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Splitting a Polynomial into Linear Factors after an
Injective Ring Extension

GPT-5.5, with prompting by Darij Grinberg
September 28, 2026

Abstract. We show that each univariate polynomial P = pg + p1 X + --- +
pmX™ € R[X] over a commutative ring R can be factored into linear factors
over a suitable commutative ring extension S of R. The proof proceeds by
universal construction: S is defined as the tensor product R ®¢, B,,, where
By, is the polynomial ring Z|ay, by, ag, b, .. ., am, by], and where C,, is its sub-
ring generated by its “homogenized elementary symmetric polynomials” E, =
Yoicm): [ ies @i HZW b; for all 0 < r < m. The injectivity of the structure homo-
|I|=r

morphism R — S is deduced from a combinatorial study of the diagonal subring
of B,,. In the process, a homogeneous variant of the Garsia—Stanton basis is con-
structed, and some classical properties of symmetric polynomials are recovered.

Manifest. This is an answer to https://mathoverflow.net/questions/429134,
generated by GPT-5.5 with significant shepherding and editing (using GPT-5.6
Sol in the final stages). I still intend to write up this argument in my own words
and possibly extend it to an expository paper due to its many connections to
algebraic combinatorics.*

All rings in this note are commutative and unital, and all ring homomorphisms preserve

the unity.
A small notational warning: if 1, 2o, ...,y are indeterminates, then Z[xq, xo, ..., zx]
denotes a polynomial ring. If uy, us, ..., uy are elements of some ring B, then Z[uy, us, . .., uy] C

B denotes the subalgebra generated by these elements. Such a subalgebra need not be a
polynomial ring unless this is proved.

1 The universal splitting map is split
Fix a positive integer m. Set

Bm = Z[ala b17a27b27 coey G, bm]7

!This work is in the public domain.
I thank Victor Reiner and Brendon Rhoades for help with finding precedents in the literature. —Darij
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the polynomial ring in the 2m indeterminates aq, by, as, b, . .., am, b, over Z. For each subset
I C[m]:=1{1,2,...,m}, define the monomial

Z]:H(IiHbi € B,,.

il igl
For 0 < r < m, define
ET = Z Z7r.
IC[m];
T|=r
We refer to these polynomials Ey, E1, ..., E, as the homogenized elementary symmetric

polynomials. For example,

Ey =25 = biby -+ - by

E1 = ZZ{Z} = a1b2b3 L bm + b1a263 ce bm + b1b2a3 ce bm + -+ blbg L bm_lam;
=1

FEy, = Z Z{i gy = Z biba + - bi—1a;bip1biqo - bjflajijrlijrQ b

1<i<j<m 1<i<j<m
T
Ep = 2pm) = a1a - - - apy,.
We observe the following:

Proposition 1.1. We have

Z E; X7 = H(%«X +b,) in the univariate polynomial ring B,,[X]. (1)

7=0 r=1

Proof. This is a homogeneous form of Viete’s theorem. The proof is easy: Multiply the right
hand side and collect terms with like powers of X. ]

Let
Cm = Z[Eo, E17 e 7Em] g Bm

At this point, C,, means the subalgebra of B,, generated by Ey, F1, ..., E,,. Lemma 1.3 will
show that this subalgebra is actually a polynomial ring over Z on these generators.
The main claim is the following.

Theorem 1.2 (splitting theorem). The inclusion
Cy, — B,
is split as a C,,-module homomorphism. Equivalently, there is a C,,-linear map
p: B, — Cp,

whose restriction to C,, is the identity.

The proof of this theorem will be delivered at the end of Subsection 1.5.
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1.1 Algebraic independence of the E,’s

Lemma 1.3. The elements Ey, E1, ..., E,, are algebraically independent over Z. Hence
Cm - Z[Eo, EI17 e ,Em]

is a polynomial ring over Z on the displayed generators.
We will give one proof of this lemma now, and a different one later on.

First proof of Lemma 1.5. We will use the theory of monomial orders ([4, §2.2], [5, §1.1]).
If a monomial order has been chosen in a polynomial ring, then LT(f) denotes the leading
monomial of a nonzero polynomial f, not including its coefficient. For a monomial M and a
variable x, we write v, (M) for the exponent of = in M.

Choose any monomial order on B,,. For each r, write

LT(E,) = 21,

for some r-element subset I, C [m].
We claim that
Iycl C---Clp.

Indeed, suppose that I, I, for some 0 < r < m. Choose

M Ir \ Ir+17 RS Ir+1 \ Ir-

Put
L= LA\ {zp) Uy}, L= (L \{y}) U{z})
Then
AL 2Ly = ALAL,, -
But z;, > 2 and z;,, > 2., by the definition of the leading monomial. Multiplicativity
of the monomial order gives

Z]TZ[

1 > zZrRr

r+1’
a contradiction to the previous equality. This proves the claim.

A chain with one r-element set for each r is obtained by adding the elements of [m] in
some order. Relabeling the indices 1,2,...,m, we may therefore assume

I, ={1,2,...,r} for all 0 <r < m.

Hence
LT(E,) = M, := ajas - abry1bpyo - - by,

For® k = (ko, k1, ..., ky) € N™™1 the leading monomial of

E*:= E{’E{* - EMm

We set N:={0,1,2,...}.



is therefore
M* .= MEop . MEm,

The exponents of the variables in M* determine k: namely,
kO =y (Mk)7

ki = Vo, (M¥) — vy, ((M*) (1 <i<m),

and
= U, (M").

Thus the monomials M¥ are pairwise distinct. Therefore the elements EX are Z-linearly
independent, since each has a distinct leading monomial with coefficient 1. This proves
algebraic independence. O]

Remark 1.4. The proof of Lemma 1.3 was written so that it works with any monomial
order. If one only wants a quick proof of algebraic independence, one can instead choose a
specific lexicographic order, for example

QL > Qg > > Ay > by >by>--->b,,.

Then
LT(E,) = aras - - - ayby1brgo - - by

immediately, and the distinct-leading-monomial argument for the products E(’fo o Bk goes
through without the preliminary chain argument.

1.2 The diagonal subring and chain monomials
Give B,, the Z™-grading determined by
dega; = degb; = ¢,
where €1, €9, ..., &, is the standard basis of Z™. Let
§=(1,1,...,1) e Z™.

Each z; and each E, has multidegree §. Define the diagonal subring

Am = @(Bm)m%

n>0

where (B,,), denotes the y-th degree component of B,,. This is a subring of B,,, because
the product of two homogeneous elements of multidegrees nd and n'd is homogeneous of
multidegree (n + n')d.
A monomial of B,, is called diagonal of diagonal degree n if it has multidegree nd. Equiv-
alently, it has the form
H aliprh
i=1
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for a uniquely determined vector
h = (hi,ha,...,hyn) € {0,1,...,n}™.

This vector h is called the height vector of the diagonal monomial, and its entries h; are
called the heights of the respective labels 2. Thus

hi = Val. (M)

for a diagonal monomial M of diagonal degree n (where v, (M) denotes the exponent of a
variable = in M); equivalently, the exponent of b; in M is n — h;. Clearly, the diagonal
monomials (of all diagonal degrees n) form a basis of the Z-module A,,.

A chain monomial will mean a product

211212 e 2T

n

where the subsets Iy, Iy, ..., I, form a multichain under inclusion (i.e., any i and j satisfy
I, C I; or I; C I;). Since the ring is commutative, the order of the factors is immaterial.
When convenient, we write such a monomial in the form zj, 2y, - - - 27, with

]ng[n—l g gll
Note that n = 0 is allowed.
Lemma 1.5. The subring A,, is generated, as a Z-algebra, by the 2™ monomials

Moreover, the chain monomials are precisely the ordinary monomial basis of A,, written in
this generating set. In particular, they form a Z-basis of A,,.

Proof. Each z; has multidegree 9, so the subring generated by the z;’s is contained in A,,.
Conversely, consider a monomial of multidegree nd. Such a monomial has the form

Ha?"b?_hi
i=1
for a unique vector
h = (hi,ha,...,hpn) €{0,1,... ,n}™.
For each s € {1,2,...,n}, set
I,(h) ={i e m]|h; > s}

Then
L(h) € Lua(h) € -+ € L(h)

and

n m

h;1n—h;
Hzls(h) = Hailbi v
s=1 i=1
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Thus every diagonal monomial is a chain monomial in the z;’s. Conversely, every chain
monomial is visibly a diagonal monomial.> The ordinary monomials in the a;’s and b;’s
form a Z-basis of B,,, so the diagonal monomials form a Z-basis of A,,. Hence the chain
monomials form a Z-basis of A,,. O

We shall also use the elementary straightening identity

ZIZ] = ZInJ 210 (I,J C [m)), (2)

which holds directly in A,,, since both sides have the same exponent of each variable a; and
b;.

Remark 1.6 (Hibi-ring context, not used in the proof). One standard way to package
Lemma 1.5 and (2) is by introducing the polynomial ring

and the ideal J,, generated by

Yrys — Yinsyrug (I,J C [m]).
Then the map
Tm/Jm —>Ama Yr — 2y,

is an isomorphism. This is the Hibi ring of the Boolean lattice 2!™); see Hibi [8]. We shall
not need this presentation below.

1.3 A bijection between monomials and pairs of permutations and
tuples

Recall that the symmetric group S, consists of the permutations of [m] := {1,2,...,m}. We

write permutations in one-line notation; for example, 31524 or (3,1,5,2,4) is a permutation

in S;5. (We shall occasionally omit commas and parentheses in this way.) In particular,

12---m is the identity permutation in S,,.
For a permutation m = (71, 7o, ..., Tp) € S, set

Des(m) ={s e {1,2,...,m— 1} | ms > ms41}, des(m) = | Des(m)|.
For 0 < 5 < m, write
Pjﬂ— = {7T1,7T2, Ce ,7Tj},
so that PJ = @ and PT = [m]. Define the homogenized Garsia—Stanton descent monomial

Uyp = H zZpr € A,

s€Des()

3And it is easy to see that distinct chains (I1,Is,...,I,) lead to different chain monomials zy, zy, - - - 21, :
indeed, the length n of the chain is the diagonal degree of the chain monomial, and each exponent h; =
Va, (21,21, - - 21, ) is the number of subsets Iy, I, ..., I, that contain 4, which (because of the chain condition
I, CI,1 C--- C 1) entails that the first h; sets I, I5, ..., I, contain ¢ while the remaining n — h; sets
In,+1,1n,42, ..., 1 do not. Thus, from the monomial zy, 2, - - - z1,,, we can tell which ¢’s lie in which I;’s.
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Thus 9., = 1.
Given 7 € S,, and i = (ig, i1, ..., %m) € N*TL put

i
M7r,i = Ugr H (ZP]F) . (3)
7=0
This is a chain monomial, of diagonal degree
des(m) +ig 4+ i1+ -+ + iy

If h = (hy,he,...,hy) € Z™, then the sorting permutation of h, denoted spr(h), will
mean the permutation in S, obtained by listing the labels 1,2, ..., m in decreasing order of
their heights h;, breaking ties in increasing order of the labels. That is, spr(h) is the unique
permutation 7w € .S, satisfying

hm > h7r2 > 2 hﬂ'm (4)

and

if he, =h then 7y < myiq. (5)

Ts+1)

(This is related to the notion of standardization in combinatorics, but not literally the same;
we use the name “sorting permutation” to avoid confusion.)

Lemma 1.7 (height vector of the distinguished chain monomial). Let 7 € S,, and i =
(i0,1, - -, im) € N™1 Let h be the height vector of the chain monomial M, ;. Then

spr(h) = .

Proof. We analyze the height vector h = (hy, hg, ..., hy) of M. ;. For 1 <s <m, put

di = #{q € Des(m) | g = s}, gs=ts+isp1 4 +im.

The factor u, contributes d to the height of the label 7, while the prefix factors
[l
j=0

contribute g, to the height of the same label. Hence

he=dT+g,  (1<s<m). (6)

The sequence g1, go, . . ., gm 1s weakly decreasing. The sequence d7,dJ, ..., d" is also weakly
decreasing; more precisely,

S

diy =d; ,+1 ifseDes(m), dy =d3,, if s ¢ Des(m).

Thus (6) gives
h7r1 Zh'ﬂQ Z Zhﬂ'm'



Moreover, if s € Des(7), then d} = d,, + 1, whence

hezy > h

Ts41°

If equality hr, = h.,,, occurs, then therefore s ¢ Des(m), so 7, < mspq1. This is exactly
the rule defining the sorting permutation: list the labels in decreasing height, and break
equal-height ties increasingly. Hence spr(h) = 7. O

Lemma 1.8 (labelled-antichain bijection). The map

(m,1) —> My
is a bijection from

{(m,i) | 7 € S, i € N"H}
to the set of all chain monomials in A,,. More precisely, for each n > 0, it restricts to a
bijection from the pairs satisfying
des(m) +ig+ i1+ +im=n

to the chain monomials of diagonal degree n.

Proof. Well-definedness. For a fixed pair (m,1), the sets
PFCPrC-..CPT

form a chain. The additional factors appearing in u, are among the same sets PI. Hence
M ; is a chain monomial. Its diagonal degree is

des(m) +ig 4+ i1+ -+ + i,

since each z; has diagonal degree 1.
Surjectivity. Let a chain monomial of diagonal degree n be given. By Lemma 1.5, it has
a unique height vector
h = (hl,hg,...,hm) € {0,1,...,n}m,

where the monomial is
m
hiin—h;
H a;'b; "
i=1

Let
7w = spr(h)

be the sorting permutation of hA. Thus 7 lists the labels in decreasing order of their heights,
breaking ties increasingly:
h7r1 Zh’ﬂ'g Z >h7rma

and if hy, = hr ,, then my < 7y,
For 1 < s <m, put

d; = #{q € Des(7) | ¢ > s}.



This sequence (d7,d],...,dl) is the “descent staircase” of 7: it drops by 1 exactly at those
s that are descents of 7. Now define

gs = hp, — di (1 <s<m).

S

We claim that

G12922 2 gm 2 0. (7)
Indeed, if s ¢ Des(), then d] = d7,,, and the inequality g > gs41 follows from h, > h,_, .

If s € Des(m), then my > m,yq; by the tie-breaking rule this forces h., > h,_,, whence
hry > he, + 1. Since d] = d7,; + 1 in this case, we again get g, > gs11. Finally, from
dr. =0, we obtain g,, = h,,, > 0. Thus, (7) is proved.
Set
Z-s:gs_gerl (1§S<m)7

Uy = 9Im,

and
ip =mn — des(m) — ¢g1.

The last integer iy is nonnegative, since g; = h,, — des(m) and h,, < n. These formulas
give a vector i = (ig, i1, ...,4,) € N1 since (7) yields that iy,1s,. .., 4, are nonnegative
as well. Moreover, ig + iy + - - - + i, = n — des(m), whence des(m) + i + iy + - - + i, = 05 in
other words, the monomial M, ; has diagonal degree n.

For 1 < s < m, the height of M, ; at the label 7, is

AT + g+ i+ A i

By the definition of the 4’s, this equals d7 + g5 = h.,. Hence M, ; has the same height vector
as the original chain monomial, and it also has diagonal degree n. These data determine a
diagonal monomial, so M ; is the original chain monomial. So our original chain monomial
has the form M, ; for some 7 € S,, and i € N™*!. This proves the surjectivity of the map
in the lemma.

Injectivity. We show that the pair (7, 1) can be recovered from the monomial M, ;. Let h
be its height vector, and let n be its diagonal degree. By Lemma 1.7, the sorting permutation
of h is m. Thus 7 is recovered from the monomial.

Once 7 is known, its descent staircase df is known. Define

gs = hy, —di (1 <s<m).
For the monomial M, ;, equation (6) says precisely that
gs =1s +lsy1+ - + i
Hence the successive differences recover
is=gs—gst1  (1<s<m), i = g

Finally,
iop = n — des(m) — g1,
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because n is the diagonal degree of M, ; and des(m) + g1 = des(w) + i1 + - -+ + 4y, is the
contribution of all factors other than (zpz)™. Thus all entries of i are recovered. Therefore
two different pairs (m,1) cannot give the same chain monomial. This proves the injectivity
of the map in the lemma. O

Remark 1.9 (Stanley’s fundamental theorem on P-partitions). Lemma 1.8 is precisely the
antichain case of Stanley’s fundamental theorem on P-partitions [9, Lemma 3.15.3]. A
function h : [m| — {0,1,...,n} is a P-partition for the labelled antichain on [m|, since
there are no order relations. Sorting h gives a unique permutation 7; the tie-breaking rule
produces the strict inequalities at descents of w. Subtracting the descent staircase d} leaves
an ordinary partition g > --- > g, > 0, whose successive differences are the numbers
11,19, ..., 1,; the number iy records the unused vertical room up to n.

Remark 1.10 (Eulerian identity from the bijection). Comparing cardinalities in Lemma 1.8
for fixed diagonal degree n gives Worpitzky’s identity

(n+ 1) = Z <n—desrfbﬂ)+m>7

Tl'GSm

where the binomial coefficient is interpreted as 0 when n — des(w) < 0. Indeed, the left
hand side counts height vectors h € {0,1,...,n}™, while for a fixed w the number of
(i0, 1y - - - i) € N™* gatisfying ig+- - -+, = n—des(m) is the displayed binomial coefficient.
Equivalently,

2fdes(fr)
> (n+ 1) = Lres, 07 .

_ +\ym+1
= (1 —¢t)mt

Conversely, if one already knows this identity, then in Lemma 1.8 it would be enough to
prove either surjectivity or injectivity for each fixed n; the equality of the finite cardinalities
would force the other property by the pigeonhole principle.

1.4 Triangularity and freeness

Our next goal is to show that the chain monomials M, ; are the leading monomials of the
polynomials u, E; with respect to a certain partial order on diagonal monomials. We shall
now define this order. It is useful to keep in mind that this order is not a monomial order.
It is only an order on the basis of diagonal chain monomials of a fixed diagonal degree; it
does not respect multiplication.

The decreasing rearrangement of any m-tuple h = (hy, ho, ..., hy,) € Z™ is defined to be
the m-tuple ht = (hf > h% > ... > Rt ) that contains the same entries as h but sorted in
weakly decreasing order. For instance, (2,5,2,7)% = (7,5,2,2). We note the following simple
fact:

Lemma 1.11. Let h = (hy, he,...,hy) and k = (ky, ka, ..., ky) be two m-tuples in Z™. If
spr(h) = spr(k) and h* = k¥, then h = k.

Proof. Let m = spr(h) = spr(k). Then, from (4), we see that h* = (hx,, hryy ..., I, ).
Likewise, k¥ = (kyp,,kny, -+, kx, ). Thus, from ht = k¥ we obtain (hq, hny,-- -, he,,) =
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kayykryy - kx, ). Since 7 is a permutation of [m], this gives h; = k; for every label i. Thus

k
h=k. []

Let h = (hy,ha, ..., hy) and k = (k1, ka, ..., ky) be two height vectors with entries in
{0,1,...,n}. Let

W=(ht>hy>--->ht)  and  k=Gk k> >k

-

be their decreasing rearrangements. We say that h* is dominated by k' if
hf+---+h$§kf+---+kq¢ for every g € {1,2,...,m}.

We define the dominance—lex order on diagonal monomials of diagonal degree n as follows.
First compare their decreasingly sorted height vectors by dominance. If these sorted height
vectors are unequal, then the monomial whose sorted height vector strictly dominates the
other is declared to be larger. If the decreasingly sorted height vectors are equal, break ties
by the sorting permutation: the height vector whose sorting permutation is lexicographically
smaller is declared to be larger. Explicitly, two distinct diagonal monomials m and n, with
respective height vectors h and k, satisfy m > n if and only if either

h* strictly dominates k* (i.e., dominates it and is not equal to it),

or else
ht* =k* and spr(h) < spr(k)
(where the < sign refers to lexicographic order of one-line notations). This is a (strict)
partial order?, because dominance is only a partial order. Nevertheless, the leading term
statements below make sense: a monomial is a leading monomial of a polynomial if it is the
unique maximal monomial among the monomials appearing in that polynomial. Not every
polynomial has a leading monomial, but if it does, then this monomial is unique.
For i = (ig, i1, ..,%y,) € N™ put

E; = EPE ... Eim,

Also put
gs:is+is+l+"'+im (1§5§m)
Thus
G12922 2 gm 2 0.
Lemma 1.12 (dominance for terms of E;). Let w = (wy,ws, ..., w,,) be the height vector

of a diagonal monomial appearing in F;. Then
w* is dominated by (g1, ga, .. Gm)-

Moreover, for any permutation p € S,,, the term

m

1 ()"

5=0
of E; has height vector w given by

wps:gs (1§S§m>

41t is easily seen to be asymmetric and transitive.
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Proof. Recall that E; = EXE]"--- Ein where each Fj is the sum of the z,’s over all j-
element subsets J C [m]. Thus, expanding this product, we obtain a sum of terms, each of
which is a product of such z;’s. To be more specific: A term of Ej is obtained by choosing,
for each of the i; copies of Ej, a j-element subset J C [m], and then multiplying the z;’s
corresponding to all the chosen J’s. In the height vector of this term, the height w, is then
the total number of chosen subsets .J that contain z.

Let S be any g-element subset of [m]. Each chosen j-element subset meets S in at most

min(q, j) elements. Hence

D we <) dmin(g, ) = g1+ g2+ + g
€S j=0

Taking the maximum over all g-element subsets S gives the desired dominance inequality.
The final assertion follows directly from the definition of the prefixes Pjp ={p1,p2,...,p;}:

the label pg lies in PJ'-O exactly when j > s, so it is counted i3+ 4511 + - -+ 4, = g5 times. [
Remark 1.13. Lemma 1.12 says, in particular, that the leading term of Fj itself is

I Goe.)”

5=0
with respect to the dominance-lex order.” Indeed, the maximal sorted height vector is
(91,92, ---,9m), and among all terms with this sorted height vector the lexicographically
smallest sorting permutation is 12---m. This is the usual triangularity underlying the
fundamental theorem on symmetric polynomials (see, e.g., [3, §4.3, Proposition 5]), in ho-
mogenized form. The point of the next lemmas is that, after multiplying by u,, the relevant
prefix order becomes my, s, ..., T, rather than 1,2,...,m.

Lemma 1.14 (dominance after multiplying by w,). Let 7 € S,, and i = (ig,i1,... %) €
N™+1 Let h* be the height vector of

i
M; = u,,jl}) <ZPJ7T) .
Let h be the height vector of any diagonal monomial appearing in
ur .
Then h' is dominated by (h*)*.

Proof. Put

ds = di = #{q € Des(m) | ¢ > s}, gs = ls+igp1+ - +in (1 <s<m).

®We have not nailed down the leading coefficient yet. (It is 1, and this is a particular case of Lemma 1.16
below.)
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The factor u, contributes height d, to the label m,. Hence, the height vector h* satisfies
hy =ds+ gs (1<s<m),
and spr(h*) = 7 by Lemma 1.7. In particular,
(W) = (d + g1,d2 + g2y - - -, Ao + Gm)

because dy > dy > -+ > dy, and g1 2> g2 > -+ > g
Now consider the diagonal monomial in u, E; whose height vector is h. Let w = (wq, wa, . .., wy,)
be the height vector of the corresponding monomial in F;. Thus,

hy = d™° + where d7"*" = d

(since (d7™ d3™ ..., d"'P) is the height vector of u,). Let S be a g-element subset of [m].
Since dy > dy > --- > d,,, the largest possible sum of the d-contributions over ¢ labels is
dy +---+d, Hence

Sodrt <dy 4+ d, (8)

€S

By the proof of Lemma 1.12, applied to the same subset S, we also have

€S

Adding these inequalities gives

q

Y ohe <D (it g) =D ()L (10)

€S s=1
Taking the maximum over all g-element subsets S proves the dominance claim. O

Lemma 1.15 (the equality case). Keep the notation of Lemma 1.14. Assume that ht =
(h*)¥. Then
spr(h) >ex 7.
Moreover, if spr(h) = 7, then h = h*.
Proof. Let
o = spr(h).
For g € {1,2,...,m}, set
Sq={01,09,...,0,}.
This is a g-element subset on which the sum of the entries of A is maximal. Since ht = (h*)*,
the dominance inequality (10) in Lemma 1.14 is an equality for S = S,. The two inequalities

(8) and (9) that were added in the proof of that lemma therefore must both be equalities.
In particular,

ng’lab:d1+d2++dq (1§q§m) (]-1>

€Sy
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We now interpret this condition. Decompose the word 7y, 7, ..., 7, into its increasing
6.
runs’:

Ri|Ry|- - | Ry.

The cuts occur exactly at the descents of w. The sequence di,ds,...,d, is constant on
each run and strictly decreases when we move from one run to the next. Thus the labels
in R; have the largest d-value, the labels in R, have the next largest d-value, and so on.
Equation (11), for all ¢, says exactly that the first ¢ entries of o always choose ¢ labels with
largest possible d-sum. Consequently, o must list all labels of R; before all labels of Rs, all
labels of Ry before all labels of R3, and so on. Indeed, if a label from a later run occurred
before a label from an earlier run, then for a suitable ¢ the set S; would contain the former
but not the latter; replacing the former by the latter would strictly increase the left hand
side of (11), a contradiction.

Thus o is obtained from 7 by permuting entries only inside the increasing runs of .
Each such run is already written in increasing order, and increasing order is lexicographically
smallest among all orderings of the same set of labels. Therefore

o Zlex .

Finally, if spr(h) = 7, then h and h* have the same decreasing rearrangement and the
same sorting permutation. Thus, Lemma 1.11 yields h = h*. O]

Lemma 1.16 (coefficient of the top contribution). Let 7 € S, and i € N™"'. In the
expansion of u, E;, the monomial M ; appears with coefficient 1.

Proof. We must show that the coefficient of the monomial
M7r,i = Ur H <ZPJ?T>
j=0

in u,F; is 1. Since multiplication by the monomial u, sends distinct monomials to distinct
monomials, it is enough to show that the coefficient of

m .
]
2 pm
H( Pj)
j=0

in Fj is 1.

We shall again use the theory of monomial orders ([4, §2.2], [5, §1.1]).

For this proof only, we equip the polynomial ring B,, with the lexicographic monomial
order corresponding to

Ay > Ay > oo > Apy > bgy > bpy >0 > by

We claim that, for each j, the leading monomial of F; is Zpr, with coefficient 1. Indeed,
among all j-element subsets J C [m], the subset PT" = {m,ma,...,m;} is lexicographically

SThe increasing runs of a word are its inclusion-maximal increasing contiguous subsequences. For in-
stance, the increasing runs of the word 425816397 are 4, 258, 16, 39 and 7.
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first in the following sense: if J # PT, and ¢ is the first index such that 7; belongs to exactly
one of J and P, then t < j, and m; € P/ \ J. Thus Zpr has exponent 1 on the variable a,,
whereas z; has exponent 0 on this variable. Hence

Zpr > 2J

in our lexicographic order.
Therefore the polynomial £ has leading monomial

LT(E)j) =zpr  (0<j <m),

with leading coefficient 1. Since leading monomials and leading coefficients multiply in a
monomial order, the product o '
E,=E E}---Em™

has leading monomial
11 (=)
§=0

with coefficient 1.
Thus, as we have explained above, the coefficient of M, ; in u.Ej; is also 1. O

Lemma 1.17 (antichain triangularity). Let 7 € S,, and i = (ig, 41, .. .,%m) € N Then

the polynomial o .
Fﬂ',i = uﬂ-Ei = Uﬂ-EéoEil ce E;;Ln € Am

has leading chain monomial, with respect to the dominance—lex order, equal to

The coefficient of this leading chain monomial is 1.

Proof. Let h* be the height vector of M, ;, and let h be the height vector of any monomial
M'" appearing in Fy ;. Our first goal is to prove that M, ; > M’ in the dominance-lex order.
By Lemma 1.14, the sorted height vector h* is dominated by (h*)*. If this dominance is
strict, then M, ; > M’ follows immediately.

It remains to consider the case h* = (h*)*. By Lemma 1.15, we then have spr(h) >jex ™ =
spr(h*) (since spr(h*) = m by Lemma 1.7). If this inequality is strict, then the tie-breaker in
the dominance-lex order again ensures M,; > M.

The remaining case is when ht = (h*)% and spr(h) = spr(h*). But in this case, Lemma 1.15
gives h = h*, which forces M, ; = M': the two monomials have the same height vector and
the same diagonal degree, and these data determine a diagonal monomial.

So we have shown that the monomial M ; is the leading chain monomial of Fy;. It
remains to show that its coefficient is 1. But this follows from Lemma 1.16. O

Remark 1.18. Lemma 1.17 is not a Grébner-basis statement about the elements Ey, Ey, ..., E,,.
The dominance—lex order is a partial order on the diagonal monomial basis, not a multi-
plicative monomial order on B,,.
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1.5 Proof of Theorem 1.2

We now recall once again the three nested rings we are working with:

Cm - Z[EO7 El) L 7Em]
C A,, = (diagonal subring of B,,) = @(Bm>n5

n>0
g Bm - Z[ala b17a27b25 ey Qo bm]

Proposition 1.19. The polynomials F ; for all pairs (,i) with w € S,, and i € N™! form
a Z-basis of A,,.

Proof. By Lemma 1.17, each F}; has leading chain monomial M ; with coefficient 1. By
Lemma 1.8, the monomials M ; are pairwise distinct and, in fact, run over the entire chain-
monomial basis of A,,.

Therefore, in each diagonal degree, the transition matrix from the family {F,;} to the
chain-monomial basis of A,, is unitriangular after choosing any linear extension of the partial
order used in Lemma 1.17. Hence the F} ; form a Z-basis of A,,. O

One consequence of what we just showed is a new way to prove Lemma 1.3:

Second proof of Lemma 1.3. We need to show that the products EE} --- Eim for all i =
(i, 01, -,%m) € N™ are Z-linearly independent. But these products are precisely the
polynomials Fy; with 7 = id € S, (since u;g = 1). Hence, they belong to the Z-basis
constructed in Proposition 1.19. In particular, they are Z-linearly independent. ]

Proposition 1.20. The C,,-module A,, is free with basis
{u, | 7€ Sn}
In particular, since uqs...,, = 1, the inclusion C,, — A,, has a C,,-linear retraction.

Proof. Since C,, is the polynomial ring Z[Ey, E, ..., E,] (by Lemma 1.3), it has a basis
consisting of all monomials E; = E’ - -+ E'm with i = (ig, i1, .. .,%,) € N™"1. The products

Fri=u EY - Em (T € S, i€ N™H

are precisely the elements obtained by multiplying the proposed basis elements u, by this
monomial basis of C,,.

But these elements F; = u,,EéO .-+ E'm form a Z-basis of A,,, according to Proposi-
tion 1.19. Equivalently,

A = P Crt (12)

71'65777,

as a Cp,-module. This shows that the Cy,-module A,, is free with basis {u, | T € S, }.
Since the identity permutation 12 ---m has no descents, we have us...,, = 1; thus, in the

direct sum (12), the summand for the identity permutation is exactly C,,. Projection onto

this summand is a C,,-linear retraction A,, — C,,. O
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Remark 1.21 (What is free after base change). The freeness part of Proposition 1.20 is
stronger than the retraction part: it says that the diagonal subring A,, is a free C,,-module
of rank m!, with a basis containing 1. Consequently, for every C,,-algebra R, the base change

R ®Cm Am

is a free R-module of rank m!, with basis 1 ® u, for m € S,,.

The analogous freeness statement for the whole ring B, is false for m > 2, even if one
allows an infinite basis. In fact, B,, is not flat over C,, for m > 2. See Corollary 1.26 below
for a proof of this.

Thus the freeness used in this paper is precisely the freeness of the diagonal summand
A, not of all of B,,. What we use for B,, is only that A,, is a C,,-direct summand of B,,
via the multidegree projection. Hence, after any base change C,, — R, the R-algebra

R®c, B,

contains the finite free R-module R ®¢, A,, as an R-module direct summand, and in partic-
ular contains the copy of R = R ®¢,, C,, as a direct summand. This is what we will apply
below.

Remark 1.22 (Hilbert-series consistency). Taking Hilbert series in the free decomposition
of Proposition 1.20 gives again the generating-function identity of Remark 1.10. Thus the
algebraic basis theorem and the labelled-antichain P-partition count are two explanations of
the same numerical identity for Eulerian numbers.

Remark 1.23 (Garsia-Stanton context). The monomials u, are variants of the Garsia—
Stanton descent monomials ([7, (7.21)], [6, (6.7)], [2, (2)]). The idea goes back to Garsia’s
and Stanton’s work on group actions on Stanley—Reisner rings and invariant rings [6], [7]. In
the classical coinvariant algebra of type A, the corresponding monomials form what is now
usually called the Garsia—Stanton descent basis; see, for example, Adin—Brenti-Roichman
[1]. The proof above can be viewed as the labelled-antichain, diagonal-monomial shadow of
this construction. A close precursor to our proof, but situated in the ordinary polynomial
ring Z[x1, xa, . .., x,,] instead of A,,, appears in Allen’s [2].

Remark 1.24 (Cohen—Macaulay and quotient-ring context). Another standard route is to
identify A,, with the homogeneous coordinate ring of the Segre embedding of (P')™, or
equivalently with the Hibi ring of the Boolean lattice. This ring is Cohen—Macaulay; if we
change the base ring Z to a field, then the elements Ey, E1, ..., E, form a homogeneous
system of parameters; hence they form a regular sequence. This gives the Hilbert series of
A/ (Ey, E1, ..., Eyn)A,, after which one can lift a basis of the quotient. The present proof
avoids that quotient and proves the free C,,-basis directly by triangularity. For background
on Stanley—Reisner rings and the Cohen—Macaulay viewpoint, see [10)].

Proof of Theorem 1.2. By Proposition 1.20, the inclusion C,,, < A,, has a C,,-linear retrac-
tion p : A,, — C,,. The decomposition of B,, into multihomogeneous components gives a
direct sum decomposition into C,,-submodules according to the cosets of Zé in Z™, because
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multiplication by any FE, shifts multidegree by §. The summand corresponding to the coset
of 0 is A,,. Hence the multihomogeneous projection

B, — A,

is Cp,-linear (even A,,-linear) and restricts to the identity on A,,. Composing this projection
with the retraction p : A,, — C,, gives a C),-linear retraction

B, — A, —C,.

This proves the theorem. O

1.6 Non-freeness of the polynomial ring over the diagonal subring

This subsection is meant to establish the non-freeness (and non-flatness) of B, as a C,-
module, which was claimed in Remark 1.21. Other than this, it is inconsequential.

Proposition 1.25 (A root syzygy among the coefficients). For each i € [m], we have the

identity
Z(—l)ja?%jngj =0  in the polynomial ring By,.
=0

Proof. Fix i € [m]. Recall from Proposition 1.1 that

Z E; X7 = H(arX +b,) in the univariate polynomial ring B,,[X].
=0

r=1

Homogenizing this equality (by substituting X/Y for X and multiplying the result by Y™),
we obtain

Z E; XY™ = H(aTX +b.Y) in the bivariate polynomial ring B,,[X,Y].

j=0 r=1

Now, substitute X = —b; and Y = a; here. The right hand side becomes

H(ar(—bi) + bya;),

r=1

which is 0, since its i-th factor is a;(—b;) + b;a; = 0. Thus the left hand side is 0 as well; that
is,

In other words,

This proves the proposition. O
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Corollary 1.26. Assume that m > 2. Then, the C,,-module B,, is not flat.

Proof. Taking ¢ = 1 in Proposition 1.25, we find

al'Ey —al" b By + a2 Ey — - 4 (=1)"E,, = 0.
Hence
bTEm € (Eo, El, e Em71>Bm-
However,
b ¢ (Eo, F1, ..., Epm_1)Bn.

Indeed, specialize by = b3 = --- =b,, = 0. Then

H(a,,X +b) = (1 X +b1)asX -+ ap X,

r=1

so the ideal (Fy, £, ..., E,_1)B,, maps into the principal ideal
(b1a2a3 s am),

which does not contain b* when m > 2. Thus E,, is a zero-divisor modulo (Ey, B, ..., Ey_1)Bn,.

Hence
E07E17"‘?Em

is not a regular sequence in B,,. But Fy, E1, ..., E,, is a regular sequence in the polynomial
ring C,, = Z[Ey, E1, ..., Ey]. Since flat base change preserves regular sequences, B,, cannot
be flat over C,,. ]

In particular, B,, is not free over C,, for m > 2. The case m = 1 is exceptional and
trivial: then C; = B;.

2 Application to splitting arbitrary polynomials

We now deduce some consequences for univariate polynomials.

Theorem 2.1. Let R be a commutative ring, and let m be a positive integer. Let P =
po+pX + -+ pX™ € R[X] (with po,p1,...,Pm € R) be a univariate polynomial of
degree < m. Then there exists a commutative ring S and an injective ring homomorphism
R < S such that P factors in S[X] as a product of m polynomials of degree at most 1.

Proof. Let A,,, B, C,, and Ey, E1,..., E, be as in Section 1. By Lemma 1.3, C,, =
Z|Ey, Ey, ..., E,] is a polynomial ring over Z on the generators Fy, E1, ..., E,,. Hence there
is a unique ring homomorphism

v:C, — R, E; —> p;.

Define
S =R ®c,, Bn,
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where R is regarded as a C),-algebra via ¢.
The inclusion C,, < B,, is split as a C,,-module map by Theorem 1.2. Tensoring this
split injection with R over (), yields a split injection of R-modules

R=R®c, Cp— R®c, Bpn =S5 (13)

(since split injections remain split injections under base change). In particular, the natural
ring homomorphism R — S is injective. We identify R with its image in S, equating each
re Rwithr®q, 1€5.

More precisely, Proposition 1.20 yields that

R ®¢,, An

is a free R-module of rank m!, with basis 1 ® u, for = € S,,,, and the copy of R generated by
1®uy2..., = 1 is a direct summand of this free module. The splitting algebra S = R®¢,, B,
contains this module as an R-module direct summand. Thus the construction gives not
merely injectivity of R — S, but a split injection of underlying R-modules.

The canonical ring morphism ¢ : B,, — R ®¢,, B, = S (sending each u € By, to
1®u € S) sends each E; € By, to 1 ®¢,, E; = ¢ (E;) ®¢,, 1 =p; ®c,, 1 =p; € S. Let
a;, B; € S be the images of a;,b; € B,,, respectively, under this morphism £. In B,,[X] we

have the universal identity
m

HaZXer ZEXJ

i=1

(a restatement of (1)). After tensoring with R (that is, applying &), this becomes

[(aix + ) = Zp]XJ =
=1

in S[X]. Hence P splits in S[X] as a product of m degree-< 1 polynomials. O

Proposition 2.2. The ring S constructed in the above proof of Theorem 2.1 can be written
explicitly as

S = R[abbl)aQaan"'7amabm]/(E0 _p07El _pla--'aEm _pm)a

where the E, are defined by the same formula as before but now interpreted inside the
polynomial ring R[ay, by, as,bs,. .., am,bn]:

E,. = Z HaiHbi‘

ICm]; i€l ¢l
|I|=r

In order to prove this, we need a classical property of tensor products of algebras:
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Lemma 2.3. Let T' be a commutative ring. Let U and V' be two T-algebras with structure
mapsa: T — U and B : T — V. Let G C T be a subset of T that generates I' as a ring.
Then, there is a ring isomorphism

UerV — (UesV) [(alg)@1-128(g) | g € G),

URQT V> UQU,
where u ® v denotes the residue class of the tensor u @ v € U ®z V modulo the ideal
(a(g)®@1—-1®B(g) | g € G).
Proof. For each t € T', set

Di=al)®1—1®8(t) € Uy, V,

and let
I'=(Dyl|ge€QqG)

be the ideal of U ®z V' generated by the elements D, for g € G. We first claim that
D,el for every t € T. (14)

Indeed, let
T'={teT| D, eI}

We have 1 € T”, since D, = 0. Moreover,
DSth = DS + Dt and D,t = —Dt

for all s,t € T'; this shows that if s,¢ € T’, then s+t € T" and —t € T (since [ is an ideal).
Finally, for any s,t € T', we have

Dy =a(st)®1—1® [(st)
=a(s)a(t) @1 -1 5(s)B(t) (since a and (8 are ring morphisms)
— afs)alt) ® 1 - a(s) ® A1) + als) © (1) — 1 & B)A()

g

=(a(s)@1)(a()@1-128(1)) —(a(s)1-185(s)) (125(0)
=(a(s) @) (at)®1 -1 5(1)) + (a(s) @ 1 - 1© S(s)) (1 @ (1))

(. J/
-~ -~

= (a(s)® 1) Dy + Dy (_1®B(t)); o

thus, if s,t € T', then st € T" (since [ is an ideal). All this shows that 7" is a subring of
T. This subring 7" contains G by the definition of I. Since G generates T as a ring, we
conclude that 7" = T. This proves (14).
Now define the ring
Q=Uw®zV)/I.

The canonical ring homomorphism

URRzgV —U®rV, URV— U R U,
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annihilates every D, with g € G (because a(g) ®7 1 =1 ®7 S(g) for each g € G). Hence it
induces a ring homomorphism

Q— UV, URU — U v. (15)
Conversely, consider the map
UxV —Q, (u,v) — u® v,

where the overline denotes the residue class modulo /. This map is Z-bilinear. It is also
T-balanced: for allt € T, uw € U and v € V', we have

at)lu@v—u®Bt)=(u®v)(at)®1 -1 5(t) = (u®v)D; =0,
where the last equality follows from (14). Therefore this map induces a Z-linear map
UerV — Q, URr vV — UR . (16)

The Z-linear maps (15) and (16) are mutually inverse, since their composites fix every pure
tensor, and since pure tensors generate the respective underlying abelian groups. Conse-
quently, (15) is a bijective ring homomorphism, so its inverse (16) is a ring homomorphism
as well. Hence

U®TV§Q:4U®ZVNI=07®ﬂ0/0ﬂw®1—1®5@H96G)

(since I = (D, | g€ G)=(a(g)®1—-1® B(g) | g € G)). This is precisely the isomorphism
stated in the lemma. ]

Proof of Proposition 2.2. Let
T = Zlto, b1, ..., L.

By Lemma 1.3, the ring homomorphism
0:T — Cm, tj — Ej

is an isomorphism. We use 6 to identify 1" with C,,,. Under this identification, the C,,-algebra
structure on R (given by the ring morphism ¢ : C,, — R sending each E; to p;) becomes a
T-algebra structure on R given by the structure map

a:T — R, tj — D, (0<j<m),

whereas the C,,-algebra structure on B,, (given by C,, C B,, = Zlay, b1, a2,ba, ..., am, by])
becomes a T-algebra structure on B,, given by

B:T — By, tj — Ej (0<j<m).
The elements ty,t1,...,t,, generate T" as a ring. Hence Lemma 2.3, applied with

U =R, V =B, G = {to,t1,...,tm},
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gives

S=R®c, Bn
= (R By) [ (@1 - 10 E; |0<j <m). (17)
On the other hand, B,, = Z[a1,b1,az2,b, ..., an, by, so there is a canonical R-algebra

isomorphism

R ®y B, — Rlay, by, a2,bs, ..., am, by,
r® fr——rf. (18)

Here the coefficients of f € B, are mapped from Z to R by the structure homomorphism of
R. Under (18), the element p; ® 1 maps to p;, whereas 1® E; maps to £;. Consequently, (17)
yields

SgR[a17b1,0l2752,~';am7bm]/(pj —E;|0<j<m)
= R[al,bl,ag,bg,...,am,bm]/(po—Eg,pl —El,...7pm _Em)
= R[al,bl,&g,bg,...,CLm,bm]/<E0 _pO>E1 —pl,...,Em _pm)

This proves the proposition. O

Note that Proposition 2.2 gives what is probably the simplest construction of S. The
point of Theorem 1.2 is that the natural map R — S is injective for every specialization
E; — pi.

Theorem 2.4 (Universal property of the splitting algebra). Let R, m, P and py, ...,y be
as in Theorem 2.1. Let

S = R[a17b17"~7amabm]/(E0 —po, By —p1, - s B — D)
be the R-algebra of Proposition 2.2, and let oy, 3; € S denote the images of a;,b; in this

algebra S.
For every R-algebra T', the map

Homp a,(S,T) — {(01, di,...,Cmydm) € 2"

P= ﬁ(cz-X +d;) in T[X]}

i=1
that sends an R-algebra homomorphism f : S — T to
(f(a/l)v f(ﬁ1)7 ey f(am)a f(ﬁm))

is a bijection. Equivalently, S is universal for ordered factorizations of P into exactly m
linear-or-constant factors.
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Proof. Let T be an R-algebra. Since S is presented as a quotient of the polynomial R-algebra
Rlay, by, ... G, by,
an R-algebra homomorphism f : S — T is the same as a choice of images
¢ =flow), di=[f(B) (1<i<m)
for the variables a;, b; satisfying the defining relations of the quotient. These relations are
Ej(er,dy, ..o emydm) =p; - (0< 7 <m),

where

Ej(Cl,dl,...,Cm,dm) = Z HCZHdl

ICIm); iel  i¢l
=3

But these are exactly the coefficient identities obtained by expanding

m

[[(eix +di) ZE (cr,dy,. .., Coy i) X7

=1

Thus the defining relations hold if and only if
chX—l—d ijXJ in T[X].
i=1

This proves that the displayed map is well-defined and surjective.
It remains only to note uniqueness. Once the tuple (¢y,dy, ..., ¢m, dy,) is specified, there
is a unique R-algebra map
R[al, bl, B bm] — T

sending a; — ¢; and b; — d;. If the tuple gives a factorization of P, then the relations F; —p;
vanish under this map, so it factors uniquely through S. Hence two homomorphisms S — T’
with the same tuple are equal. This proves injectivity of the displayed map and completes
the proof. n

A factorization with fewer than m factors can be regarded as one with exactly m factors
by adjoining extra factors 0X + 1.

3 Application to classical symmetric polynomials

Finally, we show how the preceding theory recovers some classical properties of ordinary
polynomial rings. The basic operation is dehomogenization: we set each b; equal to 1 and
rename each a; as x;. This connection was already hinted at in Remark 1.23. The results
below are not substantially new, and the proofs have much in common with Allen’s arguments
[2]; nevertheless, they are useful and perhaps less widely known than they deserve to be.
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Let
R, = Z[xy,x9,. .., 2]

be the polynomial ring in the m indeterminates x1, s, ..., x,,. Denote by A,, the subring of
R, consisting of the symmetric polynomials. For each subset I C [m], define the monomial

.CE[:HZUZ' ERm.

il

€r = E xIy.

ICm];
[T|=r

For 0 < r < m, define

Thus e, is the r-th elementary symmetric polynomial; in particular, ey = 1. The fundamental
theorem on symmetric polynomials says that ey, eq, . .., e, are algebraically independent over
7, and that

Ay =Zler,ea,y ... em).
Consequently, the monomials

e = ellef e for all i = (i1,42,...,0m) € N™

form a Z-basis of A,,.
For each 7 € S,,,, define the classical Garsia—Stanton descent monomial

Unr = H J:P;r c Rm

s€Des()
For 7 € S, and i = (41,49, ...,i,) € N define
fri = vpe; = vgel'ex e € Ry,

We now claim the following analogue of Proposition 1.19:

Proposition 3.1 (classical Garsia-Stanton basis). The polynomials f.;, where © € S, and
i € N, form a Z-basis of R,,.

Before we prove this, we verify a simple property of homogenized Garsia—Stanton descent
monomials:

Lemma 3.2. Let 7 € S,, and i = (ig, 41, . .,4,) € N*"'. Then, the monomial M, ; (defined
in (3)) is divisible by byby - - - by, if and only if iy > 0.
Proof. The “if” direction is easy: If ig > 0, then M, ; is divisible by zpy (since one of the

factors in the product in (3) is (ZPJ)ZO); but zpr = 25 = biby - - - by, s0 that M ; is divisible
by b1b2 cee bm

It remains to prove the “only if” direction. So we assume that 75 = 0; we must show that
M ; is not divisible by b1bg - - - by,.
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In view of iy = 0, we can drop the j = 0 factor in the product in (3). Thus, (3) rewrites

as
m .
)
M7r,i = Upr H <Zp]7r> .

j=1
The right-hand side here is a product of diagonal monomials of the form Zpr with j €
[m]; each of these monomials contains a,,, while none of them contains b,,. Hence, the

whole product M ; is not divisible by b, either. Therefore, a fortiori, it is not divisible by
bibs - - - b,,. The proof of Lemma 3.2 is complete. O

Proof of Proposition 3.1. By the universal property of the polynomial ring B,,, we define a
ring homomorphism

¢: B, — R,, a; — x;, b, — 1.

Clearly, ¢ sends monomials in B,, to monomials in R,,. For every I C [m], we have

¢(z1) = z1.
It follows that
o(E,) = e, forall 0 <r <m; (19)
O(Ur) = Ug for all m € S,,,. (20)

Fori= (il,ig, c. ,Zm) € Nm’ set
i=(0,iy,199,...,0,) € N*TL

Then, ¢ (E;) = € by (19) (since ey = 1), and therefore (20) yields

¢ (Frz) = Jri (21)

We transfer the triangularity of Lemma 1.17 through ¢. To this end, consider a diagonal
monomial of diagonal degree n and height vector h = (hq, ha, ..., hy):

m
_ hri1n—hg,
M =[] apor .

r=1
Then
(M) =z} al? - xlm, (22)

m

For fixed n, distinct diagonal monomials of diagonal degree n have distinct height vectors
and hence have distinct images under ¢. Thus the restriction

gb : (Bm)n(S — Rm

is injective (even though the restriction ¢ : B,, — R,, to the whole ring B,, is not).
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Equip the ordinary monomials 'z} - - - 2m of R, with the dominance-lex order defined
exactly as in Subsection 1.4 but using their exponent vectors (iy, is, . .., i,,) instead of height
vectors. This order agrees, under (22), with the dominance-lex order on diagonal monomials
of any fixed diagonal degree. Consequently, Lemma 1.17, together with (21), shows that f;;

has leading monomial

mai =0 (M) | (23)

and that the coefficient of this leading monomial is 1. (Indeed, Lemma 1.17 (applied to i
instead of i) shows that F_; equals M_s plus smaller chain monomials. Upon application of
¢, this yields that f;; equdls My i plus7smaller monomials.)

We claim that the map

(m,1) > M (24)
is a bijection from S,, x N™ to the set of ordinary monomials of R,,. Indeed, let

h _ b1, ha him,
xXr —l’l ZE2 "'ZL’m

be any such monomial, and set
n = max{hy, ha, ..., hn}.

Its canonical diagonal lift is defined as the monomial

]/—\Zh = Hai}rb:’_hr - (Bm)ng,

r=1

which is the lowest-degree diagonal monomial with height vector (hq,hs, ..., h,). This
monomial Mh is not divisible by byby -« - by, (since n = max{hq, hs,...,h,} yields n = h,
for some r, and thus n — h, = 0 for this r). It is, in fact, the only diagonal monomial with
height vector (hq, ha, ..., h,,) that is not divisible by b1bs - - - byy,.

By Lemma 1.8, there is a unique pair

(ﬂ-) (jOajlv s m]m)) € Sm X Nm+1

such that —
My = Mz (joj1,emjm) -

This pair satisfies jo = 0 (since otherwise, M- would contain the factor Zpr = 2g =

j07j17"'ajm)
biby - - - by, contradicting the fact that M, is not divisible by byb - - - b,,). Setting

i= (j17j2>"'7jm)

now yields .
M,=M_5 and 2" =mg,;.

This proves surjectivity of the map (24).
Its injectivity can be seen as follows: For any (7,i) € S,, x N™, the diagonal monomial
M -~ is the canonical diagonal lift of the monomial m,; (indeed, its height vector equals

i
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the exponent vector of m,; because of (23) and (22); and Lemma 3.2 shows that it is not
divisible by b1bs - - - by, by because the (m+ 1)—tuple/i\starts with a 0; but these two properties
uniquely characterize the canonical diagonal lift of m, ;). Hence, the monomial m. ; uniquely
determines the diagonal monomial M _<, and the latter in turn uniquely determines (773) by
Lemma 1.8, which finally uniquely determines (7,1). Thus, the map (24) is injective, and
hence a bijection.

We have therefore shown that the polynomials f;; have pairwise distinct leading mono-
mials my ;, and these leading monomials run over the ordinary monomial basis of R,,. Each
f=i is homogeneous in the ordinary total degree. In each such degree, choose a linear exten-
sion of the dominance-lex order. The resulting transition matrix from the polynomials fr;

to the ordinary monomial basis is unitriangular. Hence the polynomials f;; form a Z-basis
of R,,. O

Thus, we obtain an analogue of Proposition 1.20:

Proposition 3.3 (freeness of polynomials over symmetric polynomials). The A,,-module
R,, is free with basis

{vg | ™€ Sy}

In particular, since v1s...,, = 1, the inclusion A,, — R,, has a A,,-linear retraction.

Proof. As observed above, the polynomials ¢;, where i € N, form a Z-basis of A,,. Thus
the products
Un€i = fri forall 7 € S, and i € N™

are precisely the elements obtained by multiplying the proposed basis elements v, by this
Z-basis of A,,. Proposition 3.1 says that these products form a Z-basis of R,,. Equivalently,

R, = @ A (25)

7T€Sm

as a A,,-module. In other words, the A,,-module R, is free with basis {v, | 7 € S, }.

The identity permutation 12---m has no descents, so vys..., = 1. Hence, in the direct
sum (25), the summand indexed by this permutation is exactly A,,. Projection onto this
summand is a A,,-linear retraction R,, — A,,. O
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