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Abstract. Let p be an odd prime and K/Qp a finite unramified extension of
degree f > 1. Let Z(r) be the reduced special fiber of the Emerton–Gee stack of
two-dimensional crystalline representations of Gal(K/K) of Hodge type r. We
study the collection of stacks Z(r) as r varies over p-bounded Hodge types, as a
set partially ordered under inclusion. We prove that aside from two degenerate
cases, simple inclusions can be classified in terms of three operations on Hodge
types, two of which have standard automorphic interpretations. We also prove,
with one exception, that inclusions can be detected at the level of an inclusion of
closed points (equivalently, semisimple mod p Galois representations). GPT-5.5
Pro was used extensively in the course of this work.
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1. Introduction

1.1. Main results and reductions. Let p be a prime number and K/Qp a finite
extension with residue field k. Emerton and Gee [EG] have constructed a moduli
stack X2 of rank 2 (φ, Γ)-modules over K that can be conceived of as a moduli
stack of rank 2 representations of GK , the absolute Galois group of K. Write
X2,red for the underlying reduced substack of X2; it is an algebraic stack over Fp

of dimension [K : Qp]. The stack X2 has deep connections to the representation
theory of GL2(K). For example, by [EG, Thm. 1.2.1] the irreducible components
of X2,red are in bijection with Serre weights, the isomorphism classes of irreducible
Fp-representations of GL2(k).

Assume henceforth that p is odd and K/Qp is unramified of degree f > 1, and
set q = pf .

This note is a complement to the forthcoming paper [KLS]. Its purpose is to
describe, as a set partially ordered under inclusion, a certain collection of closed
substacks of X2,red satisfying a natural p-adic Hodge-theoretic condition. To explain
precisely which closed substacks we will consider, we first recall what we mean by a
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Hodge type. Since K/Qp is unramified we can (and do) identify the embeddings
K ↪→ Qp with embeddings k ↪→ Fp. Fix an embedding κ0 : k ↪→ Fp and recursively
label the remaining embeddings by elements of Z/fZ by taking κp

i+1 = κi.

Definition 1.1. A Hodge type of rank 2 is a tuple of integers r = {ri,j}κi:K↪→Qp,1≤j≤2
with ri,1 ≥ ri,2 for all i. We say that the Hodge type r is

• p-bounded if ri,1 − ri,2 ≤ p for all i,
• regular if ri,1 − ri,2 > 0 for all i.

If r is a Hodge type and λ ∈ ZZ/fZ, we let r + λ denote the translation of r by λ,
i.e., the Hodge type (ri,1 + λi, ri,2 + λi).

Write ur, BT, cr, and St for the Hodge types with (ri,1, ri,2) = (r, 0) for all i, for
r = 0, 1, p−1, p respectively. These stand for unramified, Barsotti–Tate, critical, and
Steinberg. We say that a Hodge type is scalar, Barsotti–Tate, critical, or Steinberg
if it is the translation of ur, BT, cr, or St by some λ.

For each Hodge type r of rank 2, there is a closed substack X crys,r
2 ⊂ X2

corresponding to crystalline representations with κi-labeled Hodge–Tate weights
{ri,1, ri,2} for each i. Its underlying reduced substack Z(r) := X crys,r

2,red is equidimen-
sional of codimension #{i : ri,1 = ri,2}. If Λ ⊂ ZZ/fZ is the sublattice consisting
of tuples (λi) such that

∑
i p−iλi ≡ 0 (mod q − 1), then it is easy to see that

Z(r) = Z(r + λ) for any r and λ ∈ Λ. Indeed, on Galois representations this
amounts to twisting by a crystalline character whose Hodge–Tate weights are (λi)i

and whose reduction mod p is trivial.
If r is regular, p-bounded, and non-Steinberg, then Z(r) is a single irreducible

component of X2,red. In our normalizations (following the normalizations of [CEGS2,
BBH+, KLS]) it is the component X (σ(r)) corresponding to the Serre weight

σ(r) := ⊗f−1
i=0 (det 1−ri,1 Symri,1−ri,2−1 k2) ⊗k,κi

Fp.

The map r 7→ σ(r) is many-to-one: indeed, its fibers are equivalence classes under
translation by Λ.

If instead r is Steinberg, it is proved in [EG, CEGS2] that Z(r) is the union
of two irreducible components. To be precise, if r = St + λ then one of those
components is Z(BT +λ), while by [EG, Lem. 8.6.4] all the Fp-points of the other
component are twists of an extension of the trivial character by the cyclotomic
character. This latter component is X (σ(r)) where σ(r) is the Steinberg Serre weight
⊗f−1

i=0 (det 1−ri,1 Symp−1 k2) ⊗k,κi
Fp, so that Z(St + λ) = Z(BT +λ) ∪ X (σ(r)).

As r ranges over all p-bounded and regular Hodge types, X (σ(r)) ranges over the
irreducible components of X2,red, while Z(r) ranges over the Breuil–Mézard cycles
for GL2(K) as in [EG, Conj. 1.7.2] and the discussion following it. This means that
Z(r) is supported at a representation ρ : GK → GL2(Fp) if and only if σ(r) is a
member of the set of Serre weights associated to ρ in the weight part of Serre’s
conjecture.

In this article we will be concerned with the closed substacks Z(r) as r ranges
over all p-bounded (but not necessarily regular) Hodge types. Irregular Hodge types
can be thought of as corresponding to “phantom Serre weights” in which some or
all of the symmetric powers are allowed to be −1. The loci Z(r) for irregular r
play a role in the local study of Hilbert modular forms of partial weight one, but as
these stacks have positive codimension in X2,red, they are somewhat more difficult
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to study than the irreducible components. However, it is proved in [BBH+] that
if r is p-bounded and non-Steinberg then Z(r) is irreducible.

Definition 1.2. Let Z be the set of closed substacks Z(r) as r ranges over all
p-bounded Hodge types.

The set Z is partially ordered under inclusion (i.e. under closed immersion), and
our specific goal in this article is to describe this structure. To state our main
results, we need to introduce several operations on Hodge types.

Definition 1.3. Let f ≥ 2. For each j ∈ Z/fZ, we define operators µj , θj , and νj

on p-bounded Hodge types r by setting:

µj(r)i :=

 (ri,1 − 1, ri,2) if i = j,
(ri,1 + p, ri,2) if i = j + 1,
(ri,1, ri,2) otherwise.

θj(r)i :=

 (ri,1, ri,2 − 1) if i = j,
(ri,1 + p, ri,2) if i = j + 1,
(ri,1, ri,2) otherwise.

νj(r)i :=

 (ri,1, ri,2 − 1) if i = j,
(ri,2 + p, ri,1) if i = j + 1,
(ri,1, ri,2) otherwise.

The difference between θj and νj lies in the subscripts at index i = j + 1. We say
that r is irregular at j if rj,1 = rj,2. The operator fj ∈ {µj , θj , νj} is valid (for r) if

• fj = µj , r is irregular at j + 1, and rj,1 − rj,2 > 0;
• fj = θj , r is irregular at j + 1, and rj,1 − rj,2 < p;
• fj = νj and r is irregular at j.

If fj is valid for r then evidently fj(r) is again a p-bounded Hodge type.

The definitions of the operators µj and θj are motivated by the theory of mod p
automorphic forms: the weights of mod p automorphic forms transform by µj under
partial Hasse invariants, and by θj under partial theta operators. The operator νj

does not have as straightforward an automorphic explanation, but can be related to
restriction to the vanishing locus of a partial Hasse invariant; see [Yan] or [KLS] for
much more.

Remark 1.4. We caution the reader that the indexing of the operators µj and θj

differs by 1 from the indexing in [BBH+]. We have made this change, both here and
in [KLS], so that µj corresponds to multiplication by the partial Hasse invariant
Haj rather than Haj−1, and similarly for θj and the partial theta operator Θj rather
than Θj−1. There is an added advantage that µj , θj , and νj all affect Hodge–Tate
weights in the same pair of embeddings; the disadvantage is that µj and θj affect
an irregular embedding at index j + 1 rather than j.

The following proposition is [BBH+, Cor. 5.3].

Proposition 1.5. If r is a p-bounded Hodge type and the operation fj ∈ {µj , θj , νj}
is valid, then Z(r) ⊆ Z(fj(r)).
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To simplify notation, write ui := ri,1 − ri,2. If (uj , uj+1) = (1, 0), it is not hard
to see that νj(µj(r)) ∈ r + Λ. Similarly if (uj , uj+1) = (0, p) then µj(νj(r)) ∈ r + Λ.
Thus if (uj , uj+1) = (1, 0) we have Z(µj(r)) = Z(r), while if (uj , uj+1) = (0, p) we
have Z(νj(r)) = Z(r). In these situations we say that the operations µj and νj are
invertible.

Remark 1.6. One could alternatively define a set X = {X (r) : p-bounded r}
by setting X (r) = Z(r) if r is non-Steinberg (equivalently, if Z(r) is irreducible)
and setting X (r) = X (σ(r)) in the Steinberg case. This would seem to have the
advantage that all the stacks in X are irreducible.

The reason we choose to work with Z rather than X is that Proposition 1.5
is no longer quite correct if Z is replaced with X . If r is the Hodge type such
that θj(r) = St, then X (r) ̸⊆ X (St), as can be seen by checking that there are
irreducible representations ρ in the support of X (r) but none in that of X (St). In
fact if θj(r) = St then we have

(1.7) (νj+f−1 ◦ · · · ◦ νj+2 ◦ νj+1)(r) ∈ BT +Λ,

where the composition has f − 1 factors, so that indeed Z(r) ⊆ Z(St), but with
image in the component X (BT) rather than X (St).

In any case, since X is very nearly the same as Z, it is possible to reformulate all
of our results in terms of X rather than Z if one prefers.

Definition 1.8. Let ∼ denote the equivalence relation on p-bounded Hodge types
generated by r ∼ µj(r) for valid invertible µj , by r ∼ νj(r) for valid invertible νj ,
and by translation by Λ.

Our main results are as follows.

Theorem 1.9. We have Z(r) = Z(r′) if and only if r ∼ r′.

If Z ⊆ Z ′ is an inclusion of elements of Z, let us say that the inclusion is simple
if Z ⊊ Z ′ and furthermore there does not exist Y ∈ Z with Z ⊊ Y ⊊ Z ′.

Theorem 1.10. Suppose Z ⊊ Z ′ is a simple inclusion in Z. Then either:
• there exists a p-bounded Hodge type r and a valid operation fj ∈ {µj , θj , νj}

such that Z = Z(r) and Z ′ = Z(fj(r)),
• we have Z = Z(ur + λ) and Z ′ = Z(cr + λ) for some λ, or
• we have Z = Z(BT +λ) and Z ′ = Z(St + λ) for some λ.

Note that in the second case there is indeed an inclusion Z(ur + λ) ⊆ Z(cr + λ):
unramified two-dimensional representations of GK have crystalline lifts with all
labeled Hodge–Tate weights equal to (p − 1, 0).

A consequence of Theorem 1.10, and the reason we became interested in these
statements in the first place, is that if one wants to use induction on (co)dimension
to prove theorems about the stacks Z(r), as we do in [KLS], then the only “moves”
that one has available in general are the operations µj , θj , and νj . Philosophically
this suggests that there is indeed something fundamental about the operation νj ,
alongside µj and θj with their evident automorphic interpretations.

As a consequence of Theorems 1.9 and 1.10 we have the following:

Corollary 1.11. If Z ⊆ Z ′ is an inclusion of elements of Z, then either
• we have Z = Z(ur + λ) and Z ′ = Z(cr + λ) for some λ, or
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• there is a chain
Z = Z0 ⊊ · · · ⊊ Zn = Z ′

of simple inclusions for some n ≥ 0, and there exist p-bounded Hodge
types r0, . . . , rn such that Zm = Z(rm) for all 0 ≤ m ≤ n, and for every
1 ≤ m ≤ n we have either:

– Zm = Z(f (m)(rm−1)) for some valid f (m), and f (m)(rm−1) ∼ rm, or
– m = n and the inclusion Zn−1 ⊊ Zn is some Z(BT +λ) ⊊ Z(St + λ).

Proof. The existence of a chain Z = Z0 ⊊ · · · ⊊ Zn = Z ′ of simple inclusions follows
for dimension reasons. If one of these inclusions has the form Z(ur + λ) ⊊ Z(cr + λ),
then n = 1: for dimension reasons there are no proper inclusions into Z(ur + λ)
or out of Z(cr + λ). Similarly any inclusion in the chain that is of the form
Z(BT +λ) ⊊ Z(St + λ) must be last in the chain. Then Theorems 1.9 and 1.10
imply that the chain has the asserted form. □

It remains to describe precisely which non-invertible valid operations give simple
inclusions; or equivalently, which ones do not. Note that on dimension grounds,
the latter would require either reducing the number of irregular embeddings by at
least two, or increasing the number of irreducible components. This can occur only
if fj(r) is Steinberg, or if (uj , uj+1) = (0, 0) and fj = θj or νj . (Note that in the
latter situation θj and νj are equal.) The actual behavior is as follows.

Theorem 1.12. Each of the inclusions listed in Theorem 1.10 is simple except for
the ones of the form Z(r) ⊆ Z(fj(r)) with either fj invertible (in which case the
inclusion is an equality) or else of the form

• fj ∈ {θj , νj}, (uj , uj+1) = (0, 0), and either uj−1 = 1 or uj+2 = p; or
• fj = θj and θj(r) is Steinberg,

in which case the inclusion is proper but not simple.

In the final case, if θj(r) = St + λ we have already seen that Z(r) ⊊ Z(BT +λ) ⊊
Z(St+λ). In the first case, if for example uj−1 = 1, then θj(r) ∼ νj−1(µj(µj−1(r))),
and Z(µj(µj−1(r))) is intermediate between Z(r) and Z(θj(r)). The other cases of
non-simplicity are similar.

It is possible to reduce each of Theorems 1.9, 1.10, and 1.12 to statements that
are essentially combinatorial, as we now explain.

Definition 1.13. If r is a Hodge type, define Zss(r) to be the set of semisimple
representations ρ : GK → GL2(Fp) on which Z(r) is supported, i.e., the set of
semisimple ρ having a crystalline lift of Hodge type r; equivalently, Zss(r) is the
collection of closed points of Z(r).

Write Zss for the set {Zss(r) : p-bounded r}.

Since the semisimple representations at which X (St) is supported also lie in the
support of X (BT), we have Zss(BT +λ) = Zss(St + λ). The main combinatorial
claim is that versions of Theorems 1.9, 1.10, and 1.12 hold with Z replaced by Zss,
suitably modified to account for the equality Zss(BT +λ) = Zss(St + λ).

Theorem 1.14. We have the following.
(i) We have Zss(r) = Zss(r′) if and only if either r ∼ r′ or else there exists

λ such that either (r ∼ BT +λ and r′ ∼ St + λ) or (r′ ∼ BT +λ and
r ∼ St + λ).
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(ii) Suppose Zss ⊊ Z ′
ss is a simple inclusion in Zss. Then either:

• there exists a p-bounded Hodge type r and a valid operation fj ∈
{µj , θj , νj} such that Zss = Zss(r) and Z ′

ss = Zss(fj(r)), or
• we have Zss = Zss(ur + λ) and Z ′

ss = Zss(cr + λ) for some λ.
(iii) Each of the inclusions listed in (ii) is simple except for the ones of the

form Zss(r) ⊊ Zss(fj(r)) with fj ∈ {θj , νj}, (uj , uj+1) = (0, 0) and either
uj−1 = 1 or uj+2 = p.

For p-bounded Hodge types r, the results of [GLS] give an explicit description of
Zss(r), thus reducing Theorem 1.14 to an explicit but very complicated combinatorial
problem whose proof will occupy the body of the paper. For now, however, we prove
the following.

Proposition 1.15. Assume parts (i) and (ii) of Theorem 1.14. Then we have:
(i) If r and r′ are p-bounded Hodge types, then Z(r) ⊆ Z(r′) if and only if

Zss(r) ⊆ Zss(r′), except when there exists λ such that r ∼ St + λ and
r′ ∼ BT +λ.

(ii) Theorems 1.9 and 1.10 hold.
(iii) Further assuming Theorem 1.14(iii), Theorem 1.12 holds.

Remark 1.16. We emphasize the following interpretation of Proposition 1.15(i): for
p-bounded Hodge types r, r′, inclusions between the stacks Z(r) and Z(r′) may be
detected at the level of an inclusion between their closed points, with the exception
that Zss(St + λ) = Zss(BT +λ) while Z(St + λ) ̸⊆ Z(BT +λ).

Proof. The only-if direction of (i) is immediate. For the reverse, assume that
Zss(r) ⊆ Zss(r′), and that there does not exist λ such that r ∼ St + λ and
r′ ∼ BT +λ.

If Zss(r) = Zss(r′), then Theorem 1.14(i) implies that either r ∼ r′ or else
r ∼ BT +λ and r′ ∼ St + λ for some λ. In either case Z(r) ⊆ Z(r′).

Otherwise, since the set Zss is finite it is possible to write

Zss(r) = Zss,0 ⊊ Zss,1 ⊊ · · · ⊊ Zss,n = Zss(r′)

for some n > 0, with each Zss,m ⊊ Zss,m+1 a simple inclusion in Zss. By Theo-
rem 1.14(ii), we can write this inclusion as Zss(rm) ⊊ Zss(r′

m) for Hodge types
rm, r′

m satisfying one of the two listed possibilities. In each of those cases we know
that Z(rm) ⊆ Z(r′

m).
Regular Hodge types give maximal elements of Zss (e.g. by Theorem 1.14(ii),

because r is never regular in the first bullet point, and similarly ur + λ is not regular
in the second bullet point). Thus none of r, rm, or r′

m is either Barsotti–Tate or
Steinberg except possibly r′

n−1. By Theorem 1.14(i), Zss(r′
m) = Zss(rm+1) implies

that r′
m ∼ rm+1, and therefore Z(r′

m) = Z(rm+1). Similarly Z(r) = Z(r0). If r′
n−1

(hence also r′) is either Barsotti–Tate or Steinberg, then by changing rn−1 it is
possible to arrange that r′

n−1 ∼ r′: this is because if θj(s) = St+λ, then there exists
s′ ∼ s such that νj+f−1(s′) ∼ BT +λ (namely s′ ∼ (νj+f−2 ◦ · · · ◦ νj+2 ◦ νj+1)(s),
as in (1.7)). We obtain

Z(r) = Z(r0) ⊆ Z(r′
0) = Z(r1) ⊆ · · · ⊆ Z(r′

n−1) = Z(r′)

as desired.
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Theorem 1.14(i) implies that there exists a well-defined map from Zss to Z ∖
{Z(St + λ) : λ ∈ ZZ/fZ} sending Zss(r) to Z(r), except that Zss(St + λ) =
Zss(BT +λ) is sent to Z(BT +λ).

By (i) of this Proposition, this is an isomorphism of partially ordered sets under
inclusion. By the same argument with St and BT swapped, there is also a well-
defined isomorphism from Zss to Z ∖ {Z(BT +λ) : λ ∈ ZZ/fZ}. This establishes
Theorems 1.9, 1.10, and 1.12 for all statements not involving both Barsotti–Tate
and Steinberg weights (under the additional assumption of Theorem 1.14(iii), in
the case of Theorem 1.12).

The claims involving both Barsotti–Tate and Steinberg weights are easily checked
separately. We have Z(BT +λ) ̸= Z(St + λ′) and BT +λ ̸∼ St + λ′, giving Theo-
rem 1.9. The inclusion Z(BT +λ) ⊆ Z(St + λ) is indeed simple, necessitating the
third bullet point in Theorem 1.10, and there are no inclusions between Z(BT +λ)
and Z(St+λ′) if λ−λ′ ̸∈ Λ. For Theorem 1.12, a statement involving both Barsotti–
Tate and Steinberg weights could only have St + λ = fj(r), with the Barsotti–Tate
weight appearing in the middle of a non-simple inclusion; and indeed we have already
seen that if θj(r) = St + λ, then Z(r) ⊊ Z(BT +λ) ⊊ Z(St + λ), giving the second
bullet point of Theorem 1.12 and completing the proof. □

The rest of the paper is devoted to the proof of Theorem 1.14.

1.2. Statement of AI use. Given that for a valid operation fj , the inclusion
Z(r) ⊆ Z(fj(r)) is typically a codimension one inclusion between irreducible stacks,
it was natural to wonder whether something like Theorem 1.10 might hold. In the
course of our forthcoming work in [KLS], we had previously used calculations with
sets of semisimple points to make guesses about the extent to which formulas like
Z(µj(r)) ∩ Z(θj(r)) = Z(r) might hold. This prompted us to consider the analogue
of Theorem 1.10 for semisimple point sets and to realize that the one could be
reduced to the other. It appeared to us that the combinatorics required to prove
Theorem 1.14 might be rather complicated, but also potentially amenable to current
large language models.

Indeed the first proof of Theorem 1.14 was found by GPT-5.5 Pro, by a naive
process of giving the problem to the LLM and then prompting it to continue
working whenever it stopped. After roughly 30 continuations, the LLM claimed
to have a proof. The argument was then turned into a manuscript by an iterative
process using two LLM conversations, one the “author” and the other an adversarial
“reviewer”. The resulting manuscript was, to us, essentially alien — full of jargon
and barely recognizable as related to the original problem. Attempts to formalize
the manuscript in Lean using Codex eventually stalled.

We then abandoned the initial manuscript and restarted the process from the
beginning, this time also prompting the LLM that it was permitted to introduce
new notation, but not new terminology. The new manuscript, which ultimately grew
to 45 pages, was clearly recognizable as addressing the problem under consideration,
and seemed plausibly to be a proof, although the writing was still very difficult for
us to follow. We then formalized the manuscript in Lean via Codex using GPT-5.5
with xhigh reasoning effort. This surfaced several errors in the manuscript, which
were corrected with input from GPT-5.5 Pro; but the formalization was eventually
completed, convincing us that indeed we had a proof.



8 KALYANI KANSAL, BRANDON LEVIN, AND DAVID SAVITT

It then fell to us to understand the argument. It was immediately clear that the
manuscript was organized in what seemed to us to be an unnatural and unnecessarily
complicated way. In the process of reorganizing the argument, and trying to
understand the reorganized argument, we found a number of simplifications to the
statements, the proofs, and the exposition. The exposition below is entirely written
by us. Many of the lemma and theorem statements are different from those that
can be found in the LLM-generated manuscript. Nevertheless, the underlying logic
is still in essence the one that was found by the LLM.

The artifacts that we have described here, including several versions of LLM-
generated manuscripts, and the Lean formalization of one of those early versions, are
available at https://github.com/davidsavitt/KLSposet-artifacts. A formal-
ization of the combinatorial parts of the present manuscript (i.e. the results about
the sets Zss(r), but not those concerning the Emerton–Gee stacks) is available at
https://github.com/davidsavitt/KLSposet.

1.3. Notation and further preliminaries.

1.3.1. Phantom Serre weights. To each Hodge type r we may associate the tuple
(u0, . . . , uf−1; t) with ui = ri,1 − ri,2 and t =

∑
i∈Z/fZ p−iri,2 ∈ Z/(q − 1)Z. This

tuple depends only on the class of r under translation by Λ, and it is not difficult to
see that this defines a bijection from equivalence classes of p-bounded Hodge types
up to translation by Λ, to tuples (u0, . . . , uf−1; t) with t ∈ Z/(q − 1)Z and each
ui ∈ [0, p]. We will refer to the tuples (u0, . . . , uf−1; t) as phantom Serre weights.
For brevity we often write σ = (ui; t) instead of (u0, . . . , uf−1; t), and we write
(ur; t), (BT; t), (cr; t), and (St; t) for (u, . . . , u; t) with u = 0, 1, p − 1, p respectively.

The operations µj , θj , and νj descend to phantom Serre weights. Concretely, we
have

µj : uj 7→ uj − 1, uj+1 7→ uj+1 + p, t 7→ t,

θj : uj 7→ uj + 1, uj+1 7→ uj+1 + p, t 7→ t − p−j ,

νj : uj 7→ uj + 1, uj+1 7→ p − uj+1, t 7→ t − p−j + uj+1 p−(j+1).

All other ui’s are fixed. The operations are valid when
• uj > 0 and uj+1 = 0 for µj ;
• uj < p and uj+1 = 0 for θj ;
• uj = 0 for νj .

Now if (uj , uj+1) = (1, 0) then νj(µj(σ)) = σ, while if (uj , uj+1) = (0, p) then
µj(νj(σ)) = σ, so on phantom Serre weights µj and νj are literally inverse to one
another. The equivalence relation ∼ also descends to phantom Serre weights, and
we denote it by ∼ again.

1.3.2. Fundamental characters. Take π = (−p)1/(q−1) and for g ∈ GK we set
h(g) = g(π)/π ∈ µq−1(K). Identifying µq−1(K) with k×, we define fundamental
characters ωi of level f by setting ωi = κi ◦ h : IK → F×

p for each i ∈ Z/fZ
(cf. [CEGS1, Lem. 1.4.1] and the discussion following). Fix ω′

0 to be either of the
two fundamental characters of level 2f such that (ω′

0)q+1 = ω0, and recursively
define ω′

i for i ∈ Z/2fZ by (ω′
i+1)p = ω′

i.

https://github.com/davidsavitt/KLSposet-artifacts
https://github.com/davidsavitt/KLSposet
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1.3.3. The sets Zss(σ). We now describe the sets Zss(r) explicitly.

Definition 1.17. We say that a set J is a profile if either
• J ⊂ Z/fZ is any subset; or
• J ⊂ Z/2fZ, and for all i we have i ∈ J if and only if i + f ̸∈ J .

In the former case we say that J has niveau 1, and in the latter case we say that J
has niveau 2.

If σ = (ui; t), then for each profile J ⊂ Z/fZ we define

ρ(σ, J) = ωt
0 ⊗

(∏
i∈J

ωui
i ⊕

∏
i∈Jc

ωui
i

)
,

while for each profile J ⊂ Z/2fZ we define

ρ(σ, J) = ωt
0 ⊗

(∏
i∈J

(ω′
i)ui ⊕

∏
i∈Jc

(ω′
i)ui

)
,

with the notation ui extended to i ∈ Z/2fZ periodically modulo f .

Theorem 1.18 ([GLS, CEGS2]). If σ is the phantom Serre weight associated to r,
then we have

Zss(r) = {semisimple ρ such that ρ|IK
∼= ρ(σ, J)∨ for some profile J}.

The dual comes from our normalization for Hodge–Tate weights: following
[CEGS2, BBH+] we chose the normalization so that the cyclotomic character has
all Hodge–Tate weights equal to −1.

Definition 1.19. If σ is a phantom Serre weight, we define

Zss(σ) = {ρ(σ, J) : J any profile}.

Theorem 1.14 thus descends to an equivalent statement about phantom Serre
weights and the finite sets Zss(σ). This is the language in which we will phrase the
proof of Theorem 1.14.

Remark 1.20. Suppose ρ is semisimple and non-scalar on inertia. If J is a profile
and ρ|IK

∼= ρ(σ, J)∨ then either ρ is split and J has niveau 1, or else ρ is irreducible
and J has niveau 2.

If on the other hand ρ is scalar on inertia, then it can happen that ρ|IK
∼= ρ(σ, J)∨

with J of niveau 2. But for each such σ, there is also a witness ρ|IK
∼= ρ(σ, J ′)∨ with

J ′ of niveau 1; see the discussion in the last paragraph of [GHS, Example 7.1.7].

If J is a profile, let δJ be the indicator function of J , and set εJ
i = (−1)δJ (i).

2. Pinnings

2.1. The carry equation. The following key lemma is also proved in [KLS], but
we include a proof here for the sake of completeness.

Lemma 2.1. Let σ = (ui; t) and σ′ = (u′
i; t′) be two phantom Serre weights. Suppose

that J, J ′ are profiles of the same niveau such that ρ(σ, J) = ρ(σ′, J ′), with equality
rather than isomorphism meaning that the two characters of ρ(σ, J) and of ρ(σ′, J ′)
are in the same order. Set f ′ = f if J has niveau 1, and f ′ = 2f otherwise.
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(i) There are unique integers (xi) such that

εJ′

i u′
i − εJ

i ui = pxi−1 − xi

for all i ∈ Z/f ′Z. Moreover xi+f = −xi if f ′ = 2f .
(ii) The parities of the xi’s depend only on σ, σ′ and in particular are independent

of the profiles J, J ′.
(iii) We have xi ∈ [−2, 2] for all i, unless p = 3, ui = u′

i = 3 for all i, t′ − t =
(q − 1)/2, and {J, J ′} = {∅, Z/fZ}.

The integers xi in the lemma can be thought of as carries in the base p subtraction∑
i εJ′

i u′
ip

f ′−i −
∑

i εJ
i uip

f ′−i; hence the name of the subsection.

Proof. The equality ρ(σ, J) = ρ(σ′, J ′) implies that there are congruences

(2.2)
∑
i∈J

pf ′−iui ≡ T +
∑
i∈J′

pf ′−iu′
i (mod pf ′

− 1)

and

(2.3)
∑
i̸∈J

pf ′−iui ≡ T +
∑
i ̸∈J′

pf ′−iu′
i (mod pf ′

− 1)

where T = t′ − t if f ′ = f and T = (q + 1)(t′ − t) if f ′ = 2f .
Taking the difference between equations (2.2) and (2.3) and rearranging gives∑f ′−1
i=0 pf ′−iyi ≡ 0 (mod pf ′ − 1) where

yi = (−1)δJ′ (i)u′
i − (−1)δJ (i)ui.

The lattice Λ′ of vectors (yi) ∈ ZZ/f ′Z such that
∑f ′−1

i=0 pf ′−iyi ≡ 0 (mod pf ′ −1)
has a basis consisting of the vectors vj = (vj,i) with vj,j = −1, vj,j+1 = p, and
vj,i = 0 otherwise. It follows immediately that there exist unique integers xi with
yi = pxi−1 − xi.

Suppose f ′ = 2f . The sequences ui, u′
i are periodic modulo f , while i ∈ J if and

only if i+f ̸∈ J , and similarly for J ′. It follows that the tuple (x′
i) with x′

i := −xi+f

also satisfies the conditions of the lemma. By uniqueness it follows that xi = −xi+f .
This proves (i).

Let M = maxj |xj | and suppose that |xi−1| = M . Then

pM = |pxi−1| = |yi + xi| ≤ 2p + M.

If p > 3 then M ≤ 2p/(p − 1) < 3 by the hypothesis on p, and xi ∈ [−2, 2] for all i.
If p = 3, then the same conclusion still holds unless |xi−1| = |xi| = 3 and |yi| = 6;

then iteratively we obtain |yi| = 6 for all i, and ui = u′
i = 3 for all i. Finally either

xi = 3 for all i, in which case εJ′

i − εJ
i = 2 for all i and J = Z/fZ, J ′ = ∅; or else

xi = −3 for all i, εJ′

i − εJ
i = −2 for all i, and J = ∅, J ′ = Z/fZ. If J = Z/fZ

and J ′ = ∅, then (2.2) gives T ≡
∑f−1

i=0 3f−i · 3 ≡ (q − 1)/2 (mod q − 1). The
case J = ∅, J ′ = Z/fZ gives the negative of the same congruence, hence again
T = (q − 1)/2. This gives (iii).

Finally suppose that (K, K ′) is a pair of profiles of the same niveau with ρ(σ, K) =
ρ(σ′, K ′), leading to parameters f̃ ′, ỹi and x̃i in place of f ′, yi and xi. Suppose first
that f̃ ′ = f ′. Since (−1)δJ (i) = 1 − 2δJ(i) the difference zi = 1

2 (yi − ỹi) is equal to

(δK′(i) − δJ′(i))u′
i − (δK(i) − δJ(i))ui.
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Taking the difference between (2.2) for (J, J ′) and for (K, K ′) shows that (zi) ∈ Λ′.
Writing zi = pwi−1 − wi for integers wi we find that xi − x̃i = 2wi and therefore
xi ≡ x̃i (mod 2).

If instead f̃ ′ ̸= f ′, suppose without loss of generality that f ′ = f and f̃ ′ = 2f .
Then exactly the same argument in the previous paragraph goes through after
multiplying (2.2) for (J, J ′) by q + 1 (and f -periodically extending ui, u′

i, xi, J , J ′

to Z/2fZ) to obtain a congruence modulo p2f − 1. □

Remark 2.4. In the exceptional case of Lemma 2.1(iii), one can furthermore check
that there are no J, J ′ such that ρ(σ, J) = ρ(σ′, J ′) other than {J, J ′} = {∅, Z/fZ}.
Indeed, in niveau 1, the equality of

∑
i∈J p−iui and

∑
i∈J′ p−iu′

i modulo q − 1 says
that two subsets of 1, 3, . . . , 3f−1 have sums that differ by (q − 1)/2 modulo q − 1.
Since each such subset sum lies between 0 and (q − 1)/2, this forces the two subsets
to be ∅ and Z/fZ. In niveau 2 the argument is essentially the same, except that
since ∅, Z/2fZ are not profiles in niveau 2, the conclusion is simply that there are
no solutions J, J ′.

In particular Zss(σ) ̸⊆ Zss(σ′) and vice-versa. For this reason, in proving
Theorem 1.14 we will generally never be in the exceptional case of part (iii) of the
lemma, and will always have xi ∈ [−2, 2]. In arguments where the exceptional case
is trivially excluded, e.g. because of a hypothesis that ρ(σ, J) = ρ(σ′, J ′) for some
J ̸∈ {∅, Z/fZ}, or that ui ̸= p for some i, we will pass over this without further
mention.

Remark 2.5. If xi = 0 for all i, then Lemma 2.1 immediately implies ui = u′
i for

all i, and that J, J ′ agree on all indices i such that ui ̸= 0. Then (2.2) implies that
t = t′, and therefore σ = σ′.

As a first application of the lemma, we analyze the situation where ρ(σ, J) is
scalar for a niveau 2 profile J .

Corollary 2.6. Suppose that J is a profile such that ρ(σ, J) is scalar. Then there
exist unique integers (yi) such that

εJ
i ui = pyi−1 − yi,

and if J has niveau 2 then yi+f = −yi for all i ∈ Z/2fZ. Furthermore |yi| ≤ 1 for
all i.

Proof. Since ρ(σ, J) is scalar, it is possible to choose t′ ∈ Z/(q − 1)Z such that
ρ(σ, J) = ρ((ur; t′), J ′) for some (indeed any) profile J ′ of the same niveau as J .
Applying Lemma 2.1 to the pair (ur; t′) and σ (in that order), we obtain unique
integers yi such that

εJ
i ui = pyi−1 − yi

for all i, and yi+f = −yi if J has niveau 2, giving the first part of the corollary. The
bound |yi| ≤ 1 follows by the same argument as for the bound in Lemma 2.1(iii). □

We saw in Remark 1.20 that if J has niveau 2 and ρ(σ, J) is scalar, then there
also exists a profile J ′ of niveau 1 such that ρ(σ, J ′) = ρ(σ, J). We now analyze the
same situation with the niveaux reversed.

Proposition 2.7. Suppose that J is a profile of niveau 1 such that ρ(σ, J) is scalar.
Then there also exists a profile J ′ of niveau 2 such that ρ(σ, J ′) = ρ(σ, J) unless
σ = (cr; t) for some t, in which case no such J ′ exists.
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Proof. Write σ = (ui; t). The nonexistence of J ′ when σ = (cr; t) is a consequence
of Corollary 2.6. Suppose J ′ of niveau 2 were to exist, and apply the Corollary.
Since ui = p − 1 for all i we have yi−1 = yi ∈ {−1, 1} for all i, and recursively the
sequence yi is constant. This contradicts yi+f = −yi.

Now suppose that σ is non-critical and ρ(σ, J) is scalar, with J of niveau 1.
Corollary 2.6 gives integers yi ∈ [−1, 1] such that εJ

i ui = pyi−1 − yi for all i ∈ Z/fZ.
Since σ is non-critical, some yi must be 0. Without loss of generality suppose that
y−1 = 0. Set y′

i = yi and εJ′

i = εJ
i for i ∈ Z/2fZ whose least non-negative residue

lies in [0, f − 1], and y′
i = −yi, εJ′

i = −εJ
i otherwise. Let J ′ be the niveau 2 profile

implicitly defined by the choice of εJ′

i . Now evidently

(2.8) εJ′

i ui = py′
i−1 − y′

i

for i ̸= 0, f (so that {i − 1, i} is contained in either [0, f − 1] or [f, 2f − 1]). But
since y′

−1 = y′
f−1 = 0, the equation (2.8) holds for i = 0, f as well, i.e., it holds for

all i ∈ Z/2fZ.
Multiplying (2.8) by p−i and summing over Z/2fZ proves that

∑
i∈J′ uip

−i −∑
i̸∈J′ uip

−i ≡ 0 (mod q2 − 1), or in other words that ρ(σ, J ′) is scalar. However,
we need the stronger statement that ρ(σ, J ′) = ρ(σ, J), or equivalently that∑

i∈J′

uip
−i − (q + 1)

∑
i∈J

uip
−i ≡ 0 (mod q2 − 1).

Since δJ(i) = 1
2 (1 − εJ

i ) and similarly for J ′, the previous display rewrites as
2f−1∑
i=0

1
2 (1 − εJ′

i )uip
−i −

2f−1∑
i=0

1
2 (1 − εJ

i )uip
−i ≡ 0 (mod q2 − 1).

From the definition of εJ′

i , the terms with 0 ≤ i < f in the two sums cancel, and
the desired congruence is equivalent to

f−1∑
i=0

εJ
i uip

−i ≡ 0 (mod q2 − 1).

Substituting εJ
i ui = pyi−1 − yi, the terms on the left-hand side involving yi for

0 ≤ i < f − 1 telescope, leaving only the terms involving y−1 and yf−1. But
y−1 = yf−1 = 0, so the previous congruence holds. □

As another early application of these ideas we show that the inclusion Zss((ur; t)) ⊆
Zss((cr; t)) is simple. In fact we have the following stronger statement.

Proposition 2.9. Suppose that Zss(σ) ⊆ Zss((cr; t)). Then σ = (ur; t) or σ = (cr; t).

Proof. The proof will require the following claim. If∑
i∈Z/fZ

aip
f−i ≡

∑
i∈Z/fZ

bip
f−i (mod pf−1 + · · · + p + 1)

with ai ∈ {0, 1, 2} and bi ∈ {0, 1} for all i, then ai − bi is constant. To see this, we
treat the two sides as the integers A =

∑f
i=1 aip

f−i and B =
∑f

i=1 bip
f−i, so that

the sums give the base p expansions of A, B respectively. Set M = pf−1 + · · ·+p+1.
Evidently A − B ∈ {−M, 0, M, 2M}. If A − B = −M then ai = 0 and bi = 1 for
all i. If A − B = 0 then by uniqueness of base-p expansions we have ai = bi for all
i. If A − B = M then A =

∑f
i=1(bi + 1)pf−i. Since bi + 1 < p, this is the base-p
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expansion of A, and ai = bi + 1 for all i. If A − B = 2M then ai = 2 and bi = 0 for
all i. In all cases the desired conclusion holds.

Without loss of generality suppose that t = 0. Write σ = (ui; t′). Write
ρ(σ,∅) = ρ((cr; 0), K) for a profile K, which we can take to have niveau 1 by
Remark 1.20. Similarly write ρ(σ, {i}) = ρ((cr; 0), Ki) for a niveau 1 profile Ki for
each i. Each ρ((cr; 0), J) with J of niveau 1 has the form ωa

0 ⊕ ωb
0 with a, b divisible

by p − 1. Applied to ρ(σ,∅) and ρ(σ, {i}) this shows that t′ and all of the ui are
divisible by p − 1. In particular ui ∈ {0, p − 1} for all i. If K is Z/fZ, we replace it
with ∅ instead.

Now (2.2) shows that t′ ≡ (p−1)
∑

i∈K pf−i (mod q−1), and another application
of (2.2) for the profile {j} shows, after dividing by p − 1, that

pf−j +
∑
i∈K

pf−i ≡
∑

i∈Kj

pf−i (mod M)

for each j in the set S := {i : ui = p − 1}. An application of our claim then shows
that j ̸∈ K. Therefore K ∩ S = ∅.

The equality det ρ(σ,∅) = det ρ((cr; 0), K) gives 2t′ + (p − 1)
∑

i∈S pf−i ≡ 0
(mod q − 1), or equivalently∑

i∈K

2 · pf−i +
∑
i∈S

pf−i ≡ 0 (mod M).

Since K ∩ S = ∅ and K ≠ Z/fZ, another application of our claim gives K = ∅
and S ∈ {∅, Z/fZ}. Thus t′ = 0 and σ = (ur; 0) or σ = (cr; 0). □

2.2. Further consequences of the carry equation.

Definition 2.10. Let σ, σ′ be a pair of phantom Serre weights.
(i) We define P(σ, σ′) to be the set of profiles J such that there exists a profile

KJ of the same niveau with ρ(σ, J) = ρ(σ′, KJ).
(ii) A pinning is a choice, for each J ∈ P(σ, σ′), of a profile KJ of the same

niveau with ρ(σ, J) = ρ(σ′, KJ). Given a pinning we write xJ
i for the

integers of Lemma 2.1 applied to the pair of profiles J, KJ .

We note the following subtlety in the definition of P(σ, σ′). If J has niveau 2 and
ρ(σ, J) is scalar, then the existence of some J ′ such that ρ(σ, J) = ρ(σ′, J ′) need
not imply that J ∈ P(σ, σ′), since it may not be possible to choose J ′ of niveau 2.
By Proposition 2.7, this happens precisely when σ′ is critical. To emphasize this,
we highlight the case Zss(σ) ⊆ Zss(σ′).

Corollary 2.11. Suppose that Zss(σ) ⊆ Zss(σ′). If σ′ is non-critical then the set
P(σ, σ′) contains all profiles, while if σ′ is critical then P(σ, σ′) contains all profiles
except for any niveau 2 profiles J with ρ(σ, J) scalar.

Suppose for the remainder of the section that ∅ ∈ P(σ, σ′), and we fix a pinning.
It will be convenient to abbreviate xi := x∅

i and K := K∅, and we do so for the
remainder of the paper. If i ∈ Z/2fZ then xi means xi (mod f). Note that ε∅i = 1
for all i.

If also J ∈ P(σ, σ′), we shall need to understand the joint behavior of the integers
xi and xJ

i , beyond what is immediately provided by Lemma 2.1 (that they have
the same parity). When jointly analyzing the equations coming from Lemma 2.1(i)
for the pair of profiles ∅, J it is often better to use the sum and difference of those
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equations instead. To that end, for any J ∈ P(σ, σ′) we write sJ
i = 1

2 (xJ
i + xi) and

dJ
i = 1

2 (xJ
i − xi), so that sJ

i , dJ
i ∈ [−2, 2] apart from the exceptional case when

p = 3. These are integers thanks to Lemma 2.1(ii). Then

(2.12) 1
2(εKJ

i + εK
i )u′

i − δJc(i)ui = psJ
i−1 − sJ

i

and

(2.13) 1
2(εKJ

i − εK
i )u′

i + δJ(i)ui = pdJ
i−1 − dJ

i .

Since εKJ
i = ±εK

i , we deduce the following.

Lemma 2.14. Suppose that ∅, J ∈ P(σ, σ′). Then for each i one of the following
alternatives holds: either

−δJc(i)ui = psJ
i−1 − sJ

i or δJ(i)ui = pdJ
i−1 − dJ

i .

Here are three sample applications of the lemma that will be used in the next
section. In what follows we will frequently use the following observations. One of
the two alternatives of Lemma 2.14 will always be either psJ

i−1 = sJ
i or pdJ

i−1 = dJ
i ,

depending on whether i ∈ J or i ̸∈ J . Outside the exceptional case, we have
sJ

i−1, sJ
i ∈ [−2, 2] but p ≥ 3, so that psJ

i−1 = sJ
i implies sJ

i−1 = sJ
i = 0; and similarly

for pdJ
i−1 = dJ

i . Also outside the exceptional case, if xi < 0 then sJ
i ≤ 0 and dJ

i ≥ 0:
consider that if xi = −1 then xJ

i = ±1 and if xi = −2 then xJ
i ∈ {−2, 0, 2}.

Lemma 2.15. Let I be the niveau 1 profile {i : 0 < ui < p}. If ∅, I ∈ P(σ, σ′) and
xi < 0, then (ui, ui+1) ̸= (1, p).

Proof. Assume ui = 1, so that i ∈ I. We claim that sI
i = 0. In the first alternative of

Lemma 2.14 we have psI
i−1 = sI

i , implying sI
i−1 = sI

i = 0. In the second alternative
we get 1 = pdI

i−1 − dI
i . But the hypothesis xi < 0 implies that dI

i ∈ {0, 1, 2}, and so
the only possibility is that p = 3, dI

i−1 = 1, and dI
i = 2. The latter forces xi = −2

and xI
i = 2, and so again sI

i = 0.
Now suppose in addition that ui+1 = p, so that i+1 ̸∈ I, and consider Lemma 2.14

applied at i+1. Since sI
i = 0 by the previous paragraph, the first alternative becomes

−p = −sI
i+1, which contradicts the bounds on sI

i+1. The second alternative gives
pdI

i − dI
i+1 = 0, and therefore dI

i = dI
i+1 = 0. But sI

i = 0 implies dI
i = |xi| ≥ 1, and

again we obtain a contradiction. □

Lemma 2.16. Let P be the niveau 2 profile satisfying P ∩ {0, . . . , f − 1} = {i :
ui = p}. If ∅ ∈ P(σ, σ′), u0 = 0, (ui−1, ui) ̸= (0, p) for all i, and xi < 0 for all i,
then P ̸∈ P(σ, σ′).

Proof. We argue by contradiction, so let us suppose that P ∈ P(σ, σ′). Suppose
1 ≤ i ≤ f − 1. We claim, first, that if sP

i = 0 then also sP
i−1 = 0. In the second

alternative of Lemma 2.14, the left-hand side is always divisible by p for the profile
P , and therefore dP

i = 0. But dP
i = sP

i = 0 implies xi = 0, contradicting our
hypothesis, so it must be the first alternative that holds. In that alternative the
right-hand side is divisible by p. But if the left-hand side is divisible by p, then it
must be 0 (because if ui = p then δP c(i) = 0). Therefore also sP

i−1 = 0.
In the converse direction, we claim that if sP

i−1 = 0 and ui ≠ p then sP
i = ui = 0,

again for 1 ≤ i ≤ f − 1. As in the previous paragraph, the second alternative gives
dP

i = 0. Since ui ̸= p by hypothesis, the left-hand side of this alternative is 0, and
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we conclude dP
i−1 = 0. But dP

i−1 = sP
i−1 = 0 contradicts xi−1 ̸= 0, so again it is the

first alternative that holds. Now sP
i = δP c(i)ui = ui. But xi < 0 implies sP

i ≤ 0,
and this combined with sP

i = ui ≥ 0 gives sP
i = ui = 0.

Finally consider i = 0. Since u0 = 0 the alternatives give either sP
−1 = sP

0 = 0 or
dP

−1 = dP
0 = 0. Also since u0 = 0 the equation εK

0 u′
0 = px−1 − x0 gives |x−1| ≤ 1.

Therefore x−1 = −1, and xP
−1 = ±1.

Suppose first that dP
−1 = dP

0 = 0, so that x−1 = xP
−1 = −1. Then xP

f−1 = −xP
−1 =

1, and sP
f−1 = 0. Iteratively applying the conclusion in the first paragraph of the

proof, we conclude that sP
0 = 0. But sP

0 = dP
0 = 0 implies x0 = 0, a contradiction.

So we must instead have sP
−1 = sP

0 = 0. Iteratively applying the conclusion in
the second paragraph of the proof, which is possible because of the hypothesis
(ui−1, ui) ̸= (0, p) for all i, we obtain sP

f−1 = 0. But sP
−1 = sP

f−1 = 0 is again a
contradiction, because xP

f−1 = −xP
−1 ̸= xP

−1. □

Lemma 2.17. Suppose that ∅, J ∈ P(σ, σ′).
(i) If xi−1, xi < 0, ui > 0, and sJ

i−1 = 0 then i ∈ J .
(ii) If xi−1, xi, xi+1 < 0, ui−1, ui, ui+1 > 0, and J ∩ {i − 1, i, i + 1} = {i}, then

ui−1 = p + 1 + xi−1 and ui = p − dJ
i .

Proof. (i) Suppose i ̸∈ J . Then the alternatives of Lemma 2.14 are
−ui = psJ

i−1 − sJ
i or pdJ

i−1 = dJ
i .

The hypotheses sJ
i−1 = 0, xi−1 < 0 rule out dJ

i−1 = 0, so the second cannot hold.
The first alternative then gives ui = sJ

i . But xi < 0 implies sJ
i ≤ 0, contradicting

the hypothesis ui > 0.
(ii) Since ui > 0 and dJ

i ≥ 0, Lemma 2.14 applied at i ∈ J gives either
(2.18) sJ

i−1 = sJ
i = 0 or dJ

i−1 = 1, ui = p − dJ
i .

Lemma 2.14 applied at i + 1 ̸∈ J gives either
−ui+1 = psJ

i − sJ
i+1 or dJ

i = dJ
i+1 = 0.

Either of these alternatives contradicts the first alternative of (2.18). Indeed if
sJ

i = 0 then we cannot have ui+1 = sJ
i+1 (because the left-hand side is positive and

the right-hand side is not), nor can we have dJ
i = 0 (because xi ̸= 0). Therefore it

is the second alternative in (2.18) that holds. In particular ui = p − dJ
i .

Now apply Lemma 2.14 at i − 1 ̸∈ J . Since dJ
i−1 = 1, the second alternative

cannot hold, and the first alternative gives
ui−1 = −psJ

i−2 + sJ
i−1.

Since ui−1 > 0 and sJ
i−1 ≤ 0, we must have sJ

i−2 = −1 and ui−1 = p + sJ
i−1. Since

sJ
i−1 = xi−1 + dJ

i−1 = xi−1 + 1, the lemma follows. □

3. The six alternatives

Suppose that Zss(σ) ⊆ Zss(σ′). If σ′ is non-critical then the set P(σ, σ′) contains
all profiles, while if σ′ is critical then P(σ, σ′) contains all profiles except for any
niveau 2 profiles J with ρ(σ, J) scalar.

Assume that σ ≠ σ′ and fix a pinning. By Remark 2.5 the following four
alternatives are exhaustive and mutually exclusive.

(+) We have xi > 0 for all i.
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(P ) There exists j such that xj−1 ≤ 0 and xj > 0.
(N) We have xi ≤ 0 for all i, and there exists j such that xj−1 = 0, xj < 0.
(−) We have xi < 0 for all i.

We refine alternatives (P ) and (N) into two subcases each, for a total of six
alternatives, no longer mutually exclusive since both subcases may occur for different
values of j.

(P.a) There exists j such that xj−1 ≤ 0 and xj > 0, and uj > 0.
(P.b) There exists j such that xj−1 ≤ 0 and xj > 0, and uj = 0.

(N.a) We have xi ≤ 0 for all i, and there exist integers j′ ≥ j such that xj−1 = 0,
xj , . . . , xj′ < 0, uj = · · · = uj′ = 0, and uj′+1 > 0.

(N.b) We have xi ≤ 0 for all i, and there exists j such that xj−1 = 0, xj < 0, but
there is no j′ as in (N.a) for this j.

We introduce the following condition on pinnings.

Definition 3.1. Suppose Zss(σ) ⊆ Zss(σ′). We say that a pinning of the pair σ, σ′

is minimal if
∑

i∈Z/fZ |xi| is as small as possible as one varies over all σ̃ ∼ σ and
all pinnings of σ̃, σ′.

Note that, according to this definition, a pair σ, σ′ with Zss(σ) ⊆ Zss(σ′) need
not have a minimal pinning, but a minimal pinning always exists after possibly
replacing σ with another phantom Serre weight σ̃ with σ̃ ∼ σ. In what follows,
when we take a minimal pinning to be given, we mean literally on σ rather than
after replacement.

Lemma 3.2. Let σ, σ′ be phantom Serre weights such that ∅ ∈ P(σ, σ′). There is
no index j with xj = 2, with xj = 1 and xj+1 < 0, or with xj = −2 and xj+1 > 0.

If furthermore Zss(σ) ⊆ Zss(σ′) is equipped with a minimal pinning, then:
(i) There is no index j with (uj , uj+1) = (1, 0) and xj > 0.

(ii) There is no index j with (uj , uj+1) = (0, p) and xj < 0.

Proof. Lemma 2.1 applied at J = ∅ gives u′
j+1 = |uj+1 +pxj −xj+1|. Taking xj = 2

or xj = 1, xj+1 < 0 or xj = −2, xj+1 > 0 gives a contradiction to u′
j+1 ∈ [0, p].

For (i), Lemma 2.1 gives

εK
j u′

j − 1 = pxj−1 − xj

εK
j+1u′

j+1 − 0 = pxj − xj+1.

These equations rearrange to
εK

j u′
j − 0 = pxj−1 − (xj − 1)

εK
j+1u′

j+1 − p = p(xj − 1) − xj+1

which, along with εK
i u′

i − ui = pxi−1 − xi for i ̸= j, j + 1 must provide the unique
output of Lemma 2.1 for the pair (µj(σ), σ′) with (J, KJ) = (∅, K). (Note that
ρ(µj(σ),∅) = ρ(σ,∅) = ρ(σ′, K), so the lemma applies.) Since xj > 0, the sum
|xj − 1| +

∑
i̸=j |xi| is strictly smaller than

∑
i |xi|, contradicting minimality of the

original pinning. This establishes (i), and the proof of (ii) is similar. □

In preparation for the next section, we establish the following reductions.

Theorem 3.3. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a minimal pinning. Then:
• In case (+) we have σ, σ′ = (ur; t), (cr; t) or (BT; t), (St; t) for some t.
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• In case (P ), and for j as in that case, treating j as an integer there exists
a least j′ ≥ j such that xj , . . . , xj′ > 0 and xj′+1 ≤ 0. Then uj+1 = · · · =
uj′+1 = 0.

• In case (N.b), and for j as in that case, we have uj+1 = 0.
• In case (−) we have σ, σ′ = (ur; t), (cr; t) or (St; t), (BT; t) for some t.

Proof. Throughout the proof we take σ = (ui; t) and σ′ = (u′
i; t′).

The case (+). By hypothesis xi > 0 for all i. Lemma 3.2 tells us that xi = 1 for
all i. Lemma 2.1 gives εK

i u′
i = ui + (p − 1). Since u′

i ∈ [0, p] we have ui ∈ {0, 1} for
all i and K = ∅. By Lemma 3.2(i) there is no j with (uj−1, uj) = (1, 0). Therefore
either ui = 0 for all i, or ui = 1 for all i. In the first case u′

i = p−1 for all i, and (2.2)
with J = J ′ = ∅ shows that t′ = t, giving the first option σ, σ′ = (ur; t), (cr; t). If
instead ui = 1 for all i then in the same manner we obtain σ, σ′ = (BT; t), (St; t).

The case (P ). By Lemma 3.2 we in fact have xj = · · · = xj′ = 1 and xj′+1 = 0.
The equation εK

j′+1u′
j′+1 = uj′+1 + pxj′ − xj′+1 = uj′+1 + p forces uj′+1 = 0.

Similarly for j < i ≤ j′ the equation εK
i u′

i = ui + pxi−1 − xi = ui + p − 1 gives
ui ∈ {0, 1}. But (ui, ui+1) = (1, 0) is ruled out by Lemma 3.2(i), and since already
uj′+1 = 0, we iteratively conclude that ui = 0 for j < i ≤ j′.

The case (N.b). By hypothesis xi ≤ 0 for all i, xj−1 = 0, and xj < 0. If uj = 0,
then the hypothesis that we are not in case (N.a) already gives uj+1 = 0, so we may
assume uj > 0. Lemma 2.1 for J = ∅ gives u′

j = uj − xj . In particular uj ≤ p + xj

and j ̸∈ K.
Lemma 2.14 applied to the profile {j} gives either

(3.4) ps
{j}
j−1 = s

{j}
j or uj = pd

{j}
j−1 − d

{j}
j .

In the first alternative s
{j}
j−1 = s

{j}
j = 0, so that x

{j}
j = d

{j}
j = −xj . In the second

alternative since xj < 0 we have d
{j}
j ≥ 0, and uj > 0 implies d

{j}
j−1 = 1, x

{j}
j−1 = 2,

and uj = p − d
{j}
j . Comparing the latter with uj ≤ p + xj we have −xj ≤ d

{j}
j .

With xj < 0 this is only possible if d
{j}
j = −xj . Thus in either alternative we obtain

d
{j}
j = −xj and s

{j}
j = 0.

Lemma 2.14 applied to the profile {j} at the index j + 1 then gives either

uj+1 = s
{j}
j+1 or d

{j}
j+1 = −pxj .

The latter is impossible because xj ̸= 0 and |d{j}
j+1| ≤ 2, so the first alternative must

hold.
Assume for the sake of contradiction that uj+1 > 0. Then s

{j}
j+1 > 0. Combined

with xj+1 ≤ 0 the only possibility is xj+1 = 0, uj+1 = s
{j}
j+1 = 1. Then also d

{j}
j+1 = 1.

Now consider Lemma 2.14 applied to the profile {j} at the index j + 2. If f ̸= 2,
then j + 2 ̸∈ {j}, and the lemma gives either

−uj+2 = ps
{j}
j+1 − s

{j}
j+2 or pd

{j}
j+1 = d

{j}
j+2.

But s
{j}
j+1 = d

{j}
j+1 = 1 gives a contradiction to both alternatives.

Finally, suppose f = 2. Returning to the profile {j}, since s
{j}
j+1 = s

{j}
j−1 = 1 the

first alternative of (3.4) is ruled out. The second alternative with d
{j}
j+1 = d

{j}
j−1 = 1

gives uj = p + xj and u′
j = p. Since εK

j+1u′
j+1 = uj+1 + pxj − xj+1 = 1 + pxj ,
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we can rule out xj = −2. Therefore xj = −1, uj = p − 1, u′
j+1 = p − 1, and

K = {j + 1}. To fix ideas suppose that j = 0. Then (2.2) gives t′ − t ≡ p − 1
(mod p2 − 1). We conclude that σ = (p − 1, 1; t) and σ′ = (p, p − 1; t + (p − 1)).
However, one can check explicitly for the niveau 2 profile J = {0, 3} ⊂ Z/4Z that
ρ(σ, J) = ωt

0 ⊗ ((ω′
0)2p−1 ⊕ (ω′

0)2p3−p2) ̸∈ Zss(σ′), a contradiction. We conclude that
uj+1 = 0.

The case (−). Suppose first that ui > 0 for all i. Consider the singleton profiles
{i}. Lemma 2.17(ii) applies to each of these profiles. Therefore ui = p + 1 + xi and
ui = p − d

{i}
i for all i. Comparing, we find that d

{i}
i = −xi − 1 for all i.

One possibility is that xi = −1 for all i. Then ui = p for all i, and

εK
i u′

i = ui + pxi−1 − xi = ui − (p − 1)

for all i gives u′
i = 1 for all i and K = ∅. Now (2.2) gives t′ = t and we obtain

σ = (St; t) and σ′ = (BT; t). This is the second option in the theorem.
Another possibility is that xi = −2 for all i. Then ui = p − 1 for all i, and

εK
i u′

i = ui + pxi−1 − xi = ui − 2(p − 1).

Therefore u′
i = (p − 1) and K = Z/fZ. Then (2.2) gives t′ = t and we obtain

σ = σ′ = (cr; t). This contradicts the hypothesis that σ ̸= σ′.
Now suppose neither xi = −1 for all i nor xi = −2 for all i. Then there exists

some j with xj−1 = −2 and xj = −1. From xj−1 = −2 we get d
{j−1}
j−1 = 1, while

xj = −1 gives uj = p. Lemma 2.14 applied at j ̸∈ {j − 1} gives

−uj = ps
{j−1}
j−1 − s

{j−1}
j or pd

{j−1}
j−1 = d

{j−1}
j .

The second alternative is ruled out because d
{j−1}
j−1 = 1. Since uj = p, the first

alternative yields s
{j−1}
j = 0. Now Lemma 2.17(i) implies j + 1 ∈ {j − 1}. We

conclude in this case that f = 2. Supposing without loss of generality that x0 = −1
we have σ = (p, p − 1; t). Lemma 2.1 then gives (u′

0, u′
1) = (p − 1, 1) and K = {0},

whence t′ = t−(p−1) by (2.2). Therefore σ′ = (p−1, 1; t−(p−1)). This is exactly the
reverse of the f = 2 subcase of (N.b). One can check explicitly for the niveau 2 profile
J = {0, 1} ⊂ Z/4Z that ρ(σ, J) = ω

t−(p−1)
0 ⊗ ((ω′

0)2p−p2 ⊕ (ω′
0)2p3−1) ̸∈ Zss(σ′),

another contradiction. This completes the case where ui > 0 for all i.
We may therefore suppose that ui = 0 for some i. We aim to prove that

ui = 0 for all i. Without loss of generality suppose that u0 = 0. Lemma 3.2
gives (ui−1, ui) ̸= (0, p) for all i, and then Lemma 2.16 gives P ̸∈ P(σ, σ′). Since
Zss(σ) ⊆ Zss(σ′), the conclusion P ̸∈ P(σ, σ′) implies that ρ(σ, P ) is scalar. Now
Corollary 2.6 gives integers yi ∈ [−1, 1] such that

εP
i ui = pyi−1 − yi

for 0 < i < f . Since yf−1 = −y−1 we also have εP
0 u0 = −pyf−1 − y0. The

assumption u0 = 0 forces y0 = yf−1 = 0. For 0 < i < f , by definition εP
i > 0 if and
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only if ui ̸= p, and so we have the following possibilities:

ui yi−1 yi

0 0 0
1 0 −1

p − 1 1 1
p −1 0

If some yi is nonzero, choose the first such i > 0. Then yi−1 = 0, so the table
gives ui = 1 and yi = −1. Applying the table at i + 1 gives ui+1 = p. But
(ui, ui+1) = (1, p) contradicts Lemma 2.15; therefore yi = 0 for all i, and ui = 0 for
all i.

Finally, from ui = 0 for all i we have εK
i u′

i = pxi−1 − xi for all i. If some xi−1
were −2, we would obtain a contradiction to u′

i ∈ [0, p]. Therefore xi = −1 and
u′

i = p − 1 for all i, with K = Z/fZ. It follows that t′ = t and σ, σ′ = (ur; t), (cr; t),
as claimed. □

4. Four inclusions

In this section we prove the following key result.

Theorem 4.1. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a minimal pinning. Assume
σ ̸= σ′, and that {σ, σ′} ≠ {(BT; t), (St; t)} for all t. Then

• In case (+) we have σ, σ′ = (ur; t), (cr; t) for some t.
• In case (P.a), and for j as in that case, we have Zss(µj(σ)) ⊆ Zss(σ′).
• In case (P.b), and for j as in that case, we have Zss(θj(σ)) ⊆ Zss(σ′).
• In case (N.a), and for j′ as in that case, we have Zss(νj′(σ)) ⊆ Zss(σ′).
• In case (N.b), and for j as in that case, we have Zss(θj(σ)) ⊆ Zss(σ′).
• In case (−) we have σ, σ′ = (ur; t), (cr; t) for some t.

Moreover at least one of these cases holds.

Remark 4.2. If Zss(σ) ⊆ Zss(σ′) is equipped with a minimal pinning, then by
Remark 2.5 together with the minimality hypothesis, we have σ = σ′ if and only if
xi = 0 for all i. Thus the hypothesis σ ̸= σ′ serves only to ensure that at least one
of the cases in the theorem holds.

Remark 4.3. If Zss(σ) ⊆ Zss(σ′) with σ′ critical, and σ ̸= σ′, then Proposition 2.9
implies that σ is scalar. But then either xi = 1 for all i, or xi = −1 for all i. In
particular, if σ′ is critical in Theorem 4.1 then it is either (+) or (−) that holds,
and not one of the four middle cases.

The same argument shows that if Zss(σ) ⊆ Zss(σ′) and furthermore uj = xj′ = 0
for some j, j′, then σ′ is not critical: if it were, uj = 0 implies that σ is scalar, and
xj′ = 0 provides a contradiction.

Remark 4.4. Crucially, each of the operations in the four middle cases of Theo-
rem 4.1 is valid and non-invertible. To begin with, in the applications of µj and θj

above we have uj+1 = 0 by Theorem 3.3, while uj′ = 0 in the application of νj′ by
definition. Then:

• In case (P.a) we are given uj > 0, and since xj > 0, uj+1 = 0 we have
uj ̸= 1 by Lemma 3.2(i). Therefore µj is valid and non-invertible.
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• In case (P.b), the operation θj is valid because uj ̸= p (indeed we are given
uj = 0), and θj is always non-invertible.

• In case (N.a), we are given xj′ < 0, uj′ = 0. Therefore uj′+1 ≠ p by
Lemma 3.2(ii), and νj′ is valid and non-invertible.

• In case (N.b), if uj = p then we would have u′
j = p + pxj−1 − xj > p.

Therefore uj ̸= p, and so θj is valid and non-invertible.

The cases (+) and (−) of Theorem 4.1 have already been proved in Theorem 3.3.
To organize the rest of the proof, each of the other four cases will be established as
a separate proposition, stated somewhat more generally than above. Before this,
however, we record some features common to all four cases.

Definition 4.5. If σ is a phantom Serre weight and J is a profile of niveau 1, we
set

L(σ, J) = t +
∑
i∈J

p−iui, R(σ, J) = t +
∑
i∈Jc

p−iui in Z/(q − 1)Z.

Similarly if J has niveau 2, we set

L(σ, J) = (q + 1)t +
∑
i∈J

p−iui, R(σ, J) = (q + 1)t +
∑
i∈Jc

p−iui in Z/(q2 − 1)Z.

Thus

ρ(σ, J) =
{

ω
L(σ,J)
0 ⊕ ω

R(σ,J)
0 J of niveau 1

(ω′
0)L(σ,J) ⊕ (ω′

0)R(σ,J) J of niveau 2.

Also set d(σ) := 2t +
∑

i∈Z/fZ p−iui, so that det ρ(σ, J) = ω
d(σ)
0 for all profiles J .

If Zss(σ) ⊆ Zss(σ′), then evidently we must have d(σ) = d(σ′).

Definition 4.6. We write

L(σ) = {L(σ, J) : all profiles J} ⊂ Z/(q − 1)Z
∐

Z/(q2 − 1)Z

and similarly for R(σ).

Remark 4.7. Since R(σ, J) = d(σ) − L(σ, J) for all niveau 1 profiles (with an
analogous formula for niveau 2 profiles) it follows that if σ′ is non-critical then
Zss(σ) ⊆ Zss(σ′) if and only if d(σ) = d(σ′) and L(σ) ⊆ L(σ′). If σ′ is critical, the
‘if’ direction still holds; the problem with the ‘only-if’ direction is that ρ(σ, J) might
be scalar for some niveau 2 profiles J , and the associated values of L(σ) will not be
in the Z/(q2 − 1)Z part of L(σ′).

One checks easily from the definitions that d(fi(σ)) = d(σ) for any valid opera-
tion fi. If we are given Zss(σ) ⊆ Zss(σ′), then the value d := d(σ) is common to all
three of σ, σ′, fi(σ). So, if we want to establish that Zss(fi(σ)) ⊆ Zss(σ′), it suffices
to prove that L(fi(σ)) ⊆ L(σ′).

Since J is a profile if and only if Jc is a profile and R(σ, J) = L(σ, Jc), we
see immediately that L(σ) = R(σ) for any σ. Thus L(fi(σ), J) ∈ L(σ′) if and
only if R(fi(σ), J) ∈ R(σ′), if and only if L(fi(σ), Jc) ∈ L(σ′). Thus to prove the
inclusion L(fi(σ)) ⊆ L(σ′), it is enough to establish for all J that either L(fi(σ), J)
or L(fi(σ), Jc) is in L(σ′); that is, one only needs to consider one profile out of each
pair {J, Jc}.

In fact, for each fi there is a family of profiles J for which one sees in one line
from the definitions that L(fi(σ), J) = L(σ, J ′) for suitable J ′. If σ′ is non-critical
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then L(σ) ⊆ L(σ′), and so we conclude L(fi(σ), J) ∈ L(σ′) for such J .

fi condition on J J ′

µi i ∈ J, i + 1 ∈ J J
θi i ∈ J, i + 1 /∈ J J
νi i ∈ J, i + 1 /∈ J J△{i + 1}

Here and throughout we will use the following convention. If J has niveau 1 and
S ⊂ Z/fZ, then the symmetric difference J△S has its usual meaning. However, if J
has niveau 2, then S should be viewed as a subset of Z/fZ extended f -periodically
to a subset of Z/2fZ, so that J△S is again a profile. Thus in the niveau 2 case the
last line of the table should be conventionally interpreted as the usual symmetric
difference J△{i + 1, i + f + 1}.

Thanks to the discussion in the previous two paragraphs, it remains to establish
the following.

• For an operation µj : that L(µj(σ), J) ∈ L(σ′) when j ∈ J, j + 1 ̸∈ J .
• For an operation θj : that L(θj(σ), J) ∈ L(σ′) when j ∈ J, j + 1 ∈ J .
• For an operation νj′ : that L(νj′(σ), J) ∈ L(σ′) when j′ ∈ J, j′ + 1 ∈ J .

We also note the following lemma.

Lemma 4.8. Fix a pinning of σ, σ′. As J varies over P(σ, σ′) the product εJ
i xJ

i

takes at most two values for each i.

Proof. The exceptional p = 3 case can be checked directly, so we can assume we
are not in that case. Multiplying the equation εKJ

i u′
i − εJ

i ui = pxJ
i−1 − xJ

i by εJ
i ,

reducing mod p, and rearranging gives ui ± u′
i ≡ εJ

i xJ
i (mod p). Thus εJ

i xJ
i takes

at most two different values mod p. But −2, 0, 2 are distinct mod p for all odd p, so
in fact εJ

i xJ
i takes at most two different values in Z. □

We are now ready to proceed with the four cases.

Proposition 4.9. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a pinning. Suppose that
xj−1 ≤ 0, uj > 1, and that, treating j as an integer, there exists j′ ≥ j with

xj , xj+1, . . . , xj′ > 0, xj′+1 = 0, uj+1 = · · · = uj′+1 = 0.

Then Zss(µj(σ)) ⊆ Zss(σ′).
In particular this conclusion holds in case (P.a) if Zss(σ) ⊆ Zss(σ′) is equipped

with a minimal pinning.

Proof. If (P.a) holds and Zss(σ) ⊆ Zss(σ′) is equipped with a minimal pinning, then
case (P ) of Theorem 3.3 establishes the existence of j′ such that xj , xj+1, . . . , xj′ > 0,
xj′+1 = 0, and uj+1 = · · · = uj′+1 = 0. Furthermore uj > 1 by Lemma 3.2(i). Thus
the final sentence of the Proposition follows from the first part.

Note that since xi ̸= 2 for all i, we have xj = xj+1 = · · · = xj′ = 1. The last
sentence of Remark 4.3 shows that σ′ is non-critical. In particular P(σ, σ′) contains
every profile, and L(σ) ⊆ L(σ′).

Put T = {j + 1, j + 2, . . . , j′ + 1}. Lemma 2.1 applied at i ∈ T gives

(4.10) εKJ
i u′

i = pxJ
i−1 − xJ

i .
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Taking J = ∅, our hypotheses on the xi’s give

u′
i =

{
p − 1 i ∈ T ∖ {j′ + 1}
p i = j′ + 1

and K ∩ T = ∅. Feeding this back into (4.10), we obtain

xJ
i−1 = xJ

i = εKJ
i

for i ∈ T ∖ {j′ + 1}, while xJ
j′+1 = 0 and εKJ

j′+1 = xJ
j′ . That is, either

xJ
j = · · · = xJ

j′ = 1, T ∩ KJ = ∅ or xJ
j = · · · = xJ

j′ = −1, T ⊂ KJ ,

along with xJ
j′+1 = 0.

By the discussion immediately before the statement of the Proposition, it suffices
to prove that L(µj(σ), J) ∈ L(σ′) for profiles J such that j ∈ J and j + 1 /∈ J . Fix
such a profile. We have

L(µj(σ), J) = L(σ, J) −

{
p−j J of niveau 1
(1 − q)p−j J of niveau 2.

Set λ = 1 if J has niveau 1 and λ = 1 − q if J has niveau 2, so that we can uniformly
write L(µj(σ), J) = L(σ, J) − λ · p−j . This is an equation in Z/(q − 1)Z if J has
niveau 1, and in Z/(q2 − 1)Z if J has niveau 2.

Observing that
∑j′+1

i=j+1 u′
ip

−i = p−j , if T ⊂ KJ then

L(µj(σ), J) = L(σ′, KJ△T )

as desired, so it remains to consider the case T ∩ KJ = ∅, whence xJ
j = 1.

Lemma 2.14 at the index j for the profile J gives the alternatives

(4.11) sJ
j−1 = sJ

j = 0 or uj = pdJ
j−1 − dJ

j .

Since xj = xJ
j = 1, we have sJ

j = 1 and dJ
j = 0. This rules out the first alternative,

and the second alternative becomes uj = pdJ
j−1. Since uj > 1 we get uj = p and

dJ
j−1 = 1.

Now either xj−1 = −1 or xj−1 = 0. (The first part of Lemma 3.2 rules out
xj−1 = −2, since xj = 1.) If xj−1 = −1, then xJ

j−1 = 1 and Lemma 2.1 for the
profile J gives

εKJ
j u′

j + uj = pxJ
j−1 − xJ

j = p − 1.

Since uj = p we have u′
j = 1 and j ∈ KJ . Then

L(σ′, KJ△{j}) = L(σ′, KJ) − λ · p−j = L(σ, J) − λ · p−j = L(µj(σ), J)

as desired.
If instead xj−1 = 0, then xJ

j−1 = 2, and Lemma 2.1 for the profile J gives
εKJ

j u′
j + uj = 2p − 1, so that j ̸∈ KJ and u′

j = p − 1. Now consider Lemma 2.1
applied to the profile J− := J△{j}. We find that

ε
KJ−
j (p − 1) − p = pxJ−

j−1 − xJ−

j .

If ε
KJ−
j = −1 then xJ−

j−1 = −2. But since J− and J either both contain j −1 or both
do not, this would give {xj−1, εJ−

j−1xJ−

j−1, εJ
j−1xJ

j−1} = {−2, 0, 2}, in contradiction to
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Lemma 4.8. It follows that ε
KJ−
j = 1, and j ̸∈ KJ− . Finally

L(σ′, KJ−△{j}) = L(σ′, KJ−) + λ · (p − 1)p−j

= L(σ, J−) + λ · (p − 1)p−j

= L(σ, J) − λ · p−j

= L(µj(σ), J)
and this completes the proof. □

Proposition 4.12. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a pinning. Suppose
that xj−1 ≤ 0, uj = 0, and that, treating j as an integer, there exists j′ ≥ j with

xj , xj+1, . . . , xj′ > 0, xj′+1 = 0, uj+1 = · · · = uj′+1 = 0.

Then Zss(θj(σ)) ⊆ Zss(σ′).
In particular this conclusion holds in case (P.b) if Zss(σ) ⊆ Zss(σ′) is equipped

with a minimal pinning.

Proof. If (P.b) holds and Zss(σ) ⊆ Zss(σ′) is equipped with a minimal pinning, then
case (P ) of Theorem 3.3 establishes the existence of j′ such that xj , xj+1, . . . , xj′ > 0,
xj′+1 = 0, and uj+1 = · · · = uj′+1 = 0. Thus the final sentence follows.

The last sentence of Remark 4.3 shows that σ′ is non-critical. In particular
P(σ, σ′) contains every profile, and L(σ) ⊆ L(σ′).

Since xi ̸= 2 for all i, we have xj = xj+1 = · · · = xj′ = 1. Now εK
j u′

j = pxj−1 − 1,
and since xj−1 ≤ 0, this forces

xj−1 = 0, j ∈ K, u′
j = 1.

At the other end of the interval we have
εK

j′+1u′
j′+1 = pxj′ − xj′+1 = p,

and therefore
j′ + 1 /∈ K, u′

j′+1 = p.

By the discussion immediately before Proposition 4.9, it suffices to prove that
L(θj(σ), J) ∈ L(σ′) for profiles J such that j, j + 1 ∈ J . Fix such a profile, and set
λ = 1 if J has niveau 1 and λ = 1 − q if J has niveau 2. Then

L(θj(σ), J) = L(σ, J) + λ · p−j .

Lemma 2.1 at the index j gives εKJ
j = pxJ

j−1 − xJ
j , so that

xJ
j−1 = 0, xJ

j ∈ {−1, 1}.

Similarly at j′ + 1 we have εKJ

j′+1p = pxJ
j′ − xJ

j′+1 and therefore xJ
j′+1 = 0.

Suppose first that xJ
j = 1. Put T = {j + 1, j + 2, . . . , j′ + 1}. Lemma 2.1 for J at

an index i ∈ T gives εKJ
i u′

i = pxJ
i−1 − xJ

i , since ui = 0 for i ∈ T . Multiplying by
p−i and summing gives∑

i∈T

εKJ
i u′

ip
−i = xJ

j p−j − xJ
j′+1p−(j′+1) = p−j .

Consequently
L(σ′, KJ△T ) = L(σ′, KJ) + λ · p−j = L(θj(σ), J)

and the Proposition follows in this case.
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If instead xJ
j = −1, we have εKJ

j = −xJ
j = 1 and j /∈ KJ . Since u′

j = 1, we
obtain

L(σ′, KJ△{j}) = L(σ′, KJ) + λ · p−j = L(θj(σ), J).
This completes the proof. □

Proposition 4.13. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a pinning. Suppose
j′ ≥ j are integers such that

xj−1 = 0, xj , xj+1, . . . , xj′ < 0, xj′+1 ≤ 0,

and
uj = uj+1 = · · · = uj′ = 0, 0 < uj′+1 < p.

Then Zss(νj′(σ)) ⊆ Zss(σ′).
In particular this conclusion holds in case (N.a) if Zss(σ) ⊆ Zss(σ′) is equipped

with a minimal pinning.

Proof. The final sentence follows because Lemma 3.2(ii) rules out uj′+1 = p in case
(N.a). The last sentence of Remark 4.3 shows that σ′ is non-critical. In particular
P(σ, σ′) contains every profile, and L(σ) ⊆ L(σ′).

If ui+1 = 0 and xi = −2 then Lemma 2.1 at i + 1 gives u′
i+1 = |pxi − xi+1| ≥

2p − 2 > p, a contradiction. Hence xi = −1 for j ≤ i < j′ while xj′ ∈ {−1, −2}.
For each j ≤ i ≤ j′, since ui = 0, Lemma 2.14 for any profile J gives either

sJ
i = sJ

i−1 = 0 or dJ
i = dJ

i−1 = 0 (but not both, since xi ̸= 0). Thus either sJ
i = 0

for all j − 1 ≤ i ≤ j′ or dJ
i = 0 for all j − 1 ≤ i ≤ j′. In any case we have xJ

i = ±xi

for all j − 1 ≤ i ≤ j′.
By the discussion preceding Proposition 4.9, it suffices to consider profiles J such

that j′, j′ + 1 ∈ J . Fix such a profile, and set

J− = J△{j′ + 1}.

Thus j′ + 1 /∈ J−. If λ = 1 in niveau 1 and λ = 1 − q in niveau 2, then a direct
calculation gives

(4.14) L(νj′(σ), J) = L(σ, J−) + λ · p−j′
.

For each i we have ε
KJ−
i u′

i − εJ−

i ui = pxJ−

i−1 − xJ−

i . Multiplying by p−i, summing
from j to j′, and using ui = 0 in that range gives

j′∑
i=j

ε
KJ−
i u′

ip
−i = −xJ−

j′ p−j′
.

Summing instead from j to j′ + 1 gives
j′+1∑
i=j

ε
KJ−
i u′

ip
−i = (uj′+1 − xJ−

j′+1)p−j′−1.

Thus if xJ−

j′ = −1 then

L(σ′, KJ−△{j, . . . , j′}) = L(σ′, KJ−)+λ ·p−j′
= L(σ, J−)+λ ·p−j′

= L(νj′(σ), J),

while if uj′+1 − xJ−

j′+1 = p then similarly

L(σ′, KJ−△{j, . . . , j′ + 1}) = L(νj′(σ), J).
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We can therefore suppose for the rest of the argument that neither xJ−

j′ = −1 nor
uj′+1 − xJ−

j′+1 = p. Lemma 2.14 for J− at the index j′ + 1 gives the alternatives

(4.15) −uj′+1 = psJ−

j′ − sJ−

j′+1 or dJ−

j′ = dJ−

j′+1 = 0.

In the second alternative xJ−

j′ = xj′ . By hypothesis this is not −1, so it is −2.
Now Lemma 2.1 gives ε

KJ−
j′+1 u′

j′+1 = −2p + (uj′+1 − xj′+1). Since by hypothesis
uj′+1 − xj′+1 ̸= p, but also uj′+1 < p, the only possibility is uj′+1 = u′

j′+1 = p − 1
and xj′+1 = −2. We claim this is impossible. To see this let J ′ be any profile
containing j′ + 2 but not j′ + 1. Lemma 2.1 at the index j′ + 1 gives

(εKJ′
j′+1 − 1)(p − 1) = pxJ′

j′ − xJ′

j′+1.

Using our observation in the third paragraph of the proof that xJ′

j′ = ±xj′ = ±2, the
preceding equation has exactly one solution, with ε

KJ′
j′+1 = −1 and xJ′

j′ = xJ′

j′+1 = −2.
But then Lemma 2.1 at the index j′ + 2 gives

ε
KJ′
j′+2u′

j′+2 + uj′+2 = −2p − xJ′

j′+2,

and this is a contradiction because the left-hand side is at least −p while the
right-hand side is at most −2p + 2.

So it is the first alternative in (4.15) that must hold. If sJ−

j′ = −1, then by the
observation in the third paragraph of the proof we must have dJ−

j′ = 0. But together
these give xJ−

j′ = −1, contradicting our running hypothesis. The last remaining
possibility is that sJ−

j′ = 0 and uj′+1 = sJ−

j′+1 = 1. Since xj′+1 = 0 we have xJ−

j′+1 = 2.
Lemma 2.1 at the index j′ + 1 is

ε
KJ−
j′+1 u′

j′+1 − 1 = pxJ−

j′ − 2

and so we find that xJ−

j′ = 1, xj′ = −1, u′
j′+1 = p − 1, and j′ + 1 ̸∈ KJ− .

If j′ + 2 /∈ J , then j′ + 2 /∈ J−, and Lemma 2.1 at j′ + 2 for the profile J− gives

ε
KJ−
j′+2 u′

j′+2 − uj′+2 + xJ−

j′+2 = 2p.

The left-hand side is at most p + 2 < 2p, a contradiction. It follows that j′ + 2 ∈ J .
Applying the same lemma for the profile J then gives

εKJ

j′+2u′
j′+2 + uj′+2 + xJ

j′+2 = pxJ
j′+1.

This is impossible if xJ
j′+1 = −2, so xJ

j′+1 ∈ {0, 2}. But in Lemma 4.8 applied
at the index j′ + 1 ∈ J , the three values for the profiles ∅, J−, J are 0, 2, −xJ

j′+1
respectively. The Lemma thus rules out xJ

j′+1 = 2, and we deduce that xJ
j′+1 = 0.

Lemma 2.1 at j′ + 1 for the profile J then gives εKJ

j′+1(p − 1) + 1 = pxJ
j′ , and we

conclude that j′ + 1 ̸∈ KJ .
Finally, a pair of direct calculations using u′

j′+1 = p − 1 and uj′+1 = 1 gives

L(σ′, KJ△{j′ + 1}) = L(σ, J) + λ · (p − 1)p−(j′+1) = L(νj′(σ), J)

and the proof is complete. □

Before addressing the fourth and final case, we note the following lemma.
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Lemma 4.16. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a pinning. Suppose xi ≤ 0
for all i, and

xj−1 = 0, xj < 0, uj > 0, uj+1 = 0.

Treating j as an integer, let r > j be minimal such that xr = 0. Then

uj+1 = uj+2 = · · · = ur = 0.

Proof. If σ′ is critical then σ is scalar and the result is immediate, so we may assume
that σ′ is non-critical. Lemma 2.1 at j + 1 rules out xj = −2, and hence xj = −1.
Lemma 2.1 at j then gives

j /∈ K, u′
j = uj + 1, 0 < uj < p.

Suppose for the sake of contradiction that some ui with j < i ≤ r is positive,
and let m be the least such index. If m + 1 ̸≡ j (mod f), let J = {j}. If m + 1 ≡ j
(mod f), take J to be the niveau 2 profile satisfying J ∩{j, j +1, . . . , j +f −1} = {j}.
Since σ′ is non-critical, in either case J ∈ P(σ, σ′).

Lemma 2.1 at the index j for the profile J is

εKJ
j (uj + 1) + uj = pxJ

j−1 − xJ
j .

Parity and the bounds 0 < uj < p force xJ
j = 1. Hence sJ

j = 0 and dJ
j = 1.

For j < i < m, we have ui = 0 and i /∈ J . The first alternative of Lemma 2.14
gives sJ

i−1 = sJ
i = 0 while the second gives dJ

i−1 = dJ
i = 0. Furthermore sJ

i , dJ
i are

not both 0 for i in this range because xi < 0. Since dJ
j = 1, it follows iteratively

that the first alternative must be the one that holds for all i in this range, and

sJ
j = sJ

j+1 = · · · = sJ
m−1 = 0.

Applying Lemma 2.14 at m /∈ J , its second alternative is again impossible, while
the first gives um = sJ

m.
If m < r, then xm < 0, and therefore sJ

m ≤ 0, a contradiction. Thus m = r.
Since xr = 0, the equality ur = sJ

r > 0 forces ur = sJ
r = 1 and xJ

r = 2. But
r + 1 = m + 1 /∈ J , so Lemma 2.1 at r + 1 gives

εKJ
r+1u′

r+1 − ur+1 = 2p − xJ
r+1.

The left-hand side is at most p, whereas the right-hand side is at least 2p − 2 > p.
This contradiction proves the lemma. □

Proposition 4.17. Suppose Zss(σ) ⊆ Zss(σ′), equipped with a pinning. Suppose
xi ≤ 0 for all i, and that

xj−1 = 0, xj < 0, uj+1 = 0.

Suppose moreover that either uj > 0; or ui = 0 for all i; or else uj = 0, not all ui

are zero, and, treating j as an integer and writing j′ ≥ j for the least integer such
that uj′+1 > 0, there exists r with

j ≤ r ≤ j′, xr = 0.

Then Zss(θj(σ)) ⊆ Zss(σ′).
In particular this conclusion holds in case (N.b) if Zss(σ) ⊆ Zss(σ′) is equipped

with a minimal pinning.
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Proof. The final sentence follows from Theorem 3.3, which gives uj+1 = 0 in case
(N.b), together with the description of the failure of the additional condition in
(N.a). The last sentence of Remark 4.3 shows that σ′ is non-critical. In particular
P(σ, σ′) contains every profile, and L(σ) ⊆ L(σ′).

We first claim that there exists an integer r > j such that

(4.18) xj , xj+1, . . . , xr−1 < 0, xr = 0, uj+1 = · · · = ur = 0.

If uj > 0 or if ui = 0 for all i, take r > j minimal such that xr = 0 (and in the
former case, apply Lemma 4.16). In the remaining case take r to be the least index
in [j, j′] for which xr = 0; the definition of j′ gives uj+1 = · · · = ur = 0.

Lemma 2.1 at j + 1, together with uj+1 = 0, rules out xj = −2, so xj = −1.
Lemma 2.1 at j then gives

j /∈ K, u′
j = uj + 1, uj < p.

Lemma 2.1 at r gives εK
r u′

r = pxr−1, and since xr−1 < 0 we have

xr−1 = −1, r ∈ K, u′
r = p.

By the discussion preceding Proposition 4.9, it suffices to consider profiles J such
that j, j + 1 ∈ J . Fix such a profile, and set λ = 1 in niveau 1 and λ = 1 − q in
niveau 2. We have

L(θj(σ), J) = L(σ, J) + λ · p−j .

Lemma 2.1 at j is
εKJ

j (uj + 1) + uj = pxJ
j−1 − xJ

j .

If uj > 0 then since uj ̸= p we have xJ
j = 1. If uj = 0 then instead xJ

j−1 = 0 and
xJ

j ∈ {−1, 1}. Note that xJ
j = −1 forces j /∈ KJ . At r we have εKJ

r p = pxJ
r−1 − xJ

r ,
and therefore xJ

r = 0.
Suppose first that xJ

j = 1. Put

T = {j + 1, j + 2, . . . , r}.

Taking Lemma 2.1 for i ∈ T , multiplying by p−i, and summing gives∑
i∈T

εKJ
i u′

ip
−i = xJ

j p−j − xJ
r p−r = p−j ,

where we use (4.18) to see that ui = 0 in this range. It follows that

L(σ′, KJ△T ) = L(σ, J) + λ · p−j = L(θj(σ), J).

The other possibility is that uj = 0 and xJ
j = −1. In this case j /∈ KJ and u′

j = 1,
so again

L(σ′, KJ△{j}) = L(σ, J) + λ · p−j = L(θj(σ), J)
and we are done. □

5. Non-invertible operations

The final ingredient we need for the proof of the main theorem is that non-
invertible valid operations fj give strict inclusions. Note that this is clear for an
inclusion of stacks Z(σ) ⊆ Z(fj(σ)), for dimension reasons, but requires justification
for sets of semisimple points.
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Proposition 5.1. Suppose that fj ∈ {µj , θj , νj} is valid and non-invertible on σ.
Then

Zss(σ) ⊊ Zss(fj(σ)).

More precisely:
• if fj = µj then ρ(µj(σ), {j + 1}) ̸∈ Zss(σ);
• if fj = θj then ρ(θj(σ),∅) ̸∈ Zss(σ);
• if fj = νj then ρ(νj(σ),∅) ̸∈ Zss(σ).

Proof. Write σ = (ui; t). Since fj is valid, uj+1 = 0 if fj ∈ {µj , θj} and uj = 0 if
fj = νj . In all cases σ is non-critical. By Remark 4.7, it is enough to exhibit an
element of L(fj(σ)) ∖ L(σ). Without loss of generality take t = 0.

Recall that if
∑

i p−iyi = 0 in Z/(q − 1)Z then there are unique integers zi such
that yi = pzi−1 − zi. If moreover yi ∈ [−p, p] for all i, then the same argument as in
Corollary 2.6 gives |zi| ≤ 1 for all i.

Suppose first that fj = µj . We have L(µj(σ), {j + 1}) = p−j . If this belonged to
L(σ), there would exist a niveau 1 profile I such that

∑
i∈I p−iui = p−j . Apply the

observation in the second paragraph of the proof to

yi = δI(i)ui − δ{j}(i).

Since yj+1 = 0, we obtain zj = zj+1 = 0, and therefore yj = pzj−1 ∈ {−p, 0, p}. On
the other hand since uj > 1 by non-invertibility, we have

yj =
{

uj − 1 ∈ [1, p − 1] if j ∈ I,

−1 if j /∈ I,

a contradiction.
Suppose next that fj = θj . We have L(θj(σ),∅) = −p−j . If this belonged to

L(σ), there would be a niveau 1 profile I such that
∑

i∈I p−iui = −p−j . Apply the
observation in the second paragraph to

yi = δI(i)ui + δ{j}(i).

Validity of θj gives 0 ≤ yi ≤ p for all i. Again yj+1 = 0, so zj = zj+1 = 0. Since
yj > 0, the equation yj = pzj−1 − zj gives zj−1 = 1. But whenever zi = 1, the
inequality yi ≥ 0 forces zi−1 = 1. Iterating cyclically eventually gives zj+1 = 1, a
contradiction.

Finally suppose that fj = νj . We have L(νj(σ),∅) = −p−j + uj+1 p−(j+1). If
this belonged to L(σ), there would be a niveau 1 profile I such that∑

i∈I

p−iui = −p−j + uj+1 p−(j+1).

Apply the observation in the second paragraph to

yi = δI(i)ui + δ{j}(i) − uj+1δ{j+1}(i).

Here yj = 1, yj+1 ≥ −(p − 1) because uj+1 ≠ p by non-invertibility, and yi ≥ 0
for i ̸= j + 1. The equation yj = pzj−1 − zj forces zj−1 = 0 and zj = −1. The
equation yj+1 = −p − zj+1, together with yj+1 ≥ −(p − 1), forces zj+1 = −1. But
now yj+2 = −p − zj+2 < 0, contrary to yj+2 ≥ 0. This completes the proof. □
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6. The main theorems

We are now ready to prove Theorem 1.14, thus also establishing Theorems 1.9, 1.10,
and 1.12 as a consequence of Proposition 1.15. For convenience we restate the
theorem here, in the language of phantom Serre weights.
Theorem 6.1. We have the following.

(i) We have Zss(σ) = Zss(σ′) if and only if either σ ∼ σ′ or else there exists t
such that either σ = (BT; t) and σ′ = (St; t) or vice-versa.

(ii) Suppose Zss ⊊ Z ′
ss is a simple inclusion in Zss. Then either:

• there exists σ and a valid operation fj ∈ {µj , θj , νj} such that Zss =
Zss(σ) and Z ′

ss = Zss(fj(σ)), or
• we have Zss = Zss((ur; t)) and Z ′

ss = Zss((cr; t)) for some t.
(iii) Each of the inclusions listed in (ii) is simple except for the ones of the

form Zss(σ) ⊊ Zss(fj(σ)) with fj ∈ {θj , νj}, (uj , uj+1) = (0, 0), and either
uj−1 = 1 or uj+2 = p.

Proof. (i) The ‘if’ direction is clear. To check the ‘only-if’ direction, suppose
that Zss(σ) = Zss(σ′). In particular Zss(σ) ⊆ Zss(σ′). Choose σ̃ ∼ σ such
that Zss(σ̃) ⊆ Zss(σ′) can be equipped with a minimal pinning. Consider what
Theorem 4.1 says about this inclusion. All of the six bullet points listed in the
theorem are proper inclusions, thanks to Remark 4.4 and Proposition 5.1. Since
the inclusion Zss(σ̃) ⊆ Zss(σ′) is not proper, the conclusion of the theorem cannot
hold, and so either σ̃ = σ′ or {σ̃, σ′} = {(BT; t), (St; t)}. In either case we are done.
In the first case we have σ ∼ σ̃ = σ′; in the second case, since neither (BT; t) nor
(St; t) is the source or target of any of the invertible operations, we have σ = σ̃, and
{σ, σ′} = {(BT; t), (St; t)}.

(ii) This part is essentially immediate from Theorem 4.1 and Proposition 5.1.
Write Zss ⊊ Z ′

ss as Zss(σ) ⊊ Zss(σ′) equipped with a minimal pinning. Since the
inclusion is strict we have σ ≠ σ′ and {σ, σ′} ≠ {(BT; t), (St; t)}. Theorem 4.1 tells
us that either Zss = Zss((ur; t)) and Z ′

ss = Zss((cr; t)) for some t, or else one of the
four middle bullet points holds and we have

Zss(σ) ⊆ Zss(fj(σ)) ⊆ Zss(σ′)
for some valid and non-invertible fj . Proposition 5.1 tells us that the left-hand
inclusion is strict, and the hypothesis that Zss ⊊ Z ′

ss is simple implies Zss(fj(σ)) =
Zss(σ′).

(iii) We already saw in the introduction, in the discussion following the statement
of Theorem 1.12, that each of the listed exceptions is non-simple on the level of
the stacks Z. For each listed exception, that discussion exhibits fj(σ) = f(g(h(σ)))
where f, g, h are valid operations, two of which are non-invertible and one of which
is invertible. It follows from Proposition 5.1 that two of the inclusions in

Zss(σ) ⊆ Zss(h(σ)) ⊆ Zss(g(h(σ))) ⊆ Zss(f(g(h(σ)))) = Zss(fj(σ))
are strict, and so Zss(σ) ⊆ Zss(fj(σ)) cannot be simple.

It remains to show that each of the inclusions that we claim to be simple is
actually simple. The simplicity of Zss((ur; t)) ⊆ Zss((cr; t)) was already established
by Proposition 2.9. It remains to consider inclusions Zss(σ) ⊊ Zss(fj(σ)) for valid fj

not of the exceptional type.
Since parts (i) and (ii) have been proved, observe that by Proposition 1.15, we

already have Proposition 1.15(i), Theorem 1.9, and Theorem 1.10 at our disposal. If
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there is an intermediate inclusion Zss(σ) ⊊ Zss(σ′) ⊊ Zss(σ′′) = Zss(fj(σ)), where
we take σ′′ = fj(σ) unless fj(σ) = (St; t), in which case we take σ′′ = (BT; t), then
there is also a chain

Z(σ) ⊊ Z(σ′) ⊊ Z(σ′′).
Since each stack in this chain is irreducible,

dim Z(fj(σ)) = dim Z(σ′′) ≥ dim Z(σ) + 2.

Write σ = (ui; t). Since the codimension of Z(σ) is given by #{i : ui = 0}, the
operation must reduce the cardinality of this set by 2, i.e., we are in the case
where the operation is either θj or νj with (uj−1, . . . , uj+2) = (uj−1, 0, 0, uj+2) and
uj−1 ̸= 1, uj+2 ̸= p. Since in this situation θj = νj , it suffices to consider θj .1

Suppose, then, that we have a chain

Zss(σ) ⊊ Zss(σ′) ⊊ Zss(θj(σ)).

We can and do assume that Zss(σ) ⊊ Zss(σ′) is simple. Since σ′ cannot be regular,
because otherwise Zss(σ′) would be maximal in Zss, we have σ′ ∼ fk(σ̃) for some
σ̃ ∼ σ, some index k, and a valid non-invertible operation fk. We want to derive a
contradiction.

Writing σ̃ = (ũr; t̃), we claim that we still have

ũj = ũj+1 = 0, ũj−1 ̸= 1, ũj+2 ̸= p,

and in addition we have

(6.2) θj(σ̃) ∼ θj(σ).

Indeed, any invertible operation that alters one of uj−1, . . . , uj+2 can only be
µj−2/νj−2, changing uj−1 from 0 to p or vice-versa, or µj+2/νj+2, changing uj+2
from 1 to 0 or vice-versa. Thus any invertible operation on σ preserves the given
conditions on (uj−1, . . . , uj+2) and has support disjoint from that of θj , hence
commutes with θj . The claim follows. Consequently, we may replace σ with σ̃, and
σ′ with fk(σ̃), so that our chain becomes

Zss(σ) ⊊ Zss(fk(σ)) ⊊ Zss(θj(σ)).

We will show in this situation that fk = θj or νj , which provides the necessary
contradiction.

A direct calculation gives

(6.3) {L(θj(σ), J) : J ⊆ Z/fZ} = {L(σ, J) + γ · p−j : J ⊆ Z/fZ, γ ∈ {−1, 0, 1}}.

Take J ′ = {k + 1} if fk = µk and J ′ = ∅ if fk = θk or νk. Then

L(fk(σ), J ′) = t + η with η :=


p−k fk = µk

−p−k fk = θk

−p−k + uk+1p−(k+1) fk = νk

and since J ′ has niveau 1, this value must be in the set in (6.3). We can then write

η =
∑
i∈J

uip
−i + γ · p−j

1In the Lean formalization available at https://github.com/davidsavitt/KLSposet, this ar-
gument that appeals to the Emerton–Gee stacks is replaced by a combinatorial argument.

https://github.com/davidsavitt/KLSposet
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for some J ⊆ Z/fZ. Define yi by the formulas
yi = δJ(i)ui + γ · δ{j}(i) − δ{k}(i),
yi = δJ(i)ui + γ · δ{j}(i) + δ{k}(i),
yi = δJ(i)ui + γ · δ{j}(i) + δ{k}(i) − uk+1δ{k+1}(i)

in the three cases fk = µk, θk, νk respectively. As usual we find yi = pzi−1 − zi

with |zi| ≤ 1 for all i.
Suppose k ̸= j in the θk and νk cases. Note also that k ̸= j, j + 1 in the µk case,

because µj and µj+1 are not valid.
If fk = µk then we have yj+1 = 0, while in the other two cases yj+1 ∈ {0, 1}.

Either way we have zj = 0. Moreover, in all three cases yj = γ, so the equa-
tion yj = pzj−1 − zj gives γ = pzj−1. It follows that γ = 0. Thus in fact
L(fk(σ), J ′) = L(σ, J) ∈ L(σ). Looking at the choice of J ′ and comparing with the
list in Proposition 5.1, we reach a contradiction. □
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