AN EXPONENT OF 1.043
FOR THE UNIT DISTANCE PROBLEM

ERIC NASLUND"

ABSTRACT. Let u(U) count the unordered pairs at distance one in a finite planar set U. We construct
finite sets U; with |U;j| — oo and w(U;)/|U;|**31"" — co. The largest exponent previously claimed,
apart from preliminary versions of the present work, is 1.0358, in the author’s unpublished manuscript.
The method is the number-field construction of OpenAl and Sawin. Here unit distances come from
elements of relative norm one in quadratic extensions K/F in which F' has both real and complex
places, and the fields come from an infinite pro-2 tower over Q(v/241), ramified only above 2, 3 and
5, with Frobenius conditions at the two primes above 29 and at one prime above 41. The relative
zeta value is bounded through the dihedral quotients of the tower group: the tower group has 27
quotients isomorphic to the dihedral group of order 8; fifteen of them detect, by a census, the residue
degree of the primes that split completely in the Kummer field up to norm 4 - 10*2, and seven of
them generate a field Ey -~ of degree 8192 contained in every field of the tower. We write (g,,,, as a
product of L-functions of degrees 2, 4 and 8, evaluate the 576 of degrees 4 and 8 rigorously at 21
real points near 1, and combine the values through a kernel inequality with coefficients of both signs.
Finite facts and numerical inequalities are certified by exact computation and interval arithmetic.
Partial formalization PALOMAR-2026-10-01-000018 v2 [21].

“AI Methodology. This work was done with extensive AI use, with agents developing the math-
ematics, writing the programs and writing the paper; I supervised, prompted, and coordinated
them. The choice of the Frobenius condition at a prime above 41, rather than at the prime 7
(Section 2), was found in an agent run of the Muse Spark system. The refinements of the bound
for the relative zeta value (Sections 4-7), the general shell weights, the certificates and this paper
were produced with Claude Opus 5.5 working as an agent in Claude Code. Preliminary versions
of this work, on which the construction builds, were produced with Claude Opus 5.5, ChatGPT
Sol 5.6 and ChatGPT Astra 6. The reviews mentioned in Subsection 1.5 are automated reviews
by AI agents in fresh contexts, not human peer review. I have had the agents provide a clearer
introduction, and a dependency graph on page 4 to help navigate the paper and the proof, and
make it easier to read. However I still recommend that the reader navigate this paper with their
AT model of choice, and to ask the paper questions.

hexagon: 2610. 00016v2

1. INTRODUCTION

For a finite set U C R?, let

wU)=#{z,y} cU: |z —y[=1},  un)= |r[51|1>;U(U),

where the pairs are unordered and the distance is Fuclidean. The unit distance problem of Erdés
[5] asks for the order of growth of u(n). Our main result is the following.
Theorem 1.1. There are finite sets U; C R?, with |U;| — oo, such that

u(U;)

|U; [L043171 — 00.

In particular, u(n) > nt9317Y for arbitrarily large integers n.
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The theorem concerns an unbounded sequence of cardinalities; it asserts nothing for every
sufficiently large n. Its proof uses no unproved hypothesis, such as the generalized Riemann
hypothesis, but it is computer-assisted: finite facts about the tower, a census of primes, and many
numerical inequalities, among them enclosures of the values of 576 L-functions near s = 1, are
verified by exact computation and interval arithmetic (Subsection 1.8).

The largest exponent previously claimed, apart from preliminary versions of the present work, is
1.0358, in the author’s unpublished manuscript [22]. The method is the number-field construction of
OpenAl [26] and Sawin [32]. Subsection 1.4 describes the ingredients that give the present exponent:
fields of mixed signature from a tower over Q(v/241), the local conditions of that tower, a bound
for the relative zeta value through the dihedral quotients of the tower group, and general weights
at the selected primes (the primes used for equal-norm choices, Subsection 1.2). The paper is
self-contained, apart from the cited standard results and the supplementary programs.

1.1. Background. Erdés [5] showed that a suitable section of a scaled integer lattice gives

u(n) > nl—i—co/loglogn

for some ¢y > 0 and arbitrarily large n, and he conjectured that this is essentially optimal [5, 6].
The best upper bound,

u(n) = O(n*"),
is due to Spencer, Szemerédi and Trotter [35]; Székely [37] gave a proof by crossing numbers.

In 2026 a team at OpenAl [26] disproved Erdés’s conjecture. They constructed sets with
uw(U) > |U|**° for a fixed § > 0 and arbitrarily large |U|, replacing the integer lattice by ideal
lattices in number fields of large degree and small root discriminant rd(M) = |Ay|Y/IMQ (A,
the discriminant). Alon, Bloom, Gowers, Litt, Sawin, Shankar, Tsimerman, Wang and Wood [1]
simplified the argument, and Sawin [32] made every step explicit and reached the exponent 1.014114.
Improvements followed in online discussions [19, 36, 20], and the author’s manuscript [22] recorded
1.0358324. The present paper uses a tower over Q(v/241) and quadratic extensions K/F of mized
signature, that is, with F' having both real and complex places. Table 1 lists the explicit exponents,
and the repository [27] records further bounds posted online.

TABLE 1. Explicit lower bounds u(n) > n'*9 for arbitrarily large n, in increasing
order. The exponents are rounded down and constant factors are omitted. Apart
from Erdés’s, none of these bounds had appeared in a refereed journal when this
paper was written.

Exponent Source Main new input Kind of source
14+ cg/loglogn Erdds [5] integer lattice journal
1+0,0>0 OpenAl [26] ideal lattices from class field towers manuscript
14610738 Alon et al. [1] simplified argument preprint
1.014114 Sawin [32] explicit and sharpened criterion preprint
1.015263 Emmerich [3] optimized parameters preprint
1.031185 Emmerich, Cordella [4] extended range of primes online certificate
1.031849 mlewko [19] finite data found by ChatGPT forum post
1.0333487 spiderduckpig [36] weighted Zassenhaus count online post
1.0358324 Naslund [22, 20] covolume counting, dyadic manuscript,

ramification, fixed-subfield Euler products online post
1.043171 this paper tower over Q(v/241), mixed signature,

dihedral quotients (Subsection 1.4)
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1.2. The construction in outline. The construction carries Erdés’s lattice argument to number
fields of large degree. Let K be such a field, of degree 2d, with an involution ¢ whose fixed field is
F. We take the points of a translated ideal lattice of K that lie in a bounded region of K ® R. A
complex embedding in which ¢ acts as complex conjugation maps them injectively to the plane. It
sends every difference of relative norm one over F' to a unit vector, so two points whose difference
has relative norm one are at distance one. The exponent is then set by a balance between four
quantities, each normalized as d~! times the logarithm of a count. First, equal-norm choices: if a
prime p of F splits in K as P - B, the k + 1 ideals P’ (¢P)*7, 0 < j < k, all have relative norm
p¥; the primes used in this way are the selected primes (they lie above the selected primes of B
of Definition 4.16). Second, ideal classes: keeping the products of such ideals that lie in one class
of CI(K) modulo the image of CI(F) loses at most a factor equal to the order of that quotient
(Lemma 8.11). Through the class-number formula, this loss is governed by the root discriminant
A =r1d(K) of K (Definition 2.44), which equals that of F' because K/F will be unramified at the
finite places, and by the relative zeta value Lp(1), where Lp(s) = (x(s)/Cr(s). Third, the region:
its shape decides how many pairs of points with difference of relative norm one lie in it, and its
volume fixes the number of points. Fourth, density: using a prime p with exponent k makes the
ideal lattice denser by the factor Np”, which costs éklog Np before division by d.

Quantitatively, suppose that such fields exist with d — oo, a fixed root discriminant A, and
selected primes of fixed local types (ramification index and residue degree, Definition 2.45). Let (b, ¢)
be the signature of F, so that d = b+ 2¢, and put 8 = ¢/d. If C is an upper bound for d~!log L(1),
then the exponent 1 + ¢ is attained when the margin

1 1
(12) o> logFiy - (5 - 5) log A — C + (1 — §)log2 + (1 — 0) logm + (1 — 20)Jg + 0.Jc
p

is bounded below by a positive constant. Here the sum runs over the selected primes of F, and
Fs,p is the value of the local functional of Definition 9.3 at the weight function placed at p, a shell
profile (Definition 9.7); for an unweighted profile used with exponent k at a prime of norm @ it is
(k+ 1)Q“5k. The numbers Jr and Jc are functionals of the profiles at the real and complex places
of F' (Definition 8.28). This is Proposition 9.26, the geometric transfer with shell profiles; Section 11
proves that the margin is positive at 6 = 0.043171.

The fields come from a tower: a pro-2 extension of B = Q(v/241) with restricted ramification
and prescribed local Galois groups. Its Galois group is the tower group Gp (Definition 2.23), a
pro-2 group; we write (D, G p)n>1 for its Zassenhaus filtration and gr, Gp = D, Gp/D,+1Gp for its
graded pieces (recalled at the start of Section 2). The tower is infinite because its Golod-Shafarevich
function Pp of (2.41) takes a negative value [9, 10]. Its fields have A = 2%/41/3615 ~ 286.0, the
field F is the fixed field of one complex conjugation ¢1, whose conjugacy class in Gg/D4Gp has 2'°
elements (Lemma 2.30(c)), which forces b/d < 2716 and 0 > 6, = 65535/131072 (Theorem 2.46).

1.3. The structure of the proof. Figure 1 shows how the main statements depend on each other.
The proof has four parts: Parts (II)-(IV) apply to the fields of Part (I); Parts (II) and (III) are
independent of each other and meet in the final inequality of Part (IV).

(I) The fields (Section 2). A presentation of the Galois group of the maximal pro-2 extension of
B unramified outside 2, 3,5, the local conditions, and the Golod—Shafarevich criterion show
that the tower is infinite (Proposition 2.43); the graded pieces of its Zassenhaus filtration
(Lemmas 2.29 and 2.30) give the root discriminant, the local types and the signature of its
fields (Theorem 2.46).

(IT) The relative zeta value (Sections 3—7). A limit lemma (Lemma 4.13) and the signed kernel
inequality (Proposition 4.19) reduce d~!log L(1) to values of a zeta function at real points
oj > 1 and to floors: lower bounds for the residue degrees of the free primes of B, those
other than the selected ones (Definitions 4.16 and 4.18). The dihedral quotients of G g supply
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FIGURE 1. The structure of the proof (Subsection 1.3). Each box is a numbered
statement, coloured by the part of the proof it belongs to. An arrow goes from a
statement to each statement whose proof uses it, directly or through statements not
shown, except that arrows implied by a chain of drawn arrows are left out; dashed
arrows join different parts. The arrows from Theorem 2.46, which supplies the fields
to which Parts (II)—(IV) apply, are also left out. Appendix B lists the citations
between all numbered statements; the notation is collected in Subsection 1.7.

the floors, through a census of primes (Proposition 5.12), and a field Ey» of degree 8192
(Definition 5.7), whose zeta function factors into the L-functions of Lemma 5.13. Their values
(Proposition 6.5) and the kernel (Lemmas 7.2 and 7.3) give the bound Ceg = 0.0422764 for
d~'log Lr(1) (Theorem 4.2).

(III) The planar sets (Sections 8-10). A mass formula for ideal lattices (Proposition 8.5), the class
selection (Lemma 8.11) and local and archimedean profiles give the transfer Proposition 9.26:
for fields as in (I), the exponent 1+ ¢ is attained when the margin (1.2) is positive.

(IV) The certificate (Section 11). Exact checks and interval enclosures of the local functionals,
the profile integrals and the margin at 6 = 0.043171, with C' = Ceg from (II) (Theorem 4.2),
complete the proof of Theorem 1.1.

The dependency index (Appendix B) lists, for each numbered statement, the numbered statements
that it or its proof cites and the statements that cite it.

1.4. The main ingredients. The base field and the signature. In the construction of Sawin [32],
and in [22], the field K is a CM field: F is totally real, so § = 0, and the norm-one units are finite.
Sawin’s fields come from an unramified pro-2 tower over a real quadratic field ramified at 2 and at
the thirteen odd primes up to 43, and their root discriminant is about 1.6 - 10%. Here the base field
is B = Q(v/241), the real quadratic field of smallest discriminant in which 2, 3 and 5 all split. The
tower is ramified only at the six primes of B above 2, 3 and 5, with prescribed local Galois groups
there, and is still infinite (Proposition 2.43); its fields have root discriminant A ~ 286. The field K



THE UNIT DISTANCE PROBLEM 5

is totally imaginary and Galois over B, and F' is the fixed field of one complex conjugation, which is
not central, so that almost every place of F' is complex and 6 > 0,. Above a complex place of F' the
two coordinates of a norm-one element can have different moduli, and the norm-one units, of rank c,
move them along a lattice; averaging over a fundamental domain of that lattice counts the resulting
pairs exactly, and the class-number formula cancels the regulator of these units (Proposition 8.5).
By (1.2), mixed signature adds 6(J¢ — 2Jgr — log ) to the margin: with the profiles of Section 11,
the lower bound for the margin proved there is positive for 8 > 0,, but would be below —0.312 at
0 =0 (Remark 11.13).

The caps. The local conditions of the tower bound the order of the Frobenius elements by four (a
cap) at the two primes above 29 and at one of the two primes of B above 41 (the prime 41 splits
in B). The capped primes are selected (Definition 4.16): the primes of F' above them that split
in K are used for equal-norm choices. A cap at the prime 7, the smallest prime inert in B, would
cost the same in the Golod—Shafarevich function and would give the same quotient Gg/D4Gp of
the tower group, because every fourth power lies in D,G . But the selected primes above 41 have
residue field of order 41* instead of 78, and their contribution to the margin is about twice as large.

The relative zeta value. The simplest bound for d~'log Lr(1), C = 0.04871285 (Remark 4.36),
compares (g prime by prime with the zeta function of the Kummer field F, the maximal elementary
abelian subextension of the tower, with [E : Q] = 512. With this bound the construction gives the
exponent 1.042901. A prime of B that splits completely in F is then counted as if it split completely
in K; such primes carry about 0.005 of C'. We recover most of this through the second graded
piece gry Gp = DoGp/D3Gp of the Zassenhaus filtration, a vector space over Fy of dimension 15
(Lemma 2.29):

(a) Exactly 27 linear forms on it are of dihedral type (Definition 5.2): they come from quotients
of Gp isomorphic to the dihedral group of order 8, each realized by an explicit field of
degree 8 over B that lies in every field of the tower (Lemmas 5.5 and 5.6). Fifteen of
them, with independent forms, detect the residue degree of every prime of degree one that
splits completely in E up to norm 4 - 10'3, except those whose Frobenius lies in D3G g
(Subsection 5.4).

(b) The census cannot reach the infinite tail. Seven of the dihedral forms span a space W” of
dimension four (Subsection 5.3), and the corresponding field Eyy», with [Ey» : Q] = 8192,
lies in every field of the tower (Subsection 5.5). Its zeta function is the product of (g, of
the squares of 448 Hecke L-functions of quadratic characters of quartic fields, and of the
fourth powers of 128 Hecke L-functions of quadratic characters of octic fields (Lemmas 5.13
and 5.16). Comparing with Ey» instead of E moves fifteen sixteenths of the remaining
primes, at all norms, from residue degree one to two. No larger space of this kind has
L-functions of degree at most 8.

(c) We evaluate these L-functions rigorously at real points o near 1, with approximate functional
equations whose cut-off functions are certified for the four gamma factors that occur
(Section 6); the octic L-functions have conductors up to 7.2 - 10?° and need Dirichlet
coefficients up to 1.06 - 101,

(d) The step from o > 1 to s = 1 goes through the Tsfasman—Vladut inequality [42, Proposi-
tion 3.1] (Lemma 4.13(b)). Instead of one abscissa, we use a kernel K = 3. ¢;jg,;, where
9s(q) = —log(1 — ¢~7), over 21 abscissae ¢; with coefficients ¢; of both signs; it dominates
the prime-by-prime contribution at s = 1 up to a multiple of the Tsfasman—Vladut, weight
w(q) =2logg>, (g™ + 1)~! (Proposition 4.19).

Together these lower the bound for d~* log Lx(1) from 0.04871285 to Ceg = 0.0422764 (Theorem 4.2).
Since the margin falls by about 23.8 per unit of § and by 1 per unit of C, this is worth about 0.00027
in the exponent.
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General shell weights. The shell profiles are weighted sums Zl j Wijls, xom-ks, over products of
shells: in a local field with ring of integers O and uniformizer w, Sp = O and S; (i > 1) is the set
of elements of valuation —i, and k is the exponent used at the prime (Definition 9.7). Product
weights w;; = x;x; suffice for the exponent 1.043170; the local lemma allows any nonnegative
weights (Lemma 9.11), and optimized symmetric 10 x 10 matrices at the primes above 2, 3 and 5
add 1.5 - 107 to the margin.

Table 2 shows the successive certified exponents. Section 12 describes the steps that are not
needed for Theorem 1.1, and what is known about the limits of the method.

TABLE 2. Successive exponents. Ceg is the bound for d~!log Ly (1) in force; each
step keeps the previous ones, and the profiles are re-optimized at each exponent.
Rows marked = are intermediate certificates, described in Section 12; the proof
of Theorem 1.1 uses the census, the signed kernel and the field Eyy», but not the
adaptive dichotomy or the single-abscissa step. The row marked t was computed
during the search, with product shell weights, and has no witness of its own; every
other row has a witness (Subsection 1.8) and a replay program in the repository.
Eyw and Ey are the fields of the spaces W C W/ C W of Section 12, and “ceiling
over M” means the bound for d~!log L(1) obtained with M as comparison field.

step Cosr exponent
caps above 29 and 41, comparison field F 0.04871285 1.042901
*adaptive dichotomy (Propositions 12.4, 12.8) 0.048134265  1.042925
*dihedral census to 102 0.0471692613  1.042965
*ceiling over Ey, [Ew : Q] = 2048, census to 10'3 0.0436495 1.043113
*refined Tsfasman—Vladut step, one abscissa 0.0435763 1.043116
*signed kernel, census to 8.5 - 10 0.0433891 1.043124
*ceiling over Ew, [Ew- : Q] = 4096 0.0427163 1.043152
feeiling over Ey o, [Ewn : Q] = 8192, census to 4- 103 0.0422764 1.043170
general shell weights at 2, 3, 5 0.0422764 1.043171

1.5. Status. The proof of Theorem 1.1 is complete as written, but parts of it rest on computations.
Each computation is done by a supplementary program, named where it is used, in exact arithmetic or
in outward-rounded interval arithmetic, and a replay program reruns the certificate (Subsection 1.8).
The dihedral refinements, the signed kernel, the general shell weights and the intermediate certificates
were checked by ten independent reviews by Al agents in fresh contexts, each given the statements,
the arguments and the programs but not the author’s confidence or earlier verdicts. One review
found a material error in an intermediate certificate: thirteen primes had been credited twice. It
was corrected; the exponent of that step did not change. The other reviews found no error affecting
the bounds; their minor points, among them gaps in the error accounting of the numerical programs,
were fixed. No reviewer recomputed the octic L-values independently, since general-purpose software
cannot reach their conductors; they rest on the method of Section 6 and its checks. The cap above 41
(Section 2) has had two fresh-context reviews of its argument, but its finite computations have not
had a full independent review. The manuscript as a whole had three further fresh-context reviews,
which found no error affecting the theorem or any constant, and an audit of the floating-point
arithmetic of the L-value programs found every bound rigorous. These are automated reviews, not
human peer review.

A Lean formalization [21] of the tower of the present paper proves the planar conclusion with the
exponent 1.04315 from one explicit inequality for (g, ., (Remark 4.38). The inequality is not proved
in Lean, and the formalization does not cover the census beyond norm 1000, the signed kernel or
the general shell weights, so it does not prove Theorem 1.1, even conditionally.
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1.6. Organization. Section 2 constructs the tower and proves Theorem 2.46, which supplies the
fields. Section 3 describes the Kummer field E and its quadratic L-functions. Section 4 reduces the
relative zeta value to the primes of the fields of the tower, and proves the signed kernel inequality
(Proposition 4.19). Section 5 treats the dihedral quotients, the census and the field Eyy»; Section 6
evaluates the L-functions of Eyy»; and Section 7 proves the bound Ceg (Theorem 4.2). Sections 8-10
carry out the geometric construction, with general shell weights. Section 11 proves the final inequality
at § = 0.043171 and completes the proof of Theorem 1.1. Section 12 records refinements that are
not used, and the limits of the method. Appendix A lists the optimized shell weights, and the
dependency index (Appendix B) lists, for every numbered statement, the statements it cites and
those that cite it.

1.7. Notation. The following symbols keep one meaning throughout the paper. Other letters (H,
N, 7, B,7,0,v,4q,s,t,...) are reused in different sections with local meanings, which are defined
where they are introduced.

symbol meaning defined in

B, S B = Q(+/241); S the primes of B above 2,3,5 Section 2

N the absolute norm of an ideal Section 2

t,...,14 the primes of B above 29 and 41; the capped primes are Lemma, 2.5,
ty,t0, 13 Definition 2.13

V1, V2, B the real places of B; ¥ = S U {vy, vz} Section 2

Bg, Gg the maximal pro-2 extension of B unramified at the finite Section 2
primes outside S, and its Galois group

E the Kummer field: the maximal elementary abelian Section 2
2-extension of B in Bg, [F : Q] = 512

Xe, Ka the characters of Gal(FE/B), with values +1 and in Fy Definitions 3.1, 2.12

D,G, gr,, G the Zassenhaus filtration of a pro-2 group G and its Section 2
graded pieces D,,G/D,,1+1G

Gpg, Be, Gp the tower group; the field B C Bg of the tower, with Definition 2.23
Gal(Bg/B) = GB; and éB = GB/D4GB

L1 a complex conjugation at a place above vy Definition 2.13

rd(M), A\, ¢ root discriminant; A\ = 29/44/3615, the root discriminant  Definition 2.44,
of the fields of the tower; ¢ = log A Theorem 2.46

K, K, F,d the fields of the tower used; K € K, F = K1), Definition 4.1
d=[F:Q]

(b,¢0), 9, 0, the signature of ' (d = b+ 2¢), 0 = ¢/d, and the lower =~ Theorem 2.46
bound 60, = 65535/131072

Lr(s) the relative zeta function (x(s)/Cr(s) Subsection 1.2

C, Co an upper bound for d~*log L (1); the bound Theorem 4.2
Cer = 0.0422764 proved here

ex(p), fx(p) ramification index and residue degree of a prime p of B in Section 4
K/B

9s(q), w(q), koo 9s(q) = —log(1l — ¢~*); w(q) the Tsfasman—Vl1ddut Subsection 4.2
weight, and 2k the right side of the Tsfasman—Vladut
inequality

Bq, Z(s) limiting densities of primes of norm ¢, and Lemma 4.13
Z(s) = 324 Bq9s(a)

Zsely Tsel the parts of Z and of the Tsfasman—VIadut sum from the Subsection 4.3
selected primes

selected, free the selected primes of B (above 2,3,5 and the capped Definition 4.16

primes); the other primes of B
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symbol

meaning

defined in

f;(J)a Yﬂ

K7 0j, Cj, bTV

floors: lower bounds for the residue degrees of the free
primes, conditions (F11), (F12); the floor sum

the signed kernel ; €90, with its 21 abscissae and
coefficients, and its multiplier of w

Definition 4.18

Proposition 4.19,

Definition 7.1

Dihy, v, the dihedral group of order 8; the 27 forms of dihedral Definition 5.2,
type on gr, Gp Lemma 5.4

Ui, .Y the census basis of dihedral forms Definition 5.9

W", Ewn the span of seven dihedral forms, dim W' = 4, and its Definition 5.7
ﬁeld, [EW// : Q] = 8192

5, p the exponent is 1+ 6; p = 2/(1 + §) is a Lebesgue Definition 8.28
exponent

Si, Fsp the shells of a local field; the local functional of the shell ~Definitions 9.3, 9.7
profile at p

Jr, Jc the archimedean functionals of the profiles Definition 8.28

(er, fr) for r = 2,3,5,29 the type of the selected places above r;  Definition 11.2

for r = 41 the effective type (2,4), a counting device

1.8. Computations and data. The proof uses finite computations: linear algebra over Fs for the
tower and its quotients, exact rational arithmetic for the Golod-Shafarevich function, a census of
primes in C, rigorous evaluations of L-functions in the ball arithmetic of Arb, now part of FLINT
[15, 39], and interval arithmetic with directed rounding for the margin [40]. PARI/GP [41] is used
for the arithmetic of number fields and for independent checks. Each finite fact is verified by a
supplementary program, named in the text where the fact is used.

The programs and their data are in the directory papers/0.043171/certificates of the repos-
itory [23]. They import, without modifying them, programs in the directories papers/0.04273/
certificates and papers/0.042901/certificates of the same repository (the arithmetic of B
and of E, the analytic ceiling with E as comparison field, and the geometric margin) and some
routines of the data archive in papers/0.0418235/certificates, whose members are checked
against their SHA-256 hashes when the archive is unpacked. A witness is a JSON file that records
the exact data of one certificate (the exponent, the bound C, the kernel abscissae and coeffi-
cients, the profile parameters and the shell weights) together with the SHA-256 hashes of the
data files it reads; its replay program recomputes every certified inequality from it. The wit-
ness of Theorem 1.1 is certificates/dihedral/witness_0.043171.json; it pins the SHA-256
hashes of 683 data files, among them all 356 files that the certification reads. The replay pro-
gram certificates/dihedral/reproduce_w3.py regenerates the exports of the number fields with
PARI/GP, recomputes the L-values at three of the abscissae and checks the others by hash, repeats
the census on sample ranges and checks the census bins against an independent classification, reruns
the kernel checks and the bound for the relative zeta value, and recomputes the margin. It takes
about two hours on a machine with sixteen cores. The computations were run with PARI/GP 2.17.2,
python-flint 0.9.0 (FLINT 3.6.0), mpmath 1.3.0, numpy 2.5.3 and scipy 1.18.1; the census programs
need an x86-64 processor with the AVX-512 IFMA instructions.
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2. THE TOWER OVER Q(v/241)

This section constructs the number fields of Theorem 2.46 as finite subextensions of an infinite
pro-2 extension of B = Q(v/241) with prescribed local Galois groups: ramification is allowed only
above 2, 3 and 5, and the order of the Frobenius is bounded by four at the two primes t;, t2 above
29 and at one of the two primes t3, t4 above 41, namely t3 (Lemma 2.5). Subsection 2.1 describes B
and its {2, 3, 5}-units. Subsection 2.2 recalls the local Galois groups involved and constructs the
dyadic local field. Subsection 2.3 shows that the Galois group Gg of the maximal pro-2 extension
of B unramified outside 2, 3,5 has a presentation with eight generators and seven local relators
(Lemma 2.20). Subsection 2.4 imposes the local conditions and defines the quotient Gp of Gg
(Definition 2.23). Subsection 2.5 computes the first three graded pieces of the Zassenhaus filtration
(D,,GB)n of Gp, recalled below: the prescribed local groups inject into Gp/D3Gp, and the complex
conjugation ¢1 (Definition 2.13) has 2'° conjugates in Gp/DsGp (Lemma 2.30). Subsections 2.6
and 2.7 prove that Gp is infinite, by a filtered Fox calculus and the Golod—Shafarevich method [9]:
the Golod—Shafarevich function Pp of (2.41) takes a negative value (Lemma 2.42). Subsection 2.8
proves Theorem 2.46. Later sections use Theorem 2.46 (the fields, their root discriminant, signature
and local types), the elementary images of Table 5 (Section 3 and the census of Section 4), and the
description gro Gp = £2/R9 of Lemmas 2.27 and 2.29 (Sections 4 and 5).

We use the following conventions. Subgroups of profinite groups are closed, generation is
topological, and the normal closure of a set is the smallest closed normal subgroup containing it.
The commutator is [g,h] = g~ *h~1gh. The generator rank and the relation rank of a pro-2 group
G are dim H'(G,F,) and dim H?*(G,F;). For an extension M/A of local or global fields, D s/a
denotes its different and 9,74 its relative discriminant. For a finite 2-group A with augmentation
ideal J C F3[A], the Zassenhaus filtration is D,,A = {g: g — 1 € 3"}; for a pro-2 group it is defined
through finite quotients. Then [D,,, Dn] C Dpyin, g> € D2y, for g € D, a surjection maps D,
onto Dy, and grA = €, -, gr, A, with graded pieces gr,, A = D, A/D, 1A, is a restricted Lie
algebra over [y whose bracket is induced by commutators and whose restricted square v — vl s
induced by squaring [13, 30, 7]. By Lazard’s formula [7, Proposition 3.2], D;, = [[;9i>, 77 , Where
~; is the lower central series. In particular D is the whole group, Do is the Frattini subgroup, and
D3 = D}[Ds, D1]. For a free pro-2 group § of rank n (free pro-2 groups are written in fraktur: g,
Sk, '), gr 3 is the free restricted Lie algebra on §/DaoF = F3 [30, 7]. We realize it inside the free
associative algebra Fo(X71,...,X,,), with bracket [a,b] = ab + ba and restricted square al? = a?; its
graded pieces of degrees one, two and three have dimensions n, n(n + 1)/2 and (n® —n)/3.

Definition 2.1. A filtered space is a finite-dimensional Fo-vector space M with subspaces M =
Fil®M D Fil'! M D --. such that Fil™ M = 0 for large m. Its Hilbert polynomial is hp(t) =
> o im(Fil™ M/ Fil™ T M) ¢™. For a finite 2-group A we filter Fo[A] by the powers 3™ of its
augmentation ideal J, so that hg,(a)(t) = >_,,>0 dim(3m /3m+) ¢,
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Theorem 2.2 (Jennings [13]; see also [30]). Let A be a finite 2-group, and let g1, ..., gm € A be
elements whose classes form a basis of gr A consisting of homogeneous elements, the class of g; lying
in gr,. A. Then the products (g1 — 1) -+ (gm — 1) with a; € {0,1}, taken in this order, form
a basis of Fo[A], and those with ), a;n; > n form a basis of 3". The same holds with the factors
taken in any other fized order (Remark 2.3). Consequently

iy (8) = [ (1 + ¢7)8mem A,

n>1

Remark 2.3. The form of Theorem 2.2 with the factors in an arbitrary fixed order follows from
Quillen’s description of grFo[A] as the restricted enveloping algebra of gr A [30] and the restricted
Poincaré-Birkhoff-Witt theorem. We use this freedom in Lemma 2.38(a), where the elements of a
subgroup are placed last.

2.1. The Base Field. This subsection fixes the {2, 3, 5}-units «aq, ..., a7 of B, the primes above
2,3,5,29,41 and their square classes (Lemma 2.5, Table 4); every later Kummer-theoretic computa-
tion reads off these data.

Let B = Q(v/241), with real places v1 (v241 — ++/241) and ve (v/241 — —/241). Put
ag = —1, a1 =€ = —71011068 + 4574225v/241,
(2.4) arp = =6101=393V/2d1 g = 6101—3293\/241’

oag =31 —2v241, a5 =31+2v241, ag=326—21v241, o7 =326+ 21v241.

Their norms Np/g(a;) are 1,-1,-2,-2,-3,-3, -5, -5, and apas = 2, auas = —3, agay = —5.
For a nonzero ideal a of Op we write Na = |Opg/a| for its absolute norm.

Lemma 2.5. (a) Op = Z[(1++v/241)/2], the discriminant of B is 241, and B has class number
one.
(b) The unit e has norm Np,qg(e) = —1, and the classes of —1 and € form a basis of O} /O%2.
(¢) In Op we have 2 = p1p2, 3 = q1q2, b = tity and 29 = t1ty, where

pj = a1+jOB, q; = Oé3+jOB, ;= a5+j(’)3, t = (—14127 + 910V 241)03,

with the sign + for j = 1. These eight primes are distinct and of degree one. Likewise
41 = taty with t3 = (621 + 40v/241)Op and t4 = (621 — 40v/241)Op, two distinct primes of
degree one. The prime 7 is inert, and we write tg = 70p, so that Ntg = 49. The prime 241
ramifies. At each of the ten primes of degree one above p € {2,3,5,29,41} listed here, the
completion of B is Qp, and V241 maps to the square root of 241 in Zy, given in Table 4.

(d) Let S = {p1,p2, qi, qg,tl,tg} and V = 03[1/30]X/OB[1/30]X2. The classes of ag, ..., a7
form a basis of V, and V is the subgroup of B* /B*? of classes with even valuation at every
prime outside S. Moreover Pic(Og[1/30]) = 0.

(e) The element «; is a square modulo t3 exactly for i = 0,1,5,6,7, and modulo t4 exactly
fori=20,1,4,6,7. The residue field of ty is F49, and «; is a square modulo ty exactly for
1=20,4,5,6,7.

Proof. (a) Since 241 = 1 (mod 4), the ring of integers and the discriminant are as stated. The
Minkowski bound is v/241/2 < 8, so every ideal class contains an integral ideal of norm at most 7,
which is a product of primes of norm at most 7. By (c), these are the six primes above 2, 3,5, and
they are principal.

(b) A direct computation gives 71011068 — 241 - 45742252 = —1. By Dirichlet’s theorem
O} = {£1} x n? for a fundamental unit 7, and £ = £n*. Since Np/g(e) = —1, the exponent k is
odd, so —1 and € generate O modulo squares. Neither —1 nor +e is a square, because B is real
and NB/Q(:tg) =—1.
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(c) We have 241 =1 (mod 8), 241 =1 (mod 3), 241 =1 (mod 5), 241 =9 (mod 29), 241 = 36
(mod 41) and 241 = 3 (mod 7), and 3 is not a square modulo 7. Hence 2,3, 5,29, 41 split, 7 is inert
and 241 ramifies. The listed generators have norms +£2, £3, 5,29, 41 (for instance 6212 — 241402 =
41), so they generate primes of degree one, and the displayed products show that the two generators
above each p generate the two distinct primes above p; for 29 and 41 the product of the two
generators is p. A prime of degree one above p is the preimage of pZ, under an embedding B — Q,,
which sends v/241 to one of the two square roots of 241 in Zy; the completion there is ), and the
prime contains the stated generator exactly for the square root in Table 4.

(d) Every S-unit u satisfies uOp = [[;55(;OB)%, s0 u[[;55a; “ is a unit, and by (b) the
classes of a, ..., a7 generate V. If [, a?i_with a; € {0,1} is a square, the valuations at S give
a; = 0 for ¢ > 2, and then (b) gives ag = a; = 0. If b € B* has even valuation outside S, then
bOp = a? [Tpes p® with a principal by (a), so b is an S-unit times a square. Finally Pic(Op[1/30])
is a quotient of Pic(Op) = 0.

(e) At t3 and t4 the residue field is F4; and /241 + 6, respectively 35, since 621 + 40 - 6 = 21 - 41
and 621 — 40 - 35 = —19 - 41; the statement is a computation of Legendre symbols modulo 41,
repeated by the supplementary programs kummer41.gp and check4l.py. By (c), Nty = 49. An
element a € Op prime to ty is a square modulo t exactly when a?* = 1, that is, when the reduction
of NBQQ(Q) E7a8 is a square in F;7. By the norms listed after (2.4), this holds for «; exactly Wheél
1=0,4,5,6,7.

TABLE 4. The image of v/241 in Z,, at each prime of degree one, given by its residue,
and in R at the real places; the classes of ag, ..., a7 in Q; / (@;2 at these primes, and
their signs at the real places. At p = 2 the classes are written as +1, 45, +2 +10; at
odd p as 1, u, p, up, where u = —1, 2,2, 3 is a nonsquare unit for p = 3, 5,29, 41.

place 241 +— ay  oq s a3 4 Q5 Qg Q7
p1 Tmod32 -1 -5 —-10 -5 1 5 -5 1
Pa 25 mod 32 -1 5 5 10 5 1 1 -5
q1 2 mod 3 -1 1 -1 1 3 -1 -1 -1
qo 1 mod 3 -1 -1 -1 1 -1 3 -1 -1
T 1 mod 5 1 2 2 1 1 2 10 2
Ty 4 mod 5 1 2 1 2 2 1 2 10
t 3 mod 29 1 1 2 1 1 2 2 2
to 26 mod 29 1 1 1 2 2 1 2 2
13 6 mod 41 1 1 3 3 3 1 1 1
t4 35 mod 41 1 1 3 3 1 3 1 1
vy +v/241 - 4+ - - - 4+ - 4+
Vg —v/241 - - + + + - + -

The classes in Table 4 follow from the residues of /241 given there; at p = 2 they need its
image modulo 32. For example, at p; we have 4574225 = 1 and —71011068 = 4 modulo 8, so
e=4+7=3= -5 (mod 8). The classes modulo the inert prime ty are given by Lemma 2.5(e); the
prime ty carries no condition in this paper.

2.2. Local Galois Groups. This subsection gives presentations of the local pro-2 Galois groups,
with the quadratic initials of their relators (Lemma 2.8), and constructs the dyadic local field Lo
with Galois group D (Lemma 2.9). These are the local conditions of the tower and the local inputs
of the Golod—Shafarevich estimate of Subsections 2.6 and 2.7.
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For a prime p let Gg, be the Galois group of the maximal pro-2 extension of @Q,, and for a place
v of B let G, be the Galois group of the maximal pro-2 extension of the completion B,; for a
real place, G, = Gal(C/R). We write (-,-) for the Hilbert symbol of order two of a local field [18,
Chapter III, Section 4]. For odd p and p-adic units u,w, and for 2-adic units u, w,

b u—1 w— w?— w2 —
(2.6) (p"u, pPw), = (—1)*F- 172 (ﬁ) (gy’ (290, 20w)y = (—1)"z "z tatwo b
p p

[33, Chapter III, Theorem 1], [18, Chapter VIII, Section 5].

Definition 2.7. Let g1, ..., gr generate a pro-2 group G, and let §i be the free pro-2 group on k
letters, mapped onto GG by sending the letters to g1,...,gr. A defining relator of G with respect to
g1, ..., gk is an element of §; whose normal closure is the kernel of § — G. If a defining relator r
lies in DoFk, its quadratic initial is its class in gry Fk.

Lemma 2.8. (a) If v is real, then G, = (1) = Cy with the single defining relator 1, and
L(\/B) = /b exactly when b < 0.

(b) Let p be an odd prime and w a uniformizer of Q,. Then Gg, is generated by a generator
T of its inertia group and a Frobenius lift ¢ with ¢(\/w) = \/w, with the single defining
relator T~ 7P, For b € QF, 7(Vb) = —Vb exactly when ord,(b) is odd; for a unit b,
@(\/l;) = —V/b ezactly when b is not a square modulo p. The relator has quadratic initial
(7, ] + B5 .

(c) Let By = Qa(v/—1,v2,V/5), and let x,y, z € Gg, multiply the triple (v/2,v/—1,v/5) by the
signs (—,+,+), by (+,—,+) and by (+,—,—). Then z,y,z generate Gg,. If b= (—1)12%25%
modulo squares, they multiply /b by (—1)22, (=1)® and (—1)1%%, that is, by the Hilbert
symbols (5,b)2, (—1,b)2 and (—=2,b)2. The group Gg, has a single defining relator r with
respect to ©,y, z, and every such r has quadratic initial y2 + [z, y] + [z, 2].

Proof. (a) is clear.

(b) By Iwasawa’s theorem [25, Theorem 7.5.3], the Galois group of the maximal tamely ramified
extension of Q, is generated by a Frobenius lift ¢’ and a generator 7 of tame inertia, with the
single relation ¢'7¢/~! = 7P. Since p is odd, every 2-extension of Q, is tamely ramified, so Gg,
is the pro-2 group with the same presentation. The extension Q,(y/w) is ramified, so 7 moves
V@; replacing ¢’ by ¢'7 if necessary gives . This substitution does not change the relator, since
(') T(¢'T)F = ¢'7¢'~!. The actions on square roots hold because Q,(v/b) is ramified exactly
when ord,(b) is odd, and because ¢ acts on unramified extensions as the Frobenius. Modulo D3,
the element o7 1771 has class [¢, 7] = [, ¢], and 7!7P has class }%17[2}.

(c) We first show that x,y, 2z generate Gg,, and then read off the quadratic initial of  from the
cup-product pairing on H!'(Gg,,Fs), which is given by the Hilbert symbol. By Kummer theory the
maximal elementary abelian quotient of Gg, is Gal(E2/Q2), since Q5 / QQXQ has basis —1,2,5. The
images of x,y, z form a basis of it, so x,y, z generate [25, Proposition 3.9.1]. The action on Vb is
read off from the actions on /—1,v/2,/5, and it agrees with the stated Hilbert symbols by (2.6).
By [25, Theorem 7.5.11], Gg, is a Demuskin group of rank 3: it has a single defining relator r, and
H?*(Gq,,F2) = Fy. For b € Q5 let xy be the character with g(v/b) = (—1)"(9)y/b. The characters
dual to z,vy, z are ka, k5, k5. Inflation identifies H?(Gg,,F2) with H? of the absolute Galois group
of Q2 [25, Proposition 7.5.8], and there the invariant of k, U Ky is given by the Hilbert symbol (a, b)2
[18, Chapter III, Section 4]. By (2.6), the matrix of the indicator of (a,b)s = —1 on 2,—5,5 is

011
1 10
1 00
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The evaluation tr, of the transgression at 7 is an isomorphism H?(Gg,,F2) — Fa [25, Proposi-
tion 3.9.12(iii)], and so is the invariant, so the two coincide. We now apply the relation—cup identity
[25, Proposition 3.9.13(ii)], see also [29, Proposition 3.2]. Write g1, g2, g3 for x,y, z. The identity
writes the relator as r = []; g?aj [Li<ilgr, 9] ', with " in the third term of the descending
g-central series, and states that tr, of the cup product of the characters dual to g and g; is —ay
for k <[ and —(g) a, for k = [. Here g, the smallest elementary divisor of the abelianization of
Gqg,, is 2: by local class field theory this abelianization is the pro-2 completion of QJ, which is
73 x Z,/2. The third term of the 2-central series is (D2)?[Do, D1] = D3 by Lazard’s formula, the

class of gJQ- in gry is g]m
entries of the matrix are the coefficients of [z, y], [z, 2], [y, 2] in the quadratic initial of r, and the
diagonal entries, which are the values of the cup squares k U k, are the coefficients of z2, ym, 22,
For p = 2 the cup square of a character is its Bockstein, so the diagonal coefficients are also given

by [25, Proposition 3.9.14]. ]

, and the signs disappear modulo 2, with (3) = 1. Hence the off-diagonal

We now construct the dyadic local field. Let Uy be the unramified extension of Qo of degree four,
with Frobenius Fr; let i = v/—1, ko = Q2(i), and let m5 = 1+ 2i, a prime element of Z[i] above 5. Put

Mg = Qa(i, V5, /735), Mg = Mg(V/2), Lo = MigUs.

Since T575 = 5 with 75 = 1 — 2i, the field Mg contains /75 = v/5/\/75. Let oy and o, be the
automorphisms of Mg given by

oy i —i, VB VB, s = V5T 0. i —i, VB —VE, s V5 /T

Lemma 2.9. (a) The extension Mg/Qo is Galois of degree 8, and its Galois group (oy,0,) is
dihedral.
(b) The extension La/Qq is Galois of degree 32, with ramification index 8 and residue degree 4.
There are unique x,vy,z € Gal(La/Q2) such that x is trivial on Mg and Uy and negates /2;
y restricts to o, on Mg, fizes V2 and is trivial on Uy; and z restricts to o, on Mg, fizes v/2
and restricts to Fr on Uy. They act on Eo C Lo as in Lemma 2.8(c), and the map sending
the generators of

D= <x,y,z | x27 y27 247 [ya 2]27 [xvy]a [mvz]a [[?/7 Z]7Z]>
to x,y,z is an isomorphism D = Gal(La/Q2). The inertia group is {z,y, [y, z]) = C5.

(c) The graded pieces of the Zassenhaus filtration of D are gry D = (%, 7, 2) 2 F3 and gry D =
(22,[y,2]) = F3, and D3(D) = 1, so the Hilbert polynomial of Fo[D] (Definition 2.1) is
hp,o) () = (1 + )% (1 + 7).

(d) The different D, g, has valuation 18 in La; equivalently, orde (D, q,) = 18/8 = 9/4, where
ords is the valuation of Ly normalized by ords(2) = 1.

Proof. Quadratic extensions of k. Let ordy, be the normalized valuation of k. Put w =141, a

uniformizer of kg, so that ordg,(2) = 2, and for b € k5 let ¢(b) be the exponent of the conductor of

ko(v/b) / k2, which for a quadratic extension equals the exponent of its discriminant. Then ¢(5) = 0,

since Q2(v/5)/Q2 is unramified. Since 5 = 1 + w?, the element @’ = (/75 — 1 — @) /w@ is a root of
2(1+w)

the Eisenstein polynomial X2 + =X+ %; its derivative at @’ is the sum of terms of valuations

5 and 2 in ka(,/75), 50 ¢(m5) = 2. Next 215 = w?u’ with v/ = 2 — i, and V4’ — 1 is a root of
X2 42X + 1 —u/, which is Eisenstein since ordy, (1 —u') = 1; its derivative 2v/4/ has valuation 4,
s0 ¢(2ms) = 4. Similarly 2 = —iww?, —i =i modulo squares, and v/i — 1 is a root of X2 +2X +1 —1,
50 ¢(2) = 4. Finally ¢(5b) = c(b) when b ¢ kxy? U 5ky?: the field ko(+/5, VD) is unramified over both
ko(v/b) and ko(v/5b), so the two ways of computing its discriminant over ko give 2¢(b) = 2¢(5b).
(a) Since ka(v/5)/ko is unramified and ko(y/75)/k2 is ramified, 75 is not a square in ka(v/5), so
[Mg : Q2] = 8. The field Mg contains the conjugate /75 of /75, so it is Galois over Qy, and
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an automorphism is determined by the images +i, +v/5 and a square root of the image of 7s5; in
particular o, and o, exist. Now 05 =1, o? fixes i, V5 and negates /75, 0, has order four, and
oy0.0y =05t So Gal(Ms/Q2) = {0y, 0,) is dihedral of order eight, with center (¢2) and maximal
abelian subextension Qs (i, v/5).

(b) The quadratic subfields of Mg are Qo(V/b) for b= —1,5, =5, so v/2 ¢ Mg, and Mg has degree
16 and group Gal(Msg/Qz) x Cy. This group has elementary abelian abelianization, so the maximal
unramified subextension of Mg, which is cyclic over Qo and contains Qz(v/5), is Q2(v/5). Hence
Mg has ramification index 8, Mg N Uy = Qo(v/5), and [Ly : Qo] = 16 - 4/2 = 32. Since Lo contains
U, and has ramification index at least 8, its residue degree is 4 and its ramification index is 8.
Restriction identifies Gal(La/Q2) with the set of triples (o, s, 1), where o € Gal(Mg/Q3), s = +1 is
the sign by which the element multiplies v/2, and u € Gal(U;/Q2) agrees with ¢ on v/5; both sets
have 32 elements. Since Fr negates /5, the triples

x=(1,-1,1), y = (0y,1,1), z = (04, 1,Fr), w=y,z] = (03, 1,1)

exist and are the unique elements described in the statement. They act on E5 as required. The
elements = and w are central involutions, y is an involution, and z has order four. Hence the
relations of D hold. Conversely, in D these relations make w = [y, z] central: w¥ = w~! = w, and
[w, z] =1 is imposed. Since zy = yzw, every element of D is x*y*22%3w* with a1, as,a4 € Fy and
as € Z/4, and

/! /! !/ !/ !/ !/ / / /
(a1,a2,a3,a4)(ay, ay, a3,ay) = (a1 + ay, az + ay, ag + a3, as + aj + azay).

These 32 normal forms have distinct images in Gal(Lo/Q2): the third component determines ag, the
second a1, and 020924 determines ap and ay. So D = Gal(Ly/Q3). The inertia group consists
of the elements trivial on Uy, namely (x,y, w).

(c) The Frattini subgroup of D is (22, w), which is central of exponent two, and D has exponent
four. So Lazard’s formula gives D3(D) = [[D, D], D] [D,D)*D* = 1, and the Hilbert polynomial
follows from Theorem 2.2.

(d) The extension Mig/ky is abelian with group C3, generated by /5, VT35, V/2. We apply
the conductor—discriminant formula for abelian extensions [18, Chapter V, Theorem 3.27] to the
extension Q(i)(v/5, v/1 + 2i,v/2) of Q(i), whose completion at the unique prime above 1+iis Mg /ko.
Taking (1 + i)-adic valuations gives

ordp, Vg ) = D (D) =0+0+2+2+4+4 4444 =20,
b
the sum over the classes b = 1,5, 75, 575, 2, 10, 275, 1075. Hence

OI‘dQ(OMw/Q2) = [M16 : kg] ord2(0k2/@2) +20=8-2+ 20 = 36.

Since Mg has residue degree two over Qq, its different has valuation 36/2 = 18. The extension
Lo /Mg is unramified, so the different of Ly/Q9 also has valuation 18, and 18/8 = 9/4. O

Remark 2.10. The field F; is the maximal elementary abelian subextension of Ly, so Gal(Ly/Es) is
the Frattini subgroup (22, [y, z]), which is central of exponent two. Hence any triple in Gal(La/Qs)
that acts on Fs as x,y, z do differs from z,y, z by central elements of order at most two; it satisfies
the relations of D and generates, so it also defines an isomorphism D = Gal(L2/Qz2). The description
of the inertia group, however, refers to the triple of Lemma 2.9(b).

2.3. The Global Group and Its Complete Presentation. This subsection introduces the
Galois group Gg of the maximal pro-2 extension of B unramified outside 2, 3, 5, its local generators
and their elementary images (Lemma 2.14), and shows that Gg has 8 generators and 7 relations,
given by local relators (Lemma 2.20). The presentation is the starting point of Subsections 2.4-2.7.
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Let Bg be the maximal pro-2 extension of B, in a fixed algebraic closure, that is unramified
at every finite prime outside S; no condition is imposed at vy, ve. Let Gg = Gal(Bg/B), and let

E = B(\/ag, ..., /ar) = B(VV) be the Kummer field.

Lemma 2.11. The field E is the maximal elementary abelian extension of B contained in Bg, and

[E : B] = 256. Hence Gg/D2Gs = Gal(E/B).

Proof. Every prime above 2 lies in S, so a quadratic extension B(v/b) lies in Bg exactly when b has
even valuation outside S. By Lemma 2.5(d), E is the maximal elementary abelian extension of B in
Bg, and [E : B] = 256. Since D2Gy is the Frattini subgroup of Gg, its fixed field is this maximal
elementary abelian extension. ]

Definition 2.12. Let M C Bg be a Galois extension of B containing F, for example M = Bg. The
elementary image of g € Gal(M/B) is the vector g € F3 with g(\/a;) = (—1)%/a; for 0 < i < 7.
For a € V, the Kummer character r, is defined by g(v/a) = (—1)%=(9)/a; its values lie in Fy. (The

€i

+1-valued characters x. of Section 3 are x. = (—1)" with a = [[, o*.)

By Lemmas 2.5(d) and 2.11, g +— g identifies G5/D2Gs = Gal(E/B) with F§, and a + &,
identifies V with the dual of F§, with kq,(g) = g;. We write vectors in F§ as strings cocy - - - ¢7 of
their coordinates.

For a place v of B, a choice of a place of Bg above v gives a homomorphism G, — Gg, the
local map at v; another choice changes it by an inner automorphism of Gg. For a finite place
v ¢ S, the local map Kkills inertia, and its image is generated by a Frobenius element Frob,. Let

x=5U {Ul,vg}.

Definition 2.13. Fix a place of Bg above each place of B, and use it to define the local maps.
For v € ¥ we fix generators of G, as follows, and use the same names for their images in Gg: ¢;
at v; (Lemma 2.8(a)), so that ¢1,to are complex conjugations; 7, v, at v € {qi,q2,t1,t2}, with
the generator a; of v as uniformizer w in Lemma 2.8(b); and z;,y;, 2; at p;, the images of one
fixed triple z,y, z € Gg, = Gy, lifting the elements x,y, z of Lemma 2.9(b). We also write Froby, for
k =1,2,3. These elements are the local generators: those at v € 3 are the generators just fixed,
and the local generator at t;, &k = 1,2, 3, is Froby,. We call t1, tg, t3 the capped primes.

The triple z,y, z satisfies the hypothesis of Lemma 2.8(c). For a finite place v ¢ 3, in particular
for v = t4, the elementary image of Frob, does not depend on the place of Bg chosen above v,
because Gal(E/B) is abelian; it is the elementary image of the Frobenius of v in E/B.

Lemma 2.14. The elementary images of the local generators are those of Table 5. More precisely,
for each local generator g at a place v, the column “action” gives an element ¢ € B)f (¢ = —1 at
a real place, where (—1,a), is the sign of a) such that g(v/a) = (¢,a),v/a for every a € V; hence
g= (%(1 — (e, O‘i)'/))0<i<7' The elementary image of the Frobenius Froby, of the uncapped prime t4
above 41 is 00110100.

Proof. The actions in the column “action” follow from Lemma 2.8 and (2.6). At a real place, ¢;
negates y/a exactly when a < 0 there, that is, when (—1,a),; = —1. At a place v above p € {3, 5},
by Lemma 2.8(b), 7, negates /a exactly when ord,(a) is odd, that is, when (u,a), = —1 for the
nonsquare unit u of Table 4; and ¢, fixes the square root of the generator «; of v and negates the
square root of a unit exactly when it is not a square modulo v, which is the action of (—ay,),. At
p; the actions are those of Lemma 2.8(c). At a capped prime v above p, every a € V' is a unit, and
the Frobenius negates 1/a exactly when a is not a square modulo v, that is, when (p,a), = —1.
These Hilbert symbols are the local Artin symbols [18, Chapter III, Remark 4.5]. The vector g is
then read off from the square classes of the «; in Table 4 and (2.6), and at the primes t3, t4 above
41 also from Lemma 2.5(e). For example, at the places above 3 and 5 the vector of 7, marks the
odd valuations, and that of ¢, marks the units that are not squares modulo v, with a zero at the
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TABLE 5. Elementary images in F§ of the local generators. Entry i is 1 exactly when

the element negates \/a;. The third and sixth columns give the action on v/b for b
in the completion.

element image action element image action

L 10111010 sign at vy Lo 11000101 sign at v
1 00100000 (5, b), 9 00010000 (5, )y,

o 11110010 (—1,b)y, Y2 10000001  (—1,b)y,
21 10000100 (=2, b),, 29 11111000 (=2, ),
Tqr 00001000 (—1,b)q, Oqy 10100111 (-, b)q,
T4o 00000100 (—1,b)q, ©Pqo 11101011 (—as,b)g,
T, 00000010 (2, b), Pry 01100101 (—a,b)y,
Teo 00000001 (2, ), Pry 01011010 (—a7,b)y,
Froby, 00100111 (29,b) Froby,, 00011011 (29,b)y,
Froby, 00111000 (41,b)s,

generator of v. By Lemma 2.5(e), the a; that are not squares modulo t4 are those with i = 2,3, 5,
which gives 00110100 for Frob,. The supplementary program kummer241.gp checks the norms of
the oy, the generators of the primes in Lemma 2.5(c) and the residues of v/241 in Table 4, and
recomputes Table 5 from these Hilbert symbols, except the row of t3, which kummer41.gp computes
in the same way; it also computes the elementary image of Froby,. ]

Fix a minimal presentation 1 - R — § — Gg — 1, where § is a free pro-2 group of rank 8.
Minimality means R C Ds§F, so §/Da§ = ]Fg with the coordinates above. Put £ = gr§, so that
dim £, = 8, dim £ = 36 and dim £3 = 168. For v,w € £; we have (v + w)@ = v& + W& + [v,w),
and the square of an element of § with image v has class vi@. For each local generator g above
choose a lift § € §, and define the local relators

N

(215> p’Uj = Zj27 Pv = QOV%V@;l%;p (V € {ql; CI27’C17t2}>7 pp]’ = r('i.jay]ﬁ éj):
where p € {3,5} is the rational prime below v, and r is a defining relator of Gg, with respect to
the fixed triple z,y, z, the same for j = 1,2. They lie in R, because each local relation holds in G, .
Their classes in £9 are obtained by substituting elementary images into the quadratic initials of
Lemma 2.8:

_[2 o —1- _[2 o o
(2.16) LJ[ N - Ry =¥ AL y][ Vo g + 75,5
The results below hold for every minimal presentation and every choice of lifts.

The classes (2.16) have an arithmetic meaning, which we now describe (Lemmas 2.17 and 2.19). As
in the conventions, we realize £ inside the free associative algebra Fo(Xy, ..., X7), where Xy, ..., X7
is the standard basis of £ = F§. Through the identification of £; with Gal(E/B), the Kummer
characters s, a € V, are linear forms on £, with rq,(X;) = 1 exactly when i = j.

Lemma 2.17. There is a unique linear isomorphism B from L£o onto the space of symmetric bilinear
forms on V' such that

B0 (a,b) = ma@)mp(v), B[, w])(ab) = ka(v)p(w) + Fa(w)sp(0)
for all v,w € £1 and a,b € V. If £ € £y is written in the free algebra as Z” n;; X;X;, then
B(&) (i, aj) = nij.
Proof. The elements Xim = X? and [X;, X;] = X; X, + X;X; (i < j) form a basis of £5. Define j3

on this basis by the displayed formulas for basis vectors v, w; it sends Xim to the form that is 1 at
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(04, ;) and 0 at the other pairs of basis vectors, and [X;, X;] to the form that is 1 at (a;, ;) and
(0, ;) and 0 elsewhere. These 36 forms are a basis of the symmetric bilinear forms on V, so 3 is
an isomorphism, and it is the only linear map satisfying the formulas on basis vectors. The formulas
then hold for all v, w, because the bracket is bilinear, (v + w)? = vl + Wl + [v,w], and squaring
is the identity on Fy. The last statement holds for the basis elements XZ? and X;X; + X, X; by the
description of their images, and both sides are linear in £. O

Definition 2.18. For v € X, the local Hilbert form H, is the symmetric bilinear form on V with
H,(a,b) =11if (a,b), = —1 and H,(a,b) = 0 otherwise.

Lemma 2.19. For every v € X, 8 maps the class of p, to H,. The eight classes (2.16), one for
each v € X3, sum to zero, and the seven classes with v # p1 are linearly independent.

Proof. For a local generator g at v, k,(g) is the value at g of the local Kummer character of the
image of a in B,. Hence  (Lemma 2.17) of the class of p, is the pullback to V of a symmetric
bilinear form on B)'/B)?, as is H,, and it suffices to compare the two on a basis of B, /B2
At a real place the only class is —1, and both forms take the value 1 on (—1,—1). At v above
p € {3,5}, take the basis w, u with w the generator of v and u a nonsquare unit. By Lemma 2.8(b),
ke(T) = ku(p) = 1 and kg (p) = ku(7) = 0, so the form of [T, ¢] + pT_lT[Q] takes the values p%l, 1,
0 on (w, ), (w,u), (u,u); by (2.6) these are the indicators of (w, @), = (=1)P~V/2 (@, u), = —1
and (u,u), = 1. At p; the characters ko, k_s5, k5 are dual to x,y, z, as in the proof of Lemma 2.8(c).
So y[? contributes the entry at (—5, —5), [z, 4] the entries at (2, —5) and (—5,2), and [z, z] those at
(2,5) and (5,2): the form of y + [z,y] + [z, z] on the basis 2, =5, 5 is the matrix of the Hilbert
symbol displayed in that proof, from which this initial was obtained.

For a,b € V and a place v/ ¢ ¥, the place v/ is finite and not above 2, and a, b are units at v/, so
(a,b),» =1 [18, Chapter VIII, 5.8]. By the product formula for the Hilbert symbol [18, Chapter V,
Example 5.4], >~ 5. H, = 0, so the eight classes sum to zero.

Finally, by Table 4 and (2.6), the seven pairs
(_17a2)7 (_178)7 (_17a7)7 (—1,044)7 (—1,CM5), (062,066), (5,057)

have Hilbert symbol —1 exactly at {p1,v1}, {p1,v2}, {p2,v2}, {qi,v1}, {g2,v2}, {v1,v1} and
{r2,v2}; the supplementary program cup241.gp recomputes these symbols. Evaluating a rela-
tion E#pl n,H, = 0, with n, € [y, at the first two pairs gives n,, = n,, = 0, and then at the
other five pairs gives ny, = ng, = ng, = Ny, = Ny, = 0. u

Lemma 2.20. The group Gg has generator rank 8 and relation rank 7. The seven relators p,
with v € X\ {p1} form a minimal system of defining relations: their normal closure in § is R. In
particular the dyadic local relator py, lies in the normal closure of the other seven.

Proof. The generator rank is dim H'(Gg,Fs) = 8, by Lemma 2.11 and [25, Proposition 3.9.1].

Next we bound H2. Let X = SpecOp[1/30]. Since 2 is invertible on X, the sheaf yus is the
constant sheaf Fy. The finite subextensions of Bg/B correspond to the connected finite étale
Galois 2-covers Y — X, and the Hochschild—Serre spectral sequence of this system of covers [16,
Theorem 14.9 and Remark 14.10] gives an exact sequence

0— H'(Gs,F2) = H'(X,Fa) — (liy H' (Y, F2))“* — H*(Gs,Fs) — H2(X,Fy).
Y

A class in H'(Y,Fy) is an étale double cover of Y. Its Galois closure over X is a finite étale
Galois cover whose group embeds in the wreath product of Gal(Y/X) with Cs, hence a 2-cover
in this system, over which the class vanishes. So the direct limit is zero, and H?(Gg,F3) injects
into H2(X, p2). The Kummer sequence and Pic(X) = 0 identify H?(X, uz2) with Br(X)[2], where
Br(X) = H%(X,G,,). By [28, Theorem 6.8.3 and Example 6.9.4], Br(X) is the kernel of the sum of
the local invariants @, .y, Br(B,) — Q/Z. Each of the eight groups Br(5,)[2] has order two, and
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the sum of the invariants maps their direct sum onto %Z /Z, so dim Br(X)[2] = 7. We use only the
resulting bound dim H?(Gg,Fs) < dim Br(X)[2] < 7.

By Lemma 2.19, the classes in £5 of the seven relators p,, v # p1, are linearly independent.
Since R C DoF, we have R%[R,F] C D33, so the classes of these seven relators in R/R?[R,J] are
independent. On the other hand dim R/R?[R,§] = dim H?(Gs,F2) < 7 by the five-term exact
sequence of the presentation [25, Proposition 3.9.5], [29, (3.3)—(3.4)]. Hence the seven classes form
a basis, the relation rank is 7, and by the pro-2 Nakayama lemma [25, Corollary 3.9.3] the seven
relators generate R as a normal subgroup. Finally p,, € R. O

Corollary 2.21. Any seven of the eight local relators p,, v € X, generate R as a normal subgroup.

Proof. By Lemma 2.19, the only linear relation among the eight classes (2.16) is that their sum
vanishes, and this relation is Hilbert reciprocity. Hence any seven of the eight classes are linearly
independent, and the proof of Lemma 2.20 applies to any seven of the eight local relators. U

We omit the dyadic relator at p;.

Remark 2.22. By Lemma 2.20, the bound dim H?(Gg,Fs) < dimBr(X)[2] = 7 is attained, so
H?(Gg,F2) — Br(X)[2] is an isomorphism. This can also be seen directly: the cup product kg U Ky
maps to the class of the quaternion algebra (a,b), whose invariant at v is given by (a,b), [18,
Chapter ITI, Remark 4.7], and the seven pairs in the proof of Lemma 2.19 give seven classes with
independent invariant vectors. The supplementary program cup241.gp computes the invariant
vectors at the eight places of ¥ of all 36 algebras (o, o).

2.4. The Prescribed Local Groups. This subsection defines the quotient Gg of Gg with
prescribed local groups and the tower Bg/B (Definition 2.23), and gives a presentation of Gpg by
eight generators and thirty relators (Lemma 2.25), from which Subsections 2.5-2.7 compute.

We now cut GGg down to prescribed local groups. At the dyadic places we use the restriction
Gp, = Go, — Gal(L2/Q2) = D of Lemma 2.9. At a place v above p € {3, 5}, the maximal elementary
abelian quotient of G, is Gal(Qp(v/u, /p)/Qp) = C2 x Cs for a nonsquare unit u; this quotient has
ramification index and residue degree two. At the capped primes ti,ty and t3, whose completions
are Qgo9, Q29 and Q41, we bound the order of the Frobenius by four. (A variant of the construction
caps the inert prime ty instead of t3; see Remark 2.47.)

Definition 2.23. Let N be the normal closure in G's of the images of ker(G,, — D) for j = 1,2, of
the Frattini subgroups D2G, for v € {q1, g2, t1,t2}, and of Frobfk for k=1,2,3. Put Ggp = Gg/N

and Gp = Gp/D4Gp, and let Bg C Bs be the fixed field of N, so that Gal(Bg/B) = Gg. We call
the extension Bg/B the tower.

This does not depend on the choice of places of Bg above each v: another choice changes each
local map by an inner automorphism of Gg, which replaces the images above by conjugates and
does not change their normal closure V.

Lemma 2.24. (a) The image of Gy, in G is a quotient of D, the image of G, for v above 3 or
5 is a quotient of Co x Cy in which inertia maps to the image of 7, and Froby, has order
dividing four in Gp for k =1,2,3.

(b) N C D3sGg. Hence Gg/DyGp = Gal(E/B), and E C Bg is the fized field of D2Gp.

Proof. (a) By Definition 2.23, the maps G,. — G and G, — G kill ker(Gy,; — D) and D2G,, and

Frobfk € N. For v above 3 or 5, G,/ D2G,, = Cy x Cs, and the inertia group of G, is generated by 7,

(Lemma 2.8(b)).
(b) Since D and Gg, both have generator rank three, ker(G,, — D) lies in the Frattini subgroup

of Gy,. The images of the Frattini subgroups of the local groups, and the fourth powers Frobfk, lie
in DyGg. Hence N C DsGg, and Gg/D2Gp = Gs/D2Gs = Gal(E/B) by Lemma 2.11. O
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By Lemma 2.30(b) below, the quotients in Lemma 2.24(a) are D and Cy x Cy, and Froby, has
order exactly four in Gp.

Lemma 2.25. The kernel Ng of § — Gs — Gp is the normal closure of the following thirty
elements:

(i) the seven relators p,, v € ¥\ {p1};
(11) Jorj=1,2: ij27 {i’jugj]f [ijwéj]; [[ijéj]véj]’ 2]47 [gjwéj]Q;
(iii) for v € {q1,q2,v1,t2}: 72 and H2;
1 _—
(iv) for k=1,2,3: Froby_, where Froby, is the chosen lift of Froby, .
Moreover Ng C Do, and pp, € Np.

Proof. By Lemma 2.20, it suffices to show that the images in Gg of the elements (ii)—(iv) generate
N as a normal subgroup. Let §3 be free on x,y, z, and let Np be the normal closure of the seven
relators of D in Lemma 2.9, so that §3/Np = D. The relator r maps to 1 in D, so r € Np, and
ker(Gg, — D) is the image of Np. Since Np C D§3, we have N%[ND,Sg] C D3F3. The seven
relators of D span Np/N3[Np,J3] [25, Corollary 3.9.3]; write the class of r as a combination of
them. The classes in gry §3 of 22, 42, [z, ], [z, 2] are independent, the relators 2%, [y, 22 and [[y, 2], 2]
lie in D3F3, and r has class y? + [z, y] + [z, 2]; so y? has coefficient one. Replacing 32 by r therefore
still gives a spanning set, and by [25, Corollary 3.9.3] the elements r, 22, [z,y], [z, 2], [[y, 2], 2], 2%,
[y, z]* generate Np as a normal subgroup. Since r = 1 in Gg,, the other six generate ker(Gg, — D).
For v above p € {3,5}, the quotient of G, by the normal closure of 72, ©? is generated by two
involutions which commute, because ¢7p~! = 7P = 7 there; so that normal closure is DyG,. Finally
N C DyGs (Lemma 2.24(b)) and R C D»§ give Np C D»§, and p,, € R C Np. O

2.5. The Quotient Gp/D4Gp. This subsection computes gry, gry and grs of Gp (of dimensions 8,
15 and 26), shows that the prescribed local groups inject into Gp/D3G g, and counts the conjugates
of 11 in Gp/D4Gp (Lemmas 2.27-2.30). These results give the hypotheses of Lemma 2.38 in the
proof of Proposition 2.43, the bound 6 > 6, of Theorem 2.46, and the space gry G used in Sections 4
and 5. Throughout, §, R and £ = gr§ are as in Subsection 2.3, and Np is the kernel of § — Gp
(Lemma 2.25).

Definition 2.26. For n > 1, the relation space R, C £, of Gp in degree n is the image of NgND,§
in £, = Dng/Dn+lg

Lemma 2.27. For everyn > 1, D,Gp is the image of D,,§, and the induced map £, — gr,, Gp
18 surjective with kernel R,; these maps respect brackets and restricted squares. In particular
gryGp =TS and gr,, G = £,/R,,.

Proof. The map § — Gp is surjective, and a surjection maps D,, onto D,,, so D,Gpg is the image
of D,§. The kernel of D,§ — D,Gp is Ng N D,§, and the preimage of D,1Gp in D,F is
(NgDy11%) N Dyn§ = (NgN Dy§) Dypy1§. Hence gr, Gg = D, Gp/D,,+1Gp is the quotient of £,, by
the image of Np N D,§, which is R,. Brackets and restricted squares are induced by commutators
and squares, which the homomorphism § — G preserves. Finally Np C DoF (Lemma 2.25), so

Ry =0 and gr; G = £, = F$. O
Consider the following 22 elements of £o, written with the vectors of Table 5:
0w e+ R v =ana), R el (=)
(2.28) g0+ (o) + 7,50 10, @) (5.5 (G=1.2);

el (v =a102.11,1).
They are the classes of the eight local relators (2.16) and of the fourteen quadratic elements :i:jQ,
[i’j,:l:/j], [i’j, ?:’j], 7A'l,2, @3 of Lemma 2.25.
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Lemma 2.29. The space Ry is spanned by the 22 elements (2.28), and dim Ry = 21; their only linear
relation is that the eight classes of local relators sum to zero. Hence dim gry G = 15. Consequently,
if g € Gp has nonzero elementary image v, then g has order at least four in Gp/D3Gp exactly
when v13 ¢ Ry; otherwise g has order two there.

Proof. Conjugates of an element of Do§ have the same class modulo D3, classes of products add,
and £o is finite. Hence, by Lemma 2.25, R is spanned by the classes of the thirty generators of Np.
2]

Those in (i) have the classes (2.16), and the quadratic elements of (ii) and (iii) have the classes z;~,

(z5,95], T4, %], %,,[2], gb,?}. The remaining generators, [[7;, 251, 2], 2]4, [9;,2;]* and the fourth powers

in (iv), lie in D3§. The class of p,, also lies in Ry, since p,, € Np. The supplementary program
lie241.py computes the rank of the 22 elements in the 36-dimensional space £9: it is 21. The sum
of the eight local classes vanishes by Lemma 2.19, that is, by Hilbert reciprocity, so this is the only
relation; none of the fourteen quadratic elements of (ii) and (iii) is involved in it. By Lemma 2.27,
dim gry Gp = 36 — 21 = 15. For the last statement, g> € DoGp has class v/? in gro Gp = £2/Ry
(Lemma 2.27), so g> € D3Gp exactly when vl? € Ry. O

Lemma 2.30.  (a) dimgrs Gp = 26, so |Gp| = 28715426 = 249,

(b) For j = 1,2, the local map induces an injection D — Gp/DsGp, and gr, D — gr, Gp is
injective for n = 1,2. For v above 3 or 5, the image of G, in G is (1,) X {py) = Cy x Cy,
and it injects into Gg/D2Gp. For k =1,2,3, Froby, has order exactly four in Gp and in
Gp/D3Gp. For j =1,2, 1j has order two in Gp/D2Gp.

(c) The conjugacy class of 11 in G has 215 elements.

(d) We have 1y # t2. For each v € {p1,p2,q1,q2, 1,2, t1, to, t3}, neither 11 nor iy lies in the
span of the elementary images of the local generators at v.

Proof. (a) Work in §/ D4, in which DyF/D4F is elementary abelian and D3 /D4F is central. Let
p1,--.,p21 be the generators of Np listed in (i), the first three elements of (ii) for each j, and (iii)
of Lemma 2.25. They lie in DsF, and their classes in £o are the elements of (2.28) other than the
class of py,, which are independent by Lemma 2.29. The generators w; = [[9;, 2], 2;] lie in D3F, and
the remaining generators of Np lie in D4F. For p € DoF and g € § we have g~ 1pg = p[p, g], and
modulo Dy§ the commutator [p, g] is central and depends only, and linearly, on the classes of p in
£9 and of g in £;. Hence the image of Np in §/D4F is the subgroup generated by the p;, the [p;, f]
for f in a basis of §, and the w;. An element ][], pi* times an element of D3F lies in D3F only if all
a; = 0. Therefore R3 is spanned by the brackets [p;, ], for £ in a basis of £1, and by [[;, Z;], Z;].
The supplementary program lie241c.py computes these elements in the free associative algebra,
where [a,£] = a& + £a: they span a space of dimension 142 in the 168-dimensional space £3. So
dim gry Gp = 26 by Lemma 2.27, and |G| = 2815+26 by Lemmas 2.27 and 2.29.

(b) The local map G,, — Gp factors through D by Definition 2.23, and the induced map D — Gp
preserves the Zassenhaus filtrations. It is injective on gr; because Z;, y;, Z; are independent, and on
gr, because ij and [y;, Z;], the images of 22 and [y, z|, are independent modulo Ry; the program
lie241.py checks both facts. If 1 # g € D, let n < 2 be maximal with g € D,,(D); then the image
of g is nonzero in gr, Gp, so it is not in D3Gp. For v above 3 or 5, the vectors 7, and ¢, are
independent, and the image of G, is a quotient of Cy x C5. For the Frobenius elements, 1ie241.py

checks that ﬁobt[f ] ¢ Ry for k = 1,2, and check41.py checks it for £ = 3 (and for the elementary
image of Froby, in Lemma 2.14), using the space Ry of 1ie241.py; so Lemma 2.29 gives order at
least four in Gp/D3Gp, while Definition 2.23 gives order at most four in Gpg. Finally 7; # 0.

(c) Write G = Gp and ¢ = 1. The map £; — gry G, v — [i,v], has rank 7 by 1ie241.py, so its
kernel is the line through z. The map gry G — gry G, u +— [u, ], has rank 8 by 1ie241c.py. Since
DG is abelian and D3G is central in G, the map h + [h, (] is a homomorphism DyG — D3G} it
factors through gry G and equals the second map. Its kernel is Cz(t) N D2G, where Cx(1) = {g €
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G : g1 = 1g} is the centralizer of .. The kernel therefore has order 215+26=8 = 233 If g ¢ Ca (1),
then [z, g] = 0 in gry G, so g € {0,1}; conversely ¢ € Cz(t). Hence |Cx(1)| = 234, and the class of ¢

has 249734 = 215 elements.
(d) This is a finite check on Table 5, carried out by 1ie241.py; at t3 the span is {0,00111000},
which contains neither 10111010 nor 11000101 (check41.py). O

2.6. Filtered Fox Calculus. This subsection and the next prove that Gp is infinite (Proposi-
tion 2.43) by the Golod-Shafarevich method. Suppose that Gp is finite, and let A = F3[Gp]. The
rows (Definition 2.34) of the relators of Gp in a presentation with eight generators (Lemma 2.25)
span a A-module M whose Hilbert polynomial is 1 — (1 — 8¢)ha (Lemma 2.36). The module M
is also the sum of the modules spanned by the rows of the relations of the eleven local groups I,
each isomorphic to Cy, Co x Cy, Cy or D; for 0 < t < 1 the Hilbert polynomial of each of these
modules is at most ¥r(t)ha(t), with ¢ as in Definition 2.37 (Lemma 2.38). The row of the dyadic
relator pp, of (2.15) lies both in the module of p; and in the sum of the other ten, and the module
it generates has Hilbert polynomial sphy, with sp as in Lemma 2.39. Comparing these bounds
gives 1 < hp(t)Pp(t) for 0 < t < 1, with Pp as in (2.41); this fails at ¢ = 34/117 (Lemma 2.42).

Let A be a finite 2-group, A = F3[A], and J its augmentation ideal. We use the filtered spaces
and Hilbert polynomials of Definition 2.1; in particular Fil™ A = J™. In this subsection n denotes
the rank of a free pro-2 group (Definition 2.34), and filtration indices are written m. For an integer
¢ >1, A°(—1) denotes A with Fil® = A® and Fil™ = (3™~1)¢ for m > 1, so that hpe—1)y = ct ha.
Subspaces carry the induced filtration unless stated otherwise. A linear map f: M — M’ of filtered
spaces is strict if f(Fil™ M) = Fil"™ M’ for all m. For 0 <t < 1,

(2.31) har(t) = (1 =) Y dim(M/Fil™ M)+,
m>1
Lemma 2.32. Let 0 <t < 1.
(h1) If f: M — M’ is surjective with f(FiI™ M) C Fil'"™ M’ for all m, then hpp(t) < has(t).
(h2) If Uy C Uy are subspaces of the same filtered space, then hy, (t) < hy,(t).
(h3) If f: M — M’ is surjective and strict, then hy = hier f + hap .
(h4) For subspaces Uy, Uy of a filtered space,

(2'33) hU1+U2 (t) < hUl (t) + hUz (t) - hUlﬂU2 (t)

Proof. Statements (h1)—-(h3) follow from the definitions and (2.31). For (h4), apply (h3) to Ui & Uz —
Ui + Us, (u1,u2) — u + u2, whose kernel is U; N Uy, with the image filtration Fil™ U; + Fil™ Us on
Ui + Us; this filtration is contained in the induced one, and (hl) applies to the identity map. [

Definition 2.34. Let § be a free pro-2 group with basis f1,..., f, and 7: § — A a surjection. Since
A" x A, with A acting by left multiplication, is a finite 2-group, there is a unique homomorphism
§ — A" x A sending f; to (e;, w(f;)), where ey, ..., e, is the standard basis of A™. We write it as
w — (Ow, m(w)) and call dw = (Qw,...,0w) € A™ the row of w.

For w in the discrete free group on the f;, the row dw € A" is the image of the vector of free
derivatives of w [8, Section 2.

Lemma 2.35. (F1) 0(ww') = 0w + 7(w)ow’.
(F2) X0, 0w (x(fs) — 1) = (w) — 1.
(F3) If n(p) = 1, then d(upu~t) = w(u)dp; and O restricts to a continuous homomorphism on
ker 7.
(F4) If §' is free on fi,..., fl,, u1,...,up € F, and ' denotes the rows for the map § — A,
[l = (), then O(W (uy,...,uy)) =>,0/W - 0uy for W e §.
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Proof. (F1) is the multiplication of the semidirect product. For (F2), the pairs (a, g) with > a;(7(f;)—
1) = g — 1 form a subgroup containing the images of the f;. (F3) follows from (F1). For (F4), both
sides are the first components of homomorphisms § — A™ x A that agree on the basis. O

Lemma 2.36. Let M = {a € A" : Y a;(n(f;) — 1) = 0}, with the filtration induced from A™(—1).
Then hapg =1 — (1 —nt)hy and M = d(kern). If p lies in the normal closure of a set’Y C ker,
then Op lies in the A-span of OY . In particular, M is the A-span of the rows of any set of normal
generators of ker .

Proof. Since the 7(f;) generate A, we have 3 = Y, A(w(f;) — 1) C >, Fo(n(f;) — 1) + J?, hence
Jm =3, 3" Yx(f;) — 1) for all m > 1, by induction and because J is nilpotent. So A"(—1) — 7,
a— > ai(m(fi) — 1), is strict and surjective with kernel M, and (h3) gives haq = nt hy — (hpa — 1).

By (F2), d(ker ) C M. Conversely, let §° C § be the dense subgroup generated by the f;, which
is a free group on them. Then 7(F°) = A, and the kernel of Fo[§°] — A is Fa[F°] (F° Nkerm — 1).
Lift a € M to a € Fo[§°]". Then >, a;(fi —1) = >, (g — 1) with ¢ € F° Nkerm and (; € F5[F°].
By Fox’s fundamental formula ¢; —1 = >",(0¢;/0f;)(fi — 1), where the 0/0f; are the free derivatives
[8, Section 2], and the coefficients of the f; — 1 are unique, because 9/9f; maps Y . C/(f; — 1) to
CJ’». So a; = Y, 0q/0f;. On F° the rows are the images of the vectors of free derivatives, so
a=>,¢0q lies in A d(ker 1), which equals d(ker 7) by (F3). For the remaining statements, let
My be the A-span of 9Y. By (F3), the elements g € kerm with d¢ € My form a closed normal
subgroup of § containing Y. O

The next lemma bounds, in terms of the function ¥r below, the Hilbert polynomial of the
A-module spanned by the rows of all relations of one local group I'. The groups I' below are Co,
Cy x Cy, Cy and D, with standard generators ¢; 7, ¢; a generator; and x, ¥y, z. Let k be the number of
standard generators, so k = 1,2,1,3. The Hilbert polynomials hg,r) are 1+t, (1 +1)2, (1+1)(1+¢2)
and hp,(p) (Theorem 2.2), and D3(T") = 1 in each case.

Definition 2.37. For each of these groups I', put
Yr(t) =kt — 1+ hg,ry(8) "

Lemma 2.38. Let I' < A be a subgroup isomorphic to one of these groups, with gi1,...,gx € I
corresponding to its standard generators, and suppose that the maps gri I' — gry A and gro I' — gry A
are injective. Let Ar = Fo[T'] C A, with augmentation ideal Jr, and let My C AE(—1) be the kernel
Ofb — Zl bl(gl — 1).

(a) There are elementsn; € A and integers w; > 0 such that A = P, n;Ar and I" = P ni e

for every m, where 3?‘/ = Ar for m’ < 0; moreover Zj %5 = hp/hg, -
(b) The A-module AMr C A¥(—1) has haa, = Yrha.
(¢) Let § and w be as above, let uy,...,u; € § with w(u;) = g;, and let Fi be free on k letters,

mapping to I' by the standard generators. Let U C A™(—1) be the A-span of the rows
OW (w1, ...,ug) for all W in the kernel of § — I'. Then hy(t) < ¢r(t)ha(t) for 0 <t < 1.

Proof. (a) Since D3(I') = 1 and grI' — gr A is injective, I' N D, A = D,,,(I") for all m. Choose
elements of I' whose classes form a homogeneous basis of grI', and extend them by elements of A to
a family whose classes form a homogeneous basis of gr A. By Theorem 2.2, the ordered products of
the elements g — 1 of this family, each used at most once and with the elements of I' last, form a
basis of A, and those of weight at least m form a basis of J™; here the weight of a product is the sum
of the degrees of the classes of its factors. The same holds for Ar and the elements of I' alone. Let
the n; be the ordered products of the other elements, and w; the weight of 77;. The empty product
n; = 1 has weight 0, so 3 N Ar = J: the filtration of Ar induced from A is its augmentation
filtration, with Hilbert polynomial hp, . Comparing Hilbert polynomials gives the last assertion.
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(b) As in the proof of Lemma 2.36, the map A{i(—l) — Jr is strict and surjective, so A,
kt hg,r) — (heyr) — 1) By (a), AF(=1) = @, n;Af(—1) with Fil™ = @, n; Fil™ ™"/, and AMr
@j 77er. Hence hAMr = (hA/hIE‘2[F]) hMr = T/JFhA.

(c) For W in the kernel, the local row 'W € Ak lies in Mr by (F2), and by (F4) OW (u) =
>, 0/W Ou;. Thus U is contained in the image of AMp under the map Ty,: A¥(—1) — A"(-1),
a — 3, @;0uy, which preserves filtrations because du; € A" = Fil” A". By (h2), (h1) and (b),
ho < hr,(amp) < harmy = Yrha. O

In the proof of Proposition 2.43, the row of the dyadic relator py, lies both in the module spanned
by the rows of the relations at p; and in the module spanned by the rows of the relations at the
other ten places. The next lemma computes the Hilbert polynomial of the module generated by this
row.

Lemma 2.39. In the situation of Lemma 2.38 with I' = D, suppose that ui,us,us are the basis
elements fi, fo, f3 of §. Let r € 3 map to 1 in D, with class y? + [z,y] + [z, 2] in gry T3, and let
pP= r(f17f27f3)' Then

2 t’
hAap = spha, Sp(t) =1 (1 — W)
Proof. By (F4), 9p = (9'r,0,...,0), where &r € A}, is the local row, so Adp is the module
Ad'r € A3(—1) placed in the first three coordinates. By Lemma 2.38(a), A3 = D, n; A3, with
Fil™(A3(—-1)) = @D, n; Fil" (A%(-1)), and b+ n;b is injective on A%,. The submodule Ad'r =
@D, njApd'r decomposes in the same way, so Fil™ (Ad'r) = ; n; FiI"™"7 (Apd'r) for the induced
filtrations, and hag, = (ha/hr,p)) hapor- 1t therefore suffices to show that h,a, = t2(hﬂr2[m —7),
for the filtration induced from A%(—l). Write Jp for the augmentation ideal of Ap = F3[D], and
X1, X0, X3, Xy forx — 1,y — 1,2 — 1,w — 1, where w = [y, 2].

The linear part of O'r. Here m also denotes the map §3 — D. For g,h € Fs3, (F1) gives
9'(9%) = (1 +7(g))d'g and '[g, h] = m(g) " (n(h)~" —=1)0'g + m(g)~'m(h) ! (n(g) — 1)0'h. Moreover
d'g is congruent modulo Jp to the image g € F3 of g in §3/D2F3, and (g9) — 1 = >, §X; modulo
32 by (F2). Hence, for ¢ € D2J3, the row &'q has entries in Jp, and modulo J% it is additive in g,
because 7(q) — 1 € J%. It vanishes modulo 3% on D33 = (D233)?[D23F3, §3] (Lazard’s formula):
for ¢ € DyF3 the formulas above give & (¢%),d[q, h] € 72, since ¢ = 0 and 7(g) — 1 € J%. So the
row modulo TJQD depends only on the class of ¢ in gry §3, the classes vl and [v,v'] giving the rows
with I-th entries v; 3, v; X; and v; 32, v/ X; +v] 32, v; X;. For the class yl2 + [z,y] + [z, 2] this gives

Ir=(X2+ X3, Xo+ X1, X1) (mod 33).

Three facts about Ap. Let A =6, TJ%/’J%LH, and write X1, X, X3 and X, for the classes of
X1, X9, X3 in degree one and of X, in degree two. By Theorem 2.2 and Lemma 2.9(c), the products
X XXX with a1, a2,a4 € {0,1} and 0 < a3 < 3, of weight a1 + a2 + a3 + 2a4 > m, form a
basis of J7%; here X2 = 2% — 1. Hence the monomials X{* X352 X% X{* form a basis of A, and, since
the coeflicients of hg,[p) are 1,3,5,7,7,5,3,1,

dim 3% = 32,31,28,23,16,9,4,1,0  (m =0,...,8).

Because x and w are central and z? = y? = w? = zil =1, the elements X; and X, are central in A

and X% = X% = Xf = X?‘f = 0. Moreover X3X5 = X9 X3+ X4, because X3X5 + XoX3 = 2y + yz =
zy(w — 1) = Xy (mod 3%); by induction X§X2 = XQX% +jX§_1X4 for j > 1.

First, 37, = FoQ2p, where Qp = dep g: 3% is one-dimensional and (g — 1)J%, € 3%, = 0, so its
nonzero element is invariant under left multiplication by D, and hence equal to Qp.

Second, for m < 7 the map A, — A3 |, & — (£X1,£X,,£X3), is injective. Let & = > butt
over the basis monomials p = X7 X352 X5% X of degree m. Right multiplication by X; maps the



24 ERIC NASLUND

monomials with a; = 0 to distinct basis monomials and kills the others, and right multiplication
by_ X3 maps those with a3 < 2 to di§tir_1(:t E)as_is monomials and kills those with ag = 3. So
X1 =EX3=0forces{ =3, ., basas X1 X352 X3 X4, Then

fXQ = bgo(X1X2X§ + X1X§X4) + b01X1X2X§’X4
+ b1 X1 X2 X3 X4,
a combination of distinct basis monomials, so X5 = 0 forces & = b1 X 1)_(2X§’X4, which has degree
7. Hence £ =0 when m < 7.

Third, the same holds for & — (£(X2 + X3),£(Xs + X1),£X1), because this triple is obtained
from (X, X9, X3) by the invertible matrix

— = O

1
1
0

S O =

This is the coefficient matrix of y?l + [z,9] + [z, 2], that is, the matrix of the 2-adic Hilbert symbol
on 2, —5,5 in the proof of Lemma 2.8(c). So the injectivity used here, and with it the correction
term sp, comes from the nondegeneracy of the local Hilbert pairing, that is, from local duality. The
supplementary program dyadic241.py confirms these three facts by direct computation in Ap.
The filtration. If ¢ € 3\ 3 F with m < 7, then by the third fact & 'r lies in Fil™*2 but not in
Fil™ 3, whereas Qpd'r = 0 because QpJp = 0. Now let £ € Ap with £ &'r € Fil™ "2, and suppose
that £ ¢ T 4+ FoQp. Let m’ < m be maximal with £ € 3%/ + FoQp, and write &€ = &' + a Qp with
¢ € 3% and a € Fy. Then ¢ ¢ ’J”DI,H, and m/ < 7 because J5, = Fodp; so £'r = £'d'r is not in
Fil"™'+3 5 Fil"*2, a contradiction. Therefore Fil™ " 2(Apd'r) = J50'r for every m > 0, the map
€+ £9'r has kernel FoQp, and hapo = >, o7 dim (35 /I5T) tm+2 = tz(h]FQ[D} —t7). O

2.7. Infinitude. This subsection assembles the local bounds of Subsection 2.6 into the Golod—
Shafarevich function Pp of (2.41), shows that Pp(34/117) < 0 (Lemma 2.42), and concludes that
G p is infinite (Proposition 2.43). Theorem 2.46 uses this to obtain fields of every degree 2™ over B
with n > 49.

By Definition 2.37 and the Hilbert polynomials listed before it,

12 1
vo(t) =15 Yoxa() =2 -1+ T

(14+t)%’
t4

deu(t) = —
O=Tyase o)1)
With sp as in Lemma 2.39, the Golod—Shafarevich function of Gp is

(2.41) PB(t) =1-8t+ 2y, (t) + dYcyxoy (t) + 21/Jp(t) — SD(t) + 3Yc, (t)

In the proof of Proposition 2.43, the term —8t comes from the eight generators of a free group
mapping onto Gg; the terms in Y¢,, Y, xcy, Yp and ¢, come from the local relations at the two
real places, the four places above 3 and 5, the two dyadic places and the three places {1, t2, t3; and
—sp comes from the row of the dyadic relator py,,, which lies both in the module of p; and in the
sum of the modules of the other places.

(2.40)
Up(t) =3t — 1+

Lemma 2.42.

(ﬂ) _187433948535241 <
B\117) ~ 88772225460489675 ’
Proof. By (2.40), (2.41), the formula for sp in Lemma 2.39 and hg,p)(t) = (1 +1)%(1 + t?)?

(Lemma 2.9(c)), Pp is a rational function with rational coefficients. Exact rational arithmetic,
carried out by the supplementary program gs241.py, gives the stated value. ([l
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Proposition 2.43. The group Gp is infinite.

Proof. Suppose that Gp is finite, and put A = Gp and A = Fy[A]. By Table 5, z1, 41,2 are
independent; choose g4, ..., g3 € Gg such that z1,91, 21, g4, - - ., gs is a basis of Fg. Let § be free on
fi,..., fs, and send fi, fo, f3 to x1,y1,21 and f; to g; for 4 <[ < 8. This is a minimal presentation
of Gg; we take the lifts £1 = f1, 11 = f2, 21 = f3, and arbitrary lifts of the other local generators.
Let m: § — A be the composite and M as in Lemma 2.36, so that hyq =1 — (1 — 8t)ha.

By Lemma 2.30(b), the image in A of each local group is the prescribed group I', and gr,, I' — gr,, A
is injective for n = 1,2; this is the hypothesis of Lemma 2.38. Indeed, for I' = D this is stated
in Lemma 2.30(b). For I' = Cy and I' = Cy x Cy we have gro,I' = 0, and gr; I' = I injects into
GpB/D>Gp because r; # 0, respectively because the image of G, injects into Gg/D2Gp. For I' = Cy
generated by Froby, , k = 1,2, 3, which has order four in Gg/D3Gp, we have Froby, ¢ D2Gp, since
otherwise its square would lie in D4Gp C D3Gp, and Frobfk ¢ D3G p; this is the injectivity on gr; I’
and on gryI' = (Frob%k>. We use eleven places: the real places vy, ve, with I' = Cb; the four places
above 3 and 5, with I' = Cy x (Cs; the dyadic places p1,p2, with I' = D; and 1, to, t3, with I' = Cy
generated by the Frobenius. For each of these places v, let U, be the module U of Lemma 2.38(c)
for this I', formed with the lifts of the local generators at v. Every generator of Np in Lemma 2.25
is of the form W(uq,...,ux) for one of these places and some W in the kernel of §; — I', and
conversely every such element lies in Ng. By Lemma 2.36, M = > U,. Let U’ be the sum of the
U, over the ten places v # p1. The row of pp, lies in Uy,. Since py, lies in the normal closure of
the relators (i) of Lemma 2.25, its row also lies in the A-span of their rows (Lemma 2.36), which
is contained in U’. Hence Adp,, C Uy, NU’. By Lemma 2.32(h4) and (h2), Lemma 2.38(c) and
Lemma 2.39, for 0 <t < 1,

1= (1—8)ha(t) = ha(t) < hu, () + D hu, () — hao,, (1)
v#pL
< (2¢¢, + 4y xc, + 20D + 3¢c, — ) (t) ha(t),
that is, 1 < ha(t)Pp(t). Since ha(t) > 0, this contradicts Pp(34/117) < 0 (Lemma 2.42). O

2.8. The Fields. This subsection proves Theorem 2.46: the existence of the fields K, their root
discriminant rd(K) = X, the bound 6 > 6, on the signature of F' = K1) and the splitting and
local types at the selected primes. These are the properties of the fields used in Sections 3-5, in
Section 8 and in Section 11.

Definition 2.44. The root discriminant of a number field M with discriminant Ap is rd(M) =
|A | /M0

Definition 2.45. For a number field M and a prime 3 of M above a rational prime p, the absolute
type of B is the pair (e, f) of its ramification index and residue degree over p. For a Galois extension
M /A of number fields, all primes of M above a prime p of A have the same ramification index e
and residue degree f in M/A; the pair (e, f) is the type of p in M/A.

As in the introduction, let A = 29/41/3615, where 3615 = 3 - 5 - 241.

Theorem 2.46. For every power of two m > 2% there is a finite Galois extension K/B of degree
m, contained in Bg, such that Ggp — Gp factors through Gal(K/B). In particular K contains
the fized field of D4yGp, hence the fized field of DsGp and the Kummer field E. Fvery such K s
totally imaginary. Let 11 also denote complex conjugation at any place of K above vy; these complex
conjugations are conjugate in Gal(K/B), one of them is the image of the element v1 of Definition 2.13,
and the statements below do not depend on the choice. Let F = K1) and d = [F : Q] = m, let (b,¢)
be the signature of F' and 6 = c/d, and put 0, = 65535/131072 = 1/2 — 277, Then F has a real

place,

rd(K) =rd(F) = A, 0*§0<%,
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and b/d = 1/(2N,), where N, > 2% is the number of conjugates of 11 in Gal(K/B). The extension
K/F is quadratic and unramified at every finite place. Let p € S U {t1,t2,t3}. Every prime of F
above p splits in K, the primes of K and of F' above p have the absolute type of Table 6, and the
completions of K at the primes above p are the local extensions listed there. The type of p in K/B
is (8,4) if p lies above 2, (2,2) if it lies above 3 or 5, and (1,4) if it is a capped prime. In particular
K/F has uniform local types (er, fr)ref2,3,5,201 in the sense of Definition 8.7.

TABLE 6. Absolute types of the places of K and F' above 2, 3, 5, 29 and above the
prime t3 of B above 41, the corresponding local extensions of the completions of B,
and the contributions of these primes to rd(K). The last row is the prime 241, which
ramifies in B; K/B is unramified above it.

r (er, fr) local extension over B factor of rd(K)
2 (8,4)  L2/Qy, group D 29/4

3 (27 2) Q3(V _]-7 \/g)/(@?n group CQ X 02 31/2

5 (2,2)  Qs(v2,/5)/Qs, group Cy x Cy 5/

29 (1,4)  unramified of degree 4 over Q99 1

41 (above t3) (1,4)  unramified of degree 4 over Q4 1

241 e=2 unramified 2411/2

Proof. Existence. By Proposition 2.43, Gp has open normal subgroups of arbitrarily large index,
and D4Gp is open because Gp is finitely generated. Given m, choose an open normal subgroup
U C D4Gp of Gp of index at least m, and put N' = D4Gg/U’. A nontrivial normal subgroup of a
finite 2-group meets its center, so N’ contains normal subgroups of G /U’ of every order dividing
|N’|. Take one of order [Gp : U']/m, which divides |[N'| = [Gp : U']/2*. Tts preimage U is open
and normal in G g, contained in D4G g, and of index m. Let K be its fixed field in Bg. Conversely,
every K as in the statement is the fixed field of an open normal subgroup 4 C D4Gp. We fix such
a K and put H = Gal(K/B) = Gg/U.

Complex places. Since \/—1 = Vao € E C K, the field K is totally imaginary, and [K : F] = 2.
Let j € {1,2}. The group H permutes the places of K above v; transitively. If an embedding
0: K — C induces such a place and ¢, € H is its complex conjugation, so that ¢ = o o 1, then for
h € H we have 0 o h = (¢ oh) o (h~li,h), so the complex conjugation at the place of o o h is b=t h.
By the definition of the local map at v;, the image of ¢; in H is the complex conjugation at the place
of K below the place of Bg fixed in Definition 2.13. Hence every complex conjugation at a place of
K above v; is conjugate in H to the image of ¢;, and has elementary image z;, since conjugation
preserves elementary images. In particular, two choices of ¢1 in the statement are conjugate in H,
so an element of H maps the field F' of one choice onto that of the other, and the statements of the
theorem hold for both choices or for neither.

Let 01: K — C induce the chosen place, so that 61 = o10¢; and o1 (F') C R. The embeddings above
vy are g1 oh with h € H, and two of them agree on F' exactly when they differ by right multiplication
by an element of (11). The restriction of o1 o h to F is real exactly when o o¢1h and o1 o h agree on
F, that is, when h=1i1h € (11), that is, when h lies in the centralizer Cpy(11) = {h € H : hty = 11h}.
Similarly, if ¢ is complex conjugation for an embedding o2 above vy, the restriction of o3 o h to F
is real exactly when h~'//h = ¢1. This never happens, because conjugation preserves elementary
images and 7 = 75 # 17 (Lemma 2.30(d)). Hence b = |Cy(11)|/2 > 1, so F has a real place and
0=(1-b/d)/2 < 1/2. Moreover d = |H|, so b/d = |Cg(c1)|/(2|H|) is half the reciprocal of the size
N, of the conjugacy class of ¢1 in H, that is, b/d = 1/(2N,). This class maps onto the class in G g
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of the element ¢ of Definition 2.13, which has 2!° elements by Lemma 2.30(c). Hence N, > 215,
b/d <2716 and 0 > (1 —2716)/2 =0,.

Local structure and splitting. Let B be a prime of K above p € S U {t1, t2, t3}. Its decomposition
group in H is conjugate to the image of the local map at p. Since Y C D3Gp, Lemma 2.30(b) shows
that this image is D, Cy x Cy or Cy, the last one cyclic on the Frobenius, and that the prescribed
local group injects into H. Therefore the completion Ky is Ly over By, = Qy, the field Q,(/u, \/p)
over By, = Q, for p = 3,5, and the unramified extension of degree four of By, . Since By, = By, = Qa9
and By, = Qq1, the places of K above p have the absolute types of Table 6, and the types in K/B
stated in the theorem. Every element of the decomposition group has elementary image in the
span of the images of the local generators at p, whereas every conjugate of 11 has elementary image
1. By Lemma 2.30(d), ¢; lies in no decomposition group of a prime above S U {t1,t2,t3}, so the
decomposition group of P in Gal(K/F) = (11) is trivial. Hence the places of F' above p split in K,
and they have the same absolute types.

Ramification and root discriminant. The extension K/B, and hence K/F, is unramified at
every prime outside S, in particular at (v/241). At primes above S the inertia group of K/F is
trivial, because it lies in the decomposition group. So K/F is unramified at every finite place,
its relative discriminant is trivial, |Ax| = |Ap|?, and rd(K) = rd(F). To compute rd(K) we
use |Ag| = 241[K‘B]NDK/B. Since K/B is Galois, for p € S all primes B above p have the same
ramification index e, residue degree and different exponent ordy (D g / B), where ordy and ord, are
the normalized valuations at ‘B and p, and ordy(0x,/p) = [K : B] ordgp(D g, p)/e. For p above 3 or
5 we have e = 2 and ordg(Dg/p) = 1, since over the unramified extension Q,(y/u) the different

of Qp(v/u,/p) is generated by 2,/p. For p1,pa, Lemma 2.9(d) gives ordyp(Dg/p)/e = 9/4. Since
[K : Q] = 2[K : B], the base contributes 241/2, each of the two primes above 3 contributes
31/4 each of the two above 5 contributes 5/, and each dyadic prime contributes 29/8  Hence
rd(K) = 29/431/251/22411/2 = ), O

Remark 2.47. Consider the variant of the construction in which the third cap is placed at the inert
prime ty = 7Op instead of at t3. Its quotient by the fourth Zassenhaus term, its relation spaces
Ry and Rj3, and the class of ¢; are the same as here: the proof of Lemma 2.30(a) uses only the
generators of Np in (i)—(iii) of Lemma 2.25 and the commutators [[;, 2], 2;], since a fourth power
lies in D4§. The two towers also have the same Golod—Shafarevich function, since both impose
three conditions of type C4. They differ at the primes above 7 and 41.

Remark 2.48. The Lean formalization [21] formalizes the present tower, with its caps at t;, to and
t3. Remark 4.38 states what it proves.

3. THE KUMMER FIELD AND ITS QUADRATIC L-FUNCTIONS

The analytic estimate of Sections 4-7 compares every field of Theorem 2.46 with a fixed subfield.
The simplest choice of this subfield is the Kummer field

E = B(Vag,...,\/ar) = BWV)

of Subsection 2.3, with aq, ..., a7 asin (2.4) and V as in Lemma 2.5(d). It is the maximal elementary
abelian 2-extension of B unramified at the finite primes outside .S, that is, the fixed field of the
Frattini subgroup of Gp (Lemma 3.2). The Lean formalization calls F the genus field; we do not
use that name here. Here the comparison field is a larger field Ey» D E (Section 5), whose zeta
function contains (g as a factor. This section shows that E lies in every field of Theorem 2.46. It
then writes (g as the product of (g and 255 quadratic Hecke L-functions of B, and determines their
conductors, gamma factors, root numbers and Euler factors. The field E does not depend on the
choice of the capped primes.

For v,e € F§ put (v,e) = 21‘7:0 vie; € Fg; as in Section 2, vectors are written as strings of their
coordinates. For a nonzero ideal a of a number field, Na denotes its absolute norm. The number of
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positive divisors of an integer n > 1 is 7(n); it is not to be confused with the inertia generators 7,
of Definition 2.13, whose elementary images 7, appear in Lemma 3.5.

3.1. The Characters of the Kummer Field. This subsection fixes the characters x. of
Gal(E/B) = F§ (Definition 3.1) and shows that E lies in every field of the tower (Lemma 3.2).

By Lemma 2.11, [E : B] = 256, and the elementary image g € F§ of Definition 2.12, given by
g(\/a;) = (—1)%/a;, identifies Gal(E/B) with F5.

Definition 3.1. For e € F§ put

7
ae:Ha?, B. = B(y/a.),
i=0

and let . be the character g — (—1){¢) of Gal(E/B).

The character x. takes the values +1; in terms of the Fo-valued Kummer characters k, of
Definition 2.12, y.(g) = (—1)%(9). Since g(\/ae) = xe(g)/ae, the character x. cuts out B,, and
the 256 characters x. are all the characters of Gal(E/B). For e # 0 the extension B./B is quadratic,
because the classes of ag, ..., a; are independent in BX/B*? (Lemma 2.5(d)).

Lemma 3.2. The fized field of the Frattini subgroup DoGp of Gp is EE. Consequently E is contained
in every field K of Theorem 2.46.

Proof. Let Gg be the group of Subsection 2.3, so that Gg/D2Gg = Gal(E/B) (Lemma 2.11), and
let Ggp = Gg/N as in Definition 2.23. By Lemma 2.24(b), N C D2Gg, so Gp/D2Gp = Gg/D2Gg =
Gal(E/B). A field K of Theorem 2.46 contains the fixed field of D4Gp C DyGp, and hence contains
E. O

3.2. Local Data. This subsection computes the conductor exponents and the Frobenius values of
every character x. (Proposition 3.4), expresses them through the elementary images of the local
generators (Lemma 3.5), and records the types of the primes of B in E/B (Corollary 3.7). They
give the Fuler factors and conductors of Subsection 3.3, and the Frobenius vectors used by the
census of Section 4.

Definition 3.3. For a prime p ¢ S of B, the Frobenius vector Frob, € F$ is the elementary image
of the Frobenius of p in Gal(E/B), that is, of the Frobenius element Frob, of Subsection 2.3.

For p = t, k = 1,2,3, it is the vector of Froby, in Table 5, and for p = t4 it is 00110100
(Lemma 2.14). By Euler’s criterion, (Froby); = 1 exactly when «; is not a square in Og/p. For a
place p of B we write (-,-), for the quadratic Hilbert symbol of B,.

Proposition 3.4. Let e € F5\ {0}. For a prime p of B let cy(e) be the exponent of p in the
conductor of xe, and if cy(e) = 0, let xe(p) € {£1} be the value of x. at the Frobenius of p.

(1) If p & S, then cy(e) = 0 and xe(p) = (—1){FP») . Let p be the rational prime below p. If p
splits in B, then p = (p,v/241 — r) with r* = 241 (mod p), and (Froby); = 1 ezactly when
the image of oy under v/241 — 1 is a quadratic nonresidue modulo p. If p is inert, then
(Froby); = 1 exactly when Np/g(c;) is a quadratic nonresidue modulo p. If p = 241, the
same holds with /241 — 0.

(2) Let p lie above p € {3,5}, letu=—11ifp=3 andu =2 if p=>5, and let o; be the generator
of p. If (u, )y = —1, then cp(e) = 1. Otherwise cy(e) = 0 and xe(p) = (—i, ae)p. The
Frobenius generator ¢, of Definition 2.13, which fizes /oy, acts on square roots by (—ay, ),
(Table 5).

(3) Let p = pj. If (5,ae)p = —1, then cy(e) = 3. If (5,ac)py = 1 and (—1,ac)p, = —1, then
cp(e) = 2. Otherwise cy(e) =0 and xe(p) = (=2, ae)p.
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(4) The real place vy becomes complex in Be, that is, Xe is nontrivial at vk, exactly when o < 0
at vg.
(5) The conductor of X is the ideal fo = HpeS pe(© of Op.

Proof. For (1), p is odd and «. is a unit at p, so p is unramified in B.. By Euler’s criterion the
Frobenius multiplies \/ae by the quadratic residue symbol of o, modulo p, which is [[,(c;/p)®. For
a split prime, Op/p = F, via /241 + 7. For an inert prime, Op/p = F,2 and the conjugation of B
induces the Frobenius x + 27 of the residue field, so the residue of N g(a) is aPtl. An element of
IF;Q is a square exactly when alP’=1/2 = (@p“)(p*l)/2 equals 1, that is, when its norm is a square

in IF,. The prime above 241 has residue field Fa4; and V241 — 0.

For (2) and (3) we use local class field theory for By, = Q. The local Artin map sends b € Q,; to
the automorphism multiplying /ac by (b, o)p. Units map onto inertia, a uniformizer maps to a
Frobenius, and the conductor exponent is the least n > 0 such that b — (b, a.), is trivial on U,
where U®) = 2 and U™ = 1 4 p"Z,, [18].

For p = 3,5, the unit group modulo squares is {1,u}, and U1 consists of squares by Hensel’s
lemma. Hence cp(e) < 1, with equality exactly when (u,ac), = —1. In the unramified case the
Frobenius is the image of any uniformizer, such as —a;.

For p = 2, the squares of Z; form UGB, Moreover U@ = U® ys5U®) and UO = g =
{#1,45}U®). The character is thus trivial on U®). Tt is trivial on U?) exactly when (5, ac) = 1,
and on U exactly when also (—1,a¢) = 1. This gives the stated exponents; the exponent 1 cannot
occur since U(® = UM In the unramified case the Frobenius is the image of the uniformizer —2.

For (4), the real place vy splits in B, exactly when o, > 0 at v;. For (5), ¢y(e) =0 for p ¢ S by
(1). O

Each condition in the proposition is linear in e:

Lemma 3.5. Let e € FS. Then (5,ac)y, = (—1)@%, (=1, ac)p, = (—1)%° and (=2, )y, =

(=1){Z€) . For a prime p above 3 or 5, with u as in Proposition 3.4(2) and a; the generator of p,
(u, ae)p = (—1)€) and (—ay, ae)p = (=1)2€) . Finally, a. < 0 at vy, evactly when (ix,e) = 1.

Proof. Tn each case (b, ae)p = (—1){), where w is the elementary image of the local generator that
acts on square roots by (b, -), in Table 5: at p; the vectors z;,9;, Z; belong to b = 5,—1, -2, and

above 3 and 5 the images of the inertia and Frobenius generators belong to b = v and b = —aq.
Likewise the complex conjugation ¢, negates \/a. exactly when a. < 0 at v (Lemma 2.8(a)), and
it multiplies ,/ag by (—1){e). O

Definition 3.6. For e € F§ and k = 1,2 put vi(e) = (ig,e) € {0,1}, where 7y is the elementary
image of the complex conjugation ¢y (Table 5).

By Proposition 3.4(4) and Lemma 3.5, for e # 0 we have vi(e) = 1 exactly when the real place
v becomes complex in B, that is, when x. is nontrivial at vy.

Corollary 3.7. The type (Definition 2.45) of a prime p of B in E/B is (4,2) at p1,p2; (2,2) at

q1,92,t1,t2; and (1,1) or (1,2) at p ¢ S, according as Frob, = 0 or not. In particular the capped
primes 1, ta, t3 have type (1,2) in E/B.

Proof. For p € S, local class field theory identifies the decomposition group of p in Gal(E/B) = F3
with the image of Q; under the local Artin map, and the inertia group with the image of the units.
By Lemma 3.5, at p; these are spanned by Z;,y;, Z; and by Z;, 7;; the three vectors are independent
(Table 5), so the decomposition group has order 8 and inertia has order 4. Above 3 and 5 the
two elementary images are independent, which gives (2,2). For p ¢ S the decomposition group is
generated by mp. The Frobenius vectors of t;, ta, t3 are nonzero (Table 5). O
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3.3. The Zeta Function of the Kummer Field. This subsection factors (g into (g and 255
quadratic Hecke L-functions (Proposition 3.8), and records their coefficients, completed forms,
functional equations and conductors (Proposition 3.9, Corollary 3.11). These are the input of the
approximate functional equation in Section 4.

Let xp be the Dirichlet character n — (n/241).

Proposition 3.8. For Res > 1,
Ce(s)=Co(s) ] Ls,xe)  ¢B(s) =C(s)L(s, xB),

e€F5\{0}
where L(s, xe) = Cp.(8)/CB(s) is the Hecke L-function of Xe.

Proof. Compare Euler factors at a prime p of B. Let T, C Z, C G = Gal(F£/B) be its inertia
and decomposition groups, and put f, = |Z,/T,| and g, = |G/Z,|. The Euler factor of (g at p is
(1 — X/)=% with X = Np~*. A character nontrivial on T, contributes the factor 1. The characters
trivial on T}, are those of G/T}; they restrict onto the f, characters of the cyclic group Z,/T,, each
with g, extensions. Hence their factors multiply to [].s,_; (1 — ¢X)™% = (1 - X/»)=% . The same
identity for B./B identifies L(s, x.) with (p,/(p. The second identity is the case of B/Q. Since
241 =1 (mod 8), the prime 2 splits in B, and quadratic reciprocity shows that the character of

B/Q is XB- O

Put Tr(s) = 7—*/2T'(s/2) and T'c(s) = 2(2r)~°T(s), so that Ic(s) = Tr(s)Tr(s + 1) by the
duplication formula. For a number field M with discriminant A and signature (r1 (M), ro(M)),
the completed Dedekind zeta function is

Ani(s) = [An [T ()T (5)2M) o (5).
Proposition 3.9. Let e # 0, write L(s, xe) = D _,,>1 an(e)n™*, and put

Qe = 241 N¥e, A(s, Xxe) = QZ/Q I'r(s +v1(e)) I'r(s + va(e)) L(s, Xe)-
(1) The coefficients ay(e) are integers with |ay(e)| < 7(n). The Euler factor at a rational prime
P18 [Lop(1 = Xe(P)Np~*) 71, with xe(p) = 0 when cy(e) > 0.
(2) The function A(s, xe) equals Ap_ (s)/Ap(s). It is entire of order at most one and satisfies
A(s,xe) = A(1 — s, xe); that is, the root number of L(s,xe) is 1.
(3) Ezactly 63 of the characters have vy(e) = va(e) = 0, exactly 64 have vi(e) = v2(e) =1, and
128 have v1(e) # va(e).

Proof. The Euler factor in (1) is Proposition 3.8 applied prime by prime. Above a rational prime
there are at most two primes of B. So the local factor is either a product of at most two factors
(1—cp~*)~1, or a single factor (1 —cp=2%)~1, with ¢ € {0,41}. In both cases the coefficient of p~*
has modulus at most k + 1 = 7(p¥). Multiplicativity gives (1).

For (2), the completed Dedekind zeta functions satisfy Aps(1—s) = Apr(s), and L(s, x.) extends to
an entire function because y. is nontrivial [11, 38]. The discriminants satisfy |Ap, | = |Ag|* Nog_/p,
where 0p,_/p is the relative discriminant, and the conductor-discriminant formula gives 9, /p =
fe for the quadratic extension B./B. Hence |Ap,|/|Ag| = 241Nf. = Q.. By Definition 3.6,
Proposition 3.4(4) and Lemma 3.5, if vgx(e) = 0, the place vy splits into two real places of B, and
contributes I'g(s)2/T'r(s) = I'r(s). If vx(e) = 1, it becomes one complex place and contributes
Ic(s)/Tr(s) =Tr(s+1). Thus Ap,/Ap = A(s, xe). It is the completed Hecke L-function of ye,
which is entire of order at most one [11, 38].

For (3), the vectors 71,73 are linearly independent. So e + (v1(e), v2(e)) maps F§ onto F3 with
fibers of size 64. Removing e = 0 from the fiber over (0,0) gives the counts. O
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Definition 3.10. Let e # 0. The gamma factor of x. is I'r(s + vi(e))I'r(s + v2(e)), the factor in
the definition of A(s, xe) in Proposition 3.9. It is pure if v1(e) = vo(e); writing v for the common
value, it then equals I'g(s + v)2. Otherwise it is mized, and then it equals I'g(s)Tr(s + 1) = I'c(s).

Corollary 3.11. Fore # 0, Q. = 241 - 2¢ - m, where 2 = 21 (&) ey () ¢ {1,4,8,16,32,64} and

m = 3car(e)tea(e)gen (©ten(€) divides 225. The number of characters x. with given 2t and m is
given by the table

20\m |1 3 5 9 15 25 45 75 225 total
1 o 2 2 1 4 1 2 2 1 15
4 2 4 4 2 8 2 4 4 2 32
8 4 8 8 4 16 4 8 8 4 64
(3.12) 16 12 2 1 4 1 2 2 1 16
32 4 8 8 4 16 4 8 8 4 64
64 4 8 8 4 16 4 8 8 4 64
total | 15 32 32 16 64 16 32 32 16 | 255

In particular 723 < Q. < 241 - 14400 = 3470400.

Proof. Only the primes of S divide the conductors (Proposition 3.4(5)), so Q. = 241 Nf. with
Nfe — 2CP1 (e)+cp2 (6)3041 (e)Jquz (e) 5Cl‘1 (e)JrCl‘Q (e) .

By Proposition 3.4, cp.(e) € {0,2,3} and cq;(e), c;(e) € {0,1}, and by Lemma 3.5 these exponents
are determined by the vectors of Table 5; counting the 255 vectors e # 0 gives the table, which
the supplementary program check255.gp also prints (Remark 3.13). No nontrivial character has
Nf. = 1, since B has class number one and a unit of norm —1 (Lemma 2.5(a),(b)), so that its narrow
class number is one. The range of (). can be read off from the table. O

Remark 3.13. The supplementary program 1fun241.py (directory papers/0.04273/certificates
of [23]) computes, for each e # 0, the integer Q., the pair (vi(e), v2(e)) and the coefficients a,(e) for
n < N, = 4|\/Q.] + 1, from Propositions 3.4 and 3.9(1). For the values used here (Subsection 4.7),
the program ye_hp.py computes the coefficients up to the larger truncation point 8|v/Qc| + 1 of
that subsection. The supplementary program check255.gp, in the same directory, compares all
255 of them with PARI/GP’s own number fields and L-functions [41]. For each e it computes the
maximal order of B, checks |Ap, | = 241 Q. and the pair (v1(e),2(e)) against the signature of B,
and checks every coefficient a,(e) with n < N, against the Dirichlet series of (g, /(p. All agree. It
also prints the table (3.12), the counts of Proposition 3.9(3) and the range of .. These comparisons
check the implementation; the identification of the L-functions rests on Propositions 3.4 and 3.9.

4. THE RELATIVE ZETA VALUE

We bound the relative zeta value Lp(1) needed in the geometric construction. Logarithms
of Dedekind zeta functions are normalized by the degree: for a number field A we work with

[A: Q] logCa(s).

Definition 4.1. Let K be the set of all finite Galois extensions K/B contained in Bg, of degree a
power of two at least 249, such that G — G factors through Gal(K/B) (notation of Definition 2.23).
These are the fields K of Theorem 2.46.

For K € K we use the notation of Theorem 2.46: ¢ is a complex conjugation at a place of K
above v, F = K1) d = [F :Q], so that [K : Q] = 2d, (b, c) is the signature of F, § = ¢/d, and
X = 29/44/3615 is the root discriminant of both K and F. Put

¢ =log A = 91og2 + L log 3615 = 5.65600472355 . ..
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Different choices of ¢; are conjugate in Gal(K/B) and give conjugate fields F'; hence b, ¢, § and the
function Lr(s) = (x(s)/Cr(s) depend only on K. The extension K/F' is quadratic and unramified
at every finite place, K is totally imaginary, and b > 1. Let v be Euler’s constant. For a prime p of
B, let ex(p) and fx(p) be its ramification index and residue degree in the Galois extension K /B,
so that (ex(p), fx(p)) is the type of p in K/B (Definition 2.45).

Theorem 4.2. There is an mg such that every K € K with [K : B] > mg satisfies

1
Slog Lp(1) < Ceg = 0.0422764.

The proof of Theorem 4.2 is completed in Section 7. This section proves the general criterion,
Proposition 4.19, and encloses (g at real points (Proposition 4.31); Sections 5 and 6 supply the
other inputs of the criterion.

The proof assumes neither the generalized Riemann hypothesis nor a Brauer—Siegel type as-
ymptotic formula, and it does not give an effective value of mg. It has four steps. Monotonicity
of the completion of Lr reduces the value at s = 1 to (i at real points ¢ > 1 (Subsection 4.1).
Along a sequence of fields of growing degree, the normalized numbers of primes of each prime power
norm ¢ converge to limiting densities 8, (Lemma 4.13), and d~'log Lp(1) is bounded in the limit
by Z(1) = 3, Bq91(q), where g5(q) = —log(1 — ¢~°); the Tsfasman-Vladut inequality bounds a
weighted sum of the 8, (Subsection 4.2). The selected primes of B, those above 2, 3, 5 and the
capped primes, have the same type in every field of the tower, so their part of Z(1) is known exactly
(Subsection 4.3). For each other prime of B we use a lower bound for its residue degree, a floor, and
a kernel inequality with several abscissae bounds the rest of Z(1) by a combination, with coefficients
of both signs, of floor sums: the sums of the terms of these primes at residue degree equal to the
floor, evaluated at real points o; > 1 (Proposition 4.19). Sections 5-7 supply the floors and the
values: the floors come from a field Ey» contained in every field of the tower and from a census,
and the values come from the factorization of (g, into L-functions. Throughout, o denotes a real
number greater than 1 and € = ¢ — 1; in this section ¢ is this positive number, not the unit oy of
(2.4).

4.1. Reduction to s > 1. This subsection shows that Lg(1) > 0, by the class-number formula,
and that the completion L of L, defined in (4.5) below, is positive and nondecreasing on [1, c0)
(Lemma 4.6). Together with a comparison of Euler products they bound Lr(1) by (i at a real
point 1 + ¢ (Lemma 4.8), which Lemma 4.13 uses.

For a number field A, write h4, Regy, wa and A4 for its class number, regulator, number of
roots of unity and discriminant. The residue of (4 at s = 1 is 21 (27)2(Dh 4 Reg 4 /(wa|Aa|/?).
Since K/F is unramified at the finite places, |[Ax| = |Ar|?. Hence

hi R
(4.3) Lp(1) = lim ) _ gea-ey-asz Ik Regge wr
s—1 (p(s) hr Regr wi
Let s > 1 be real. At a prime of F of norm ¢, the Euler factor of Lp is (1 —¢~*)~! if the prime
splits in K and (1 + ¢~*)~! if it is inert. Its square is at most the Euler factor of (, which is
(1 — g=*)72, respectively (1 —¢~2%)~!. Consequently
log Lr(s) _ logCk(s) _ logCr(s)
d - 2d [K:Q]
The function Lp is the Hecke L-function of the quadratic character of K/F. This character is

unramified at every finite place and nontrivial at every real place of F', since K is totally imaginary.
With I'g, I'c and A4 as in Section 3, put

(45) @@zﬁg

> 0.

(4.4)

= A2 (s 4+ 1) T (s)° Lip(s).
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By Hecke’s theorem [11, 38|, LF is entire of order at most one, and it satisfies Lr(s) = Lr(1 — s)
because both completed Dedekind zeta functions do.

Lemma 4.6. The function Lr(s) is positive and nondecreasing on [1,00).

Proof. The Euler product shows that £z has no zeros with Res > 1, and the functional equation
excludes Re s < 0. So every zero p satisfies 0 < Rep < 1. There is no zero on [1,00), by the Euler
product and by (4.3). As Lp(s) > 0 for large real s, it is positive on [1,00).

Put Z(2) = Lp(3 + 2). It is entire of order at most one, even, and real on the real axis. Its zeros
z=p— 1 satisfy |Rez| < 1, and D240 |2]72 < 0o. Group the nonzero zeros into pairs {zp, —20},
and let m > 0 be the order of = at 0. By Hadamard’s theorem for functions of order at most one,

! m 2z
(Z)_Z_ >, 22

— Z
{z0,—20} 0

(| 1

is constant, where the series converges absolutely and locally uniformly away from the zeros. Since
= is even, &' /= is odd, so the constant is zero. For real x > % the logarithmic derivative is real, so
it equals the sum of the real parts. If zg = a + iy, then

2x 22(2% — a® + y?)

Re = >0,
22— 22 (12— a4+ y?)? +4a%y? T

because |a| < % < z. Since also m/x > 0, the logarithmic derivative is nonnegative, and log = is
nondecreasing on [%, 00). D

F0r0<6§13nd030§%put
(4.7) Y(e,6) = g(ﬂ —logm) —eflog2 + (1 — 26) logI‘(l + %) +6log'(1+¢).

Lemma 4.8. Let K € K and 0 < e <1. Then

log Lrp(1) < log (x (1 +¢)
d — [K:Q]

Moreover Y(e,0) — 0 as € | 0, uniformly for 0 <6 < %

Proof. By Lemma 4.6, Lp(1) < Lp(1+¢). In (4.5) the gamma factors change by

(4.9)

+ Y(e,6).

I'r(2+¢) —e)2 5 Ie(l+¢) _
= —qg ¥ (1+ = ——— =(2m)" °I'(1 .
Te(2) ( + 2>’ re)  ~ 2m)Tr+e)
Taking logarithms, dividing by d, and using b/d = 1 — 26, ¢/d = 0 and (4.4), we obtain (4.9). Since
T is affine in 0, Y(e,0) — 0 as ¢ | 0, uniformly for 0 < 6 < % O

The term Y does not appear in the final estimate. With e = 1/300, (4.9) would add Y(1/300, §) ~
0.0054 for € near % Instead, the proof of Lemma 4.13 applies (4.9) with s — 1 in place of € for
each fixed s € (1,2], passes to the limit along a sequence of fields, and then lets s | 1, so that T
vanishes in the limit; the change from the real points ¢ > 1 back to 1 is then paid for through the
Tsfasman—Vladut inequality (Propositions 4.15 and 4.19). This limit is also the reason why my is
not effective.

4.2. The Tsfasman—Vl1adut Inequality over B. This subsection passes to limits along sequences
of fields of I (Lemma 4.13). The limit densities 3, and the function Z(s) defined there are the
quantities that Propositions 4.15 and 4.19 bound, and the Tsfasman—Vladut inequality bounds
> ¢ Bqw(q). Lemma 4.10 first writes the normalized logarithm of a Dedekind zeta function as a sum
over the primes of B.

For real ¢ > 1 and s > 1 put gs(q) = —log(1 — ¢*).



34 ERIC NASLUND

Lemma 4.10. Let M be a finite Galois extension of B and s > 1. For a prime p of B let epr(p)
and fur(p) be its ramification index and residue degree in M/B. Then

log Car(5) _ ~ _gs(Np/®)
(4.11) M Q] 2 2em(p)fulp)’
1 Cyon 1 log N log Np
(4.12) _[M:Q]CiM@)_ [M:Q]%Nip—l ZQEM )(Np2fu () — 1)’

where P runs over the primes of M. FEach summand on the right does not increase when epr(p) or
fa(p) is replaced by a larger real number. If M C M’ are both Galois over B, then ept(p) | err(p)

and far(p) | far(p)-

Proof. Above p there are [M : B]/(ef) primes of M, each of norm Np/, and [M : Q] = 2[M : B]. This
gives both formulas. The first equality in (4.12) follows from —(},/Ca(s) = > g log NP /(NP — 1).
For monotonicity in f, write gs(zf)/f = doi>1 2138 /(f4) for > 1; each term decreases in f. The
divisibilities hold because ramification indices and residue degrees are multiplicative in towers. [J

Put

4 — v —log(4m)
m>1
Here 2k is the right side, and w(q) the weight of the prime power ¢, in the Tsfasman—Vladut

inequality (4.14) below.

Lemma 4.13. Let C' € R, and let K9 € K, j > 1, be fields of strictly increasing degree Let FU)
and d; = [FY) : Q] be the field F and the number d attached to KU) above, so that [KV) : Q] = 2d;,
and suppose that d;l log Lyy(1) > C" for every j. For a prime power q let Ny(K) be the number
of primes of K of norm q. After passing to a subsequence, the limit 3, = lim; Nq(K(J))/(Qd]) exists
for every prime power q, and Z(s) = Zq Bq9s(q), for real s > 1, satisfies:

(a) Z(s) = lim;[KU) : Q" log (i) (5) for every real s > 1;

(b) Zq qu(Q) < 26005

(c) C'"<Z(1) < o0
Proof. If ¢ = p/, then N,(K) < [K : Q]/f, since the local degrees above p add up to [K : Q]. So
N,(KW)/(2d;) < 1, and a diagonal argument gives a subsequence along which 3, exists for every g.
The fields K ) have strictly increasing degrees, so they are pairwise non-isomorphic.

(a) For fixed real s > 1, (2d;)"!log (i) (s) = Zq(Nq(K(j))/2dj)gs(q) tends to Z(s) by dominated
convergence: for ¢ = p/ the terms are at most gs(q)/f < 2¢~*, and Zq q % < 0.

(b) Tsfasman and Vladug call a sequence (A;) of pairwise non-isomorphic number fields asymptot-
ically exact if its genus g(4;) = log |A4,|"/? tends to infinity and the limits ¢, = lim N,(4;)/g(A;),
¢r =limri(A4;)/9(A;) and ¢c = limra(A;)/g(A;) exist. Their unconditional Basic Inequality’ [42,
Section 3.2, Proposition 3.1] states that every such sequence satisfies

ZZqﬁqloqu m+1+¢R( + - +log2f)+¢<c(’y+log47r)_1.

For our sequence g(KU)) = djf and KU) is totally imaginary, so g =204/, pr =0 and ¢¢c = 1/,
and the inequality becomes

(4.14) 3 Bawla) < f-y—logldm) _,,

2
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(c) Since g1(¢g) < 1/(¢ — 1) and w(q) > 2logg/(q + 1), we have gi(q) < 3w(q)/(2log2), so
Z(1) < oo by (b). By Lemma 4.8 with s — 1 in place of ¢, and by (a), for 1 < s <2,

log L ;) (1
C'" < limsup log Loy (1) <Z(s)+ sup Y(s—1,0).
j d; 0<6<1/2

As s | 1, Z(s) increases to Z(1) by monotone convergence, and the supremum tends to zero. Hence
' <Z®1). O

The next proposition is the form of this argument with one abscissa. Here it serves only for
comparison (Remark 4.36 and Section 12) and for the Lean formalization (Remark 4.38).

Proposition 4.15. Let 0 = 1 4+ ¢ with 0 < ¢ < 1, and let Y, be a real number with [K
Q] tlog(k (o) < Y for every K € K. For each prime p of B, let eg,fg > 1 be integers with
ex(p) > eg and fr(p) > fg for every K € K, and let Y] be a real number with

i 209(Np2¥ — 1)’
Then every C' > Y, +e(koo +Y,) has the followmg property: there is an mq such that d~*log Lr(1) <
C’ for every K € K with [K : B] > my.

Proof. Suppose not, and let K, Bq and Z be as in Lemma 4.13. For every prime power g,

1+e Jogq elogq
— = —2 " du <
0@ =gl = [ B S

log q q log q
=loggq .

With (4.14) these give Z(1) < Z(1 4+ ¢) 4+ e(koo + Zq By log q/(q2 —1)). By Fatou’s lemma, (4.12)
for M = KU, and the monotonicity in Lemma 4.10,
1 logN
Z Bq;;gq < liminf ngfp ) <Y
¢-—1 I 2ek6) (P)(Np O —1)
Finally Z(1 +¢) <Y, by Lemma 4.13(a). Thus C’ < Z(1) < Yi + £(koo + Y/), a contradiction. [

By (4.12) and the monotonicity in Lemma 4.10, Y, bounds —[K : Q]71(¢%/Cx)(2) for every
K € K, as Y, bounds [K : Q] !log (k (o).

4.3. Selected Primes and Floors. This subsection separates the primes of B whose type is the
same in every K € K, the selected primes, whose contribution Zg(1) to Z(1) is computed exactly
(Lemma 4.17), from the free primes, which enter Proposition 4.19 only through lower bounds for
their residue degrees, the floors of Definition 4.18.

Definition 4.16. The selected primes of B are the six primes of S, which lie above 2, 3 and 5
(Lemma 2.5(c),(d)), and the capped primes ti, t, t3 (Definition 2.13). The other primes of B are
free. For a prime power ¢ put

sel __ 1
K _;%K(p)fx(p)’

the sum over the selected primes p with Np/5x®) = ¢ where (ex (p), fx(p)) is the type of p in K/B
given by Theorem 2.46; it is the same for every K € . Put

Zsal(8) = Zﬁzelgs(Q) (s >1), Tsel = Zﬁsel

q
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The places of F' above the selected primes of B form the set of finite places used in the geometric
construction (Section 11); in Subsection 1.2 they are also called selected.

Lemma 4.17. The numbers Bgel are 1/32 for q = 16, 1/4 for ¢ = 9,25,29*, 1/8 for ¢ = 41*, and 0
for every other prime power q. For every K € IC and every prime power q, the number Nqsel(K) of
primes of K of norm q above selected primes of B satisfies NSEI(K)/[K :Q] = Bgel. Moreover

0.0416684840321404 < Zge1(1) < 0.0416684840321405,
0.2004555342790642 < Tge < 0.2004555342790643.

Proof. By Theorem 2.46 the types are (8,4) at pi, p2, which have norm 2; (2,2) at the two primes
above 3 and the two above 5, which have norms 3 and 5; and (1,4) at t;, t2, of norm 29, and at
t3, of norm 41. The definition then gives the values of Bsel. A prime p of B of type (e, f) in the
Galois extension K/B has [K : B]/(ef) = d/(ef) primes of K above it, each of norm Np/, and
[K : Q] = 2d; this gives Nsel(K )/[K Q] = ﬁzel. The two numbers are evaluated in Arb interval
arithmetic by the supplementary program signed.py (its functions zsel and B_r). O

Since K/B is unramified outside S, every free prime has ex (p) = 1.
Definition 4.18. Put qu;, = 41* = 2825761. A system of floors is a choice of an integer fg >1,
the floor of p, for every free prime p of B such that

(F11) f’? divides fx(p) for every K € K;

(F12) Np¥ > guin.
Its floor sum is .

Ya(o) = gng) (o>1).
p free b

The series converges, since g,(z/)/f < go(z) for > 1 and f > 1, and > 9o(Np) = log (p(0). By
(F11), the floors are an admissible choice, at the free primes, of the lower bounds fg of Proposition 4.15;

this is why the same symbol is used.

By (4.11), the floor sum is the part of the termwise bound for [K : Q]! log (x (o) that comes
from the free primes, for a hypothetical field in which every free prime has residue degree equal to
its floor. The floors used in this paper are those of Definition 5.20.

4.4. A Signed Kernel. Proposition 4.15 passes from 1 + ¢ to 1 through the uniform bound
91(q) — q1+(q) < elogq/(q — 1). The next proposition, the criterion that proves Theorem 4.2 in
Section 7, replaces it by a kernel inequality between g1, a combination K of several functions g,, with
coefficients of either sign, and the weight w of the Tsfasman—VIadut inequality. Such a combination
can follow the function (g1 — bryvw)4, where bry > 0 is the multiplier of w in the proposition, far
more closely than a single multiple of g,.

Proposition 4.19. Let (fg) be a system of floors (Definition 4.18), with floor sum Yy, and let Zyq
and Ts be as in Definition 4.16 and koo as in Subsection 4.2. Let 1 < o1 < -+ < op, let c1,...,¢n
be real numbers of either sign, let byy > 0, and define the kernel K(q) = >, ¢igo,(q) for real ¢ > 1.
Suppose that, for every real ¢ > Gmin,

(i) K(g) = g1(q) — brv w(q), (ir) K(q) = 0, (iii) K is non-increasing on [gmin, 00).
Then every
C' > Zsel(l) + Z CZ‘Yﬂ(O'Z‘) + by (2/%0 — Tsel)
i=1
has the following property: there is an mq such that d~'log Lp(1) < C' for every K € K with
[K : B] > my.
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Proof. Suppose not, and let KU Bq and Z be as in Lemma 4.13, applied with this C’. Write
Ny(K) = N:*Y(K) + Nfee(K), Where Nfree(K) counts the primes of K of norm ¢ above free primes

of B, and put p;(q) = N;ree(K(j))/(de). By Lemma 4.17, Bgree =By — ,B;el = lim; p1(q) for every g,
and B(gree > 0.

One field. Fix j and write K = K@) and d = dj. A free prime p of B with f = fx(p) has d/f
primes of K above it, each of norm Np/. By (Fl11), f is a multiple of fg,s01/(2f) < 1/(2f), and
Np/ > pr{,) > gmin by (F12). By (ii) and (iii), the primes of K above p contribute
_ KMNp/) _ K(Np/?)

2d
to >, #j(¢)K(g). Summing over the free primes,

n

fp
> pi(@K(g) < Bk =Y QN; = aYa(o),
q

p free i=1

where the series defining ¥k converges absolutely, since |K| < >, |ci|go,;, and may be summed term
by term. Note also that p; is supported on [gmin, 00), hence so is free,

The limit. Since K > 0 on [gmin, 00), Fatou’s lemma gives BgreeK(q) <liminf; > 1;(¢)K(g) <
Yk. By (i) at every ¢ in the support of ¢, by by > 0, and by Lemma 4.13(b),

Z ﬂfree ) < Z BgreeK + bTV Z Bfree < Yk + bTV (QHoo — Tsel)a
q

where we used ), Bfreew( ) =24 Bqw(q) — Tser. With Lemma 4.13(c),

Cl < Z( - sel + Z Bfree < Zsel + Z CzYﬁ Jz) + bTV (2"{‘700 - Tsel)a

which contradicts the choice of C’ . O

Remark 4.20. Condition (ii) follows from (iii), since K(g) — 0 as ¢ — oo; it is checked separately.
The proof uses the floors only through (F11) and (F12), and the selected primes only through their
exact types. The right-hand side of the proposition is at least Zg (1), since ¥ > 0 by (ii) and
2Koo > Tso (Remark 4.37). With n = 1 and ¢; > 1 it is the refined Tsfasman—Vladut step of
Proposition 12.9, without the adaptive credits Ry(fx(p)) + px (p)I,(fx (p)) of Definition 12.2 and
Proposition 12.4.

4.5. An Approximate Functional Equation for Two Gamma Factors. This subsection and
the next two enclose (g(o) at the abscissae of Section 7 (Proposition 4.31), through the factorization
of Proposition 3.8. The factors L(o, x.) are computed from an approximate functional equation
(Lemma 4.21), whose kernels are bounded by envelopes (Lemmas 4.22 and 4.23) and enclosed on a
grid (Subsection 4.6). For real y and z,y > 0 define the incomplete gamma and Bessel integrals

Hu(ac):/1 ul e du, Iu(y):/1 ut Ko(yu) du,

where K is the modified Bessel function of the second kind of order zero, and their envelopes (upper
bounds, by Lemma 4.22(2))

Numerical evaluation of L-functions from their functional equations is developed in [2]. Part (1) of
the next lemma treats mixed gamma factors, and part (2), for pure gamma factors, uses the Bessel
function Ky. We prove both.
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Lemma 4.21. Let a, be real numbers with |a,| < 7(n), where T(n) is the number of divisors
of m, let Q@ > 0 and v1,vo € {0,1} (integers, not places), and let L(s) = anl apn~%. Suppose
that A(s) = Q/*Tr(s + v1)Tr(s + 12)L(s) extends to an entire function of order at most one with
A1 —5s) =A(s). Putt=2n/+/Q and let o0 > 1 be real.

(1) If v1 # vo, then

L(o) = FZ) > an(Ho(tn) + Hi_(tn)).

n>1
(2) If v = v9 = v, then

t/2 O'—H/
L(U) = F O'—I—I/ /2 Zann U+1/ 1 tn)"‘L/ U(tn))

The series converge absolutely.

Proof. In case (1) put k(xz) = e * and v = 0, and in case (2) put k(z) = Ko(x). Their Mellin
transforms are I'(w) and 2*~2I"(w/2)? for Rew > 0 [24, 10.43.19]. Let O(u) = >, a,n”k(tnu) for
u > 0. For Rew > 1 4+ v, termwise integration gives

Y w— _ JT(w)L(w) = 3 (w) in case (1),
= /0 @(U)u Ly = {Qw_zt_wf(w/2)2z(w o V) — iQV/QA(w _ V) in case (2)

In case (1) we used T'g(w)Ir(w + 1) = Te(w) and Q¥/2(27)~ = t~*. In both cases © is entire
and O(w) = O(1 + 2v — w).

The function L = A/(Q%/?*Tr(s + v1)T'r(s + 12)) of the complex variable s is entire of finite order.
Fix n > 0. The function L is bounded on Re s = 1+ 7, and, by the functional equation and Stirling’s
formula, of polynomial growth on Re s = —n. By the Phragmén-Lindelof principle it has polynomial
growth in |Ims| on every vertical strip. With Stirling’s formula this shows that ©(w) decays
exponentially in |Imw|, uniformly on vertical strips. Mellin inversion on a line Rew =¢ > 1+ v
and a shift to Rew =1+ 2v — ¢ are therefore justified, and no residues occur. With the functional
equation of © they give

O(u) =u " O(1/u) (u>0).
In particular ©(u) decays rapidly as u | 0. Splitting the Mellin integral at « = 1 and substituting
u > 1/u below 1 gives

O(c +v) = / O(u) (u ! + u’77) du.
1
Termwise integration, justified by the exponential decay of k, turns the right side into ), a,n”
times H,(tn) + Hi_s(tn) in case (1), and times Ir4,—1(tn) + I,_»(tn) in case (2). On the left,
O(0) =t °T(0)L(o) in case (1), and O(o + v) = 2°T""2=7V((¢ + v)/2)?L(0) in case (2). O
Lemma 4.22. Let € R.

(1) The functions H,, and I, are Laplace transforms of positive measures on [1,00). They are
completely monotone on (0,00), extend holomorphically to Rez > 0, and satisfy |H(z)| <
H(Rez) there, for H=H, or H=1,.

(2) If p <2, then H, < V1. If p < 3/2, then I, < Vs.

(3) They satisfy

eH), (z) + pHy(x) = —e,  yI,(y) + (n+ 1)1u(y) = —Ko(y),

and Ky satisfies > K} + yK{ — y*Ko = 0 and K, = —K1, where K, is the modified Bessel
function of the second kind of order one.
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Proof. The definition exhibits H), as the Laplace transform of u#~! du on [1, 00). Taking the order
0 in [24, 10.32.9] and substituting v = coshr in its integral gives Ko(z) = [ e**(v? — 1)~1/2 dv.
Substituting this into I,,, and then v = 7/u in the inner integral, shows

I.(y) = /1 e I (/1 ul(r? — u2)_1/2 du> dr,

with a nonnegative inner integral. Differentiation under the integral gives complete monotonicity.
Since the measures are positive and |e™*"| = e7"R¢% we get |H(z)| < H(Re z) for Rez > 0, which
proves (1).

For (2), u*~t < wfor u > 1 and p < 2, and [[“ue ™ du = Vi(x). For I, we use Ko(z) <
Kyo(w) = y/7/(2x) e™* [24, 10.39.2]. Tt holds because the modified Bessel function of order n > 0
is [;° et cosh(nr) dr [24, 10.32.9], which increases with 7. Since ut~ 12 <y for p < 3/2,

1/ / w26V duy < Vy(y).

For (3), differentiate under the integral and integrate by parts: $HM($) = — floo utre " du =
—e " —puHy(x), and yI',(y) = [;° w1 AL Ko(yu) du = —Ko(y) — (+1)1,(y). The last two identities
are Bessel’s equation and a standard derlvatlve [24, 10.25.1, 10.29.3]. O

The next lemma bounds the tails of the two series of Lemma 4.21. In the application 1 < g <
101/100, so its hypothesis 1 < o < 3/2 holds.

Lemma 4.23. Let 1 < o0 <3/2, let |an| < 7(n), let t >0, N >1 and w > 1.
(1) Ift(N +1) > w—1, then for p € {o,1 — 0o}
> lan Hu(tn) < (w)*(N + D)*Vi (LN +1)).
n>N
(2) Ifv€{0,1} and t(N + 1) > w+v — 2, then forp € {o +v—1,v— 0o}
D lanIn”Iu(tn) < ((w)*(N + 1) Vy(¢(N +1)).
n>N

Proof. Since 1 < 0 < 3/2 and v € {0,1}, every u € {o,1 — o} satisfies p < 2 and every u €
{0 +v —1,v — o} satisfies u < 3/2; so Lemma 4.22(2) gives H, < V; in (1) and I, < Vs, in (2).
The logarithmic derivative of 2V;(z) = 2“7 te (1 + 1/x) is (w —1)/z — 1 —1/(z(z + 1)) <0 for
x>w—1. Son“Vy(tn) < (N + 1)“V1(¢(N + 1)) for n > N. Hence

3 JanlHu(tn) < Y 7(1) “Vi(t )g(N+1)wv1(t(N+1))ZT(n)

w )
n>N n>N n>1 n
and the last sum is ¢(w)?. Part (2) is the same, since Vs (y) is a multiple of y*+t=3/2e=¥(14-1/y),
which decreases for y > w + v — % O

4.6. Enclosures of H, and I,, and Finite Sums. This subsection encloses the kernels H, and
I,, on a geometric grid (Lemma 4.25) and bounds the error of the resulting approximation of the
finite sums of Lemma 4.21 (Lemma 4.26); Lemma 4.29 uses the second, which rests on the first.
An enclosure of a real number is an interval that contains it. Let H be H, or I, with u as in
Lemma 4.23, and let V be its envelope, V; or V. For J > 0 and £ > 0 put

J-1
pal€) = V(E/2) {5

Lemma 4.24. Let £ > 0 and let h; = HU ( )/j! be the Taylor coefficients of H at §.
(1) (=1)7h; >0 and |h;| < V(§/2)(2/§) forall j > 0.
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(2) For |x —

[0, p.s (§)]-
(3) Let k; be the Taylor coefficients at & of e™* if H = H,,, and of Ko if H =1,. If H = H,,

then (j + 1)§hj+1 = —k'j - (] +/1*)hj; and k}j = (—1)j6_§/j!. IfH = I,u, then (j + 1)£h]’+1 =
—kj — (j +u+ 1)hj, where kg = Ko(f), k1= —Kl(g), and

G+ D0 +2)Ekj2 = —( + 1)(2 + Dékjer — (5> — )k + 26k + kj2,
with k‘fl = k‘fg =0.

H(z)— Z}‘Izo hj(x — &) < py(€). For x = 31£/32 the difference lies in

Proof. Complete monotonicity gives the signs in (1). The disc |z — &| < £/2 lies in Rez > £/2,
where |H(z)| < H(§/2) < V(£/2) by Lemma 4.22. Cauchy’s estimate gives the bound on h;. For
|z — ¢ < /32, the omitted terms have modulus at most V(£/2)1677, and their sum over j > J is at
most py(€). For x < € every term hj(x — £)7 is nonnegative by (1), so the remainder is nonnegative.
Part (3) follows by comparing coefficients of (z — £)7 in the differential equations of Lemma 4.22(3),

written at z = £ + (x — §). O
The grid points are & = 64 (31/32)% for 0 < i < 4y, where i; = 1878 is the least index with
&, < 2780, Taylor polynomials are formed at &, ...,&;_1. The initial values e=%, Ky(&;) and

K1 (&) of part (3) of Lemma 4.24 are enclosed with the rigorous exponential and Bessel functions of
Arb [15], which is now part of FLINT [39] and is called through its Python interface.

Lemma 4.25. Let J > 0, and suppose that enclosures of e, Ko(&) and K1(&) are given for
0 <i <iy. Start from the enclosure [0,V (64)] of H(&y). Fori=0,1,...,i1 — 1, compute from the
enclosure of H(&;) enclosures of hy, ..., hy at & by the recurrences of Lemma 4.24(3), and take

Zh —&/32) + [0, ps (&),

evaluated in interval arithmetic, as the enclosure of H(&+1). Then every interval so obtained
contains the corresponding true value.

Proof. By Lemma 4.22, H(§) € [0,V(64)]. Suppose that the enclosure of H(¢;) contains H(§;).
The true Taylor coefficients at &; are obtained from the true value H(&;) by the same recurrence, so
their enclosures contain them. Since &1 = 31¢;/32, Lemma 4.24(2) shows that the enclosure of
H(&41) contains H(&;41). Induction on i proves the lemma. O

Now let t > 0, v € {0, 1}, integers ai,...,any and J > 0 be given, with tN < & and ¢t > &;.
For0<i<ijlet Binj={n:1<n<N, &1 <tn <¢}. These sets partition {1,...,N}. For
nonempty Bin,, let n; be the integer part of the average of its least and largest elements, and put

Mi,j = Z anny(n - ﬁi)ja A; = Z |an|ny> ,J - t] Z ( ) i,m tnz &)m—j’

nEBin; n€Bin;
where h; ,, are the Taylor coefficients of H at §;. The moments M; ; and the absolute sums A; are
exact integers.

Lemma 4.26. With this notation,

(4.27) ‘Z anpn” H(tn) ZZP”M,]

v 3=0

ZPJ(&)Ai,

where © runs over the indices with Bin; nonempty.
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Proof. Let n € Bin;. Then [tn — &| < &;/32, so by Lemma 4.24(2) the value H(tn) differs from
S o him(tn — &)™ by at most ps(&;). Since tn — & = t(n —7i;) + (t7; — &), the binomial theorem
gives 27{1:0 him(tn — &)™ = ijo P, j(n —n;)7. Multiply by a,n” and sum over n € Bin; and over
i. O

In the application below ¢ > 27/1/3470400 > 0.0033, because Q. < 3470400 for every e (Corol-
lary 3.11). So every argument tn exceeds 0.0033, and the part of the grid below that point is not
used.

4.7. The Values of (g. This subsection encloses Y (o) = log (g(0)/512 at the abscissae of Table 9
(Proposition 4.31); these values enter Yy~ through (5.14).

Let o € (1,101/100] be rational, and let e € F§\ {0}. By Proposition 3.9, L(s, xc) = >_,, an(e)n ™
satisfies the hypotheses of Lemma 4.21 with @ = Q. and v, = v (e) (Definition 3.6). Put t = 27//Q.

and let the truncation point be
N = 8[VQe) +1,

about twice the number N, = 4]/Q.| + 1 of coefficients computed in Remark 3.13, so that the
enclosures are narrow enough for Proposition 4.19.

Lemma 4.28. For every e € F§\ {0}, with t = 27/\/Q. and N = N,
tN < 50.6 < &, t > 0.0033 > &, 49.0 < t(N + 1) < 50.6.

Hence Lemma 4.26 applies with this t and N, and for v € {0,1} the conditions on t(N + 1) in

Lemma 4.23 hold for every w in the list 0L 2L 1L /9654 3 o

Proof. By Corollary 3.11, 723 < Q. < 3470400. Since v/Q. — 1 < [v/Q.] < VQ.,

1 1 6 6
tN < 27r<8+\/@> < 2r(8+ \/ﬁ) <50.6,  t(N+1) > 2x(8 ﬁ> > 2r(8 Vﬁ> > 48.8,
and t > 2m/1/3470400 > 0.0033. Moreover & = 64 and &;, < 2780, The conditions on ¢(N + 1) in
Lemma 4.23 are (N + 1) > w — 1 and ¢(N + 1) > w + v — 3, whose right sides are at most 2 for
w < 2 and v < 1. Finally, Q. takes the 53 values 241 - 2! - m with a nonzero entry in (3.12), and
evaluating t(N + 1) at these values gives 49.0 < (N + 1) < 50.6; the extremes, 49.07 and 50.59,
occur at Q. = 723 and Q. = 964. O

Let I, be the prefactor of Lemma 4.21: II, = ¢° /T'(0) if v1(e) # va(e), and I, = 4(¢/2)7 " /T ((o +
v)/2)? if vi(e) = wm(e) = v; in the first case put v = 0. Let S0 and S@ be the sums
> Z?io P, jM; ; of Lemma 4.26, with N = N a, = ay(e) and J = 20, for the two func-
tions of the series of Lemma 4.21: H = H, and H = H;_, in the first case, and H = I,4,—1 and
H =1, , in the second; their envelope is V = V) in the first case and V = V5 in the second. By
Lemma 4.28, Lemma 4.26 applies, and Lemma 4.23 applies with every w in the list above; the value
of w in this list is chosen to minimize the bound

T =3 pool€)Ai + Cw)2 (N2 + 1"V (N2 + 1))

Lemma 4.29. For rational o € (1,101/100] and every e € F§ \ {0},
(4.30) |L(0, xe) = TLe(SW) + 5| < 211 Te.

Proof. Split each of the two series of Lemma 4.21 at N2, By Lemma 4.26, each finite part
differs from its approximation S®) or S® by at most > p20(&)As; the same bound serves both

series, since their two functions have the same envelope. By Lemma 4.23, each tail is at most
C(w)?(N2fe 4 1)tV (¢(N2fe + 1)). Multiplying by II. gives (4.30). O
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Proposition 4.31. Put Yg(o) = log(g(0c)/512. For each of the abscissae o of Table 9, the
supplementary program ye_hp.py computes an enclosure of Yg (o) of width less than 1.3 - 10719, by
(4.30) and
log (o) =log (o) +log L(o, x5) + Y _log L(0, Xc)-
e#£0
For example,

0.085358048288873992 < Yx(1001/1000) < 0.085358048288873993.

Proof (computer-assisted). The factorization is Proposition 3.8. The coefficients a,(e) for n <
N2 are computed exactly from the Euler factors of Proposition 3.4 by the functions of the
supplementary program 1fun241.py, and the program afe241.py, both in the directory papers/0.
04273/certificates of [23] and called unchanged by ye_hp.py, evaluates (4.30) in Arb midpoint—
radius interval arithmetic [15, 39] with 256 bits of precision, rounding every quantity outward. Its
routines for Lemmas 4.21-4.26 are taken unchanged from the data archive in papers/0.0418235/
certificates of [23], whose members are checked against their SHA-256 hashes when it is unpacked,
and they implement these lemmas as stated here. Every enclosure of L(o, x.) is positive. The factor
(B(o) =((0)L(o, xB) is evaluated with

240
_ a a
Lloxw) =207 3 (5577 547 )
a=1

where ((s,x) =, ~o(n + )7 is the Hurwitz zeta function, using Arb’s rigorous implementation
of it [14]. - O

4.8. Frobenius Vectors and the Set P,. This subsection defines a set P4 of free primes of norm
at most 10° by a condition on their Frobenius vectors (Definition 4.32), and shows that their residue
degree in every K € K is divisible by 4 (Lemma 4.33); these primes receive the floor fg =4 in
Definition 5.20. We use the group G of Definition 2.23 and its Zassenhaus filtration D,Gp, the
relation space Ry in degree two (Definition 2.26), which Lemma 2.29 computes, the restricted square
vl of a vector v € F§ as in Section 2, and the Frobenius vectors mp of Definition 3.3.

Definition 4.32. Let X5 = {v € F : vl € Ry}, and let P4 be the set of free primes p of B with
Np < 10% and Froby, ¢ ¥o.

Lemma 4.33. Let K € K, and let p ¢ S be a prime of B with Frob, ¢ 35. Then ex(p) =1, and
fr(p) is a power of two and at least 4, so 4 divides fx(p).

Proof. The field K is unramified over B outside S, so ex(p) = 1, and a prime P of K above p
has a Frobenius Froby € Gal(K/B) of order fx(p). Choose g € Gp mapping to Frobg. Its image
in Gp/D2Gp = Gal(E/B) is the Frobenius of p in F (Lemma 3.2), whose elementary image is
Froby; it is nonzero, since 0 € 2. By Lemma 2.29, which uses the complete list of generators of

Np in Lemma 2.25, and since Mf] ¢ Ry, g has order at least 4 in Gg/D3Gp. The projection
Gp — Gp/D3Gp factors through Gal(K/B), because K contains the fixed field of D4Gp C D3Gp.
So Froby has order at least 4, and this order is a power of two because Gal(K/B) is a 2-group. [

Lemma 4.34. The set o of Definition 4.32 has exactly 21 elements: zero and the following twenty
vectors, written as strings cocy - - - ¢y of their coordinates, as in Section 2:

00100000 11110010 11010010 00010000 10000001
10010001 00001000 10100111 10101111 00000100
11101011 11101111 00000010 01100101 01100111
00000001 01011010 01011011 10111010 11000101.
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In the notation of Table 5, these twenty vectors are the elementary images of the local involutions
xj, yj and x;y; for j = 1,2, of the nonidentity elements of the four local groups Co x Cy above 3
and 5, and of 11 and ts.

Proof. Each of these images lies in 9 by Lemma 2.29, since an involution has trivial square. The
supplementary program census241.py computes Yo by linear algebra over Fo from the relations of
Lemma 2.29, and finds no other vectors. (Il

Proposition 4.35 (Frobenius vectors of the primes of norm at most 10%). Among the 78616 free
primes p of B with Np < 109, ezactly 246 have Frob, = 0, exactly 5994 have Frob, € 5\ {0}, and
the remaining 72376 form Pjy.

Proof. The supplementary program census241.py (directory papers/0.04273/certificates of
[23]) computes the Frobenius vector of each of these primes from Proposition 3.4(1) with exact
modular arithmetic, and compares it with the elements of 35 (Lemma 4.34). It was written for the
variant of the construction with the cap at ty instead of t3 (Remark 2.47), whose free primes differ
from the present ones only in that t3 is free and {g is not; both have Frobenius vectors outside s,
so the three counts are the same for both. The program adaptive4l.py enumerates the free primes
of the present tower and reproduces the three counts. ]

Below we use this classification of the primes, not the three counts.

Remark 4.36. With E as the comparison field, Proposition 4.15 at o = 301/300 gives the bound
C = 0.04871285 for the present tower. Its lower bounds (eg, fg) are the types in K at the selected
primes, (1,4) at the primes of Py (Lemma 4.33), and the types in E at the other free primes.
By (4.11) and Lemma 4.10 one may take Y, = Yg(0) — AZ (o) — AF(0), where AZ(0) is the
sum over the selected primes of the difference between the terms in (4.11) for M = E and for
M =K, and A¥ (o) = > pePy (90(Np?)/4 — g»(Np*)/8); Y/ is bounded from the same lower bounds.
Compared with the variant with the cap at ty (Remark 2.47), the terms of ty and of t3 change places
between AE and AF, with the same formula g,(Np?)/4 — g,(Np?)/8, so the totals are the same
for both; the supplementary program ceiling4l.py (directory papers/0.042901/certificates
of [23]) computes the upper bound 0.04871284289.... With this C, the margin of Section 11 with
re-optimized profiles gives the exponent 1.042901 (Table 2). This bound is not used in the proof of
Theorem 1.1.

Remark 4.37. The selected primes alone limit what Proposition 4.19 can give. In the notation of its
proof, ¥k > 0 by condition (ii), and 2ks — Ty > 1.07 > 0. So no system of floors, abscissae and
coefficients gives a bound below Zg (1) = 0.04166848403 ... (Lemma 4.17), the contribution of the
selected primes to Z(1). It exceeds the corresponding number for the variant with the cap at ty by
2.3-1078, because the selected primes above 41 replace those above 7. The bound Ceg = 0.0422764
exceeds Zg(1) by 6.08 - 10~%; Section 12 discusses what this means for the exponent.

Remark 4.38 (The Lean formalization). The Lean formalization [21] proves a weaker form of
Theorem 1.1, under one explicit hypothesis that it does not prove: for the fields of the present
tower, there are finite planar sets U; with |[Uj| — oo and u(U;)/|U;[2%803/20000 _ oo where
20863/20000 = 1.04315, provided that

log (pyyn (1 + ) | 1 (e —y—logdr) 1 Sk
8192 4411 4 8192 (.,

where Eyy» is the field of Definition 5.7, given in the formalization by explicit generators v/3; over
E for four dihedral forms that span W”. This is the bound of Proposition 4.15 at ¢ = 1 4 1/4411
with comparison field Ey» in place of E. The formalization proves in Lean that [Ey» : Q] = 8192,
that Ey» lies in the fixed base of the tower, the local data of Ey» at 2 and at fifty split primes

(4.39) (2)) < 0.050969,
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below 1000, the resulting bound 0.0425 for d~!log Lx(1), and the margin at the exponent 1.04315.
The supplementary program h_w_receipt.py bounds the left side of (4.39) by 0.0509172, from the
enclosures of Proposition 6.5 and an explicit bound for the logarithmic derivative. The formalization
does not cover the census beyond norm 1000, the signed kernel or the general shell weights.

5. DIHEDRAL QUOTIENTS OF THE TOWER AND THE FIELD Eyn

Every field K € K contains the fixed field of D3Gp (Theorem 2.46), whose Galois group over B is
the extension Gg/D3Gp of Gp/D2Gp = Gal(E/B) = F$ by gro Gg = DG p/D3G g, of dimension
15 (Lemma 2.29). The Kummer field E sees only the quotient Fg. In particular, a prime of B
whose Frobenius vector is 0 splits completely in £, and the comparison with F treats it as if it
split completely in K. This section uses the layer gry Gp: through dihedral quotients of G g it gives
lower bounds for residue degrees, by a census for primes of norm at most 4 - 10'® and through the
field Ey for all norms, and it supplies the system of floors of Definition 5.20.

Subsection 5.1 identifies the linear forms on gr, Gp with quadratic forms and finds the 27 forms
of dihedral type; Subsection 5.2 realizes each of them by a dihedral field contained in every K € K.
Subsection 5.3 defines the space W/ spanned by four of these forms. Subsection 5.4 reports the
census of the primes of degree one with Frobenius vector 0. Subsection 5.5 studies the field Eyy«
and factors its zeta function into the L-functions evaluated in Section 6, and Subsection 5.6 defines
the floors and expresses their floor sum through (g, , for use in Section 7.

In Sections 5-7, supplementary programs and data files are named by their paths relative to the
directory certificates/dihedral if they lie in it, and relative to certificates otherwise; the
names are unique.

For r,v € F§ we write 7 - v = > 1mivi € Fo, and, as in Definition 3.1, o, = [[; ;" and
xr(g9) = (—=1)"9, where g € F$ is the elementary image of g (Definition 2.12). We use the same
symbol x, for the inflation of this character to any Galois group over B that maps onto Gal(E/B).
We write Dihy for the dihedral group of order 8.

5.1. Linear forms on gr, Gp. This subsection identifies the linear forms on gr, G with quadratic
forms on F§ (Lemma 5.1) and isolates the 27 forms whose polar form has rank 2 (Lemma 5.4). All
of them are of dihedral type (Definition 5.2), and the next subsection realizes each of them by a
dihedral field.

Recall (Lemma 2.27) that gro Gp = £9/Ra, where £9 is the degree-two part of the free restricted
Lie algebra on £; = F§ and Ry is the relation space (Definition 2.26). A quadratic form on F$ is a
function Q: F§ — Fy such that Q(v + w) — Q(v) — Q(w) is bilinear in v, w; this bilinear form is its
polar form. It is alternating, and its rank is even.

Lemma 5.1. For a linear form ¢ on £o put qu(v) = YW, Then 1 — qy 15 a linear bijection from
the dual of £9 onto the space of quadratic forms on IF‘%, and the polar form of qy is pol¢(v,w) =
Y([v,w]). The linear forms on gro Gp are the ¥ that vanish on Ry.

Proof. The identity (v+w)? = v + w2 + [0, w] shows that g, is a quadratic form with polar form
¥([v,w]). The map is injective, because £, is spanned by the restricted squares v the brackets
being differences of them. Both spaces have dimension 36. ([l

Definition 5.2. A linear form i on gry Gp is of dihedral type if there are linearly independent
r1,r9 € F§ and r € F3 \ {0} such that, with ¢(v) = (ry - v, 72 - v),

4(v) = {1 if p(v) =r,

0 otherwise.

We call (r1,72,r) data for 1, and ¢ its associated map F§ — F3.
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Lemma 5.3. Let 1 be of dihedral type with data (r1,72,r) and associated map ¢. Then poly, (v, w) =
det(op(v), p(w)); it has rank 2, and its radical is ker ¢.

Proof. The function x + [z = r] on F3 is 129, x1 + 2122 or o3 + x129 for r = (1,1),(1,0), (0,1).
The linear terms have polar form 0, and z1ze has polar form z1ys + xey; = det(x,y). Since
qy(v) = [¢(v) = r] and ¢ is linear, pol, (v, w) = det(¢(v), p(w)). As r1, 7o are linearly independent,
¢ is surjective, and det is nondegenerate on F3; so the radical is ker ¢, of codimension 2. O

Lemma 5.4. Ezactly 27 of the 2'5—1 nonzero linear forms on gro G'g have a polar form (Lemma 5.1)
of rank 2. All of them are of dihedral type (Definition 5.2), and they span the dual of gro Gp. The
polar forms of the other nonzero forms have rank 4, 6 or 8. We number the 27 forms 0 to 26 as in
the file d4all27. json, and write v, for the form number o.

Proof (computer-assisted). The supplementary programs d4search.py and plane.py enumerate
the linear forms on £9 that vanish on the space Ry of 1ie241.py (Lemma 2.29), compute the ranks
of their polar forms, and, for those of rank 2, find data (r1,re,r); the 27 forms and their data are
listed in d4all27. json. 0

5.2. Dihedral fields. This subsection realizes each form of dihedral type by a Galois extension
M /B with group Dihy, contained in every K € K, and shows how M forces even residue degrees
(Lemma 5.5); the elements that define these fields exist for all 27 forms (Lemma 5.6). The census
and the field Eyy» are built from these fields.

Lemma 5.5. Let ¢ be a form of dihedral type with data (r1,72,r) (Definition 5.2). Put Fy =
B(\/ar{,\/ry), a biquadratic extension of B contained in E, and identify Gal(Fy/B) with 2
through the signs by which an element multiplies \/a,, and \/ay,. Let B € Fy be a unit outside the
primes above S such that, for each o # 1 in Gal(Fy/B) (in this lemma o denotes such an element):
(D1) o(B)/B = uZ for some u, € Fy;
(D2) the number ty = uyo(uy), which is +1, is —1 exactly when o =r.
Let M = Fy(+/B). Then:

(a) M is Galois over B with group isomorphic to Dihy. The elements of Gal(M/B) with image
r in Gal(Fy/B) have order 4.

(b) M lies in the fized field of D3Gp, hence in every K € K. The quotient map mpr: G —
Cal(M/B) maps DyGp to the center (z) of Gal(M/B), by g — 2¥912) where [g]y is the
class of g in gry Gp.

(c) Letp ¢ S be a prime of B that splits completely in Fy, and suppose that (3 is not a square
in the residue field of a prime of Fy above p. Then fx(p) is even for every K € K. The
hypothesis does not depend on the prime of Fy above p.

(d) Let p ¢ S have Frobenius vector 0. Then the Frobenius elements in Gg of the primes of Bg

above p lie in DoGp, and they have the same class Frobff) € gro Gp. The hypothesis of (c)
holds exactly when zp(Frobgz)) =1.

Proof. Since 0% =1, t2 = (0(B)/8) - o(c(B)/B) = 0?(B)/B =1, s0 t, = £1.

(a) Every conjugate of § over B is  times a square in Fy, so M is Galois over B. If § were
a square in Fp, we could take u, = o(v/B)/+/B, and then t, = 1 for every o, contrary to (D2);
so [M : B] = 8. Let ¢ € Gal(M/B) lift ¢ # 1. Then ¢(v/B) = nuev/B with n = +1, and
52(v/B) = no(us) nusv/B = ton/B. So &2 is the generator z of Gal(M/Fy) exactly when o = r.
The group Gal(M/B) has order 8, a central subgroup (z) (a normal subgroup of order two), and
quotient F2; among such groups, C3 has no element of order four, C4 x C has elements of order
four above two of the three nonzero classes of the quotient, the quaternion group above all three,
and Dihy above exactly one. Hence Gal(M/B) = Dihy. In Dihy, an element squares to z exactly
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when its image in F3 is r, and two elements have commutator z exactly when their images are
linearly independent.

(b) The field Fy lies in E, so it is unramified over B outside S, and (3 is a unit outside the primes
above S, which include all primes above 2; so M/ Fj is also unramified outside S. Since [M : B] = 8,
M lies in Bg, and restriction gives a surjection myr: Gg — Gal(M/B). If g € Gg has elementary
image v, then my/(g) has image ¢(v) in Gal(Fy/B), because g(\/a,) = (—1)""\/a;.. By (a) and
Lemma 5.3, for g, h € Gg with elementary images v, w,

mar(g?) = 2%@ war(lg, h]) = 2O (),

We check that 7y kills the generators (ii)—(iv) of Np in Lemma 2.25, more precisely their images
in Gg, which generate N as a normal subgroup. The elements x?, [z, 9], [%j, 2], 72 and 2 map

to 2% where ¢ is respectively j]m, [z, 5], 125, %], 71 and 95,?]; these lie in Ry by (2.28), and 1

vanishes on Ry. The elements [[y;, 2], z;], z;-l, [y;, 2] and Frobfk map to 1, since Dihy has class two
and exponent four and its commutators lie in (z). So mys factors through Gp. Since D3(Dihy) =1
(its Frattini subgroup is (z), which is central of order two), mys kills D3Gp, and M lies in the fixed
field of D3G g, which is contained in every K € K. On DG p, 7y is a homomorphism to (z) that
kills D3Gp, hence factors through gry Gp; it agrees with g — 2¥(l9l2) on squares and commutators,
by the formulas above, and these classes span gr, Gpg.

(¢) The prime p is unramified in M. If it splits completely in Fy, then the Frobenius of a prime
P of M above a prime P of Fy above p lies in Gal(M/Fy) = (z), and it is z exactly when (3, a
unit at B, is not a square modulo B. In that case fis(p) =2, and 2 divides fx(p) because M C K
(Lemma 4.10). The primes of Fy above p are conjugate under Gal(Fy/B), and o(3)/f is a square,
so the condition does not depend on .

(d) If the Frobenius vector of p is 0, a Frobenius element g € Gp of a prime of Bg above p lies
in DGR, and the primes above p give conjugate elements, whose classes in gro Gp agree because

= (2)
[Gg, D2Gg] C D3Gp. By (b), mm(g) = Lu(Froby’ ), and 7m);(g) is the Frobenius of a prime of M
above p, which is z exactly when the hypothesis of (¢) holds. O

Lemma 5.6. For each of the 27 forms of Lemma 5.4, with the data (r1,72,r) of d4all27. json,
there is an element [ satisfying the hypotheses of Lemma 5.5. For the fifteen census forms, the
forms numbered 0,5,9,17,22,14,3,7,4,15,6,20, 12,24,13 (Definition 5.9), and the seven forms of
Table 7, the elements used in this paper are given by their coordinates in d4fields15. json and in
vd4_data27.gp; the forms 7, 17, 20 and 24 belong to both lists, so these are 18 distinct elements,
checked 22 times. For each of them, the ideal factorization involves only primes above 2, 3 and
5, and for every o # 1 in Gal(Fy/B) the quotient o(B)/8 is a square and the sign t, is the one
required by (D2).

Proof (computer-assisted). The supplementary program d4beta.gp finds the elements: it computes
the S-units of Fy modulo squares, the elements whose conjugates are squares up to the element
itself, and the linear map 8 — (¢,),, and solves for the pattern of r. The programs vd4.gp (for the
census forms) and vplane4.gp (for the seven forms of Table 7) verify each of the 22 (form, element)
pairs in an independently built model of Fjy: that  is a unit outside the primes above S (by PARI’s
idealfactor), that the quotients o(3)/f are squares with the stated signs t,, and that the relative
discriminant of Fy(y/B3)/Fp has norm divisible only by 2, 3 and 5. O

5.3. The space W”. This subsection defines the space W” of linear forms on gr, Gp spanned by
four forms of dihedral type, its subspaces W C W' used for the intermediate results of Section 12,
and the field Ey» (Definition 5.7), and describes the fifteen nonzero elements of W” (Lemma 5.8).
The census (Subsection 5.4) decides which primes lie in ker W”, and Subsection 5.5 studies Eyy».
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TABLE 7. The seven forms 1), of dihedral type in W”, numbered as in d4al127. json,
with data (71,,72,0,T0), the vectors written as strings of their coordinates as in
Section 2, and the element ¢, € B with B,, = B(,/¢,) of Lemma 5.16. The forms

satisfy o4 = Y10 + 23, Y20 = Y10 + Y19 and Y7 = P17 + Y1g.

0 Tio 2,0 r, Co

10 00010011 01001100 (1,1) 213033204 — 13722675v/241
23 01011111 10001011 (0,1) 155 — 10v/241

24 01011111 10011000 (0,1) (—378557 + 24385+/241)/2
19 01001100 10000010 (1,1) —326+ 21v/241
(1,1)
(1,1)
(1,1)

20 01001100 10010001 (47 — 3v/241) /2
17 01000110 10001000 —31 + 2241
7 00001010 11000100 —3433342 + 221161/241

Definition 5.7. Let 1,, o € {10, 23,24, 19,20,17, 7}, be the forms of Table 7, with data (71,,72,0, o)
and associated maps ¢o(v) = (r1,0 - v,72,0 - v). Let Fy o = B(\/0r /0y, ), let By € Fy, be the
element of Lemma 5.6, and let M, = Fy,(1/B,) be the dihedral field of Lemma 5.5. Put

W = (110, 23) C W' = (th10,%23, P19) C W = (Y10, 123, P19, Y17)-
Let W+ C gr, G be the common kernel of the forms in W”, let Nyy» C DaGp be its preimage,
and let Ey» be the fixed field of Ny~ in Bg. A prime p ¢ S of B with Frobenius vector 0 lies in
ker W if ﬁobf) € W"+ (Lemma 5.5(d)), that is, if w(m£2)) =0 for every w € W”; likewise for
ker W and ker W'.

Lemma 5.8. The space W has dimension 4. Its 15 nonzero elements are the seven forms of
Table 7, which are of dihedral type, and the eight forms 1, + Yy for the pairs

(a,b) = (19,23), (19,24), (7,10), (17,10), (17,24), (7,24), (7,23), (17,23),

whose polar forms have rank 4; for each of these pairs the four vectors r1.q,72,4,71, 72,5 SPaN @ Space
of dimension 4, and cq/cp is not a square in B. Every subspace of the dual of gro Gp that properly
contains W contains a form whose polar form has rank at least 6.

Proof (computer-assisted). The supplementary program plane4.py computes the 15 elements and
their polar ranks from d4all127.json, and checks the last statement by running over all 2'° linear
forms; vplane4.gp verifies the seven dihedral fields (Lemma 5.6). The rank of the four vectors and
the fields B(y/cq,/Cp), of degree 8 over Q, are checked by deg8/export8.gp. O

5.4. The census. This subsection determines, for the primes of B of degree one with Frobenius
vector 0 and norm at most 4-10'3, whether they lie in ker W” and whether fifteen fixed dihedral fields
detect them (Proposition 5.12). The detected primes in ker W” receive the floor 2 in Definition 5.20),
and the census determines the residue degrees in Eyy» of the primes of small norm (Lemma 5.21).

Definition 5.9. The census forms are ¢§ = 1,,, 1 <14 < 15, where
(01,...,015) = (0,5,9,17,22,14,3,7,4,15, 6,20, 12,24, 13)

is the order of the file d4fields15.json, which records their data and elements Bf,..., 375
(Lemma 5.6); let g, be the field Fy of Lemma 5.5 for ¢{. (The superscript distinguishes these from
Bo and Fy, of Definition 5.7, indexed by the form number o.) For a prime p of B of degree one
with Frobenius vector 0, its pattern is

e (2
pat(p) = (wz (FrObq(J )))iS15 € F%E)a
and p is detected if pat(p) # 0.
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Lemma 5.10. Let p > 7 be a prime with (241/p) = 1, let r?> = 241 (mod p), and letp = (p, /241 —7).
Then p has Frobenius vector 0 exactly when p =1 or 49 (mod 120) and the images of a1, g, i, ag
under /241 — 1 are squares modulo p. In that case the conjugate prime (p, /241 + ) also has
Frobenius vector 0.

Proof. The residue field of p is IF,,, and by Definition 3.3 and Euler’s criterion p has Frobenius vector
0 exactly when ay, ..., a7 are squares modulo p; they are units at p since p > 7 and p # 241. By
(24), ap = =1, agaz = 2, aga; = =3, agar = —5 and Np/g(a1) = —1. If p has vector 0, then
—1, 2, =3 and —5 are squares modulo p, so p =1 (mod 8), p =1 (mod 3) and p = +1 (mod 5),
that is, p =1 or 49 (mod 120). Conversely, for such p the numbers —1,2, 3,5 are squares modulo
p, and the relations show that «g, as, as, a7 are squares modulo p when g, ay, ag are. By (2.4),

the nontrivial automorphism of B maps ajq, as, oy, ag to —afl, —a3 = —2a§1, s = —304;1 and
a7 = —day ! which are squares modulo p exactly when aq, as, oy, ag are; so the conjugate prime
also has vector 0. O

Lemma 5.11. Let p be a prime of B of degree one with Frobenius vector 0, and p = Np, with pat(p)
as in Definition 5.9.

(a) pat(p); = 1 exactly when (5 is a nonsquare modulo a prime of Fg,; above p; these primes
have residue field IF,,.

(b) pat(p) = 0 exactly when Tobff) = 0, that is, when the Frobenius elements of the primes of
Bg above p lie in D3Gp.

(c) If v = > ;5 for a set I of indices, then zp(mf)) =Y icrbat(p)s;.

(d) If p is detected, then fx(p) is even for every K € K.

(e) wir = U, 1o = U5 + U5, ro = W + UF + U5y and vy = 5 + U5 + U5, + U5, the index
sets are encoded, with bit i — 1 for 1), by the masks 0x8, 0288, 02888 and 0x2888 of the
file wmasks4. json. Hence p lies in ker W' exactly when pat(p) has even weight on each of
these four index sets.

Proof. (a) The prime p splits completely in E D Fy;, so the primes of F; above it have residue field
[F,, and the statement is Lemma 5.5(d) for ¢{ and . (b) The supplementary program d4fields.py
checks that the fifteen census forms have rank 15, so they form a basis of the dual of gry, G g, which
has dimension 15; hence pat(p) = 0 exactly when m’?) = 0. (c) is linearity. (d) Some pat(p);
is 1, and Lemma 5.5(c) applies to ¢{ by (a). (e) We have o4 = 17, 0 = 7, 012 = 20 and o014 = 24,
and the relations of Table 7 give Y19 = Y17 + 17, Y10 = Y19 + Y20 and a3 = 119 + Yo4. The last
statement follows from (c), since 110, V23, Y19, Y17 span W”. O

Proposition 5.12 (The census). The primes of B of degree one with Frobenius vector 0 and norm at
most 4-10'3, sorted by whether they lie in ker W (Definition 5.7) and are detected (Definition 5.9),
are as follows:

range of norms vector 0 in ker W in ker W, detected
65809 < Np < 1.2-107 2924 136 136
(1.2-107,10%%] 1351669408 84431399 84395189
(10'3,4 - 10'3] 3807510358 237942878 237834284

The smallest norm of a prime of degree one with vector 0 is 65809. The undetected primes are those
in ker W that are not detected; all other primes of the table are detected or lie outside ker W". The
norms of the detected primes in ker W" are recorded exactly for norms at most 1.2 - 107, and above
that in the geometric bins [X (1 +2716)7, X (1 +2716)7+1) X =1.2-107 or 10'3, as counts per bin
(files census/wj_1e13.binsBWj and wj_4el3.binsBWj).

Proof (computer-assisted). The census runs over the primes p = (p, v/241 —r) of degree one, r? = 241
(mod p), and tests vector 0 by Lemma 5.10. Square roots modulo p of the images of the Kummer
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generators ag, . ..,ay under v/241 — r give an embedding of each Fg,; into Fp; each square root
is checked by squaring, and S is evaluated from its coordinates, so that pat(p) is computed with
Legendre symbols modulo p (Lemma 5.11(a)). By Lemma 5.6, 3{ is a unit at every prime above
p > 7, so no Legendre symbol is 0; every run reports this. Membership in ker W is decided by
Lemma 5.11(e). For norms at most 1.2 - 107, the supplementary program dihedral_ceiling3.py
classifies the primes in Python with the functions of rootcheck.py. Above 1.2-107, the C program
census _kv4.c produced the bins; it computes, eight primes at a time in Montgomery arithmetic
with the AVX-512 IFMA instructions, the vector-0 test and the Legendre symbols of the f3f: first
for the four census fields whose bits determine ¢, 123, Y19 and 117, and then, for the primes on
which 19 and 93 vanish, for the other census fields until one detects. In the bins a norm may be
assigned to a neighboring bin by floating-point rounding; the bound of Lemma 7.3 allows one bin of
slack on each side. The program and its data were checked as follows; the earlier programs named
here are those of the intermediate certificates.

(1) On the vector-0 primes of norm 6 - 10* to 1.2 - 107, all C programs reproduce the Python
classification prime by prime and field by field, and census_kv4.c’s bins for ker W, ker W’
and ker W (Definition 5.7) equal an independent classification by rootcheck.py.

(2) Tts bins for ker W on (1.2 -107,10'%] and (10'3,4 - 10'3] are byte-identical to those of the
earlier programs census_d3k.c and census_kw.c, which use scalar arithmetic and a different
structure. On sample ranges near 10 and 5 - 103, census_kv4.c and census_kv.c agree
in both their checking and their fast modes. In the fast mode about one vector-0 prime in
sixteen, and in the checking mode every one, is also recomputed by the scalar code, and
the outcomes must agree; all sixteen square roots of the Kummer elements are checked by
squaring, which re-proves vector 0.

(3) Independent reviews recounted bins chosen at random with their own programs and found
exact agreement, and a second implementation in PARI/GP matched patterns, bins and
undetected primes on eight ranges up to 10'2.

The replay program reruns (1) and the comparisons of (2) on sample ranges, and checks the stored
bins by their SHA-256 hashes. O

5.5. The field Ey» and its L-functions. This subsection shows that the field Eyy» of Definition 5.7
is Galois over B, of degree 8192 over QQ, and contained in every K € K; it factors (g, into (g and
576 L-functions (Lemma 5.13), identifies these as Hecke L-functions of quadratic characters with
known conductors and gamma factors (Lemmas 5.16 and 5.17), whose values Section 6 encloses,
and computes residue degrees in Eyy»/B (Lemma 5.18).

Lemma 5.13. (a) Ewn is Galois over B and contained in every K € K. It contains E and
the seven dihedral fields M, of Definition 5.7. Its group Gy = Gal(Ewn/B) is a central
extension of Gal(E/B) = F§ by Zy» = DoGp /Ny = Fs, and [Eyr : Q] = 8192.

(b) Forw € W\ {0}, regarded as a character of Zyn = gro Gg/W"L, let r(w) be the rank of its
polar form pol,. The irreducible complex representations of Gy with central character w
have dimension 2"“)/2  and there are 256/2"(“) of them. Those with trivial central character
are the 256 characters Xy .

(¢) For w = 1, of dihedral type, they are the 64 representations p, @ X, where p, is the
two-dimensional irreducible representation of Gal(M,/B) = Dih4, inflated to Gy, and w
runs over a complement of the span of 1,,72,.

(d) For w =g+ ¢y as in Lemma 5.8, they are the 16 representations pg @ pp @ Xw, with w over
a complement of the span of 11.4,72,a4;71,,72,b-

(e) With L(s, ) the Artin L-function over B,

CEW// (S) = CE(S) H H L(Sa Po & Xw)2 H H L(57 Pa @ Pp X Xw)47

(a,b) w
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the products over the seven forms and the eight pairs, and over the complements of (¢) and
(d). Hence, for real s > 1,
(5.14)
log (e, (s)  Yr(s) 1 1
Yw = 4 = I L — 1 L

(a,b),w

where Yi(s) =log(r(s)/512 as in Proposition 4.31.

Proof. (a) Since [Gp, DoGp] C D3Gp C Ny, every subgroup between D3Gp and DoG p is normal
in Gp, and DoGp/Nyn is central in Gg/Nyn; so Eyr is Galois over B and Gy is a central
extension of Gp/D2Gp = Gal(E/B) by Zy». The latter is gro Gg/W"*, which is dual to W”, of
dimension four. Hence [Eyy» : B] = 2'2 and [Eyy» : Q] = 8192. Since Ny O D3Gp O DyGp, Eyr
lies in every K € K. By Lemma 5.5(b), the kernel of ¢y, contains the elements of DoGp whose
class is killed by v,, hence contains Ny, so M, C Eyn.

(b) The commutator of elements of Gy~ with elementary images v, w is the class of [v, w] in Zy»,
and the square of an element with image v is the class of v/2. Let w # 0, and let H = Gyy» / kerw.
The representations with central character w factor through H, a central extension of F§ by (z) = Cy
in which elements with images v, w have commutator zP°% %) The center Cg of H is the preimage
of the radical of pol,,, of index 2" in H. Let 7 be irreducible with 7(z) = —1. If g ¢ Cp, there is h
with h=tgh = gz, so trm(g) = —trm(g) = 0; on Cp, 7 acts by scalars, so | tr 7| = dim 7 there. The
orthogonality relation > | tr 7(9)|? = |H| gives (dim7)? = [H : Cg] = 2"«). The irreducible
representations of H with z — —1 have > (dim7)? = |H| — |H/(z)| = 28, so there are 23/27(“) of
them. Those with trivial central character are the representations of Gal(E/B) = F5.

(c) The representation p, ® . has central character 1,, by Lemma 5.5(b), and dimension
2 = 2r(o)/2 o it is irreducible. Its character vanishes outside the preimage of the radical ker ¢, of
poly, (Lemma 5.3), and is £2x,, on it. Hence p, ® xuw = po ® Xy exactly when x,, s is trivial on
ker ¢,, that is, when w — w’ lies in the span of 71 ,,72,. This gives 256/4 = 64 classes, all of them
by (b).

(d) Likewise p, ® pp ® X has central character ¢, + 1, and dimension 4 = 2r(Wat¥n)/2 oo it is
irreducible. The radical of the polar form, of codimension four, contains ker ¢, N ker ¢, which has
codimension four by Lemma 5.8, so they are equal, and the twists are distinct modulo the span of
the four vectors.

(e) The Artin formalism gives (g,,,, =[] L(s, 7)4m ™ over the irreducible representations of Gy,
and [[,, L(s, xw) = Ce(s) (Proposition 3.8). By Lemma 5.8 every nonzero w € W” is of one of the
two kinds in (c) and (d), which gives the product; the count 256+ 7-64-4+8-16-16 = 4096 = |Gy~ |
is a check. Taking logarithms and dividing by 8192 = 16 - 512 gives (5.14). O

Remark 5.15. The proof of Lemma 5.13 uses only that every nonzero element of W” is a form of
dihedral type or a sum 1), + 93 as in Lemma 5.8. It therefore applies to every subspace U C W”,
for instance to W and W', with Ey the fixed field of the preimage in DyG'g of the common kernel
of the forms in U: the field Ey is Galois over B, contained in every K € K, of degree 512 . 24imU
over Q, and (g, is (g times the squares of the 64 functions L(s, p, ® ) of each form v, € U and
the fourth powers of the 16 functions L(s, ps ® pp ® Xw) of each sum v, + ¢, € U.

Lemma 5.16. Let p, and x be as in Lemma 5.135.
(a) Let v, be a form of Table 7. Let 7, € Gal(Fy,/B) be one of the two nonzero elements other
than r,, and let B., = B(/c,) be its fived field in Fy,; Table 7 records the element c, used.
Let u, € Fy, satisfy 1o(Bo)/Bo = u2 and uyo(uo) = 1 (Lemma 5.5, (D1) and (D2)), with
u, # —1 (replace u, by —u, if necessary). Then v, = (1 + u,)?B, lies in Be,, and for every
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w7
(Mo, (8 —
L(Svpo ® Xw) = 687 MO,”LU = BCO( fYOCEw)'
(b) For a pair (a,b) of Lemma 5.8, put Bay, = B(\/Cas /). Then for every w
CBab,w (8)
L(s, pa ® pp @ Xw) = T(S)’ Babw = Bab(\/ ’Ya'ybaw)-
ab

(¢) Each of these quotients is the Hecke L-function L(s) of a nmontrivial quadratic charac-
ter of A = B, respectively A = By, and it is entire. Let A’ be the quadratic exten-
ston Mo, respectively Bap., of A, and Q = |Aa|/|Aa|. Then the function A(s) =
Q*2Tg(s) (A=A (5)2(A)=2(A) () satisfies A(1 — s) = A(s), where (r1(-),r2()) is

the signature.

Proof. (a) Fix o and write Fy, 3, 7, u, v and ¢ for Fy o, Bo, To, Uo, Yo and ¢,. Let 7 € Gal(M,/B)
lift 7 with 7(/B) = uy/B. Then 72(v/B) = 7(u)uy/B = /B, so 7 has order two, and 7((1+ u)v/B)
(1 + 7(u))uy/B = (1 +u)y/B. So the nonzero element (1 + u)\/B is fixed by 7; its square v lies
in Fy and is fixed by 7, so it lies in Be; and \/y ¢ B, since v/f ¢ Fy. The fixed field of (7) in
M, is therefore B.(,/7). Let H, C Gy~ be the fixed group of B, of index two, and let &, be
the quadratic character of H, that cuts out B.(,/7). The image of H, in Gal(M,/B) = Dihy is

(T,z), and &, factors through it, trivial on 7 and nontrivial on z. Hence Indg‘:’" &, is inflated from
the representation of Dihy induced from this character of (7, z), which has dimension two and is
nontrivial on the center, so it is the two-dimensional irreducible representation: Indg, & = po.
Twisting, po ® xw = Indg, ({6 - Xw|m,), and &, - xw|m, is the quadratic character of H, that cuts out
M, It is nontrivial, since p, ® X is irreducible. By the invariance of Artin L-functions under
induction, L(s, po ® Xw) = L(8, oXw|H,), which is (ay, , (5)/¢B.(5).

(b) Write pg = Indg, & and p, = Indp, & as in (a). Since ¢,/cp is not a square, H, # Hp, so
H,Hy, = Gy, and Mackey’s formula [34, Section 7.3] gives Resy, Ind g, & = Indgzm , & Hence

Pa ® pp ® Xw = Indp, (& ® Resp, (pp @ xw)) = Inda,nm, (SaloXow)

and H, N Hj is the fixed group of Byy; the character £,£,x.w cuts out By, ., and it is nontrivial since
the representation is irreducible.

(c) A nontrivial Hecke character has an entire L-function [11, 38]. The completed Dedekind zeta
functions satisfy As(1 —s) = Aa(s) (Section 3), and the quotient of those of A" and A is the stated
A. O

Lemma 5.17. The conductors and gamma factors of the 576 functions of Lemma 5.16 are as
follows. For o =10,23,24,19,17,7, all 64 twists have r1(My.,) = r1(Be,), so their gamma factor is
Lc(s)?; for o = 20, B, is totally real and r1(M,.,) = 6 for 32 twists and 2 for the other 32, so the
gamma factor is Tr(s)°T'r(s + 1) or Tr(s)T'r(s + 1)3. For the eight pairs, Bay and all Bay,, are
totally complex, so the gamma factor is Tc(s)*. The conductors lie in the following ranges:

functions degree over Q  conductors

0o=10 4 4.18 - 108 to0 2.68 - 10%°

0=123,24 4 1.67 - 10° to 2.68 - 10'°

0=19,7 4 1.67 - 108 to 2.68 - 10!

0=20 4 3.35-10% to 1.34 - 1011

o=17 4 6.69 - 10® to 2.68 - 101

pairs (19,23), (19,24) 8 6.995 - 1017 and 1.791 - 10%°

the other siz pairs 8 2.798 - 108 or 4.477-10'°, and 7.163 - 10%°
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Proof (computer-assisted). The twists of 110, 123, 124 are treated by the supplementary program
export.gp, those of the other four forms by the program deg8/exportg.gp, and the pairs by
deg8/export8.gp. These programs construct Be,, Yo, Mo w, Bap and Bgp,, in PARI/GP from the
data of Lemmas 5.5 and 5.6, and compute the signatures, the discriminants and the Euler factors
at small primes from the maximal orders. For the twists of the seven forms the maximal orders
come from PARI’s nfinit. For the pairs, whose fields have degree 16, the program computes orders
maximal at 2,3, 5,241 and asserts that their discriminants are, up to sign, products of powers of
these primes, so that the orders are maximal; it also asserts the signatures and that each local
quotient of Euler factors is a polynomial of degree at most 8 in p~*. Wrong conductors or gamma
factors would also be detected by the checks of Subsection 6.3. O

Lemma 5.18. Let p ¢ S be a prime of B with Frobenius vector v, and let fy(p) be its residue
degree in the extension Eywn /B of Lemma 5.13, with the maps ¢, of Definition 5.7.
(a) If v # 0, then fyn(p) = 4 if ¢o(v) = r, for one of the seven forms 1, of Table 7, and
fwn(p) = 2 otherwise.
(b) If v =0, then fyn(p) =2 if p does not lie in ker W, and fyn~(p) = 1 if it does.

Proof. Let g € Gy be a Frobenius of a prime above p; its order is fy»(p). (a) If v # 0, then
g ¢ Zwr and g? € Zyn, and w(g?) = q.(v) for w € W”. So ¢g?> = 1 exactly when ¢,(v) = 0
for all w € W”, that is, for the seven dihedral forms, which span W”; and gy, (v) = 1 exactly

when ¢,(v) =r,. (b) If v =0, then g € Zy», and g # 1 exactly when w(FrobéQ)) # 0 for some
we W”. O

5.6. Floors. This subsection defines the floors used in the proof of Theorem 4.2 (Definition 5.20),
shows that they form a system of floors (Lemma 5.21), and expresses their floor sum through Yy~
and explicit corrections (Lemmas 5.22 and 5.23); Section 7 evaluates the result. For primes of degree
one with vector 0, Lemma 5.18(b) is read from the census (Lemma 5.11(e)); the primes of degree
two with vector 0 and small norm are treated by the next lemma.

Lemma 5.19. There are exactly thirteen primes of B of degree two, that is, pOp with p inert in B,
with Frobenius vector 0 and norm p* < 1.2-107, namely p = 409, 769, 1129, 1249, 1489, 1609, 1801,

2281, 2521, 2689, 3001, 3049 and 3361. None of them lies in ket W, so fyy(pOpg) = 2 for each of
them.

Proof (computer-assisted). For such a prime p = pOp, the Frobenius in Gal(M,/B) is central by

Lemma 5.5(b), so it is 1 or z, and accordingly the Euler factor at p of L(s, po ® xo) is (1 — p~2%)~2

or (14 p~2%)~2; by Lemma 5.5(b) it is 2z exactly when wo(FrobéQ)) = 1. The supplementary program

inertv0_4.py lists the inert primes of vector 0 with p? < 1.2 - 107, computes these Euler factors
with PARI from the prime decompositions of p in M, and B, (Lemma 5.16(a)), and finds that
none of the thirteen primes lies in ker W”. Lemma 5.18(b) then gives fy»(pOp) = 2. O

Definition 5.20. Let P, be the set of the primes of B of degree one with vector 0 and norm at most
4 -10'3 that lie in ker W” and are detected; they are counted in the last column of Proposition 5.12.
For a free prime p of B put fg =4 if p € P4 (Definition 4.32), fg =2if p € Py, and fg = fwr(p)
otherwise.

Lemma 5.21. The numbers f‘g] form a system of floors (Definition 4.18), and f,? > fwn(p) for
every free p.

Proof. (F11) The residue degree fyy~(p) divides fx(p), since Ey» C K (Lemmas 5.13(a) and 4.10).
For p € Py, 4 divides fx(p) by Lemma 4.33; for p € Ps, 2 divides fx(p) by Lemma 5.11(d).
Since fyr(p) < 4 always and fiy#(p) = 1 on P, the floors are at least fy»(p). (F12) For
Np > 1.2-107 > 414 it is clear. For Np < 1.2-107 the supplementary program dihedral_ceiling3.py
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computes fg by Lemma 5.18, using Proposition 5.12 for the primes of degree one with vector 0 and

Lemma 5.19 for those of degree two, and checks Np/ v > 41%; in particular every free prime of norm
less than 1681 has floor 4. 0

Lemma 5.22. For real o > 1, the floor sum of the floors of Definition 5.20 is

Ya(o) = Ywr (o) — Asel(0) — Zsel(0) — Ay(o) — Z T5(Np),
pEP2

where Ty(N) = go(N)/2 — g-(N?)/4,

- (Np? o (Np*
M) = 3 (20 N0y

the sum over the p € Py with fyyn(p) = 2, and Age(0) is the sum over the selected primes p of
the difference between the term of p in (4.11) for M = Ewn» and for M = K, with the types of
Theorem 2.46.

Proof. By (4.11) for M = Eyn, Yy (o) is the sum over all primes of B of the terms g, (Npf)/(2¢ef)
with the type (e, f) of p in Ey»/B. For the selected primes, the term for Ey» is the term for K
plus a summand of Age (o), and the terms for K add up to Zge (o) by Lemma 4.17. A free prime
has e = 1 in Ey», and its floor differs from fy(p) only on Py, from 2 to 4, and on Py, from 1 to 2;
these changes lower its term by the summands of Ay(o) and by T,(Np). The sets P4 and Py are
disjoint, since the primes of P4 have nonzero vectors. ]

Lemma 5.23. For real 0 > 1,

3

fr 4
s, ()

where fi, = fwr () € {2,4} is given by Lemma 5.18(a), and Y(Q,),(O') is the right side of (5.14) at
s = o with (g and each L-function replaced by the product of its Euler factors at the primes of B
above 2. The selected primes above 3 and 5 contribute 0 to Agg.

Proof. By (4.11) for M = Eyn, restricted to the primes above 2, the terms of pq, ps for M = Eyr
add up to the logarithm of the product of the Euler factors of (g, at the primes above 2, divided
by 8192; by the factorization of Lemma 5.13(e), which holds Euler factor by Euler factor, this is

YV((E,), (o). Their terms for K, of type (8,4) and norm 2, are ¢,(16)/64 each. Above 3 and 5 the types
in E (Corollary 3.7) and in K are both (2,2), so the type in Ey» is (2,2) too, since E C Eyn C K
and ramification indices and residue degrees divide in towers; these primes contribute nothing. The
capped primes have nonzero Frobenius vectors (Table 5), so their residue degree f in Ey» is 2 or 4
by Lemma 5.18(a), with e = 1; their type in K is (1,4). O

The supplementary program dihedral_ceiling3.py evaluates Ay by Lemma 5.23, reading the
Euler factors at 2 of all the L-functions in (5.14); it also checks that the Euler factors at 3 and 5 give
the types (2,2). For orientation, at o = 1001/1000 it gives Yr = 0.0853580483, Yy = 0.050492599
(radius 4 - 10712), Ay = 0.0079701070 and A4 = 0.0005116777.

6. VALUES OF THE L-FUNCTIONS OF Eyyn

By (5.14), Yy (o) is determined by Yz (o) and by the values at o of 576 further L-functions: 448
of degree 4 over Q, the twists L(s, p, ® x4) of the seven dihedral representations, and 128 of degree 8,
the functions L(s, pq ® pp ® xw). They are needed at the 21 abscissae of Table 9, all in (1,101/100);
the values were computed at 36 abscissae, from which the linear programme of Section 7 chose these
21. Proposition 4.31 gives Yg(o). This section encloses the 576 values (Proposition 6.5); Lemma 7.3
uses them.
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All 576 functions are evaluated with the approximate functional equation and the kernels of
Subsection 6.1, which cover the four gamma factors of Lemma 5.17. The 192 twists of the
forms 19, 123, Y24 were also evaluated by a second, independent implementation for the gamma
factor I'c(s)?, the program dafe.py with the kernels of the data archive in papers/0.0418235/
certificates of [23]; the two agree (Subsection 6.3, item (3)), and the proof uses only the first.

6.1. An approximate functional equation for products of gamma functions. This subsection
proves an approximate functional equation (Lemma 6.1) and the properties of its kernels (Lemma 6.2)
for the four gamma factors of Lemma 5.17; Subsection 6.2 uses them. In this section d € {1,2} is a
parameter of the gamma factor, not the degree [F : Q] of Section 4.

Let d € {1,2},let m > 1 and pq, ..., um € {0, %} with at least one p; = 0, and let Cg, kg > 0.
The gamma factors of Lemma 5.17 have the form G(s) = Carg® [1j2, T'(s/d + p;):

De(s)t = 16(2m) 4T (s)4, Lc(s)? = 4(27)%T'(s)?,
Tr(s)’Tr(s +1) =7 20 2T(5)°T(5 + 3), Tr(s)r(s+1)% =722 2T (505 + 1)%,

with (d, kq) = (1, (27)%), (1,(27)?), (2,72) and (2, 7?). Define the kernels

1
=— [ IIr Y
h(z) 57 /(n) ]- (u+py) " du (x >0, n>0),

Iy(z) = /100 P~ h(xr) dr (b € R).

Thus £ is the inverse Mellin transform of [ ]; I'(u+p;), the multiplicative convolution of the functions

xT

xMie™"; it is positive and decays exponentially, so Z(z) converges for every real b.

Lemma 6.1. Let L(s) = ), - apn™° with real coefficients of polynomial growth, let Q > 0, and

suppose that A(s) = Q%%G(s)L(s) extends to an entire function of finite order with A(1 —s) = A(s).
Putt = kg//Q and x, = (tn)?. Then for real s > 1

N le(St/d‘FMj) > n(Zojal@n) + Z—s)/alen)),
J n>1

and the series converges absolutely.
Proof. For y > 0 put ®(y) = Y, anh(zny). Since [;° h(z)z" tdx = [1; T'(u+ pj) for Reu > 0 and
Qs/zfiasn*s = wﬁs/d, termwise integration gives, for Re(du) > 1,

/000 d(y)y" tdy = HF(U + 145) Z anz, " = A(du)/Cq.

Vi n

L(s)

The right side is entire and invariant under v — 1/d — u. As in the proof of Lemma 4.21, L has
polynomial growth in vertical strips by the Phragmén—Lindel6f principle, so by Stirling’s formula
A(du) decays exponentially in | Imwu| on vertical strips. Mellin inversion on a line Reu = ¢ > 1/d
and a shift to Reu = 1/d — ¢, where no poles occur, give ®(y) = y~'/4®(1/y). Splitting the Mellin
integral at y = 1 and substituting y — 1/y below 1,

A(s) /OO . Cde
N d s/d—1 + (1—s)/d—1 d
Co 1 () (v y )dy

= an(Zoja(wn) + Za—sya(wn)),

n
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by termwise integration, which the exponential decay of h justifies. Finally
A(s)

L) = o= [1,T(s/d + )

0

Lemma 6.2. (a) h and every I, are completely monotone on (0,00); in particular ]Ilgk)| is
nonincreasing for every k > 0.

(b) zZi(z) + bIy(x) = —h(z).

(c) h(z), and 2°Ty(z) when no pole of [[; T(b+ pj +u) lies at u =0, are given by convergent
series of residues at the poles of the gamma factors, at u = —n—p for h and atu = —n—pu—>
for 2T, (n >0, p € {u;}), and z°Ty(x) has the additional term [T; L0+ pj) from the pole
of 1/u. When b < 0 the pole withmn =0, u =0 lies at u = —b > 0, and the line of integration
is taken to its right.

(d) Forn >0 with b+ p; +n >0 for all j, |Ty(z)| < Cpy,yz™07", where Cy,, = [T+ p; +

1 y2 -1/2 dy
) or Je I1; (1+ (b+uj+77)2) [n+iyl -
Proof. (a) If pj, = 0, then h(z) = [;° e~V o(v) dv/v, where ¢ > 0 is the convolution of the other

factors z#ie™"; this is a positive combination of the completely monotone functions e~%/Y, Then
Iy(z) = floo r*= h(zr) dr is also one, and the derivatives of a completely monotone function alternate
in sign and have nonincreasing absolute values. (b) Substituting v = ar, Zy(z) = 27° [>° v*~1h(v) dv;
now differentiate. (c) The Mellin transform of z°Z,(z) = [ v*~1h(v)dv is [T; T(b+ pj + w)/u; shift
the inversion integral to the left. The residues decay faster than any geometric sequence. (d) Write
Ty (z) = 5= f(n) [I; T+ pj + uw)z™"du/u and use |I'(a +iy)| < I'(a)(1 + y?/a?)~Y2 for a > 0,

which follows from the product formula for |I'(a + iy)|?. O

6.2. The computation. This subsection describes how the kernels and the coefficients are computed
and how their errors are bounded (Lemmas 6.3 and 6.4); the resulting enclosures, Proposition 6.5,
are the input of Lemma 7.3. For each L-function let a, be its coefficients and N the truncation
point of the series of Lemma 6.1 (the column “terms” of Table 8).

For each gamma factor, the supplementary program deg8/gkernel.py encloses Z; /4 and Z(1_4)/4
in Arb on a grid of cells: the points & > & > ... are & = 6144 for T'c(s)%, 512 for I'c(s)? and
24 for the mixed factors, and &1 = 31¢;/32 rounded down to 53 significant bits, down to 2740,
At each & the Taylor coefficients of order 0 to 20 of Z;, are computed from the residue series of
Lemma 6.2(c), with the working precision raised to absorb the cancellation in these alternating
series, whose terms reach about exp(mxl/ ™), and with the truncated tail bounded by Cauchy’s
estimate on circles of radius 1/2 or 1/4 around the poles; the recursion of Lemma 6.2(b) gives the
higher coefficients from those of h. The next lemma bounds the error on each cell and beyond the
last cell used.

Lemma 6.3. Let b € R.
(a) Fori >0 and x € [§i41,&],

20 7(k) (¢, 700 ¢
’Ib(l’) -y 2 kff )(55 — &) < MQ(E!H)’(& — &ip)?h

k=0
(b) Let n and Cy, be as in Lemma 6.2(d), let 0 < so < d(b+mn), lett >0 and N > 1, and let
¢ Then for real numbers a,,

Ty = (tn)®.
Z lan| |Zy(zn)| < Chn £~ d(b+n) prso—d(b+m) Z |ap|n =%,
n>N n>1
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Proof. (a) By Taylor’s theorem the difference is 11521)(19)(30 — &)?/21! for some ¥ € [x,&]. By
Lemma 6.2(a), |II§21)(19)\ < ‘Ib(2l)(€i+1)’, since ¥ > &41; and |z —&| < & —&i41. (b) This is Rankin’s
trick. By Lemma 6.2(d), |Zy(zn)| < Cpp(tn) =4t and for n > N, n=db+n) = p=sopso—dbin) <
n*SONSO*d(b+77)' 0O

The coefficient programs deg8/dcoef4.c (degree 4) and deg8/octcoef.c (degree 8) compute,
for each L-function and each cell i (the n with z, € (§11,&]), the moments Six = Y, anul,
up = xn/& — 1, for k < 20, and A; = ), |ay|, in double precision with compensated (Kahan)
summation. These moments differ from those of Subsection 4.6: the variable is u,,, and there is no
weight n”. The program deg8/leval.py turns kernels and moments into enclosures

t° .
L(o) € Hj T(o/d + ,Ltj) (Z Zk:piksik + (Zz A;R; + taﬂ)),

i

where p;, are the Taylor coefficients of the kernels at &; in the variable u, R; the cell remainders
of Lemma 6.3(a) and “tail” the bound of Lemma 6.3(b), for the two kernels Z,, /5 and Z(1_4/q. It
treats each moment as a ball whose radius bounds the floating-point errors: the error of ¢ in double
precision, bounded in Arb; the errors of x,,, u, and the powers, a few units in the last place each
(lun| < 1 = &41/& exactly, since the cells are cut at exact thresholds); and the error of Kahan
summation, at most (2-27°3 4+ O(n2719%)) times the sum of the absolute values of the terms [12,
Section 4.3], plus the merging of the thread accumulators. For the degree-4 functions the Rankin
tail uses |ayp| < 74(n), where 74(n) is the number of ordered factorizations of n into four positive
integers, and > 74(n)n"% = ((sg)*. For degree 8 it uses the Euler product of 3 |a,|n~%°: PARI's
Euler factors for p < pg, where pg = 2'® for the pairs (19,23), (19,24) and 2'? for the other six;
the sums computed by octcoef .c for the primes in (pg, N]; the bound (k;ﬂ) for the coefficients of
prime powers beyond; and the bound 7(z) < 1.25506 =/ log = of Rosser and Schoenfeld [31] for the
primes beyond N.

The coefficients at large primes follow from the next lemma. Recall from Lemma 5.16 the elements
Yo € B, and the fields M, .,, Bapy and Bygp -

Lemma 6.4. (a) Let 1, be a form of Table 7, let w € FS, and let p ¢ {2,3,5,241} be prime.
The coefficient a,, of L(s, po ® Xw) s 0 if p is inert in B. If p splits in B, then

ap = Z (ry{zlo;w ) )
RY
the sum of quadratic residue symbols over the primes P of B, of norm p, provided 7y, is a
unit at these primes.

(b) Let (a,b) be a pair of Lemma 5.8, let w € T, and let q ¢ S be a prime of B of degree one
and norm q # 241, with Frobenius g € Gyn. For o € {a,b}: if the image of g in Gal(M,/B)
is central, then q splits completely in Fyo; let €,(q) € {£1} be the quadratic residue symbol of
Yo modulo a prime of B, above q, provided v, is a unit there. Then tr(p, ® pp @ xw)(g) =0
unless the image of g is central in both Gal(M,/B) and Gal(My/B), and then it equals
deq(q)en(qd)xw(a). The coefficient aq of L(s, pa ® pp ® Xw) is the sum of these traces over the
two primes of B above q.

Proof. The fields M, ,, and By, are subfields of Ey» (proof of Lemma 5.16), which is unramified
over B outside S since Eyr» C K; so p, ¢ and q are unramified in them.

(a) By Lemma 5.16(a), L(s, po ® Xw) is the L-function of the quadratic character x of B., that
cuts out Mo, = B, (\/Yo®uw), 50 ay, is the sum of x(P) over the primes P of B, of norm p. If p is
inert in B, there are none. Otherwise P is odd and unramified in M, ,,, and v,0y, is a unit at 3,
since au, is a unit outside S; so x(P) = 1 exactly when v,ay, is a square modulo .
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(b) The trace of a tensor product is the product of the traces, and x,(9) = xw(q). The character
of the two-dimensional irreducible representation of Dihy is 2 at 1, —2 at the central element z, and
0 elsewhere. The image of g in Gal(M,/B) is central exactly when it lies in (z) = Gal(M,/Fp,),
that is, when q splits completely in Fp,; then the primes of B., above q have degree one, and the
image is 1 exactly when it fixes /7 = (1 + uo)v/Bo, since z negates it, that is, when v, is a square
modulo a prime of B, above q. So trp,(g) = 2¢,(q) in that case, and 0 otherwise. Finally, the
coefficient at ¢ of an Artin L-function over B is the sum of the traces of the Frobenius elements of
the primes of B of norm gq. O

Coefficients of degree 4. For p < 3000 the Euler factors are PARI’s ((ar, .,.p/¢B., p> Program
deg8/exportg.gp). For p > 3000 only a, enters, since the truncation point N is at most 6.7 - 10° <
30002, and only primes p that split in B; then ay is given by Lemma 6.4(a). The program dcoef4.c
stops if a residue symbol vanishes; this does not occur.

Cocfficients of degree 8. For p < pg the Euler factors are PARI's ((p,, ,p/CBa,ps Program
deg8/export8.gp). The truncation point is N = 5.28 - 1010 for the first two pairs and 1.055 - 101!
for the others, which is less than pg. So every n < N is either pg-smooth or n;q with a prime
q > po and n;1 < po, and for ¢ > pg only a, enters, and only primes ¢ that split in B. The program
octcoef .c sieves the primes g € (po, N] (2.23 - 10° of them for the first two pairs, 4.34 - 10° for the
others), evaluates the rule of Lemma 6.4(b), and enumerates the n = nyq and the pg-smooth n with
an # 0. A prime q at which the images of the Frobenius are central but =, is not a unit at a prime
of B., above q would be listed as exceptional; none occurs. Before each run the program compares
the rule with PARI’s Euler factors at every unramified prime in (1000, pg], for all sixteen twists of
the pair: these are 22832 primes for the first two pairs and 43222 for the others, with between 1395
and 2722 primes of B per pair at which both quotients are central.

6.3. Checks. The following checks are independent of the coefficient rules and of the kernels, or of
part of them; none is used in the proof.

(1) Euler products. At s = 19/10 the Euler products of the degree-8 functions converge absolutely.
For every pair, the program deg8/octtest.py compares the value given by the approximate
functional equation (radius about 10~!%) with the Euler product (radius about 3 - 10710):
all 128 functions agree, with midpoints within 8 - 10716, A wrong conductor, gamma factor,
root number or coefficient rule would show here.

(2) Kernels. For each of the four gamma factors, gkernel.py reproduces PARI’s 1fun values of
products of quadratic Dirichlet L-functions with that gamma factor, within the certified
radii.

(3) Two implementations. dcoefd.c with leval.py reproduces the values computed by the
independent program dafe.py, with the kernels of the data archive in papers/0.0418235/
certificates of [23]: for the twists of ¢19 at 801/800, and for all 6912 values of the 192
twists of 110, 123, Y24 at the 36 abscissae, where all balls overlap and the midpoints agree to
3.4 -10716 relative to the values.

(4) Coefficients. The moments of dcoef4.c and octcoef.c agree with independent Python
implementations up to 10% and 2-109; the coefficients of the 192 twists of ¥, 23, 124 agree
with PARI’s Dirichlet series (y,,,/CB,, up to 20000, and for sample twists PARI’s 1fun
with the same data satisfies the functional equation to 274! or better.

(5) Reviews. Independent reviews reproduced the Euler-factor identity of Lemma 5.13(e) at
all primes up to 1000 and at 2, 3, 5; the degree-8 Euler factors at 57 primes of vector 0; all
degree-8 conductors by a different construction; and PARI’s 1fun values of the twists of 19,
117 and 17 inside the stored enclosures. No reviewer recomputed the degree-8 values, whose
conductors are beyond the reach of general-purpose software.
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6.4. Results. This subsection states the enclosures; with (5.14) they are used in Lemma 7.3.

Proposition 6.5. For each abscissa o of Table 9 and each of the 576 L-functions L in (5.14),
the directories hp and hp3 contain an interval that contains L(oj), of radius at most the entry of
Table 8, relative to the value. With Proposition 4.31 and (5.14) they give an enclosure of Yy (o;);
for instance Yyyr»(1001/1000) = 0.050492599 with radius 4 - 10712

Proof (computer-assisted). By Lemmas 5.16(c) and 5.17, each of the 576 functions satisfies the
hypotheses of Lemma 6.1, with @ its conductor and G its gamma factor. For all 576 functions,
the program deg8/leval.py evaluates the series of Lemma 6.1 as described in Subsection 6.2:
with the kernels of deg8/gkernel.py (Lemma 6.2), the coefficients from PARI’s Euler factors and
Lemma 6.4, the cell remainders and tails of Lemma 6.3, and the floating-point errors bounded as
described there. The Dirichlet coefficients are computed by dcoef4.c (degree 4) and octcoef.c
(degree 8) from data exported with PARI/GP (Subsection 6.2). O

TABLE 8. The L-functions in (5.14): number, gamma factor, terms of the approx-
imate functional equation, and the largest radius of the enclosures of their values
at the abscissae (relative, except for Yz, where it is absolute). All data are in the
directories hp and hp3.

functions number gamma factor terms radius

quadratic, E 255 Tgr(s+v)?orIc(s) 8|vQe+1 1.3-1071 (in Yg)
wlo,wgg, 1,[}24 192 Fc(5)2 up to 2.1 - 106 2.6-10713

19, Y20 128 T'c(s)?, mixed up to 6.7 - 106 6.4-10713

Y17, Y7 128 T'c(s)? up to 6.7 - 10° 22.10718

pairs (19, 23), (19, 24) 32 Tc(s)? up to 5.28 - 101 5.1-10710

other six pairs 96 TI'c(s)? up to 1.055- 10 5.1-10710

7. PROOF OF THE BOUND FOR THE RELATIVE ZETA VALUE

This section completes the proof of Theorem 4.2, the bound Ceg for the relative zeta value that
the proof of Theorem 1.1 uses. We apply Proposition 4.19 with the floors of Definition 5.20, which
form a system of floors by Lemma 5.21, and with the kernel of Definition 7.1. Lemma 7.2 checks the
conditions on the kernel, and Lemma 7.3 bounds the terms of the right-hand side of Proposition 4.19
other than Z,(1), from the census (Proposition 5.12) and the values of Propositions 4.31 and 6.5.

Definition 7.1. Let 097 < --- < 091 and ¢q,...,c91 be the abscissae and coefficients of Table 9;
the ¢; are rational numbers, given exactly in the witness file witness_0.043171. json. Let by =
8687735449/76582443134581, so that by ~ 1.1344291 - 1074, and let K = Zj Cjgo; be the kernel of
Proposition 4.19 with n = 21.

Lemma 7.2. The kernel K and the number byy of Definition 7.1 satisfy conditions (i)—(iii) of
Proposition 4.19 for every real ¢ > Gmin = 41%.
Proof (computer-assisted). Write z = log ¢, and consider

d

b, = em(K — g1+ brv w) (e"), ®y = e"K(e"), Oy = ex%K(egj).

Conditions (i)—(iii) say ®; > 0, 3 > 0 and ®3 < 0. The supplementary program signed.py
(function certify) evaluates them in Arb interval arithmetic in the forms

k—1 d
e"gs(e”) = e~ (7 le > v T e’”%gs(e”) = _—se (57De > y=e 5,
k>1 k>0
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TABLE 9. The abscissae o; and the coefficients c; of the kernel K, rounded to ten
significant digits; the exact rational c; are in the witness file. The coefficients were
found by a linear programme over 36 abscissae, which left the others at 0; the
programme is only a search, and Lemma 7.2 certifies its output.

J oj cj Jj o Cj
1 1+ 1/43691 0.02910294798 12 1+ 1/1499 —151.8093424
2 1+41/38178 —0.08993884045 13 14 1/1000 252.1350250
3 1+1/29151 0.2136909555 14 1+ 1/667 —603.3009258
4 1+1/22258 —0.3750021755 15 141/510 918.2080358
5 141/14851 0.8571627861 16 141/389 —810.8699335
6 1+1/9909 —3.840291426 17 1+ 1/297 442.3163431
7 1+41/7566 10.76698443 18 1+41/198 —276.0370606
8 1+1/5777 —19.69796042 19 141/173 175.9689941
9 1+ 1/4411 23.59901759 20 1+ 1/115 —22.66409771
10 14 1/2943 —32.93912380 21 1+1/101 8.602447576
11 1+41/1964 89.92828213

which avoid cancellation, and e®w(e®) = 223, -, e~ (M~ /(1 4 ¢~™*). The series in y are cut
after ten terms; since x > 10g gmin > 14, the remainder and its first three derivatives are less than
10~%, which is added as a radius. In w the terms with m > 6 are dropped, which only lowers ®;.

The range 10g qmin < © < 2-10°. This range is cut into cells of width 1/20 for x < 60 and x/100
beyond. On a cell with midpoint xg and half-width r, the program computes the Taylor coefficients
of orders 0, 1 and 2 of ®; at xg, and an enclosure of the third derivative over the whole cell, by
power series arithmetic over a ball; this bounds ®; on the cell. A cell on which a bound fails is
bisected. All 1976 cells pass, with ®; > 1.86- 1077, & > 3.73- 10722 and —P3 > 3.73 - 10~ 22; the
last two minima occur near z = 2 - 109, where ®5 is of order cle_(‘”_l)x.

The range x > X =2-10%. There 0 <y <e X,s01 < Zkyk_l/k <l4eXandl< Zkyk <
14 2e=X. Since ¢; > 0 and o7 is the smallest abscissa,

el TPy > ) — Z ;] (1 4+ e_X)e_(”j_‘”)X,
Jj=2
—el1 2%y > 10y — Z lejlo (1 + 2eX)e (7o)X
Jj=2

and the program checks that both right sides are positive. Moreover e%g;(e*) < 1+ e~X and
eTw(e®) > 2x(1 — e X), and 2bpy X > 1+ 3e X, 50 g1 — bpyw < 0 < K there, which is (i). O

Lemma 7.3. For the floors of Definition 5.20, with floor sum Yg, and the kernel of Definition 7.1,
21
> ¢ Ya(05) + brv (2600 — Tser) < 0.000607837.
j=1

Proof (computer-assisted). For N > 1 put Tc(N) = 3, ¢;T5,(N), with T as in Lemma 5.22. By

that lemma,
Y eYaloy) =) ¢jYeorloy) — > Te(Np),
J J peP2, Np>1.2-107
where Yeor(0) = Yy (0) — Agel(0) — Zsel(0) — As(o) — > T»(Np), the last sum over the 136 primes
of Py of norm at most 1.2 - 107. The program signed3.py (with signed.py) computes Y¢or(0;)
by dihedral_ceiling3.py from the enclosures of Propositions 6.5 and 4.31, with Age given by
Lemma 5.23, prime by prime for the corrections, in Arb; since the ¢; have both signs, each Yo (o)
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is used as a two-sided enclosure. This gives > j ¢jYeor(0j) < 0.000561519780954 (the enclosure is
[0.000561490206974, 0.000561519780954]; only the upper end is used).

The primes of Py above 1.2 - 107 are known through their bin counts (Proposition 5.12). The
program groups the nonempty bins into runs of at most eight consecutive bins. On a run, every
counted norm lies in an interval [lo, hi], which includes one bin of slack on each side, with midpoint
Ny and half-length r, and by the mean value theorem

Te(N) € Te(No) + Te([lo, hi]) [—r, 7],

which is multiplied by the exact count of the run. Evaluating the large signed coefficients only
in the derivative term keeps the enclosure narrow. This gives Y Tc(Np) > 0.0000757399496680
(the enclosure is [0.0000757399496680, 0.0000757536213684]; only the lower end is used). Finally
2K o0 — Tl = 1.07342687156367 . . . is computed in Arb from the definitions, so that by (2ke0 —Tsel) <
0.000121772671416, and

0.000561519780954 — 0.0000757399496680 + 0.000121772671416
= 0.000607552502702 < 0.000607837.

The displayed endpoints are rounded outward from the Arb enclosures; the supplementary program
ce_values_ digits.py prints them with all digits, and the upper end of the total computed in Arb
is 0.00060755250270059 . . .. The bound of the lemma is stated with a margin of about 2.8 - 10~7; it
is not tight, and Theorem 4.2 needs only the bound 0.000607837. ]

Proof of Theorem 4.2. By Lemmas 5.21 and 7.2, Proposition 4.19 applies to the floors of Defini-
tion 5.20 and the kernel of Definition 7.1. By Lemmas 4.17 and 7.3,

Zsa(1) + > ¢;Ya(0) + by (2600 — Tie) < 0.0416684840321405 + 0.000607837
J
< 0.0422763211 < 0.0422764.

The interval evaluation of the same expression from the unrounded enclosures, by signed.py, gives
the upper bound 0.04227603653484 . ... Proposition 4.19 with C’ = Ceg proves the theorem. ]

Remark 7.4. For comparison, the comparison field Ey» with a single abscissa does less. At
o = 1001/1000, the bound of Proposition 4.15 with the termwise bound Yy» — Age — Ay, the
census credit » . p T5(Np) of Lemma 5.22, and the adaptive credits of Definition 12.2, as computed
by dihedral ceiling3.py, is 0.0425629; the signed kernel lowers this by 2.9 - 107*. The linear
programme that chose the kernel is a floating-point search over 36 abscissae; the proof uses only its
rounded output, checked by Lemma 7.2.

8. UNITS OF RELATIVE NORM ONE AND PLANAR POINT SETS

This section and Sections 9 and 10 turn arithmetic data of a quadratic extension into planar
point sets. Let K/F be a quadratic extension of number fields, let ¢ be the nontrivial automorphism
of K over F', and let (b, c) be the signature of F'. Throughout these three sections we assume:

(G1) K is totally imaginary, and b > 1;

(G2) K/F is unramified at every finite place;

(G3) rd(K) =rd(F) = A.

Here the root discriminant rd and the discriminants Ay are as in Section 2. By (G2), |Ag| = |AFr|?,
so (G3) amounts to rd(F) = \. Put d = [F : Q] = b+ 2¢, § = ¢/d and £ = log A. Then [K : Q] = 2d,
|Ax| = A4 |Ar| = M and 0 < 0 < 1/2, where Ax and Ap are the absolute discriminants.
Theorem 2.46 provides such extensions, with A = 29/4/3615 and 6 > 6,; there ¢ is the complex
conjugation ¢1. The arguments of these three sections use no Galois structure over B or over Q. For
a nonzero fractional ideal a of K or of F', Na denotes its absolute norm, so that N(zOk) = [N 7|
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[17, Propositions 4.1 and 4.2]. We take the unit theorem and the covolumes of ideal lattices from
[17], and the Herbrand quotient, Hilbert’s Theorem 90 and the analytic class-number formula from
[18].

The argument has five steps. Proposition 8.5 is the class-number formula for the units of relative
norm one: it expresses their regulator, together with the relative class number and the capitulation
kernel, through Lr(1). Lemma 8.11 uses the split primes and one ideal class to produce many
elements i, ..., 3: of relative norm one in a single fractional ideal, with pairwise disjoint cosets
B;O};, where OF- is the group of units of relative norm one (Definition 8.4). Lemmas 8.14 and 8.19
average over the units of relative norm one and over translates of the ideal lattice; this counts
exactly, on average, the pairs of lattice points in a window (Definition 8.16) that differ by the
image of an element of J; &0}{. Lemmas 8.22 and 8.24 bound the number of lattice points in
a window uniformly, by Poisson summation. Finally, Proposition 8.32, the geometric transfer,
takes the window to be a sublevel set of the total energy of a pair of profiles (Definition 8.28 and
Lemma 8.31) and combines these steps. Section 9 adds weights at finitely many split finite places
(Proposition 9.26); that is the form used in Section 11. As in the introduction, u(U) denotes the
number of unordered pairs of points at distance one in a finite set U C R2.

8.1. Coordinates. This subsection identifies K ®g R with C? so that elements of relative norm one
have modulus one at the compact coordinates, which give the planar map, and reciprocal moduli at
the pair coordinates, which are used for unit averaging (Lemma 8.2).

A real place of F' extends to K either as two real places or as one complex place, and by (G1)
the second case occurs. A complex place of F' has two extensions to K, since C has no quadratic
extension. Thus K has exactly d complex places.

Definition 8.1. (a) For each real place v of F, let ¢,: K — C be one of the two embeddings
inducing the place of K above v, and write v(y) € R for the image of y € F under the
real embedding v. Number the complex places of F' from 1 to c. For the j-th one fix an
embedding qﬁ;r: K — C whose restriction 7; to F' induces it, and put qﬁj_ = ¢;r o L.

(b) For z € K put
Too = ((0(2))w, (6] (2), ¢ (x));) € C,
and for a C K put as = {7 : € a}.
(c) For x € K* put

lj(z) = 3 (log|] (z)| —logle; (x)]), (=) = (L(@),...,l(x)) € R".

(d) The b coordinates ¢, of z~ are the compact coordinates, and the ¢ pairs (qb;r, qb;) are the
pair coordinates. A compact coordinate, or a pair of coordinates, is called a block.

The embeddings gbj: induce the two places of K above the j-th complex place of F: they are
distinct, and they are not complex conjugate, because 7; is not real. We identify K ®g R with
C¢ through the map x — Zs, and C? with R?? through real and imaginary parts. Volumes are
Lebesgue measure in these coordinates, and (z,£) = Re)_,, Twéw is the real inner product on C¢,
where w runs over the d coordinates. For a Borel set €2, || denotes its volume; for a finite set, | - |
denotes its cardinality.

Lemma 8.2. For x € K, every real place v of F and 1 < j <,

(8:3) [6o(@)]® = v(Nispz),  &f (2) 5 (x) = 75(Nig/pa).

In particular, if Ng/pfB =1, then |¢py(B)| = 1 for every real place v, and ]qﬁ;t(ﬁ)] = e for every
],

Proof. At a real place v of F, the automorphism ¢ induces complex conjugation on the completion
C of K, s0 ¢y(1x) = ¢y(x), and |¢y(2)]* = ¢u(z12) = v(Ng/px). Similarly qﬁj(w)qﬁj_(:z) =
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qﬁj(m wr) = 7j(Ng/px). If Ng/pf = 1, the first identity gives ¢, ()| = 1, and the second gives
|67 (B)] 167 (B)] = 1, that is, log |¢7"(8)| = £;(B)- O

Thus at the compact coordinates the elements of relative norm one lie on the unit circle, and at
the pair coordinates they have reciprocal moduli. The planar sets will be images under one compact
coordinate, which is injective on K and sends every element of relative norm one to a unit vector.
We count ordered pairs of points at distance one, and divide by two at the end.

8.2. The Class-Number Formula for Units of Relative Norm One. This subsection expresses
the quantity wp/(hrerheap Reg!) (Definition 8.4 and Proposition 8.5), which governs the number of
elements of relative norm one produced in the next subsections, through Lz (1) (Proposition 8.5).
The hypothesis on L (1) in Propositions 8.32 and 9.26 enters only through this formula.

Definition 8.4. Let Oy and Oj be the unit groups, and put

the group of units of relative norm one and the unit norm index. Let wg be the number of roots of
unity in K, let hx and hp be the class numbers of K and F, put hye = hi/hp, and let heap be the
order of the capitulation kernel ker(Cl(F) — Cl(K )), the map being induced by extension of ideals.
Let Lr(s) = Cx(s)/Cr(s), the relative zeta function of the introduction; at s = 1, Lr(1) denotes

the quotient of the residues of (x and (r. The regulators Regy and Regj are the ordinary ones,
which use twice the logarithm of the absolute value at a complex place [17, Chapter 5.

Proposition 8.5. The roots of unity of K lie in O}, and the restriction of | to O} has kernel of
order wi and image a full lattice in R®. Let Reg' be the covolume of this lattice, with Reg! =1 if
c=0. Then

heap = uy /207, Regj /Regp = 2 tuy Reg?,
and consequently

WK 2d—1,ﬂ.b+c

hrelhcap Regl - )‘d/2LF(1) .

Proof. Signs. Fix a real place vy of F. By (8.3), vo(Ng/p) = |¢v,(z)]* > 0 for z € K*, so —1 is
not a norm from K*. If ¢ € K is a root of unity, then Ng/r( is a root of unity of F', hence +1
because F' has a real place, and it is positive at vg. Thus Ng,/p( = 1.

(8.6)

Logarithmic embeddings. For x € OF and y € O, let
Logg(z) = ((2log |¢uz|)w, (21og|¢] x|, 2l0g ¢ z]);),  Logp(y) = ((log [v(y)])v, (2log|7;(y)]);)-

Their images are lattices in the hyperplanes of coordinate sum zero, the kernel of Log is {£1}
[17, Proposition 5.8], and Regy and Regy are the covolumes of the images after one coordinate is
deleted; the choice of the deleted coordinate does not matter.

The lattice [(O%). Let 8 € Ok. Then |¢,(8)| = 1 and \(;Sét(ﬂﬂ =) 5o

Logk (8) = (0, (24;(8), —21;(8));)-
Hence [(f) = 0 exactly when every conjugate of 5 has absolute value one, that is, when S is a root
of unity [17, Corollary 5.6]. By the first step the kernel of [ on O} has order wg. The norm of
y € OF is y?, so Ng/r(Of) has finite index in Op and rank b+ ¢ — 1. By the unit theorem [17,
Theorem 5.1], O has rank d — 1, so O} has rank c. As Logy (O ) is discrete, so is [(O)), and it
is a full lattice in R€.
The capitulation kernel. The Herbrand quotient of a (t)-module M is

hter (M) = [HO((4), M)|/|H" (1), M)
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[18, Chapter II, §3]. For the units it satisfies 2 hper(O)) = [[,[Kw : F], where v runs over the
archimedean places of F', w lies above v, and K, and F;, are the completions [18, Chapter VII,
Proposition 3.1]. Each real place contributes 2 and each complex place 1, so hger(Of) = 20=1 Since
HO((1), 0%) = O /Nk/r(OF) has order uy, we get |H((1), O)| = un /2. This group is O
modulo the units /iy with v € OF. If a is a fractional ideal of F' with aOx = 2Ok, the class
of the unit x/tz depends neither on the choice of z nor on the choice of a in its ideal class. This
defines a homomorphism from ker(Cl(F) — C1(K)) to H*({¢), O%). It is injective: if x/tx = /1,
then y = x/7v lies in F and aOg = yOg, so a = yOp by unique factorization. It is surjective:
by Hilbert’s Theorem 90 [18, Chapter II, Corollary 1.23], an element of O} has the form z /i
with z € K*, and then the fractional ideal zOg = (1x)Ok is invariant under ¢. By (G2), every
t-invariant fractional ideal of K is extended from F': at a split prime P /P invariance forces equal
exponents, an inert prime of F' stays prime, and no prime ramifies. Hence heap = un/ 2b—1,

Regulators. Delete the coordinate of vg from both logarithmic embeddings, and let Ux € RE1
and Uy C R*T¢~1 be the resulting lattices, of covolumes Regj and Regp. By (8.3), Logp(Ng/px) is
obtained from Log (z) by keeping the coordinates of the real places and adding the two coordinates
of each pair. This induces a linear map T: R%~! — RT¢~1 such that T(Ux) is the image of
Ng/p(Ok) in Up. The substitution (x;,y;) — (2, 2; + y;) on each pair has determinant one and
turns 7" into a coordinate projection whose kernel consists of the ¢ coordinates x;. The covolume
of a lattice in a product of two coordinate spaces is the covolume of its intersection with the first
factor times the covolume of its projection to the second, whenever both are lattices.

A unit 2 € O lies in the kernel of T' exactly when Logy(Ng, pz) = 0, because the deleted
coordinate is minus the sum of the others. Then Ng,pz = £1, and Ng/pz = 1 by the first
step. So the intersection of L{K with the kernel is the image of O %> which after the substitution
is 21(Ok), of covolume 2¢Reg!. Since —1 ¢ Ni/p(OF), the projection T'(Ur) has index [OF :
{£1} N/ r(OF)] = un/2 in Up. Hence Regy = 2°Reg' - Regp un /2.

The class-number formula. The analytic class-number formula [18, Chapter V, Theorem 2.4]
(compare (4.3)), applied to K (with r; = 0 and r2 = d) and to F' (with r1 = b, ro = c and wp = 2),
gives

Le(1) = (2m)%hx Regy . 2742 _ 2ctirbten o Regy
F Wi A? 20(2m)chp Regp wrgA/2  Regp’
Substituting Regj / Regp = 2 tuy Reg! = 207" 2N, Reg! gives (8.6). O

8.3. Norm-One Elements from Split Primes. This subsection produces, from the split primes
above a finite set R of rational primes, at least €%’ /(hcaphyel) elements of relative norm one in one
fractional ideal, with pairwise disjoint cosets modulo O}( (Lemma 8.11); this is the source of the
term J of Definition 8.9 in the margin.

Definition 8.7. Let R be a finite set of rational primes. The extension K/F has uniform local
types (er, fr)rer if, for every r € R, every prime of F' above r splits in K and has absolute type
(er, fr) (Definition 2.45).

Lemma 8.8. If K/F has uniform local types (e, fr)rer, then for every r € R the field F' has
exactly d/(e, f.) primes above v, each of norm rfr.

Proof. The products e, f;, of the absolute ramification indices and residue degrees of the primes p of
F above r add up to [F': Q] = d, and here each product is e, f, and each norm is rlr. [l

Definition 8.9. Let R and (e, f)rer be as in Definition 8.7. Given integers k, > 0 (r € R), called

the exponents, put

k- logr log(k, + 1)
(8.10) H=Y" : =)y = PR
reR T reR T
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If K/F has uniform local types (e, f)rer, then by Lemma 8.8, e = Hp(Np)kT and ed/ =
Hp(kT + 1), the products over the primes p of F' above R, with r the prime below p: H measures
the density of the ideal lattice used, and J the number of equal-norm choices.

Lemma 8.11. Assume that K/F has uniform local types (e, fr)rer, and fix exponents k, > 0,
with H and J as in Definition 8.9. There are a fractional ideal b of K with Nb = e~ an integer
t> edJ/(hcaphrel), and elements b1, ..., Bt € b of relative norm one whose cosets ﬁi(’)}( are pairwise
disjoint.
Proof. For each prime p of F' above a prime r € R, write pOg = B, 1B, and kp = k... For integer
vectors j = (jp) with 0 < j, < kp put
w=[Iwr =[] em)s
p p
There are [],(ky + 1) = e? such vectors. The quotient of CI(K) by the image of CI(F) has
order hgheap/hr = heaphrel, S0 one class of this quotient contains the classes of 2; for a set of
t > €% /(heaphrel) vectors j. Fix one of them, j,, and put b = ijol. For each j in the set, write
Qlel;()l =z a0k with z € K* and a a fractional ideal of F', and put 3; = x/ixz. Then Ng/pf; = 1,
and since ¢ fixes aOg,
1 -1 ~
BiOK = A A5 1 (125) 15, = Jsb.
As J; is integral, 3; € b. The ideals J;b are distinct for distinct j, and every element of 3;0}

generates Jjb, so the cosets are disjoint. Finally, since each p splits in K, Lemma 8.8 gives
(N6 = [T,(Np)'e = T, rFebrdlerd) = et 0

8.4. Unit Averaging and Translation. This subsection averages over the units of relative norm
one and over the translates of an ideal lattice (Lemmas 8.14 and 8.19), which yields a translate
with many ordered edges per point (Definition 8.18), and turns such a translate into a planar set
(Lemma 8.21).

In this subsection and the next, b is a fractional ideal of K and f1,...,5; € b are elements of
relative norm one whose cosets BiO}( are pairwise disjoint; Lemma 8.11 provides such data. For
h € R¢ let W,: C* — C? multiply the coordinate gbj by e~ and o5 by e", and fix the compact
coordinates. It is a real diagonal map of determinant one. Put Ay, = Wjb,,. For a lattice A C ce,
covol(A) denotes the volume of a fundamental domain. By [17, Proposition 4.26], extended to
fractional ideals by scaling and [17, Proposition 4.2],

(8.12) covol(ass) = 27 Ag|/?Na

for every fractional ideal a of K. Hence covol(A;) = 279 \Nb, independently of h; for the ideal of
Lemma 8.11,

(8.13) covol(Ap,) = 279\ H
If Ng/p = 1, then by Lemma 8.2 WjS8 has compact coordinates of modulus one and pair

coordinates of moduli e=(5(8)=h5) Let ! be a fundamental parallelepiped of the lattice ! (05); its
volume is Reg!. When ¢ = 0, integrals over R? and over IT! are evaluations at the single point.

Lemma 8.14. For every Borel function ®: R¢ — [0, o],

(8.15) Rigl/nlz S es) - h) dhzlzzgl/w@(u) du.

=1 Bep; Ok
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Proof. The map [ is a homomorphism on K*, so [(3;0%) = I(8;)+1(O%), and by Proposition 8.5 each
point of this translate of [ (Ok) is the image of exactly wx elements of BZ-O}{. The translates IT' — z,
with 2 € [(OF), tile R®, so by Tonelli’s theorem [ij Zzel((’)}() D(I(Bi) +x — h)dh = [ ®(u)du for
each 1. 0

Definition 8.16. A window is a bounded Borel set  C C¢ of positive volume that is invariant
under rotation of each coordinate separately. For u € R let the unit-norm displacement e(u) € C?
have compact coordinates 1 and pair coordinates (e%,e~%), and for a Borel set Q C C¢ put

Ba(u) = |20 (2 = e(w))].

Lemma 8.17. Let Q) be a window.
(a) If h € R® and B € K satisfies N pB =1, then |2 N (Q — WiBx)| = @a(l(8) — h).
(b) The function ®q is continuous, bounded by |Q|, and vanishes at every u for which some el*!
exceeds the diameter of €.

Proof. (a) If x € C¢ has compact coordinates of modulus one and pair coordinates of moduli e*%,
then a rotation of the coordinates preserves €2 and maps e(u) to z, so [N (2 — z)| = Po(u). By
the remark before Lemma 8.14, 2 = W}, is such a point, with u = I(5) — h.

(b) We have ®q(u) = [ 1o(z)1lo(z+e(u)) dz < [Q]. Fory,y' € C4, [|QN(Q—y)|— QN (Q—y)|
is at most the L'-norm of 1o(- +y) — 1o(- + ¢'), which tends to 0 as y’ — y because translation is
continuous in L'(C%); and u ~— e(u) is continuous. So ®gq is continuous. If x and z + e(u) both
lie in ©, then el the modulus of a coordinate of their difference e(u), is at most the diameter of
Q. O

Definition 8.18. Let 2 be a window. Fix a Z-basis of b, and for y € [0,1)%¢ let y, € C? be
the point with coordinate vector y in this basis. For h € R¢ let X' (h,y) = (A + Whyp) N Q2 and
n(h,y) = |X(h,y)|, and let £(h,y) be the number of ordered edges of X (h,y), that is, of pairs (x, )
with z € X(h,y), B € U, ;O and z + W, € Q.

Since f € b, the second endpoint x + W} [ of an ordered edge (z, 3) also lies in X' (h,y).

Lemma 8.19. Let Q be a window and suppose n(h,y) < nmax < 00 for all (h,y). Then there is a
pair (h,y) with n(h,y) > 0 and

E(h,y) LS Jre Palu) du
n(h,y) ~ Reg' 1€

Proof. For fixed z, distinct 3 give distinct points z + Wj, B8 # x, 50 £ <n? <n?, .. Bothn and &£
are countable sums of indicator functions of Borel sets in (h,y). For fixed h, the map y — Wjy, has
Jacobian covol(A,) and maps [0,1)2? onto a fundamental domain of Ay, so tiling and Lemma 8.17(a)

give

(8.20)

€2 / 1
n(h,y)dy = — 2 Ehyy)dy = ——— D (l(B) — h).
/[0’1)2(1 ( y) COVOI(A]—L) [071)211 ( ) COVO](Ah) Zi:ﬁe;?l ( ( ) )
iUk

Average over h € II! with respect to dh/Reg! and apply (8.15). For the probability measure
dhdy/Reg! on TI* x [0,1)?¢ this gives EE = pEn and En = |Q|/ covol(A) > 0, where p is the right
side of (8.20). If £ < pn held wherever n > 0, then, since £ = 0 where n = 0 and {n > 0} has
positive measure, we would get EE < pEn. ([l

Lemma 8.21. Let Q be a window, let (h,y) be a pair, and let vy be a real place of F. For x € C? let
Ty, be its compact coordinate at vo, and let U = {z,, : © € X(h,y)} C C=R2. Then |U| = n(h,y)
and u(U) > E(h,y)/2.
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Proof. Two distinct points of X'(h,y) differ by Wj, v with 0 # v € b, whose vo-coordinate ¢y, () is
nonzero, so |U| = n(h,y). An ordered edge (x,3) gives two points of U at distance |¢,, ()| = 1,
and distinct ordered edges give distinct ordered pairs of points. Hence u(U) > E(h,y)/2. D

8.5. Uniform Lattice Counting. This subsection bounds the number of lattice points in a window
uniformly in the translate (Lemmas 8.22 and 8.24); this gives the bound for n(h,y) in the proof of
Proposition 8.32.

For a lattice A C C% let A* = {¢ € C?: (¢,2) € Zforall x € A} be its dual lattice, and let
€]l = 30, [€w], @ norm on C?. We use the Fourier transform (¢ = Jea U( —2mi(zg) .

Lemma 8.22. Let a be a fractional ideal of K and h € RC. Every nonzero 5 in the dual lattice of
Whase satisfies

2d 2d
In particular, if Nb = e*dH, as for the ideal of Lemma 8.11, every nonzero dual vector of Ay, satisfies
(8.23) [Tiwl =ty w=2e"2" ¢l = du.
w

Proof. First let h = 0. For z,y € K we have (o0, Vo) = Re ), du(zy) = %TrK/Q(a:y), where the
bar is coordinatewise complex conjugation and ¢,, is the embedding of the coordinate w, because
these embeddings and their complex conjugates are all the embeddings of K. Let a¥ = {y € K :
Trg g(ya) C Z}. It is an Ox-module, and since the trace form is nondegenerate, the dual basis of
a Z-basis of a is a Z-basis of a¥. So a” is a fractional ideal, and the dual lattice of ay is (2a¥)s
Dual lattices have reciprocal covolumes, and complex conjugation preserves volume. With (8.12)
and N(2a¥) = 229N(aV), this gives N(aV) = A72¢(Na)~'. If 0 # y € aY, then yOx C a" and
|Nk /oyl = N(yOx) > N(a¥) [17, Propositions 4.1 and 4.2]. For £ = (2y),

_ _1y1/2
[T 16l = [Nk @y)]? > (2*A72(Na) ™) 2,
w
For general h, the dual lattice of Wjas is the image of the dual lattice of a, under W_p, because
W}, is real diagonal, and W_j, preserves [[,, |§w|. The bound for |||« follows from the arithmetic-
geometric mean inequality. For (8.23) take a = b. ]

Lemma 8.24. Let A C C? be a lattice such that I, [&w] > ud for every nonzero & € A*, where
u > 0. Let :C¢ — [0,00) be smooth, bounded and integrable, with [ ¥ > 0 and all partial
derivatives bounded, and suppose that

B <t fu gec)
for some M >1 and ¢ > 0. If the Fourier condition
(8.25) spu > log M +2logh + 2
holds, then for every y € C%,
2
8.26 U(r) < ——— [ U,
(8:26) xg;_y (z) = covol(A)/

Proof. A nonzero £ € A* has no zero coordinate, and the arithmetic-geometric mean inequality
gives ||€||x > du. Hence distinct points of A* are at || - ||«-distance at least du, and the open
|| - ||«-balls of radius du/2 about them are disjoint. For j > 1, the balls about the points with
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jdu < ||€]l« < (j + 1)du lie in the ball of radius (j + 3/2)du about 0. Comparing volumes in R2?
bounds the number of these points by (25 + 3)?¢ < 52%. By the Fourier condition (8.25) and M > 1,

M? Y el < 37 edllos M2jlossji) < §7 o2 <,

£eA*\{0} Jj=1 Jj=1

For e > 0 put W.(z) = ¥(z)e<**, a Schwartz function. Its Fourier transform is W x G, where
G.(¢) = (n/e)%e "I/ is a probability density on R24. Hence \\I//\g(gﬂ < mo Ml [, with
me = fe§||<H*G5(() d¢. The function y +— » _\ W.(z + y) is smooth and A-periodic, its Fourier
coefficient at £ € A* is \I/f\s(f )/ covol(A), and these coefficients are absolutely summable. This gives
the Poisson summation formula

Z Wa(lﬂ + y) covol Z ‘Ij e,

zEA § eA*

Using \/11\5(0) = [ ¥, and the bound above, the sum is at most ([ V. +m. [ ¥)/covol(A). As e — 0,
we have m. — 1 by dominated convergence, since G. is the image of G under ¢ — /e {; moreover
U, increases to U. Monotone convergence gives (8.26). O

The next bound is used in Section 10 for the Gaussian real-place profile (Definition 8.28).

Lemma 8.27. If 0 < ag < 1 and Ug(z) = e 21#* on C, then \I/II\R{(S) = (r/ag)e ™ 1€/ gngd
UR(§)] < 2¢7FI [ W

Proof. The formula is the Gaussian integral, and [ ¥gr = 7/ag. Since ag < 1, it suffices that
n2z? — x4+ 1og2 > 0 for x > 0, and the minimum of the left side is log2 — 1/(47?) > 0. O

8.6. Profiles at Real and Complex Places. This subsection defines the archimedean profiles,
their functionals Jg and Jc and the admissibility conditions (P1)—(P5), and combines the previous
subsections into Proposition 8.32. Section 10 verifies admissibility for the profiles used in Section 11.

Definition 8.28. Fix 0 < 0 < 1 and put p = 2/(1+4), the Lebesgue exponent (not a prime), so that
1 <p<2andp(l+3d)=2. A real-place profile is a positive radial function fr on C, used at the
compact coordinates, and a complez-place profile is a positive function gc on C? that depends only
on |z| and |w|, used at the pair coordinates. Their masses Ar, Ac, overlaps Ig, Ic and functionals
Jr, Jc are

Ap = /Cfﬂg, Ig = /CfR(Z)fR(Z +1)dz, Ac = /C2 g(pé,

I@:// gc(z,w) ge(z+ e, w+ e ) dz dw du,
R JC2

Jr =log I — (1 +0) log Ag, Jo =loglc — (1+0)log Ac.
When these integrals are finite and positive, the endpoint laws are the probability densities fr(2) fr(z+
1)/Ig on C and gc(z,w)ge(z + e, w + e %) /Ic on C? x R. The functions Vg = —log fg and
Ve = —log g¢ are the energies of the profiles.

The exponent p is chosen so that the terms in the mean energy cancel at the end of the proof of
Proposition 8.32.

Definition 8.29. Let M > 1 and ¢ > 0. The pair (fr, gc) is admissible with Fourier constants
(M,q) if:
(Pl) f& and gf are smooth and bounded, and all their partial derivatives are bounded,;
(P2) Ag, Ig, Ac and I¢ are finite and positive;
(P3) Vg and V¢ are bounded below and coercive, that is, their sublevel sets are bounded;
(P4) Vk(z) and V(z,w) have finite second moments under the endpoint laws;
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(P5) |f5(6)] < Me<Il Ag and |gh(€1,6)] < MZe~<(61+1&D Ac for all £,£1,6 € C.
Section 10 proves admissibility for the profiles we use.

Lemma 8.30. Let (fr,gc) be admissible with Fourier constants (M,s) (Definition 8.29), and let
v=T], /% Hj gg be the product function on C%, with one factor for each block. Then ¥ satisfies

the hypotheses that Lemma 8.24 places on ¥, other than the Fourier condition (8.25): it is smooth
and bounded, with bounded derivatives, [ = A%A%, and

1G(¢)] < Mrdesliel- / v (cecd

Proof. The first properties follow from (P1) and (P2). The Fourier transform of ¥ is the product of
the transforms of the factors, so (P5) gives |W(&)| < MbT2ee<liél [ & = prde—<liél [ O

Lemma 8.31. Let fr and gc be profiles satisfying (P1), (P2) and (P4), and let n > 0. Let
mg and mc be the means of Vr(z) and Ve (z,w) under the endpoint laws, and let Varg and Varc
+

be their variances. For x € C* with compact coordinates x, and pair coordinates ($j ,33;), let

Vi(z) =32, Vr(zo) + 3, V@(x;r, ;) be the total energy, put m = (bmgr + cmc)/d, and let
Q={zeC’: V() <dm+n)}.
Then, for all d larger than a bound that depends only on n, Varg and Varc,

/ Do (u)du > %Iﬁ]&e%(m_”).

Proof. By (P1), fr and gc are continuous, so V' is continuous and {2 is closed, hence a Borel set. The
function (z,u) — e*V(x)e*V(”e(“))/(Iﬂ%Ié) is the product of the endpoint densities of the blocks,
hence a probability density on C? x R¢. Under it, the energies V(x) and V(x + e(u)) of the two
endpoints are sums of independent terms, one for each block, and V' (x) has mean dm. On a compact
block the map z — —z — 1, and on a pair block the map (z,w,u;) — (—z — e, —w — e™", u;),
preserves the endpoint density and carries the first endpoint to minus the second. Since the profiles
are even, V(z + e(u)) has the same law as V(z). By Chebyshev’s inequality, each of the two
energies differs from dm by more than nd with probability at most max(Varg, Varc)/(n%d). So the
set Y C C? x R® where both energies lie in [d(m — 1), d(m + )] has probability at least 1/2 for all d
larger than a bound that depends only on 7, Varg and Varc. On )Y both endpoints lie in {2 and
e V@) e—Viete(w)) < g=2d(m=n) Therefore, with |))| the Lebesgue measure of ),

/ Oo(u)du > V| > UMD RIEP(Y) > FIIEm ),
]

Proposition 8.32 (Geometric transfer). Let 0 < 6 < 1 and C € R. Let (K;/F;)i>1 be quadratic
extensions satisfying (G1)-(G3) with a common A\ and with d; = [F; : Q] — oo, such thatlog L, (1) <
d;C and such that every K;/F; has the same uniform local types (e,, fr)rer. Fiz integers k, > 0,
let H and J be as in (8.10), and let u = 2e/27¢. Let (fr, gc) be admissible with Fourier constants
(M,<) (Definition 8.29) satisfying the Fourier condition (8.25). Put

(8.33) M@O)=J—-6H—(1/2=6){ —C+(1—=9)log2+ (1 —0)logm+ (1 —20)Jr + 0Jc.
We call M(0) the margin. If inf; M(60;) > 0, where 0; is the value of 0 for F;, then there are finite
sets U; C R? with |U;| — oo and u(U;) /|Us|*+° — oo.

Proof. The window. Let mg, mc, Varg and Varc be as in Lemma 8.31; the variances are finite by
(P4). Fix n > 0 with 4n < inf; M(6;), and consider one extension K /F of the sequence, with d large.
Take b, t and f, ..., [ from Lemma 8.11, so that Ay is defined; the counts n(h,y) and E(h,y) of
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Definition 8.18 are those of the window €2 chosen next. With the total energy V' and the mean m of
Lemma 8.31, let

Q={reC?:V(z) <dm+n)}.
By (P1) and (P3) (see the proof of Lemma 8.31), this is a bounded Borel set, and it is invariant
under coordinate rotations because the profiles are radial in each coordinate. By Lemma 8.31,

/ Do (u) du > LIf IE240m=m)

for all large d, uniformly in the signature. In particular |Q2| > 0 for large d, so 2 is a window.
Counting points. With the product function ¥ = [, fg I, ¢ = e PV of Lemma 8.30, we have

1o < ePHUMTMY g0
10| < epd(m+n)A%A%7
and Lemmas 8.22, 8.24 and 8.30 give, for all (h,y),
et gD AL
covol(Ap)
by (8.13), b/d =1 — 260 and ¢/d = 6 (here b and ¢ are the numbers of real and complex places of F
the ideal b is unrelated).
Counting edges. Now take a pair (h,y) from Lemma 8.19, applied with nya = 2¢?7. By
t > €% /(heaphyel), Proposition 8.5, log Lr(1) < dC and b+ ¢ = (1 — 6)d,
twge edJ 2d—17.rb+c
Regl )\d/zLF(l)
Combined with the bounds for || and for the integral of ®q, (8.20) shows that the set X = X(h,y)
has n = |X| > 0 points and at least %edx’?n ordered edges, where
Xy =J+1log2+ (1—-0)logm —£/2—-C+ (1 —20)(log Ir — log AR)
+ 0(log I —log Ac) + (2 — p)m — (2+ p)n.

n(h,y) < = 28V, Y, =H +log2—{+ (1—260)log Agr + 0log Ac + p(m +n),

> Lexp(d[J +log2+ (1 —0)logm — £/2 — ).

>

Since n < 2e4¥7 and p(1 + 6) = 2, the terms in m cancel, and

Ehy) o €™ s s @) -an)
pltd = 4.900dYy T ’

The planar set. Finally let vy be a real place of F, and let U = {z,, : * € X} C C = R%. By
Lemma 8.21, |[U| =n and u(U) > E(h,y)/2, so

u(U) > 938 d(M(O)—4n)

|U|1+5 ’
which tends to infinity along the sequence. Since u(U) < |U|?/2 and § < 1, also |U| — oo. These
sets are the U;. The conclusion concerns a sequence of cardinalities, not every large cardinality. [

9. SHELL PROFILES AT SPLIT FINITE PLACES

We now place locally constant weights at finitely many finite places of F' that split in K; in
Section 11 these are the places above the selected primes of B (Definition 4.16). In Lemma 8.11,
the count at each prime of F' above r € R corresponds to the indicator function of a product of
two balls in the completion, the unweighted shell profile of Definition 9.7; shell profiles replace this
indicator by weighted sums of indicators of products of shells (Corollary 9.29). The main result is
Proposition 9.26, the transfer with shell profiles, which is the form of the construction applied in
Section 11; its margin (9.27) replaces the terms J — 0 H of (8.33) by the values of a local functional
(Definition 9.3). We keep the hypotheses (G1)-(G3) and the notation of Section 8, and put

covoly = covol (O o) = (A/2)%.
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9.1. The Local Functional. This subsection defines the local functional at a split finite place and
computes it for shell profiles (Lemma 9.11); its values are the terms log F5, of the margin (9.27).

Let L be a nonarchimedean local field with valuation ring O, uniformizer w and residue field of
cardinality (). We use the additive Haar measure on L with |O| = 1, the product measure on the
plane L? = L x L, and the multiplicative Haar measure dw on O* of total measure one.

Definition 9.1. For n € Z and w € O* put

= (w"w, w "w! 2 z) = z+ s(n,w)) dw
s(n,) = (", Jelt T =% [ s+ stnw)d

ne”L

for a locally constant, compactly supported function g on L2.

The two coordinates of s(n,w) have product one; they model the finite coordinates of an element
of relative norm one at a split place.

Lemma 9.2. Let @1 and @y be locally constant and compactly supported on L. Then only finitely
many n contribute to fL2 w1 Tpa, which is therefore a finite sum of finite integrals.

Proof. If p1(2)p2(z+ s(n,w)) # 0, then both coordinates of s(n,w) lie in the compact set supp pg —
supp ¢1, which bounds n from above and from below. O

Definition 9.3. For locally constant, compactly supported functions o1, @2 on L% put (1, p2)7 =
fl_g ©1 T2 (Lemma 9.2). For a nonnegative, locally constant, compactly supported function g on
L? with g #0,and 0 < § < 1, p = 2/(1 + 6), put

(9.4 A= [ 1@ =l Flo) =

We call A(g) the mass, I(g) the overlap and Fs the local functional, as for the archimedean masses
and overlaps of Definition 8.28.

For i € Z let B; = w 'O, a ball of measure Q°. Write [r] = max(z, 0).
Lemma 9.5. For all integers i1, j1, 12, j2,
(9'6) <1Bi1 xBjy 182‘2 xBij, >T - Qmin(i1,i2)+min(j1,j2) [max(ih i2) + maX(jlv 32) + 1]+-

Proof. Two balls of an ultrametric space are disjoint or nested. Hence B;, N (B;, — =) has mea-
sure QMin(ini2) if p ¢ Biax(iyiz), and is empty otherwise. The left side of (9.6) is therefore
Qmin(ini2)+min(j1.52) times the measure of the set of (n,w) with w"w € Binax(iy in) and wwl €
Brax(ji,j»)- These conditions say —max(i1,i2) < n < max(ji, j2) and do not involve w, and dw has
total measure one. O

Definition 9.7. Pu‘p So = O and §; = B; \ B;—1 for i > 1. These are the shells, and their measures
mo = 1 and m; = Q" — Q™! are the shell measures. Let k > 0 be an integer, and let w = (wij)i,j>0
be nonnegative weights, finitely many of them nonzero, with wgy > 0. The shell profile with
parameters (Q,k,w) on L? is
g = Z ’U)ij].Sin—ij.
4,j>0

The shell profile with wgy = 1 and w;; = 0 otherwise, that is, the indicator function of O x w*0,
is the unweighted shell profile with parameters (Q, k).

Lemma 9.8. A shell profile g with parameters (Q,k,w) is nonnegative, locally constant and
compactly supported. It is invariant under (x,y) — (wz,w'y) for all w,w’ € OF; in particular it is
even. It is also invariant under translation by the group

(9.9) C=0xwro, Ic| = Q".
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Proof. The first assertion holds because the shells are compact open sets and finitely many of the
nonnegative weights are nonzero. Multiplication by a unit preserves valuations and hence each shell.
Adding an element of O does not change the shell of a point, whatever the number of shells; this
gives the invariance under C, applied to the first coordinate and to w” times the second. ]

We call C the period of g.

Definition 9.10. Let @@ and k& be as in Definition 9.7, with shell measures m;. The symmetric
matrix D = (Dn’/)i’i/zo is defined by
Djir = Mugingiiry (1 #17'), Dgo =0, Dj; =im; — Q"' (i > 1),
and the shell Gram matriz G, indexed by pairs of pairs of nonnegative integers, by
G(i,j),(i’,j’) = (k; + 1)mimj1i:i’,j:j’ + mjDz‘Z‘llj:j/ + miDjj’li:i"

Lemma 9.11. The shell profile g with parameters (Q, k,w) satisfies, with the shell measures m;
and the shell Gram matriz G of Definition 9.10,

(9.12) A(g) = QF Zmimjwfj, I(g) = Q" Z Wi G ), (it j7) Wit

ij (1,4),(i",3")
All entries of G are nonnegative, and I(g) > (k + 1)Q*w2, > 0. In particular Fs(g) depends only
on the parameters, and the unweighted shell profile has Fs(g) = (k + 1)Q°F.

Proof. The formula for A(g) holds because the sets S; x w_ij are disjoint of measure kalmj
For I(g), write 15, = 15, and 15, = 15, — 15, , for i > 1, and note w_kBj = Bjir. Only balls
with nonnegative indices occur, so by (9.6) and k > 0 the positive part can be dropped, and
(1B, xBj, 11> 1Biy xBj, 1) T fOT i1, 1,42, 2 = 0, s

Qk [(k‘ + 1)Qmin(i1,i2)Qmin(j1,j2) + max(il, Z'2)Qmin(i1,ig)Qmin(jl,jg) + Qmin(il,ig) max(jl, jg)Qmin(jl’j2)] ]
For a function ¢ of two nonnegative integers put (9¢)(i,i') = p(i,7) — o(i — 1,7") — @(i,i" —
1) + ¢(i — 1,7 — 1), where terms with an index —1 are omitted; this is the expansion of the
shells into balls. Apply 0 in (i1,i2) and in (j1,j2). A direct computation gives, for i,7/ > 0,
that oQMin(i12) gt (¢,7") is m;1,—y, and that a(max(il, ig)Qmin(il’iQ)) is D;;. For example, when
1 < i < 4 the latter is #/Q° — /Q""' — (i’ — 1)Q* + (i — 1)Q""! = m;, and when i = i’ > 1 it is
Q" —2Q + (1 = 1)Q"! = im; — Q. This gives (1, m-ts; s, xwks, )T = Q G j) (7.1
and hence the formula for I(g). All entries of G are nonnegative, since D;; = Q" 1(iQ —i —1) >0
for i > 1; as Go),0,0) = k + 1, this gives I(g) > (k + 1)Q*wd,. For the unweighted shell profile
only Gg,0),(0,00 = k¥ + 1 contributes. O

Definition 9.13. Let g be a shell profile. By Lemma 9.11, I(g) > 0, and by the definition of
I(g) the function (z,n,w) — g(2)g(z + s(n,w))/I(g) is a probability density on L? x Z x O, with
counting measure on Z. As at the archimedean places (Definition 8.28), we call it the endpoint law
of g; its first endpoint is z and its second endpoint is z + s(n,w).

Corollary 9.14. Let x = (z;)i>0 and ' = (x;)jzo be finitely supported vectors of nonnegative
numbers with xoxy > 0, and with D as in Definition 9.10 put

_ p _ 2 _
P, = g m;x;, Sy = E m;xy, R, = E x; Dy,
i i il

and define Py, Sy, Ry in the same way. The shell profile g with parameters (Q, k,w) and product
weights wi; = iUZZL'; satisfies

(9.15) Ag) = Q*P, Py, I(9) = Q[(k +1)S,Sy + Ry Sy + SuRyr].
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Proof. Substitute w;; = z;2’; in (9.12). O

Remark 9.16. Suppose that only Sy and S; carry weight, with z = 2/ = (1,¢) and ¢t > 0. Then
Sy =1+ (Q—1)t? and R, = 2t + (Q — 2)t?, and the difference between log F5(g) and the value
log((k‘ + 1)Q‘5k) of the unweighted shell profile is

(k+1)S% +2S,R,
k+1

Since p > 1, its right derivative at t = 01is 4/(k + 1) > 0, so a sufficiently small weight on S; always
improves on the unweighted shell profile.

(9.17) log —2(1+6)log(1+ (Q — 1)t7).

Remark 9.18. Section 11 uses general weights w;;, symmetric 10 x 10 matrices, at the places above
2, 3 and 5, through the formulas (9.12), and product weights, through (9.15), at the places above
29 and t3. Nothing in the rest of this section, in particular in the proof of Proposition 9.26, uses
the product form: it uses only that a shell profile is nonnegative, locally constant and compactly
supported, invariant under units in each coordinate and under its period (Lemma 9.8), with I(g) > 0
(Lemma 9.11), and that its parameters range over a finite set. As a check of (9.12) for general weights,
the supplementary program general windows_check.py compares it with a direct computation
in a finite model of the local field, in 48 cases, 32 of them with random weights and 16 with a
fixed family of monotone weights that are not symmetric, and finds exact agreement; the program
general windows.py that evaluates (9.12) for the certificate reproduces (9.15) exactly for product
weights.

9.2. Finite Periods and Lattice Counting. This subsection adds finite coordinates at the places
of a finite set P of split places and proves the lattice-point bound of Lemma 9.22, the analogue of
Lemma 8.24.

Let P be a finite set of finite places of F' that split in K. For p € P write pOg = B, B, where
we also write p for the prime ideal of F'. The completion of K at By is Fy; for x € K let z, € F}, be
its image under the completion map. The map x — (xp, (1)) records the completions at B, and
at By, and ¢ exchanges the two coordinates. If Ni/p3 = 1, then 3,(8), = 1. Let Oy, wy and Qy
be the valuation ring, a uniformizer and the residue cardinality of Fy; thus @), = Np, the absolute
norm of p, and @), plays the role of () in Subsection 9.1 for L = Fj,.

Definition 9.19. Put

peP

with the Haar measure that gives [],(O, x Op) measure one. For a point (z, () of C? x Ap we call
z its archimedean part and ( its finite part. Let Op = Ok p be the ring of elements of K that are
integral at every prime other than the B, and ¢3,. We embed Op in C? x Ap by v = (Yoo, Vi)
where ¢ = (7p, (¢7)p)p; thus 7o and 75 are the archimedean part and the finite part of the image
of v. A subgroup of Ap of the form

Cr =] (= Op x w?Op),  ap.by € 2,
peP

is called rectangular.
A rectangular group has measure |C¢| = Hp Qy ap=bp.

Lemma 9.20. Let Cy be rectangular and put ac, =[], B? (4B

(a) The elements v € Op with vy € Cy form ac,, and Nac, = ICs|7L, s0 covol((ac; )oo) =
covolg /|Cy|.
(b) Every coset of C¢ in Ap contains v¢ for some v € Op.
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(c) Op is a lattice in C? x Ap, that is, a discrete subgroup with a fundamental domain of finite
measure. If Pc, is a fundamental parallelepiped of (ac,)oo, then Pe, X Cy is a fundamental
domain for Op, of measure covoly.

(d) For h € R, the set Opp, = {(Whveo,Vf) = ¥ € Op} is again a lattice, with fundamental
domain WypPe, x Cy of measure covoly. Put Hy = d~'log |C¢|. Every nonzero vector & of

the dual lattice of Wi(ac,)eo satisfies [[,, |§w| > ,u’}l, where ;= 2efs/27¢,

Proof. (a) The valuation of 7, is the exponent of B, in v, and that of (¢+v), is the exponent of
Py. Together with integrality at the other primes, vy € Cy says exactly that v € ac,. As
NBy = N(By) = Qp, we get Nac, = [], Qgp+bp = |Cf|7!, and the covolume follows from the
covolume formula (8.12). )

(b) Choose @, < ap and b, < b, such that the given coset lies in Cr = I, (wwy? Op X wg'“ Oy), a1~1d let
ag, O dc; be the corresponding ideal. The map y — 7y induces a homomorphism aéf/ ac, — Cy/Cy.
It is injective by (a), applied to C;. Both groups are finite of the same order: |C;/Cy| = |Cf|/|Csl,
and |ac~,f/acf| = Nacf/Naéf [17, PrNoposition 4.2], which is the same number by (a). So the map is
bijective, and every coset of Cy in Cy contains vy for some v € az, C Op. No principality is needed.

(c) Given (2,¢) € C? x Ap, by (b) there is ¥ € Op with ( — s € Cy, and then a unique v/ € ac,
with 2 — (7 +9)e € P, If (2,¢) had two such representations, the difference of the two elements
of Op would have finite part in Cy, hence lie in ac, by (a), and then it would vanish because P ;isa
fundamental domain. Thus Fe, X Cy is a fundamental domain, of measure (covolg /|C|)-|Cy| = covolp.
Finally Op is discrete: for a bounded open set Y 3 0 in C?, its intersection with the neighborhood
Y x Cy of 0 consists of the finitely many v € ac, with 7o € Y.

(d) The map (z,¢) — (Wpz,() preserves measure, because W}, is real diagonal of determinant
one, and it carries Op to Op , and Fe, x Cy to WP, X Cy; so the first assertion follows from (c).

By (a), Nac, = e~ and Lemma 8.22 gives the bound for the dual vectors. O

Accordingly, the Fourier condition used in this section is
(9.21) ¢-2ef1/270 > log M + 21log 5 + 2.

Lemma 9.22. Let (fr,gc) be admissible with Fourier constants (M,s) (Definition 8.29), and let
Ve =TI, fﬂg Hj gé on C%, with one factor for each real place v and each complex place j of F
(Lemma 8.30). Let Wy >0 be a function on Ap that is invariant under translation by a rectangular
group Cy and vanishes outside a finite union of its cosets. If (9.21) holds, with Hy defined by this
Cy, then for every h € R¢ and every zy € C? x Ap (a point of the whole space, not an archimedean

part),

(9.23) S @O 2 [ [

covolg
(2.4)€0p n+20

Proof. Group the points by the coset of C; containing their finite part. If two points of Op j, + 2o
have finite parts in the same coset, their difference comes from an element of ac,, by Lemma 9.20(a).
So the archimedean parts of the points in one coset form a translate of Wj(ac f)oo, or the empty
set. By Lemma 8.24, with the dual bound of Lemma 9.20(d) and the Fourier bound for ¥, of
Lemma 8.30, the sum of W, over such a translate is at most 2|Cy| [ Woo/ covoly. The values of Wy
on its finitely many nonzero cosets sum to [ Wy/|Cy|. O

Lemma 9.24. Let o € Ap have coordinates (w;f”,w;n”) with ny € Z. If Uy satisfies the hypotheses
of Lemma 9.22 with a rectangular group Cy, then Wy o «v satisfies them with the rectangular group
a~'Cy, which gives the same Hy, and [Wioa = [ Uy.
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Proof. Multiplication by « preserves the Haar measure, since at each p it scales the two coordinates
by factors of absolute values @, " and Qg”. For a rectangular group Cy the group a_lcf is
rectangular, with exponents a, — ny, and b, + ny, and of the same measure. The function ¥ o« is
invariant under translation by a~!C ¢ and vanishes outside the images under a~! of finitely many
cosets of C¢, which are cosets of oz_le. U

9.3. Class Selection. This subsection is the analogue of Lemma 8.11 for weighted counts: it selects
one ideal class and produces elements of relative norm one with prescribed valuations at the places
of P (Lemma 9.25).

For u € R¢ and n = (ny) € Z let e(u,n) € C? x Ap have archimedean part the unit-norm
displacement e(u) of Definition 8.16 and finite part (c,”, @, ).

Lemma 9.25. Let N' C ZF be finite, and let W: N — [0,00) have positive sum. There are a subset
N C N with

S wn) > ! > W(n),

neN’ - hcaphrel neN
an element ng € N' with W(ng) > 0, and elements B, € Op, for n € N', with Ng,pB, =1 and

0k = [T B3 ) v
p

The cosets Bn(’)}( are pairwise disjoint, and Bn(’)}( 1s the set of all elements of relative norm one
that generate this ideal. Moreover, let wy € Ap have coordinates (wgo’p,wp_no’*’). Then forn € N’

and B € B,O%, the point woBy has coordinates (wgpwp,w;npwp_l) with units wy, € O

Proof. Map n to the class of 2(n) =[], PB," in CI(K) modulo the image of CI(F), a group of
order hcaphyel. Let N’ be a fiber on which the sum of W is largest; this sum is positive, so we can
choose ng € N’ with W(ng) > 0. For n € N write 2(n)%(ng) ! = 2,a,0 with z,, € K* and a,
a fractional ideal of F', and put 8, = z,/tz,. As in the proof of Lemma 8.11, Ng,pf3, = 1 and
Bn generates the displayed ideal, which is supported on the primes B, !B,; hence 3, € Op. Two
elements of relative norm one generating the same ideal differ by an element of O}(, and distinct
n € N give distinct ideals. Finally, if 3 € 8,0}, then 3, has valuation n, — noy and (18), = 8, L
which gives the last assertion. U

9.4. Transfer with Shell Profiles. This subsection proves Proposition 9.26, the form of the
construction used in Section 11. Its proof follows that of Proposition 8.32, with the window and the
lattice extended by the finite coordinates of Definition 9.19.

Proposition 9.26 (Transfer with shell profiles). Let 0 < 6 < 1 and C € R. Let (K;/F});j>1
be quadratic extensions satisfying (G1)-(G3) with a common A, with d; = [Fj : Q] — oo and
log L, (1) < d;C. For each j let P; be a finite set of finite places of Fy that split in Kj, and for
p € Pj let gy be a shell profile (Definition 9.7) on Fp2 with parameters (Qp,kp,w(p)), where the
parameters range over a fived finite set independent of j. Let F5, = F5(gy) be the local functional
(Definition 9.3), let (fr,gc) be admissible with Fourier constants (M,s) (Definition 8.29), and

suppose that (9.21) holds for every j, with Cy = Hpepj (Op x wp_k" Oy) the product of the periods of
the gy, that is, with Hy = d;l Zper kplog Qp. Let 8; be the value of 0 for Fj, and put

1
Miin,j = R Z log F5p — (1/2=6) — C + (1 —d)log2+ (1 — 60;) logm
(927) J per

+ (1 —20;)Jr + 0;Jc;
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we call Mgy j the margin of K;/F; with these shell profiles. If inf; Mgy, ; > 0, then there are finite
sets U; C R? with |Uj| — oo and w(U;)/|U;|* T — oo.

Remark 9.28. Compared with (8.33), the margin (9.27) has no separate term —0H: by (9.12), each

Fisp contains the factor Q, 6k", and Corollary 9.29 shows that for uniform local types and unweighted
shell profiles (9.27) reduces to (8.33).

Proof of Proposition 9.26. Fix n > 0 with 4n < inf; Mg, ;, and consider one extension K/F' of the
sequence, with d large. We drop the sequence index j and write Mg, for the margin of K/F'; below,
j indexes the complex places of F.

The profile and the probability measure. On C? x Ap let the total profile be

Jrot = Hf]RHg(C H 9p>

v j=1  peP
with one factor for each real place v of I, each complex place j of F' and each p € P, let V = —log fiot
on the set where fio, > 0, and put, for the total mass and the total overlap,

At = / 12, = A T Alge) Tor = 1875 T T(ap).
peP peP

Besides the points e(u,n) defined before Lemma 9.25, let e(u,n,w), for w = (wyp) € [], O,’, have

archimedean part e(u) and finite part (@, wy, @, ‘wy Dy. Let P be the probability measure on
(C4 x Ap) x R¢ x ZP x [1, O with density frot(2) frot (v + €(u, n,w))/Itor With respect to dz du dw
and counting measure in n, where dw is the Haar probability measure. It is the product of the
endpoint laws of the archimedean blocks (Definition 8.28) and of the endpoint laws (Definition 9.13)
of the gp. Its endpoints are x and x + e(u,n,w). Their energies V(x) and V(z + e(u,n,w)) have
the same distribution and are sums of independent terms, one for each block and each p € P:
at the archimedean blocks this is shown in the proof of Lemma 8.31, and at p € P the map
(z,n,w) = (=2 — s(n,w),n,w) preserves the endpoint law of g, and carries its first endpoint to
minus the second, g, is even, and the energy —log g, of the first endpoint takes finitely many values.
Let dm be their common mean; this m includes the places of P and is not the m of Lemma 8.31.
The Q, take finitely many values, since the parameters of the shell profiles do, and each is a power
of the residue characteristic of p; so these characteristics lie in a fixed finite set, and |P| = O(d).
Since the parameters range over a finite set, the variance of either energy is O(d). Let x be the
indicator of the event that both energies lie in [d(m — 1), d(m + n)]. By Chebyshev’s inequality, as
in the proof of Lemma 8.31, P(x = 1) > 1/2 for large d.

The set . Let Q be the set of points of C¢ x Ap where fior > 0 and V < d(m + n); it plays
the role of the window of Definition 8.16. It is a bounded Borel set: the archimedean energies are
coercive and bounded below, and the finite part lies in the compact support of Hp gp, on which
the finite energies are bounded. It is invariant under rotations of the archimedean coordinates,
and, by Lemma 9.8, under (z,yp) — (wzp,w'yy) for units at each p € P and under translation
by Cs. For u € R® and n € Z” let ®(u,n) = [N (2 — e(u,n))|, and let W(n) = [p. ®(u,n)du.
Only finitely many n have W(n) # 0. By these invariances, the measure of the intersection of
Q with its translate by any vector whose archimedean part has the moduli of e(u) and whose
finite part is that of some e(u,n,w) equals ®(u,n). Where x = 1, both endpoints lie in Q and



76 ERIC NASLUND

Frot (2) frot (z + €(u, n,w)) < e~24m=1) Integrating over z, u and w and summing over n, we obtain

Z W(n) = Z / 1o(z)1a(z + e(u,n,w)) dz du dw

> e2d(m—n) Z / % ftot ($)ftot(33 + e(u’ n, w)) dx du dw

= MM P(x = 1) > $Lope® ™).

Moreover 1 < epd(m-Fn)fg)t, so [Q] < Ay opePdmtn),

Class selection and rescaling. Apply Lemma 9.25 to the finitely many n with W(n) > 0, obtaining
ng, N and 3,, and let @y be as in that lemma. Put ' = wng, where wq acts on the finite part.
Then |Q'] =[], and Q' is invariant under the rectangular group C} = @, '}, of measure |Cy|. For

neN', B e B,0k and h € R, the element ") = (W}, Bs, B7) € Op, satisfies
N (@ = 8P = 12N (2 = (WiBos, @087))| = BUB) - hyn),

by the last assertion of Lemma 9.25 and the invariances of €, as in Lemma 8.17.

Points and edges. Let ac/ be the ideal attached to C} in Lemma 9.20. Fix a Z-basis of (ac})oo,
let Pc/f be the fundamental parallelepiped that it spans, and for y € [0,1)2? let Yo, € PC} be
the point with coordinate vector y in this basis. For h € R y € [0,1)?? and ¢ € C’ put
20 = (Whycr ,(); these points form the fundamental domain WhPC/ X C of Opj, of Lemma 9. 20(d).
Let X(h, zo) = (Opp+20) NQ and let N(h,zy) = |X(h, 20)| be the number of its points (the
analogue of the count n(h,y) of Definition 8.18; we write N because n indexes Z” in this proof),
and let €(h,zy) count the pairs (z,8) with z € X(h,2)), 8 € U,epr 5Ok and z + g € Q.
Averages over (h, zg) are taken with respect to the probability measure dh dy d¢/(Reg? IC%[) on

1 [0,1)%4 x C}. Since 1o/ < eP4mH0) (£ 0 wg)P and (fior 0 wo)P is the product of an archimedean
factor and a function invariant under C}, Lemmas 9.22 and 9.24 give

2 Agor ePdm+m)
N(h, 20) < Nypay = 0t =
covoly

for all (h, zp). By tiling, for fixed h the average of N (h, zg) over (y, () is |Q'|/ covoly, and the average
of E(h, z) is covoly ' 32, zﬁeﬁno}\f ®(I(B) — h,n). Averaging over h € II! as in Lemma 8.14, the

average of £ becomes
2, W 2 W

Measurability and integrability hold as in Lemma 8.19, since £ < N2 < N2, _.
that lemma yields a pair (h, zg) with N = N(h, 29) > 0 and

E(h, 20) Wi X Wn) Wi T e240m=)
N 7 hcaphel Reg' 12| = heaphrel Reg! 2A;cepd(mtn)’
Wlth N S Nmax and p(l + (S) = 2’

Reg covolo - hcaphrel Reg covoly

The argument of

E(h, 20) Wg covolg Lot _apa

el €
N1+ 210 heaphyet Reg! A0

By (8.6) and log Lr(1) < dC, the first factor is at least 272792¢(1=0) gz (1=0)d\~(1/2-0)d—dC " 51
Lot /ALY = exp(bJg + cJc + 3, log Fs). Hence £/N'H0 > 2727 0¢d(Man—dn),

The planar set. Let vg be a real place of ' and let U be the set of vg-coordinates of the points of
X (h, zp). Distinct points differ by (W}, Voo, 7vy) with 0 # v € Op, whose vp-coordinate is nonzero, so
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|U| = N. Each counted pair (z, §) gives two points at distance |¢,,(5)| = 1, and distinct pairs give
distinct ordered pairs of points. As in the proof of Proposition 8.32 (Lemma 8.21), u(U) > £/2, the
ratio u(U)/|U[**? tends to infinity, and the bound u(U) < |U|?/2 forces |U| — oo. O

9.5. Uniform Local Types. This subsection shows that Proposition 9.26 contains Proposition 8.32
when the places carry uniform local types. The proof of Theorem 1.1 does not use Corollary 9.29,
since the types at 41 are not uniform (Definition 11.2); it applies Proposition 9.26 directly.

Corollary 9.29 (Uniform local types). Let 0 < 0 < 1 and C € R. Let (K;/F};)j>1 be quadratic
extensions satisfying (G1)-(G3) with a common A, with d; = [F; : Q] — oo and log LF; (1) < d;C,
and with the same uniform local types (er, fr)rer (Definition 8.7). For each r € R fix an integer
kr > 0 and weights w'") as in Definition 9.7, let Fsr be the value of the local functional Fs5 at the
shell profile with parameters (r7r, k., w(")), and let H be as in (8.10). Let (fr,gc) be admissible
(Definition 8.29) with Fourier constants (M,<) satisfying (8.25) with p = 2e/>~*, and put

log Fs.
Mg(0) = 3 B2 (1/2 - 5)0 — C + (1 - 6)log2 + (1 - 0)log
reR CrlJr
+(1—20)Jr + 0Jc.
If inf; Mz (6;) > 0, where 6; is the value of 6 for F;, then there are finite sets U; C R? with

|Uj| = oo and w(U;)/|U;j|**° — co. For unweighted shell profiles, >, log Fs,/(erfr) = J — 6H, so
that Mg is the margin M of (8.33).

Proof. Apply Proposition 9.26 with P; the set of all places of F; above R, which split in K, and

with g, the shell profile with parameters (r/, k., w(™) for p above r; these parameters take |R|
values, and Fs5, = F5,. By Lemma 8.8 there are d/(e, f) places above 7, each with Q, = rfr. so

1 log Fs, k. logr
(9.30) ngog]—"&p:Z A =y P

peP reR

In particular (9.21) coincides with (8.25), whatever the shell weights, and the margin (9.27) of K;/F;
equals Mz (6;). For unweighted shell profiles, Lemma 9.11 gives log F5, = log(k, + 1) — 6k, f, logr,
and the sum in (9.30) is J — 0H. O

Thus Proposition 9.26 contains Proposition 8.32, and the shell weights replace the term J — 6 H
of (8.33) by >, log Fs,/ (e, fr) without changing the Fourier condition.

10. ARCHIMEDEAN PROFILES

In this section we prove that the profiles used in Section 11 are admissible in the sense of Defini-
tion 8.29 (Proposition 10.14), and we derive bounds for the functionals Jg and J¢ (Definition 8.28)
that reduce to finite computations with rational data: Jg in closed form (Lemma 10.4), and a lower
bound for J¢ (Corollary 10.26) from a lower bound for the overlap I¢ (Proposition 10.18) and an
upper bound for the mass A¢ (Proposition 10.21). Section 11 carries out these computations at
6 = 0.043171. We use a Gaussian at the compact coordinates, and at the pair coordinates a Student
profile multiplied by a positive polynomial.

Throughout, 0 < § < 1 and p = 2/(1 4 ¢§). We write ¢» = I'/T for the digamma function, v for
Euler’s constant, (x)y, for the rising factorial, H, =Y ;_, 1/k with Hy = 0 for the harmonic numbers,
and Beta(a, ') for the beta distribution on (0, 1) with density proportional to t*~ (1 — ). The
letters s and a (the parameters of Definition 10.1), v, H,, and the auxiliary quantities K, (i, k),
D.(j), Erpy E— ., Gn, Ry, p, A1, Ag introduced below are local to this section and to Section 11;
they are unrelated to the complex variable s, the linear forms ), of Section 5 and the other uses of
these letters elsewhere.
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Definition 10.1. Let s > 0 and a > 0, and let P be a real polynomial in two variables that is
positive on [0, 1]2. For (z,w) € C? put

t=1+al) = 4aw?) T ge(zw) =P,
We call gc the Student—Bernstein profile with parameters (s,a, P). For P = 1 it is the Student
profile t°t'%; for s > 1, each factor (1 + a|z|?)~* is proportional to the density of a bivariate Student

t-distribution. If P has degree at most m in each variable, its Bernstein coefficients of degree m are
the numbers 3;; with

Ptt) = 3 By bl b)) = (

,7=0

7',1)%(1 — gym-i,

1

and b" are the Bernstein polynomials of degree m. We write min 8 and max 3 for the smallest and
largest Bernstein coefficient.

Lemma 10.2. If P has Bernstein coefficients 3;; of degree m, then min 8 < P(t,t') < max /3 for
(t.#) € [0, 1]*.

Proof. The Bernstein polynomials b]" are nonnegative on [0, 1] and sum to one there, by the binomial
theorem applied to (¢t + (1 —¢))™. So P(t,t') is a convex combination of the f;;, with weights
b;”(t)b;”(t’). O
From now on, gc denotes a Student—Bernstein profile with parameters (s, a, P). Section 11 uses

s = 1.147487, a = 0.0000181980309901,

and the polynomial P of degree m = 3 in each variable whose Bernstein coefficients form the
symmetric matrix

1 2.5157692640 2.8533380109  7.1926104676
(10.3) (8i) = 2.5157692640 4.1154447568 4.9424163713  8.8954745458
' 7771 2.8533380109 4.9424163713  5.8082616140 10.4120890697

7.1926104676 8.8954745458 10.4120890697 15.3284466977

All finite decimals here are exact rational numbers.

Heuristic. The shape of g¢ is adapted to the displacements at a pair of coordinates. By (8.3)
they have moduli (e%, ™), so as u varies they run along a hyperbola. A profile of width a=1/2
in each coordinate stays close to its translate for all u with el < a=1/2, a range of length about
log(1/a); this produces the factor log(1/a) in Proposition 10.18, against the term 26 loga in (10.27),
which comes from the exponent 1+ 6 on the mass A¢. For Student—Bernstein profiles the overlap I¢
reduces to beta integrals and digamma values (Lemmas 10.6-10.11), which makes rigorous bounds
possible, and the polynomial P couples the two radii.

10.1. The Gaussian at the Compact Coordinates. This subsection shows that the Gaussian
with the parameter ag = 2pd is optimal among Gaussians and gives Jg in closed form (Lemma 10.4).

Lemma 10.4. Let ag = 2pd and fr(z) = e~ wlZ*/p o that k= e~ wl2*  Then

(10.5) Jr = log(p/2) + dlog(ar/m) — ar/(2p) = log(p/2) + d(log(ar /) — 1),

and ag mazimizes Jg over the Gaussians e*“/‘z|2/p, a > 0.

Proof. For f = e @17/ we have Ag = n/d’ and, since |22 + |z + 12 = 2|z + 1/22 + 1/2,

Iz = (mp/(2a"))e=%/(P) | Hence Jg = log(p/2) + dlog(a’/m) — a’/(2p), a concave function of log a’
with its maximum at a’ = 2pd. O

By (8.33), the margin is affine in § with slope —logm — 2Jg + Jc. This slope depends on the
profiles; for ours it is positive (Section 11).
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10.2. The Pair Convolution. This subsection reduces the overlap I¢ of a Student—Bernstein
profile to expectations, under beta laws, of the function Q4p defined below (Lemma 10.11), and
expands Qap in a series with controlled remainder (Lemma 10.8).

Lemma 10.6. Let o,/ >0 with A=a+a' —1>0, and let h € C. Then

(10.7) /(1 121+ |2+ h|?) Y dz = %E(l +TA-T)h?) " T ~Beta(a,a).
C

Proof. Insert (1+[z%)~* =T(a)~! [[°r*te —r(1+1z1”) @r and the analogous formula with a variable
r’. Since 7|z|2 +7'|z+h|? = (r—i—r Yz +7"h/(r+r")|?+rr'|h|? /(r—l—r ), the integral of e TlzP—r'[z+h|?
over z € Cis m(r + 7“) Le=rr'|h*/(r+"): the factors e and e~ remain in the Laplace integrals.

Substitute r = RT, v’ = R(l -T), Wlth Jacobian R, and integrate over R. This gives
mI'(A) g—
_— T (1-T 14+7(1- h
ot [ T =T e T =)
which equals the right side of (10.7) because I'(aw + o) = AT(A). All integrands are nonnegative,
so Tonelli’s theorem justifies the interchanges. O

For A, B > 0 and y > 0 define
Qapy) = /(1 +ye?) A1 4+ ye ) "B dv.
R
Lemma 10.8. Let A, B > 0.

(a) Fory >0,

(10.9) ‘QAB(?J) —log(1/y) + P(A) + ¢2(B) + 2y < (A ZB)y-

(b) For 0 <y < 1, with absolutely convergent series,

A).(B Y(A+n)+P(B+n
Qs = 32 D ooy 1)) 4+ 1) - LATE VB TR
(n!) 2

n>0

(c) Suppose A,B>1,0<y <1, ABy?> <1 and 2log(1/y) > Hiqy—1 + Hipj—1- Then every
term of the series in (b) is nonnegative, and for every integer n, > 0 its remainder Rem,,, (y)
after the terms n < n, satisfies

(AByQ)n*+1

1 — ABy?

Proof. (a) Split the integral at v = 0. On v > 0, first replace (1 + ye=2")™5 by 1. Since 0 <

1 — (1 +ye ?")"B < Bye™?¥, this changes the half-integral by an amount in [0, By/2]. The

substitution @ = ye® gives [7°(1 + ye®)~4dv = %fyoo(l + )" 4dz/x, and

0 < Remy, (y) < log(1/y)

dx

o dx B 1 y _adx Y A

The last integral lies in [0, Ay], because 0 < 1 — (1 4+ z)~4 < Axz; in particular it tends to 0 with y.
On the other hand, the substitution ¢t = 1/(1 4+ z) gives

/OO - _/1/(1+y)tA_11dt+lo Lty
y, c(l+x)4 o 1—t & y

Letting y — 0 in the two expressions yields »4 = fol(tA*1 — 1A =) tdt = —(A) — v [24,
Equation (5.9.16)]. Thus the half v > 0 equals 3(log(1/y) — ¢(A) — ) plus a term in [0, Ay/2]
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minus a term in [0, By/2]. The half v <0 is the same with A and B exchanged. Adding the halves
proves (a).
(b) The substitutions z = ye? and then t = x/(x + y?) give

2Qas(y) = /01 tEL (1= )AL (1 - (1 y?)t) .

By Euler’s integral [24, Equation (15.6.1)], the right side is T'(A)['(B) F(A, B; A+ B; 1 — y?), where
F is Olver’s regularized hypergeometric function. The expansion [24, Equation (15.8.10)], in the
case where the third parameter is the sum of the first two, gives

1 A)n(B)n 9p
F(A,B;A+B;1—¢%) = FAT(B) nz;o ( ()n!()2) y*" [2¢(n+ 1) — (A +n) — (B +n) — logy?]
for 0 < y < 1. Dividing by two proves (b). The coefficients grow at most polynomially in n, so the
series converges absolutely.

(¢c) For A > 1 and n > 0, monotonicity of ¢ and the recurrence ¢(x + 1) = ¢(x) + 1/x give
P(n+1) <P(A+n) <P([A] +n) <(n+1) + Hpa—1- Hence the bracket in (b) lies between
log(1/y) — 5(Hya1—1 + Hip1-1) > 0 and log(1/y). Moreover (A),/n! =], (A+k)/(k+1) < A"
for A > 1, and similarly for B. Summing the geometric series proves (c). O

Definition 10.10. Let d;; be the monomial coefficients of P, so that P(t,t') = Z” dijt't'7, and
put ng = 2s — 1,
dijdig

A — 1k By — 1] I .
ik No+1+ kK, 4l no+J+¢, Vijkl Aikle

A quadruple (4, j, k, 1) with d;jdy; # 0 is a cross.

Lemma 10.11. Let s > 1 and a > 0. Then

2

Ie=—3 Y viimBEQays,(v), y=ay/TA-T)T'(1-T') < a/4,
(7;7j7k7l)
where the sum runs over all crosses and, for each cross, T ~ Beta(s+i, s+k) and T' ~ Beta(s+7, s+1)
are independent. Each expectation is finite.

Proof. Expand gc(z,w) = 3, + dij(1 + alz|?)7*7(1 + alw|?)*~7 and multiply out gc(z,w)gc(z +
e, w+ e ™). For one cross, the scaling z — z/+/a and Lemma 10.6 give

/(1 +alz) T (1 4 alz + e4?) 5 R dz =
C

E(1 + aT(1 — T)e2t)
a Ak ( ¢ ( )e )

and similarly in w with e=2, Bj; and T'. By Tonelli’s theorem, the u-integral of the product is
E [p(1+Ye?)~ A (1+Ye ) Bitdy with Y = aT(1—T) and Y’ = aT"(1—T"), and the translation
u— u+ +log(Y’/Y) turns the inner integral into Q. B, VYY), By (10.9), Qap(y) is at most

log(1/y) plus a constant, and log(1/(7(1 — T'))) is integrable under every beta law; so each term is
finite and the finite signed sum is legitimate. O

10.3. Admissibility. This subsection proves the Fourier bound (P5) at the pair coordinates by a
contour shift (Lemma 10.13), and with it the admissibility of the profiles (Proposition 10.14). For
the Fourier bound we assume that P has positive Bernstein coefficients 3;; of some degree m > 1.

Definition 10.12. Let A; and Ay be the forward difference operators in the two indices of (5;;).
For 0 < p < 1, the width of the complex tube in the proof of Lemma 10.13, put w = (p+p?)/(1 — p?),

m\ [m / 1 '
_ — § : E +
Epp = <r> <7”> H%?(!A’{Ag /Bij}, do in 3 T

r4r'>0
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We call qg the tube constant.

Lemma 10.13. Let s >0, sp > 1 and a > 0, let P have positive Bernstein coefficients (3;; of degree
m>1, let 0 < p <1, and suppose that the tube constant satisfies qo < 1. Then for all £&1,& € C,

9861, &2)| < Keemel@lHeDAe, Ko = (1-p)*P(1+ @), o =2mp/Va.
Proof. Write x = \/a z € R? and consider complex vectors x + iy with z,y € R? and |y| < p. Put
Z(x +iy) = 1+ (1 +iy1)? + (w2 +iy2)?. Then

2Jz|p + p°
<w

(1= p*)(1 +[z[?)?
So the complexified t = Z~! lies within w of the real tg = (1 + |z|?)~! € (0,1], and likewise for
t'. By the Bernstein derivative formula, 9} 8}, P/(r!1"l) = ™ Zi’j(AgAglﬁ)ij bznfr(t)b?‘*rl(t’),

ReZ =1+[cf = |y> = (1= p" )1+ 2l), |27 =1+ zf)7'] <

T T
which is at most E,,» in absolute value on [0,1]2. Taylor expansion of the polynomial P about

to, th) therefore gives |P(t,t') — P(tg,t,)| < gomin 8 < qoP(to,t)), the last step by Lemma 10.2.
(to, tg g 0l < a q 1 t0)s p by
Thus P(t,t') lies in the right half-plane, and with principal branches,

|2 (0 +iy) " PE( + iy )PP )| < Kot 17 Plio, t)",

where 2’ + iy’ is the variable attached to w. The same bounds hold for |y|, |¢/| < p’ with some p’ > p,
since qo depends continuously on p, so the left side is holomorphic in each complex coordinate on a
neighborhood of the closed tube.

The function gf: is invariant under rotations of z and of w. Rotate so that & and & are positive
multiples of the first basis vector, and shift the first real coordinate of & by —ip, then that of 2’ by
—ip. Each shift is justified by Cauchy’s theorem in one variable: the integrand is holomorphic in
the strip and bounded there by a constant times (1 + |z|?)™*P(1 + |2/|?)~*P, which tends to zero
at infinity and is integrable because sp > 1. After the shifts the Fourier factor is multiplied by
e~ 2mp(&l+1€2D)/va and the displayed bound gives the lemma. O

Proposition 10.14. Let s > 1, a > 0, and let P have positive Bernstein coefficients 3;; of some
degree m > 1 in each variable. Let 0 < § < 1 with ag = 2pd < 1, let fr be the Gaussian of
Lemma 10.4, and let 0 < p < 1 with qo < 1. Then (fr, gc) is admissible (Definition 8.29) with
Fourier constants

(10.15) M = max{2,\/Kc}, ¢ =min{1,¢c}.

Proof. (P1) The functions ff and gf = (1 + a|z|?) (1 + a|w|?) P P(t,t')? are smooth, because
P >minB > 0 on [0,1]? (Lemma 10.2), and they and all their derivatives are bounded.

(P2) The integrals at the compact coordinates are computed in Lemma 10.4. The mass Ac is
finite because sp > 1 (Proposition 10.21 below), and 0 < I¢ < oo because gc < max Jt¢'® and
Lemma 10.11 applies to the Student profile ¢5¢'%.

(P3) Vk = ar|z|?/p, and V¢ = slog(1 +a|z|?)+ slog(1+alw|?) —log P(t,t') is at least — log max
and tends to infinity with |z| or |w].

(P4) The endpoint law at a compact coordinate is Gaussian. For the pair, —log P is bounded, so
it suffices to bound the second moments of log(1 + a|z|?) and log(1 + a|w|?). Choose 0 < 7 < s;
then 7 < 25 — 1 as well, since s > 1. We have log(1 + x) < ¢-(1 4 z)7 for > 0 and some constant
¢r, and gc < max 3t°t'*. Hence the second moment of log(1 + a|z|?) is at most a constant times
the integral of (1 + alz|?)~~7) (1 + a|z + €*|>)~*(1 + a|w|?)~*(1 + a|w + e~*|?)~*. By the argument
of Lemma 10.11, with exponents s — 7 > 0 and s and A = 2s — 7 — 1 > 0, this integral is a multiple
of EQA2s—1(y), which is finite by (10.9). The same holds for w.

(P5) By Lemma 8.27 the Gaussian satisfies \}g(&ﬂ < 2e Kl AR < Me—slél Ag, and by Lemma 10.13
the pair profile satisfies the bound with Kge—sc(1l+léD) < pr2e—s(€l+le)), O
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10.4. A Lower Bound for the Overlap Ic. This subsection bounds I¢ from below by finitely
many rational terms, a logarithm and one digamma constant (Proposition 10.18).

Definition 10.16. For n > 0 and integers i, k > 0 put

Ko(i,k) = — ST Dn(s + R —JZ )= 0)
e n!(no+i+k+n)1’ Ly ;
Tn(lak):_no‘i‘Q—M"‘Dno(l—i-k-i-ml—i-l)_ ( n)—; ( n),

R, (i, k) = K, (i,k)rn(i, k), and
Gn =Y didKn(i,k)Kn(j, 1),  Gn=_ dijdia[Rn(i, k) Kn(j,1) + Kn (i, k) Rn(j,1)],

where the sums run over all crosses. Put
(10.17) cs = —21p(s) + ¥(2s) + (2s — 1)1 — 7, yo = a/4.

For rational s and d;j, the numbers K, (i, k), r,(i, k), R, (i, k), Gy, and G, are rational.
Proposition 10.18. Let s > 1 and a > 0, and suppose that for every cross

(10.19) AiBjyg <1, 2log(4/a) > Hiayq—1 + Hip,—1,  log(4/a) > 1/2.
Then for every integer ny, > 0,

I 2n
(10.20) e E)a {Gyllog(1/a) + cs] + Gn} — E— .,

where the remainder term s
E_n, =log(4/a) > (—vijw)
Uijkl<0

Proof. Start from Lemma 10.11. Since y < yo = a/4 < 1, the hypotheses of Lemma 10.8(c) hold at
every value of y, with A = A;; > 1 and B = Bj; > 1. Split each Qa,, B, (y) into the terms n < n,
of Lemma 10.8(b) and the remainder Rem,,, (y).

Consider the term of index n for one cross, with a =s+i, o’ =s+k, A=Ay =a+ 0/ —1, and
similarly for 7”. Tts factor y" is a®"(T(1 — T)) (T'(1-=T"))", and log(l/y) = log(l/a) $log(T'(1—
T)) — $log(T'(1 — T")). The beta integral gives E(T(1 — T))" = (a)n(a/)n/(A + 1)y, so

A)n
(4) @) e )
An! n! (A +n)pt1
Weighting by (T'(1 — T))™ turns Beta(a, ') into Beta(a + n, o’ + n), under which the mean of
log(T(1—=T)) is Y(a+n) +P(a/ +n) — 2¢)(A + 2n + 1). The recurrence ¢(z + j) = (x) + Dx(j)
and (1) = —v give
b(n+1)=—y+H,  Ylat+n)=v(s)+Ds(i+n), Y& +n)=1v(s)+ Dy(k+n),
(A +1) = 6(n0) + Do+ k+n),  G(A+2n+1) = () + Dyi + ks + 20+ 1),
3¢5 = —(s) + 39 (mo) +my ' = 37,
the last one because 1/1(23) =9 (no) + 1/no. Substituting,
so(n+1) = 3(A+n) — [(a+n)+ (@ +n)] +(A+2n+1) = Jeo + ralis k).
Hence the expectatlon of the term of index n, multiplied by v;;, is
azndijdlen(i7 k) K (,1) [log(l/a) +cs + (i k) +ra(d, l)] :

Summing over crosses gives the displayed main terms.

(A Bjyg)™ !
1 — Ay Bjiyd

E(T(1-T))" =
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By Lemma 10.8(c), 0 < Rem,,, (y) < log(1/y)(ABy?)™*!/(1 — ABy?). The right side increases
with 3 on (0, yo], because the derivative of y?>™*+2log(1/y) is y*™+1((2n, +2)log(1/y) —1) > 0 when
log(1/y) > 1/2. So 0 < Rem,, (y) < log(4/a)(ABy2)™ /(1 — ABy?). For crosses with v;j; > 0
we discard the remainder, and for crosses with v;;,; < 0 we subtract its upper bound. This proves
(10.20). O

With n, = 1 the bound keeps the exact term of order a?; the terms it discards or subtracts are of
order a*log(1/a). It is a lower bound for I¢ only.

10.5. An Upper Bound for the Mass Ac. This subsection bounds A¢ from above by subdividing
[0, 1]? and using Bernstein coefficients on each rectangle (Proposition 10.21).

Proposition 10.21. Let gc be a Student—Bernstein profile with parameters (s,a, P) such that
g =sp—1>0. Then

71_2

(10.22) Ac = e Ac,  Ac=EP(T, T,

where T and T' are independent with density q,t% =1 on (0,1). Partition [0,1]? into rectangles
Q = [l,r]x[l';,7"], and use on Q the coordinates x = (T —1)/(r—1) and ' = (T"=1")/(r'—1"). Suppose
that the Bernstein coefficients, of some degree, of the restriction of P to Q in these coordinates lie
in [mg, Mg] with mg > 0, and put

mog + Mg Mg —mg
=0 =, P=co(1+W, .
cQ 5 , PQ Mo + mo co(l1+ Wg) on Q
Define
r NG i ; D o o Ry [
1028)  Momi(tr) = [ g (A o= <Z> (s T
z r—1 (r=0" = \J G+ J
and, writing WS = Zi’j cg-c)xim’j,
N
YonN = ch Z <Z> chf)Momi(l,T)Momj(l',r/).
k=0 o

Then for every N > 1,

0 |(Nﬁ1)|pg+l rod
Q Q

Proof. The substitution ¢ = (1 + a|z|?)~! gives dz = 7 dt/(at?) on C. Hence

2 1 p1
Ac= 2 / / P2/ =2 P(1 VP gt dt,
a® Jo Jo

which is (10.22) since sp — 2 = ¢, — 1. Lemma 10.2, applied on Q in the coordinates (z,z’), gives
mg < P < Mg, that is, [Wg| < pg < 1 on Q. For 1 < p < 2 the binomial coefficients satisfy
\(k£1)|/\(£)] =|p—k|/(k+1) <1for k> 1, so the binomial series of (1 + W)P converges uniformly
on |W| < pg, and its tail after index N > 1 is at most \(NI_’H) \pg+1/(1 — po). Integrate against the
density on Q, whose integral over Q is My(l,7)Mo(!’, ). The moment formula follows by expanding

(v — 1)%; the convention 09 = 0 is valid since g, > 0. O

Remark 10.25. If P is symmetric, that is, P(¢,t') = P(t',t), and both axes are partitioned alike,
then the reflection (T,7") — (T",T) preserves the density of Proposition 10.21 and maps each
rectangle Q of the partition to a rectangle Q' of the partition, with the same Bernstein coefficients
up to transposition, hence the same cg and pg. So Q and Q' contribute equally to the sum and to
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the error bound in (10.24), and off-diagonal rectangles may be evaluated once and counted twice,
diagonal ones once. Subsection 11.5 describes how the quantities in Proposition 10.21 are evaluated.

10.6. A Lower Bound for the Functional Jr. This subsection combines the two previous ones
into the lower bound for J¢ used in Definition 11.5 (Corollary 10.26), and encloses the digamma
values that it needs (Lemma 10.28).

Corollary 10.26. Under the hypotheses of Propositions 10.18 and 10.21, let Z be the right side of
(10.20) for some n., and suppose Z, > 0. If At > Ac, then

(10.27) Jo >1log Z, +2(1+ d)log g — 25 log 7 + 26 loga — (1 + &) log Af..
Proof. By Proposition 10.18, I¢ > m?a~2Z,, and by (10.22), Ac < n%a™?q;?Af. Substitute into
Jec =loglc — (14 9)log Ac. O

Interval evaluation of the right side of (10.27) gives a rigorous lower bound for J¢; the upper
endpoint of such an enclosure is not an upper bound for Jc. For rational s, all digamma values
in Proposition 10.18 reduce to rational corrections and to c¢s = 2/n9 + (1) — 2¢(s) + (1), since
Y(28) =¥(no) + 1/no and (1) = —v. The digamma function at rational arguments is enclosed as
follows.

Lemma 10.28. For x > 0 and integers L > 0 and k. > 1, put z=x + L. Then
kv—1

B 1 B
"/’( )~ (logz_f_ Z T Za:—i—])’ = 2|k*22k5k|*’

where Boy are the Bernoulli numbers.

Proof. By Binet’s formula [24, Equation (5.9.15)],

1 o0 tdt
w(z)—logz—%—2/0 1) 1)

Write
1 ki—1 i 1t2k72 - 42k —2
12 4 22 - ;(_1) 2k + (=)™ z2k*_2(t2+22)’

and use [;°t2F71(e?™ — 1)71dt = |Byy|/(4k) and (—1)*7[Bay| = Baj. The remaining integral has
a fixed sign and is at most |Bog, |/(2k.2%¥*) in absolute value, because (t? + 22)~! < 272, Finally
apply the recurrence ¢ (x + 1) = ¢(x) + 1/x L times. O

11. PrROOF OF THEOREM 1.1

We prove Theorem 1.1 by applying Proposition 9.26 to the fields of Theorem 2.46, with the upper
bound for the relative zeta value in Theorem 4.2 and the data of Definition 11.1. Propositions 11.6
and 11.7 are verified by computer, in exact rational arithmetic and in outward-rounded interval
arithmetic, as described in Subsection 11.5; the other steps are proved in the text. The inequalities
between decimals in Propositions 11.6 and 11.7 and in the remarks, and the entries of Tables 10
and 11, are computed by the supplementary program margin_general .py, which calls the program
geom241.py (directory papers/0.04273/certificates of [23]) unchanged; the replay records the
final margin, and calling margin_general with verbose=True prints every enclosure and table entry.
In the inequalities the decimals are rounded outward from interval enclosures, and the table entries
are rounded to ten decimals. No rounded decimal is substituted into a later calculation.
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11.1. Parameters and Local Data. This subsection fixes §, C, the archimedean profiles and the
shell profiles (Definition 11.1), counts the places that carry shell profiles (Lemma 11.3), and defines
the computable lower bound M, for the margin (Definition 11.5).

Definition 11.1. The data of this section are the following.

(a) 6 = 43171/10° = 0.043171, p = 2/(1 + &) = 2000000/1043171 and C = Ce = 0.0422764;
A = 29/4,/3615 and ¢ = log )\, as in Theorem 2.46.

(b) At the compact coordinates, fgr is the Gaussian of Lemma 10.4, with f§ = el
ag = 2pd = 172684/1043171 < 1.

(c) At the pair coordinates, gc is the Student—Bernstein profile of Definition 10.1 with s =
1.147487, a = 0.0000181980309901 and the polynomial P of degree m = 3 in each variable
whose Bernstein coefficients are (10.3). We put ¢, = sp — 1 = 1251803/1043171, as in
Proposition 10.21.

(d) In Definition 10.12 and Lemma 10.13 we take p = 1073, with the Bernstein coefficients of
degree m = 3 of (c). In Proposition 10.21 we partition [0, 1]2 into the 64 squares of side 1/8,
use on each square the Bernstein coefficients of degree 3, with mg and Mg the smallest and
largest of these coefficients, and take N = 18. In Proposition 10.18 we take n, = 1.

(e) For K € K, P is the set of places of F' above the selected primes of B (Definition 4.16).
Let R ={2,3,5,29,41}. We index the local data by r € R; the index 41 always refers to
the places above the capped prime t3 of B, the only selected prime above 41, and never to
the places above t4. For r € R let k. be the exponent of Table 10. At a place of P above
r € {2,3,5}, g, is the shell profile with parameters (Qy, kv, (wyi;)), with the symmetric
weight matrices of Appendix A; at a place above 29 or above t3 it is the shell profile with
parameters (Qy, kr, (x,;7;;)), with the vectors xag, z41 of that appendix. Here @, = r*
for r = 2,29,41 and Q, = r2 for r = 3,5, the order of the residue field of these places
(Theorem 2.46). By Lemma 9.11, F5, = Fs5(g,) depends only on these parameters.

2
2 and

Every parameter written as a finite decimal is exact. We recall 6, = 65535/131072 from
Theorem 2.46.

Definition 11.2. For the places of P we put (e, fr) = (8,4), (2,2), (2,2), (1,4) and (2,4) for
r = 2,3,5,29,41. For r < 29 this is the absolute type of the places of P above r. We call
(ea1, fa1) = (2,4) the effective type at 41: it is a counting device, not a local type. The places of P
above 41 are the places above t3; they have absolute type (1,4), and the effective type is chosen so
that their number is d/(e41 f41) and their residue fields have order 41/ (Lemma 11.3).

For r € {2,3,5,29} these are uniform local types in the sense of Definition 8.7 (Theorem 2.46);
because of the index 41, the proof of Theorem 1.1 applies Proposition 9.26 directly rather than
Corollary 9.29.

Lemma 11.3. Let K € K, let d = [F : Q], let P, R, Qr, ky and g, be as in Definition 11.1(e), and
let (e, fr) be as in Definition 11.2. For a place p of P above r write g, = gy, kp = ky and Qp = Q.
Every place of P splits in K. For r € R, the number of places of P above r is d/(e,f), and each
has residue field of order Q,. Consequently

%Zlogﬁs(gp) => lofﬁ”', %Z kplogQp =" b le(:gr = H.

peP reER peP reR

Proof. By Theorem 2.46, the places of F' above a selected prime p of B split in K, and p has a
type (e, f) in K/B; so K has [K : B]/(ef) = d/(ef) primes above p, and F' has half as many, each
with residue field of order Np/. The types are (8,4) at the two primes above 2, (2,2) at the two
primes above 3 and at the two above 5, and (1,4) at 1, to above 29 and at t3 above 41. This gives
2-d/64 = d/32 places above 2, 2-d/8 = d/4 above 3, above 5 and above 29, and d/8 above 41 (the
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places above t3, each with residue field of order 41%), which is d/(e, f,.) in each case. The places above
the uncapped prime t4, whose residue degree is a multiple of 4 that may be larger, carry no shell
profiles. The second identity follows in the same way, since (d/(e,f,)) k, logr!/d = k. logr/e,. O

Since the weights are nonnegative with w, 00 = 1 (Appendix A and Proposition 11.6(a)),
Lemma 9.11 gives

(11.4) log Fs, = log (Q? Ohr Z wr,z‘jG(i,j),(i',j')wm”j') — (1+4)log Z MWy,
(4,9),(¢.3") 1,5

with the shell measures m; and the shell Gram matrix G of Definition 9.10 for Q = @, and k = k,;

for product weights this is (9.15). Table 10 lists the local data.

TABLE 10. Local data. The last two columns give log F5,/ (e, fr) for the shell profile
gr and for the unweighted shell profile with parameters (Q,, k), rounded to ten
decimals. The row 41 refers to the places above t3, with the effective type (e41, f41)
of Definition 11.2.

r e fr Q. k. weights Gr unweighted

3

2 8 4 16 7 10 x 10 matrix ~ 0.0390649879 0.0387991734
3 2 2 9 9 10 x 10 matrix = 0.3652797033 0.3622194132
5 2 2 25 6 10 x 10 matrix  0.2795380841 0.2780344049
29 1 4 707281 1 product, 3 shells 0.0279173524 0.0279172669
41 2 4 2825761 1 product, 2 shells 0.0064840963 0.0064840877

Definition 11.5. Let Z, be the right side of (10.20) for the data of Definition 11.1, with n, = 1.
Let fl(’{: be the upper end of the rigorous interval enclosure of Ac computed by the program of
Subsection 11.5 (Proposition 11.7(a)), so that Ac < A} < 45.4055724808268589, the last number
being A% rounded up. Let J& be the right side of (10.27) for these Z, and A%, and put

1
M.(0)=Y Oeg? —(1/2—8)—C+(1—6)log2+ (1 —0)logn
reR T

+ (1= 260)Jg + 0.

11.2. Finite Checks and Rigorous Bounds. This subsection states the finite checks (Proposi-
tion 11.6) and the interval enclosures (Proposition 11.7) on which the proof rests; both are verified
by computer as described in Subsection 11.5.

Proposition 11.6. For the data of Definition 11.1:

(a) all weights wy;; (r=2,3,5,0<14,j <9) and z,; (r = 29,41) are positive (Lemma 9.11
needs only wy;; > 0 with wy.o0 > 0, which s what the programs assert; strict positivity is
checked separately);

(b) the coefficients (10.3) are positive, and the tube constant satisfies qo < 0.0296;

(c) on each of the 64 squares Q, the Bernstein coefficients of degree 3 of the restriction of P to
Q are positive, and pg < 0.3484;

(d) every cross satisfies (10.19).

Proof. These are finite checks, made by the supplementary programs margin _general.py and
geom241.py as described in Subsection 11.5. The comparisons in (a)—(c), and the first condition
in (d), are exact comparisons of rational numbers; the other two conditions in (d) are checked by
outward-rounded interval evaluation of log(4/a). O

Proposition 11.7. For the data of Definition 11.1, with Z,, J& and M, as in Definition 11.5, the
following hold.
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(a) With T and T' independent with density g,t%~1 on (0,1),
(11.8) 45.4055724808268557 < Ac = E P(T,T')P < 45.4055724808268589,

and the right side of (10.24) is less than 1.6 - 10715,
(b) The expression Z, satisfies

(11.9) 397.6858754715135886 < Z, < 397.6858754715135887,

and the remainder term satisfies F_ 1 < 2.8 - 10716,
c) 1.3444924010459460 < J& < 1.3444924010459462.
d) —0.2125007533361271 < Jgr < —0.2125007533361270.
e) 0.7182842240056688517 < > . log Fs,/ (e, fr) < 0.7182842240056688518.
f) The numbers H of Lemma 11.3 and £ = %10g2 + %log 3615 satisfy

15.6026546826373748 < H < 15.6026546826373749,
5.6560047235563094 < ¢ < 5.6560047235563095.

—~ e~ —~

)

) 0.6247640218687999 < —logm — 2Jgr + J§& < 0.6247640218688001.
(i) The lower bound for the margin satisfies

)

M.(6,) > 0.0000105426526168.

Proof. The program margin general.py evaluates these quantities in outward-rounded interval
arithmetic from the exact data, as described in Subsection 11.5: (a) by Proposition 10.21; (b) from
(10.20), with Lemma 10.28 for the digamma values; (c) from (10.27); (d) from (10.5); (e) from
(11.4); (f) from the definitions of H and ¢; (g) from Lemma 10.13 and the definition of u; and (h)
and (i) from Definition 11.5, where A% is the upper end of the enclosure computed for (a). O

The proof of Theorem 1.1 uses Proposition 11.6 and, from Proposition 11.7, only the fact,
established by the computation for (a), that Ac < Af, the positivity of Z, given by (b), and (g),
(h) and (i). Table 11 lists the terms of M., (6.,).

TABLE 11. The terms of M,(6,), rounded to ten decimals.

Term Value
>, log Fsr/(erfr) 0.7182842240
—(1/2-=6)¢ —2.5838269819
-C —0.0422764000
(1—29)log2 0.6632233236
(1-06,)logm 0.5723736765
(1—260,)Jr —0.0000032425
0.J¢ 0.6722359429
M. (6,) 0.0000105427

11.3. Conclusion of the Proof. This subsection verifies the hypotheses of Proposition 9.26 for
the fields of Theorem 2.46 and the data of Definition 11.1, and concludes the proof of Theorem 1.1.

Corollary 11.11. The pair (fr,gc) of Definition 11.1 is admissible (Definition 8.29) with Fourier
constants M =2 and ¢ =1, and these satisfy (9.21) with Hy = H.

Proof. Proposition 10.14 applies, since s > 1, a > 0, ag < 1 and 0 < p < 1, the Bernstein
coefficients (10.3) of degree m = 3 are positive, and ¢o < 1 (Proposition 11.6(b)). It gives the
Fourier constants M = max{2,/ K¢} and ¢ = min{1,¢c}. By Proposition 11.7(g), K¢ < 4 and
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sc > 1,80 M =2 and ¢ = 1. The right side of (9.21) is then log2 + 2log5 + 2 < 5.9121, while
G- 2efls/2- = p > 17.0895949922 by Lemma 11.3 and Proposition 11.7(g). ([l

Lemma 11.12. For the data of Definition 11.1, Jc > J¢&. Consequently, for 6, < 0 < 1/2, the
expression My () obtained from M. (0) by replacing J& with Jc (by Lemma 11.3, at 0 = ¢/d for F
it is the margin (9.27) of K/F, for K € K; the same expression appears in Corollary 9.29) satisfies

Mz (6) > M, (0) > M, (6,) > 0.0000105426526168.

Proof. Corollary 10.26 applies: the hypotheses of Propositions 10.18 and 10.21 hold by Propo-
sition 11.6(c),(d), Zx > 0 by (11.9), and Ac < A} by Proposition 11.7(a) and Definition 11.5.
Hence Jc > J&. Since Mgz (6) — M. (0) = 0(Jc — J¢) and € > 0, we get Mg (0) > M,(6). The
function M, is affine in § with slope —log 7 — 2Jr + J§, which is positive by Proposition 11.7(h);
s0 M, (0) > M.(6,) for 6 > 0., and (11.10) completes the proof. O

Proof of Theorem 1.1. For each n > 49, let K /B be a Galois extension with [K(™ : B] = 2" as
in Theorem 2.46, let ¢; be a complex conjugation at a place of K™ above the real place v of B,
put F = (KM){) and d,, = [F™ : Q], and let 6,, be the value of @ for F(™). By Theorem 4.2,
d,11log Ly (1) < C for all sufficiently large n; we discard the finitely many other fields.

We apply Proposition 9.26 to this sequence, with § = 0.043171, with P,, the set P of Defini-
tion 11.1(e) for K™ the shell profiles g, at its places, and the pair (fr, gc) of Definition 11.1,
and check its hypotheses. By Theorem 2.46, each K™ /F(™) satisfies (G1)-(G3) with the common
A = 29/4/3615, and d, = 2" — oco. By the choice above, log Lpw(1) < dy,C. The places of
P, split in K™ (Lemma 11.3). The weights are as in Definition 9.7, by Proposition 11.6(a),
and the parameters of the shell profiles take five values, independent of n. The pair (fr,gc) is
admissible, and its Fourier constants satisfy (9.21), by Corollary 11.11, since Hy = H for every n by
Lemma 11.3. By Lemma 11.3, the margin (9.27) of K /F() with these shell profiles is Mz (6,,).
Finally, 6, < 6,, < 1/2 by Theorem 2.46, so Lemma 11.12 gives Mg (6,) > M.(6,) > 0 for all n.

Proposition 9.26 therefore gives finite sets U,, C R? with |U,| — oo and u(U,)/|U|'® — oo,
where 1+ § = 1.043171; these are the sets of Theorem 1.1, indexed by n. In particular u(U,) >
|U,, | 104317 for all large n, which gives the last assertion of Theorem 1.1 at the cardinalities |U,|. O

11.4. Remarks. This subsection records numerical observations that are not used in the proof.

Remark 11.13. The program also encloses the value at 8 = 0 and the zero 6y of the affine function
M,

M,(0) < —0.312, 0y < 0.49997550.
These enclosures are not used in the proof. Since §# = 1/2 — 1/(4N,) by Theorem 2.46, where N,
is the number of conjugates of +1 in Gal(K/B), N, > 10205 would suffice, whereas that theorem
gives N, > 215, At 6§ = 0 the margin does not involve J¢ and is negative: with these profiles, mixed
signature is essential.

Remark 11.14. The following numerical observations are not used in the proof. The proof of
Proposition 9.26 needs only some 7 > 0 with 47 below the margin; for instance, = 1079 gives

(11.15) M..(6,) — 45 > 0.0000105386526168 > 0.

The value M., (6,) would be absorbed by an increase of 1.05 - 107° in C. The general weights at
2,3 and 5 add 1.53 - 1075 to the margin: with the product weights of the intermediate certificate,
optimized at § = 0.043170, the margin at 6 = 0.043171 is about —4.8 - 1076. At ¢ = 0.043172, with
the same data and the same C, the evaluation gives about —1.33 - 1072,
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11.5. Computations. This subsection describes how the finite checks and enclosures of Proposi-
tions 11.6 and 11.7 are computed.

The program margin general.py calls the function margin of geom241.py unchanged, and
replaces only, for the duration of the call, its routine for the local functional at the places whose
weights are given as a matrix, by the routine of general windows.py, which evaluates (9.12) exactly
in rational arithmetic, with the real powers wfﬂ.j in interval arithmetic. The routine for product
weights, and the routines for Propositions 10.21 and 10.18, Lemma 10.13 and Corollary 10.26,
are those of geom241.py, which takes three modules of the data archive in papers/0.0418235/
certificates of [23] unchanged; the members of the archive are checked against their SHA-256
hashes when it is unpacked. In Proposition 10.21 the program uses the symmetry of (10.3): each
square off the diagonal is evaluated once and counted twice. It checks the hypotheses listed in
Proposition 11.6 (for (c), on the squares on or above the diagonal; the others follow by symmetry),
the conditions ag < 1, ¢¢ > 1, log K¢ < 2log2 and g > 10 (which implies (9.21) for M = 2 and
¢ =1, since log 50 + 2 < 10), and the positivity of the slope in Proposition 11.7(h). It then prints the
enclosures stated in this section. The exponents and weights were produced by separate optimization
programs; they enter the proof only as the exact data of Appendix A.

Rational quantities are computed exactly; the remaining quantities involve the logarithm, the
exponential (also through the real powers x¥ = exp(ylogx)), the square root in ¢c, the constant =
and the digamma function, which enters only through Lemma 10.28. These are evaluated in the
interval arithmetic of mpmath [40], with every operation rounded outward, at a working precision of
80 decimal digits. Hence every computed interval contains the exact value, and the decimals stated
above are rigorous bounds.

The replay program dihedral/reproduce w3.py recomputes Propositions 11.6 and 11.7 from
the witness file, and also runs general windows_check.py (Remark 9.18).

12. OTHER REFINEMENTS, INTERMEDIATE RESULTS AND LIMITS

This section is not needed for Theorem 1.1. It records the refinements behind the intermediate
exponents of Table 2, with proofs, and what is known about the limits of the method. Statements
about limits are labeled by the kind of evidence behind them. We use the notation of Section 4:
K, F, d, 6, the residue degree fx(p) of a prime p of B in K/B, the free and selected primes
(Definition 4.16), gs and w (Subsection 4.2), and Koo, Zsel and Tyel.

12.1. The adaptive dichotomy. The comparison with a fixed field charges each free prime p of
B with its floor fg, a lower bound for its residue degree fx(p). Where fx(p) is not known, an
adversary choosing the fields cannot both keep it small and avoid a gain: if fx(p) is small, the places
of F above p that split in K can carry shell profiles; if it is large, the term of p in (x is smaller; and
places of F' above p that are inert in K lower Lg. This subsection makes the three gains precise
(Definition 12.2) and proves that their minimum can be added to the margin (Propositions 12.4
and 12.8). With the bound C' = 0.04871285 alone, Proposition 12.8 gave the exponent 1.042925.

Lemma 12.1. Let K € K and s > 1 real. Then

élog Lp(s) = @ log Cx (s) — Cli;artanh(Nq_s),
the sum over the primes q of F' that are inert in K. For a free prime p of B with f = fx(p) and
N = Np, let px(p) be the proportion of the primes P of K above p with 11 = B. The primes
of F above p that are inert in K are the PN F with 11P = *B; there are px(p)d/f of them, each
of norm N¥/2, and pr(p) > 0 only if f is even. The primes of F above p that split in K number
(1 — px(p))d/(2f), each of norm N7.
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Proof. At a prime q of F, with z = Nq~*%, the Euler factor of Ly is (1 — x)~! if q splits in K and
(1 4 2)~! if g is inert; no finite prime of F ramifies in K (G2). The factor of (x is (1 — z)~2,
respectively (1 —2%)~1, and —31 log(1 — 2%) + log(1 + ) = artanhz. Since [K : Q] = 2d this gives
the identity. The prime p is unramified in K, and K/B is Galois of degree d, so there are d/f
primes P above p, with cyclic decomposition groups of order f. The primes of K above q =B N F
are P and ¢1°B. If 1P =P, then q is inert, Nq = NT/2 and ¢ lies in the cyclic decomposition
group of B, so f is even. If 1B # B, then q splits and Ng = N7/. O

Definition 12.2. Fix 0 = 1+4+¢ € (1,2], 0 < § < 1, and floors fp for the free primes, that is,
integers with fp | fr(p) for every K € K. For a free prime p with N = Np, and for f € fp 22N put

_ 9(NF)  g,(N) _ Jartanh(N=/2)/f  f even,
Ry(f) = of0  2f 20, L(f)= {0 f odd,
Sp(f) = ﬁmax<0,r’?§¥(log(k+ 1) —(5k‘flogN)),

with Ry(c0) = go(N7)/(2£0) and Iy(co) = Sy(c0) = 0, and let
Gy = mf{ Ry (f) + pLp(f) + (1 = p)Sp(f)} = 0,

over f e f- 2% U{oo} and p € [0,1], with p = 0 if f is odd. For K € K we call Ry(fx(p)) +
pK(p)Ip(fK( )) the adaptive credit of p (it lowers the bound for d~!log Lx(1), Proposition 12.4),
and (1—pr(p))Sp(fK(p)) its window credit (it raises the finite term of the margin, Proposition 12.8).

Lemma 12.3. In Definition 12.2, Ry(f) > 0. For every K € K and every free prime p, the sum of
the adaptive credit and the window credit of p is at least G).

Proof. The inequality R,(f) > 0 follows from the monotonicity in Lemma 4.10. Since fx(p) is a
power of two divisible by fg, and pg(p) = 0if fx(p) is odd (Lemma 12.1), the sum of the adaptive
credit and the window credit of p is one of the expressions in the infimum defining G, and hence at
least Gj. g

Proposition 12.4 (Adaptive ceiling). Fiz o, § and floors as in Definition 12.2, with the functions
Ry and I, defined there. Let Yy be a real number such that, for every K € K and every finite set A
of free primes,

log (k (o)
(12.5) <Yi—Y Ry(fx(
K : Q] ;;\ PUK D

let Y] be as in Proposition 4.15, and let C' > Y, + e(koo + Y/). For every finite set A of free primes
there is an mg such that every K € KC with [K : B] > my satisfies

o Lp(1) < ' = S (Ry( () + prc(0) T fx (p)),

peA
that is, C' minus the adaptive credits of the primes of A.

Remark 12.6. The hypothesis (12.5) holds for the termwise bounds of this paper: by (4.11), Y; is a
sum of terms g, (Np/ v )/ (2 fg) over the free primes, plus terms for the selected primes, and keeping
the exact term g,(N/)/(2f) at the primes of A lowers it by > 4 R,.

Proof of Proposition 12.4. Suppose not, and let K be fields of strictly increasing degree that
violate the inequality. As A is finite and the fj(p) = fxu) (p) are powers of two times f,?, we
may pass to a subsequence along which, for each p € A, either fj(p) = foo(p) is constant or
fi(p) — oo =: foo(p), and p;j(p) = pr)(P) = poo(p); and then, as in Lemma 4.13, to one
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along which the (3, exist, so that (a) and (b) of that lemma hold. Then Ry(f;) — Ry(fs) and

Ppilp(f5) = poolp(foo)-
Fix s € (1,2]. By the proof of Lemma 4.8, d~*log Lr(1) < d~'log Lr(s) + Y(s — 1,0), and by

Lemma 12.1, dropping the inert primes above primes outside A,

1 log Cx () px (p)

—logLp(s) < ———=~ —

ST T 2 )

Along the subsequence the right side tends to Z(s) — Io(s), with Z as in Lemma 4.13 and

Io(s) = Z f}ﬁ artanh(prf"osﬂ),
ped >

artanh(Np*fK(p)s/z).

a term being zero when f,, = co. Hence

C" =Y " (Bp(foo) + poclp(foo)) < Z(s) — Ino(s) + sup T(s — 1,0).
peA o
As s L 1, Z(s) — Z(1), Ix(s) = > peaPoclp(foo) and the supremum tends to 0; so €7 —
>4 Rp(foo) £ Z(1). As in the proof of Proposition 4.15, Z(1) < Z(14¢)+&(koo +Y;), and by (12.5)
and Lemma 4.13(a), Z(14¢) < Yi—>" 4 Rp(foo). Together, C'=3" 4 Ry < Yide(hoo+Y)) =>4 Rp <
C" — > 4 Ry, a contradiction. O

Lemma 12.7. Proposition 9.26 remains true if its hypothesis log Ly, (1) < d;C is replaced by
log L, (1) < d;Cj, and C by Cj in the margin (9.27).

Proof. In the proof of Proposition 9.26 the hypothesis enters only once, for the field at hand, in the
lower bound for the first factor through (8.6). The choice of 7 and the Chebyshev step depend only
on the infimum of the margins and on the finite set of parameters. O

Proposition 12.8 (Adaptive margin). Let A be a finite set of free primes, let C' satisfy the
hypotheses of Proposition 12.4, and let Gy be as in Definition 12.2. Let P and R be as in
Definition 11.1(e), with the effective types (e, fr) of Definition 11.2, and for r € R let g, be
a shell profile with parameters (Qr,kr,w(r)), placed at the places of P above r, where Q, and k,
are those of Table 10 and only the weights w'") may differ from those of Definition 11.1. Let
(fr,gc) be an admissible pair whose Fourier constants satisfy (9.21) with Hy = H, the number H
of Lemma 11.8. Let J& < Jc, and let M,(0) be defined by the formula of Definition 11.5 from
these data, with C' in place of C. If the slope —logm — 2Jgr + J¢& of My in 0 is positive and
M. (0:) + X, 4 Gp > 0, then there are finite sets U; C R? with |Uj| — oo and w(U;)/|U; 110 — oo

Proof. Choose K; € K with [K; : B] = oo and [Kj : B] > myg of Proposition 12.4. For p € A write
fx; = [k, (p) for the residue degree of p in K/ B (not to be confused with the residue degrees f; of the
effective types or with the profile fg) and p; = p; (p), and put C; = C' =", 4 (Rp(fr;)+pi L (fK;)):
so that log Lr;(1) < d;Cj. Let P; consist of the places of P for K; and, for each p € A with
Sp( ij) > 0, of the places of F; above p that split in K, with the unweighted shell profile with

parameters (pr i, k), where k attains the maximum in Sy(ff;). By Lemma 12.1 these places add
the window credit (1 — p;)Sp(fK;) to dj_l > log Fsp. Since Sp(f) = 0 for large f, their parameters
lie in a finite set. The Fourier condition still holds, because Hy only increases. By Lemma 11.3 and
Je > J¢, the margin of K/ Fj is at least M (0;)+ > 4(Rp+piIo+(1—p;j)Sp) > M (60:)+> 4 Gy > 0,
by the positive slope and Lemma 12.3, and Lemma 12.7 applies. ([l

12.2. A refined Tsfasman—Vladut step with one abscissa. This subsection records the one-
abscissa version of Proposition 4.19, combined with the adaptive credits, used for the intermediate
exponent 1.043116.
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Proposition 12.9. Let a > 1 and bpy > 0 satisfy
(12.10) 91(q) < ags(q) + brv w(q) for every real q > 2.

Then Proposition 12.4, and hence Proposition 12.8, hold with any C' > Zs (1) + a(Y* — Zsel(a)) +
brv (2600 — Tse1) in place of the condition C' > Y, + (koo + Y)).

Proof. In the proof of Proposition 12.4, keep everything up to C" — >~ 4 Rp(foo) < Z(1). Write
piree = 3 — g%l as in the proof of Proposition 4.19. By (12.10), Lemma 4.13(b) and bty > 0,

Z(1) = Za(1) + Y _ BI®g1(q) < Zsa(1) + a(Z(0) = Zsar(0)) + b1y (2600 — Ticl).

By (12.5), Z(0) <Y, — > 4 Ry(fx), and since @ > 1 and R > 0 (Lemma 12.3), a) 4R > > 4 R.
So C" =3 AR < Zsai(1) + a(Ys — Zsel(0)) + b1v (2600 — Tsel) — 2 4 R, a contradiction. The bound
Y, is not needed. O

Remark 12.11. For q¢ > gumin = 41*, condition (12.10) follows from h(x) > 0 for # = log g, where
h(z) = ae™=* +2bpyva(l—e *) —1-2e7%, by g1(q) < 1/(g—1), g9o(q) = ¢77, w(q) > 2logq/(¢+1),
q/(g+1)>1—-1/qand q/(¢g —1) <1+ 2/q; the program dihedral/lptv.py checks h > 0 in Arb
on cells, with bisection near the minimum, and in a closed form, and checks (12.10) directly on
5950 geometric cells of [2, 2¢yin]. Proposition 4.19 with n = 1 and ¢; = a is this step without the
adaptive credits; with several abscissae and coefficients of both signs it gains 1.18 - 10™% in C on the
same data.

12.3. Intermediate results. This subsection lists how the intermediate exponents of Table 2 were
obtained, as special cases of the results above. Each has a witness file and a replay program in the
directory certificates of [23].

(1) 1.042925: Proposition 12.8 with C" = 0.04871285, the floors relative to E of Remark 4.36,
o = 301/300, and A the free primes of norm at most X = 1.2-10” (reproduce_adaptive.py;
the values of o and X are in the witness file witness_0.042925. json).

(2) 1.042965: the census of Proposition 5.12 up to 10'2 relative to E, which raises the floors of
the detected primes of vector 0 from 1 to 2 (reproduce_census.py).

(3) 1.043113 to 1.043124: Lemma 5.13 for the subspace W = (t¢19,123) C W” in place of
W” (Remark 5.15), whose nonzero elements 119, 123, 124 are all of dihedral type, so that
[Ew : Q] = 2048 and (g, is (g times the squares of the 192 L-functions of these three forms;
with the census relative to Ey up to 8.5 - 10, and with Propositions 4.15, 12.9 and 4.19 in
turn (dihedral/reproduce_dihedral.py). One review found that an earlier version of this
step had credited the thirteen inert primes of vector 0 (Lemma 5.19) twice; the corrected
value is in the table.

(4) 1.043152: Lemma 5.13 for the subspace W’ = (119, 123, 019) C W (Remark 5.15), whose
seven nonzero elements are five forms of dihedral type and 19 4+ w23, ¥19 + 124 of rank 4;
[Ew: : Q] = 4096, with 32 L-functions of degree 8 (dihedral/reproduce_w3.py).

12.4. Limits. This subsection records what is known about how far the method can go, with the
kind of evidence for each statement. The margin decreases by about 23.8 per unit of § and by 1 per
unit of C, so 2.38 - 107° in C corresponds to 1076 in §.

The next step (computation). With general shell weights and profiles optimized at 6 = 0.043172,
the margin is positive only if C' < 0.0422631. The repository contains, unused by any witness, the
census relative to Ey» extended to the limit 2°9 ~ 1.13 - 10'° of the program census_kv4.c, and
35 further abscissae. With both the linear programme of Section 7 reaches only about 0.0422638,
about 71077 short.

More dihedral forms (proved). By Lemma 5.8, every space properly containing W” contains a
form whose polar form has rank at least 6, whose irreducible representations have dimension at least
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8 and whose L-functions have degree at least 16 over Q, with conductors around 10%°. So W” is the
end of this route. The remaining part of Ceg — Zge1(1) = 6.1 - 10~ comes from the primes of vector
0 in ker W” that the census does not reach; the census gains only like the logarithm of its range.

This design (proved, given the margin formula; numerical for the profiles). By Remark 4.37, no
bound of the kind of Proposition 4.19 is below Zs (1) = 0.0416685. With C' = Z(1) and profiles
optimized by our programs, the margin is about +3.9 - 1074 at § = 0.04318 and —8.8 - 107° at
0 = 0.04320. So for this tower, these local types and this margin formula, the method cannot go
beyond about § = 0.043196; this assumes that the profile optimization is close to optimal.

A fourth cap (evidence). One more Cy cap would be worth about 2.9 -107* in §, but it raises
the value of the Golod-Shafarevich function at its minimum from —0.00211 to +0.00288, so
Proposition 2.43 no longer applies. Screens of weighted versions of the Golod—Shafarevich argument,
of the index-two subgroups of G g, and of further overlaps between the local modules did not recover
the deficit. These are limits of the present arguments, not proofs that such a tower is finite.

A larger conjugacy class (conditional). The proof uses 6 > 0, = 1/2 — 2717, from the class of ¢1 in
G, of size 21 (Lemma 2.30(c)). A class of size 216 in a suitable quotient would give § > 1/2 — 2718
and add about 2.4-107% to the margin; with the bound C < 0.04226506, which signed3.py certifies
for Eyyn with the census to 8.5 - 10'* and 36 abscissae (not packaged as a witness), this would give
the exponent 1.043172. An argument for such a class, by an agent run of the Muse Spark system, is
recorded in the directory research/2026-10-muse-involution-class of [23]. It has been checked
only inside that run and is not used here.

APPENDIX A. THE SHELL WEIGHTS

This appendix lists the exact weights of the shell profiles of Definition 11.1. At the places above
2, 3 and 5 the weights w;.;;, 0 < 7,5 <9, form symmetric matrices with w, g9 = 1; every entry is a
finite decimal with at most 16 significant digits, and the tables give each entry with ¢ < j exactly.
All entries are positive. At the places above 29 and above t3 the weights are w,;; = . ;x,; with

oo = (1 13276052 3 e = (1 7308532
29 = \ b 35795820844961° 23203238073907 )’ 41 = \ 45 98816567518131 )°

where, as everywhere in Definition 11.1(e), the index 41 refers to the places above the capped prime
t3 (so x41 gives the weights there), and z,; = 0 for larger 7. The same data, as fractions, are in the
witness file dihedral/witness_0.043171. json.

Table 12: The weights w2 ,ij, ¢ < j, at the places above 2 (w2,00 = 1).

(4,7) w2 (4,7)  waij (,7)  waij

(0,1) 4.716542764049956 - 1072 (0,2) 2.017700255868174-107%  (0,3) 8.7171631193548 - 10°
(0,4) 3.832741639457883-10"¢  (0,5) 1.713366666101093-10~"  (0,6) 7.769825719821233 - 10°
(0,7) 3.566175278275845-107° (0,8) 1.653239008386876 - 107" (0,9) 7.722733350095041 - 10~ '3
(1,1)  1.645028460654781-1072  (1,2) 6.071119236152628-10~°  (1,3) 2.426182995561566 - 10~°
(1,4) 1.021871969093163 - 1077  (1,5) 4.459640799339901-107°  (1,6) 1.995577896308062 - 10~ '°
(1,7)  9.094119149275457 - 1072 (1,8) 4.201290473175303 - 107 (1,9) 1.960291337481996 - 10~ *
(2,2) 2.030248259387722-107°%  (2,3) 7.586231846572196-107%  (2,4) 3.051872880103719-107°
(2,5) 1.290998345568711-107'° (2,6) 5.660201090012336 - 1072 (2,7) 2.552979516714002 - 10~ '3
(2,8) 1.168305153494076 - 10~ (2,9) 5.446327951003349 - 107¢ (3,3) 2.681557347389803 - 10~°
(3,4) 1.032328123582729-1071° (3,5) 4.248644257771646 - 1072 (3,6) 1.860469882653559 - 10~*3
(3,7) 8.253317346679757-107"% (3,8) 3.833900332458716 -107'¢ (3,9) 1.906569808981989 - 10~'7
(4,4) 3.864148721154686 - 1072 (4,5) 1.608170600300334-107"% (4,6) 6.85644020094591 - 10~
(4,7) 3.153691455483686 - 1076 (4,8) 1.612575910723441-107'7 (4,9) 7.382210403240122-107*°
(5,5) 6.485650665137407 - 107" (5,6) 2.902537221169398 - 107'¢ (5,7) 1.491950097494088 - 10~7
(5,8) 6.758337574060917 - 10~° (5,9) 3.012045905428616 - 1072 (6,6) 1.457803752350815 - 10~
(6,7) 6.507195266639767 - 1071  (6,8) 2.864515429264146 -1072° (6,9) 1.268794096264845 - 10~
(7,7) 2.820869821976192-1072° (7,8) 1.235370551054681-1072! (7,9) 5.450041852512307 - 1023
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(4,7) w2 (,7) w2 (4,5) w2

(8,8) 5.391075352742425-107% (8,9) 2.370514582838326 -1072* (9,9) 1.039240934676101 - 10~2°

Table 13: The weights ws,;;, ¢ < 7, at the places above 3 (ws,00 = 1).

(4,7)  wsj (4,7) ws.ij (4,7) ws.ij

(0,1) 8.732208116272003 - 1072  (0,2) 7.115134059890987-10"%  (0,3) 5.833874403583207 - 10~*
(0,4) 4.842476742530829-107°  (0,5) 4.069175634869996 - 107¢  (0,6) 3.45742827708316 - 10~
(0,7) 2.966191388483711-107%  (0,8) 2.565638229624465-107°  (0,9) 2.231095385027424 - 1010
(1,1) 5.953349622659513 - 1073 (1,2) 4.278035393286869 - 10~*  (1,3) 3.269646189416048 - 10~°
(1,4) 2.603831131537329-107°%  (1,5) 2.133831899297518-10"  (1,6) 1.785504266459421 -10~%
(1,7) 1.517691095277542-107°  (1,8) 1.305661643629569 -107° (1,9) 1.132535432833965 10!
(2,2) 2.831402423526531-107°  (2,3) 2.045207095307688-107%  (2,4) 1.565598206260394 - 10~ 7
(2,5) 1.247740007451327-107%  (2,6) 1.023702704344853-107°  (2,7) 8.581405731463887 - 10~
(2,8) 7.311032723102253-107'2 (2,9) 6.302112093253326 - 107% (3,3) 1.412064004229235 - 10"
(3,4) 1.042850254440393-107%  (3,5) 8.080622597627616 - 10~ '° (3,6) 6.486521877137696 - 10~ !
(3,7) 5.353973770335096 - 1072 (3,8) 4.532520020710062 107" (3,9) 3.8751041544201 - 10~
(4,4) 7.462419427047034-107'° (4,5) 5.628236254292794 107" (4,6) 4.443872035077034 - 1012
(4,7) 3.680564919377915- 10713  (4,8) 3.079319637140479 - 10~ '* (4,9) 2.66856917128071 10" *°
(5,5) 4.179296801200473 - 1072 (5,6) 3.340076093096409 - 10~ (5,7) 2.717184103595908 - 10~
(5,8) 2.329757724566259 - 107 (5,9) 2.169192539459492 -107¢ (6,6) 2.612625415806716 - 10~ *
(6,7) 2.190302021582062- 107  (6,8) 2.037467307219834-107'¢ (6,9) 1.751359516378403 - 10717
(7,7) 1.99821161009703 - 107  (7,8) 1.696715317716563 1077 (7,9) 1.403489307168764 - 10~'*
(8,8) 1.384779695474179-107% (8,9) 1.136784496999098 -107° (9,9) 9.29451613262518 - 10~

Table 14: The weights ws,ij, ¢ < 7, at the places above 5 (ws,00 = 1).

(4,7)  ws,i (4,7) ws.ij (4,7) ws.ij

(0,1) 2.82007539198962-1072  (0,2) 7.2979370292182-10~* (0,3) 1.921274651708653 - 10~°
(0,4) 5.173699948390579 - 10~7  (0,5) 1.421330341885401-10"%  (0,6) 3.969840639942114 - 10~ *°
(0,7) 1.1238039081556 - 10~ (0,8) 3.216049593941682 - 10~ (0,9) 9.281364615409621 - 10~ '°
(1,1) 5.676221659347654 - 10~*  (1,2) 1.250567753398034-107°  (1,3) 3.032884111737997 - 10~"
(1,4) 7.821415458906757 - 1072  (1,5) 2.10008166964845 - 107  (1,6) 5.796606717496382 - 10~ *2
(1,7) 1.631590798533015- 107" (1,8) 4.658573239308564 - 107*° (1,9) 1.343966520432494 - 10~ '¢
(2,2) 2.469786567108323-1077  (2,3) 5.558766387089918 -107°  (2,4) 1.363172114626402 - 10~*°
(2,5) 3.540359251000735- 1072 (2,6) 9.589296275579796 - 107  (2,7) 2.682343561104813 - 10~*°
(2,8) 7.585792459840756 - 1077 (2,9) 2.232780038099979 - 107®  (3,3) 1.174065143504555 - 1017
(3,4) 2.740552896947683 - 10712 (3,5) 6.992141327672552 - 10~  (3,6) 1.912331597280511 - 10~*°
(3,7) 5.245190160086881 - 10717 (3,8) 1.59952722788565 - 107'%  (3,9) 4.832345916905165 - 10~2°
(4,4) 6.313542604776013 - 10~ (4,5) 1.645215011520643 - 107"  (4,6) 4.34477808086021 - 10~'7
(4,7) 1.34845993090695 - 107 (4,8) 4.12144190632597 - 10720  (4,9) 1.142732634506229 - 10~
(5,5) 4.115344104070877-1077 (5,6) 1.259895127133043-107'® (5,7) 3.844437520964445 - 10~2°
(5,8) 1.052643039867518 - 1072 (5,9) 2.88587201206231-1072*  (6,6) 3.766542905632356 - 10~ 2°
(6,7) 1.01675396793153 - 102" (6,8) 2.756672564009575-10~>* (6,9) 7.521881692941772 10~ >°
(7,7) 2.718748510906178 - 1072* (7,8) 7.344353409675722-1072° (7,9) 1.997034421039592 - 10~ 2°
(8,8) 1.977978299668902 - 1072¢ (8,9) 5.363188536575443 - 1072%  (9,9) 1.450559362987812 - 10~ 2°

APPENDIX B. DEPENDENCY INDEX

For each numbered statement, this index lists the numbered statements that it or its proof cites
(“uses”) and the statements whose proofs cite it (“used by”). A citation of an equation inside a
statement counts as a citation of the statement; references that only point ahead, or say where a
statement is used, are not counted. The index is generated from the sources by tools/depgraph.py,
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so it records the citations made in the text: a use that is not cited by number does not appear.
Figure 1 shows the main part of this graph.

statement uses used by
Thm. 1.1 Thm. 4.2, Def. 11.1, Prop. 11.6, —
Cor. 11.11, Lem. 11.12, Lem. 11.3,
Def. 9.7, Prop. 9.26, Thm. 2.46
Def. 2.1 — Lem. 2.9
Thm. 2.2 - Rem. 2.3, Lem. 2.9, Lem. 2.38, Lem. 2.39
Rem. 2.3 Thm. 2.2 -
Lem. 2.5 - Lem. 2.11, Lem. 2.14, Cor. 3.11, Def. 4.16
Def. 2.7 - -
Lem. 2.8 - Lem. 2.9, Def. 2.13, Lem. 2.14, Lem. 2.19,
Lem. 2.24, Lem. 2.39, Lem. 3.5
Lem. 2.9 Def. 2.1, Thm. 2.2, Lem. 2.8 Rem. 2.10, Def. 2.13, Lem. 2.25,
Lem. 2.39, Lem. 2.42, Thm. 2.46
Rem. 2.10 Lem. 2.9 -
Lem. 2.11 Lem. 2.5 Lem. 2.20, Lem. 2.24, Lem. 3.2
Def. 2.12 - -
Def. 2.13 Lem. 2.8, Lem. 2.9 Thm. 2.46, Prop. 3.4, Def. 4.16
Lem. 2.14 Lem. 2.5, Lem. 2.8 Lem. 2.30
Lem. 2.17 - Lem. 2.19
Def. 2.18 - -
Lem. 2.19 Lem. 2.17, Lem. 2.8 Lem. 2.20, Cor. 2.21, Rem. 2.22
Lem. 2.29
Lem. 2.20 Lem. 2.11, Lem. 2.19 Cor. 2.21, Rem. 2.22, Lem. 2.25
Cor. 2.21 Lem. 2.20, Lem. 2.19 -
Rem. 2.22 Lem. 2.20, Lem. 2.19 -
Def. 2.23 — Lem. 2.24, Lem. 2.30, Lem. 3.2, Def. 4.1
Lem. 2.24 Def. 2.23, Lem. 2.11, Lem. 2.8 Lem. 2.25, Lem. 3.2
Lem. 2.25 Lem. 2.24, Lem. 2.20, Lem. 2.9 Lem. 2.27, Lem. 2.29, Lem. 2.30,
Prop. 2.43, Rem. 2.47, Lem. 4.33,
Lem. 5.5
Def. 2.26 - -
Lem. 2.27 Lem. 2.25 Lem. 2.29, Lem. 2.30
Lem. 2.29 Lem. 2.25, Lem. 2.27, Lem. 2.19 Lem. 2.30, Lem. 4.33, Lem. 4.34,
Lem. 5.4
Lem. 2.30 Def. 2.23, Lem. 2.25, Lem. 2.27, Prop. 2.43, Thm. 2.46, Rem. 2.47
Lem. 2.29, Lem. 2.14
Lem. 2.32 - Prop. 2.43
Def. 2.34 - -
Lem. 2.35 - -
Lem. 2.36 - Lem. 2.38, Prop. 2.43
Def. 2.37 - -
Lem. 2.38 Lem. 2.36, Thm. 2.2 Lem. 2.39, Prop. 2.43
Lem. 2.39 Lem. 2.38, Thm. 2.2, Lem. 2.8, Lem. 2.9 Lem. 2.42, Prop. 2.43
Lem. 2.42 Lem. 2.39, Lem. 2.9 Prop. 2.43
Prop. 2.43 Lem. 2.25, Lem. 2.42, Lem. 2.38, Thm. 2.46
Lem. 2.36, Lem. 2.32, Lem. 2.39,
Lem. 2.30
Def. 2.44 -

Def. 2.45

Cor. 3.7, Def. 8.7
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Thm. 2.46 Def. 8.7, Prop. 2.43, Def. 2.13, Lem. 2.9, Thm. 1.1, Lem. 3.2, Def. 4.1, Def. 4.16,
Lem. 2.30 Lem. 4.17, Lem. 5.22, Def. 11.1,
Lem. 11.3, Rem. 11.13
Rem. 2.47 Lem. 2.25, Lem. 2.30 Prop. 4.35, Rem. 4.36
Rem. 2.48 - -
Def. 3.1 - -
Lem. 3.2 Def. 2.23, Lem. 2.24, Thm. 2.46, Lem. 4.33
Lem. 2.11
Def. 3.3 - Lem. 5.10
Prop. 3.4 Def. 2.13 Lem. 3.5, Prop. 3.9, Cor. 3.11, Rem. 3.13,
Prop. 4.31, Prop. 4.35
Lem. 3.5 Prop. 3.4, Lem. 2.8 Cor. 3.7, Prop. 3.9, Cor. 3.11
Def. 3.6 — Prop. 3.9
Cor. 3.7 Lem. 3.5, Def. 2.45 Lem. 5.23
Prop. 3.8 - Prop. 3.9, Prop. 4.31, Lem. 5.13
Prop. 3.9 Def. 3.6, Prop. 3.8, Lem. 3.5, Prop. 3.4 Def. 3.10, Rem. 3.13
Def. 3.10 Prop. 3.9 -
Cor. 3.11 Lem. 3.5, Prop. 3.4, Lem. 2.5 Rem. 3.13, Lem. 4.28
Rem. 3.13 Cor. 3.11, Prop. 3.9, Prop. 3.4 —
Def. 4.1 Def. 2.23, Thm. 2.46 -
Thm. 4.2 Lem. 4.17, Prop. 4.19, Lem. 7.2, Def. 7.1, Thm. 1.1, Lem. 7.3
Lem. 7.3, Def. 5.20, Lem. 5.21
Lem. 4.6 - Lem. 4.8
Lem. 4.8 Lem. 4.6 Lem. 4.13, Prop. 12.4
Lem. 4.10 — Prop. 4.15, Rem. 4.36, Lem. 5.5,
Lem. 5.21, Lem. 5.22, Lem. 5.23,
Lem. 12.3, Rem. 12.6
Lem. 4.13 Lem. 4.8 Prop. 4.15, Prop. 4.19, Prop. 124,
Prop. 12.9
Prop. 4.15 Lem. 4.13, Lem. 4.10 Rem. 4.36, Rem. 4.38, Rem. 7.4,
Prop. 12.4
Def. 4.16 Lem. 2.5, Thm. 2.46, Def. 2.13 Prop. 4.19, Def. 11.1
Lem. 4.17 Thm. 2.46 Thm. 4.2, Prop. 4.19, Rem. 4.37,
Lem. 5.22
Def. 4.18 — Prop. 4.19, Lem. 5.21
Prop. 4.19 Def. 4.18, Lem. 4.13, Def. 4.16, Lem. 4.17 Thm. 4.2, Rem. 4.37, Lem. 7.2,
Prop. 12.9, Rem. 12.11
Rem. 4.20 - -
Lem. 4.21 - Lem. 4.29, Prop. 4.31, Lem. 6.1
Lem. 4.22 — Lem. 4.23, Lem. 4.24, Lem. 4.25,
Prop. 4.31
Lem. 4.23 Lem. 4.22 Lem. 4.28, Lem. 4.29, Prop. 4.31
Lem. 4.24 Lem. 4.22 Lem. 4.25, Lem. 4.26, Prop. 4.31
Lem. 4.25 Lem. 4.22, Lem. 4.24 Prop. 4.31
Lem. 4.26 Lem. 4.24 Lem. 4.28, Lem. 4.29, Prop. 4.31
Lem. 4.28 Lem. 4.26, Lem. 4.23, Cor. 3.11 -
Lem. 4.29 Lem. 4.21, Lem. 4.26, Lem. 4.23 Prop. 4.31
Prop. 4.31 Lem. 4.21, Lem. 4.26, Lem. 4.25, Lem. 5.13, Prop. 6.5, Lem. 7.3
Lem. 4.22, Lem. 4.29, Lem. 4.23,
Lem. 4.24, Prop. 3.8, Prop. 3.4
Def. 4.32 - Lem. 4.34, Def. 5.20

Lem. 4.33

Lem. 3.2, Lem. 2.25, Lem. 2.29

Rem. 4.36, Lem. 5.21
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Lem. 4.34 Def. 4.32, Lem. 2.29 Prop. 4.35
Prop. 4.35 Lem. 4.34, Prop. 3.4, Rem. 2.47 -
Rem. 4.36 Lem. 4.33, Lem. 4.10, Prop. 4.15, —
Rem. 2.47
Rem. 4.37 Lem. 4.17, Prop. 4.19 -
Rem. 4.38 Prop. 4.15 -
Lem. 5.1 - Lem. 5.4
Def. 5.2 - Lem. 5.4, Lem. 5.5
Lem. 5.3 — Lem. 5.5, Lem. 5.13
Lem. 5.4 Def. 5.2, Lem. 5.1, Lem. 2.29 Lem. 5.6
Lem. 5.5 Lem. 4.10, Lem. 5.3, Def. 5.2, Lem. 2.25 Lem. 5.6, Def. 5.7, Def. 5.9, Lem. 5.11,
Lem. 5.13, Lem. 5.16, Lem. 5.17,
Lem. 5.19
Lem. 5.6 Lem. 5.4, Lem. 5.5 Def. 5.7, Lem. 5.8, Def. 5.9, Prop. 5.12,
Lem. 5.17
Def. 5.7 Lem. 5.6, Lem. 5.5 Def. 5.9, Prop. 5.12, Lem. 5.13, Lem. 5.18
Lem. 5.8 Lem. 5.6 Lem. 5.13, Rem. 5.15, Lem. 5.16,
Lem. 6.4
Def. 5.9 Def. 5.7, Lem. 5.6, Lem. 5.5 Lem. 5.11, Prop. 5.12
Lem. 5.10 Def. 3.3 Prop. 5.12
Lem. 5.11 Def. 5.9, Lem. 5.5 Prop. 5.12, Lem. 5.21
Prop. 5.12 Def. 5.7, Lem. 5.6, Def. 5.9, Lem. 5.11, Lem. 5.21, Lem. 7.3
Lem. 5.10
Lem. 5.13 Prop. 4.31, Def. 5.7, Lem. 5.8, Lem. 5.5, Rem. 5.15, Lem. 5.16, Lem. 5.18,
Lem. 5.3, Prop. 3.8 Lem. 5.21, Lem. 5.23, Prop. 6.5
Rem. 5.15 Lem. 5.13, Lem. 5.8 —
Lem. 5.16 Lem. 5.13, Lem. 5.8, Lem. 5.5 Lem. 5.17, Lem. 5.19, Lem. 6.4, Prop. 6.5
Lem. 5.17 Lem. 5.16, Lem. 5.6, Lem. 5.5 Prop. 6.5
Lem. 5.18 Lem. 5.13, Def. 5.7 Lem. 5.19, Lem. 5.21, Lem. 5.23
Lem. 5.19 Lem. 5.16, Lem. 5.5, Lem. 5.18 Lem. 5.21
Def. 5.20 Def. 4.32 Thm. 4.2, Lem. 5.22, Lem. 7.3
Lem. 5.21 Lem. 4.33, Def. 4.18, Lem. 4.10, Thm. 4.2
Lem. 5.13, Prop. 5.12, Lem. 5.19,
Lem. 5.11, Lem. 5.18
Lem. 5.22 Lem. 4.10, Lem. 4.17, Def. 5.20, Lem. 7.3, Rem. 7.4
Thm. 2.46
Lem. 5.23 Lem. 4.10, Lem. 5.13, Lem. 5.18, Cor. 3.7 Lem. 7.3
Lem. 6.1 Lem. 4.21 Prop. 6.5
Lem. 6.2 - Lem. 6.3, Prop. 6.5
Lem. 6.3 Lem. 6.2 Prop. 6.5
Lem. 6.4 Lem. 5.16, Lem. 5.8 Prop. 6.5
Prop. 6.5 Prop. 4.31, Lem. 5.13, Lem. 5.16, Lem. 7.3
Lem. 5.17, Lem. 6.1, Lem. 6.4, Lem. 6.2,
Lem. 6.3
Def. 7.1 - Thm. 4.2, Lem. 7.2, Lem. 7.3
Lem. 7.2 Prop. 4.19, Def. 7.1 Thm. 4.2
Lem. 7.3 Thm. 4.2, Prop. 4.31, Def. 7.1, Prop. 5.12, Thm. 4.2
Lem. 5.23, Lem. 5.22, Def. 5.20, Prop. 6.5
Rem. 7.4 Prop. 4.15, Lem. 5.22 -
Def. 8.1 - -
Lem. 8.2 - Prop. 8.5

Def. 8.4
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Prop. 8.5 Lem. 8.2 Lem. 8.14, Prop. 8.32, Prop. 9.26,
Lem. 12.7
Def. 8.7 Def. 2.45 Thm. 2.46, Def. 8.9, Cor. 9.29
Lem. 8.8 — Def. 8.9, Lem. 8.11, Cor. 9.29
Def. 8.9 Lem. 8.8, Def. 8.7 Lem. 8.11, Prop. 8.32, Cor. 9.29
Lem. 8.11 Def. 8.9, Lem. 8.8 Lem. 8.22, Prop. 8.32, Lem. 9.25
Lem. 8.14 Prop. 8.5 Lem. 8.19, Prop. 9.26
Def. 8.16 - -
Lem. 8.17 — Lem. 8.19, Prop. 9.26
Def. 8.18 - Prop. 8.32
Lem. 8.19 Lem. 8.17, Lem. 8.14 Prop. 8.32, Prop. 9.26
Lem. 8.21 - Prop. 8.32, Prop. 9.26
Lem. 8.22 Lem. 8.11 Prop. 8.32, Lem. 9.20
Lem. 8.24 — Lem. 8.30, Prop. 8.32, Lem. 9.22,
Cor. 9.29
Lem. 8.27 - Prop. 10.14
Def. 8.28 - Prop. 9.26
Def. 8.29 — Lem. 8.30, Prop. 8.32, Lem. 9.22,
Prop. 9.26, Cor. 9.29, Prop. 10.14,
Cor. 11.11
Lem. 8.30 Def. 8.29, Lem. 8.24 Prop. 8.32, Lem. 9.22
Lem. 8.31 - Prop. 8.32, Prop. 9.26
Prop. 8.32 Def. 8.29, Lem. 8.31, Def. 8.18, Lem. 8.22, Prop. 9.26, Rem. 9.28, Cor. 9.29
Def. 8.9, Lem. 8.19, Prop. 8.5, Lem. 8.21,
Lem. 8.24, Lem. 8.11, Lem. 8.30
Def. 9.1 - -
Lem. 9.2 - Def. 9.3
Def. 9.3 Lem. 9.2 Prop. 9.26
Lem. 9.5 - Lem. 9.11
Def. 9.7 - Thm. 1.1, Def. 9.10, Prop. 9.26, Cor. 9.29
Lem. 9.8 - Rem. 9.18, Prop. 9.26
Def. 9.10 Def. 9.7 Lem. 9.11, Cor. 9.14
Lem. 9.11 Lem. 9.5, Def. 9.10 Def. 9.13, Cor. 9.14, Rem. 9.18,
Rem. 9.28, Cor. 9.29, Def. 11.1
Def. 9.13 Lem. 9.11 Prop. 9.26
Cor. 9.14 Def. 9.10, Lem. 9.11 Rem. 9.18
Rem. 9.16 - -
Rem. 9.18 Cor. 9.14, Lem. 9.8, Lem. 9.11 -
Def. 9.19 - -
Lem. 9.20 Lem. 8.22 Lem. 9.22, Prop. 9.26
Lem. 9.22 Lem. 9.20, Def. 8.29, Lem. 8.24, Lem. 9.24, Prop. 9.26
Lem. 8.30
Lem. 9.24 Lem. 9.22 Prop. 9.26
Lem. 9.25 Lem. 8.11 Prop. 9.26
Prop. 9.26 Lem. 9.22, Def. 9.13, Lem. 9.20, Def. 9.3, Thm. 1.1, Rem. 9.28, Cor. 9.29,
Lem. 9.24, Lem. 9.25, Lem. 9.8, Def. 9.7, Lem. 11.12, Rem. 11.14, Lem. 12.7
Def. 8.29, Lem. 8.31, Lem. 8.19,
Prop. 8.5, Lem. 8.17, Lem. 8.21,
Def. 8.28, Prop. 8.32, Lem. 8.14
Rem. 9.28 Lem. 9.11, Prop. 9.26, Prop. 8.32 -
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Cor. 9.29 Lem. 9.11, Def. 9.7, Prop. 9.26, Def. 8.29, —
Def. 8.9, Lem. 8.24, Lem. 8.8, Prop. 8.32,
Def. 8.7
Def. 10.1 - Def. 11.1
Lem. 10.2 - Lem. 10.13, Prop. 10.14, Prop. 10.21
Lem. 10.4 - Prop. 10.14, Def. 11.1, Prop. 11.7
Lem. 10.6 - Lem. 10.11
Lem. 10.8 — Lem. 10.11, Prop. 10.14, Prop. 10.18
Def. 10.10 - -
Lem. 10.11 Lem. 10.8, Lem. 10.6 Prop. 10.14, Prop. 10.18
Def. 10.12 - -
Lem. 10.13 Lem. 10.2 Prop. 10.14, Prop. 11.7
Prop. 10.14 Def. 8.29, Lem. 8.27, Lem. 10.2, Cor. 11.11
Lem. 10.4, Lem. 10.8, Prop. 10.21,
Lem. 10.11, Lem. 10.13
Def. 10.16 - -
Prop. 10.18 Lem. 10.8, Lem. 10.11 Cor. 10.26, Def. 11.5, Prop. 11.6,
Prop. 11.7, Lem. 11.12
Prop. 10.21 Lem. 10.2 Prop. 10.14, Rem. 10.25, Cor. 10.26,
Prop. 11.7, Lem. 11.12
Rem. 10.25 Prop. 10.21 -
Cor. 10.26 Prop. 10.21, Prop. 10.18 Def. 11.5, Prop. 11.7, Lem. 11.12
Lem. 10.28 - Prop. 11.7
Def. 11.1 Def. 4.16, Lem. 9.11, Lem. 10.4, Def. 10.1, Thm. 1.1, Lem. 11.3, Def. 11.5,
Thm. 2.46 Prop. 11.6, Prop. 11.7, Cor. 11.11,
Lem. 11.12, Prop. 12.8
Def. 11.2 - Lem. 11.3, Prop. 12.8
Lem. 11.3 Def. 11.1, Def. 11.2, Thm. 2.46 Thm. 1.1, Prop. 11.7, Cor. 11.11,
Lem. 11.12; Prop. 12.8
Def. 11.5 Def. 11.1, Cor. 10.26, Prop. 10.18 Prop. 11.7, Lem. 11.12, Prop. 12.8
Prop. 11.6 Def. 11.1, Prop. 10.18 Thm. 1.1, Cor. 11.11, Lem. 11.12
Prop. 11.7 Def. 11.1, Def. 11.5, Lem. 11.3, Cor. 11.11, Lem. 11.12
Lem. 10.28, Cor. 10.26, Lem. 10.4,
Prop. 10.21, Prop. 10.18, Lem. 10.13
Cor. 11.11 Def. 11.1, Prop. 11.7, Prop. 11.6, Thm. 1.1
Lem. 11.3, Def. 8.29, Prop. 10.14
Lem. 11.12 Def. 11.1, Prop. 11.7, Prop. 11.6, Thm. 1.1
Def. 11.5, Lem. 11.3, Prop. 9.26,
Cor. 10.26, Prop. 10.21, Prop. 10.18
Rem. 11.13 Thm. 2.46 -
Rem. 11.14 Prop. 9.26 —
Lem. 12.1 - Lem. 12.3, Prop. 12.4, Prop. 12.8
Def. 12.2 - Lem. 12.3, Prop. 12.4, Prop. 12.8
Lem. 12.3 Lem. 4.10, Def. 12.2, Lem. 12.1 Prop. 12.8, Prop. 12.9
Prop. 12.4 Lem. 4.13, Prop. 4.15, Lem. 4.8, Rem. 12.6, Prop. 12.8, Prop. 12.9
Def. 12.2, Lem. 12.1
Rem. 12.6 Lem. 4.10, Prop. 12.4 —
Lem. 12.7 Prop. 9.26, Prop. 8.5 Prop. 12.8
Prop. 12.8 Def. 11.1, Def. 11.2, Def. 11.5, Lem. 11.3, Prop. 12.9

Prop. 12.4, Lem. 12.3, Def. 12.2
Lem. 12.1, Lem. 12.7
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Prop. 12.9 Lem. 4.13, Prop. 4.19, Prop. 12.4, Rem. 12.11
Prop. 12.8, Lem. 12.3
Rem. 12.11 Prop. 4.19, Prop. 12.9 -
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