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ON THE TERNARY PENTAGONAL NUMBERS CONJECTURE

GLENN BRUDA

ABSTRACT. Communicated by Guy in 1994, the ternary pentagonal numbers conjecture of
Blecksmith and Selfridge asserts that every integer larger than 33066 is the sum of three pos-
itive pentagonal numbers. Prior to this note, it was even unknown whether every sufficiently
large integer is the sum of three positive pentagonal numbers. We resolve this in the affir-
mative, using the landmark work of Duke and Schulze-Pillot on ternary quadratic forms to
handle all sufficiently large integers n with v3(24n + 3) < 8, and present an explicit lift to
handle the n with v3(24n +3) > 9.

1. INTRODUCTION AND RESULTS

For an integer k > 3, let pi(z) = ((k — 2)2% — (k — 4)x)/2 be the k-gonal polynomial.
We say that n is a k-gonal number if n = pg(m) for some nonnegative integer m and that
n is a generalized k-gonal number if n = pg(z) for some = € Z. Since Fermat conjectured
in 1638 that every positive integer is the sum of k k-gonal numbers (which is now known
as the Fermat—Cauchy polygonal number theorem), additive bases of (generalized) polygonal
numbers have endured as a topic of thorough study.

While the Fermat—Cauchy polygonal number theorem is sharp for every k, the question of
how many k-gonal numbers one needs to represent every sufficiently large integer is subtler. In
1830, Legendre [Leg30] showed that every sufficiently large integer is the sum of four k-gonal
numbers if k£ # 0 (mod 4), and is the sum of five k-gonal numbers if £ = 0 (mod 4) (and at
least one of these five is 0 or 1). While Meng and Sun [MS17] showed that the k =0 (mod 4)
case of Legendre’s result is sharp for k > 8 (the k = 4 case is Lagrange’s four-square theorem),
the question of whether only three k-gonal numbers suffice to represent every sufficiently large
integer is still open in general. In fact, it is still unknown whether every sufficiently large
integer is the sum of three generalized k-gonal numbers for general k = 5,11 (mod 12), though
[HK18, Theorem 1.2] gives some control over the exceptional set.

In 1994, Guy [Guy94] posed numerous representation problems regarding (generalized)
polygonal numbers. In particular, he communicated a conjecture of Richard Blecksmith and
John Selfridge on the positive integers that are the sum of three pentagonal numbers, which
was recently rediscovered by Sun [KS20, Remark 1.1].

Conjecture 1.1 (Blecksmith—Selfridge, [Guy94, pg.171]). Every integer larger than 33066 is
the sum of three positive pentagonal numbers.

See [OEI] for a list of all 210 currently known positive integers that are not the sum
of three pentagonal numbers. While Guy quickly and elementarily shows that in fact every
positive integer is the sum of three generalized pentagonal numbers, proving Conjecture 1.1
appears considerably more difficult, with no proof, elementary or otherwise, being found to
date.
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After stating Conjecture 1.1, Guy simply asks whether every sufficiently large integer is
the sum of three pentagonal numbers, which has also remained open since the publication of
[Guy94]. We resolve this question in the affirmative, and assert further that one can require
each of the three pentagonal numbers to be positive.

Theorem 1.2. Every sufficiently large integer is the sum of three positive pentagonal numbers.

The proof is separated into two cases: v3(24n 4+ 3) < 8 and wv3(24n + 3) > 9. For
v3(24n + 3) < 8, we recast the ternary pentagonal numbers conjecture to use the work of
Duke and Schulze-Pillot [DSP90] to approximate the ternary representation function of the
positive pentagonal numbers by the ternary representation function of the generalized pentag-
onal numbers, from which we ultimately show that the former is Q.(n'/2=¢). We note that this
asymptotic bound is ineffective (and thus so is Theorem 1.2) since it relies on Siegel’s estimate
[Sie35b]. For all integers with v3(24n + 3) > 9, we provide an explicit lift found by Chat-
GPT 5.6 Sol. A statement of Al use may be found toward the end of the paper, immediately
preceding the acknowledgments.

2. DISCUSSION

2.1. Background and overview. Seeking to determine when the integral points on the el-
lipsoid Q(x1,x2,x3) = n are asymptotically uniformly distributed for @ a positive-definite
integral ternary quadratic form, Duke and Schulze-Pillot [DSP90] prove several results of cru-
cial use to us. Their setup is as follows: let N be the level' of @, let .Z be a convex subset
of £ :={t € R?: Q(t) = 1} with a piecewise-smooth boundary, and let h € Q3 be such that
Ah € 73 and Q(h) € Z, where A is the matrix such that Q(x) = 3x7 Ax. Now define

r(Q,h,n) :=#{x ¢ Q% :x=hmod Z3, Q(x) = n},
r(Q,F hn):=#{x¢€ Q% :x=hmod Z* Q(x) = n,x/\/n € F}.
Letting u be the normalized measure on &, the asymptotic uniform distribution statement
sought is then 7(Q, %, h,n) ~ u(F)r(Q,h,n).
The critical result of their paper, [DSP90, Theorem 1], when combined with the routine
bound 7(Q, h,n) <. n'/?*¢ asserts that for suitable n, indeed

T(Qa ﬁa ha TL) = ,u(ff)r(Q, ha ’I’L) + OE,S,N (n1/2_1/175+6)’ (1)

where S is a parameter governing which n are “suitable”. The remainder of the paper is dedi-
cated to showing when 7(Q, h, n) has the predicted growth of n!/2+°(1) The key breakthrough
making (1) possible is the development of power-saving bounds for Fourier coefficients of cusp
forms of half-integral weight, initiated by Iwaniec [Iwa87] and extended by Duke [Duk8&8].

The path toward proving [DSP90, Theorem 1] is separated into four steps. For 6 > 0 to
be specified later, one first tightly bounds the indicator function 14 (x) above and below by a
series of homogeneous Q-harmonic polynomials P (x) of degree v with rapid decay in v and
|P5E — ju(F)| < §; this is [DSP90, Lemma 1]. Next, since

oY PV <r(@Fhn) <Y > P(x/vn),
v2>0 xch+73, v20 xch+73,
Q(x)=n Qx)=n

IThe level N of a quadratic form %xTAx (with A symmetric and integral with diagonal entries all even) is
the smallest positive integer such that NA™! is integral with diagonal entries all even.
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we have

\3
S

)
=

W F)HQbn) <3 ST PHx/V) +61(Quhy ),
v21 xch+73
Qx)=n
r(Q, Z,h,n) — u(F)r(Q,h,n) > Z Z ~(x/v/n) — 6r(Q,h,n).
v21 xch+73
Q(x)=n
Then for each v > 1, the methods of Iwaniec [Iwa87] and Duke [Duk88] are used, after refine-
ment by [DSP90, Lemma 2], to bound the Fourier coefficients of the shifted (by h) theta series
associated with @ weighted by P, since they are cusp forms of weight 3/2 +v. These Fourier
coefficients are precisely the v-summands above multiplied by n?/2 (recall that the PF are

homogeneous). Finally, [DSP90, Lemma 3] uses these Fourier coefficient bounds to prove that
the >, sums above are at most on the order of dr(Q,h,n) 4 §~21/4=ep1/2=1/28+2 " Taking

§ = n~1/175 and noting r(Q,h,n) <. n'/?*¢ then yields (1).

We now elucidate how this applies to our problem, first setting some notation. Let r¢(n)
be the number of representations of n as the sum of three generalized pentagonal numbers and
rd(n) be the number of representations of n as the sum of three positive pentagonal numbers.
Let q(x) = 23 + 23 + #3 be the sum of three squares quadratic form and rn(n) be the sum of
three squares function, counting the number of solutions to ¢(x) = n over x € Z3.

Now let cj( ) = 36¢(x), which has level N = 144, and set h = (—1/6,—1/6,—1/6). Define
={teR?:4(t) =1} and F ={t € £ :t; > 0}, Whereln we have p(%#) = 1/8. Then, since
Zf’zlp5(ml) = n is equivalent to G(m + h) = 24n + 3 for m € Z3, we have

ro(n) =7(q,h,24n +3), ri(n)=r(g F,h,24n + 3).

Our proof now proceeds directly from (1). In our setting, the “suitable” n are exactly
those for which v3(24n+3) is bounded; we must treat the unbounded case separately. Using the
formula 7o (n) = §(ro(24n+3)—1,=13)r0((8n+1)/3)) [Rob12, Theorem 3] and the Siegel mass
formula [Sie35a], we prove that ro(n) > Lrg(24n + 3) for all n. Siegel’s (ineffective) estimate
[Sie35b] implies ro(24n + 3) >, n'/27¢, whence it follows from (1) that £ (n) >, n'/?=¢ for
bounded wv3(24n + 3).

We remark that one could alternatively demonstrate the existence of a primitive x € Z3
with 2?21 ps(x;) = n to use [DSPY0, Theorem 3(ii)]; we have chosen to present the above ar-

gument instead since we suspect it to be more adaptable to a complete resolution of Conjecture
1.1 (see Subsection 2.2).

For unbounded v3(24n + 3), we require a different approach. For this regime, we present
in Theorem 3.2 (a slight reformulation of) an explicit lift found by ChatGPT 5.6 Sol. In
particular, noting that v3(24n + 3) > 9 is equivalent to n = (3% — 1)/8 (mod 3%), we find that
a ternary generalized pentagonal number representation x € Z? of 378(n — (3% — 1)/8), which
we recall always exists [Guy94, pg.171], may be lifted by one of five affine mappings to give
a ternary positive pentagonal number representation of n. The specific affine map employed
depends on the positivity of the x;.

2.2. Tackling the full ternary pentagonal numbers conjecture. It is plausible that one
could prove Conjecture 1.1 using the methodology in [DSP90], provided that one assumes an
explicit lower bound |L(1, x)| > n~ for some sufficiently small a > 0, where x is the quadratic



4 GLENN BRUDA

character associated with Q(y/—24n — 3). The mechanism we suggest is essentially to prove an
explicit version of [DSP90, Theorem 1] for v (n), wherein we require the explicit lower bound
on |L(1,x)| to get a sufficiently strong explicit lower bound on 74 (n).

For every v > 0, let P, be a (symmetric) homogeneous harmonic polynomial of degree v
as in [DSP90, Lemma 1], with .# = {t € £ : t; > 0} as before. The primary hurdle of getting an
explicit version of [DSP90, Theorem 1] is proving a bound of the form |e,(n)| < Ag,n?/2T1/4+5
for every v > 1 and some 0 < 3 < 1/4, where 3. -, 247"/2A5,, < oo and

co(n) = W) 3T Pr(x)e®™ = W) Y Py (x — 1/6)wi- 560, (2)
x€h+7Z3 xEZ3

where w = €>™* and [w™]F(w) denotes the m'™" Fourier coefficient of F(z). Indeed, by the
construction of the P, we have

rd(n) =r(G,F,h24n+3)= Y 1z(x/V2n+3) > (24n+3)""cy(n), (3)
xCh+73 v>0
G(x)=24n+3

wherein the v = 0 term will be the main term (which is 75(n) times some constant close
to u(#) = 1/8) and the sum ) ., will be the error term, as described in the previous
subsection. Of course, since the theta series on the left-hand side of (2) is a cusp form for
I'1(144) of weight 3/2 + v if v > 1 [DSP90, pg.52], the Ramanujan—Petersson conjecture for
cusp forms of half-integral weight predicts that ¢,(n) <., nv/2+1/4+2 though a bound of this
strength is not necessary, and in particular the implied constants twisted by 247%/2 are not
necessarily summable in v.

Provided that o + 8 < 1/4, one will see from (3) that rd(n) > 0 for n > C for some
explicit constant C', leaving the integers less than C to be checked by computer. Because we
thus require C' not to be unreasonably large, we suggest proving an explicit bound for each
¢y(n) for a particular {P; },, rather than proving a fully general explicit version of [DSP90,
Theorem 1]. We note that we have written the theta series on the right-hand side of (2) in this
manner due to its close connection to a family of quasimodular forms that Ramanujan studied
in his last notebook [Ram88, pg.369], which have recently garnered significant attention; we
refer the reader to [ABS25, AOS25, BP25, Mat25].

3. ProoOF

We first set some standard notation. For a prime p and an integer m, let v,(m) denote
the p-adic valuation of m. Let Q, and Z, denote the p-adic numbers and p-adic integers,
respectively. We use the Vinogradov notations < and > interchangeably with the big O and
big ) notations, respectively. When e appears in such an asymptotic notation, we mean that
the asymptotic statement holds for all € > 0, and write € in the subscript of the asymptotic
notation to indicate that the implied constant depends on e. If the implied constant depends
on other variables, we also include them in the subscript. We write M’ to denote the transpose
of a matrix M.

3.1. Handling Small v3(24n + 3). To approximate r(n) by 174 (n) using [DSP90, Theorem
1], we require that 24n + 3 has bounded p-adic valuation for each p | N such that § is isotropic
over Q, and h ¢ Zg; the only such prime is p = 3. With this noted, it remains to verify that

ro(n) . n'/27¢. Tt is the requisite use of this bound that makes Theorem 3.1 ineffective.
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Theorem 3.1. FEvery sufficiently large n with v3(24n + 3) < 8 is the sum of three positive
pentagonal numbers.

Proof. By [DSP90, Theorem 1], if v3(24n + 3) < C for some fixed C' > 0, then, after noting
the routine upper bound 7(Q,h’',n) <. nl/2t€ for @ an arbitrary positive-definite ternary
quadratic form, we have the estimate
1 _
rg(n) = gro(n) + Oz c(n'/?7 11754, (4)
We take C' = 8 in particular since the explicit lift given in Subsection 3.2 covers v3(24n+3) > 9.

By (4), it remains to show that 7« (n) >, n'/2~¢. We proceed in doing so by first invoking
the formula rq(n) = é (ra(24n + 3) — ro((8n 4+ 1)/3)) recorded in [Rob12, Theorem 3], where
ro((8n 4 1)/3) is understood to be zero if n # 1 (mod 3). Then, recalling that rg(n) =
r(geng,n) since ¢ is the only form in its genus up to integral equivalence, we use the Siegel
mass formula [Sie35a] to write ro(n) in terms of r5(24n + 3) times a factor that we verify to

be bounded away from zero. Let
ap(g,n) = klim p 2k {x € (Z/p*Z)3 : q(x) = n mod pk}
— 00

be the usual p-adic density of the equation ¢(x) = n. By appealing to Legendre’s three-square
theorem and the Siegel mass formula [Sie35a], since 24n + 3 is odd and 24n + 3 # 7 (mod 8),
we have that r5(24n 4 3) # 0 and each (g, 24n+ 3) # 0. Observe that a,(q, m*n) = a,(g,n)
for p{m, in view of the bijection x ++ mx on (Z/p*Z)3. So

TD((Sn + 1)/3) 1n51(3)0¢3(q, (8n + 1)/3)\/ (8TL + 1)/3 1n51(3)a3(q, (8n + 1)/3) ‘

ro(24n +3) as(q, 24n + 3)v/24n + 3 3as(q,24n + 3)
Thus, invoking r¢(n) = & (ro(24n + 3) — ro((8n + 1)/3)) from [Rob12, Theorem 3] yields
1 1— 1n£1(3)a3(Q7 (871 + 1)/3)
3as(q,24n + 3)

In view of the formula as(g,m) = 4/3 — 371 [(s(m)=D/2] _ (ma)va(m)+13=[(v3(m)+3)/2] (gee
[Jon21, Theorem 1.3], for example) with mz = 373" m, we see that as(q,m) < asz(g,9m).
So

) ro(24n + 3). (5)

1,=13)a3(q, (8n +1)/3)

1—
3as(q,24n + 3)

2
>3 (6)

We now conclude by remarking the ineffective (due to its reliance on Siegel’s estimate
[Sie35b]) bound ro(24n + 3) >, n'/?~¢, which may be seen in a multitude of ways. Since 2 is
the only prime p such that ¢ is anisotropic over @, we have that 24n + 3 is in

Ri(gengq) := {m € N : ay(q, m) # 0 for all primes p,p { m if ¢ is anisotropic over Qp} .
Thus, upon noting that r(gen g, n) and r(gen,q, n) coincide since we have no congruence con-
ditions, by [DSP90, Lemma 5(i)], we have r5(24n 4 3) = r(gen q, 24n + 3) >, n'/27¢,

Therefore, by (5) and (6), 7o (n) > n'/27¢, whence it follows from (4) that 7 (n) >, n'/2—¢
for v3(24n 4 3) < 8. O
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3.2. Handling Large v3(24n + 3). With the integers n with v3(24n + 3) < 8 handled in
Subsection 3.1 using [DSP90], we now turn to the integers with v3(24n + 3) > 9, presenting
the following lift.

Theorem 3.2. Letn be such that v3(24n-+3) > 9, or equivalently, let n = (3%8—1)/8 (mod 38).
Let x € Z3 be a solution to

ps(x1) + ps(a2) + ps(z3) =37% (n— (3% - 1)/8)

and suppose without loss of generality that ps(x1) > ps(x2) > ps(x3). Defining
5 = (1x1>07 1J32>07 1w3>0); now

(i) sety = (76x1 — 1629 — 2323 — 6, 2821 + 41xe + 64x3 — 22, 1 + 6819 — 4423 — 4)
if6=(1,1,1) ord = (1,1,0),
(ii) sety = (76x1 4+ 16x9 + 23x3 — 19, 28x1 — 41lxg — 64x3 + 13, x1 — 6829 + 4423 + 4)
if 6 =(1,0,1) ord = (1,0,0),
(iii) sety = (—44x1 +40xe — 5523+ 10, —20x1 + 5529 + 5623 — 15, —65x1 — 449 + 2023+ 15)
if 6 =(0,1,1) or § = (0,1,0),
(iv) sety = (—17x1 — 56z + 56x3 + 3, —56x1 + 4929 + 3223 — 4, —56x1 — 3229 — 4923 + 23)
if 6 =(0,0,1), and
(v) set y = (—44x; — 40z + 55x3 + 5, —20x1 — 5bxe — 5623 + 22, —65x1 + 44w9 — 2023+ 7)
if § = (0,0,0).

Theny € Zi and is a solution to ps(y1) + ps(y2) + ps(ys) = n.

Proof. To see that each y; is positive for all §, see Table 1. Toward showing that Z?:l p5(yi) =
n, define the matrices

76 —16 —23 76 16 23 —44 40 -55
My= (28 41 64 |, My=|28 —41 —64|, My=|[-20 55 56 |,
1 68 —d44 1 —68 44 —65 —44 20
—17 =56 56 —44 —40 55
My=|-56 49 32|, Ms;=|[-20 —55 —56|. (7)
56 —32 —49 —65 44 —20

We then note that each M; satisfies M M; = 3%I, and 6y — 1 = M(6x — 1) for all §, where

(M 6€{(1,1,1),(1,1,0)},

My 6 €{(1,0,1),(1,0,0)},

M={ M 6§e{0,1,1),(0,1,0)}, (8)
My 6=(0,0,1),

Ms 6 =1(0,0,0).

Therefore
3

24 ps(ys) +3=) (6yi — 1)° = ||M(6x — 1)||> = (6x — 1)" M"M(6x — 1)
i=1 =1

3 3
= (6x —1)73%1(6x — 1) =3%) "(6x; — 1) =3° (24 > ps(mi) + 3) -
=1

=1

So S0y ps(yi) =33 X0 pa(a) + (3% — 1) /8 = n. -
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TABLE 1. Lower bounds on each y; in terms of x1 for every §, and the inequality
chains of the x; used to obtain them.

) Inequalities on x; Inequalities on y;
y1 > 371 — 6
(1,1,1) T1 > T9 > T3 yo > 2821 + 83
y3 > r1 + 20
y1 > 60x1 — 6
(1,1,0) Ty > 29> —x3+1 Yo > bry + 42
y3 > w1 + 64
y1 2> 60x1 + 20
(1,0,1) | 1> —z2+1>a3+1 Yo > bx1 + 36
ys > x1 + 116
y1 > 37x1 + 20
(1,0,0) T, > —To+1>—x3+1 Yy > 28z1 + 13

Y3 > 11 +4
y1 > —29x1 + 10
(0, 1, 1) —T1 > To > XT3 yo > —20x1 + 96
y3 > —21x1 + 35
y1 > —44x1 + 50
(0,1,0) —x1 > x9 > —x3+1 yo > —19x1 + 41
Y3 > —x1 + 35
y1 > —17x1 + 115
(0, 0, 1) —T1 > —X9 > T3 Yo > —T7x1 + 28
y3 > —39x1 + 23
yr > —29x1 +5
(0,0,0) —T1 > —Tg > —T3 yo > —20x1 + 22
y3 > —21lxy + 7

Al Use

Having proven that every positive integer n with bounded v3(24n + 3) is the sum of three
positive pentagonal numbers, we asked ChatGPT 5.6 Sol to prove that every integer congruent
to (9M%/21 —1)/8 mod 3* (which is equivalent to v3(8n + 1) > k) is the sum of three positive
pentagonal numbers for k sufficiently large. ChatGPT initiated a search for, and succeeded in
finding, the five matrices M, ..., M5 given in (7) satisfying the properties M M; = 3%I and
6y —1 = M(6x — 1), where M is as in (8).

The proof of Theorem 3.2 is based on the argument provided by ChatGPT, though we
have reformulated the statement and proof. All of the writing in the document is the author’s
own, and we take full responsibility for its mathematical correctness.
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