
SWAN INDUCTION FOR THE FINITE-LOCAL SPHERE

Abstract. We establish rational Swan induction for ordinary perfect modules over the finite-local
sphere Lp,f

n S. For a finite abelian ambient group, subgroups of p-rank at most n + 1 suffice, and
this bound is sharp. The proof combines cyclic homotopy fixed points in telescopic spectra with the
isotropy filtration of a chromatic quotient of finite genuine spectra. The result proves Conjecture 7.22
of Clausen–Mathew–Naumann–Noel for Morava E-theory and gives a new proof of their chromatic
upper bound for the algebraic K-theory of Lp,f

n S-linear categories. The quotient argument also
produces finite complexes realizing the induction relations. We formulate the problem of explicit
realizations and give two geometric models at the prime two.

1. Introduction

Swan induction asks which subgroups suffice to generate the Grothendieck group of representations
over a ring spectrum. In chromatic homotopy theory, the answer depends on height. We prove
an induction theorem for the finite-local sphere, strengthening the Morava E-theory conjecture of
Clausen–Mathew–Naumann–Noel [14, Conjecture 7.22].

Fix a prime p and write

Rn = Lp,f
n S, Rn,(p) = (Rn)(p) = Lf

nS(p).

We follow the conventions of [14, 23]: the global finite localization retains S[1/p], so that R0 = S[1/p]
and R0,(p) = HQ. For an E∞-ring R and a finite group G, let

SwR(G) = K0 Fun(BG,Perf(R)) ⊗ Q.

Here Perf(R) denotes ordinary perfect modules, and the actions are homotopy-coherent. This is
rational Swan theory [34], [26, Definition 4.11], and [14, Definition 6.1]. A family F is an induction
family if

[R] ∈
∑

H∈F
im

(
IndG

H : SwR(H) −→ SwR(G)
)
. (1)

The projection formula makes this equivalent to generation of the whole Swan group. Families are
closed under conjugacy and passage to subgroups.

For n ≥ 0, define

Fp
n(G) = {H ≤ G : H abelian, d(Hp) ≤ n+ 1},

Fn(G) = {H ∈ Fp
n(G) : Hp′ cyclic},

where Hp and Hp′ are the p-primary and prime-to-p factors of H, respectively, and d(Hp) is the
minimum number of generators of Hp.

Theorem A. For every n ≥ 0 and every finite abelian group A, Fp
n(A) is an induction family for

Perf(Rn), and Fn(A) is an induction family for Perf(Rn,(p)). The bound n+ 1 on p-rank is optimal
in both cases.
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2 SWAN INDUCTION FOR THE FINITE-LOCAL SPHERE

Induction identities persist under extension of scalars. Together with CMNN’s complex-oriented
induction theorem, Theorem A therefore proves Conjecture 7.22: for a height-n Lubin–Tate theory
En with n ≥ 1, the family Fn(G) gives Swan induction for every finite group G. The case p = 2 is
[14, Theorem E(3)]; the case n = 1 follows from their Theorem 7.13, as noted before Conjecture 7.22.
The reduction from arbitrary groups to abelian subgroups uses the complex orientation of En; no
such reduction is claimed for Rn.

CMNN’s Swan-induction criterion also gives a new proof of the known upper bound

LT (i)K(M) = 0 (i > n+ 1) (2)

for every small idempotent-complete stable Rn-linear category M [14, Theorem C, Theorems 4.10
and 6.7]; see also [23, Theorems 1.1 and B]. This proof avoids K-theoretic purity and the inductive
descent–vanishing argument, but retains the nilpotence inputs: [23, Lemma 2.3 and Remark 2.4] for
the conservative Morava-E probe, and the theorem on May’s nilpotence conjecture [27] through
CMNN’s vanishing criterion.

1.1. Geometric realizations. Write Vr = (Cp)r. The quotient argument also produces finite
genuine Vn+2-cell spectra whose underlying spectra are annihilated by Lp,f

n and whose full geometric
fixed points have nonzero Euler characteristic. Representation suspension gives finite based complexes.
The construction uses exactness on K0, however, and does not specify their attaching maps. This
leads to the following question.

Question 1.1. For every prime p and n ≥ 0, give a uniformly explicit finite geometric or combina-
torial construction of a based Vn+2-CW complex A satisfying

Lp,f
n Σ∞A = 0, χ̃(AVn+2) ̸= 0.

Can such a construction avoid telescopic Swan theory and the existential lifting of a Grothendieck
class?

The question concerns explicit models, not finite existence. Section 7 gives two examples at p = 2:
a coordinate-sign action on RP2 for n = 0, and a four-letter partition-spectrum construction for
n = 1. The rank n + 2 is minimal by chromatic Smith theory and the cyclic Lefschetz formula
(Lemma 5.3).

1.2. Proof strategy. Let er ∈ A(Vr)Q be the Burnside idempotent supported at the full group,
and set βr = prλ(er) in a Swan group. Proper-subgroup induction is equivalent to βr = 0. In
telescopic spectra, cyclic homotopy fixed points give

FixCp(βr+1) =
(
p[C∗(BCp; 1)] − pr)

βr.

A decomposition complex supplies β2n+2 = 0. The tensor-rank estimate of Section 3 makes the
multiplier invertible for r > n + 1, so descent gives βn+2 = 0. For Morava En-coefficients, the
cochain class is already the scalar pn, and this estimate is unnecessary.

Section 5 passes to ordinary perfect modules by induction on height. Quotient finite genuine
G-spectra by those of underlying type at least m+1. For G = Vr, the height-m kernel has a filtration
by tensor ideals, indexed by isotropy rank. Its factor at a rank-h subgroup H is the category of
compact T (m− h)-local representations of G/H. The full Burnside idempotent maps to the full
idempotent of this quotient group. Since height and group rank decrease by the same amount, local
Swan induction makes its action zero on every factor. The resulting idempotent action is nilpotent,
hence zero, and induction proves vanishing in the genuine quotient. The underlying-spectrum
functor then gives the ordinary-perfect relation. A finite p-primary tensor factor handles global
coefficients. Finite Euler witnesses follow from exactness on K0; the final two sections give the
applications and explicit models.
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1.3. Conventions. Categories are stable ∞-categories. Intermediate chromatic categories are
p-local; Rn and the final geometric witnesses are integral. A finite G-cell spectrum is built by
finitely many attachments of orbit cells G/H+ ∧ Sa, not merely a compact retract. Write uX for
its underlying coherent G-spectrum and ΦHX for geometric fixed points. Type forgets the action
and is the least j detected by K(j), with K(0) = HQ and type(0) = ∞. Euler characteristics are
reduced. Tensor products are derived, ⊗̂ denotes local tensor product, and ω denotes compactness.
We take small skeleta in forming Grothendieck groups. Algebraic K-theory is nonconnective; its
positive-height localizations agree with the connective version [14, Conventions].

2. Burnside classes and cyclic fixed points

For a stable symmetric monoidal category D with exact tensor product, write

SwD(G) = K0 Fun(BG,D)Q.

Permutation objects define a ring homomorphism

λD : A(G)Q −→ SwD(G), [S] 7−→ [1[S]].

It commutes with induction and restriction. The mark ϕH([S]) = |SH | identifies A(G)Q with a
product of copies of Q: on transitive sets, its matrix is triangular with nonzero diagonal. For a
finite G-cell spectrum X, cellular additivity gives

ϕH(χG(X)) = χ(ΦHX), [1 ⊗ uX] = λD(χG(X)). (3)

The second identity follows by taking the alternating sum of the finite orbit-cell filtration; it extends
the space-level calculation of [14, Example 6.3] to finite cell spectra. It is used over p-local coefficients
for p-local cell spectra, and over arbitrary coefficients for integral cell spectra.

2.1. The induction obstruction. For Vr = (Cp)r, let er have mark one at Vr and zero at all
proper subgroups. Its integral normalization is

br = prer =
∑

U≤Vr

wr,c[Vr/U ], wr,c = (−1)cpr−c+(c
2), c = codimU. (4)

Indeed, at a subgroup of codimension t the right side has mark

pr
t∑

c=0

[
t

c

]
p

(−1)cp(
c
2) = pr

t−1∏
j=0

(1 − pj).

This is pr for t = 0 and zero otherwise. The identity follows by expanding
∏t−1

j=0(1 + pjz) and setting
z = −1. Put βr = λD(br), with b0 = β0 = 1. Then

βr = 0 ⇐⇒ Vr admits proper-subgroup Swan induction in D. (5)

In fact, er restricts to zero on each proper subgroup, so its linearization annihilates every proper
induction by the projection formula. Conversely, 1 − er is a rational combination of proper transitive
sets. These observations apply to arbitrary inducing classes, not only permutation classes.

2.2. Cyclic descent. Fix n ≥ 1. Let C be SpT (n), SpK(n), or the category of K(n)-local En-modules,
and let D = Cdual. In the last case D = Perf(En) [15, Example 3.11.3]. All operations in C are
localized.

Lemma 2.1. Finite-group homotopy fixed points in C are exact and preserve dualizable objects. They
commute with colimit-preserving strong symmetric monoidal functors between these local categories.
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Proof. The local norm from homotopy orbits to homotopy fixed points is an equivalence. The
K(n)-local result is due to Greenlees–Sadofsky and Hovey–Sadofsky [16, 18], and the telescopic
result to Kuhn [21, Theorem 1.5]; we use [13, Theorem 1.1 and Corollary 2.7]. For local En-modules,
the underlying norm is the same equivalence. For M : BG → D, let DM be its dual diagram. For
any Z ∈ C,

Hom
(
colim

BG
M,Z

)
≃ lim

BG
(DM ⊗̂ Z) ≃

(
colim

BG
DM

)
⊗̂ Z.

Thus the colimit is dualizable, as is the limit. Stability gives exactness. The stated functors preserve
the norm and colimits, hence also these limits. Naturality retains additional commuting group
actions. □

Let B = K0(D)Q. The cochain object

C∗(BCp; 1) = 1hCp

is the internal dual of 1 ⊗ Σ∞
+ BCp. We write its Grothendieck class as [C∗(BCp; 1)], and let FixH

denote the additive map on K0 induced by homotopy H-fixed points.

Lemma 2.2 (Rank descent). Taking fixed points in the last factor gives a B-linear map FixCp :
SwD(Vr+1) → SwD(Vr) satisfying

FixCp(βr+1) =
(
p[C∗(BCp; 1)] − pr)

βr. (6)
Consequently,

FixVr (βr) =
r−1∏
j=0

(
p[C∗(BCp; 1)] − pj)

. (7)

Proof. Lemma 2.1 defines the map. Tensoring with a dualizable coefficient object of trivial action
commutes with limits, giving B-linearity. Write Vr+1 = Vr ⊕ Cp. For a subgroup H ≤ Vr of
codimension d, the subgroups projecting onto H are H ⊕ Cp and the pr−d graphs of maps H → Cp.
Their permutation Cp-actions are respectively trivial and free. The first contributes [C∗(BCp; 1)];
the second contributes one. In the free case, the homotopy quotient maps to the ordinary quotient
by a Vr-equivariant underlying equivalence. The norm comparison therefore preserves the residual
coherent action. The coefficient of [1[Vr/H]] is

[C∗(BCp; 1)]wr+1,d + pr−dwr+1,d+1 =
(
p[C∗(BCp; 1)] − pr)

wr,d,

since wr+1,d = pwr,d and wr+1,d+1 = −pdwr,d. Iteration proves (7). □

2.3. Decomposition spectra. Decomposition spectra supply the initial local relation. Their
height-one member will also allow passage from p-local to global coefficients in Section 5.

Lemma 2.3. For each k ≥ 1 there is an integral finite genuine V2k-cell spectrum Zp,k whose
underlying spectrum is p-primary of type k and whose full Euler mark is nonzero. For k = 1 the full
Euler mark is −p.

Proof. Let Lpk be the topological poset of proper unordered orthogonal decompositions of Cpk , and
set

Zp,k = Σ∞
V2k

L⋄
pk .

The diamond is unreduced suspension based at a suspension vertex; no disjoint basepoint is added.
By [3, Proposition 9.1(1),(3)], its underlying spectrum is rationally acyclic, p-local, and of type
k. We use the decomposition-space statement of ABS, who derive its chromatic assertion from [2,
Theorem 2.2].

To describe the action, index a basis by a ∈ Fk
p and choose a primitive complex pth root ζ. The

translations of this basis, the diagonal operators ea 7→ ζb·aea, and the scalar circle generate the group
Γk ⊂ U(pk) of [4, Section 2]. Scalars act trivially on decompositions, so the action factors through
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Γk/S
1 = V2k. The full fixed decomposition space is the symplectic building of F2k

p [4, Theorem 1.2]
(Theorem 1.1 in the published version). Solomon–Tits [1, Theorem 4.127] gives its nonzero reduced
Euler characteristic, and hence a nonzero full Euler mark after suspension. When k = 1 the building
consists of p+ 1 points, so that mark is −p.

For equivariant finiteness, use the finite cube in the proof of [3, Proposition 9.1]. Its vertices
are spaces of strict chains of decompositions with prescribed numbers of components. The group
preserves these numbers, and the face maps forget decompositions, so the cube and its nerve-
realization comparison are equivariant. More explicitly, use iterated equivariant mapping cylinders
to form its total homotopy cofiber. For every subgroup H ≤ V2k, taking H-fixed points gives the
same construction on H-fixed chains: the simplex and cylinder coordinates have trivial action.
This is the nerve construction for the fixed subposet, followed by unreduced suspension. Thus the
comparison with L⋄

pk is an equivalence on all fixed points. Each cube vertex is a finite union of
compact smooth unitary homogeneous manifolds, hence has a finite equivariant triangulation [19].
Cellular approximation and mapping cylinders now give a finite V2k-cell model. Rational acyclicity
and p-locality imply that its underlying spectrum is p-primary. □

Corollary 2.4. In each coefficient category above, β2n+2 = 0.

Proof. Take k = n+ 1 in Lemma 2.3, and write a = χV2k(Zp,k) and c = ϕV2k(a) ̸= 0. The underlying
type implies λ(a) = [1 ⊗ uZp,k] = 0. Marks give e2ka = ce2k, so cβ2k = 0. Cancel c rationally. □

3. A rank estimate for tensor categories

The following estimate will make the descent multipliers invertible. Its hypothesis is a splitting
of an object after a conservative tensor functor, not merely an equality of numerical ranks.

Proposition 3.1. Let F : D → E be a conservative exact strong symmetric monoidal S∧
p -linear

functor between small idempotent-complete stable symmetric monoidal categories with exact tensor
products. Suppose F (Y ) ≃ 1⊕D

E , where D ≥ 1, and [Y ] ∈ K0(D)Q is algebraic over Q. Then [Y ] − c
is a unit for every c ∈ Q \ {−D,−D + 1, . . . , D}.

Write B = K0(D)Q and

Λ(p′) = Q[pm : p ∤ m], σD : Λ(p′) −→ Q[z1, . . . , zD]ΣD , pm 7−→
∑

i

zm
i .

The rank identities realize prime-to-p Adams values as traces in dimension at most D. Algebraicity
makes these traces finite-valued, so connected monodromy can be removed without changing them.
Symmetric-group projectors in chromatic rank arguments go back to Jeff Smith [32, Appendix
C]; see also [22, Section 6]. We verify the operations needed here directly; general polynomial
functoriality of stable K0 is established in [9, Proposition 3.7].

3.1. Projective tensor operations. Using split Grothendieck groups for ordinary projective
modules, Brauer’s projective-character theory gives an isomorphism of induction algebras

Pp =
⊕
d≥0

K0(projZp[Σd])Q ≃ Λ(p′). (8)

Every field is a splitting field for Σd [20, Theorem 11.5], and projectives lift over Zp. The ordinary
characters of indecomposable projectives are independent and span the class functions supported on
p-regular classes [33, Part III, Chapters 14–16]; the integral lattice statement is also recalled in [24,
Section 1]. The Frobenius characteristic

ch(χ) =
∑
µ⊢d

χ(µ)
zµ

pµ, zµ =
∏
j

jmjmj !,
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where mj is the multiplicity of j in µ, identifies these characters with the span of partitions all of
whose parts are prime to p. The induction formula proves (8). In particular, pm is the rational
virtual projective character that takes value m on m-cycles and zero elsewhere.

A finite projective right Zp[Σd]-module P lifts to a finite projective S∧
p [Σd]-module P̃ [25, Corollary

7.2.2.19 and Remark 7.2.2.20]. For an actual object X, define its projective tensor construction by

TP (X) = P̃ ⊗S∧
p [Σd] X

⊗d.

The relative tensor can be computed in Ind(D); projectivity makes the result a retract of a finite
sum of tensor powers, so it belongs to D. Additivity in P and induction give an algebra map
evX : Pp → B.

Lemma 3.2. For p ∤ m, the rule [X] 7→ evX(pm) defines a unital Q-algebra endomorphism ψm of
B, and ψ1 = id.

Proof. For a cofiber sequence X ′ → X → X ′′, the tensor-cube filtration of X⊗m has graded terms
IndΣm

Σi×Σm−i

(
(X ′′)⊗i ⊗ (X ′)⊗(m−i)), 0 ≤ i ≤ m.

The tensor powers carry the symmetry actions of the stable tensor category, including the Koszul
signs under graded realizations. The full-cycle character restricts to zero on every proper two-block
Young subgroup. Injectivity of projective characters makes each mixed term vanish after virtual
projective evaluation. This proves additivity on cofiber sequences, including suspension.

For multiplicativity, use
IndΣm×Σm

diag Σm
pm = pm ⊠ pm.

Both characters are m2 on a pair of m-cycles and zero elsewhere. Evaluating on X⊗m ⊗ Z⊗m gives
the assertion. For an actual projective P , its coinvariant sphere module is finite projective, with π0
equal to the ordinary Zp-coinvariants. These are free, of rank the multiplicity of the trivial ordinary
character. The resulting object is a sum of that many units, by the projective-module comparison
in [25, Corollary 7.2.2.19]. For pm this multiplicity is one. This proves unitality, and p1 acts as the
identity. □

3.2. The specialization kernel.

Lemma 3.3. If F (Y ) ≃ 1⊕D
E , then kerσD ⊆ ker evY .

Proof. Fix a degree d. A partition is p-regular if no part occurs p or more times. For each p-regular
partition µ ⊢ d, let Pµ be the indecomposable projective Zp[Σd]-module lifting the projective cover
of the simple module indexed by µ. James’s unitriangularity theorem [20, Chapters 11–12] and
Brauer reciprocity [33, Part III, Chapters 14–16] give

ch(Pµ) = sµ +
∑
λ◁µ

dλµsλ, dλµ ∈ Z≥0,

where sλ is a Schur function and λ◁ µ means that µ strictly dominates λ.
Write ℓ(µ) for the number of rows of µ. Dominance implies ℓ(λ) ≥ ℓ(µ) in this sum. Since

sλ(z1, . . . , zD) = 0 exactly when ℓ(λ) > D, the specialization of ch(Pµ) is zero for ℓ(µ) > D. For
ℓ(µ) ≤ D, the surviving expressions are still unitriangular in the Schur basis and hence linearly
independent. Consequently

(kerσD)d = spanQ{ch(Pµ) : µ is p-regular, ℓ(µ) > D}.
For each projective on the right, the module

Pµ ⊗Zp[Σd] (ZD
p )⊗d (9)

is Zp-free, and its generic fiber, viewed as a polynomial representation of GLD, has character
σD(ch(Pµ)) = 0, by the usual Frobenius character formula. It is therefore zero. The corresponding
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finite projective sphere module TPµ((S∧
p )⊕D) has zero π0, so is zero [25, Corollary 7.2.2.19]. Extending

to E and using the specified splitting of F (Y ) gives F (TPµ(Y )) = 0. Conservativity gives TPµ(Y ) = 0,
and the displayed spanning formula proves the lemma. □

Only the additive operations ψm act on virtual classes. The map evY is evaluated on the fixed
object Y , and conservativity is applied to actual zero objects.

3.3. Finite-valued power sums.

Lemma 3.4. Let k be an algebraically closed field of characteristic zero. Suppose that (am)m≥1, p∤m
takes finitely many values in k and that evaluation pm 7→ am annihilates kerσD. There are a vector
space W with dimW ≤ D and a finite-order automorphism h of W such that

am = tr(hm | W ) (p ∤ m).

In particular, if a1 ∈ Q, then a1 ∈ Z and |a1| ≤ D.

Proof. Choose a primitive pth root ζ ∈ k and form the formal series

H(t) = exp

∑
p∤m

(ζm − 1)am
tm

m

 ∈ 1 + tk[[t]].

We first construct a nonzero polynomial P , of degree at most D, with

P (t) = H(t)P (ζt). (10)

For universal power sums, P (t) =
∏

i(1 − zit) is a solution. Thus every (D + 1)-minor of the
coefficient matrix of P 7→ P −HP (ζt) vanishes universally. Each minor is a polynomial in finitely
many power sums; the specialization hypothesis, after extension of scalars to k, makes it vanish here
as well. There are only D + 1 columns, so their independence would be detected by finitely many
rows. The specialized system therefore has a nonzero solution. If its order at zero is j, equation (10)
forces ζj = 1. Dividing by tj preserves the equation, after which we normalize P (0) = 1.

Choose a semisimple g ∈ GL(V ) with det(1− tg) = P (t) and dimV = degP ≤ D, allowing V = 0
when P = 1. Formal logarithms of (10) give am = tr(gm | V ) for p ∤ m. Let G = ⟨g⟩Zar and T = G◦.
The group G is diagonalizable, T is a torus, and G/T is finite [29, Remark 12.5, Theorem 12.9(c),
and Section 12e]. Choose N divisible by p and by |G/T |. The Nth-power map has image T , so the
integer powers of gN are dense in T . The same holds for nonnegative powers. Indeed, if u = gN

and Z+ is their closure, the descending chain Z+ ⊇ uZ+ ⊇ u2Z+ ⊇ · · · stabilizes by Noetherianity.
Translating back gives uZ+ = Z+, so Z+ contains all integer powers of u.

For p ∤ m, the regular function t 7→ tr(gmt | V ) on T takes only the finitely many values am+Na on
this dense set. It is therefore constant, since T is irreducible. As g commutes with T , the T -weight
decomposition identifies its constant coefficient with tr(gm | V T ). Set W = V T and h = g|W .
Evaluation at t = 1 gives the required trace identity, and hN = 1 because gN ∈ T . Finally, a1 is a
sum of at most D roots of unity. If it is rational, it is an integer; embedding their cyclotomic field
into C gives |a1| ≤ D. □

Proof of Proposition 3.1. If [Y ] − c were not a unit, a maximal ideal would give a homomorphism
χ : B → k to an algebraically closed field with χ([Y ]) = c. Choose a nonzero f ∈ Q[t] with f([Y ]) = 0.
By Lemma 3.2, each am = χ(ψm([Y ])) is a root of f , so these values form a finite set. Lemma 3.3
gives the rank-D power-sum identities. Lemma 3.4 now implies c = a1 ∈ {−D,−D + 1, . . . , D}, a
contradiction. □
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4. The telescopic Euler relation

Let Dn = (SpT (n))dual, and let λn be its permutation linearization.

Proposition 4.1. For every n ≥ 1, one has
λn(en+2) = 0 in SwDn(Vn+2).

Proof. Localized scalar extension gives an exact strong symmetric monoidal functor
F : Dn −→ Perf(En), X 7−→ LK(n)(En ⊗X). (11)

The target is ordinary perfect by [15, Example 3.11.3]. This functor is conservative. If F (X) = 0,
base change to a residue Morava K-theory gives K(n)∗X = 0. The internal endomorphism algebra
X ⊗̂ DX is then a T (n)-local, K(n)-acyclic unital ring spectrum; its ordinary ring structure is
supplied by the lax monoidal forgetful functor. By [23, Lemma 2.3 and Remark 2.4], it is T (n)-
acyclic, hence zero. In particular idX = 0. The local categories are p-complete, since p-inverted
spectra are acyclic [23, Lemma 2.2(v)–(vi)]; their unit maps give the required S∧

p -linear structures.
The cyclic-cochain calculation [14, Lemma 4.2] is

C∗(BCp;En) ≃ E⊕pn

n . (12)
Set Y = C∗(BCp; 1). Lemma 2.1 gives F (Y ) ≃ E⊕pn

n . Applying (7) to β2n+2 = 0 from Corollary 2.4,
and dividing by p2n+2, gives

2n∏
j=−1

(
[C∗(BCp; 1)] − pj)

= 0.

Thus [Y ] is algebraic. Proposition 3.1, applied with D = pn, makes the factors at p−1 and at
pn+1, . . . , p2n units. Canceling these factors gives the cochain relation

n∏
j=0

(
[C∗(BCp; 1)] − pj)

= 0 in K0(Dn)Q. (13)

In particular, p[C∗(BCp; 1)] − pr is a unit for r > n+ 1. Starting again from β2n+2 = 0, successive
applications of (6) give βn+2 = 0. Division by pn+2 proves the proposition. □

Remark 4.2. For Perf(En), equation (12) makes the multiplier in (6) equal to pn+1 − pr. Thus
Corollary 2.4 and cyclic descent alone prove λPerf(En)(en+2) = 0, without the tensor-rank estimate.
The extra argument above is needed for the finite-local sphere.
Example 4.3 (An annihilating representation at height two). At p = 2, the height-two cochain
relation can be derived from a single projective representation of Σ6. This gives a direct calculation
using Lemma 3.2 and the geometric seed, without the specialization or finite-monodromy lemmas.
Work in D2 and let F be the conservative functor (11).

A rank-two cofiber. Constant cochains and the universal double-cover transfer define maps
η, τ : 1 → C∗(BC2; 1). The second map is adjoint to the stable transfer Σ∞

+ BC2 → Σ∞
+ EC2 ≃ S,

after extension to the local unit. Set

Ctr = cofib
(
1⊕2 (η,τ)−−−→ C∗(BC2; 1)

)
. (14)

For the Honda height-two theory, choose a periodic coordinate t whose reduction is the standard
Honda 2-typical coordinate, so [2](t) ≡ t4 (mod m), where m = (2, u1) ⊂ E0

2 = W (F4)[[u1]]. The
cyclic-cohomology calculation and Quillen’s transfer formula [31] give

E0
2(BC2) = E0

2 [[t]]/([2](t)), τ 7−→ [2](t)/t;
see [14, Lemma 4.2] and [6, Section 2, equation (1)]. Modulo m, the two columns of F (η, τ) are 1
and t3 in F4[t]/(t4). They extend to a basis, so

F (Ctr) ≃ E⊕2
2 , [Ctr] = [C∗(BC2; 1)] − 2.
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Only the cofiber is used; no splitting into two units is asserted in D2.
The annihilator. Use the tableau and its row and column groups

1 2 3
4 5
6

, R = Σ{1,2,3} × Σ{4,5}, C = Σ{1,4,6} × Σ{2,5}.

The hook lengths are 5, 3, 1, 3, 1, 1, with product 45. Thus

e321 = 1
45

∑
r∈R

r

 ∑
c∈C

sgn(c)c

 ∈ Z2[Σ6] (15)

is a Young idempotent [22, Proposition 6.4 with d = 3, and Section 6.5, equation (6.5)]. Its right
ideal P321 = e321Z2[Σ6] is projective and, by the hook-length formula, has Z2-rank 6!/45 = 16.
This rank can also be read directly from the idempotent: its identity coefficient is 1/45, so its
trace on the regular representation is 6!/45. The first column alternates three tensor positions. It
annihilates (E⊕2

2 )⊗6: in each basis tensor, two of those three entries agree, and terms cancel in pairs.
Consequently the projective tensor construction satisfies

F (TP321(Ctr)) = 0, TP321(Ctr) = 0, (16)
where the second equality uses conservativity. This is an actual zero object, not a numerical rank
calculation.

The ordinary character of P321 is zero on classes with an even cycle and has the following remaining
values:

cycle type 16 3 13 32 5 1
χP321 16 −2 −2 1
zµ 720 18 18 5

They may be checked directly from (15) by computing tr(Le321Rg | Q2[Σ6]). Injectivity of projective
characters also gives the identity

4[P321] = [Z2[C5\Σ6]] − [Z2[(C3 × C3)\Σ6]],
where C5 = ⟨(12345)⟩ and C3 × C3 = ⟨(123), (456)⟩. The two permutation characters have values
(144, 0, 0, 4) and (80, 8, 8, 0) on the four listed classes. Their modules are projective because the
subgroup orders are odd. Thus the Frobenius characteristic is

ch(P321) = p6
1 − 5p3

1p3 − 5p2
3 + 9p1p5

45 .

Evaluating (16) gives the explicit identity

[Ctr]6 − 5[Ctr]3ψ3([Ctr]) − 5ψ3([Ctr])2 + 9[Ctr]ψ5([Ctr]) = 0. (17)
Here ψ3, ψ5 are the Grothendieck-ring operations of Lemma 3.2.

Eliminating the extraneous factors. Independently, the seed β6 = 0 and (7) give

f([Ctr]) = 0, f(T ) = (T + 3
2)(T + 1)T (T − 2)(T − 6)(T − 14). (18)

Under a residue-field character, let a, b, c be the values of [Ctr] and its third and fifth Adams operations.
All three lie in {−3

2 ,−1, 0, 2, 6, 14}, since the operations are unital Q-algebra endomorphisms.
Equation (17) becomes

a6 − 5a3b− 5b2 + 9ac = 0.
If a = −3

2 , the first term has denominator 64 in lowest terms, whereas the other terms have
denominators dividing 16, a contradiction. If a = 6 or 14, then |b|, |c| ≤ 14 would imply

a6 ≤ 70a3 + 980 + 126a,
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which fails at both values. Thus [Ctr] + 3
2 , [Ctr] − 6, and [Ctr] − 14 belong to no maximal ideal and

are units. Canceling them in (18) yields [Ctr]([Ctr] + 1)([Ctr] − 2) = 0, or(
[C∗(BC2; 1)] − 1

)(
[C∗(BC2; 1)] − 2

)(
[C∗(BC2; 1)] − 4

)
= 0. (19)

This proof has not assumed that the Adams operations fix the cochain class or that the Grothendieck
ring is reduced. By Lemma 2.1 and the projection formula, tensor powers of cochains are cochains
on products. Expanding (19) therefore gives

[C∗(B(C2)3; 1)] + 14[C∗(BC2; 1)] = 7[C∗(B(C2)2; 1)] + 8[1]. (20)
The same calculation works in dualizable K(2)-local spectra.

Remark 4.4. In K(2)-local spectra at p = 2, the cochain object is not a direct sum of four units.
Here 1 = LK(2)S. Choose E2 for the Honda formal group H2 over F4, with E0

2 = W (F4)[[u1]] and
m = (2, u1). The cyclic cohomology calculation gives

E0
2(BC2)/m ∼= F4[t]/(t4).

The unextended Morava stabilizer S2 = AutF4(H2) contains an order-three automorphism given by
t 7→ ζt in the Honda coordinate, where ζ ∈ F4 is a primitive cube root [10, Section 1.1]. Choosing
a generator or its inverse to match the action convention, its action on the displayed cohomology
has eigenvalues 1, ζ, ζ2, 1. The comparison LK(2)(E2 ⊗ C∗(BC2; 1)) ≃ C∗(BC2;E2) is natural in
coefficient automorphisms. A splitting into four units would therefore make this representation
trivial: S2 fixes the residue field of E0

2 , and each unit summand supplies an invariant basis vector.
This contradicts the displayed eigenvalues. This distinguishes objects only; it does not imply that
their classes differ in rational K0 or that all three roots in (19) occur.

5. Chromatic quotients and Euler realization

We pass from the local relation to the finite-local sphere by induction on height in a quotient of
genuine spectra. The height layers have a second filtration, by isotropy; its factors are compact
telescopic representations of smaller quotient groups.

5.1. The quotient and its layers. For a finite group G, put
S(G) = (SpG

(p))
ω, Ia(G) = {X ∈ S(G) : type(uX) ≥ a}, I0(G) = S(G).

Each Ia(G) is a thick tensor ideal of S(G): smashing with a finite spectrum cannot decrease the
underlying type. Write

Qm(G) =
(
S(G)/Im+1(G)

)idem
, Q−1(G) = 0. (21)

This is the compact symmetric monoidal category of the smashing finite localization Lm,G away
from Im+1(G). The kernel of Qm(G) → Qm−1(G) is the thick tensor ideal

Jm(G) =
(
Im(G)/Im+1(G)

)idem
.

Compact localization and cofinality give exactness at the middle term of
K0(Jm(G))Q −→ K0(Qm(G))Q −→ K0(Qm−1(G))Q; (22)

see [30, Theorem 2.1 and Lemma 0.6]. Here the triangle relations give K0(A/B) = K0(A)/ imK0(B)
for a Verdier quotient, and passage to the idempotent completion is injective on K0 by cofi-
nality. These facts give the asserted middle exactness without assuming surjectivity onto the
completed quotient. All these categories carry the action of finite genuine permutation spectra. Let
ρm,G : A(G)Q → K0(Qm(G))Q be permutation linearization. This is a map of Grothendieck rings.
Throughout the argument, vanishing of a Burnside class refers to this map, not to its action as an
endomorphism of the localized sphere.
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We use T (0) = HQ, and set Sp
Lf

s
= 0 for s < 0. For elementary abelian G, rank gives a convenient

isotropy filtration.

Lemma 5.1 (The isotropy factors of a height layer). Let G = Vr. The category Jm(G) has a finite
filtration by thick tensor ideals of Qm(G), with idempotent-completed successive quotients∏

H≤G
rk(H)=h

Fun
(
B(G/H),SpT (m−h)

)ω
, 0 ≤ h ≤ min(m, r). (23)

The action of a finite G-set S on the H-factor is tensoring with the local permutation object 1[SH ],
with its G/H-action.

Proof. Put Am = Lm,GSG. We first identify its geometric fixed points. Chromatic Smith theory
and type-function realization give

min
X∈Ia(G)

type(ΦHX) = max{a− rk(H), 0}; (24)

The lower bound follows by applying [7, Theorem 2.1] to ResG
H X. For realization, put fa(H) =

max{a− rk(H), 0}. If K ≤ H, then
fa(K) ≤ fa(H) + rk(H/K),

since rk(H/K) = rk(H) − rk(K). Thus fa satisfies the inequalities of [7, Theorem 1.3], which
realizes it. Applying ΦH to the local unit gives the finite localization associated to the thick tensor
ideal generated by ΦHIm+1(G). To verify this, its unit fiber lies in the localizing subcategory
generated by those images, while its tensor product with each image and its dual vanishes. The
latter condition is locality. The thick-subcategory theorem [17, Theorem 7] and (24) therefore give

ΦHAm ≃ Lf
m−hS(p), h = rk(H). (25)

Equation (25) is an equivalence of ordinary spectra. It lifts to coherent G/H-spectra with trivial
action, since the unit map factors through pointwise finite localization; it is not an identification of
genuine residual spectra.

In the presentable localized category, let Tm be the kernel of localization to height m − 1. Its
colocalization is tensoring with fib(Am → Am−1), where A−1 = 0. Isotropy localization and
colocalization are also tensor functors [8, Theorem 8.6], so they commute with this colocalization
and with the height localizations. Consequently, taking an isotropy quotient of Tm gives the height
kernel in the corresponding isotropy quotient.

Let F iso
h be the family of subgroups of rank at most h, and let Tm,≤h be the intersection of Tm

with F iso
h -isotropy objects. These are localizing tensor ideals of the ambient localized category: both

the height-kernel condition and (EF iso
h )+ ⊗Z ≃ Z are preserved by tensoring with any object. Each

intersection is generated by the ambient compact objects
Lm,G(X ⊗G/K+), X ∈ Im(G), K ∈ F iso

h .

Indeed, applying (EF iso
h )+ ⊗ − to the compact generators of Tm generates this intersection, and

its cellular filtration gives the displayed generators. Thus the inclusions preserve compact objects,
and Jm,≤h = Tm,≤h ∩ Qm(G) gives the claimed filtration by thick tensor ideals. The usual isotropy
quotient at H is the category of coherent G/H-spectra, with geometric fixed points as quotient
functor [5, Theorem 5.1.27]. In the quotient at a subgroup H of rank h, a displayed generator indexed
by K of rank at most h vanishes unless K = H. For K = H, its image is the free G/H-object on
the underlying spectrum of ΦHX, after finite localization.

By (25), the ambient coefficient ring at H is Rs,(p), where s = m − h ≥ 0, and the height
colocalization becomes tensoring with fib(Rs,(p) → Rs−1,(p)). Here R−1,(p) = 0. The resulting factor
is therefore the category of Rs−1,(p)-acyclic Rs,(p)-modules with G/H-action. Equation (24) with
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a = m, together with the thick-subcategory theorem, shows that the underlying spectra ΦHX for
X ∈ Im(G) generate precisely the thick subcategory of finite spectra of type at least s. Hence
the factor is generated by the free G/H-object on Rs,(p) ⊗ Fs, for a finite type-s spectrum Fs.
Torsion–completion duality identifies this category with Fun(B(G/H),SpT (s)) [8, Theorem 2.21(3)
and Proposition 2.34]; for s = 0 this is just rational spectra. The completion is T (s)-localization,
since among Lf

s -local spectra the Fs-acyclic and T (s)-acyclic objects are exactly the Lf
s−1-local

objects. There is no factor for h > m, by (25). Taking compact objects gives (23), with idempotent
completion as in [30, Theorem 2.1]. Distinct subgroups of the same rank are incomparable, which
gives the displayed finite product. Finally, ΦH(Σ∞

G S+) = Σ∞(SH)+, and completion commutes
with tensoring by this finite permutation object. This proves the assertion about the action. □

The product in (23) describes a successive quotient, not a splitting of Jm(G). The stages are
ideals in the ambient tensor category; they need not contain its unit. Their images in K0(Qm(G))Q
are therefore ideals and are preserved by the Burnside action. No injectivity of the maps from the
stages’ Grothendieck groups is needed. Compactness follows from the generators above, not from
compactness of arbitrary isotropy pieces.

5.2. Idempotents and induction on height. We use a simple consequence of exactness on K0.
If an idempotent operator e preserves a finite filtration of a stable category and acts as zero on the
rational K0 of each completed quotient, then it acts as zero on the rational K0 of the whole category.
Indeed, exactness makes e lower the induced filtration on K0; hence some power eN is zero. Since
eN = e, the assertion follows. Only exactness at the middle term is needed, not surjectivity onto
the K0 of an idempotent-completed quotient.

Proposition 5.2. For m ≥ 0 and r ≥ m+ 2, the full-group idempotent satisfies

ρm,Vr (er) = 0.

Proof. Fix G = Vr and induct on m, starting with Q−1(G) = 0. On the H-factor of (23), the action
of eG is that of eG/H . In fact the map

A(G)Q −→ A(G/H)Q, [S] 7−→ [SH ],

sends eG to eG/H , as its marks at K/H are the original marks at K ≥ H. Put s = m− rk(H). Then

rk(G/H) = r − rk(H) ≥ s+ 2.

Proposition 4.1 makes the permutation class of eG/H zero in K0 Fun(B(G/H),Ds)Q when s ≥ 1.
The assertion at larger ranks follows by inflating the critical-rank unit formula and using (5). For
s = 0, it is ordinary rational cyclic induction [14, Theorem 7.6].

Pointwise dualizable local representations act on compact local representations: tensoring preserves
compactness because its right adjoint is tensoring with the dual and preserves colimits. Thus the
vanishing local Swan class annihilates the K0 of the H-factor. The preceding filtration argument
shows that eG annihilates K0(Jm(G))Q.

Set ε = ρm,G(eG). Its image at height m− 1 is zero by induction, so (22) gives ε = i∗(z) for some
z ∈ K0(Jm(G))Q. The maps preserve the permutation action, and consequently

ε = ε2 = i∗(eGz) = 0. (26)

This completes the induction. □

Thus both the height and the residual group rank decrease by rk(H) on an isotropy factor. At
the critical rank r = m+ 2, every factor is again in the critical range for the local Swan relation.
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5.3. Ordinary perfect coefficients.

Proof of Theorem A. Fix n ≥ 0 and G = Vn+2. The exact functor X 7→ Rn,(p) ⊗ uX on S(G)
annihilates In+1(G) and takes values in Fun(BG,Perf(Rn,(p))). It therefore factors through Qn(G).
Proposition 5.2 gives λPerf(Rn,(p))(eG) = 0.

To obtain the global relation, choose G ↠ V2 and let BG = InfG
V2 Zp,1, using Lemma 2.3. Its

underlying spectrum is integral finite and p-primary, and its full Euler mark is −p. The exact
functor

X 7−→ Rn ⊗ uBG ⊗ uX

takes S(G) to Fun(BG,Perf(Rn)). Indeed, any finite p-local spectrum is a retract of the p-localization
of a finite integral spectrum [30, Theorem 2.1]; smashing with the finite p-primary uBG makes that
retract integral finite. The functor annihilates In+1(G), since its values there are p-primary and of
type at least n+ 1 before extension to Rn. It too factors through Qn(G). On permutation classes
its induced map is multiplication by [Rn ⊗ uBG]. Writing a = χG(BG), cellular additivity and
eGa = −peG give

0 = λPerf(Rn)(eG)[Rn ⊗ uBG] = λPerf(Rn)(eGa) = −pλPerf(Rn)(eG). (27)
Cancel −p rationally and use (5). Any finite abelian group whose p-part requires at least n + 2
generators surjects onto Vn+2. Inflation of the unit formula gives proper-subgroup induction for it.
Repeated substitution strictly decreases subgroup order and gives Fp

n(A). The projection formula
and transitivity justify substitution for arbitrary classes [14, Remark 7.1].

After extension to Rn,(p), prime-to-p group orders are units. Cyclic induction for the prime-to-p
factor [14, Theorem 7.6], combined with the same substitution, gives Fn(A). Extension of scalars
preserves these identities.

For sharpness when n ≥ 1, extend coefficients to En. Full homotopy fixed points in Perf(En) are
exact by Lemma 2.1. Compose them with generic even-minus-odd rank: for k = Frac(π0En) this is

dimk(π0M ⊗ k) − dimk(π1M ⊗ k).
It is additive by the periodic long exact sequence. Equations (7) and (12) send βr to

r−1∏
j=0

(pn+1 − pj),

which is nonzero for r ≤ n+ 1. Thus proper-subgroup induction fails for Vn+1. For n = 0, extend
to HQ: the trivial representation of Cp is not a rational multiple of the regular representation. □

In particular, for r = n+ 2 the rational Swan ring of Rn satisfies

pr[Rn] =
r∑

c=1
(−1)c+1pr−c+(c

2)
∑

U≤Vr
codim U=c

[Rn[Vr/U ]]. (28)

Its displayed coefficients are integral, but the equality is asserted rationally. Multiplication and the
projection formula give the corresponding identity for every Swan class.

5.4. Finite Euler witnesses. The quotient vanishing also gives finite geometric witnesses. Their
existence is a consequence of the argument, not an input to the ordinary-perfect induction theorem.

Lemma 5.3. If X is finite Vr-cell and type(uX) ≥ d ≥ 1, then χ(ΦHX) = 0 whenever rk(H) ≤ d.

Proof. For H ̸= 1, choose a hyperplane J < H. Chromatic Smith theory, applied to ResVr
J X [7,

Theorem 2.1], gives type(ΦJX) ≥ d− rk(J) ≥ 1. The cyclic Lefschetz formula identifies χ(ΦHX)
with the alternating trace of a generator of H/J on this zero rational homology. The formula holds
on orbit cells by counting fixed points and extends through finite cofibers. For H = 1, use rational
acyclicity directly. □
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Proposition 5.4. For every m ≥ 1 there is an integral finite genuine Vm+1-cell spectrum X int
m with

p-primary underlying spectrum of type m and

χVm+1(X int
m ) = cint

m em+1, cint
m ̸= 0.

In particular, Rm−1 ⊗ uX int
m = 0.

Proof. Put G = Vm+1, and choose a finite G-cell spectrum W with χG(W ) = pm+1eG, using (4);
negative coefficients are realized by suspensions. Proposition 5.2 gives [Lm−1,GW ] = 0 rationally.
Exactness for compact localization and cofinality [30, Theorem 2.1 and Lemma 0.6] give a compact
X ∈ Im(G) with [X] = N [W ] in K0(S(G)) for some N > 0. A difference of classes in the kernel
is represented by a sum with a suspension. The full subcategory of finite p-local G-cell spectra
is triangulated and dense in S(G). Since [X] = N [W ] and W belongs to this subcategory, the
dense-subcategory criterion [30, Corollary 0.10] implies that X also has a finite cell model. The
additive functions χΦH yield χG(X) = Npm+1eG. Lemma 5.3 then forces type(uX) = m.

Clear the finitely many prime-to-p denominators in its cell attachments to obtain an integral
finite cell spectrum X ′ with X ′

(p) ≃ X. Multiplying the source of an attachment by its denominator
does not change its p-local cofiber. Choose a quotient G↠ V2, and set

X int
m = X ′ ∧ InfG

V2 Zp,1.

The extra factor from Lemma 2.3 is p-primary underneath, of type one, with full Euler mark −p. It
makes the underlying spectrum p-primary without changing its type at p, and multiplies its full
Euler mark by −p. Thus the result is annihilated by the global Rm−1 and has the asserted Euler
class. □

Thus finite Euler realization follows from vanishing in the chromatic quotient. The construction
determines the Euler class but not the attaching maps, as in Question 1.1.

6. Morava E-theory and chromatic vanishing

We give the deductions stated in the introduction. First, En receives Rn, and p is its only
noninvertible prime. Theorem A therefore gives Fn(A)-induction for every finite abelian A. A
complex orientation MU → En refines to an E2-map by [12, Theorem 1.2], since En is even and
E∞. Its underlying E1-map permits CMNN’s abelian-subgroup induction theorem [14, Theorem
7.4]. Substitution of the abelian formulas proves Conjecture 7.22 for arbitrary finite ambient groups.
Remark 4.2 also gives the shorter proof specific to En.

For (2), CMNN’s criterion [14, Theorem 6.7] says that proper-subgroup Swan induction for Vr

over an E∞-ring R implies LT (i)K(R) = 0 for i ≥ r. Apply it to Rn with r = n+ 2; this includes
n = 0. The criterion uses [14, Proposition 6.6], whose proof passes to a Morava-E algebra at the
height being tested and invokes [27, Theorem 2.1]. Thus this deduction retains May nilpotence,
though not K-theoretic purity. For an Rn-linear category M, lax symmetric monoidality of algebraic
K-theory [11, Theorem 1.13] makes K(M) a unital K(Rn)-module. After localization it is a module
over the zero ring, and is therefore zero. This proves (2), including the cases Perf(Rn) and Perf(En).

7. Explicit models at the prime two

The models below are independent of Euler-class lifting. The first is a finite space at height zero;
the second is a specified finite geometric spectrum at positive height.

7.1. The projective plane. Let G = C2
2 act on A = RP2 by

a[x : y : z] = [−x : y : z], b[x : y : z] = [x : −y : z],
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with basepoint [0 : 0 : 1]. The full fixed set consists of the three coordinate points, so χ̃(AG) = 2.
Each subgroup of order two fixes a projective line and an isolated point. All proper reduced Euler
marks consequently vanish, including the trivial mark. The usual cell attachment gives

Σ∞A ≃ ΣS/2
underneath. The smooth action has a finite equivariant triangulation [19], and its Euler class is

χG(Σ∞
G A) = 2[G/G] −

∑
|H|=2

[G/H] + [G/1] = 2eG. (29)

Since S[1/2] annihilates the underlying spectrum, (29) realizes the height-zero induction relation.

7.2. A positive-height model from four letters. Let ∆ = ⟨(12)(34), (13)(24)⟩ ≤ Σ4, and let
ρ = {(x1, x2, x3, x4) ∈ R4 :

∑
xi = 0}

be the reduced real permutation representation. Its complexification embeds Σ4 in U(3). The proper
partition poset P4 has an order complex with thirteen vertices and eighteen edges. Set

Y = DΣ∞P⋄
4 ∧ Sρ,

where D is genuine Spanier–Whitehead duality and the diamond is unreduced suspension based at
a suspension vertex. Identify U(3) with U(ρ⊗R C) and let κ be conjugation with respect to the real
form ρ. It fixes the permutation matrices pointwise. Put

U = U(3) ⋊ ⟨κ⟩, J = Σ4 × ⟨κ⟩, G = ∆ × ⟨κ⟩ ∼= C3
2 .

Inflate Y to J with trivial additional involution and define
X = Σ ResU

G IndU
J InfJ

Σ4 Y. (30)
The sphere Sρ uses the real representation; the unitary embedding uses its complexification.

Proposition 7.1. The spectrum (30) has an integral finite G-cell model, two-local underlying type
two, and

ΦGX ≃
16∨

S.
Its proper Euler marks vanish. If P is the projective-plane spectrum inflated along G → ∆, then
X int = X ∧ P has 2-primary underlying spectrum of type two and

R1 ⊗ uX int = 0, ΦGX int ≃
32∨

S.

Here p = 2, so R1 = L2,f
1 S.

Proof. Duality and representation spheres preserve finite cell spectra for finite groups. Each orbit
cell induced from J to U , after restriction to G, is a suspension of a compact homogeneous space
U/H with H ≤ J finite. Equivariant triangulation and cellular approximation give a finite G-cell
model [19]. After forgetting κ and localizing at 2, the construction, apart from the outer suspension,
is F (2) as defined in [7, Section 4]. Its underlying two-local type is two by their proof of Theorem 2.2,
which applies [2, Theorem 0.4]. The sphere Sρ uses the reduced real standard representation: this
is the odd-sphere case of Arone’s theorem, not the sphere of the complexification.

For the full fixed points, write C = CU(3)(∆). The three nontrivial characters of ∆ occur once
each, so C ∼= U(1)3 and C ∩ Σ4 = ∆. The transporter of ∆ into Σ4 is CΣ4: an intertwiner identifies
the reduced regular character with a transported permutation character, and adding back the trivial
line shows that the action is regular. A permutation then conjugates it to the original action. This
is the transporter calculation in [4, Section 5], recalled in the proof of [7, Proposition 4.2]. For a
based J-space B, it gives a homeomorphism

(C/∆)+ ∧B∆ −→ (U(3)+ ∧Σ4 B)∆, (c∆, b) 7−→ [c, b],
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which commutes with conjugation on the first factor and the κ-action on the second.
This comparison also holds in genuine residual C2-spectra. Suspend the finite J-spectrum by

the restriction of a sufficiently large U-representation V until it is a suspension spectrum [28,
Chapter XII]. Such restrictions contain every finite J-representation: by Peter–Weyl and Frobenius
reciprocity, each irreducible J-representation occurs in the restriction of some U-representation,
and finite direct sums give the required multiplicities. Apply the space-level comparison and
desuspend using the induction projection formula. Since c centralizes ∆, it preserves V ∆. The
trivialization (c, v) 7→ (c, cv) of the fixed representation bundle is well defined over C/∆ and is
conjugation-equivariant, since κ(cv) = c κ(v). Thus, with the actual residual actions retained, the
comparison is

Φ∆(
ResU

G IndU
J Inf Y

)
≃ Σ∞

C2(C/∆)+ ∧ InfC2
1 Φ∆Y.

The characters of ∆ are real. In a real Fourier basis, conjugation on the quotient three-torus C/∆
is inversion, with eight fixed points. The poset P∆

4 consists of the three coset partitions of order-two
subgroups, and ρ∆ = 0. Hence Φ∆Y ≃

∨2 S−1, with trivial extra involution. Taking the remaining
geometric fixed points and the outer suspension gives sixteen degree-zero spheres. Lemma 5.3 gives
zero proper Euler marks.

The projective-plane factor P is 2-primary underneath, of type one, with two full fixed spheres.
Tensoring retains type two, kills the underlying spectrum after inverting 2, and doubles the full
sphere count. This proves the assertions for X int. □

Cellular additivity for X int gives the following relation in K0 Fun(BG,Perf(R1)), before rational-
ization:

32[R1] − 16
∑

dim H=2
[R1[G/H]] + 16

∑
dim L=1

[R1[G/L]] − 32[R1[G]] = 0.

After division by sixteen, its rational form is

2[R1] =
∑

dim H=2
[R1[G/H]] −

∑
dim L=1

[R1[G/L]] + 2[R1[G]], G = C3
2 .

Each sum has seven terms. A sufficiently large even multiple of the real regular representation
suspends the finite cell spectrum to the suspension spectrum of a finite based G-CW complex,
without changing any Euler mark [28, Chapter XII]. The same observation applies to the integral
witnesses of Proposition 5.4. The difference in Question 1.1 is that (30) specifies the geometric
operations, whereas general Euler-class lifting does not determine the attaching maps.
Numbered citations to versioned arXiv references refer to the indicated versions.
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