hexagon: 2609. 00102v2

INCLUSIONS BETWEEN p-BOUNDED CRYSTALLINE LOCI IN
DIMENSION TWO

KALYANI KANSAL, BRANDON LEVIN, AND DAVID SAVITT

ABSTRACT. Let p be an odd prime and K/Q, a finite unramified extension of
degree f > 1. Let Z(r) be the reduced special fiber of the Emerton—Gee stack of
two-dimensional crystalline representations of Gal(K /K) of Hodge type r. We
study the collection of stacks Z(r) as r varies over p-bounded Hodge types, as a
set partially ordered under inclusion. We prove that aside from two degenerate
cases, simple inclusions can be classified in terms of three operations on Hodge
types, two of which have standard automorphic interpretations. We also prove,
with one exception, that inclusions can be detected at the level of an inclusion of
closed points (equivalently, semisimple mod p Galois representations). GPT-5.5
Pro was used extensively in the course of this work.
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1. INTRODUCTION

1.1. Main results and reductions. Let p be a prime number and K/Q,, a finite
extension with residue field k. Emerton and Gee [EG] have constructed a moduli
stack Xy of rank 2 (¢, I')-modules over K that can be conceived of as a moduli
stack of rank 2 representations of Gk, the absolute Galois group of K. Write
X5 red for the underlying reduced substack of Ab; it is an algebraic stack over Fp
of dimension [K : Q). The stack &> has deep connections to the representation
theory of GLo(K). For example, by [EG, Thm. 1.2.1] the irreducible components
of X req are in bijection with Serre weights, the isomorphism classes of irreducible
F,-representations of GLa (k).

Assume henceforth that p is odd and K/Q, is unramified of degree f > 1, and
set ¢ = pf .

This note is a complement to the forthcoming paper [KLS]. Its purpose is to
describe, as a set partially ordered under inclusion, a certain collection of closed
substacks of X ;cq satisfying a natural p-adic Hodge-theoretic condition. To explain
precisely which closed substacks we will consider, we first recall what we mean by a
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Hodge type. Since K/Q, is unramified we can (and do) identify the embeddings
K < Qp with embeddings k& — Fp. Fix an embedding kg : k < Fp and recursively
label the remaining embeddings by elements of Z/fZ by taking x!, | = k;.
Definition 1.1. A Hodge type of rank 2 is a tuple of integers r = {Ti,j}ni:anp,lgjgz
with r; 1 > r; o for all ¢. We say that the Hodge type r is

o p-bounded if r; 1 — r; 2 < p for all 4,

o regular if r; 1 — 732 > 0 for all i.

If r is a Hodge type and \ € Z%//% we let r + A denote the translation of r by A,
i.e., the Hodge type (ri1 + Ai, 72 + A).

Write ur, BT, cr, and St for the Hodge types with (r;1,7;2) = (r,0) for all 4, for
r=0,1,p—1, p respectively. These stand for unramified, Barsotti-Tate, critical, and
Steinberg. We say that a Hodge type is scalar, Barsotti-Tate, critical, or Steinberg
if it is the translation of ur, BT, cr, or St by some .

For each Hodge type r of rank 2, there is a closed substack chrys’z C Xy
corresponding to crystalline representations with k;-labeled Hodge—Tate weights
{ri1,mi2} for each i. Its underlying reduced substack Z(r) := X;;‘gz is equidimen-
sional of codimension #{i : 7,1 = r;2}. If A C Z%/7Z is the sublattice consisting
of tuples ();) such that > ,p~*A\; = 0 (mod ¢ — 1), then it is easy to see that
Z(r) = Z(r + A) for any r and A € A. Indeed, on Galois representations this
amounts to twisting by a crystalline character whose Hodge—Tate weights are (\;);
and whose reduction mod p is trivial.

If r is regular, p-bounded, and non-Steinberg, then Z(r) is a single irreducible
component of Xz yeq. In our normalizations (following the normalizations of [CEGS2,
BBH™, KLS]) it is the component X (o (r)) corresponding to the Serre weight

o(r) = ®{;01 (det 171 Sym"ir T2 2 Rk r; Fp-

The map r — o(r) is many-to-one: indeed, its fibers are equivalence classes under
translation by A.

If instead r is Steinberg, it is proved in [EG, CEGS2] that Z(r) is the union
of two irreducible components. To be precise, if r = St + A then one of those
components is Z(BT +)), while by [EG, Lem. 8.6.4] all the F,-points of the other
component are twists of an extension of the trivial character by the cyclotomic
character. This latter component is X' (o(r)) where o(r) is the Steinberg Serre weight
@I} (det 171 SymP 1 k2) @y, ., Fp, s0 that Z(St + A) = Z(BT +A) U X (o(r)).

As r ranges over all p-bounded and regular Hodge types, X (o (r)) ranges over the
irreducible components of X5 yeq, while Z(r) ranges over the Breuil-Mézard cycles
for GLy(K) as in [EG, Conj. 1.7.2] and the discussion following it. This means that
Z(r) is supported at a representation p : Gx — GL2(F,) if and only if o(r) is a
member of the set of Serre weights associated to p in the weight part of Serre’s
conjecture.

In this article we will be concerned with the closed substacks Z(r) as r ranges
over all p-bounded (but not necessarily regular) Hodge types. Irregular Hodge types
can be thought of as corresponding to “phantom Serre weights” in which some or
all of the symmetric powers are allowed to be —1. The loci Z(r) for irregular r
play a role in the local study of Hilbert modular forms of partial weight one, but as
these stacks have positive codimension in &5 ;ed, they are somewhat more difficult
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to study than the irreducible components. However, it is proved in [BBH™] that
if r is p-bounded and non-Steinberg then Z(r) is irreducible.

Definition 1.2. Let Z be the set of closed substacks Z(r) as r ranges over all
p-bounded Hodge types.

The set Z is partially ordered under inclusion (i.e. under closed immersion), and
our specific goal in this article is to describe this structure. To state our main
results, we need to introduce several operations on Hodge types.

Definition 1.3. Let f > 2. For each j € Z/fZ, we define operators u;, 0;, and v;
on p-bounded Hodge types r by setting:

(Ti,l — 177“i’2) if 1 = j7
pi(r)i =19 (rig+prig) ifi=j+1,
(ri,mi2) otherwise.

(rigrig—1) ifi=j,
0;(r)i == (rix+pyrie) ifi=j+1,
(ri1,riz2) otherwise.

(rig,rig—1) ifi=j,
vi(r), == (rig+p,ri1) ifi=j7+1,
(ri1,mi2) otherwise.

The difference between ¢; and v; lies in the subscripts at index ¢ = j + 1. We say
that r is irregular at j if 7,1 = ;2. The operator f; € {u;,6;,v;} is valid (for r) if
o fj =, risirregular at j + 1, and r;1 — ;2 > 0;
o fi =0j, risirregular at j + 1, and r;1 — rj2 < p;
e f; =v; and r is irregular at j.

If f; is valid for r then evidently f;(r) is again a p-bounded Hodge type.

The definitions of the operators p; and 6; are motivated by the theory of mod p
automorphic forms: the weights of mod p automorphic forms transform by p; under
partial Hasse invariants, and by 6; under partial theta operators. The operator v;
does not have as straightforward an automorphic explanation, but can be related to
restriction to the vanishing locus of a partial Hasse invariant; see [Yan] or [KLS] for
much more.

Remark 1.4. We caution the reader that the indexing of the operators p; and 6;
differs by 1 from the indexing in [BBHT]. We have made this change, both here and
in [KLS], so that p; corresponds to multiplication by the partial Hasse invariant
Ha; rather than Ha;_;, and similarly for 6; and the partial theta operator ©; rather
than ©;_;. There is an added advantage that j;, 6;, and v; all affect Hodge-Tate
weights in the same pair of embeddings; the disadvantage is that p; and 6; affect
an irregular embedding at index j + 1 rather than j.

The following proposition is [BBH™, Cor. 5.3].

Proposition 1.5. Ifr is a p-bounded Hodge type and the operation f; € {u;,6;,v;}
is valid, then Z(r) C Z(f;(r)).
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To simplify notation, write u; 1= r;1 — ;2. If (u;,u;41) = (1,0), it is not hard
to see that v;(p;(r)) € r + A. Similarly if (uj,uj41) = (0,p) then p;(v;(r)) € r+ A.
Thus if (u;,u;41) = (1,0) we have Z(u;(r)) = Z(r), while if (u;,u;4+1) = (0,p) we
have Z(v;(r)) = Z(r). In these situations we say that the operations p; and v; are
invertible.

Remark 1.6. One could alternatively define a set X = {X(r) : p-bounded r}
by setting X (r) = Z(r) if r is non-Steinberg (equivalently, if Z(r) is irreducible)
and setting X(r) = X(o(r)) in the Steinberg case. This would seem to have the
advantage that all the stacks in X are irreducible.

The reason we choose to work with Z rather than X is that Proposition 1.5
is no longer quite correct if Z is replaced with X. If r is the Hodge type such
that 6;(r) = St, then X(r) € X(St), as can be seen by checking that there are
irreducible representations p in the support of X'(r) but none in that of X(St). In
fact if 6;(r) = St then we have

(L.7) (Vjsg-10- 0ovjpa0vjp1)(r) € BT +A,

where the composition has f — 1 factors, so that indeed Z(r) C Z(St), but with
image in the component X (BT) rather than X'(St).

In any case, since X is very nearly the same as Z, it is possible to reformulate all
of our results in terms of X rather than Z if one prefers.

Definition 1.8. Let ~ denote the equivalence relation on p-bounded Hodge types
generated by r ~ p;(r) for valid invertible u;, by r ~ v;(r) for valid invertible v;,
and by translation by A.

Our main results are as follows.
Theorem 1.9. We have Z(r) = Z(r') if and only if r ~1’.

If Z C Z’ is an inclusion of elements of Z, let us say that the inclusion is simple
if Z C Z’ and furthermore there does not exist Y € Z with Z2 ¢ Y C Z'.

Theorem 1.10. Suppose Z C Z' is a simple inclusion in Z. Then either:

e there exists a p-bounded Hodge type r and a valid operation f; € {p;,0;,v;}
such that Z = Z(r) and 2" = Z(f;(r)),

e we have Z = Z(ur+ \) and Z' = Z(cr + ) for some A, or

e we have Z = Z(BT +)\) and Z' = Z(St + \) for some A.

Note that in the second case there is indeed an inclusion Z(ur + \) C Z(cr + A):
unramified two-dimensional representations of G have crystalline lifts with all
labeled Hodge-Tate weights equal to (p — 1,0).

A consequence of Theorem 1.10, and the reason we became interested in these
statements in the first place, is that if one wants to use induction on (co)dimension
to prove theorems about the stacks Z(r), as we do in [KLS], then the only “moves’
that one has available in general are the operations y;, ;, and v;. Philosophically
this suggests that there is indeed something fundamental about the operation v;,
alongside 1; and 6; with their evident automorphic interpretations.

As a consequence of Theorems 1.9 and 1.10 we have the following;:

)

Corollary 1.11. If Z C 2’ is an inclusion of elements of Z, then either
e we have Z = Z(ur+ A\) and 2" = Z(cr + A) for some A, or
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e there is a chain
Z=2yC---CZ, =2

of simple inclusions for some n 0, and there exist p-bounded Hodge
types rgy ..., 1, such that Z,, = Z(r,,) for all 0 < m < n, and for every
1 <m < n we have either:
— Zm = Z(f)(r,,_)) for some valid £, and f) (r, ) ~r,., or
— m =mn and the inclusion Z,_1 C Z, is some Z(BT+\) C Z(St+ ).

-
>

Proof. The existence of a chain Z = Zy C --- C Z,, = Z’ of simple inclusions follows
for dimension reasons. If one of these inclusions has the form Z(ur+ ) C Z(cr+ A),
then n = 1: for dimension reasons there are no proper inclusions into Z(ur + \)
or out of Z(cr + A). Similarly any inclusion in the chain that is of the form
Z(BT+X) € Z(St + A) must be last in the chain. Then Theorems 1.9 and 1.10
imply that the chain has the asserted form. O

It remains to describe precisely which non-invertible valid operations give simple
inclusions; or equivalently, which ones do not. Note that on dimension grounds,
the latter would require either reducing the number of irregular embeddings by at
least two, or increasing the number of irreducible components. This can occur only
if f;(r) is Steinberg, or if (u;,u;4+1) = (0,0) and f; = 6, or v;. (Note that in the
latter situation 6; and v; are equal.) The actual behavior is as follows.

Theorem 1.12. FEach of the inclusions listed in Theorem 1.10 is simple except for
the ones of the form Z(r) C Z(f;(r)) with either f; invertible (in which case the
inclusion is an equality) or else of the form

o f;€1{0;,v;}, (uj,uj1) = (0,0), and either uj_1 =1 or ujyo = p; or

o f; =0, and 6,(r) is Steinbery,

in which case the inclusion is proper but not simple.

In the final case, if 0;(r) = St + A we have already seen that Z(r) C Z(BT +\) C
Z(St+ ). In the first case, if for example w;_1 = 1, then 6;(r) ~ vj_1(1; (j—1(r))),
and Z(p;(p;j—1(r))) is intermediate between Z(r) and Z(0;(r)). The other cases of
non-simplicity are similar.

It is possible to reduce each of Theorems 1.9, 1.10, and 1.12 to statements that
are essentially combinatorial, as we now explain.

Definition 1.13. If r is a Hodge type, define Z4(r) to be the set of semisimple
representations p : Gx — GL2(F,) on which Z(r) is supported, i.e., the set of
semisimple p having a crystalline lift of Hodge type r; equivalently, Zs(r) is the
collection of closed points of Z(r).

Write Zg for the set {Z4(r) : p-bounded r}.

Since the semisimple representations at which X'(St) is supported also lie in the
support of X'(BT), we have Z,(BT +)\) = Z4(St + A). The main combinatorial
claim is that versions of Theorems 1.9, 1.10, and 1.12 hold with Z replaced by Z,
suitably modified to account for the equality Zs(BT +)) = Z4(St + \).

Theorem 1.14. We have the following.

(i) We have Z4(r) = Z(r') if and only if either r ~ 1’ or else there exists
A such that either (r ~ BT4+X and ' ~ St + X) or (r' ~ BT+ and
r~St+ A).
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(ii) Suppose Zss C 2L is a simple inclusion in Zss. Then either:
o there exists a p-bounded Hodge type r and a valid operation f; €
{1;,0;,v;} such that Z = Z4(r) and 2, = Z(f;(r)), or
e we have Zss = Z(ur + N) and Z., = Zg(cr + \) for some A.
(iii) Each of the inclusions listed in (it) is simple except for the ones of the
form Zs(r) € Zs(f;(r)) with f; € {0;,v,}, (uj,uj41) = (0,0) and either

uj—1 =1 or ujio = p.

For p-bounded Hodge types r, the results of [GLS] give an explicit description of
Zs(r), thus reducing Theorem 1.14 to an explicit but very complicated combinatorial
problem whose proof will occupy the body of the paper. For now, however, we prove
the following.

Proposition 1.15. Assume parts (i) and (ii) of Theorem 1.1/. Then we have:

(i) If r and 1’ are p-bounded Hodge types, then Z(r) C Z(r') if and only if
Zi(r) C Z4(r'), except when there exists A such that r ~ St + A and
' ~ BT +A\.
(i) Theorems 1.9 and 1.10 hold.
(iii) Further assuming Theorem 1.14(iii), Theorem 1.12 holds.

Remark 1.16. We emphasize the following interpretation of Proposition 1.15(3): for
p-bounded Hodge types r,r’, inclusions between the stacks Z(r) and Z(r’) may be
detected at the level of an inclusion between their closed points, with the exception
that Zs(St + A) = Z(BT +A) while Z(St + A) € Z(BT +)).

Proof. The only-if direction of (¢) is immediate. For the reverse, assume that
Zs(r) C Z4(r'), and that there does not exist A such that r ~ St + A and
'~ BT+

If Zi(r) = Z(r'), then Theorem 1.14(7) implies that either r ~ r’ or else
r ~ BT 4\ and r’ ~ St + A for some A. In either case Z(r) C Z(r’).

Otherwise, since the set Zg is finite it is possible to write

Zss(f) = ZSS,O g Zss,l g e g Zss,n = Zss(ﬂl)

for some n > 0, with each Zg ,, C Zss,m+1 a simple inclusion in Zg. By Theo-
rem 1.14(i7), we can write this inclusion as Z4(r,,) S Zss(r,) for Hodge types

r,., 7 satisfying one of the two listed possibilities. In each of those cases we know

ImsLim
that Z(r,,) C Z(ry,)-

Regular Hodge types give maximal elements of Z (e.g. by Theorem 1.14(ii),
because r is never regular in the first bullet point, and similarly ur + A is not regular
in the second bullet point). Thus none of r, r,,, or r! . is either Barsotti-Tate or
Steinberg except possibly 77, ;. By Theorem 1.14(i), Z(r;,) = Zss(r,,,41) implies
that 77, ~r,. ., and therefore Z(r;,) = 2(r,, ;). Similarly Z(r) = Z(ry). If r], 4
(hence also r’) is either Barsotti-Tate or Steinberg, then by changing r,,_, it is
possible to arrange that 7, _; ~ r’: this is because if 6;(s) = St+ A, then there exists
s' ~ s such that vjr_1(s') ~ BT +A (namely s’ ~ (vj4f—20---0vji20vj11)(s),

as in (1.7)). We obtain
Z(r) = Z(rg) € Z(rp) = Z(ry) € -+ C 2(15,4) = Z2()

as desired.
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Theorem 1.14(¢) implies that there exists a well-defined map from Zy to Z \
{Z(St 4+ \) : A € ZZ//Z) sending Z(r) to Z(r), except that Z (St 4+ \) =
Z(BT+)) is sent to Z(BT +A).

By (i) of this Proposition, this is an isomorphism of partially ordered sets under
inclusion. By the same argument with St and BT swapped, there is also a well-
defined isomorphism from Zy to Z ~ {Z(BT +\) : A € Z%/fZ}. This establishes
Theorems 1.9, 1.10, and 1.12 for all statements not involving both Barsotti—Tate
and Steinberg weights (under the additional assumption of Theorem 1.14(ii%), in
the case of Theorem 1.12).

The claims involving both Barsotti-Tate and Steinberg weights are easily checked
separately. We have Z(BT +)\) # Z(St + X) and BT +X « St + X, giving Theo-
rem 1.9. The inclusion Z(BT +A) C Z(St + A) is indeed simple, necessitating the
third bullet point in Theorem 1.10, and there are no inclusions between Z(BT +X)
and Z(St+ X)) if A— X & A. For Theorem 1.12, a statement involving both Barsotti—
Tate and Steinberg weights could only have St + A = f;(r), with the Barsotti-Tate
weight appearing in the middle of a non-simple inclusion; and indeed we have already
seen that if 6;(r) = St + A, then Z(r) C Z(BT +)) € Z(St + A), giving the second
bullet point of Theorem 1.12 and completing the proof. O

The rest of the paper is devoted to the proof of Theorem 1.14.

1.2. Statement of AI use. Given that for a valid operation f;, the inclusion
Z(r) € Z(f;(r)) is typically a codimension one inclusion between irreducible stacks,
it was natural to wonder whether something like Theorem 1.10 might hold. In the
course of our forthcoming work in [KLS], we had previously used calculations with
sets of semisimple points to make guesses about the extent to which formulas like
Z(p;(r)) N Z(0;(r)) = Z(r) might hold. This prompted us to consider the analogue
of Theorem 1.10 for semisimple point sets and to realize that the one could be
reduced to the other. It appeared to us that the combinatorics required to prove
Theorem 1.14 might be rather complicated, but also potentially amenable to current
large language models.

Indeed the first proof of Theorem 1.14 was found by GPT-5.5 Pro, by a naive
process of giving the problem to the LLM and then prompting it to continue
working whenever it stopped. After roughly 30 continuations, the LLM claimed
to have a proof. The argument was then turned into a manuscript by an iterative
process using two LLM conversations, one the “author” and the other an adversarial
“reviewer”. The resulting manuscript was, to us, essentially alien — full of jargon
and barely recognizable as related to the original problem. Attempts to formalize
the manuscript in Lean using Codex eventually stalled.

We then abandoned the initial manuscript and restarted the process from the
beginning, this time also prompting the LLM that it was permitted to introduce
new notation, but not new terminology. The new manuscript, which ultimately grew
to 45 pages, was clearly recognizable as addressing the problem under consideration,
and seemed plausibly to be a proof, although the writing was still very difficult for
us to follow. We then formalized the manuscript in Lean via Codex using GPT-5.5
with xhigh reasoning effort. This surfaced several errors in the manuscript, which
were corrected with input from GPT-5.5 Pro; but the formalization was eventually
completed, convincing us that indeed we had a proof.
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It then fell to us to understand the argument. It was immediately clear that the
manuscript was organized in what seemed to us to be an unnatural and unnecessarily
complicated way. In the process of reorganizing the argument, and trying to
understand the reorganized argument, we found a number of simplifications to the
statements, the proofs, and the exposition. The exposition below is entirely written
by us. Many of the lemma and theorem statements are different from those that
can be found in the LLM-generated manuscript. Nevertheless, the underlying logic
is still in essence the one that was found by the LLM.

The artifacts that we have described here, including several versions of LLM-
generated manuscripts, and the Lean formalization of one of those early versions, are
available at https://github.com/davidsavitt/KLSposet-artifacts. A formal-
ization of the combinatorial parts of the present manuscript (i.e. the results about
the sets Zg(r), but not those concerning the Emerton—Gee stacks) is available at
https://github.com/davidsavitt/KLSposet.

1.3. Notation and further preliminaries.

1.3.1. Phantom Serre weights. To each Hodge type r we may associate the tuple
(uos ... up—1;t) with u; =r;1 —rio and t = Ziez/fzp’lrm € Z/(q— 1)Z. This
tuple depends only on the class of r under translation by A, and it is not difficult to
see that this defines a bijection from equivalence classes of p-bounded Hodge types
up to translation by A, to tuples (ug,...,us_1;t) with ¢t € Z/(q — 1)Z and each
u; € [0,p]. We will refer to the tuples (ug,...,usr—_1;t) as phantom Serre weights.
For brevity we often write ¢ = (u;;t) instead of (uo,...,ur—1;t), and we write
(ur;t), (BT;t), (cr;t), and (St;t) for (u,...,u;t) with u = 0,1,p — 1, p respectively.

The operations ., 6;, and v; descend to phantom Serre weights. Concretely, we
have

pi ouju;— 1 wip = ujp+tp, T
0;: uj—u;j+1, ujp1—=ujp1+p, t—=t—p7,
Vit uj HUj+1, Ujpl = P — Ujt1, t|—>t—p7j+uj+1p7(j+1).

All other u;’s are fixed. The operations are valid when

® U; > 0 and Ujt1 = 0 for Hj;
o u; <p and Ujt1 = 0 for Gj;
e u; =0 for v;.

Now if (u;,u;41) = (1,0) then v;(u;(0)) = o, while if (uj,u;41) = (0,p) then
w;(v;j(o)) = o, so on phantom Serre weights y; and v; are literally inverse to one
another. The equivalence relation ~ also descends to phantom Serre weights, and
we denote it by ~ again.

1.3.2. Fundamental characters. Take 7 = (—p)'/(¢=Y) and for ¢ € Gx we set
h(g) = g(m)/m € pg—1(K). Identifying p,—1(K) with k%, we define fundamental
characters w; of level f by setting w; = k; 0h : Igx — F; for each i € Z/fZ
(¢f. [CEGS1, Lem. 1.4.1] and the discussion following). Fix w{, to be either of the
two fundamental characters of level 2f such that (w))?! = wp, and recursively
define wj for i € Z/2fZ by (wj,)? = wj.
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1.3.3. The sets Z4 (o). We now describe the sets Zg(r) explicitly.

Definition 1.17. We say that a set J is a profile if either

e J CZ/fZ is any subset; or
e JCZ/2fZ, and for all i we have i € J if and only if i + f & J.
In the former case we say that J has niveau 1, and in the latter case we say that J

has niveau 2.

If 0 = (u;;t), then for each profile J C Z/ fZ we define

p<U’J):w6® (Hw;”@ Hw?i>7

ieJ ieJge
while for each profile J C Z/2fZ we define

o, J) =wh® (H(wé)“i o [1 (wé)"") 7

ieJ icJe
with the notation u; extended to i € Z/2fZ periodically modulo f.

Theorem 1.18 ([GLS, CEGS2]). If o is the phantom Serre weight associated to r,
then we have

Z(r) = {semisimple p such that p|r, = p(a,J)" for some profile J}.

The dual comes from our normalization for Hodge-Tate weights: following
[CEGS2, BBHT] we chose the normalization so that the cyclotomic character has
all Hodge—Tate weights equal to —1.

Definition 1.19. If ¢ is a phantom Serre weight, we define
Zss(0) ={p(o,J) : J any profile}.

Theorem 1.14 thus descends to an equivalent statement about phantom Serre
weights and the finite sets Zs (o). This is the language in which we will phrase the
proof of Theorem 1.14.

Remark 1.20. Suppose p is semisimple and non-scalar on inertia. If J is a profile
and p|r, = p(o,J)Y then either p is split and J has niveau 1, or else p is irreducible
and J has niveau 2.

If on the other hand p is scalar on inertia, then it can happen that p|;, = p(c, J)"
with J of niveau 2. But for each such o, there is also a witness p|r,, = p(o, ')V with
J' of niveau 1; see the discussion in the last paragraph of [GHS, Example 7.1.7].

If J is a profile, let d; be the indicator function of J, and set £/ = (—1)%/ ().

2. PINNINGS

2.1. The carry equation. The following key lemma is also proved in [KLS], but
we include a proof here for the sake of completeness.

Lemma 2.1. Let o = (u;;t) and o’ = (u;t') be two phantom Serre weights. Suppose
that J, J' are profiles of the same niveau such that p(o,J) =p(c’,J'), with equality
rather than isomorphism meaning that the two characters of p(o,J) and of p(o’, J")
are in the same order. Set f' = f if J has niveau 1, and ' = 2f otherwise.
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(i) There are unique integers (x;) such that

J/
for alli € Z/f'Z. Moreover x;+y = —x; if f' =2f.

(ii) The parities of the x;’s depend only on o, 0’ and in particular are independent
of the profiles J,J'.

(iii) We have x; € [—2,2] for all i, unless p =3, u; = u, =3 for all i, ¢ —t =
(¢—1)/2, and {J,J'} ={2,Z/fZ}.

The integers x; in the lemma can be thought of as carries in the base p subtraction
Soel ulpt =t =3 eluip/ % hence the name of the subsection.

/ J
E; Uy —E; Uy =PTi—1 — T4

Proof. The equality p(o, J) = p(o’, J’) implies that there are congruences

(2.2) pr/_iui =T+ Z p“il (mod p/" — 1)
= =

and

(2.3) pr'*iui =T+ z p/ ) (mod p'’ —1)
igJ igJ

where T =t —tif f'=fand T = (¢+ 1)t —¢t) if f' =2f.
Taking the difference between equations (2.2) and (2.3) and rearranging gives
Z{:Blpf/*iyi =0 (mod pf" — 1) where

e = (D)2 O = (<) O,

The lattice A’ of vectors (y;) € Z%/1'% such that Zf;glpf,_iyi =0 (mod p' —1)
has a basis consisting of the vectors v; = (v;;) with v; ; = —1, v, j+1 = p, and
v;,; = 0 otherwise. It follows immediately that there exist unique integers z; with
Yi = PTi—1 — T4

Suppose [/ = 2f. The sequences u;, u; are periodic modulo f, while 7 € J if and
only if i+ f ¢ J, and similarly for J’. It follows that the tuple (z}) with a} := —z;1 ¢
also satisfies the conditions of the lemma. By uniqueness it follows that z; = —x;¢.
This proves ().

Let M = max; |z;| and suppose that |z;_1| = M. Then

pM = |pxi1| = |yi + 2] < 2p+ M.

If p > 3 then M < 2p/(p—1) < 3 by the hypothesis on p, and z; € [—2,2] for all i.

If p = 3, then the same conclusion still holds unless |x;_1| = |z;| = 3 and |y;| = 6;
then iteratively we obtain |y;| = 6 for all 4, and u; = u; = 3 for all 4. Finally either
x; = 3 for all 4, in which case 5;7' —¢e/ =2foralliand J =Z/fZ, J = J; or else
x; = —3foralli, el —e/ = —2foralli,and J =@, J = Z/fZ. It J =Z/fZ
and J' = &, then (2.2) gives T = Zf:_ol 3/71.3 =(¢—1)/2 (mod ¢ — 1). The
case J = @, J' = Z/fZ gives the negative of the same congruence, hence again
T = (¢ — 1)/2. This gives (7ii).

Finally suppose that (K, K”) is a pair of profiles of the same niveau with p(o, K) =
7(0’, K'), leading to parameters f’, §; and &; in place of f', y; and z;. Suppose first
that f' = f’. Since (—1)%@ =1 —26,(i) the difference z; = & (y; — §;) is equal to

(O (i) = 00 (i))ug — (O (i) — 05 (i) us.
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Taking the difference between (2.2) for (J,J') and for (K, K') shows that (z;) € A’.
Writing z; = pw;_1 — w; for integers w; we find that x; — ¥; = 2w; and therefore
x; = Z; (mod 2).

If instead f’ # f’, suppose without loss of generality that f/ = f and f' = 2f.
Then exactly the same argument in the previous paragraph goes through after
multiplying (2.2) for (J,J') by ¢ + 1 (and f-periodically extending w;, u}, x;, J, J'
to Z/2f7Z) to obtain a congruence modulo p?/ — 1. O

Remark 2.4. In the exceptional case of Lemma 2.1(4i%), one can furthermore check
that there are no J, J' such that p(o, J) = p(o’, J') other than {J,J'} = {@,Z/fZ}.
Indeed, in niveau 1, the equality of >, ; p~“u; and >, ;, p~*uj modulo ¢ — 1 says
that two subsets of 1,3,...,37~! have sums that differ by (¢ — 1)/2 modulo ¢ — 1.
Since each such subset sum lies between 0 and (g — 1)/2, this forces the two subsets
to be @ and Z/fZ. In niveau 2 the argument is essentially the same, except that
since @, Z/2fZ are not profiles in niveau 2, the conclusion is simply that there are
no solutions J, J'.

In particular Z5(0) € Zs(o’) and vice-versa. For this reason, in proving
Theorem 1.14 we will generally never be in the exceptional case of part (ii¢) of the
lemma, and will always have x; € [—2,2]. In arguments where the exceptional case
is trivially excluded, e.g. because of a hypothesis that p(o, J) = p(c’, J') for some
J & {2,Z/fZ}, or that u; # p for some i, we will pass over this without further
mention.

Remark 2.5. If 2; = 0 for all ¢, then Lemma 2.1 immediately implies u; = for
all 4, and that J, J' agree on all indices ¢ such that u; # 0. Then (2.2) implies that
t = t/, and therefore o = o’.

As a first application of the lemma, we analyze the situation where p(c, J) is
scalar for a niveau 2 profile J.

Corollary 2.6. Suppose that J is a profile such that p(o,J) is scalar. Then there
exist unique integers (y;) such that

elui = pyio1 — ui,
and if J has niveau 2 then yir; = —y; for alli € Z/2fZ. Furthermore |y;| <1 for
all 1.

Proof. Since p(c, J) is scalar, it is possible to choose t' € Z/(q — 1)Z such that
p(o,J) = p((ur;t'), J') for some (indeed any) profile J" of the same niveau as J.
Applying Lemma 2.1 to the pair (ur;t’) and o (in that order), we obtain unique
integers y; such that

elu;i = pyi—1 — yi
for all ¢, and y; 4 = —y; if J has niveau 2, giving the first part of the corollary. The
bound |y;| < 1 follows by the same argument as for the bound in Lemma 2.1(47). O

We saw in Remark 1.20 that if J has niveau 2 and 5(c, J) is scalar, then there
also exists a profile J' of niveau 1 such that p(c, J') = p(o, J). We now analyze the
same situation with the niveaux reversed.

Proposition 2.7. Suppose that J is a profile of niveau 1 such that p(o, J) is scalar.
Then there also exists a profile J' of niveau 2 such that p(o,J') = p(o, J) unless
o = (cr;t) for some t, in which case no such J' exists.
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Proof. Write o = (u;;t). The nonexistence of J' when o = (cr;t) is a consequence
of Corollary 2.6. Suppose J’ of niveau 2 were to exist, and apply the Corollary.
Since u; = p — 1 for all ¢ we have y;,_1 =y; € {—1,1} for all i, and recursively the
sequence y; is constant. This contradicts ;4 = —y;.

Now suppose that ¢ is non-critical and p(o,J) is scalar, with J of niveau 1.
Corollary 2.6 gives integers y; € [—1, 1] such that e/u; = py;_1 —y; for alli € Z/fZ.
Since ¢ is non-critical, some y; must be 0. Without loss of generality suppose that
y_1=0. Set y, = y; and e/ =&/ for i € Z/2fZ whose least non-negative residue
lies in [0, f — 1], and g, = —y;, e/ = —e/ otherwise. Let .J’ be the niveau 2 profile

K3

implicitly defined by the choice of &/ ". Now evidently

(2:8) el 'wi = pyi_1 — v

for i # 0, f (so that {i —1,¢} is contained in either [0, f — 1] or [f,2f — 1]). But
since y'; = y}_; = 0, the equation (2.8) holds for i = 0, f as well, i.e., it holds for
all i € Z/2fZ.

Multiplying (2.8) by p~¢ and summing over Z/2fZ proves that ey up "t —
digr u;p~* =0 (mod ¢ — 1), or in other words that p(o,J’) is scalar. However,
we need the stronger statement that p(o, J') = p(o, J), or equivalently that

Y upt = (g+ 1)) uip =0 (mod ¢ —1).
e’ icJ

Since (i) = 3(1 — €/) and similarly for J', the previous display rewrites as

2f—1 2f-1
Z %(1 — sf/)uip*i — Z %(1 —eNup~ =0 (mod ¢* —1).
i=0 i=0

From the definition of £/, the terms with 0 < i < f in the two sums cancel, and
the desired congruence is equivalent to

F-1
Z elupp =0 (mod ¢* —1).
=0

Substituting e/u; = py;_1 — i, the terms on the left-hand side involving y; for
0 < i < f —1 telescope, leaving only the terms involving y_; and ys_;. But
y—1 = ys—1 = 0, so the previous congruence holds. ([

As another early application of these ideas we show that the inclusion Z((ur;¢)) C
Zss((cr;t)) is simple. In fact we have the following stronger statement.

Proposition 2.9. Suppose that Zs(0) C Z((cr;t)). Then o = (ur;t) or o = (cr;t).
Proof. The proof will require the following claim. If
Yooap’ =) bp'T (mod p! T 44 p 1)
i€Z/fZ i€Z/fZ

with a; € {0,1,2} and b; € {0,1} for all 4, then a; — b; is constant. To see this, we
treat the two sides as the integers A = >/ a;p/~# and B = 32, bip/ 7, so that
the sums give the base p expansions of A, B respectively. Set M = p/~1 4+... 4 p+1.
Evidently A— B € {—M,0,M,2M}. If A— B = —M then a; =0 and b; =1 for
all i. If A— B =0 then by uniqueness of base-p expansions we have a; = b; for all
i. f A— B =M then A = Z{:l(bi + 1)p/~". Since b; + 1 < p, this is the base-p
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expansion of A, and a; = b; + 1 for all i. If A— B = 2M then a; = 2 and b; = 0 for
all 7. In all cases the desired conclusion holds.

Without loss of generality suppose that t = 0. Write 0 = (u;;t'). Write
p(o,2) = p((cr;0), K) for a profile K, which we can take to have niveau 1 by
Remark 1.20. Similarly write p(o, {i}) = p((cr;0), K;) for a niveau 1 profile K; for
each i. Each p((cr;0),J) with J of niveau 1 has the form w@ @ w§ with a, b divisible
by p — 1. Applied to p(c, @) and p(o, {i}) this shows that ¢’ and all of the u; are
divisible by p — 1. In particular u; € {0,p — 1} for all 4. If K is Z/fZ, we replace it
with & instead.

Now (2.2) shows that t' = (p—1) 3", /=" (mod ¢—1), and another application
of (2.2) for the profile {j} shows, after dividing by p — 1, that

pl =+ pr_i = Z p/=" (mod M)
€K ieK;

for each j in the set S := {i: u; = p— 1}. An application of our claim then shows
that j € K. Therefore K NS = @.

The equality detp(c, @) = det p((cr;0), K) gives 2t' + (p — 1) > ,cqp/ ™ = 0
(mod g — 1), or equivalently

ZQ-pf_i—kpr_iEO (mod M).

icK ies
Since KNS = @ and K # Z/fZ, another application of our claim gives K = &
and S € {@,Z/fZ}. Thus ¢ =0 and ¢ = (ur;0) or o = (cr;0). O

2.2. Further consequences of the carry equation.

Definition 2.10. Let 0,0’ be a pair of phantom Serre weights.

(i) We define P(o,0’) to be the set of profiles J such that there exists a profile
K of the same niveau with p(c, J) = p(o’, K ;).

(ii) A pinning is a choice, for each J € P(0,0’), of a profile K; of the same
niveau with p(o,J) = p(co’, K;). Given a pinning we write =7 for the
integers of Lemma 2.1 applied to the pair of profiles J, K ;.

We note the following subtlety in the definition of P(c,¢’). If J has niveau 2 and
p(o, J) is scalar, then the existence of some J’ such that p(o,J) = p(o’, J’) need
not imply that J € P(0,0’), since it may not be possible to choose J’ of niveau 2.
By Proposition 2.7, this happens precisely when o’ is critical. To emphasize this,
we highlight the case Z(0) C Z (o).

Corollary 2.11. Suppose that Zs(0) C Zs(0’). If o’ is non-critical then the set
P(o,0’) contains all profiles, while if o’ is critical then P(c,0’) contains all profiles
except for any niveau 2 profiles J with p(o,J) scalar.

Suppose for the remainder of the section that @ € P(o,0’), and we fix a pinning.
It will be convenient to abbreviate z; := x? and K := K4, and we do so for the
remainder of the paper. If i € Z/2f7Z then x; means x; (oq r). Note that 5? =1
for all 4.

If also J € P(o,0’), we shall need to understand the joint behavior of the integers
r; and x7, beyond what is immediately provided by Lemma 2.1 (that they have
the same parity). When jointly analyzing the equations coming from Lemma 2.1(¢)
for the pair of profiles @, J it is often better to use the sum and difference of those
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equations instead. To that end, for any J € P(o,0’) we write s{ = 1(z/ + ;) and

d! = %(x;] — ), so that s/, d/ € [-2,2] apart from the exceptional case when
p = 3. These are integers thanks to Lemma 2.1(i7). Then
1
(2.12) S (e + Byt = byeiyus = psi, — s
and
1
(2.13) E(EZKJ — BVl + 550wy = pd_, —d.

Since £/ = +eX | we deduce the following.

Lemma 2.14. Suppose that &,J € P(o,0’). Then for each i one of the following
alternatives holds: either

—0ge(i)u; = psi_ | — s} or 8 (1)u; = pd_y —dj.

Here are three sample applications of the lemma that will be used in the next
section. In what follows we will frequently use the following observations. One of
the two alternatives of Lemma 2.14 will always be either ps{ ;| = s/ or pd] | = d?,
depending on whether i € J or ¢ ¢ J. Outside the exceptional case, we have

sf 1,8 €[=2,2] but p > 3, so that ps/ ; = s/ implies s ; = s/ = 0; and similarly

for pd] ; = dJ. Also outside the exceptional case, if z; < 0 then sy <0 and d > 0:
consider that if z; = —1 then z{ = +1 and if #; = —2 then 2/ € {-2,0,2}.

Lemma 2.15. Let I be the niveau 1 profile {i: 0 < u; < p}. If &,1 € P(o,0’) and
x; <0, then (u;,ui+1) # (1,p).

Proof. Assume u; = 1, so that i € I. We claim that s/ = 0. In the first alternative of
Lemma 2.14 we have ps!_; = s/, implying s!_; = s/ = 0. In the second alternative
we get 1 = pd!_, — d!. But the hypothesis z; < 0 implies that d! € {0, 1,2}, and so
the only possibility is that p = 3, d/_; = 1, and d! = 2. The latter forces z; = —2
and z! = 2, and so again s/ = 0.

Now suppose in addition that u; 1 = p, so that i+1 ¢ I, and consider Lemma 2.14
applied at i+1. Since s! = 0 by the previous paragraph, the first alternative becomes

—p = —st,,, which contradicts the bounds on s/, ;. The second alternative gives
pd! —dl,; =0, and therefore d! = d!,; = 0. But s/ = 0 implies d! = |2;| > 1, and
again we obtain a contradiction. O

Lemma 2.16. Let P be the niveau 2 profile satisfying PN {0,...,f —1} = {i :
u; =p}. If @ € Plo,0’), uop =0, (u—1,u;) # (0,p) for all i, and x; <0 for all i,
then P & P(o,0").

Proof. We argue by contradiction, so let us suppose that P € P(o,0’). Suppose
1 <i< f—1. We claim, first, that if s” = 0 then also s ; = 0. In the second
alternative of Lemma 2.14, the left-hand side is always divisible by p for the profile
P, and therefore df) = 0. But df = sf = 0 implies x; = 0, contradicting our
hypothesis, so it must be the first alternative that holds. In that alternative the
right-hand side is divisible by p. But if the left-hand side is divisible by p, then it
must be 0 (because if u; = p then §pe(i) = 0). Therefore also s ; = 0.

In the converse direction, we claim that if s | = 0 and w; # p then s¥ =u; =0,
again for 1 <4 < f — 1. As in the previous paragraph, the second alternative gives
df = 0. Since u; # p by hypothesis, the left-hand side of this alternative is 0, and
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we conclude df | = 0. But d¥ | = s£ | = 0 contradicts z;_1 # 0, so again it is the

first alternative that holds. Now sf = pe(i)u; = u;. But x; < 0 implies s7 <0,
and this combined with s = u; > 0 gives s = u; = 0.

Finally consider i = 0. Since ug = 0 the alternatives give either s*; = s’ = 0 or
dP, =df = 0. Also since ug = 0 the equation efufy = pr_; — xo gives |z_1] < 1.
Therefore z_; = —1, and z¥;, = 1.

Suppose first that d¥; = df’ = 0, so that x_; = 2%, = —1. Then xjf’_l =z =
1, and 3}11 = 0. Iteratively applying the conclusion in the first paragraph of the
proof, we conclude that s§’ = 0. But s§’ = df’ = 0 implies zyp = 0, a contradiction.
So we must instead have s, = s’ = 0. Iteratively applying the conclusion in
the second paragraph of the proof, which is possible because of the hypothesis
(wi—1,u;) # (0,p) for all i, we obtain s7 ; = 0. But s°; = sf | = 0 is again a

contradiction, because xfc’_l = —af #aP,. ]

Lemma 2.17. Suppose that &, J € P(o,0").
(i) If z;—1,2; <0, u; >0, and s, =0 theni € J.
(i) If xi—1, @i, i1 <0, uj—1,ui,uir1 >0, and JN{i— 1,4, + 1} = {i}, then
ui_1=p+1+x;_1 and u; :pfd;’,

Proof. (i) Suppose i € J. Then the alternatives of Lemma 2.14 are

J J J J
U =PSi_1 T 5 or pd;_y = dj.

The hypotheses s/ ; = 0, x;_; < 0 rule out d/ ; = 0, so the second cannot hold.
The first alternative then gives u; = s7. But z; < 0 implies sy < 0, contradicting
the hypothesis u; > 0.

(ii) Since u; > 0 and d/ > 0, Lemma 2.14 applied at i € J gives either
(2.18) s/, =5/=0 or dl =1, uj=p—d;.
Lemma 2.14 applied at i + 1 ¢ J gives either

—ujp 1 = ps] — 5%]+1 or d] = d;-]H =0.

Either of these alternatives contradicts the first alternative of (2.18). Indeed if
57 = 0 then we cannot have u; 41 = s, | (because the left-hand side is positive and
the right-hand side is not), nor can we have d/ = 0 (because x; # 0). Therefore it
is the second alternative in (2.18) that holds. In particular u; = p — d7.

Now apply Lemma 2.14 at i — 1 ¢ J. Since d/ ; = 1, the second alternative
cannot hold, and the first alternative gives

ui—1 = —psi_y +si_y.
Since u;—1 > 0 and s ; < 0, we must have s} , = —1 and u;_1 =p+ s/ ;. Since
s/ =xi_1+d] | =x,_1 +1, the lemma follows. O

3. THE SIX ALTERNATIVES

Suppose that Z(0) C Z4(0”). If ¢’ is non-critical then the set P (o, 0’) contains
all profiles, while if ¢’ is critical then P(o,¢’) contains all profiles except for any
niveau 2 profiles J with p(o, J) scalar.

Assume that ¢ # ¢’ and fix a pinning. By Remark 2.5 the following four
alternatives are exhaustive and mutually exclusive.

(+) We have z; > 0 for all 7.
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(P) There exists j such that z;_; <0 and z; > 0.
(N) We have z; <0 for all ¢, and there exists j such that z;_; =0, z; < 0.
(=) We have z; < 0 for all 4.
We refine alternatives (P) and (N) into two subcases each, for a total of six
alternatives, no longer mutually exclusive since both subcases may occur for different
values of j.
(P.a) There exists j such that x;_1 <0 and x; > 0, and u; > 0.
(P.b) There exists j such that x;_1 <0 and z; > 0, and u; = 0.
(N.a) We have z; <0 for all 4, and there exist integers j' > j such that z;_1 =0,
Tjyooyxy <0, u5 =---=uy =0, and uj 4y > 0.
(N.b) We have x; < 0 for all ¢, and there exists j such that z;_; =0, 2; < 0, but
there is no j” as in (N.a) for this j.

We introduce the following condition on pinnings.

Definition 3.1. Suppose Zs(0) C Z4(0’). We say that a pinning of the pair o, ¢’
is minimal if ZieZ/fZ |z;| is as small as possible as one varies over all ¢ ~ ¢ and
all pinnings of 7, o”.

Note that, according to this definition, a pair o,¢’ with Zs (o) C Z(0’) need
not have a minimal pinning, but a minimal pinning always exists after possibly
replacing o with another phantom Serre weight ¢ with ¢ ~ o. In what follows,
when we take a minimal pinning to be given, we mean literally on ¢ rather than
after replacement.

Lemma 3.2. Let 0,0’ be phantom Serre weights such that @ € P(o,0’). There is
no index j with x; = 2, with x; =1 and x;41 <0, or with x; = —2 and x;41 > 0.
If furthermore Z4(0) C Z4(0') is equipped with a minimal pinning, then:
(i) There is no index j with (uj,uj11) = (1,0) and z; > 0.
(ii) There is no index j with (uj,uj41) = (0,p) and x; < 0.

Proof. Lemma 2.1 applied at J = @ gives ), = |uj1+pxj — ;41| Taking z; =2
orz; =1,z <0orz; =-2, ;.1 >0 gives a contradiction to u’; € [0,p].
For (i), Lemma 2.1 gives
eful —1=pxj_1 —
K
€11 — 0= paj — 2541
These equations rearrange to

el —0=prj_1 — (x; — 1)

5ﬁ1u;+1 —p=plr;—1) -z
which, along with eXu} — u; = pz;_1 — ; for i # j,j + 1 must provide the unique
output of Lemma 2.1 for the pair (p;(0),0’) with (J,K;) = (&, K). (Note that
p(pi(o), @) = plo,@) = p(o’, K), so the lemma applies.) Since z; > 0, the sum
|2j — 1] + 32, |zi] is strictly smaller than 3, [z;], contradicting minimality of the
original pinning. This establishes (i), and the proof of (i) is similar. O

In preparation for the next section, we establish the following reductions.

Theorem 3.3. Suppose Z4(0) C Z4(0’), equipped with a minimal pinning. Then:
e In case (+) we have o,0’ = (ur;t), (cr;t) or (BT;¢), (St;t) for some t.
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e In case (P), and for j as in that case, treating j as an integer there exists
a least j° > j such that zj,...,x;y >0 and xjr11 < 0. Then ujy =--- =
Ujry1 = 0.

e In case (N.b), and for j as in that case, we have w1 = 0.

e In case (=) we have o,0’ = (ur;t), (cr;t) or (St;t), (BT;t) for some t.

Proof. Throughout the proof we take o = (u;;t) and o’ = (u}; ).

The case (+). By hypothesis z; > 0 for all i. Lemma 3.2 tells us that z; = 1 for
all 4. Lemma 2.1 gives eXu} = u; + (p — 1). Since ) € [0,p] we have u; € {0,1} for
all i and K = @. By Lemma 3.2(¢) there is no j with (u;_1,u;) = (1,0). Therefore
either u; = 0 for all 4, or u; = 1 for all ¢. In the first case u} = p—1 for all 4, and (2.2)
with J = J' = @ shows that ¢’ = ¢, giving the first option o,¢’ = (ur;t), (cr;t). If
instead u; = 1 for all ¢ then in the same manner we obtain o,¢’ = (BT;t), (St; t).

The case (P). By Lemma 3.2 we in fact have 2; = --- =25 =1 and /41 = 0.
The equation sﬁ&_lu;/ﬂ = Ujrg1 + prjr — Tjr41 = 41 + p forces ujy4q = 0.
K,

Similarly for j < i < j’ the equation &;*u} = u; + pr;—1 —x; = u; +p — 1 gives
u; € {0,1}. But (u;, uir1) = (1,0) is ruled out by Lemma 3.2(¢), and since already
ujry1 = 0, we iteratively conclude that u; = 0 for j <i < j'.

The case (N.b). By hypothesis 2; <0 for all ¢, ;1 =0, and x; < 0. If u; =0,
then the hypothesis that we are not in case (N.a) already gives uj+1 = 0, so we may
assume u; > 0. Lemma 2.1 for J = & gives u; = u; — x;. In particular u; < p+x;
and j ¢ K.

Lemma 2.14 applied to the profile {j} gives either

(3.4) ps;{i}l = s;{-j} or uj; = palj{i}1 — dj-j}.

In the first alternative sj{ }1 = 5;& - 0, so that m}j - dj-j - —x;. In the second
alternative since z; < 0 we have d;‘»j }'>0, and u; > 0 implies dj{i }1 =1, x;[i }1 =2,
and u; = p — d}j}. Comparing the latter with u; < p + x; we have —x; < d}j}.

With z; < 0 this is only possible if d]{-j - —xz;. Thus in either alternative we obtain

d}j} = —z; and s§j} =0.
Lemma 2.14 applied to the profile {j} at the index j + 1 then gives either
Ujt1 = 33{'1_}1 or dj{i}1 = —Dbzxj.

The latter is impossible because z; # 0 and |d§-i}1\ < 2, so the first alternative must
hold.

Assume for the sake of contradiction that ;41 > 0. Then 3;{'1}1 > 0. Combined
with 241 < 0 the only possibility is ;11 =0, uj41 = s}i}l = 1. Then also d}i}l =1.
Now consider Lemma 2.14 applied to the profile {j} at the index j+ 2. If f # 2,
then j+ 2 ¢ {j}, and the lemma gives either

—Ujyo = ps;{i}l - 5;{'1}2 or pd}i}l = d§i}2.

But 53{‘1}1 = d}i}l = 1 gives a contradiction to both alternatives. 4 4
Finally, suppose f = 2. Returning to the profile {j}, since s]{i_}l = s?_ }1 =1 the
first alternative of (3.4) is ruled out. The second alternative with dj{i}l = dﬁ}l =1

gives u; = p + z; and u; = p. Since eﬁlugﬂ = Ujp1 +pT; — Tj41 = 1+ pxj,
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we can rule out z; = —2. Therefore z; = —1, u; = p—1, v}, = p—1, and
K = {j 4+ 1}. To fix ideas suppose that j = 0. Then (2.2) givest/' —t =p—1
(mod p? — 1). We conclude that o = (p — 1,1;¢) and o/ = (p,p — 1;t + (p — 1)).
However, one can check explicitly for the niveau 2 profile J = {0,3} C Z/4Z that
P(o,J) = wh @ (w))?* =L & ()2’ ~P") & Zy(0), a contradiction. We conclude that
Ujt1 = 0.

The case (—). Suppose first that u; > 0 for all i. Consider the singleton profiles
{i}. Lemma 2.17(i%) applies to each of these profiles. Therefore u; =p+ 1+ z; and
U =p— d;-{i} for all 7. Comparing, we find that d;-{i} = —x; — 1 for all 4.

One possibility is that x; = —1 for all ¢. Then u; = p for all 4, and

s,Ku; =u; +pTi-1 — T =u; — (p—1)

for all ¢ gives u, = 1 for all ¢ and K = @. Now (2.2) gives t' = ¢ and we obtain
o = (St;t) and ¢’ = (BT;t). This is the second option in the theorem.
Another possibility is that z; = —2 for all 5. Then u; = p — 1 for all ¢, and

Xl = w4+ pri_y —xi =u; — 2(p - 1).

Therefore u, = (p — 1) and K = Z/fZ. Then (2.2) gives ' = t and we obtain
o =o' = (cr;t). This contradicts the hypothesis that o # o”.

Now suppose neither z; = —1 for all ¢ nor z; = —2 for all . Then there exists
some j with ;1 = —2 and z; = —1. From z;_; = —2 we get d}];_ll} = 1, while
xj = —1 gives u; = p. Lemma 2.14 applied at j & {j — 1} gives

—u; = psj{-];_ll} - s}j_l} or pdﬁ_ll} = dij_l}.

The second alternative is ruled out because dj%]:ll} = 1. Since u; = p, the first

alternative yields sj{j_l} = 0. Now Lemma 2.17(7) implies j +1 € {j — 1}. We
conclude in this case that f = 2. Supposing without loss of generality that xo = —1
we have o0 = (p,p — 1;¢). Lemma 2.1 then gives (ug,u}) = (p — 1,1) and K = {0},
whence t' = t—(p—1) by (2.2). Therefore 0’ = (p—1,1;t—(p—1)). This is exactly the
reverse of the f = 2 subcase of (N.b). One can check explicitly for the niveau 2 profile
J = {0,1} C Z/4Z that p(0,J) = wy "7V @ (W) > @ (wh)?" 1) ¢ Zu(0"),
another contradiction. This completes the case where u; > 0 for all 1.

We may therefore suppose that u; = 0 for some i. We aim to prove that
u; = 0 for all i. Without loss of generality suppose that uy = 0. Lemma 3.2
gives (u;—1,u;) # (0,p) for all i, and then Lemma 2.16 gives P ¢ P(o,0’). Since
Zss(0) C Z4(0”), the conclusion P ¢ P(o,c’) implies that p(o, P) is scalar. Now
Corollary 2.6 gives integers y; € [—1, 1] such that

61}-3%‘ =DYi—1 — Y

for 0 < i < f. Since yy_1 = —y—_1 we also have ebug = —pYs—1 — Yo The
assumption ug = 0 forces yo = yy—1 = 0. For 0 < i < f, by definition e/’ > 0 if and
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only if u; # p, and so we have the following possibilities:

U; Yi—1 Yi
0 0 0

0 -1

p—1 1 1
P -1 0

If some y; is nonzero, choose the first such ¢ > 0. Then y;_1 = 0, so the table
gives u; = 1 and y; = —1. Applying the table at i + 1 gives u;11 = p. But
(ui, uir1) = (1,p) contradicts Lemma 2.15; therefore y; = 0 for all ¢, and u; = 0 for
all 4.

Finally, from u; = 0 for all i we have 5Ku’ = px;_1 — x; for all i. If some z; 1
were —2, we would obtain a contradlctlon to u} € [0,p]. Therefore z; = —1 and
u, =p—1for all i, with K = Z/fZ. Tt follows that ¢t =t and 0,0’ = (ur;t), (cr;t),
as claimed. O

4. FOUR INCLUSIONS
In this section we prove the following key result.

Theorem 4.1. Suppose Z4(0) C Z(0’), equipped with a minimal pinning. Assume
o # o', and that {o,0'} # {(BT;t), (St;t)} for allt. Then

e In case (+) we have 0,0’ = (ur;t), (cr;t) for some t.

e In case (P.a), and for j as in that case, we have Zss(p;(0)) C Zss(o’).
e In case (P.b), and for j as in that case, we have Zs(0;(0)) C Z4(0’).
e In case (N.a), and for j' as in that case, we have ZSS(UJ (o)) C Zx(a').
o In case (N.b), and for j as in that case, we have Z4(6,(0)) C Zx(o').
e In case (—) we have 0,0’ = (ur;t), (cr;t) for some t.

Moreover at least one of these cases holds.

Remark 4.2. If Z,(0) C Z(0') is equipped with a minimal pinning, then by
Remark 2.5 together with the minimality hypothesis, we have o = ¢’ if and only if
x; = 0 for all . Thus the hypothesis o # ¢’ serves only to ensure that at least one
of the cases in the theorem holds.

Remark 4.3. If Z,(0) C Z4(0') with ¢’ critical, and ¢ # o', then Proposition 2.9
implies that o is scalar. But then either z; = 1 for all ¢, or z; = —1 for all ¢. In
particular, if o’ is critical in Theorem 4.1 then it is either (4) or (—) that holds,
and not one of the four middle cases.

The same argument shows that if Z(0) C Z(0’) and furthermore u; = 25 =0
for some j, j’, then ¢’ is not critical: if it were, u; = 0 implies that o is scalar, and
x; = 0 provides a contradiction.

Remark 4.4. Crucially, each of the operations in the four middle cases of Theo-
rem 4.1 is valid and non-invertible. To begin with, in the applications of y; and 6;
above we have uj41 = 0 by Theorem 3.3, while uj;; = 0 in the application of v}, by
definition. Then:

e In case (P.a) we are given u; > 0, and since z; > 0, uj41 = 0 we have
uj # 1 by Lemma 3.2(¢). Therefore u; is valid and non-invertible.
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e In case (P.b), the operation ¢; is valid because u; # p (indeed we are given
u; = 0), and 6, is always non-invertible.

e In case (N.a), we are given z; < 0, ujy = 0. Therefore uj 11 # p by
Lemma 3.2(i7), and v} is valid and non-invertible.

e In case (N.b), if u; = p then we would have u; =p+prj_1 —x; > D
Therefore u; # p, and so 6; is valid and non-invertible.

The cases (+) and (—) of Theorem 4.1 have already been proved in Theorem 3.3.
To organize the rest of the proof, each of the other four cases will be established as
a separate proposition, stated somewhat more generally than above. Before this,
however, we record some features common to all four cases.

Definition 4.5. If ¢ is a phantom Serre weight and J is a profile of niveau 1, we
set

E(U,J):t—l—Zp*iui, R(o,J)=1t+ Zpiiui inZ/(q—1)Z.
i€J icJe
Similarly if J has niveau 2, we set

L(o,J)=(q+ 1)t + Zp_iui, R(o,J) = (qg+ 1)t + Z plu; inZ/(¢* —1)Z.
icJ ieJe

L(o,J) .
_ W Dw J of niveau 1
po,J) :{ 0

Thus
R(o,J)
0

(Wé)c(g"]) 2] (wé)R(a’*l) J of niveau 2.

Also set d(0) =2t + 3 ,c7/ 7 p~lu;, so that detp(o, J) = wg(a) for all profiles J.
If Z4(0) C Z(0’), then evidently we must have d(o) = d(c”’).

Definition 4.6. We write
L(c) = {L(c,]): all profiles J} C Z/(q—1)Z [ Z/(¢* —1)Z
and similarly for R(o).

Remark 4.7. Since R(o,J) = d(o) — L(0o,J) for all niveau 1 profiles (with an
analogous formula for niveau 2 profiles) it follows that if ¢’ is non-critical then
Zss(0) C Z4(0’) if and only if d(o) = d(0’) and L(o) C L(o’). If ¢’ is critical, the
“if” direction still holds; the problem with the ‘only-if’ direction is that p(o, J) might
be scalar for some niveau 2 profiles J, and the associated values of £(o) will not be
in the Z/(¢*> — 1)Z part of L(o”).

One checks easily from the definitions that d(f;(c)) = d(o) for any valid opera-
tion f;. If we are given Zy(0) C Z4(0”), then the value d := d(o) is common to all
three of o,0’, fi(c). So, if we want to establish that Zs(fi(0)) C Zs(0’), it suffices
to prove that L(fi(c)) C L(o”).

Since J is a profile if and only if J¢ is a profile and R(o,J) = L(0,J¢), we
see immediately that £(o) = R(o) for any o. Thus L(f;(0),J) € L(¢’) if and
only if R(f;(0),J) € R(¢"), if and only if L(fi(c),J¢) € L(¢"). Thus to prove the
inclusion L(f;(c)) C L(c"), it is enough to establish for all .J that either L(f;(c), J)
or L(fi(0),J¢) is in L(o"); that is, one only needs to consider one profile out of each
pair {J, J}.

In fact, for each f; there is a family of profiles J for which one sees in one line
from the definitions that L£(f;(o),J) = L(o,J’) for suitable J’. If ¢’ is non-critical
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then L(o) C L(¢’), and so we conclude L(f;(c),J) € L(c") for such J.

fi condition on J J’
i oied itled J
0, ied i+1l¢J J

vi i€J i+1¢J JA{i+1}

Here and throughout we will use the following convention. If J has niveau 1 and
S C Z/fZ, then the symmetric difference JAS has its usual meaning. However, if .J
has niveau 2, then S should be viewed as a subset of Z/fZ extended f-periodically
to a subset of Z/2fZ, so that JAS is again a profile. Thus in the niveau 2 case the
last line of the table should be conventionally interpreted as the usual symmetric
difference JA{i 4+ 1,i + f + 1}.

Thanks to the discussion in the previous two paragraphs, it remains to establish
the following.

e For an operation p;: that L(u;(0),J) € L(¢’) when j € J,j+1¢& J.
e For an operation 0;: that £(6;(c),J) € L(o’) when j € J,j+1€ J.
e For an operation vj: that L(vj/(0),J) € L(o’) when j' € J,j' +1 € J.

We also note the following lemma.

Lemma 4.8. Fiz a pinning of o,0’. As J wvaries over P(o,0’) the product e/ z]
takes at most two values for each i.

Proof. The exceptional p = 3 case can be checked directly, so we can assume we
are not in that case. Multiplying the equation )"’} — e/u; = pz! | — x] by &/,
reducing mod p, and rearranging gives u; + u} = ¢/ (mod p). Thus /x] takes
at most two different values mod p. But —2,0, 2 are distinct mod p for all odd p, so

in fact e/z; takes at most two different values in Z. O

We are now ready to proceed with the four cases.

Proposition 4.9. Suppose Zs(0) C Z4(0'), equipped with a pinning. Suppose that
xj—1 <0, u; > 1, and that, treating j as an integer, there exists j' > j with

LjyLjilye--y Lyl > O, Tjr41 = O, Ujp1 = " = Uj41 = 0.

Then Z4(pj(0)) € Zss(0’).
In particular this conclusion holds in case (P.a) if Zs(0) C Zss(0’) is equipped
with a minimal pinning.

Proof. Tf (P.a) holds and Z(0) C Z(0') is equipped with a minimal pinning, then

case (P) of Theorem 3.3 establishes the existence of j' such that z;, xj41,..., ;7 >0,
zj41 =0, and uj4q = --- = ujr41 = 0. Furthermore u; > 1 by Lemma 3.2(¢). Thus
the final sentence of the Proposition follows from the first part.

Note that since x; # 2 for all ¢, we have x; = x41 = --- = ;7 = 1. The last

sentence of Remark 4.3 shows that ¢’ is non-critical. In particular P(o,¢’) contains
every profile, and L(o) C L(0").
PutT={j+1,j+2,...,5 +1}. Lemma 2.1 applied at i € T gives

(4.10) el = px! | — 2.
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Taking J = &, our hypotheses on the z;’s give
, p—1 ieT~{j/+1}
U, =
' D i=j5+1
and K NT = @. Feeding this back into (4.10), we obtain

J J_ K
ri_y =z =¢; "7
for i € T~ {j’ + 1}, while 27, 541 =0 and Ej,+1 :c‘], That is, either
xJJ:n-:x]J,:, TNK;=9 or ;]—---:x‘j],:—l, T C Ky,

along with 953']/+1 =0.

By the discussion immediately before the statement of the Proposition, it suffices
to prove that £(p;(0),J) € L(o’) for profiles J such that j € J and j+1 ¢ J. Fix
such a profile. We have

p~I J of niveau 1
(1—-q)p~7 J of niveau 2.

‘C(p’j(a)a J) = ‘C(Uv J) - {

Set A = 1if J has niveau 1 and A = 1 — ¢ if J has niveau 2, so that we can uniformly
write L(p;(c),J) = L(o,J) — X-p~J. This is an equation in Z/(q¢ — 1)Z if J has
niveau 1, and in Z/(¢? — 1)Z if J has niveau 2.

Observing that Zz J;i_l uip~t =pI, if T C K, then

L(pj(0),J) = Lo, K;AT)
as desired, so it remains to consider the case T'N K; = &, whence a?j =1.
Lemma 2.14 at the index j for the profile J gives the alternatives

(4.11) 5'j]_1 = s‘j] =0 or uj = pd}l_l - d;-].

Since z; = 27 = 1, we have s =1 and dJ = 0. This rules out the first alternative,
and the second alternative becomes u; = pd _1- Since u; > 1 we get u; = p and

dl =1
! Now either z;_1 = —1 or z;_1 = 0. (The ﬁrst part of Lemma 3.2 rules out
xj_1 = —2, since ; = 1.) If x;_; = —1, then x _1 = 1 and Lemma 2.1 for the
profile J gives

EKJu +uj = pxj 1 fac =p—1.

Since u; = p we have uj =1land j € K. Then
Lo, K A {j}) =L(o'\ Ky)—X-p7T =L(0,])—X-p7 =L(p;(0),J])

as desired.

If instead x;_1 = 0, then =z
K/ o

J
Jj—

u; +uj =2p—1,s0 that] ¢KJ andu = p — 1. Now consider Lemma 2.1
apphed to the profile J~ := JA{j}. We find that

= 2, and Lemma 2.1 for the profile J gives

K- N -
e =1 —p=prj, -

If eff = —1 then x' = —2. But since J~ and J either both contain j —1 or both

do not, this would give {xj—l’{‘:}]—lx;]—lag}]—lxj—l} = {-2,0,2}, in contradiction to
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Lemma 4.8. It follows that 5?‘” =1,and j € K;-. Finally
L(o', Kj-A{j}) = L0, Ky-) +A-(p—1)p~’

=L(o,J7)+ X (p—1)p~?
=L(o,J)=X-pJ
= L(pj(0),J)
and this completes the proof. ([

Proposition 4.12. Suppose Z4(0) C Z(0'), equipped with a pinning. Suppose
that x;_1 <0, u; =0, and that, treating j as an integer, there exists j' > j with

LjyLjglye--, Lyt >O, Tjr41 :0, Ujp1 = = Ujr41 =0.
Then Z4(0;(0)) C Zes(o”).

In particular this conclusion holds in case (P.b) if Z4(0) C Zs(0”) is equipped
with a minimal pinning.

Proof. Tf (P.b) holds and Z4(0) C Z4(0”) is equipped with a minimal pinning, then
case (P) of Theorem 3.3 establishes the existence of j' such that z;, xj41,..., ;7 >0,
Zzj41 =0, and uj4; = -+ = uj41 = 0. Thus the final sentence follows.

The last sentence of Remark 4.3 shows that ¢’ is non-critical. In particular
P(0,0’) contains every profile, and L(o) C L(0”).

Since x; # 2 for all 4, we have z; = zj41 = --- =25y = 1. Now Efu; =prj_1—1,
and since z;_; < 0, this forces

zj_1 =0, jeK, uj = 1.
At the other end of the interval we have
e U =Ty — T =P,
and therefore
i +1¢K, Wy =P
By the discussion immediately before Proposition 4.9, it suffices to prove that

L(0;(0),J) € L(o") for profiles J such that j,j+ 1 € J. Fix such a profile, and set
A =1if J has niveau 1 and A = 1 — ¢ if J has niveau 2. Then
L(0;(0),J)=L(a,J)+X-p .
Lemma 2.1 at the index j gives E]K‘] = pxj_l — x;-], so that
] =0, =z e{-1,1}.

Similarly at j' + 1 we have ejlf‘j_lp = pm}], — 95}']/+1 and therefore xJJ,H =0.
Suppose first that 23 = 1. Put T'= {j +1,j+2,...,5' 4+ 1}. Lemma 2.1 for J at

J

%

. . . Ky, 1 _ J
anAlndex 1 €T givesg; 'u;, =pr] | —x
p~ " and summing gives

Ky 1, —i_ J —j J -+ _ —j
E e ulp —xjpj_%'/+1p (J )_p J
€T

, since u; = 0 for ¢ € T. Multiplying by

Consequently
L(O-/aKJAT) = ‘C(O-/a KJ) +A- pij = ‘C(ej(a)a J)

and the Proposition follows in this case.



24 KALYANI KANSAL, BRANDON LEVIN, AND DAVID SAVITT

If instead 27 = —1, we have 55.(’ = —2) =1land j ¢ K;. Since v} =1, we
obtain
‘C(U/a KJA{]}) = E(Jla KJ) +A 'pij = E(ej(o—)v J)
This completes the proof. [

Proposition 4.13. Suppose Z(0) C Z4(0'), equipped with a pinning. Suppose
7' > j are integers such that

Tj—1 = 0, TjyTjq1y--.,Tjr < 0, Tjry1 <0,

and
Uj:u]'+1:~":Uj/:0, 0<uj/+1<p.
Then Z4(vj (o)) C Zs(o”).
In particular this conclusion holds in case (N.a) if Zs(0) C Z(0’) is equipped
with a minimal pinning.

Proof. The final sentence follows because Lemma 3.2(4¢) rules out uj 1 = p in case
(N.a). The last sentence of Remark 4.3 shows that ¢’ is non-critical. In particular
P(c,0’) contains every profile, and L(o) C L(o”).

If uj41 = 0 and 2; = —2 then Lemma 2.1 at i + 1 gives uj , = |pr; — xi41| >
2p — 2 > p, a contradiction. Hence z; = —1 for j <i < j" while zj € {—1,—-2}.

For each j < i < j/, since u; = 0, Lemma 2.14 for any profile J gives either
s/ =s/ , =0o0rd/ =d/ ;=0 (but not both, since z; # 0). Thus either s/ =0
forall j —1<i<j ord/ =0forall j—1<i<j" Inany case we have zj = +z;
forall j —1 <1<y’

By the discussion preceding Proposition 4.9, it suffices to consider profiles J such
that j’, 7' + 1 € J. Fix such a profile, and set

JT = JA{ + 1}

Thus 7/ +1¢ J . If A\ =1 in niveau 1 and A = 1 — ¢ in niveau 2, then a direct
calculation gives

(4.14) Lwy(o),J)=L(,J )+ A-p 7.

For each i we have e, *~ ! — &/ u; = pri |, — a)~
from j to j’, and using w; = 0 in that range gives

. Multiplying by p~%, summing

i&t?"_ uipt = —x;-]/ p*j/.
=j
Summing instead from j to j' + 1 gives
i'+1
Z e ulpT = (e — %J/:A)Pfj,*y
=j
Thus if :173’,7 = —1 then
Lo K- DGy ') = L Ky )+ Ap = L(o, T )+ A-p7 = Ly (o), ]),
while if uj 11 — x7,,; = p then similarly

Lo, K;-D{j,....j +1}) = L(vj (o), ]).
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We can therefore suppose for the rest of the argument that neither a:]Jf = —1 nor

Ujrgq — xj,_H = p. Lemma 2.14 for J~ at the index j’ + 1 gives the alternatives
J- J- J- J-
(4.15) _ulerl = ij/ — Sj/+1 or d]/ == d]/+1 =0.
-
K 7
Now Lemma 2.1 gives e, 7 u}; = —2p + (ujr41 — 2j141). Since by hypothesis
Ujrt1 — Tjr41 # p, but also ujriq < p, the only possibility is uj 11 =uj , =p—1
and z;,41 = —2. We claim this is impossible. To see this let J’ be any profile
containing j’ + 2 but not j/ + 1. Lemma 2.1 at the index j’ + 1 gives

In the second alternative x%, = x;. By hypothesis this is not —1, so it is —2.

K / ’ ’
(e —Dlp—1) = pwj, - ij,H.

Using our observation in the third paragraph of the proof that xj, =tz = £2, the

. . : : Ky _ J_ g
preceding equation has exactly one solution, with 5;"«]#1 =—land zj, =5, = -2
But then Lemma 2.1 at the index j’ + 2 gives
K J’
€ gWjrya + Ujry2 = =2p — T3 4o,

and this is a contradiction because the left-hand side is at least —p while the
right-hand side is at most —2p + 2.
So it is the first alternative in (4.15) that must hold. If s;j/_ = —1, then by the

observation in the third paragraph of the proof we must have d}-]f = 0. But together
-

i N B B

possibility is that 83-]/ =0and uj 4y = 83-]/4_1 = 1. Since xj/41 = 0 we have ;v;-],_H =2.

Lemma 2.1 at the index 7' + 1 is

these give x4, = —1, contradicting our running hypothesis. The last remaining

K _ _
J / _ J
€Uy — 1 =pxy —2

and so we find that xj,_ =lzy=-1Lu,,, =p-—1Landj +1¢K;-.

If j/+2¢ J, then j' +2 ¢ J—, and Lemma 2.1 at 5/ + 2 for the profile J~ gives

K J—
€ oWy — Ujryo +Tj 40 = 2p.
The left-hand side is at most p + 2 < 2p, a contradiction. It follows that j' +2 € J.
Applying the same lemma for the profile J then gives

K,

/ J _ J
Eriolirya T U2 + T o = PTG -

This is impossible if x}-j,H = —2, S0 CE}]/+1 € {0,2}. But in Lemma 4.8 applied
at the index j' + 1 € J, the three values for the profiles &, J~,J are 0,2, —x;’,_H
respectively. The Lemma thus rules out xj, +1 = 2, and we deduce that x}j, 1 =0
Lemma 2.1 at j' + 1 for the profile J then gives Efil p—-1)+1= px‘j],, and we
conclude that j' +1 &€ K.

Finally, a pair of direct calculations using u;., 41 =p—1land uj4y =1 gives

Lo K;A{' +1}) = Lo, J) + X~ (p— V)p~ 9"+ = L(vi(0), ])
and the proof is complete. [

Before addressing the fourth and final case, we note the following lemma.
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Lemma 4.16. Suppose Zi(0) C Z4(0'), equipped with a pinning. Suppose x; <0
for all i, and

;1 =0, z; <0, u; > 0, w1 = 0.
Treating j as an integer, let v > j be minimal such that x,, = 0. Then
Uj41 :uj+2:"':ur:0.

Proof. If ¢’ is critical then o is scalar and the result is immediate, so we may assume
that o’ is non-critical. Lemma 2.1 at j 4+ 1 rules out z; = —2, and hence z; = —1.
Lemma 2.1 at j then gives

j¢ K, ui =u;+ 1, 0<u; <p.

Suppose for the sake of contradiction that some u; with j < i < r is positive,
and let m be the least such index. If m+1#j (mod f),let J={j}. Um+1=j
(mod f), take J to be the niveau 2 profile satisfying JN{j,7+1,...,j+f—1} = {j}.
Since o’ is non-critical, in either case J € P(o,d’).

Lemma 2.1 at the index j for the profile J is

Ky

&

(uj +1)+u; = pa:j_l - :1:37

Parity and the bounds 0 < u; < p force acj = 1. Hence 53] =0 and d}-] =1.

For j < i < m, we have u; = 0 and ¢ ¢ J. The first alternative of Lemma 2.14
gives s{_; = s/ = 0 while the second gives d/ ; = d/ = 0. Furthermore s/, d/ are
not both 0 for 7 in this range because x; < 0. Since d]J = 1, it follows iteratively
that the first alternative must be the one that holds for all ¢ in this range, and

5}']:5}]+1 :...zs;fn_l = 0.
Applying Lemma 2.14 at m ¢ J, its second alternative is again impossible, while
the first gives u,, = s,.
If m < r, then x,, < 0, and therefore s/, < 0, a contradiction. Thus m = r.
Since x, = 0, the equality u, = sJ > 0 forces u, = s = 1 and z} = 2. But

r+1=m+1¢J, soLemma 2.1 at r + 1 gives
K J
Erf1Ung1 — Ursl = 2P — Tpyy.

The left-hand side is at most p, whereas the right-hand side is at least 2p — 2 > p.
This contradiction proves the lemma. (I

Proposition 4.17. Suppose Z4(0) C Z(0'), equipped with a pinning. Suppose
x; <0 for all i, and that
zj—1 =0, z; <0, ujpq1 = 0.

Suppose moreover that either u; > 0; or u; =0 for all i; or else u; = 0, not all u;
are zero, and, treating j as an integer and writing j' > j for the least integer such
that w1 > 0, there exists v with

jS’I"Sj/, Z‘TZO.

Then Z4(0,(0)) C Zs(o’).
In particular this conclusion holds in case (N.b) if Zs(0) C Zss(0') is equipped
with a minimal pinning.
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Proof. The final sentence follows from Theorem 3.3, which gives u;;; = 0 in case
(N.b), together with the description of the failure of the additional condition in
(N.a). The last sentence of Remark 4.3 shows that ¢’ is non-critical. In particular
P(o,0’) contains every profile, and L(c) C L(c').

We first claim that there exists an integer r > j such that

(418) TjyTjqlyereyTr—1 < 0, z, =0, Ujp] = " = Up = 0.

If u; > 0 or if w; = 0 for all 4, take r > j minimal such that z, = 0 (and in the
former case, apply Lemma 4.16). In the remaining case take r to be the least index
in [4, '] for which x, = 0; the definition of j’ gives uj41 =+ = u, = 0.

Lemma 2.1 at j + 1, together with u;41 = 0, rules out x; = -2, so z; = —1.
Lemma 2.1 at j then gives

jé¢ K, uy = uj + 1, uj < p.

K

Sul = px,_1, and since z,_1 < 0 we have

Lemma 2.1 at r gives ¢
Tp_1 = —1, re K, u,. = p.

By the discussion preceding Proposition 4.9, it suffices to consider profiles J such
that j,7 +1 € J. Fix such a profile, and set A = 1 in niveau 1 and A =1 — g in
niveau 2. We have

L(Oj(0),J) = L(o,])+ A-pi.

Lemma 2.1 at j is

K,
€j

J

(uj +1) +uy :pmﬁl —zj.

If w; > 0 then since u; # p we have :Ej = 1. If u; = 0 then instead 333771 =0 and
z] € {—1,1}. Note that 27 = —1 forces j ¢ K;. At r we have ef7p = px;] | — ],
and therefore z = 0.

Suppose first that xj = 1. Put

T={j+1j+2,...,1r}.

i

Taking Lemma 2.1 for ¢ € T, multiplying by p~

Ky, lo—% _ J, —J Jo—r _  —J
Zgi w;p —.’EJp J_xrp =D j?
€T

, and summing gives

where we use (4.18) to see that u; = 0 in this range. It follows that

L(o', K;AT) = L(o,J)+X-p~7 = L(0;(a),]).
The other possibility is that u; = 0 and acj = —1. In this case j ¢ K; and v} =1,
SO again

[’(OJ7 KJA{.]}) = ‘C(O'v ‘]) +A- pij = L(ej(o')v '])

and we are done. O

5. NON-INVERTIBLE OPERATIONS

The final ingredient we need for the proof of the main theorem is that non-
invertible valid operations f; give strict inclusions. Note that this is clear for an
inclusion of stacks Z(o) C Z(f;(0)), for dimension reasons, but requires justification
for sets of semisimple points.
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Proposition 5.1. Suppose that f; € {1;,6;,v;} is valid and non-invertible on o.
Then

Zss(g) G Zss(fj (G))
More precisely:
o if fj = p; then ﬁ(,uj(O' AJ+1}) € Z(0);
[ ] Zf fj = Gj then ﬁ(Oj(a), @) g ZSS(O'),'
o if fj = v; then p(vj(0), @) & Zs(0).

Proof. Write o = (u;;t). Since f; is valid, u;41 = 0 if f; € {p;,0;} and u; = 0 if
fi = vj. In all cases o is non-critical. By Remark 4.7, it is enough to exhibit an
element of L(f;(c)) ~\ L(c). Without loss of generality take t = 0.

Recall that if Y, p~‘y; = 0 in Z/(q — 1)Z then there are unique integers z; such
that y; = pz;_1 — 2z;. If moreover y; € [—p, p| for all ¢, then the same argument as in
Corollary 2.6 gives |z;| <1 for all 3.

Suppose first that f; = ;. We have L(u;(c),{j + 1}) = p~J. If this belonged to
L(c), there would exist a niveau 1 profile I such that Zielp’iui = p~J. Apply the
observation in the second paragraph of the proof to

Y; = 51(i)ui - (S{j}(i).

Since yj+1 = 0, we obtain z; = z;11 = 0, and therefore y; = pz;_1 € {—p,0,p}. On
the other hand since u; > 1 by non-invertibility, we have

o Jui—1lelp—1] ifjel,
(A B itjé,

a contradiction.

Suppose next that f; = 6;. We have £(0;(c), @) = —p~J. If this belonged to
L(o), there would be a niveau 1 profile I such that Zielp*iui = —p~J. Apply the
observation in the second paragraph to

yi = 0r(i)u; + 053 (7).

Validity of 0; gives 0 < y; < p for all ¢. Again y;11 =0, so z; = 241 = 0. Since
y; > 0, the equation y; = pz;_1 — z; gives z;_1 = 1. But whenever z; = 1, the
inequality y; > 0 forces z;_1 = 1. Iterating cyclically eventually gives z;11 =1, a
contradiction.

Finally suppose that f; = v;. We have L(vj(0),@) = —p ™7 4+ ujy1p VT, If
this belonged to L£(c), there would be a niveau 1 profile I such that

Zp_iui = —p~ +up U,
il
Apply the observation in the second paragraph to
Yi = (51(i)ui + 5{j} (Z) — uj+1(5{j+1}(i).

Here y; = 1, yj+1 > —(p — 1) because uj41 # p by non-invertibility, and y; > 0
for i # j + 1. The equation y; = pzj_1 — z; forces z;_1 = 0 and z; = —1. The
equation y;41 = —p — z;41, together with y;41 > —(p — 1), forces z;41 = —1. But
now Yjy2 = —p — zj42 < 0, contrary to yj+2 > 0. This completes the proof. [
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6. THE MAIN THEOREMS

We are now ready to prove Theorem 1.14, thus also establishing Theorems 1.9, 1.10,
and 1.12 as a consequence of Proposition 1.15. For convenience we restate the
theorem here, in the language of phantom Serre weights.

Theorem 6.1. We have the following.

(i) We have Zs(0) = Z4(0’) if and only if either o ~ o' or else there exists t
such that either o = (BT;t) and o’ = (St;t) or vice-versa.
(ii) Suppose Zss C 2L is a simple inclusion in Zss. Then either:
o there exists o and a valid operation f; € {p;,0;,v;} such that Z =
Zs(0) and Z{; = Zi(f;(0)), or
e we have Zys = Zi((ur;t)) and Z, = Z((cr;t)) for some t.
(iii) Each of the inclusions listed in (ii) is simple except for the ones of the
form Zy(0) C Z(f;(0)) with f; € {6;,v;}, (uj,ujt1) = (0,0), and either
uj—1 =1 orujis =p.

Proof. (i) The ‘if’ direction is clear. To check the ‘only-if’ direction, suppose
that Zi(0) = Z4(0’). In particular Z(0) C Z4s(0’). Choose ¢ ~ o such
that Zi(0) C Z4(0’) can be equipped with a minimal pinning. Consider what
Theorem 4.1 says about this inclusion. All of the six bullet points listed in the
theorem are proper inclusions, thanks to Remark 4.4 and Proposition 5.1. Since
the inclusion Z(0) C Z(0”) is not proper, the conclusion of the theorem cannot
hold, and so either o = ¢’ or {7,0'} = {(BT;?), (St;¢)}. In either case we are done.
In the first case we have o ~ & = ¢’; in the second case, since neither (BT;¢) nor
(St;t) is the source or target of any of the invertible operations, we have ¢ = &, and
{o,0'} = {(BT;1), (St; 1) }.

(#4) This part is essentially immediate from Theorem 4.1 and Proposition 5.1.
Write Zss C 2L, as Z4(0) € Zss(0') equipped with a minimal pinning. Since the
inclusion is strict we have o # o’ and {0, 0’} # {(BT;t), (St;¢)}. Theorem 4.1 tells
us that either Z = Zs((ur;t)) and 2., = Z((cr;t)) for some ¢, or else one of the
four middle bullet points holds and we have

Zss(a) c Zss(fj (U)) c Zss(a/)

for some valid and non-invertible f;. Proposition 5.1 tells us that the left-hand
inclusion is strict, and the hypothesis that Zs C 2. is simple implies Z¢(f;(0)) =
Zss(o").

(731) We already saw in the introduction, in the discussion following the statement
of Theorem 1.12, that each of the listed exceptions is non-simple on the level of
the stacks Z. For each listed exception, that discussion exhibits f;(c) = f(g(h(c)))
where f, g, h are valid operations, two of which are non-invertible and one of which
is invertible. It follows from Proposition 5.1 that two of the inclusions in

Z(0) € Zus(h(0)) € Zss(9(h(0))) € Zss(f(9(h(0)))) = Zss(f;(0))
are strict, and so Zg(0) C Zs(f;(0)) cannot be simple.

It remains to show that each of the inclusions that we claim to be simple is
actually simple. The simplicity of Zs((ur;t)) C Zs((cr;t)) was already established
by Proposition 2.9. It remains to consider inclusions Zs(0) C Z(f;(0)) for valid f;
not of the exceptional type.

Since parts (¢) and (i¢) have been proved, observe that by Proposition 1.15, we
already have Proposition 1.15(4), Theorem 1.9, and Theorem 1.10 at our disposal. If
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there is an intermediate inclusion Z(0) C Zss(0') € Zss(0”) = Z45(f;(0)), where
we take ¢ = f;(0) unless f;(c) = (St;t), in which case we take ¢” = (BT;t), then
there is also a chain
2(0) € 2(0') € Z(o").
Since each stack in this chain is irreducible,
dim Z(f;(0)) = dim Z(¢”) > dim Z(0) + 2.

Write 0 = (u;;t). Since the codimension of Z(o) is given by #{i : u; = 0}, the

operation must reduce the cardinality of this set by 2, i.e., we are in the case

where the operation is either 6; or v; with (u;_1,...,uj42) = (u;-1,0,0,u;j42) and

uj—1 # 1, ujo # p. Since in this situation 0; = v;, it suffices to consider ;."
Suppose, then, that we have a chain

Zss(o) C ZSS(U/) - Zss(ej(a))'

We can and do assume that Z(0) C Z4(0’) is simple. Since ¢’ cannot be regular,
because otherwise Z.(0') would be maximal in Zg, we have o’ ~ fi(c) for some
o ~ o, some index k, and a valid non-invertible operation f;,. We want to derive a
contradiction.

Writing ¢ = (ﬂT;%v), we claim that we still have

’ljj = aj-‘,—l = O, ﬂj—l 7é 17 aj-|-2 #pa
and in addition we have
(6.2) 0,(5) ~ ;(0).
Indeed, any invertible operation that alters one of u;_1,...,u;j42 can only be

Wj—2/v;j—2, changing u;_; from 0 to p or vice-versa, or pji2/vjy2, changing ;o
from 1 to O or vice-versa. Thus any invertible operation on ¢ preserves the given
conditions on (#;_1,...,uj+2) and has support disjoint from that of 6;, hence
commutes with ;. The claim follows. Consequently, we may replace o with o, and
o’ with f;(7), so that our chain becomes

Zss(0) © Zss(fr(0)) © ZSS(oj (0))-

We will show in this situation that f; = 6; or v;, which provides the necessary
contradiction.
A direct calculation gives

(6.3) {£(0;(0), ) : J CZ/fL} ={L(o,J) +-p7? : J CZ/fZ, v e {-1,0,1}}.
Take J' = {k+ 1} if fr = py and J' = @ if fi, = 0, or vi. Then
pF Je = 1
L(fr(0),J')=t+n with n:={-—p~* Jr =0k
—pF tupppm Y i =
and since J’ has niveau 1, this value must be in the set in (6.3). We can then write

n=> wpt+y-p’
i€J

n the Lean formalization available at https://github.com/davidsavitt/KLSposet, this ar-
gument that appeals to the Emerton—Gee stacks is replaced by a combinatorial argument.
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for some J C Z/fZ. Define y; by the formulas

yi = 05 ()u; + - 053 (1) — dgry (9),

Yi = 05 (0)us + - 53 (i) + Ogry (),

yi = 05 (i)ui + 7 - 6453 (2) + 6 pry (i) — w410 (k413 (4)
in the three cases fr = pi, 0k, Vi respectively. As usual we find y; = pz;—1 — 2
with |z;| <1 for all 4.

Suppose k # j in the 0 and vy cases. Note also that k # j,j + 1 in the py case,
because u; and pj41 are not valid.

If fr = pr then we have y; 1 = 0, while in the other two cases y;41 € {0,1}.
Either way we have z; = 0. Moreover, in all three cases y; = v, so the equa-
tion y; = pzj—1 — z; gives v = pz;j_1. It follows that v = 0. Thus in fact
L(fr(o),J") = L(c,J) € L(0). Looking at the choice of J’' and comparing with the
list in Proposition 5.1, we reach a contradiction. (]
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