 1and Q < 1 we have E(x — Bg)3 < 4 and E(x — Bg)+ < 2. Hence
Lemma 4.8 and a < 3 give

2 2 1 - -
Y (i “logd =: —C(d).
Pelv) > 3<5+\/5_—|—2>+210g(5 C()
By Lemma 4.7(b) and Lemma 4.6(b), P« (k) < K, + Cgg < 2loge + Cp, + Cpg < —C(6) for
small e. Hence every global minimizer has § < 4.

Step 2. Depth. By Lemma 4.9(b), s9 < max{2d, 0.} with o, := max{Cye~2/3,C,}. In both
cases €,/59 < %: if so < 2d, then e?sy < 26 < 271 otherwise e?sy < max{C1e4/3, Coe?} <
% for small e. In particular go =1 — e2sg > %

Ster 3. Mass. By Step 2 and Lemma 4.9(c), £y < 5¢p0+ + eso + 46‘88/2. If sy < 2d, then
so < 20y (as d < £y), so esy < 2ely < }160 and 4658/2 = 4(e\/50)s0 < 4- 2117294 < }LEO;
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hence ¢y < 10¢p0+. Otherwise sy < 0p, and esp < 1, rzsg/2 < max{Cf/z, Cg’/ze} < Ci’/z +1
for small ¢; hence ¢y < 5¢pf+ + 5 + 4Cf/ 2. In both cases

o < L:=10¢p +5+4C3/2.

StEP 4. Conclusion. Since d < o, d < Diop := L. By Step 2, sp < max{2L, Cie2/3,C) <
Coe2/3 with Cg := 2L+ C1 + C; (as e < 1), and qp > 3. -

The constants are chosen in the following order: ® (Remark 3.12); the constant Cg.4
and the thresholds e, eg of Theorem 3.11; C;,C; (Lemma 4.9); then § and Diop = L, Co
(Theorem 4.11); and cp (Theorem 4.10), which does not depend on the upper bounds.
Each threshold for e is chosen after the constants it involves, and none of the constants
depends on the minimizer or on 0 € ©.



CHAPTER b5

Bounded depth of minimizers

The coarse bound sy < Coe_z/ 3 of Theorem 4.11 permits thin tails of the support at
unbounded rescaled depth. This chapter excludes them: Theorem 5.1 shows that every
global minimizer in the window of margins has sy = O(1), which is what places all
minimizers in one compact class in Chapter 6. The proof is Step 2 of §1.3. In §5.1 the
tirst-order conditions give the balance law of Lemma 5.2, which equates the integral of
the width w = aE[v(1 — v)] over the rescaled levels with a single scalar x evaluated
at the bottom. In §5.2 a signed-area identity (Lemma 5.4) gives ) to leading order. In
§5.3 we bound w from below on a fixed window and show that the two estimates are
incompatible at large depth.

The condition D = 0 on the support is the analogue for P, of the condition satisfied
on the support by Parisi measures, and the term foq A72in D comes from the Crisanti-
Sommers entropy, as for spherical spin glasses; the earlier work is described in the remark
after Proposition 2.11. The formula D' = (S —1)/A? is the analogue of a derivative
formula of Auffinger and W.-K. Chen (see the remark after Lemma 2.9). In the physics
literature, D = 0 on the support and S = 1 on its intervals are the saddle-point equations
[59, (34)—(35)] of the full replica symmetry breaking solution of the perceptron.

Throughout this chapter, « = 2+ e with e € (0,1] and k¥ = x.(0) with 6 € ®, a compact
window as in Remark 3.12, unless stated otherwise. We use the rescaled variables of
Definition 4.1, and the same letter for a function of g and of s = (1 — g) /¢?; thus

w(s) = aE[v(1—0)](s,Ys) (d<s<e?),

and ps; denotes the density of Y;. Recall that oy € U is replica symmetric if y., is a point
mass, that is, if y is one of the order parameters 1, ;; of Chapter 3. Since Q € supp i,
this happens exactly when go = Q, that is, so = d; then { = 1 4 and £y = d = so. Put

_ 3¢omi(=3) _ 3¢o
Cw = 4 =y

it is positive by the Mills-ratio bound ®(—3) < ¢(3)/3 of Lemma 2.1(b).

[¢(3) —3®(-3)] > 0; (.1)

Theorem 5.1. There is e > 0, depending only on ©, such that for 0 < e < eg and 0 € © every
global minimizer of Py, ) satisfies the following.

(i) If the minimizer is not replica symmetric, then sy < 1/ (4c2).
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(ii) In all cases, s) < Si := max{L,1/(4c2)}, where L is the mass bound of Theorem 4.11.
Thus 1 — go < S.é?.

The theorem concerns exact global minimizers; Remark 5.5 below shows that near-
minimality of the value alone cannot bound the depth.

5.1 The balance law

The first-order conditions of Proposition 2.11 give D = 0 at every support point and
X = x(0) + vD. The next lemma combines them into an identity in which the unknown
term yD cancels.

Lemma 5.2. Let « > 0, k € R, and let -y be a KKT point of Py in the sense of Proposition 2.11(c);
for instance, let v be a global minimizer. Then AD is absolutely continuous on [0,r] for every
r <1,and

(AD) = x(0) ~ §

Consequently fq% w/Adg = x(0)(Q —qo). Ifa =2+ eand X := e*x(0), then

almost everywhere on [0,1). (5.2)

- aEu(sp, Yp) — 1

X % (5.3)

and

sow(s)
/d 10 ds = x (so —d). (54)

Proof. The function A is Lipschitz with A’ = —v almost everywhere, and D € C!([0,1))
with D' = (S —1)/A? by Lemma 2.9(c)(i). Hence AD is absolutely continuous on [0, 7],
and almost everywhere

(AD)" = —’)/D—FE = —7D+/\X_w = —7D+X(O)+7D—g,
A A A
by the identity S —1 = Ax — w of Lemma 2.9(c)(v) and by x = x(0) + vD from Propo-
sition 2.11(d). The points g9 and Q lie in supp y+, so D(qp) = D(Q) = 0 by Proposi-
tion 2.11(c), and integrating (5.2) over [qo, Q] gives the integrated identity. By Proposi-
tion 2.11(c),(d), x is constant on [0, g9}, A = A(0) = ¢?; there, and Xgo = By,; hence

xX(0) = x(ao) = Tl =2,

and v(qo, Xq,) = (50, Yo) gives (5.3). The substitution g = 1 —e?s, A = ¢?( has dg =
—e?ds and maps qo, Q to s, d; reversing the limits gives (5.4). O
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The identity uses D = 0 at every support point, through x = x(0) + yD; the endpoint
conditions D(g9) = D(Q) = 0 alone would not suffice.

Remark 5.3. The same argument gives a family of weighted balance laws, which we do
not use below. Let ¢ : [0,1] — R be continuous and monotone. The measure d(¢ o 7y)
is carried by supp y,, because 1y is constant on each component of the complement, and
AD vanishes on supp . Integration by parts therefore gives

© w(q)
/q “olv(@) (x(0) = ) da = /(%,Q] ADd(¢o7) = 0.
The weight ¢ = 1is Lemma 5.2. The weight ¢(t) = 1 — ¢, together with the representation
of bip — v in Lemma 2.10(a), the identity c¢(1 — v) = v(1 — v)/A, and the Markov property
of X, gives the identity so/¢y —1 = alEF(sg, Yp) at the bottom. It involves only the
solution at the level sy and the Gaussian law of Y, and it expresses stationarity under
dilations. For ¢ close to one let 7. € U have rescaled profile (-/c). Its rescaled solution
at level ¢s is U(s,y/+/c), by the Cole-Hopf recursion of Lemma 2.5(a), Brownian scaling,
and approximation in L' (Lemma 2.4(f)). Differentiating (4.3) for . at c = 1 gives

d 1 50 1
EPK('YC) = E ((X]EF(S(), Y()) — % + 1> + EA(O)D(qO)

Thus, when D(qo) = 0, stationarity under dilations of the rescaled profile carries no
information beyond the weighted balance laws. The dilation « — . pushes u, forward
by the affine map g — 1 —¢(1 —¢g), so it is a transport variation of the kind used by
Talagrand [126, Lemma 3.7], and by Auffinger and W.-K. Chen to derive the conditions
on the support of Parisi measures [8, Section 3].

5.2 Signed-area cancellation

The bottom scalar X of (5.3) is a Gaussian average of v (s, -). At every level, v passes from
one to zero around y = 0, and the excess of ¥ over its asymptote measures the signed
area between v and the step function 1y, ;. At a level s € [d,e~?] put

Y(s,y), y <0,

7 (5'5)
(s)Uy(s,y), >0,

os(y) :==Y¥(s,y) —y+ = {

the two expressions agreeing at y = 0 because ¥ = (U, + .

Lemma 5.4. Lete >0,k € R,y €U, and s € [d,e~?], and write v = v(s, -). The function os
is Lipschitz, tends to zero at 0o, and satisfies

0, = 1{y<oy —© almost everywhere, 0 < 0s < /5, lylos(y) <s (y €R).
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In particular v — 1y, o) is integrable, and
0 0
[ —ow)dy=¥60= [ omdy, [ (1) -1y)d=0. 56

— 0 0

For every Gaussian random variable Y with mean 1 and variance o > 0,

NV o _

Eo(Y) -P(Y' <0) = _Elos(¥ 2}} y)], [Eo(Y') —P(Y' <0)| < %
(.7)
Proof. By Lemma 4.2(a), ¥, = 1 —v and (¢U,), = —v, with 0 < v < 1; this gives

the formula for o, and the Lipschitz property. By Lemma 4.2(a),(c), for y < 0 we
have 0 < ¥(s,y) < min{+/s,s/|y|}, and for y > 0 we have 0 < (U, (s,y) = ¥(s,y) —y <
min{+/s,s/y}. These are the two bounds, and they give the zero limits at +oo. Integrating
o} over each half-line gives (5.6). If py: is the density of Y/, then p}, = —(y — ) py/ /0>
and v — 17,y = —o. Integration by parts, in which the boundary terms vanish because
os is bounded and py: decays, gives the identity in (5.7). The bounds |y|o; < s and

05 < /& give [E[os(Y)(Y' — )] < s+ [7]v/5. =

The cancellation (5.6) is essential below. The cruder bound ||ps, [l [ [0 — 1{y<oy|dy =
2||psylleo ¥ (50, 0) is of order e,/509, which is the same order as the width contribution in
(5.4).

5.3 Proof of the bounded-depth theorem

Proof of Theorem 5.1. Fix a global minimizer <. By Theorem 4.11 and Lemma 4.6(a), for e
small enough, depending only on O,

Q>3  s0<Ce ¥ <L  —{<k<0.

NI

If «y is replica symmetric, then s) = d = ¢y < L < S,. Assume from now on that sy > d.
We divide the rest of the proof into three steps.

SteP 1. The bottom scalar. By Lemma 4.3, Y is Gaussian with mean —x/e € (0, %] and

variance qo/e? > 1/(2¢%), and P(Yp < 0) = ®(x/,/qo). Applying (5.7) at the level sy and
using &« < 3 gives

|aEv(so, Yo) — a®@(x/+/q0)| < 6€*(so + 3+/50) < Ce*(1+sp).

Combined with the expansion a®(x/,/qo) —1 = 7 + O(e? + e3sg) of Lemma 4.6(b), (5.3)
yields

fho = 5 +0((1+50)) < (5.8)

W
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for small e: since sy < Cpe 2’3, the error is O(e? + ¢*/3) = o(e), uniformly in the
minimizer.

SteP 2. A fixed positive window. Let s € [d,so], § = 1—¢?s, and x = x +ey. By
Lemma 4.2(d) and the pathwise comparison (2.15), since R is increasing,

¥(sy) 2 B[VaR(EE1C))

For every z, VAR(z/Vd) > Vd®(z/VA)R(z/Vd) = Vdmi(z/Vd) = E(z+VdG'),
by Lemma 2.1(g), where G’ is a standard Gaussian independent of G. Adding the two
independent Gaussian variances,

¥(s,y) > E(y+V5G), = Vemi(y/v5)  (y€R). 59
Since v(s, ) is decreasing and [~ v(s,y) dy = ¥(s,0) < /5 by (5.6) and Lemma 4.2(c),
Z\f 1
0ls,2v/5) < 25 / =5

The upper half of the sandwich (4.2) reads sv > (U,¥ = (¥ —y)¥. Aty = 3/s we
have ¥ > 3,/s by Lemma 4.2(c), and ¥ — 31/s > /s (m1(3) — 3) = \/sm1(—3) by (5.9),
because mq(k) — mq1(—k) = E(k — G) = k. Hence

v(s,3v/s) > 3mq(—3).
Since v is decreasing and 3m; (—3) < 3, throughout the interval [2,/5,3/5]
o(s,y) (1 —o(s,y)) > 3my(—3)(1 —3my(=3)) > 3my1(-3).
On this interval the density floor (2.18), applied to the density pff of X;, gives

po(y) = epf(x+ey) > e@(y/5) gyl +ey) > 00,

Indeed ®(y/+/s) > ®(2) > %; and q > qo > 5 gives Po(x) > poe*, while |k + ey| <
£ 4+ 3e./50 < £+ 3/Cpe?/3, whose square is at most log 2 for small e, so that ¢, (x + ey) >
2 2 q & q Yy
$o/2. Integrating over the interval, which has length /s, and using a > 2 proves

w(s) > 2 3my(— )-e;ﬂ-\/g:cwe\/g (d <s<sp). (5.10)

StEP 3. The scalar inequality. Since ¢ is nondecreasing, ¢(s) < ¢y on [d, sp]. Inserting (5.8)
and (5.10) into (5.4) gives

Cwl 2
60 '3

3/2) w(s) —d) < S (sg—
“(s¥*—d Es ds = x(so — d) 3%(50 d).
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Cancel e/ (3(p) and use s3/? — d%/% — /5g(s0 — d) = d(,/50 — V/d) > 0. Since so > d,
division by syp — d gives 2cy4/s9 < 1. This proves (i), and together with the replica-
symmetric case it proves (ii). O

The factors e and ¢y cancel in the last display, so the proof uses no lower bound on
d or {y; it also uses no bound on the number of steps of ¢y and no approximation by
stationary step profiles. The obstacle inequality S < 1 is not used either: the balance law
uses only D = 0 on the support. The coarse depth bound of Theorem 4.11 is used only
to make the bottom error in (5.8) of order o(e) and to keep the window [2+/s,3/s] in the
region where the density floor is of order e. The conclusion says that the entire rescaled
profile of a global minimizer is supported in [0, S.].

Remark 5.5. For fixed e and 0, let y be a global minimizer and choose any S € (sg, e~2).
Put g = 1 —¢?S and, for 0 < e < 1, let 7. = max{7, el 1)} Then 7. € U has rescaled
depth S, it lies in the same class U, as -y for every r € (Q, 1), and

lye =l <ee*(S—d) — 0 (eL0).

By Lemma 2.4(f), Px(7ve) = Px(7) = P«(x). Thus profiles of every admissible depth have
values arbitrarily close to the minimum, and near-minimality of the value alone cannot
bound the depth, even for fixed e; exact stationarity is what excludes a tail whose mass
tends to zero.



CHAPTER 6

Compactness of minimizers

This chapter proves that, uniformly for 6 € © and small ¢, the rescaled profile of every
global minimizer lies in a fixed compact class. Theorem 5.1 bounds the depth by sy < S..
What remains are lower bounds on the rescaled mass ¢y and on the rescaled top gap 4,
with constants that do not depend on ¢ or 6.

This is Step 3 of §1.3. The main tool is the jamming identity of Lemma 6.3, which is
exact for every & > 0, every k¥ € R, and every order parameter 7y with qo > 0. It writes
Pi(y) as a replica-symmetric expression IT({p; go) in the mass and the bottom, plus an
integral over the jammed levels, where { < 1, with weight (1 — ¢)/(2¢) and an explicit
jamming coefficient J. Near a = 2 this coefficient is bounded below in Lemma 6.7: a
jammed top is expensive.

The proof of Theorem 6.1 has three steps. First, a profile of bounded depth and
small mass has a value above the replica-symmetric value, so every global minimizer has
£y > lmin (Proposition 6.10). Second, the first-order conditions of Proposition 2.11 bound
the mass y(Q—) just below the top atom of every global minimizer by a fixed m, < 1
(Theorem 6.13); the long estimates for this step are proved in Chapter B. Third, a profile
of bounded depth, with mass at least {pin, top jump 1 — y(Q—) > 1 — m,, and a small
rescaled top gap, has a larger value than the replica-symmetric order parameter of the
same mass (Proposition 6.14). Hence d > d; for every global minimizer.

The value comparisons in the first and third steps are inequalities for all profiles;
only their conclusions use minimality. The third step uses the bounds of the first two as
hypotheses, and the first uses the bounded depth. The constants are therefore chosen in
the order

© — (Diop,L,Co,cp,Crg) — Ss — Llnin — m. — dy, (6.1)

and each is independent of e and 6. The constant m, is in fact numerical (Theorem 6.13);
it appears after /nyin in (6.1) because d; depends on both. For 0 < d; < S let K(dy,S) be
the set of nonincreasing functions {: [0,00) — [0, 1] with { = 1 almost everywhere on
[0,d1] and ¢ = 0 almost everywhere on (S, o), where the rescaled profile of Definition 4.1
is extended by zero to (e72,0). The rescaled profile of y € U lies in K(dy,S) exactly
when d > d; and sy < S. By Helly’s selection theorem and dominated convergence, this
class is compact in L!. It is the setting of the uniform expansion of Chapter 7 and of the
support localization of Chapter 8.
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Theorem 6.1. There are constants {in > 0, my € (0,1), d; > 0, and e, > 0, depending only
on © and chosen in the order (6.1), such that the following holds for 0 < e < e, and 6 € O.
Every global minimizer vy of Py, ) satisfies

50 S S*I ZO Z Eminl ,)/(Q_) S My, d> dl‘
In particular the rescaled profile of y belongs to K(d1, S«).

The proof is given in §6.8, after the three steps. The relation of the second step to
earlier work is described in §6.6.

6.1 Conventions and inputs

Throughout this chapter, except in §§6.2 and 6.3, « = 2+ ¢ and x = x.(0) = xrs(2 +
e) — e?0 with 0 € @, where ® C (0, o) is a compact interval as in Remark 3.12; as there,
f_ = min© and 6, = max ©. Unless stated otherwise, c and C denote positive constants
that depend only on ® and on the constants named in the statement at hand. They never
depend on e, on 6, or on the profile, and their values may change from line to line.

We use the following inputs from Chapters 4 and 5. Let ¢; > 0 be smaller than the
thresholds of Theorems 4.10, 4.11, and 5.1, of Lemma 4.6 and of Lemma 4.7(b). For
0 <e<ep 0 € O, and every global minimizer y of P g):

(I11) d < Drop, bo < L, sp < Coe~2/3, and qo > % (Theorem 4.11);
(I12) d > cpe? for a constant cp > 0 (Theorem 4.10);
(I3) sg < Sy (Theorem 5.1);

(I14) Px(y) = P«(x) < K+ Cgg, Where K, is the profile-independent constant of
Proposition 4.5 and Cfq is the constant of Lemma 4.7(b).

Moreover —e/2 < k¥ < 0 by Lemma 4.6(a). The resulting bound |x| < e does not
involve the profile, and we use it for every profile. The constant L chosen in the proof of
Theorem 4.11 satisfies L > 5, and S, > L by Theorem 5.1; in particular L > 1 and S, > 1.

Rescaled variables. We use the rescaled variables s,v,,¢,d,so, lo, U, v, ¥, T, T, Yy of Def-
inition 4.1 and the properties of U, v, and Y listed in Lemma 4.2. They are defined for
every e > 0, k € R, and v € U. Recall that { is nonincreasing and left-continuous, that
{=1on0,d] and { < 1 on (d,o), that { > 0 on [0,s0) and { = 0 on (sp, ), and that
¢(d+) = v(Q—). Hence / is concave and nondecreasing with £(0) = 0 and ¢(d) = d, so
that ¢ > d on [d, o) and

by

St <t (0<t<s) 6.2)
0
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Since (log¢) = {/¢ on [d,so) and T'(s) = 3logd + 3 [; £,

~ 1 d 1 o dt 1 01-—7(t)

If go > 0, then Yj is Gaussian with mean —x/e and variance go/e?> (Lemma 4.3); we
denote its density by py.

Coefficients. The quantities K.(qo), cc(q0), and p = a®(x/,/qo) of Proposition 4.5
depend on the profile only through go. For g € (0,1] we write K.(gq), c.(q), and
Pq = ad(x/ \/ﬁ) for the same formulas with g in place of gg. Let S > 1. By Lemma 4.6(b)
there are ex(S) € (0, (2S)"!/?] and C} < oo, depending only on S and ®, such that for
0<e<ex(S),0€®andge [1-e%S,1],

ce(q) > 2400 — Cie,  Ke(q) > K. — Cse*log(1/e). (6.4)
We also use the elementary bound
log—1/ <3 (0<e<1, || <e g€ [}1]). (6.5)

Indeed, [®(x/\/7) — 3| < dolx|/ /G < V2¢oeand pg —1 =2(D(x//q) — 3) +eP(x/\/7),
50 |pg — 1| < 2v/2¢0e + e(3 + v2¢pe) < (3v2¢p + 3)e < 3e.

6.2 Approximation by step profiles at fixed e

The jamming identity of §6.3 is first proved for step profiles, on whose blocks the solution
is smooth, and then extended by approximation. The following lemma provides the
approximation. It works at a fixed value of e and on one common cutoff, and it preserves
exactly the rescaled quantities on which our constants depend. The approximants are
never asserted to be minimizers or KKT points, and no limit in e is interchanged with the
limit n — oo.

Lemma 6.2. Fixe > 0, x € R, and v € U with gy > 0, with rescaled data (d,sg,{p). Let
T C [d, so] be a finite set containing d and sy. For n > 1 let P, be the partition of [d, so| generated
by T and the points d + k27" (sg — d), 0 < k < 2". Define {, = 1 on [0,d], {;, = 0 on (sg, o),
and, on each cell (t',t"] of Pp, {n = (' —t') 7! ftf// . Let vn(q) = Tu((1 —q)/€?) for g > qo
and v, (q) = 0 for q < qo. Then:
(a) vn € U is a step profile with the same qq, the same top gap d, and the same depth sg as <.
Moreover fot Cn = fot { for every point t of Py, (in particular €,,(sg) = o), {n(d+) < C(d+),
and {, > (t) on [0, t] for every t € T.
(b) vy and 7y belong to U, with r :== 1 — e*d, and ||y, — Yo = ||, — Clli10,00) = O
(c) sup,~q [€n(t) = £(t)] = 0and Ty (t) — T(t) for every t > d.
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(d) Px(vn) — Pr(y), and Uy (t,y) — U(t,y) for every t € [d,e 2] and y € R.

Proof. If so = d, the profile is replica symmetric, { = { = 1jp4), and every assertion is
immediate. We may therefore assume sy > d.

(a) Averages of a nonincreasing function over consecutive intervals are nonincreasing,
the first average is at most {(d+), and all averages are positive because { > 0 on [0, sg).
The first average is smaller than one because { < 1 on (d,0). Thus {, is a nonincreasing
left-continuous step function with , = 1 exactly on [0,d] and {, > 0 exactly on [0, s¢).
Hence v, € U has the same qo, d, and sg. Integrals over cells are preserved by construction.
If t € Tand (¢,t"] C [0,t] is a cell, then { > {(t) on (¥, "], so the average over this cell
is at least {(t). (b) Both profiles equal one on [1 — ¢d,1]. For every continuity point
s € (d,so) of g, the cell containing s shrinks to s, so {,(s) — {(s). A monotone function
has countably many discontinuities and 0 < {,, <1, s0 {, — { in Ll. The identity for
7% — 7|1 is the change of variables g = 1 — e?s. (c) |£,(t) — £(t)| < ||Tn — || ;1. For
t > d both ¢, and ¢ are at least d on [d, ], so |T';(t) — T(t)| < (t —d)sup |[¢, — €|/ (24?).
(d) By (b) and Lemma 2.4(f), P is continuous on U, in L!, and u., (g, x; k) — u,(q, x;x)
foreach g < rand x € R. O

6.3 The jamming identity

In this section « > 0, ¥ € R, and e > 0 are arbitrary, and the relation « = 2 4 e is not used;
e only fixes the units of the rescaled variables. The next lemma compares the solution
U, at every level, with the replica-symmetric solution of the same mass. For £ > 0 and
q € (0,1] put
G—x 1

Y@ .= ﬂT T1(¢;q) := aElog ® (YW /V/1) + ﬁ +5 log(e2(). (6.6)
This is the replica-symmetric expression with the mass ¢ and the bottom g decoupled.
If 20 < 1, then TI(£;1 — €*¢) = PRS5(1 — ¢?/) is the value of the replica-symmetric order
parameter 1;_ . q) of rescaled mass ¢, by Lemma 4.7(a). If v € U has g9 > 0, then Y (90)
has the law of Yj. The dependence on the bottom is explicit:

1—aEV (YW /1)
2e2¢
Indeed, put f(x) := log ®((x — x)/(ev/?)), so that Elog ®(Y® /\/¢) = Ef(,/qG). Since

" = —V((- —x)/(ev/t))/(el) is bounded and continuous and f has at most quadratic
growth (Lemma 2.1(c)), the heat equation d,;¢,; = %4){7’ and two integrations by parts give

«EBf(VAG) = 3Ef"(/7G).

The comparison function is

g(s,y) :=1log®(y/\/{(s)) + 3 log £(s) —T(s) (s € [d,s0], y € R). (6.8)

9 11(L; ) = (0<g<1). 6.7)
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It satisfies g(d,-) = U(d, -), and it is a subsolution of the rescaled Parisi equation whose
defect is proportional to 1 — (; see (6.12) below.

Lemma 6.3. Let « > 0, xk € R, and e > 0, let v € U with q9 > 0, and put w := U — g on
[d,s0] X R. For (s,y) € [d,so] X R let Y = Y5 be the solution, indexed by the decreasing level

t, of
A~ S A~
Vi=y+ /t 1r(r)(Uy +g)(r, V) dr + Boy, d<t<s, 6.9)

where (Br)r> is a standard Brownian motion. This equation has a unique strong solution, and
the following hold.

(a) Fors € [d,so] and y € R,

e[ 1_5( AN
() Yy >y +Bs_yand Y;/0(t) > y/l(s) + Ni for t € [d,s], where N := Os_t dB;/{(s — 1)

is a centered Gaussian variable.

(c) Define the jamming coefficient

) ::aA{po(y)E[l—V(?fo’y/m)]dy—(oc—l) (d <t<sy). (6.10)

Then .
S0 i
Pe(y) = T1(£o; o) +/ J()dt. 6.11)

Proof. We divide the proof into five steps. Part (a) is first proved for step profiles and
then extended to all profiles by Lemma 6.2 (Steps 2 and 3); part (b) is proved directly
(Step 4), and part (c) follows from part (a) (Step 5).

SteP 1. Well-posedness and the defect of g. Write z = y//€(s). Then g, = R(z)/+/¢ and
gyy = —V(z)/{, while Uy, = —v/{ with 0 < v < 1 (Lemma 4.2(a)). Since / > d on
[d, 50, the drift b := 10(Uy + gy) of (6.9) is Lipschitz in y with constant 1/d, uniformly
in the level. It is measurable in the level and nonnegative, and it has linear growth,
because 0 < Uy, < C(1+ |y|) by Lemma 2.4(b) and 0 < R(z) < |z| + 2 by Lemma 2.1(b)
(on [—1,00) one has R < R(—1) < 2). Hence (6.9) has a unique strong solution, with
moments of every order, which depends continuously on y. Let s be a level at which
¢ is differentiable with ¢'(s) = {(s). Then dsz = —(z/(2¢) and T" = 1/(2/), so gs =
—{zR(z)/(20) + (£ —1)/(2¢). Using V = zR + R?,

20(gs — gy — 308}) = —CZR+{—1+V—(R = —(1-0)(1-V(z)). (612

Ster 2. Part (a) for step profiles. Let 7y be a step profile, with { = m; on (tj_1,t;] for
d=ty <ty <--- <t =sp. On each closed block [t;_1,t;] x R the function U is C*, with
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one-sided derivatives at the ends, and U; = %(Uyy +m; U]‘Z') (Lemma 2.4(a), Lemma 4.2(a));
since / is affine on the block, the same smoothness holds for g. Subtracting (6.12) from
the equation for U and writing U§ — gﬁ = (Uy + gy)wy gives, on each block,

1-7

ws = Jwyy +bwy + —= (1= V(z)). (6.13)

Moreover w(d, ) = 0, because U(d,y) = log®(y/v/d) (Lemma 4.2(a)), £(d) = d, and

I'(d) = }logd; and w is continuous on [d,s] x R. Fix (s,y). By (6.9), T+ Y;_ has drift
E(s —17,+) and noise dB:. On each block, Itd’s formula and (6.13) give

N 1— N N
dw(s —1,Ys—7) = — [Tg (1 — V(Y/\/Z))] (s —1)dT +wy(s — 7, Y5 1) dBx.
The stochastic integral is a martingale, since wy, = U, — gy has linear growth and Y has
moments of every order. Summing over the blocks between d and s, which is possible
because w is continuous, taking expectations, and using w(d, -) = 0 gives the formula in
(a). The integrand is nonnegative because { <1and V < 1.

Ster 3. Part (a) for general profiles. Let v € U with qg > 0, and let 7y, be the step profiles of
Lemma 6.2 with T = {d,sp}. They have the same gy, d, and s as v. We mark the objects
of 7, by an index n. Fix (s, y) and drive Y" = Y"*¥ and Y = Y*¥ by the same Brownian
motion. Since by, is Lipschitz in y with constant 1/4,

V-Vl < 5 [C19=Tildr+ [ b1, dr,
t d
and Gronwall’s inequality gives sup;.(; Y — Y| < els—d)/d K b, — b|(r,Y;) dr. Now

|bn - b| < %’gn — €|(’uy| + ’gy‘) + %’un,y - uy’ + %|gn,y - gy’-

All 7, and 7 lie in the common class U, of Lemma 6.2(b). By Lemma 2.4(b),(f), in rescaled
form, [Uy| + gl < C(1+[y]) and [Uny — Uyl < Cllva — 7]l (1+ y]) on [d,50] x R,
Since R is Lipschitz (|R'| = V < 1) and {4, ¢ > d on [d,so], also [gny —gy| < C(1+
ly|) sup |¢,, — ¢|. Here C depends on 7, e, and «, but not on n. Since Y has moments of
every order,

E sup [Y/' = Yi| < C(|gn — Tl + lvn — Yl 2 +sup [€n — £]) — 0
ted,s]

by Lemma 6.2(b),(c). As V is bounded and continuous and ¢, — { uniformly,
EV(Y!"/\/l,(t)) = EV(Y;/ /(1)) for every t. The weights satisfy |(1 — ,)/ln — (1 —
0)/0 < |Zu—C|/d+ |6y — £|/d%, so they converge in L(d,sg), and they are bounded by
1/d. By dominated convergence the right side of (a) for v, converges to the right side for
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7, while the left side wy (s, y) = U, (s,y) — gn(s,y) converges to w(s, ) by Lemma 6.2(c),(d).
This proves (a) for «.

STEP 4. Part (b). The drift b is nonnegative because U, > 0 and R > 0; this gives the first
inequality. For the second, ¢ is absolutely continuous with ¢ =  almost everywhere, so
Itd’s formula for the product of Y, . with the absolutely continuous function 1/¢(s — 1)
gives

d<z>(s—r) = [gbz;g?](s—r) dT+£(d%,

(b+ Y = 3g(eUy +Y) + 3¢ (bgy +Y) = 30¥ + L0VIR(2),
with z = Y/+V/?. This is nonnegative because ¥ > 0 (Lemma 4.2(a)) and R > 0

(Lemma 2.1(a)). Integrating over T € [0,s — t] gives the claim. The variable N; is
centered Gaussian with variance [ ¢(r) =2 dr.

Step 5. Part (c). By Lemma 4.3,

q0

PK(r)/) = (X]EU(S(), YO) + r(SO) 262€O

Insert U(so, ) = g(so,-) + w(so, ). Since Y has the law of Y1) and T'(sp) =T + % 2 log (o,
the terms not involving w equal

= I1(4p; q0) — (a — 1)T.

wElog ®(Yy/ \/E_o) + glogﬁo — (& —1)T'(s0) 2520g
0

By (a) with s = s, the integrand there being nonnegative, and Tonelli’s theorem,

/Po w(so,y dyz/j%(ﬂ(tﬂ—a—l)dt.

Both sides are finite, since 0 < w(sy,-) < T by (a) and (6.3). Together with (6.3) for
(a — 1)T, this gives (6.11). O

The proof of part (a) follows the argument of [76, Lemma 14]: the difference w solves a
linear equation with the averaged drift of (6.9), and the Feynman-Kac formula represents
w through the source term of that equation. Jagannath and Tobasco use it to compare the
Parisi solutions of two order parameters; the history of the resulting Lipschitz bound is
recalled after Lemma 2.4. Here g solves the rescaled Parisi equation only up to the defect
(6.12), which is proportional to 1 — ¢ and is the source term, so the identity isolates the
contribution of the jammed levels.

The identity (6.11) is exact and holds for every order parameter with g9 > 0; its
proof uses nothing specific to & near two. In the original variables the weight 12%%;) dt is

2}?‘(;)’) dg on [go, Q], so only the levels where ¢ < 1 contribute. Each of them contributes
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with the sign of J. Since 0 < 1 — V < 1, the jamming coefficient takes values in (1 —«, 1),
and (6.11) together with (6.3) gives the two-sided bound

I1(£o;40) — (& =T < Pr(y) < TI(fo;q0) +T.

Part (a) says that U + T > log®(y/ V) + Llog¥ at every level: the Cole-Hopf steps
never lower U + I' below the replica-symmetric solution of the same mass.
Below we use (6.11), together with a Lipschitz bound for IT in g (Lemma 6.6(c)).

Remark 6.4. The first term I1(¢y; qp) depends on the mass and the bottom separately. The
replica-symmetric order parameter 1;_ ) q) 1) of the same mass has the bottom 1 — e?ly >
qo, and the difference ¢?(sy — £g) = ¢* [;°(1 — () is again carried by the jammed levels.
Integrating (6.7) along 4(t) := 1 —e?(£y + t — £(t)), which decreases from 1 — ¢*{y at t = d
to go at t = sg with §' = —e?(1 — ), turns (6.11) into

Pe(r) = PRS(1 - A +/501_ )_%@_ «BV (Y /\/_)ﬂ (6.14)

Thus the value of every order parameter is the replica-symmetric value of the same mass
plus an integral over its jammed levels. This form is not used below.

6.4 The jamming coefficient near x = 2

From now on &« = 2 4 ¢ again, sothata —1 =1+eand 2 < a < 3 for e < 1. We first
record the Gaussian input and the properties of I1 that we need.

Lemma 6.5. Let 0 < e < 1/4, [k| < e, and q € [}, 1]. The density p of Y\ satisfies p < e/ /Tt
on R and p > cpe on [—1/(2¢),1/(2e)], where c, := $(/2). Moreover P(YD < 0) =

@(K/\/ﬁ).

Proof. We have p(y) = (e//q) ¢p((ey +x)//q). Since g > 3, p < V2¢ppe = e//m. If
ly| < 1/(2e), then |ey 4+ «| < 5 +e < 3, and hence |ey + x|/,/7 < 3v2/4 < v/2. Since
q < 1,also e/,/7 > e, and therefore p(y) > ep(v/2). The last identity holds because
Y@ <0 exactly when /4G < «x. O

For ¢ > 0 let Wgg ¢ be the remainder of Lemma 4.7(a), with d replaced by /:

1
Wrs ¢ (y) :=log @ (y/ \/_) (E log ¢ — log \/27‘[) Tgy<oy +1gy<—1ylogly|. (6.15)

2£
Lemma 6.6. Let 0 <e <1/4,|k| <e, ¢ >0,andq,q € [%,1].
(a) TI(4;9) = Ke(q) +ce(q) /€ + Hzﬂ log ¢ + aIEWgs ¢(Y@).
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(b) If0 < £ < L', then Wggy > —1log(1+L') on (—o0,0], and aEWgs o(Y(?) > —3log(1 +
L') -3V L e.
() (&) —T1(6:9")| < 3(1+V0)|q—q'|/(2e0).

Proof. (a) Write Y = Y@ and k = x/./7. Since eY_ = (x —,/gG), we have EY? =
gm(k)/e?; also P(Y < 0) = ®(k). Hence, by (6.15),

aq m(k)
2e2(

+pq<%log£ —log \/27T> —alE [log Y[y < _1]'

«Elog ®(Y/ V) = aEWgs ((Y) —

Adding 5%; +loge + Tlog ! gives I1(¢;q) on the left. On the right, % = c.(q)/¢
and loge — aE[log |Y|; Y < —1] — p, log 271 = K, (q) by the definitions in Proposition 4.5,
which proves (a).

(b) Put z = y//{. Since log®(z) + z%/2 4+ logv2m = —logR(z), for y < 0 we
have Wgs/(y) = —logR(z) — tlog? + 1;y<_1ylogly|. We use the Mills-ratio bounds
t < R(—t) < t+1/tfor t > 0 of Lemma 2.1(b). If y < —1, then t := |z| > 1/+// and
Wrs(y) = —log(R(—t)/t) > —log(1+t72) > —log(1+¢). If -1 <y <0, then R(z) <
R(—1/+f) < V€ +1/+/€ because R is decreasing, so Wgs ¢(y) > —1log(1+ £). Fory > 0,
Wrs,¢(y) = log®(z) > —2&(—z) by Lemma 2.1(c), and [;”2®(—y/V¢)dy = 2¢oV/.
With « < 3 and the density bound of Lemma 6.5,

«EWgs,(Y7) > —3log(1+L') — % 200V L/,
and 6¢/+/7 < 3.

(c) By (6.7), it suffices to show |1 — aEEV (YW /y/€)| < 3e(1 + v/). By Lemma 6.5 and

(6.5), |1 — alP(YW < 0)| = |1 — py| < 3e. By the density bound of Lemma 6.5 and & < 3,

3e 3e
[ B[V(YW/VE) =10 ]| < ﬁ\/z/]R!V(Z) —1pcoy|dz = ﬁ\/z'ZR(O) < 3eVL.
Here f_ooo(l — V) =R(0) =R(0) and f;° V = R(0) = 2¢, because R’ =1—-V,R = -V,
and R(—o0) = R(c0) = 0 (Lemma 2.1(a),(b)); and 12¢/ /7t < 3. O

In (6.11) every jammed level contributes with the sign of 7. The next lemma shows
that J is at least —Ce at every level and is large and positive near the top. The source
of the gain is Lemma 6.3(b): the process Y /¢ has nonnegative drift, so the diffusion

started at y € [—{o//£(t),0] reaches level t within /() of the wall, or beyond it, with
probability at least % The Gaussian input puts mass of order e {5/ +/£(t) on this interval.
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Lemma 6.7. Let S > 1, let 0 < e < 1/4 with ¢S < }, and let |x| < e. Put
c7i=cp(1-V(-1)) >0, Cs:=3+3VS.
For every v € U with qo > 0 and sy < S, and every t € [d, s,
Lo 1
J(t) > c7eminy ———, — » — Cge.
(0 2 egemin{ 7,5} = Cs
Proof. We have g9 = 1 — sy € [%,1], so Lemma 6.5 applies to pg. Write YV = Yooy,

¢ = ((t), and A := £y/~/L. Since 1 — V > 0, we may restrict the integral in (6.10) to
{y >0} U[—A,0]. We treat the two regions separately and then combine them.

Ster 1. The region y > 0. By Lemma 6.3(b) and since V is decreasing, V(Yty /VE) <
V((y+ Bso_t)/\/Z) almost surely, and B, has the law of G with 02 =sy—t<S8S. For
fixed G, since 0 < V < 1,

/0°°V<y—|\—/%G) dy < oG- -l—/OOOV(u/\/Z) du = cG_ + 2¢oV/ .

Moreover EG_ = ¢ and ¢ < sy < S. With py < e/+/mr and a < 3,
3e

N 3(P0\/§

> a(1—®(x/1/0)) —3VSe,

« [ poly) B[~ V(T /VD)] dy > aP(Yo > 0) -

because 9o/ /7T < 3.

SteP 2. The region —A < y < 0. By Lemma 6.3(b) with s = s, ?ty > Ly/ly+ (Ny >
—+V/l + ¢N;. The centered Gaussian variable N; satisfies P(N; > 0) > %, with equality
unless its variance vanishes, which happens at t = sy, where P(N; > 0) = 1. On the
event {N; > 0} we get Y//+/£ > —1, and hence 1 — V(Y///£) > 1 — V(—1) because V
is decreasing. By Lemma 6.5, P(—A < Yy < 0) > cpemin{A,1/(2e)}. Since a/2 > 1,

0 ~
It / | po(y) E[1—V(Y//VE)]dy > c7emin{A,1/(2e)}.
Step 3. Conclusion. Since & — (« —1) =1, we have a(1 — ®(x/,/q0)) — (a —1) =1—p >
—3e by (6.5). Adding the two regions and subtracting & — 1 gives the claim. O

Corollary 6.8. Let S > 1, and let c7,Cs be as in Lemma 6.7. Put e = eJ(S,®) =
min{ey, 3, (25)71/2,c7/(4Cs)}. For 0 < e < ejand § € ©, every v € U with g9 > 0
and sy < S satisfies

: cge (M1-C(t) .y L 1
Pe(r) = N(liq0) + = | 0 mm{%,%

where t1 := min{sg, (c74o/(2Cs))?}, and the integral is zero if t; < d.

S0 S0
}dt Cse yplog ', (616)
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Proof. The choice of ¢j gives |k| < e < }L, €25 < %, and cy/(2e) > 2Cs, so Lemma 6.7
applies. We use (6.11). For t € [d,t;] we have /(t) < t < t, so cjéo/\/é(_t) > 2Cs.
Together with c7/(2e) > 2Cs, Lemma 6.7 gives J (t) > %cjemin{éo/ \/m,l/(Ze)}
there. For t € [max{d,t;},s0] we use J(t) > —Cse, 1 —{ < 1 and E(t) > lot/sp from
(6.2); the integral of sy/(20ot) over [max{d, t1 },so] is at most >3- log O

6.5 The mass lower bound

We now show that the rescaled mass of a global minimizer of bounded depth cannot be
small. The mechanism is visible in Lemma 6.6(a): the coefficient ¢, (qo) ~ 2¢o6 of 1/ is
positive, so c.(g0) /¢y dominates log ¢y as ¢y | 0. By (6.16), the jammed levels lower Py (7y)
below I1(4y;q0) by at most O(elog(1/e)/¢p).

Lemma 6.9. Let S > 1and L > 1. There are Cp, Cg < coand ep > 0, depending onlyon S, L,
cp, and ©, with the following property. Let 0 < e < ep and 6 € ©, and let v € U with g9 > 0
have rescaled data satisfying

sgp < S, by <L, d> cDeZ.

Then
2¢p8 — Caelog(1/e)
o

Proof. Letea := min{ej(S,®),ex(S),1/e}, so that (6.16) and (6.4) apply and log(1/e) > 1.
Drop the nonnegative middle term in (6.16). If t; < sq, then t; = (c74y/(2Cs))?, and
since {y > d > cpe? and sp < S,

1
Pely) > Ko+ + ;plogéo—cg. (6.17)

4C3S
log— < log 2 1 < Clog(1/e);

j
if t1 = so, the logarithm vanishes. Hence Pi(y) > I1(4;q0) — Celog(1/e)/€y. Now
go=1—e?sp€[1—¢€5,1] C [ ,1], so Lemma 6.6(a),(b) with L’ = L and (6.4) give

29C’ 1
$o ++P

H(fo; qo) 2 Ke — C 1 g 50 >

log £y —3log(1+ L) — 3V Le.

Since e < elog(1/e¢) and e?log(1/e) < 1, this gives (6.17) with Co := C;+ C and
Cy := Ci+3log(1+ L) +3vL. O

Proposition 6.10. Let S > 1. There are {min = {min(S, ®) € (0,1] and ey > 0 such that for
0 <e<eyand 0 € O, every global minimizer <y of Pxe(e) with sy < S satisfies £y > Lin.

Proof. Let epy < min{ey, ea} be so small that Caelog(1/e) < ¢of— for e < ey, where
Ca,Cl, ea are given by Lemma 6.9 with the constant S and with L the mass bound of
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Theorem 4.11. Since qp > 0 (Proposition 2.11(c)), (I1) and (I2) show that < satisfies the
hypotheses of Lemma 6.9. Combining (6.17) with (I4),

pf- 140

log ¢y < Cgg+ C) =: Cj.
4y 2

Suppose ¢y < 1. Since 0 < (1+p)/2 < 2, the second term is at least 2log¢y. Let
xo € (0,1) be such that 2xlog(1/x) < ¢ob_/2 for 0 < x < xo. If {3 < x, then
2logly > —¢pob—/(24y), hence ¢pob_/(2¢y) < CX. Therefore

fo > gmin = min{xo, (PQQ_/(Z max{CX,l}), 1}.
The constant /1, depends only on S and ©, since L and cp depend only on ©. O

We apply Proposition 6.10 with S = S, from Theorem 5.1, which fixes pin.

6.6 The top-jump bound

We next bound the top jump of every global minimizer. The argument works in the
original variables (g, x) and holds for every a > 0; only the smallness of x and of the
mass A(0) enters. For v € U let X be its Parisi diffusion. We use the scalar functions N/
and B of (2.22) and the breakpoint ratio X of (2.23), with a subscript ¥ when the dependence
on the order parameter matters:

- _ Ag)N.
i) =E[F0-0]@X) >0 M@ =Ela X7, Flo) = 0D
g
(6.18)
The breakpoint ratio governs the derivative of S,(q) := aEv(g, X;)?, the function S of
(2.22), for which D' = (S, — 1)/A%. By Lemma 2.9(c)(iv), S, has one-sided derivatives at

every g € [0,1),

z“gv(q)
A(q)

and the functions EAY and x, are continuous (Lemma 2.9(c)). These are the analogues of
the one-sided derivatives in [8, Proposition 3], which also differ only through the value
of the distribution function at g or at g—. In the physics literature, x is the formula for
the order parameter on an interval of the support in the full replica symmetry breaking
solution of the perceptron [59, (36)].

The argument of this section follows the strategy of Auffinger and W.-K. Chen in the
proof of [8, Theorem 4]. There, continuity of a Parisi measure at the top of its support
and these one-sided derivatives identify the mass below the top with a ratio of two

S,(q+) = (Xy(q) =v(q),  Sy(q—) = (Xy(q) —v(q—-)),  (6.19)
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expectations, and Jensen’s inequality shows that this ratio is not one under a condition
on the mixture. The same strategy is used for the Sherrington—Kirkpatrick model at every
B > 1in [87, Proposition 9.3], where the log-concavity of a transformed density and a
covariance inequality exclude the corresponding relation. The argument here differs from
these works as follows. The functional has a hard wall: at the top of the support the
solution is log ®((x — x)/+/3), in place of logcosh x up to a constant. When the top is
isolated in the support, 7v(Q—) < 1 is automatic but a bound uniform in the minimizer
is not; in this case the gap principle (Lemma 2.12) produces a level x* below the top
with X (x*) = 7(Q—). The conclusion is a bound (Q—) < m,, not only an atom at the
top, and m. is uniform: Proposition 6.12 holds for all order parameters, and m. does
not depend on ¢, 6, or the minimizer. Finally, the monotone weight comes from the
tilted-density representation of Lemma 2.7, not from log-concavity; Auffinger and W.-K.
Chen express the corresponding averages through a Brownian motion and an exponential
weight [8, (18)]. As in [87, Proposition 9.3], the ratio is then bounded by a covariance
inequality, here Chebyshev’s association inequality combined with the monotonicity of
(V")2/(V?(1 —V)) (Lemma B.2); Auffinger and W.-K. Chen use Jensen’s inequality at
this point.
We first translate the first-order conditions at the top into a statement about x.,.

Lemma 6.11. Let <y be a global minimizer of Py with top Q and p, # d¢.

(a) If Q is a limit of points of supp p, N [0,Q), then v(Q—) = x,(Q).
(b) Otherwise let p := max(supp N [0,Q)). Then y =m :=y(Q—)on[p,Q), 0 <m < 1,
and there is x* € (p, Q) with X, (x*) = m.

Proof. (a) Let t, € supp pu, with t, T Q. By Proposition 2.11(c), D(t,) = D(Q) = 0, so
Rolle’s theorem gives s, € (t,, Q) with D'(s,) = 0, that is, S,(s,) = 1; by continuity
S+(Q) = 1. Hence (S4(Q) — Sy (sn))/(Q —s) = 0 for all , and since the left derivative
S! (Q—) exists, it vanishes. By (6.19) and B,(Q) > 0, v(Q—) = %,(Q). (b) Since Q is
isolated from the left in supp y, and p, # dp, the point p exists and (p, Q) Nsupp y, = @.
The gap principle, Lemma 2.12(a) with p’ = Q, gives v = m = y(p) on [p, Q) with
0 < m < 1, and a point x* € (p,Q) with X, (x*) = m. As 7 is constant on [p,Q),
m=7y(Q-). O

The first-order conditions thus force y(Q—) to equal the value of X, at Q or at a point
of the last gap. The top-jump bound follows once X, is bounded away from one there.
This is the content of the next proposition, which is a statement about arbitrary order
parameters and is proved in Chapter B. Let

 g@ (V') dz
T e VI(1-V)dz

(6.20)

By Lemma B.3, x¢ < 1.
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Proposition 6.12. For every € > O there is 7j € (0,1/4] such that the following holds for every
k € [—17,17] and every v € U with top Q.

(a) If 6 =1—Q <1, then X,(Q) < x + &
(b) If y =mon [p,Q) for some p < Q with1 —7 < m < 1and A(p) < 7j, then X,(q) <
Xp + € for every q € [p, Q).

The proof, in §B.4, has three ingredients. First, on a last constant piece of mass
m the functions v and v, depend on (g,x) only through the scale-free variable z =
(x —x)/+/A(g) and the ratio 6/A(g) € (0,1]. We prove bounds on them that are uniform
in this ratio, including the tails z — £oo (Proposition B.5). The left-tail bounds follow by
completing the square in a one-dimensional Gaussian convolution and differentiating its
rescaled tail integral. Second, by the tilted-density representation of Lemma 2.7, the law
of z at level g is a fixed weight multiplied by a nonincreasing function. Third, the ratio
(V")2/(V?(1 — V)) is nondecreasing (Lemma B.2), so Chebyshev’s association inequality
(Lemma B.6) bounds the weighted average defining x., by its unweighted Gaussian value
X¢, up to errors that vanish as (x, A(p),1 —m) — 0.

Theorem 6.13. There are a numerical constant m, € (0,1) and ey > 0 depending only on ®
such that for 0 < e < et and 0 € O, every global minimizer 'y of Py, ) satisfies y(Q—) < m..

Proof. Apply Proposition 6.12 with & := (1 — x¢)/4, which is positive by Lemma B.3,
obtaining 77, and put

7o = min{7, (1 — x¢)/2}, my =1 — 1.

Then x¢ +¢ < xp + (1 — xp)/2 < m,. Let er < e be such that ey < 7j and e2L < 7. Let
0 <e<erandf € O, and let y be a global minimizer. By (I1) and the bound || < e of
8§6.1, |x| < e < 7j and, since A is nonincreasing,

Mg) SA0) =y <PL<j  (q9€[01]).

If uy = 6g, then v(Q—) = 0. Otherwise we use Lemma 6.11. In case (a), 6 = A(Q) < 7,
so Proposition 6.12(a) gives ¥(Q—) = X,(Q) < x¢ + & < m,. In case (b), suppose that
m=9(Q—) >my. Thenl—7 <1—1y <m < 1and A(p) < 7, so Proposition 6.12(b)
at g = x* gives m = X, (x*) < x¢ + & < my. This contradicts m > m,. Hence 7(Q—) <

My, O]

The theorem is global: it assumes neither closeness of 7y to a replica-symmetric order
parameter nor any bound on d. The smallness needed in Proposition 6.12 comes only
from A(p) < A(0) = %4y < ¢?L and |x| < e. The modulus in Proposition 6.12 is small
only when x, A(p), and 1 — m are all small, which is why m, is chosen through 77 and
is not explicit. The bound uses stationarity and fails for arbitrary order parameters: for
v = mlp, o) + 1) the jump 1 —9(Q—) =1 — m can be arbitrarily small.
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6.7 The top-gap bound

If the top gap d is small and y(Q—) < m, < 1, then just below the wall the profile is
jammed: on (d,2d] one has 1 —¢ > 1 —m, and ¢ < 2d. By Lemma 6.7 the jamming
coefficient there is of order emin{¢y/ Vd, 1/ e}, which dominates every other term of
(6.16) once d is small. The competitor is the replica-symmetric order parameter of the
same mass.

Proposition 6.14. Let S > 1, lpn € (0,1] and m, € (0,1). There are d; > 0 and eg > 0,
depending only on S, Uinin, My, and O, such that the following holds for 0 < e < eg and 6 € ©.
Let v € U with qo > 0 have rescaled data satisfying

and let 4% := 1j1_p2¢,1) be the replica-symmetric order parameter of the same mass. Then

Pr(7) > Pe(r?).

Proof. Let c7,Cs be as in Lemma 6.7 and put

_3(1+V9)s L GsS log 5,
2£min 2Emin tmin

tmin := TN { £min, (€7min/ (2Cs))?}, Cy :
¢

o 8C;
e (1—my)log2’

2
dy := min{ tnzun, 2“/‘\‘%1 }, g 1= min{ej(5,®), ZLAﬁ}
Let 0 < e < eg and let ¢ be as in the statement. Since €2/ < ¢2S < %, we have 74 € U
and Pi(7%) = TI(fy;1 — 2£y) by Lemma 4.7(a). Both go = 1 —e%sp and 1 — €% lie
in [1—¢25,1] C [},1], and they differ by e*(s) — £y) < ¢S. Hence Lemma 6.6(c) and
lin < lo < S give
T1(4; q0) > Pr(7*) — 3(1;&&
min

In (6.16), ¢y > lmin and sg > g > lmin give t1 > tmin, SO the last term is at least
—eCs510g(S/tmin) / (2lmin). Moreover 2d < tnin < t1. On (d,2d] we have { < {(d+) <
m, and £(t) <t < 2d, so

f1 1 g . EO 1 . Emin ].
_ _ > — -
/d 1 mm{ \/_, 2e}dt (1 m*)10g2 mm{ \/_, p

by the choices of d; and eg. Inserting these bounds into (6.16),

} > (1—m.)log2 A,

Pe(r) = Pel(7") = e[%(l —my)log2 Ay — Cﬁ} =eC; > 0.

This proves the proposition. O
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The proposition is an inequality for all order parameters, and it is combined with
minimality only in the proof of Theorem 6.1. It needs no lower bound on d in terms of e:
when d < ¢? the minimum in the gain is 1/(2¢), and the gain is of order one. The bounds
Ly > lmin and sp < S enter only through t; > tnin, the Lipschitz bound of Lemma 6.6(c)
and the factor £y/+/¢ in the gain.

6.8 Proof that minimizers lie in a compact class

Proof of Theorem 6.1. We fix the constants in the order (6.1). The window @ fixes Dyop, L
and Cp (Theorem 4.11), cp (Theorem 4.10), Cg (Lemma 4.7(b)), and then S, (Theorem 5.1).
Let lmin := fmin(S«, ©) and ey be given by Proposition 6.10 with S = S, and let m,
and er be given by Theorem 6.13. Let d; and eg be given by Proposition 6.14 with
(S, Limin, Ms) = (S, bmin, My ). Put e, := min{ey, ep, e, g }-

Let 0 < e < e, and 0 € O, and let y be a global minimizer of P, ). Then g9 > 0
by Proposition 2.11(c). By Theorem 5.1, sp < S,. By Proposition 6.10, £y > fmin. By
Theorem 6.13, 7(Q—) < m,. Suppose that d < di. Then 7 satisfies all hypotheses of
Proposition 6.14, so Py (7?) < Px(7) = Ps(k), which contradicts the definition of P. ().
Hence d > dj, and the rescaled profile of +y lies in K(dy, S«). Each constant depends only
on the constants preceding it in (6.1), and none depends on ¢, 6, or the minimizer. This
proves the theorem. O



CHAPTER 7

The flat limit

Chapters 5 and 6 show that, for & = 2 + ¢ with e small and 6 € O, the rescaled profile
of every global minimizer lies in a fixed compact class K(d1,S«) (Theorem 6.1). This
chapter converts that compactness into closeness to the replica-symmetric crossing order
parameter g = 1y, 1). This is Step 4 of §1.3.

§7.1 defines the flat functional F; = A + tI (Definition 7.1). In §7.2 we expand Py () to
order e, uniformly on compact classes (Theorem 7.3). §§7.3-7.5 pass to the inverse profile
T = ¢! and prove that I is convex along every segment from the replica-symmetric
profile to a normalized step profile. §7.6 computes the first variation of F; at 1}, and
§7.7 combines the two into the cubic modulus of Theorem 7.13, for every t > tq = 1/ (4co).
In §7.8 the expansion and the modulus give a stability estimate (Proposition 7.14), uniform
in 0 near 64, from which Chapter 8 starts.

Throughout this chapter, « = 2 4 ¢, ©® is a compact window as in Remark 3.12, with
endpoints 6 < 0, and k = x,(0) = krs(2 + €) — €0 with § € @. We use the rescaled
variables of Definition 4.1, and we write L, = log(1/e). Constants ¢, C depend only on ®
and on the parameters named in each statement. The longer proofs are in Chapter C.

7.1 Compact classes and the flat functional

A profile is a nonincreasing function {: [0,00) — [0, 1]. Profiles that agree almost every-
where are identified, and we use the distance of L!(0, ). The class K(d;,S), 0 < d; < S,
defined before Theorem 6.1, consists of the profiles that equal one almost everywhere
on [0,d;] and vanish almost everywhere on (S, c0); rescaled profiles {, are extended by
zero to (e72,00). For a profile { we write d for the largest s with = 1 almost everywhere
on [0,s] and sg for the smallest s with { = 0 almost everywhere on (s,c0). For { = {
these are the top gap and the depth of Definition 4.1, and { € K(d1,S) means d > d; and
so < S. The class K(d, S) is compact in L. For { € K(d1,S) we write £(s) = [, { and
call o = [, { its mass. Then

min{s,d;} < ¢(s) < min{s, {y}, d; <4y <8. (7.1)

The normalized class is K'(dy,S) = {T € K(d1,S) : fp = 1}. Tt is closed in K(dy, S), hence
compact. The normalization of { € K(dy,S) is {(s) = {(¢os), and ¢ € K'(d1/¥y,S/{p). A
step profile is a profile that takes finitely many values.

263



PART II 7.1 Compact classes and the flat functional 264

Step profiles are dense in every class, in a form that preserves the class and the mass.
This is the cell-average construction of Lemma 6.2, which involves only the profile. Let
7 € K(dy,S), fix e > 0 with €2S < 1, and let v € U be the right-continuous function
with 7(q) = {((1 —q)/€?) for g > 1 —€?S and «y = 0 below. Then {, = {, the bottom
of the support of j is 1 — e?sy > 0, and 7 has rescaled top gap d and depth sp. Apply
Lemma 6.2(a),(b) with the finite set {d,so}. The rescaled profiles {, of the step profiles
v» do not depend on ¢; they are nonincreasing step functions, equal to one on [0, d]| and
to zero on (sp, o), and they preserve the mass. Thus

T € K(d,so) C K(ds, ), /OOO - /Ooo I, [n—CinlLl (7.2)

In particular ,, € K!(dy,S) if { € K1(dy,S). We call ({,,) the step approximations of .
For { € K(dy,S), let U = U, be the solution on (0, S] x R of

Us = %(Uyy —I—@U;) (dy <s<58), U(s,y) =log®(y/+/s) (0<s<dqy). (7.3)

By the dilation of Lemma C.2, (7.3) is the finite-cutoff Parisi equation of an order pa-
rameter in U,, r = 1 —d; /S, at margin zero, written in rescaled variables. This defines
U; for every { € K(dy,S) (by the Cole-Hopf recursion for step profiles, and as a limit
in general), and Lemmas 2.4, 2.9, and 2.10 apply to it with constants that depend only
on (dy,S). If { = Z, for some y € U and €*S < 1, then U;(s,y) = u,(1 — e2s,k + ey) on
[d1,S] X R; so Ug is the rescaled solution U of Definition 4.1, and it depends neither on e
nor on k. As in Definition 4.1 we write

The flat functional renormalizes U(S, -) by its behavior as y — —oo. By Lemma 7.2
below this behavior is —y?/(2{y) — log |y| + w(S), where, for s > d,

I'(s)=1logdy + 3 /dj %, w(s) = logl(s) — T (s) — log V2. (7.4)

Since £(t) = t on [dy,d], T'(s) agrees with 1logd + 3 [; dt/((t), the function T of Defini-
tion 4.1.

Definition 7.1. Let { € K(dy,S). Put

2
We(y) = Ug(S,) + 55— w(S)1y<o) +loglyl 1py<1y,

A0 =gl [ (5 - o) s+ P -togar],  PO@ =A@+ 200 [ Welo)
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For a normalized profile { € K'(dy, ) we write A({) = A(Q), () = Jr Wz dy —1 and,
fort € R,

F(0) = A() + £ 1(Q).
We call F; the flat functional. Its crossing parameter is tg = 1/ (4cg), where ¢g = [, V(1= V).

Lemma 7.2 shows that W; € L(R), and Corollary 7.4 shows that P(1)(Z) does not
depend on the pair (d1,S) used to compute it. The two terms have different roles. The
term A collects the order-e part of the entropy and of the bottom Gaussian term. On
normalized profiles it is maximized by 1jy ;) (Corollary 7.6), so it favors replica symmetry
breaking. The term [ W; is the order-e part of the energy aEU(so, Yp). On bounded
sets the law of the bottom position Yy, multiplied by «, has density 2e¢o(1 + 0(1)) by
Lemma 4.3, which is why Lebesgue measure appears.

7.2 The compact-class expansion

Let K, = loge — aE[log |Y*|; Y* < —1] — a®(x)log v2m, with Y* = (G — x) /e, be the
profile-independent constant of Proposition 4.5. For [ > 0 put

¥y (1) = 24;—09+10gl, 20(l) = (cpo—%%)?-l—%logl. 75)

The scalar function Yy of the mass always carries the subscript 6; it is unrelated to the
spatial function ¥(s,y) = (U, +y.

The following uniform description of U; as y — =oo is the analytic input of the

expansion. Parts (a) and (d) are the asymptotics of Lemma 2.4 read through the dilation;

parts (b) and (c) come from Feynman—Kac representations along the rescaled diffusion

and a transport estimate for it. The proof is in §C.2.

Lemma 7.2. Fix 0 < dy < S. There are C,y. < oo, depending only on (dy,S), such that for
every { € K(dy,S) and every s € [dq, S| the following hold.

@) [¥(s,y) = £(s)/Iyll < Cly|™ fory < —y..

b) 0<1—0(s,y) <CA+y*)Lfory <0,and 0 < v(s,y) < Ce ¥’/ fory > 0.

(@ [oy(5,9)| + [0y (s,9)| < COL+lyD) > for y < 0, and [oy(s,1)| + [oyy(s, )| < Ce 2/

fory > 0.

(d) [W;(y)| < C(1+y?) "L forally € R; in particular Wy € L1(R).
Moreover { +— W is continuous from (K(dy,S),L') to LY(R), and A is Lipschitz on
(K(dy,S),LY).
Theorem 7.3. Fix 0 < dy < S. There are C,ex > 0 such that for 0 < e < ey, 0 € ©, and every
v € U whose rescaled profile { = (., lies in K(dy,S),

Prfo) (7) = Ke = Yallo) — e{go(o) + PV (D)} < CeLe, 7.6)
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where £y = A, (0)/e? is the mass. The function P is continuous on (K(dy,S), L"), and for
every { € K(dy,S) B
PU() = 200v/T5(0) — 5108 o + 2¢bp. (7.7)

The proof is in §C.3. It applies the exact decomposition of Proposition 4.5 at the
declared level g1 =1 — ¢S, which may lie below the bottom of the support, and expands
the scalar coefficients with Lemma 4.6. The only term that is not explicit is xIEW; (Y1),
where Y1 = (B, — x)/e; it equals 2e¢g [ W; + O(e’Le) because of the uniform majorant
of Lemma 7.2(d). The constants depend on ® only through 6-..

Corollary 7.4. P1) () does not depend on the choice of (dy,S) with { € K(dy, S).

Proof. Let ¢ € K(dy,S)NK(d},S). Then ¢ € K(d{,S") with df = min{d;,d]} and
S" = max{S,S'}. Fix 8 € @. For e < (§”)71/2 let v € U be the right-continuous function
with 7(q) = ¢((1 —g)/e?) for g > 1 —¢?S” and v = 0 below, so that {, = {. Apply
Theorem 7.3 to y with the pairs (d1,S) and (d{,S”). Both expansions have the same left
side and the same terms K., ¥y(¢y), and gp(¢p). Subtracting, dividing by e, and letting
e — 0 shows that the two values of P(1)() coincide. The same argument compares

(d),8') with (d,S"). O

The expansion identifies the minimization problem in two layers. The order-one term
Yy () has a unique nondegenerate minimum at
] w4 t
0= 24)09, ‘Y@(l) —‘Fg(ﬁ ) = T —-1- IOgT > 0, (78)
so it fixes the mass. At order e the profile is selected by P!, that is, by the flat func-
tional of the normalized profile at t = 2¢p+/fp. At the crossing margin x4, the parameter
0 = (xrs — kq)/€? tends to 63 = (27)3/2/(128¢3) = 1/(128c3$3) as e — 0 (Proposi-
tion 3.8(iii)). At 6 = 6, the optimal mass is £* = dg := 2¢04 = 1/(64c3¢3), and, as in
Proposition 3.8(iv),

2 1
290/ 2906 = SCZ);)O — =l 7.9)

7.3 The inverse parametrization

For normalized profiles we change the independent variable from the depth s to the mass
I ={(s) € [0,1]. This makes the entropy term affine.

Let { € K'(dy,S) and let sy = inf{s : £(s) = 1} < S be the bottom of its support.
Since ( is nonincreasing and /(s) < 1 = {(so) for s < sy, { > 0 on [0,sp), so /¢ is
strictly increasing on [0, so]. Let T: [0,1] — [0, s9] be its inverse. Then T(I) = [ on [0, d],
T(1) = s, and T'(I) = 1/¢(T(I)) > 1 for almost every I. Since { is nonincreasing,
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¢ is concave, so its increasing inverse T is convex. The inverse T is continuous on
[0,1]. Convexity together with continuity at both endpoints implies that T is absolutely
continuous on [0,1]. Conversely, every continuous convex T on [0,1] with T(0) = 0,
T’ =1 on [0,d;] and T(1) < oo is the inverse of a unique { € K'(dy, T(1)), namely the
derivative of T~! extended by zero. Normalized step profiles correspond to piecewise
linear T. Bounded support is used here: a normalized profile with unbounded support
has T(1) = co. We write ¢ = T’, a nondecreasing function. In the variable /, ¢ plays the
role of a diffusivity. The replica-symmetric profile 1y ;) corresponds to T' = id and o = 1.

Neither A nor I depends on the pair (dq,S) with ¢ € K'(dy,S). Indeed, £(s) = s on
[d1,d] and ¢ = £y on [sg, S], so

sA“(g):/d%(;—O (1)>ds+d log d,

which involves neither d; nor S; and 2¢(I +1) = P(1) — A does not depend on them by
Corollary 7.4. We therefore compute A and I with the cutoff S = sy = T(1) whenever we
work in the variable /.

Proposition 7.5. Let { € K(dy,S), with inverse profile T and o = T'. Then
1 1-—1 1
BAWQ) =1~ [ (e()=1)==dl,  T(so) =5

0

(7.10)

Moreover, U(l,y) = Uz (T(1),y) satisfies U(l,y) = log®(y/V1) for 1 < dy, U(1,-) =
U (so, ), and, for almost every | € (dy,1),
U = 32+ "Ly, (7.11)

Proof. Substitute s = T(l), ds = o dl, and ¢(T(l)) = 1. Since (1—-1/1)c = —(c —1)(1 —
/141 -1/1),

s 1 1 1 11
/d1 (1—@>d5_/dl(1—7)adz_—/dl(a—l)leH—leogdl.

Adding d; —logd; and using ¢ = 1 on [0 di] gives the formula for 8A. Similarly,
T'(sg) = Slogd; + 2fd odl/l = zfd 1)dl/l. Finally, i; = cUs and o (T(l)) = 1
give (7.11). O

From now on, in the variable I, we write U(I,y) for U(l,y). Since ¢y = 1, we have

w(sg) = —T(sg) — log /27, and

I(g) = / [U(l y) + ]/7 + (F(T + log \/_)1{y<0} + lOg ’yl 1{_1/< 1}] dy -1, (7 12)

LT

Only U(1,-) depends nonlinearly on ¢; the counterterms are affine in o.
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Corollary 7.6. For every normalized profile { with bounded support and { = 1 near 0, A({) <
1/8, with equality if and only if { = 1(q).

Proof. In (7.10),c —1 > 0and (1 —1)/1 > 0 on (0,1). The integral vanishes if and only if
o = 1 almost everywhere, that is, T = id. O

Corollary 7.6 explains why the flat problem is not trivial: moving away from 1y
always decreases A, and the question is whether tI increases enough to compensate. For
t near 0 it does not.

7.4 Monotonicity of the flat density

We now fix a normalized step profile, that is, a piecewise linear convex T. Its breakpoints
di <lpy<ly <---<1, =1 define blocks (lj_l,l]-], on which o = 0 is constant, and o =1
on (0,lp]. The statements of this section hold for every positive step function ¢ of this
form, not only for o > 1 nondecreasing, and we state them in that generality because the
proofs use only o > 0.

On a block, F := e/ solves the heat equation F; = %Fyy, by (7.11). Hence, with

Prf(y) =Ef(y++7G),
u(l,-) = ojlog Py, ) [eUli-1)/o] e (14,1 (7.13)

We take (7.13), with U(1,y) = log ®(y/+/1) for I < Iy, as the definition of U for a general
positive step function ¢. Write b = U, and ¢ = —U,,, and let

o
G = b3y + 5 dyy

be the operator that appears in the linearization of (7.11).

The following signs are the rescaled counterparts of Lemma 2.4(c); for ¢ that comes
from a profile, the upper bound ¢ < 1/I is the rescaled form of the bound ¢ < 1/A
there. What the lemma adds is that the signs, including ¢ < 1/I, hold for every positive
step function o. The bound ¢ < 1/I controls the flat density below. For the Sherrington—
Kirkpatrick datum logcosh, the analogous bounds on the first two derivatives are [8,
Proposition 2], [7, Proposition 2], and [76, Lemma 16], and the sign of the third derivative
on the positive half-line is [87, (7.6)].

Lemma 7.7. Let o > 0 be a step function on a grid of [lp, 1] with o = 1 on (0, 1], and let U be
defined by (7.13). For every | € (0,1], U(I,-) < 0is smooth, b > 0, and

0<c(ly) <1/1, cy(Ly) <0.
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Proof. For I < Iy we have U = log ®(y/V/1),so b = R(y/1)/V1>0,c=V(y/V1)/l €
(0,1/1) and ¢y = V'(y/+/1)173/2 < 0 by Lemma 2.1(a). We argue by induction over the
blocks. Let! € (Ij_1,1]], 0 = 0;, T = 0(l — 1), and f = eVi-1)/7,

We verity the four claims in turn.

Step 1. U < 0and b > 0. The function f takes values in (0, 1] and is strictly increasing,
and P; preserves both properties.

SteP 2. ¢ > 0. The function f is log-concave because U(l;_1,-) is concave. The Gaussian
convolution P f is a marginal of the log-concave function (w,y) — f(w)¢-(y —w), where
¢+ is the N (0, T) density, and the marginal of a log-concave function is log-concave by
Prékopa’s theorem [108, Theorem 6].

Step 3. ¢ < 1/1. By induction, —(log f)" = c(lj_1,-)/c < Kg := 1/(0lj_1), so f(w) =

e Ko’ /2¢ (1) with g log-convex. Completing the square,

, e—Koyz/(z(l-f'KoT))]E y T .
ofy) = VI+ Kyt g<1+1<or+\/1+1<0r )

A mixture of log-convex functions is log-convex, so the expectation is log-convex in y.
Hence —(log P f)" < Ko/(1+ Kot) =1/(0l), thatis, ¢ < 1/1.

Ster 4. ¢ > 0 and ¢, < 0. Differentiating (7.11) twice and three times in y gives, on each
block,

q=Gc—c-c, g =Gg—3cg (§=cy)

and c, g are continuous in [ across the breakpoints. The potentials ¢ and 3c are nonnegative
and bounded by 3/1y, the drift b is Lipschitz in y (because |b,| = c < 1/I), and ¢, g have
polynomial growth. Let Y solve

l l
_ / !/ 5
Ya —y+/A b(A, Yy) dA +/A Vo) dBy  (lp <A <),

where B is a Brownian motion in the reversed time [ — A. This is the diffusion with
generator G run from (I,y) downward in /, and it is well posed because b is Lipschitz in
y. By the Feynman-Kac formula along Y (see [79]),

! 1
(L) = E[ello, Y e MoV S0, gll,y) = E[glh, v, e TN <,

because c(lp,-) > 0 and g(lo, ) < 0. O

The diffusion in the Feynman-Kac formula is the rescaled Parisi diffusion of Defini-
tion 4.1, written in the variable I (see (C.1)). Started at the initial level /| = 1 (the bottom
of the support), it defines the density that governs the second variation.
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Definition 7.8. Let ¢ be as in Lemma 7.7. For y € R let (Yly )o<i<1 solve, downward in /,

1 1 B
Y] =y, Yly:y+/l b(/\,YX)d/\Jr/l Jo(A) dB;,

where B is a Brownian motion in the reversed time 1 — I. The flat density p; is the density
of the measure E — [, P(Y{ € E)dy.

For each Brownian path, y +— Yly is an increasing C! bijection of R, because b
is smooth and Lipschitz in y; differentiating the equation gives the Jacobian 9, Y/ =
exp(— fl c(A, Yy dA), which lies in [I,1] by Lemma 7.7. The image of Lebesgue measure
under such a map has density 1/9, Yy at the point Y/, which lies in [1,1/1]. Averaging
over the Brownian path, p; exists and

1<p <1/, p1 =1 (7.14)

When o comes from a profile, p; plays the role of the law of the rescaled Parisi diffusion
at the level I, with Lebesgue measure at [ = 1 in place of the law of the bottom position
Yy (see the end of §7.1).

On a block, the diffusion is the Doob transform, by the space-time harmonic function
F = e"/7%, of a Brownian motion with variance rate 0 (see [50, 110]). Its transition density
from level [; to level | € [l;_1,1;] is pa(x —y)F(l,x)/F(l;,y), where A = 0;(l; — I) and ¢
is the N(0,A) density. Integrating against p;,,

pi; (v)
F(l;,y)

The integral converges: p;, < 1/Ij; by concavity and ¢ < 1/1;, U(l;,y) = U(1;,0) +
b(l;,0)y —y*/(2L;), s0 1/F(l;,y) < exp((y*/(2l;) + C(1 + |y|))/0j); and A < ;.

For the Sherrington—Kirkpatrick model, monotonicity and log-concavity properties
of a density of the Parisi diffusion were proved in [87, Proposition 7.1], for the product
of the density with an exponential of the solution of the Parisi equation, by following
the heat evolution between successive atoms. The next proposition is proved in the same
block-by-block way. Here the initial law is Lebesgue measure, the monotone quantity is
the density itself, and ¢ is an arbitrary positive step function.

pi(x) = F1,2) [ ¢alx =) dy,  F(l,-) = PAE(l,-). (7.15)

Proposition 7.9. Let o > 0 be a step function on a grid of [ly, 1] with ¢ = 1 on (0, ly]. For
every 1 € [lp, 1] the function y — p;(y) is nonincreasing. In particular y — p;(y)c(l,y) is
nonincreasing.

Proof. We argue by induction from the initial level | = 1 downward. At =1, p; = 1.
Suppose that p;; is nonincreasing, and let I € [I;_1,1;). Write ¢ = 0, A = 0(l; — ), and
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fa=U(A,-)/o =1ogF(A,-). By Lemma 7.7, at every level A the function f} = b/c is

positive, decreasing (f; = —c/0 < 0), and convex (f}" = —c,/c > 0).

Fix y and let Q,(dx) o« ¢a(x —y) ]ol].(x)l-“(l]-,x)_1 dx. Differentiating (7.15) and inte-
grating by parts in x (the boundary terms vanish by the bounds after (7.15)),

(l0g pr) (4) = £1(3) + Bq, [ * Y] = f1(y) + Eq, [(log py Y (X) — £ (X)].

Put 7 = Eq, fl’] (X). Since (log p;;)" < 0, the two expressions for the same expectation give

(logp))'(y) < fi(y) =7, EqX <y—AF (7.16)

StEP 1. A lower bound for 7. By Jensen’s inequality ( fl’] is convex), then monotonicity ( fl’]
is decreasing), and (7.16),

P> f (Eq,X) > fi(y — A7),
StEP 2. A fixed point. The function R(r) = fl’] (y — Ar) — r is continuous, and by ¢ < 1/1;,

li—1 !
R’(r):%c(l]-,y—Ar)—lz(l]-—l)c(lj,y—Ar)—lg]T—lz—r<0.
] ]

Hence R has a unique zero r*. Step 1 says R(7) < 0,so 7 > r*. Let x* =y — Ar*. Then
r* = fl’](x*) and y = x* + Afl’j(x*).
Step 3. Tweedie’s formula. Since F(l;,-) = PAF(l,-), the probability measure 71(dw) o
F(I,w) ¢p(w — x*) dw satisfies

E-W = x*+A(logF(lj,-)) (x*) = x* + Af{ (x*) =y,

f l/j (x*) = (I;AAII::((ZI” )))(/)Ef; ) = ]Er[f ZI(W).

By Jensen’s inequality (f] is convex), r* = Ef/(W) > f/(ExW) = f/(y). The formula for
[E,W is Tweedie’s formula [53, 111].

Combining the three steps with (7.16), (log p;)'(v) < f{(y) =7 < f/(y) —r* < 0. The
flat density is continuous in [ at the breakpoints (at I = I;, (7.15) returns pl].), so the
induction proceeds block by block. Since p; and c are positive and nonincreasing, so is
pic. O

7.5 Convexity along ordered rays

Let To, T; be the inverse profiles of two normalized step profiles, on a common grid with
o =1on (0,lp], such that K := Ty — Tp > 0 on [0,1]. For ¢ € [0,1] put Ty = Tp + 9K,
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so that 0y = T = 09+ 8¢ with ¢ = K, and let U? be the corresponding solution
and I(9) = I({y). The main example is the ray from replica symmetry: Ty = id and
Ty = T the inverse of an arbitrary normalized step profile, for which K = T —id > 0
because T’ > 1. For ¢ € [0,1], Ty is again convex with Ty > 1, Ty = 1 on [0,]y] and
Te(1) < max{To(1), T1(1)}, so every (g lies in the fixed class K (I, max{Ty(1), T1(1)}).

Write U = 0yU? and U = 95U°. Differentiating (7.11) in ¢, and using that oy is affine
in 9,

U =gu—%c, U=gU+U;+0l,, U=U=0 forl<I. (7.17)
The function that makes the second variation transparent is
Z=U+%X¢,  whichsolves Z=G2Z-%c zZ=0(<1). (7.18)

Indeed, ¢; = Gc — ¢ (proof of Lemma 7.7), K’ = ¢, and K depends on ! only, so
G(Kc) = KGe.

Proposition 7.10. In the setting above, & — I(9) is of class C? on [0,1] and

1 K2
") = / / [PZ Z; — 2K (pic)y 2y + > P cé] dy di, (7.19)
loJR
where p, ¢, and Z are computed at oy.

The proof, in §C.4, starts from I = [[ p (Uj + o'Uyy) and substitutes U = Z — Kc/2.
All terms that involve derivatives in ! combine into (9; — G)(KZ,, — K?cy, /4), whose
integral against p vanishes; one integration by parts in y then gives (7.19).

Corollary 7.11. In the setting of Proposition 7.10,

1 r1
1"0) = 5 [ KGP [ picgdydl =0,
Consequently, for every t > 0, & — F;({y) is convex on [0, 1].

Proof. We show that each term in (7.19) is nonnegative. By (7.18) and the Feynman-Kac
formula along the diffusion of Definition 7.8,
1 ! 2
Z(l,y) = —5 E l K(A)e(A, Yy)~dA,
0
where Y starts at (/,y) and runs downward in . By Lemma 7.7, ¢? is nonincreasing in
y, and the flow y — Y, is increasing; since K > 0, Z is nondecreasing in y, so Z, > 0.
By Proposition 7.9, (p;c), < 0. Hence —2K(p;c)yZ, > 0, and the other two terms are
nonnegative. The functional A is affine in T by Proposition 7.5, so F; = A + tI is convex
along the segment for ¢ > 0. O
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Only the ordering K > 0 enters the proof. For directions K of both signs the mid-
dle term of (7.19) has no sign, and we do not know whether [ is convex along such
segments; the ordered rays from the replica-symmetric profile suffice for Theorem 7.13.
Lemma 7.7 and Proposition 7.9 hold for every positive step function ¢, while the proof of
Proposition 7.10 uses the tail estimates of Lemma 7.2, which are proved for profiles.

This convexity differs from the classical convexity of Parisi functionals: of the Crisanti—
Sommers functional for spherical models [125], and of the Parisi functional for Ising spins
[7, Theorem 2] (see Chapter 1). Those results concern linear interpolation of distribution
functions, and the proofs for Ising spins use the convexity of the terminal datum log cosh
in the spatial variable. The terminal datum log ® of (1.2) is concave (see the opening of
Chapter 2), so these arguments do not apply to P,. Corollary 7.11 concerns only the flat
functional, interpolates linearly in the inverse profile T rather than in the profile, and is
proved only along ordered segments.

7.6 The first variation at the replica-symmetric profile

By Corollary 7.11, Fi,({) — Fy(1j0,1)) is bounded below by the one-sided derivative of F;
at T = id in the direction K = T — id. We now compute this derivative and show that it
is positive, with cubic contact at the edge of the admissible cone.

At T = id the solution is U(l,y) = log ®(y/+/1), and the diffusion of Definition 7.8 is
the Doob transform of Brownian motion by ®(-/+/1). In the variables

Z=Y,/V], ¢ =log(1/1),
Itd’s formula gives the time-homogeneous diffusion
dZ = (R(Z)+%)dg+ dB;,  Giop = 392z + (R(z) + )0 (7.20)

It describes the normalized position of the Parisi diffusion above the atom of a replica-
symmetric order parameter, which is why it reappears in Chapter 8; its transition kernel
is computed in Lemma D.1. We write Z* for the solution started at Zy = z. For 0 < p < 1
define

Qp) = /]R VE? - EV(Zga)] dz (7.21)

This is the decrease of [ V2 when Lebesgue measure is transported by the diffusion (7.20)
for the time log(1/p). The integrand is integrable by the Dynkin calculation in the proof
below, although V? itself is not integrable.

Proposition 7.12. Let T be the inverse profile of a normalized step profile, let K = T — id, and
let (¢ be the normalized profile with inverse profile id 4+ 0K. The function s =K' = o —1lisa
nonnegative nondecreasing step function that vanishes on [0, 1], and

d 1

1 —
Go7@), = [ D @0), e =g [[e0) P de 02
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where do is the Stieltjes measure of . Moreover Q > 0 on (0,1), and with cgs = 1/96,
E(r)>cps(1—71)°>  (0<r<1). (7.23)

Proof. We divide the proof into three steps. First, we write the derivative as an integral of
¢ against the defect of a transported Lebesgue measure. Second, a Dynkin calculation
expresses that defect through Q. Third, a comparison with an Ornstein-Uhlenbeck
process bounds Q from below.

Ster 1. The first variation. By Lemma C.4 at ¢ = 0 and (7. 12) I'(0 f]R ) +
<] dy with T = 1 [1o(1)dl/l and U(Ly) = —3E [} o(1)c(l, Yy)dl. At T = 1d,
c(lL,y) =V(y/VI)/land Y/ /V1 = Z{ with ¢; = log(1/1). Hence

U(1,y) + F1gyegy = 2/ 1{y<0} EV(7)] dt

For fixed y the integrand has a constant sign (0 < V < 1), and the left side is bounded by
C(1+y?)~! by Lemma C.4(a). Tonelli’s theorem on {y < 0} and on {y > 0} therefore
allows us to integrate first in y. Since [ (1f,<¢; — V) = 0 by Lemma 2.1(f),

'(0) = %/1@M(l)dl, M(1) ::/]R[V(y)—]EV(Zgl)} dy.

y (7.10), A(Zy) = § — 8f0 )(1 —1)I~tdl. Since tq/2 = 1/(8¢y),

S|, = /Olo-<1>e<1>dl, () = MU QLD gy

StEP 2. A Dynkin calculation for the transported Lebesque measure. The drift R(z) +z/2 of
(7.20) has derivative 1 > —Ve (- 2, 2) so the flow z — ZZ is an increasing C! bijection
with Jacobian in [e7¢/2,e¢/2]. Let v, be the density of the image of Lebesgue measure
under this flow; then v < es/2. Using the identity (2.2) for V",
GiopV = =V (1-V), Grop(V?) = k1 := V2 —2V3(1-V),
Grop(V(1—=V)) = =V(1-V) — k.
All three right sides are bounded and integrable by Lemma C.1(a). For f € {V, V2, V(1 —

V)}, Dynkin’s formula for each starting point, and Fubini’s theorem (justified by v, < e¢/?
and Giopf € LY, give

/ [B£(25) — f(2)] dz = [ v Guopf dz du.

Put j(u f v,V ) and €(u) f vyk1, which are bounded on bounded intervals.
W1thf V, f= V2 andf = V(1 — V) this gives

MO = [Tiwdn, Q) = - [Tewdn, iw =co— [+,

(7.25)
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The last identity is the integral form of j/ = —j —¢, j(0) = co, so j(u) = coe™* —
I e ~"¢(u') du'. Integrating over [0,¢;] and applying Fubini’s theorem twice (with
ee =1),

M(I) = co(1—1) = — /Ogl e(u')(1—le") du' = z/ll Q(p)p~2 dp.

The second equality follows by inserting the formula for Q, since u’ < gp if and only
if p < e, and lfleful 072dp = 1—1e*. Hence ¢(I) = (8cy)~ fl p~2dp. Since
o(l) = f( 0] d(T( ) Fubini’s theorem turns (7.24) into (7.22) with &(r ) = frl e()dl =
(8¢co)~ f Q(p p~2dp.

StEP 3. One comparison gives positivity and the cubic bound. Couple (7.20), started at z,
with the Ornstein-Uhlenbeck process dX = —3X dg + dB., X = z, driven by the sarne

Brownian motion. The difference & = Z — X satisfies &’ = R(Z) + 1Z + 1X R(Z) -
and &y = 0, so

2\_4

L

because R > 0 (Lemma 2.1(a)). Thus Z: > Xg, and X¢ ~ N(,/pz,1—p) with p = e™¢.
This is a pathwise comparison of the type of [74], made explicit here by the linear equation
for E. Since V2 is decreasing, with P, the convolution with the N (0, v) density,

EV(ZZ)* < P (V?)(\/p2).

This comparison can be integrated despite the nonzero left limit of V2. Put f =
V2 —1,c0p- By Lemma 2.1(f), f € L! and [f = —co. The function 10y —
Prplc0y(vP2) = 1zcqp — P(—az), a = /p/(1—p), is integrable with integral
[ ®(az)dz — [°®(—az)dz = 0. The substitution w = /pz+ /I —pg shows
[Pi_,f(\/pz)dz=p~'/2 [ f. Hence

/]R{V(Z)Z _ Pl_p(VZ)(\/pz)} dz = (1 _ p71/2) /1Rf _ co(p*1/2 _ 1)'

The integrand of (7.21) is integrable by Step 2 and pointwise at least the integrand on the
left. Since p~ 12 —1>1— /o= (1—p)/(1+/p) > (1—p)/2,

Qo) >co(p2-1)>%2(1-p)>0 (0<p<1). (7.26)

With the formula for ¢ from Step 2 and p_2 >1,

_16/ —p)d “‘l), 8<r)=/1e<l>dlz“;6’)3.

This proves (7.23). O]
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The number £(r) is the derivative of F;, in the one-step direction K = (I —r). Its
positivity for every r is the flat counterpart of the statement that the obstacle potential
of the replica-symmetric crossing order parameter is strictly increasing above its atom
(Proposition 8.4). The contact at r = 1 is cubic because at t = t4 the term of order 1 —/ in
¢(!) cancels, which is the flat analogue of the vanishing of the replicon eigenvalue at xg4.
More precisely, € is continuous at 0 with £(0) = [k; = Ay — 2By, where Ay = [ V> and
By = [V2(1—V): for f € C?, Dynkin’s formula gives | [v,f — [ f| < ue"’?||Gopf| 11,
and k; € L' is approximated by such f while v, < e*/2. With x; = Ay /(2By) the flat
breakpoint of Definition 8.1, this gives Q(p) = 2By (1 — x¢)(1 —p) +0(1 — p) and

_ By(1—x)

E(r) TS (1—r)°+0((1—-1)%) (r11).

We do not use this expansion. The same computation at a general parameter ¢ shows that
tq is sharp. By Step 1, the derivative of F;({y) at ¢ = 0 in the direction K = (I — )1 equals
[HEM(1) = 21 = D] (2)~'dl, and M(I) = ¢o(1 — 1) + O((1 — I)?) by Step 2 (because
€] < e'/2||ky||;1 on [0,1]). For t < tq this derivative is negative for r close to one,
so 1jp ) is not a minimizer of F. This is the flat counterpart of the instability of the
replica-symmetric order parameter beyond x4 (Proposition 3.8(ii)).

7.7 Uniqueness of the flat minimizer

We now combine the ray convexity with the first variation. The cubic contact of (7.23)
becomes a cubic L! modulus.

Theorem 7.13. Let { be a normalized profile with bounded support and { = 1 on a neighborhood
of 0, that is, T € Up<g,<s K'(d1,S). Then
9 3

Moreover 1() > I(1)g1]), and for every t > tq,

9co t 3
F(8) = (o) = 522 118 = Loyl 110,00 (7.28)
In particular, for every t > tq, 1) 1) is the unique minimizer of F; on this class.

Proof. We divide the proof into three steps.

StEP 1. Reduction to the first variation for step profiles. Let { be a normalized step profile,
with inverse profile T, and let K = T —id and ¢ = T’ — 1. By Corollary 7.11 with
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t =tq >0, 8% — F,(lp) is convex on [0,1], where {y has inverse profile id + 9K; it is
differentiable by Proposition 7.10. By Proposition 7.12,

d
(@) = (o) 2 ggFu@)],_ > gg [ (01 -n7ae)

Ster 2. Comparison with the L' distance. Let I, = £(1) € (0,1], so that T(l.) = 1. Since
fC =1= fl[O,l]/

1
3112 = 1]l :/0 1-¢) =1-1.

From T(I) = l—l—fol(f and T(l,) = -1, = fo u)du = f(O,l}(l —r)ydo(r). For
r<lL.puta=1-Il,and b = I, —r. Then (1 — r) = (a+1b)® > Zab, because
(a+b)3—%Za 2b = (b—%)*(b+4a) > 0. Therefore

) 27 ) 27
/(0’1](1 - 1’)3 d_O'(r) > Z(l - l*)z /(0 1](1* — 7’)+ dO’(T) = Z(l — l*)3 = 3—2H€ — 1[0/1]HL1'

’

With Step 1 and 2 32 96 1024, this proves (7.27) for step profiles.

StEP 3. General profiles and the parameters t > tq. Let { € Kl(dy,S). By (7.1), d; <
1 <S,s01 € K1(dy,S). Let Z, € K'(dy,S) be the step approximations (7.2) of .
By Lemma 7.2, A and { — [ W; are continuous on K1(dy,S), hence so is F; 4 Both
sides of (7.27) are continuous in L!, so the inequality passes to the limit along ¢, — .
Next, tq (I(0) — I(1p,1))) = Fty(§) — Fry(Lo,1)) + A(Ljo)) — A(), and A({) < A(1)y)) by
Corollary 7.6; hence I({) — I(1j1)) > ﬁ”@ —1jp ||i1 > 0. For t > tg,

Fi () — E(1p,1) = Fty(§) — Fiy (Lo 17) + (¢ — ta) (1(D) — I(191))) = 5757 1024 I HC 01]Hiu

which is (7.28) because t/tyq = 4cot. O]

The constant in (7.27) is chFg The factor 2 @ comes from Step 2 and cannot be
improved there: for the one-step directions ¢ = 21, ;) one has I, —r = ( — 1), and
the two sides of the inequality in Step 2 are equal. Wlthout the elementary inequality
(a+0b)3 > 27 a’b, the same argument gives the constant CFS = 768 The theorem is a
statement about one explicit variational problem, in wh1ch neither e nor 0 appears; its
link with the functional Py at finite e is Theorem 7.3.
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7.8 Stability at the crossing

From now on we assume, as announced in Remark 3.12, that 64 lies in the interior of ®.
Put 0, = (krs — kq)/€?, so that x.(0,) = k4. By Proposition 3.8(iii), §, — 64; hence 6, € ©
for small e, and Proposition 3.8(iv) applies at 6 = 6,, where q*(xq) = q4. Together,

K — K
Oe = % — 04+ O(eL,),

(7.29)

1 _
dd = ezqd = 24)09@ + O(E) —dy = 24’09d =

1
i

The following estimate controls the mass and the shape of a profile at once. It is uniform
in 6 near 64, which is what the uniform window of Chapter 8 needs, and at 6 = 0, it
gives the convergence of minimizers at the crossing.

Proposition 7.14. Fix 0 < m < dy < M < oo and put @(m, M) = {0 € O : m < 2¢pf <
M}. There are C,eg > 0, depending only on (m, M) and ©, such that the following holds for
0<e<eyt€O(mM)ande > 0. Let v5 = 1y_pg0:21) be the replica-symmetric order
parameter of rescaled mass 2¢o6. If v € U has {,, € K(m, M) and

Pro(0)(7) < Pryio)(18) + &

then
(go(’)/) — 2(]?09)2 + eHZ’)’ — 1[0,1] Hil S C(ezLe + E(Gd — 9)+ + 8). (7.30)

In particular the left side is at most C(e*Le + e|0 — 04| + €), and every global minimizer <y of
Pr.(0) with §y € K(m, M) satisfies (7.30) with e = 0.

Proof. We divide the proof into five steps.

SteP 1. Constants. Let Cy,ex be the constants of Theorem 7.3 for the class K(m, M),
let C; = sup{|I(?)| : ¢ € K'(m/M,M/m)}, which is finite by the continuity of I on
this compact class (Lemma 7.2), and let Ly = sup{|gy(!)| : 6 € ©, | € [m,M]}. Put
a9 = m?/(2M*) and C; = 2¢po+/2¢0/04. Take ey < min{ex, e~ '} with 2¢pf€3 < 1, so that
Yp €U and L, > 1.

Step 2. Expansion. Write £* = 2¢g0 € [m,M], h = by —{*, 1 = 1), x = 1 — 7|1,
t = 2¢0v/%0, and t* = 2¢gv/¢*. The rescaled profile of v} is 1 € K(m, M), and its

normalization is r. Applying Theorem 7.3 to v and to v, subtracting (the terms K,
cancel), and using the hypothesis,

¥ (o) — Fo(€*) +e[ga(t0) — go(") + PU(Q) = PU(1g))] <2CLe+e.  (7.31)
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STEP 3. Mass terms. Let xy = ¢*/4y € [m/M, M/m)]. The function u — u —1—logu
vanishes with its derivative at # = 1 and has second derivative u—2 > (m/ M)2 on
[m/M, M/m]. By (7.8),

2

* m
Tg(ﬁo) —Tg(f ) = X1 — 1 —logx1 > W(xl — 1)2

m2 h?
= — > goh>
IME 2

Also |gg(lo) — go(€*)| < Lg|hl.
Ster 4. Flat terms. By (7.7) for  and for 110,64) and since F; = A + s for every s,

PU@) = PW (1)) = Fy(§) = Fiy(r) + (£ = £)I(C)
+ (t — ta) [1(§) — I(r)] — glog(£o/L*).

Here { € KY(m/ly,M/ly) < KY(m/M,M/m) and r € K'(m/M,M/m), so
11(2)|,|I(r)] < Ci. By Theorem 7.13, F;,({) — Fi,(r) > 1a5%° and I({) — I(r) > 0.
By (7.9), t* —tq = 2¢o M(\/_ — \/éd) If & > 64, the third term is nonnegative. If
0 < 6y, itis at least —2C;(tq — t*) > —2C;C;(8q — 6), because /04 — /0 < (64 — 0)/+/84.
Finally |t — t*| = 2¢g|h|/ (v/lo + V€*) < ¢o|h|/+/m and |log(£y/¢*)| < |h|/m. Hence

9 Cipo 1
M7y — pM) 3 (Cigo B B
PO =P (o)) 2 1055% (ﬁ +8m)|h| 2C;Ct(04 — 6) ..

Ster 5. Conclusion. Inserting the bounds of Steps 3 and 4 into (7.31), with C; = Lg +
C[q')o/\/ﬁ + 1/(81’11) and Cp, = 2C;C;,

9¢
1024

agh? + x> < eCy|h| 4 eCy(Bg — 0) + + 2Cxe?Le + ¢.

2
Young’s inequality gives eCq|h| < %aohz + 2%1062, and ¢ < ¢?L,. Hence %aohz +
105> < Cs(eLe + e(0g — 0) 4 + ¢€) with C3 = max{2Cx + C?/(2ap),Cp,1}. Dividing
by min{%ao, 10%} gives (7.30). The second statement holds because (64 —0)+ < |6 — 64].

A global minimizer satisfies the hypothesis with ¢ = 0, because P, g)(7) = Px(x.(0)) <
PKe(g) (r)/’é‘ ) : O

The hypothesis holds whenever Py, 9)(7) < Px(x.(6)) + & At the crossing, x = x4 and
6 = 6. € ©(m, M) for small e, and it also holds whenever Py, (y) < Pr,(vq) + €& because
g4 = 9" (xq) minimizes P,gs (Proposition 3.8(i)). The proposition requires ., € K(m, M)
as a hypothesis. For global minimizers this follows from Theorem 6.1, and Corollary 8.8
combines the two into closeness to 74 in L! on the scale 1 — g4, uniformly for margins
within a small multiple of e? of 4.



CHAPTER 8

Uniqueness at the crossing and full replica
symmetry breaking

This chapter proves the local statement behind Theorem 1.2. Theorem 8.13 shows that
there is a numerical constant ¢ > 0 with the following property for all smalle = a —2 > 0.
For every margin in [kgq — ce?, k4], the replica-symmetric order parameter is the unique
global minimizer. For every margin in (xq,%q + ce?), every global minimizer has a
Parisi measure supported on one nondegenerate interval, with atoms at both ends
and a distribution function that is continuously differentiable on the interior, where its
derivative is of order e~2. The case k = k4 is recorded separately in Corollary 8.14.

The proof is Step 5 of §1.3. §8.1 writes the KKT condition through anchored obstacles,
which involve only S and A, and defines the local curvature X. §8.2 treats the obstacle
potential of the crossing order parameter 4 = 1j, 1) at xq, which has a strict cubic
minimum at g4 of depth proportional to ¢, and the replica-symmetric family near the
crossing. §8.3 proves estimates at the natural scale in the crossing window. In §8.4, the
stability estimate Proposition 7.14 gives closeness of every global minimizer to 74 in L!,
on the scale 1 — g4 < ¢? (Corollary 8.8), and a comparison of anchored obstacles upgrades
this to localization of the supports (Proposition 8.10). §8.5 shows that a KKT point with
support in a small window has no gap and satisfies a width estimate (Proposition 8.11),
and §8.6 combines the two steps. The relation to earlier work is discussed at the end of
the chapter.

Throughout this chapter, « = 2 +e¢, kg = xgq(a), and g4, 64 =1 —gq, and 74 = 1;
are as in Proposition 3.8. We write

qd/]-]

s@="5t W= {1e01):1g—qal <9}

Thus 3(qq) = 1, and W, is a window of fixed rescaled width around the atom of 4. In
this chapter we fix the window © = [04/2,264] of Remark 3.12, which contains 6 in its
interior, so that the results of Chapters 4-7 apply to it, and every constant that depends
on O is numerical. The distance from 64 to R \ © is Ag = 64/2. Recall from Chapter 7
that L, = log(1/e), 0, = (krs — kq) /€% dq = 64/€*, and dy = 2¢ofq = 1/(64c5¢3). By
(7.29), which rests on Proposition 3.8(iii),(iv), there are numerical constants C.; and Cg
such that

|96 - 9d| < CerelLe, ’dd - 2¢098| <Cpe (8.1)

280



PART II 8.1 KKT points and the local curvature 281

for all small e. We fix et € (0,1) below the thresholds of Proposition 3.8 and Theo-
rems 3.11 and 6.1 and of (8.1), and such that for 0 < e < est one has dgq € [%do,Zdo],
|kq] < e (by Lemma 3.1(a) and Proposition 3.8(iii)) and C.eL, < %A@; in particular
. € ©. Every threshold introduced below is at most es;. Quantities of an order parameter
v at a margin x carry the subscripts 7, x« when both vary, and we write Sy, Dy, Hq, Aq for
those of 74 at k4. Long proofs are in Chapter D.

8.1 KKT points and the local curvature

Recall from Proposition 2.11(c) that v € U is a KKT point of P, if suppu, C
argmin, ; H, for some r € (Q,1), and that every global minimizer is a KKT point.
The earlier forms of this obstacle condition are discussed after Proposition 2.11; un-
like in those settings, here the condition is only necessary (see §1.1). For a KKT point,
0 < g0 £ Q < 1, and every support point t satisfies D(t) = 0 and S(t) < 1. Since H, is
C% on [0,7] with H/ = —D/2 and H) = (1 — S)/(2A?), Taylor’s formula with integral
remainder gives, for all p,t € [0,7],

/
1, (0) — () = ~ 24— )+ Ay (), p) =3 [ = e &
(8.2)
where [p, t] denotes the closed interval between p and t. We call A, the anchored obstacle.
If p and t are support points of a KKT point, both minimize . on [0,7] and D(p) = 0,
SO

A (p,t) = 0. (8.3)

This identity involves only S and A, and not D. This is what makes it usable below:
the natural-scale estimates of §8.3 control S and A with the required precision, while D,
whose derivative is (S — 1) /A?, changes by an amount of order e~! when S — 1 changes
by an amount of order e over a window of width €.

The local structure of the support is governed by the functions N'(q) = Evx(g, X;)?
and B(q) = E[v*(1 — v)](q, X;), the breakpoint ratio ¥ = AN/ (2B) of (2.22), and the
quadratic form X.(g; K) of (2.23). They are defined for every order parameter, without any
stationarity assumption.

Definition 8.1. Let y € U, x € R, and g € [0,1). The local curvature is

2(q) = Mq)* £(q;%(9) /M (q))
—F [A%ix FATA (30 — 1)02 + 28%0%(1 — 0) (1 — 30)] (9, X,).
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The flat constants are Ay = [ V%, By = [ V(1 —V), I, = [z V', the flat breakpoint
Xy = Av/(ZBv), and
2
St = / V72 4+ 453V — )V2 +23V2(1 = V)(1-3V)] dz, o5 = =,
R 1%
The flat breakpoint x¢ and the ratio oy are the limits of x and %./B in the crossing
window (Lemma 8.6(b)). Their signs are elementary.

Lemma 8.2. One has x; = + — co/ (4By) € (0, 1) and
1+ (Bx¢—2)? 3
+( 5f ) 12+ZX%C0>0.
The proof is in §D.1. The breakpoint and the curvature enter through the derivatives

of S. By Lemma 2.9(c)(iv),(d), S is Lipschitz on [0, 7] for every r < 1, with one-sided
derivatives

Zflat =

- ’ _ 2aB(q)
F@) =r@).  Sa-) =05

and on an interval where iy = m is constant, S” = aX(g;m/A). The functions A" and B are
Lipschitz on [0,7], and X is continuous there, by Lemma 2.6(c); since B > 0 is continuous,
X is Lipschitz on [0, 7]. The next lemma restates the gap principle Lemma 2.12 in terms of
¥ and adds the density formula on support intervals. The right and left derivatives in
(8.4) differ only through y(g) and y(g—), as in the analogue of [8, Proposition 3] noted
after Lemma 2.9; for spherical models the density on support intervals is given explicitly
in [8, Theorem 6(ii)].

5 (g+) = (¥(q) —1(@-)), (B4

Lemma 8.3. Let «y be a KKT point of Px.

(@) If p < p’ are support points with (p, p’) Nsupp p, = D, then there is x* € (p,p’) with
X(x*) <0.

(b) If [p, '] Csupppy withp < p',then D =0and S=1on [p,p'], y =Xon [p,p’), vis
continuously differentiable on (p, p'), and

>

2B
Proof. (a) By Lemma 2.12(a), ¥ = m on [p,p’) for some m € (0,1), and there is x* €
(p,p") with X(x*) = m and Z(x*;m/A(x*)) < 0. Since m = X(x*), this says %(x*) =
A)2Z(x*; % (x*) /A (x*)) < 0.

(b) By Lemma 2.12(b), D =0and S = 1on [p,p], y = Xon [p, p'), and 7 is continuous

on (p,p’). Put K = v/A. By Lemma 2.9(c)(iv), N and B have right and left derivatives at
every g, given by

¥ on (p,p').

N'=E[v2, +2K(3v —1)v2], B =E[(1-30)v2 — Ko*(1 - 0)(2 - 30)],
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with K = 9(q)/A(q) and K = y(q—)/A(q), respectively. On (p,p’) the two coincide,
and they are continuous there by Lemma 2.6(c). Thus ¥, and hence v, is continuously
differentiable on (p, p’). Differentiate the identity A" = 2(7/A)B, which is ¢ = X, and
use (y/A) =9'/A+ K>

Eo2, + 2KE (30 — 1)02] = 2(%/ n K2)§+2K(1E [(1—30)02] — KE[0*(1—10)(2 - 3v)]>.

Collecting terms, this is £(q; K) = 29/B/A. Since K = X/A, itis ¢ = £/(2AB). O

8.2 The replica-symmetric obstacle at the crossing

Put G4(q) = Hq(q) — Ha(qq). By Definition 3.2 and Proposition 3.8 and Lemma 3.3(b),
Dg4(gqq4) = 0, because g4 is RS-stationary at x4, and Sq(qq) = aHgs = 1, which is the
crossing. The next proposition is the source of the cubic separation that confines the
supports. It concerns the single order parameter 4 at the single margin x4.

Proposition 8.4. There are e,,co, Co > 0 such that the following holds for 0 < e < e,.

(a) Sq is strictly increasing on [0, qq] and strictly decreasing on [qq,1); in particular Sq < 1 on
[0,1). Hence Dg > 00n [0,94), Dq < 0o0n (qq,1), and qq is the unique minimum point of
Hgqon [0,1).

(b) Forevery q € [0,1),

Ga(q) > coe min{[3(q) — 1|, %}3.

(©) If[8(q) = 1| < %, then

0<1-S54(q) < Coel3(q) —1|,  Gal(q) < Coel8(q) — 1%,
[6aDa(q)] < Coel8(q) —1I%.

The proof, in §D.2, is explicit. Above g4 the law of (X; —x4)/+/1 — ¢ evolves by the
transition kernel of the diffusion (7.20), which is explicit and reversible for the weight
P2e?/2 (Lemma D.1). Near a = 2 the initial density Bq¢(kq + B4z), with kg = x4//qa
and By = \/64/q4, is this weight times a strictly decreasing function, and a stochastic-
order comparison shows that Sy = alEV? decreases. The lower bounds in (b) come from
exact positive formulas for 1 — S4 on both sides of q4. They carry the factor B4 < ¢, and
the potential is cubic because the replicon eigenvalue vanishes at the crossing.

We also need the replica-symmetric family near the crossing. For ¢ € (0,1) and a
margin « let v = 1,1, 6y = 1 —¢g, and Z9 = (/3G —x)/ /34 be as in Definition 3.2,
let Drs(q) = Dgs(g;x) and Sgs(g9) = Srs(q; k) be the values of D and S of v, at its atom,
given explicitly in (3.1), and put

Aulq) = BV'(27)2
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The order parameter -y, is a KKT point only if Dgs(q) = 0. For x < xgg let 4*(x) be
the stationary point of Proposition 3.8(i), and put 7(x) = 1 — Sgrs(q*(x)), the rescaled
replicon eigenvalue. By Lemma 3.3(b) and Definition 3.2, T(x) = 4(1 — g*(x))?Ar(x), so
Proposition 3.8(ii) gives

T(k) >0 (krs— 2 <k < Kq), T(xq) =0, T(k) <0 (kg <k < kgg). (8.5)

Lemma 8.5. There are 11 € (0, 3do), 11} € (0,11, ex > 0, and ¢y, Cy > 0 such that the following
holds for 0 < e < ey.
(@) If [k — xq| < me?, then 3;Drs < —cx/ 85 on Wy, If | — k4| < 17e?, then x € [xrs —
c2,Krs), q* (k) € Wy,, and |q* (k) — qa| < Ce[x — xql.
(b) If |k — xgq| < m1e?, then |9,Srs| < Ci/e and |0xSrs| < Cr on Wy,. Consequently
|T(x)| < Celx — xq|/e when |x —xq] < ;€2
(©) If |k — kq| < m1€?, then cre < Ap(q) < Cre on Wy,.

The proof is in §D.2; it uses explicit Gaussian formulas for the derivatives of Sgs and
Dgs.

8.3 Natural-scale estimates in the crossing window

Near the crossing, S — 1, 3, and the relevant differences of H are all of order e, the height
of the Gaussian bottom density on the scale 1/d4 < e. Estimates at a fixed « bound errors
in absolute terms and lose this factor. The following lemma keeps it. Both parts come
from one compactness argument in the rescaled variables of Definition 4.1: after the
dilation of Lemma C.2, the Parisi solution of every order parameter whose support has
rescaled depth in a fixed compact interval is an instance of the finite-cutoff problem that
depends neither on e nor on the margin.

Lemma 8.6. (a) Fix 0 < u_ <1 < uy. For every w > 0 there are €,ec > 0 such that for
0 < e < ecand every v € U with §(supp p,) C [u—,us] and ||y — 4l < €dg,

sup{[Syx(9) — Sa(q)| : 8(q) € [u—,us]} < we.

(b) Asy — 0ande — 0,

f((/]) — X, Eﬂ — 0§,

B(q)
uniformly over margins with |k — kq| < ne?, order parameters v € U with supp p, C W,
and levels q € [qq — ne?, Q). Consequently there are 172, en > 0 such that, in this setting
withny =npand 0 < e < ey,

3 o _ Z(q)
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The proof is in §D.3. The consequence (8.6) follows from the first assertion of (b)
because x; € (0, }1) and o > 0 (Lemma 8.2). Part (a) is used only at the margin x4; the
dependence on the margin is controlled separately by Lemma 8.9 below.

The next lemma compares the bottom level of an order parameter supported in a
window with the replica-symmetric order parameter of the same mean. For v € U with
bottom go write
Q—qo

ez

7

m:l—)t(qo):/tdyy(t), Oom=1—m, ! =

and let v, = 1, 1) be the replica-symmetric order parameter with the same mean; it has
the same value A(qo).

Lemma 8.7. There are 13, ep, C > 0 such that for 0 < e < ey, |k — kg| < 13€%, and every
v € U with supp pyy C Wy,:

Ay(m ~
‘Sv(%) — Sps(m) + a(m — qo) 5( ) < Cel?, sup |S,,, () — Srs(m)| < Cel,
m r€lqo,m]
Cr? 1 [m
[Dy(40) = Dy (90)| < ==, Dy,(q0) = Drs(m) — 5 /q (S, (r) — 1) dr.
m 0

Both comparisons are of second order in /. In the scaled Parisi equation we expand
around the Gaussian reference solution with the current value of A. The explicit first-
order correction depends on the order parameter only through its mean, so it is the same
for v and 7, and a weighted parabolic comparison controls the second-order remainder.
The proof is in §D.4.

8.4 Support localization in a window of margins

We first show that every global minimizer at a margin within a small multiple of ¢? of x4
is close to 74 in L.

Corollary 8.8. For every e > 0 there are p1(¢) € (0,2Ag] and ey(¢) > 0 such that for
0 < e < ey and every x with |k — xq| < p1e?, every global minimizer vy of Py satisfies
17 = vallp < €da.

Proof. Let dq, S, e« be the constants of Theorem 6.1, and put d = min{d;, %do} and
d = max{S,,2dp}. Then 0 < d < dy < d and K(dq,S«) C /C(Q,E). Let Cg,ep be the
constants C, eg of Proposition 7.14 for (m, M) = (d,d).

Let |k — xq| < p1€?, with p; < 1Ae = 184 to be chosen, and put § = (kgs — «)/¢>.
Then « = «,.(6) and |8 — 0,| = |x — x4|/e* < p1, so by (8.1)

|9 - 9d| <p1+ CereLe < Ag = %Gd
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for e < est. Hence 0 € © and 2¢0 € [3do, 3do| C [d, d].

Lete < min{e,, ep} and let y be a global minimizer of Py. By Theorem 6.1, its rescaled
profile 7 lies in KC(d1,S.) C K(d,d). Put h = £y — 28 and x = ||{ — 1jo1)|/r1, where 4o
and { are the mass and the normalized profile of . Since § € ® and d < 2¢8 < d,
Proposition 7.14 with ¢ = 0 gives h? + e x> < Cp(e’L, + |6 — 64]), so

x < C};B (o1 +(1+ Ccr)eLe)l/3

| < C/*(ep1 + (1 + Cr)e®Le)

7

1/2

The change of variables g = 1 — ¢?s gives ||y — yq4ll;1 = €2/ — 1jo,4,1//r1, and the substitu-
tion s = {os’ gives || — i sll1 = fox. Since £y < S, < d, (8.1) gives

1€ = Lo aqllir < lox + |€o — da| < dx + [h] +2¢0|0 — be| + [2¢00e — da|
< dx + |h| + 2¢p1 + Coe.

Since &4 = e2dgq and dgq > 1d,,

Y= dl _ 2[5 1/3
% < o [dcllg/?’ (Pl +(1+ Ccr)eLe) + 2¢op1 + |h| + C@‘f} :
Choose p; so that %[ECE/Q’(Zpl)l/:& + 2¢pp1] < 3e. Then choose e; < min{e.,ep, est} so

small that for e < e7 one has (14 Cer)eL, < pj and, by the bound on |k], d%[|h| + Coe| < e
This proves the corollary. O

The localization compares S for a minimizer at the margin « with S for the crossing
order parameter at the margin k4. Lemma 8.6(a) compares different order parameters at
the same margin x4. The next lemma shows that changing only the margin moves S by
O(|x — x4]), which is O(e?) in the window and therefore negligible against the tolerance
we of Lemma 8.6(a).

Lemma 8.9. Let « < 3, let v € U have bottom qo > %, and let x,x' € R. Then for every

ge 3 ), |
KK —K
‘S’Y,K(q) - S'y,x’(q)‘ < % < 2|K — K/l.

Proof. By Lemma 2.4(g), ty(q,x) = ty0(q,x —«), 50 byx(q,x) = byo(q,x —x) and
Uy x(9,X) = vqy0(q,x —x). Hence Y = X7* —« solves dY; = v(q)b,0(q,Y,)dg + dB,
with Yy = —«, and

Syx(q) =aEg(Yy),  g=wv40(q,-)> €1[0,1],

by Lemma 2.4(c). The function g does not depend on . Put 4/ = min{q, g0} > % Since
v = 0 on [0, o), the drift vanishes on [0,4'), and Yy = —x + B has the law N(—x,q’).
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By the Markov property of the diffusion, Eg(Y;) = Ey(Yy ), where ¢(y) € [0,1] is the
expectation of g at level g for the diffusion of (,0) started at level ¢4’ from y; i does not
depend on «. Therefore

|S’V,K( ) 'yK’ ’ —“UEIP K+\/?G)_]E¢(_K/+\/?G)}
<wdry(N(—x,q),N(—«',q")).
For two Gaussian laws with the same variance ¢? and means at distance A, the total

variation distance is 2®(A/(20)) — 1 < A/(0v/2m). With ¢? = ¢’ > ] this proves the
lemma. O]

The next proposition localizes the supports of all global minimizers at margins within
a small multiple of e? of x4. The anchored obstacles are always compared with that of the
crossing order parameter 4 at the margin x4, so the obstacle estimate Proposition 8.4,
which concerns x4 only, suffices.

Proposition 8.10. For every 7 € (0, 3] there are p;(y7) > 0 and e;(17) > 0 such that for

0 < e < ey and every x with |x — xq| < pje?, every global minimizer -y of Py satisfies
supp pty C {q:13(g) = 1| <n}.

Proof. We divide the proof into four steps.

SteP 1. Choice of constants. Fix n € (0, %] Let dq, S, e, be the constants of Theorem 6.1,

and put
U_ = mm{z{illo 1} Uy = max{zdso* 2}

Let c,, Co, €0 be the constants of Proposition 8.4. Choose w > 0 with

8w (uy —u_)? < cof®

T < (8.7)

Let €g, ec be given by Lemma 8.6(a) for the interval [u_, u ] and the tolerance %w. Decrease
g0 so that &g < fu_, (1+e9/u_)"2 > 1, and Co(ej + (uy —u_)e3) < teon®. Let py =
p1(e0) and e; = e1(gp) be given by Corollary 8.8, and put p; = min{p;,1}. Finally let
e; < min{ey, eo, e, €1, }Iw} be so small that u g4 < % and S.¢? < % fore < ¢;.

StEP 2. The minimizer. Let 0 < e < ¢, let |x — k4| < p;e?, and let y be a global minimizer
of Px. As in the proof of Corollary 8.8, x = x.(8) with 6§ € ®. By Theorem 6.1, every
support point g of ., satisfies (1 — q)/e? € [dy,S.], hence

1-— di 2S.
(1) = 272 € |52

2, %'d—o} C [u—uil,
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and qo > 1—S.e? > 1. By Corollary 838, ||y — 74lln < eodgq. Every level g with
3(q) € [u—,uy] satisfies § > 1 —u,dq > 3. Hence Lemma 8.6(a), applied at the margin

k4, and Lemma 8.9 give

sup  [Sye(9) — Sa(q)] < zwe+ 2|k — k4| < jwe+2¢* < we, (8.8)

8(q)€lu—u]
because p; < 1and e < }Lw.

SteP 3. An anchor. Since y and g4 = 1j,, 1) are distribution functions of probability
measures on [0, 1], Fubini’s theorem gives

94 1
|y = rall :/0 'r+/q (1—7)=/|t—qd|dy7(t) < gdy.
d

Hence there is a support point p with [§(p) — 1| < €. Also [A,(q) — Aq(q)] < ||y —
v4llp1. In the normalized variable A = A/d4 this reads |A, — Aq| < eo, where A4(q) =
min{3(g),1} > u_ when §(q) € [u_, u]. Consequently, for such g,

4 14

_2_/

A2 < A= (1+ 8—0)2Ad > SAZ

SteP 4. Comparison of anchored obstacles. Suppose that t is a support point with |§(¢) — 1| >
1. Since 7y is a KKT point of Py and p, t are support points, (8.3) gives A, (p,t) = 0, where
A, is computed at the margin k. For the crossing order parameter at the margin x4, (8.2)
gives

Aa(p,t) = Galt) ~ Ga(p) + 28 (1 — )
The linear term is present because p is a stationary point of <, not of 4. By Proposi-
tion 8.4(b),(c), since |$(p) — 1| <ep < 3 and |t — p| < 5q(us —u_),

Aqg(p,t) > coen® — Coeel — $Coeeh(uy —u_) > 3coen®.

Change variables ' = 1 — 648’ in both anchored obstacles. Each becomes

/|s I (1-8(&)) A(§)2de

over the interval between §(p) and 3(t), which lies in [u_, u] by Step 2. On this interval
1 -S4 > 0 by Proposition 8.4(a), and 1 — S, x > 1 — S4 — we by (8.8). With Step 3,
A 4we

(1 =534, > 5(1—Sa)Ag” - 2

Integrate against 3|$(t) — §'| d$' over an interval of length at most 1, — u_. By (8.7),

2we
0=Ay(p,t) > 3A4(p,t) - u_z(”+ —u_)? > 3coen® — g5c0en® > 0.
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This is a contradiction. Therefore every support point satisfies |§ — 1| < . This proves
the proposition. O

The constants are chosen in the order 7, w, (€0, ¢ec), (01,€1), (01,€;). The margin enters
only through the KKT identity A, (p,t) = 0 at x and through the error term 2|x — 4| in
(8.8). In particular no estimate of the replica-symmetric obstacle at margins other than x4
is needed.

8.5 Window rigidity

We now analyze KKT points whose support lies in a window W, of small rescaled width.
Let 171,11, 112, and 73 be the window sizes of Lemmas 8.5-8.7; recall that 7; < %do.

Proposition 8.11. There are 1y € (0, min{n1, 72,13, }Ldo, %}], ewin > 0, and ¢’,C' > 0 such

that for 0 < e < ewin and |k — xq| < noe? the following holds for every KKT point vy of Py with

Supp iy C W,.

(a) supp iy = [qo, Q] is an interval, possibly a single point.

b) Ifqgo < Q then D = 0and S = 1 on [q0,Q]; v = X on [0, Q); 7 is continuously
differentiable on (g9, Q) with o/ = £/(2AB) > 0; and u,({q0}) = %(q0) > ixg,
uy({Q}) =1—-%(Q) > 1. Moreover, with ¢ = (Q — qo)/e* and m the mean of .,

el < —1(x), im — g*(x)| < C'é%L. (8.9)

(c) If go = Q, then g9 = q*(x) and t(x) > 0.
(d) Ifx <xg, then v = g0y 17 If € > Kq, then qo < Q.

Proof. Let ¢y, C; be the constants of Lemma 8.5 and Cy,; the constant of Lemma 8.7. Take
o < min{n{,iyz, 13, }Ido,%}, to be decreased once at the end of the proof of (b), and
ewin < min{er, en, e} Let [k — xq] < noe?. By Lemma 8.5(a), x € [krs — 2, krs), and
7" (x) exists and lies in W,

(a) Let p < p’ be support points with (p, p’) N supp y, = @. By Lemma 8.3(a) there is
x* € (p,p') with Z(x*) < 0. But x* € [gq — 170¢%, Q], s0 (8.6) gives (x*) > LloyB(x*) > 0.
Hence the support has no gap. It is a closed set that contains every point between its
minimum and its maximum, that is, [go, Q]

(b) The structure statements are Lemma 8.3(b) with p = gg and p’ = Q, together with
Y > 0and ix; < ¥ < 3 from (8.6). Since v = 0 on [0,490), 1ty ({q0}) = 7(90) = %(q0);
since X is continuous, y,({Q}) =1—9(Q—) =1-x(Q).

For the width estimate we record three bounds and then proceed in three steps. First,

m=1-A(qo) = g0+ [S(1— ) and 7 < J on [0, Q), s0

e%? <m-—qp < 27,

N
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Second, m € [q0,Q] C Wy, and 19 < 1do, 50 o € [}doe? 3doe?] and m € W,,. Third,
<2y <1.

StEP 1. The S-sector. Since gy is a support point, S, (g0) = 1. By Lemma 8.7, |Sgg(m) — 1 —
a(m—qo)Aw(m)/om| < Cprel?. By Lemma 8.5(c) and the three bounds, with 2 < a < 3,

Ay (m) < 12C;

Py P /.
6doe£ a(m—qo) Gy S d el
Hence, with ¢; = ¢,/ (6dg) and C; = 12C,/dy + Cyy,
Srs(m) —1 > e(c1l — Cpel?),  |Srs(m) —1| < Cyel. (8.10)

Step 2. The mean. Since D,(qo) = 0, Lemma 8.7 gives |D,, (q0)] < GCpf?/e and
SUP(g ) 1Sy — 11 < (Cor + Cy)el. By the formula for D, (go) in that lemma,

72
|Dgs(m)| < S0t 4 ™~ fo

16(Cbt + Cl)
e 62 '

(Cot+ Cr)el < 5
dg

C ~
72/ CZZCbt+

m

Both m and g*(x) lie in the interval W,,, on which 9;Dgg < —Cr/5§ < —c;/(3dpe?)?,
because J; < 64 + 1me? < 3dge? there; and Drs(q*(x)) = 0. By the mean value theorem,

9d2 4 9d3C,

Cr

jm —g" (k)| < |DRs( )| < Ce’F, C =
Step 3. Conclusion. By Lemma 8.5(b), |Srs(m) — Srs(q*(x))| < (Ci/e)|m —g*(x)| <
C.C'e%l. With (8.10),

—7(x) = Srs(q*(x)) — 1 > el (c; — Cpel — C:Ce).

The constants ¢y, Gy, C;, C’ do not depend on 779. Now decrease 77y so that 2CH0 < cl,
and eyin so that C.C'eyin < 01 Since 7 < 210, this gives (8.9) with ¢’ = 201

(c) If supp py = {40}, then v = 1), and D(qo) = 0 says Dgs(qo) = 0. Thus 4o
is RS-stationary at ¥ € [krs — 2, krg), and Proposition 3.8(i) gives qo = q*(x). Finally
S(qo) < 1says 7(x) > 0.

(d) Let x < k4. Then 7(x) > 0 by (8.5). If g0 < Q, then £ > 0 and (8.9) gives
0 < c'el < —7(x) < 0, a contradiction. Hence g9 = Q, and (c) gives 7 = g+ (x),1)- Let
k > Kkq. Then 7(x) < 0 by (8.5), since ¥ < xrs. If g0 = Q, then (c) gives T(x) > 0, a
contradiction. Hence g9 < Q. O

The proof of (d) uses the exact bottom conditions S(gq9) = 1 and D(gp) = 0, the sta-
tionarity equation of the replica-symmetric family, and the sign of the replicon eigenvalue.
It does not use an expansion of the value of the functional. The window constants of
Lemma 8.6(b) also fix the scale of the continuous part.
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Corollary 8.12. Let e, k, and -y be as in Proposition 8.11, with qo < Q. Then

op 1 !

40’f1
9dg 2 =7

(q)éd—oe—2 (g0 <gq<Q),

and consequently gi-t < piy((90,Q)) < %@.

Proof. By Proposition 8.11(b), 7' = £/(2AB) on (g0, Q), and 0y < /B < 207 there by
(8.6). Since dd € [%do, 2d0], 1o < }Tdo, and [q(), Q] C W’?o’

1o <1—-Q < A(g) <1—qo < 3doe® (g € [90,Q])-

These bounds give the bounds on 7. Integrating " over compact subintervals of (g9, Q)
and passing to the endpoints gives 11, ((0, Q)) = 7(Q—) — ¥(q0) = [ q? 7', which proves
the bounds on the mass. O]

8.6 A uniform window around the crossing

We can now describe all global minimizers for margins within a fixed multiple of e? of
k4. Recall from Lemma 8.2 that x; € (0, }1)

Theorem 8.13. There are numerical constants ey, ¢ > 0 and C < oo such that the following holds
forO<e<eyanda =2+e.
(i) For every x € [kq — ce?,kq), the replica-symmetric order parameter 1i5(x),1) 1S the unique
global minimizer of Py, and |q* (k) — qq| < C(xq — k).
(ii) For every k € (xq,xq + ce?), global minimizers of Py exist, and every global minimizer vy
satisfies the following. Its support is an interval [qo, Q] with 0 < g0 < Q < 1; D = 0 and
S=1on|q0,Ql;v=Xon [q0,Q); v is continuously differentiable on (g9, Q) with

p )Y c , C
Y ZAB/ o2 = RS o2 on (510, Q)/ (8 11)
and
iy =%(q0) &g, + 7' (0) da o) T (1-%(Q))dg,  X(q0) > 37, 1-%(Q) > ;.
Moreover,
Q—qo < C(x —xq), sup [t —qa| <C(k—xq),  [l7 —rallp < Clk —xq).
tEsupp py
(8.12)

Finally, for every € > 0 there is p,(€) > 0 such that if also e < p,(e) and x — xq < pa(e)e?,
then |1y ({q0}) — x| < eand |pu,({Q}) — (1 —x)| < e
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Proof. We divide the proof into four steps.

Step 1. Choice of constants. Let 1p, ewin, ¢’, C' be the constants of Proposition 8.11, and
let 177, cr, Cr be those of Lemma 8.5. Put i’ = 19/ (2dp) € (0, 3], and let p; = p;(1) and
e; = ¢;(1") be given by Proposition 8.10. Put

Cw = min{pl/ 1o, }Ied}r
and let eg < min{ewin, €], est}. All these constants are numerical.

StEP 2. Localization in the window. Let 0 < e < ep and |k — k4| < cye?. By Theorem 3.11(ii),
Ke — kg > 204¢2 > cpe?, so k < ke and P, (x) > —oo by (2.36), and global minimizers of
P exist by Theorem 2.16. Let 7y be one. By Proposition 8.10 with 7', every support point
q satisfies [8(q) — 1| < 7/, that is, |q — qq] < 17'64 < 2don’e* = 19e*. Hence

supp py C Wy, K — xq] < 10€%. (8.13)
By Proposition 2.11(c), y is a KKT point of P,. Thus Proposition 8.11 applies to -.

Step 3. Replica symmetry below the crossing. Let k € [kq — cywe?, k4]. By Step 2 and Proposi-
tion 8.11(d), every global minimizer equals 1.« () 1}, and a global minimizer exists. Hence
it is the unique global minimizer. Since |k — k4| < 7pe? < 7}¢?, Lemma 8.5(a) gives
|7% (k) — qq| < Ce(kq — x). This proves (i).

StEeP 4. Full replica symmetry breaking above the crossing. Let k € (xgq, kg + cwe?) and let
v be a global minimizer. By Proposition 8.11(d), g0 < Q, and by Proposition 2.11(c),
0 < go and Q < 1. By (8.13) and Proposition 8.11(a),(b), the support is [g9,Q], D = 0
and S =1 on [g9,Q], v = X on [go, Q), v is continuously differentiable on (g9, Q) with
v =3%/(2AB), and

ny({a0}) = %(q0) > 3% 1,({Q}) =1-%(Q) > §.

Since 7 is continuously differentiable on (g0, Q), the restriction of ., to (go, Q) has the
density 9/, and u, has no mass outside [go, Q|. This proves the decomposition of y.,. The
bounds on 7' in (8.11) are Corollary 8.12.
For the rates, (8.9) and Lemma 8.5(b) give
% Cr(K — Kd)

el < —1(k) < % hence Q-gp=¢€*< g,r

< p ; (K —xq).

The mean m of p., lies in [g9, Q]. For t € [g9,Q], (8.9) and Lemma 8.5(a) give, since
el =e(Q—q0) < Q—qo,

It —q4a| < (Q—qo0) + |m—q" (k)| + |7 (x) — g4
(14+CHGC

(x —xq) + Ce(x — xg) =: Ca(r — xq).
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Since ||y — vallpr = [ |t — g4l du,(t) (Step 3 of the proof of Proposition 8.10), this proves
(8.12) with C > Cy.

It remains to treat the atoms. By (8.12), supp j, C W, with 7 = C4(x — x4) /€. Let
¢ > 0. By Lemma 8.6(b) there are #(¢) € (0,7p] and e(e) > 0 such that |X(g) — x¢| < ¢
whenever ¢ < e(e), the margin satisfies |k — k4| < 17(¢)e?, the order parameter satisfies
supp py C Wy (), and q € [q4 — 1(e)e?, Q). Put pa(e) = min{n(e)/ max{Cy,1},e(e)}. If
e < pa(e) and x — kg < pa(e)e?, then 1 < n(e) and |k — xq| < 7(e)e?, so these condi-
tions hold, and go, Q € [qq — n7(€)e?, Q). Hence |p,({g90}) — x¢| = |x(q0) — x¢| < € and
1, ({Q}) — (1 — x¢)| = |¥(Q) — x¢| < e. This proves (ii) with ¢ = min{cy, 0¢/(9dp) } and
C = max{Cy, Cy,40¢/dp}. O

The case ¥ = x4 of part (i) is the uniqueness statement of Theorem 1.2(i) at the crossing
itself. We record it separately.

Corollary 8.14. Let ey be as in Theorem 8.13. For 0 < e < e, the crossing order parameter
Yd = 1yg, 1) is the unique global minimizer of Py 2 )-

Proof. Apply Theorem 8.13(i) with x = «q; here g*(xq) = qq by Proposition 3.8(ii). O

Part (i) of Theorem 8.13 is the analogue of the replica symmetry of the Parisi measure
on the replica-symmetric side of the de Almeida-Thouless line of the SK model, which
was proved in various regions in the works cited in Chapter 1. Those proofs use the strict
convexity of the Parisi functional, through which the first-order conditions characterize
the minimizer. Without convexity (see §1.1), part (i) rests instead on the localization of
every global minimizer (Proposition 8.10) and on Proposition 8.11(d).

As noted in §1.3, the argument of this chapter follows the near-critical argument
of Zhou for the SK model [134]. There the Parisi measure is close to Jy for inverse
temperatures slightly above the critical value, and this closeness makes an auxiliary
function built from the self-consistency function positive at the right end of every gap
that starts near the origin, which the optimality conditions forbid. In [87], the first-order
conditions at the endpoints of a hypothetical gap are combined with a sign condition
inside the gap ([87, Propositions 4.1 and 5.1] for a gap starting at the origin, and [87,
Propositions 9.1 and 9.2] for the other gaps). Here the sign condition concerns the local
curvature & (Lemma 8.3(a)). The three differences from these works are listed in §1.3,
and all three concern this chapter. In the SK model at zero external field, to which the
third refers, the support starts at 0, which carries no mass, and the only atom is at the
top of the support [87, 134].



CHAPTER 9

Proofs of the main theorems

We now assemble the results of Chapters 2-8. In the proofs of Theorems 1.3 and 1.4, © is
an arbitrary compact interval as in Remark 3.12; by Theorem 3.11(iii) the margins «,(0),
6 € O, lie below «.(2 + ¢) by at least %ez min @ for all small e. The proof of Theorem 1.2
uses the window © = [04/2,264] fixed in Chapter 8. We first record the order in which
the results are proved, to make clear that no step uses a later conclusion.

9.1 The logical order

The argument proceeds in the following order.

(1) Foundations (Chapter 2). The finite-cutoff Parisi equation and its regularity, the
generator identities, the law of the diffusion, the first-order (obstacle) conditions and
the gap principle, the existence of minimizers below «., and the zero-temperature
functional. These hold for each fixed « and involve no asymptotics. (§§2.6 and 2.7
are proved in Part I, Chapter 6, which uses only §§2.1-2.5 and Chapter A of this
part.)

(2) Replica-symmetric analysis and thresholds (Chapter 3). The crossing asymptotics of
Proposition 3.8, the dual certificate and the ordering of Theorem 3.11, and the cubic
lower bound on xrg — x. of Theorem 3.13. These concern replica-symmetric order
parameters and explicit trial functions only.

(3) A priori bounds (Chapter 4). For exact global minimizers at x.(6), 6 € ®: the top-gap
lower bound Theorem 4.10 and the upper bounds Theorem 4.11.

(4) Bounded depth (Chapter 5). Theorem 5.1 uses (1) and (3).

(5) Compactness (Chapter 6). Theorem 6.1 uses (1), (3), and (4). The top-jump bound
Theorem 6.13 is global; it does not presuppose that the minimizer is close to a
replica-symmetric order parameter.

(6) Flat limit (Chapter 7). The compact-class expansion Theorem 7.3 holds on K(dy, S)
for fixed dj, S, uniformly in 6 € ©. Flat uniqueness, Theorem 7.13, is a statement
about the limiting functional alone. The stability estimate Proposition 7.14 combines
the two, uniformly in 6 near 0.

(7) Local analysis (Chapter 8), with ® = [04/2,264]. The obstacle of the crossing order
parameter and the replica-symmetric family use (2). Natural-scale continuity uses
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the rescaled theory of (6). Localization (Proposition 8.10) uses (5) and, through
Corollary 8.8, (6). Window rigidity (Proposition 8.11) is a statement about KKT
points in a small window. Together they give Theorem 8.13.

Every depth, mass, and top-gap bound in (3)—(5) is proved for exact global minimizers.
None is claimed for near-minimizers; see Remark 5.5.

9.2 Proof of the threshold theorem

Proof of Theorem 1.1. The expansion of kg — x4 is Proposition 3.8(iii). The upper bound
krs — ke < Ce? is Theorem 3.11(i), and the lower bound «kgg — k. > ce® is Theorem 3.13.
The expansion of x. — x4 is Theorem 3.11(iv). Taking e to be the smallest of the three
thresholds proves the theorem. O

9.3 Proof of the uniform compactness theorem

Proof of Theorem 1.3. Fix a compact interval @ C (0,00). As recorded in Remark 3.12, the
results of Chapters 4-6 hold for every such interval, with constants depending on © only
through 0. ; the condition that 64 lies in the interior of © is used only from §7.8 on. Let
eg be the smallest of the thresholds in Theorems 4.11, 5.1, and 6.1, and let y be a global
minimizer of 73,(6(9) with 6 € © and 0 < e < ep. Theorem 4.11 gives d < Dyp and £y < L.
Theorem 5.1 gives sy < S., and sy < 1/(4c2) if 7y is not replica symmetric. Theorem 6.1
gives £y > lmin, Y(Q—) < m,, and d > dq. All constants depend only on ©. O

9.4 Proof of the flat-limit theorem

Proof of Theorem 1.4. The uniqueness statement and the cubic modulus are Theorem 7.13.
They hold for every normalized profile with bounded support that equals one on a
neighborhood of zero. The expansion is Theorem 7.3, combined with the scaling identity
(7.7), which expresses the first-order correction P(1)(7) as the flat functional of the
normalized profile at the parameter t = 2¢g+\/{p, plus an explicit function of ¢y. By
Remark 3.12, Theorem 7.3 holds for every compact interval ® C (0, c0). O]

9.5 Proof of the full replica symmetry breaking theorem

Proof of Theorem 1.2. Let ep,c,C be the numerical constants of Theorem 8.13. Part (i)
of Theorem 1.2 is Theorem 8.13(i); at x = x4 it is Corollary 8.14. For part (ii), let
Kk € (xq,xq + ce?). By Theorem 8.13(ii), global minimizers of Py exist, and every global
minimizer ¢ has support [go, Q] with 0 < gp < Q < 1, which is (a). It is continuously
differentiable on (go, Q) with ce™? < v/ < Ce 2 by (8.11), which is (b); consequently
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1, ((90,Q)) is of order (Q — q¢) /¢* (Corollary 8.12). Its atoms are p,({q0}) = %(q0) > %%
and p,({Q}) = 1—%(Q) > 1, and the last assertion of Theorem 8.13(ii) gives their
convergence to x; and 1 — x¢ as e — 0 and (x — kgq)/e* — 0, uniformly over global
minimizers. The formula x; = 3 —co/(4By) € (0,}) is Lemma 8.2. This proves (c).

Finally (d) is (8.12). O

The constants in Theorems 1.1 and 1.2, and the function p, of Theorem 8.13, are
numerical; those in Theorem 1.3 depend only on ©.



APPENDIX A

Regularity of the Parisi equation

This appendix proves Lemmas 2.4, 2.6, and 2.8, together with the coefficient-continuity
identity of Lemma A.2, which is used in Lemma 2.5, Proposition 2.11 and Lemma 2.19.
The argument has three stages. First, for step coefficients, the solution is an explicit
composition of Gaussian integrals (§§A.1 and A.2); this gives smoothness, the signs, and
polynomial bounds whose constants do not depend on the number of steps. Second, a
Feynman-Kac representation of the difference of two solutions gives Lipschitz depen-
dence on the coefficient in L! for every spatial derivative. This defines the solution for
general coefficients and transfers all properties to it (§§A.3 and A.4); §A.5 proves the
control representation. Third, the expansion at —co is derived from the martingale ¥
(8A.6), using Lemmas 2.9 and 2.10, whose proofs do not use Lemma 2.4(e). Throughout,
C and p denote constants that may change from line to line; their dependence is stated in
each section.

For the Sherrington—Kirkpatrick datum log cosh, the construction through step coef-
ticients and the Cole-Hopf transformation, and the passage to general coefficients by a
limit in L!, are standard [8, 68, 76, 98, 105, 124, 128]. El Alaoui and Sellke carried them
out for the present terminal datum log ®, which is concave and decreases quadratically at
—o0; their results are recalled after Lemma 2.4. This appendix adds three things: the strict
signs in Lemma 2.4(c), including v, < 0; the expansion (e) at —oo; and the bound (f) for
every derivative with a polynomial weight on the whole line, where [54, Proposition 13]
bounds the difference for x in bounded sets. We therefore give the whole argument.

We use three standard facts (see [79]). The first is [t6’s formula for a function that is
CL2 on s, 1] X R, applied to a continuous semimartingale. The second is the Feynman-Kac
formula. Let Y solve dY; = B(q,Y;) dg + dB, on [s, t] with B Lipschitz in y and of linear
growth, so that Esupy, ,; |Y[P < oo for all p. Let ¢ be continuous on [s,#] x R and C'2 on
each [t;_1,#;] x R for a finite partition of [s, ], and suppose that ¢, + 3@y, + B, + Vo =
JF there, with V bounded and with ¢, ¢, F of polynomial growth. Then

t t / /
#(s,y) = E|p(t, Yp)eh V¥ 1 / VI (g, dg], Y=y (AD)

This follows from Itd’s formula for efsqvgo(q, Y;) on each [t;_1,t;], since the stochastic
integral has an integrand of polynomial growth and is therefore a true martingale.
The third fact is a Gronwall comparison of two diffusions. Let Y and Y’ solve dY =
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B(q,Y)dg+ dB and dY' = B/'(q,Y')dgq + dB on [s, t] with Y5 = Y/, where B’ is Lipschitz
in y with constant L and |8'(q,y) — B(q,y)| < A(g)(1+ |y[). Then |Y; — Y,| < [ILy —
Y|+ [TA(1+]Y[), and Gronwall’s inequality gives

t
sup |Y' — Y| < el(t=9) (1 + sup |Y|> / A(q) dg. (A.2)
[st] [st] s

A.1 One Gaussian step

Lemma A.1. Let ¢ € C'(IR) be concave and nondecreasing, with §' Lipschitz with constant K,

g <0,and g(x) > —Cg(l-l—xz). Letm>0,8s>0w="TysgandY = x+ +/sG.

(i) w e C®°(R), Eg(Y) < w(x) <0, and w is concave and nondecreasing with w' Lipschitz
with constant K. If ¢’ > 0, then w’ > 0.

(ii) Let vy be the law with density proportional to e"8W)¢s(y — x), and write E, and Var,. Then
w'(x) = E,[¢(Y)] and —w" (x) = Ey[—¢"(Y)] — m Var,[¢'(Y)], where §" is the almost
everywhere derivative of g'. Moreover 0 < w'(x) < C¢(3 + 2s) + K|x|.

(iii) If ¢ € CKand |gV) (y)| < L(1+ |y|)? for 1 < j < k, then |w\) (x)| < L'(1+ |x|)? for
1 <j <k whereL,p’ depend only on L,p,k,m,s,K, Cg and remain bounded for m and s
in bounded sets. Ass | 0, a{;rm,sg — ¢U) locally uniformly for 0 < j < k; for j < 1 this
holds without the extra hypothesis.

(iv) The function (s,x) — Tmsg(x) is C* on (0,00) x R and satisfies 05Tm,sg = %(axx +
m(3x)?) T,s8-

Proof. Take m > 0; the case m = 0 is the heat equation and is simpler. Since 0 <
e”8 < 1, the function e”*(®) = [e"W¢ (y — x)dy is positive and C® in (s, x) for
s > 0, and it solves the heat equation d;e"" = %axxemw ; this gives (iv) and smoothness.
Jensen’s inequality gives w > [Eg(Y), and ¢ < 0 gives w < 0. Concavity of w follows
from Prékopa’s theorem that the marginal of a log-concave function is log-concave [108,
Theorem 6], because (x,y) — mg(y) +log¢s(y — x) is jointly concave. Integrating by
parts in y (the function e”$ is C! with ™ < 1, and mg’e™$ has linear growth) gives
0ce" = E[mg’'(Y)e"™ ()], which is the formula for w’. A second integration by parts,
valid since g'e™? is locally Lipschitz, gives the formula for w”’. Then w’ > 0, w’ > 0 if
¢ >0,and —w” < E,[—g"] < K; also —w" > 0 by concavity. By concavity and w < 0,

w'(0) <w(0) —w(—1) < —Eg(—1++/sG) < Cg(2+5),

and w'(x) < w'(0) + K|x| for x < 0, while w'(x) < w'(0) for x > 0.

For (iii), the density of vy is e™Y with U(y) = —mg(y) + (y — x)?/(2s) + const, and
U’ is Lipschitz with s=! < U"” < s~! + mK almost everywhere. Let y* be the minimizer
of U. Then y* = x +smg'(y*), so x < y* < x4+ smg’(x) by monotonicity of g, and
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ly*| < C(1+ |x]), since 0 < g'(x) < 2Cg + K|x| by concavity of g, as in (ii). The
bounds on U" give e UW")\/271/(s~ T+ mK) < 1 and e UW) < e Ul )e(y—y")?/(2),
hence E,|Y — y*|P < Cp(1+ mKs)1/2sP/2 and E,|Y|P < C(1+ |x|)P. Differentiating
E,[F(Y)] = E[F(Y)e™8™¥)]/E[e"™8™)] in x gives

d
dx

Ey[F(Y)] = E,[F'(Y)] +mCovy (F(Y),&'(Y)).

Starting from w’ = ,[g'] and iterating, w'/) is a finite sum of products of v,-expectations
of monomials in ¢'(Y),...,g")(Y), with coefficients that are polynomials in n. The
moment bound gives the claimed polynomial bound. As s | 0, vy converges to the point
mass at x locally uniformly in x, by the bounds on y* and on E,|Y — y*|?, and dominated
convergence in the same representations gives the convergence of derivatives; when v, is
replaced by the point mass, the representation of w(/) becomes g{/) (x). O

A.2 Step order parameters

Let v € U, be a step order parameter with grid 0 =ty < --- < t, = r, and let |«| < K. In
this section C and p depend only on r, Ky, and the order of differentiation, unless stated
otherwise.

Smoothness and the equation. The datum f, satisfies the hypotheses of Lemma A.1
with K = (1 —r)~L. Indeed, with z = (x —x)/v/1—7, fI = R(z)/v/1—r > 0 and
—fl' = V(2)/(1 —7r) € (0,(1 —7r)"!) by Lemma 2.1(a), and f,(x) > —C(1 + x?) by
Lemma 2.1(c). Moreover all derivatives of f, have polynomial growth, because (log ®)" =
R,R"= —R(z+R),and 0 < R(z) < |z| +2 by Lemma 2.1(b). Applying Lemma A.1 block
by block from t, = r backwards, u(t;, -) satisfies the same hypotheses with the same K,
and u(q, -) is C® with polynomially bounded derivatives, with constants that may depend
on the grid. By Lemma A.1(iii),(iv), u is C* on each [t;_1,t;) X R, all its x-derivatives are
continuous on [0, 7] X R (including across grid points), and (2.8) holds classically on each
open block. Integrating in g gives the integrated equation of Lemma 2.4(a).

Zeroth and first order bounds. By Lemma A.1(i) and the semigroup property of the
heat kernel, Ef,(x + /7 —gG) < u(g,x) < 0and 0 < ¢ < (1—7)"1. Since Ef,(x +
VT —qG) > —C(1 + x?), the quadratic lower bound holds at every grid point with a
constant independent of the grid, and Lemma A.1(ii) applied at each step gives 0 <
b(g,x) < C(1+ |x|). Hence the drift b is Lipschitz in x with constant (1 —r)~! and
of linear growth with a constant C, and the diffusion X** satisfies E supy, | XX (P <
C(1+ |x|P) by Gronwall’s inequality.

Signs. On each constant block the identities of Lemma 2.9(a) hold classically; their
derivation there uses only (2.8) and A’ = —¢. In particular

Lb=0, Lcy = 3yccy, E(l—v)—%v(l—v)zo, E?H—%(l—v)vzo.
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We apply (A.1) along X%* on [g, ] to these identities; the potentials are bounded because
0<c<(1-r)",A>1—r,andhence 0 <v < (1—7r) L Forb, Lb=0 gives b(gq, x) =
Eb(r, X]™). Put Z9* = (X} —x)/v/1—r. Since (1 —0v)(r,-) = 1—V(Z9%) > 0, the
identity for 1 — v gives 1 —v(g,x) = E [(1 — V(Z9%)) exp(— fqr Tv)] > 0. Consequently
0<v<1lon|0,r] xR, so that f Tv < & along every path, and the identity for v has
the nonnegative potential (1 — v) Hence

o(g,x) > EV(Z9), 1-ov(gx)>e/TE[N-V(Z9)]. (A.3)

For cy, the identity Lc, — 3yccy = 0 with the potential —3yc € [-3(1 —r)~!,0] and the
terminal value c,(r,-) = V/(z)(1 —r)™3/2 < 0 give

E cx(r, XI™) < cx(q,x) < eI Ee(r, X]™) < 0. (A4)

Uniform polynomial bounds. Write u®) = 95u. Differentiating (2.8) k > 3 times gives

9, + 12 by 04D — oy ¢ 0 %i () (j+1), (k=j+1) — o

because in 9% (u2) = 2?:0 (’;)u(”l)u(k_jﬂ) the terms j = 0 and j = k equal 2bu(**1)
together, and the terms j = 1 and j = k — 1 equal —2kc u¥) together. The potential —kvc
lies in [—k(1 —r)~1,0], and the sum involves only the orders 3, ...,k — 1. Since u(?) = —¢
is bounded, and |u®)| = |c;| < E|cy(r, X;)| < C(1 + |x|P) by (A.4), induction on k with
(A.1) and the moment bounds gives |u®) (g, x)| < Cp(1 + |x|Pk) with Cy, px independent
of the grid. The growth bound of Lemma 2.4(b) for u follows from u > Ef,(x + /1 —qG)
and f,(y) > —C(1+?).

Behavior at +oo. Lett =x —x > 0and Z = (t+ /r — 4G)/+/1 — r. By Lemma 2.1(c),
log®(z) > —2®(—z) — (22 4 2)1,q) for all z; for z < 0 we also use log(1 + |z[) <
3(1+22) and ®(—z) > 3. Now EP(—Z) = d(—t/,/T—¢q) < e~*/(2(1-1))  and by the
Cauchy-Schwarz inequality

E[(Z2+2)1(7-0)] < C(1+#)P(Z < 0)1/2 < C(1+ #)e "/H0O-),
because P(Z < 0) = ®(—t/\/F—q) < e "/20-9), Since (1 + t2)e /8 is bounded and
1—g<1,weobtain 0 > u(q,x) > Ef,(x+/r—¢qG) > —Ce—t*/(8(1-9)),

Translation. The recursion (2.5) commutes with translations in x, and f, depends on
x — «x only.
This proves Lemma 2.4(a)—(d) and (g) for step order parameters.
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A.3 Continuity in the order parameter and the general case

The next identity is the basic tool: it expresses the difference of two solutions with
the same terminal datum through the difference of the coefficients. We state it for the
class § of terminal data of Lemma 2.8. For models of Sherrington—Kirkpatrick type it
appears in the proof of [76, Lemma 14], and for the present datum in the proof of [54,
Proposition 13].

Lemma A.2. Let f € §, let &, < M be nonnegative nondecreasing step functions on [0,T),

and put U = Y¢  and U= YE,f' Let Y solve

dY; =B(tY))dt+dB; (q<t<T), Yy=x  B=3¢(U+U).

Then

1 T .
U(g,x) = U x) = 5B [ (€= 8)(1) Uslt, Yot
~ q ~
U(g,%) - Ulg,»)] < €O+~ Elnry,

where C depends only on T, M, C¢, and Lip(f'). The identity also holds for T =r, f = f,, and
general { = 1y, E=7inlU, withU = U, and u= uy (see the end of this section). For the
quadratic datum fi(x) = —X(k — x)2%, which belongs to § with Lip(f]) = 1 and Cr, <1+K2,
the bound shows that { w— Y¢ £ (q,x) is Lipschitz for the L' distance on nondecreasing step
functions bounded by M, uniformly for k in bounded sets, and therefore extends uniquely and
continuously to all nondecreasing ¢ : [0, T) — [0, M].

(A.5)

Proof. The one-step bounds of Lemma A.1 give 0 < —U,y, —Uyy < Lip(f') forq < T
and 0 < Uy, U, < C(1+ |x|), uniformly in the grids. Indeed, both solutions lie between
the heat evolution of f and zero, so the quadratic lower bound, and with it the constant
C; of Lemma A.1(ii), remains uniform through the recursion. Thus g is Lipschitz in
y with constant M Lip(f’), has linear growth, and Esup, ;7 |Y¢|P < Cp(1+[x]F). On
each open block of a common refinement of the two grids, subtracting the equations and
using U2 — U2 = (U + Uy)(Uy — Uy) gives

Wy + %wxx"‘,wa = _%(5_ g)uyzc/ w=U- u, w(T/') = 0.

Apply (A1) with V =0on [q,T —¢], and let ¢ | 0. The common terminal datum, the
continuity of w up to T, and the quadratic bounds make the terminal term vanish by
dominated convergence. This gives the identity, and the linear bound on U, together
with the second-moment bound on Y gives the estimate. For f;, the bounds Lip(f;) =1
and fi(x) > —3(]k| + |x])? > —(1+k?)(1 + x?) are direct, and the extension follows
from the density of nondecreasing step functions bounded by M among nondecreasing
functions bounded by M (left-endpoint approximations over fine partitions). O
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Proof of Lemma 2.4(f) for step order parameters. Let v,y € U, be step order parameters
and € = ||¥ — ||;1. The case k = 0 is Lemma A.2 with T = r and f = f,. Keep its
polarized drift 8 = 37(b5 + b,), and write Wy = 0% (uz — u,), b = b,, c = ¢,, and ¢ = c5.
Differentiating the equation for Wy k > 1 times with the Leibniz rule, the term B0,W
produces Wy 1 + kBx Wy + Z}‘:Z (]]‘) (a;/s)wk_m. This gives the single induction formula

k .
(@y-+ 30 + B + KW, = 3G 1AW - L () @B W (A0
j=2

The sum is empty for k = 1 and otherwise contains only W; with i < k. Moreover
Bx = —%7)7(5—1— c) < 0. The uniform polynomial bounds of §A.2 therefore imply that the
right-hand side of (A.6) is bounded by

C(1+[x17) (17 = 71(@) + ¥ IWi(g, x)] ).
i<k
Since Wi (7, -) = 0, (A.1) along the diffusion with drift § applies with the potential kB, < 0,
so the exponential weight is at most one. The moment bound and induction on k give

[Wie(q, x)| < Ciee (1+ |x[P¥).

For k = 1 the forcing is — (7 — 7)bby = (¥ — )bc, which has linear growth because c is
bounded; thus p; = 1, while py = 2 comes from Lemma A.2.

Diffusions. For step order parameters <,y € U, and diffusions driven by the same
Brownian motion, the drift b5 is Lipschitz in y with constant (1 — r)~!, and

7b5 = vy | (£ y) < 17 = 7[(8) [b5(E, y)| + [b5 = byl (t,y) < C(I7 = [(5) + &) (1 + |yl)

by the growth bound on b5 and the case k = 1 of (f). By (A.2), supy | X5% — X5%| <
Ce(1 + supy, ) | X**]), and Lemma 2.6(b) follows for step order parameters.

General order parameters. Step order parameters are dense in U, for the L! distance.
For instance, if 0 = top < --- < ty = 1 is a partition containing r and 7v,(q) = 7(t;) on
[t tit1), then v, € Uy and |lyn — vl < Xj(tj41 — ) (v(tj11) — ¥(¢)), which is at most
the mesh. By (f) for step order parameters, for every sequence of step order parameters
Yn — 7 in L' the functions 9Xu.,, form a Cauchy sequence for the weighted norms
supo,«r | - |/ (1 +[x[P¥), and two such sequences can be interleaved, so the limit does
not depend on the sequence. This defines u (-, -;x), shows that its x-derivatives are the
limits of the x-derivatives and are continuous on [0,7] X R, and proves (f) for general
order parameters. The pointwise bounds 0 < ¢ < (1 —r)"'and 0 < b < C(1 + |x|) pass
to the limit, so the drift yb, is Lipschitz in x with constant (1 — ) ! and has linear growth.
Together with (f) for k < 1, the argument given above for step order parameters therefore
proves Lemma 2.6(b) for all y,y € U,; in particular the diffusions of step approximations
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converge to the diffusion of the limit. The estimates of (b), (d), and (g), the bounds
(A.3)—~(A.4) and the identity b(g, x) = Eb(r, X]") pass to the limit, because the right-hand
sides are continuous under the convergence of the diffusions and the uniform moment
bounds give uniform integrability. This proves (b)—(d), (g), and the strict signs in (c) for
general 7: b(g,x) = Ef/(X}") > 0,v > 0and 1 —v > 0 by (A.3), and ¢, < 0 by (A.4). The
integrated equation in (a) passes to the limit since [ qr lvn — | u2 < Cllyn — 7l 2 (1 + x?).
If vy = mon [s,t), choose the partitions to contain s and ¢, so that ¢, = m on [s, t) and
Uy, (q,°) = Tmt—qtiy,(t,-) for g € [s, t]. Since u,, — u locally uniformly, 0 < e™*m <1,
and u,, > —C(1+ x?) uniformly in 1, dominated convergence gives 1(q, -) = Ty i—qu(t, )

n [s,t]. This proves Lemma 2.5(a) for general 7, and Lemma A.1(iii),(iv), applied to
the function u(t, -), which is smooth with polynomially bounded derivatives, gives the
smoothness statement of (a).

The identity (A.5) extends to v,y € U, in the same way. Let 7y, — v and 7, — ¥ be
step approximations in U, and let Y” be the diffusion of Lemma A.2 for the pair (yn, Tn).
The left sides converge by (f). The drifts of Y" are Lipschitz with constant (1 —r)~! and, by
(b) and (f) with k = 1, differ from B = 37(b5 + b,) by at most C(|7, — 7| (t) +&x) (1 + |y]),
where ¢, = |70 — Yll;1 + |72 — Y|l ;1- By (A2), Y" — Y in every moment, uniformly
on [gq,7]. Since |b — b3 < Cen(1+y?) and [9,(b3)| < C(1+ |y|), the expectations
Eb,, (t,Y]')? converge to Eb,(t,Y;)? uniformly in t, and they are bounded uniformly in
n and t. Together with [ ; (Y0 — vn) — (7 —7)| < €y, this shows that the right sides
converge.

It remains to prove the Lipschitz bound on P, and compactness. By (2.12), on U, the
entropy term is %for A7l 4+ 1log(l—r) with A > 1 —r and A5 = Ayl < |7 =l s0
its variation is at most m |7 — 7|l 115 the energy term is controlled by (f) with k = 0
at (0,0). Compactness of U, follows from Helly’s selection theorem: a sequence in U,
has a subsequence converging at every point to a nondecreasing function, which after
right-continuous modification lies in U, and the convergence holds in L! by dominated
convergence.

A4 Itdé’s formula along the diffusion

Proof of Lemma 2.6. Part (a) was shown in §A.2 for step order parameters, and the bounds
pass to the limit; (b) was shown in §A.3. For (c), let first ¥ be a step order parameter.
Then every ¢ € 2 is C' on each closed block, where 9,¢ is the formal expression with
v equal to its value on the block, and g is continuous across grid points. Itd’s formula
on each block, the polynomial growth of g,, and the moment bounds give the integrated
identity. For general v € U, let v,(q) = v(min{(|ng] +1)/n,1}) for 0 < g < 1, and
Y2(1) = 1. Then 7, > 7 is a step order parameter in Uy C U, yu(q) — 7v(q) for
every q by right-continuity, and ||y, — v||;1 — 0. The identity holds for 7, and the
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corresponding g, € ¥, given by the same formal expression with u,, and A, in place
of u, and A,. By Lemma 2.4(b),(f), the bounds |A,, — A,| < ||y — 7| and A, > 1—7,
and Lemma 2.6(b), we have g,(q, X7) — g(q, X;) in probability with uniformly bounded
moments of every order, and likewise for L£yg, and £1g,. Since v,(q) — v(g) for every g
and the integrands are bounded uniformly in n and g, dominated convergence gives the
identity for y. The functions i € Z are continuous on [0, 7] x R with polynomial growth,
and X has continuous paths, so g — Eh(g, X;) is continuous. Hence e, is Lipschitz,
and the one-sided derivatives follow from the right-continuity of v and the existence of
7(q—). Iif y =mon [¢,t), the integrand equals e(, ), On [8',#'), which is continuous
on [s,t']; iterating gives e, € C%([s',t']).

A.5 The control representation

The control representation is credited after Lemma 2.8. The proof below is the verification
argument of [76, Lemma 18].

Proof of Lemma 2.8. The regularity statements and the bounds on Y, Yy, and Y, follow
from Lemma A.1, applied block by block from T backwards. Each Y(tj, -) satisfies the
hypotheses of that lemma with the Lipschitz constant K = Lip(f’) and with Y(t;, x) >
Ef(x+ /T —G) > —C(1+ x?). The bound Y, < C(1+ |x|) is Lemma A.1(ii), and the
continuity of Y and Yy up to ¢ = T is Lemma A.1(iii) with k < 1.

Let 6 be a control and Xg = x+B;+ []6. Since & < ||&]lo, E fOT 02 <

1€ E fOT 0%2/& < o0, 50 E supq | X?]2 < co. On each closed block [t_q, ;] with t; < T,
and on [t,_1, T — €], Itd’s formula gives

92
dY(q,X9) = (6,Yx — 38Y3) dg + Y, dB, < % dg + Y. dB,,

because 0Y, — 3EY2 = % — %(Yx —6/&)? when & > 0, and both sides vanish when
¢ = 0 = 0. The stochastic integral has a square-integrable integrand, since Y, has linear
growth, and therefore has mean zero. Taking expectations, summing over blocks, and
letting ¢ | 0, using the continuity of Y on [0, T| x IR, its quadratic growth, and dominated
convergence, gives (2.20). For 6" = ¢Yx(g, X7) the inequality is an equality at every step.
The drift {Yy is Lipschitz in x with constant |||« Lip(f’) and has linear growth, so X*
exists, is unique, and has moments of all orders, and 6* is a control. Finally, differentiating
the equation of Y in x on each block shows that Yy solves d,Y + %axxYx + &Y, 0: Y =0,
so by 1td’s formula dY«(q, X5) = Yxx(q, X;) dBy on [0, T). Since |Yxy| < Lip(f'), thisis a
square-integrable martingale, and its limit as g 1 T is f'(X}) by the continuity of Y, up
toT.
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A.6 The expansion at —oo

Proof of Lemma 2.4(e). Constants depend only on r and Ky. Write y = x —x > 0.

Step 1. g € [Q,r]. Here u = log®(—t andlp V1—qR(—t) witht =y//1—¢q, by
(2.9) and Lemma 2.9(b). Since ¢(t) = e *'/2/\/27,

log®(—t) = —%tz —logt —log V27 + log td;((t—)t)’

and the last term lies in (—t~2,0), because 1+_t2 < <P(( )t) < 1 by Lemma 2.1(b). Since

A(g) = 1—qand w(q) = Llog(1 —q) — L1log(27) on [Q,1), this is the first claim. By
Lemma 2.1(b), 1% — 3’(1}/;3(7)2 <P < 1y;q for t > 2, which is the second claim, because
Ab— (kK —x) = .

StEP 2. The estimate for Y when q < Q. Let 7 = y/A(q) > y and let M; = (X" —x)/A(t)
fort € [q,Q]. By (2.25), My = —j + At + N; with

t t
B 0% g B dB;
A = — X > = | ==
, /q X dsz0 N= [,
and N is a Gaussian martingale with (N)g < 672 < (1—7r)"2 By (2.24), ¥(g,x) =

E V4 R(VéMg).

Lower bound. By (2.24) and Lemma 2.1(b), for Vo 7>2,

_ o1 3 _Ag) C
,X) > VOR(—Vog) > - — — > - —.
#ax) 2 VIR(-VEp) 2 £ - > 20—

Upper bound. Let E = {sup[q’Q} IN| < 7/4}; the reflection principle gives P(E¢) <
4exp{—(1—r)%y?/32}. Let T, = inf{t > q : My > —§/2} AQ. For t < T, we have
Xy <x—A(t)7/2 < x, so Lemma 2.10(b) gives (¢, X;) < (1 —t)/(x — X¢) < 2/(A(t)7),
and hence

0
AT*gg/ A3<S o =21-n0
7 Jo 7

If 2 > 8Cy, then on E we have M; < —j+§/8+17/4 < —jj/2 for t < Ty, so by continuity
T. = Q,and Mg = —(1 —y7) with n = (Aqg + Np)/7 € [—1,3]. Since 0 < R(z) < 1/|z]|
forz <0,on E

VER(VEMo) < [ = gy < g+ 1)

The event E is invariant under B — B which maps N to —N; hence E[Ng1g] = 0. Using
Ag < Ci/gonE and ]ENQ (1—7r)"2, we get E[y1g] < C1y 2 and E[y?1g] < Cy—2
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E€ we use R(z) < |z| + 1, the Cauchy-Schwarz inequality, and the moment bound for
XQI
E[V6 R(VEM)1g] < E[(|Xo — & + 1)1g] < C(147) e 1-77/64

Altogether ¢(q,x) < 771+ Ciy3 < A(q)/y + Cy 3 for y large. This proves the second
estimate of (e).

StEP 3. The expansion of u. Put E,(x) = u(g,x) + 2/\( j +logy. Since b = (W+y)/A,
we have Z}(x) = (¢ — A/y)/A, so |Ef(x)] < C(1—r) 'y~ by Steps 1 and 2. Hence
@(q) = limy—, e Eq(x) exists and |E4(x) — @(q)| < Cy 2. It remains to show @ = w. By
Steps 1 and 2 and Lemma 2.10(b), uniformly for s € [0,7] and all large v,

2 _W+9)?_y 2 _ v 1=y 1 2
Uy =~y — =33t 3 +O~ %), Uy = =3 = ————=—5+0(y™),
because y = A +O(y2), > = O(y2),and 0 < ¢y = 1 —ov < 4(1 —s)/y> For
0 < g < ¢4’ <, the difference of the integrated equations of Lemma 2.4(a) at g and ¢/,

together with %)\_1 = v/A?, gives

17
u(g,x) —u(qd,x) = 5/q (txx + 13 (5, x) ds

_y_z 1 1 7 9(s) — 3 s 2
=5 Gy~ 7@) * ) Tag s rou):

Adding 7 2)\( y+ logy, subtracting 2A( n + logy, and letting x — —oo, we obtain

ra 1
o) ~a(q) = [1 TR = wlo) —wlg),

since w’ = (1 —27)/(2A) almost everywhere by (2.13). Taking 4 = r > Q and using
Step 1, w = w on [0, r]. This proves (e).



APPENDIX B

Estimates for the top-jump bound

This appendix proves Proposition 6.12, which bounds the breakpoint ratio X,, on the last
constant piece of an arbitrary order parameter; it is the input to the top-jump bound
of Theorem 6.13. §B.1 collects one-variable facts about R, R, and V beyond those of
Lemma 2.1: the monotonicity of (V')2/(V?(1 — V)) (Lemma B.2) and the bound x¢ < 1
(Lemma B.3). §B.2 shows that on a last constant piece of mass m the functions v and vy
depend only on a scale-free variable z and on the ratio § = 6/A € (0,1]. §B.3 proves
bounds on these functions that are uniform in g € [0,1] and m € [1/2,1], including
their tails (Proposition B.5). §B.4 combines them with the tilted-density representation of
Lemma 2.7 and Chebyshev’s association inequality (Lemma B.6).

Throughout, G denotes a standard Gaussian variable and ¢s the N (0, s) density, as in
Chapter 2. Constants c, C, C; are numerical unless stated otherwise.

B.1 Gaussian facts

We use the following facts from Lemma 2.1: R > 0, R > 0,0 <V <1, R = -V,
R’ =1 -V, the identities (2.2) for V' < 0 and V", and ET, = R(z), Var T, = 1 — V(2) for
the variable T, with density proportional to e?“~%"/2 on [0,0) (part (a)); t < R(—t) <
t+1/tand 0 < R(—t) < 1/tfort > 0,and 0 < 1 — V(—t) < 3t~2 for t > 2 (part (b));
®(—t) < e /2 for t > 0 (part (c)); and R(z) < 2¢(z) and V(z) < 2(1 + z)¢(z) for z > 0
(part (e)). Put
V/(Z)Z
= € R).
= vora—ve) <M
Lemma B.1. (a) Forz > 0: |V/(z)] < 2(2+2)?¢(z) and r(z) < C(1+2)2.
(b) Fort > 2,

1-V(-t)—t2<Ct?t,  |V(-t)+2t73 <Ct
Consequently, for z < 0: ¢/(14+2%) <1-V(z) < C/(1+2%), |V'(z)| < C(1+ |z])~3,
|[V"(z)] < C(1+|z|)72 and r(z) < C(1+z*) "L
Proof. (a) Let z > 0. Since R < R(0) < 1, R =z4+R < 1+z As0 <V <1,
V| < R(1+ R?) <2¢(z)(1+ (1+42)?) < 2(2+ 2)?¢(z). Moreover |[V'/V| =|1-V —
R?|/R < 1/R+ R < 1/R(0) + 1 + z, because R is increasing and R(0) = R(0); and
1—V >1-V(0) > 0because V is decreasing. Hence r(z) < C(1 +z)2.

307
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(b) Lett > 2 and I := f0°° wk exp(—tw — w?/2) dw. Then ET_; = I /Iy and ET?, =
I/ Iy, so that

b - I}

LIy — 21}
1-V(-t) = P i

I

4

, V/(=t) =R(—t)(VarT_¢ — (ET-;)?) = R(—t)

by (2.2). Since 1 — w?/2 < exp(—w?/2) <1—w?/2 +w*/8 and fooo wie ™t dw = jlt=i-1,

Ih=31-t24+0("),
L =%(1=-3t724+0(t™),
L=2%(1—6t">4+0(t™)),

where here and below O(t7/) denotes a quantity bounded by a numerical constant times
t=J for t > 2. Hence

Llh=2(1-7t724+0(t™)),
F=L(1-6t2+0(1),

IF=%(1-2t7240(t%)),

~

and I2 > £t 2 because Iy > t~1(1 — t~2). Therefore

1-8t2+0(t™4)
2(1—2t724+0(t74))
Llg—2If  —2t7240(t %)
2 2(1+0(t72)

1-V(—t) = =t 2+ 0(t),

=2t 4+ 0(t79).

With R(—t) = t+ O(t™!) this gives V/(—t) = —2t72 + O(t+~°). For the consequences,
let tp > 2 be a large numerical constant. For z < —t; the bounds on 1 — V and V!
follow from the expansions. On [—ty, 0] the functions 1 — V and |V’| are continuous, and
1-V >1-V(—ty) > 0. The bound on V" follows from (2.2), since 0 < R(z) < |z|+1/|z|
forz < —land V(1—-V) <1-—V.Forr, use in addition V > V(0) > 0on (—o0,0]. O

The next lemma is the monotonicity that drives the Chebyshev argument of §B.4.
Lemma B.2. The function r = (V')?/(V?(1 — V) is strictly increasing on R.

Proof. Write a = 1—V > 0and b = V//R = 1—-V — R?, so that R> = a—b and
R(R+R)=V+R*=1-b.

SteP 1. Reduction. Since (logr) = 2V"/V' =2V'/V +V'/(1 — V), we have (logr)" -
V'V(1- V) = —C with

C:= (Vh2(2-3V)—-2V"V(1-V).
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As V'V(1 —V) < 0, the derivative (logr)’ has the sign of C. Inserting V" = —(R +
R)V'—=2V(1—V) from (2.2), V' = Rb, and V = RR,
C = R*[b*(3a — 1) +2(1 — b)ab + 4a%(a — b)] = R*(2a — b)(2a® —ab+b),

where the factorization is verified by expanding both sides to 4a®> — 4a?b + ab? + 2ab — b,
Since 2a — b = a+ R? > 0, it suffices to show that

Q:=2a*>—ab+b=(1-V)2-V)—-VR?

is positive on R.
StEP 2. An equation for Q. We have Q' = —V'(3—2V +R?) —2VR(1—V)and V' = Rb =
(V/R)(1 =V — R?). Eliminating R> = ((1-V)(2-V)—-Q)/V,so that1—V — R? =
(Q—-2(1-V)?)/Vand 3 -2V + R?> = (2—V?— Q)/V, and expanding,

VRQ =4(1-V)*-Q(1+3(1-V)*- Q). (B.1)
Step 3. Barrier. The function € := (1+3(1— V)% — Q)/(VR) is continuous, since VR > 0.
Fix z. € R and put F(z) := Q(z)exp [, . By (B.1), 7/ =4(1—V)3(VR) texp [J £ >0,
so F is strictly increasing. As z = —t — —oo we have RZ<+t2Zand1—V < 3t 2 hence
|Q| <2(1—V)+ R? = 0, and the numerator of ¢ tends to one. Choosing z. sufficiently

negative, £ > 0 on (—oo,z,], and then |F(z)| < |Q(z)| — 0 as z — —oo. An increasing
function with limit zero at —oo is positive, so Q > 0. O

Lemma B.3. The constant x¢ of (6.20) satisfies
) fr@V2dz -1
X —_= — .
® 4 [ ®V2(1—V)dz

Proof. Let Giopf = 5f” 4+ (R+%)f’. This is the generator of the diffusion (7.20) of
Chapter 7, but only the formula is used here. By (2.2),

Grop(V3) = (V)2 + VV" + 2R +2)VV' = (V)2 —2V*(1 - V).

The formal adjoint is Gy, w = 1w — (R+3%)w)’. With @ = R®, " = —zR®, (R+
Y =1-V,and V=2zR+R?,

Giop® = —32R® — ®(3 — V + R* + 32R) = — 3.

For N > 0,
N N
/_N(cp Guop(V2) = V3Gipp®) dz = [1(@(V2) = @'V2) + (R+ 5)@V2]

As N — oo the boundary terms vanish: at +N because V and V'’ are O(N%¢(N)) by
Lemma B.1(a) while ® and R are bounded, and at —N because ®(—N) < ¢(N )
V] <1,|V'| <C,and R(—N) < N + 1. All integrands are integrable. Hence [ ®(V')?
2 [®V2(1—V) = —1 [ ®V?, which is the formula, and [ ®V? > 0. O
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B.2 The last constant piece in scale-free form

For m € (0,1] let M,, be a random variable with distribution function &, independent
of G. Its density is fjr := m¢p®" 1. For g € [0,1] put 05 := /(1 — p)/m and

Y:i=VBMu+0sG,  Fu(zB):=P(Y<z),  f:=0.Fy,

Ry (z; B) := 0;1log Fu(z; B), om(z; B) = —%82 log Fu(z; B).

When m and f are fixed we write F, v, and so on.

Lemma B.4. Let y € U and k € R, and suppose that v = m € (0,1] on [p, Q) for some p < Q.
Forq e [p,Qlput A= A(q), p:=0/A € (0,1]and z :== (x —x)/ \/_ A. Then
mu(qx) _ F :B), b(g,x) = Rm(Z;,B)’
W(@p) bl ) =
0,0 (z;
og5) = on(p),  oxlgx) = TP

Proof. On [g,Q) the order parameter equals m, and u(Q, x) = log®((x —x)/+/4). B
Lemma 2.5(a),

mu(g.x) — ]E@(X_K+V G) P(VoMy < x —x++/Q—4G),

and by the symmetry of G this is P(v/6M,, + v/Q — ¢ G < x — ). Divide by v/A and use
A=5+m(Q—gq),sothat (Q—¢q)/A = (1— B)/m; this gives e = F,(z; B). The other
formulas follow from b = 1y, v = —Auyy, and 9, = A~ 1/29,. O

In particular v,(+;1) = V (then F, = ®™), vy(+;0) = V(y/m ) (thenY = G//m), and
v1(-; B) =V for every B (then Y is standard Gaussian).

Realization. Some estimates below use the Parisi diffusion of a two-level order parame-
ter. Given m € (0,1) and B € (0,1), choose 6 € (0, ) so small that 5(1/8—1)/m <13,
andputQ:=1-6,q1:=Q—-6(1/p—1)/m € [0,Q), x := 0 and

m,B =mly o)y +1gq) € U. (B.2)

Then A(g) = 6 +m(Q —q) on [q1,Q] and A(q1) = é/B. By Lemma B4, v(q,x) =
um(x/\/A(q); Bg) for q € [q1,Q], with By :=6/A(q) € [B,1].

B.3 Uniform bounds on the scale-free functions

Fix mg := 1/2. All constants in this section are numerical; in particular they are uniform
inm € [mp,1] and B € [0,1].
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Proposition B.5. Forall m € [mg,1] and B € [0, 1]:

(VO) The maps (m, B,z) v Fu(z; B), vm(z; B), 020m(z; B) are continuous on [mp,1] x [0,1] x R,
and 0 < v, < 1.

(V1) Fu(0;B) > 1/4,and Fy(z; B) < 2exp(—2z2/16) for z < 0.

(V2) Forz >0, vy (z; B) + |0:0m(z; B)| < Cexp(—cz?).

(V3) Forz < 0,1 —vy,(z;8) < C/(1+22).

(V4) Forz <0,1—vy,(zB) > c/(1+22).

(V5) Forz <0, [0,0m(z;B)| < C(1+ |z]) 3

Consequently 1y := (3;0,)%/ (v2%,(1 — vy,)) satisfies ryy(z; B) < C(1+2z*) 71 for z < 0.

Proof. We prove (V0)—-(V5) in five steps and deduce the bound on 7, in a sixth.

Step 1. Proof of (V0). For B € [0, 1] we have O'E € [1,2] and f®(z) = ]E(,bg;)(z — /BMu)
B

for k < 2. Realizing M,, = ®~1(U™) with U uniform on (0,1) couples these variables
continuously in m, and ¢§k> is bounded and jointly continuous for s € [%, 2|; dominated

convergence gives joint continuity. For g € [3,1] we use f¥)(z) = E fi%M(z — 0G) with

Pty = B~/ /B). Here fiy = fu (—t+ (m—1)R) and iy = fu- (-
(m—1)R)>—1—(m—1)V). Fort <0, fpr = mp™R=™" < C(1+ |t|) exp(—mt?/2), while
fm < 2¢ fort > 0. Hence f ](\j[{) is bounded and jointly continuous in (m, t), and dominated
convergence again gives joint continuity, including at g = 0. Also Fy, is continuous:
under the coupling above, \/BM,, + oG varies continuously in (m, ) almost surely, and
its law has no atom, so bounded convergence applies to its distribution function. Its
density is positive, hence F,;;, > 0, and therefore

f2_f 1of" 3ff L 2f°
ow=(m=5) = (F -+ 5
are continuous. For m =1 or g € {0,1}, v,y € (0,1) because 0 < V < 1. For m € [my, 1)

and B € (0,1), vy(z; B) is the value of v at level g; of the order parameter (B.2), so
0 < vy < 1by Lemma 2.4(c).

StEP 2. Proof of (V1). Write Y = X; + X with X; = /BM,, and X, = 03G. Independence
gives F,,(0;8) > P(X; <0)P(X; <0)>2™/2>1/4. Forz < 0and 0 < B < 1, the
union bound gives

Fu(z;B) <P(X; <z/2)+P(Xy < 2/2) < 2exp(—2z%/16).

Indeed, P(X; < z/2) = ®(z/(2\/B))" < ®(z/2)'/? < exp(—2z%/16) by Lemma 2.1(c),
and X, is centered Gaussian with variance at most 2. The cases p € {0,1} follow by
continuity.
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StEP 3. A Gaussian factorization; proof of (V3) and (V5). Putm :=1—m € [0, 1] and g := R™
We first record the elementary estimates

1+ [x)" <a(x) < CA+[x)™, s <G +Ia)™  (x<0,1<;<3),
(B.3)
with constants uniform in #1. Indeed, the Mills-ratio bounds of Lemma 2.1(b) and the
monotonicity of R give ¢(1+ |x|) < R(x) < C(14|x|) on (—o0,0], while R = —V = O(1),
R" = -V'"=0((1+ |x|)73), and R” = —V" = O((1 + |x|)72) there by Lemma B.1(b).
Differentiating R™ three times proves (B.3). On [0,c0) we have g < 1 and (logR)" =
—z — R, whose first two derivatives are —1 + V and V’; hence |g!/)(x)| < C(1 + x)/ for
x > 0 and j < 3. These observations include 1 = 0.
Fory <0and 0 <c¢ < \/E, Gaussian averaging preserves these estimates:

c(1+[u))" < Eg(p+0G) < C(1+[ul)",

0 o , (B.4)
[EgV/ (np+0G)| < C(1+ [u)" (1<j<3).

For the lower bound, restrict to {G < 0} and use that g is nonincreasing. For the upper
bound, use g(x) < C(1+ x_)™ and Gaussian moments. For the derivative bounds with
\u| > 1, split at p +0G = u/2. On the lower side |y + 0G| > |u|/2, and (B.3) applies;
on the upper side use the polynomial bounds and the Gaussian tail P(¢cG > |u|/2) <
exp(—p2/16). For |u| < 1 uniform Gaussian moments suffice. Thus all constants in (B.4)
are independent of 1, i, and o.

Since fyy = m@™R™ and ¢" = (27)"/?m~1/2¢,,,,, completing the square in the
Gaussian convolution defining f gives

f(z) = Cudprym(2)H(z),  Cw:=m@2n)™?,  H(z) :=Eg(y/Bz+03G). (B5)

For 0 < B < 1 this follows by writing the density of \/BM as Cugg/m(x)a(x/+/B)
and using ¢g,/m (X)P(1-pg)/m(z — ) = ¢1/m(2)Pg(1—p)/m(x — Bz). The same identity holds
at B € {0,1} by continuity. By (B.4) with y = /Bz and ¢ = 05 < /2, and since
\/E/(l—l—\/ﬁt) <1/(1+t)fort >0, wehave forz <0Oand t,u >0

CiH(z) H(—t—u) u \m
ey 0= Ty =C0ri)

|HY) (z)| < (B.6)

Also H is nonincreasing.
For t > 1, integrate (B.5) over z < —t and substitute z = —t — p/(mt). Since

2 mg2 2

F(—t) = SV 2T o y2) (),

mt
2

N (B.7)
(1) := /0 exp(—p — 251—t2>H<—t — %) dp.

(1]
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We claim that
cH(—t) < E(t) < CH(-t),  [2V(1)| <CtTH(-t) (1<j<3).  (BY)

For the lower bound, restrict the integral to 0 < p < 1, where the exponential is at least
e 2, and use H(—t — p/(mt)) > H(—t). For the upper bounds let &(t) = —t — o/ (mt).
Then |&| <1+ 2p, |&"| < 4pt73, and |&"'| < 12pt~*. Together with |&| > t and (B.6), the
chain rule bounds the jth derivative of H(¢(t)) by Cjt_jljj(p)H(C(t)), where P; is a fixed
polynomial. The jth derivative of exp(—p?/(2mt?)) has the same type of bound, with that
exponential in place of H(¢(t)). Finally (B.6) bounds H(¢(t))/H(—t) by C(1+2p)™. The
integrable majorants Ce P P(p) justify each differentiation and prove (B.8). Consequently
|(log 2)W(t)| < C]-t’j for j = 1,2,3. Taking logarithms in (B.7),

log F(—t) = constant — %tz —logt +log E(t).

Its second derivative in t differs from —m by O(t~2), and its third derivative is O(t2),
uniformly in m and B. Since v, = —m~!(log F)", this proves (V3) and (V5) for z < —1.
The compact interval [—1,0] is covered by (VO0).

STEP 4. Proof of (V2). The bounds on g, g’,g” above give |g/)(x)| < C(1 + |x|)? for all x
and j < 2, hence |[H)(z)| < C(1+z)? for z > 0 and j < 2. Thus (B.5) gives |f()(z)| <
Cexp(—czz) for z > 0 and j < 2. Since F > F(0) > 1/4 there by (V1), the formulas for
vy and 9,0y, in the proof of (VO0) prove (V2).

StEP 5. Proof of (V4). By (V0) and compactness, 1 — v, > ¢1 > 0 on [—1,0], uniformly in
m and B. Let z < —1, and first let m € [mp,1) and B € (0,1). We use the realization (B.2)
at level g = g1, where B; = B, and the point x = \/A(q) z. Choose ¢’ € [g, Q] with

B:=AM7q')/A(q) = max{p,z7%},

which is possible because A(-)/A(g) decreases continuously from 1 to g on [g, Q]. Let
X = X7* be the Parisi diffusion started at (g, x). The generator identity £(1 —v) =
(m/A)v(1 —v) (Lemma 2.9(a)) and Itd’s formula on the constant block [g, '] show that
(1—o(t, X)) exp(— f;(m/)\)v), t € [q,9'], is a local martingale bounded by one, hence a

martingale. Since v < 1 and qu/ m/A =log(1/p),

1—0(g,x) = lE[(l —o(q', X)) exp(— /qq/ %vdt)] > BE[1-0(q,Xy)].

Moreover ¢ = Ab+ x > 0 (Lemma 2.9(b), with ¥ = 0), and Itd’s formula with ' = —m
gives
dB; Xq/

YOk hence /' = \/Tﬂl')

d( X; ) _ m(t, X;)

()2 >4/Bz+ N,

dt +
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where N = /A(¢') qu/ dB;/A(t) is centered Gaussian with variance (1 — B)/m. By

Lemma B4, v(q',-) = v (-/+/A(q); B/B), and v,, is decreasing in z (Lemma 2.4(c)). On
{N > 0}, whose probability is at least 1

1~ 00 (Z';8/B) > 1~ vn(y/ Bz B/P).

If B =z72, then \/Ez = —1 and the right side is at least ¢;, which gives 1 — v,,(z; B) >
c1/(2z%). Otherwise B = B >z"2and ¢ = Q, s0 vy (+;1) = V and Lemma B.1(b) gives

( \/_Z)—21_’_‘B‘BZZ)ZL2

Nlm

1—om(z;B) >

because 1 + Bz? < 2Bz%. In both cases 1 — vy(z; ) > ¢/ (1 +2z%). The cases m = 1 or
B € {0,1}, where vy, is V or V(y/m -), follow from Lemma B.1(b). This proves (V4).

StEP 6. The bound on r,,. By (V3), (V0), and compactness, v, > ¢ > 0 on (—o0,0]. Together
with (V4) and (V5), this gives r, < C(1+ |z])7%(1+2%) < C(1+z*) ! for z < 0, and
completes the proof of Proposition B.5. O

B.4 Proof of the breakpoint bound

We first record Chebyshev’s association inequality in the form needed here: an average
against a nonincreasing weight is bounded by the largest average over half-lines. For a
nondecreasing integrand it reduces to the classical inequality (see [21]).

Lemma B.6. Let v be a finite measure on R with a positive density, let § > 0 be nonincreasing
with 0 < [ §dv < oo, and let h > 0 be measurable with [ hdv < co. For T € (—o0, 00| put
Ru(t) :=v((—00, 7))} J—cory V. Then

h&dv
ff ~gd < sup Ry(r).
gav Te(foo,oo]

If h is nondecreasing, then Ry, (T) < Ry, (oo) for all T, so the left side is at most [ hdv/v(R).

Proof. Changing ¢ on a countable set does not affect the integrals, so we may assume
that § is right-continuous. Then §(z) = $(o0) + ¢((z,00)) for the measure ¢ > 0 with
6((z1,22]) = §(z1) — §(z2). By Tonelli’s theorem, for every measurable k > 0,

/kgdu:g(oo)/kdu+/g(dr)/(_m)kdu.
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Taking k = h and k = 1 shows that the ratio is a weighted average of the values R (7),
T € R, with weights v((—o0,7))¢(dt), and of Rj(c0), with weight §(c0)v(R). If £ is
nondecreasing, then h(z) < h(t) for z < T and h(z) > h(t) for z > T, so

v([t,00)) /

(—00,7)

hdv < v((—oo,r))/ hdv,

[1,00)
which is equivalent to R (7) < Ry (c0). O
Proof of Proposition 6.12. We divide the proof into four steps.

StEP 1. The law of the scale-free variable. Let ¢ > 0 be given; j € (0,1/4] will be chosen at
the end. Let |x| <7 and v € U.
Case (b). Suppose that y = mon [p,Q) with 1 —7 < m < 1 and A(p) < 7j, and let
q € [p,Q). Then m > 3/4 > myg. Since v > m on [p,1], we have A(p) > m(1 — p), so
1-g<1-p<2j<iandg> i alsoA:=A(g) <7. Putf:=3/A. By Lemma 2.7,
Xq has density (%) ¢, (x)g,(x) with g, nonincreasing, and by Lemma B.4, e""(7*) =
Fu(z; B) with z = (x — x)/v/A. Hence Z; := (X, — x)/+/A has density proportional to
Fu(2 ) G(2) §(z), where

G(z) = ¢q(k +VAz) exp(_ZK\/Xzqur Az )

Pq(x) §(z) = gq(x + \/Xz),

and ¢ is nonincreasing. Since 2|x|v/A < 27%/2 <1 < 2g and A < 24, we have exp(—|z| —
z2) < G(z) < exp(]z|), and G — 1 locally uniformly as 7 — 0. By Lemma B.4 and (6.18),

% (q) = E(azvm)z(zq;ﬁ) _ 1 [rmgdv
! 2E[v3, }(quﬁ) 2 [gdv’
v(dz) := Fu(z .3) (2) (v3,(1 — vm)) (z; B) dz.

The measure v is finite and has a positive density: F, < 2exp(—zz/ 16) for z < 0 and
om < Cexp(—cz?) for z > 0 by Proposition B.5, while G < exp(|z]). Also 0 < [ §dv < oo,
since [ §F,G dz is a normalizing constant of the density of Z,.

Case (a). Suppose that § < 7j and take ¢ = Q. Then Q > 1, 7(Q) = 1, u(Q,x) =
log ®(z) with z = (x — ) /+/, and v(Q, x) = V(z). By Lemma 2.7, the same computation
gives ¥,(Q) = % [rgdvg/ [ §dvg with vo(dz) := ®(2)G(z)V?(1 — V)(z) dz, where
A=4dingG.

StEP 2. The main term. Recall ¥ = r; = (V')2/(VZ(1—V)). In case (b), %,(q) < M + 1€,
where

M.:frgdv g.:f|i’m—1’|gdv
S fgdv’ ' Jgdv
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In case (a), X, (Q) = %/\/l with vg in place of v, and there is no error term. Since 7 is
nondecreasing (Lemma B.2) and § is nonincreasing, Lemma B.6 gives M < [rdv/v(R).
We claim that o

[rdv R Jo(V)

v(R) [@V2(1-V)
uniformly over all admissible (x,v,m,q), and likewise for vg. Otherwise there are
g1 > 0 and admissible sequences with 77, — 0 that violate the claim by ;. Along a
subsequence B, — P« € [0,1], while my, — 1, k, — 0, A, — 0, and g, € [%,1]. By
(VO), Fu,(-;Bn) — F(;Bs) = ® and v, (-; Bn) — V pointwise, and G, — 1. The
densities of rv, and v, are dominated by an integrable function independent of n:
for z < 0 by Cexp(|z| — z2/16), using r < C there (Lemma B.1(b)); for z > 0 by
C(1+ z)?exp(|z| — cz?), using r < C(1 + z)? (Lemma B.1(a)) and (V2). Dominated
convergence gives the claim, since [ ®V3(1—V) > 0and [DrV3(1-V) = [D(V')2
The case of v is the same with m = 1.

= 2Xxop asij — 0,

Step 3. The error term. By Lemma B.6 with h = [y, — 7|, & <sup Ry, (7). Fix T > 1
and T' > 1.
Far left. By Proposition B.5 and Lemma B.1(b),

4(T) == sup{r(z;B) +r(z): z< =T, m' € [mg,1], € [0,1]} <CT ™

For T < —T, bounding the numerator of R _.(7) by t(T)v((—oo,7)) gives
Rip,—r|(T) < t1(T). For T > —T, the part of the numerator over (—oo, —T) is at most
t1(T)v((—oo,—T)) < 44(T) v((—o0,T)), so after division its contribution is again at most
t1(T). No reciprocal of a small Gaussian mass appears.

Bulk and right tail. For T > —T the denominator satisfies v((—oo, 7)) > v((—T —
1,—T)) > cr > 0, uniformly: on [T — 1, —T] the factors F,, and v2,(1 — v;,) are bounded
below by (V0) and compactness, and G > exp(—|z| — z%). The remaining part of the
numerator is at most

wr(1—m)v(R)+ /:(rm +r)dy,
where
wrp(€) :==sup{|ry(zB) —r(z)|: 1—¢ <m' <1, € 0,1], z€ [-T,T]}.

Here v(R) < C. By (V0), r, is jointly continuous on the compact set [mp,1] x [0,1] X
[—T,T'], its denominator being positive there, and r(-; ) = r for every B; hence
wr(e') = 0 as & — 0. The exact cancellation r,, dv = F,,G(9,v,)? dz and (V2) give a
uniform Gaussian majorant for the r,, term, and Lemma B.1(a) and (V2) give one for the
r term. Hence

/ (rm4+7)dv < C | (1+2)%exp(z —cz?)dz =: &(T') — 0 (T' — o).
T/ T/
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Consequently
E < tl(T) + C;l (C wT,T’(ﬁ) + tz(T/)).

StEP 4. Choice of 7j. Given € > 0, first choose T with t;(T) < /2, then T" with t,(T") <
cre/4, and then 77 € (0,1/4] so small that Cwr 1/(7) < cre/4 and, by the claim above,
[rdv/v(R) < 2x¢ +eand [rdvg/vo(R) < 2x¢ + € for all admissible data. Then £ < ¢
and M < 2x¢ + . Hence X,,(9) < x¢ + € in case (b), and x,(Q) < x¢ + £/2 in case (a).
This proves Proposition 6.12. [



APPENDIX C

Proofs for the flat limit

This appendix proves the technical statements of Chapter 7. §C.1 records the decay of the
derivatives of V, which Chapters 7 and 8 use in addition to Lemma 2.1. §C.2 proves the
uniform tail estimates of Lemma 7.2: a dilation turns every profile of a compact class into
one fixed instance of the finite-cutoff problem of Chapter 2, whose asymptotics give parts
(a) and (d), and a transport estimate for the rescaled diffusion gives parts (b) and (c). §C.3
proves the compact-class expansion Theorem 7.3, and §C.4 proves the differentiability of
I along ordered rays and the second-variation identity of Proposition 7.10.

C.1 Tails of V and its derivatives

We use the facts of Lemma 2.1, in particular R = -V, R' =1-V,z_ < R(z) < z_+ R(0),
and the identity (2.2) for V”. We also need the decay of all derivatives of V.

Lemma C.1. (a) There is C with 0 < 1 —V(z) < C(1+22)7! for z < 0, and for every
k > 1 there is C with [V (z2)| < Cp(1+ |z|)"> ¥ for z < 0. Forz > 0 and k > 0,
[V (2)] < Cr(1+2)H19(2).

(b) The numbers Ay = [ V"2, By = [V2(1— V), and [ V' are finite and positive.

Proof. (a) Substituting u = z —w in ®(z) = [*_¢(u)du gives P(z) =
¢(2) [y e®=®*/2dy. Hence log® = log¢ + A with A(z) = log Iy =0 w/2 qyp,
The function u — A(z 4+ u) — A(z) is the cumulant generating function of the variable
T, of §2.1, whose density is proportional to e#*~%/2 on [0,00), so AU)(z) is the j-th
cumulant cum;(T). Since (log®)"” = R' = —V and (log¢)" = 1,

1-V=cm(Ty), V¥ =—cump»(Tz) (k>1).

Forz = —t < —1, T_; has the law of S;/t, where S; has density proportional to e—5—57/(28)

on [0,00). The moments of S; are bounded uniformly in ¢t > 1: the numerator of IES;
is at most fooo sle™ds = i!, and the normalizing integral is at least fol e s 1/2ds >
e~ !. Cumulants are polynomials in the moments, and cum;(T—;) = t= cum;(S¢); hence
jcum;(T—;)| < Cjt7/ for t > 1. This gives the bounds for z < —1; on [-1,0] the
functions are bounded, and 1 —V > 0. For z > 0 we use R < 2¢p and R < R(0) < 1
(Lemma 2.1(a),(e)). By induction, using R’ = —zR — R2, v = Pi(z, R) for a polynomial

318
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Py of total degree at most k + 2 each of whose monomials contains R: this holds for
V =2zR+R? and {P(z,R) = 9.P — (zR + R?)0gP. A monomial z'R/ of P, has j > 1
and i <k+1,s0 |zZ/RI| < z'R < 2(1+ z)1g(z).

(b) The three integrands are nonnegative and continuous, and integrable by (a): on
(—o0,0] they are bounded by C(1+|z|)7%, 1 —V, and C(1 + |z|)~8, and on [0, ) they
have Gaussian decay. They are not identically zero, because 0 < V <1, V' < 0, and V' is
not constant (it is negative and tends to zero at 1-c0). [

C.2 Dilation and uniform tails

The rescaled equation (7.3) does not involve e. The following dilation identifies it with
the finite-cutoff problem of Lemma 2.4 at margin zero, with a cutoff that depends only
on the class.

Lemma C.2. Let 0 < sj, < sy; and let { be a profile with { =1 0n [0,s),]. Putr =1 — Slo/shi
and let 7(q) = {(sni(1 — q)) (right-continuous version). Then 7y € Uy, and |7 — 7| 101y =
shl1 1g—2] L1(0,5y) JOr two such profiles. If u is the solution of Lemma 2.4 for 7y at margin 0, then

U(s,y) = (1 —s/shi, y/+/5ni)

solves (7.3) on [sio, Spi), with U(syo,y) = log ®(y/+/510). The Parisi diffusion X of ¥ corre-
sponds, through Y = /sp; X, to the rescaled diffusion

dY = {(s) Uy(s,Y) dg + dB, C=5Sph—S, (C.1)

run in the direction of decreasing s. Finally, if y € U, e > 0,k € R, e?sp; < 1, and {,, = { on
[0, spi), then U(s,y) = u, (1 — e?s,x + ey) for s € [Sio, Shi)-

Proof. With § = 1 —s/sp; and X = y//sp; we have ozit = —sp;lUs, Uy = /sp; Uy and
Uz = spilyy, so the Parisi equation iy = (uxx + 7 12) is (7.3). The function 7 is
nondecreasing because { is nonincreasing, and ¥ =1on [r,1] because { = 1 on [0, s},].
At § = r the terminal datum of Lemma 2.4 is log®(¥/v/1—r) = log®(y//510). The
identity for the L' distance is the substitution g =1 —s/sp;, and the diffusion statement
is Brownian scaling. For the last statement, the affine map (g, ¥) — (1 — e?spi(1 —§), k +
e./Sp; X) carries each Gaussian step of the Cole-Hopf recursion for 7 at margin 0 into
the corresponding step for 7y at margin x on [1 — e?sy;, 1), and at level 1 — e?s;, > Qy
both solutions are log ® of the normalized position, by (2.9). This proves the claim
for step profiles, and the general case follows by the L! limit that defines the solution
(Definition 2.2(iii)). O]

Consequently Lemmas 2.4, 2.9, and 2.10 apply to U, with constants that depend only
n (Sio, Sni). We use them in the following rescaled form, for { € K(dy,S) (so s, = d
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and sp; = S), levels s € [d1,S], and Y the rescaled diffusion (C.1) started at (s,y) and

run down to level d;. Expectations are over Y. Under the dilation, A=/ /S, b= V'S uy,

o=v,and ¢ = ¥/ /'S, where = AD + ¥ is the function of (2.21).

(R1) Uy(s',Yy) and ¥ (s, Yy) are martingales. At the wall, U, (d1,y) = R(y/+/d1)/~/dq
and ¥(dy, y) = Vd1 R(y/V/dv).

R2) ¥ >0,¥ =1-0v€(0,1),¥Yy=—v,>0,andv < U,¥Y < (s/4)v.

(R3) Y = Y/{ satisfies dY = (¥ /¢2) dg + ¢~ dB,.

(R4) If { is a step profile, then

(5 ¢y Y/
1= o) = E[(1 - v/ va)e 5] o) < W Evin, /v,
oy(s,y) = dy 2B |V (Ye, /1) e I %<3v—1>]’
5 4o
vyy(s,y) =di ' E [V//(Ydl/\/d_l) e Ju T4 1)}

s / s
—3E A % Z)y(S/, Ys’)z e M %(4071) ds’.

Here each integral in an exponent is taken along the path, over the levels indicated.

Since fds1 ¢/t = log(£(s)/d1) < log(S/d1) and 0 < v < 1, every weight lies in

[(d1/5)3,5/d4).
(Rl) and (R2) are Lb =0, LY =0, ¢ =1 —v, ¢ > 0, and v, < 0 from Lemma 2.9(a),(b)
and Lemma 2.4(c), together with the sandwich (2.26), read through the dilation; the wall
values come from U(dy,y) = log®(y/+/d1) and ¢(d1) = dq. (R3) is [td’s formula, since
d¢/d¢ = —C. For (R4), write G; = %ayy + ¢ Uydy. Differentiating (7.3) gives, on each
block of a step profile,

(3 — Ga)o = %0(1 —0), (@s— Go)(~Uyy) = —TUZ, <0,
and, using 9, (Gsf) = Gsfy — (Cv/ L) fy,
(0s — Gs)vy = —%(30 —1)vy, (0s — Gs)vyy = —%(47) — 1oy, —3 7 05.

These are the rescaled forms of Lemma 2.9(a). On each block U is smooth with derivatives
of polynomial growth, the drift {U, is Lipschitz, and v, vy, v,, are continuous in s at the
breakpoints. 1t6’s formula on each block and the Markov property give the Feynman-Kac
representations, with the values v(dy,y) = V(y/+/d1), v,(d1,y) = V'(y//d1)/+/dq1 and
vyy(d1,y) = V"(y/+/d1)/d; at the wall, and with —U,y(dq,-) = V(-/+/d1)/d; for the
upper bound on v = —{Uy,. The analogous bounds for the Sherrington—Kirkpatrick
model are cited before Lemma 7.7.
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The next lemma controls where the rescaled diffusion travels. Paths started far to the
left stay far to the left, and paths started to the right stay to the right, with Gaussian
probability.

Lemma C.3. There is C = C(dy,S) such that for { € K(d1,S), s € [dq,S] and Y started at
(s,y) the following hold.

(@) Ify < —C, then with probability at least 1 — 2e™Y"/C, Y, < y/C forall §' € [dy,s).
(b) If y > 0, then with probability at least 1 — e_?/z/c, Yy > y/2 forall s € [dq,s].
(c) Uy(s',0) < Cforalls’ € [dy,S],and 0 < ¥ (s',x)/L(s") < C for x < 0.

Proof. (c) Start Y at (s/,0). The drift (U, is nonnegative, so Yy, is at least a centered
Gaussian variable N of variance s’ — d; < S. By (R1), since R is decreasing and R(z) <
R(0) + z_ (Lemma 2.1(a)),

R(Ydl/\/d_1)<R(0)+1EN_/\/d—1<R(O)+ S/d;
v T Vi B Vi

Next, 0x(¥/¢) = (1—v)/£ > 0by (R2), and ¥(s,0) = £U,(s",0); 500 < ¥(s',x)/£(s") <
Uy(s',0) < Cy for x < 0. R R

(a) By (R3) and (c), as long as Y < 0 the drift of Y'is ({/£)(¥/¢) < Cy{/{. Hence Yy <
y/L(s) + Cy [5{/{+ Ny up to the first level at which Y reaches 0, where Ny = [¢~!dB
is a continuous Gaussian martingale with quadratic variation at most f dsl (2 < §/d?,
and [ (/¢ <log(S/dy). By the reflection principle, the event {sup [N| < |y|/(4((s))}
has probability at least 1 — 2 exp(—y?d2/(32S%)), because £(s) < S. On this event, and if
ly| > 4SCy log(S/dy), we get Y < y/(2¢(s)) < 0 up to that level; hence Y never reaches
0, and Yy = £(s')Y, < d1y/(2S) for all s’ € [dy, s].

(b) The drift is nonnegative, so Yy is at least y plus a Brownian increment over a time

at most S. By the reflection principle, the running minimum of that increment is below
—1/2 with probability at most 2&(—y/(2/5)) < e ¥*/(85), -

== C\If

Uy(sl, O) — ]E

Proof of Lemma 7.2. All constants depend only on (dy,S). Let { € K(dy,S) and let v € U,
r = 1—4d1/S, be its dilation (Lemma C.2 with s, = dq, sp; = S). Level s € [dy,S]
corresponds to § =1 —5/S € [0,7], and ¥ = y/+/S. Under the dilation A(§) = Z( )/S, the
top of yis 1 —d/S with d as in §7.1, and the substitution t =1 —u/S gives f~ VSx-1 =

f I 1. Hence the function w of Lemma 2.4(e), computed for %, is
ls) 1, d 1 /s du

1
logT—Elogg—E W —log v2m ()—ElogS,

with w(s) from (7.4). B
(a) By Lemma 2.4(e) for 7 at margin 0, there are C,xe such that IAb — (—X) —
A/ (=%)| < C|x|™3 for ¥ < —xo. Here Ab = (U,/+/S and —% = |y|/V/S, and
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Y = (U, — |y| for y < 0. The inequality becomes [¥(s,y) — £(s)/|y|| < CS?|y|> for
¥ < —VS Xeo. N

(d) Left tail. The first estimate of Lemma 2.4(e) at § = 0, together with ¥%/(2A(0)) =
y2/(20p) and log(—%) = log|y| — 3 log S, gives

2
UGS, + 2 +loglyl —w(s)| < S5 (y< —VSxw).
0 Yy
For y < —1 the left side is |W;(y)|. Bounded range. By Lemma 2.4(b), —C(1 +
y?/S) < U(S,y) < 0, and |w(S)| is bounded by (7.1); hence W; is bounded on
[— max{1, VSxe},0]. Right tail. Fory > 0, W;(y) = U(S,y), and Lemma 2.4(d) at
g=0gives0>U(S,y) > —CeV*/(89), Together, |W;(y)| < C(1+y*)~".

(b) Let first { be a step profile, and let Ct be the constant of Lemma C.3. For y < —Cr,
let E be the event of Lemma C.3(a). On E, Yy, /+/d; < y/(Crv/d;), and since 1 — V is
increasing, Lemma C.1(a) gives 1 — V(Y,,/v/d1) < C(1+ y*)~. The weight in (R4) is at
most one, and IP(E°) < 2%/t Hence 1 — v(s,y) < C(1+y?)~! for y < —Cr, and the
same bound holds for —Ct <y < 0 because 1 — v < 1. For y > 0, the second formula in
(R4), Lemma C.3(b) and V(z) < 2(1 +z)¢(z) < Ce %/4 for z > 0 give v(s,y) < Ce ¥"/C.

(c) The same argument applies to the representations of v, and vy, in (R4), with the
weights bounded by S/d;, with |[V'(z)| + |V"(z)| < C(1 + |z|) 72 for z < 0 and Gaussian
decay for z > 0 (Lemma C.1(a)), and, in the source term of v, with the bound on v, just
obtained at every level s": on the event E every Yy lies below y/Cr.

General profiles in (b) and (c). Let {, € KC(dy, S) be the step approximations (7.2) of g, so
that {, — ¢ in L. By Lemma C.2 their dilations converge in L!(0,1), so by Lemma 2.4(f)
the derivatives af;ugn (s,y), k < 4, converge pointwise; also ¢, — ¢ uniformly. Hence v,
vy, vyy of { converge pointwise to those of {, and the bounds, whose constants do not
depend on 7, pass to the limit.

Continuity. Let {,, — ¢ in K(dy, S). As in the previous paragraph, Uz, (S,y) — U (S,y)
for every y, and wy,(S) — w(S) because ¢, — ¢ uniformly and ¢,,¢ > d; on [dy,S].
Thus W;, — W; pointwise, and the majorant C(1 + y?)~! of (d) gives convergence in
L'(R) by dominated convergence. Finally, |, — £| < ||Zn — |l11, so |A(Zn) — A(Q)] <
§(28 +d1)d ?(1Tn — ¢l O

C.3 Proof of the compact-class expansion

Proof of Theorem 7.3. Constants below depend only on (d1, S) and on 6. Let e be so small
that ¢2S < ] and that Lemma 4.6 applies; in particular || < e/2 by Lemma 4.6(a). Let
v € U have rescaled profile { € K(dy,S), and use the declared level g = 1 — e25 > %,
with Y1 = (B, —«)/e and k; = x/,/q1. The level q; may lie below g9 = minsupp y,;
since { =0on (5,00), v =0 on [0,41). We divide the proof into five steps.
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StEP 1. An exact decomposition. By Lemma C.2, U(S,y) = u(q1,% +ey), so U (S,-) is
the function U(S, -) of Definition 4.1. Also I'(S) is the function I' of Definition 4.1 at
level S (see after (7.4)), so w(S) is the constant log £y — I'(S) — log /27t of Proposition 4.5
at that level. Hence Proposition 4.5(a), applied at the declared level g; (as permitted
by the paragraph after Lemma 4.3), holds with W = W; and with Y; in place of Y.
Put p = ad(kq); this is the number p of Proposition 4.5 at the declared level. Since
T =T(S) — 1log ¥y at the level S, $(1+p)log o+ (1 — p)T = plog o + (1 — p)T(S), and
Proposition 4.5(a) reads

Pl) = Kelan) + S+ ploglo + (1 - p)T(S) +aEW(40),  (C2)

where c.(q1) = q1(1 —am(ky))/(2¢%) and K.(q;) = loge — aE[log |Y1|;Y; < —1] —
plog \/27 are the coefficients of Proposition 4.5 at the level g;.
StEP 2. The coefficients. By Lemma 4.6(b) at the level g1, that is, with sy replaced by S:
(@) ce(q1) = 2900 + e[(do — g)0 + §] +O(¢?), and £y > dy;
(i) p = 14§+ O(e?); since ly € [d1,S] and T(S) € [3logdy, tlogdy + S/(2dy)],
plog ly = logly + $log o+ O(e*) and (1 — p)I(S) = —T(S) + O(e?);
(iii) [Ke(q1) — Ke| < CeLe.
Ster 3. The remainder. The density of Y is pe(y) = (e/\/q1) ¢((ey +«)/\/q1). Since
qf1/2 <1+¢2S, o — p(w) < gpomin{1,w?/2} and (ey + «)?/q1 < 2e2(1+ |y|)?,

e\ — 24+
|ape(y) — 2eo| < 2e¢|(1+ $)g; V2 — 1] + (—\/:_)164)0

< Cele+min{1,e(1+ |y|)}].

min{1,e*(1 + |y|)*}

By Lemma 7.2(d), splitting the integral at |y| = 1/e,

e+min{1,e(1+|y|)}

2
1112 dy < Ce“Le.

‘ocIEwg(Yl) —2e¢0/]Rw§( < Ce/]R

StEP 4. Summation. Summing Steps 2 and 3 in (C.2), the terms of order one are K, +
2¢00/ 4o +log £y = K. + ¥y (o), the other terms are O(e’L,), and the terms of order ¢ are

S TI(S)
go(fo) + 8, 4 + 2¢p / We,

S ~
a2 =5l () a5+ - tog] = A

This proves (7.6). The continuity of P(1) is part of Lemma 7.2.
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SteP 5. The scaling identity. Let ¢ = £y and { = {(c-) € K'(d1/¢c,S/c). The equation
(7.3), including its initial condition, is invariant under s — cs, y \/Ey, ¢ — {(c),so
Ur(s,y) = Ug(s/c,y/\/E). Also l;(s) = cﬁg(s/c), and the substitution s = ¢s’ in (7.4)

gives I'7(S) = l"é:(S/c) + 2logcand wy(S) = wg(S/c) + 1 logc, where the functions of 4
are computed with the class parameters (d;/c,S/c). Hence, with y = /cy/,

Wg(y) = Wg(y,) + %logc [1{y’§—c*1/2} - 1{y1§0}} + 10g |]/| [1{y’S—C’1/2} - l{y/gfl}] .

Put b = ¢71/2, so that 1 logc = —logb. The first bracket equals —1(_p), and its term
integrates to blogb. If b > 1, the second bracket equals —1(_; _y}, and its term integrates

to — flb logu du = —(blogb —b+1);if b <1, it equals 1(_; ), and its term integrates

to fbl logu du = —1 —blogb + b. In both cases the two terms integrate to b — 1, so
W, = ﬁfwng 1 — \/c. The substitution s = cs’ also gives A({) = A({) — 4 logc.
Therefore P () = A({) + 2¢ov/c ([ Wr—1) - § log c + 2¢p, which is (7.7). O

C.4 Differentiability along ordered rays and the second variation

We work in the setting of §7.5: Ty = Ty + 0K, with Tp, T the inverse profiles of normalized
step profiles on a common grid and K > 0. For ¢ € [0,1] all {y lie in the fixed class
K1(Ip, max{Ty(1), T1(1)}), so the constants of Lemmas 7.2 and C.3 are uniform in ¢. In the
variable [ we have v = I¢, v, = Ic,, and vy, = ¢y, and the diffusion of Definition 7.8 is the
rescaled diffusion (C.1) after the change of variable s = Ty (1), because 0y {5(Ty(l)) = 1.

Lemma C.4. For each (1,y), & — U%(1,y) is of class C?, and U, U solve (7.17), with

. 11 . S
u@w:—imjamwﬁﬂmdm u@wzmj(@+aq@mﬂmdm
0 0

where Y starts at (1,y) and runs downward in I. Put T'(l) = %fol (M)A dA. There is C,
uniformin & € [0,1] and I € [ly, 1], such that:

@) [ULy) +T(D1y<oy| + UL Y)| < CA+y*) 7Y

(b) ley| + leyyl + Uyl + [Uyy| + | Zy] + |24y < C(A+Jy]) 7> for y < 0, and < Ce /€ for
y > 0, where Z = U+§c.

Consequently I € C%([0,1]), and
1) = [ [y + 1)1z

.o 1 . .
m®=AU@w®=AAmW%V%ﬂ®m-
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Proof. Smoothness. On each block, (7.13) expresses U? as oilog of a Gaussian integral of
exp(uﬁ(lj,l, -)/ ), where 0; = 0;(9) is affine in ¢ and at least one on [0, 1], hence positive
on a neighborhood of [0,1]. The integrand is at most one, and derivatives in ¢ and y
produce polynomial factors. The Gaussian integral is at least exp(—C(1 + y?)), because
U®(li_1,x) > U®(l;_1,0) + b(Ij_1,0)x — x*/(2l;_1) by concavity and ¢ < 1/I (Lemma 7.7,
which holds for every positive ¢). To control derivatives of the logarithm, use the tilted
Gaussian moment argument of Lemma A.1(iii): the negative log density has curvature
between 71 and 77! + (0jlj_1) !, where T = 0j(I — l;_1), and its mode has at most linear
growth in y. Its polynomial moments therefore have polynomial growth in y, uniformly
for block parameters in compact sets. Parameter derivatives of the Gaussian variance can
be taken as 0P f = %PT fyy, so this argument remains valid as T | 0. Induction over the
finite set of blocks now shows that U? is smooth in (¢,y) on each block, with derivatives
of polynomial growth in y, locally uniformly in ¢, and continuous in [. Differentiating
(7.11) in ¢ gives (7.17). The drift b is Lipschitz in y, and the equations for U, U are linear,
without potential, with sources of polynomial growth and zero data at lp; Itd’s formula
on each block and the Markov property give the representations.

Tails. The bounds (b) for ¢, ¢y, are Lemma 7.2(c), because [ > Iy. Differentiate the

representation of U in y along the flow. Its Jacobian J, = 9,Y) = exp(— [ )f c(N,Yy)dA))
lies in (0,1] and satisfies 9,/, = —J, | Al cy(A, X)) dA. Since ¢y and ¢y, are bounded,
differentiation under the expectation is legitimate, and

i ! ) ! I
y(Ly)| < CE [l ) [, Uy (Ly)| < CE [ (leyyl+ ley] [ leal ) (4 Ya) dA

By Lemma C.3(a),(b), read in the variable /, for y < —C the path stays below y/C with
probability at least 1 — 2¢7¥*/€, and for y > 0 it stays above y/2 with probability at least
1— e ¥/C. Since cy and cyy are bounded, this transfers their tails to Uy and Uyy, and
hence to Z, = Uy + %cy and Z,, = Uyy + %cyy. For (a), when y <0,

1 B La(A)

U(Ly)+T() ==

B (1-0(7,Yy))dA,

and 1 — v is bounded by one and by C(1+ Y?)~! when Y, < 0 (Lemma 7.2(b)); bounding
|| and using the transport estimate gives |U +I'| < C(1 +y?)~!. No sign of ¢ = K’
is required here: an ordered segment K > 0 can have K’ of both signs. When y > 0,
|U| < CE [¢(A,Y,)dA, and ¢ = v/A has Gaussian decay on the right. The bound on U
follows from its representation, (b), and the transport estimate.

Derivatives of I. In (7.12), the counterterms are affine in o, so the first and second
d-derivatives of the integrand are U(1,y) + I'(1)1 {y<0y and U(1,y). They are continuous
in ¢ and dominated by C(1 + y?)~! uniformly in ¢, so we may differentiate under
the integral. Finally, the representation of U and Fubini’s theorem give [U(1,y)dy =
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flz [ pi (LI§ + U,y ), because p is the density of the image of Lebesgue measure under the
flow from level 1 to level I. The integrand is absolutely integrable by (b) and p; < 1/lp. O

The same argument gives a transport identity for the flat density. Let [p <1’ <1 <1,
and let ¢ be C!? on each block and continuous in the level, such that ¢ and f := ¢; — Gg
are bounded on [I',1] xR, g(I,-) and g(’, -) are integrable, and fli Jr If] < oo. Integrating

the Feynman—Kac formula g(l,y) = Eg(!',Yy) + E fli f(A,Yy)dA, for Y started at (1,y),
against p;(y) dy, and using that Y, then has density p, for A < I, we obtain

[ pis) = [ pestt) = [ pasor)an 3

Proof of Proposition 7.10. By Lemma C.4, I € C*([0,1]) and I = [ p (U5 + K'Uyy), since
K' = ¢. Write D = 0; — G. The commutator 9,(Gf) = Gf, — cfy gives D(fy) = 9y(Df) —
cfy. With Dc = —c? and DZ = —3Kc? from (7.18), this gives

_ 2 _ 2
Deyy = —3c, — 4ceyy, DZ,, = —K(c, + ceyy) — ey Zy — 2cZyy.
Put Q = KZ,, — 1K2cy,. Since K depends on I only, D(Kf) = K'f + KDf, and therefore
1 1722
Substituting U = Z — Kc, we obtain the pointwise identity
72 T 1 2 1 _ 2 1522
Uy + K'Uyy = (2y — 5Key)” +K'(2yy — 3Keyy) = Z +2KcZy, + ;K¢ + DQ.

Every term is integrable against p dy d on [ly, 1] X R, by Lemma C.4(b), the boundedness
of ¢,cy, K, K" and p < 1/Iy; the same bounds verify the hypotheses of (C.3) for g = Q). By
(C3)withl' =lpand [ =1,

/lol/IRpDQ - /Rplﬂ(l") - /]RPIOQ(ZO/‘) =0.

Indeed, K(ly) = 0; and p; = 1, while [ Q(1,-) = K(1) [ Z,(1,-) — 1K(1)? [ ¢yy(1,-) =0
because Z,(1,-) and c,(1,-) tend to zero at F-co. Finally, integrating by parts in y,

/]RPICZyydy = —/R(Plc)y Zydy.

The boundary terms vanish because p,c is bounded and Z, tends to zero, and the right
side converges because p,c is bounded and monotone (Proposition 7.9) and Z; is bounded.
This proves (7.19). O



APPENDIX D

Proofs for the local analysis at the crossing

This appendix proves the lemmas of Chapter 8. §D.1 proves the signs of the flat constants
(Lemma 8.2). §D.2 computes the transition kernel of the replica-symmetric top diffusion
(Lemma D.1), uses it to prove Proposition 8.4, and proves Lemma 8.5. §D.3 proves the
natural-scale continuity Lemma 8.6 by one compactness argument in rescaled variables.
§D.4 proves the bottom comparison Lemma 8.7 by a weighted parabolic comparison.
Throughout we use the Gaussian facts of Lemmas 2.1 and C.1; in particular R' = -V,
R’ =1-V, and the identity (2.2) for V"

D.1 Flat constants

Proof of Lemma 8.2. Put py = [(1—2V)V'2 By (2.2) and (2R + z)’ = 1 — 2V, multiplying
(2.2) by V" and integrating by parts gives

/(ZR +2)V'V" = —% /(1 —2V)V?, /V(l V' =~ /(1 —2v)V?,

where the boundary terms (2R + z)V’? and V(1 — V)V’ vanish at -0 by Lemma C.1(a).
Hence 7, = %pv +2py = %pv.

Next let F € C?([0,1]) with F(0) = F(1) = 0. By (2.2), the derivative of F'(V)V' +
(2R + z)F(V) is F"(V)V"? —=2F(V)V(1 — V) + (1 — 2V)F(V). This function tends to
zero at +oo: at +oo by the Gaussian decay of V and V’/, and at —oco because F(V) =
O(1-V)=0(z"2),2R +z = O(|z|), and V' — 0 (Lemma C.1(a)). Hence

/P”(V)V’2 — /[2F’(V)v(1 —V) - (1-2V)E(V)].
The choice F(v) = (v —v)/2 gives Ay = [V(1—V)(V —3) = By — %co, and the

choice F(v) = v*(1—v)/2 gives [(1—3V)V2 =1 [V2(1—V)(3—4V). Since [VV"2 =
3(Ay — py), these identities give

9pv — 3AV — 5BV

/(3V—1)V’2:M, /Vz(l—V)(1—3V) - :

2

327
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With py = %Iz we obtain, for every k € R,

1+ (3k —2)?
5

+ (Zk _ ng)AV - ;szV.

/[V”2 +4k(3V — 1)V +22V2(1 — V)(1 - 3V)] = T

Atk = x; we have Ay = 2x(By and By (1 —2x;) = By — Ay = %co, so the last two terms
equal %x?(l — 2x¢)By = fo Q- This is the formula for Xg,;, which is positive because
I > 0. Finally x; = Ay /(2By) = 5 — co/(4By) is positive because Ay > 0, and x¢ < 4
because cp = [V(1—V) >fV2(1— V)=By,as 0 <V < 1. O

D.2 The replica-symmetric kernel, obstacle, and family
For 0 < p <1and zp,z € R put

11 (Zo, ) \/_gbl P(\/_Z_Zo)g((;;)),

v(z) = ®(z)%% /2,

where ¢; is the N(0,s) density. For ¢ € R let g¢(z0) = I1y(zo, (—09,¢]) — 15,<c}-

Lemma D.1. (a) Hp(zo, ) is the law at time log(1/p) of the diffusion (7.20) started at zo; in
particular T1,11, = T1,y. The detailed balance identity v(zo)11p(z0,2) = v(z)1,(z, z0)
holds, v is strictly increasing, [ v < oo for every ¢, and I1,(z, -) is strictly increasing in
zo in the likelihood ratio order. Moreover I1,(z, -) is the law of

\/‘I_JZQ—FTT—i—\/l—pN

where T has the law of N(zo, 1) conditioned on [0,00) and N ~ N(0,1) is independent of T.

(b) [vlg| <2 [ vand [vg. =0 for every c.

(c) Put 50 = min|_q1(2R(z) + z) and 3¢ = ¢(2)P(—4). Then 31 > min{2¢(1), 4o —
1} > 0, and gc(z9) > s whenever p € [§,1), ¢ € [—1,0] and zg € (c,c + /1T —p).

(d) Let po = vfo be a probability density with fy nonincreasing, let Zy ~ po, and let
Zy have the law [ po(z0)I1y(20,-) dzo. Then Z, has the density vf, with f,(z) =
J 11,(z, 20) fo(zo) dzo nonincreasing, and

P(Z, <c)—P(Zy<c) = /v(fo —fo(e))gc <0 (ceR).

If fo is strictly decreasing, then f, is strictly decreasing, the inequality is strict for every c,
and Bh(Z,) < Eh(Zy) for every bounded, strictly decreasing h € C'(IR) with h' integrable.
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Proof. (a) Consider the order parameter 1y, at the margin 0. By (2.9), u(q,x) =
log H(q,x) with H(q,x) = ®(x/\/1—¢q) on [0,1), and H, + }Hyy = 0. Hence the
diffusion (2.14) with drift b = H,/H, started at (0,zg), is the Doob transform of
Brownian motion by H, with transition densities ¢g, 4, (x2 — x1)H(q2,x2)/H(q1,x1)
by (2.19). Put Z, = X,/\/1—q with ¢ = log(1/(1 —¢q)). Itd’s formula gives
dZ = (R(Z) + 3Z)dg + (1 — q)"1/2dB,, and the martingale part is a Brownian motion in
the time ¢; so Z solves (7.20), whose drlft has the bounded derivative 3 5 — V, so that its so-
lution is unique. In the variables x; = /1 — g, z;, withp = (1 — qz) /(1 —gq1), the transition
density of Z becomes /1 — g2 ¢g, 4, (1/1 — 92220 — /1 — 41 21)P(22) / P(21) = I1,(z1, 22).
This proves the first assertion; the semigroup property follows from the Markov property
and time homogeneity.

For detailed balance, v(zo)I1,(z0,z) = ®(z0)®(z)/p (27(1 — p))~1/%ef with E =
(2\/pzz0 — pz* — pz5)/(2(1 — p)), which is symmetric in (zp,z). Next (logv)’ =
2R+z > 0, because R(z) > z_ (Lemma 2.1(a)). For z < —1, ®(z) < ¢(z)/|z|
(Lemma 2.1(b)) gives v(z) < e * /2/ 27z2), so [© v < co. The mixed derivative
0204, logI1y(z0,2) = /p/(1 —p) > 0 gives the strict likelihood ratio order. For the
representation, let Y’ ~ N(zo/,/p,(1 —p)/p) and G’ ~ N(0,1) be independent. The
density of Y is /o¢1_,(\/0z — 20), and P(G' < Y') = ®(zp), so IIy(zo,-) is the
law of Y’ conditioned on {G' < Y'}. Put W = G' — Y/, so that VarW = 1/p and
Cov(Y’,W) = —(1—p)/p. Gaussian regression gives Y’ =, /pzo — (1—p)W +/T—pN
with N ~ N(0,1) independent of W. Writing —W = T/,/p with T ~ N (zo, ), the event
{G' <Y’} is {T > 0}, which proves the representation.

(b) Detailed balance and Tonelli’s theorem give

[ vy (2o, (oo, d) dzo = [ v(a)([Tp(z,z0) dz0) dz = [ v <o

—00

Subtracting [“_ v gives [vg. = 0, and the sum of the two integrals bounds [ v|g|.

(c) On [0,1], 2R+ 2z > 2R > 2¢(1). On [-1,0], R > R(0) = 2¢p, so 2R +z >
4pp—1 > 0. Letp € [1,1), c € [-1,0] and z9 € (c,c+/T—p) C (=1,1). Then
2c(z0) = Hp(zo,( ,¢]). On the event {T <1, N < —4} the variable of (a) is at most
VvPzo +2(1 — 4@, because (1 —p)/\/p < 2(1 —p). Moreover c — ,/pzg >

(1—\/(_))—\/;3 1-p>—-(1-p)—+/1—p, and 3(1 —p) < 3,/1—p. Hence the

variable is at most c on this event. Since P(T < 1) > ®(1 —zp) — P(—zp) > ¢$(2) and T,
N are independent, g.(zp) > %2

(d) By detailed balance, | v(zo) fo(z0)I1s(20,2) dzo = v(z)f,(z). By the likelihood ratio
order (see [114]), IT,(z, -) is stochastically increasing in z, strictly because it has a positive
density; so f, is nonincreasing, and strictly decreasing if fg is. Next, P(Z, < ¢) —P(Zp <
¢) = [ pogec = [v(fo— fo(c))ge, where we used [vg. = 0 and the integrability of vg.
from (b). The integrand is nonpositive: for zo < ¢, g, < 0 and fy(zo) > fo(c); for zo > c,
gc > 0and fy(zo) < fo(c). If fy is strictly decreasing, the integrand is negative on (—oo, c),
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where g. = —I1,(-, (c,00)) < 0. Finally, for  as stated h( ) = h(400) + [ |I'(c)| dc, and
Tonelli’s theorem gives Eh(Z,) —Eh(Zy) = [ |W(c)|[P(Z, < c) P(Zy<c)]dc<0. O

We now describe the Parisi diffusion of 4 at k4. Write B = By = +/dq4/9q and
k = xq/+/9q, and let Zg = (X4, — Kq)/+/dq. Since X, = By,, Z4 has the density

wa(z) = Bk + pz).

Above the atom. On [gq,1), vq¢ = 1 and u(q,x) =log®((x —x4)/+/1 —q) by (2.9). The
computation in the proof of Lemma D.1(a), with the margin x4 and the initial level g4,
shows that Z, := (X, — x4)/+/1 — g, with p = §(g) € (0,1], starts from Z; = Zg and has
the transition kernels IT. By (2.10), v(g, X;) = V(Z,), so Sq(q) = «EV(Z,)>.

Below the atom. On [0,44), 74 = 0, X = B, and Aq = 4. By Lemma 2.9(a), Lc =
vc? = 0 there, so c(g,-) is the heat flow of c(qq,-). With Zy = (Xy —xq)/+/3q and
t=8(q) —1 = (qq — q)/dq, this gives v(q, X;) = E[V(Z] + VtG) | Z{], where G ~ N(0,1)
is independent of Z/, and Z,’7 + 1/tG has the law of Z.

We use the positive constants sz, s of Lemma D.1(c) and

= (29(1) — 1) min V'],
(V(=1)2 = V(0)*) v(-1) ¢(1) 5150
4v(1) ’

4 =
s5 = 2/(1)725;
they are positive because V/ < 0 (Lemma 2.1(a)).

Proof of Proposition 8.4. By Proposition 3.8(iii) and |kq| < e, we may choose ¢, so small
that for 0 < e < e,:

B2 <3, Blkl<do, B+IkI< 5 PBlkl+p <,
3
kq| +v/0a < /a4 —da, cpe < B < Cpe,

with numerical Cp, Cﬁ > 0.

(a) Below q4. By (8.4) with v4 = 0, S, = aN > 0 on [0,44), since v,y < 0; so Sq is
strictly increasing on [0, 74].

Above qq. Let fo = wq/v. Then (log fo)'(z) = —B(k + Bz) — (2R(z) + z). For z € [0,1],
2R(z) +z > 2¢(1) > ¢o; for z > 1,2R+z > 1 > ¢y; in both cases —B(k + Bz) < B|k|. For
z=—t<0, —B(k+Bz) < Blk| + Bt < Blk| + 3t, and

2R(—t) — 3t > max{3t, 4¢o — 3t} > ¢y,

because R(—t) > t (Lemma 2.1(b)) and R(—f) > R(0) = 2¢y, as R is decreasing. In
all cases (log fo)" < Blk| —¢o < 0, so f is strictly decreasing. Let 0 < p’ < p < 1. By
Lemma D.1(d) (with nothing to prove if p = 1), Z, has a density vf, with f, strictly
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decreasing. By the semigroup property, Z, is obtained from Z, by the kernel Iy .
Applying Lemma D.1(d) again, with the initial density vf, and the strictly decreasing
function h = V? (for which |i/| = 2V|V'| is integrable), gives EV(Z,)* < EV(Z,)%.
Hence S4 is strictly decreasing on [g4,1).

Since S4(g4) = 1 and Dg(qq) = 0, the function Dy(q) = q‘;(Sd —1)A4? is positive on
[0,94) and negative on (qq4,1). As H = —Dg4/2, the point g4 is the unique minimum
point of 4 on [0,1).

(b) Above qq. Let p € [§,1) and let q be the level with § (q) = p. Put h = V2. Since h
is decreasing with hi(4o00) = 0, Tonelli’s theorem gives Eh(Z) = [ |i'(c)|P(Z < ¢) dc for
every random variable Z. Since 1 — S4(q) = a(EEh(Z;) — ]Eh(Zp)) and since the integrand
in Lemma D.1(d) is nonpositive everywhere,

1= Sal0) =a [ Q)] [P(Z1 < ©) = P(Z, < )] e,
P(Zi <o)~ P(Z, < ¢) = [vlfo— folo)l gl
Restrict to ¢ € [-1,0] and zy € (¢,c+ /1 —p) C (—1,1). There g.(z9) > s by
Lemma D.1(c), and v(zp) > v(—1). On [—1,1] we have wq > Bp(1), because |k + Bz| < 1,
and v < v(1), so fo > Bp(1)/v(1); also |(log fo)'| > sa — Blk| — B? > 3. Hence

(
|fo(zo) — fo(c)| = Bp(1)se1(z0 —¢)/(2v(1)), and integrating over zy and then over
€ [~1,0], where [%, [F| = V(~1)2—V(0),

1-54(q) > apsa(1-p)  (3<8(g) =p<1).

Since D4q(qq) = 0, (8.2) for 74 gives Ga(q) = A4q(gq,9)- For g > g4 we have Ay(r') =
1—1"=645("), and in the variable §' = §(r'),

2/ (8 —8(q)) (1 — Sq)8'~2 d¢’

> 2 /§<q><s¢' ~s(g)(1 - ) = 1)’

for 1 <3(gq) <1.
Below qq. Let g < qq with t = 3(q) — 1 € (0,1]. Since aEV(Z4)? = S4(qq) = 1, the
description below the atom gives

1-S4(q) = aE Var(V(Z, + V1G) | Z}).

For a C!' function F with bounded derivative, the Cauchy-Schwarz inequality and
Gaussian integration by parts give Var F(v/tG) > (E[F(v/tG)G])? = t(EF'(VtG))?,
which is the lower bound of [26]. For |z|] < 1 and t < 1, |EV/(z + VtG)| >
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E[|V'(z + VtG)|; |G| < 1] > 343, because V' < 0. The density of Zpatz € [-1,1] is
VOaTa (k4 +V/532)/ /@) > p9(1), because q < qq and 4] + 153 < v/da —a < V7.
Hence 1 — S4(q) > apsst for t € (0,1]. Since Ay = d4 on [0,44], in the variable
t'=38(r'")—1,

x5 5
— — > .
Gd 2 / t t (1 Sd) di’ 1 i’

Saturation. By (a), G4 decreases in § on (0,1] and increases on [1,0). For § < 1 and
§ > 2 we may therefore use the values at } and at 2. With 3, = min{«, 55} this gives
Gq > 150Bmin{[$ — 1|, 3}3, and af > 2cge.

(c) Above qq4. Let p = 3(q) € [}I' 1) and ¢ = log(1/p). By (7.25), the generator of (7.20)
maps V2 to k; = V"2 — 2V2(1 — V), which is bounded and integrable. Dynkin’s formula
gives S4(qq) — Sa(q) = —a [y Eki(Ze-+) dr. The drift of (7.20) has derivative § — V > —1.
Hence two solutions driven by the same Brownian motion and started at zyp < z; satisfy
73— 770 > o1/ 2(z1 — z0) by Gronwall’s inequality, so the map zp — Z;° is increasing
and the preimage of an interval of length  is an interval of length at most e’/?h. Since Z
at time 0 has the density w4 and is independent of the driving Brownian motion, the law
of Z at time r has a density at most e’/? sup wq < e’/?B¢y. Therefore

G 1
0<1=Sa(0) < agolksllys [ e/2dr < 2ngollks | log < 8afgollkr 111 (1 - p),

where the lower bound is (a), and we used ¢ < log4 and log(1/p) < (1 —p)/p.
Below g4. The Gaussian Poincaré inequality Var F(1/tG) < tEF'(1/tG)? [41] (see also
[21, Theorem 3.20]) gives 1 — Sq(q) < atEV'(Z4)? < atBdoAy.
In both cases 0 < 1 — Sy < Chel|s — 1| for |§ — 1| < 3, with a constant C,. Since A4
Aq/64 = min{3,1} > I there, integration gives |63D4(q)| = |f[1/§(q)](1 — Sq)A;%ds|
16Cle|s — 1]? and Gq(g) < 8Cle|s — 1]3. With C, = 16C/, this proves (c).

O IA

Proof of Lemma 8.5. Throughout, 7 < 1do, q € Wy, and |k — k4| < 7€, so that &, €

[1d0e?,3dpe?] and g > 3 for small e.
Derivative formulas. By (3.2),

SRS -1 2

- —IE [R*(1— V)] (Z7) + 2Drs.

(D.1)

Next SRS(q) = aEp(q,B;) with p(q,x) = V((x —«)//5;)% and Ito’s formula, with
dy ’i/f = 53 225 and (2.2), gives

9,Sks = 55113 V24V (V" +2V')](27) = glE (V2 —2RVV' —2V2(1 — V)] (Z9).
q q
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Differentiation under the expectation, justified by the boundedness of V, V' and R(z) <
R(0) +z_, gives

2 N7 2 q

Bounds. The density of Z7is \/0,/q ¢((x + /852)//q)- Tt is at most /25, Py < Ce,
and at least /3, ¢(1) > ce on [—1,1] for small e. The functions V’?, RVV’, V*(1 —

V), and VV’ are integrable by Lemma C.1(a), and V’? is bounded below on [-1,1].
Moreover RV < R < R(0) +z_ and E|Z7] < (1+ |«|)/\/8;. The function R*(1— V)
is bounded, by Lemma 2.1(a),(b). For z = —t < —2, Lemma 2.1(a),(b) give R(z) > ¢
and 1 —V(z) > 3R(z)? > 3(t71 =3t73)2 > &t72,50 R%(1— V) > & on (—o0, —2]; and
P(27 < =2) = ®((x —2./8,)//q) > 7 for small e. Hence

¢ C
[0gSrs| < —,  [0kSrs| < C,  |okDrs| < —,

¢ ¢ (D.2)
ce < Aulq) < Ce,  E[R(1-V)](Z1) >

This proves (c) and the first sentence of (b).

(a) At (q4,%q) we have Sgs = 1 and Dgg = 0. By (D.2), |Sgs — 1| < Cre on W x
[kq — €%, xq + ne?], and |Dgs(qq;x)| < C1y/e?. The identity (D.1) is a linear differential
equation for Dgs in ¢, with coefficient 2/5, < 8/(dpe?) and with the other terms bounded
by C/e*. Gronwall’s inequality over a g-interval of length at most 17¢? gives |Drs| < C1p/¢€?
on Wj. Inserting these bounds and a > 2 into (D.1), and using e~2 < 3dy/ 0,

CUE—%-FC?] 1
< —
o2 9663

anRS <

for # = 1 small. Now let |k — k4| < n}e?. By (D.2), |Drs(qq;x)| < Clx — Kq|/e*, while
9;Drs < —1/(864d%e*) on W,,, because &, < 3dpe*. Hence Dgs(; k) changes sign within
distance Cj |k — x4| of g4, with C; = 864d3C, and has a zero there if Cy57; < #7. This
zero is RS-stationary at x. Since xrg — kq = 04 + 0(e?) by Proposition 3.8(iii), after
decreasing 77 (so that 7] < %Od) and e; we have « € [krs — €2, krs), and by the uniqueness
in Proposition 3.8(i) the zero is g*(x). This proves (a) with ¢, < 9% and C, > Cj.

(b) The segments from (g4, %4) to (44,x) and from (qq4,x) to (g*(x),«) lie in Wy, x
[kq — 171€%, %4 + m1€%]. By (D.2) and (a),

% C Crlx —x
()] = [Sws(a (6): ) — S a)| < S Cali — x| + Clr — g < STl

after enlarging C;. O
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D.3 Natural-scale continuity

Proof of Lemma 8.6. We divide the proof into four steps. The first two hold for a fixed
interval [u_,u;] with 0 < u_ < 1 < uy; for part (b) we take [u_,u.] = [3,2].

Ster 1. Rescaling. Put sy, = }Lu_do and sp; = 4u.dy. Let e < es; be so small that e?sp; < % ;
then d4 € [%do,Zdo] and gp; := 1 — e2sp; > 411' Every v € U with $(supp py) C [u—,u]
has its support in the levels s = (1 —g)/¢? € [%u_d0,2u+d0] C (S1o, Shi), SO its rescaled
profile ,, (Definition 4.1) equals one on [0, sj,] and zero on (sp;, ©); the same holds for
Cd = 1jp,4,)- Thus all these profiles lie in K (10, 5ni)- For such  let U; solve (7.3), and put
v; = —L;Uzyy € (0,1). By Lemma C.2, U is an instance of the finite-cutoff problem at
margin zero with cutoff 1 — s}, /sp;, independent of e and «, and u, (g, x +ey) = Uz, (s, )
fors = (1 —q)/e* € [Sio,Spi)- Since A = ¢2{ and 9y = e~ 19,

(v, evy, ezvxx)(q,x—l-ey) = (vg, 9yvg, aivg)(s,y).

Since 7y = 0 below gy;, Xg, = Bg,,, and (X, — x)/e has the density err with

. B 1 K+ ey
mT(y) = Tex(y) = = 4’( . ), 0 < 7t < 2¢,

and © — ¢o locally uniformly as (e,x) — (0,0). Let ¢ (y), s < spj, be the rescaled
diffusion (C.1) of { started at level sy; from y. By the Markov property at the level gy, for
every polynomial P in three variables with P(0,0,0) = 0, and with

Py = P(vg,dy07,95v7),  rpg(s,z) = Py(s,z) — P(1,0,0)1,y,

we obtain, for s = (1 —q)/e? € [sio, Snil,

%IEP(U, evy, e%0xx) (9, X7) = P(1,0,0) / 7(y) ]P(Ysg(y) < 0)dy

(D.3)
+ / m(y)Erpg (s, Ysg(y)) dy,

with { = {,. Both integrals converge absolutely, by the majorants of Step 2 and [ 7 = 1/e.

STEP 2. Majorants. All constants in this step depend only on (s, shi) and P; they are
uniform over { € K(sio,5hi), S € [Sio,Shil, €, and k. By Lemma C.3(a),(b) for the class
K (S0, Sni), applied from the level sy;,

P (y) < 0) = gyeqy | < Ce /5

Indeed, for y < —C the diffusion stays below y/C < 0 with probability at least 1 —
2eV*/C; for y > 0 it stays above y/2 > 0 with probability at least 1 — e ¥*/C; and



PART II D.3 Natural-scale continuity 335

bounded |y| is absorbed in the constant. By Lemma 7.2(b),(c), the functions v, d,v;, and
Bivg are bounded, and

11 —vz| + [9yvg| + |a§v§| <C(1+2z2)7! (z<0),
og +[3yoc| + [0foe| < Ce™/C (22 0),

at (s,z). Since P is Lipschitz on bounded sets and P(0,0,0) = 0, |rp¢(s,z)| obeys the
same two bounds. With Lemma C.3(a),(b) once more, E|rp(s, Yi(y))| < Cc(14y?)~L

Ster 3. Convergence. Let e, — 0 and x, — 0, let {, € K(sio,sn;) converge in L! to
% =1y 4], let s, — Seo € (510, 5ni), and let 77, = 77, x,. We claim that

/ muErpg, (sn, ann (y)) dy — ¢o /]E rp gO Seo, YS:: (y)) dy,
/”n [P(YS (y) < 0) —14yey] dy — <Po/[ (Y. (y) < 0) — 1(y<0}] dy.

By Lemma C.2, the dilated order parameters of {, converge in L! to that of °. Hence, by
Lemma 2.4(f), a{;, Uz, — 8’; Upo for k < 4, uniformly on [sjo, spi] X [—M, M] for every M; by
Lemma 2.4(a) the limits are continuous; and ¢;, — ;0 uniformly because |7, — (0| <

(D.4)

12 — ¢°|| ;1. Since aj?vg = —égaffzug, it follows that P, (sn,zn) — Pro(Seo, z) whenever
Zn = Z.

Fix a Brownian path. The difference Y% — Y& of two solutions of (C.1) started from
y solves an ordinary differential equation in the time ¢ = sp; — s, whose right side is
Tnlg, 5 (Yo1) — gougo,y(Yé”O). The function U, , is Lipschitz in y with constant 1/s,,
because [Uzyy| = v7/€; < 1/s1o on [s)o, 5] The remaining terms ¢y |Ug, y — Upo | (Y&
and |7, — °| Uéo/y(Ygo) have integrals over ¢ € [0, sp; — 5] that tend to zero, because the
path of Y& is bounded and ||Z,, — £°||;1 — 0. Gronwall’s inequality gives sup, Ve (y) —
on (y)| — 0, and continuity of the path gives Ysgn” (y) — Ysgi (y).

The law of Ysgoz (y) has a density, because ss < sp;: in the dilated variables of
Lemma C.2 it is the Parisi diffusion at a positive level, started from y/,/sp; at level
zero, which by Lemma 2.4(g) is a translate of the diffusion started from zero at the
margin —vy/ \/s_hi, and Lemma 2.7 applies. In particular the law does not charge 0,

so 1 almost surely. Hence, for every y, rp,gn(sn,Yséf (y)) —

odrm<o) 7 Ty«
7,70 (Sco, on(: (y)) almost surely. These functions are bounded uniformly in 7, so bounded
convergence gives convergence of the inner expectations and probabilities for every
y. Since 7, — ¢o pointwise and 7, < 2¢p, the majorants of Step 2 and dominated
convergence in y give (D.4).

StEP 4. Proof of (a) and (b). (a) Suppose that the claim fails for some wp > 0. Then there
are e, — 0, order parameters 7, with §(supp p,) C [u—,us] and ||vn — vall;1/0q —
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0, and levels g, with 3(q,) € [u_,uy| and |S,, x, (1) — Sa(qn)| > woen, where kg =
k4(2+en). Then s, = (1 —qu)/e2 = das(qn) € [3u—do,2urdp); pass to a subsequence
with s, — Se € (S1,8hi). The change of variables g = 1 — e2s gives ||{,, — C4llp =
ey lvn — vall;r — 0, and gy = 14, — 7" because dg — dy. So both ¢,, and {4
converge to {U. Both profiles are evaluated at the margin kg — 0, hence with the same
7ty Apply (D.3) with P(ay,a;,a3) = a?, for which ae - (left side) = S, to 7, and to 4,
writing P(Y < 0) = 1f,.y + [P(Y < 0) — 1(,.)], and subtract. The terms [ 7,1,q
cancel, and by (D.4) for both sequences the remaining terms have the same limit. Hence
(S xq(qn) — Sa(qn))/ (wen) — 0, a contradiction.

(b) Let 7 < 1dy and e < eg, let |k — k4| < ne?, and let suppp, C W,. Then
S(supp pty) C [1—1/da,1+1/da) C [3,2], and [|Gy = Callp = 72 [ |t —qal dpy () < 17
Alevel g € [qq4 —n¢?,Q] has s = (1 —q)/e? with |s — dg| < 7, because 1 — Q > 64 — ne?.
Suppose that the convergence in (b) is not uniform. Then there are #,, e, — 0, margins «,
with [, — k4(2 + en)| < 14€2, so that x, — 0, order parameters 7, with supp i, C Wy,
and levels g, as above, along which x(g,) stays away from x¢ or X(q,)/B(qn) stays away
from or. Here {,, — ¢’ in L' and s, = (1 —qu)/e% — do € (S1o,5n)- Each of the
polynomials

a%(l —m), a%, (3a; — 1)a%, a%, a%(l —a1)(1 —3aq),

evaluated at (a1,a3,a3) = (v, evy, €%vyy ), vanishes at (1,0,0) and at (0,0,0). For such P,
rp; = P, and (D.3), (D.4) give

1 0
Z]EP(U’ envx, €20xx ) (qn, Xg,) — o /IE Pro(do, thl;o (y)) dy.
On (do, sni), ¢ = 0, s0 Y is a Brownian motion there and Y (y) = y + Wi, _4,- On (0,d

n (do, spi], {° = 0, s0 Y* is a Brownian motion there and Y5 (y) =y + Ws,.—a,- On (0, do},
¢° = 1 and Up(s,y) = log®(y/+/s) solves (7.3); hence {;0(dy) = do and v;0(do,y) =
V(y/+/dp). The integrand Py (dy,-) is signed, but by Step 2 it is bounded in abso-
lute value by an integrable function; by Tonelli’s theorem [ E|[Pro(do,y + Wy, —d,) | dy =
i | Pro(do, z)| dz < oo. Fubini’s theorem and the translation invariance of Lebesgue mea-
sure therefore give

/]EPgo (do,y + Wy, —4,) dy = /Pgo(do,z) dz = \/d_o/P(V(w),

Moreover A(qn)/e; = Lz, (sn) — do. With £ = A/¢?,

V'(w) V" (w)
Vdo " do

) dw.

2 ~
X = %, S=E [fz(ezvxx)z + 4% ¢ (30 — 1) (evy)* +2%%0*(1 — 0)(1 — 30)} :

Hence e, 'B(q,) — ¢ov/do By > 0, e, "E(e,vy)? — ¢ov/do Ay /dy, so ¥(q,) — x¢, and then
ey 1 2(qn) — ¢ov/do Zaar- Thus X(g,)/B(g,) — 05, a contradiction. The consequence (8.6)
follows because x; € (0, }1) and o; > 0 (Lemma 8.2). N



PART II D.4 The bottom comparison 337

D.4 The bottom comparison

We first record a comparison principle for the linear parabolic equations that arise, with
weights adapted to the Gaussian tails. Its first step is the maximum principle for parabolic
equations on unbounded domains, for functions of polynomial growth (see [61]). For
k> 0and c > 0 put

— 2
Ue(y) = L+ <0, ey =e ¥ (y>0).
Then vy, <o if k > k" and ¢ > ¢/, and O dpr o < Vp jr minfe,c}-

Lemma D.2. et 0 < T <1, k>0,¢cyg >0,and Cp,Cyg >0. Let 0 =th < hh < --- <
tn = T, and let By, Bo be functions on [0, T| x R whose restrictions to each (t;_1,t;) x R extend
continuously to [t;_1,tj] X R, with

0<pBi(ty) <Co(1+y-), Bo=<0.

Put L = %BW + B19y + Bo. Let f be continuous on [0, T] x R, of polynomial growth in y
uniformly in t, of class C' on each [ti—1,t]] X R (with one-sided t-derivatives at the endpoints),
with £(0,-) = 0and d;f = Lf + H on each block.

(i) If |H| < Cy, then |f(t,y)| < Cpyt.

(i) If |H(t,y)| < Cutdge, (v), then |f(t,y)| < Ct20(y) with é = cy /(14 2cy), where C
depends only on k, cy, Co, and Cp.

Proof. We divide the proof into three steps.

Step 1. Maximum principle. Let w be continuous on [0, T] x R, of class C'*? on each block,
with |w| < Cu(1+ |y|)P°, w(0,-) < 0, and (0 — L)w < 0 on each block. We show
that w < 0. Fix p > po/2 and put ¥(t,y) = eX'(1+y?)?. Then |9,,¥| < C,¥, and
B19y¥| < Co(1+ |y]) 2plyl(1+y?)P~ ek < 4pCo'¥, because (1 + |y|)|y| < 2(1 +y?); also
—BoY > 0. Hence (9; — L)¥ > (K — 3C, —4pCo)¥ > ¥ for K = K(p, Cy) large. For e > 0
the function w, = w — ¥ satisfies (d; — L)w, < —e¥ < 0 on each block, w,(0,-) < 0, and
we — —o0 as |y| — oo, uniformly in ¢ € [0, T|. Suppose that sup w, > 0. The supremum is
then attained at some (t*,y*) with t* > 0. Choose j with t* € (t;_1,tj]. At (t*,y*) we have
dywe = 0 and dy,w, < 0, and the left t-derivative on the block [t]-,l, tj] is nonnegative.
Since w,(t*,y*) > 0 and Bp <0,

a contradiction. Hence w, < 0, and letting ¢ — 0 gives w < 0.

StEP 2. Bounded sources. Since (0; — L)(Cyt) = Cy — BoCyt > Cpg, the functions w =
+f — Cyt satisfy (9 — L)w < £H — Cy < 0 and w(0,-) = 0. Step 1 gives (i).



PART II D.4 The bottom comparison 338

SteP 3. Weighted sources. Let x € C*(R) satisfy 0 < x <1, x =1on (—oco,—1]and x =0
on [1,00). Put c(t) = cy /(1 + 2cyt), so that ¢(t) = —2c(t)? and c(t) > ¢ fort < T, and

wo(ty) = x(¥)(1+y2) /2 + (1= x(y))e OV,
Fory > 1, g = ey and
(9 — ayy)mo (—¢(t)y* — 2c(t)*y* + c(t) ) g = c(t)wg > 0;

moreover —B19,10g = 2¢(t)yBiwg > 0 and —Bowg > 0, so (d; — L)wg > 0. For y <
—1, vy = (1+y?) %2 does not depend on ¢, [d,tp| = k|y|(1 + y?) g < kly| oy,
and |ayym0] < Cytog; since [31 < ZC()’y’ there, (E)t — L)mo > —(%Ck+2kC0)m0. On
[0, T] x [—1,1], g is smooth, bounded below by a positive constant, and its derivatives
are bounded, with constants depending only on k and cy (because c¢(t) € [¢,cy]); also
B1 < 2Cy there. Hence (9; — L)y > —Catwg on [0, T] X R, with C; depending only on
k,cy, Co. The barrier to = e(C2+1)tm0 therefore satisfies

Comparing the two pieces of g with 9. ony < —1, y > 1, and |y| < 1, and using
(1+ |y|)?> < 2(1 +y?), we find C3,Cy, depending only on k, cyy, and Cy, such that
Op ey < Csto, o < C4Dk,@ on [0, T] X R.

Put A = 3CyCs. Then (9; — L)(#?w) = 2tw + t2(9; — L) > 2t > 20y, /Cs, S0
w = £f — At*w satisfies (9; — L)w < Cytdy,, — 2At0k ., /C3 = 0 and w(0,-) = 0. Step 1
gives |f| < At*ro < AC4t*0; . This proves (ii). O

We now expand the solution near the top of the support around the Gaussian reference
with the current value of A. Fix Q € [%, 1), put 6 =1 — Q, and fix a margin x. For v/ € U
with ¢/ =1on[Q,1],t € [0,3] and y € R put

F(t) = 4(Q—dt), I(t) = M,

b(t,y) = Véb,(Q—dt,x+Voy), e(t)=t—1(t)+1
Then [(0) =1and " =9 € [0,1],s01 <1 < 1—i—t§%
Gaussian reference is

fLy) =1"2R(y/V1) = 9,1log@(y/ V1),  §=3yf.

Lemma D.3. There are numerical constants C,c > 0 such that, in this setting, for t € [0, ] and
yER,

,0<e<tand e =1—49'. The

(D.5)

b(t,y) = f(1(t),y) +e(t) g(I(t),y) + R(ty),
[R(ty)| < CP3(y),  19yR(Ly)| < Cl04c(y).
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Proof. We first let 9/ be a step profile, and write ¥ = ¥'. We divide the proof into four
steps.

Step 1. Equations and a priori bounds. By Lemma 2.9(a), Lb = 0, that is, by = —%bxx —'bby.
Since 0y = —49d, and 9, = \/89,, on each block of constancy of ¥

A A

Bt = %Byy —{—’7bl;y, b(O,) — f(l,),

the initial condition by (2.10). By Lemma 2.4(a),(b), b is of class C1*® on each closed block,
and it and its y-derivatives have polynomial growth. By Lemma 2.4(b),(c), b > 0 and Ey =
—dc = —v/l € [~1,0]. By Lemma 2.10(b), Ab(q,x) < \/1—q,50 b(t,0) < V1 +¢t/1 <2.
Hence

0<b(ty) <2+vy_.

Since ®(y/+/1) solves 9; = %Byy, the function log ®(y/ V1) solves 9 = %(ayy + (9y )?),
and differentiation in y gives
fi= %fyy"‘ffyf 81 = %8yy + f8y +3/18&

the second by differentiating the first twice and using (ffy)yy = ffyyy + 3fyfyy- More-
over f, = —I7'V(y/VI) € [-1,0] and ajyf = =002y =D (y/V/1) for j > 1. By
Lemma C.1(a), |V (2)] < C;(1+ |z|) 2" for z < 0 and |V (2)| < Cie™2"/4 for z > 0, for
i>1.Sincel <[ < %,withc* = %,

19,f(Ly)| < Cojt1e, (v) (2<j<5).
Syy| < Cos, and [gyyy| < Cogye, .

Step 2. First order. Put A = b — f(I(t),-). Using %f(l(t),y) = ¥f; and BBy —ffy =
EAy + fyA, on each block

In particular [g| < Co3,, |gy| < Coyp,,

A =LA+ (1-7)g  L=33y+7b9,+7f,  A(0,)=0.

The drift B; = 4b satisfies 0 < B; < 2+ y_, and the reaction By = 7 fy is nonpositive.
The source is bounded, so Lemma D.2(i) gives |A| < Ct. Differentiating in y,

with the same drift, the nonpositive reaction ’?(Ey + fy), and a bounded source. Hence
also |A,| < Ct.

Step 3. Second order. Put R = A —eg(I(t),-). Since & =1 — 7 and $g(I(t),y) = 7g, the
equations of Steps 1 and 2 give exactly

Ri=LR+h  h=elk(1-7)gy+78g —27f8|, RO =0.
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By Stepsland 2and 0 <e <,

h < Chse, Iyl = |e[3(1 = Ty + TAs8y + TASw — 27fwg — 2718y | < Chou.

Lemma D.2(ii) with k = 3 gives |R| < Ct?03,, with ¢c; = ¢,/ (1 + 2c.).

StEP 4. The derivative, and general profiles. Differentiating the equation for R in y,
Ry = LU'Ry +7fyyR + hy.

Here |7f,,R| < Co, 1203, < Ctdy,, and |hy| < Ctoy,,, so Lemma D.2(ii) with k = 4
gives |[Ry| < C 1204 with ¢ = ¢1/(1 + 2¢1). All constants are numerical. This proves (D.5)
for step profiles.

For a general 'y’ , choose step profiles v, € Uy with 7, — 7 in L'. For instance, for
partitions 0=ry<---<ry = Q of mesh at most 1/n put v}, = v/(r;) on [r;,7;11) and
v, =1on [Q,1]; then 0 < o' — 1, and ||y}, —7'||;1 < 1/n. If 9/ has a positive bottom
go, one may instead take the profiles of Lemma 6.2, which moreover have the same g,
the same top, and the same mean. By Lemma 2.4(f), b, — b and aylA?n — Byls pointwise,
and I, — I, &y — & uniformly because |A,; — A/| < |lv;, —7'||1. Since f, g, and their
y-derivatives are continuous in /, R, — R and 9,R;, — d,/R pointwise, and the bounds,

whose constants do not depend on 7, pass to the limit. O
Proof of Lemma 8.7. Let 3 < min{n, 5do}, let e be small, |x — k4| < 73e?, and let
suppjiy C Wy,. Then § = 1— Q and 6, lie in [3doe? 3doe?], g0 > 3, and tp =

(Q—q0)/6=1¢€*1/6 < 4l/dy < 8n3/dy < %. Alsom —qo < Q — qo = é2/.

Comparison at the bottom. Both v and 7y, = 1}, 1) equal one on [Q, 1] and vanish on
[0,90). At t = tp, which corresponds to the level gg, both have I(ty) = A(q0)/6 = 6m/ 9,
and hence the same ¢(ty). By Lemma D.3 applied to both proﬁles the first two terms in
(D.5) cancel in the difference. Since v = —1b, and I(ty) < g, at x = x + /oy,

\/_\b boy| (0, x) < 2Ct503..(v), |0y = Uy, | (g0, %) < 3Ct3040(y). (D.6)

Under both profiles X, = By, and y = (B, — )/ \/6 has the density /0 Pgo (1 + VoY) <
/3, as qg > % Since 0 < v < 1, integrating (D.6) gives

|57(‘10) - S'Ym(qo)| < Z“IE‘U’r - v'Ynz’(qO’ qu) < C’%\/S < Cel?.

Both profiles have A = 4,, on [0, o], so the entropy parts of D, (g0) and D.,, (o) agree.
Thebound 0 < b < 2+ y— of Step 1 of the proof of Lemma D.3 uses only Lemma 2.4(b),(c)
and Lemma 2.10(b), so it holds for every profile; hence v/3(b, +b,,) < 2(2+y_), and
(2+y-)03,(y) is integrable. Hence

Ct? Cr?
m%mfﬁge

|D+(q0) — Doy, (q0)| < & E|b —

Ym
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The replica-symmetric order parameter between qo and m. On [0,m), v, = 0 and A, = .
By (8.4), S, = aN™ there, where N (r) = Euvy(r, B,)? is computed for 7. Atr = m,
o(m,x) = V((x —«)/+/0m) by (2.10), so N"™(m) = Ayp(m)/by and S, (m) = Sgg(m).
By Lemma 2.9(c)(iv) with 7,; = 0, (N™)" = Ev2, > 0 on [0,m). Also vy, solves the
backward heat equation there, because Lvyy = 0 where the order parameter vanishes
(Lemma 2.9(a)); by Jensen’s inequality and the density bound /6, for (By, — «)/\/0m,

(N™)(r) < Eosx (1, Bu)? = 5, EV" (Bj;_m")Z < 5,2
Hence 0 < N (m) — N™(r) < Tp6,2"*(m — r) for r € [qo, m], and
Sus(01) = Sy (q0) — = g0) 25| = [ (A o) A1)
< "‘Izg”;gjo) < Cel?

Together with the bound on [S,(q0) — Sy,,(q0)| this proves the first estimate. Since
0 < N™ < N™(m) on g9, m], Lemma 8.5(c) gives

Ayw(m)

< CoF
5, < Cel,

sup [Sy,, (r) = Srs(m)| < a(m — qo)

re [QO/m]

because m € Wy,. Finally, integrating D/, = (S,,, —1)/ 62, (Lemma 2.9(c)(i)) from g to
m and using D, (m) = Drg(m) gives the formula for D, (qo). O
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