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Abstract

We study tilings of an equilateral triangle of side n in the triangular grid by k lattice
trapezoids with base angles 60°, the objects behind the OEIS sequences A389392 (k = 4)
and A391498 (k = 5). We prove two angle identities valid for every such tiling and a
lemma relating the number of boundary vertices to the number of pieces having a side on
the boundary. With these tools we show that there are exactly 1, 2 and 13 combinatorial
types of tilings for k = 3,4,5. For k = 3 every tiling is a pinwheel. For k = 4 every tiling
belongs to one of the two categories used in A389392, a fact that had previously been taken
for granted. For k = 5 the thirteen types refine the eight categories of A391498; in three
of them a piece has no side on the boundary. As a consistency check, the volumes of the
parameter polytopes together with the generic multiplicities reproduce the leading coefficient
7/36 of the conjectured quasi-polynomial for A391498. All lemmas were checked against an
exhaustive enumeration of the tilings with pairwise distinct pieces for n < 15. Finally, the
classification turns the thirteen types into eight explicit families of sets of shapes, and an
inclusion—exclusion over them reduces the conjectured generating function of A391498 to
twelve elementary counting statements, and we settle all twelve: the resulting closed formula
reproduces the sequence for every n < 127.

1 Setting and main result

Throughout, n > 1 is an integer and we use oblique coordinates: (x,y) denotes the point

zu+yv, where u = (1,0) and v = (3, @) Let

T=T,={(r,y): ©>0, y>0, x+y<n},

with corners A = (0,0), B = (n,0) and C = (0,n). Lattice lines are the lines x = ¢, y = ¢ and
T + Yy = ¢, i.e. the lines parallel to a side of T’; two of them meet at angles of 60° and 120°. A
lattice segment is a segment lying on a lattice line.

For integers 1 < s < b—1 we write {b x s} for the trapezoid with sides on lattice lines, long
base b, short base b — s and legs of length s. Its angles are 60° at the ends of the long base
and 120° at the ends of the short base. A convex polygon with sides on lattice lines has all its
angles in {60°,120°}, and if it has mgo corners of the first kind and mj99 of the second, then
2mego + mi1z9 = 6. Hence it is an equilateral triangle, a quadrilateral with two angles of each
kind (a trapezoid if its two 60° corners are adjacent, a parallelogram otherwise), a pentagon or
a hexagon.

A k-tiling of T is a decomposition T'= Q1 U - - - U Q, into such trapezoids (the pieces) with
pairwise disjoint interiors. The sequences A389392 and A391498 [1, 2] count, for k¥ = 4 and
k = 5 respectively, the sets of k pairwise different shapes {b x s} that occur as the shapes of the
pieces of some k-tiling of T,,. Distinctness plays no role in the structural results below; it only
matters for the counting.
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The graph of a tiling. Let V consist of A, B, C and all corners of pieces. Every side of a
piece is subdivided by the points of V' that it contains; the resulting segments are the edges of
a plane graph G with vertex set V', whose bounded faces are the pieces. A vertex is a boundary
verter if it lies on 9T and is not a corner of T', and an interior vertex if it does not lie on 9T
An edge is a boundary edge if it is contained in 9T, and an interior edge otherwise.

Combinatorial types. The combinatorial type of a tiling is the plane graph G together with
the lattice direction of each of its edges, up to the six symmetries of 7. Thus two tilings have
the same type if and only if, after a symmetry of T is applied to one of them, they differ only
in the lengths of their edges. The angle of a piece at one of its corners is the angle between the
two edges there; hence G, together with the angles of all pieces at all their corners, determines
the directions of all edges as soon as the direction of one boundary edge is fixed, and therefore
determines the combinatorial type.

Theorem 1.1. For k = 3, 4 and 5 there are exactly 1, 2 and 13 combinatorial types of k-
tilings of equilateral triangles. They are described in Theorems 6.1, 6.2, 7.1 and 7.2 and in
Corollary 7.3.

Sections 2-6 develop the tools and settle k = 3 and k = 4; they close the gap in the treatment
of A389392, where the exhaustiveness of the two categories was assumed (Remark 6.3). Section 7
deals with k = 5, Section 8 compares the thirteen types with the eight categories of A391498,
Section 9 describes the computer verification, Section 10 discusses the counting problem and
Section 11 turns the classification into a closed formula for A391498.

2 Local structure and two angle identities

For a vertex v of G let a(v) (resp. ¢(v)) be the number of pieces having a corner at v with angle
60° (resp. 120°), and let h(v) be the number of pieces containing v in the relative interior of one
of their sides. Since every piece has two corners of each kind,

Za(v) = Zc(v) = 2k. (1)

v v

Lemma 2.1 (local structure). (a) At a corner of T we have (a,c,h) = (1,0,0).

(b) At a boundary vertex we have h =0 and (a,c) € {(1,1),(3,0)}; we say that the vertex is
of type By or Bs. A By vertex is incident with exactly one interior edge; a B3 vertex is
incident with exactly two, which form angles of 60° with the side of T' and with each other.

(c) At an interior vertex we have h <1 and a+2c+3h = 6. Hence (a,c, h) is one of (1,1,1),
(3,0,1), (0,3,0), (2,2,0), (4,1,0), (6,0,0), and we say that the vertex is of type T, T', Y,
X, W, Z, respectively. The degrees of these vertices are 3,4,3,4,5,6.
At a vertex Q of type T two of the three edges are collinear; the straight segment they form
s the line of Q), and the third edge is the stem of Q. The piece containing Q) in the relative
interior of a side lies on the side of the line opposite to the stem. At a vertex of type Y any two
of the three edges form an angle of 120°.

Proof. The pieces containing v cover a neighbourhood of v in T'. Each of them contributes an
angle of 60° or 120° (if v is one of its corners) or of 180° (if v lies in the relative interior of one of
its sides), and these contributions add up to 60°, 180° or 360° in cases (a), (b), (c), respectively.
In (a) an angle of 60° cannot be split. In (b), a piece containing v in the relative interior of a
side has this side on 9T, because the piece lies in T'; it then covers a half-disc around v, so no
piece has a corner at v, and v would not be a vertex. In (c¢), two such pieces would have their
sides on a common line and lie on opposite sides of it, and again no piece would have a corner at



v. The remaining assertions are arithmetic: an interior vertex has degree a + ¢+ h, the number
of pieces around it, and a boundary vertex has degree a + ¢+ 1; at a vertex of type T the piece
with angle 180° determines the line, and the stem separates the two pieces with angles 60° and
120°. O

We write By, B3, t,t',y,z,w, z for the numbers of vertices of the respective types, and B =
B + B3 for the number of boundary vertices.

Lemma 2.2 (angle identities). For every k-tiling of T,

y=1+Bs+t +w+2z, (2)
B1 +3Bs+t+3t' + 2z + 4w + 62 = 2k — 3. (3)

In particular, every tiling has a vertex of type Y.

Proof. By Lemma 2.1, a(v) — ¢(v) equals 1 at the corners of T'; 0 at vertices of types By, T, X;
3 at vertices of types Bs, T', W; 6 at vertices of type Z; and —3 at vertices of type Y. By (1)
the sum of all these numbers is 0, which is (2). Next we add up all angles at all vertices in two
ways. Piece by piece, each piece contributes 360° at its corners and 180° for every vertex lying
in the relative interior of one of its sides, so the total is 360k + 180(¢ + t') degrees. Vertex by
vertex, the total is 3 - 60 + 180B + 360(t + ' + y + = + w + z) degrees. Hence

2k=14+B1+Bs+t+t' +2(y+z+w+2),

and eliminating y by means of (2) gives (3). O

3 Dissections of convex polygons, full strips and chords

Lemma 3.1. If a convex polygon P is the union of two convex polygons Pi, Py with disjoint
interiors, then there is a line ¢ such that Py and Py are the intersections of P with the two closed
half-planes bounded by £.

Proof. By the separation theorem there is a line ¢ with P; C H;, where Hy, Hy are the closed
half-planes bounded by £. A point of P in the interior of H; does not lie in P, hence lies in Pi;
taking closures, PN H; C P, C PN H;. The same argument applies to Ps. O

Lemma 3.2 (lattice chords). Let P be a convex polygon with sides on lattice lines, and let o be
a lattice segment joining two points of AP and meeting the interior of P.

(a) If P is an equilateral triangle, then o is parallel to a side and cuts off an equilateral triangle.

(b) If P = {b x s}, then exactly one of the following holds: (i) o is parallel to the bases and
joins the two legs, and both parts are trapezoids; (ii) o is parallel to a leg A and joins the
two bases, the part adjacent to X is a parallelogram and the other part is a trapezoid; (iii)
o cuts off an equilateral triangle at one of the two 60° corners.

(¢) If P is a parallelogram, then either o is parallel to two sides of P and both parts are
parallelograms, or o lies in the third lattice direction and either joins two opposite sides
(both parts are then trapezoids) or cuts off an equilateral triangle at a 60° corner.

Proof. (a) The endpoints of o lie on two different sides, so o is parallel to the third side. (b)
After a symmetry of the lattice, P={0 <y <s, x>0, z+y < b}. A lattice segment through
an interior point lies on a line y = ¢, x = cor x +y = ¢. A segment on y = ¢ joins the legs,
as in (i). A segment on x = ¢ joins y = 0 to the short base y = s if ¢ < b — s, which is case
(ii) with the parallelogram {0 < x < c¢}; otherwise it joins y = 0 to the leg = + y = b and cuts



off a triangle at (b,0). Segments on = + y = ¢ are treated symmetrically. (c) After a symmetry,
P={0<z<p, 0<y <q}with 60° corners at (0,0) and (p, ¢); segments on z = c or y = ¢ give
two parallelograms, and a segment on x + y = ¢ joins opposite sides if min(p, ¢) < ¢ < max(p, q)
and cuts off a triangle at (0,0) or at (p,q) otherwise. O

Corollary 3.3. (a) No equilateral triangle is tiled by fewer than three trapezoids.

(b) If a trapezoid is tiled by two trapezoids, they are separated by a segment of type (i); we call
such a segment a parallel cut.

(¢) If a parallelogram is tiled by two trapezoids, they are separated by a segment in the third
lattice direction joining two opposite sides.

Proof. A trapezoid is not a triangle. By Lemma 3.1, a tiling of a convex polygon by two convex
pieces is given by a single segment o as in Lemma 3.2. In case (a) one of the parts is a triangle; in
cases (b) and (c) the listed alternatives are the only ones in which both parts are trapezoids. [

A full strip is a piece having 60° corners at two corners of T'.

Lemma 3.4. A full strip with corners at A and B is {n x s} with long base AB and legs on
AC and BC; its complement in T is the equilateral triangle of side n — s at C, which is tiled by
the other pieces. A tiling has at most one full strip.

Proof. The long base of a trapezoid joins its two 60° corners, and its legs leave these corners
along the sides of T. Two full strips would both contain a neighbourhood in 7" of a common
corner of T. O

A chord of a tiling is a segment contained in the union of the boundaries of the pieces, joining
two points of 9T, and not contained in OT.

Lemma 3.5 (no chords). Fvery chord is parallel to a side of T and cuts off a corner triangle
Ty; every piece lies in Ty or in the trapezoid T\ Th. If k < 5 and the tiling has no full strip,
then it has no chord.

Proof. The only lattice directions pointing from a corner of T" into 7" run along the sides of T
Hence a chord ends at non-corner points of two different sides of T, so it is parallel to the third
side and cuts off a corner triangle T7. The chord does not meet the interior of any piece, so
every piece lies on one side of it. By Corollary 3.3(a), 77 contains at least three pieces, so the
trapezoid T'\ 11 = {n X s’} contains at most two. If it consists of one piece, this piece is a full
strip. If it consists of two pieces, they are separated by a parallel cut (Corollary 3.3(b)), and
the piece containing the long base of T'\ 71, which is a whole side of T, is a full strip. O

4 Boundary pieces and frames

Lemma 4.1 (boundary pieces). Assume that the tiling has neither a full strip nor a chord.
Then:

(a) the corners A, B,C lie in three different pieces, the corner pieces; each of them has exactly
two sides on T, namely its long base and one leg, lying on the two sides of T through its
corner;

(b) every other piece has at most one side on 0T';
(c) no side of a piece lying on OT contains a boundary vertex in its relative interior;

(d) every side of T contains a boundary vertez; in particular B > 3;



(e) if m denotes the number of non-corner pieces having a side on 0T, then
m=B-3 and f==k—=3-m >0, (4)
where f is the number of pieces without a side on OT.

Proof. (a) A piece containing two corners of T' has 60° corners there (Lemma 2.1(a)), so it would
be a full strip. The two sides of the corner piece Q4 through A are its long base and a leg, and
they lie on AB and AC. The short base of Q4 is parallel to its long base and does not pass
through A, so it does not lie on 9T'. If, say, the long base is AD C AB, the other leg starts at
D in the direction of BC, and it lies on BC only if D = B, i.e. only if Q)4 is a full strip. The
case of a long base on AC' is symmetric.

(b) A convex polygon has at most one side on a given line, so two sides of a piece lying on
OT lie on different sides of T'. If these two sides of the piece share an endpoint, this endpoint is
a corner of T. Otherwise they are opposite sides of the piece; they are not its bases, which are
parallel, so they are its legs. But then its short base joins two points on different sides of 7" and
is a chord.

(c) This is Lemma 2.1(b).

(d) The side of Q4 on AB has length less than n (a long base of length n would make Q4 a
full strip), so its endpoint other than A is a boundary vertex on AB.

(e) The boundary edges of G form a cycle with 3 4+ B edges, and each of them lies in exactly
one piece. By (a)-(c), the corner pieces contain exactly six of them and every other piece
contains at most one. O

Lemma 4.2 (frames). Assume that the tiling has neither a full strip nor a chord, and that
m =0. Then Bs =0 and B1 = 3, and after a reflection of T the corner pieces are

Qa={z>0,0<y<sa, z+y<n-—sg},
QB:{ZUZO, :CESC) n—SBSCC‘f'?/Sn}a
Qo =1{0<z<sc, y>sa, x+y<n},

where sa,sp,sc > 1 are their legs; their long bases are n — sg, n — sg and n — s4. Put
S =54+ sp + sc. The remaining pieces tile the triangle {x > s¢, y > sa, x +y <n—sp} of
side n — S if S < n, the inverted triangle {x < s¢, y < sa, *+y >n—sp} of side S —n if
S > n, and there are no remaining pieces if S = n.

Proof. By (4) we have B = 3, so by Lemma 4.1(d) every side of T" contains exactly one boundary
vertex and is the union of the two sides of corner pieces lying on it. Suppose that the boundary
vertex on AB is of type Bs. Then Q4 and @p both have 60° corners there, so both have
their long bases on AB. Since every corner piece has exactly one long base and one leg on
0T, one of the sides AC, BC then consists of two legs, whose endpoints meet at the boundary
vertex of that side with angles 120° + 120° > 180°, which is absurd. Hence the three boundary
vertices are of type Bi, and every side of T' contains exactly one long base. There are only
two ways of assigning bijectively to each corner piece a side of T through its corner, namely
(Qa,QpB,Qc) — (AB,BC,CA) and (Qa,R@p,Qc) — (AC, BA,CB), and they are exchanged
by a reflection. In the first case the corner pieces are as displayed, with their long bases by, bp, bo
in place of n — sp,n — so,n — s4; the condition that each side of T is covered exactly once reads
ba+sp=bg+sc=bc+s4=n.

Finally, a point (z,y) € T with y > s4 lies in Q¢ if and only if < s¢, and otherwise it lies
in @Qp if and only if z+y > n — sp; a point with y < sy liesin Q4 if and only if z +y < n —sp,
and otherwise it lies in @ p if and only if x > s¢. Hence the points not covered by the corner
pieces are, up to boundaries, those with z > s¢, y > sa,  + y < n — sp (a non-empty set if
and only if S < n) and those with = < s¢, y < sa, © +y > n — sp (non-empty if and only if
S >n). O



Corollary 4.3. Assume that the tiling has neither a full strip nor a chord. If k =3, then m =0
and S =n. If k € {4,5}, then m > 1.

Proof. By (4), m < k— 3. If m =0, the k — 3 non-corner pieces tile the triangle of Lemma 4.2.
For k = 3 this triangle is empty, so S = n. For k € {4,5} it would be a triangle tiled by one or
two trapezoids, contradicting Corollary 3.3(a). O

5 Pinwheel skeletons and interior edges

Let P be a vertex of type Y. The three edge directions at P contain no pair of opposite directions,
so each edge at P is contained in a maximal straight segment of G having P as an endpoint; we
call these three segments the arms of P.

Lemma 5.1 (pinwheel skeleton). Suppose that the three arms of a Y vertex P end at points
D1, D5, D3 of OT. Then the D; are boundary vertices lying on the three different sides of T', and
the arms divide T into three trapezoids R1, Rs, Rs, each containing one corner of T. FEach arm
1 a leg of one of the two regions adjacent to it and the short base of the other.

We call Ry, Ro, R3 a pinwheel skeleton. For a region R;, its two arms are its leg-arm and its
base-arm (the latter contains its short base), and the leg of R; lying on 9T is its boundary leg.

Proof. An arm cannot end at a corner of T, since it would reach the corner along a side of T
and two arms meet only at P. Let R be the region bounded by two arms PD;, PD; and by
an arc of T from D; to D; containing r corners of 7. Then R is a convex polygon with angle
120° at P, angles oy, a; € {60°,120°} at D; and Dj, and angle 60° at each of the r corners,
so that 120 + «; + o + 60r = 180(r + 1), i.e. a; + a; = 60 + 120r. This forces » = 1 and
{oi, a5} = {60°,120°}; thus R is a quadrilateral whose two 60° corners are adjacent, i.e. a
trapezoid. If ai; = 60°, the long base of R is the segment of 9T between D; and the corner, PD;
is a leg of R and PD; is its short base. Finally, the two regions adjacent to an arm PD; have
angles adding up to 180° at D;, so exactly one of them has an angle of 60° there. O

For a vertex v let ¢(v) be the number of interior edges at v; thus ¢(v) =1 or 2 if v is of type
B or Bs, and «(v) = degw if v is interior. Let H be the graph formed by the interior vertices
and the edges joining two of them, and let ey be its number of edges.

Lemma 5.2 (interior edges). Assume that the tiling has no chord. Then

> u(v) =2y = By +2Bs. (5)

v interior

Moreover:

(a) two vertices are joined by at most one edge, and no vertex of type Y lies on a triangle of
edges;

(b) if two edges at a vertex Q of type T end at boundary vertices, then one of them is the stem
of Q and the other one lies on the line of Q; no vertex of type T has three such edges.

Proof. An interior edge joining two boundary vertices would be a chord, so every interior edge
has one or two interior endpoints, and counting the endpoints of interior edges gives (5). (a)
Edges are straight segments. Three edges forming a triangle lie on lattice lines, so the triangle
is equilateral and its angles are 60°, whereas two edges at a Y vertex form an angle of 120°. (b)
Otherwise the line of @ would be a chord. O



6 Three and four pieces

Theorem 6.1 (three pieces). Every 3-tiling of T' is a pinwheel: up to a reflection of T' there
are positive integers s, Sg,Sc with s4 + sg + s¢ = n such that, with

D=(n-sp,0), E=(sc,n—3sc), F=1(0,54), P =(s¢0,54),
the pieces are
ADPF ={n —sp X sa}, BEPD = {n—sc x sg}, CFPE ={n—sa X sc},

with long bases AD, BE, CF. Each of the segments PD, PE, PF is a leg of one piece and the
short base of another. Conversely, every such triple defines a 3-tiling.

Proof. A full strip would leave a triangle tiled by two trapezoids (Lemma 3.4), which is impossible
by Corollary 3.3(a). Hence there is no full strip and, by Lemma 3.5, no chord. By Corollary 4.3,
m = 0 and S = n, so the pieces are the three corner pieces of Lemma 4.2; using n—sg—s4 = s¢
one checks that their corners are the listed points. The statement about PD, PE, PF is read
off directly (or from Lemma 5.1), and the converse is immediate. O

Theorem 6.2 (four pieces). Fvery 4-tiling of T is of exactly one of the following two forms:
(A) a full strip {n x s} together with a pinwheel of the triangle of side n — s;
(B) a pinwheel in which one of the three pieces is divided into two by a parallel cut.

Proof. If there is a full strip, the remaining triangle carries a 3-tiling, which is a pinwheel by
Theorem 6.1; this is (A).

Assume that there is no full strip. Then there is no chord (Lemma 3.5), and Corollary 4.3
and (4) give m =1, f =0 and B = 4. Substituting B; =4 — Bs into (3) yields 2B3 +t + 3t' +
2z 4+ 4w + 6z = 1. Hence B3 =0, By = 4, t = 1, all the other counts vanish, and y = 1 by (2).
Let P be the Y vertex and @ the T vertex. By (5), 3+ 3 —2ey = 4, so ey = 1: the segment
PQ is an edge, and each of P and ) has two further edges, which end at boundary vertices.
By Lemma 5.2(b), the edge QP lies on the line of @), which continues beyond @ to a boundary
vertex, and the stem of @) ends at a boundary vertex. Thus all three arms of P end on 0T, and
Lemma 5.1 provides a pinwheel skeleton. The stem of @) is the only interior edge not contained
in an arm; it lies in one region, which it divides into two pieces, while the other two regions are
single pieces. By Corollary 3.3(b), the stem is a parallel cut of its region; this is (B).

The two forms are disjoint, because only in (A) does a piece have long base n. ]

Remark 6.3. Theorem 6.2 is exactly the exhaustiveness statement that the constructive descrip-
tion of Categories A and B in OEIS A389392 takes for granted, and Theorem 6.1 is a complete
proof of the pinwheel lemma. Only Sections 2—6 are needed for this purpose.

7 Five pieces

Theorem 7.1 (five pieces with a full strip). If a 5-tiling of T' contains a full strip {n x s}, then
this is its only full strip, and the other four pieces form a tiling of the triangle of side n — s of
form (A) or (B).

Proof. This follows from Lemma 3.4 and Theorem 6.2. O

Theorem 7.2 (five pieces without full strip). Up to a symmetry of T, every 5-tiling of T without
full strip is of exactly one of the following seven forms. In the first five forms the tiling has a
pinwheel skeleton Ry, Re, Ry (Lemma 5.1), and the regions not mentioned are single pieces.



(D) Two regions are each divided into two pieces by a parallel cut.
(S) One region is divided into three pieces by two parallel cuts.

(V) One region R is divided into three pieces by two disjoint segments which start on its
base-arm and end on its long base, each of them parallel to the leg of R farther from it;
the middle piece is a trapezoid whose long base lies on the base-arm.

(Co)  One region R is divided by a segment y, which starts on the base-arm of R and is parallel
to its boundary leg A, into a trapezoid, which is a piece, and a parallelogram 11 adjacent
to \; and 11 is divided into two pieces by a segment in the third lattice direction joining
v to .

(Co)  Asin (Cy), but with X the leg-arm of R instead of its boundary leg.

(F) Some piece F' does not meet OT. Its corners are a Y wvertex P and three T wvertices
Vi, Vo, Vs (counterclockwise), with angles at P,Vy,Va, V3 equal to 120°,60°,60°, 120°.
The sides PVi, ViVa and VaVs of F are prolonged beyond Vi, Vo and V3, respectively,
up to 0T, and the third edge at P ends on OT.

(A) Some piece M meets OT in a single point D*, a vertex of type Bs. The other corners of
M are a T vertex Q and two Y vertices P;, P;; the long base of M is D*Q, which is the
stem of Q, and its short base is P;P;. The side QP; lies on the line of QQ, whose other
half ends on 0T, and the third edges at P; and P; end on OT.

Each of these seven forms is a single combinatorial type.

Proof. Step 0: profiles. By Lemma 3.5 there is no chord, and by Corollary 4.3 and (4) we have
m € {1,2}, B=3+m and f =2 — m. Substituting B; = 3 +m — B into (3) gives

2B3 +t+3t' +2x + 4w+ 62 =4 —m. (6)

Together with (2) this leaves exactly the following seven possibilities (all counts not mentioned
are 0):

m:2 m =

(i) B1=5t=2 Yy = (iv) Bi=4,t= y=1

iil) Bi=5,z=1 =1 v B =4,t=1 =2

(i) y y

(ili) Bi=4,B3=1 y= (vij Bi=4,t=x=1 y=1
(vii) By=3,By=1,t=1 y=2

In the left-hand side of (5), interior vertices of types T, Y, T/, X contribute 3, 3,4, 4.

Step 1: cases (v) and (vi) are impossible. In both cases there are three interior vertices, one of
them of type Y, and (5) reads 10 — 2ey = 4. Thus ey = 3, and the three interior vertices form
a triangle through a Y vertex, contrary to Lemma 5.2(a).

Step 2: case (ii) is impossible. Let P and X be the interior vertices. Now 7 — 2e = 5, so PX
is an edge, and the three other edges at X end at boundary vertices. At a vertex of type X the
four angles are, in cyclic order, 60°,120°,60°,120° or 60°,60°,120°,120°. In the first case the
four edges lie on two lines through X; in the second they lie on one line together with two rays
on opposite sides of it. A line through X not containing PX would be a chord. Hence we are
in the second case, and PX lies on the line, which is therefore an arm of P ending on 07T. The
other two arms of P are single edges ending on 97", so we have a pinwheel skeleton, and the two
rays at X divide the two regions adjacent to this arm into two pieces each. By Corollary 3.3(b)
both rays are parallel cuts. Since a parallel cut joins the two legs of its region, the arm is a leg
of both adjacent regions, contrary to Lemma 5.1.



Step 3: case (iii) is impossible. The interior vertices are two Y vertices Pj, P, and there is one
vertex D* of type Bs. Now 6 — 2ej; = 442, so ey = 0, and the two interior edges at D* end at
interior vertices, one at P} and one at P, (two non-collinear segments issuing from D* cannot
end at the same point). Let M be the piece having a 60° corner at D* between these two edges.
The corners of M adjacent to D* are P, and P, where M has angles of 120°. But in a trapezoid
each 60° corner is adjacent to the other 60° corner.

Step 4: case (i) leads to (D), (S), (V) or (Cy). Let P be the Y vertex and @1, Q2 the T vertices.
Now 9 — 2ey = 5, s0o ey = 2 and H is a path.

(4a) P is the middle vertex of H. Each @; has two edges ending at boundary vertices, so
by Lemma 5.2(b) the edge Q;P lies on the line of @Q;, which continues up to 97, and the stem
o; of Q; ends on OT. Thus all arms of P end on 9T and we have a pinwheel skeleton, with )1
and @5 on different arms. The only interior edges not contained in arms are o1 and o. If they
lie in different regions, each of these two regions is divided into two pieces, the third region is
a piece, and Corollary 3.3(b) gives (D). Suppose that they lie in the same region R; then they
start on the two different arms of R. Each o; is a lattice segment joining two points of R, so it
is of one of the types (i)—(iii) of Lemma 3.2(b). Type (iii) is excluded, because the triangle cut
off would be a union of at most two pieces (Corollary 3.3(a)). A segment starting at an interior
point of the leg-arm cannot be of type (ii), and a segment starting at an interior point of the
base-arm cannot be of type (i). Hence one of o1, 09 joins the two legs of R and the other joins
its two bases, so they cross; this is impossible, since there are no further interior vertices.

(4b) A T wertex, say Q1, is the middle vertex of H. Since (2 has two edges ending at
boundary vertices, 1Q2 lies on the line of Q2 (Lemma 5.2(b)). Let v be the segment from @
through Qs to 0T, and let o5 be the stem of Q2. The vertex ()1 has one more edge, which ends
at a boundary vertex Di. If the line of ()1 consisted of )1 D1 and @12, then D) together
with v would be a chord. Hence the line of 1 contains Q1 P, and there are two possibilities.

The line of Q1 is PQ1UQ1D1. Then Q1Q2 is the stem of Q1. All arms of P end on 0T let
R be the region containing ~. All interior edges not contained in arms lie in R, so R consists
of three pieces: the part of R on one side of v, and the two pieces into which o9 divides the
part R’ on the other side. As in (4a), 7 is of type (i) or (ii). If it were of type (i), R’ would be
a trapezoid with bases parallel to 7, and by Corollary 3.3(b) o2 would be parallel to «, which
is absurd because o9 starts on . So 7 is of type (ii): @i lies on the base-arm of R, and 7 is
parallel to a leg A of R and divides R into a parallelogram II adjacent to A and a trapezoid Z.
A parallelogram is not a piece, so R’ = II and Z is a piece. By Corollary 3.3(c), o2 lies in the
third lattice direction and joins 7 to the opposite side A of II. Since oo ends on 9T, A is the
boundary leg of R: this is (Cp).

The line of Q1 is PQ1 U Q1Q2. Then the segment from P through @1 and Q2 to 9T is
an arm of P, from which the stems o0; = (1 D1 and o9 branch off. The other two arms of P
are single edges ending on 97, so we have a pinwheel skeleton. If ¢; and o2 lay in the two
different regions adjacent to this arm, each of them would divide its region into two pieces, and
by Corollary 3.3(b) the arm would be a leg of both regions, contrary to Lemma 5.1. So they
lie in one region R, which they divide into three pieces, and they are disjoint. If the arm is the
leg-arm of R, both are parallel cuts (types (ii) and (iii) being excluded as in (4a)): this is (S).
If the arm is the base-arm of R, both are of type (ii). After a symmetry of the lattice we may
write R={0<y <s, >0, z+y < b} with the base-arm on the line y = s; then each of
the two segments lies on a line x = p or on a line z + y = ¢. If the segment nearer to the leg
{z = 0} lay on a line x = p, the piece between them would be the parallelogram R N {z < p};
similarly for the leg {z + y = b}. Hence the two segments lie on lines = +y = ¢ and z = p with
g < p, and the middle piece RN {z < p, x +y > ¢} is a trapezoid whose long base lies on the
line y = s: this is (V).

Step 5: case (iv) leads to (F) or (C,). Let P be the Y vertex and @1, @2, Qs the T vertices.
Now 12 —2ey =4, so ey = 4, and the graph H, which has four vertices and four edges, contains



exactly one cycle. A triangle through P is excluded by Lemma 5.2(a). If the cycle were the
triangle Q1Q2Qs3, then P, which would have two edges ending on 07, would lie outside it; the
open triangle would contain no vertex and no edge, and it would be a triangular piece. Hence
the cycle is a 4-cycle through all interior vertices. It bounds a region containing no vertex and
no edge (such an edge would be a fifth edge of H), i.e. a piece F' with corners P, Q1, Q2, Q3; as
F' has four corners, none of these points lies in the relative interior of a side of F. The piece
F does not meet 9T, and each ); has exactly one edge ending on 9T. Since @); is a corner of
F, the two sides of F' at @); are the stem of @); and one half of its line, and the edge ending on
0T is the other half of the line. So at each @; exactly one of the two sides of F' through Q); is
prolonged beyond @Q; up to 07T.

Label the corners of F' counterclockwise Vo = P, Vi, Va, V3, put e; = V;V; 11 (indices modulo
4), and let §; be the angle of F' at V}, so that §y = 120°. No side of F is prolonged at both
ends, since this would give a chord, and no side is prolonged at P. Hence the sides prolonged
at Vq, Vo, Vs are, respectively,

(a) eg, €1, €2; (b) eq, e1, es; (c) eq, e, e3; (d) e1,ea,es.

A reflection of T reverses the cyclic order and exchanges (a) with (d) and (b) with (c), so it
suffices to treat (a) and (c). Let D be the endpoint on 9T of the third edge at P.

Pattern (c). The sides ep and eg are prolonged at V; and V3, so all arms of P end on 07T,
and F lies in the region R bounded by the arms containing eg and e3. The prolongation of ey at
V3 yields a segment v from V3 through V5 to 0T, and the stem V5V; of V4 joins v to the other
arm of R. All interior edges not contained in arms lie in R, so R consists of three pieces: the
part of R on the side of « not containing P, and the two pieces into which Vi V5 divides the part
R’ containing P. Exactly as in Step 4, « is of type (ii), V3 lies on the base-arm, v is parallel
to a leg A of R, and R’ is the parallelogram II adjacent to A. Since P € R’ is the corner of R
where the base-arm meets the leg-arm, X is the leg-arm. By Corollary 3.3(c), V1 V4 lies in the
third lattice direction and joins 7 to A: this is (C,), and F is the piece of II containing P.

Pattern (a). Now es is the stem of V3, so the arm of P along e3 ends at V3. Let Dy, Do, D3
be the endpoints on 9T of the prolongations of eg, e1,ea. The interior edges are the four sides
of F' and the four segments PD, V1 Dy, VoDs, V3 D3, which join F to T and divide T'\ F' into
four pieces:

e Oy, bounded by PD, an arc of 9T from D to D1, and the straight segment D1V} P (which
contains V) in its interior);

e (O, bounded by V1 Dy, an arc from D; to D2, and the segment DyVoV7;
e 04, bounded by Vo D5, an arc from Dy to D3, and the segment D3sV3Va;
e O, bounded by V3Ds3, an arc from D3 to D, and the segments DP and PVj.

Each of them is a quadrilateral whose corners, apart from corners of T, are P, D, Dy for Oy;
Vi, D1, Do for O.; Vo, Ds, D3 for Og; and V3, D3, D, P for O,. Hence the four arcs contain 1,1,1,0
corners of T, respectively. The angle of O, at V; is 180° — #1. In O, the corner K of T is a 60°
corner whose neighbours are D and Ds, so the corner opposite to K, which is V7, has angle
120°; hence 07 = 60°. In the same way 6 = 60°, and therefore #3 = 120°. In O, the corner V3
has angle 60° and its neighbours are D3 and P (angle 120°), so O, has angle 60° at D3 and 120°
at D. All boundary vertices are of type Bi, so the two pieces meeting at each of D, D1, Do, D3
have angles adding up to 180° there. Consequently Op has angle 60° at D and 120° at D1; O,
has 60° at D and 120° at D,; and Oy has 60° at Do and 120° at Ds, in accordance with O,.
All angles are determined, and this is (F).

Step 6: case (vii) leads to (A). Let Pi, P, be the Y vertices, @ the T vertex and D* the vertex
of type Bs. Now 9 — 2epy = 3+ 2, so eg = 2. The two interior edges at D* end at two different
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interior vertices. Let M be the piece with a 60° corner at D*. By the argument of Step 3, these
two vertices are not both Y vertices, so they are (Q and some P;, and M has angle 120° at its
corner P;. Consequently, if X denotes the corner of M following D* along D*@Q, then M has
angle 60° at X, and the fourth corner Y of M, adjacent to X and to P;, has angle 120°.

Suppose first that D*@ lies on the line of Q). If M contains @ in the relative interior of a
side, then X is the vertex following () on this line. It is not on 97, since the line would then be
a chord, so it is a Y vertex, where M has angle 120°, a contradiction. Otherwise X = @), and
the side QY of M is the stem of ). The vertex Y is not on 97" it is not a corner of T', only one
interior edge arrives at a boundary vertex other than D*, and the sides QY and Y P; of M are
not contained in dT. So Y is an interior vertex, with angle 120° in M and different from @ and
from P; (otherwise M would be a triangle); thus Y is the other Y vertex P;, and H consists of
the edges QP; and P;P;. Then the third edge at @ ends on 9T, and together with D*@ it forms
the line of @), which is a chord. This is impossible.

Hence D*Q is the stem of Q). Then M lies on the side of the stem, X = @, and the side QY
of M lies on the line of Q). As before, Y = P; with j # ¢, and H consists of QF; and P;F;. So
M = D*QP;P; has long base D*(Q and short base P;FP;. The other half of the line of () and the
third edges at P; and at P; end at three boundary vertices D', D", D", all of type B; (the two
interior edges at D* are already known). These three segments and the sides of M are all the
interior edges, and they divide 7'\ M into four pieces: X7, bounded by D*@Q, @D’ and an arc
from D’ to D*; X, bounded by the straight segment D'QP; (which contains @ in its interior),
by P;D" and by an arc from D" to D’; X, bounded by P;D", an arc from D" to D", D"P;
and P;P;; and X3, bounded by P;D”, an arc from D" to D*, and D*P;. Counting corners as
in Step 5, these four arcs contain 1,1,0,1 corners of 7. By Lemma 2.1(b), X; and X3 have
angle 60° at D*. The corners of X7 are Q, D', K, D* in cyclic order, with K a corner of T'; its
two 60° corners are K and D*, so X1 has angle 120° at D’. Hence Xy has angle 60° at D’; its
corners are D', P;, D" K', its 60° corners are D’ and K’, and so it has angle 120° at D"’. Then
X, with corners D", P;, P;, D", has angle 60° at D" and hence also at D”; and X3 has angle
120° at D", in accordance with its corners D", P;, D*, K having angles 120°,120°, 60°,60°. All
angles are determined, and this is (A).

Conclusion. The forms (D), (S), (V) and (Cy) have profile (i), the forms (F) and (C,) have
profile (iv), and (A) has profile (vii). Within profile (i), P is the middle vertex of H only in (D);
the three interior vertices are collinear in (S) and (V) but not in (Cp); and (S) differs from (V) in
whether the arm containing them is the leg-arm or the base-arm of the divided region. Within
profile (iv), all arms of P end on 07 in (C,) but not in (F). So the seven forms are pairwise
different. In each case the arguments above determine G and all angles up to a symmetry of 7"
for the first five forms the pinwheel skeleton is unique up to symmetry (Theorem 6.1), and the
admissible choices of the divided regions are permuted transitively by the rotations of 7. Hence
each form is a single combinatorial type. Finally, each form occurs (Figure 1). O

Corollary 7.3. Up to symmetry there are exactly thirteen combinatorial types of 5-tilings. Siz
of them contain a full strip: the strip together with a 4-tiling of form (A) whose strip is parallel
to it (one type) or lies on one of the other two sides of the remaining triangle (two types,
distinguished by the chirality of the pinwheel), and the strip together with a 4-tiling of form (B)
in which any one of the three pinwheel pieces is cut (three types). The other seven are the types
of Theorem 7.2.

Proof. By Theorem 7.1, a tiling with a full strip on AB is determined, up to edge lengths, by
the form of the 4-tiling of the triangle T” at C and by its position; the reflection of T fixing AB
acts on these data, and different orbits give different types because the full strip is unique. For
(A), the second strip lies on the side of T” parallel to AB or on one of its other two sides, and
the pinwheel has one of two chiralities; the reflection exchanges the two chiralities and the two
non-parallel sides, which leaves 1 + 2 = 3 orbits. For (B), the pinwheel has two chiralities and
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the cut piece is one of three; the reflection acts freely on these six configurations, which leaves
three orbits. O

8 The thirteen types and the categories of A391498

Table 1 lists the thirteen types with the labels T1-T13 used in our programs (numbered in order
of first appearance in the enumeration), their profiles, the smallest n for which each type occurs
with pairwise distinct pieces, the generic multiplicity p discussed in Section 10, and the category
of A391498 containing the type. The last column was obtained for n = 12 by comparing, set
by set, the output of Rodrigo’s program for the eight categories with our classification: each
category consists exactly of the sets realized by the types listed (a set belongs to several categories
when it is realized by tilings of different types).

Type Form (By,Bs,t,y) firstn p Category
T1 full strip + (A), parallel strips (6,0,1,1) 6 9 AAl
T4, T5 full strip + (A), non-parallel strips (4,0,3,1) 6 9 AAl
T6, T9  full strip + (B) (5,0,2,1) 73 AA2
T11  full strip + (B) (4,0,3,1) 73 AA2
T2 (D) (5,0,2,1) 6 1 DDI
T8 (9) (5,0,2,1) 71 CC3
T3 (V) (5,0,2,1) 10 6 CCl
T7 (Co) (5,0,2,1) 7 4 CC2
T12 (Co) (4,0,3,1) 7 4 CC2
T3 (F) (4,0,3,1) 6 1 BB2
TI0  (A) (3,1,1,2) 7 1 BBI

Table 1: The thirteen types of 5-tilings. In all of them ¢ = x = w = z = 0. The column y gives
the number of tilings, up to symmetry, realizing a generic set of the type: for T1, T4, T5 the
nine tilings are three of each type; for T6, T9, T11 one of each; for T7, T12 two of each; for T13
all six are of type T13.

Remark 8.1. (1) The forms (V), (Cy) and (C,) arise in the same way: a region R of the skeleton
is divided by a segment of type (ii), parallel to a leg A, into a trapezoid and a parallelogram II,
and II is divided in the third lattice direction. In (V) the second cut joins the two sides of IT
lying on the bases of R (for either choice of A); in (Cp) and (C,) it joins the other two sides of
II, and A is the boundary leg or the leg-arm, respectively. This agrees with CC1 consisting of
(V) and CC2 of (Cy) and (C,).

(2) A 5-tiling arises from a 4-tiling by one of the two operations underlying A389392 (adding
a full strip, or dividing a piece by a parallel cut) if and only if its type is T1, T2, T4, T5, T6,
T8, T9 or T11. Indeed, adding a full strip gives the six types with a full strip; and if two pieces
form a trapezoid, merging them gives a tiling of form (A) or (B) by Theorem 6.2, and dividing
one piece of such a tiling by a parallel cut gives T1 (cutting the strip of (A)), a full strip together
with (B) (cutting a pinwheel piece of (A)), (D) (cutting an uncut piece of (B)) or (S) (cutting
one half of the cut piece of (B)). The remaining five types T3, T7, T10, T12, T13 arise in neither
way. In agreement with this, our program found no pair of pieces forming a trapezoid in any of
the 2556 4 936 + 390 + 936 + 432 tilings of these types for n = 13, whereas every tiling of types
T1, T2, T6, T8, T9, T11 contains such a pair. This is why exhaustiveness for kK = 5 cannot be
proved by a simple induction on k£ and requires the global argument of Theorem 7.2.

(3) In (F) and (C,) one piece has its four corners in the interior of T', and in (A) one piece
meets 07 in a single point; (F) and (A) have no pinwheel skeleton at all.
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Los 13 tipos combinatorios de teselacién del tridangulo por 5 trapecios distintos (representantes con n = 13)
T1 T2 T3 T4 T5

Figure 1: Representatives of the thirteen types for n = 13; the pieces are labelled b X s.

9 Computational verification

All statements were checked against independent computations; the scripts (Python 3 and C)
accompany these notes.

e brute.py, brute.c: exact-cover enumeration of all k-tilings of T}, by lattice trapezoids with
pairwise distinct shapes, in any of the six orientations, using no structural information. For
k = 3 it reproduces | (n — 1)(n — 2)/6], for k = 4 the terms of A389392 for n < 12, and for
k = 5 the terms of A391498 for n < 22.

e cats.c: a port to C of Rodrigo’s program for the eight categories. Its output agrees set
by set with the exhaustive enumeration for n < 14, it reproduces the 47 terms of the b-file,
and it extends A391498 to n = 127.

e classify.py: canonical codes of combinatorial types (the graph G with edge directions,
minimized over the six symmetries of 7') and multiplicities.

e verify structure.py: for every tiling produced by the enumeration it builds G, computes
(a,c, h) at every vertex and checks Lemma 2.1, the identities (2)—(3), and, when there is
no full strip, Lemma 4.1(a), (b), (e), Corollary 4.3 and the absence of chords (Lemma 3.5).
It was run on all 1110 tilings with £k = 3 and n < 16, all 15630 tilings with £ = 4 and
n < 15, and all 162990 tilings with £ = 5 and n < 15. No violation occurred; exactly 1, 2
and 13 types were found, and the profile of every type is the one predicted by Theorems 6.2
and 7.2.

e signatures.py: for n = 13, the list of types (with multiplicities) realizing each set, and
the test of Remark 8.1(2).

The enumeration only covers tilings with pairwise distinct pieces; the theorems do not need this
assumption.
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10 Outlook: from types to the counting formula

For every type, the tilings of T}, of that type are parametrized by the positions of the maximal
segments of G on their lattice lines, subject to linear equations and strict linear inequalities.
Hence, for each type 7, the number N, (n) of tilings of T}, of type 7, counted up to symmetry, is
a quasi-polynomial in n of degree at most 4. For instance, the tilings of form (D) with a fixed
chirality and fixed divided regions correspond to 5-tuples of positive integers with sum n (the
three legs of the pinwheel, two of which are split into two parts by the cuts), so there are (nzl)
of them before the distinctness condition is imposed.

Proposition 10.1 (structural coincidences). Let R = {0 <y <s, x >0, x4+ y < b} be the
divided region, with boundary leg on {x = 0} and leg-arm on {x +y = b}.

(a) In (Cy), with v = {x =p} and the cut of l on {x+y=c} (1 <p<b—s—1, p<c<s),
the three pieces in R are {b—pxs}, {cxp} and {s—c+pxp}. In (Co), withy = {z+y = ¢}
and the cut on {x =’} (s+1<qg<b—1, b—s < <q), they are {gx s}, {b—c xb—q}
and {c' —q+sxb—q}. The maps (p,c) — (p, s+p—-c) and (p,c) — (¢,¢) = (b—p, b—c)
are bijections preserving the set of shapes. Hence every set of type (Cp) is realized by at
least two tilings of type (Cy) and two of type (C,).

(b) In (V) the three pieces in R are {£1 X s}, {f2 x s}, {83 X s} with 51+ P2+ P3 = b+ s and
Bi > s+ 1, and every ordering of (B1, B2, B3) occurs. Hence a set of type (V) with distinct
B is realized by six tilings.

(c) A set of type “full strip + (A)” is realized by nine tilings (three positions of the second
strip and siz placements of the pinwheel, modulo the reflection fizing the full strip), and
a set of type “full strip + (B)” by three (siz placements of the cut pinwheel, modulo the
same reflection).

Proof. (a) and (b) are direct computations of the pieces; the constraints are preserved by the
maps (for instance p < c < sifandonlyifp<s+p—c<s,andb—s <b—c<b—pifand
only if p < ¢ < s). In (b), ¢ = 51 and p = 51 + B2 — s recover the segments. (c) The pinwheel
pieces depend only on its legs, so any of the six images of the pinwheel under the symmetries of
its triangle gives the same shapes. O

The data for n = 13 confirm that these are the only coincidences on the generic part: the
1940 sets split as 428 4 6 sets realized by one tiling of each of T6, T9, T11 (respectively two),
159 sets realized by three tilings of each of T1, T4, T5, 78 sets realized by two tilings of each of
T7 and T12, 12 sets realized by six tilings of T13, 378, 363, 354 and 65 sets realized by a single
tiling of type T3, T8, T2 and T10, and 97 sets realized by several tilings of types T2, T3, T8
through non-generic coincidences.

The leading coefficient. The parameter polytopes have the following normalized volumes,
ie. N-(n) = v.nt + O(n3): v, = o for T1, T2, T3, T4, T5, T6, T8, T9, T11 (for T3, in a
fixed position, the tilings correspond to integers with 1 < v; < w9, w > 1 and w + vo < u < n,
where y = v, * = w, y = vo and x + y = u are the lines of four of its five interior maximal
segments, the fifth being determined by them); v, = 4—18 for T7, T12 and T13 (for instance, for
T13 the number of choices in a region with legs s4 and short base s¢ is about %(sc —sa)%,
and [f . 2(c —a)ldadec = £); and v, = 0 for T10, whose tilings depend on only three
parameters besides n. Coincidences other than those of Proposition 10.1, as well as repeated
shapes, are governed by additional linear equations and only affect lower-order terms. Dividing
by the multiplicities of Table 1 gives
3.9 3% 1 2.3 25 A+12+36+3+1 7

9 T3 T3yt ty 288 36
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which is exactly the leading coefficient 70/360 of the conjectured quasi-polynomial a(n) =
(7T0n* — 69503 + ---)/360 for A391498. Turning this heuristic into a proof, and obtaining the
lower-order terms, requires counting the tilings of each type with pairwise distinct pieces (by
inclusion—exclusion over the equations “two pieces have the same shape”) and controlling the
non-generic coincidences; this is the next step towards a proof of the conjectured generating
function.

11 The counting programme

By Theorems 7.1 and 7.2 the shapes of the five pieces of a 5-tiling are given by explicit formulas
in the parameters of its type. Writing them out, the thirteen types produce only eight different
families of 5-element sets of shapes: types T1, T4, T5 share their formula, so do T6, T9, T11,
and so do T7 and T12 by Proposition 10.1(a). For a pinwheel of a triangle of side m with legs
(uy,ug,us), uy + ug + ug = m, write

P(m;u) = {{m —uz x w1}, {m —ug x uz}, {m — w1 x uz}},

and for a region {b; x u;} of P note that b; — u; = u;42 (indices modulo 3).

Family Types Parameters and shapes
A T1, T4, T5 a,c>1, m=n—a—c, u a composition of m:
{n xa}, {n—axc}, P(m;u)
B T6, T9, T11 a > 1, u a composition of m =n —a, 7, 1 <
h < uy:
{TZXCL}, 'P\{PZ}, {bl Xh}, {bi—hxui—h}
D T2 u a composition of n, ¢ < 5, 1 < h; < uy,
1< hj <wy:
P, and the two splits of P;, P;
S T8 u, 1, h1 + ho + hy = u;:
Pj, Pk, {bz X hl}, {bz — h1 X hg}, {bz — hl —
hg X hg}
C T7, T12 u, i, 1l <p<uso—1, p<c<u
Pj, Py, {bi —p xu;}, {cxp}, {u; —c+pxp}
A\ T13 u, i, f1 < P < B3 with 6, > u; + 1 and
Z/B'r = b; + uy:
]Dj’ Py, {ﬁr X ul}
F T3 1<y <wv,w>1, wt+tv <u<n-—1,
P =1u— v

{uxvi}, {n—vi xw}h {n—pxn—u}, {n—
w—vyxp—w}, {u—v —wxvy—v}

A T10 1<p<m<pB<n—p—1
fmx ), {8 x m}, {n—Bx i}, {n—mx -
m+pt, {n—B+m—2uxn— 3 —pu}

Thus a(n), the n-th term of A391498, is the number of elements of AUBUDUSUCUVUFUA
whose five shapes are pairwise different. Generating all these sets for n < 24 reproduces the
terms of A391498 exactly; this is a verification of the classification that uses no geometry at all.

Two experimental facts organize the count (both checked for all n < 63, resp. n < 40):
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(i) Disjointness. The only families that meet are D, S and F. Writing Eps, Epr, Esp, Epsp
for the numbers of sets lying in exactly those families,

a(n) = Z |F| — Eps — Epr — Esr — 2EpgsrF. (7)
f

(ii) Fibres. The number of parameter tuples with five different shapes that produce a given
set is 3 for A, V, 6 for C and 1 for F and A; for B, D, S it is 3 except for finitely many
accidental coincidences per n (the quotient tuples/sets is 3.003 for n = 40).

The fibres of A, V, B, D, S come from the cyclic rotation of (u,), and the extra factor 2 for C
from the involution of Proposition 10.1(a).
Lemma 11.1. For every n,

6

|A|=:1;[(nll> “X -1, e 2 A" = (EE e

j=1

Proof. In a set of the family A the shape with long base n is unique, since n — a < n and the
bases of P(m;u) are at most m — 1 < n — a; so a is determined by the set, and then so are ¢
and m = n — a — ¢, and the three remaining shapes are those of P(m;u). Two shapes of the
set coincide only if u; = ug = ugz: indeed {m — ug x u1} = {m — uz x ug} forces ug = usg and
u; = ug, and similarly for the other two pairs. Conversely, the multiset P(m;u) determines
(u1,u2,us) up to a cyclic rotation: the multiset of legs is {u1, ua,us}, and if the u, are pairwise
different, the two cyclic classes of a multiset give different multisets of pairs, because the shape
with leg uj is {m — u2 X u1} in one and {m — uz X w1} in the other; if two of the u, are equal
there is only one cyclic class. Hence the tuples (a, ¢, u) with five different shapes fall into orbits
of exactly three elements under the rotation of u, and |A| is a third of their number. Finally,
the number of tuples is (”4_1) (compositions of n into five positive parts), of which those with
up = ug = ug, i.e. with m =0 (mod 3), number > .-, (n — 3j — 1);. The generating function
follows from ), ("Zl)x” =2%/(1—z)%and 3 > j(n—=3j—1)1a" = ?/(1-2%)(1—-2)?). O

Lemma 11.2 (family A). Write (z)+ = max(x,0). For every n,
Al :; <n_ 12—2a> ~ (L(n—21)/2j> _;(n_gu_ De—131n](3-1) + | 2.

Proof. Let Py,...,Ps be the five shapes in the order of the table. Putting u = a, m = u+ b,
f=m+cand d=n—p—1— [ identifies the parameter set with {(a,b,c,d) : a,b,c > 1, d >
0, 2a+b+c+d=n—1}, which has Za21 ("71272“) elements. Comparing the shapes pairwise,
the only possible coincidences are

Ph=P; < B=n—m, P=P < [f=n-—2u,
Phb=P < f=n—-m,n=3m—u, Po=P; < f=n—m—pu, n=3m,
P3=P < m=2u, f=n—2u, Py=P <= B=2m—2u, n=3m—2u,

whereas P = P, P, = Py, P, = Py and P3 = P4 contradict u < m < . The loci of P, = P, and
of Py = P;5 are contained in the locus § = n—m, and that of P3 = P5 in the locus = n—2u; so
the union of the six is the union of {f =n—m}, {8 =n—2u} and { =n—m — pu, n=3m}.
On the first one the constraints reduce to 1 < u < m < n/2, which gives (L(”_zl)/zj) points; on
the second to p > 1, p < m < n—2pu, which gives > (n—3p—1)4; the third is non-empty only
if 3 | n, and then m =n/3 and 1 < p < n/3. The first two meet exactly when m = 2u < n/2,
in | (n—1)/4| points, and the other intersections are empty. As the fibre is 1, |A| is the number
of triples whose five shapes are different. ]
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Lemma 11.3 (family C). Write s = u;, j = uijt1, k = u;12, so that the five shapes are {s+jxj},
{j+kxk}, {s+k—pxs}, {ecxp}and{s+p—cxp}, withl <p<k—1andp<c<s. Two
of them coincide exactly in the four cases
Ei: 2c=s5+0p, Eo: s=j5=k, Es: j=s, p=k—s, Es: k=s, p=s—j,
of which the last three are pairwise disjoint, and
6|C|=3(T — Ey— Ey — E3 — Ey+ Iy + Iz + I14)
with, all sums being over the compositions n = s+ j + k,
T = #{(a,7,0,e,7) >0: 2a+~y+d+e+n=n—6},
:Z#{p:l <p<min(k—1,s—2), p=s (mod 2)}, Ey=[3] n](n/3_1>,

2
Es = Z (4s—n—1)4, E, = Z(n—2s—1)+,

1<s<(n—1)/3 s>n/3
Io=[3nl#{1<p<B—2:p=12 ()},
Ly =[2]nl#{s: [ <s < %57 ]), La=[2]n]#{s: ["H] <s <[22}

Proof. The pairs of shapes that can coincide are found as in Lemma 11.2; the two shapes with
leg p coincide iff 2¢ = s + p, the two pinwheel pieces iff s = j = k, and {s + k — p X s} equals
the first or the second pinwheel piece iff E3 or E4 holds; all other pairs are impossible because
p<c<sandp <k Puttingp=1l4+a,c=p+1+v,s=34+a+7+6 k=2+a+c¢
and j = 1 4 n identifies the parameters (for a fixed i) with the solutions counted by 7. On
E1 the value of ¢ is determined by p, and p < ¢ < s is equivalent to p < s — 2; on E3 one has
j=s8k=n—2s,p=n—3s and c ranges over s — 1 —p = 4s —n — 1 values; on Ey, k = s,
j=n—2s, p=3s—mn and c ranges over n — 2s — 1 values; on Es the pair (p,c) is free. The
three intersections E; N E, are computed in the same way, and Eqo, E3, E4 are pairwise disjoint

because each pair of them forces p = 0. The factor 3 is the number of indices 7, and the fibre is
6. O

Lemma 11.4 (family V). Let d(N) = #{(a,b,c) > 0:3a+2b+c = N} and, for K,v > 0, let
e(K,v) be the number of sets of three different non-negative integers with sum K one of which
isv. Then
V| = Z [d(kz—s—ﬁ)—[j:s]e(k:—s—37 s—l)]
s+j+k=n
k>s+3

Proof. For a fixed index i the three pieces of the divided region are {8, x s} with 3, > s+ 1 and
B1 4 Bo + B3 = 2s + k; writing 5, = s+ 1+ ~,, the v, are non-negative with sum K =k —s—3
and they must be pairwise different, since equal 7’s give equal shapes. Ordering v; < 72 < 73
and putting y1 = a, 72 =71 + 1+ b, 73 = 72 + 1 + ¢ shows that there are d(K — 3) such sets.
The two remaining shapes are {s + j x j} and {j + k x k}; they are different from each other,
and {5, x s} = {j +k x k} would force k = s, which contradicts k > s+ 3. The only remaining
coincidence is {8, x s} = {s+ j x j}, which holds iff j = s and 8, = 2s, i.e. 7 = s — 1; this
removes e(K, s — 1) of the sets when j = s. Finally the fibre is exactly 3: as k > s+ 3, the leg s
occurs at least three times among the five legs and k does not equal s, so the three pieces of the
region are determined unless j = s; and if j = s, replacing one (3, by the base 2s of {s+ j x j}
would force the discarded shape {3, x s} to play the role of {s+j' x j'} with j = s, i.e. 8, = 2s,
which has just been excluded. Hence the three rotations of (u,7) are the only tuples giving the
same set, and summing over ¢ and dividing by 3 gives the statement. O
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Proposition 11.5 (composition coordinates). In the families A, B, D, S and F the parameters
can be written as a composition n = x1 + - - - + x5 into five positive parts in such a way that the
legs of the five pieces are exactly x1,...,xs5, while their long bases are the linear forms of the
following table (where m = x5 + x4 + x5):

leg x1 leg xo leg x5 leg x4 leg x5
A n n—x m—T4 M—Ts m — I3
B n n—x1—T3 To+xT3 N—T]—To T3+ Ts
D n—x3—24 x99+ x5 n—rs MN—T3—Ty N —T] — T2
S n—uxy n—=T,—T4 X3+Tz N —ITs T4+ x5
F n—ux5 To + T4 n—x4 T4+ Ts n— T3 — T4

In A the three cyclic rotations of (x3,x4,x5) give the same set; in B, D, S and F the composition
1s 1n bijection with the tiling. In all five cases the number of tuples is (nll).

In the next three lemmas we write Ny = #{(x,y,2) > 1 : ax + by + cz = n} and Ny, =
#{(z,y) > 1:ax + by =n}.

Lemma 11.6 (family F).
n—1
|F‘ = < 4 ) — 2N311 — 2N331 — 2N321 —N322 +2[6 ’ n] + [5 ’ n]

Proof. In the coordinates of Proposition 11.5 two of the five shapes of F coincide exactly on one
of the seven loci

(1) 1 = z3 = =5, (2)z1 =25 =23+ 24, (3) 21 =124, T5 =11 + T2 + 73,
(4) z1 =23+ 24, x5 =3, (B) o5 =x4 =1 + 22, (6) x5 = 22, T4 = 21 + T2,
(7) ©2 = x4 = x5,

which are the loci of S7 = Sy, S1 = S3, §1 = Sy, So = S3, S3 = S4, S3 = S5 and Sy = S5
respectively, the three remaining pairs being impossible. Eliminating the two equations of each
locus expresses n as 3x+y+z, 3x+3y+z, 3x+2y+22, 3z+2y+z, 3x+3y+2, 3z+2y+2z and x+3y+
z in three free positive variables, whence the cardinalities N311, N331, N322, N321, N331, N321, N311 .
Any two of the seven loci are disjoint except (1) N (6) and (4) N (7), which are the single

point 1 = --- = x5 = n/6 repeated, i.e. each of cardinality [6 | n], and (1) N (7), which is
xry = --- = x5 = n/b, of cardinality [5 | n]; there are no triple intersections. As the fibre is 1,
the statement follows. O

Lemma 11.7 (families B, D, S: tuples). The numbers T, Tp,Ts of compositions whose five
shapes are pairwise different are

n—1
Is = ( 4 >—2N311 — 2N391 — N331 + LnT_lJ’

n—1 n/3—1
TS:< 4 )—2N311—2N321—2N322—[3|n]</2 >+[TJ,

n—1
TD:( 4 )—N311—2N321—N322—2N331—Ds—D8+[3In]<§—1)+2N34+2N32,

where D3 =3 3, oy ap>1(@+b—1) and Ds = 3" (0 — 1), the sum being over [(n+1)/3] <
o< (n-1)/2) )

Proof. As in Lemma 11.6: in each family the pairs of shapes that can coincide give five, eight
and seven loci respectively, each of them defined by two linear equations, and eliminating them
writes n as a positive combination of three free variables. For B the only non-empty intersection
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is {xo = a3 = x4} N{w2 =23 = x5} = {v2 = x3 = x4 = x5}, of cardinality |(n —1)/4]; for S it
is {z1 = x4 = x5} N {3 = x4 = x5}, of the same cardinality; for D the non-empty ones are four,
of cardinalities [3 | n](n/3 — 1), N43, N34 and, three times, N3g, the last three loci meeting in
a common set counted once, which gives the stated +2N32 (note Nyz = N3y). ]

Lemma 11.8 (families B and S: identifications). Two different compositions give the same set
precisely in the following cases, and then in pairs: in B, on the locus x3 = x4, xo = x5, the
compositions (x1,x2,x3, x4, x5) and (x1,x3, T2, T5,x4); in S, on the locus x3 = x4, x1 = T35, the
compositions (x1, T2, x3,T4,25) and (x3,x2, 1, T5,24). Consequently

Bl=Ts—E  [S|=Ts—E. E:;KL(n—;)/zJ)_hl”

Proof. On the locus of S the composition is (z1, z2, 3, z3,z1) and the five shapes are {n — x3 x
x1}, {n—x1—x3x a9}, {r1+x3 %23}, {n—21 X 23} and {x1+x3 X 1}, which is symmetric under
x1 <> x3; the two compositions are different exactly when x1 # x3. Since n = 2x1 + z9 + 2z3,
the number of points of the locus is (L("_Ql)/ QJ) and the number of fixed points of the involution
is [(n —1)/4], whence E. The case of B is identical. That there are no further identifications
was verified for all n < 40. ]

Proposition 11.9 (identifications and intersections). In the coordinates of Proposition 11.5,
two compositions of the same family give the same set, or a composition of one family gives the
same set as a composition of another, exactly on the loci listed below; each of them is cut out by
two linear equations, so it is two-dimensional once n is fized.

pieces loci

F with itself none
B with itself x3 = x4, 2 = x5
S with itself x3 = x4, x1 = x5
D with itself x3=x1 4+ x2, x5 =21 +x4; X3+ T4 =121+ To, T5 =11 + Ta;
To = X3+ T4, T3+ T5 =T1 + T2, X9 =23, T1 =T5, L2 =2T3, Tq =I5

D and S T3 = X1 + T9 with x5 = x1 + 9 + x4, with x4 = x5 or with x5 = x1;
To = x3 + T4 with T5 = x1 + T2, wWith x4 = x5 or with r5 = x1;
T4 =25 =T+ X2, T1=2x3+Tyg, Tz =21

D and F T1 =X3+ T4, Ty =T5; T4 =11+ X2, T5 =T

Sand F T4 =X, T5 =21, T4=2T5=To, T4=2T3, T5= X2

The loci were obtained by solving, for each of the 120 permutations of the five parts, the linear
system expressing that the two compositions have the same five shapes, and discarding the sys-
tems without solutions having all parts positive or on which the permutation acts trivially. The
resulting description reproduces the enumeration for every n < 63 (and, for the identifications
of D, for every n < 22).

That the family F admits no identification is exactly the statement that its fibre is 1, used
in Lemma 11.6; for B and S one recovers the loci of Lemma 11.8.

Lemma 11.10. The number of sets belonging to both D and F is
IDAF| = 2N32; — [3] n](g - 1).

Proof. The two loci are {x1 = z3 + 24, 4 = x5}, on which n = z9 + 223 + 324, and {x4 =
x1 + xa, 5 = x1}, on which n = 3z 4 2x5 + x3; each therefore contains N32; points, and they
are disjoint because together they force zo = 0. No point of either locus has two equal shapes,
and two points give the same set exactly [3 | n](n/3 — 1) times. The equality was checked for
every n < 63. O
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Lemma 11.11. The union of the three loci of S and F contains 2Nag1 + Niz1 — 2[(n — 1) /4]
compositions.

Proof. On the three loci n equals 2z1 + 2x9 + x3, 1 + 3x2 + x3 and z1 + 229 + 223 respectively,
which gives Naoo1, N131 and Nooj points. The first and the second meet where x1 = 22 = x4 = x5,
and the second and the third where x9 = x3 = x4 = x5, each of these being |(n — 1)/4] points;

the first and the third meet exactly at the point 1 = --- = x5 = n/5, which lies on all three, so
it is added back once. O
Remark 11.12. The point 1 = - -+ = x5 = n/5 appears twice in this section: it is the intersection

(1) N (7) of the loci of Lemma 11.6 and the triple intersection of the loci of Lemma 11.11. It
produces the terms [5 | n] of |[F| and of |S N F|, which are the only terms of those two pieces
whose generating function has a denominator divisible by 1 — z°. The third piece with the
cyclotomic factor 1+ x + 22 + 23 + 2% is |V|, where the period 5 comes from a different source:
the condition 5s < n—1 in the correction term e(k —s—3,s—1) of Lemma 11.4, which removes
the sets in which one of the three shapes {3, x s} equals the pinwheel shape {s+j xj} = {2sx s}
(the case j = s). So the period 60 of A391498 is produced by the families F and V alone, and

not only by the configuration with five equal parameters.

Lemma 11.13 (SNF). Writing Ngy = #{(z,y) > 1: ax + by = n},
S NF| = 2521 + Nigi — 4| 28| = Nog + 2[5 | n].

Proof. By Lemma 11.11 the three loci contain 2Na21 + Ni3; — 2| (n — 1)/4| compositions. Two
shapes of such a composition coincide only on {z; = 29 = 24 = x5} U {x2 = 23 = 24 = x5}: on
the first locus the only possible coincidence is between the shapes with bases n — x4 and n — x5,
which needs 1 = x2; on the second these two and the shapes with bases x3 + x5 and x4 + x5
can coincide, which needs x1 = xo or xo = x3; on the third only the latter. Each of the two sets
has [(n —1)/4] points and they meet in the point z; = --- = x5 =n/5,s02|(n—1)/4] —[5 | n]
points are removed. Finally, two of the remaining compositions give the same set exactly when
they lie on the identification locus {x3 = x4, x1 = x5} of S of Lemma 11.8, whose intersection
with the three loci is {zxe = x3 = x4, 21 = 25} U {x1 = 29 = x5, x3 = 24}, with 2No3 — [5 | n]
points; discarding the all-equal one, which has already been removed, this gives Nog — [5 | n]
identified pairs. O

Lemma 11.14 (triple intersection). Epgrp = 2N34.

Proof. Intersecting the eight loci of DN'S with the two of DNF leaves only two non-empty ones,
namely {x1 = x9 = x3+24, 4 = x5} and {x3 = x4 = 21+ 22, 5 = 1}, on which n = 3x3+4z4
and n = 4x1 + 3x2 respectively. They are disjoint, no point of them has two equal shapes and
no two points give the same set. O

Since Epr = |DNF|— Epsr and Esr = [SNF| — Epgr, Lemmas 11.10, 11.13 and 11.14 settle
three of the four intersection terms. For the remaining family we record the following.

Lemma 11.15 (the loci of D). On the five identification loci of D listed in Proposition 11.9, n
equals respectively

3x1 + 220 4+ 24, 3x1+ 3x0, 221 + 2134 314, 221+ 2T0 + T4, X1+ 210 4 224,

so they contain N3z, [3 | n](n/3 — 1)%, Nsga, Nao1 and Nag1 compositions. No point of their
union is fixed by the corresponding permutation, so that |D| = Tp — %(!Ll U---ULs|—p), where
p counts the points of the union with two equal shapes.
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Lemma 11.16 (D: identifications). The five loci of D are pairwise disjoint except for LyN Ly =
{z1 = x4 = x5, o = w3}, which has Nsg points, and the points of their union with two equal
shapes form the four disjoint sets

{71 =24 = 25, T2 = 73}, {72 = 24, 23 = 15 = 71 + 72},

{z1 =23, 2 =25 = 1 + 24}, {z1 =23, 2 =24, x5 = 21 + 22},

of N3g, N34, N34 and [3 | n](n/3 — 1) points. Hence

n/3—1
’D|_TD—N322—N221+N32+N34—[3|”]< /2 )

Proof. By Lemma 11.15 the union has 2N320+[3 | n](n/3 —1)2 +2Ng2; — N3o points. Removing
the N33 +2N34+[3 | n](n/3 —1) points with two equal shapes and halving, which is legitimate
because no point is fixed by its permutation, gives N3aa + Nogoi — N3a — N3g + [3 | n](”/gfl)
identified pairs, and this is what must be subtracted from Tp. O

Lemma 11.17 (DNS).

n/2—1 n n/2—1
’DﬁS|=2N332+2N331+2N321+2[2\n}( /2 )—4[4|n](4—1)—4[2|nw /2 J—N34.

Proof. On the eight loci of Proposition 11.9, n equals 3x1 + 3x2 + 2x4, 221 + 323 + 314, 321 +
3xg + x3, T1 + 2w3 + 3w4, T2 + 323 + 314, 2(T1 + T3 + X4), 2(x1 + T2 + 24) and 3z + 2x9 + 4,
so that they contain N3z, N33, N3z1, N3o1, Nisi, [2 ’ n](”/%_l), [2 | n](”/g_l) and N3op
compositions. Of the twenty-eight pairs only four meet: the third with the seventh and the
fifth with the sixth, in {z3 = x4 = x5 = 21 + 22} and {z1 = 22 = ©3 + x4, x5 = 21}, with
[4 ]| n](n/4 — 1) points each; and the fourth with the sixth and the seventh with the eighth, in
{z1 =24 = x5, ®2 = w3+ x4} and {21 = x4 = x5, x3 = 21 + x2}, with [2 | n]|[(n/2 —1)/2]
points each; there is no triple intersection. These same four sets are exactly the points of the
union having two equal shapes. Finally two compositions of the union give the same set exactly
when they lie on an identification locus of D, which occurs on {ze = x3, x1 = x2 + x4, T5 = 71}
and {z2 = x3, x4 = x1 + T2, T5 = x4}, .e. in N34 pairs. O

Theorem 11.18. With the twelve terms given by Lemmas 11.1, 11.2, 11.8, 11.4, 11.6, 11.7,
11.8, 11.10, 11.13, 11.14, 11.16 and 11.17,

a(n) = [Al+ [B] + [D| + [S| + [C[ + [V| + [F| + |A| = [DN S| = [DNF[ = [SOF| + Epsr,
and this closed expression equals the generating function conjectured for A391498.

Proof. The displayed identity is (7) rewritten by means of Epg = |D N S| — Epgp and the two
analogous equalities. Each of the twelve terms is a finite integral combination of ("Zl), of the
quantities Ngp. and Ngp, of binomials in |n/d| and of periodic terms, hence has a rational
generating function whose denominator divides D(z) = (1 — z)?(1 — 22)2(1 — 23)3(1 — 24)?(1 —
25)(1—25), of degree 37; the conjectured generating function has the same property. Two power
series P1/D and P,/D with deg P; < 60 which agree in their first 127 coefficients are equal, and
the first 127 values of both sides do agree (script formula.py). As a further check, the closed
formula agrees with the conjectured generating function up to n = 200, and D(z) )", a(n)a”
has no non-zero coefficient between x3® and 22%° (script verify_formula 200.py). O

Remark 11.19. The proof of Theorem 11.18 rests on three statements that were established by
computation rather than by hand: the list of families and their shape formulas (Proposition 11.5),
obtained from the classification; the fact that among the eight families only D, S and F meet
(checked for every n < 63); and the completeness of the lists of loci of Proposition 11.9, obtained
by solving the 120 linear systems attached to the permutations of the five parts and discarding
those without admissible solutions. Everything else is elementary counting.
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All these formulas, together with Lemma 11.1, were checked against the enumeration for
every n < 63 (for C, B, D and S, against the number of parameter tuples up to n = 40); the
scripts are lemmas . py, collisions.py and excess.py. Seven of the twelve pieces of (7) are now
given by closed formulas, all of which were checked against the enumeration for every n < 63,
and their combination reproduces A391498 for every n < 127 (Theorem 11.18).

For all twelve pieces we have determined the generating functions numerically: each was
fitted as a rational function using the terms up to n = 45 and then verified against the terms up
to n = 63 (the data were produced by families.c, which generates the eight families directly
from the formulas of the table above). They are

A -
(1—2)5(1+x + a?)
B 27(6 + 14z + 2322 + 2223 + 112* + 22° — 625)
(1—2)°(1+2)2(1 +22)(1 + = + 2?)?
D| 29(1 + 52 + 1922 + 3523 + 59z* + 562° + 512° + 927 — 228 — 1727)
(1—2)5(142)2(1 + 22)(1 + x + 22)3
S| 27(5 + 21z + 4022 + 6223 + 552* + 3827 + 626 — 327 — 829)
(1=2)pP+2)?(1+22)(1+a+a?)?
| 27(1 4+ 27 + 522 + 623 + 821 + 825 + 820 + 927 + 428 + 529 — 2210)
(1—2)(1+2z)2(1+22)(1 -2+ 22)(1 +z+2?)3
v 2101 4+ 2 + 22 + 323 + 22 + 42% — 227)
1—2)P1+2)21+22)1—z+22)1+z+22)(1+z+ 22+ 23+ 24)
7| 29(1 + 37 + 1422 + 2323 + 302* + 312° + 372% + 2327 + 1428 + 72 — 321)
(1—2)5(1+2)2(1—-2z+22)1+2+22)2(1 + 2+ 22 + 23 + %)
Al 27(2 4 62 + Tz? + 1123 + T2* + 329)
(1—2)'(1+2)(1+2?)(1 + 2z +22)?
g z7(1 4 8z + 2222 + 4523 + 632 + 642° + 4225 + 1927)
(1 =221 +2)%(1 +2%)*(1 + x + 2°)?
Epp 25(1 + 422 + 223 + 52%)
(1—2)3(1+2)(1 +22)(1 + x + 22)2
o 227(1 + 2z + 222)(1 + 2z + 222 4 223 + 324)
1—-2P14+z)2Q+22)(14+z+22)(1+z+ 22+ 23 +24)
7
Epsr 2

1—220+2)(1+2)(1 +2+22)

Proposition 11.20. The combination (7) of these twelve rational functions is identically equal
to the conjectured gemerating function of A391498,

28 N(2)
(1—2PA+2)PQ+22)201 —z+22)(1+ 2+ 22)3(1 + 2 + 22 + 23 + 24)’
where
N(z) = 2 + 22z + 10522 + 30023 + 678z + 12162° 4 188725 + 251027 + 296125
+ 30742° + 2816210 4 22642 + 1522212 + 846213 + 28121
— 22" — 1472 — 102217 — 73218,
Proof. A computation with exact rational arithmetic (fit_families.py). O
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Remark 11.21. The factor 14z +22 +23 +2*, which is responsible for the period 60 of the quasi-
polynomial of A391498, occurs in exactly three of the twelve pieces: |V|, |F| and Egp. These
come from the forms (V) and (F), that is, from the two configurations of Theorem 7.2 which
cannot be obtained from a 4-tiling by the operations of A389392 (Remark 8.1(2)). Without
them the period would be 12, as it is for A389392.

Consequently, a proof of the conjectured formula for A391498 is now reduced to the two
statements that remain — the identifications of the family D (Lemma 11.15) and the term Epg,
for both of which Proposition 11.9 provides the explicit loci — of the same kind as Lemmas 11.1—
11.8: for each family, the number of parameter tuples with five different shapes is an explicit
count of lattice points in a polytope of dimension 3 or 4, to be corrected by an inclusion—exclusion
over the (finitely many, explicit) linear equations expressing that two of the five shapes coincide,
and then divided by the size of the fibre. The same applies to the four intersection terms, whose
defining equations state that a set admits two different descriptions. All of these are elementary,
and the numerical generating functions above tell us in advance what the answer must be.
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